Face Lattice Computation under Symmetry



Face Lattice Computation under Symmetry

By

JONATHAN L1, B.Sc.

A Thesis
Submitted to the School of Graduate Studies
in Partial Fulfilment of the Requirements
for the Degree

Master of Applied Science

McMaster University

© Copyright by Jonathan Li, August 2008



MASTER OF APPLIED SCIENCE (2008) McMaster University

(Computational Engineering and Science) Hamilton, Ontario
TITLE: Face Lattice Computation under Symmetry
AUTHOR: Jonathan Li, B.Sc. (National Sun Yat-Sen University)
SUPERVISOR: Dr. Antoine Deza

NUMBER OF PAGES:

x, 50.

i



Abstract

The last 15 years have seen a significant progress in the development of
general purpose algorithms and software for polyhedral computation. Many
polytopes of practical interest have enormous output complexity and are often
highly degenerate, posing severe difficulties for known general purpose algo-
rithms. They are, however, highly structured and attention has turned to
exploiting this structure, particularly symmetry. We focus on polytopes arising
from combinatorial optimization problems. In particular, we study the face
lattice of the metric polytope associated with the well-known maxcut and mul-
ticommodity flow problems, as well as with finite metric spaces. Exploiting the
high degree of symmetry, we provide the first complete orbitwise description of
the higher layers of the face lattice of the metric polytope for any dimension.

Further computational and combinatorial issues are presented.
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Chapter 1

Introduction

Convex polytopes are the d-dimensional analogues of 2-dimensional convex
polygons and 3-dimensional convex polytopes. To a large extent the geom-
etry of polytopes is just that of IR? itself. These geometric objects of relevant
importance in various areas of mathematics and other disciplines have been
studied since antiquity (e.g., the platonic solids). Interest in the theory of con-
vex polytopes grew tremendously in the second half of the 20th century due to
its relation with linear programming (i.e., optimizing a linear function over the
solutions of a system of linear inequalities). DANTZzIG’s Simplex Algorithm,
developed in the late 40’s, showed that geometric and combinatorial knowledge
of convex polytopes is key for finding and analyzing solution procedures for
linear programming problems.

A convex polytope can be defined as the bounded intersection of a finite
set H(P) of halfspaces. The well known theorem of Minkowski-Weyl states
that polytopes can also be defined as the convex hull of its set V(P) of vertices.
These two independent characterization of polytopes give rise to two closely

related computational problems: how to compute V(P) from H(P), known
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as the vertex enumeration problem, and how to compute H(P) from V(P),
known as the facet enumeration problem. These two problems are essentially
equivalent under the point/hyperplane duality.

The vertex/facet enumeration of combinatorial polytopes, i.e. polytopes
arising from combinatorial optimization problems, is often trivial for the very
first cases and then suddenly the so-called combinatorial explosion occurs even
for small instances. While these polytopes turn out to be quickly intractable
for enumeration algorithms designed for general polytopes, algorithms using
their rich combinatorial features can exhibit surprisingly strong performances.
Recently, different research groups have proposed new enumeration techniques
for combinatorial polytopes, in particular the metric polytope, that exploit
their large symmetry groups making it possible tackle problems that until now
have been intractable.

An even computationally harder problem is the face lattice enumeration.
Previous works on the facial structure of the metric polytope include the or-
bitwise complete description of its face lattice in dimension 6 and 10, see [12],
and of the top 3 layers of its face lattice for any dimension, see [11, 13]. In this
thesis, we provide the orbitwise complete description of faces of codimension 4

for any n.
1.1 Preliminaries

1.1.1 Convex polytope

We recall some definitions and elementary properties concerning polyhedra. A
complete presentation can be found in BAYER AND LEE [5], BR@NDSTED [8],

GRUNBAUM [19], MCMULLEN AND SHEPHARD [23], and ZIEGLER [27]. A
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convex polyhedron is an intersection of a finite number of closed half spaces in
IR? . Since we do not consider non-convex polyhedra, we often omit the term
convex. A polytope is a bounded polyhedron.

