Blind Unique Channel Identification of Alamouti Space-Time Coded

Channel via a Signalling Scheme



BLIND UNIQUE CHANNEL IDENTIFICATION OF ALAMOUTI
SPACE-TIME CODED
CHANNEL VIA A SIGNALLING SCHEME

By

LIN ZHOU, Bachelor of Eng. (Automatic Control)
Xidian University, Xi’an, China, 1999
Master of Eng. (Circuit and System)
Xidian University, Xi’an, China, 2002

A Thesis
Submitted to the School of Graduate Studies
in Partial Fulfilment of the Requirements
for the Degree
Master of Applied Science

McMaster University
December 2005



MASTER OF APPLIED SCIENCE (2006) MCMASTER UNIVERSITY

(Electrical and Computer Engineering) Hamilton, Ontario

TITLE: Blind Unique Channel Identification of Alamouti
Space-Time Coded

Channel via a Signalling Scheme

AUTHOR: Lin Zhou
Bachelor of Eng. (Automatic Control)
Xidian University, Xi’an, China, 1999
Master of Eng. (Circuit and System)
Xidian University, Xi’an, China, 2002

SUPERVISOR: Dr. Kon Max Wong

NUMBER OF PAGES: xii, 92

ii



To my parents and Dong Xue

for their everlasting love and encouragement



Abstract

In this thesis, we present a novel signalling scheme for blind channel identification of
Alamouti space-time coded (STBC) channel and a space-time coded multiple-input
single-output (MISO) system under flat fading environment. By using p-ary and g-ary
PSK signals (where p and g are co-prime integers), we prove that a) under a noise-free
environment, only two distinct pairs of symbols are needed to uniquely decode the
signal and identify the channel, and b) under complex Gaussian noise, if the pth and
gth order statistics of the received signals are available, the channel coefficients can
also be uniquely determined. In both cases, simple closed-form solutions are derived
by exploiting specific properties of the Alamouti STBC code and linear Diophantine
equation theory.

When only a limited number of received data are available, under Gaussian noise
environment, we suggest the use of the semi-definite relaxation method and/or the
sphere decoding method to implement blind ML detection so that the joint estimation
of the channel and the transmitted symbols can be efficiently facilitated. Simulation
results show that blind ML detection methods with our signalling scheme provide
superior normalized mean square error in channel estimation compared to the method
using only one constellation and that the average symbol error rate is close to that of
the coherent detector (which necessitates perfect channel knowledge at the receiver),

particularly when the SNR is high.
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MISO
SISO
STBC
Alamouti STBC
OSTBC
CsSI
DFT
IDFT
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SDR Semi-Definite Relaxation
BQP Boolean Quadratic Programming
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Notations

[A]ij or ay;
|A| or det(A)
vec(A)

|al

[EP
|AllF

J

I,

AX>0
A>0
tr(A)

Scalar a, lowercase letter denotes scalar

Vector a, boldface lowercase letter denotes column vector
Matrix A, boldface uppercase letter denotes matrix

the transpose of a vector or a matrix

the conjugate of a scalar or a vector or a matrix

the hermitian of a vector or a matrix

the power ¢ of a scalar or a matrix

the ith element of vector a

the (i, 7)™ element of matrix A

the determinant of matrix A

the column vector obtained by stacking the columns of matrix A
the absolute value of scalar a

the Euclidean norm, defined as ||a||2 = aa

the Frobenius matrix norm, defined as ||A||% = tr(AAF)
the imaginary unit, defined as j2 = —1

the m x m identity matrix

A is a positive semi-definite matrix

A is a positive definite matrix

the sum of all diagonal elements of matrix A

Vviii



xmod N

arg min, f(z)
arg()

E[]

s = Quant(?)

round(z)
sign(x)
M;and
ged(m,n)
o(n)

the complex number set

the real number set

the positive integer set

the constellation set

the feasible set

eif

the greatest integer not exceeding x

zmod N denotes z — N[L], N #0

the minimizing argument of the function f(x)

the phase angle in an interval 0 < arg(-) < 27

the statistical expectation operator

the quantization operator sets s to the element of S
that is closest (in terms of Euclidean distance) to ¢
the quantized integer closest to z € R
lifx>0,and -1if 2 <0

the number of randomization

the greatest common divisor of positive integers m and n
the Euler function; i.e., the number of all positive integers
that do not exceed n and are prime to n

the binomial coefficient n,(—m'ﬂ——ln),

n is divisible by m

nn—1)n-2)---1

n(n—2)(n—4)---2(or 1), if n is even (or odd)
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Chapter 1

Introduction

1.1 The Channel Estimation Problem

Wireless communication is a fast growing field in the communication industry because
it has many applications, such as cellular mobile communication, multimedia trans-
mission, wireless sensor networks, etc. With the explosive proliferation of personal
computers, especially laptop and palmtop computers, many potential applications
and services appear. As a result, reliable and high-speed information transmission
through wireless communication systems is required.

In wireless communication, after the signals are transmitted from the source, a
number of distinct path rays arise from the source to the receiver due to the scatter-
ing, reflection and diffraction from the objects surrounding the source. While these
so-called “multipath propagation” phenomena may cause attenuation of the signal,
they can also lead to spreading of the signal in time, frequency and space domains.
Such multipath interference and distortion on the received signal significantly af-
fects transmission accuracy and efficiency. To mitigate such distortion and improve
the spectral efficiency, techniques employing multiple antennas and space-time block

coding [1-4] which maintain satisfactory performance over fading channels have been
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proposed recently. In the particular case of downlink (such as that of a mobile system
receiving signals from a base station), the receiver is typically required to be small
and hence may not be practical to deploy multiple antennas at the receiver. For this
reason, the base station is usually equipped with multiple transmitter antennas, and
a space-time coding technique is used to introduce correlation between the transmit-
ted symbols from different antennas (in spatial domain) at different time slots (in
temporal domain) and thus, achieves transmission diversity and power gain over the
uncoded system.

In particular, since Alamouti [3] first established a very simple orthogonal space-
time block code (OSTBC), the OSTBC [3,5] has attracted much attention because it
can achieve maximum diversity and because its coherent maximum likelihood detec-
tion can be realized as a linear processor. However, in order to optimally decode an
OSTBC, full channel state information (CSI) must be exactly known at the receiver.
Unfortunately, wireless channels often change with time, and perfect knowledge of CSI
is not easy to be tracked at the receiver. Although noncoherent detection schemes
based on differential encoding techniques [8-11] can also be employed here with no
requirement for channel estimation directly, nonetheless, these schemes often suffer
from error propagation resulting in loss of performance [3]. Therefore, channel estima-
tion becomes a key issue in space-time communication system design and influences
the reconstruction of input signals at the receiver.

In the existing channel estimation methods, classical training-based schemes [6,7]
transmit both training signals and information-carrying signals, and utilize the train-
ing signals and the observation at the receiver to estimate the channel. However, the
resulting limitation of effective data throughput [6,7] represents a penalty in perfor-
mance. To avoid having to transmit training signals, considerable research efforts
have been directed to develop techniques of “blind channel estimation” [12,13,17]

recently. These techniques identify and estimate the transmission channel using only



M.A.Sc. Thesis - L. Zhou -McMaster - Electrical & Computer Engineering 3

the received (perhaps noisy) signals at the receiver. The essence of these algorithms
is to exploit the structure of the channel and/or the property of transmitted signals.
The subspace method is one such method exploiting the channel structure and the
second order statistics of input signals [18-20]. Another important example of such
blind estimation methods is the ML method of detection [13] which is usually opti-
mal for large samples but in general, does not have a closed-form solution. Also, its
implementation may be too complicated due to the existence of local maxima.

In a special downlink case of the Alamouti STBC channel, the currently available
blind channel estimation methods [32-38] all have the ambiguity issues, which need
to be resolved by adding pilot symbols. Thus, these methods can only be called
semi-blind and the need for the pilot symbols further renders the spectral efficiency
not fully exploited. Also, some blind methods [21-25] handle the channel estimation
problem with the exploitation of signal properties, e.g., finite alphabets, symmetry,
constant modulus, etc. However, for the Alamouti STBC channel, these methods
still have ambiguity issues and thus, cannot provide a precise channel estimate since
the phase properties of communication signals have not been fully exploited. To
resolve these ambiguities in estimation of Alamouti STBC channel, we propose a new

signalling scheme for blind channel estimation in this thesis.

1.2 Contribution of this Thesis

The goal of this thesis is to develop a novel signalling scheme for blind channel esti-
mation to resolve the ambiguity issues in estimation of Alamouti STBC channel and
a space-time coded MISO channel [31].

For the Alamouti STBC channel, we observe that the essential reason for the
existence of rotational ambiguity or sign ambiguity in the currently available channel

estimation methods is that the objectives in their formulated optimization problems
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are invariant under some rotation transformation for the commonly used QAM and
PSK constellations. A proper signalling scheme is therefore needed to resolve the
ambiguity. In this thesis, our important contribution is that the proposed blind
channel estimation technique can eliminate the ambiguity by co-transmitting of a
p-ary PSK and a ¢-ary PSK signal, with p and ¢ being co-prime. Using this new
strategy, we prove that a) in the noise-free case, only two distinct pairs of symbols
are needed to uniquely determine the channel coefficients and decode the signal, and
b) in the case for which complex Gaussian noise is present and for which the pth-order
and gth-order statistics on the received signals are available, the channel coefficients
can also be uniquely determined. In both cases, simple closed-form solutions are
derived by exploiting specific property of the Alamouti code and linear Diophantine
equation theory. When only limited received signals are available, we equip blind ML
detection methods with our signalling scheme, and propose to use the semi-definite
relaxation (SDR) algorithm [37,41,42] or the sphere decoding algorithm [?, 43] to
approximate ML detection so that the joint estimation of the channel and symbols
can be efficiently implemented.

As an extension of our technique to other channels, we apply a specific space-time
coding technique [31] to multi-input single-output system with an even number of
transmitter antennas. We demonstrate this system has an equivalent representation
which consists of multiple Alamouti STBC subchannels. Hence, our blind channel
estimation technique is also useful to the estimation of this particular space-time

coded MISO communication system.

1.3 Structure of this Thesis

The thesis is structured as follows:

e In the introductory chapter, we present the channel estimation problem and
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briefly introduce the existing channel estimation methods. We also outline the

primary contributions of this thesis.

e In the second chapter, we first introduce the channel model of linear MISO
communication system. Then, we discuss a simple case of Alamouti STBC
channel and a space-time code for linear MISO system. Finally, we derive a

equivalent representation for this space-time coded MISO system.

e In Chapter 3, we review the existing channel estimation algorithms in three
main categories: training-based methods; (semi-) blind methods; and others. In
particular, we discuss the currently available blind channel estimation methods
for the Alamouti STBC channel and analyze the existence of ambiguities in

these methods.

e In Chapter 4, we propose a simple signalling scheme for the estimation of Alam-
outi STBC channel. Simple closed-form solutions and simulation results are

presented in both the noise-free and the complex Gaussian noise cases.

e In Chapter 5, we consider the application of our signalling scheme to blind ML
detection methods for Alamouti STBC channel. We further employ the SDR-
ML algorithm and the sphere decoding algorithm to efficiently solve this blind

ML channel estimation and symbol detection problem.

o In Chapter 6, we discuss conclusion on this work and some suggestions for future

work.

¢ In appendix, we provide the proofs of two theorems given in Chapter 4 and also

include a description of the Euclid Algorithm.



Chapter 2

MISO Communication System

In this chapter, we consider the application of space-time coding technique to linear
MISO communication system equipped with an even number of transmitter antennas.
We first discuss a simple case of Alamouti STBC channel. Then, utilizing a spéce—
time coding scheme proposed by Shang-Ho Tsai [31], we establish the model of this

space-time coded MISO system and derive its equivalent system representation.

2.1 MISO Channel Model

Here, we introduce the general complex baseband model of a linear MISO system
which has N transmitter antennas and a single receiver antenna, as shown in Fig-
ure 2.1. Each of the transmitter antennas synchronously sends one symbol in one
time slot, i.e., symbols z1, s, -,y are simultaneously transmitted from Antenna 1
to Antenna N. Hence, the received signal z in the baseband is a linear superposition

of these transmitted symbols perturbed by additive noise &,

N
z= Zxkhk +¢ (2.1)

k=1
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__Y 4

Transmitter 1 T~<
. } h, T~ ? E .

Transmitter 2 ——pl = ———————— -—- Receiver

o

Figure 2.1: Diagram of MISO wireless communication system

where z;,k = 1,--- , N are independently selected from a signal set with unit aver-
age power, hy denotes the channel coefficient from the k-th transmitter antenna to
the receiver antenna, and £ denotes the circularly-symmetric complex independent
Gaussian noise with zero-mean and variance 0. Here, noise is said to be circularly-
symmetric complex independent Gaussian if its real and image parts are both i.i.d.
Gaussian random variables with A(0,0%/2).

Throughout this thesis, we only consider flat fading environments in which all
fading coefficients hx, k = 1,--- , N are assumed to be independent and constant over
one observable period and may randomly change in next observable period.

For a particular time slot, if we stack all transmitted symbols zx,k = 1,--- | N
on different transmitter antennas into a vector x of dimension N x 1 and stack all
channel coefficients hg, k = 1,--- , N into a vector h of dimension N X 1, then the

received signal z in Eq. (2.1) can be rewritten in a compact matrix form as
z=xh+¢ (2.2)

where x = [z1,T3, -+ ,zn] and h = [hy, hy, -+, hy]T.
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2.2 Alamouti STBC Channel Model

To apply space-time coding technique to linear MISO system, we first introduce a

simple case of the Alamouti STBC channel model in this section.

