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Abstract 

Cooperative haptics enables multiple users to manipulate computer simulated ob­

jects in a shared virtual environment and to feel the presence of other users. Prior 

research in the literature has mainly addressed single user haptic interaction. This 

thesis is concerned with haptic simulation in multi-user virtual environments in 

which the users can interact in a shared virtual world from separate workstations 

over Ethemet-based Local Area Networks (LANs) or Metropolitan Area Networks 

(MANs). In practice, the achievable real-time communication rate using a typical 

implementation of network protocols such as the UDP and TCP /IP can be well 

below the 1kHz update rate that is suggested in the literature for high fidelity hap­

tic rendering. However by adopting a multi-rate control strategy as proposed in 

this work, the local control loops can be executed at 1kHz while the data packet 

transmission between the user workstations occur at a lower rate. Within such a 

framework, two control architectures, namely centralized and distributed are pre­

sented. In the centralized controller a central workstation simulates the virtual 

environment, whereas in the distributed controller each user workstation simu­

lates its own copy of the virtual environment. Two different approaches have been 

proposed for mathematical modeling of the controllers and have been used in a 
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comparative analysis of their stability and performance. The results of such analy­

sis demonstrate that the distributed control architecture has greater stability mar­

gins and outperforms the centralized controller. They also reveal that the limited 

network transmission rate can degrade the haptic fidelity by introducing viscous 

damping into the virtual object perceived impedance. This extra damping is com­

pensated by active control based on the damping values obtained from the analyt­

ical results. Experimental results conducted with a dual-user/dual-finger haptic 

platform are presented for each of the proposed controller under various scenarios 

in which the user workstations communicate with UDP protocol subjected to a lim­

ited transmission rate. The results demonstrate the effectiveness of the proposed 

distributed architecture in providing a stable and transparent haptic simulation in 

free motion and in contact with rigid environments. 
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Chapter 1 

Introduction 

1.1 Motivation 

Haptic interaction in shared virtual environments (VEs) is an emerging area of re­

search with promising applications [1,2]. These include but are not limited to the 

training of surgical tasks [3, 4], haptic-enabled rehabilitation [5], teaching writing 

skills to children [6], sports training, as well as gaming and entertainment. For 

instance, a cooperative haptic simulator can permit an experienced surgeon to vir­

tually guide a student trainee through various surgical procedures by providing 

corrective force feedback in real time. In such a scenario, the trainer and trainee 

may use identical haptic interfaces to collaboratively operate on a common virtual 

patient. In gaming applications, new series in group games can be developed by 

adding force feedback capability to multi-player games. The experimental study 

by Basdogan et al. in [7] has shown that the addition of haptic communication 

to visual feedback would significantly improve the sense of togetherness and task 

performance in shared virtual environments. 
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In its simplest form, cooperative haptics can involve multiple users with their 

haptic interfaces directly connected to a single host computer running the simu­

lation. This streamlines the control design but is only feasible for a very limited 

number of users at the same workstation. Arguably, the more promising applica­

tions of shared virtual environments are in network-based haptics where the users 

can interact across communication links such as Ethernet-based Local Area Net­

works (LANs), Metropolitan Area Networks (MANs) or more broadly Wide Area 

Networks (WANs). Such configurations remove physical barriers and permit users 

to interact over long distances. The problem, however, is that network-based data 

communication is generally nondeterministic and suffers from delay, jitter, packet 

loss, and limited packet transmission rate. These can all adversely affect the per­

formance and stability of cooperative haptics and pose a serious control design 

challenge. 

1.2 Problem Statement 

Due to the above-mentioned limitations and in particular relatively long nonde­

terministic delays, achieving a robustly stable high-performance haptic interaction 

over a public communication medium such as the Internet is immensely difficult 

with the current technology. Instead, the focus of the present study is on coopera­

tive haptic simulation over LANs and high-speed MANs. Such fast networks can 

cover a single building, several buildings across a university campus, and even 

geographical areas as large as cities. They provide small and large companies, 

universities, hospitals, and other organizations with a fast and reliable means of 

communication. The target applications of this work are primarily in cooperative 

2 
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Ave. Round-trip delay 2.4395 ms 
RMSJitter 0.4871 ms 
Packet loss 2 packets out of 2. 7 million packets 

Achievable packet rate 1/128 s 

Table 1.1: Characteristics of a mixed 100Mbps/1Gbps LAN under normal traffic. 
The experiment was carried out on two VxWorks workstations communicating 
with UDP protocol over a period of 36 minutes. 

haptic-enabled training. For instance, in hospitals or medical schools connected 

via LANs or MANs, students and expert surgeons can haptically interact in train­

ing sessions without all being present at the same location. 

' 
\ '%'-' ' \ '; \ 

1 kHz \ \\ 1.0 Gbps Ethernet LAN 

\\ \\\ 

\ ~\ 
\\ ':?,().. \\ 

' 

r1l 
Client 

Q 
Server 

Figure 1.1: Experimental setup to measure communication channel characteristics 
for two remote workstations on an Ethemet-based LAN. 

In Table 1.1, the results of a network communication experiment between two 

PCs running the VxWorks real-time operating system with the UDP protocol over 

a mixed 100Mbps/1Gbps LAN are presented (see Fig. 1.1). The computers in this 
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experiment were located at two separate locations in the Information Technology 

Building at McMaster University with a lGbps Ethernet network. However, one 

of the switches in the path of the workstations and the computer network cards 

were based on the lOOMbps standard. In the experiment, packets of incrementally 

increasing integer numbers tagged with the transmission time were sent from the 

first to the second computer and were immediately relayed back to the first com­

puter. Upon their arrivals, packets were also tagged with the arrival time and 

stored for analysis. The entire experiment lasted about 36 minutes. Although some 

of the numbers in table 1.1 may change depending on the network traffic condi­

tion, they are representative of the typical characteristic of a LAN and to some 

extent a fast MAN. The data suggest that for the applications considered in this 

thesis, the data packet loss and jitter are negligible and the network communica­

tion delay between the user workstations is a fraction of the network sampling 

time. However as can be seen in the table, network protocols such as the UDP /IP 

and TCP /IP have limited update rates for real-time transmission of data packets. 

This limitation must be distinguished from that of the network bandwidth as in 

haptic applications the size of data packets is often small. The packet transmission 

rate can affect haptic fidelity, particulary in rendering of rigid objects and contacts. 

In our experience, the update rate of 1kHz for real-time control of haptic interfaces 

suggested in the literature, is well above that achievable over LANs and MANs 

using standard UDP /IP and TCP /IP implementations with a typical traffic load. 

There have been prior attempts at achieving high-rate data communication for 

real-time control over an Ethernet connection. For instance in [8], a streamlined 

implementation of the UDP /IP has been reported for high-rate communication 

4 
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between a haptic device running on an embedded controller and a host work­

station through a dedicated Ethernet link. However, it is unclear whether such 

an approach would be applicable to a general Ethernet-based LAN or MAN with 

several general-purpose workstations that host the haptic devices in a coopera­

tive environment. Obviously, attaining a high-rate real-time communication over 

the Internet is even more demanding. The development of new protocols for re­

liable high-packet-rate communication over computer networks suitable for real­

time control will likely eliminate existing limitations in future. Nevertheless in 

the meantime, control algorithms for cooperative haptics must be devised for im­

proved stability and performance within the confinement of the existing protocols. 

1.3 Thesis Contributions 

In this thesis, the effect of a limited packet transmission rate and a relatively small 

communication delay on the stability and performance of a centralized and a dis­

tributed haptic control architecture is investigated. In the centralized framework, 

the user workstations send the haptic device positions to a server computer which 

detects collisions, simulates the virtual environment dynamics, and generates force­

feedback signals. The results are returned to the local workstations for display to 

the users. The second approach is based on a distributed control architecture in 

which each workstation executes a local copy of the VE and simultaneously com­

municates with other workstations to coordinate the VEs and users. The stability 

margins of the two multi-rate control architectures as well as their transparency 

are analyzed and compared. It is shown that the downsampling and delay in the 
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communication link cause a viscous friction effect that can be compensated by ac­

tive control. An experimental platform for dextrous dual-user I dual-finger haptic 

interaction is developed and used to validate the analytical results. The main con­

tributions of this thesis can be summarized as 

• Presenting a mathematical framework for the modelling and analysis of co­

operative multi-rate haptic control systems for rigid object manipulation. 

• Comparative study of stability and performance of proposed centralized and 

distributed architectures for cooperative haptics using the developed models. 

• Proposing a method for compensating the undesirable effect of network down­

sampling on cooperative haptic rendering. 

1.4 Organization of the Thesis 

The thesis is organized as follow. The haptics literature will be reviewed in Chap­

ter 2. Mathematical modelling of single-user haptic interaction is proposed in 

Chapter 3. The control architectures and mathematical modelling of multi-rate 

cooperative haptics will be discussed in Chapter 4. Results of stability analysis 

for the centralized and distributed control architectures will be presented in Chap­

ter 5. These will be followed by a transparency analysis in Chapter 6. In Chapter 7, 

a dextrous cooperative haptic platform will be introduced. Experimental results 

will be given in Chapter 8. The thesis will be concluded in Chapter 9 with a dis­

cussion of possible directions for future work. 
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1.5 Related Pulications 
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to Haptic Interaction in Multi-user Virtual Environments", submitted to the 

IEEE International Conference on Robotics and Automation, 2007. 
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review). 
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Chapter 2 

Literature Review 

The haptics literature contains several haptic rendering control algorithms, meth­

ods for their stability analysis and their applications. In the following sections a 

brief review of the literature will be presented. 

2.1 Haptic devices 

Haptic devices have been widely used in teleoperation applications in which a user 

can remotely operate a robot and interact with an environment while receiving 

force feedback [9]. One may think of haptic simulation system as a teleoperation 

framework in which the slave robot and environment are virtual, i.e. generated 

based on computer models. Haptic devices are instrumented/actuated as robotic 

arms customized for interaction with human anatomical limbs. 