Let P be a d-dimensional polytope, a linear inequality ¢ - x < ¢ is valid

for P if it is satised for all points z € P. A face f of P is any set of the form:
f=Pn{zeR*:c z=co}

where ¢ - 2 < ¢y is a valid inequality for P . The dimension of a face is the
dimension of its affine hull. A proper face of P is a face f such that f # (.
The faces of dimension 0, 1, d-2, and d-1 are respectively called the wertices,
edges, ridges, and facets of the polytope. One of the earliest results in the field
is the generalization by SCHLAFLI in 1852 of EULERs relation stating that the
alternating sum of the number of i-faces (including the improper faces () and
P) equals zero. For the case d = 3, it was discovered by EULER in 1752. The
face lattice of a convex polytope is the set of all its faces partially ordered by
inclusion. Two polytopes are combinatorially equivalent, respectively dual, if

there is a bijection between their faces which preserves, respectively reverses,
the inclusion relation.

A Y

Tetrahedron Cube Octahedron Dodecahedron Icosahedron

Figure 1.1: Platonic solids

A d-dimensional polytope with exactly d+1 vertices is called a simplex.

A polytope such that each vertex belongs to exactly d edges is simple, and

3
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a polytope such that each facet contains exactly d vertices is simplicial. A
d-dimensional polytope is called k-simplicial if each k-face is a simplex. The
dual of a k-simplicial polytope is called k-simple. Figure 1.1 illustrates different
types of polytopes in dimension 3, namely the five platonic solids: tetrahedron,
cube, octahedron, dodecahedron and isocahedron. We recall some denitions
and elementary properties concerning the graph of a polytope. A complete
presentation can be found in BRGNDSTED [8] and ZIEGLER [27]. The main
reference for the general graph theory is BROUWER, COHEN AND NEUMAIER
[9]. The vertices and edges of a d-dimensional polytope P clearly form an undi-
rected graph G(P) called the skeleton of P. The diameter 6(P) of a polytope
P is the diameter of its skeleton, that is, the smallest number k& such that any
two vertices of P can be connected by a path with at most £ edges. In this the-
sis we will consider only non-redundant, full dimensional, and bounded convex

polyhedra.

1.2 Face lattice enumeration
1.2.1 Vertex enumeration

Given a polytope P defined by the linear inequalities associated with the set
F(P) of its facets, the computation of its vertex set V(P) is referred to as
the vertex enumeration problem. The main vertex enumeration algorithms can
be viewed as not just generating all vertices of a polytope P, but actually
generating the skeleton of P, i.e. the graph formed by its vertices and edges.
There are essentially two main classes of algorithms for producing these graphs:
graph traversal algorithms and incremental algorithms.

A graph traversal algorithm, also called a pivoting method, first finds one
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vertex of P and then identifies all vertices (and edges) by moving from one
vertex to an adjacent one. In this method, each vertex v is described by a
basis - i.e. d affinely independent inequalities containing v. Moving from one
vertex to an adjacent one amounts to changing one member of the basis in
some proper way. The basic incremental algorithm first selects d + 1 affinely
independent inequalities and computes the vertices and edges of the associated
d-simplex. Then at each step k one of the remaining inequalities Hy, is inserted
and the vertex and edge description is updated by removing the vertices cut
off by the newly inserted inequality Hj and adding new vertices (and edges)
created by the intersections of edges of the intermediate polytope P, with the
newly inserted inequality Hy.

For a detailed presentation of the main existing algorithms we refer to
Avis, BREMMER AND SEIDEL [1] and references therein. Even though these
algorithms often perform quite well for many cases, in particular for low di-
mensional and simple polytopes, and despite the fact that the vertex enumer-
ation problem has been extensively studied by many authors see for instance
(2, 10, 17, 22, 24], there is no satisfying algorithm for generating the vertices of

a general polytope given by its facets.

1.2.2 Face lattice enumeration

For most of the combinatorial polytopes, the number of faces usually grows
extremely large as the dimension of the faces is getting close to roughly half
the dimension of the polytope: Face lattices are usually ”fat” making the com-
putation of the full face lattice of a polytope extremely hard.

In general, a proper face f¢=t of P can be defined either by the subset
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F(f3?) of facets containing f@~* or as the convex hull of the vertices V(¢
belonging to f¢~*. The codimension of a (d — t)-face f3* is t. Given the
facet set F(P), the face enumeration problem consists in enumerating all the
faces of P in terms of F(f27*). A face enumeration algorithm usually first
generates the set L4~ of all the possible intersections between facets and the
face of codimension ¢ — 1, removes the duplicates, and then determines the facet
set and computes the rank of the remaining intersections. The computation
can quickly become intractable, when the number of intersections becomes too
large. To exploit the symmetries displayed by most combinatorial polytopes,

an orbitwise face enumeration algorithm is proposed in Chapter 3.