é

n, Yo
s, »| Alamouti = E it » .
Space—Time @'"
lb, -7 3| Symbol i
s,—| Encoder | 2(2') Con;'u;atei

Figure 2.2: Diagram of the Alamouti STBC channel

The Alamouti STBC code was first established by Alamouti [3] for a flat fading
wireless communication system with two transmitter antennas and a single receiver
antenna as shown in Fig. 2.2. The transmitted symbols from the two transmitter
antennas arrive at the receiver via two different channels. Thus, the discrete baseband

received signal can be written as

= h181 + h282 + f (23)

where z is the received signal, hy and ks are the respective channel coeflicients from
the transmitter Antennas 1 and 2 to the receiver antenna, s; and s; are the two
corresponding transmitted symbols from these two antennas, and £ is a circularly
symmetric complex Gaussian noise with zero-mean and variance 0. Throughout this
thesis, we assume that |h;|2 + |h2|?> # 0 and h; and h, remain constant within T
transmission time slots.

If this system employs the Alamouti space-time block coding scheme, each set of
two transmitted symbols spans over two consecutive time slots which is designated
a frame. For example, during the first time slot of the ith frame, s;; and s; are

simultaneously transmitted from Antennas 1 and 2, respectively; during the second
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time slot of the ith frame, —s}, and s}; are transmitted simultaneously from Antennas

1 and 2, respectively. Thus, the Alamouti code of the ith frame has the following

structure
Si=| (2.4)

and we can further get S;S# = (|s;1|? + |si2|?)I2, i.e., column or row vectors of S;
are orthogonal to each other and both have equal norm. Thus, the Alamouti code
actually is a two-dimensional OSTBC [5]. Furthermore, at the receiver antenna, the
received signals in the two consecutive time slots of the ith frame can be written in
a matrix form

zi(1) _ sa  Sie| | n &(1) (2.5)

z(2) =5 S| |he £i(2)
where [£;(1),&:(2)]T denotes the circularly-symmetric complex Gaussian noise vector
with zero-mean and variance oI, in the two time slots.
As we can observe in Eq. (2.5), each one of the channel coefficients hy, k = 1,2 has
been used twice to transmit signals. After using the “symbol conjugate” operator,

the conjugated received signals of the ith frame can be expressed by

Z(1) _ hi  hy Si1 n fi(l) (2.6)
zi(2) hy —hi| [si £(2)
where Z;(1) = 2z(1) and %(2) = 2/(2). The two column vectors of the equivalent
channel matrix, say, [h1, h3]T and [hy, —h}], are orthogonal and thus, no interference
hy  ho
hsy —h3

exists between the transmission of s;; and s;,. If the channel matrix H =



M.A.Sc. Thesis - L. Zhou -McMaster - Electrical & Computer Engineering 10

is exactly known at the receiver, left-multiplying both sides of Eq. (2.6) by HY | we

have
H H
h1 h2 21(1) _ |h1|2 + |h2|2 0 Si1 + hl hz fl(l) (27)
hy —hi z(2) 0 [P f? + [ha|?| | 52 hy —h] £:(2)

which can be further rewritten as

_ o] 5 (2.8)

with
- - r A Hr
z(1)| 1 hi  he z(1)
z(2) al® +1h2l® [ py —py| |2(2)
- - T He
&) 1 hi ko &i(1)
&(2) Iha? + R | —nt| |&@)

Now, from Eq. (2.8), we can simply quantize Z;(1) and Z(2) respectively to get the

estimation of the signals s;; and s;9, i.e.,
. T 2
3in = arg sxﬁx:gg Hzl(n) - smH (2.9)

where n = 1,2 and S denotes the constellation set. Therefore, it shows that the
orthogonal structure of the channel matrix can greatly simplify the complexity of

decoding method.
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2.3 A Space-Time Coded MISO System

In this section, we introduce a space-time code design and apply it to linear MISO
communication system with an even number of transmitter antennas, as shown in
Figure 2.3. When a permutation matrix and a discrete Fourier transform (DFT)
matrix are employed at both ends, we can derive an alternative representation for

this space-time coded MISO system.

Ty, ~—e :
. S v
Space-Time | T T h ~=2 R
—®| Encoder - '_2' """"" g @-->L> Receiver |—p»
= : : //7 7=
[xp"'qu]T : h /’/’ [z"n.,ZN]T
X ¥
T" //

Figure 2.3: Diagram of space-time coded MISO system

2.3.1 A Space-Time Code Design

In [31], Shang-Ho Tsai et al. proposed a rate-one space-time block code to a multiple-
antenna system. To describe this space-time coding scheme, we define a vector x of

dimension N x 1, with its kth element given by

- { S 210

During N time slots, say, t = 1,2,--+ , N, vector x = [r;,Ts, -+ ,zn]7 is space-

time coded by the following procedure,

e When ¢ is odd, we transmit z; by the antenna indexed [((k —t)mod N ) + 1].

o When ¢ is even, we transmit [X]; by the antenna indexed [((t— k) mod N) +1].
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Therefore, we obtain the N x N space-time block code X with its (u,v)-th element

expressed as

Ti((utv—2) m , vu=13,...,N—-1
(X]uo = { [((u+v—2) mod N)+1] 211)
(_1)v$r((u—v) mod N)+1]’ u= 2’ 4’ T ’N
forv=12,---,N.
For example: a 6 x 6 dimension space-time block code X is
Iy T2 I3 T4 Ts Ts
—-T; T —Tg Ty —T; T
T3 Ty Ty T T1 T
X | Tt te 142 (2.12)

* * * * *

*
—Ts; T3 —Iy Ty —Tg Ty

Ts Tg T1 T2 X3 X4

* * * * % *
[ T%6 Ts T4 Tz Ty xlj

where the row denotes the time dimension, (i.e., the uth row denotes the symbols
transmitted by the N antennas at the uth time slot), and the column denotes the
space dimension, (i.e., the vth column denotes the symbols transmitted by the vth
antenna during the N time slots). In other words, the symbol [X],, is transmitted
from the v-th antenna at the u-th time slot.

During NV transmission time slots, by assuming that the channel is invariant, we
can stack the N received signals 2,k = 1,2,--- , N into a vector z and express the

block transmission model in a matrix form as
z=Xh+¢ (2.13)

where z = [21,2, -+ ,2y]T, X is the N x N space-time block code matrix, h =

[h1, o, -+ ,hy]T, and € = (£, &, -+ ,En]T is the Gaussian noise vector.
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1Y .ty :
Space-Time| T, Y Y _ -
S IDFT|X| Encoder —— - })@_) YRy )gplZ] symbat | Z [DFT pil 2
F : ;l 7 Conjugation F
X ‘ TXN l J
\
_____________ T
H
H

Figure 2.4: Diagram of space-time coded MISO system with precoders

2.3.2 Equivalent Representation of the Space-Time MISO
System

As shown in Figure 2.4, if a permutation operator and DFT operator are used at
both ends, we will obtain an equivalent system representation for the above space-
time coded MISO system. In the following, we will give its derivation in details.

At the transmitter part, the input signal vector s = [s1, s3,- - , sy]” is sequentially
passed through a permutation matrix P, a inverse discrete Fourier transform (IDFT)
matrix F, and the space-time encoder discussed in previous subsection. The (u,v)-th

element of this permutation matrix P is given by

L, u=12,-- % v=2u—~1
Pliv=9 1, u=5+1,2+2... N v=2u-N (2.14)

0, otherwise

For example: if N = 6, matrix P has the following structure,
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1 0 0 0o o o

0o 0o 1 0 0 O
L_ 000 0 0 1 0 (2.15)

0 1 0 0 0 O

0 0 0 1 0 O

_0 0o 0 0 o lj

Further, the (u,v)-th element of the IDFT matrix F is given by
(Fluy = — /% =1-1) (2.16)
vN

foru=1,2,--- ,Nand v=1,2,--- , N. Therefore, the symbol vector to be space-

time encoded, denoted by x, is
x = FPs (2.17)

where x = 21,72, -+ ,zn|T and s = [s1,82, -+ ,sn]T. Next, vector x is space-time
coded by the coding technique in Eq. (2.11).

When the encoded matrix X is transmitted from N antennas over IV time slots,
we obtain N received signals z,k = 1,2,--- | N from Eq. (2.13) at the receiver. As
observed in Figure 2.4, the received signals are then through “symbol conjugate”

operator, i.e.,

k=13, ,N—1
= { (2.18)
[z*]k, k:2,4’...’N

After some mathematical manipulations, the vector z can be expressed as

z = Hx+€&=HFPs+¢§ (2.19)
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where the noise vector & is

[&le, k=1,3,--- ,N—-1

(€] = { (2.20)
€k, k=2,4,---,N

and the (u,v)-th element of channel matrix H is determined by

h{((v=u) mo y u=13,---,N—-1
H],, = { (e met o (2.21)
(_1)1)— hr((u—v) mod N)+1)» u= 2’ 4, ’N
forv=1,2,---,N. For example: the 6 x 6 space-time coded channel matrix H has

the following form

hi hs hs hy hs he |
Ry —ht hE —ht b —h
| e hoh ke hy 02)

Ry ki Ry —hl ki —ht
hs ha hs he hi ho
he —hs hy —hy hy —hi]

Subsequently, vector Z is sent through the DFT operator F and the permutation
operator P¥ | namely, left-multiplying both sides of Eq. (2.19) by matrices F# and

P, we have
PPFHz = PYFYHFPs + PPF¢ (2.23)

To simplify the notation of the above equation, we define N x 1 vector z = PHFHz,

N x N matrix H 2 PEFEHFP, and N x 1 vector £ £ PHFHE. Then, an equivalent
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system model is thus established as
7z=Hs+¢ (2.24)

Notice that matrix H has the following structure,

hi ibm 0 0 - .- 0 0
Ky —h% 0 0 o - 0 0
0 0 hy hy
0 0 hy —hy

H= (2.25)
0 0
0
0 0 0 0 hw, hy,
(0 0 0 0 Ry, —hy,]
where
N N-1
- 1 2 .
hia = N Z [ exp (J W(U - U)Z) h{((v—u) mod Ny+1)
v=1 [u=1,0dd
N 27
+ Z exp (j N (U - U) Z) (=1)" " h{{tu—v) mod N)+1]J
u=2, even
N N-1 . )
. 1 2mf i—2 i+ N—2
hia = i ; L:l . exp (J—ﬁ (v 5 U 5 )) h{((v—u) mod N)+1]
al m( i—2 i+N-—2
. _ _ v—1p %
+u=§L‘:’eneXP (J N <U S u 2 )(—1) h[((u-—u)modN)+1]]
fori=1,2,--- ,%. As we can observe Eq. (2.25), matrix H has a block-diagonal

structure with all off-block-diagonal elements being zero. Therefore, the channel
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Figure 2.5: Equivalent Representation of the system in Figure 2.4.

model in Eq. (2.24) can be further represented by

z; H, 51 &
= 3 I (2.27)
& Hollsgl 18y
. - _ ~ ha  hio < = ~
where z; = [z2i—1,z2i]T, H; = =, - | 8S; = [321'-1»322']Ta and 51‘ = [§2i—1,§2i]T
, hiy —hy
forz =1,2,--- ,%. Here, each subchannel has exactly the same structure as the

Alamouti space-time coded channel in Eq. (2.6), i.e.,

hii  hi S9i—1 €2i1
+ -

_ ~ (2.28)
hi, —hj 52 s
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Remark:

a) Eq. (2.24) to Eq. (2.28) tell us that the space-time coded MISO communication
system given by Eq. (2.13) can be equivalently represented by multiple Alamouti
STBC subchannels if a particular permutation matrix and a DFT matrix are
properly utilized at both ends. In Figure 2.5, we depict this alternative system

representation.

b) As a result, the channel estimation problem for this space-time coded MISO

system is similar to that problem for the Alamouti STBC channel.

Therefore, in the following chapters of this thesis, we will concentrate on the channel

estimation problem for the Alamouti STBC channel.



Chapter 3

Review of Channel Estimation

Methods

In the introductory chapter, we stated that multiple antennas and STBC [1-4] have
been deployed in recent wireless communication system design to improve the spec-
tral efficiency and mitigate multipath interference distortion. In particular, the OS-
TBC [3,5] has attracted much attention because it enables full diversity with a linear
processing ML detector. However, all these advantages are based on the exact knowl-
edge of the channel coefficients being available at the receiver. Since most wireless
channels change with time, perfect knowledge of CSI is not easy to be tracked at the
receiver. Channel estimation is thus required.

Up till now, various channel estimation methods including training-based tech-
niques and blind (semi-blind) estimation methods, have been proposed for space-time
communication systems. In this chapter, we briefly describe these estimation methods
in categories. Then we turn our attention to blind channel estimation methods for the
Alamouti STBC channel, and further analyze the reason of existing the ambiguities

in these methods.

19
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3.1 Training-based Channel Estimation

The basic idea of training-based estimation methods is to estimate the channels ei-
ther from the observations of only training signals or from the observations of the
superposition of training and information signals. The former methods transmit the
training symbols, which are known at both the transmitter and the receiver, and es-
timate the channels using these symbols and their resulting observations. The latter
methods transmit the training symbols multiplexed with information bearing symbols
and then, estimate the channels by exploiting all the observations of these symbols
and the statistics of information symbols.

Training-based estimation methods simplify the challenging task of the receiver
design. However, a substantial penalty in performance comes from the limitation
of effective data throughput [6,7]. The reason is that training signals do not carry
any information, i.e., the more training signals are imbedded in a data packet, the
less information signals can be transmitted. Thus, it turns out to be a tradeoff
between the bandwidth efficiency and estimation accuracy. That is, more training
symbols will provide better channel estimation and less decoding error; otherwise,
fewer training symbols will result in worse channel estimation and more decoding
error. In addition, the training-based schemes are not effective and practical in fast

fading channels whose fading coeflicients are only invariant over small data packet.