Haptic devices enable the user to interact with a computer simulated object 

by applying opposing forces in up to 6 degrees of freedom (DOF) to the user's 

8 



M.A.Sc. Thesis - M. Fotoohi McMaster - Electrical Engineering 

Joint Space Torques End Effector Force 

= 

Virtual Environment Simulator 

Figure 2.1: An impedance control scheme for single-user haptic interaction. 

hand. Fig. 2.1 shows a general scheme for the impedance control of a haptic in­

terface. As shown, the haptic device output is joint angle measurements and its 

input is the torque to be applied to the active joints. The device position kinemat­

ics routine maps the measured joint variables to the end-effector position in haptic 

device workspace. This represents the user hand position in the virtual world. The 

kinematics depend on the haptic device geometry and can be derived using con­

ventional methods such as the Denavit-Hartenberg techniques [10]. The virtual 

environment simulator runs the virtual environment dynamics and calculates the 

reaction force that the user should experience based on the virtual world model 

and the user hand position in the workspace. A force kinematics routine maps 

the workspace force to corresponding joint space torque values applied to the joint 

actuators (e.g. DC motors) such that the user holding the device would feel the 

reaction force 

9 
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(a) (b) 

(c) 
(d) 

Figure 2.2: (a) Phantom from Sensible. (b) Wand from Quanser. (c) Delta form 
Force Dimension. (d) CyberForce from Immersion 

Several haptic devices are commercially available. These are mainly designed 

based on the requirements of generic haptic applications but in some cases are 

tailored for specific applications. Hayward et al. [11] have a survey on design 

components, distinct properties and application of current haptic devices. Phan­

tom (Fig. 2.2(a)) is a popular single-point interaction device used in research and 

commercial applications. The capstan drive mechanism enables the user to ap­

ply high forces without noticeable backlash or friction [12]. Parallel linkages have 

been used in the Wand (Fig. 2.2(b)) and some planar haptic devices such as the 

10 
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Pantograph [13, 14]. Parallel arms are capable of applying large force while bear­

ing simple structure and low friction. Also, the capstan mechanism has been used 

in combination with a parallel structure in Delta (Fig. 2.2(c)). Joystick force feed­

back [15] and rotatory knob force feedback devices [16] have been made for several 

applications in gaming or automobile industries. 

In the real world, the human-object interaction happens at more than one con­

tact point. Therefore, to attain a more realistic haptic simulation, multi-finger hap­

tic devices are required. Haptic gloves are a more intricate field of haptic devices 

addressed in [17-20]. Such haptic gloves have one or more force degrees of free­

dom per finger with forces grounded in the palm or on the back of the hand and a 

virtual hand immerses the users in the virtual environment (see Fig. 2.2(d)). 

2.2 Single-user Haptic Interaction 

A large body of research in modelling of virtual environments and control of hap­

tic interfaces has been dedicated to single-user applications. These efforts have al­

ready yielded numerous haptic rendering techniques and stability results for such 

applications. 

2.2.1 Force Calculation 

In virtual environments, a haptic interface point (HIP) or avatar plays the role of 

human limbs/tool in real world. Once the HIP is in contact with virtual object, the 

virtual reality simulator is responsible for applying proper force, giving the user 

the sensation of interacting with a real object. Penalty-based methods have been 

11 
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Figure 2.3: Penalty-based approach for force calculation 

commonly used for rigid object force calculation. In this method applied forces 

are proportional to the amount of penetration into the virtual object. As shown 

in Fig. 2.3, one possible approach is using a spring-damper coupler to convert the 

penetration value to the interaction force. In this case the force is calculated from 

the following equation. 

F = k!:lX + b!:lX (2.1) 

For simple shapes such as sphere and cube the value and direction of the force 

can be easily found. For general shapes, Massie and Salisbury utilized penalty­

based technique for a global force calculation algorithm. They divided the inner 

volume into subvolumes and related each subvolume with a surface which exerts 

repulsive forces [12]. The same method has also been used to render haptic in­

teractions with volumetric data in [21, 22]. The concept of god object and proxy 

are introduced in [23] and [24] both based on the same principle; the algorithms 

12 
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track the physical contact on the surface while HIP has penetrated into the object. 

A spring between the surface contact point and HIP creates the interaction force. 

A different approach has been taken in [25] for force rendering of rigid contacts 

based on infinite stiffness upon contact and limited stiffness during contact. The 

proposed algorithm does not increase the kinetic energy of the virtual body and 

improves the contact stability compared to classic methods such as the penalty 

method. A technique called "ray-based haptic rendering" proposed by Basdogan 

et al. takes into account haptic instrument shape [26]. The haptic interface is ap­

proximated as a line and the collision detection and force calculation are discussed. 

They have used a shading technique to provide a smooth interaction force. Sirous­

pour [13] et al. adopted a four-channel teleoperation framework, augmented with 

adaptive damping for stable transparent haptic rendering. 

2.2.2 Friction Force Calculation 

Friction modeling is essential for a realistic haptic display. Chen et al. [27] rendered 

friction and compliance based on the bristle model of friction [28], in which virtual 

bristles are attached to surfaces and break to a lower strain as a function of rela­

tive velocity. Armstrong and Hayward [29] have successfully used a Dahl-based 

model [30] to simulate friction on a haptic device. In [31] the Karnopps friction 

model [32] has been employed to simulate friction forces including Coulomb and 

viscous friction. Haptic texturing has been discussed in [33-36] with the aim of 

generating texture using mathematical functions. These functions usually return 

the height of virtual surface and its gradient as a function of HIP position. 

13 
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2.2.3 Stability Analysis 

One of the problems in controlling haptic interfaces is the presence of a human 

being in the control loop. In practice, it is difficult to propose a simple model for 

human hand dynamics. To address this problem, researchers have largely used 

passivity-based techniques to guarantee the stability of the loop consisting of hu­

man, haptic device and virtual environment. Colgate and Schenkel [37] and Miller 

et al. [38] have used the idea of passivity to derive fixed parameter virtual cou­

plings that guarantee stable haptic interaction. Anderson and Spong [39] and 

Neimeyer and Slotine [40] utilized the passivity idea in the related area of stable 

control of force-feedback teleoperation with time delay. In [41] the passivity the­

orem is used to design an update strategy for calculating the interaction force be­

tween tool and deformable tissue to ensure stability and fidelity of the operation. 

Adams and Hannaford proposed an algorithm that guarantees the stability of a 

haptic interface coupled with a passive virtual environment [ 42] . Consequently, 

the haptic control algorithm can be designed independent of the virtual environ­

ments dynamic. Time domain passivity and virtual coupling have also been used 

for stability analysis of haptic control systems in [43-45]. It should be mentioned 

that in the passivity approach the haptic device parameters are not required for 

control design, at the expense of a conservative stabiiity analysis. 

2.2.4 Multi-rate Haptic Control 

Complex virtual environments are computationally intensive and it is difficult to 

run the haptic loop at suggested rate of 1kHz or above. To tackle this problem 

multi-rate frameworks have been suggested in literature. In [46] a local model 

14 
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bridges the discrepancy between the high frequency haptic simulation rate and the 

slowly run physical model to ensure a reliable haptic rendering. Also Barbagli et 

al. employe the concept of local models for multi-rate haptic rendering of complex 

deformable objects that can be touched by multiple users [47]. In [48] a multi-rate 

wave transformer is adopted to stabilize the zero-order-hold delay in a multi-rate 

control scheme for haptic simulation. 

2.2.5 Haptic Applications 

Recent advances in computer technology have enabled high-fidelity haptic simu­

lations and have expanded haptic applications to several fields. For example, there 

has been a growing interest in the medical and computer science fields around the 

simulation of medical procedures. 

Due to the deformable nature of human organs, several techniques have been 

developed to model soft tissues. Spring models have been extensively used for 

simulating the elasticity of soft tissue. The mass-spring model represents an object 

as points of mass joined by springs [49,50]. Waters [51] has defined springs on reg­

ular lattices for modeling facial tissue. Similarly, Delingette et al. [52] represented 

fat-tissue elasticity as a network of springs on a three-simplex mesh. Kuhnapfel 

et al. [53,54] have implemented mass-spring models in their KISMET simulation 

system. They have added interior pattern nodes to the surface nodes in order to 

model the volumetric behavior of the whole tissue. Koch et al. [55] have used the 
v 

combination of finite element and mass-spring for modelling of the skin surface, 

with a spring model to represent the fat tissue. A Mass-spring model is easy to 
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implement and is computationally inexpensive compared to the alternative meth­

ods such as finite element. On the other hand, a finite element model yields a 

more accurate deformation and visualization compared to that of the mass-spring 

model [56]. 

Finite element models for haptic simulation of elastic tissues have been inves­

tigated in the work of Bro-Nielsen et al. [57-59] and Cotin et al. [60,61]. In [59] the 

so called Fast Finite Element (FFE) model is presented; mesh condensation tech­

niques [62] reduce the intricacy of a finite element system. In addition, a matrix­

vector multiplication algorithm is introduced to attain a higher speed. In [63-65] 

the accuracy of soft tissue simulation is increased at the expense of using a non­

linear finite element model and hence more computation load. Wu et al. [ 65] have 

used the mass lumping method to ensure a diagonal mass matrix which speeds 

up the real-time force calculation. The anisotropic behavior of deformable tissue 

is discussed in [64] and incompressibility constraints are proposed to enhance the 

model. The model is implemented on a liver laparoscopic surgery platform. The 

authors in [66] have addressed the interaction between deformable tissues, consid­

ering soft tissue collisions and real-time haptic force calculation. 

Cutting elastic tissue requires mesh regeneration and changing corresponding 

terms in stiffness matrix. Considering the real-time requirements of haptic simula­

tion, the problem can become challenging. Song and Reddy proposed a technique 

for cutting linear deformable objects defined as finite element models and applied 

it for a simple 2-D case [67]. Bro-Nilsen also models the cutting by eliminating 
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tetrahedral elements and updating the pre-calculated inverse of the stiffness ma­

trix [68]. Tanaka et al. simulate the cutting interaction force as viscous friction be­

tween tool tip and virtual surface [69]. In [70] a hybrid model is discussed which 

is a combination of a modified mass-spring model and a pre-computed deforma­

tion finite element model. The model is employed to simulate cutting anatomical 

structures. Mahvash et al. apply the energy-based concept of fracture mechanics 

to display external cutting forces of a single blade in surgical procedures. 