1.3 Combinatorial polytope

Combinatorial polytopes, i.e. polytopes arising from combinatorial optimiza-
tion problems, are usually associated with the complete directed graph D, or
the complete undirected graph K, on n nodes. Solving an instance of a com-
binatorial optimization problem means finding a feasible solution of minimum
or maximum cost. The combinatorial polytope is the convex hull of the set of
vectors representing the feasible solutions. A standard approach is to try to
describe the polytope in terms of linear inequalities with the hope of applying
the tools of linear programming. For instance, for matchings, spanning trees,
and several other structures, we are able to get a compact description of the
convex hull in terms of linear inequalities. In many cases, though, it is hard to
obtain such a description. Combinatorial polytopes become quickly intractable

for enumeration algorithms designed for solving general polytopes.
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1.4 Cut polytope

The cut polytope ¢, is the convex hull of the incidence vectors of all the cuts
of K,,. More precisely, given a subset S of {1...n}, the cut determined by S
consists of the pairs (4, j) of elements of {1...n} such that exactly one of i, j is
in S. By 4(S) we denote both the cut and its incidence vector in IR™; that is,
§(S)i; = 1 if exactly one of 4,7 is in S and 0 otherwise for 1 < i < j < n. So,
6(5);; could be considered as coordinates of a point in IR™. The cut polytope is
the convex hull of all 2! cuts, and the cut cone is the conic hull of all 2%~ —1
nonzero cuts.

One of the well-known applications for the cut polytope is the maxcut
problem. The maxcut problem could be stated as follows: given a graph G =
(N, E) and nonnegative weights we,e € F, assigned to its edges, the maxcut
problem consists in finding a cut §(5) whose weight 3 5 ) we is as large as
possible. It is well known that it is an NP-complete problem. By setting w, =0
if e is not an edge of G, we can consider without loss of generality the complete
graph K. Then the maxcut problem can be stated as a linear programming

problem over the cut polytope ¢, as follows:
max w? -z

such that z € ¢,

1.5 Metric polytope

The metric polytope m,, is one of well-studied relaxations of the cut polytope.

It also can be defined in terms of a finite metric space in the following way. For
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all 3-sets {7,7,k} € {1,...,n}, we consider the inequalities:
Ty — Tig — Tjie <0 (1)

Tij + Tig + T < 2 (2)

(1) induces 3(’;) facets, which define the metric cone. Then, bounding the latter

by the () facets induced by (2), we obtain the metric polytope. While the cut

n
cone is the conic hull of all, up to a constant multiple, {0,1}-valued extreme
rays of the metric cone, the cut polytope is the convex hull of all {0, 1}-valued
vertices of the metric polytope.

We have ¢, C m,, with equality only for n < 4. Any facet of the metric
polytope contains a facet of the cut polytope and the vertices of the cut polytope
are vertices of the metric polytope, in fact the cuts are precisely the integral
vertices of the metric polytope. Actually the metric polytope m,, wraps the cut
polytope ¢, very tightly since, in addition to the vertices, all edges and 2-faces
of ¢, are also faces of m,,, for 3-faces it is false for n > 4. Any two cuts are
adjacent both on ¢, and on m,. Since the metric polytope is a relaxation of

the cut polytope, optimizing w? - z in the previous section over m,, instead of

¢, provides an upper bound for the maxcut problem.

1.5.1 Faces of the metric polytope

The metric polytope my, is a (3)-polytope with 4(;) facets inscribed in the
cube [0, 1](3) We recall some results on the vertices of the metric polytope.
The cuts are the only integral vertices of m,. All other vertices with are not
fully fractional are so-called trivial-extensions of a vertex of m,_;. In other

words, the new vertices are the fully fractional ones. The (3,Z2)-valued fully
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fractional vertices are well studied and include the anticut orbit formed by the
271 anticuts 6(S) = 2(1,...,1) — $0(S), where §(S) represents both the cut
and its incidence vector in lR(g) Consider the mapping: ¢q: Rr("2") = R(g),
defined by ¢g(v)iy; =vij for 1 <i<j<n—1, ¢o(v)in =v1;for2<i<n—1
and ¢o(v)1, = 0, both ¢(v) and its switching by §({n}) are called trivial
extensions of v.