3.2 Blind (Semi-Blind) Channel Estimation

In recent years, “blind channel estimation” [12,13,17] has received considerable re-
search interests. These techniques use only the received (perhaps noisy) signals at

the receiver to identify and estimate the transmission channel. The essence of these
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methods is to exploit the structure of the channel and/or the property of transmit-
ted signals. In the following section, we will describe two important blind channel
estimation methods, i.e., the statistic-based methods (second-order and higher-order

statistic) and the ML-based method.

3.2.1 Second-Order Statistical Method

Second-order statistical methods [18-20] exploit the signal or noise subspace from the
second-order statistics on the received signals. Input signals are randomly produced
with a known second-order statistics (distribution), and the additive noises are un-
correlated with input signals. These statistical methods are often able to give an
estimate of the channels in closed-form structure.

In blind channel estimation, the subspace method is one such method commonly
used because of the simplicity and computation efficiency. The subspace-based meth-
ods require either the channel has a specific structure like block-Hankel matrix or the
transmitted space-time code matrix has a block-Toeplitz structure.

In addition, the second-order statistical methods usually need a large amount
of samples to achieve near maximum likelihood performance. In other words, the

channel is commonly required to remain constant in a long observation period.

3.2.2 Higher-Order Statistical Method

In the scenarios where second-order statistics are not sufficient to assure the identi-
fication or estimation of channels, higher-order statistics in both time and frequency
domains may be exploited for estimating the channels [26,28-30]. For example, single-
input single-output (SISO) communication system cannot employ the multichannel
diversity. Higher-order statistics on the observations is thus needed in channel esti-

mation.
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Higher-order statistical methods, compared to second-order statistical methods,
usually require many more samples to precisely estimate the channel. As a result,

these higher-order statistical methods always need expensive computation complexity.

3.2.3 Maximum Likelihood (ML) Method

Another important parameter estimation algorithm is the Maximum Likelihood (ML)
estimation method, which is theoretically optimal for large samples so as to carry out
the linear minimum variance unbiased estimators [13].

In the following, we describe the theory of ML estimation method. Let p(z|z)
denote the conditional probability density function (PDF) with z being the obser-
vation and z being the deterministic parameter. Given only the observation z, the
task is to estimate the parameter x by its most likely value such that the associated
conditional PDF p(z|z) can achieve the maximum value. Thus, we write p(z|z) as a
function of z, which is referred as the likelihood function. The ML estimation method
is employed in signal detection at the receiver based on a simple idea that different
transmitted signals produce distinct received signals, and any given received signal is
more probable to come from the transmitted signal than other signals.

When the ML method is applied to blind channel estimation problem, input signal
vector X = [z),Zs, -+ ,Zx]T and channel vector h = [hq, hy, -+ ,hy]T in Eq. (2.2)
become both unknown deterministic parameters to be estimated. In other words, the
goal of blind ML channel estimation method is to find the most reasonable values
for both input signals and channel coefficients to achieve the maximum value of the

conditional PDF, i.e.,

{%,h} = arg max logp (z]x,h), (3.29)

where p (z{x, h) is the conditional PDF of the received signal z conditioned on both



M.A.Sc. Thesis - L. Zhou -McMaster - Electrical & Computer Engineering 23

the input signal vector x and the channel vector h.

In general, the blind ML channel estimation method does not yield a closed-form
solution to the channel, but generally derive an optimization problem instead, e.g.
the problem (3.29). Such problem is often solved by numerical algorithms which re-
cursively converge to the minimum value of cost function. Despite of the possibility of
achieving the minimum value, there still exist several important issues, e.g. the num-
ber of samples, convergence speed, the existence of local minima and initialization.
All these greatly affect the performance and computational expense.

In particular, if input signals come from a finite alphabet set, the joint estima-
tion of the channel and input signals usually involves an exhaustive search, whose

computational complexity may make it infeasible for large number of input signals.

3.3 Signal Property Exploitation Technique

There are several other blind equalizer design and channel estimation methods which
exploit the properties of input signals instead of the specific structures of channels.
Digital communication signals possess many properties, such as source independence,
constant modulus, finite alphabet, symmetry and so on [12]. These properties can be

utilized to blindly identify or estimate channels, for example,

1. Constant Modulus property: Some communication signals possess constant
modulus (CM) property, i.e., the envelope of the signal is constant. FM signal
and phase modulated signal are examples of such CM signals. This property
is widely used in recent blind equalizer design and source separation problem,
such as constant modulus algorithm (CMA) [14-16,21]. In some subspace-based
channel estimation methods, the CM property and the second order statistics
of the Pulse Shift Keying (PSK) constellation signals are exploited to arrive at

the solution of the channel estimate being the eigenvectors of a simultaneous
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diagonalization problem [12].

2. Symmetry property: In [24,25], the symmetry property of the quadrature am-
plitude modulation (QAM) signals is employed, instead of the second order
statistics, to blindly equalize the fractional channels [22], [23] by solving convex

optimization problems.

Despite of the exploitation of these signal properties, there still exist phase ro-
tational ambiguity and sign ambiguity issues in blind equalization and channel es-
timation methods. The reason for this is that these methods did not fully employ
the phase properties of digital communication signals. Although these methods can
easily identify the amplitude information of channels, but the phase information still

cannot be identified.

3.4 Differential Encoding Technique

Recently, some noncoherent detection schemes have been proposed. Contrary to
coherent detection which fully necessitates the channel state information at the re-
ceiver, noncoherent detection schemes explore differential encoding and decoding tech-
nique [8-11] to directly detect the input signals with no requirement for channel es-
timation. However, compared to coherent detection {3], these methods often suffer

from error propagation resulting in loss of performance at high SNR.

3.5 Ambiguity Analysis for the Estimation of
Alamouti STBC Channel

In previous sections, we reviewed a number of classical channel estimation and symbol

detection methods applicable for the OSTBC system [32-38]. In this section, we will
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consider the special case of the Alamouti STBC channel and discuss the blind channel
estimation methods in such case.

By exploiting the orthogonality of the Alamouti code, the subspace method was
applied to such a system so as to obtain an exact value of the channel matrix up
to an unknown unitary matrix factor [32]. This rotational ambiguity results in the
channel not being able to be identified uniquely even in the noise-free case. Although
such ambiguity can be partially resolved by using different linear precoders for odd
and even symbols to warrant channel identifiability [33], it still suffers from scale
ambiguity which essentially cannot be handled by the subspace method based on
solving a quadratic optimization problem. An improved transmission scheme using
a linear precoder with different powers at the different transmitted symbols was pro-
posed in [34,35], and a closed-form solution to the channel estimation was derived.
Unfortunately, this scheme requires an assumption that the noise power is known in
advance, and there is still the sign ambiguity.

In addition, to address the rotational ambiguity in the blind ML channel es-
timation and symbol detection problem, several schemes have also been proposed
in [36,37]. The essence of these methods is to derive the objective function for ML
detection as a homogenous quadratic function and therefore, the resulting optimiza-
tion problem can be efficiently solved using the SDR-ML detector [36,37] or sphere
decoder [37,43]. Unfortunately, a rotational ambiguity of the detected signal still
exists. Since pilot symbols have to be added, these schemes can only be called semi-
blind and the need of the pilot symbols in these methods to resolve the rotational
ambiguity further renders the spectral efficiency not fully exploited.

From the results in [32, 36, 38], we observe that the essential reason for the ex-
istence of rotational ambiguity or sign ambiguity in the currently available blind

channel estimation methods for the Alamouti STBC channel is that the objectives
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in their formulated optimization problems are invariant under some rotation trans-
formation for the commonly used QAM and PSK constellations. This can be clearly
demonstrated as follows: Let {s;1, s;2} and {sq+1)1, S@+1)2} be the two selected pair
of symbols to be transmitted in the consecutive ith and (¢ + 1)th frame and let the

transmitted signal matrix and the channel coefficient vector be respectively given by

Si1 S42
—s;, s} h
s& 2 Y| and h2 | (3.30)
SG4+1)1 S(i+1)2 ha
__Szi+1)2 5?i+1)1_

1. For a square QAM constellation Sg, then both {s;1,si2}, {Sa+1)1, S+1)2} €
Sg. At the receiver, the received signals in the four time slots z =

[2:(1) 2:(2) 2:41(1) 241(2)]T can be written in two different ways
z=Sh=S1 (3.31)

where

H
, 0 -1 , 0 —1
S'=8 and h'= h (3.32)
1 0 1 0
Thus, using the received vector z to detect the symbols and to estimate the

channel coefficients may result in two possible sets of solutions: {S, h} or,

{s', h'}.

2. Similarly, rotational ambiguity exists if only one M-PSK constellation Sy is
used. In this case, for the two consecutive frames, {s;1, si2}, {Sa+1)1, Se+1)2} €

Syr. Thus, from the transmitted symbols in two consecutive frames of the
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Alamouti STBC channel, the received signals can be written as

z=Sh=S§, h, (3.33)

2mn

where S is given by Eq. (3.30), S,, = Sdiag(ej&A'J_", e ), h, =

s 2mm - 2m )

diag(e™ 3, ¢ )h,m=0,.-- ,M — 1.

From the two cases above, it can be seen that if the symbols are chosen from the
same constellation for transmission through the Alamouti STBC channel, then nei-
ther the symbols nor the channel coefficients can be uniquely determined. No matter
how many frames of symbols are transmitted by increasing the number of rows in S
of Eq. (3.30), as long as the symbols are selected from only one constellation, rota-
tional ambiguity will exist. In order to eliminate the ambiguity, the careful designed

signalling scheme should be sought. This is the main idea of this thesis.



Chapter 4

Blind Channel Identification with a

New Signalling Scheme

In this chapter, we propose a novel signalling scheme for unique blind identification
of the Alamouti STBC channel. Using this new strategy, we will prove that a) in the
noise-free case, only two distinct pairs of symbols are needed to uniquely determine
the channel coefficients and decode the symbols, and b) in the case for which complex
Gaussian noise are added and for which the pth-order and gth-order statistics on the
received signals are available, the channel coefficients can also be uniquely determined.

In both cases, simple closed-form solutions are derived.

4.1 The Proposed Signalling Scheme

Now, we present the simple signalling scheme as follows:

Let S, and S, represent the p-PSK and ¢-PSK constellation sets respectively,
where p and ¢ are predetermined positive co-prime integers. Suppose in the first time
slot of the ith frame, we transmit from Antenna 1 a symbol s, € S, i.e., selected

from the p-PSK constellation, and from Antenna 2 a symbol s,; € S, i.e., selected

28
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from the g-PSK constellation. Then, according to the Alamouti scheme, the received

signal vector for the ith frame is

% 1 7 % h ) 1
Z( ) _ Spi Sq 1 n é( ) , i=1,2,.- (4.343)
2(2) —s5 Syl | e &(2)

Or, in more compact matrix form,

z; = S;h+ &, i=1,2,- (4.34b)

Spi Sqi

where z; = [%(1) z(2)]7, h=[h k)T, & = [&(1) &))", and S; = | " [
—S;i 3;31'

Egs. (4.34) represent the new designed signalling scheme proposed in this thesis for

the ¢th frame of the Alamouti coding scheme. In the following sections, we will show
that this proposed strategy can facilitate the blind unique detection of the transmitted

signals in the noise-free case and identification of the channel coefficients in the noisy

case.

4.2 Blind Unique Channel and Signal Identifica-
tion in Noise-Free Case

In this section, we will examine the proposed signalling scheme above under the noise-
free environment. In two consecutive frames ¢ and ¢+ 1, we send out the symbol pairs
{spirsqits { =55 spit and {spi+1), S }s {— 841, Spa+1y} for the four consecutive

time slots, where s,;, Sp(i4+1) € Sp, and sg;, Sqi+1) € Sq- Thus, if there is no noise, from



M.A.Sc. Thesis - L. Zhou -McMaster - Electrical & Computer Engineering 30

Egs. (4.34), we have the received signals for the two consecutive frames given by,

Z; = Slh (4353)
Ziy1 = Si+1h (435b)
Solving Eqgs. (4.35) for h yields
1 H 1 H
h = 581 z, = §Si+1 Zi+1 (436)

Eliminating h in the above equation yields

1
Ziy) = -2-Si+1SiHZi = *Az Z; (437)
a;1 Q42 .
where A; = with a;; and a;; denoted by
—aj aj
Fay 1 * *
i = §(Sp(i+1)8m- + Sq(i+1)85:) (4.38a)
sl _
Qiz = E(SMSQ(HI) - 3qi5p(l'+1)) (4.38b)

Now, taking conjugate of z;41(2), Eq. (4.37) can be rewritten as

ii+1 = Zz a; (439)
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~ Z; 1 2 2
where Zi-{—l = [Zi+1(1) z;‘+1(2)]T, Zi = ( ) ( ) and a; = [a“ aig]T, from

which we obtain

an = (2 (Dzn(1) + 2(2)21,(2)/(|aDF +122)F) (4.40a)
@z = (5(2)zm1(1) = 2(1)25a(2)/ (D + 2(2)]%) (4.40b)

i.e., the values of a;; and a;; can be obtained from the received signals. We left-

multiply the definition of a;; in Eq. (4.38a) by sp;s4i, i-e.,

- ) . 3 * X *
SpiSqidil = Smsqz(sp(m)sm + SQ(H'l)sqi)

* *
(Sqisp(iﬂ)sm‘spi + Sm'sq(iﬂ)sqisqi)

(8qiSp(i+1) |59l + SpiSqian)|5qil?)