A newly addressed application for haptic is dental training [71-73]. Wang 

et al. [46] implemented a Phantom-based training system for dental cutting. To 

ensure a stable and high-fidelity haptic interaction, a local model technique is 

adopted within a multi-rate cutting simulation architecture and hence the haptic 

device is isolated from the simulation loop. 

The idea of force feedback also has been used in molecular docking [74] and 

nanomanipulators [75, 76] to add the sense of touch to visual aspect of the work. 

Haptic simulators have significantly contributed to enhancing surgical skills and 

consequently improving the outcome of surgical procedures without risking ca­

sualties. Examples of such applications are in training simulators for catheter 

insertion [77], lumbar puncture [78], epidural blocks [79, 80], endoscopic surg­

eries [81,82], laparoscopic surgeries [83,84], and prostate biopsies [85,86]. 

2.3 Multi-user Haptic Interaction 

Multi-user haptic interaction is necessary for applications in which the interaction 

of each user needs to be observed by the other users. An example of such inter­

actions is when two surgeons are operating on the same virtual patient. Another 
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application of shared virtual environment is in teleoperation where the combina­

tion of real and virtual manipulation improves the teleoperation performance [87]. 

In sports training, the instructor can provide corrective kinesthetic forces for the 

trainee. Adding force feedback to networked computer games can open a new 

dimension in multi-user video games. 

Takemura and Kishino [88] implemented a virtual workspace uing a head­

tracking and hand gesture input devices. However, in their system a mutual exclu­

sion prohibits the users from simultaneous manipulating of the same object. In or­

der to compare different cooperative haptic systems, Alhalabi and Horiguchi [89] 

proposed an evaluation technique in which the contact force is used as perfor­

mance criterion. A collaborative nanomanipulator haptic system used for inter­

facing atomic force microscopes has been simulated by Hadson et al. in [90]. 

They used a "model view controller" scheme and an "optimistic concurrent con­

trol method" to analyze and design the system. 

In [91], the authors investigated three different implementations for shared 

haptic environments depending on how the virtual environment is manipulated 

by the users. Accordingly, in static applications, users can explore but not mod­

ify the shared environment. In collaborative haptics, although users can mod­

ify the environment by touching and moving objects, they cannot manipulate the 

same object simultaneously. Finally, cooperative environments permit simultane­

ous handling of shared objects by two or more users. 

Shared virtual environments are often implemented over the Internet because 

of its existing infrastructure and global reach that make it readily accessible by 

a large group of users. Unfortunately, data communication over the Internet is 
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nondeterministic and constrained by limited transmission rate, latency, delay jitter 

and data loss, all of which can negatively impact the performance and stability of 

haptic rendering. In [92], Yoshikawa and Ueda proposed a general structure for 

providing force-feedback to operators without addressing the above-noted com­

munication issues. 

The effect of communication time delay and jitter on the performance of shared 

haptic virtual environments has been experimentally studied by previous researchers 

[93-95]. In [96] it has been shown that jitter has significant negative effect on co­

operative virtual environments. In [97], an audio/video media adaptation was 

developed for transferring data in distributed VEs, and the effects of data loss 

and delay jitter have been experimentally investigated. In [98] and [99], model­

based controllers and wave variable-based techniques have been proposed for de­

lay compensation in multi-user haptic rendering. In [100] a linear controller and 

smith predictor are used to improve the consistency of dynamic objects in shared 

virtual environment subjected to large communication delay. In the Transatlantic 

project [101], two users in remote sites lift a virtual box collaboratively across the 

Atlantic ocean under four different experimental scenarios. Three layers of damp­

ing in combination with a predictive algorithm are used to achieve stable haptic 

interaction under a peer-to-peer connection with delay. Gutwin et al. [102] used 

a "decorator" approach as a visual cue to display the amount of communication 

channel delay to the users. The cursor color indicates the delay in received data 

and users can use this information to secure the synchronization of dynamic ob­

jects by pausing or slowing the manipulation. 
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Chapter 3 

Modelling of Single-user Haptic 

Interaction 

In the simplest case of haptic rendering, only one user is manipulating the vir­

tual environment running on the haptic interface workstation. The absence of the 

communication channel element in this case results in a single-rate discrete con­

trol system, assuming that the virtual environment simulation can be executed at 

the haptic control rate. This chapter briefly describes modelling of a single-user 

single-rate haptic control system as a modular component of the general form of 

cooperative haptics that will be studied in the following chapters. 

3.1 Continuous-time Dynamics of Haptic Interaction 

Fig. 3.1(a) shows the control architecture and corresponding single-axis model for 

a single-user haptic interaction. In this figure, x(t) and j(t) are continuous-time 

position and force signals exchanged between user and haptic device; x(k) and 
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Figure 3.1: Single-user haptic: (a) control architecture, (b) single-axis model. 

u(k) are discrete-time position and control force signals exchanged between the 

haptic device and the virtual environment. 

In general, the virtual environment consists of a typical haptic rendering algo­

rithm described in Chapter 7. The user position is sampled at the control rate and 

provided to the haptic simulation algorithm. The haptic simulation engine calcu-, 

lates the user I environment interaction force and updates the virtual object states 

using a numerical integration routine. The discrete-time control signal is passed 

through a zero-order-hold (ZOH) block and is applied to the haptic device. This 

ZOH block and haptic simulation engine introduce one sample computation delay 

shown by the delay block z-1. 

In order to analyze the haptic architecture presented in Fig. 3.1(a), a mathe­

matical formulation is developed based on the single-axis model of Fig. 3.1(b), as­

suming a penalty-based haptic simulation. Although realistic haptic simulations 

often involve multiple degrees of freedom, motion in these axes can be reasonably 

decoupled, at least in the case of interaction with rigid single-body objects and 
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single-point contacts. Therefore to simplify the modelling and analysis, a single­

axis simulation with linear elements is considered here. The analysis could become 

involved if coupling among axes, e.g. due to multi-point contact between object 

and environment, or multi-body objects are considered. However the results of 

experiments in chapter 8 demonstrate that a single-axis analysis can accurately 

predict system behavior in multi-axis scenarios. 

In Fig. 3.1(b), mh is the operator hand and haptic device masses lumped to­

gether and b and k are virtual coupler spring and damping values which are in­

tended to implement a penalty-based force calculation rendering. In practice, it is 

possible to estimate the hand/haptic device mass with an acceptable accuracy. It is 

assumed that the HIP is always in contact with the rigid object to avoid complexi­

ties associated with the modeling of switching control systems. As the experimen­

tal results in Chapter 8 will illustrate this assumption is a good approximation of 

the real system while significantly simplify the modelling and analysis. 

u[k] .I ZOH I u(t) Continuous-time y(t) 
.I I Systems 

T 
y[k] 

Discrete-time 
Systems 

K I 
I I 

Discrete Controller 

Figure 3.2: Block diagram of continuous-time system with discrete-time feedback 
loop. The continuous-time system is discretized using ZOH approximation ex­
plained in the next section. 

In a haptic control system both the haptic/hand -and the virtual object have 
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continuous-time dynamics. It should be mentioned that the virtual objects are 

usually simulated by invoking an integration routine with the goal of emulating 

a continuous-time system. On the other hand, the interaction between the virtual 

world and the operator occurs in discrete time as the user hand position is sampled 

and used to calculate the user I environment interaction force. Fig. 3.2 shows this 

dicscrete/continouse interconnection of the two subsystems. It is assumed that 

the input to the continuous-time systems is the output of a ZOH which generates 

a continuous time signal u(t) by holding each sample value u(k) constant over 

sampling interval T. Accordingly, the ZOH operator is defined as 

ZOH[u(kT)] = u(kT) kT :S t :S (k + l)T (3.1) 

The continuous-time plant dynamics are driven by the input u(t) and the continuous­

time output y(t), usually user hand position and velocity, are sampled with sample 

timeT. The single-user haptic interaction shown in Fig. 3.1 is composed of two 

continuous-time subsystems, i.e hand and object masses and a discrete-time con­

troller, i.e. the spring-damper virtual coupler. By applying Newton's law to the 

model shown in Fig. 3.1(b), one may write 

Jh(t)- fo(t) = mhxh(t) 

fo(t) = ffi 0 X0 (t) 

(3.2) 

The continuous time signal j 0 (t) is calculated using the defined operator ZOH 
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as follow 

fo(t) = ZOH[fo(kT)] (3.3) 

where 

(3.4) 

The systems described in Eqs. (3.2) and (3.3), are linear, constant coefficient 

continuous systems and can be represented by a set of first order matrix differential 

equations in state-space form. To develop a state-space model for the proposed 

single-axis model of Fig. 3.1, the following subsystems are defined. 

• Hand Dynamics: Position and velocity of the hand are chosen as states and 

fo and Jh are considered as the input vector. In practice, both hand and ob­

ject states are needed in order to calculate the interaction force, therefore the 

desired output is simply the state vector. 

Xh(t) = AhXh(t) + Bhjh(t) 

Yh(t) = ChXh(t) + Dhfh(t) 
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where 

(3.6) 

• Object Dynamics: In this case fo is chosen as the input and object position 

and velocity as states. Hence 

where 

Xo(t) = AoXo(t) + Bouo(t) 

Yo(t) = CoXo(t) + Douo(t) 

(3.7) 

(3.8) 

and the discrete control signal fo(kT), calculated from Eq. (3.4}, can be writ­

ten as matrix form of 

fo(k) = ZOH[K (Xh- Xo)] = K ZOH[Xh- Xo] (3.9) 
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where the elements of vector K consist of virtual coupler stiffness and damp-

ing. 