While the diameter of the dual of the metric polytope is 2, the diameters
of the dual cut polytope and m,, are respectively conjectured to be 4 and 3, see
[11, 21]. We recall two independent conjectures concerning the combinatorial
structure of the metric polytope: the dominant clique conjecture [21] stating
that the cut vertices form a dominating set, and the non-cut set conjecture [15]
stating that for n > 6, the restriction of the skeleton to the non-cut vertices
is connected while the dominant clique conjecture was disproved in [15], the
non-cut set conjecture is still open. The full face-lattice enumeration has been
performed for m, and ms, see [12]. The orbitwise descriptions of the faces of

m,, of codimension 1, 2 and 3 was given in [11, 13].

1.6 Symmetry group and orbits

In this thesis we consider polytopes associated with problems that are symmet-
ric. We recall that the symmetry group Is(P) of a polytope P is the group of
isometries preserving P. Typical examples of polytopes with large symmetry
group are polytopes associated with problems arising from the complete di-
rected graph D,, or the complete undirected graph K, on n nodes. Some such
well-known polytopes are: the traveling salesman polytope tsp, which is the

convex hull of all the incidence vectors of all Hamiltonian cycles of K, and the
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linear ordering polytope lo, which is the convex hull of the incidence vectors
of all acyclic tournaments of D,. The isometries preserving tsp, are induced
by the n! permutations on {1,2,...,n}, that is, Is(¢sp,) ~ Sym(n). In this
thesis, we consider polytopes with even larger symmetry group: the cut and
metric polytope. More precisely, for n > 5, Is(m,) =Is(c,) is induced by the n!
permutations on {1,2,...,n} and the 2"! switching reflections by cuts and we
have |Is(my,)] = 2" !n!, see [14]. As these symmetries preserve the adjacency
relations and the linear independency, all faces of m,, are partitioned into orbits

of faces equivalent under permutations and switchings.

10



Chapter 2

Face Lattice Computation
Under Symmetry

As the face lattice enumeration over combinatorial polytopes turns out to be
intractable due to the exponentially growing combinatorial structure, we fo-
cus on enumerating the face lattice by exploiting symmetry. We consider the
problem of enumerating the orbits of the face lattice with a given facet set
F(P) = {f=4, f&-1, ..., f&1}. By duality, the methods we discuss here also

apply when the polytope is defined as the convex hull of its vertex set.

2.1 Decomposition method

The decomposition method consists in enumerating the orbits of the face lattice
by decomposing the original problem into several subproblems. Subproblems
here refer to the smaller input size regarding current available vertex (resp.
face) enumeration algorithm, and they are usually defined with respect to cer-
tain orbit sets. For example, in the incidence decomposition method (resp.
adjacency decomposition method), the subproblems are corresponding to the

orbits of facets (resp. the orbits of vertices), while in the orbitwise face enu-

11
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meration algorithm, the subproblems are corresponding to the orbits of faces.
Although different variants of decomposition method require different analysis
of the computation, we outline here the common tasks this type of method

usually involves:

(i) decomposing the original problem into subproblems with respect to certain

sets of orbits,

(ii) applying traditional vertex (resp. face) enumeration algorithm for each

subproblem,

(iii) identifying the canonical representative for the vertex (resp. face) set

result from (1),
(iv) updating the orbit list until the orbit list is completed.

In (i), by taking advantage of the complete description of faces up to
symmetry, the computation of the decomposed subproblems are guaranteed
to generate all the orbits of desirable vertex (resp. face) set. For most of
the orbitwise enumeration algorithms, the efficiency of the algorithm results
from the trade-off among (7), (4%), (#44). In many cases, the performances are
empirical and rely on heuristics such as skipping the high degeneracy in the

adjacency decomposition method.

2.2 Incidence decomposition method

The incidence decomposition method reduces the problem of vertex enumera-
tion into a number of smaller subproblems with respect to orbits of facets, in

which the algorithm generates vertices that are incident to the chosen facets.

12
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Let P be a polytope in IR? generated by facet set F(P) ={f¢*, ..., f& 1}, the
set F(P) = {f&1, ..., f&1} is partitioned into orbits under the action of Is(P).
The algorithm generates a list of Is(P)-inequivalent vertices of P incident to
each canonical representative for each orbit of facets. Then, all the computed
vertices are merged to a list of Is(P)-inequivalent vertices of P. The certificate
of the complete enumeration of vertices up to symmetry comes from the fact
that every Is(P)-orbit of vertices of P contains a vertex which is incident to
one of the chosen canonical representatives of facets. In other words, it is suffi-
cient to enumerate all the orbits of vertices by enumerating the vertices of each
canonical representative of facets.