DB =N — B =

(SqiSpiv1) + Spisqit1)) (4.41)

where [s,;° = 1 and s[> = 1 come from the property of PSK symbol. Combining

Eq. (4.41) and Eq. (4.38b), we have

SpiSqitit = = (SqiSpa+1) + Spisq(i+1)) (4.42a)

Q2 =

DO bt DO =

(piSai+1) = Sqisp(ien)) (4.42b)
After some mathematical manipulation, the above equations become

SpiSqiGil + Q2 = SpiSq(i+1) (4.43a)

SpiSqidil — Q2 = SqiSp(i+1) (443b)
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Now, the key question here is: For the given values of a; and a;» in Eqgs. (4.40),
do the quadratic equations (4.43) have a unique set of solutions for the transmitted
symbol variables s,, and sgn, n =14, ¢ + 17 The following theorem provides us with

the answer.

4.2.1 Closed-Form Solution

Theorem 1 [57,58] Let sp, € Sp and sqn € S, for n = i, i + 1 be symbols to
be transmitted in the lime frames i and i + 1 respectively, p and q being co-prime
positive integers. Let z; = [2;(1), 2:(2)]T and z;41 = [2i41(1), 2i+1(2)]7 be two distinct
received signal vectors from the Alamouti STBC channel within the two consecutive

time frames (four time slots). a;; and a;2 are determined by Egs. (4.40). The four

transmatted symbols are uniquely determined as follows:

1. a;1 = 0. We have
Spi = exp 1'2—7r z (1 - p“’(")) +p [klp‘p(q)—l] ) (4.44a)
i p\gq q '

wlg)—1
Si = exp (J%;I (k2PW(Q)—1 -q [‘——‘]%p 7 .I )) (4.44b)

o2 [k kopP(D—1
Sp(i+1) = €xp (J _ ‘q—2<1 —P‘p(q)) +p [‘%——] )) (4.44c)

‘27-(- k w(g)—1
Sqi+1) = €Xp (J (klp“’(*’)‘l —q [—Q———} )) (4.44d)

where ¢(-) denotes the Euler function [39], and integers ki, ko are

arg(ai2)pq

k, = —=xi2bd 0

1 27'(' ) kl e[ 7pq)
argl—a;

ko= BP0

27
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2. a; # 0. Let a;y £ |ai1|ej0“,9,-1 S [—'71',7'('), [¢F5)) é [ai2|ej9"2,9i2 € [—7T,7T) and

L
a = arccos |a;|. Then, we have

wm [k k(@)1
— B 2 el p
Spi exp (J . (q (1 P ) +p [ . ] )) (4.45a)
9 kpPla)-t
Sqi = €xp (J?W (kp“’(‘”_l —q [ P p .l )) (4.45b)

Spli+l) = exp'(j27r€p/p) Spi (4.45¢)
seirry = exp (j2ml,/q) s (4.45d)

Here, integers ¢, and £, are uniquely determined as follows:

(a) For o < 6;; < 27 — o, we have

, ly = @2‘_"1‘1, if efPBu+a) — 1 and f90a-) —

{ /. = (i +a)p
P P23

ep — gouz;azp7 Eq - (91’12':0)(1’ if efPBin—a) — 1 and e/90n+a) — |

(b) For —a < 0, < a, we have

¢ )

i

l = {bir+o)p
P 2n
Oy = Lozt g - Butels  f oipu-0) = | apd efaate) = 1

(¢) For —27 + a < 6; < —a, we have

_ (Ba+at2m)p . (Bu—otlmq o ip(8i+a) jq(6i1~a) —
ep — k3 = , fq —_ L] o , lf e]P( il ) — 1 and eJ‘I( il ) e 1
l, = Qﬂ_—g:ﬂm’ £, = Qﬂ_*'g:_?"ﬁ’ if eP(0i1—0) — 1 and ef90a+e) — |
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In addition, integer k is uniquely determined by

27 27
(912—91‘1—%)1'4

Oia—0i1+% . ) )y -
( 2 1+2)Pq modpq, if ep - (6,1 +a—2lm)p
k=

2m

—_— (0,‘1 —a—?lﬂ')p

mod pgq, if ¢, o

with | =0, —1.

34

Furthermore, the channel coefficients hy and hqy in h can be uniquely determined by

2

h= % SHZi

(4.46)

The proof of Theorem 1 is given in Appendix A. We like to make the following remarks

on this theorem:

1. Theorem 1 not only tells us that the channel coefficients can be uniquely iden-

tified by transmitting two distinct symbol pairs selected from two co-prime
PSK constellations in four time slots, but also provides simple and closed-form

solutions to both the channel coefficients and the transmitted symbols.

. In the noise-free case, two different received signal vectors are the smallest
number of data required to uniquely identify the Alamouti STBC channel and
transmitted symbols. In other words, if only one received signal vector is given,
then, from Eq. (4.35a) we cannot uniquely determine the transmitted symbols

{Spi, 8qi} or the channel coefficients h; and h;.

. To carry out our new signalling scheme as described in Section 4.1, p and ¢ must
be co-prime integer. Otherwise, ambiguity will occur. This can be demonstrated
by considering a 4-PSK constellation Sy and a 6-PSK constellation Sg for which

ged(4,6) = 2. For the two consecutive frames, let the matrix of the selected
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symbols to be transmitted be S as given in Eq. (3.30) where {si1, S¢+1)1 € Sa}
and {s;2, S@+1)2 € Se}. We can easily see that the received signal vector in the

four time slots z = [2;(1) 2(2) 2i41(1) 2+1(2)]7 can be written as
z=Sh=Sh (4.47)

where S = S diag(—1, —1) and h= diag(—1, —1)h. Thus, using the received
vector z to detect the symbols and estimate the channel coeflicients results in
two possible sets of solutions: {S, h} or, {S, h}, i.e., there is sign ambiguity

in this case.

4.2.2 Simulation Results

To verify the validity of Theorem 1, we consider using the Q-PSK (p = 4) and T-
PSK (g = 3) constellations in construction of the Alamouti code and transmit two
time frames according to our scheme, i.e., we form the matrix S of the symbols to
be transmitted as given in Eq. (3.30) where {si1,su+1)1 € Ss} and {siz, s(i+1)2 €
S3} where S4 and S; are respectively the set of symbols in a Q-PSK and a T-PSK
constellation and tried to detect these four transmitted symbols according to the

formulas given in Theorem 1. We tested the following cases:
a) The four transmitted symbols are all different.

b) We fix the two constellations such that they have one common symbol, i.e., in

our transmission s;; = Si31)2 = 1, and two other different symbols for each

constellation are also transmitted.

¢) The two transmitted Q-PSK symbols are different, but the same T-PSK symbols

are transmitted over the two consecutive frames.
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Figure 4.6: Identification of the transmitted symbols in noise-free case
[J Transmitted QPSK symbol, * Identified QPSK symbol,
O Transmitted TPSK symbol, + Identified TPSK symbol.

d) The two transmitted TPSK symbols are different, but the two same Q-PSK

symbols are transmitted over the two consecutive frames.

Each of the above tests was repeated 1000 times with different symbols selected within
the freedom of each case. Without exception, the symbols were correctly identified

in every test. Fig. 4.6 shows a typical result of each of the cases tested.

4.3 Blind Unique Channel Identification in Com-
plex Gaussian Noise Case

Let us now consider the use of our signalling scheme in the Alamouti STBC channel
contaminated with white complex Gaussian noise. We assume that the two symbols

sp and s, sent over the two transmitter antennas are independent and equally likely
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chosen from the respective p-PSK and ¢-PSK constellations, p and ¢ being co-prime
positive integers. In this case, for each frame, the received signal vector in the two

time slots can be expressed as

2(1) _ |5 s hy + £(1) (4.48)
2(2) ~sy sy |ha £(2)

where [£(1),£(2)]T is circularly-symmetric complex Gaussian noise vector with zero-
mean and variance ¢2I,. The following theorem states that, for this case, the channel

coeflicients can be uniquely identified.

4.3.1 Closed-Form Solution

Theorem 2 [57,58] Let two positive integers p and q be co-prime and E[zP(l)] and
E[z9(1)] for 1 = 1,2 be available at the receiver. Then, we have

hl = E[2*(1)] h; = E[2"(2)]

(4.49)
hi = (—1)'E[2%(2)] hg = E[2(1)]
From this, the channel coefficients hy and hy can be uniquely determined by
hy = |E[22(1)]] /e, hy = |E[z(2)]| /7% (4.50)

where

arg (E[2P(1)]) + 2nym _ g ((-1)7E[2%(2)]) + 2mym
p q

arg (E[27(2)]) + 2nar _arg (E[z7(1)]) + 2mon
p q

6, =

Oy =
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with integers my, ng, k¢ for € =1,2 given by

m = (—ke)pw(@—l—q[ﬂ)—;ﬂi] (4.51a)
n = %(1~p¢<q>)—p[(;@)ng:] (4.51b)
k= arg((—l)"E[z"(2)]2)71:~arg (E"(W))q (4510)
b = arg(E[zq(l)])pz—warg(E[Z”(2)])q (451d)

N

The proof of Theorem 2 is given in Appendix B. Thus, even in complex Gaussian
noise, provided that the pth- and gth-order statistics on the received signals are
available, our signalling scheme can yield a unique closed-form solution to the channel

coeflicients.

4.3.2 Simulation Results

To test the validity of Theorem 2, computer simulations have been carried out in which
the channel coefficients are estimated using Eq. (4.50) of Theorem 2. In order to ob-
tain the pth- and ¢th- order statistics on the received signals, we transmit N frames of
symbols during one observation block while the channel coefficients are invariant. The
signal-to-noise ratio (SNR) here is defined as the average transmitted symbol energy
to noise ratio, i.e., E;/Ny. At each SNR, the normalized mean square error (MSE) of
the channel estimate averaged over K = 200 trials (6,21 = 1 3% Iihe — hy|f?/ |[hk||2)
is evaluated. At each trial the channel is randomly generated following an i.i.d. cir-
cular Gaussian distribution.

Example 1: The purpose of this example is to show the average normalized MSE of

the channel versus the frame number in one observation block. We consider using the
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Figure 4.7: Channel normalized MSE vs. frame number in complex Gaussian noise.

Q-PSK (p = 4) and T-PSK (g = 3) constellations in construction of the Alamouti code
and thus, Q-PSK and T-PSK symbols are independently and equally likely selected,
ie., sp € 8 and s;; € Sz for the ith transmission frame. The results are shown
in Figure 4.7. It can be observed that the average normalized MSE monotonically
decreases as the frame number increases at different SNR values.

Example 2: here, we are interested in the average normalized MSE of the channel
versus the value of SNR. We depict three average normalized MSE curves in Fig-
ure 4.8, each of which is obtained by transmitting a different frame number in one
block, i.e., N = 10%,10° or 10%. This figure tells us that the average normalized MSE
monotonically decreases as the SNR increases in all three cases. The more frames
are used for the estimation, the greater is the accuracy. The difference in SNR re-
quirement for the same estimation accuracy can be quite considerable for the cases
of N =105 and N = 10°.

The simulations above verify our theoretical results in Theorem 2. When the

channel is sufficiently stationary to allow the pth- and gth-order statistics on the
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Figure 4.8: Channel normalized MSE vs. SNR in complex Gaussian noise.

received signals to be obtained accurately at the receiver, the proposed technique
will provide us with unique estimates of the channel coefficients. However, a large
number of data frames has to be transmitted to achieve a reasonable accuracy in
the estimation of the Alamouti STBC channel using Theorem 2. In practice, the
channel coefficients of a wireless communication system often change randomly from
one observation block to the next. Thus, only a limited number of samples may
be available during one observation block and may not be sufficient for estimating
accurately the higher order statistics on the received signal. In this case, it is well
known [27] that the optimal solution is the joint estimation of the channel coefficients
and the signals based on maximum likelihood (ML) criterion. In next chapter, we

will discuss blind ML channel estimation and symbol detection method in details.



Chapter 5

Blind ML Channel Estimation and
Symbol Detection

When only finite samples are available at the receiver, the channel coefficients and
input signals are both unknown parameters to be estimated. By taking advantage of
the orthogonality of the Avlamouti code, we will formulate the process of ML detection
for the transmitted symbols using the signalling scheme proposed in Section 4.1. We
also propose to use either the semi-definite relaxation method or the sphere decoding
method to efficiently implement blind ML channel estimation and symbol detection

for our designed constellation.

5.1 Formulation of Blind ML Detection

The following formulation of blind ML detection is similar to that given in [36].
However, it is developed independently here.

Now, suppose we have received L frames, i.e., 2L observable time slots, of signal
vectors {z;}, 1 = 1,2,---, L, where z; = [2;(1) 2(2)]T. We make the following two

assumptions:

41
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1. The channel coefficients h; and hy are invariant during L time frames.

2. During 2L observable time slots, L consecutive Alamouti coding matrices,

Spi Sgi
S,;=1{ " ™, i=1,---,L (5.52)
—Sgi  Spi

are transmitted, where s, and s, are independent and equally likely chosen
from the respective p-PSK and ¢-PSK constellations with p and ¢ being co-

prime positive integers.

