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Abstract

A Growth Curve Model (GCM) is a multivariate linear model used for analyzing

longitudinal data with short to moderate time series. It is a special case of Generalized

Multivariate Analysis of Variance (GMANOVA) models. Analysis using the GCM

involves comparison of mean growths among different groups. The classical GCM,

however, possesses some limitations including distributional assumptions, assumption

of identical degree of polynomials for all groups and it requires larger sample size than

the number of time points. In this thesis, we relax some of the assumptions of the

traditional GCM and develop appropriate inferential tools for its analysis, with the

aim of reducing bias, improving precision and to gain increased power as well as

overcome limitations of high-dimensionality.

Existing methods for estimating the parameters of the GCM assume that the

underlying distribution for the error terms is multivariate normal. In practical prob-

lems, however, we often come across skewed data and hence estimation techniques

developed under the normality assumption may not be optimal. Simulation stud-

ies conducted in this thesis, in fact, show that existing methods are sensitive to the

presence of skewness in the data, where estimators are associated with increased bias

and mean square error (MSE), when the normality assumption is violated. Methods

appropriate for skewed distributions are, therefore, required. In this thesis, we relax
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the distributional assumption of the GCM and provide estimators for the mean and

covariance matrices of the GCM under multivariate skew normal (MSN) distribution.

An estimator for the additional skewness parameter of the MSN distribution is also

provided. The estimators are derived using the expectation maximization (EM) al-

gorithm and extensive simulations are performed to examine the performance of the

estimators. Comparisons with existing estimators show that our estimators perform

better than existing estimators, when the underlying distribution is multivariate skew

normal. Illustration using real data set is also provided, wherein Triglyceride levels

from the Framingham Heart Study is modelled over time.

The GCM assumes equal degree of polynomial for each group. Therefore, when

groups means follow different shapes of polynomials, the GCM fails to accommodate

this difference in one model. We consider an extension of the GCM, wherein mean

responses from different groups can have different shapes, represented by polynomials

of different degree. Such a model is referred to as Extended Growth Curve Model

(EGCM). We extend our work on GCM to EGCM, and develop estimators for the

mean and covariance matrices under MSN errors. We adopted the Restricted Expec-

tation Maximization (REM) algorithm, which is based on the multivariate Newton-

Raphson (NR) method and Lagrangian optimization. However, the multivariate NR

method and hence, the existing REM algorithm are applicable to vector parameters

and the parameters of interest in this study are matrices. We, therefore, extended

the NR approach to matrix parameters, which consequently allowed us to extend the

REM algorithm to matrix parameters. The performance of the proposed estimators

were examined using extensive simulations and a motivating real data example was

provided to illustrate the application of the proposed estimators.
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Finally, this thesis deals with high-dimensional application of GCM. Existing

methods for a GCM are developed under the assumption of small p large n (n >> p)

and are not appropriate for analyzing high-dimensional longitudinal data, due to sin-

gularity of the sample covariance matrix. In a previous work, we used Moore-Penrose

generalized inverse to overcome this challenge. However, the method has some limita-

tions around near singularity, when p ≈ n. In this thesis, a Bayesian framework was

used to derive a test for testing the linear hypothesis on the mean parameter of the

GCM, which is applicable in high-dimensional situations. Extensive simulations are

performed to investigate the performance of the test statistic and establish optimality

characteristics. Results show that this test performs well, under different conditions,

including the near singularity zone. Sensitivity of the test to mis-specification of

the parameters of the prior distribution are also examined empirically. A numerical

example is provided to illustrate the usefulness of the proposed method in practical

situations.

Keywords: Growth Curve Model (GCM), GMANOVA models, Bayesian methods,

High-dimensional data, Longitudinal analysis, Multivariate Skew Normal distribution,

Extended Growth Curve Model (EGCM), EM algorithm, Restricted EM algorithm,

Matrix Newton Raphson method
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Chapter 1

Introduction and Objectives

1.1 Introduction

Linear models are one of the most widely used statistical tools for modelling and

analyzing both univariate and multivariate data, of various outcome types, e.g., con-

tinuous or discrete. The applications of linear models are widespread across different

fields, including, trade and commerce, engineering, physical, biological and social sci-

ences (Kollo and von Rosen, 2005; Fox, 1997; Hastie et al., 2001). Even when the

model is not exactly linear, researchers prefer an approximate linear model for its

simplicity, interpretability and parsimony (Kollo and von Rosen, 2005; Hastie et al.,

2001).

One such multivariate linear model is the Growth Curve Model (GCM). GCM is a

Generalized Multivariate Analysis of Variance (GMANOVA) model especially useful

in the analysis of longitudinal data, growth curves and other data with repeated

measurements associated with a continuous scale (e.g., dose-response curves) (Hamid

et al., 2011; Potthoff and Roy, 1964). Unlike the traditional Multivariate Analysis of
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Variance (MANOVA) model, the GCM allows a structured mean, where the between

and within individual (across time) design matrices are incorporated in a bilinear set

up (Kollo and von Rosen, 2005; Hamid and von Rosen, 2006; Hamid et al., 2011;

Srivastava and Singull, 2107, 2017a). The model was introduced by Potthoff and Roy

(1964) and explored further by Khatri (1966, 73), Rao (1957, 1958, 1959, 1961, 1965,

1966, 1977, 1984, 1987), Grizzle and Allen (1969), Geisser (1970, 1980, 1981), Lee

and Geisser (1972, 1975) and von Rosen (1989, 1991, 1995, 1995a).

A GCM consists of p repeated measurements, from several individuals, across time,

temperature, pressure gradients, etc. The model is used when standard time series

methods are not applicable due to short to moderate time-series (Pan and Fang,

2002). The repeated measurements over time lead to a within-individual model.

However, it is also essential to consider a between-individual model as the repeated

measurements are recorded on several individuals, often distributed across more than

one group. With the inclusion of a between individual design matrix, the model

becomes bilinear (Kollo and von Rosen, 2005).

GCMs have extensive applications in the field of economics, social and natu-

ral sciences, medical research, epidemiology, psychology, pharmaceutical studies and

agriculture (Hamid and Beyene, 2009; Pan and Fang, 2002; Hamid et al., 2011; von

Rosen, 1989, 1991; Kollo and von Rosen, 2005; Jana, 2013; Jana et al., 2016; Nza-

banita et al., 2012). It is to be noted that the GCM, like any other model involves

several assumptions and limitations, which are discussed in the next section. In this

thesis, we aim to relax some of the assumptions and address some of the limitations

of the model.

The GCM assumes the same degree of polynomial responses to represent across

2



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

all the groups. That is, it assumes the expected response in each of the groups to be

a q-th order polynomial of the continuous predictor variable, say, time. However, in

practice, this assumption might often be violated when responses from different groups

have different shapes, and hence different degrees of polynomials. Another model is,

therefore, required to accommodate the need for this difference across group means.

In this thesis, we consider a natural extension of the GCM, referred to as the

Extended Growth Curve Model (EGCM). This model is motivated from the necessity

of a more general mean structure, absent in the classical GCM framework (Kollo

and von Rosen, 2005). In other words, this extension arises when different degrees

of polynomials are required to model the mean for the different groups (Verbyla and

Venables, 1988). It was formally introduced by von Rosen in his 1989 paper. However,

it was first mentioned in his research report and dissertation (von Rosen 1984, 1985).

A similar model under a different name was also introduced by Elswick (1985).

The EGCM possesses all the properties of a GCM. Being an extension, it addi-

tionally allows for a more general mean structure to be incorporated in the model.

In fact, it can be easily observed that the GCM is a special case of the EGCM, as is

the traditional MANOVA model (Kollo and von Rosen, 2005).

The EGCM can also be regarded as a special case of the sum of profiles model

introduced by Verbyla and Venables (1988). The EGCM assumes hierarchically re-

lated design matrices, while, the sum of profiles model does not possess any such

restriction (Hamid, 2001; Hamid and von Rosen, 2006). The EGCM is also a spe-

cial case of Zellner’s multivariate seemingly unrelated regression (SUR) model which

finds abundant mention in the econometrics literature (Zellner 1962, 1963; Mendoza

et al., 1995; Stanek and Koch, 1985). Banken (1984) considered a canonical form

3
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of the model, and Srivastava and Khatri (1979) considered a special case (Banken,

1984; Srivastava and Khatri, 1979; Hamid, 2001; Hamid and von Rosen, 2006). The

EGCM is also referred to as the EGMANOVA model in the literature (Elswick, 1985;

Cheng and Street, 1997).

1.2 Motivation and Objectives

The traditional GCM involves some assumptions and limitations including distribu-

tional assumptions. The overall objective of this thesis is to improve inference for

the GCM by allowing some model assumptions to be relaxed and by addressing ex-

isting limitations related to high-dimensional applications. Three specific objectives

are considered and discussed in detail here.

In the traditional model, the underlying distribution of the error terms is assumed

to be multivariate normal, and existing inference is based on this assumption. How-

ever, a growth curve data might not be symmetric and hence it becomes important

to consider models that allow skewed distributions. To our knowledge, no significant

theoretical and computational work has been done regarding inference on non-normal

or skewed GCMs. One of the specific objectives of this thesis is, therefore, to explore

sensitivity of existing estimators towards violation of the normality assumption and

provide estimators under the Multivariate Skew Normal (MSN) distribution, which

is a more general class of distributions including the multivariate normal as a special

case. This constitutes paper I of this thesis (Jana et al, 2017b).

We also consider the EGCM and relax the normality assumption to allow mod-

elling using skewed distributions, where we assume the distribution of the error terms

to be MSN. This is the second specific objective of the thesis, leading to paper II of

4
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this thesis (Jana et al., 2017c).

Finally, we consider another key assumption of the GCM, where the number

of time points in the model is assumed to be less than the sample size, i.e., p <

n. In high-dimensional scenarios involving longitudinal data, when the sample size,

n, is less than the number of time points, p, it leads to singularity (Jana, 2013;

Jana et al., 2017). In high-dimensional scenarios, the unknown population covariance

matrix is also poorly estimated, which is also another cause leading to singularity

(Ma et al., 2006). To overcome the problem of singularity of the sample covariance

matrix, we previously considered its Moore-Penrose generalized inverse, for testing

the significance of the mean parameter of a GCM (Jana, 2013; Jana et al., 2017). The

estimators for the model parameters were also shown to be associated with increased

bias and MSE in near-singularity zone.

However, the method based on the Moore-Penrose generalized inverse suffers from

lack of power around near-singularity (when p ≈ n). The third objective of this

thesis is, therefore, to improve inference on GCM under high-dimensionality, where a

Bayesian method is considered as an alternative approach to using the Moore-Penrose

generalized inverse. We provide estimators for the model parameters and a test for

the mean parameter. This work is the basis for Paper III of this thesis (Jana et al.,

2017a).

1.3 Scope of the Thesis

This thesis is organized as an article based thesis, where the three objectives are

presented as papers in Chapters 3, 4 and 5. In Chapter 3, we consider sensitivity of

existing estimators for both the mean and the dispersion parameters, to departures

5
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from normality. This work is done under non high-dimensional scenarios, where the

number of time points is assumed to be less than the sample size. Since the existing

MLEs exhibit lack of robustness, we provided estimators for both parameters when

the underlying distribution for the error terms is assumed to follow Multivariate

Skew Normal (MSN) distribution. Since closed-form solutions to the likelihood of an

MSN GCM is not feasible, the EM algorithm was adopted for this purpose. We also

provided an estimator for the additional skewness parameter arising from the MSN

distribution. The performances of the estimators have been assessed using empirical

bias and MSE under different conditions. We also provide an illustration of the

estimation procedure in practical problems, and demonstrate its utility by fitting the

model to a real-life growth curve data.

In Chapter 4, we consider the estimation problem for the Extended Growth Curve

Model under MSN distribution. The EGCM involves a nested subspace condition,

where the column space of the consecutive design matrices are nested in previous

one. Hence the EM algorithm fails to provide MLEs for an MSN EGCM. Neverthe-

less, the EGCM can also be modelled as a linearly restricted GCM. Consequently,

the Restricted EM (REM) algorithm can be used to provide estimators for EGCM

under MSN errors. We develop extensions of the multivariate Newton-Raphson (NR)

method as well as the REM algorithm for estimating matrix parameters. The ex-

tended REM algorithm is then used to derive estimators for the mean and variance

parameters of the model. The performance of the new estimators were examined

under different scenarios using extensive simulations. We would like to highlight that

the motivation for this study came from a real-life longitudinal data, which required

6
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different polynomial fits across the different groups involved. We illustrate the prac-

tical usefulness of the proposed estimation technique by fitting the EGCM to this

motivating example.

Inferential techniques for the traditional GCM, in a non high-dimensional setting

are widely available in literature. In a previous work, we considered the Moore-

Penrose inverse and provided methods for testing the mean parameters of a GCM

under a high-dimensional regime (n < p) (Jana, 2013; Jana et al., 2017). Although,

this test overall exhibited optimal properties, it was associated with poor perfor-

mance in the singularity zone (n ≈ p). It was also observed that the estimator for

the mean parameter, B, was associated with high bias and MSE near singularity.

Chapter 5 of this thesis deals with inference for multivariate normal distribution un-

der the high-dimensional regime, where a Bayesian framework was used to overcome

the limitations of the method using Moore-Penrose generalized inverse, around near

singularity. A full Bayesian approach was considered to provide an estimator for the

unknown population covariance matrix, Σ, and a likelihood ratio test (LRT) was con-

structed using the estimated likelihood, where Σ was replaced by its estimator. This

estimated likelihood is maximized to provide an estimator for the mean parameter,

B. Both the test statistic and the estimator were examined under different conditions

for optimality, using extensive simulations. The full Bayesian approach was also ex-

amined for sensitivity to mis-specifications of the hyper-parameters. An illustration

using real genetic data, is provided to demonstrate the practical usefulness of the ap-

proach. Finally, chapter 6 provides a summary of the thesis with concluding remarks

and some discussions around future directions is also provided.
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Chapter 2

Background

2.1 The Growth Curve Model

Consider a statistical problem, where we have k groups with ni (i = 1, 2, . . . , k) ob-

servations in the i-th group. Suppose, p repeated observations were taken from each

individual (or experimental unit) in each of the groups. Suppose, further, that the

p repeated observations are associated with time or other entities such as doses of

treatment, temperature or concentration. The measurements of interest may, among

others, be blood pressure, blood glucose level, cholesterol level, calorie intake, body

weight, height of a tree, dental measurements, or tensile strength of a material (Chen

and Gupta, 2005; Pan and Fang, 2002). Observations across individuals or exper-

imental units are assumed to be independent, while the p measurements within an

individual (e.g., across time) are correlated, and can be modeled as a function of a

continuous variable such as time. When analyzing such data, we require a model that

not only incorporates the inherent correlation across the different time-points, but

also the temporal ordering and the relationship between the outcome of interest and

8
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time (von Rosen, 1991; Pan and Fang, 2002; Hamid et. al., 2011; Jana, 2013; Jana

et al., 2016).

The Growth Curve Model (GCM) is one such model and has been extensively

used in several applied areas including economics, medical research and agriculture

(Pan and Fang, 2002; von Rosen, 1989; 1991; Kollo and von Rosen, 2005; Hamid and

Beyene, 2009; Hamid et al., 2011; Jana et al., 2016). GCMs have been indicated to be

especially useful in analyzing longitudinal data with short to moderate time series,

where standard time series approaches are not appropriate (Kowalski and Guire,

1974; Bryant and Gillings, 1985; Healy, 1981; Ware, 1985; Woolson and Leeper,

1980; Crowder and Hand, 1990; Pan and Fang, 2002; Hamid et al., 2011). Note

that the GCM arises when we have structured mean and hence it can be viewed

as the traditional multivariate analysis of variance (MANOVA) model with linear

restrictions (Kollo and von Rosen, 2005; Pan and Fang, 2002; von Rosen, 1989, 1991,

1995; Hamid and von Rosen, 2006; Hamid et al., 2011).

A GCM has k groups, with repeated measurements taken from each individual

across p time points, being compared with each other. The i-th group consists of ni

(i = 1, 2, . . . , k) individuals with a total of n (
∑n

i=1 ni = n) individuals (or experi-

mental subjects) in the data. Suppose now that the mean outcome measure for the

i-th group can be represented by a polynomial of time (t), where the degree of the

polynomial is assumed to be (q − 1):

b0i + b1it+ b2it
2 + . . .+ bq−1,it

q−1, i = 1, 2, . . . , k

where the bi’s are coefficients of the polynomial over time. The GCM can be repre-

sented in matrix notation as

Y = ZBX + E, (2.1)
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where Y : p × n is the observation or response matrix, B : q × k is the unknown

parameter matrix consisting of all the unknown coefficients of time, sometimes also

referred to as the regression coefficient, Z : p × q is the within individual design

matrix, X : k × n is the between individual design matrix, and E : p× n is the error

matrix. Each column of the error matrix E independently follows a multivariate

normal distribution with mean zero and unknown variance-covariance matrix Σ. It

is often assumed that q ≤ p and rank(X) + p ≤ n (Potthoff and Roy, 1964; Khatri,

1966; Pan and Fang, 2002; Hamid et al., 2011; Jana et al., 2016; von Rosen, 1991,

1994). Time is incorporated through Z as a continuous variable and the between

individual design matrix X describes which individual belongs to which group, as in

ANOVA and MANOVA models.

It is important to note that when Z = I, the identity matrix, a GCM reduces to a

MANOVA model, indicating that the GCM is a natural extension of the MANOVA

model with a linearly constrained mean, and for this reason GCMs are considered as a

generalized multivariate analysis of variance (GMANOVA) model (Potthoff and Roy,

1964; Khatri, 1966; Hamid et al., 2011; Hamid and Beyene, 2009; Jana et al., 2016;

von Rosen, 1995; Kollo and von Rosen, 2005; Woolson and Leeper, 1980). Hamid

and Beyene describe a GCM as a model appending a pre-matrix of within individual

structure in the MANOVA model (Hamid and Beyene, 2009).

2.1.1 Inference on GCM

Although Wishart (1938) was the first to publish a work on GCMs, Potthoff and

Roy (1964) introduced the model formally using a multivariate setup (Wishart, 1938;

Potthoff and Roy, 1964). Varied literature on different aspects of the GCM are
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available, including Rao (1965), Khatri (1966), Chi and Weerahandi (1998), von Rosen

(1989, 1995, 1995a), Pan and Fang (1996, 2002), Kollo and von Rosen (2005), Hamid

and Beyene (2009) and Hamid et al. (2011). Pan and Fang (2002) and Kshirsagar

and Smith (1995) introduced GCMs with several practical examples in their books

on GCM. A brief review of GCMs can be found in von Rosen (1991) and Srivastava

and von Rosen (1999).

Residual analysis and diagnostics have been discussed more precisely in von Rosen

(1995, 1995a), Pan and Fang (1996, 2002), Liski (1991), Hamid (2001) and Hamid and

von Rosen (2006). Literature prior to the formal introduction of GCM by Potthoff

and Roy (1964) include Box (1950), Rao (1958, 1959, 1961) and Leech and Healy

(1959), Healy (1961) and Elston and Grizzle (1962). For more advanced theory on

GCM, we refer the readers to Kollo and von Rosen (2005).

Potthoff and Roy (1964) suggested a transformation which would transform a

GMANOVA model to a MANOVA model, and consequently the existing tests for

MANOVA can be readily used to test the significance of the mean parameter of a

GMANOVA model (Potthoff and Roy, 1964). They also provided estimators of the

unknown mean and variance parameters, B and Σ, using some ad-hoc two-step tech-

nique. The choice of the transformation matrix is arbitrary, and it could be any

matrix satisfying certain regularity conditions. The optimal choice of the transfor-

mation matrix is the unknown covariance matrix, Σ, and the estimators as well as

the test statistic are sensitive to any departure from the optimal choice (Potthoff

and Roy, 1964). This approach received several criticisms, because of its choice of

matrices required for the transformation (Rao, 1965, 1966).

In 1966, Khatri constructed the likelihood of the GCM, and provided MLEs for the
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unknown parameters, and a likelihood ratio test (LRT) for testing the mean parameter

of a GCM. But the LRT was too complicated, hence, practical applications with the

LRT remained limited. Also, Khatri (1966) assumed the design matrices to be of full

rank (Pan and Fang, 2002). In 1989, von Rosen provided estimators without any full

rank assumption.

Hamid et al. (2011) proposed the trace test for GCM, which was easy to interpret,

and hence, more appropriate for practical implementations. An additional advantage

of the trace test is that it does not require the full rank assumption for design matrices,

used by Khatri (1966). Hamid et al. (2011) used a different estimator for the unknown

covariance matrix, Σ, for constructing the trace test statistic (Hamid et al., 2011). A

few of the inferential techniques mentioned above are discussed in detail now.

2.1.2 Estimation of the Unknown Parameters

Potthoff and Roy (1964) proposed that the Growth Curve Model introduced in Section

2.1 can be transformed to a MANOVA model by post-multiplying the model in (2.1),

with the expression G−1X′(XG−1X′)−1, where G(n × n) is any arbitrary symmetric

positive definite matrix. However, it is also possible to use any nonsingular matrix

G, for the transformation, if XG−1X′ is of the full rank. In fact, Potthoff and Roy

(1964) also mentioned that we can choose a stochastic variation of G, as long as it is

stochastically independent of the response matrix, Y (Potthoff and Roy, 1964) . The

transformed model has the form

Ytrans = ZB + Etrans,

12



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

where Ytrans = YG−1X′(XG−1X′)−1. Columns of the transformed error matrix,

Etrans, follow a multivariate normal distribution with mean 0(p × k) and unknown

positive definite variance covariance matrix, Σtrans, where,

Σtrans = (X(G′)−1X′)X(G′)−1ΣG−1X′(XG−1X′)−1.

The estimator proposed by them for the mean parameter, B, is

B̂ = (Z′G−1Z)−1Z′G−1YX′(XX′)−1.

A choice of G could be the identity matrix or any estimate of the dispersion matrix

if available from past data. Potthoff and Roy (1964) also mentioned that the choice

of G affects the variance of the estimator. They demonstrated that the unknown

population variance matrix, Σ, is the optimal choice for G, since this choice yields

the Minimum Variance Unbiased Estimator.

Although any choice of the matrix G yields unbiased estimates, however, the

farther G is from its optimal choice, the greater is the variance of the estimator, and

consequently wider is the confidence interval and the power of the test also decreases.

Hence, a transformation almost always leads to loss of information and hence loss of

power. Rao (1965, 1966) criticized the estimator B̂ provided by Potthoff and Roy

(1964) due to the arbitrariness of the choice of G (Pan and Fang, 2002; von Rosen,

1991).

Following the arbitrariness and sensitivity of Potthoff and Roy’s approach, Khatri

(1966) constructed the likelihood of the GCM under matrix variate normal distribu-

tion and provided MLEs for its the mean and variance parameters, assuming full rank

13
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design matrices (Khatri, 1966; Pan and Fang, 2002):

B̂ = (Z′S−1Z)−1Z′S−1YX′(XX′)−1, (2.2)

Σ̂ =
1

n
(Y − ZB̂X)(Y − ZB̂X)′, (2.3)

where S = Y(Ip−X′(XX′)−X)Y′. For details on the estimation procedure, the readers

are referred to Pan and Fang (2002). Pan and Fang (2002) have also shown the MLE

of B, provided by Khatri (1966) to be an unbiased estimator and have provided an

expression for its dispersion matrix. The expectation and the dispersion matrix for Σ̂

are also available (Pan and Fang, 2002; Srivastava and Singull, 2017). Khatri showed

that this MLE of B is a weighted estimator with S (Khatri, 1966; Srivastava and

Singull, 2017, 2017a).

Srivastava and Singull (2017) proposed an unweighted estimator for the mean

parameter B by removing S to be

B̂ = (Z′Z)−1Z′YX′(XX′)−1. (2.4)

This unweighted estimator is also unbiased. The authors provided an exact distribu-

tion for the unweighted estimator along with its exact moments. They also provided

a consistent and unbiased estimator for Σ as

Σ̂ =
1

n− k
S.

Srivastava and Singull (2017) provided an exact distribution for S with its exact

moments.

Rao (1959) also considered parameter estimation for GCM under a special case

(one group), which turned out to be in agreement with Khatri’s estimator and hence
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the MLE for the special case (Pan and Fang, 2002; von Rosen, 1991). A review

of Rao’s (1959) and Khatri’s (1966) estimation procedures can be found in Grizzle

and Allen (1969). Khatri’s estimator was also in agreement with Potthoff and Roy’s

(1964) estimator for B when G is chosen to be S (Pan and Fang, 2002). Both

Khatri’s (1966) and Potthoff and Roy’s (1964) estimators are unbiased (Potthoff and

Roy, 1964; Woolson and Leeper, 1980; Pan and Fang, 2002).

Furthermore, alternative approaches for obtaining the MLE have been given by

Gleser and Olkin (1966, 1970, 1972) who used a canonical reduction of GCM (Gleser

and Olkin, 1966, 1970, 1972; Pan and Fang, 2002; von Rosen, 1991). For some

other approaches of deriving the MLE, we refer the readers to Srivastava and Khatri

(1979), Elswick (1985), Kabe (1975), Kenward (1986) and Pan and Fang (2002).

Chakravorti (1975) proposed an MLE for B when the columns of the error matrix

E have different dispersion matrices. The assumption of full rank in Khatri’s ML

estimators was relaxed by the estimators proposed by von Rosen (1989):

B̂ = (Z′S−1Z)−Z′S−1YX′(XX′)− + (Z′)0A1 + Z′A2(X0)′,

Σ̂ =
1

n
(Y − ZB̂X)(Y − ZB̂X)′, (2.5)

where X0 is a matrix of full rank spanning the orthogonal complement of the linear

space generated by the columns of X and X− is any generalized inverse of X. The

matrix X0 or (Z′)0 are not unique, and neither are A1 and A2, and so B̂ is also not

unique. But, the estimator Σ̂ and the fitted response Ŷ are always unique:

Ŷ = Z(Z′S−1Z)−Z′S−1YX′(XX′)−X.

It is also to be noted that under full rank conditions, B̂ is unique and is the same as
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Khatri’s MLE (von Rosen, 1989, 1995). For further discussion of Khatri’s (1966) and

von Rosen’s (1989) estimators for GCM, we refer the readers to Pan and Fang (2002)

and Kollo and von Rosen (2005).

2.1.3 Hypothesis Testing

In this thesis, we consider a hypothesis testing problem where we test the significance

of the mean parameter of a GCM under different conditions. Thus, we are interested

in testing H0 : B = 0 against H1 : B 6= 0. The parameter matrix, B, consists of

all the coefficients of time, e.g., slope, quadratic coefficients and also the intercept.

In most statistical problems including longitudinal analysis, the intercept is usually

not of much interest. A researcher is often just interested in studying the effects

of time, by testing the linear, quadratic or other coefficients of time. So testing the

intercept terms seem redundant and useless. However, in genetic studies which consist

of longitudinal measurements on tens of thousands of genes, simultaneous testing of

a huge pool of genes is never recommended as it increases statistical complications.

And since a considerable percentage of genes among them are suspected to be noise, a

filtering tool is required to filter the noise or housekeeping genes. Traditional filtering

techniques developed for univariate data are not appropriate for longitudinal data.

Our hypothesis of interest, H0 : B = 0, serves this purpose of filtering significant genes

in a longitudinal genetic study such as a timecourse microarray study (Jana, 2013;

Jana et al., 2017).