To compute the vertices incident to a given facet f¢~!, the method enu-
merates the vertices of lower dimensional polytopes. For each subproblem
we may not have to consider all the facets of P because some of the facets
may not be incident to the vertices incident to the canonical representative
f471. The facets not incident to f¢=* correspond to redundant inequalities for
P* := {P N f4'}. The lower the number of incident facets of each canonical
representative, the more computational gain we could have by applying gen-
eral vertices enumeration algorithm for each lower-dimensional polytope. If the
computational cost is still too high for each subproblem, the method could be

applied recursively.

2.3 Adjacency decomposition method

The adjacency decomposition method traverses the orbits of vertices directly.
Starting from a (set of) initial Is(P)—inequivalent vertex (vertices), it traverses

the adjacency graph of vertex orbits. To traverse adjacent vertices, the method

13
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can either apply incremental algorithm or graph traversal algorithm. When
applying graph traversal algorithm, the method traverses the so-called basis
graph. The nodes of the basis graph are the bases, and the edges are the pairs

of adjacent bases.

2.4 Orbitwise face enumeration

The orbitwise face enumeration generates the set L¢~t of all intersections be-
tween the canonical representatives £2~*+! and facets from F(P), and extracts
L4t from L4t by applying orbitwise equivalency checks.

Similarly to the incidence decomposition method that lowers the number
of possible orbits of vertices to enumerate by only enumerating those being
incident to the orbits of facets, the generation of faces of codimension ¢ in-
tersections can be obtained by intersecting the orbits of faces of codimension
(t — 1) with all facets. After generating the list of possible orbits of faces of
codimension ¢t up to symmetry, the algorithm further computes the canonical
representatives using the list. Further details can be found in the following

chapters, also see [13].
2.5 Refinement using symmetry

2.5.1 Recursion

The incidence decomposition method and the adjacency decomposition method
reduce the vertex enumeration problem over a (d — ¢)—dimensional polytope
P to a number of vertex enumeration subproblems over polytopes in (d — ¢ —

1) dimension. These lower dimensional subproblems may still be difficult to

14
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solve for general enumeration algorithms. If so, we might apply the methods
recursively to further lower the input size. In both methods, after reaching the
step computing a list of vertices for a (d — t) dimensional polytope f4~%, the
further exploitation of symmetry with respect to f4* could be done; that is
computing Is(f¢~*) where Is(f¢*) is some symmetry group acting on the face
lattice of f¢~t. With Is(f4~*), we can then obtain a list of Is(f¢*)-inequivalent
vertices of f3*. In a post processing step, we then have to obtain a list of
Is(P)-inequivalent vertices out of the set of Is( f4~*)-inequivalent vertices of all

subproblems, r = 1, ..., I¢t.

2.5.2 Adjacency decomposition pruning method

Adjacency decomposition pruning method is the refinement of the adjacency
decomposition method. Consider vertices vy and v, that are equivalent under
some symmetry of the basis automorphism group. This same symmetry acts
as an isomorphism between corresponding basis graphs. In other words, the
neighborhood of vy is symmetric to the neighborhood of v,. It follows that
when we discover a basis (vertex) B defining a new orbit, the orbit shall be
visited only once, since the combinatorial structures of the vertices in the same
orbit are equivalent. In other words, it is suffcient to enumerate all the orbits of
vertices by exploring the neighborhood of canonical representatives. Although
this pruning method does not reduce the number of orbits of bases explored, it
can reduce the number of actual bases visited and save the computational cost

result from computing the adjacent vertices.

15
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2.5.3 A pivoting method using symmetry

Pivoting methods are among most successful methods for vertex enumera-
tion problem and it is natural to consider whether pivoting technique can be
adapted to the symmetric setting. In the typical case, generating the entire
basis graph is impractical due to the large number of bases that correspond
to each facet in the degenerate case. The performance of pivoting method un-
der symmetry is determined by the number of orbits of bases with respect to
the basis automorphism group defined as the subgroup of the combinatorial

automorphism group that acts on the basis graph; for further details, see [7]

16



Chapter 3

Orbitwise Face Enumeration
Algorithm

This section presents the complete characterization of the orbits of faces of

codimension 4 for the metric polytope m,, for n > 3.