K= [k b] (3.10) 

To derive a compact form for the above mentioned continuous-time dynamics, 

Eqs.(3.7) and (3.5) can be combined together. The resulting state-space dynamics 

are governed by 

where 

X(t) = AX(t) + Bu(t, kT) 

y(t) = CX(t) + Du(t, kT) 

(3.11) 

X= [Xh(t)l ' A= [Ah 0 l ' B = [Bh(:, 1) Bh(:, 2)] (3.12) 
Xa(t) 0 Ao 0 Bo 

C = [I Ol , D = [O Ol , u(t, k) = [ Jh(t) l 
0 I 0 0 fo(kT) 

where B(:, i) denotes theithcolumnofmatrix B. Fig. 3.3 illustrates the continuous­

time system and its discrete feedback loop. Due to the presence of the ZOH ele-

ments, continuous-time analysis of the above system is rather cumbersome. In­

stead, a discrete-time model will be developed below that will streamline subse­

quent stability and performance analysis. 
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3.2 System Discretization 

To convert a continuous-time system to its discrete counterpart several discretiza­

tion/interpolation methods such as zero-order hold (ZOH), first-order hold (FOH), 

Tustin approximation and matched poles and zeros are proposed [103]. In hap­

tic control systems due to the presence of the ZOH elements, the ZOH-based 

continuous-to-discrete transformation yields an exact description of the system in 

discrete-time. Assume that the continuous plant dynamics are given in the gen­

eral form of Eq. (3.11), the goal is to derive the discrete-time dynamics under the 

zero-order hold assumption. It can be shown that [103] the solution to Eq. (3.11) is: 

(3.13) 

where X(to) is the initial condition of the system. It is possible to use Eq. (3.13) to 

obtain a discrete-time state-space formulation of the system dynamics. Assuming 

the input u(t) passes through a ZOH, u(T) will be constant for kT < T < (k + l)T. 

By letting t = (k + l)T, tO= kT, and simple mathematical manipulations, one may 

f'(t) * A B 

~· (t) C D 

[
X,(t)] 
x.(t) 

. . 
: . ~ .. ·IKJ· .,.: ..... : 

(a) 

f '(k) 

-$-f. (k) 
D 

K 

(b) 

[X,(k)] 
X.(k) 

[X,(k)] 
f '(k) A c B c X.(k) D D 

DC 
D 

c c 
D 

{c) 

Figure 3.3: State-space presentation of single-user haptic interaction (a) Continu­
ous system with ZOH feedback, (b) Discretized system, (c) Closed loop system. 
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obtain 

where 

X(k + 1) = ADX(k) + BDu(k) 

y(k) = CDX(k) + DDu(k) 

AD= eAT Bv = (J0T eArJdrJ) B 

Cv=C DD=D 

(3.14) 

(3.15) 

The following Taylor's series expansion is useful in evaluating the matrix expo­

nential expression. 

(3.16) 

and consequently, 

(3.17) 

Replacing the continuous transition matrices from Eq. (3.11) yields the corre­

sponding discrete-time matrices (see Fig. 3.3). In this case, the control signal fo is 

a constant gain and hence, the discretized model of controller is the same as its 

continuous-time equivalent. Because both controller and system are discretized 

28 



M.A.Sc. Thesis - M. Fotoohi McMaster - Electrical Engineering 

with the same rate, which is the haptic simulation rate, the feedback intercon­

nection can now be closed in discrete time (see Fig. 3.3(c)). Assuming that the 

subscript D denotes discretized transition matrices and superscript C denotes the 

closed loop transition matrices, the transition matrices for the closed loop system 

of Eqs. (3.11) are given by 

(3.18) 

The stability of the closed system is guaranteed if and only if 

(3.19) 

where l..\il is the magnitude of Ai-
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Chapter4 

Cooperative Haptics: Architectures 

and Modeling 

In shared virtual environments, users are connected through a network of comput­

ers that enable manipulation of objects in collaborative tasks. In the first section, 

two controller architectures, namely centralized and distributed, are proposed. 

The next section is dedicated to modelling techniques for such multi-rate multi­

input/multi-output (MIMO) systems. Although the arguments presented here are 

based on a dual-user configuration, they can be easily extended to multi-user con­

figurations. 
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Communication 
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.............................. • 

McMaster - Electrical Engineering 

Figure 4.1: Centralized control architecture. 

4.1 Architectures for Cooperative Haptics 

4.1.1 Centralized Cooperative Haptics 

In a centralized control architecture, a server workstation that is host to the VE 

simulator collects and processes the information acquired by all user workstations 

and returns the calculated interaction forces along with objects and other users' 

states for display to the users. Fig. 4.1 illustrates a centralized architecture for a 

dual-user cooperative haptic environment. Due to the discrete nature of the simu­

lation, the combined network and computation delay is assumed to be a multiple 

of the packet communication period and is lumped in a single round-trip element 

represented by z-n. In most LAN/MAN-based applications, n = 1- 2 samples as 

the actual network delay is small compared to the packet transmission time inter­

val and the delay is mainly due to the commutation cycles. In simple applications, 

all elements of the VE simulation can run at the high haptic update rate while the 
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network communication rate is limited. As will be seen later in the thesis, the 

maximum achievable stiffness in the centralized framework for the users across 

the network can be fairly restricted due to this limited network packet transmis-

sion rate. 

-- .......... -- ... -------. . 
Communication 
Channel 

I 

Tc 

Tt 

•• •• • • • • • • • • • • • • • • • 1 

Tt 

Figure 4.2: Distributed control architecture. 

4.1.2 Distributed Cooperative Haptics 

Environmen 

Moving 
Objects 
Virtual Coupl 

A distributed control architecture can mitigate the network-related stability and 

performance degradation of the centralized architecture at the expense of impos­

ing higher computational power requirementS' on individual workstations. In this 

configuration, as shown in Fig. 4.2 for a two-user system, each workstation runs a 

complete copy of the shared virtual environment. To convey the presence of other 

users in the environment, each workstation receives position and velocity infor­

mation of the other users as well as those of shared virtual moving objects. The 
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Figure 4.3: Model of centralized single-axis cooperative haptics. 

corresponding objects will be connected through spring-damper type virtual cou­

plers to avoid position drift. As in the case of centralized architecture, any data 

transmission over the network is subject to a limited packet communication rate 

and the network round-trip I computation delays are lumped as z-n, with n = 1-2 

network samples. The advantage of using the distributed architecture over the cen­

tralized one is rather evident in the case of contact with static rigid objects. In the 

distributed framework, local high-rate feedback loops allow for the rendering of 

rigid contacts whereas in the centralized framework, the low network packet trans­

mission rate and delay restrict the maximum achievable contact stiffness. Some 

researchers have previously alluded to the po'i'ential benefit of using a distributed 

architecture for delay mitigation in cooperative haptics [104]. However, there has 

been no analytical work concerning the effect of network packet transmission rate, 

delay, and the control architecture on the stability and performance of LAN /MAN­

based multi-rate cooperative haptic simulation. 
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Figure 4.4: Model of distributed single-axis cooperative haptics. 

4.2 Modelling of Multi-rate Cooperative Haptics 

Mass-spring-damper models of the centralized and decentralized configurations 

are displayed in Figs. 4.3 and 4.4, respectively. In these figures, m1 and m~ are the 

combined masses of the users and haptic de'(l"ices, mo = mol = mo2 is the mass 

of the virtual object, ks and bs are stiffness and damping of corresponding virtual 

couplers, xs and xs are local and network transmitted positions, and f~ and f~ 

are users' exogenous force inputs. The additional virtual couplers between the 

virtual objects in the distributed controller, represented by k01 and k02 in Fig. 4.4 

are intended to prevent position drift between the two copies of the shared ob­

ject. Note that these systems involve multi-rate discrete-time and continuous-time 

states due to the discrete-time nature of the controller, presence of the network el­

ement and zero-order-hold (ZOH) circuits, and the continuous-time dynamics of 

haptic devices. However, the modelling, analysis and synthesis will be conducted 

in discrete time. The following two MIMO representations of the system dynamics 
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in the discrete-time domain are proposed in this thesis. 

- - Yt(kt) 
~ uc(kJ Fast Yc(kc) Tc utCk,) Slow ~ 

I Subsystem I Subsystem - -Tt Tt 

Figure 4.5: Block diagram representation of multi-rate feedback control system in 
subsystem resampling approach. 

4.2.1 Subsystem Resampling 

In this approach, first the continuous-time dynamics of the haptic devices and the 

virtual object are discretized using a ZOH continuous-to-discrete transformation at 

their corresponding sample rates as described in Chapter 3. The system dynamics 

including those of the controllers are then rearranged into two subsystems oper­

ating at sampling rates Tt and Tc corresponding to data transmission and control 

computation rates, respectively (see Fig. 4.5). It is Assumed that the samplers are 

synchronized and Tt = NTc· The difference equations governing the evolution of 

the states are given by 

(4.1) 

where the index i indicates the sampling rate of discrete system. In the succeeding 

analysis for the centralized controller, the users on the server and remote worksta­

tions are denoted as local (l subscript) and remote (r subscript) user, respectively. 

The distributed controller is symmetric with respect to the two users and denoted 
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Figure 4.6: Block diagram illustration of resampling approach for centralized ar­
chitecture: (a) local and remote user are running under two different sample rates. 
(b) local user is resampled to the slower sample rate. (c) The interconnection is 
closed and the system is reduced to a MIMO I single-rate system. 

by subscript d. The state vectors Xij contain positions and velocities of the haptic 

interfaces and the virtual object where applicable. The state transition matrices in 

Eq. (4.1) for the simplified models in Figs. 4.3 and 4.4 can be derived using the 

same approach discussed in Chapter 3 as follows. 

• Centralized Architecture: 

Fig. 4.6 shows the three steps required to formulate the discrete state-space 
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representation using a resampling technique. The local user dynamics con­

sist of object/hand masses and two virtual couplers. As Fig. 4.3 illustrates the 

inputs to the system are ff and the remote user states i.e. [x~ 

The calculated force-feedback signal !2 is sent to the remote user over the 

communication channel and hence is subjected to limited transmission rate. 

Using the same ZOH system discretization approach of Chapter 3, the dis­

crete state-space equations for local user are 

(4.2) 

The notation B(:, i: j) represents the ith to jth columns of matrix Band the 

subscript c implies that the system has the fast sample time, i.e. computation 

sample rate. Also the subscript l refers to the local user. 