After filtering, it might still be of interest to identify genes that are differentially

expressed over time. To achieve this, one needs to consider testing the general linear
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hypothesis H0 : GBF = 0 against H1 : GBF 6= 0 , where G and F are matrices con-

sisting of only ones and zeros. These matrices are chosen appropriately depending

on which coefficients of time we are interested in testing. Another objective in the

analysis of longitudinal genetic data might be to identify genes with differential ex-

pressions among groups, e.g., control and treatment groups. This can also be tested

using the general linear hypothesis H0 : GBF = 0 , after filtering has been done using

the simple hypothesis H0 : B = 0 (Jana, 2013; Jana et al., 2017).

In this thesis, our hypothesis of interest is the simple hypothesis H0 : B = 0 against

H1 : B 6= 0, however, the results can be easily extended to the general linear hypoth-

esis. Gene filtering in longitudinal data is an example where the simple hypothesis

is relevant, but the practical implementation of the simple hypothesis is not limited

solely for filtering purposes. Sometimes, the researcher might also be interested in

testing the baseline effects in a GCM which are reflected solely in the intercepts. The

simple hypothesis is, in fact, a special case of the general hypothesis (Hamid et al.,

2011; Jana, 2013; Jana et al., 2017).

Potthoff and Roy (1964) proposed that once we transform the GCM to a regular

MANOVA model, we can use any test developed for MANOVA models, on the trans-

formed data, for example, Roy’s largest root test, Pillai’s trace test, Wilks’ Lambda,

etc., to name a few (Potthoff and Roy, 1964). Khatri constructed a likelihood ratio

test (LRT) using the MLEs of the parameters provided by him, for testing the gen-

eral linear hypothesis H0 : GBF = 0 (Khatri, 1966). His test criterion was based on

Wilks’ Lambda. He also provided a few other test criteria based on the trace and

the maximum characteristic root of the test statistic. Khatri’s approach did not in-

volve any transformation but was computationally tedious and practically difficult to
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interpret and implement as it required iterative computation of two estimators until

they converge simultaneously.

Likelihood Ratio Test

Khatri’s objective, in his 1966 paper, was to develop a test criterion for testing the

mean parameter of a GCM and compare the means between the groups. Once Khatri

(1966) constructed the likelihood for a GCM, developing a Likelihood Ratio Test

(LRT) was a natural choice. Khatri (1966) proposed an LRT for testing the general

linear hypothesis of a GCM as

Λ =
| Q |
| P + Q |

,

where Q = G(Z′S−1Z)−1G′, P = (GB̂F)(F′RF)−1(GB̂F)′,

and R = (XX′)−1 + (XX′)−1XY′(S−1 −S−1Z(Z′S−1Z)−1Z′S−1)YX′(XX′)−1 , and sug-

gested three test procedures for the LRT statistic whose rejection regions are:

1. tr(PQ−1) ≥ λ2,

2. tr(P + Q)−1P ≥ λ3,

3. maximum characteristic root of PQ−1 ≥ λ1,

where the critical values λ1, λ2 and λ3 are calculated from the level of significance.

This test was difficult to implement and it also required the design matrices to be of

full rank.

The Trace Test

Lack of practical usefulness of Khatri’s LRT motivated Hamid et al. (2011) to propose

a simpler, intuitive and practical test statistic for the mean parameter of the GCM.
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A restricted maximum likelihood approach followed by an estimated likelihood was

used for constructing the trace test. This new test was called the trace test and as

stated earlier it was developed without assuming full rank design matrices. For a

MANOVA, this test reduces to the Lawley-Hotelling trace test. Hence, this trace test

for a GMANOVA model seems to be a natural extension of the classical trace test

for MANOVA. The construction of the trace test was motivated by the residuals of

GCM, and the authors showed that the test was actually a function of the model

residuals.

The likelihood of the GCM was decomposed into two independent components,

and the one consisting the population covariance matrix, Σ, was maximized to obtain

an estimator for Σ: 1
n
S. However, it is to be noted that 1

n
S is not an unbiased

estimator for Σ, rather 1
n−kS is an unbiased estimator for Σ (Srivastava and Singull,

2017). The authors also established a relationship between Khatri’s MLE for Σ and

the sample covariance matrix, S:

Σ̂ = S + VV′,

where V = YX(XX′)−X−ZB̂X, and Σ̂ is as defined in (2.5) (Hamid et al., 2011; Pan

and Fang, 2002).

Hamid et al. (2011) replaced Σ with the estimator, 1
n
S, in the original likelihood,

to construct the estimated likelihood. An LRT was developed based on the estimated

likelihood, and then simplified and expressed as a trace of the product of some matri-

ces, namely, the known design matrices, response matrix and the sample covariance

matrix. It is used for testing the mean parameter of the GCM:

φ = tr{S−1Z(Z′S−1Z)−Z′S−1YX′(XX′)−XY′}. (2.6)
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This test has a relatively simpler form than Khatri’s LRT and it does not assume full

rank. Another clear advantage of the trace test is that the null distribution of the

test statistic is independent of the unknown covariance matrix, and hence is free of

any unknown parameters, allowing the null distribution and hence the critical value

to be generated empirically. This has very useful practical implications. The authors

also provided the exact and approximate distributions of the test statistic under both

the null and alternative hypothesis (Hamid et al., 2011).

This test can be used for testing the simple hypothesis H0 : B = 0. However,

Hamid et al. (2011) also provided a test statistic for testing the general linear hy-

pothesis H0 : GBF = 0.

2.2 The Extended Growth Curve Model

Consider k groups, with ni (i = 1, 2, . . . , k) individuals in the i-th group, and let p

repeated observations be recorded at p time-points for each of the n (
∑k

i=1 ni = n)

individuals. We further assume that the mean in each group is a polynomial in time
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t, and every group requires a different polynomial fit, as

E(Yi) = β01 + β11t+ β21t
2 + . . .+ β(q−k)1t

q−k,

for, i = 1, 2, . . . n1,

E(Yi) = β02 + β12t+ β22t
2 + . . .+ β(q−k)2t

q−k + β(q−k+1)2t
q−k+1,

for, i = n1 + 1, . . . , n1 + n2,

. . . . . .

E(Yi) = β0k + β1kt+ β2kt
2 + . . .+ β(q−1)kt

q−1,

for, i =
k−1∑
i=1

ni + 1, . . . , n,

where Yi (i = 1, 2, . . . , n) is the response of the i-th individual and the β-s are the

unknown coefficients of time. It is to be noted that in this example, the mean structure

is such that the polynomial for the mean of each group is just one order higher than

that of the previous group. However, it may not always be so simple. The difference

in the order of the polynomials among the different groups could be more general.

The example stated here for k groups is solely for illustration. It is clearly evident

from this example that an EGCM allows us to model clusters in the data (Kollo

and von Rosen, 2005). Hence, the significance of an EGCM is that it linearizes a

non-linear model (Verbyla and Venables, 1988).

The assumption of the same profile for all the individuals across different groups,

inherent in a GCM, can be relaxed in an EGCM and the EGCM can be represented

in matrix format as

Y =
k∑
i=1

ZiBiXi + E, (2.7)

where Zi(p × qi) is the within-individual design matrix, Bi(qi × k) is the unknown
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parameter matrix or the matrix of regression coefficients, Xi(k × n) is the between-

individual design matrix of the i-th group (i = 1, 2, . . . , k), Y(p× n) is the response

matrix and E(p × n) is the error matrix, consisting of the responses or the error

terms, respectively, for all the individual across all the groups (Kollo and von Rosen,

2005). The error terms for different individuals in an EGCM are assumed to be

independently distributed with mean zero and equal variance. It is also assumed that

qi ≤ p (i = 1, 2, . . . , k), rank(X1) + p ≤ n and C(X′i) ⊂ C(X′i−1) (i = 2, 3, . . . , k),

where C(·) denotes the column space of a matrix. Alternatively, this nested subspace

assumption can equivalently be made on the within-individual design matrices as well:

C(Zi) ⊂ C(Zi−1) (i = 2, 3, . . . , k) (Kollo and von Rosen, 2005; Hamid, 2001; Hamid

and von Rosen, 2006).

This model also finds mention in the literature under a different name - the multi-

variate linear model with mean
∑k

i=1 ZiBiXi which is abbreviated as MLNM(
∑k

i=1 ZiBiXi)

(Kollo and von Rosen, 2005). It can be easily noticed that for k = 1, the EGCM

reduces to a GCM. Thus the GCM is a special case of the EGCM.

For simplicity, in this thesis, we just consider two groups. However, without loss of

generality, the results from this thesis can be well extended to more than two groups.

Assuming that the mean for the second group has m more polynomials than the first

one, the average responses in the two groups can be modelled as

E(Yi) = β01 + β11t+ β21t
2 + . . .+ β(q−m−1)1t

q−m−1,

for, i = 1, 2, . . . n1,

E(Yi) = β02 + β12t+ β22t
2 + . . .+ β(q−m−1)2t

q−m−1 + . . .+ β(q−1)2t
q−1,

for, i = n1 + 1, . . . , n.
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The design matrices and the parameter matrices for such a model have the form

Z1 =



1 t1 t21 . . . tq−m−1
1

1 t2 t22 . . . tq−m−1
2

. . . . . .

1 tp t2p . . . tq−m−1
p


, Z2 =



tq−m1 . . . tq−1
1

tq−m2 . . . tq−1
2

. . . . . .

tq−mp . . . tq−1
p


,

X1 =

 1n1 0n2

0n1 1n2

, X2 =

 0n1 0n2

0n1 1n2

,

B1 =


β01 β02

. . .

β(q−m−1)1 β(q−m−1)2

 =

(
β

(1)
1 , β

(1)
2

)
, and

B2 =


β(q−m)1 β(q−m)2

. . .

β(q−1)1 β(q−1)2

 =

(
β

(2)
1 , β

(2)
2

)
.

where 1n1 is a vector of ones of dimension n1 and so on for 0n1. Hence, we can re-write

the columns of Y as

Yi = Z1β
(1)
1 + Ei , i = 1, 2, . . . , n1,

Yi = Z1β
(1)
2 + Z2β

(2)
2 + Ei , i = (n1 + 1), . . . , n.

It is not possible to express an EGCM as a GCM unless we introduce some re-

strictions on the parameter matrices (von Rosen, 1989; Kollo and von Rosen, 2005).
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In this thesis, since we consider parameter estimation for the special case k = 2, so,

we introduce and discuss the linear restrictions on the parameter matrices, for k = 2,

using which we will be able to express an EGCM as a GCM. For further details on

the linear restrictions, the readers are referred to the book by Kollo and von Rosen

(2005).

The mean of the first group can be written as

E(yi) = β01 + β11t+ β21t
2 + . . .+ β(q−m−1)1t

q−m−1 + . . .+ β(q−1)1t
q−1,

for, i = 1, 2, . . . , n1,

if we assume β(q−m)1 = β(q−m+1)1 = . . . . . . = β(q−1)1 = 0, that is, β
(2)
1 = 0. Under

matrix setup, these m linear restrictions can be expressed as GBH = 0, where G =

(0m×(q−m), Im), H′ = (1, 0) and B′ = (B′1,B
′
2) . Hence, an EGCM can be expressed as

a GCM as

Y = ZBX + E, (2.8)

subject to the constraint GBH = 0, where Z = (Z1,Z2) and X = X1 .

The significance of introducing this restriction is that, instead of treating the

EGCM as a model with a nested subspace condition, we can frame it as a model with

a simple linear restriction, and proceed with the task of parameter estimation.

2.2.1 Inference on EGCM

In this section, we would like to briefly introduce the estimators of a traditional

EGCM, that is, an EGCM whose underlying distribution is multivariate normal. von

Rosen constructed the likelihood equations for the classical EGCM and provided

MLEs for the regression coefficients, B1,B2 and the dispersion matrix, Σ (von Rosen;
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1989). For k = 2, the MLEs are

B̂2 = (Z′2T
′
1S
−1
2 T1Z2)−Z′2T

′
1S
−1
2 YX′2(X2X

′
2)− + (Z′2T

′
1)0A21 + Z′2T

′
1A22X

0′
2 ,

B̂1 = (Z′1S
−1
1 Z1)−Z′1S

−1
1 (Y − Z2B̂2X2)X′1(X1X

′
1)− + (Z′1)0A11 + Z′1A12X

0′
1 ,

Σ̂ =
1

n
(Y − Z1B̂1X1 − Z2B̂2X2)(Y − Z1B̂1X1 − Z2B̂2X2)′, (2.9)

where T1 = I− Z1(Z′1S
−1
1 Z1)−Z′1S

−1
1 , S1 = Y{I−X′1(X1X

′
1)−X1}Y′,

S2 = S1+T1YX′1(X1X
′
1)−X1{I−X′2(X2X

′
2)−X2}X′1(X1X

′
1)−X1Y

′T′1, and A11, A12, A21

and A22 are arbitrary matrices. The matrix (Z1)0 is a matrix of full rank spanning the

orthogonal complement of the column space of Z1, and Z−1 is any generalized inverse

of Z1. It is worth mentioning that the estimators B̂1 and B̂2 are not unique, while Σ̂

is unique.

It is to be noted that, in this thesis, we have presented inferential techniques for

the special case, k = 2, hence in this section, we are presenting the estimators of the

traditional EGCM, for k = 2 only (Kollo and von Rosen, 2005). These estimators for

k = 2 have also been presented in Nzabanita et al. (2012). However, the results can

be extended to more than two groups, without loss of generality.

Under a GCM, the estimators B̂1 and Σ̂ in (2.9) reduce to von Rosen’s (1989)

estimators for B and Σ, when the design matrices are not of full rank. Under the full

rank assumption, the estimators reduce to Khatri’s (1966) MLEs for B and Σ.

Fujikoshi and Satoh (1996) provided MLEs for the mean and covariance matrix of

the EGCM using canonical form. Nzabanita et al. (2012) provided consistent estima-

tors for the covariance matrix and estimators for the mean parameter of an EGCM
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when the unknown population covariance matrix has a linear structure. Significance

tests for the mean parameters of an EGCM are also available (Srivastava and Sin-

gull, 2012; Kollo and von Rosen, 2005; Yokoyama and Fujikoshi, 1993). The tests

proposed by Srivastava and Singull (2012) seemed to perform better than Yokoyama

and Fujikoshi’s (1993) test.

2.3 High-dimensional Extensions

Traditionally, practical problems require small number of unknown parameters or fea-

tures to be estimated based on relatively large number of experimental units (John-

stone and Titterington, 2009; Hamilton 1970). Thus, traditional theory and practice

mostly focused on ‘small p large n’ problems (Johnstone and Titterington, 2009; Hu-

ber, 1981), where p is the number of unknown parameters and n is the number of

observations measured.

However, over the last couple of decades, the dramatic advancement in biomed-

ical sciences has revolutionized data collection technologies, allowing researchers to

acquire large amount of complex and high-dimensional biomedical data, where large

number of variables, p, are measured from relatively small number of study units,

n (Johnstone and Titterington, 2009; Kendziorski et al., 2003; Hamid and Beyene,

2009). Such high-dimensional data pose several methodological and computational

challenges to statisticians and other researchers (Hamid and Beyene, 2009; Kendziorski

et al., 2003).

For instance, in genomic studies, measurements from hundreds of thousands of

genes were taken from individuals, often from different groups (e.g., cancer patients

and health individuals) leading to high-dimensional data. One of the objectives of
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such genomic experiments, for example, is identifying genes that are differentially ex-

pressed between cancer patients (cases) and healthy individuals (controls), with the

objective of understanding the genetic aspect of the disease and for possible targeted

treatment or therapy. High-dimensional genetic data involve many pre-processing

steps before a formal hypothesis on differential expression is statistically tested. An

important step among them is gene filtering, where genes that are not expressed (e.g.,

house keeping genes or genes that are not relevant to the study) are removed from

the data to reduce high-dimensionality and alleviate the number of multiple tests.

The methodological challenges involved in high-dimensional data are often mul-

tiplied in studies involving time course genomic data, where repeated measurements

over time on hundreds of thousands of genes are taken from individuals across differ-

ent groups (Efron et al., 2001; Johnstone and Titterington, 2009; Kendziorski et al.,

2003; Smyth, 2004; Lönnstedt and Speed, 2002; Tai and Speed, 2006). For a given

gene, the number of time points are often larger than the number of individuals, lead-

ing to gene specific high-dimensionality, which results in singular gene-specific sample

covariance matrix in addition to the global high-dimensionality inherently present in

genomic experiments because of the thousands of genes being investigated simulta-

neously (Hamid and Beyene, 2009; Tai and Speed, 2006, 2009; Ma et al., 2006; Yuan

and Kendziorski, 2006).

In recent years, several methods and analysis strategies have been proposed for

time course genomic experiments including the moderated Hotelling’s T 2 statistic

and moderated likelihood ratio test statistic under the MANOVA model (moderated

Wilks’ lambda), which are now being commonly used in practical applications (Tai

and Speed, 2006, 2009). The term moderated is often used to indicate that the tests
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are based on a non-singular estimate of the sample covariance matrix. These tests by

Tai and Speed (2006, 2009) were developed using a Bayesian approach where the au-

thors assumed a prior distribution for the unknown covariance matrix and proposed

a moderated estimator for it. They used an empirical Bayes’ approach to estimate

the hyper-parameters of the prior distribution by pooling data from all the genes.

Srivastava (2007) proposed using the Moore-Penrose generalized inverse of the

sample covariance matrix instead of the inverse in a Hotelling’s T 2 type test for

high-dimensional problems. Although these approaches address the problem of high-

dimensionality and account for correlation across time points, they are all based on

MANOVA models and hence do not account for the temporal ordering (where time

is incorporated as factor or group), do not allow structured mean (time dependency)

and the actual time-points also do not enter the model.

GMANOVA models, and hence GCMs allow structured mean, incorporate corre-

lation across time points (within individual) in the model and the actual time-points

are entered into the model. The mean response is represented as a continuous function

of time. Thus, GMANOVA models being an useful tool for modelling longitudinal

data are appropriate for modelling time-course genetic data as gene expression over

time is a biologically continuous measurement recorded across several time-points.

In an attempt to analyze high-dimensional time-course microarray data, Hamid

and Beyene (2009) proposed a method based on GMANOVA model by modelling

gene expression profile over time. They used a gene-specific GMANOVA model and

assumed the same prior distribution for the unknown covariance matrix as Tai and

Speed (2006). Then they transformed the model into a MANOVA model using Pot-

thoff and Roy’s (1964) transformation. The transformation has been discussed in
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detail in Section 2.1.3. The moderated sample covariance matrix based on the empir-

ical Bayes’ approach was used as the unknown transformation matrix, G. Although

this method incorporates within individual correlation in the model and allow for

structured mean, however, it suffers from the same drawbacks as Potthoff and Roy’s

(1964) approach. The transformation almost always leads to loss of information and

hence loss of power. Furthermore, it is extremely difficult to determine the distribu-

tion of the transformed test statistic, under the null hypothesis. Consequently, it is

impossible to perform a hypothesis test or a significance test using this test statistic

and its applications remain limited to gene filtering using gene ranking in timecourse

microarray data (Hamid and Beyene, 2009; Jana et al., 2016).

Few approaches to address the issue of high-dimensionality have been developed

in Chen and Qin (2010), Chen et al. (2012), Rauf et al. (2013), Srivastava and

Kubokawa (2013), etc. For a comprehensive review on tests for the mean parameter

in high dimensional conditions, under normality, the readers are referred to Kropf et

al. (2009). For an elaborate discussion on high-dimensional problems in MANOVA

model, the readers are referred to Läuter et al. (2009). However, all of these ap-

proaches are based on MANOVA models and hence it is necessary to develop methods

for GMANOVA models which address the high-dimensionality issue.

Recently, Srivastava and Singull (2017) proposed tests for the GMANOVA model

based on the unweighted estimator for B. The MLE of B provided by Khatri (1966) is

an weighted estimator which depends on the inverse of the sample covariance matrix,

S. However, S is unstable when p ≈ n and under strict high-dimensional conditions

(p >> n), S is singular. Hence, the LRTs proposed by Khatri (1966) are invalid

under high-dimensional conditions (p >> n and p ≈ n).
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The unweighted estimator in (2.4), proposed by Srivastava and Singull (2017),

does not depend on the sample covariance matrix, S. Also the sample covariance

matrix is independent of the mean parameter, B. The tests based on the unweighted

estimator for B do not require S−1 and are valid in high-dimensional scenarios. In

fact, Srivastava and Singull (2017) compared the performance of their tests with

Khatri’s (1966) LRT and their tests performed better overall.

Tests for the covariance structure under high-dimensional conditions are also avail-

able (Srivastava and Singull, 2017a). These tests were demonstrated to have better

performance than the LRT under high-dimensional conditions (Srivastava and Singull,

2017a).

2.4 Evaluation Criteria

2.4.1 Multivariate Bias

Since our parameters of interest, B and Σ, are matrices, their estimators are also

matrices. As a result, we would expect their bias to be matrices as well. Analogous

to the univariate definition of bias, we define the bias of a matrix parameter as the

expected difference of the estimator and the parameter:

Bias(B̂) = E(B̂−B),

and it is referred to as the Bias matrix (Jana, 2013; Jana et al., 2017). The definition

of bias of estimators Σ would follow similarly.
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2.4.2 Multivariate Mean Square Error (MSE)

Looking at just the bias of a parameter might be misleading, because even if the bias

is small, sometimes the variance might be large. It is, therefore, important to look at

the variance of the estimators as well. Alternatively, we can look at the mean square

error (MSE), which is a combined measure of bias and variance (Casella and Berger,

2002):

MSE = Bias2 + V ariance.

In univariate estimation, MSE is defined as

Eθ(T − θ)2

where T is the estimator of the parameter θ (Casella and Berger, 2002). However,

since our parameter of interest is a matrix, hence analogous to the definition of

univariate MSE, we define multivariate MSE for our estimator as

E[(B̂−B)′(B̂−B)].

This gives us a matrix which we will refer to as the MSE matrix in the thesis (Jana,

2013; Jana et al., 2016). When we expand this expression for MSE we see that

MSE = E[(B̂−B)′(B̂−B)]

= E[(B̂− E(B̂) + E(B̂)−B)′(B̂− E(B̂) + E(B̂)−B)]

= E[(B̂− E(B̂))′(B̂− E(B̂))]− (B̂− E(B̂))′(B̂− E(B̂))

−(E(B̂)−B)′(B̂− E(B̂)) + (E(B̂)−B)′(E(B̂)−B)] (2.10)
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= ΣB̂ − (E(B̂)− E(B̂))′(B̂− E(B̂)) (2.11)

−(E(B̂)−B)′(E(B̂)− E(B̂)) +Bias′Bias

MSE = ΣB̂ +Bias′Bias (2.12)

The ΣB̂ matrix in (2.12) is the variance-covariance matrix of the estimator B̂ and

it is also evident that the definition of matrix MSE conforms to the properties of

univariate MSE.

2.4.3 Distance Measure: Euclidean Norm

Note that, in this study, we are providing inferential techniques for the mean and

variance-covariance matrices. Since the parameters of interest are matrices, hence the

respective empirical Bias and MSE are also matrices, and so are the difference between

the values under the null and alternative hypotheses. Consequently, investigating

some properties of the power curve, e.g., unbiasedness, monotonicity or assessing the

performance of the estimators, e.g., consistency, robustness etc., using empirical Bias

or MSE is not obvious. Thus, for ease of comparison and graphic representation, we

require a measure to transform these matrices into scalar quantities. Frobenius norm

or the Hilbert-Schmidt norm which is more popularly known as Euclidean norm seem

to be an appropriate measure to serve our purpose. For further details about the

Frobenius norm, we refer the readers to Horn and Johnson (1985).

The Frobenius norm expresses the magnitude of any matrix as a scalar, which can

also be interpreted as the distance between that matrix and the 0 matrix, since the

norm of a 0 matrix is always 0. We briefly introduce the norm here. For any matrix,

A = ((aij))m×n, its Euclidean norm is defined as || A ||=
√∑

i,j a
2
ij. Being a norm,
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it satisfies all the requirements of a matrix norm. The higher the magnitude of the

matrix, higher is the Euclidean norm (Horn and Johnson, 1985). Thus, greater biases

and greater MSEs are reflected in higher Euclidean norm.

As already stated, comparison of Bias matrices between different scenarios, e.g.,

different sample sizes and different parameter matrices of varying magnitude is not

straight forward. Therefore, it was necessary to reduce the bias matrix to a scalar

quantity and we used the Euclidean norm for this purpose. Since 0 bias represents

the ideal unbiased case, thus a matrix of all zeros could be regarded as the unbiased

state for matrix estimation, and its Euclidean norm is 0. Therefore, Euclidean norm

of the Bias matrix can also be interpreted as the distance between the Bias matrix

and the unbiased matrix.

Similarly, the Euclidean norm of the MSE matrix represents the MSE matrix as a

scalar measure and it can also be interpreted as the distance between the MSE matrix

and the matrix of 0 MSE. Hence, the Euclidean norm seems to be an apt measure

for matrix Bias and MSE.

2.5 Multivariate Distributions used in this Thesis

2.5.1 Matrix Normal Distribution

Multivariate normal is one of the most widely used multivariate distributions in ap-

plied statistics. In this section, we introduce Matrix variate normal distribution and

its relationship with multivariate normal, so that the reader can easily relate this

study with traditional GCM literature. Matrix variate normal distribution arises

when random samples are drawn from a multivariate normal population (Gupta and
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Nagar, 2000; Roy, 1957; Siotani et al., 1985). A matrix Y(p × n) is said to follow a

matrix variate normal distribution with mean M(p× n) and variance Σ⊗Ψ, where

both Σ(p× p) and Ψ(n× n) are positive definite matrices, if

vec(Y′) ∼ Npn(vec(M′),Σ⊗Ψ).

The matrix Σ is the variance-covariance matrix of the columns of Y, and Ψ is the

variance-covariance matrix of the rows of Y. The pdf of Y is (Gupta and Nagar,

2000)

(2π)−
np
2 | Σ |−

n
2 | Ψ |−

p
2 e−

1
2
tr(Y−M)′Σ−1(Y−M)Ψ−1

.

For further discussions and properties of this distribution, the readers are referred to

Srivastava and Carter (1983) and Gupta and Nagar (2000).

In a traditional GCM setup, the columns of the error matrix are independent

and have a variance-covariance matrix Σ and mean 0(p × n). Hence, under GCMs,

the matrix Ψ is the identity matrix. Consequently, the matrix Y follows the matrix

variate normal distribution with mean ZBX and variance Σ⊗ I, and it is written as

Y ∼ Np×n(ZBX,Σ, I).

Hence, each column of Y follow a multivariate normal distribution with some mean

µ, say, for each group, and variance Σ and this fact has been utilized later for imple-

mentation of Bayesian theory.

2.5.2 Multivariate Skew Normal Distribution

Practical problems often require us to model data that are not naturally symmetric.

This requires us to consider skewed distributions or a broader class of distributions
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including both skewed and symmetric ones. Since normal distribution is the most

commonly used and most well-known distribution in applied statistics, hence coming

up with a skewed class of distributions, which would also include the normal distri-

bution as a special case, would be the most appropriate and convenient for modelling

and analyzing real life data.

Azzalini introduced a mathematically tractable extension of the univariate normal

distribution in 1985. This new distribution possesses several properties of the normal

distribution, yet it is a broader class of distributions including the normal as a special

case. When the skewness parameter became 0, the skewed distribution reduces to

a regular normal distribution. It provides flexibility in terms of fitting real data in

the sense that, it could fit both skewed and symmetric data. This distribution was

named the skew normal distribution (Azzalini, 1985, 1986; Harrar and Gupta, 2008;

Genton et. al., 2001).