3.1 Orbitwise enumeration algorithm

Given a polytope P defined by its (non-redundant) facet set F(P) = {f**,...
, f&1}. The algorithm first computes the list £3~1 = {f3-1 ?;11 of all the
canonical representatives of the orbits of facets. Then the algorithm generates
the set L2 = {f&1nfi1:5=1,.,I% r=1,.. m}. To identify and keep
only the (d — 2)-faces, the algorithm computes the dimension of each subface
f4=1N f9=1. Then it computes the list of canonical representatives of orbits of
(d — 2)-faces £372 = {f¢2 ., ?d"_ 21 from the L2, In general, the algorithm

computes £¢¢ from L3¢+ through the following steps:

1. generating the set L% by intersecting canonical representatives f;‘f“”'l

with facets f¢! for s = 1,...,I% " and r = 1, ...,m,

17
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2. computing the set F(f4t+1 N f4-1) of all facets containing fé-t+1 N fd-1
and then its rank dim(fé-t+1 N f4-1)

3. for dim(f4 ' N f%-1) = d — t, computing the canonical representative

fd—t of ]?d—t+1 N fd—l

The algorithm terminates after the list £° of canonical representatives of
the orbits of vertices is computed. The algorithm performs better when the
symmetry group Is(P) is larger since the number of orbits could be relatively
small. One of major computational costs arises from the computation of the
canonical representative fﬁl“t of the orbit Os-+ generated by a face fét and
the orbitwise equivalency check. The computation of dim(f4*! N f4-1) is

5 d—
performed by computing the rank of F(f4t+1 N fi-1). Assuming f, "o
{f&1 ., f25) and fé! = f21 by re-ordering the given facets and defining
= {aim = b,z € P}, the following LP;, j € {t + 1,...,m}, is used to
d—t+1

determine F(f," " N f4-1):

max oz —b;

st. alz—b;=0 i=1,..t

alz—b;>0 i=t+1,..,m

The LP; checks if the facet fi5,}; contains the intersection fetin It by
d—t+1

trying to push away j>t+l from f, " n féloaf a x—b; >0, J>t+1 does

not contain the intersection and so it can be “detached” from the intersection.

On the other hand, ]>t .1 does contain the intersection if alz — b; = 0.

18
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3.2 Previous results and computation
3.2.1 Full face lattice of the metric polytope m;

Using the algorithm presented at section 3.1, the full face lattice for mj is pre-

sented.

Figure 3.1: Non-simplices of the face lattice of ms
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3.2.2 Orbitwise description of face of codimension 2 and
3 of the metric polytope for any n

In the following the orbitwise description of face of codimension 2 and codi-

mension 3 for any n are presented,

for details see [13].

Orbit Oy | Representative f7 | my, for which f7 is a (d — 2)-face | [Op|
Oy A123sN A4 Min>4 160(})
Oyz Dip3NAigs Mn>5 48(%)
Os2 A123MNAysp Mp>6 240(3)
Orbitwise description of face of codimension 2
Orbit Oys | Representative f7 | my, for which /3 is a (d — 3)-face | O3]
Ops ArasNAasNA gy, Min>4 32(3)
Oys Aio3NA124NA134 Mp>4 24 (Z)
Oy A3 NALLsNAggg Mn>5 160(%)
) 3 A1osNA1paNAigzs Mip>5 960 (g)
Oys A123NA124NA12s Mp>5 480 (’5‘)
o) 32 A1p3N D15 N Agzyg Mp>5 480 (Z)
Oz A1p3 N A1g5N Agap Mn>6 5760()
Ofg Al,z,g n A]_,z,e N A1’4’5 My>6 5760 (g)
Ops AjpaNAyzsNAggg Mp>6 3840(3)
Offo A172,4 M A1,3)5 N A2’3’6 Mp>6 3840 (Z)
Ofigl A1,2,5 n A1,2,7 N A374’6 My>7 6720 (?)
2, A7 N A3sN Agas Mp>7 6720 (?)
3, ApsNA1asNAgr Mn>7 40320 (’7‘
3 Aigs NAL7g N Agyg My >8 53760 (g‘
3 A135 N Dys6NArgo Mp>9 17920 (g
3, Dip3NA 3N Ay My 2(3)

Orbitwise description of face of codimension 3
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3.3 The faces of codimension 4 of the metric
polytope for any n

As mentioned in Section 3.2, the first 3 upper layers of m,, are known for any
n. We have 147} (my>3)=1, I%2(m,>6)=3, I*3(m,>9)=15 and by Theorem

3.3.1, we get I97*(my,>12)=94.