Therefore, the received signals during L time frames can be stacked in a compact

matrix form as

z=Sh+¢ (5.53)

where z = [z7 2zI ... ZI|T with z; = [%(1) z(2)]%, S = [ST ST ... ST,
h=[h ho)T and & = [¢] €% --- €1)T with &, = [&(1) &(2)]T. Given the received
signal vector z, the blind ML detection is to maximize the log-likelihood function

with respect to the transmitted coding matrices and the channel vector, i.e.,
{S,h} = arg max Inp(z|S, h) (5.54)

where p(z|S,h) is the density function of the received signal vector conditioned on
both the transmitted coding matrix S and the channel vector h. Since the noise
vector § is zero-mean complex white Gaussian, Problem (5.54) can be reformulated

to a nonlinear least squares (LS) optimization [13], i.e.,

{S,h} = arg min ||z — Shil3 (5.55)
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Since the received signal vector z is respectively linear in S and h from Eq. (5.53),

we can write the joint optimization problem (5.55) as a sequential optimization,
{S,h} = arg msin {m}in |z — Sh||§} (5.56)

For the inner minimization, we differentiate the objective with respect to h and using

the orthogonality of the Alamouti code, i.e., S#S, = 21, V 4, we obtain

1
Hqy-1qH H
h =(S"S)™'S"z =3 Sz (5.57)

which, when substituted into Eq. (5.56), yields

N 1
§— N HagH '
argmsln{z =572 SS z} (5.58)

H

Since the term z"z is fixed, the above optimization problem is equivalent to

A

S = argmax (SHz)H (SH37) (5.59)
We note that S#z = 377 | SHz, with

0 —2Zz; 2 Spi Z; 1 0 *i
SHg, = @) |om + S *r (5.60)
zi(2) 0 Sqi 0 =z |s

Hence, Sfz can be represented by

L L
- i1 %i(2)8qi + 1 Zill *i
SHZ Zz_l 2 ( )Sq Zz_l Z ( )Sp U1 (561)

EiL=1 2(2)spi + Zf=1 z(1)sy; U
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where

™~

Uy = E zl 3q1+§ zl

@, 2D 1@ =2 (2)] s (5.62a)
L L
Uy = Z;zl s,,,-}—Zz,
= [21(2 "’ZL(Q)’ZI(I)a ,ZL(I)]S* (562b)

with 8 = [5;1,"' ) SpL> Sqly " " ,sqL]T. Substituting Eq. (5.61) and Egs. (5.62) into
Eq. (5.59), the objective function can be further reduced to

(75} .
(872)7(8"2) = [ug, w) | | =l + [l
Uz
= s"ZZ"s (5.63)
where

T

7 Z7(1), -z (1), —2{(2), - —2(2)

Z1(2), ZL(2)v zl(l)» ZL(]-)

Therefore, Eq. (5.59) can be rewritten as a homogenous quadratic optimization prob-

lem such that

§ = argmax {s?ZZs} (5.64)
s€A

where the feasible set A =S, X Sp X -+ X X 8 x Sy x -+- x 8§ = §f x Sk isa 2L
L L

dimensional alphabet set. Once we obtain the solution §, the estimate of code matrix

S follows. By substituting S and z into Eq. (5.57), we thus have the estimated value

of the channel, i.e., h = &Sz
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5.2 Algorithms to Solve this Problem

Due to the finite alphabet property of PSK symbol, in a general case, directly solv-
ing optimization problem (5.64) is a nondeterministic polynomial-time (NP) hard
problem [40], i.e., the optimal solution must be found by a global search method
requiring O(p’q’) multiplications. In this section, we employ the semi-definite relax-
ation (SDR) randomization method [37,41,42] and sphere decoding method [?,43] to

efficiently solve the blind ML channel estimation and symbol detection problem.

5.2.1 Quasi ML Detection by Semi-Definite Relaxation [41]

The SDR-ML approach is an efficient algorithm closely approximating the blind ML
detection with moderate worst-case computational cost. Generally, the SDR method

consists of three steps:

1. Relax the feasible set of the original problem in a way such that the relaxed

problem can be more efficiently solved;
2. Solve the relaxed problem;

3. Convert the solution of the relaxed problem to an approximate solution of the

original problem.

Now, the maximization problem in Eq. (5.64) can be rewritten as

§ = arg max {s"As} (5.65)
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where A = ZZ7 € C**?L, Since s¥As = tr(ss?A) = tr(XA) with & = ss*/, the

problem (5.65) can be further rewritten as

max  tr(XA) (5.66a)
st. Z=ss’, se€A (5.66b)
Elu=1, i=1,---,2L (5.66¢)

where Eq. (5.66¢) comes from the property of PSK symbol, i.e., s;s7 = 1 for all ¢
and is a linear constraint. However, the constraint of Eq. (5.66b) implies that X is a
positive semi-definite (PSD) matrix of rank one. If we omit this rank-one constraint

and relax Eq. (5.66b) to merely a PSD constraint, then we have

max tr(XA) (5.67a)
st. X =0, ZeCx (5.67b)

which is a convex SDP problem and its globally optimal solution can be efficiently
found using the interior-point method [46]. To solve this complex-valued SDP prob-
lem, we need to convert it to an equivalent real-valued problem which can be verified

to have the following expression,

max tr(T A) (5.68a)
- 1(Zr -=

st. T=z "% (5.68b)
212, =g

Sp=3F e R¥*2L 3, = _uT ¢ A2 (5.68¢)

>0, XeRLL (5.68d)

[ER]”' = 1, 1= 1, s ,2L (5686)
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with

X Ar —-A
A; Ap

where Y and X are the respective real and imaginary parts of 3, Ar and A;
are the respective real and imaginary parts of A. Following Theorem 2 in [42],
the problem (5.68) has a simpler formulation to be solved without considering the

structural constraints (5.68b) and (5.68c¢), i.e.,

max  tr(X A) (5.69a)
st T»x0, 3 eRULXL | (5.69b)
)i + Blisar,ivor =1, i=1,---,2L (5.69¢)

which is again a convex optimization efficiently solvable by interior point methods.

Once we obtain the solution, denoted by X, then partition 3 into

where 33, € R2L%2L for all i,l. Therefore, the complex-valued SDR solution of

Problem (5.67) is represented by

$= (211 + ﬁzz) +J (221 - 2A312) (5.70)
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Table 5.1: SDR-ML Randomization Estimator

Give the number of randomizations, denoted by M, .4, and
55 — |Arp —-A
_ 75H _ |AR I
A =2727", A= [ A, Ag }
Stepl. Solve the real-valued semidefinite program

Y = arg maxsgazxaz t1(E A)

Step2. Partition the solution _EA_J = F}H ;12], and let
231 D)

Y= (Bu+Xn)+j(Bn - Bn)
Step3. (Randomization) Factorize 3 = VHV.
for k=1,2,-+ , Mrgnd
Randomly generate a complex vector u; € C2X which is uniformly
distributed on an 2L-dimensional unit sphere.
Compute §(u;) = Quant(V7uy).
end;
Choose the approximate solution § = §(u;), where
| = argmaxy_y,.. a0 87 (uk)As(uy).
Step4. Thus, § is treated as a solution to symbol detection.

From this optimum solution, an approximate solution to the original problem
of Eq. (5.65) can be obtained using the Goemans-Williamson randomization tech-
nique [47,48]. This randomization method has been found to achieve good approxi-
mation accuracy with a modest number of random search [41]. To apply this random-
ization process to our designed constellations, we perform Cholesky decomposition of
3 resulting in 3 = VAV with V = [V1, -+, VL] being an upper triangular matrix.

Then, we proceed the following steps:

1. Randomly generate a complex vector u; € C?* which is uniformly distributed

on an 2L-dimensional unit sphere.

2. For k = 1, -+, M, 4nq, where M,,nq denotes the number of random search,
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compute §(u;) = Quant(V#u,), where Quant(t): the function ¢ = Quant(t)
sets ¢ to the element of A that is closest (in terms of Euclidean distance) to
t. In other words, the entries in first half part of vector VHuy, are quantized
to symbols in p-PSK constellation, and the entries in second half part of vector

VHy, are quantized to symbols in ¢-PSK constellation.

3. Choose the SDR approximate solution to be § = §(u,), where

[ = argmaxg=i ... M., 5" (Ux)AS(ug).

Finally, vector § is treated as an approximate solution to the original optimization
problem in Eq. (5.65). The pseudocode of this modified SDR-ML detector for our

designed constellations is described in Table 5.1.

5.2.2 Blind ML Detection by Sphere Decoding

In this section, we consider the application of sphere decoding algorithm to our blind
ML channel estimation and detection problem (5.64).

The sphere decoding algorithm [49, 54}, which can optimally solve Boolean
quadratic-programming (BQP) problem, has been recently used for coherent MIMO
ML detection [43,50,51]. The basic idea of sphere decoding is a point search method,
i.e., find the optimal lattice point that lies inside a sphere of given radius R centered
at the received point, as shown in Fig. 5.9. In other words, only the lattice points
within the square distance R? from the received point are considered in the metric
minimization [49]. Among the several sphere decoder implementations [43,44,49-51},
we choose a fast closest point search algorithm proposed in [43-45] based on the
Schnorr-Euchner (SE) search strategy [52].

First, we notice that matrix ZZ in Eq. (5.64) is not full rank. In fact, its rank
is only two. Hence, we cannot directly use sphere decoding algorithm but have to

reformulate the problem of Eq. (5.64). To do that, let matrix Z be an orthogonal
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Figure 5.9: Geometrical representation of sphere decoding.

complementary matrix for the column-orthogonal matrix Z, and we have
27" + 27" = || Z |2 Lax (5.71)

where || Z ||> denotes the norm of matrix Z. With the unit-norm property of PSK
symbol, the problem (5.64) has the following reformulation

A . H — "H
§ = argmin {s"Z2Z"s} (5.72)
which can be further expressed as
A . H
§ = argmin {s"Ps} (5.73)

where P = ZZH + 1, r > 0 and full rank. Thus, the Cholesky factorization can be
applied to this positive definite matrix P, where P = G¥G with G being an upper

triangular matrix. Furthermore, the problem above becomes
. . 2
§ = argmin {lIGs]|;} (5.74)

Now, we are able to employ sphere decoding algorithm to this minimization problem.

Sphere decoding only examines those candidate vectors s that all elements of s lie
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inside a sphere of radius R [43], i.e.,
IGs|f; < R? (5.75)

Since matrix G has upper triangular matrix structure, the condition (5.75) can be
checked element-wise. That being said, after we have found preliminary decisions §,
for the last 2L — ¢ components s;,7 + 1 < [ < 2L, we obtain a condition for the ith
component s;,1 < i < 2L. To make this more clear, let g, denote the (7, k)-th entry
of G with 1 < i,k < 2L and dist?,; denote the squared distance for the last 2L —

components, i.e.,

2

2L 2L
dist?, | = Z Z 5 5.76
i+l T Gue Sk (5.76)
l=i+1 | k=l

Then, the squared distance, dist? , corresponding to the last 2L — ¢ + 1 components

for the candidate symbols s;, must satisfy the following distance constraint,
.9 N2 . .2 o
dist? = |giis; + sum(i)|” + dist},; < R (5.77)

where sum(i) denotes the linear combination of last 2L — i components for i-th search

layer, i.e.,
2L
sum(z) = Z 9ik Sk (5.78)
k=i+1

If some s; is found to satisfy Eq. (5.77), the search will move up to the (i — 1)th layer.
Keep doing this search process until ¢ = 1 is reached and thus, a valid vector § is

found in the sphere. Then, the search radius R is updated by

R=||Gs

\ (5.79)
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and the search is repeated with this updated search radius R. Otherwise, if Eq. (5.77)
cannot be satisfied for some index ¢, then, 7 is incremented and another candidate
si41 is tested. If no possible s in this search process for some updated radius R can
be found, the search is terminated.

In order to clearly understand the principle of sphere decoding originally for PAM
constellation and properly modify to our designed PSK constellation, we like to recall

the following key points in this algorithm [37,43,49,52].

1. Initial search radius. Since the SE search strategy [43,52] is usually employed in
fast sphere decoding algorithms, initial radius R is always unbounded and set
at a reasonably large value so that at least one lattice point lies in the sphere.
In practice, the choice of initial radius can be adjusted, i.e., if no point is found
inside the sphere of radius R, the operation can be repeated with a greater

radius.

2. The Viterbo-Boutros (VB) radius contraction [49]. This strategy attempts to
accelerate the closest point search in lattice by iteratively contracting the search

radius, which consists of three steps:

(a) Given G and initial radius Ry, set the search radius R = Ry;

(b) Find a lattice point s € A inside the sphere to satisfy ||Gs||; < R, then,

save § = s and update R = ||Gs||y;

(c) Repeat Step (b), otherwise, stop searching.

3. The Schnorr-Euchner (SE) search strategy [43,52]. This strategy takes advan-
tages of the Babai nearest plane algorithm [53] and the Pohst strategy [54-56]
to improve the previous closest point algorithms by ordering the candidate
symbols for a lattice point search in terms of nondecreasing distance from the

transmitted symbol vector.
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Table 5.2: Best Symbol Search that Minimizes Eq. (5.77)

f1. [m,, step;, n;] = Bestsymbol(sum(i), g;;, M) // M is chosen to be p or ¢
1. Zc = angle (—sum(z)/g;;) // phase (—7 < Zc < )

2. z=2¥(Le) // phase index (—% <z <%, z € R)

3. m; = round(z) // integer phase index (m; € Z)

4. n;=1 // initialize the number of examined candidates
5. step; = sign(z — m;) // initialize the step size for s;

angle(z) denotes the phase angle of z, where angle(-) € (-, 7).
round(z) denotes the quantized integer closest to z € R.
sign(z) is 1if z > 0, and -1 if z < 0.