A multivariate extension of this skewed distribution was soon deemed a neces-

sity for modelling multivariate skewed data, and Azzalini and Dalla-Valle proposed

the Multivariate Skew Normal (MSN) distribution in 1996. If each component of a

vector random variable is dependent and the marginal distribution for each of them

is the univariate skew normal distribution, then the vector itself follows the MSN

distribution (Azzalini and Dalla-Valle, 1996).

The MSN distribution was naturally a mathematical extension of the multivariate

normal distribution. It included a vector parameter to regulate skewness, which

when 0, the MSN distribution reduces to a multivariate normal distribution, like its

univariate counterpart. Thus the multivariate normal distribution is a special case

of the MSN distribution, and the MSN distribution being a broader class of density
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function allows us to model both multivariate symmetric and skewed data (Gupta

and Kollo, 2003; Genton et al., 2001; Azzalini and Dalla-Valle, 1996; Azzalini and

Capitanio, 1999; Gupta and Chang, 2003).

In this section, we introduce the MSN distribution and elaborate on its stochastic

representation which will be used later in the thesis, for the purpose of estimation.

We follow the notations and the parametric form introduced by Azzalini (Azzalini

and Capitanio, 2013; Azzalini and Capitanio, 1999). If U is a random variable with

density function

2φp(U ; 0, Ω̄)Φ(α′U),

where, φp(·; 0, Ω̄) is the pdf of a multivariate normal distribution with mean 0 and

variance Ω̄ and Φ(·) is the cdf of a univariate standard normal distribution, then it

follows the MSN distribution with parameters Ω̄ and α, and we write it as

U ∼ SNp(Ω̄, α),

where Ω̄ is the scale matrix and it is a p×p correlation matrix, and α, a p-dimensional

real vector, is the slant parameter. For simplicity, we will assume Ω̄ to be of full rank.

The shape of the distribution is regulated by the combined effects of Ω̄ and α. When

α = 0, the distribution reduces to a multivariate normal distribution. The random

variable U is called the ‘normalized’ multivariate skew normal variate (Azzalini and

Capitanio, 2013; Azzalini and Capitanio, 1999).

However, for practical applications, a location and scale parameters are necessary.

Azzalini and Capitanio (1999) introduced an affine transformation of U , as

Y = ξ + ωU ,

36



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

so that the pdf of Y is

2φp(Y ; ξ,Ω)Φ(α′ω−1(Y − ξ)).

Thus, Y follows the MSN distribution with parameters ξ, Ω and α and it is written

as

Y ∼ SNp(ξ,Ω, α),

where ξ ∈ Rp is the location parameter, α ∈ Rp is the slant parameter and Ω(p×p) >

0 is the scale matrix such that Ω = ωΩ̄ω. The matrix ω is a diagonal matrix whose

diagonal elements are the square root of the diagonal elements of Ω. Thus, Ω is a

covariance matrix and hence does not possess the limitations of a correlation matrix.

The mean and variance of Y are

E(Y ) = ξ +

√
2

π
ωδ = µ, say, and,

V ar(Y ) = Ω− 2

π
ωδδ′ω = Σ, say,

where δ = 1

(1+α′Ω̄α)
1
2
Ω̄α, and δ is a p-dimensional vector whose every element is

within the interval (-1,1). This is the general form of the MSN distribution and is

more commonly used in practical applications (Azzalini and Capitanio, 2013; Azzalini

and Capitanio, 1999; Balakrishnan and Scarpa, 2012; Genton et al., 2001; Gupta and

Kollo, 2003; Gupta and Chang, 2003).

Azzalini and Dalla-Valle (1996) introduced a stochastic representation of the ‘nor-

malized’ MSN variable. This stochastic representation will enable us to express the

MSN variable as a mixture of two distributions which will then be utilized later, for

solving estimation problems.

The components of the p-dimensional ‘normalized’ MSN variable, U can be ex-

pressed as a mixture of an univariate standardized half-normal variable, | U0 |, and a
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multivariate normal variable, U1, such as

Uj = δj | U0 | +
√

1− δ2
jU1j , j = 1, 2, . . . , p, (2.13)

where U1j is the j-th component of U1 and δj are the components of the p-dimensional

vector δ such that δj lies within the interval (-1,1), for all j = 1, 2, . . . , p. The variables

U0 and U1(p× 1) are independently distributed as U0

U1

 ∼ Np+1

 0p+1,

 1 0

0 Ψ


 ,

where Ψ(p × p) is a correlation matrix. The relationships between the original pa-

rameters, Ω̄ and α, of the MSN distribution with its alternate parameters, Ψ and δ,

are as follows:

Ω̄ = ∆(Ψ + λλ′)∆ = ∆Ψ∆ + δδ′,

α =
λ′Ψ−1∆−1

(1 + λ′Ψ−1λ)
1
2

=
1

(1− δ′Ω̄−1δ)
1
2

Ω̄−1δ,

∆ = diag(
√

(1− δ2
1),
√

(1− δ2
2), . . . ,

√
(1− δ2

p)),

λ(δ) = (
δ1√

(1− δ2
1)
,

δ2√
(1− δ2

2)
, . . . ,

δp√
(1− δ2

p)
). (2.14)

Azzalini and Capitanio (1999) showed that there exists a pair (Ω̄, α) for every

choice of (Ψ, λ(δ)), and the MSN distribution is defined for all such choices, pro-

vided the choices conform to the respective parameter spaces (Azzalini and Capi-

tanio, 1999). We remind the readers that the reason for introducing the alternate
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parametrization of the MSN distribution is to let our readers realize the fact that an

MSN distribution can be expressed as a mixture of normal densities which will be

utilized later for the purpose of parameter estimation.

2.6 Inferential Techniques used in this Thesis

2.6.1 Bayesian Inference

Bayesian inference is a process of inductive learning using Bayes’ rule. Bayes’ rule

quantifies the relation between a set of rational beliefs more generally referred to as

previous knowledge and introduced as a probability model, with information from the

data. Bayesian inference is an important tool for statistical inference and imputation

such as parameter estimation, hypothesis testing, model estimation, selection and

imputation of missing data (Hoff, 2009).

The advantage of using Bayesian inference is that it updates information from the

data in the light of some new information. In fact, it uses all the information from

the data and also takes into account some previous state of knowledge or ignorance

about the parameter, in terms of a probability model, called the prior distribution,

and uses them both to calculate the posterior distribution, and consequently makes

inferences on the parameters. The guiding principle of Bayesian theory is

posterior distribution ∝ likelihood × prior distribution.

The likelihood function represents information about the unknown parameters from

the observed data and the prior distribution represents prior knowledge of the un-

known parameters (Box and Tiao, 2011).
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The problem regarding choice of estimators and confidence intervals which arise

in sampling theory are not encountered in Bayesian theory (Box and Tiao, 2011).

Bayes’ rule has been mathematically proven to be an optimal method of updating

previous knowledge i.e., prior distribution, using information from the data (Cox,

1946, 1961; Savage, 1954, 1972). Also Bayesian methods provide a robust alternative

for complicated statistical inferential problems where non-Bayesian methods have

failed to provide solutions. Bayesian methods have been shown to perform pretty well

for non-Bayesian purposes as well (Hoff, 2009). For further discussion on Bayesian

and non-Bayesian approaches, the readers are referred to Little (2006) and Efron

(2005).

A crucial step in Bayesian inference is the choice of prior distribution. The perfor-

mance of the Bayesian estimates rely hugely on the selection of the prior distribution

(Samaniego, 2010). Raiffa and Schlaifer (1961) outlines some desirable characteris-

tics of the family of prior distributions. The first characteristic is that the family of

prior distributions is analytically tractable, so that it is mathematically convenient

to obtain a closed-form of the posterior distribution. It is also desired that the pos-

terior distribution belongs to the same family of distributions as the prior (Raiffa

and Schlaifer, 1961; Koch, 2007). This characteristic is called the ‘closure’ property

of the family of prior distributions (Samaniego, 2010). This property ensures that if

the prior distribution is analytically tractable, the posterior distribution is also ana-

lytically tractable (Koch, 2007; Raiffa and Schlaifer, 1961). Families of distributions

which obey the closure property are called conjugate prior families.

It is worth mentioning that conjugacy is not limited to mathematical convenience
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guaranteeing a closed-form of the posterior distribution, rather, conjugacy also pos-

sesses practical importance in the sense that it is readily interpretable (Samaniego,

2010). Thus, a conjugate prior seems like a desirable choice of the prior distribution.

Following the steps described by Raiffa and Schlaifer (1961), a conjugate prior

can be determined by first finding the sufficient statistic for a distribution and then

treating the sample kernel as the prior kernel (Raiffa and Schlaifer, 1961). Thus,

if k(· | θ) (θ being the parameter of interest) is the kernel function on the reduced

sample space yS, which is the sample space of the sufficient statistic, then the kernel

of the conjugate prior is k(yS | ·), where yS is to be considered as the parameter on

the state space Θ (θ ∈ Θ).

2.6.2 Expectation-Maximization (EM) Algorithm

To date, maximum likelihood estimation is a popular choice of estimation technique

in most inferential problems in statistics. Since in reality, closed form solutions to

likelihood equation are sometimes unobtainable, often statisticians employ numerical

methods for solving likelihood equations. The most popular among such numerical

methods are the Newton-Raphson method and the Expectation-Maximization (EM)

algorithm. In fact, the EM algorithm remains a popular choice over the Newton-

Raphson method or other numerical methods for estimation problems (Lange, 2013).

In this thesis, we have used EM algorithm for the purpose of estimation, when closed

form solution to the likelihood equation does not exist.

Applications of the EM algorithm are not merely limited to statistics, rather, it has

several applications across various fields including statistics, engineering, medicine,

commerce etc. (Yamaguchi and Watanabe, 2004). In fact, more than a thousand
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articles were published merely in 1991, which has applications of EM. Of these, only

15% were published in statistics journals (Meng, 1997). Meng and Pedlow also con-

ducted a survey to collect literature on applications of EM and found that there were

more than 1700 works available on more than 1000 subjects (Meng and Pedlow, 1992;

Yamaguchi and Watanabe, 2004).

The EM algorithm is an iterative computational technique for estimating unknown

parameters of a probability distribution. It is most commonly applied to missing data

problems. But, it can also be successfully applied to situations where missing data is

not directly evident, for example, random effects models, mixtures and convolutions,

latent class models, etc. The EM algorithm was first proposed by Demspter, Laird

and Rubin in their 1977 seminal paper. But, the idea of the EM algorithm have been

in implementation even before the 1977 paper came up (McLachlan and Krishnan,

2007).

The EM algorithm involves two steps as the name suggests - the E-step and the

M-step. We start with initial estimates of the parameters. In the E-step, we construct

the complete data log-likelihood consisting of the observed data and the missing data.

The expectation of the complete data log likelihood conditioned on the observed data

is called the Q function. The E-step gets its name from the fact that the Q function

is an expectation. In the M-step, the Q function is maximized and an estimate of the

parameter is obtained. This updated estimate is substituted into the Q function and

the E-step and the M-step are repeated until convergence. Since the EM algorithm

guarantees a monotone function, so convergence is guaranteed, although it can be

extremely slow at times (Gupta and Chen, 2011).

The beauty and importance of EM lies in its simplicity and stability. The EM
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algorithm guarantees that the value of the likelihood function is increasing or at least

non-decreasing with each iteration. Hence, if each iteration does not improve the

likelihood function, at least the algorithm does not make it worse (Yamaguchi and

Watanabe, 2004).

Another significant advantage of the EM algorithm is that the final solution is

relatively robust to the choice of initial value of the parameter of interest. This prop-

erty saves considerable time involved in playing around with different choices of the

initial value. The EM algorithm also guarantees that if the initial value satisfies the

constraints of the parameter and belongs to its domain, then the solution automati-

cally maintains all the constraints and belongs to the domain of the parameter. For

example, if we are trying to estimate a variance-covariance matrix, and if a positive

definite matrix is used as the initial value, then the positive definiteness of the solution

is guaranteed at each step (Yamaguchi and Watanabe, 2004).

The solution of the EM algorithm is either the local maximum or the saddle point

of the likelihood function (Boyles, 1983; Wu, 1983). Unlike other iterative estimation

procedures, such as the Newton-Raphson method, the EM algorithm does not require

calculation of the second partial derivative of the likelihood, which saves considerable

computation time (Yamaguchi and Watanabe, 2004).

The EM algorithm is often criticized for its slow rate of convergence. To compare

the speed of the EM algorithm with Newton-Raphson method, an estimation problem

of multivariate data was considered, and the rate of convergence of the two procedures

was compared. According to the results, although the Newton-Raphson method

mostly failed to converge, the EM algorithm always converged to some value. In fact,

whenever both the methods converged, the EM algorithm had converged a lot faster,
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even though the Newton-Raphson method required fewer iterations. This is because

the time required for each iteration of the EM algorithm was way shorter than the

time required for each iteration of the Newton-Raphson method (Yamaguchi and

Watanabe, 2004).

However, it is to be noted that no concrete study has been done so far claiming

the superiority or inferiority of the EM over Newton-Raphson in terms of speed of

convergence. It is worth noting that the speed of convergence of the EM algorithm

can be determined using the information matrices of the complete and incomplete

data (Yamaguchi and Watanabe, 2004).

2.6.3 Restricted EM (REM) Algorithm

The EM algorithm, being computationally simple and numerically stable, has gained

much popularity in providing maximum likelihood estimators. It has a wide range

of applications including missing data problems (Dempster, Laird and Rubin, 1977;

Little and Rubin, 2014). It can also be successfully applied to complete data problems

where a closed-form solution of the maximum likelihood equation does not exist, and if

the problem can be re-framed as a missing-data problem by introducing new variables

(Kim and Taylor, 1995; Gupta and Chen, 2011; Lachos et al., 2007).

However, in the presence of linear restrictions on the model parameters, the M-step

becomes complicated and a closed form solution may not always exist. So it becomes

essential to use constrained maximization routines (Kim and Taylor, 1995). In 1995,

Kim and Taylor proposed a modification of the EM algorithm, called the Restricted

EM (REM) algorithm for solving maximum likelihood equations in the presence of

linear restrictions on model parameters. The REM algorithm is an extension of the

44



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

EM algorithm when we have linear restrictions in the model.

There are two REM algorithms proposed by Kim and Taylor (1995). One that

requires convergence with the Newton-Raphson method in its restricted maximization

(RM) step and one that is computationally simpler and does not require any Newton-

Raphson iteration in the RM step. In this thesis, we employ the simpler second

approach to serve our purpose. The steps of the REM algorithm are summarized

here. Suppose the parameter of interest is θ(p × 1) and its m linear restrictions are

represented as Aθ = a, where A(m× p) is a known linearly independent matrix with

rank(A) = m < p, and a is a known p-dimensional vector. Let Q(θ) represent the Q

function obtained in the E-step and let (θ
(0)
R , θ

(1)
R , . . . , θ

(m)
R , θ

(m+1)
R , . . .) be a sequence

of solutions obtained using the REM algorithm. The first step in the restricted

maximization (RM) step is calculating the observed information matrix, IU :

IU = −∂
2Q(θ | θ(m)

R )

∂θ2
|
θ=θ

(m)
R

. (2.15)

Let θ+
U be the unrestricted solution which is in closed form, usually obtained by solving

the likelihood using the EM algorithm, by assuming that there are no restrictions on

the model parameters. The RM step now involves finding the restricted solution for

the (m+ 1)-th iteration, θ
(m+1)
R . For that, we first calculate θ+

R using the equation

θ+
R = θ+

U + I−1
U A′(AI−1

U A′)−1(a−Aθ+
U ). (2.16)

If Q(θ+
R | θ

(m)
R ) > Q(θ

(m)
R | θ(m)

R ), then θ
(m+1)
R = θ+

R . Otherwise, a step-halving

procedure is used and the entire RM step has to be repeated.

The REM algorithm does not require any complicated constrained maximization
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procedure and is much convenient to use. Like the EM algorithm, the REM algo-

rithm also guarantees a monotonically non-decreasing likelihood function with each

iteration. The step-halving procedure ensures that the value of the Q function in-

creases with each iteration. For more elaborate discussion on REM algorithm and its

properties, the reader is referred to the original paper by Kim and Taylor (1995).
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Chapter 3

Parameter Estimation for the

GCM under Multivariate Skew

Normal distribution

3.1 Introduction

Traditional literature assumes the error terms in a GCM to be distributed as a mul-

tivariate normal random variable. However, practical applications might require a

more flexible approach that incorporates a broader class of skewed or non-normal

data for GCMs. In situations where one encounters non-normal data, it is a common

practice to transform data using a suitable transformation, with the aim of achiev-

ing normality or near normality. However, such a transformation, although suitable

for ANOVA and MANOVA applications, may not be suitable for GCM applications,

since such a transformation ignores the within-individual structure inherent in growth
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curve data. Moreover, the transformed multivariate data is difficult to interpret (Az-

zalini and Capitanio, 1999). For several such reasons, a transformation may not be

recommended for a GCM when the underlying distribution is skewed or non-normal.

In this study, we extend growth curve models to incorporate skewed data and de-

rive estimators for the unknown parameters. We assume the underlying distribution

to be multivariate skew normal (MSN), which is a broader class of distributions and

includes multivariate normal as a special case. The MSN distribution is a mathemat-

ical extension of the multivariate normal distribution with an additional skewness

parameter (Azzalini and Capitanio, 1999; Genton et al., 2001). This parametric

class possesses many properties of the normal family; on the other hand it takes the

model fitting step further by allowing data from skewed distributions (Azzalini and

Dalla-Valle, 1996; Azzalini and Capitanio, 1999; Gupta and Chang, 2003; Harrar and

Gupta, 2008; Gupta and Kollo, 2003).

The primary objective of this chapter is to derive estimators for the unknown pa-

rameters of the GCM, under MSN errors. Please recall that estimation of unknown

parameters of GCM has already been considered extensively in previous literature,

including Potthoff and Roy (1964), Khatri (1966) and von Rosen (1989). However, all

of them assumed the underlying distribution to be multivariate normal. To our knowl-

edge, robustness of these estimators towards violation of the normality assumption

have not been evaluated. Through an extensive simulation study presented in this

chapter, we show that the estimators indeed lack robustness, where increased bias and

mean squared error (MSE) are associated with increased skewness. Our simulations

were restrict to illustrations involving Khatri’s MLEs only, since we assumed full-rank

design matrices. However, the results can be extended to von Rosen’s estimators in
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(2.9), without loss of generality, when the full-rank assumption is violated.

For the sensitivity analysis, we generated data from the MSN distribution, while

we use the MLEs derived assuming normality. From the results of the sensitivity

study presented in Section 3.4, we were able to infer that Khatri’s MLEs do not seem

to be appropriate in the presence of skewness in the dataset and hence a need arises

for new estimators for skewed data.

We relax the assumption of normality by considering a GCM problem when the

underlying distribution is MSN. The likelihood for the model was constructed and

the estimators for the unknown mean and covariance parameters of GCM as well as

an estimator for the skewness parameter of the MSN distribution were derived using

EM algorithm. We conducted extensive simulations to demonstrate the performance

of the new estimators and illustrated the practical usefulness of our estimators using

a real-life data.

3.2 Likelihood of the GCM under the MSN Dis-

tribution

Consider the GCM under the MSN setup, where the distribution of the error terms is

multivariate skew normal instead of multivariate normal. Let E = (E1, E2, . . . , En),

where Ej’s are the columns of E. The mean for each column is assumed to be zero

and they all have the same variance-covariance matrix, Σ. Without loss of generality,

we assume each column is independent of each other, and is associated with same
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scale matrix, Ω, a covariance matrix and the same slant parameter, α, which a p-

dimensional vector. Consequently, for all j = 1, 2, . . . , p,

Ej ∼ SNp(ξ,Ω, α),

where the value of the location parameter ξ can be determined from the equation,

ξ+
√

2
π
ωδ = 0 and therefore ξ = −

√
2
π
ωδ. Moreover, from Section 2.5.2, we know that

δ = 1

(1+α′Ω̄α)
1
2
Ω̄α and ω is a diagonal matrix whose diagonal elements are the square

root of the diagonal elements of Ω such that Ω = ωΩ̄ω, where Ω̄ is a correlation

matrix. It is to be noted that the columns of E are a location and scale shift of the

normalized multivariate skew normal variate. Hence, they can be written as

Ej = ξ + ωUj, (3.1)

where Uj ∼ SNp(0, Ω̄, α). Now consider the columns of the response matrix, Y, from

the GCM setup, we have

Yj = Zb1 + Ej, for j = 1, . . . , n1,

Yj = Zb2 + Ej, for j = (n1 + 1), . . . , n2,

. . . . . . . . .

Yj = Zbk + Ej, for j = (n1 + n2 + . . .+ nk−1 + 1), . . . , n,

where the bi’s (i = 1, 2, . . . k) are the column vectors of the parameter matrix B, and

Yj’s (j = 1, 2, . . . , n) are the columns of the response matrix Y. Hence, the columns of

Y are a location shift of the columns of E. The location shifts of Yj’s are determined

by the group it belongs to and they are as follows:

ξ1 = Zb1 + ξ, for, j = 1(1)n1,
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ξ2 = Zb2,+ξ for, j = (n1 + 1)(1)n2,

. . . . . . . . .

ξk = Zbk,+ξ for, j = (n1 + n2 + . . .+ nk−1 + 1)(1)n.

The MSN distribution is closed under affine transformations (Azzalini and Capitanio,

2013). Since the columns of Y are a location shift of the columns of E, they also

follow the MSN distribution with the same scale and slant parameter as those of E.

Thus, the columns of Y and E have the same dispersion matrix but different mean

which are the conditions of GCM. The joint likelihood of Y1, Y2, . . . , Yn will give us

the required likelihood of the GCM under the MSN distribution:

L =

exp(−1
2
tr[Ω−1{

n1∑
j=1

(Yj − ξ1)(Yj − ξ1)′ + . . .+
n∑

j=n1+...+nk−1+1

(Yj − ξk)(Yj − ξk)′}])

2−n(2π)
np
2 | Ω |n2

×
n1∏
j=1

Φ[α′ω−1(Yj − ξ1)] . . .
n∏

j=n1+n2+...+nk−1+1

Φ[α′ω−1(Yj − ξk)]

=
exp(−1

2
tr[Ω−1{Y − (ZBX + U)}{Y − (ZBX + U}′])

2−n(2π)
np
2 | Ω |n2

×Φn[{Y − (ZBX + U)}′ω−1α], (3.2)

where U = (ξ, ξ, . . . , ξ) = −
√

2
π
ω(δ, δ, . . . , δ). The second step is based on the fact

that Y1, Y2, . . . , Yn are independently distributed.

3.3 Estimation Procedure

Consider the likelihood of the GCM under the MSN distribution, as described in

(3.2). Direct solution of the likelihood equation is not feasible, as a result, we resort
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to Expectation-Maximization (EM) algorithm to obtain parameter estimates.

To proceed with the EM algorithm in deriving our estimators, we utilize the

stochastic representation of a MSN variable and express the distribution as a mixture

of 2 distributions, as presented in Section 2.5.2. Earlier applications of the EM

algorithm for obtaining estimators of the parameters of the SN distribution have

been mentioned in Azzalini and Capitanio (1999, 2013), Lachos et al. (2007) and

Lin et al. (2009). Azzalini has also developed software routines for calculating the

parameter estimates of the MSN distribution. In this chapter, we take Azzalini’s

work one step further by considering the parameter estimation for the GCM under

the MSN distribution. Recall that:

Yj = Zbi + Ej

= Zbi + ξ + ωUj, j = 1(1)n, i = 1(1)k,

where ξ = −
√

2
π
ωδ and Uj ∼ SNp(0, Ω̄, α). Hence, Uj can be decomposed as in

(2.13). Thus, we can rewrite Yj as a mixture of two distributions:

Yj = Zbi + ξ + ω(δ | t | +∆ Tj), i = i(1)k, j = 1(1)n, (3.3)

where t is an univariate standard normal distribution so that | t | is a standard half

normal distribution, Tj is a multivariate normal distribution with mean 0 and variance

Ψ, which is a correlation matrix. It is assumed that t and Tj are independent. The

relationship between the terms Ω̄ and ψ have already been explained in (2.14). Since

Yj’s (j = 1(1)n) represent the columns of Y, (3.3) can be expressed using a matrix

setup as

Y = ZBX + U + ω(δt′0 + ∆T)
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= ZBX + U + ωδt
′
0 + WT,

where U = −
√

2
π
ω(δ, δ, . . . , δ), T = (T1, T2, . . . , Tn), the matrices X, B, Z are the

same as defined in (2.1), and ∆ is as introduced in (2.14). Also,

t0 ∼ HNp(0, Ip),

T ∼ Np×n(0,Ψ, I),

and ωδ = ωδ, W = ω∆ and HNp denoting half-normal distribution. Since t0 and T

are structurally independent of each other, hence

Y | t0 ∼ Np×n(ZBX + U + ωδt
′
0,Γ, I),

where Γ = WΨW. Y is our observed variable and the parameter of interest is

θ = (Ω,B, δ). To frame an EM problem, we require missing data and t0 serves

that purpose. Thus, the complete data is Yc = (Y′, t0) and the complete data log-

likelihood is

l(θ | Yc) = l(θ | (Y′ | t0)) + l(θ | t0)

= −1

2
tr(Y − ZBX−U− ωδt′0)′Γ−1(Y − ZBX−U− ωδt′0)

−n
2
log | Γ | −1

2
t′0t0.

Now to obtain the Q function, we require the complete data log likelihood conditioned

on the observed data Y:

Q(θ | θ̂) = −1

2
trE[(Y − ZBX−U− ωδt′0)′Γ−1(Y − ZBX−U− ωδt′0) | Y]

−n
2
log | Γ | −1

2
E(t′0t0 | Y) (3.4)
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= −n
2
log | Γ | −1

2
tr[(Y − ZBX−U− ωδ t̂′0)′Γ−1(Y − ZBX−U− ωδ t̂′0)]

−1

2
tr[( ˆt′0t0 − t̂′0t̂0)(ω′δΓ

−1ωδ)]−
1

2
ˆt′0t0,

where t̂0 = E(t0 | Y) and ˆt′0t0 = E(t′0t0 | Y). Hence, we need to find the conditional

distribution of t0, given Y:

f(t0 | Y) =
f(Y | t0)f(t0)

f(Y)

=
e−

1
2
tr[Γ−1(Y−ZBX−U−ωδt0′)(Y−ZBX−U−ωδt0′)′]

| Γ |n2 e− 1
2
tr[Ω−1{Y−(ZBX+U)}{Y−(ZBX+U)}′]

× e−
1
2
t′0t0 | Ω |n2

Φn[{Y − (ZBX + U)}′ω−1α]
.

Since Ω = ωΩ̄ω, we can rewrite it as

Ω = ω(∆Ψ∆ + δδ′)ω (3.5)

= Γ + ωδω
′
δ.