Theorem 3.3.1 Forn > 12, the face of codimension 4 of the metric polytope
my, are partitioned into 94 orbits equivalent under permutations and switchings.
Forn = 4,...,11 the face of codimension 4 are partitioned into 2, 10, 34, 61,
79, 88, 92, 93 orbits respectively.
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Orbit Ojs Representative f3 my, for which f is a (d — 4)-face
Oya A1o3ND12aNA13aNAgzy Mp>4
Oja D123NA104NA1a5N A3y Mp>5
Ojs A1p3NA124NA 35N Aras Mp>5
Oys A1p3NA124N A5 N A5, Mp>5
Oys Ai123NA124N A5 N Agys Mp>5
O 4 A1,2’3 N A1,2,5 N A1’3,4 N A§’4’5 Mp>5
Oys A123NA124N A1 25N Azas Mp>5
Oya A1o3NA124NA1 34N Aszs Mp>5
Oya Ajo3NA125NA1 34N Agys Ma>5
O A1osNA1asNA1asN Az Mn>6
Ogs Dr1o3NAyzs N AN Agys M6

IL2 A1,2,3 n A1,475 N A§,4,6 M A3,3,6 Myp>6
£, A123NA124NA13,NArse Mn>6
2, A1p3NA1as N Ag6MN Az Min>6
I Di23NA124NA135MNAs3e Min>6
£ A1o3NA124NAI34NArse Mu>6
i A123NA124N A1z N Agpe Mn>6
i Ai123NA135NA145N Aoug My>6

4 ArpsNA126NAras N Asgas M6
£ A123N A1 07N A5 N Asge My>6
2 A5 NA126NA134NAggy Mn>6
2 A123NA124NA125MN Aze Mn>6
1 Ao NAL2aNArgs N Agee Mn>6

4, Aj1a3NA125NA134NAras My>6

4 A123NA124NA1 35N Agyp Mp>6
14, A123NA124NA356NAysp Mr>6
% A104NA125NA134NAg3e Mn>6
S A5 NA126N AN Agsy Mn>6

4 ArpaNDi1osNA1 34N Aggg Mn>6
I A1 N A1 N AT s N Agys Mn>6
2 Ap3NA 35N AN Agys Mn>6
£ A1p3NA124NA125N Arge Mn>6
2 A123NA135NA146NAoss Mp>6
2 Dio3NA12sNA356MN Ag56 Mn>6
f4 A4 N A7 N A5 Agg4 Mn>7
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Orbit Oy Representative f; m,, for which f? is a (d — 4)-face

Ops, A1o3NA; 37N A1se N Agyy Mip>7
4, D125 N A5, NAs7NAgzy M7
Fis D123 N A124N D350 Dser M7
3o A3 N A2 N A 54N Asgr Mp>7
0 74 A123NA146NAgs7MNAz75 Min>7
Oy, A1psNA12sNA 34N Asgr Mp>7
O, ArpzNA1aaNAizsNArgyr Mn>7
Of;;s Di123NA124NA135MN Aggr Mp>7
Oy, Dr23NA134N A 45N Aggy M7
4 AgosNA136NA1a7NAz5, Mn>7

4 A123N A4 N A5 N Aggr Mn>7
Oys, A123NA124NA127N A5 My>7
Oys, A1paNAyaeNBos7NAgys Mn>7
o D124NA127N A1 35N Aoz M7
Oys, Di2aNAi13sNAseNAgar Mp>7
) 4 AosNA1 34N A1 g7 N Aszs Mp>7
Oy, D23 NApsNAze5N Asgr Mp>7
Oy, Di23NA137N AL N Aoyg Mp>7
2, A1p3NA137N AN Asye Mp>7
4 AiosNA126 N A134 N Agar Mp>7
Ops, AD10aNA1psN Ay 36N Arsy My>7
Ofg‘., A1,2,3 N A1,2,6 N A3,4’5 N A4,5,7 M7
Oy, ANjas N A3 NAL47NAgzy Mn>7
4 A123NA146NAos57MNAgys My >7
Ors, A2 NA134NAgs7MNAgys Mp>7
Oys, D126 NA134NAg57NAzy3 Mp>7
Ofé‘z AjazNAjysN A2,3,Z N Agrg Mp>8
Ors, ArpsNA36MNA247MNAZ,s Mp>8
£ A1p3NA1paNAiss N Agrs Mn>s
Oy, Di123NA124NA1s56MNAsrs Mn>8
Ong A1,2,3 N A],z,s N A1ﬂ4,5 N A1,6,7 Mp>8
Ofg7 A1p3NA128NAL45 N Aggr Min>8
4 A1oaNAiasNAzsNAggr My >8
O, Arp3NArgsNArerNAgge My>s
Of;lo A1,2,3 M A1,5,6 n A2’374 N A4,7,8 Mp>8
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Orbit Oys Representative f} m,, for which f?# is a (d — 4)-face
Oy, A5 N A1 67N A34MNAsag Mp>8
Oy A4 NAT38NArseNAgayr Mp>8
Oja, ArosNA136NAgg,NAgrg Mn>8