The hand/mass position and velocity are chosen as states of remote user 

model. Note that the remote user has the communication channel sample 

rate which is denoted by subscribe t. The state-space equations for there­

mote user are (see Fig. 4.6(a)) 
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Assuming that the samplers are synchronized and Tt = NTCI the fast discrete 

system can be resampled at the slower rate Tt,. This is possible since uc[kc] 

in Fig. 4.5 (or Xh2(kTt) in Fig. 4.6 (a)) is constant for N samples between the 

sampling instants of Yt[kt] (or Xh2(kTc) in Fig. 4.6 (a)). It can be shown that 

the state transition matrices after resampling are given by 

(4.4) 

Hence, the local transition matrices in 4.2 can be resampled using the rela­

tionships in 4.4 to the lower sample rate, i.e. transition rate. 
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[ ff l Xa((k + 1)7t) = AuXu(kTt) + [Ba(:, 1) Ba(:, 2: 3)] _ 
xh2 

(4.5) 

[ ff l f!J.(kTt) = CuXu(k'Tt) + [Du(:, 1) Da(:, 2: 3)] _ 
Xh2 

The computation and communication delays can also be incorporated into 

the state-space models by augmenting the state vectors with the delayed in­

put signals. For one sample delay, i.e. n = 1, the new state transition matrices 

and state vector are 

(4.6) 

where 0 and I are zero and identity matrices with appropriate dimensions, 

respectively. At this stage, all difference equations describing the evolution 

of system states have the same sample rate and therefore, the feedback in­

terconnection between the two subsystems can be closed (see Fig. 4.6(b)). 

Considering that the Dtr matrix in Eq. (4.3) is a zero matrix, and rewriting 
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the Eqs. in (4.3) and (4.5) results in the following state-space representation 

of closed loop system shown in Fig. 4.6(c). 

where 

Xf((k + l)Tt) = Af Xf(kTt) + Bfuf(kTt) 

yf = Cf Xf(kTt) + Dfuf(kTt) 

• Distributed Architecture: 

(4.7) 

The same procedure can be taken to model the distributed architecture. As 

Fig. 4.7 shows, both user simulate the virtual environment at the computa­

tion rate of Tc while the inputs Xh2(kTt), Xhi(kTt), Xo2(kTt) and Xoi(kTt) are 

updated at the slow rate of Tt due to the limited network packet rate. The 

discrete-time state-space equatuins of first and second users are given by 
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SecondUaer 
Fast Sample Rate 

(a) 

X.,(kT,J 

Ae, Be, 

f2h(kT, Ce, De, 

Closed Loop 
Slow Sample Rate 

(c) 

McMaster - Electrical Engineering 

Second User 
Slow Sample Rate 

(b) 

Figure 4.7: Block diagram illustration of resampling approach for distributed ar­
chitecture: (a) First and second user are running under the fast computation rate. 
(b) Both subsystems are resampled at the slower sample rate. (c) The interconnec­
tion is closed and the system is reduced to a MIMO I single-rate system. 

[Bed(:, 1) Bed(:, 2 : 3) Bed(:, 4 : 5)] Xh(3-m) 

Xo(3-m) 

(4.9) 

where subscribe m denotes the first and second user. The notation C(i : j, :) 

represents the ith to jth rows of matrix C. Note that the matrix Dedm is zero in 

41 



M.A.Sc. Thesis - M. Fotoohi McMaster - Electrical Engineering 

this case because the outputs are simply the states of the system. In addition 

the transition matrices for both users are identical due to the symmetrical 

structure of the distributed architecture. The resampled transition matrices 

Atd, Btd, Ctd and Dtd (see Fig. 4.7(b)) can be computed using Eq.( 4.4). The 

final transition matrices for the combined system after the two subsystems 

are connected are given by (see Fig. 4.7(c)) 

Xf((k + 1)Tt) = Af Xf(kTt) + Bfuf(kTt) (4.10) 

yf = CfXf(k7t) + Dfuf(kTt) 

where 

Xf = [Xtd11 , Af = [Atd M 1 
Xtd2 M Atd 

(4.11) 

M = Btd(:,2: 3)Ctd(1: 2, :) + Btd(:,4: 5)Ctd(3: 4, :) 

Bf = [Btd(:, 1) 0 1 , Cf = [I 01 
0 Btd(:, 1) 0 I 

Df ~ [: :] , nf ~ [~~] 
Despite its simplicity, this method normally is inapplicable to systems with 

more than two sample rates or when one rate is not a multiple of the other. Another 

drawback of this technique is that the design parameters, e.g. the virtual coupler 
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uc(kJ,----~ 

Computational/ 
,----~ Virtual Couplres 1---~ Channel Delay 

Feedback u, (k,) Delay 

wJkJ ,------------, 
[--------~ 

Figure 4.8: Block diagram representation of Multi-rate feedback control system in 
state-space approach. 

parameters, cannot be separated from the rest of the system dynamics. Therefore, 

such a modelling approach has limited utility for control synthesis purposes. 

4.2.2 Direct State-space Representation 

To overcome the shortcomings of the previous method, the state-space modelling 

approach for multi-rate sampled systems given in [105] will be utilized here. In 

the rest of this section, it is demonstrated that how this technique can be employed 

for deriving the discrete-time model of the multi-rate cooperative haptic control 

system. 

The control system diagram is shown in Fig. 4.8. The open-loop continuous­

time model of the system, including the dynamics of the users, haptic interfaces 

and the virtual object, is given by 

x(t) = Ax(t) + Bw(t) 

y(t) = Cx(t) (4.12) 

where x(t) E Rno is the vector of system states, i.e. positions and velocities, 
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w(t) = (wt(t), wc(t))T is the vector of inputs and y(t) = (Yt(t), Yc(t))T is the vee-

tor of measurements. The parameters in Eq. (4.12) are define below in each case. 

• Centralized Controller 

x~(t) 0 1 0 0 0 0 

±1(t) 0 0 0 0 0 0 

X 0 (t) 0 0 0 1 0 0 
x(t) = A= (4.13) 

' Xo(t) 0 0 0 0 0 0 

x~(t) 0 0 0 0 0 1 

±~(t) 0 0 0 0 0 0 

0 0 0 

1 0 0 
~ fmh(t) 
0 0 0 

1 

B= , C = 16x6, w(t) = fmJt) 
0 __!.._ 0 mo 

fmh(t) 
0 0 0 

2 

0 0 1 

~ 

where fmt(t), fmJt) and fm~(t) are the net forces applied to the masses mf, 
m 0 and m~, respectively. 

• Distributed Controller 
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0 1 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 

0 0 0 0 0 0 0 0 
x(t) = 

x~(t) 

i:~( t) 

Xol ( t) 

Xol(t) 
,A= 

B= 

X~ (t) 0 0 0 0 0 1 0 0 

i:~ ( t) 0 0 0 0 0 0 0 0 

X0 2(t) 0 0 0 0 0 0 1 0 

i:~(t) 0 0 0 0 0 0 0 0 

0 0 0 0 

1 
mh 

1 

0 

0 

0 

0 

0 

0 

0 

mol 

0 

0 

0 

0 

0 

0 

0 

1 
m~ 

0 

0 

0 

0 

0 

0 

0 

0 0 0 - 1
-mo2 

, C = Isxs, w(t) = 
fmol(t) 

fmo2 (t) 

(4.14) 

where fm~(t), fmo1(t), fmo2(t) and fm~(t) are the net force applied to the 

masses m~, m 0 1, mo2 and m~, respectively. 

As before, subscripts t and c refer to the network and control sampling rates. It 

is assumed that all sample times are synchronized and are multiples of a base 

sample time item' i.e. T;, = Nitlcm 1 and the least common multiple of N/s is denoted 

by Ntcm· For the discrete-time realization of the system, an augmented state vector 
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is defined as 

x((k- 1)Tlcm + tlcm) 

x((k- 1)7/cm + (Nlcm- 1)tlcm) 

x(kTlcm) 

with Tlcm = Nlcmtlcm· The augmented output vector YD is 

where 

YDi[k] = 

YD[k] = ( YDt[k] ) 
YDJkj 

Yi(kTlcm) 

Yi(kTlcm + Ti) 

Yi(kTzcm + (Ni - 1)7i) 

i = t, c 

(4.15) 

(4.16) 

(4.17) 

The augmented discrete input vector UD can be defined similarly. Using the above 

definitions, it can be shown that [105] 

XD[k + 1] = ADxD[k] + BDuD[k] 

YD[k] =CD {U1xD[k + 1] + U2xD[k]} (4.18) 

The expressions for AD, BD, and CD are given in Appendix A and U1, U2 are 
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block diagonal matrices given by 

U2 = diag(O, 0, · · · , 0, Ina) (4.19) 

By replacing xn[k + 1] in second line of (4.18) from the first line of (4.18), one 

may obtain a standard state-space representation as follows 

xn[k + 1] = ADxD[k] + BDuD[k] 

yn[k] = CDxD[k] + DDuD[k] (4.20) 

The delay elements associated with computation and data transmission can be 

incorporated into the discrete-time model, the delayed inputs are added as new 

states to the state vector and the transition matrices are modified as below. 

(4.21) 

The notation A(:,j) denotes the jth column of the matrix A and 0, I are zero 
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and unit matrices with appropriate dimensions. 

Once the open-loop discrete-time difference equations are obtained, the closed­

loop dynamics can be formed using the feedback law 

UD = FD * YD (4.22) 

where F D is a p x p block matrix and p is the number of distinct sample rates in the 

system ( 2 in this case). The i- jth block of FDij is the Ni by Nj matrix given by 

FDij = (JDij,uJ, /-L = 0, ... , Ni- 1; V = 0 1 ••• 1 Nj- 1 (4.23) 

(4.24) 

Elements of F D are constant and consist of the stiffness and damping parame­

ters of all virtual couplers present in the system. In order to calculate fij elements, 

one may utilize the following relations for the net forces applied to the masses. 