Using this relationship between Ω and Γ, we can easily find the relationship between

their determinants and inverses as

| Ω |=| Γ | (1 + ω′δΓ
−1ωδ) = k | Γ | , say, (3.6)

Ω−1 = Γ−1 − (
1

1 + ω′δΓ
−1ωδ

)Γ−1ωδω
′
δΓ
−1 = Γ−1 − (

1

k
)Γ−1ωδω

′
δΓ
−1, (3.7)

where k = 1 + ω′δΓ
−1ωδ. Further, using (3.6) and (3.7) and after a few algebraic

simplifications, the conditional distribution of t0 given Y turns out to be a truncated

multivariate normal. We summarize the steps here:

54



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

f(t0 | Y) =
e−

1
2
tr[Γ−1(Y−ZBX−U−ωδt0′)(Y−ZBX−U−ωδt0′)′]

e−
1
2
tr[Γ−1{I− 1

k
ωδω

′
δΓ
−1}{Y−(ZBX+U)}{Y−(ZBX+U)}′]

× e−
1
2
t′0t0 | Γ |n2 k n2

| Γ |n2 Φn[{Y − (ZBX + U)}′ω−1α]

=
k
n
2 e
− 1

2
tr[(
√
kt0− 1√

k
(Y−ZBX−U)′Γ−1ωδ)

′(
√
kt0− 1√

k
(Y−ZBX−U)′Γ−1ωδ)

Φn[{Y − (ZBX + U)}′ω−1α]

=
φn(t0 | µ,Σ)

1− Φn[−{Y − (ZBX + U)}′ω−1α]
.

Hence, it can be concluded that, t0 | Y ∼ TNn(µ,Σ,A), where, µ = 1
k
(Y − ZBX−

U)′Γ−1ωδ, Σ = 1
k
I , A = {t0 : t0 ≥ a} and TNn denoting truncated normal distribu-

tion. The lower truncation point a can be obtained from the relationship Σ−
1
2 (a−µ) =

−[{Y − (ZBX + U)}′ω−1α]. Hence, a = 1√
k
(Y − ZBX − U)′{ 1√

k
Γ−1ωδ − ω−1α}.

Since the support of t0 is positive, the support of its conditional distribution also has

to be positive. This requires a to be always positive. But, the expression of a does

not guarantee that. Hence, we will assume a to be positive and for practical purposes

we will replace all negative values of a with 0.

Now, that we know the distribution of t0 | Y, we can find out t̂0 and ˆt′0t0. Our next

step is to find the estimator for θ by differentiating the Q function. Differentiating Q

with respect to Γ yields

∂Q

∂Γ
=

∂Q

∂Γ−1

∂Γ−1

∂Γ

= −1

2
[(Y − ZBX−U− ωδ t̂0

′
)(Y − ZBX−U− ωδ t̂0

′
)′

−( ˆt′0t0 − t̂0
′
t̂0)ωδω

′
δ]Γ
−2 − n

2
Γ−1.
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Equating this expression to 0 gives

Γ̂ =
1

n
[(Y − ZBX−U− ωδ t̂0

′
)(Y − ZBX−U− ωδ t̂0

′
)′ − ( ˆt′0t0 − t̂0

′
t̂0)ωδω

′
δ]. (3.8)

To obtain the estimator for the mean parameter, B̂, we find:

∂Q

∂B
= −1

2

∂tr(Y − ZBX−U− ωδ t̂0
′
)′Γ−1(Y − ZBX−U− ωδ t̂0

′
)

∂(Y − ZBX−U− ωδ t̂0
′
)

∂(Y − ZBX−U− ωδ t̂0
′
)

∂B

= −1

2
[2(Y − ZBX−U− ωδ t̂0

′
)′Γ−1(X⊗ Z′)]

= −X[(Y − ZBX−U− ωδ t̂0
′
)′]Γ−1Z.

Consequently, ∂Q
∂B

= 0, yields the estimator for B as

B̂ = (Z′Γ−1Z)−1Z′Γ−1(Y −U− ωδ t̂0
′
)X′(XX′)−1. (3.9)

Similarly, to obtain δ̂,

∂Q

∂δ
= −1

2

∂vec′(Y − ZBX−U− ωδ t̂0
′
)

∂δ

∂tr(Y − ZBX−U− ωδ t̂0
′
)′Γ−1(Y − ZBX−U− ωδ t̂0

′
)

∂vec(Y − ZBX−U− ωδ t̂0
′
)

−1

2

∂tr( ˆt′0t0 − t̂0
′
t̂0)ω′δΓ

−1ωδ
∂δ

= −1

2
[−∂vec

′(U + ωδ t̂0
′
)

∂δ
2vec{Γ−1(Y − ZBX−U− ωδ t̂0

′
)}

+
∂( ˆt′0t0 − t̂0

′
t̂0)δ′(ωΓ−1ω)δ

∂δ
]

= −1

2
[−
∂vec′((−

√
2
π
)ωδ1′n + ωδt̂0

′
)

∂δ
2vec{Γ−1(Y − ZBX−U− ωδ t̂0

′
)}

+2( ˆt′0t0 − t̂0
′
t̂0)(ωΓ−1ω)δ]
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= {(−
√

2

π
)1n ⊗ ω + t̂0 ⊗ ω}′vec{Γ−1(Y − ZBX−U− ωδ t̂0

′
)}

−( ˆt′0t0 − t̂0
′
t̂0)(ωΓ−1ω)δ

= {(−
√

2

π
)1n + t̂0}′ ⊗ ω vec{Γ−1(Y − ZBX−U− ωδ t̂0

′
)}

−( ˆt′0t0 − t̂0
′
t̂0)(ωΓ−1ω)δ

= vec{ωΓ−1(Y − ZBX−U− ωδ t̂0
′
)(−
√

2

π
1n + t̂0)}

−( ˆt′0t0 − t̂0
′
t̂0)(ωΓ−1ω)δ

= {ωΓ−1(Y − ZBX−U− ωδ t̂0
′
)(−
√

2

π
1n + t̂0)} − ( ˆt′0t0 − t̂0

′
t̂0)(ωΓ−1ω)δ.

We now use the equation ∂Q
∂δ

= 0 to derive an expression for δ̂, which after few

simplifications turns out to be

ωΓ−1(Y − ZBX)(−
√

2

π
1n + t̂0)

= ωΓ−1(U + ωδ t̂0
′
)(−
√

2

π
1n + t̂0) + ( ˆt′0t0 − t̂0

′
t̂0)(ωΓ−1ω)δ

= ωΓ−1(−
√

2

π
ωδ1′n + ωδ t̂0

′
)(−
√

2

π
1n + t̂0) + ( ˆt′0t0 − t̂0

′
t̂0)(ωΓ−1ω)δ

= ωΓ−1ωδ[(−
√

2

π
1′n + t̂0

′
)(−
√

2

π
1n + t̂0) + ( ˆt′0t0 − t̂0

′
t̂0)]

δ̂ =
1

[2n
π
− 2
√

2
π
(
∑n

i=1 t̂0i) + ˆt′0t0]
ω−1(Y − ZBX)(−

√
2

π
1n + t̂0). (3.10)

The variance-covariance matrix, Σ is a function of δ and Ω, and hence is also a func-

tion of δ and Γ. As a result, Σ̂ can be obtained using the invariance property of

MLEs. A closer look at the expression of Γ̂ and B̂ in (3.8) and (3.9), respectively,

reveals that in the absence of skewness (δ = 0), i.e., when the distribution is multi-

variate normal, the estimators reduce to Khatri’s MLEs for Σ and B, respectively.

This indicates that the EM estimators reduce to Khatri’s MLEs when the distribution
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is multivariate normal.

As in the computation of any EM algorithm, the choice of initial estimates is

always crucial for the speed of convergence. Therefore, we need to choose our initial

estimates appropriately. Since we are working with full rank design matrices, the

MLE of B proposed by Khatri under normal distribution can be used as the initial

estimator for B, B̂initial. The sample covariance matrix S = Y(I − Z′(ZZ′)−Z)Y′

serves as the initial estimator for the scale matrix Ω. Once we have Ω̂initial, we can

then compute the matrix ω̂initial. The p-dimensional vector with all its elements as

0.1, i.e., (0.1, 0.1, . . . , 0.1) was chosen as the initial estimator for δ. This choice of

δ̂initial yielded positive definite values of Γ̂initial, which was essential for the estimation

procedure and a necessary condition for the subsequent iterations. With this choice

of δ̂initial, if Γ̂initial happened to be non positive definite, we used an even smaller

value for δ̂initial to ensure the positive definiteness of Γ̂initial.

3.4 Simulation Study

In this section, we present extensive simulations conducted to evaluate performance of

our estimators and perform comparisons with existing estimators based on normality.

A total of 3440 scenarios have been considered, where we generated data with different

mean, different levels of correlations and skewness. We also present a simulation study

conducted to investigate robustness of Khatri’s MLE estimators towards departures

from normality, the results of which contributed to the rationale for the objective of

this study.

The range of parameter values considered in our simulation are presented in Table

3.1. Without loss of generality, the simulations presented in this chapter involve two
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groups (k = 2), number of time points p = 4 and p = 8, and a linear growth curve.

However, we would like to highlight that these choices were made solely for simplicity

of presenting the simulation results by reducing the magnitude of scenarios, since we

are already considering a large number of scenarios.

Table 3.1: Range of parameters considered in our simulation

Number of groups, k 2

Growth curve linear

Number of time-points, p p=4, 8

Sample size, n n=10, 15, 20, 25, 30, 35, 40 and n > p

Euclidean norm of B 0 to 7, increments of 0.1

Scale matrix, Ω Wishart matrices with different levels of correlations

Slant vector, α Any real p-dimensional vector

Euclidean norm of δ 0 to 1.5 increments of 0.25

Correlation structures Weak, moderate and strong correlations

Distributions Multivariate Normal and Multivariate Skew Normal

We would like to highlight that the estimators are derived under general conditions

and the simulation findings are valid for GCMs involving one group or more, as well

as higher degrees of polynomial. Since our focus is on estimation, we used bias and
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MSE as performance evaluation criteria. Our parameters of interest (B and Σ) are

both matrices and hence their estimators are also matrices. As a result, we used

matrix bias and matrix MSE as defined and presented in our earlier work (Jana et.

al., 2017). To overcome the challenges matrix comparison bring, we used Euclidean

norms of Bias and MSE matrices and reduce the matrices to scalar measures, as

already discussed (Jana et al., 2017; Horn and Johnson, 1985).

The design matrices used are of the form

Z =

 1 1 . . . 1

1 2 . . . p

 and X =

 1n1 0n2

0n1 1n2

 ,

where ni = number of sample units in the ith group, i = 1, 2, and n1 = n2 = n/2 if n

is even, and n1 = (n− 1)/2 and n2 = n1 + 1 if n is odd.

The scale matrices Ω were generated from the Wishart distribution to ensure that

they were positive definite and then divided by p to scale them down. Several 2× 2

matrices were considered for the regression coefficient B and several p dimensional

vectors were considered for the slant parameter α. The mean and the location for the

two groups were determined. Then, the responses for the two groups were generated

from the MSN distribution separately with different means (one for each group), but

same scale matrix and same slant vector α. The n1 responses generated for the first

group and the n2 responses generated for the second group were combined together

as n columns to form the response matrix Y.

In the empirical assessment of the MLEs obtained using EM algorithm, each data

point (matrix Y) was calculated at each iteration using the GCM as a function of the

three parameters of interest: B, Ω and δ and estimators were calculated using EM

algorithm until convergence. This process also required us to calculate t̂0 and ˆt′0t0.
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The first order moment of TNn(µ̂, Σ̂, Â) was used for t̂0 and 1000 observations were

simulated from the same distribution using Gibbs sampler to obtain an estimate for

ˆt′0t0. On an average, it required 2 to 3 iterations (for each data point) for convergence

and the L2 norm (Euclidean norm) for matrices and vectors were appropriately used

as the convergence criteria, as is traditional for convergence of multivariate estima-

tors in EM. We used simultaneous convergence of all three estimators B̂, Ω̂ and δ as

our criterion since the estimation problem was dealt and developed as a simultaneous

estimation problem. The estimators were all inter-dependent and each iteration im-

proved all three estimates simultaneously. The bias and MSE matrices were calculated

for each data point. This was repeated independently 1000 times and the empirical

bias and MSE matrices were calculated by averaging over the 1000 simulations. This

yielded the empirical bias and MSE of the estimators for each scenario.

For the sensitivity analysis aimed at evaluating the robustness of Khatri’s MLEs,

data were generated from both the MSN distribution and the multivariate normal

distribution, and Khatri’s MLEs (under multivariate normal assumptions) were cal-

culated for the unknown parameters for both cases. We were able to demonstrate

how Khatri’s MLEs were sensitive to skewness of the distribution.

3.4.1 Simulation Results for the Sensitivity Analysis

Here, data are generated from multivariate normal and skewed normal distributions.

However, Khatri’s MLEs, derived under multivariate normality are considered with

the aim of assessing their robustness to departures from normality. As is evident from

the graphs (Figure 3.1), the empirical bias of the MLE for B is larger for data from the

skewed normal distribution compared to bias for data from the normal distribution.
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This is true for all sample sizes and correlation strengths considered. It was indicated

from previous studies that Bias for MLEs was not affected much by sample size (Jana

2013; Jana et al., 2017). The results here (Figure 3.1(b)) also indicate that sample

size does not seem to have any systematic influence on Bias, both under normal and

skewed normal distributions, regardless of the magnitude of skewness.

Nevertheless, empirical bias was observed to be uniformly more for data from

skewed normal distributions for all sample sizes compared to bias for data from nor-

mal distributions. Our results also show that bias, in fact, increases with higher

degrees of skewness. Note that skewness parameter δ = 0 corresponds to the normal

distribution.
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Figure 3.1: Bias of Khatri’s MLE B̂ for fixed variance-covariance matrix, against
a) different B, for n=20 with the x-axis representing an ordinal scale of parameter
matrices, b) increasing n, fixed B and different degrees of skewness, δ.

We would like to note that, in both Figures 3.1(a) and 3.1(b), we have presented
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the Euclidean norm of the Bias matrices on the y-axis and hence it is always positive.

However, we also examined the individual elements of the Bias matrix, which are

biases associated with each element of the matrix estimators. The results show that

bias is indeed scattered around 0, indicating that we can encounter both positive and

negative bias values.

Table 3.2: Sensitivity of the Khatri’s estimator B̂, in terms of empirical Bias, to MSN
errors against increasing Euclidean norm of B, fixed Σ.

n=10 n=20 n=30

L2(B) Normal MSN Normal MSN Normal MSN

0.1 0.016 0.064 0.013 0.033 0.005 0.010

0.2 0.007 0.057 0.012 0.006 0.010 0.009

0.3 0.008 0.033 0.009 0.015 0.006 0.018

0.4 0.024 0.073 0.011 0.012 0.010 0.030

0.5 0.024 0.021 0.009 0.018 0.011 0.032

0.6 0.006 0.045 0.011 0.022 0.008 0.014

0.7 0.013 0.046 0.009 0.016 0.005 0.017

0.8 0.024 0.059 0.014 0.026 0.014 0.018

0.9 0.014 0.030 0.008 0.007 0.008 0.024

1 0.014 0.005 0.005 0.058 0.002 0.010

1.5 0.014 0.055 0.007 0.046 0.008 0.024

2 0.020 0.026 0.007 0.035 0.002 0.004

3.2 0.011 0.044 0.002 0.027 0.011 0.039

4 0.006 0.046 0.003 0.005 0.004 0.021

5.1 0.012 0.045 0.010 0.048 0.004 0.022

6.3 0.014 0.043 0.006 0.014 0.004 0.028

7.6 0.012 0.030 0.016 0.043 0.009 0.018

The empirical Bias of Khatri’s MLEs for selected sample sizes and parameter
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matrices are presented in Table 3.2. From Table 3.2 and Figure 3.1(a), it can be seen

that there is no systematic effect of the parameter matrix on bias, i.e., neither for its

magnitude nor its direction. The results, therefore, indicate that bias is associated

only with skewness of data.

Our results also show that Khatri’s MLEs are associated with larger MSE for

skewed data, as demonstrated in Figure 3.2(a), where the MSE for data from normal

distribution are more clustered around 0, whereas MSE for data from the skewed

distributions are more scattered. This is true for all the correlation structures and

sample sizes we considered.
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Figure 3.2: MSE of Khatri’s MLE B̂ for fixed Σ, against a) different B, for n=20
with the x-axis representing an ordinal scale of the parameter matrices, b) increasing
n, fixed B and different degrees of skewness, δ.

As shown in Figure 3.2(b), MSE of Khatri’s MLEs for both normal and skewed

normal data are monotonically decreasing with increasing sample size. Moreover,
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the results (Figure 3.2(b)) also show that MSE is uniformly smaller for data from

normal distribution compared to MSE from a skewed distribution. Results also show

that MSE increases with increased skewness across all sample sizes. MSE and bias of

Khatri’s MSE with increased skewness are presented in Table 3.4.

Table 3.3: Sensitivity of Khatri’s estimator B̂, in terms of empirical MSE, to MSN
errors against increasing Euclidean norm of B, fixed Σ.

n=10 n=20 n=30

L2(B) Normal MSN Normal MSN Normal MSN

0.1 0.016 0.064 0.013 0.033 0.005 0.010

0.2 0.007 0.057 0.012 0.006 0.010 0.009

0.3 0.008 0.033 0.009 0.015 0.006 0.018

0.4 0.024 0.073 0.011 0.012 0.010 0.030

0.5 0.024 0.021 0.009 0.018 0.011 0.032

0.6 0.006 0.045 0.011 0.022 0.008 0.014

0.7 0.013 0.046 0.009 0.016 0.005 0.017

0.8 0.024 0.059 0.014 0.026 0.014 0.018

0.9 0.014 0.030 0.008 0.007 0.008 0.024

1 0.014 0.005 0.005 0.058 0.002 0.010

1.5 0.014 0.055 0.007 0.046 0.008 0.024

2 0.020 0.026 0.007 0.035 0.002 0.004

3.2 0.011 0.044 0.002 0.027 0.011 0.039

4 0.006 0.046 0.003 0.005 0.004 0.021

5.1 0.012 0.045 0.010 0.048 0.004 0.022

6.3 0.014 0.043 0.006 0.014 0.004 0.028

7.6 0.012 0.030 0.016 0.043 0.009 0.018

Similar to bias, no pattern of increase or decrease in MSE was observed with

increasing or decreasing magnitude of the parameter matrix. The direction of B also
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did not seem to affect MSE, indicating that MSE is associated only with sample size

and skewness of data. These findings are presented in Figure 3.2(a) and Table 3.3.

Similar findings were obtained for MLE of the variance-covariance matrix Σ, where

it is evident from Table 3.4 and Figure 3.3 that the empirical bias and MSE of Khatri’s

MLE are higher for skewed data compared to data from the normal distribution. In

fact, empirical bias and MSE are uniformly larger for higher degrees of skewness.

This is true for all the scenarios considered - across different sample sizes, different

magnitude of the correlation matrices or different values of the mean parameter matrix

B.
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Figure 3.3: Sensitivity of Khatri’s MLE Σ̂, in terms of empirical Bias and MSE,
to MSN distribution for fixed Σ, increasing sample size, across varying degrees of
skewness, a) Euclidean norm of Bias matrix b) Euclidean norm of MSE matrix.

In conclusion, our results demonstrate that the estimators derived under the as-

sumption of multivariate normal errors are sensitive to departures from normality.
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Table 3.4: Sensitivity of Khatri’s estimators for B and Σ, derived under multivariate
normality, to MSN distribution, against increasing n, fixed B, fixed Σ and different
degrees of skewness, δ.

B̂

n
Bias MSE

L2(δ) = 0 L2(δ) = 1 L2(δ) = 1.5 L2(δ) = 0 L2(δ) = 1 L2(δ) = 1.5

10 0.015 0.943 1.298 5.827 6.297 7.738

15 0.010 1.003 1.160 3.306 4.238 4.489

20 0.007 0.877 1.255 2.347 2.948 3.913

25 0.011 0.873 1.191 1.816 2.523 3.169

30 0.013 0.880 1.193 1.484 2.183 2.878

35 0.010 0.886 1.208 1.260 1.954 2.614

40 0.013 0.873 1.179 1.090 1.804 2.387

Σ̂

n
Bias MSE

L2(δ) = 0 L2(δ) = 1 L2(δ) = 1.5 L2(δ) = 0 L2(δ) = 1 L2(δ) = 1.5

10 1.021 1.379 3.604 24.798 43.305 63.601

15 0.865 1.043 4.126 14.132 20.799 47.412

20 0.707 1.387 4.364 10.545 16.594 40.673

25 0.579 1.557 4.396 8.195 14.106 37.443

30 0.472 1.514 4.441 6.855 11.118 34.825

35 0.393 1.704 4.525 5.853 11.097 32.742

40 0.344 1.781 4.811 5.133 10.334 34.460

Our results also show that the magnitude of sensitivity depends on the level of

skewness in the data. The results also indicate that the estimators are also sensi-

tive under large sample size considerations, where both bias and MSE for MLEs are

uniformly larger for skewed data compared to normal data. This lack of robustness

of Khatri’s MLEs provided the motivation for the current study to derive estimators
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for the unknown parameters of the GCM under the more general multivariate skewed

normal distribution, which includes the multivariate normal distribution as its special

case.

3.4.2 Simulation Results for EM based Estimators

Here, we consider the new estimators derived by assuming the error terms in the

GCM to come from the multivariate skewed normal distribution. We first establish

properties of the developed estimators by considering bias and MSE with respect to

increasing sample size as well as increasing skewness and correlation. We present

empirical bias and MSE for estimators of B and Σ in separate graphs.

In Table 3.5, we present empirical bias and MSE, of all parameter estimates against

increasing skewness and across increasing correlation, for a fixed sample size and one

scenario of regression coefficient, B. It can be easily observed that bias and MSE

of B̂ increases with increasing strengths of skewness and increasing correlation. In

fact, Khatri’s MLE of B and other estimators of B, such as the BMLE or the MMLE

in the high-dimensional cases, were also observed to have better performances with

weaker correlation structure in the model (Jana 2013; Jana et al., 2017). This is true

for all sample sizes and parameter matrices considered. Note that the special case of

L2(δ)=0 represents Khatri’s MLEs.

Similar findings follow for empirical bias and MSE of the estimator of variance-

covariance matrix, Σ̂ and the skewness vector δ̂. The bias and MSE for both of them

increase with increasing magnitude of skewness and increasing correlation (Table 3.5).

When we take a look at the lower third of the table, we see that Bias and MSE for δ

is not affected by increasing correlation for smaller values of δ. The situation changes
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for higher values of δ and we see a pattern of increase in empirical Bias and MSE

with increasing correlation strengths. It is to be noted, however, that the empirical

behavior of the estimator δ̂ is not affected by any increase in sample size.

Table 3.5: Empirical assessment of the EM estimators for B, Σ and δ, against in-
creasing strengths of correlation for n = 20, fixed B, and across different degrees of
skewness, δ.

B̂

L2(δ)
Bias MSE

weak moderate strong weak moderate strong

0 0.016 2 0.027 1 0.035 1 0.436 8 1.116 0 1.814 8

0.76 0.020 0 0.037 6 0.050 2 0.171 4 0.671 6 1.239 0

1 0.113 0 0.145 5 0.188 4 1.892 0 2.523 1 3.682 2

1.6 0.200 0 0.217 0 0.238 0 4.079 7 5.093 9 6.740 8

Σ̂

L2(δ)
Bias MSE

weak moderate strong weak moderate strong

0 0.474 6 1.017 5 1.547 0 5.424 7 24.431 7 56.707 3

0.76 0.193 5 0.544 6 0.926 9 1.006 1 7.106 9 19.824 0

1 1.455 9 1.931 9 2.740 9 22.134 2 28.125 1 44.831 5

1.6 2.957 6 3.416 6 4.116 2 46.497 1 54.099 8 71.930 2

δ̂

L2(δ)
Bias MSE

weak moderate strong weak moderate strong

0 0.001 0 0.001 0 0.001 0 0.000 0 0.000 0 0.000 0

0.76 0.757 3 0.757 3 0.757 3 0.573 5 0.573 5 0.573 5

1 4.746 3 5.745 0 6.743 9 4.565 4 5.563 4 6.561 4

1.6 8.248 7 9.756 9 11.267 1 8.858 3 11.155 3 13.452 3

Let us now take a look at the comparative assessment of new estimators and
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Khatri’s MLEs when data are skewed. In Figure 3.4, we presented the bias and

MSE for both estimators for the regression coefficients, B. The y-axis represents the

Euclidean norm of the bias or the MSE matrices while the x-axis represents sample

size. The two curves represent the two methods. Similar scenarios were considered

using different values of the parameters B, Ω and δ, but we only present one here for

the purpose of conciseness.

We can observe from the figures that the EM algorithm yielded estimators with

less bias and MSE compared to Khatri’s MLE for B, when data are skewed. The

relative efficiency of the EM estimators is on an average 50% more than Khatri’s

MLE for B. We would like to highlight that the two estimators (EM and Khatri’s

MLE) are identical when data comes from multivariate normal distribution and hence

comparative assessment was focused only on skewed data.
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Figure 3.4: Comparative assessment of EM estimator of B with Khatri’s MLE of B,
under an MSN GCM, a) empirical Bias, b) empirical MSE, against increasing n, fixed
B, Σ and δ.
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A few more results comparing the estimation of B under the two approaches

are presented in Table 3.6. The results are consistent for other values of the slant

parameter, α and different values of the mean parameter, B whether positive or

negative, that is, empirical bias and MSE values were not impacted by a change in

B or α. This demonstrates the robustness of B̂ with respect to the direction or

magnitude of the true value of the parameter B.

Table 3.6: Bias and MSE of estimators of B for a fixed correlation structure

Sample size Bias MSE

n EM estimators Khatri’s MLE EM estimators Khatri’s MLE

10 0.053 7 0.078 7 1.393 8 1.565 9

15 0.026 4 0.039 6 0.569 5 0.855 5

20 0.014 4 0.030 7 0.568 8 0.585 7

25 0.016 6 0.026 7 0.459 5 0.463 6

30 0.019 3 0.022 7 0.361 0 0.381 6

35 0.016 9 0.031 7 0.311 0 0.314 4

40 0.006 6 0.025 8 0.267 7 0.288 1

Similar assessments follow for the variance-covariance matrix, Σ, were we gener-

ated data from skewed distributions. The empirical bias and MSE of the estimators

for Σ are plotted in Figures 3.5(a) and 3.5(b), respectively. The x-axis represents

increasing sample size and the two curves represent two different methods. From

the graphs, the MLEs from EM are shown to perform better than Khatri’s MLEs in

terms of empirical bias and especially MSE. In Figure 3.5(b), we can see that there

is a one unit difference in MSE between the two approaches, which seems to be a

considerable difference in performance. On an average, there is a remarkable 50%

increase in relative efficiency, in terms of bias and MSE, of the EM estimator over
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Khatri’s MLE. Table 3.7 presents some more comparative results for the estimators

of Σ under a few more sample sizes.
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Figure 3.5: Comparative assessment of EM estimator of Σ with Khatri’s MLE of Σ,
under an MSN GCM, a) empirical Bias b) empirical MSE, against increasing n, fixed
B, fixed variance-covariance matrix, Σ and fixed skewness vector, δ.

Table 3.7: Bias and MSE of estimators of Σ for a fixed correlation structure

Sample size Bias MSE

n EM estimators Khatri’s MLE EM estimators Khatri’s MLE

10 0.511 6 0.522 3 6.358 8 7.662 8

15 0.419 3 0.440 2 3.884 6 4.030 5

20 0.341 9 0.422 0 2.827 7 2.874 1

25 0.293 7 0.323 4 2.300 7 2.331 6

30 0.261 1 0.274 8 1.874 3 1.888 3

35 0.193 5 0.226 7 1.631 4 1.637 5

40 0.200 8 0.207 9 1.391 2 1.426 9
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It is worth mentioning here, since Khatri’s MLEs are a special case of EM based

estimators in the absence of skewness, therefore using Khatri’s MLEs for parameter

estimation under skewed data is equivalent to estimating the skewness level as 0, when

it is actually far from 0. In our opinion, it is this underestimation of the skewness

parameter that causes Khatri’s MLEs to perform worse than EM estimators in the

presence of skewness in the data.