Table 5.3: Next Symbol Selection using SE Search

f2. [m,, step;, n;] = Nextsymbol(m;, step;, n;)

1. m; = m; + step;, //zig-zag through the remaining symbols
2. step; = —step, — sign(step;) //update step size
3. n=n;+1 //update the number of examined

candidates for s;

Therefore, the key issue in the application of the sphere decoding principle to
our blind ML channel estimation and detection problem is how to generalize the SE
search strategy originally for PAM constellation to our designed PSK constellations.
This generalization can be done by two stages: (a) Select the best candidate PSK
symbol for s; in the ith layer such that the distance dist; starts with the smallest
value, i.e., find the phase index m,; that minimizes dist; in Eq. (5.77). (b) Otherwise,
the search moves down to the (¢ 4+ 1)th layer and then, zigzag through the remaining
phase indices such that dist;,; increases monotonically. Owing to this nondecreasing
property, the closest point search in lattice can be safely terminated as long as the

distance exceeds the current sphere radius R.
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Table 5.4: Pseudocode for Blind ML Sphere Decoder

SphereDecoder (G, p, q,2L, Ry)

initial radius Ro

Output: the estimated symbol vector §

Input: symbol size 2L, 2L x 2L upper triangular matrix G, p-PSK constellation, ¢-PSK constellation

1 R = Ry, disty, = |g21,21]
289, =1, map =0

3 stepyy, = —1

4ngy =1

5i1=2L~-1

6 sum(i) = gap_1)2L

7 [m;, step;, n;] = Bestsymbol (sum(i), g, q)

8 < loop >

9 M=porg

10 ifi<2L {

i1 dist? = giieizﬁnm‘ -‘l—sum(i)|2 -(*dist,?_H }
12 ifdist; < Rand n; < M {

13 s = FFm

14 ifigl{

15 t=1—1

16 sum(é) = T75, 1 ga - s

17 M=porg

18 [m, step;, n;] = Bestsymbol (sum(%), gi;, M)
19 } else

20 {s=s

21 R = dist;

22 i=1i+4+1

23 M=porgq

24 {m, step;, ni] = Nextsymbol (m;, step;, n;)
25 }

26 }else

27 {do{

28 if i == 2L return § and exit

29 i=1i+1

30 M=porgq

31 } while n; ==

32 [m;,step;,n;] = Nextsymbol (m;, step;, n;)
33 )

34 goto < loop >

// initialize sphere radius and distance

// initialize s3;, and phase index

// initialize step size of phase index

// initialize counter for examined candidates for sar,

// start with (2L — 1)th layer

// linear combination of last 2L — i components, see Eq. (5.78)

// best candidate symbol and phase index for sz _;

// judge p-PSK or ¢-PSK constellation by index i

// update squared distance 1 < i < 2L, see Eq. (5.77)
// check sphere radius and constellation size

//save the candidate symbol for s;

// not reached 1st component s;

// move up

// linear combination of last 2L — i components, see Eq. (5.78)
// judge p-PSK or ¢-PSK constellation by index ¢

// best candidate symbol and phase index for s;

// reach the first component

// best lattice point so far

// update sphere radius

// move down

// judge p-PSK or ¢-PSK constellation by index i

// next candidate symbol examined for s;

// outside sphere and search terminated

// move down

// judge p-PSK or ¢-PSK constellation by index i
// while all candidate symbols examined

// next candidate symbol examined for s;
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To make this sphere decoding algorithm easier to understand and operate, we
provide a detailed pseudocode in Table 5.2, 5.3 and 5.4 for our blind ML sphere
decoder, which properly modifies the algorithms given in [7,43].

5.3 Simulation Results

In this section, we provide several simulation examples to examine the performance
of our new blind ML detection method for the Alamouti STBC channel. In all the
tests, the transmitted signals are selected at random alternately from a Q-PSK (p =
4) and a T-PSK (g = 3) constellation as required by our signalling scheme. Different
blocks of symbols consisting of different numbers of frames are transmitted for the
tests. Here, we consider 10, 15 and 20 frames in one transmission block respectively,
i.e., L = 10,15 and 20 in Eq. (5.52). The SNR here is defined as the average trans-
mitted symbol energy to noise ratio (E£;/Ny), and gradually increased from 0dB to
20dB. At the receiver, we jointly estimate the channel coefficients and the transmit-
ted symbols using the SDR-ML detector and sphere decoder, where the number of
randomization of the SDR-ML detector is 40, i.e., M, = 40. In implementation,
we carry out 50 trials, in each of which the channel is randomly generated following
an ii.d. circular Gaussian distribution. At each SNR, the average normalized MSE
(Eﬁ =& S0 by — hell?/ Hhk||2) between the true channel coeflicients and their es-
timates is calculated and the average symbol error rate (SER) is also computed.
Example 1: The purpose of this example is to evaluate the average normalized
MSE of the estimated channel vector over which the signals are transmitted. In
Figure 5.10, the solid curves with square, circular and diamond marks show the
average normalized MSE of our blind SDR-ML detector. The dash-dot curves with
plus, asterisk and “x” marks show the average normalized MSE of our blind sphere

decoder. Also, the dash curves with triangle marks show the corresponding average
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Normalized MSE

—8- SDR-ML QPSK & TPSK 10 frames |- N0 0 g™y rrvrerereee e
—o— SDR-ML QPSK & TPSK 15 frames | - RN
-3[| 6~ SDR-ML QPSK & TPSK 20 frames ’
10 " .-~ Sphere QPSK & TPSK 10 frames
- - Sphere QPSK & TPSK 15 frames
-x-- Sphere QPSK & TPSK 20 frames
—~<+ Sphere QPSK 15 frames
_a| = _Sphere QPSK 20 frames :
10 S— 1 t
0 5 10 15 20
SNR [dB]

Figure 5.10: Channel normalized MSE vs. SNR using blind ML detection methods

normalized MSE of the channel estimates using blind sphere decoder which uses only
one Q-PSK constellation.

From the solid and dash-dot curves, it can be observed that as the SNR increases,
the average normalized MSE of the estimated channel coefficients quickly decreases,
the longer is the transmission block, the smaller is the estimation error. On the
contrary, as shown in the dash curves, no matter how long the transmission block
is, the channel coefficients cannot be estimated with any degree of accuracy. This
poor performance is due to the rotational ambiguity associated with the single signal
constellation. Our signalling scheme employing two signal constellations eliminates
such rotational ambiguity and thus offers substantially superior normalized MSE per-
formance without using any pilot symbols.

Example 2: In this example, we are interested in the average SER performance

of our signalling scheme equipped with the blind SDR-ML detector and the blind
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Figure 5.11: Average SER vs. SNR using blind ML detection methods

sphere decoder. For comparison purpose, the average SER performance of classical
blind sphere decoder (which uses only one Q-PSK constellation) and the coherent
ML detection (which necessitates perfect channel knowledge at the receiver) are also
plotted. In Figure 5.11, the solid curves with square, circle, diamond marks represent
the average SER of our blind SDR-ML detector. The dash-dot curves with plus,
asterisk, “x” marks represent the average SER of our blind sphere decoder. Also,
the dash curves with triangle marks are the average SER of classical blind sphere
decoder, and the solid curve shows the average SER of coherent ML detector.

From Fig. 5.11, it can be observed that when the block data consists of 20 frames,
at an average SER of at the 107%, the difference in SNR requirement between our
signalling scheme and that the coherent detection method is only 1.5 dB. At lower

SER, the difference is even smaller. On the contrary, the dash curves show that the

rotational ambiguity in classical signal transmission results in very poor average SER
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performance due to the exploitation of only a single Q-PSK constellation.

In summary, the two simulation examples above verify our theoretic analysis.
When only finite received signals are provided, the blind ML detection methods em-
ploying our signalling scheme can eliminate the rotational ambiguity and thus, achieve
substantially better performances of channel estimation and symbol detection without

the aid of pilot symbols.



Chapter 6

Conclusion and Future Work

6.1 Conclusion

In this thesis, we proposed a novel blind channel identification technique for Alamouti
STBC channel by properly designing and transmitting signals. Using our signalling
scheme, we proved that in the noise-free case, only two distinct pairs of symbols
(two consecutive frames) are needed to uniquely determine the channel coefficients
and decode the symbols, while in the case of complex Gaussian noise, if the pth-
order and gth-order statistics (p and ¢ being co-prime integers) of the received signals
are available or can be estimated accurately, we are still able to uniquely determine
the channel coefficients. In both cases, simple closed-form solutions were derived by
exploiting specific properties of the Alamouti code and linear Diophantine equation
theory.

However, when only a limited number of received data are available, under Gaus-
sian noise environment, we suggest the use of the semi-definite relaxation randomiza-
tion method and the sphere decoding method to implement blind ML detection so
that the joint estimation of the channel and the transmitted symbols can be efficiently

facilitated. Simulation results show that our blind ML estimation methods provide

59
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superior the average normalized mean square error in channel estimation compared
to the method using only one constellation and that the average symbol error rate is
close to that of the coherent detector, particularly when the SNR is high.

As an extension of our signalling scheme to other channels, we applied a specific
space-time coding technique to multi-input single-output system with an even num-
ber of transmitter antennas. We demonstrated that this system has an equivalent
representation which consists of multiple Alamouti STBC subchannels. Hence, our
blind channel estimation technique is also useful to the estimation of this particular

space-time coded MISO communication system.

6.2 Future Work

There are many possibilities for future work in this area.

1. In this thesis, our signalling scheme is proposed for the estimation of single user
Alamouti STBC channel. In the future, we may consider to apply it to multiple

user scenario.

2. Here, we discuss the estimation of Alamouti STBC channel under flat fading en-
vironment. If Orthogonal Frequency Division Multiplexing (OFDM) technique
is employed, further possibility may include extending the channel estimation

from flat fading channel to frequency selective Alamouti STBC channel.

3. The idea of our signalling scheme may also be applicable to MIMO system
with the generalized OSTBC, i.e., estimating the channel through a properly

designed signalling scheme.

4. In addition, the idea of joint channel estimation and symbol detection opens

up many research possibilities. In implementation of our blind ML estimation
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methods, the SDR-ML detector and the sphere decoder are both found to be
very slow in operation when the frame number in one observation block is
beyond 20. To improve the performance of our blind ML estimation methods,
there may exist other optimization algorithms which can efficiently handle the

maximum likelihood estimation problem with large data size.



Appendix A

Proof of Theorem 1

To prove Theorem 1, we need the following lemmas and definitions.

Lemma 1 [39] If ged(p,q) = 1, the following Diophantine equation

has integer solutions with respect to variables m andn. If (mg,ng) is a specific solution

to Eq. (A.1), then, the set of all solutions can be characterized by
m=my+qt, n=mny—pt (A.2)
where t is any integer. ]

Proof: From pm + gn = k and pmg + gno = k, we have p(m — mg) + ¢(n — ng) = 0.
Since ged(p,q) = 1, we deduce that p divides n — ny. Let n = ny — pt, so that
m = mg + gt. The required result follows from substituting these into Eq. (A.1). O

Definition 1 [39] Let m be a natural number. If a — b is a multiple of m, then we

say that a and b are congruent mod m, and we write a = b (mod m). |

62
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The congruence has the following fundamental properties [39]:

1. a =a (mod m) (reflexive);
2. If a = b (mod m), then b = a (mod m) (symmetric);

3. If a=b,b = c (mod m), then a = ¢ (mod m) (transitive). u

The above three properties show that congruence is an equivalence relation. The
set of integers can be partitioned into equivalence classes so that integers in each
class are congruent among themselves, and two integers from different classes are not

congruent. We call these equivalence classes residue classes.

Definition 2 [39] We denote by p(m) the number of residue classes (mod m) co-
prime with m. This function o(m) is called Euler’s function, and it may also be

described as the number of all positive integers not exceeding m and prime with m.

[ |
The Euler function has the following properties [39]:
1. Multiplicative property, i.e., If ged(m,m’) = 1, then, p(mm’) = p(m)ep(m’).
2. For any integers m, if the standard factorization is given by
m=pt.pl, p<py < <p, (A3)
where p1,p2, - , P, are prime number, then, we have
p(m) = (1) - o(B%) (A.4)
3. For any integer m, we have
1
p(m) =m [0~ ) (A.5)
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where p|m defines m is divisible by p, and p runs over the distinct prime divisors

of m. n

Example: (12) = p(2%-3') =2%2-3'(1 - 3)(1 - 3) =4.

Definition 3 [39] If we select one member of each residue class co-prime with m:

ay,. .. ,a‘p(m)
then we call this set of integers a reduced residue system. |
Lemma 2 [39] Let ay,as, ..., au0m) be a reduced residue system, and suppose that
ged(k,m) = 1. Then kai,kaz, ..., kaum) is also a reduced residue system. [ ]

Proof: Clearly we have gcd(ka;,m) = 1, so that each ka; represents a residue
class co-prime with m. If ka; = ka; (mod m), then, since ged(k,m) = 1, we have

a; = aj (mod m). Therefore, the members ka; represent distinct residue classes. [
Lemma 3 [39](Euler) If ged(k,m) = 1, then, k*(™ =1 (mod m). |

Proof: From Lemma 2, we have:

o(m) o(m)
H (kay,) = H a, (mod m)
v=1 v=1
Since ged(m, a;) = 1, it follows that £“(™ = 1 (mod m). O

In order to prove Theorem 1, we also need the following lemmas.