(see Figs. 4.3 and 4.4) 
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• Centralized Architecture: 

where 

• Distributed Architecture: 

fm01 = Kn (Xhl- Xai)- Ka(Xal + Xo2)- K12(Xh2 + Xai) 

fmh = ff- K22(Xh2- Xa2) 
2 

where 
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Finally, the close-loop space transition matrix A'b can be computed as 

(4.30) 

The closed-loop system is stable if and only if all eigenvalues of this matrix lie 

inside the unit circle (condition in Eq. 3.19). 
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Chapter 5 

Stability Analysis 

In this chapter, the stability margins of the centralized and distributed control ar­

chitectures are compared with respect to changes in the stiffness parameters of 

the virtual couplers. The discrete-time models of multi-rate cooperative haptic 

controllers are developed using the techniques introduced in Chapter 4 and their 

stability is analyzed based on the condition of 3.19. The values of constant param­

eters in all scenarios are m~ = m~ = 0.1 kg, m0 = m01 = m02 = 0.4 kg, and b=10 

N.s/m for all couplers in both configurations, Tt = 1/128 s and Tc = 1/1024 s. 

The combined communication/computation delays of n = 0, 1, 2, 3 network sam­

ple times have been considered in the analysis. It should be noted that given the 

results of Table 1, under normal LAN /MAN conditions the combined delay value 

is expected to be in the range of n=l-2 network sample times. 
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Figure 5.1: The region of stability for the centralized control architecture for differ­
ent communication channel delays. 

5.1 Centralized Controller 

Fig. 5.1 illustrates the stability region of the centralized architecture, when all sys­

tem parameter except k1 and k2 in Fig. 4.3 are fixed. In order to plot this figures, k1 

and k2 are varied while the eigenvalues of matrix Af in Eq. (4.8) are monitored for 

the stability using the condition in Eq. (3.19). The marginal values of the parame­

ters determine the maximum stiffness that can be presented to each user. As seen 

in Fig. 5.1 for n = 0, the limited network packet rate has contributed to a signifi­

cant reduction in the margin of stability with respect to k2 , the coupling stiffness 
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Figure 5.2: The region of stability for the distributed control architecture when 
k01 = k02 = 1000 N /mare fixed for different communication channel delays. 

for the user across the network. As expected the marginal stiffness value for the 

user across the network further decreases as the n increases whereas the local user 

is unaffected by the communication delay. 

5.2 Distributed Controller 

The stability analysis was carried out for the distributed control architecture as 

well by checking the eigenvalues of matrix Af in Eq. (4.11) for the stability using 
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Figure 5.3: The region of stability for the distributed control architecture when 
k12 = k21 = 300 N/m are fixed for different communication channel delays. 

the condition in Eq. (3.19). In Fig. 5.2, the stable region with respect to the param­

eters k 11 = k22 and k 12 = k 21 in Fig. 4.4 is plotted while kol = ko2 = 1000 N/m 

are constant. Note that the stability region is noticeably enlarged when compared 

to that of the centralized architecture in Fig. 5.1. To study the effect of the coordi­

nating virtual couplers between the objects, k 12 = k 21 = 300 N I m were fixed and 

k 11 = k 22 and k 01 = k02 were varied with the results given in Fig. 5.3. Alternatively, 

Fig. 5.4 demonstrates the stable region for the case in which k11 = k22 = 2000 N/m 

are constant while k 01 = k 02 and k 12 = k 21 are changed. It should be noted that the 
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Figure 5.4: The region of stability for the distributed control architecture when 
k11 = k22 = 2000 N I m are fixed for different communication channel delays. 

communication delay reduces the marginal values of ka and k12 as expected. 

The results of the previous analysis demonstrate that the distributed coopera­

tive haptic architecture is capable of rendering rigid contacts under typical delays 

and network packet rates expected in a LAN or MAN, whereas the centralized con­

troller can easily become unstable under such circumstances, unless the coupling 

stiffness of the remote user is considerably reduced. 
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Chapter 6 

Performance Analysis 

In this chapter the performance of the centralized and distributed architectures are 

studied. To this end, it is assumed that the users manipulate a virtual rigid object 

in free motion or in contact with a rigid wall. In Fig. 6.1, the mass-spring-damper 

models of the system under different scenarios are depicted. In hard contact, the 

value of kw is relatively large, whereas in free motion kw and bw are set to zero. In 

an ideal case, the user should feel that he/ she is interacting with a pure mass. To 

compare the controllers, the perceived admittances by the users in each architec­

ture are compared with that of a mass in Fig. 6.1(d) for a network delay of n = 1 in 

Figs. 4.1 and 4.2. 

6.1 Free Motion 

In this case, it is assumed that one user is manipulating the virtual object in free 

motion while the second user is prohibited from interacting with the object. The 

perceived admittance of the object is defined as the ratio of the output velocity vf 
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(a) 
(b) 

f 

(c) 
(d) 

Figure 6.1: Model of haptic interaction with kw = 30000 N/m and bw = 20 N.s/m 
in hard contact and bw = kw = 0 in free motion: (a) Local user in centralized 
controller; (b) Remote user in centralized controller; (c) Distributed controller; (d) 
The ideal system. 

to the input force Jih in Fig. 6.1. The modelling techniques introduced in Chapter 4 

can be employed to formulate the discrete-time state-space representation of the 

systems shown in Fig. 6.1. The following equation shows the relationship between 

the transfer function and state-space representations of a discrete-time system. 

(6.1) 
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Figure 6.2: Object perceived admittance * (jw) in free motion. 
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This can be proven by simply taking the z-transform of the state-space equations 

and solving the equations for the output signal. The relationship in Eq. (6.1) stream­

lines the calculation of the perceived admittance. Table 6.1 contains the parameters 

used in this case where the subscript o represents the moving object virtual coupler. 

k1 = 1000 Njm ko2 = kol = 300 Njm b21 = 2 N·sjm mo = 0.4 kg 
k2 = 85 Njm b1 = 15 N·sjm bo2 = bol = 10 N·sjm N=8 

kn = k22 = 3000 N/m b2 = 3 N·sjm Tc = 1/1024 S m? = m~ = 0.1 kg 
k21 = 400 Njm b22 = bn = 20 N·sjm 

Table 6.1: The parameters values used for performance analysis of controllers in 
free motion. 

The frequency responses are shown in Fig. 6.2, from which it is clear that the 

local user in the centralized architecture observes the closest admittance to that of 

the virtual mass, compared with the remote centralized and the distributed users. 

This should not be surprising since the network element is absent from the local 

user control loop and hence a high-rate delay free feedback loop can be imple­

mented. It should be noted, however, that even in this case at higher frequencies 

the effect of spring-damper coupler becomes dominant and the response deviates 

from that of a mass as seen in Fig. 6.2(b). The network low packet rate and delay 

cause the largest deviation from the ideal response at medium to high frequencies 

in the perceived admittance of the remote user in the centralized controller. 

At low frequencies, a dominant viscous behavior is observed in the responses 

of the distributed controller and the remote user in the centralized controller. The 

59 



M.A.Sc. Thesis - M. Fotoohi McMaster - Electrical Engineering 

Figure 6.3: Simplified model of distributed architecture in which the user force is 
directly applied to the object. 

amount of this damping can be analytically calculated as a function of system pa­

rameters using the discrete-time multi-rate modelling techniques introduced in 

Chapter 4 and the mass-spring-damper models in Fig. 6.1. This is achieved by 

finding the limit of the corresponding transfer functions as z approaches one. 

ph 
b =lim ~(z) 

z---+1 ~ 
(6.2) 

However, a drawback of this approach is that for the rotational degrees of mo­

tion, the resulting damping values would depend on hand-object contact point 

which is unknown and can change. To overcome this problem, a simplified model 

is used in which the hand-object virtual couplers in Fig. 6.1 are removed and the 

hand forces are sampled with control and network rates and directly applied to 

the masses as shown in Fig. 6.3. Using this approach for the centralized controller 
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results in a value of zero for low-frequency damping and for the distributed con­

troller with a control to network sampling ratio of N = 2, i.e. Tt = 2T0 and a 

delay-free communication channel, e.g. n = 0, one may obtain 

{6.3) 

The damping expressions obtained with the original models are rather long 

and are given in Appendix C. The analytical expressions of the delay in the case of 

N > 2 or when the network delay n is nonzero are complex and will not be given 

for brevity. In Table 6.2, the damping values obtained from the two approaches 

using the parameters in Table 6.1 are compared. Although the simplified method 

somewhat underestimates the damping, it can still provide a reasonable estimate 

for the rotational axes of the motion. Obviously, for the linear axes of the motion 

one can employ the original values. 

It is evident from Eq. (6.3) that the amount of viscous damping in the dis­

tributed architecture increases as the control rate decreases. Tightening the cou­

pling between the two copies of the object by increasing ko would also increase the 

Original Model Simplified Model 
Centralized 0.04 N.s/m 0 N.s/m 
Distributed 2.1 N.s/m 1.4N.s/m 

Table 6.2: The damping values obtained with the original and simplified models 
for N = 8. 
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induced viscous damping. To compensate for the undesirable effect of this viscous­

type friction on user's perception of the object, it is proposed that a negative damp­

ing be added to the object dynamics. The damping computations can be performed 

off-line for every movable single-body object in the virtual environment using the 

modelling techniques presented in this thesis. If the simplified model is used, the 

underestimated damping value would only depend on the virtual object param­

eters and control coupling gains, which are precisely known. In the calculations 

based on the original model, the haptic device mass is also needed. This can be es­

timated with good accuracy in most cases. Since the communication/ computation 

delay in the intended applications is usually around n = 1 - 2 network sample 

times, using n = 0 in the calculations would yield an underestimated damping 

value. Therefore, it is always possible to avoid a potential instability as a result 

of a net negative damping at the expense of an imperfect compensation. In addi­

tion, the system itself has some damping which guarantees a net positive damping 

value and hence a stable system. 

Fig. 6.4 shows a significant improvement in the system response after intro­

ducing the compensator b0 = -3 N.s/m, obtained using n = 1, in the distributed 

architecture. The perceived admittance is now close to that of the virtual mass for 

a wide frequency range. 