Note that from Figures 3.4 and 3.5, it may appear to the reader that the difference

in empirical bias and MSE of EM and Khatri’s MLEs for B and Σ might vanish (or

becomes negligible) asymptotically. However, we investigated the relative difference

between the bias and MSE of the two methods for both B and Σ, and the results

indicate that the relative difference is in fact not monotonically decreasing.
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Figure 3.6: Relative difference in empirical bias and MSE of the two estimators of B
for increasing sample sizes.

To demonstrate this we have plotted the relative difference between the bias and
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MSE of the estimators for B and Σ in Figures 3.6 and 3.7. The results show that a

positive difference in bias and MLE always exists even for large sample sizes indicating

that when data is skewed, the EM based estimators developed under MSN distribution

always provides better estimators than MLEs developed under normal assumptions.

As can be seen from Figures 3.6 and 3.7, a gap always exists between Khatri’s

MLEs and the MLEs obtained using EM algorithm for large sample sizes also. The

relative difference and hence the difference also never vanishes asymptotically, rather

it remains more or less the same with increasing sample size.
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Figure 3.7: Relative difference in empirical bias and MSE of the two estimators of Σ
for increasing sample sizes.
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3.5 Real Data Analysis

In this section, we illustrate the application of our estimation technique in practical

problems involving skewed data. We use longitudinal data from Framingham Heart

Study (FHS). FHS, established in 1948, is a notable major epidemiological study

that has been undertaken for the purpose of identifying risk factors associated with

cardiovascular disease (CVD) (Splansky et al., 2007; Hamid et al., 2009; Roslin et al.,

2009).

The objective of the FHS is to understand the development of CVD over a long

period of time among a large group of participants, and to identify environmental,

demographic and genetic factors associated with increasing risk of CVD. FHS is a

prospective study consisting of longitudinal data on variables associated with CVD.

Using FHS, several factors including hypertension, diabetes, high blood cholesterol,

age, gender have been identified as major risk factors associated with CVD.

We chose TG levels as our response variable, since triglyceride (TG) levels are

known to be skewed (Frerichs et al., 1976; Lee et al., 2007). The demographic variable

we consider in this illustration is sex, where we consider the GCM for two groups

(k = 2) - males and females. It is to be noted that the results presented here are solely

for illustration purposes and hence should not be considered for clinical interpretation.

Data consists of 708 individuals, among whom 352 were males and 356 were fe-

males. Measurements were taken across p = 4 time points for all individuals. Figures

3.8 and 3.9 represent histograms for marginal TG levels for both male and females,

which indicate presence of skewness in the data. We also performed Mardia’s test for

multivariate skewness and the results show that there is significant skewness in the

data (p-value < 0.0001).
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Figure 3.8: Histogram for the TG levels of 352 males from the FHS data for all the
4 time points.
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Figure 3.9: Histogram for the TG levels of 356 females from the FHS data for all the
4 time points.
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In most practical problems involving longitudinal data, acquiring sample size of

708 is not often feasible. In order to mimic most real world longitudinal studies

as well as illustrate small sample size estimation, we randomly selected data with

sample sizes of 20, 30, 40 from the 708 observations (with equal allocation for males

and females).

Before choosing a function to represent the relationship between average TG levels

and time, we examined profile plots. Using the results from this preliminary inves-

tigation of profile plots, we chose a quadratic curve for mean for both males and

females. We, therefore, fitted a quadratic GCM and estimated the parameters of

interest using the EM algorithm as proposed in this chapter. The estimate for the

matrix of regression coefficient, B for a sample size of 20 is:

B̂ =


51.1671656 58.545609

14.0436242 −3.264713

−0.9731472 1.635385

 .

In order to investigate goodness of fit, we plotted the estimated mean (Ŷ = ZB̂X)

along with the observed mean (YX′(XX′)−1X). Figure 3.10 indicates that the GCM

with quadratic polynomial fits the data well for males, whereas the fit for females indicate

that higher degrees are required to model the mean TG levels.

In order to confirm this, a cubic GCM with one group (k = 1) was fitted for the females

alone and the results indeed show that the third degree polynomial is the best fit.

Note that the GCM does not allow groups with different degrees of polynomials to be

fitted in one model (e.g., quadratic for males and cubic for females). Under such circum-

stances, the extended growth curve model can be used to provide estimators and make

comparisons.
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(a) Observed vs fitted response for males
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(b) Observed vs. fitted response for females

Figure 3.10: Observed vs. fitted response for n = 20, based on a quadratic fits.
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Figure 3.11: Observed vs. fitted response for a sample of size n = 20, for females
based on a cubic curve.

3.6 Discussion

Motivated by lack of robustness of traditional estimators for GCMs involving skewed data,

we proposed estimation techniques for the mean, variance and skewness parameters of GCM
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when the underlying distribution is MSN. The sensitivity study in Section 3.4.1, demon-

strated the lack of robustness of the traditional estimators derived assuming normality i.e.,

MLEs of the mean and variance parameters provided by Khatri.

In this study, new MLEs were proposed for the unknown parameters of a MSN GCM

using EM algorithm, since closed-form for the regular ML estimators were not available.

We also examined the performance of these estimators using simulation studies.

Simulation results using skewed data show that bias of our estimates are randomly

distributed around zero and decrease with increasing sample size, indicating asymptotic

unbiasedness. The results also demonstrate that MSE decreases as sample size increases

indicating consistency of the estimators. This is true for all sample sizes, correlations, as

well as skewness levels considered.

Comparison with MLEs derived under the normality assumption show that the proposed

EM estimators are associated with uniformly smaller bias and MSE for all the scenarios

considered - regardless of sample size, correlation, as well as levels of skewness. The dif-

ference in bias and MSE between the normal and MSN based estimators remains more or

less the same as the sample size increases, indicating that the MSN based estimators are

recommended even for large sample size studies. However, the difference between our esti-

mators and normal-based MLEs becomes larger as the skewness level in the data increases.

When skewness is zero, the MSN reduces to the multivariate normal distribution and the

two estimators are identical. The FHS data have been used for illustrating the practical

relevance of the EM estimators proposed in this study.
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Chapter 4

Parameter Estimation for the

EGCM under Multivariate Skew

Normal distribution

4.1 Introduction

The traditional EGCM introduced by von Rosen (1989), and further discussed by Kollo and

von Rosen (2005), assumes the underlying distribution of the error terms to be multivariate

normal (von Rosen, 1989; Kollo and von Rosen, 2005). In their book, Kollo and von Rosen

(2005) discussed estimation techniques for the traditional EGCM, and provided estimators

for its unknown parameters (Kollo and von Rosen, 2005). However, the normality assump-

tion may often be violated in practice, as it is common to encounter skewed or non-normal

data in different areas of applications (Arellano-Valle and Genton, 2005; Genton, 2004).

Estimators developed by assuming normality may not, therefore, be optimal for skewed

data. In fact, the previous chapter has established the lack of robustness of estimators of
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the GCM, developed under normality, to the presence of skewness in the data, indicating

that such estimators are not optimal for skewed data. This finding can be generalized to the

EGCM without loss of generality. Thus, a need arises to consider the EGCM from a more

general perspective, with the aim of allowing a flexibility to model skewed data. Therefore,

in this chapter, we consider the EGCM with multivariate skew normal (MSN) errors. To

our knowledge, there is no existing literature on inference of skewed EGCMs.

Consider the real data illustration provided in Section 3.5, we see that the quadratic

fit of the MSN GCM for males is near perfect (Figure 3.10(a)), although the fit is poor for

females (Figure 3.10(b)), leading to large residual errors. The poor fit for females may not

be due to the poor performance of the estimators under MSN GCM. Further investigation

of data from females indicates that the mean growth for females can be better fit using a

third degree polynomial.

The results (Figures 3.10(a) and 3.11), therefore, indicate that we require different

polynomial fits for the two groups in this data. However, this is beyond the scope of a

GCM, since the model does not allow different within individual matrices. That is, the

model assumes equal degree of polynomials for all groups. An EGCM seems to be more

appropriate for modelling this data.

In this chapter, we consider the likelihood for a special case of the EGCM (2 groups)

and provide MLEs for the model parameters using the Restricted EM (REM) algorithm.

Existing REM algorithm is based on the multivariate Newton-Raphson (NR) method, and

both the algorithm and the multivariate NR method are defined only for vector parameters.

We, therefore, extend the algorithm and the NR method for estimation of matrix parameters

and implement them for solving the estimation problem in question. Extensive simulations

were conducted to evaluate the performance of the proposed estimators.
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4.2 Likelihood of the EGCM under the MSN Dis-

tribution

Similar to the GCM, an EGCM under an MSN setup, assumes that the columns of the error

matrix, Ei (i = 1, 2, . . . , n) are independent and follow the MSN distribution with mean 0

and equal variances. Since the columns have the same dispersion matrix, for simplicity, we

will assume the same scale matrix Ω(p× p) and same slant parameter, α(p× 1) for all the

n columns. We assume Ω to be of full rank. Because the mean is 0, hence the location

parameter is ξ = −
√

2
πωδ, therefore,

Ei ∼ SNp(ξ,Ω, α) , i = 1, 2, . . . , n.

The columns of Y, being a mean shift of the columns of E, are just a location shift of

the columns of E, as the dispersion of E and Y are equal, according to the conditions of

EGCM. Since the MSN distribution is closed under affine transformations, every column of

Y is also an MSN variable with the same scale and slant parameters, Ω and α, and differing

solely in the location parameter. The location shift depends on the group it belongs:

Yi ∼ SNp(ξ1,Ω, α) , i = 1, 2, . . . , n1,

Yi ∼ SNp(ξ2,Ω, α) , i = n1 + 1, . . . , n,

where ξ1 = Z1β
(1)
1 +ξ, and ξ2 = Z1β

(1)
2 +Z2β

(2)
2 +ξ. The required likelihood of the problem

is the joint likelihood of the columns of Y, which is

L = 2n
exp(−1

2 tr[Ω
−1{

n1∑
i=1

(Yi − ξ1)(Yi − ξ1)′ +
n∑

i=n1+1
(Yi − ξ2)(Yi − ξ2)′}])

(2π)
np
2 | Ω |

n
2

×
n1∏
i=1

Φ[α′ω−1(Yi − ξ1)]
n∏

i=n1+1

Φ[α′ω−1(Yi − ξ2)].
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Since all the columns Y1, Y2, . . . , Yn are independently distributed, hence the likelihood can

be rewritten as

L = 2n
e−

1
2
tr[Ω−1{Y−(Z1B1X1+Z2B2X2+U)}{Y−(Z1B1X1+Z2B2X2+U}′])

(2π)
np
2 | Ω |

n
2

×Φn[{Y − (Z1B1X1 + Z2B2X2 + U)}′ω−1α],

where U = (ξ, ξ, . . . , ξ) = −
√

2
πω(δ, δ, . . . , δ). This form of the likelihood involves the

nested subspace condition on the design matrices of the model: C(X′i) ⊂ C(X′i−1) (i =

2, 3, . . . , k). It might be difficult, or even impossible, to maximize this likelihood, with the

nested subspace condition, using usual maximum likelihood procedures. So instead, we

express the EGCM as a GCM with a simple linear restriction, as we have already shown in

(2.8). Then, the likelihood for EGCM reduces to

L = 2n
e(− 1

2
tr[Ω−1{Y−(ZBX+U)}{Y−(ZBX+U}′])Φn[{Y − (ZBX + U)}′ω−1α]

(2π)
np
2 | Ω |

n
2

subject to the constraint GBH = 0, where G and H have already been defined in Section

2. This will enable us to employ the REM algorithm for the purpose of estimation.

4.3 Estimation

4.3.1 Extension of the REM Algorithm

The REM algorithm, introduced by Kim and Taylor (1995), is meant for deriving ML

estimators for vector parameters. The parameters of interest in our case are matrices.

Hence, a need arises to extend the REM algorithm, for matrix parameters.

The construction of the REM algorithm depends on the multivariate NR method. Hence,

to extend the REM algorithm for matrix parameters, we first require an extension of the

NR method for matrix parameters. To our knowledge, there exists no such extension. As a

83



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

result, we will first develop an extension of the NR method for matrix parameters.

The NR method says that, for a multivariate parameter, the estimate at the (l + 1)-th

iteration is an improvement on the l-th iteration and the improvement is determined by the

product of the score function and the inverse of the observed information matrix:

θ(l+1) = θ(l) + I−1
θ Sθ, (4.1)

where Sθ is the score function and Iθ is the observed information matrix for θ. The score

function is the first order partial derivative of the likelihood function with respect to the

parameter θ, and the observed information matrix is the negative of the second order partial

derivative of the likelihood function or in other words negative of the first order partial

derivative of the score function, if we assume iid observations.

To extend the NR method for matrix parameters, we require the product of the score

function and the inverse of the information matrix. Consequently, we would expect that

the (l + 1)-th iteration has the form

B(l+1) = B(l) + I−1
B SB, (4.2)

where B is the parameter of interest. The score function SB, of matrix parameters is the

first order partial derivative of the log likelihood with respect to the parameter B:

SB =
∂l

∂B
.

The log-likelihood being a scalar and B being a matrix of dimension (q × k), the score

function is also a matrix of dimension (q × k). The observed information matrix, like

its multivariate counterpart, is the negative of the second order partial derivative of the

log-likelihood, or the negative of the partial derivative of the score function:

IB = − ∂2l

∂B2
= −∂SB

∂B
.

84



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

Therefore, the dimension of the information matrix is (qk × qk). Hence, I−1
B and SB are

non-conformable matrices, rendering equation (4.2) invalid.

There are two possible solutions to this problem, either we can vectorize the matrix

parameter and then use the NR method for multivariate vector-valued parameters, or we

can modify the information matrix so that it is conformable with the score function. If we

use the first approach, the parameter becomes a vector of order qk and so is the dimension

of the score function. Hence, we can go ahead with the iterative equation in (4.1):

vec(B)(l+1) = vec(B)(l) + I−1
B vec(SB). (4.3)

Let us now have a look at the structure of the information matrix. It is a derivative of the

score function which is a function of the parameter, B. Let us consider the most general

form for the score function which would include all possible special cases. Let the score

function be represented as

SB = KBN + H,

where K(q×q), N(k×k) and H(q×k) are matrices independent of B. Now if we differentiate

the score function with respect to B, we would end up with (Kollo and von Rosen, 2005)

∂SB

∂B
= N⊗K′.

We can easily find the inverse of the observed information matrix, using the properties of

Kronecker product (Zhang and Ding, 2013),

I−1
B = −(N−1 ⊗K′−1).

Referring back to equation (4.3), we see that

vec(B)(l+1) = vec(B)(l) − (N−1 ⊗K′−1)vec(SB)

= vec(B)(l) − vec(K′−1SBN′−1)

= vec(B(l) −K′−1SBN′−1).
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Converting back to matrices would result in

B(l+1) = B(l) −K′−1SBN′−1,

which is our second proposed approach for developing an NR method for matrix parameters.

As the second approach, we suggested a modification of the information matrix so that it

is conformable with the score function. If the information matrix can be written as a

Kronecker product of two matrices, such as

I = I1 ⊗ I2,

then the modified NR method for matrix parameters can be written as

B(l+1) = B(l) + I′−1
2 SBI′−1

1 . (4.4)

It turns out that the matrix I−1
1 (k × k) contains the within and between group variance

terms and the matrix I−1
2 (q × q) contains the variance of the polynomials.

I−1
1 =

 V ar(β1) Cov(β1, β2)

Cov(β1, β2) V ar(β2)

 ,

where β1 = (β
(1)
1 , β

(2)
1 ), are the coefficients in group 1, and, similarly, β2 = (β

(1)
2 , β

(2)
2 )

are the coefficients in group 2. Thus, V ar(β1) and V ar(β2) are the variances within the

respective groups and the covariance term and Cov(β1, β2) captures the covariance between

the two groups. The terms in I−1
2 are the variance and covariances between the polynomials,

such as β0· = (β01, β02), is the vector of intercepts, and β1· = (β11, β12), is the vector of

slopes, and so on. Thus, the term V ar(β0·) measures the variance within the intercepts and

the term Cov(β0·, β1·) measures the covariance between the slopes and the intercepts, and
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so on.

I−1
2 =



V ar(β0·) Cov(β0·, β1·) . . . Cov(β0·, β(q−1)·)

. . . . . .

. . . . . .

Cov(β0·, β(q−1)·) Cov(β1·, β(q−1)·) . . . V ar(β(q−1)·)


,

These structures of the information matrices indicate the positive definite nature of the ma-

trices and hence ensure that they are invertible. Since the inverses of both the information

matrices are symmetric, as is evident from their interpretation, we can rewrite (4.4) as

B(l+1) = B(l) + I−1
2 SBI−1

1 , (4.5)

which is a possible extension of the NR method for imputing matrices using iterative equa-

tions. Now, that there is a possible extension of the NR method for matrix parameters,

let us construct an extension of the REM algorithm by Kim and Taylor (1995), for matrix

parameters.

Let us consider the estimation problem for EGCM. In any EGCM problem, to obtain

an estimator for the parameter matrix B, we need to maximize the log of the likelihood

in (4.1) with respect to B. This form of the likelihood involves the constraint GBH = 0.

Hence, we will try to maximize l(B | Y) = log(L) subject to this constraint. A popular

and convenient approach for solving such a problem, for both univariate and multivariate

problems, is using the Lagrangian optimization procedure (Bertsekas, 1999). So, we will

try to optimize the function lR(B | Y, λ) which is

lR(B | Y, λ) = lU (B | Y) + λ′(GBH− 0),

where λ(m× 1) is the Lagrangian multiplier and lU is the unrestricted log-likelihood since

it does not consider the constraint. The estimator obtained by maximizing lU would be

denoted as BU . Now our objective is to determine λ. From the above optimization function,
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we observe the following relationships

SR = SU + (λ′G)′H′, (4.6)

IR = IU , (4.7)

where SU and IU are the score function and information matrix of the unrestricted solution,

BU , and, SR and IR are the score function and information matrix of the restricted solution,

BR. We assume IR = I(1)R ⊗ I(2)R, IU = I(1)U ⊗ I(2)U and for simplicity we also assume,

I(1)R = I(1)U , I(2)R = I(2)U since IR = IU . Hence, the iteration step would be

B
(l+1)
R = B

(l)
R + I−1

2(R)SRI−1
1(R)

= B
(l)
R + I−1

2(U)(SU + G′λH′)I−1
1(U)

= B
(l)
U + I−1

2(U)G
′λH′I−1

1(U).

Our objective now is to determine the value of λ. To obtain that, we use the identity from

the constraint

GB
(l+1)
R H = 0,

G(B
(l)
U + I−1

2(U)G
′λH′I−1

1(U))H = 0,

which yields the solution

λ = −(GI−1
2(U)G

′)−1(GBUH)(H′I−1
1(U)H)−1.

Hence, the restricted solution for B is

B
(l+1)
R = B

(l)
U − I−1

2(U)G
′(GI−1

2(U)G
′)−1(GBUH)(H′I−1

1(U)H)−1H′I−1
1(U). (4.8)

In the (l+1)-th iteration, if the estimate B
(l+1)
R does not increase the value of the Q function,

then we use the step-halving procedure, as suggested by Kim and Taylor (1995).
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4.3.2 Estimation procedure

Our objective is to obtain ML estimators for the parameter, θ = (B1,B2,Ω, δ). Since

closed-form solution of the likelihood is not feasible, we need to use the EM algorithm to

obtain the estimators. However, the likelihood in our case involves constraints, so instead

we will use the REM algorithm, as stated earlier.

As mentioned in Section 3, in order to use the REM algorithm, we will first try to

express the MSN distribution as a mixture of two distributions. Azzalini and Dalla-Valle

have provided the stochastic representation of a ‘normalized’ MSN variable where they have

expressed it as a mixture of two distributions (Azzalini and Dalla-Valle, 1996). Since Yi’s

(i = 1, 2, . . . , n) are just a location and scale shift of the ‘normalized’ variable, hence their

stochastic representations are

Yi = ξ1 + ω[(δt0i) + ∆ti] , i = 1, 2, . . . , n1,

Yi = ξ2 + ω[(δt0i) + ∆ti] , i = n1 + 1, . . . , n,

such that in matrix setup they are expressed as

Y = ZBX + U + ω(δt′0 + ∆T)

= ZBX + U + ωδt
′
0 + WT

subject to GBH = 0, where ωδ = ωδ, W = ω∆, t′0 = (t01, . . . , t0n), T = (t1, t2, . . . , tn),

and their stochastic distributions are

t0 ∼ HNp(0, Ip),

T ∼ Np×n(0,Ψ, I).

Since t0 and T are structurally independent of each other, so

(Y | t0) ∼ Np×n(ZBX + U + ωδt
′
0,Γ, I),
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where Γ = WΨW.

Our parameter of interest in this study is θ = (B,Ω, δ). Since we wish to employ the

REM algorithm to estimate the unknown parameter, θ, we need to re-frame the problem

as a missing data problem. The conditional distribution of Y | t0 is a known stochastic

distribution, hence the half-normal variable t0 can be considered as the missing data in

our estimation problem. The complete data, which is the observed and the missing data

combined together, can be written as Yc = (Y, t0), and the complete data log-likelihood is

lc(θ | Yc) = l(θ | t0) + lnf(Y | t0, θ)

= −1

2
tr(Y − ZBX−U− ωδt′0)′Γ−1(Y − ZBX−U− ωδt′0)

−1

2
t′0t0 −

n

2
log | Γ | .

According to the definition, the Q function for this problem is

Q(θ) = E[lc(θ | Yc) | Y]

= −1

2
trE[(Y − ZBX−U− ωδt′0)′Γ−1(Y − ZBX−U− ωδt′0) | Y]

−n
2
log | Γ | −1

2
E(t′0t0 | Y)

= −1

2
tr[(Y − ZBX−U− ωδ t̂′0)′Γ−1(Y − ZBX−U− ωδ t̂′0)]

−n
2
log | Γ | −1

2
tr[( ˆt′0t0 − t̂

′
0t̂0)(ω′δΓ

−1ωδ)]−
1

2
ˆt′0t0,

where t̂0 = E[t0 | Y], and ˆt′0t0 = E[t′0t0 | Y]. Therefore, we need to determine the

conditional distribution of t0 | Y to calculate the respective moments, and consequently

determine the Q function which is the most essential factor in the E-step. We will use the

identities (4.11) and (4.12), mentioned below, for ease of computation in determining the

conditional distribution f(t0 | Y). To obtain those identities we first need to consider the

relationship between Ω and Γ:
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Ω = ω(∆Ψ∆ + δδ′)ω

= Γ + ωδω
′
δ. (4.9)

Further, using (4.10) and properties of determinants and inverses, we can establish the

following identities:

| Ω |=| Γ | (1 + ω′δΓ
−1ωδ) = k | Γ | and (4.10)

Ω−1 = Γ−1 − (
1

1 + ω′δΓ
−1ωδ

)Γ−1ωδω
′
δΓ
−1 (4.11)

= Γ−1 − 1

k
Γ−1ωδω

′
δΓ
−1,

where k = 1 + ω′δΓ
−1ωδ. Now, we proceed to derive the conditional distribution of t0 | Y,

which turns out to be truncated normal. The steps have been detailed here:

f(t0 | Y) =
f(Y | t0)f(t0)

f(Y)

=
| Ω |

1
2 e−

1
2
tr(Y−ZBX−U−ωδt′0)′Γ−1(Y−ZBX−U−ωδt′0)e−

1
2
tr(t′0t0)

| Γ |
1
2 e−

1
2
tr(Y−ZBX−U)′Ω−1(Y−ZBX−U)Φ[(Y − ZBX−U)′ω−1α]

= k
n
2
e−

1
2
tr(M−ωδt′0)′Γ−1(M−ωδt′0)e−

1
2
tr(t′0t0)

e−
1
2
trΩ−1MM′Φ[M′ω−1α]

= k
n
2
e−

1
2
tr(Γ−1MM′−t′0(M′Γ−1ωδ)−(M′Γ−1ωδ)

′t0+Γ−1(ωδt
′
0)(ωδt

′
0)′)e−

1
2
t′0t0

e−
1
2
trΓ−1(In−ωδk−1ω′δΓ

−1)MM′Φ[M′ω−1α]

= k
n
2
e−

1
2
tr[−t′0(M′Γ−1ωδ)−(M′Γ−1ωδ)

′t0+(ω′δΓ
−1ωδ+1)(t0t′0)]

e
1
2
tr(Γ−1ωδk−1ω′δΓ

−1MM′)Φ[M′ω−1α]

= k
n
2
e−

1
2
tr[k(t0t′0)−(M′Γ−1ωδ)

′t0−t′0(M′Γ−1ωδ)+
1
k

(M′Γ−1ωδ)
′(M′Γ−1ωδ)]

Φ[M′ω−1α]
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= k
n
2
e−

1
2
tr(k

1
2 t0−k−

1
2 (M′Γ−1ωδ)

′)′(k
1
2 t0−k−

1
2 (M′Γ−1ωδ)

′)

Φ[M′ω−1α]

= k
n
2
e−

1
2
tr(t0−k−1(M′Γ−1ωδ)

′)′k(t0−k−1(M′Γ−1ωδ)
′)

1− Φ[−M′ω−1α]
,

where M = Y − ZBX −U. Hence, t0 | Y ∼ TNn(µ,Σ,AT ), where µ = k−1(M′Γ−1ωδ)
′,

Σ = 1
kIn, AT = {x : x ≥ a}, a = µ+Σ

1
2 (−M′ω−1α), and t̂0 is the first order moment of the

truncated normal distribution. For computational purposes, we will use the empirical value

for ˆt′0t0. This completes our E-step. Now we proceed to derive the unrestricted estimators

for each of the unknown parameters, Γ, B and δ by maximizing the Q function with respect

to each of them. The partial derivative of the Q function with respect to Γ is

∂Q

∂Γ
=

∂Q

∂Γ−1

∂Γ−1

∂Γ

= −1

2
[(Y − ZBX−U− ωδ t̂0

′
)(Y − ZBX−U− ωδ t̂0

′
)′ − ( ˆt′0t0 − t̂0

′
t̂0)ωδω

′
δ]Γ
−2

−n
2

Γ−1.