Lemma 4 [58] Let two positive integers p and g be co-prime. Then, for any given

integer k, there exists a unique pair of integers m and n such that

k =pm+qn, for 0<m<yq (A.6)
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Furthermore, m and n can be explicitly determined by

wla)—1
m = kpsp(q)—l —q [@_] (A.7a)
q
()1
n = k (1-p*9) +p [kp 1 (A.7b)
q
|

Proof: Since ged(p, q) = 1, by Lemma 1, there exists a pair of integers m and n
satisfying Eq. (A.6). To prove the uniqueness of the solutions, suppose there exist

two different pairs of m,n and m’,n’ with 0 < m,m’ < ¢ such that

k = pm+gn (A.8a)

k = pm' +qn (A.8b)

From these two equations, we have (m — m’)p = (n’ — n)q. Since ged(p,q) =1, ¢
divides m — m’. Combing this with condition 0 < m,m’ < ¢ results in m = m/
and thus, n = n’. Therefore, the solution is unique. In the following, we prove that
Eqgs. (A.7a) and (A.7b) are true based on the Euclid algorithm (see Appendix C).

From Eq. (A.6), we have
k = pm (mod q) (A.9)

Since ged(p, ¢) = 1, p*@~1 is also co-prime to q. Multiplying both sides of Eq. (A.9)
by p# @1 yields

PP = pr@-lpy, (mod q)

= p*Dm (mod q) (A.10)
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By Lemma 3, we have p#(9 = 1 (mod ¢). Substituting this into Eq. (A.10) leads to

m = kpD7! (mod gq)

wla)—1
= kpr@-1 _g [kp 1 (A.11)
q
where 0 < m < ¢. Substituting Eq. (A.11) into Eq. (A.6) yields
k kpP@-1
n= E (1 . p‘P(q)) +p { P -‘ (A.12)
O

Lemma 5 [58] Let two positive integers p and q be co-prime, s, and s, denote two
symbols chosen from p-PSK and q-PSK constellations, respectively, i.e., s, € S, and

s € S4. Suppose

2k

SpSq = €xp | j , for0<k<pgq (A.13)
P-q pq

then, s, and s, can be uniquely determined by

27 [k k-p‘P(‘J)‘l
sp=exp | j—{ = (1-p°?) + { A.l4a
P (J > (q (1-p9) +p p (A.14a)
w(g)—-1
84 = exp (1—22 (kp*’(q)_l —q l'kp .D) (A.14b)
q q
where 0 < (kp“’(‘”‘l —-q [%)_—1-’) < q. ]

Proof: From Lemma 4, for any given k, there exists a pair of s, and s, satisfying

Egs. (A.14) and (A.6). Therefore, we have

(,27rk) (,27r(mp + nq)>
explj— ) = exp|j—m——
pq pq

(,27rm) (,27m)
= explj exp | j—
q D
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That is, such a pair of s, and s, is a solution to Eq. (A.49). In the following, we will
prove the uniqueness of the solutions. To do that, suppose there exists a different
pair of symbols s, € S, and s;, € S, satisfying Eq. (A.49). Hence, s,s, = s,5,. Let

21

2
s,,=exp(1p),0§n<p and sq———exp(j—wqﬁ),ogm<q (A.15a)

7

2mn/ 2
Sp, = €Xp <J—l;?-> ,0<n <p and s =exp (J—m) ,0<m' <q (A.15b)
q

Then, we have
n o m n m
exp | j2r|{—+ — )zex ('27r —+——> A.16
(25 +5)) =eo (i2n(5 ) (19

This is equivalent to

(n—n)g=(m —m)p (modpg) (A.17)
Therefore, m’ — m = 0 (mod ¢) and n — n’ = 0 (mod p). Since 0 < m,m’ < ¢ and
0 <n,n <p, we have m =m' and n =n'. a

Lemma 6 [58] Let spn € S, and sgn € Sg forn=14,i+1 be four symbols respectively
chosen from p-PSK and q-PSK constellations, p and q being co-prime positive inte-
gers. Define ai = 3(spi+1)Sh; + sq(i+1)s;i) and @i = £ (SpiSq@i41) — SqiSpi+1))- Then,

we have

|a,-1|2 + Ia'i2|2 =1 : (AlS)
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Proof: From the definition of a;; and a;z, we have

lag > = %(sp(i+l)3;7i + Sq(i+1)3;i)H(sP(i+1)s;i + 3q(z‘+1)5;i)
= %[2 + 'SP(i+1)S;iS;(i+l)Sqi + 5;(i+1)spi3q(i+1)5r:i] (A.19a)
la|® = élz(sm'sqml) — SqiSp(in1)) (SpiSa(i+1) — SqiSp(ie))
= %[2 = SpiSpr1) SgiSa(i+1) — SpiSp(i+1)SaiSyi+ )] (A.19b)
Adding both sides of the two equations above yields |a;|? + |asn|? = 1. O

Lemma 7 (58] Let s,, € Sp and s, € S, for n=14,i+1 be four symbols respectively
chosen from p-PSK and q-PSK constellations, p and q being co-prime positive inte-
gers. Also, let a;; = %(sp(iﬂ)s;‘ﬂ + Sq(i+l)3;i) and a;p = ‘;‘(SPL'Sq(i+1) — sqisp(iﬂ)), where
ain 2 |ap|e’®, 0, € [, m) with a £ arccos |a;| and a;z £ |ap|e?%?,0, € -7, 7).

Then, the solutions of the follounng equation

2

=1 (A.20)

;2

a; — exp(jw)

with respect to variable w with 0 < w < 27 can be expressed by
w=6;+a—-2nr (A.21)

Furthermore, for such w, we have

2 { exp (j(ﬂiz — 01+ %))’ w=0n+a—2r (A.22)

a;y — exp (jw) exp (j(&iz — 04— %)), w=46; —a-—2nr

where | = 0, —1. |
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Proof: Eq. (A.20) is equivalent to

2
jaal® = Jan - exp(jv)

= agail - ag exp(jw) — aq exp(—jw) +1

|aa)? — laﬂl{ explj(w — 0i)] + exp[—j(w — 9z‘1)]} +1
|a,~1|2 — 2|ai1| cos(&,'l — UJ) +1

where 0 < w < 27. Using Eq. (A.18) in Lemma 6 results in
1 —Jaia)? = |aq|® = 2]ai| cos(fi; —w) + 1
which can be further simplified as
cos(0; — w) = |a;| = cosa
Therefore, we get
w=0;+ta-2r
If w=6; + o — 2ix, then, we have

—7r-—2l7r§01-1+a—2l7r<%7-r~—2l7r

69

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

since §;; € [—m,7) and « € [0, 7/2]. Hence, for 0 < w < 2, the possible values for !

are 0 and —1. Similarly, when w = 6;; — o — 2{w, the possible values for [ are also 0

and —1.
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In addition, using Eq. (A.26), we have

a2 _ a2
a;1 — exp (jw) ai — exp (j(6i £ a))
_ a2
exp(j0i) (laq| — exp(xja))
. Q2
exp(j@il)(laiﬂ — cos(a) F jsin(a))
+jap

= . (A.28)

eXp(]eil) 1- |ai1l2
where we have used |a;;] = cose. By Lemma 6, sina = /1 — |aa]? = |a;| for
a € [0,%]. From the definition of a; = |a;1|e?® and a;2 = |a;p|e’®?, Eq. (A.28) can

be further reduced to

Jlaiz| exp(j6;2) — A, _
Qi2 { oGO el W = 0;1 + o — 2rn

a;i — exp (jw) —jlaig] exp(ifi)

exp(76i1) laiz]
_ jexp (j(@iz—ﬁﬂ)), w=060s+a-2nr
—J exp (j(9i2 - 91'1)), w=03—a-=2r

w=0;;-a-—2nr

{ exp (]‘(91’2_91'1‘*"725)),' w=0;+a-—2lr
eXP(j(9i2—9i1—§)), w=0—a-—2r

where [ = 0, —1. This completes the proof of Lemma 7.

a
We are now in a position to prove Theorem 1 [58].
Proof of Theorem 1: First, we rewrite Egs. (4.43) as
SpiSqili1 + Qiz = SpiSq(i+1) (A.29a)

SpiSqilil — Ai2 =  SgiSp(i+1) (A29b)
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Particularly when a;; = 0, the above equations are reduced to

SpiSq(i+1) = G52 (ASOa)

SqiSpii+l) = —Qi2 (A.30b)

Using Lemma 5, from Eq. (A.30a), we can uniquely determine s,; and sq(i41) as

o2r [k klpw(q)—l
S, = €x (2 (1-p*9) + [———— A3la
» p (J » ( . ( p ) p . ( )
o N oy pP(9)-1
Sq+1) = €Xp (J? (klp""(q) g l'_ip—q———l )) (A.31b)

where k; satisfies exp (j-gl’)’—;‘l) = a;, k1 € [0,pq). Similarly, we can also uniquely

determine sq; and sy;.41) from Eq. (A.30b) as

2 k ko pP(@)—1
Spitn) = €Xp (jf(f(l—p“‘q>)+p[~2—p—q—])) (A.32a)

) wlg)-1
S¢i = exp j—z <k2PW(q)_l —-q [————kw ] ) (A.32b)
q q
where k&, satisfies exp (j lp’%z) = —a;2, k2 € [0,pq). This proves Statement 1.

In the following we will prove Statement 2. Since s, Spi41) € Sp and sS4, Sqit1) €

Sy, the products sy;spi+1) and s3;54¢4+1) are still in S, and Sy, respectively. Let

SpiSpi+1) = exp (j2mép/p), 0L 4, <p (A.33a)

SqiSqi+1) = €xpP (j2ml,/q), 0< {4y <q (A.33Db)
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From Eqs. (A.33), we have

Spi+1) = €xp (27l /p) spiy 0L €, < p (A.34a)

Sqi+1) = exp (J27mle/q) sqs, 0 <€, < g (A.34b)
Substituting Eqs. (A.34a) and (A.34b) into Egs. (A.29b) and (A.29a) results in

SpiSqi (a,-l — exp (j 27r€,,/p)) = a2, 0Z<46,<p (A.35a)

SpiSqi (ail — exp (j 27r€q/q)) = —ap, 0</{4,<gq (A.35b)

Now, we can claim a;; # exp (jz—:f’i) and a;; # exp (j?—;ﬁ). Otherwise, if a;; =
exp (jz’g'i) for 0 < ¢, < p, then, as in Eq. (A.35b) must be equal to zero. As a
result, Eq. (A.29a) becomes

SpiSqi €XP (j 27r€,,/p) = SpiSqii+1), 0 € <p (A.36)
Since s,; # 0, from Eq. (A.36), we get
sqiexp (j 218, /p) = sqa41), 0< L, <p (A.37)

Let s = exp (j 27r€q,~/q) and sq(;41) = €xp (j 2784 (i41) /q) Then, Eq. (A.37) is ex-

pressed as

exp (j27rq€qi) exp (j27;€”) = exp (j?—ﬂ—g'g—ﬂ—l)), 0<¢,<p (A.38)

which is equivalent to

plyi+qly = plyusry (mod pg), 0<6,<p (A.39)
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Therefore, we have
l,g=0 (modp), 0<46,<p (A.40)

Since p and q are co-prime, the above equation holds only if £, = 0 (mod p). Combing
this with 0 < ¢, < p yields ¢, = 0 and as a result, a;; = 1 and a;; = 0. With these
a;1, a2 and Egs. (A.29), we get sg; = Sq+1) and Sy = Sp(i+1) and we further have
Z; = Z;41, since z; = S;h and z;,; = S;;1h in Egs. (4.35), which contradicts with the
assumption in Theorem 1 that z; and z;;; are two distinct received signal vectors.

Therefore, a; # exp (j 2n¢,/p) and Eq. (A.35a) can be rewritten as

[479)]
S$piSqi = , 0<¢,<p A 41)
o a;; — exp (j—f-zle’) P (

Similarly, we can prove a; # exp (j 274, /q) and thus, Eq. (A.35b) can be rewritten

as

SpiSqi = I <=7 0</¢,<q (A.42)

Qi1 — €Xp (]—ql) ,

Combining Egs. (A.41) and (A.42) results in

exp (jzzfp) + exp (jngqﬁ) = 2a; (A.43)

for 0 < ¢, < pand 0 < ¢, < q. In addition, since the product s,;s, still belongs to
PSK constellation in Lemma 5, from Eqs. (A.41) and (A.42), we can get

2 2

—a;2

a1 — €Xp (J&rfi)

=1 (A.44)
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where 0 < ¢, < p and 0 < ¢, < ¢q. For notation simplicity, let w, £ 2n0,/p and

wy £ 2ml,/q. By Lemma 7, we have

wp=0agta-24r, 0<w,<27 (A.45a)

wg=0ata—2r, 0<w, <27 (A.45b)

where [; = 0,—1 and I, = 0, —1.
Now, we consider the following cases for all possible values of wy, w, for {; and l,.
Case 1: w, = 03 + a — 241w and wy, = 6; + o — 2l;w. In this case, we have

wp = wy + 2(l2 — l;)w. This is equivalent to

Lp+ (~l)g=—(a~l)pg. (A.46)

Therefore, we have ¢,p = 0(mod ¢) and ¢,q = O(mod p). Since ged(p,q) = 1,
¢, = 0(mod ¢) and ¢, = 0(mod p). Combining with 0 < ¢, < p and 0 < ¢, < ¢ yields
¢, = 0 and ¢, = 0. Substituting these into Eq. (A.43) results in a;; = 1 and as a
result, by Lemma 6, a;; = 0. Thus, from Eqgs. (A.29), we further get

Spi = Spi+1)s  Sgi = Sq(i+1) (A47)

which contradicts with our assumption in Theorem 1. Therefore, Case 1 cannot
happen.

Case 2: wp, = 6;; —a — 2lim and w, = 0;; — o — 2l,7. Similar to Case 1, Case 2
cannot happen either.