6.2 Rigid Contact 

As shown in Chapter 5, the distributed architecture has significantly higher marginal 

values for the stiffness couplers compared to those of the centralized controller. In 
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Figure 6.4: The user perceived admittance of the virtual object in the distributed 
controller before and after compensation compared with that of a pure mass. 

contacts with rigid environments, the stiffness seen by the user can be approxi­

mated by the virtual coupler stiffness. 

Fig. 6.5 displays the perceived admittance ~£ (jw) in the frequency domain 

when the user is pushing the object against a rigid wall. The controller param­

eters are the same as those in free motion and the wall stiffness and damping are 

kw = 30,000 N/m, and bw = 20 N.s/m, respectively. It turns out that the wall 

stiffness can be chosen to be substantially larger than the finger-box coupling stiff­

ness. This can be explained by the fact that in the box-wall interaction, the wall 

is an static object with a fixed position in both copies of the virtual environment. 

However, in the finger-box interaction, the combined finger /haptic device mass 

introduces an extra dynamic mode in the system. As finger position is measured, 

transmitted over the network, and used in feedback control, this mode is subject 

to a low-rate network feedback loop which can limit the coupler stiffness. It is pos­

sible to calculate the equivalent stiffness seen by the user at the equilibrium using 
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the Hook's and Newton's laws which results in 

_1 __ k2+kw 
keqrmt - kwk2 

1 _ (ko2 kz1+k21 k11+k11 ko2+k11 kw+2ko2 2+k21 kw+2ko2 kw+k,, 2) 

keqdist - k11 (2ko2 2+k21 k,+2ko2 k,+k, 2
) 

(6.4) 

where keq is the ratio of user force to the user displacement, i.e. ff at the equilib­

rium. 

Since kw is noticeably larger than the other stiffness values, the expression for 

remote and local user can be approximated as follows. 

l . 1 1 
1ffikw->OO -k-- = k 

eqrrnt 2 
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Therefore, at low frequencies the magnitude of responses in Fig. 6.5 is close 

to 1/k2, 1/k11 and 1/kw for the remote, distributed and ideal system, respectively. 

This demonstrates a sharp contrast between the centralized and distributed con­

troller in rendering rigid contacts where the achievable stiffness by the centralized 

architecture is quite limited. 

In summary, it can be concluded that the distributed controller can achieve a 

superior performance over the centralized controller for manipulating objects in 

free motion and in rigid contact. 
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Chapter 7 

A Platform for Two-finger Haptic 

Interaction in Cooperative Virtual 

Environments 

An experimental platform for two-finger haptic rendering in dual-user virtual en­

vironment has been developed as shown in Fig. 7.1. The system consists of two 

haptic interfaces with grasping capability, centralized and decentralized control 

architectures for VE simulation, as well as graphical displays. Using this system, 

two users can cooperatively grasp and manipulate a virtual box in a plane, i.e. 

by moving it in x andy directions, rotating it around the z axis, and bringing it 

into contact with a rigid wall. The elements of the cooperative haptic platform are 

briefly described in the rest of this chapter. 
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Figure 7.1: The experimental setup. 

7.1 Haptic Device 

Two identical planar pantograph mechanisms constitute a two-finger haptic inter­

face. The device is a modified version of the planar Pantograph haptic interface 

from Quanser. These parallel manipulators are capable of measuring the endpoint 

position and producing force-feedback in the x - y plane using rotary optical en­

coders and direct-drive DC motors. They are powered by two QPA linear current 

amplifiers from Quanser. A total of four pantograph mechanisms enable dual­

user I dual-finger cooperative manipulation of virtual objects. 
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Figure 7.2: Basic elements for single-finger haptic rendering. 

7.2 Virtual Environment 

The VE engine is responsible for simulating the dynamics of the virtual object 

and generating model-based reaction forces that will be displayed to the users 

through the graphic consoles and haptic interfaces, as shown in Fig. 7.2. It should 

be pointed out that this figure represents the case in which a single user inter­

acts with the VE by one finger. Nevertheless due to the modular structure of the 

experimental platform, the extension of the algorithms for the use in the dual­

user I dual-finger system is trivial. The VE engine consists of three subsystems 

described below. 

7.2.1 Collision Detection 

The collision detection (CD) routine detects any potential collision between the 

user's finger and the surfaces of the virtual box, as well as between the virtual 

box and the rigid walls. The finger position in the workspace is calculated using 
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Figure 7.3: Interference test for collision detection. 

encoder readings and the pantograph kinematics while the object position is gener­

ated by the VE engine. Due to the simple two-dimensional geometry of the object 

and environment configuration, the CD can be performed based on interference 

tests between the sides of the box and the user's finger as shown in Fig 7.3. In this 

approach the distance between HIP and object center of mass (DRIP) is compared 

to the surface distance from the center of mass (D8). If Ds < DRIP no collision is 

detected and hence the interaction force is zero, otherwise the collision detection 

routine triggers the force calculation algorithm. It assumed that the object has a 

convex shape. Similarly, collisions between the box and the walls can be detected 

by monitoring the positions of the box vertices in the x-y plane with respect to the 

walls. 

7.2.2 Force Calculation 

Fig. 7.4 displays a state machine used to generate the interaction force between 

each finger and the virtual box. According to this figure, there are four possible 
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contact states. 

Free-motion 

The system is in this state when there is no contact between the finger and ob­

ject, and hence the interaction force is zero. Transitions from the free-motion to 

moment-cancellation state and from the contact-pre-slide or contact-slide to free 

motion state occur based on the positions of haptic interface point (HIP) and the 

virtual box and are triggered by the CD routine. 

Moment-cancellation 

The system enters into this state upon the first contact of the finger with the object 

surface. A sequence of impulse forces with appropriate magnitudes are generated 

and applied to the haptic interface in order to neutralize its velocity along the con­

tact direction as quickly as possible. Such an approach provides the user with a 

more realistic sense of rigid contact [25, 106]. The ideal value for the magnitude of 

impulses is infinity but in practice the impulse magnitude is set to maximum force 

that can be applied by haptic device. The conservation of momentum law implies 

(7.1) 

where mh is the mass of user hand and haptic device lumped together and Vc is 

the magnitude of relative velocity between finger and object upon contact. It is 

assumed the the user hits a rigid wall or a relatively large mass. This equation is 

valid for any arb[trary signal ft applied to device forT seconds. Replacing f(t) in 

Eq. (7.1) by FMax. the maximum haptic device force, one may calculate the number 
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Figure 7.4: Contact states and their transitions. 

of impulses needed to cancel the device/hand momentum as below. 

(7.2) 

where Tc is the haptic simulation rate and the function [x] returns the the largest 

intiger number smaller than x. In other words, the number of impulses is under­

estimated to avoi:l instability. 

Contact pre-slidE~ and contact-slide: 

A penalty-based approach is adopted for calculating the interaction force between 

the HIP and the virtual box [107]. Linear spring-damper virtual couplers convert 

the penetration vector into a reaction force. The contact point frame (CPF) is de­

fined as a frame whose z axis is normal to the object surface at the contact point. 

In the pre-slide state, the object/finger interaction forces expressed in the CPF are 
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calculated as follows. 

(7.3) 

For the contact-slide state one may write 

(7.4) 

where xmp, YHrP, zmp, ±mp J.imp, and imp are the positions and velocities of the 

HIP expressed in CPF, k and b are the virtual coupler damping and stiffness, and 

f-lk is the coefficient of dynamic friction. The system remains in the contact-pre­

slide state as long as ft ::; 1-lsfz with ft = J n + 13 and 1-ls being the coefficient of 

static friction, and switches to the contact-slide state otherwise. 

The tangential velocity of HIP with respect to the CPF, vv triggers the transi­

tion from the contact-slide to contact-pre-slide when lvtl ::; Vtr· Ideally, the thresh­

old velocity Vtr = 0, however since the velocities are numerically computed from 

encoder readings, quantization-related errors can be noticeable at low velocities. 

Therefore, a small nonzero Vtr is empirically chosen to avoid erroneous state tran­

sitions. It should be pointed out that the proposed algorithm can be employed to 

generate the interaction force between any virtual contact point and a rigid sur­

face with friction. For instance, the virtual wall can be rendered using the same 
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algorithm, with HIP and box surface being replaced with box corners and wall 

surfaces, respectively. Melder and Harwin in [108] have taken the same approach 

to model friction and surface forces using friction cone and god object concepts. 

7.2.3 Virtual Environment Dynamics 

In general, the virtual world can consist of static and dynamic objects. An Euler 

integration routine with fixed-step size of 1/1024s is invoked to calculate the mo­

tion of the dynamic objects, the virtual box in this case, based on the calculated 

user I object interaction forces and the object dynamics. 

7.3 Graphics 

Matlab's Virtual Reality toolbox has been employed for graphics rendering at the 

user console. The graphics update rate is set to 32 Hz which is sufficient for pro­

ducing smooth motions on the displays. 

7.4 Real-time Control Software 

To meet the real-time requirements of haptic rendering, the real-time code is de­

veloped and executed in the Tornado/VxWorks and Matlab's Realtime Workshop 

environments. All local components of the haptic rendering, i.e. collision detec­

tion, force calculation and dynamic simulation run at a rate of 1024Hz to generate 

a realistic force feedback. 
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7.5 Network Communication 

Due to its relatively small overhead, the UDP protocol is used to communicate in­

formation between the two user workstations that are on a local network with a 

dedicated switch and small combined communication/ computation latency. The 

network data transmission rate is set to 128 Hz to achieve a reliable communica­

tion between the haptic workstations. This packet transmission rate is dictated by 

the RTOS which calls the UDP communication routine on a regular basis. A hand­

shaking protocol is implemented to ensure a synchronized data communication 

between the computers. Table 1.1 shows the experimental results carried out to 

define the communication channel characteristics. In this experiment two work­

stations were sending time-labelled data packet for a period of time 36 minutes 

with the sample rate of 1/128 s. 
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Chapter 8 

Experimental Results 

Comparative experiments have been conducted with the dual-user I dual-finger 

haptic platform described in Chapter 7. A discussion of the experimental results 

follows. 