Equating ∂Q
∂Γ to 0 yields the solution Γ̂ as

Γ̂ =
1

n
[(Y − ZBX−U− ωδ t̂0

′
)(Y − ZBX−U− ωδ t̂0

′
)′ − ( ˆt′0t0 − t̂0

′
t̂0)ωδω

′
δ]. (4.12)

Similarly, to obtain δ̂, we first find the partial derivative ∂Q
∂δ :

∂Q

∂δ
= −1

2

∂vec′(Y − ZBX−U− ωδ t̂0
′
)

∂δ

∂tr(Y − ZBX−U− ωδ t̂0
′
)′Γ−1(Y − ZBX−U− ωδ t̂0

′
)

∂vec(Y − ZBX−U− ωδ t̂0
′
)

−1

2

∂tr( ˆt′0t0 − t̂0
′
t̂0)ω′δΓ

−1ωδ
∂δ

= −1

2
[−∂vec

′(U + ωδ t̂0
′
)

∂δ
2vec{Γ−1(Y − ZBX−U− ωδ t̂0

′
)}

+
∂( ˆt′0t0 − t̂0

′
t̂0)δ′(ωΓ−1ω)δ

∂δ
]
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= −1

2
[−
∂vec′((−

√
2
π )ωδ1′n + ωδt̂0

′
)

∂δ
2vec{Γ−1(Y − ZBX−U− ωδ t̂0

′
)}

+2( ˆt′0t0 − t̂0
′
t̂0)(ωΓ−1ω)δ]

= {(−
√

2

π
)1n ⊗ ω + t̂0 ⊗ ω}′vec{Γ−1(Y − ZBX−U− ωδ t̂0

′
)}

−( ˆt′0t0 − t̂0
′
t̂0)(ωΓ−1ω)δ

= {ωΓ−1(Y − ZBX−U− ωδ t̂0
′
)(−
√

2

π
1n + t̂0)} − ( ˆt′0t0 − t̂0

′
t̂0)(ωΓ−1ω)δ,

where the solution to δ̂ could be obtained by equating the partial derivative ∂Q
∂δ to 0. After

a few simplifications, we obtain the estimator for δ as

δ̂ =
1

[2n
π − 2

√
2
π (
∑n

i=1 t̂0i) + ˆt′0t0]
ω−1(Y − ZBX)(−

√
2

π
1n + t̂0) (4.13)

Now, to obtain the unrestricted solution for B:

∂Q

∂B
= −1

2

∂(Y − ZBX−U− ωδ t̂0
′
)

∂B

∂tr(Y − ZBX−U− ωδ t̂0
′
)′Γ−1(Y − ZBX−U− ωδ t̂0

′
)

∂(Y − ZBX−U− ωδ t̂0
′
)

= Z′Γ−1(Y − ZBX−U− ωδ t̂0
′
)X′.

Consequently, ∂Q
∂B = 0, yields, B̂U as

B̂U = (Z′Γ−1Z)−1Z′Γ−1(Y −U− ωδ t̂0
′
)X′(XX′)−1. (4.14)

These estimators, Γ̂, δ̂ and B̂U are the unrestricted estimators. As expected, the unre-

stricted estimators have the same form as the estimators obtained using the EM algorithm

for GCM (Jana et al., 2017b). To obtain the final restricted estimators, we need to use the

REM algorithm. However, the linear restriction for our model, GBH = 0, does not involve

the parameters Γ and δ. Hence the restricted estimators for Γ and δ remain the same as

their unrestricted estimators, (4.12) and (4.13). However, the linear restriction (GBH = 0)

involves the mean parameter B and hence the restricted estimator for B could be different
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from its unrestricted estimator and will be obtained by using the REM algorithm.

The variance parameter, Σ, is a function of Γ and δ and its estimator can be obtained

easily by the invariance property of MLEs. So, it can be easily observed that the restricted

estimator for Σ is the same as its unrestricted estimator and hence has the same form as

that obtained for the variance parameter of GCM in an earlier study (Jana et al., 2017).

This is not surprising, since the variance parameter for the GCM and the EGCM are the

same and the two models only differ in the mean parameter.

To obtain the restricted solution B̂R, we use (4.8). The required observed information

matrix is

IU = (XX′)⊗ (Z′Γ−1Z) = I1 ⊗ I2, say. (4.15)

Hence, the final solution for the parameter matrix is

B
(l+1)
R = B

(l)
U − (Z′Γ−1Z)−1G′(G(Z′Γ−1Z)−1G′)−1(GBUH)(H′(XX′)−1H)−1H′(XX′)−1.

(4.16)

Since REM gives us the ML estimators, hence using invariance properties of MLEs, the

regression coefficients, B1 and B2 can be obtained from the identities

B1 = (I(q−m),0(q−m)×m)B, (4.17)

B2 = (0m×(q−m), Im)B. (4.18)

4.4 Simulation Study

We conducted extensive simulations, presented in this section, to assess the performance

of the proposed estimators under various conditions. Several scenarios were considered

with different strengths of correlation, different levels of skewness, varying magnitude of

the parameter matrix and different sample sizes. Table 4.1 presents the range of different

parameters and settings considered in this study, for the empirical evaluation.
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It is to be noted that in this chapter, without loss of generality, we have only presented

scenarios with 4 or 8 time points, i.e., p = 4 or p = 8, for limiting the number scenarios

presented, as we are already considering a huge number of scenarios. Without loss of

generality, the results can be easily extended to any number of time points as the estimators

were derived without any specific assumption on the number of time points. It is to be noted

though, as p < n is an inherent assumption in the model, therefore, we feel, that the methods

developed in this chapter will be sensitive to departures from this assumption.

Table 4.1: Range of parameters considered in our simulation

Number of groups, k 2

Growth curve linear, quadratic, cubic

Number of time-points, p p=4, 8

Sample size, n n=10, 15, 20, 25, 30, 35, 40 and n > p

Scale matrix, Ω Wishart matrices with different degrees of freedom

Correlation strengths Weak, moderate and strong

Slant vector, α Any real p-dimensional vector

Euclidean norms of B 0 to 3, increment by 0.1

Euclidean norms of δ 0 to 1.56 increment by 0.5

Distribution Multivariate Skew Normal
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Our primary objective in this section is the empirical assessment of the proposed esti-

mators of the mean, covariance and skewness parameters. As in the previous chapter, we

use the Euclidean norm of the empirical bias matrix and MSE matrix as the evaluation

criteria for the estimators, for feasibility of comparison of the magnitude of bias and MSE

matrices, under the different conditions.

Since we require positive definite scale matrices Ω, they were generated from the Wishart

distribution with varying degrees of freedom, and then divided by p to scale them down.

The error terms were generated from the MSN distribution with mean 0 and covariance Σ

and the response matrix was calculated using the model in (2.7). This way, the responses

and the error terms had the same dispersion but different mean. The first group consisted of

n1 experimental subjects, whereas the second group consisted of n2 experimental subjects,

where n1 = n2 = n/2 when n is even, and n1 = (n− 1)/2 and n2 = n1 + 1 when n is odd.

The results were observed for several parameter matrices, sample sizes, different correlation

structures, and varying skewness levels.

A crucial step in any EM algorithm problem is the choice of initial values or starting

point. As in the earlier work, we used Khatri’s MLE for B, and the sample covariance

matrix S = Y(I−Z′(ZZ′)−Z)Y′ as the initial values for B̂ and Ω̂ respectively (Jana et al.,

2017b). We used a very small value as the starting point of δ, δ = (0.01, 0.01, . . . , 0.01), to

ensure positive definiteness of the matrix Γ, which is a necessary condition in the estimation

process and for the algorithm to function.

Once each data point Y is calculated, after generating the error terms, the three esti-

mators B̂, Ω̂ and δ̂ are computed using the REM algorithm until simultaneous convergence

of all three, since the estimators are all inter-dependent. As is traditional for convergence in

multivariate estimation using EM, we used the L2 norm (Euclidean norm) for matrices and

vectors as the convergence criteria. Each data point required an average of 6 iterations for

convergence. The bias and MSE matrices for all the estimators are calculated for each data
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point. This was repeated independently 1000 times. The empirical bias and MSE matrices

for each scenario are an average of these 1000 simulations. As stated earlier, the L2 norm

of the bias and MSE matrices are calculated for comparison among the different scenarios.

Here we present the results of the empirical analysis. We assume an EGCM where one

group has a linear profile and the other possesses a quadratic profile. The results for this

model has been represented using red in Figure 4.1(b), and we will refer to this model

as a linear-quadratic EGCM. Our objective in Figure 4.1(b) is to study and compare the

behaviors of the estimators under different EGCMs. Therefore, we consider another EGCM

where one group has a quadratic profile and the other group has a cubic profile. This model

will be referred to as quadratic-cubic EGCM and the results corresponding to this model

have been represented using green in Figure 4.1(b).
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Figure 4.1: (a) Elementwise bias of B̂ for fixed Σ, δ, n = 20 and p = 4 (b)Euclidean
norm of Bias matrix of B̂ for fixed Σ and δ, against increasing n, for a linear-quadratic
and quadratic-cubic EGCM .

Thus, Figure 4.1(b) compares the two models, namely, the linear-quadratic EGCM and
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the quadratic-cubic EGCM with respect to bias of B̂. It can be observed from Figure 4.1(b),

that empirical bias of B̂ is independent of sample size, n, and the degree of polynomial of

the growth curves, q. It might appear from Figure 4.1(b) that bias is always positive.

However, it is to be noted that the bias plotted in Figure 4.1(b) is the Euclidean norm of

the Bias matrix of the parameter matrix. We provide the elementwise bias in Figure 4.2(b)

where the bias of each element of the bias of B̂ is plotted. As can be observed there is both

positive and negative bias indicating that actual bias of each element is randomly scattered

0.

Previous studies have also demonstrated that bias of the MLEs of the parameter matrix

for GCMs are unaffected by sample size (Jana 2013; Jana et al., 2017, 2017a, 2017b).

Contrary to bias, we observed that the MSE of B̂ is remarkably less when the model requires

fewer polynomials and the data has a greater sample size. This nature of the bias and MSE

of B̂ has also been observed for several other parameter matrices in linear-quadratic EGCMs

and quadratic-cubic EGCMs.

It might seem from Figure 4.1(b) that bias is always positive. However, it is to be noted

that the bias we have plotted here is the Euclidean norm of the Bias matrix of B̂. Bias of

each element of B̂ is however, not always positive, rather it is randomly scattered around

0. This has been demonstrated in Figure 4.1(a), where we plotted the elementwise bias of

a few parameter matrices, and we can notice that they are randomly scattered around 0,

indicating that we can encounter both positive and negative bias. We would like to mention,

that there is no noticeable difference in the performance of Σ̂ and δ̂ for the different EGCMs,

which is very natural, as these parameters depend solely on the number of time points, p

and not on the degree of polynomials, q.

It has already been established in a few studies involving growth curves that the perfor-

mance of the estimators are affected by the presence of correlation in the data (Jana 2013;

Jana et al., 2017, 2017a, 2017b). Similar findings were obtained for the estimators of the
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EGCM, in this study as well (Figure 4.2 and Table 4.2).
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Figure 4.2: MSE of B̂ and Σ̂ against increasing sample size, across different correlation
strengths for a linear-quadratic EGCM.

Table 4.2: Bias of B̂ and Σ̂ against increasing sample size, across different correlation
strengths for a linear-quadratic EGCM

estimators B̂ Σ̂

sample size weak moderate strong weak moderate strong

10 0.052 8 0.028 9 0.122 5 0.183 8 0.541 8 1.034 4

15 0.019 0 0.028 3 0.032 8 0.156 9 0.509 9 0.742 0

20 0.028 0 0.060 6 0.098 8 0.127 5 0.384 6 0.667 2

25 0.011 7 0.017 4 0.046 6 0.119 7 0.385 4 0.531 8

30 0.012 9 0.091 6 0.057 6 0.095 3 0.260 2 0.395 8

35 0.010 3 0.037 2 0.033 7 0.076 9 0.260 7 0.273 1

40 0.008 7 0.020 9 0.037 6 0.073 0 0.194 4 0.239 9

In general, bias of B̂ and Σ̂ tend to be more, with increasing strengths of correlation
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(Table 4.2). But the effect is more pronounced in the results for MSE. In Figure 4.2, we can

observe that the MSE of B̂ and Σ̂ increase with increasing correlation in the data. These

figures also establish the empirical consistency of B̂ and Σ̂, as the empirical MSEs decrease

with increasing sample size. We would like to highlight that empirical consistency have also

been observed and established for estimators of the mean and variance parameters of the

GCM as well (Jana 2013; Jana et al., 2017, 2017a, 2017b).

From Figure 4.3, it can be observed that there is no systematic pattern in bias and

MSE of B̂ for different magnitude, whether positive or negative, of the parameter matrix,

indicating robustness of the estimator B̂ to the true value of the parameter. This reiterates

the robustness property of ML estimators of B established in earlier works involving GCM

(Jana, 2013; Jana et al., 2017, 2017a, 2017b). Needless to say, the magnitude or direction

(positive or negative) of the parameter matrix has no effect on the estimators Σ̂ and δ̂.
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Figure 4.3: Bias and MSE of B̂ against different values of B, across different levels
of skewness for n=30.
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We also observe from Figure 4.3 and Table 4.3 that the performance of the estimator B̂

does not depend on the magnitude of skewness in the data. There seems to be no systematic

influence of skewness on the bias or MSE of B̂. In contrast, however, we see that bias and

MSE of Σ̂ decrease with increasing levels of skewness in the data (Figure 4.4 and Table

4.4). This might be due to δ̂ being underestimated and Σ̂ being a function of −δ.

Table 4.3: Bias and MSE of B̂ against increasing sample size, across different levels
of skewness for a linear-quadratic EGCM

L2(δ)
Bias

n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40

0 0.109 2 0.053 8 0.026 7 0.009 7 0.037 5 0.012 1 0.038 3

0.75 0.020 4 0.052 8 0.010 1 0.009 0 0.022 8 0.017 4 0.016 4

1 0.095 4 0.052 0 0.028 5 0.034 4 0.041 2 0.030 2 0.028 1

1.5 0.094 8 0.008 8 0.003 6 0.019 1 0.032 3 0.008 4 0.045 3

L2(δ)
MSE

n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40

0 3.237 3 1.954 0 1.522 4 1.226 7 1.039 2 0.866 6 0.745 8

0.75 3.147 4 2.023 8 1.565 0 1.087 8 1.041 4 0.846 3 0.727 9

1 3.408 5 1.918 8 1.448 5 1.147 5 1.039 6 0.889 5 0.716 6

1.5 3.592 4 2.077 8 1.478 7 1.166 2 0.958 8 0.824 1 0.758 0

It is worth mentioning here that, although the empirical bias of the variance estimator

seem to be always positive from the results, in reality it is not. When we plot the bias of the

individual elements of the parameter matrix or the variance-covariance matrix, we notice

that they are randomly distributed around 0, indicating that bias can be both positive and

negative. However, as already stated, for ease of comparison, since we plot the Euclidean

norm of the bias matrices, which is a positive measure, the bias values on the graph seem

to be always positive.
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Figure 4.4: Bias and MSE of Σ̂ against increasing sample size, across different levels
of skewness for a fixed B.

Table 4.4: Bias and MSE of B̂ and Σ̂ against different levels of skewness for a
quadratic-cubic EGCM, for n = 20, across different correlation strengths

B̂

L2(δ)
Bias MSE

weak moderate strong weak moderate strong

0 0.097 9 0.109 8 0.181 6 7.970 2 15.787 2 22.493 9

0.75 0.210 6 0.074 3 0.050 9 7.954 0 15.972 3 24.146 8

1 0.045 3 0.068 5 0.080 4 7.800 8 15.625 3 23.365 5

1.5 0.102 1 0.015 9 0.120 3 7.708 3 15.857 2 24.001 4

Σ̂

L2(δ)
Bias MSE

weak moderate strong weak moderate strong

0 0.447 0 0.778 7 1.384 6 3.347 2 15.680 6 35.946 0

0.75 0.296 6 0.905 2 1.492 6 2.830 9 12.404 8 26.577 8

1 0.264 0 0.726 9 1.205 1 2.344 5 10.276 3 21.570 2

1.5 0.202 3 0.557 3 0.750 8 1.108 0 4.727 8 11.398 4102
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Similar to the empirical analysis in MSN GCM (Jana et al., 2017b), δ̂ does not exhibit

any empirical consistency, although bias and MSE of δ̂ is uniformly less when there is less

correlation in the data. These properties have been observed to be true for different values

of the parameter matrices. We would like to remark here that the estimate for δ̂ does not

depend on its initial value and the estimate remains the same regardless of the initial value

specified. However, for the algorithm to function, we need to specify an initial value for δ̂

which is smaller than the true value. Since we never know the true value of the parameter,

so we recommend using a very small value as the initial value δ, so that the algorithm

functions for any amount of skewness in the data.

In conclusion, the results from this section indicate the robustness of the estimator B̂

with respect to sample size, level of skewness and the true value of the parameter B. We

would like to highlight though, that the MSE of B̂ is hugely affected by the value of q, i.e.,

the degree of the polynomial considered in the study, indicating that the variance of the

estimator is less for simpler models. The results also demonstrate that the estimators B̂

and Σ̂ are consistent estimators, although δ̂ is not a consistent estimator. However, their

performance is affected by presence of correlation in the data. Surprisingly, the estimator

Σ̂ has better performance with increasing skewness in the data. This could be due to δ̂

being underestimated. Improving the estimator δ̂ could be of interest for further study.

4.5 Real Data Analysis

Our objective in this section is to demonstrate the practical usefulness of the estimators

developed in this chapter by fitting a skewed multivariate data. To serve our purpose

of illustration, we use the longitudinal data from a major epidemiological study called

the Framingham Heart Study (FHS), which has already been introduced and discussed in

Section 3.5.
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It is to be noted that the longitudinal data from the FHS has been used here as an

example, and the results are not intended to be used for any clinical analysis or interpre-

tation. The tools developed in this chapter considers only two groups, hence we consider a

predictor variable which consists of only two groups, e.g., gender. However, without loss of

generality, the results can be extended to more than two groups.

We use the same illustrative example from Section 3.5. In fact, the lack of fit of an MSN

GCM in fitting this data provided motivation for the development of estimation theory for

this chapter. The skewness in TG levels has already been demonstrated in Figures 3.8 and

3.9, hence we choose this as our response variable. The TG levels were measured across

4 time points, hence p=4. The sample size for our illustrative example is 20, with equal

number of males and females in the sample.

For this data, we assume a quadratic response for males and a cubic response for females,

as is evident from their profile plots. Accordingly, we fit a quadratic-cubic EGCM, using

the REM algorithm for matrix estimators, developed in this study. The appropriate design

matrices for the EGCM are

Z′1 =


1 1 1 1

1 3 5 7

1 9 25 49

 , Z′2 =

(
1 27 125 343

)
,

X1 =

 110 010

010 110

 and, X2 = 110.

The mean responses for the two groups are

E(Yi) = β01 + β11t+ β21t
2, i = 1, 2, . . . , 10,

E(Yi) = β02 + β12t+ β22t
2 + β32t

3, i = 11, 12, . . . , 20,
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where β’s are the unknown coefficients of the parameter matrices, B1 and B2, where

B′1 =

 β01 β11 β21

β02 β12 β22

 , B2 = (β32).

The estimate of the parameters matrices are

B1 =


51.9163403 109.668750

13.8320510 −62.314583

−0.9488764 19.331250

 , B2 = −1.485417.

In Figure 4.5, we plot the estimated mean from the EGCM and the observed mean, for

illustrating the goodness of fit of the predicted response, and we see that the fit is near

perfect for both the groups. In fact, the fit for males has improved by fitting an EGCM,

although the improvement is negligible.
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Figure 4.5: Observed vs fitted response for n = 20, for males and females based on
an EGCM.

We calculated the Akaike’s information criterion (AIC) for both the model fits for this

example. The AIC assuming a quadratic GCM (Figure 3.10) for this data turned out to be
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958.6961. The AIC assuming EGCM (Figure 4.5) is 678.1482. This result is at par with

our Figures 3.10 and 4.5, where we can see that the EGCM is a much better fit for the

current data. We also wanted to compare the efficiency of the methods developed in this

study with the methods developed for the traditional EGCM, for a skewed data.The AIC

value for the traditional model, that is the model fitted by using von Rosen’s estimators

in (3) for the traditional EGCM, which assumes multivariate normality, is 795.0401. Thus,

the current fit using EGCM for skewed models seems to be a better fit for skewed data.

4.6 Discussion

This chapter was motivated by the limitations of a GCM in modelling skewed longitudinal

data with different profiles across different groups. An EGCM relaxes this limitation and

allows us to model longitudinal data with parallel profiles. EGCM is a special case of

EGMANOVA models and can be used for the analysis of growth or dose-response when

there are clusters in the data.

In this chapter, we considered the estimation problem for an EGCM whose underlying

distribution is MSN. Since the EGCM can be expressed as a GCM with linear restrictions,

therefore, we employed the REM algorithm, which is an extension of the EM algorithm, in

the presence of linear restrictions in the model. The development of the REM algorithm

is based on the Newton-Raphson method and both are only applicable to multivariate

parameters. An extension of the REM algorithm and the NR method is first developed

for matrix parameters and then implemented in this study to propose estimators for the

parameter of interest. Extensive simulations were conducted to study the behavior of the

estimators developed in this chapter.

The estimators for the mean and variance parameters were empirically demonstrated

as consistent estimators. The bias of the parameter matrix is, however, unaffected by
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increasing or decreasing magnitude and direction of B, sample size and varying skewness

level indicating robustness of the estimator. Bias and MSE of both the mean and covariance

matrix increases with increasing strengths of correlation, which was also observed in earlier

works involving GCMs (Jana, 2013; Jana et al., 2017). The performance of the covariance

matrix, in terms of empirical bias and MSE, however improves with increasing skewness in

the data. This might be because the covariance matrix is a function of -δ.

The empirical behavior of the estimator for the skewness vector seems to be independent

of the sample size indicating that it is not a consistent estimator. It rather seems to be

dependent on increasing levels of skewness. However, this is due to the skewness parameter

δ̂ being underestimated.
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Chapter 5

GCM for high-dimensional data

under Matrix Variate Normal

5.1 Introduction

As stated earlier in Chapter 2, a few tests are available for testing the general linear hypoth-

esis in the GCM, among them are Potthoff and Roy’s approach based on transformation

to MANOVA, Khatri’s likelihood ratio test and likelihood based trace test (Potthoff and

Roy, 1964; Khatri, 1966; Hamid et al., 2011). However, these tests are not appropriate for

high-dimensional data since they all involve the inverse of the sample covariance matrix,

which does not exist due to singularity of the sample covariance matrix.

Although few methods are available for modelling high-dimensional longitudinal data,

those methods are based on MANOVA models and hence do not allow temporal ordering

as well as structured mean in the model. However, in most studies involving longitudinal

data, the mean is often structured and can be represented as a continuous function of

time (Ma et al., 2006; Hamid and Beyene, 2009; Jana, 2013; Jana et al., 2017). Methods
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that allow a structured mean and appropriately model the outcome over time, incorporates

correlation across time points and temporal ordering in the model, while accounting for

high-dimensionality were also considered before (Hamid and Beyene, 2009; Jana, 2013;

Jana et al., 2017).

In a previous work, we proposed a test based on the Growth Curve Model (GCM) using

the Moore-Penrose generalized inverse to tackle the high-dimensionality problem, examined

its performance using simulations and illustrated its usefulness in practical applications for

gene-filtering using genetic data from human lung tissues (Jana, 2013; Jana et al., 2017).

The proposed test performed well in many situations, and, we have shown that it possesses

the desired optimality characteristics including monotonicity, unbiasedness and symmetry.

The test has good power in detecting small departures from the null and has a level close

to the nominal level. However, we observed that the test has poor performance in the near-

singularity area (that is, when n ≈ p), where power starts to decline monotonically after a

specific sample size in the near-singularity area (p ≈ n). Furthermore, the mean squared

error of the estimators of the mean parameters also increase when p ≈ n. Nevertheless,

the results show that the level of the test and bias of the estimators are not affected (Jana,

2013; Jana et al., 2017).

In this chapter, we use a Bayesian approach to overcome the limitations in our previous

work and derive a test statistic with improved performance overall and especially in the

near singularity area. We performed extensive simulations to examine its performances as

well as establish optimality properties for the proposed test. Using publicly available breast

cancer data, we illustrated the application of our method in gene-filtering using time course

genetic experiments. We annotated the top ranked genes to show their relevance to breast

cancer.
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5.2 Bayesian Growth Curve Model and the Pro-

posed Test

Consider the likelihood function for the GCM in equation (2.1),

L = (2π)−
1
2
np | Σ |−

n
2 e−

1
2
tr{Σ−1(Y−ZBX)(Y−ZBX)′},

which can be written as

L = (2π)−
1
2
np | Σ |−

n
2 e−

1
2
tr{Σ−1(YX′(XX′)−X−ZBX)(YX′(XX′)−X−ZBX)′+Σ−1S}, (5.1)

where YX′(XX′)−X = Ȳis the sample mean and S = Y(Ip −X′(XX′)−X)Y′ (Srivas-

tava, 2002; Hamid et al., 2011; Jana, 2013; Jana et al., 2017). Using the Fisher-

Neyman factorization theorem, it can be easily concluded from (5.1) that (Ȳ,S) are

jointly sufficient for (B,Σ) since the multivariate normal distribution belongs to the

natural exponential family. L is the joint likelihood of the two sufficient statistics

given the two parameters (B,Σ). Also, S is sufficient for Σ.

Recall that the columns of Y independently follow a multivariate normal distri-

bution. For mathematical simplicity (without loss of generality), consider only one

group and denote the columns of Y as y1, y2, . . . yn, thus yi ∼ i.i.d. Np(µ,Σ) where

µ is any column of the matrix of expected mean which is ZBX. Thus, the likelihood

of the GCM can be rewritten as (Anderson 1958, Ando and Kauffman, 1965)

L = (2π)−
pn
2 e−

1
2

∑n
j=1(yj−µ)′Σ−1(yj−µ) | Σ |−

n
2

= (2π)−
pn
2 e−

1
2
tr{n(ȳ−µ)′Σ−1(ȳ−µ)+Σ−1(n−1)S} | Σ |−

n
2

where S = 1
n−1

∑n
j=1(yj − ȳ)(yj − ȳ)′. In this chapter, we will use a two step partially

Bayesian approach to derive the test statistic, with the objective of extending the
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trace test for the GCM so that it is applicable for high-dimensional data. We will

first consider the second part of the likelihood and estimate Σ using a Bayesian

approach. We will then maximize the estimated likelihood under the null hypothesis

and the entire parametric space to calculate the targeted test statistic.

Note that (ȳ,S) are jointly sufficient for (µ,Σ) and that the kernel of the joint

likelihood of (ȳ,S) given (µ,Σ) is (Anderson, 1958)

e−
1
2
tr{n(ȳ−µ)′Σ−1(ȳ−µ)+Σ−1(n−1)S} | Σ |−

n
2 ,

which is the kernel of a Normal-Wishart distribution. The kernel of the conditional

marginal likelihood of ȳ is (Anderson, 1958; Ando and Kaufman, 1965)

e−
1
2
tr{n(ȳ−µ)′Σ−1(ȳ−µ)} | Σ |−

1
2 ,

which is the kernel of a multivariate normal distribution of order p with mean µ and

variance-covariance matrix Σ/n. The conditional marginal likelihood of S, therefore,

is

e−
1
2
tr{( 1

n−1
Σ)−1S} | Σ |−

n−1
2 ,

which is the kernel of a Wishart distribution of order p, degrees of freedom (n − 1)

and scale matrix 1
n−1

Σ. Consequently, the pdf of (S | Σ) can be given as

e−
1
2
tr{( 1

n−1
Σ)−1S} | S |n−1−p−1

2

2
(n−1)p

2 Γp(
n−1

2
) | 1

n−1
Σ |n−1

2

.

Using Raiffa and Schlaifer’s suggested approach, we consider S to be the parameter

in the above kernel and Σ to be the random variable (Raiffa and Schlaifer, 1961).

As a result, the kernel becomes the kernel of an Inverse Wishart distribution with

(n− 1) degrees of freedom (d.f.) and scale matrix 1
n−1

S. The natural conjugate prior
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distribution for Σ, therefore, belongs to an Inverse Wishart family.