Therefore, in order to prove Statement 2 of Theorem 1, we only need to consider
the following cases according to all the possible conditions of 6;; and a so that the

corresponding ¢, and ¢, can be uniquely determined
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Case 3: eip0ute) =1 itlBu-) =1 wp =0y +a—2hmand wy =60; —a—2r. In

this case, we will discuss all the following possible values of [; and ;.

a. f0<0,+a<2rand 0 <6, —a <2m ie,a<0; <2m—a,then!l; =0 and
l» = 0. Otherwise, either {; = —1 or [, = —1. This results in 27 < w, < 47 or
27 < wy < 4w, which contradicts with the angle constraints given in Eqgs. (A.45).

_ wpp _ (Buata)p — weg _ (Bu—alg
Therefore, we have £, = & = SL=%, £ = L = 22

b. If —a € 6, < «, then |; = 0 and I = —1. Otherwise, either I; = —1 or
lo = 0. This yields 27 < w, < 47 or wy < 0, which also contradicts with the
angle constraints given in Egs. (A.45). Therefore, we have £, = <£E Gutelp

T 27 ?
0 — Yal (8i1—a+2m)g
q = == .

2n 2n

c. If -2r4+a <6; <—a,then,l; = —1and l; = —1. Otherwise, either I; = 0 or
l, = 0. This leads to w, < 0 or w, < 0, which also contradicts with the angle

constraints given in Eqgs. (A.45). Therefore, we have £, = %22 = &0“?——:—2’@ and

€ _ wWgq __ (0;1 —a+2w)q
97 2 T 27 .

Case 4: eP0u—0) = 1 efalbute) = 1 () =y — a — 27 and w, = 61 + a — 2.

Similar to Case 3, we will discuss all the following possible values of I; and I,.

a. If a < 0,; < 2mr — a, then, I; = 0 and I, = 0. Otherwise, either |, = —1
or Iy = —1. This results in 27 < w, < 47 or 27 < wy < 4w, which also
contradicts with the angle constraints given in Egs. (A.45). Therefore, we have

g, = wep — Bu-—ap p _ wig _ (@ata)g
p ) “q .

27 2n 27 2

b. If —a < 6; < a, then, {; = —1 and {; = 0. Otherwise, either {; =0 or l, = —1.

This yields wp < 0 or 2 < w, < 4w, which also contradicts with the angle

constraints given in Eqs. (A.45). Therefore, we have £, = 2 = 9“";":2")’” ,

g = w19 — (6i1+a)q

q 2n 2
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c. If 2n+4+a <6; < —a, then, l; = —1 and I, = —1. Otherwise, either I; = 0

or I, = 0. This yields w, < 0 or w, < 0, which also contradicts with the angle

constraints given in Egs. (A.45). Therefore, we have £, = “L2 = 9“_;’:2")" :

0 = wgq _ (fita+t2m)g
9 2o T 27 '

Therefore, from the above four cases we can uniquely determine ¢, and ¢, as

¢, = w,p/2m and €4 = w,q/2m. Now, by Lemma 7 we can get

G2 { exp (j (9i2 =0 + %)), b, = @%ﬂm (A.48)

a;1 — €Xp (]wp) exp <] (01'2 _ eil _ %)), gp — (6iy —a—2im)p

2

where [ = 0, ~1. Furthermore, from Eq. (A.41) we have

a2 ,27rk>
SpiSqi = —————~=explj— ], 0<k < A .49
A ——" (] p— pPq (A.49)

Combining Egs. (A.48) and (A.49), we can uniquely determine £ as

2

!912—0i1+§?1ﬂ] mod pg, if ep _ !0,-1+g—2l7r!p
k = 4 (A.SO)

! Oiz~0i1—% qu . (81 —o—2im)p
5 mod pgq, if £, = T

where [ = 0, ~1. Therefore, by Lemma 5 we can uniquely determine the symbols s,
and sy, i.e., Egs. (4.45a) and (4.45b), and furthermore, with a pair of the unique 4,
and £,, we can uniquely determine the symbol sp;41) and sg41) from Eqgs. (A.34);
i.e., Egs. (4.45c) and (4.45d). This completes the proof of Theorem 1.

O



Appendix B

Proof of Theorem 2

To prove Theorem 2, we first establish the following lemmas.

Lemma 8 [58] If a random wvariable, denoted by x, is complezr circular Gaussian

with zero-mean and variance 202 then
E[z*]=0 for any ke Z! (B.1)

where E[-] is the expectation operator and Z' denotes the positive integer set. [ |

Proof: Let xr and z respectively denote the real and image part of z, i.e.,
T = zg + jx, with zg ~ N(0,0%) and z; ~ N(0,0%). We write the binomial

expansion of the kth power of x as

k
. k el ke
o = @t = 3 () )oht (B2)
’ =0

77
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Taking expectation of both sides of Eq. (B.2), since xg and x; are independent with

each other, we have

EREOS

=0

3 ) B[k | B[ 24 (B.3)

=0

Since zg ~ N (0,0?) and z; ~ N'(0,0?), it can be verified that E[z}] = E[z}] = 0 if

{ is odd integer. For this reason, the proof can be carried out in two cases:

1. When k is odd integer, one of [ and k — { must be odd and thus, we have
E(z%]=0 or E[z§'] =0, for I=0,---,k

Therefor, Eq. (B.3) can be further deduced to
5 [k
Bl =3 (| )i*Elah] Blat ] =0 (B.4)

=0

for k is odd integer.

2. When k is even integer, Eq. (B.3) can be rewritten as

B[+*] = Z('I)E[ 1B (85)

=0
k/2-1
- E (2n]:_ 1>jk—2n—1E[x?{n+l]E[xllc—2n—1] (B.6)
k/2
+ Z( ) B[ 2% | Bl 257" ] (B.7)

where the term (B.6) is zero since E[2%"'] = 0 for | = 2n + 1, n =
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,k/2 — 1. The following task is to prove the term (B.7) is zero for
l = 2n,n = 0,---,k/2. Since we assumed zr ~ N(0,0?), its probability

density function is expressed by

o) = — = -2k ) (B.3)

Therefore, from the definition of expectation, we get

E(z%] = 0\/5_7; a:R exp( ﬁ) dzg

_ m}% [ /_oo 22 dexp(— x%/?oz)} (=0?)

2 |00 o0 2
- 0 [x‘Zn—le“z—[ﬁ' _/ exp(_L) dx?{n 1] (B.g)
o0 /-0 202

\/271' R
Since the first term in bracket is zero, Eq. (B.9) can be further derived

E[z% - \/__/ exp( 2)(271—1) 2 ldzg

n— 12
= o*(2n~-1) a\/— 2( Y exp<—5—0——> dzr
= 0*(2n - DE[z}"" "1

= o%(2n—1)(2n - 3)E[«2"?]

= o™(2n- 1! (B.10)

where E[z}] = 1 and (2n~1)!! = (2n—1)(2n—3) - - - 1. Therefore, the term (B.7)
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has the following derivation:

k/2

A i
Z(2n>lk "B 2% E[ 2k
n=0
/2 .
- - %"" — 1)t — _ 1\t 4Ek—2n
;(M)( 1)2™(2n — D o®™ (k—2n— D)o
k/2 k N
= ") (1) o (2 = D (k- 2n — 1N
o nzz(:)( 1)2 (2n)!(k—2n)!(2n D! (k = 2n — 1!
- 2n ”k 2n)!l
k/2 k "
= D ' , B.11
;( ) 27 nl 237" (5 — n)! (B.11)

where (2n)!! = 2" n! and (k—2n)!l = 25" (&4 —n)l. Let k = 2I, by the property
of (20)! = (21)11 (21 — 1)!, the right side of Eq. (B.11) becomes

o2 S (—ryn G- DY

—~ 2inl(l — n)!
l
o2 [Z( 1)t )](21—1)
70
= o2 [Z (i) 1" (—1)1-"} (21 = )N

= o1 -2 -1

= 0 (B.12)
Since both terms (B.6) and (B.7) are zero and as a result, Eq. (B.5) is zero for
even integer k, i.e., E[zF] =0, for even k.

Therefore, from these two proofs, we have E[z*] = 0 for any positive integer k.

]
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Lemma 9 [58] Let two positive integers p and q be co-prime and o and 3 be two

complex numbers. Then, there exists a complexr number x satisfying
2 =« (B.13a)

27 = (B.13b)

if and only if o and B meet the following conditions:
la|'/P = ||V (B.14a)

arg(B)p — arg(a)g =0 mod 27 (B.14b)

Furthermore, under the above two conditions, x is uniquely determined by

T = |a|/Pel? (B.15)

where § = 28O2Imn _ arg(a)+Inm £ () <y < g and 0 < n < p, with such integers m
» q

and n uniquely determined by

—k)prl@-1
m = (=k)pr@1—gq [—————( k)z; ] (B.16a)
—k)pra-1
n = s (1 _pw(q)) —p [________.( k)I; ] (B.16b)
Here k = 2eBlp—arg(adg E2E @)q n

Proof: Let z = |z|e%, a = |a|e¢/*®#(®) and B = |B|e/*8). Then, Egs. (B.13a)
and (B.13b) have a unique solution if and only if Condition (B.14a) and the following
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conditions are satisfied,

pd = arg(a)+ 2nw (B.17a)
g6 = arg(B)+ 2mm (B.17b)

where 0 < 8, arg(«), arg(8) < 27, 0 < m < g and 0 < n < p. Notice that Egs. (B.17)
have a unique solution with respect to variables m and n iff the following Diophantine

equation has a unique solution,

arg(f)p — arg(a)q
2

=gn—pm, for 0<m<gand0<n<p (B.18)

Using Lemma 4, Eq. (B.18) has a unique solution iff ﬂ%"—-ﬂa—)" is an integer.
Following the proof of Lemma 4, we can have the unique solution of Eqgs. (B.16) as
required. g

Proof of Theorem 2: First, we prove that Egs. (4.49) are true. From the channel

model of Eq. (4.48), we raise the first received signal to its pth power, i.e.,

#(1) = [sphl + sqgha + f(l)]p

= Ep: (i) (Sphl + thz)kf”'k(l) (B.19)

k=0

where (i) denotes the binomial coeflicient. Taking the expectation of both sides of

Eq. (B.19) over random variables s,, s, and £(1), we have

El2? L D o b1+ 5.hg ~

[2P(1)] = kE= (k)E[( ol + sgh )ké-p k(l)]
p (Z) [(s”hl sqhz)k]E[gp—k(l)]+E[(Sph1+3qh2)p] (B.20)
k=0
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Since the noise £(1) is complex white Gaussian and independent with the transmitted
symbols s, and s,, using Lemma 8 results in E[¢/(1)] = 0for I = 1,---,p, the
summation term in Eq. (B.20) is thus zero. Taking binomial expansion to the second

term in Eq. (B.20) yields

sl +enar] = 35 () ellonoar ]

I=

= R} E[s§]+i (?) E [(sph1)'(sgh2)""!] +h] E[sE)
1=1

[=]

-3 (Iz))E[(sphl)l(sqhz)”“’]+h’f (B.21)
=1

= (7 K hE'E(s |E[s27"] + RS B.22)
,Z(l) (4 E[s2") (

1

i
T

(B.23)

where E[s5] = 1, and E[s}] = 0 since ged(p,q) = 1. The derivation from (B.21) to
(B.22) is under the assumption that s, and s, are independently selected from S,
and S,, respectively. Since E[s] = 0 for I = 1,---,p — 1, the summation term in
Eq. (B.22) is zero, and Eq. (B.23) is thus derived. Therefore, combining Eq. (B.20)
and Eq. (B.23), we have

By = E[(sph1 + sghy)?] = E[z7(1)] (B.24)
By the same token, we have
By = (—1)°E[=4(2)] (B.25)

Now using Lemma 9, we can prove the statement for h; in Theorem 2. Similarly, we

can prove the statement for Ay in Theorem 2. O



Appendix C

Euclid Algorithm

The Euclid Algorithm is designed to compute the greatest common divisor for two

integers a and b (not zero) from the following situations:

1. If a is divisible by b, namely b|a, then ged(a,b) = b. This is indeed so because
no number (b, in particular) may have a divisor greater than the number itself

(for non-negative integers).

2. If @ = bt + r, for integers ¢t and r, then ged(a,b) = ged(b,7). Indeed, every
common divisor of a and b also divides r. Thus ged(a,b) divides r. But, of
course, ged(a,b)|b. Therefore, ged(a,b) is a common divisor of b and r and
hence ged(a, b) = ged(b,r). The reverse is also true because every divisor of b

and r also divides a.

For example, let a = 294, b = 66.

294 = 66 4 + 30 ged(294, 66) = ged(66, 30)
66 =230%2+6 ged (66, 30) = ged(30, 6)
30=6x5 ged(30,6) = 6

Therefore, gcd(294, 66) = 6.

84
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For any pair a and b, the algorithm is bound to terminate since every new step
generates a similar problem (that of finding gcd) for a pair of smaller integers. We

have the following corollary:

Corollary 1 For every pair of whole numbers a and b, there exist two integers x and

y such that axz + by = ged(a, b). |

For example: 294 x (—2) + 66 x 9 = 6.

Note that any linear combination az + by is divisible by any common factor of
a and b. In particular, any common factor of a and b also divides ged(a,b). In a
“reverse” application, any linear combination ax + by is divisible by ged(a, b).

One of the uses of the Euclidean algorithm is to solve the Diophantine equation
az+by = c. This is solvable (for z and y) whenever ged(a, b) divides c. If we keep track
of the quotients in the Euclidean algorithm while finding ged(a, b), we can reverse the
steps to find z and y. For p and ¢ being co-prime integers, i.e., ged(p,q) = 1, we can
reverse the steps to find m and n to satisfy the Diophantine equation mp+ng =k

for any given integer k since ged(p, q) divides any integer.
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