8.1 Stability 

The distributed and centralized architectures have been implemented on two ma­

chines running the VxWorks RTOS. The control parameters were set to values 

shown in Tables 8.1 and 8.2 in the case of centralized and distributed architectures, 

respectively. In these tables, N and T subscribes denote the normal and tangen­

tial directions along the contact between the finger and box, the indices x, y and 

R represent the x , y and rotation coordinates of the box, and the subscribe o de­

notes the moving object virtual coupler. The sampling times were set to 1t = 1/128 

s, Tc = 1/1024 s. Coulomb friction with coefficients of 0.05 and 0.15 in the linear 

and rotational degrees of freedom was added between the box and ground. The 
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Figure 8.1: Comparison of distributed user and remote user in centralized archi­
tecture in experiment: (a) finger-box interaction force; (b) box's path on the x-y 
plane. 

coefficient of Coulomb friction between the fingers and the box was set to 0.6. 

The centralized controller with the given parameters is essentially unstable as 

predicted by the results of analysis in Fig. 5.1. In the experiments, while the users 

could cooperatively grasp and move the virtual box under the distributed con­

troller, such operation was almost impossible with the centralized controller due to 

its instability. This is evident from the force and position profiles in Fig. 8.1 where 

the user has to exert significant damping in order to barely grasp the object and 

move it in the plane. The instability in the centralized framework can be avoided 

by reducing the stiffness of the virtual couplers for the user across the network. 

However, this would degrade the haptic sensation, specially in rigid contact. 
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km = kN2 = 800 N/m bm = bN2 = 3 N·sjm 
kr1 = kr2 = 1200 N/m bTl= br2 = 10 N·sjm 

Table 8.1: Control parameters in centralized architecture used in experiments. 

km1 = kN22 = km2 = kN21 = 800 N /m 
krn = kr22 = kr12 = kr21 = 1200 N /m 

kolx = koly = ko2x = ko2y = 400 N jm 
kolR = ko2R = 10 Nm/rad 

bm1 = bN22 = bm2 = bN21 = 3 N·sjm 
brn = br22 = br12 = br21 = 10 N·s/m 

bolx = boly = bo2x = bo2y = 8 N·sjm 
bolR = bo2R = 0.1 N·sjrad 

Table 8.2: Control parameters in distributed architecture used in experiments. 

8.2 Performance 

Experiments have been conducted to investigate the effect of network downsam­

pling on the users' perceived admittance. To apply consistent force in different 

experiments, the user forces are emulated through the control signals. One of 

the pantograph mechanisms is moved along a sinusoidal path with an amplitude 

of 0.05 m and a frequency of 2 rad/sec in the y direction using a proportional­

derivative controller, while a constant force was applied to the second pantograph 

along the same direction. With this arrangement, the box was grasped and moved 

along they direction by the two pantographs. Fig. 8.2(a) shows a snapshot from 

the graphical display of this experiment. The control parameters are the same as 

those in the previous case. Ideally, the sum of the forces applied on the virtual 

object must be equal to the inertial force required for moving the box along the 

sinusoidal path. 

In Fig. 8.3, the local user force profile in the centralized architecture is com­

pared with that of the user in the distributed architecture. When uncompensated, 
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(a) (b) 

Figure 8.2: The virtual evironment in performance evaluation experiments: (a) free 
motion; (b) rigid contact; grey cylinders represent the user fingers. 

the user in the distributed system has to apply a noticeably larger force in order 

to generate the same motion. This is consistent with the analytical result that had 

predicted an extra viscous damping in the system response due to the network 

downsampling. As can be seen in Fig. 8.3, a negative damping compensation can 

significantly improve the response. The values of the damping were 0.88 N.s/m 

for the linear axes of motion, and 0.025 N.s.m/rad for the rotational motion, all 

chosen based on the results of the analysis. In the experiments, the users observed 

a noticeable improvement in the system response after the active damping com­

pensation. 

To compare the control architectures in rigid contact, the virtual box is pushed 

against a stiff wall with parameters kNw = 4000 N/m, krw = 7000 N/m, bNw = 30 

N.s/m, brw = 50 N.s/m, using an emulated user force of JY = 1.5 sin(3t) N, (see 

Fig. 8.2(b )). To avoid instability, the remote user parameters are set to kN = 170 

N/m, bN = 3 N.s/m, kr = 270 N/m, br = 5 N.s/m. The resulting haptic device 
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Figure 8.3: The net force exerted on the object for free motion along a sinusoidal 
path. 

displacements are plotted in Fig. 8.4. The user in the distributed controller and the 

local user in the centralized controller perceive a much stiffer contact, as is evident 

from their smaller penetration in the virtual wall. 
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Figure 8.4: Finger position when the user pushes the object against a stiff wall. 
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Chapter 9 

Conclusions and Future Work 

9.1 Conclusions 

Networked collaborative haptic environments present new challenges to the de­

signers of haptic-enabled virtual reality systems. These are mainly due to nonde­

terministic network constraints such as limited packet transmission rate, latency, 

data loss and jitter. In this thesis the emphasis was on cooperative haptic simula­

tion over LANs or MANs where the communication link can be characterized by 

its limited packet rate and a few (n=0-2) combined network/ computation sample 

delays, and where jitter and packet loss may be ignored. 

Using mathematical descriptions for multi-rate MIMO control systems, the sta­

bility and performance characteristics of two control architectures, namely central­

ized and distributed were compared. Analytical results as well as experiments 

conducted with a dual-user I dual-finger haptic platform demonstrated that the 

distributed controller possesses noticeably larger stability margins. Also, it was 

shown that the network downsampling and delay can cause a viscous friction 
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effect in the perceived impedance of the virtual object. This was eliminated by 

adding a negative damping to the virtual object dynamics. The negative damping 

value was formulated using the proposed modeling techniques. It was demon­

strated that, when properly compensated, the distributed controller can provide 

higher haptic fidelity in free motion and in contact with rigid environments com­

pared with that achievable using the centralized controller. 

An experimental setup for multi-finger cooperative haptic was developed us­

ing VxWorks RTOS and the Pantograph mechanism. In such a setup users are able 

to manipulate a rigid box in a virtual world and interact with rigid walls. Ex­

periments carried out to validate the stability and performance of centralized and 

distributed controllers in free motion and rigid contact. 

9.1.1 Suggestions for Future Research 

The following directions may be pursued for future research, 

• The impact of longer time delays, delay jitter and packet loss on cooperative 

haptic simulation over WANs and in particular the Internet can be inves­

tigated and methods for improving stability and performance under such 

conditions may be sought. 

• Predictive models for human hand gesture and behavior may be considered 

for reducing network-related performance degradation in cooperative hap­

tics. A possible approach to the modelling of the user interaction with the 

virtual world is to consider a number of internal decision states for the user 

and proper state transition dynamics, e.g. based on a Markov chain. 
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• Cooperative haptics in virtual environments with deformable objects is an­

other interesting area for future research. Techniques for performance eval­

uation and stability analysis of such systems can be studied. In the case of 

deformable haptic interaction, the haptic simulation rate can be limited due 

to extensive computational cost of finite element method. Also the effect of 

downsampling in the context of of cooperative haptics for deformable bodies 

must be considered. 
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Appendix A 

State Transition Matrices for 

Discrete-time Multi-rate Dynamics 

withZOH 

Reference [105] contains a detailed derivation of the state transition matrices in ( 4.18). 

The final forms of the matrices are given in here for ease of reference. Av is com­

posed of Nzcm x Nzcm matrix blocks of the form: 

0 .... 0 ADl 

Av = (A.1) 

0 .... 0 AvN0 

where Av1 is given by 

A _ Alro l- 1 N Dl - e , - , · · ·, lcm (A.2) 
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BD is composed of 1 x p matrix blocks of the form: 

(A.3) 

where pis the number of sample rates in the system and BD blocks are N1cm x Ni 

block matrices 

BDi = [bDi,lu], l = l, ... , Nlcm; J.L = 0, ... , Ni- 1. (A.4) 

The block bD;,tu of Bw is an n 0 -dimensional column vector 

0 

(AS) 

CD is a p x 1 block matrix of the form: 

Cm 

(A.6) 

whose blocks are Nj x No block matrices 

BDi = [bDi,lu], l = l, ... , Ntcm; J.L = 0, ... , Ni - 1. (A.7) 

CDj = [(cDj,vlf], v = 0, ... , Nj- 1; l = 1, ... , No (A.8) 
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The block (cDj,vlf is an no dimensional row vector given by: 

v = O,l = N0 or vli = l 
(A.9) 

otherwise 
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Appendix B 

Viscous Damping Calculation Using 

the Original Model 

The damping values in the case of N = 2 and n = 0 for the single-axis model of 

Fig. 6.1 have been derived using Matlab' s Symbolic toolbox. For the centralized 

controller: 

k2 
bcent = 2/Tc- b2/mo 

and for the distributed controller: 

NUM 
bdist = DEN 
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NU M = Tckn (lOm1k~T;bob11- 24Tck~m1mobn- 40m1Tcm0k~b0 

- 24m1Tcmok~b12 + Tc3bi2k;bn - 24Tcbnm~k;- 4T;bnb~k; 

+ l0m1T;bok;b12 + 8m1T;b;k;- 4T;bnbok;b12 + 10T;bnmok;b12 

+ 12m1T;k;b12b11 + 48mlm;k; + 20T;bnmok;bo- 2T;k~2mobobn 

- 2T;k~2m1b~- 2T;k~2m1bobn + 4Tck~2m1mobo + T:k~2 b~bn 

+ 8T;m1bnkobok12- 40Tcm1mokobok12- 4T:kob~bnk12 

+ 8Tc2m1b;kok12 + 12m1T;b11kob12k12 + 12m1T;bokob12k12 

+ 20T; Mokobok12b11 + 12T;mok12kob12b11- 6T;k12kob12bnbo 

- 24m1moTckob12k12 + 48m1m;k12ko- 24Tcm;k12kob11 - 24m1moTcbnkok12) 

(B.12) 

DEN= (Tcbo + Tcb12- 2mo)(knk12 + kok12 + knko) 

( -T;bnko- 2T;bnbo + 4m1Tcbo + 4m1Tcb11 + 4moTcb11- 8m1mo) (B.13) 
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