Let us now denote the hyper parameters of the prior distribution as ν and Λ,

where ν is the d.f. and (νΛ) is the scale matrix of the Inverse-Wishart distribution,

provided ν > p−1 and (νΛ) is positive definite. To derive the posterior distribution of

Σ, we require the unconditional distribution of S, which we will denote as fS(S). The

unconditional distribution can be derived by integrating the product of the conditional

likelihood of S given Σ and the prior distribution of Σ, with respect to Σ, which gives

fS(S) =

∫
Σ>0

f(S | Σ)f(Σ)dΣ

=

∫
Σ>0

e−
1
2
tr{( 1

n−1
Σ)−1S} | S |n−1−p−1

2

2
(n−1)p

2 Γp(
n−1

2
) | 1

n−1
Σ |n−1

2

| Σ |− ν+p+1
2 | νΛ | ν2 e− 1

2
tr{(νΛ)Σ−1}

2
νp
2 Γp(

ν
2
)

dΣ

=
| S |n−1−p−1

2 | νΛ | ν2 (n− 1)
n−1
2

Γp(
n−1

2
)Γp(

ν
2
)

∫
Σ>0

e−
1
2

[Σ−1{(n−1)S+(νΛ)}]

2
p
2

(ν+n−1) | Σ |n−1+ν+p+1
2

dΣ

=
| S |n−1−p−1

2 | νΛ
n−1
| ν2

Γp(
n−1

2
)Γp(

ν
2
)
×

Γp(
n−1+ν

2
)

| (n− 1)S + (νΛ) |n−1+ν
2

×
∫

Σ>0

| (n− 1)S + (νΛ) |n−1+ν
2 e−

1
2

[Σ−1{(n−1)S+(νΛ)}]

2
p
2

(ν+n−1)Γp(
n−1+ν

2
) | Σ |n−1+ν+p+1

2

dΣ.

Since the integrand is the pdf of an Inverse-Wishart distribution, fS(S) reduces to

fS(S) =
| S |n−1−p−1

2 | νΛ
n−1
| ν2

Γp(
n−1

2
)Γp(

ν
2
)
×

Γp(
n−1+ν

2
)

| (n− 1)S + (νΛ) |n−1+ν
2

=
| S |n−1−p−1

2 | νΛ
n−1
| ν2

βp(
n−1

2
, ν

2
)× | (n− 1)S + (νΛ) |n−1+ν

2

,
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where βp(.) is the multivariate beta function as defined by Siegel (1935) and has the

following relationship with the multivariate gamma function (Ando and Kaufman,

1965; Tan, 1969; Sivazlian, 1981; Javier and Gupta, 1985; Gupta and Nagar, 2000):

βp(a, b) =
Γp(a)Γp(b)

Γp(a+ b)
, (5.2)

where Γp(a) =
∫

S>0
e−trS | S |a− p+1

2 dS (James, 1964). Thus, fS(S) has the general-

ized type II beta distribution with parameters n−1
2
, ν

2
, scale matrix ( νΛ

n−1
) and location

matrix 0. The distribution is denoted by GBII
p (n−1

2
, ν

2
, νΛ
n−1

,0) (Siegel, 1935; Ando

and Kaufman, 1965; Javier and Gupta, 1985; Tai and Speed, 2006).

Now we proceed to derive the posterior distribution of Σ. Due to the mathematical

complexity involved in the direct derivation of the posterior distribution of Σ, we will

instead indirectly approach the problem by considering the posterior distribution of

Σ−1 and inverting the solution afterwards. Consider the Jacobian of transformation,

J for any p× p symmetric matrix W (Kollo and von Rosen, 2005),

| J(W −→W−1) |=|W(p+1) | .

Hence the posterior distribution of Σ−1 can be written as

f(Σ−1 | S) =
f(S,Σ−1)

f(S)

=
f(S,Σ) | Σ |(p+1)

f(S)

=
f(S | Σ)f(Σ) | Σ |(p+1)

f(S)
. (5.3)

Let us now summarize all the required distributions in the derivation of the pos-

terior distribution. That is the prior distribution, the conditional and unconditional

likelihoods, respectively:
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f(Σ) =
| Σ |− ν+p+1

2 | νΛ | ν2 e− 1
2
tr{(νΛ)Σ−1}

2
νp
2 Γp(

ν
2
)

,

f(S | Σ) =
| S |n−1−p−1

2 e−
1
2
tr{( 1

n−1
Σ)−1S}

2
(n−1)p

2 Γp(
n−1

2
) | 1

n−1
Σ |(n−1

2
)

,

f(S) =
| S |

(n−1)−p−1
2

βp(
n−1

2
, ν

2
) | νΛ

n−1
|n−1

2 | Ip + ( νΛ
n−1

)−1S |n+ν−1
2

.

Consequently, Equation (5.3) can be written as

f(Σ−1 | S) =
f(S | Σ)f(Σ) | Σ |(p+1)

f(S)

=
| S |n−p−2

2 e−
1
2
tr{( 1

n−1
Σ)−1S}

2
(n−1)p

2 Γp(
n−1

2
) | 1

n−1
Σ |(n−1

2
)

×| Σ |
− ν+p+1

2 | νΛ | ν2 e− 1
2
tr{(νΛ)Σ−1}

2
νp
2 Γp(

ν
2
)

× | Σ |(p+1)

×
βp(

n−1
2
, ν

2
) | νΛ

n−1
|n−1

2 | Ip + ( νΛ
n−1

)−1S |n+ν−1
2

| S |n−p−2
2

= | Σ |−
ν+p+n−1

2
+(p+1) e−

1
2
tr[{(n−1)S+νΛ}Σ−1]

× | νΛ |
n+ν−1

2 | Ip + (
νΛ

n− 1
)−1S |

n+ν−1
2

×
βp(

n−1
2
, ν

2
)

Γp(
n−1

2
)Γp(

ν
2
)
× 1

2
p(n+ν−1)

2

= | Σ |−
(n+ν−1)−p−1

2 e−
1
2
tr[{(n−1)S+νΛ}Σ−1] | (νΛ) + (n− 1)S |

n+ν−1
2

× 1

Γp(
n−1

2
+ ν

2
)
× 1

2
p(n+ν−1)

2

.

The last step uses the identity mentioned in (5.2). By comparing the form of f(Σ−1 |

S) above with the Wishart pdf, we can say that

(Σ−1 | S) ∼ Wishartp(df = n+ ν − 1, scale = {(n− 1)S + νΛ}−1).
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Using the formula for expectation of a Wishart random variable, which is the product

of the scale matrix and its degrees of freedom, the posterior mean is

E(Σ−1 | S) = {(n− 1)S + νΛ}−1 × (n+ ν − 1) .

The required estimator for the unknown covariance matrix Σ can be obtained by

inverting the posterior mean as

S̃ = [E(Σ−1 | S)]−1 = (1− k)S + kΛ ,

where, k = ν
n−1+ν

. Since ν > p− 1 and n > p, so k ∈ (1
2
, 1). Note that S̃ is a convex

combination of a positive definite matrix, Λ and a positive semi-definite matrix, S and

hence always a positive definite matrix itself, regardless of whether n < p or n > p.

Note also that the estimator S̃ looks like a special case of James-Stein estimator

(Schäfer and Strimmer, 2005), where Λ is the target matrix. It is also to be noted

that the estimator S̃ has the same structure as the estimator proposed by Tai and

Speed (2006), but that was derived under slightly different conditions.

We would like to highlight again that this derivation has been done assuming

one group for simplicity of presenting the derivation and the results. However, this

derivation can easily be extended for more than one group by using the vectorial form

of the GCM. That is,

vec(Y) = (X′ ⊗ Z)vec(B) + vec(E)

which has the same structure as the single group model used in our derivation, as a

result the test statistic can be represented as the one presented in equation (5.4).

115



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

Consider now the estimated likelihood, where we replace Σ in the original likeli-

hood in (5.1) with its estimator S̃

EL = (2π)−
1
2
np | S̃ |−

n
2 e−

1
2
tr{S̃−1(Y−ZBX)(Y−ZBX)′} .

We follow the likelihood ratio test procedure and maximize the estimated likelihood

with respect to the null space (B = 0) and the complete parametric space as

ELH0 = (2π)−
1
2
np | S̃ |−

n
2 e−

1
2
tr{S̃−1(YY′)} ,

arg max
B

EL = (2π)−
1
2
np | S̃ |−

n
2 e−

1
2
tr{S̃−1(Y−ZBX)(Y−ZBX)′} ,

= (2π)−
1
2
np | S̃ |−

n
2 e−

1
2
tr{S̃−1(Y−ZB̃X)(Y−ZB̃X)′} ,

where the derivation of B̃ has been shown in detail in the next section. The test

statistic is then constructed by taking the ratio of the above two quantities and is

given as

φ = tr{S̃−1Z(Z′S̃−1Z)−1Z′S̃−1YX′(XX′)−1XY′} . (5.4)

Although the primary objective of this chapter is hypothesis testing on the mean

parameters of the GCM, with particular application to high-dimensional longitudinal

data, we also considered estimation of the parameter matrix B and investigated its

properties using simulations.

To obtain an estimator, which we denote by B̃, we maximize the logarithm of

the estimated likelihood EL, using matrix differentiation results from Pan and Fang

(2002):

log(EL) = −pn
2
log(2π)− n

2
log | S̃ | −1

2
tr{S̃−1(Y − ZBX)(Y − ZBX)′} .
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Taking the derivative of the log of the estimated likelihood with respect to B gives

∂log(EL)

∂B
=

∂log(EL)

∂vecB

= −1

2

∂tr{S̃−1(Y − ZBX)(Y − ZBX)′}
∂vec(B)

= −1

2

∂vec′(Y − ZBX)

∂vec(B)
× ∂tr{S̃−1(Y − ZBX)(Y − ZBX)′}

∂vec(Y − ZBX)
.(5.5)

Since vec(Y − ZBX) = vec(Y)− (X′ ⊗ Z)vec(B) ,

the first part of the derivative is ∂vec′(Y−ZBX)
∂vec(B)

= −(X⊗ Z′) .

Now consider the second part of the derivative,

tr{S̃−1(Y − ZBX)(Y − ZBX)′} = tr{(Y − ZBX)′S̃−1(Y − ZBX)}

= vec′(Y − ZBX)(In ⊗ S̃−1)vec(Y − ZBX).

As a result, its derivative is given by

∂tr{S̃−1(Y − ZBX)(Y − ZBX)′}
∂vec(Y − ZBX)

= 2(In ⊗ S̃−1)vec(Y − ZBX)

= 2vec{S̃−1(Y − ZBX)} .

Therefore, the derivative of the estimated likelihood with respect to the parameter

matrix B in (5.5) can be re-written as

∂log(EL)

∂B
= (X⊗ Z′) vec{S̃−1(Y − ZBX)}

= vec{Z′S̃−1(Y − ZBX)X′}.

Setting ∂log(EL)
∂B

= 0 implies Z′S̃−1(Y − ZBX)X′ = 0, and solving for B results in
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B̃ = (Z′S̃−1Z)−1Z′S̃−1YX′(XX′)−1 . (5.6)

Note that this estimator is valid in high-dimensional scenarios since S̃ is always

positive definite irrespective of whether n < p or n > p. We would also like to highlight

that maximization is done under the assumption of full rank design matrices similar

to the likelihood estimators provided by Khatri (1966). Solutions for the general

problem (without the full rank assumption) can be derived using von Rosen’s (1989)

approach. However, the maximum likelihood as well as the estimated likelihood do

not have unique solutions under general conditions.

5.3 Simulation Study

In this section, we examine the performance of the proposed test using extensive

simulations. Details about the range of parameters used in the simulation are provided

in Table 5.1.

Several values for the parameter matrix B were considered under the alternative

to examine the power of the test. Multiple sample sizes, n, and number of time points

p were considered, and several covariance structures as well as different strengths of

within individual (across time) correlations were evaluated.

For all the scenarios, we calculated the empirical power and empirical level values.

The mean parameter of the growth curve model is a matrix and hence the linear

hypothesis considered in this chapter mostly involves comparison of several elements

of the matrices.

To examine the performance of the estimator also, we use the Euclidean norm of

the bias matrix and mean squared error (MSE) matrix from the zero matrix. In all
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the simulation scenarios considered, we present the results for two groups (i.e., k = 2)

and for simplicity we assumed a linear growth curve. However, we will show in the

results that this is assumed (selected) without loss of generality and the performance

shown in the chapter and the optimality criteria established here are valid for any

number of groups and any degree of polynomial (dimension of B).

Table 5.1: Range of parameters considered in our simulation study

Number of groups, k 2

Growth curve linear

Sample size, n n=10, 15, 20, 25, 30, 35 and n < p

number of time-points, p p=25, 40, 50, 100

Variance-Covariance matrix Inverse-Wishart matrices

d.f. of the prior distribution of Σ ν ≥ p

scale matrix of the prior distribution of Σ Toeplitz, autocorrelated and unstructured

Euclidean norm of B 0 to 1.8, increment by 0.1

Underlying Distribution Multivariate Normal

The structure of the design matrices used in the simulations are given by

Z′ =

 1 1 . . . 1

1 2 . . . p

 and X =

 1n1 0n2

0n1 1n2

 ,
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where n1 = n2 = n/2 if n is even, and n1 = n/2 and n1 = (n − 1)/2, n2 = n1 + 1 if

n is odd. The outcome variable Y is then generated using the growth curve model

provided in equation (2.7), where Σ is generated from the Inverse-Wishart distribution

with the specified hyper parameters (ν and Λ), for which we have also considered

several different values. For each scenario, the empirical distribution for the test

statistic was first generated using 50,000 simulations and critical values are calculated

using the 95th percentile of the empirical distribution. Another 10,000 independent

simulations were then used to calculate empirical level and power of the test statistic

under the many scenarios considered.

5.3.1 Simulation Results

We first explored the null distribution of the test statistic presented in equation (5.4)

for several scenarios. The null distribution is generated from 10,000 simulations. The

histograms for p = 25, ν = p + 1 and four different sample sizes are presented in

Figure 5.1, where the empirical critical value is indicated using an arrow.

The histograms indicate that for all the scenarios considered the null distribution is

positively skewed, similar to the trace test (Hamid et al., 2011). The range of the test

statistic values and the corresponding critical value decreases as n increases, where

the distribution becomes more skewed to the left also. These results are consistent

across different values of p and different sample sizes. We also observed that the range

of the test statistic decreases as the hyper parameter ν increases for a fixed p. The

same applies for empirical critical values.
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Figure 5.1: The null distribution of the test for p = 25 and a) n=10, b) n=15, c)
n=20 and d) n=25.
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Figure 5.2: Empirical level of the proposed test averaged over 10,000 simulations
across n=10, 15, 20, for p = 25 and ν = p+ 1.
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For assessing the level of the proposed test, we set the nominal level of significance

to 0.05 and empirical level was calculated after averaging over 10,000 simulations and

the results are presented in Figure 5.2. As we can see from the figure, the empirical

level values are very close to the nominal level and are randomly distributed within

(95% confidence bounds) around the nominal level, irrespective of the sample size.

We considered 38 different values of B under the alternative hypotheses to inves-

tigate the power of the proposed test. In order to examine symmetry, we considered

half of the scenarios (19 B matrices) with positive elements and the remaining 19

with exactly the same values but negative elements, (leading to the same Euclidean

norm) but different signs.
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Figure 5.3: Empirical power of the test for p = 25 and ν = p+1 for different values of
B across n=10, 15, 20, where Toeplitz structured scale matrix is used for the prior.

The B matrices are plotted on the x-axis (as ordinal categories) according to their

magnitude of deviation from the null matrix, as measured by the Euclidean norm
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but on opposite sides of the B = 0 matrix, according to the signs of the elements.

For clarity, if for instance, a 2× 2 matrix B1 consists of elements (1,1,1,1), the other

matrix with the same Euclidean norm will have elements (-1,-1,-1,-1), which is de-

termined by multiplying B1 by (-1). The results of the simulation are presented in

Figure 5.3, where on the x-axis the parameter matrices with only positive elements

are on the right side of the null B and the parameter matrices with only negative

elements are on the left side of the null B.
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Figure 5.4: Empirical power of the test for p = 25 and ν = p+1 for different values of
B across 3 different sample sizes n=10, 15, 20, where each alternative is represented
on the x-axis using the Euclidean distance from the null hypothesis.

Figure 5.3 shows that the test statistic is symmetric with respect to the direction

of the alternative hypothesis from the null hypothesis, where two alternatives with

the same distance from the null hypothesis have identical power of being rejected

by the test. So, the sign of the matrix B does not affect power. The figure also
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shows that the test is unbiased, because the probability of rejecting an alternative

hypothesis is shown to be always greater than the probability of rejecting the null.

This is consistent for all the scenarios. Monotonicity with respect to departure from

the null is also observed in Figure 5.3. In order to clearly show this, however, we

calculated the Euclidean distance for all the alternatives considered and presented

the power curve with respect to Euclidean norm in Figure 5.4. The power values are

also presented in Table 5.2.

It is evident from the graph in Figure 5.4 that the power of the test statistic is

monotonically increasing with respect to increasing distance from the null hypothe-

sis, and is also monotone with respect to sample size. Monotonicity with respect to

sample size is displayed in detail in Figure 5.4, where power is presented as a function

of sample size. This is true for different covariance structures (prior distribution of

Σ). In this study, we had considered the Toeplitz structure, autocorrelated structure

as well as unstructured covariance structures. For each structure, we also considered

different strengths of correlations (e.g., weak, moderate and strong between mea-

surements across time), and we observed increased power for scenarios with weaker

correlation compared to scenarios with strong correlation.

It is important to highlight that the proposed test performs well in detecting very

small departures from the null hypothesis. For instance, for p = 25, departure of 0.7

unit distance was rejected with a minimum of 80% power, with only a sample size of

10 (5 in each group), indicating a very strong power, while the level remains close to

the nominal level. Departure of 1 unit distance was rejected with almost a power of

100% with a sample size of only n = 10.
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Table 5.2: Empirical power of the Bayesian trace test with respect to the Euclidean
norm of B for different values of n and different d.f., ν and p = 25, fixed Σ

Euclidean norm of B
ν = p+ 1 ν = p+ 5

n=10 n=15 n=20 n=10 n=15 n=20

0 0.0469 0.0467 0.0523 0.0488 0.0512 0.0525

0.1 0.064 0.0679 0.0831 0.0666 0.0815 0.0945

0.2 0.0971 0.15 0.2162 0.1215 0.1892 0.2764

0.3 0.1658 0.3035 0.5087 0.2356 0.4169 0.5808

0.4 0.2854 0.5717 0.8155 0.4153 0.7093 0.8685

0.5 0.4572 0.8216 0.9646 0.6373 0.9094 0.9804

0.6 0.6398 0.9538 0.9975 0.8163 0.9846 0.9984

0.7 0.7999 0.9927 0.9999 0.9333 0.9977 0.9999

0.8 0.9179 0.999 1 0.9803 1 1

0.9 0.9649 1 1 0.9953 1 1

1 0.9888 1 1 0.999 1 1

1.02 0.9928 1 1 0.9998 1 1

1.12 0.9988 1 1 0.9999 1 1

1.28 0.9997 1 1 1 1 1

1.34 1 1 1 1 1 1

1.41 1 1 1 1 1 1

1.5 1 1 1 1 1 1

An additional important feature of the proposed test is its performance in the near

singularity zone, where unlike our previously proposed moderated trace test based on

the Moore-Penrose generalized inverse, the test proposed in this manuscript continues

to have a very strong power near singularity (that is when n ≈ p).

In fact, power increases monotonically with respect to sample size while for the

previously proposed test, it starts to decline in the near-singularity zone as shown
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in Figure 5.5 and Table 5.3. In order to allow several sample sizes before we reach

n = p, p = 40 is considered in this simulation.

Table 5.3: Empirical power of the Bayesian trace test statistic and the moderated
trace test statistic for fixed B in the non-singularity and near-singularity zone

n
p=40

n
p=100

Bayesian G-inverse Bayesian G-inverse

5 0.137 0.067 30 0.19 0.211

10 0.363 0.12 40 0.293 0.354

15 0.673 0.523 50 0.477 0.513

20 0.896 0.831 60 0.611 0.633

25 0.981 0.954 70 0.752 0.664

30 0.997 0.963 80 0.823 0.729

35 0.999 0.887 90 0.88 0.6

39 1 0.491 99 1 0.55

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

5 10 15 20 25 30 35 40

0.
2

0.
4

0.
6

0.
8

1.
0

n:sample size

Po
w

er
 a

t 5
%

 le
ve

l o
f s

ig
ni

fic
an

ce

●

MethodsMethods
Bayesian 
G−inverse

Figure 5.5: Comparison of the Bayesian trace test statistic with the moderated trace
test statistic, with respect to empirical power, for p = 40 against n for fixed Σ, B.
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5.3.2 Simulation Results for Estimating B

As discussed in the previous sections, the maximum likelihood estimators (MLE) pro-

posed by Khatri (1966) or von Rosen (1989) in the general case are not defined under

high-dimensional scenarios because of singularity of S due to high-dimensionality.

The estimator provided in this chapter is, therefore, an useful alternative. In this

section, we investigate bias and MSE for the proposed estimator and compare its

performance with an estimator we previously proposed using the Moore-Penrose gen-

eralized inverse.

Empirical results from the simulation also indicate that the bias is randomly dis-

tributed around zero. This is done by considering element by element bias of the

estimator for the parameter matrix.
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Figure 5.6: Euclidean norm of the bias matrix for p = 25, ν = p + 1 for different
scenarios of B, across 3 different sample sizes.

We also calculated the Euclidean distance of the bias matrix from the zero matrix,
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which is nothing but the Euclidean norm of the bias matrix, and the results are

displayed in Figure 5.6 and Table 5.4. The correlation structure considered here is

the Toeplitz structure.

Table 5.4: Euclidean norm of the empirical bias matrix of the Bayesian MLE in (5.6)
for different values of n and ν = p+ 5 for two different p.

Euclidean distance
p = 25 p = 40

n=10 n=15 n=20 n=10 n=20 n=30

0 0.00129 0.000558 0.000849 2.28E-03 0.002118 0.001928

0.1 0.001154 0.002025 0.001022 2.17E-03 5.65E-04 8.66E-05

0.2 0.000739 0.001495 0.001777 0.005275 0.002715 0.000147

0.3 0.0019 0.001372 0.000661 2.68E-03 6.88E-05 8.68E-04

0.4 0.000972 0.002403 0.003745 0.002662 0.001399 0.000266

0.5 0.002325 0.003558 0.001984 0.003337 0.002714 0.000721

0.6 0.003448 0.002122 0.000579 1.31E-03 2.66E-05 2.24E-05

0.7 0.004242 0.002562 0.001331 5.64E-05 2.19E-03 6.26E-04

0.8 2.15E-03 2.95E-05 1.53E-03 0.002565 0.001509 0.000856

0.9 0.001972 0.000436 0.004809 0.001495 0.001437 0.000959

1 0.000823 0.003366 0.002944 0.002485 0.000241 0.00109

1.02 0.001043 0.002432 0.001951 4.17E-04 3.51E-04 8.77E-05

1.11 0.000478 0.001199 0.000401 2.34E-03 0.002921 0.000923

1.28 0.003253 0.000285 0.001432 1.38E-03 0.000546 0.001547

1.34 0.000355 0.000318 0.001701 1.73E-03 0.000551 0.000257

1.41 2.51E-03 1.39E-03 1.80E-05 2.10E-03 0.002095 0.000735

1.5 0.002885 0.00308 0.00039 1.12E-03 0.000748 0.003873

Figure 5.7 shows that the MSE of the proposed estimator decreases monotonically

with respect to sample size, indicating consistency of the estimator. For our previ-

ously proposed estimator, however, a pattern similar to power was observed, where a
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monotone decline in MSE was first observed and when we approach near singularity,

it starts to increase. Note also that, away from the near singularity zone, the two

estimators have similar MSE values.
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Figure 5.7: Comparison of the Euclidean norms of the empirical MSE matrix for
p = 40 against increasing sample sizes for the two different estimators.

We have also observed that the empirical MSE decreases with increasing degrees of

freedom of the prior distribution, indicating that the performance of the estimator is

better for higher degrees of freedom of the prior distribution (Figure 5.8). This result

is similar to what we observed in the power comparison, where the proposed test is

shown to have higher power for higher degrees of freedom of the prior distribution

(Table 5.2).

It is important to note that improved performance seen with increasing d.f. of the

prior distribution can also be regarded as a limiting behaviour of the proposed test
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and estimator. This is because, as the degrees of freedom increases, the prior distri-

bution dominates and the contribution from the data is minimized. We investigated

this further and our results suggest that as ν →∞ , S̃→ Λ, and so with increasing

d.f. of the prior distribution, estimator S̃ is indeed dominated by the target matrix

(which is the scale parameter of the prior distribution) rather than the data. The

practical implication of this result is that, if the prior dominates, performance will be

sensitive to mis-specification of the parameters of the prior distribution. Neverthe-

less, this limitation exists for any method relying on informative priors and a careful

choice of priors is required to achieve a desired performance.

Below, we present some sensitivity results with respect to the choice of hyper

parameters of the prior distribution. Here again, without loss of generality, we con-

sidered the Toeplitz and autoregressive structures for the covariance matrix, where

we are only required to specify one element of the matrix.
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Figure 5.8: Euclidean norm of the empirical MSE matrix for p = 25 against increasing
d.f. of the prior distribution of Σ for 4 different sample sizes
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We first generated data using the specific d.f. and scale matrix, and calculated

the critical value using 10,000 simulations from the true distribution. We then mis-

specified the first element of the correlation matrix without disrupting the structure.

Empirical level and power were then investigated for the mis-specified scale matrix.

For comparison purposes, the d.f. for the prior distribution was kept the same. The

results are presented in Figures 5.9 and 5.10. The term k represents the degree of

misspecification. The confidence bands correspond to those of the true specification.
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Figure 5.9: Empirical level of the proposed test for p = 25, ν = p + 1, n = 20 under
Toeplitz structure scale matrix across different degrees of mis-specifications.

As can be seen from the figure, the level of the test remains quite close to the

nominal level, where on average the empirical level is identical to the nominal level,

with random fluctuations within the 95% confidence bands.

The power curve presented in Figure 5.10 also indicates that there is very small
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sensitivity with respect to mis-specification of the scale matrix of the prior distribu-

tion, where larger departure from the true parameter leads to larger decline in power.

However, it is important to highlight here that, changing the scale parameter for

the prior distribution changes the correlation between observations across time (that

is, it changes Σ). In our particular simulation formulation, an increase in the scale

parameter means an increase in the correlation across time. Therefore, the decline

in power with respect to mis-specification that we see in Figure 5.10 can also be at-

tributed to the increase in correlation, and we have discussed earlier in this chapter

that a decrease in power (and an increase in MSE) occurs as correlation among the

observations increases. We would also like to note that decrease in power with in-

creased correlation is also seen in previously proposed tests (non-high dimensional)

in analysis of longitudinal data, including Khatri’s LR test (Khatri, 1966) and Hamid

et al.’s (2011) trace test.
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Figure 5.10: Empirical power of the test for p = 25, ν = p+ 1, n = 20 under Toeplitz
structure scale matrix across different degrees of mis-specifications.
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5.4 Real Data Illustration

In most time-course genetic experiments, data from large number of genes (often

tens or hundreds of thousands) are collected. However, only a small percentage of

the genes are expressed and hence the majority are not relevant to the studies being

conducted. Previous findings, in fact, suggest that only about 1%-5% of genes are

often relevant. Therefore, gene filtering is an important step in the analysis of genetic

data, including time course genetic experiments, where genes that are not expressed

(e.g., house keeping genes) are removed from the analysis before a formal statistical

analysis for identifying differentially expressed genes is performed. After gene filtering

is done, the top ranked genes are often subjected to further analysis (e.g., to identify

genes that are differentially expressed over time or that are associated with outcome

of interest).

In typical genetic experiments, where no repeated measurements are taken across

time, some univariate measures of variability (e.g., inter quartile range (IQR) or

variance) between individuals is used as the cut-off value to identify relevant genes

and remove house keeping or otherwise noise genes. However, in time course genetic

studies such univariate measures of variability are not appropriate.

In this study, we use gene specific Growth Curve Model and use the hypothesis of

H0 : Bg = 0 vs H1 : Bg 6= 0 for gene filtering, where we rank the genes according to

the test statistic proposed in this study and identify noise (irrelevant) genes. We used

a publicly available data set obtained from the Gene Expression Omnibus (GEO),

under a series named GSE4917. Data consists of genetic measurements from 3 samples

of (n = 3) human breast cells treated with Dexamethasone for 30 minutes, 2 hours,

4 hours and 24 hours and measurements were taken at these 4 time points (p = 4).
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A total of 22,215 probe sets, that represent approximately 16,000 human genes were

investigated in the study. In the original study, the breast cells were subjected to 72

hour of growth factor withdrawal before Dexamethasone treatment.

The objective of the original study was to examine change in gene expression

after Dexamethasone treatment for glucocorticoid-mediated mammary epithelial cell

survival signaling because activation of GR, which is essential for identifying stress

response (Wu et al., 2006). Here, we use this data set to illustrate our proposed test

for gene filtering, where we fitted gene-specific growth curve models for each of the

22,215 probe sets. That is, for each gene, the following GCM is fitted

Yg = ZBgX + Eg, Eg ∼ Np×n(0,Σg, I) ,

where Z′ =

 1 1 1 1

0.5 2 4 24

 and X =

(
1 1 1

)
.

A linear curve over time is assumed to represent the mean, after a preliminary

exploratory analysis was performed and the profile plots for randomly selected genes

were investigated. Using data from each gene, the hypothesis of H0 : Bg = 0 vs.

Bg 6= 0 was tested using the proposed test provided in (5.4) and genes were ranked

according to the values of the test statistic. The hyper-parameter Λ was constructed

using a Toeplitz structure, after investigating the structure of the sample correlation

matrices of a few genes. The first element of the sample correlation matrix was

used as an estimate of the first element of the matrix Λ. We used ν = p+ 2 to allow

relatively vague (non-informative) prior and to allow the expected value of the inverse

Wishart matrices to be defined. A scatter plot of test statistic values for all the genes

is presented in Figure 5.11. As we can see from the plots, the test statistic values

are very small for majority of the genes and only a small percentage appear to have
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relatively large test statistic values.
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Figure 5.11: Scatter plot of the test statistic value for all the genes from the real data
a) scatter plot b) ordered plot of the test statistic

We annotated the top 10 genes from our analysis using GeneAnnot (http://

genecards.weizmann.ac.il/cgi-bin/geneannot/GA_search.pl), a tool for microar-

ray gene annotation of Affymetrix probe-sets. The results of the annotation are pre-

sented in Table 5.5. The annotation indicates that all of the top 10 ranked genes

were previously shown to be associated with breast cancer and other forms of cancer,

indicating that our test statistic was able to identify the relevant genes.
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Table 5.5: Description of the top 7 ranked genes, ordered according to their ranks

Gene Code Description Location Comments References

SRFP4 secreted frizzled-

related protein 4

Chr 7 Expressed in prostate

endometrial and invasive

breast cancer

Wissman et al. (2003), Abu-

Jawdeh et al. (1999)

FKBP15 FK506 binding pro-

tein 15, 133kDa

Chr 9 reference gene for breast

cancer

Ibusuki et al. (2013)

GRK4 G protein-coupled re-

ceptor kinase 4

Chr 4 expressed in human breast

cancer

Matsubayashi et al. (2008)

MEF2C myocyte enhancer fac-

tor 2C

Chr 5 expressed in breast cancer

cell lines

Ostrander et al. (2007)

SOX10 SRY (sex determining

region Y)-box 10

Chr 22 strongly expressed in nor-

mal myoepithelial cells

present in mammary glands

Vargas et al. (2012), Nonaka

et al. (2008)

APOD apolipoprotein D Chr 3 Expressed in breast cancer Lopez-Boado et al. (1994)

RNF44 ring finger protein 44 Chr 5 Upregulated in parous con-

trol breast cancer

Balogh et al. (2007)

HNRNPH3 heterogeneous nuclear

ribonucleoprotein H3

(2H9)

Chr 10 differentially expressed in

cancer cells, regulated in

human breast cancer cells

Hai et al. (2008), Wang et al.

(2007)

PRDX1 peroxiredoxin 1 Chr 1 overexpressed in breast can-

cer tissues

Chang et al. (2007), Noh et

al. (2001), Karihtala et al.

(2003)

PTGER prostaglandin E recep-

tor 3 (subtype EP3)

Chr 1 expressed in breast cancer

cell

Casa et al. (2012)
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5.5 Discussion

In this chapter, we considered a Bayesian framework and developed a moderated

estimator for the population covariance matrix. We then, constructed an LRT and

an estimator for the mean parameter of a GCM. Using extensive simulations, we

showed that the test exhibits desirable properties of a good test such as monotonicity,

unbiasedness and symmetry. The simulation results also show that the test performs

very well, where the level under all scenarios is close to the nominal level.

The results also indicate that the test statistic was able to reject small departures

from the null hypothesis with reasonably good power. Unlike a previously proposed

test based on the Moore-Penrose generalized inverse (Jana et al., 2017), the test

proposed here performs well in the near-singularity area (when n ≈ p). The estimator

for the mean parameter was also shown to be empirically unbiased and consistent,

where the empirical bias is negligible and randomly distributed around zero and

mean squared error declines monotonically to zero as sample size increases. We also

examined sensitivity of its performance to mis-specification of the parameters of the

prior distribution, empirically. Using a real data example, we showed that the test

can be used in gene ranking and gene filtering in time course genetic experiments.

Finally, we would like to highlight that, although the test is developed for the

simple hypothesis of H0 : B = 0 vs. H1 : B 6= 0, our approach can be extended to

the general linear hypothesis H0 : GBF = 0 vs. H1 : GBF 6= 0, allowing several

hypotheses on the mean parameter B to be tested. The practical implication of this

generalization is that our proposed test can be used not only for gene filtering as

illustrated here, but also to test differential gene expression profiles among different

groups (e.g., cancer vs normal), using appropriate values for G and F.
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Chapter 6

Concluding Remarks

The growth curve model (GCM) is a generalized multivariate analysis of variance

(GMANOVA) model useful for analysis of repeated outcomes, with means associated

with continuous variables such as time, treatment, doses or temperature. Unlike

ANOVA and MANOVA models, the mean is structured across time, temperature,

dosages etc. The model is constructed in a general bilinear setup, whereas ANOVA

and MANOVA are included as special cases.

Maximum likelihood estimates (MLEs) for the model parameters under the as-

sumption of multivariate normal distribution are currently available for both the GCM

and the extended GCM (EGCM). The inferential tools developed for the traditional

GCM and EGCM might not be optimal when certain assumptions are invalid. In

this thesis, we showed sensitivity of existing estimators to departures from the nor-

mality assumption. Motivated by that, we relaxed the assumptions and considered

inferential for the GCM and the EGCM, under a more general distribution, the mul-

tivariate skewed normal (MSN) distribution, which also includes multivariate normal

as a special case .
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We adopted the EM algorithm and the REM algorithm to derive estimators for

the model parameters. To allow REM algorithm for matrix estimation, we extended

the multivariate (vector) Newton-Raphson (NR) method and the REM algorithm.

Existing tests for the GCM strictly assumes a non high-dimensional regime, that is,

it assumes that sample size is greater than the number of time points (n > p), leading

to singularity of the sample covariance matrix, under a high-dimensional regime. As a

result, it was necessary to consider, inference on GCM under high-dimensionality. We

used a Bayesian framework to develop an alternate estimator for the sample covariance

matrix, which is always positive definite, regardless of the regime, and constructed an

estimator and a test for testing the significance of the mean parameter of the GCM

under high-dimensionality. Empirical power was used as an evaluation criterion for

examining the performance of the proposed test whereas empirical bias and MSE were

used as evaluation criteria for studying the behaviour of the developed estimators.

Since the empirical bias and MSE of the parameter matrix are matrices, making

comparisons among the different scenarios becomes difficult, unless we reduce the

matrix measures to some scalar quantity. We used a matrix norm for this purpose.

The Euclidean norm or in other words, the Frobenius norm is a popular matrix norm

and is easy to interpret. As a result, we used this norm to reduce our bias and MSE

matrices to scalar quantities to compare across different scenarios. The Euclidean

norm also measures the distance between the bias or MSE matrix from 0 bias or 0

MSE respectively, and seems to be an apt measure of empirical bias and MSE.

Similar to bias and MSE, evaluating performances using power too becomes rel-

atively complicated. Establishing monotonicity with respect to departure from the

null hypothesis also requires some measure of distance from the null. We used a
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Euclidean distance (norm) to measure departure from the null hypothesis of B = 0.

Since the norm of the null matrix (B = 0) is always 0, the norm of a non-null B ma-

trix quantifies the deviations of the alternative hypotheses from the null hypothesis.

Thus, it can also be interpreted as the distances between the alternative hypotheses

from the null hypothesis.

6.1 Summary of Research

In Chapter 3 (Jana et al., 2017b), we investigated the robustness of existing normal

based estimators and provide alternatives for analyzing skewed data using the GCM.

We first conducted extensive simulations to investigate the robustness of Khatri’s

MLEs for the parameters of the GCM derived under multivariate normal distribution.

The results from our simulation show that Khatri’s MLEs are sensitive to departures

from normality, where bias and MSE are shown to increase with increasing levels of

skewness.

To overcome this lack of robustness, we relaxed the distributional assumption for

the error terms by considering the MSN distribution, which is a more general class

of density function that includes the multivariate normal distribution as a special

case. We derived the likelihood of the GCM under MSN and provided estimators for

the model parameters using the EM algorithm. We conducted extensive simulations

to evaluate the performance of the estimators and compared bias and MSE with

Khatri’s MLEs derived under the normality assumption. The comparative assessment

of the proposed estimators for the mean parameter and the variance-covariance matrix

demonstrated better empirical performance of the EM estimators than Khatri’s MLE,

for an MSN GCM.
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We illustrated our method using real longitudinal data and showed that the es-

timated model fits the data well, where the difference between the estimated and

observed mean is quite negligible. Nevertheless, the limitation of this method is that

it is not applicable, when there are clusters in the data, that is, when different group

means are represented by different shapes. This is beyond the scope of GCM. There-

fore, further work using the EGCM under the MSN distribution was required to derive

estimators useful for such scenarios (Jana et al, 2017c).

This provided motivation for the next chapter, where we considered the estima-

tion problem for an EGCM, where the underlying distribution is MSN. An EGCM

allows us to model longitudinal data with clusters, where means from each group

require different degree of polynomials. Estimation techniques for the parameters of

an EGCM already exist (Kollo and von Rosen, 2005).

The EGCM is a general form of GMANOVA models and hence can be expressed

as a GCM with linear restrictions. In this thesis, we considered this linearly restricted

form of the model and constructed the required likelihood for an MSN EGCM. Since

a closed form solution of the likelihood is not possible to derive, the EM algorithm

becomes a natural choice for solving the estimation problem. However, the EM al-

gorithm is not applicable for solving likelihoods for models with linear restrictions.

The Restricted EM (REM) algorithm, based on multivariate Newton-Raphson (NR)

method and the Lagrangian optimization, serves this purpose. The REM algorithm

and the multivariate NR method only apply to vector parameters. In our case, how-

ever, we are dealing with matrix parameters. We, therefore, extended the NR method

and the REM algorithm for estimating matrix parameters, and then employed the

extended REM algorithm to solve the estimation problem.
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Extensive literature search was done to explore Newton-Raphson method for ma-

trix imputation. To our knowledge, there was no existing methods for estimating ma-

trices using the NR approach. Developing extensions of the multivariate NR method

for matrix imputation, which is a novel contribution in numerical analysis, is one of the

significant contributions of this thesis, in addition to inferences on the GMANOVA

model under non-normality and high-dimensionality. There were several method-

ological challenges that were encountered while dealing with the matrix imputation

problem, especially in determining the associated information matrix. The informa-

tion matrix of a p dimensional vector only involves the variance and covariance terms

of the p elements. In a matrix there are two sets of variances and covariances. One set

of variances and covariances correspond to the rows and the other set to the columns,

leading to two variance-covariance matrices for the observations in a matrix. Two

variance-covariance matrices in turn lead to two information matrices. Consequently,

information of a matrix estimator can be decomposed into two individual informa-

tion matrices or we can also construct a grand information matrix which is nothing

but the Kronecker product of the two information matrices. Identifying the correct

and complete information matrix for a matrix estimator was the biggest challenge

in developing an extension of the NR method and hence the extension of the REM

algorithm. We feel both extensions are important contributions to numerical analysis

and statistics.

The performances of the proposed estimators were assessed through extensive

simulations. The results show that our estimators possess optimal properties. The

goodness of fit of the fitted mean structure illustrated using real life skewed longi-

tudinal data, demonstrated that the model and the proposed methods are useful for
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real life situations.

Finally, we consider a Bayesian framework to relax the assumption of the model,

with the aim of extending its applications in high-dimensional data, where the num-

ber of parameters is often larger than the sample size (Jana et al., 2017a). In an

earlier work (Jana et al., 2017) to overcome the challenges of high-dimensionality,

we developed a test based on the Moore-Penrose generalized inverse, to test the sig-

nificance of the mean parameter. The test overall performed well, however, it was

observed that the performance of the test was bad near-singularity.

Our objective in Chapter 5 (Jana et al., 2017a) was to improve the performance

of this test and provide a general setup useful for inference in the GCM in high-

dimensional conditions, including the near-singularity zone. In doing so, we developed

an estimator for the unknown population covariance matrix, constructed an estimated

likelihood using this estimator and proposed an LRT and an estimator for the mean

parameter. The estimator for the mean parameter and the test perform well under

high-dimensional conditions in both the singularity (n << p) and near-singularity

(n ≈ p) zone.

We would like to highlight that, in Chapter 5, although we presented results

involving p = 25 and p = 40, we conducted simulations using involving other p

values. The results of the simulations indicate that the findings in this paper are

generalizable to all values of p, as long as p is less than n. The performances indeed

are functions of the ratio n/p. In this simulation we used n/p ratios ranging from

0.1 to 1. Nevertheless, GCMs are used in the analysis of longitudinal data with short

to moderate time series and we rarely come across studies with more than 40 time

points.
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6.2 Future Directions

Further work is required to provide confidence intervals for the estimators for both

the growth curve and extended growth curve models under the MSN distribution.

The estimation procedures developed in this thesis for the GCM and EGCM, under

MSN errors were developed for non-high dimensional (n > p) problems and might

not be appropriate for high-dimensional (n < p) scenarios. Extending our work to

include high-dimensional scenarios might be of interest for further study. This will

be especially useful for genetic experiments with skewed outcomes.

It is also to be noted that, there are no existing inference techniques on traditional

EGCM under high-dimensionality, even under multivariate normality. Therefore, this

is also a possible direction for further study.

Another possible direction of future research is choice of distance matrices when

evaluating performance of matrix estimators. In this thesis, we only used the Eu-

clidean norm as the distance measure. However, we feel, several other distance mea-

sures also need to be considered and compared for the power analysis.

An extension of the Newton-Raphson (NR) method was required in order to ex-

tend the REM algorithm to matrix parameters. Nevertheless, the performance of the

extended NR approach was not individually evaluated. Some of the limited perfor-

mance of our estimators might, therefore, be attributed to that. Moreover, studying

the behaviour of the matrix NR method under different conditions might be of interest

in the field of numerical analysis.

Another limitation of our work is that the EM algorithm based estimators required

more computation time than that of Khatri’s. Hence, it might be interesting to

consider variants of EM algorithm to decrease the computation time, but, they will
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not maintain the simplicity of the EM algorithm.

We would also like to highlight that the skewness parameters in this thesis were

underestimated. Exploring further estimation techniques, like the profile likelihood

method is, therefore, required to improve estimation of this parameter. Profiling

with respect to the skewness parameter might help us obtain optimal estimators for

the mean, skewness and variance parameters. This in turn might also improve the

performance of the covariance estimator which is dependent on the skewness param-

eter. Azzalini and Capitanio (1999) also mentioned about encountering problems in

parameter estimation in multivariate skew normal using the direct parameters e.g.,

the location, scale and slant parameter. However, they mentioned that using the cen-

tered parameters such as, the mean and variance parameters and a skewness index,

considerably eased the estimation problem. They also suggested using the method

of moments estimator as the initial estimates for the EM algorithm estimating the

centered parameters.

Similar to any Bayesian method, a limitation of our proposed test for high-

dimensional scenarios requires specification of a prior distribution, and a choice of

prior can be challenging in practical applications. Here we considered a conjugate

prior for mathematical simplicity. We have illustrated in Chapter 5 that the behaviour

of the Bayesian test is sensitive to mis-specifications of the hyper-parameters. The

results indicate that performance is slightly sensitive to departures from the true prior

distribution, but, the performance of the proposed test is still reasonably good even

under mis-specification. One approach to overcome this challenge could be by use

of non-informative (or vague prior), which allows the data to dominate the results.

Alternatively, prior knowledge on the biological condition can also be used to develop
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informative prior. Further study, therefore, is required to understand the impact of

different priors on the performance of our proposed test.

Finally, we would like to highlight that a GCM is used to model only balanced

and complete data. Its properties are, therefore, not investigated extensively under

unbalanced data and in the presence of missing data. Mixed models are commonly

used for analyzing longitudinal data in situations where data are unbalanced and

incomplete. However, there are a few studies providing solutions for missing data

in GCMs, which was done by considering a generalization of the model (Kleinbaum,

1973; Leeper and Woolson, 1982; Leeper and Chang, 1987). The advantages of using

GCM over mixed models is the GCM has exact solutions and is more powerful and

precise in practical applications involving small sample size, which is often the case in

analysis of studies involving longitudinal data.. Mixed models, however, rely more on

large sample theory (Corbeil and Searle, 1976; Stram and Lee, 1994; Hartley and Rao,

1967). Exploring comparative performance of the GCM with mixed model especially

in the presence of missing data is a possible direction for future research.
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gene induction by retinoic acid is concomitant with growth arrest and cell differ-

entiation in human breast cancer cells. Journal of Biological Chemistry, 269(43),

26871-26878.

[102] Ma, P., Castillo-Davis, C. I., Zhong, W., and Liu, J. S. (2006). A data-driven

clustering method for time course gene expression data. Nucleic Acids Research,

34(4), 1261-1269.

158



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

[103] Matsubayashi, J., Takanashi, M., Oikawa, K., Xu, M., et al. (2008). Expression

of G protein-coupled receptor kinase 4 is associated with breast cancer tumouri-

genesis. The Journal of Pathology, 216(3), 317-327.

[104] McLachlan, G., and Krishnan, T. (2007). The EM Algorithm and Extensions.

John Wiley & Sons, Hoboken, New Jersey.

[105] Mendoza-Blanco, J.R., Tu, X.M. and Gleser, L.J. (1995). On the difference

in inference and prediction between the joint and independent t-error models

for seemingly unrelated regressions, Technical Report, Department of Statistics,

University of Pittsburgh.

[106] Meng, X. L. (1997). The EM algorithm and medical studies: A historical link.

Statistical Methods in Medical Research, 6(1), 3-23.

[107] Meng, X. L., and Pedlow, S. (1992). EM: a bibliographic review with missing

articles. In Proceedings of the Statistical Computing Section, American Statistical

Association, 24-27.

[108] Noh, D. Y., Ahn, S. J., Lee, R. A., et al. (2000). Overexpression of peroxiredoxin

in human breast cancer. Anticancer Research, 21(3B), 2085-2090.

[109] Nonaka, D., Chiriboga, L., Rubin, B.P. (2008). Sox10: a pan-schwannian and

melanocytic marker. American Journal of Surgical Pathology, 32(9), 1291-1298.

[110] Nzabanita, J., Singull, M., and von Rosen, D. (2012). Estimation of parameters

in the extended growth curve model with a linearly structured covariance matrix.

Acta et Commentationes Universitatis Tartuensis de Mathematica, 16(1), 13-32.

159



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

[111] Ostrander, J.H., Daniel, A. R., Lofgren, K., Kleer, C. G., et al. (2007). Breast

tumor kinase (protein tyrosine kinase 6) regulates heregulin-induced activation

of ERK5 and p38 MAP kinases in breast cancer cells. Cancer Research, 67(9),

4199-4209.

[112] Pan, J. X., and Fang, K. T. (1996). Influential observation in the growth curve

model with unstructured covariance matrix. Computational Statistics and Data

Analysis, 22(1), 71-87.

[113] Pan, J. X., and Fang, K. T. (2002). Growth Curve Models and Statistical Diag-

nostics, Springer. New York.

[114] Potthoff, R. F., and Roy, S. N. (1964). A generalized multivariate analysis of

variance model useful especially for growth curve problems. Biometrika, 51(3/4),

313-326.

[115] Raiffa, H., and Schlaifer, R. (1961). Applied Statistical Decision Theory. Havard

University & MIT Press, Boston.

[116] Rao, C. R. (1957). Maximum likelihood estimation for the multinomial distri-

bution. Sankhya: The Indian Journal of Statistics , 18(1/2), 139-148.

[117] Rao, C. R. (1958). Some statistical methods for comparison of growth curves.

Biometrics, 14(1), 1-17.

[118] Rao, C. R. (1959). Some problems involving linear hypotheses in multivariate

analysis. Biometrika, 46(1/2), 49-58.

[119] Rao, C. R. (1961). Some observations on multivariate statistical methods in

160



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

anthropological research. Bulletin of the International Statistical Institute, 37(4),

99-109.

[120] Rao, C. R. (1965). The theory of least squares when the parameters are stochas-

tic and its application to the analysis of growth curves. Biometrika, 52(3/4),

447-458.

[121] Rao, C. R. (1966). Covariance adjustment and related problems in multivariate

analysis. Multivariate Analysis, 1, 87-103.

[122] Rao, C. R. (1977). Prediction of future observations with special reference to

linear models. Multivariate Analysis, 4, 193-208.

[123] Rao, C. R. (1984). Prediction of future observations in polynomial growth curve

models. In Proceedings of the Indian Statistical Institute Golden Jubilee Interna-

tional Conference on Statistics: Applications and New Directions, 512-520.

[124] Rao, C. R. (1987). Prediction of future observations in growth curve models.

Statistical Science, 2(4), 434-447.

[125] Rauf A. M., von Rosen, D., and Singull, M. (2012). A note on mean testing for

high dimensional multivariate data under nonnormality. Statistica Neerlandica,

67(1), 81-99.

[126] von Rosen, D. (1984). Maximum likelihood estimates in Multivariate Linear

Normal Models with special references to the Growth Curve Model. Research

report 135, Department of Mathematics and Statistics, University of Stockholm,

Stockholm, Sweden.

161



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

[127] von Rosen, D. (1985). Multivariate linear normal models with special references

to the growth curve model. Stockholm: Von Rosen. http://library.wur.nl/

WebQuery/clc/235153

[128] von Rosen, D. (1989). Maximum likelihood estimators in multivariate linear

normal models. Journal of Multivariate Analysis, 31(2), 187-200.

[129] von Rosen, D. (1991). The growth curve model: a review. Communications in

Statistics-Theory and Methods, 20(9), 2791-2822.

[130] von Rosen, D. (1995). Residuals in the growth curve model. Annals of the

Institute of Statistical Mathematics, 47(1), 129-136.

[131] von Rosen, D. (1995a). Influential observations in multivariate linear models.

Scandinavian Journal of Statistics, 22(2), 207-222.

[132] Roslin, N. M., Hamid, J. S., Paterson, A. D., and Beyene, J. (2009). Genome-

wide association analysis of cardiovascular-related quantitative traits in the

Framingham Heart Study. BMC Proceedings, 3(7), 1.

[133] Roy, S. N., and Roy, S. M. (1957). Some aspects of multivariate analysis. Wiley,

New York.

[134] Samaniego, F. J. (2010). A comparison of the Bayesian and frequentist ap-

proaches to estimation. Springer, New York.

[135] Savage, L.J. (1954). The Foundations of statistics. John Wiley & Sons Inc., New

York.

162



Ph.D. Thesis - Sayantee Jana McMaster - Mathematics & Statistics

[136] Savage, L. J. (1972). The Foundations of Statistics (revised edition). Dover

Publications, New York.

[137] Schäfer, J. and Strimmer, K. (2005). A shrinkage approach to large-scale co-

variance matrix estimation and implications for functional genomics. Statistical

Applications in Genetics and Molecular Biology, 4(1), Article 32.
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Your Appendix

A.1 List of B matrices used in the simulation stud-

ies −5 −2

−5 −2

 ,

 −4 −2

−4 −2

 ,

 −3 −2

−3 −2

 ,

 −2 −2

−2 −2

 ,

 −1 −2

−1 −2

 ,

 −1 −2

−1 −1


,

 −1 −1.5

−1 −1

 ,

 −1 −1

−1 −1

 ,

 −1 −1

−1 −0.8

 ,

 −1 −1

−1 −0.5

 ,

 −1 −1

−0.8 −0.5


,

 −1 −1

−0.5 −0.5

 ,

 −1 −1

−0.5 0

 ,

 −1 −1

0 0

 ,

 −0.9 −1

0 0

 ,

 −0.8 −1

0 0


,

 −0.5 −1

0 0

 ,

 −0.2 −1

0 0

 ,

 0 −1

0 0

 ,

 0 −0.9

0 0

 ,

 0 −0.8

0 0


,

 0 −0.7

0 0

 ,

 0 −0.6

0 0

 ,

 0 −0.5

0 0

 ,

 0 −0.4

0 0

 ,

 0 −0.3

0 0

 ,
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 0 −0.2

0 0

 ,

 0 −0.1

0 0

 ,

 0 0

0 0

 ,

 0 0.1

0 0

 ,

 0 0.2

0 0

 ,

 0 0.3

0 0


,

 0 0.4

0 0

 ,

 0 0.5

0 0

 ,

 0 0.6

0 0

 ,

 0 0.7

0 0

 ,

 0 0.8

0 0

 ,

 0 0.9

0 0


,

 0 1

0 0

 ,

 0.2 1

0 0

 ,

 0.5 1

0 0

 ,

 0.8 1

0 0

 ,

 0.9 1

0 0

 ,

 1 1

0 0

 ,

 1 1

0 0.5

 ,

 1 1

0.5 0.5

 ,

 1 1

0.5 0.8

 ,

 1 1

0.5 1

 ,

 1 1

1 1

 ,

 1 1.5

1 1


,

 1 2

1 1

 ,

 1 2

1 2

 ,

 2 2

2 2

 ,

 3 2

3 2

 ,

 4 2

4 2

 ,

 5 2

5 2

.
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A.2 The variance-covariance matrices used in the

simulation studies

Weak correlation

Σ =



1.2705443 0.2766856 0.1590603 0.0740178

0.2766856 1.0273088 0.8048891 0.5296352

0.1590603 0.8048891 1.5091252 0.9823369

0.0740178 0.5296352 0.9823369 1.5663106



Moderate correlation

Σ =



2.7231989 0.9051908 0.3394739 −0.1633491

0.9051908 2.3579832 1.6924352 0.9617295

0.3394739 1.6924352 3.1554558 1.9769148

−0.1633491 0.9617295 1.9769148 3.2830360



Strong correlation

Σ =



4.1828919 1.589901 0.5328818 −0.4378997

1.5899015 3.724326 2.5703977 1.3435312

0.5328818 2.570398 4.7582759 2.9381095

−0.4378997 1.343531 2.9381095 4.9360192
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