2, A3 NAL2aNAL2s N Aser Mn>8
O Aj1o3NA1a5NAs34N Agrg My>8
Ojs. Ao N AL N Aza7NAzys Min>8
Oys, A12aNAD138N A1 56N Agar Min>8
Ojs D125 NA136NAs54NAgrs M8
Oy, A5 N A6 N Aga7NAzag Mp>8
Oy A123NA124NAz56MN Argg Mp>9
Oga D123 N A129NA1asNAgrs Min>9
Orps, A1p4NA125NAsz67MN Asgo Min>9
Oy, AipaNAB135N Agg9MN Agrg Mn>9
Oys, A123N A5 NAse7NAzgg Mn>9
Ofgs Ai129NA134NAL56MNAgrg Mp>9
Oy, Arp3N AN AN Arge Mn>9
Oys, A1paNA156NAg39NAgrg Min>9
Oys. A124MNA135NAos9MN Agrs Mp>9
Oys. A123MNA1210NAgs6MNArgg Mn>10
Opa A1210NA134aNAgs6MNAzge Mn>10
0 o A123NA145N A1 910N Ag 78 Mp>10

I A134NA1s6 N As78MNAgg 10 Mp>10

£ A1p3N A0 NAyse N Argo My >11
Ofg4 A1p3NAy56MN Azge N Asgi1,12 Mp>12

& Ar23NA; 95N A4 NAy3g My

% A123N A 553N A134NAgps ms

3.4 Proof of the Theorem 3.3.1

Proof: Forn > 12, the faces of codimension 3 of m,, are partitioned into 15

orbz'ts genemted by A1’2’3 N A1’2,4 N A173,4, Aly2’3 N A1’2,4 N A1,§,47 Alvg,g n A1’2’4 N

Aips, Dios N D14 N Args, DipzNA1paN Agys, D123 NA1asN D3y,
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AN123N D1gaN Dase, Di2zNDiroaNDase, DrasNDras N Dage, Diash
A1asNADg 46, D123NA124N N5 67, D123NA 45N A1 67, D123NA1 45N No6 7,
DigsND1asNDers, Di23NADaseNDNrse. Any face of codimension 4 of my,
can therefore be written as the intersection of a facet 2\ of m,, with one of these
15 faces A'NA" N A" of codimension 3. If the support o(A) ¢ {1,...,12}, by
elementary permutations preserving A', A", and A" we can generate A€ Onp
with Opr a2 apnk = Opalaafnaas ond o(A) c {1,...,12}. In other words,
to generate orbitwise oll the subfaces of the canonical faces of codimension 3 it
is enough to consider the case n = 12. By applying orbitwise face enumeration
algorithm, we can obtain 94 orbits of faces of codimension 4. Therefore we
have to first determine the set F,(f;) of facets of my, containing f;. Clearly,
if an inequality (i) defining a facet of m,, is forced to be satisfied with equality
by the inequalities defining ', A", A

"

, and A being satisfied with equality,
then the same inequality (i) - now seen as defining a facets of mp 1 - will also
be forced to be satisfied with equality. In other words, the set F,p(f;) can only
increase with n and dim(f;) can only decrease with n. Therefore, only the 94
faces of codimension 4 for mis given in Table are candidates for being faces of
codimension 4 for m,>12. A case by case study of the 94 faces f;, gives F,(f;)
and proves that indeed these 94 faces generate 94 orbits of faces of codimension 4
forn > 12. The idea is simply to notice that the pattern of F.(f;) is essentially
given by the value of Fi5(f;). Since all the cases are similar, we only present
the computation of Fp,(fos) where foa = N123NAy56NA750MNA1011,12 - Using
the orbitwise face enumeration algorithm with t=4, one can easily check that
Fis(foa) = {D1,2,3, Dase Drge, D1o1,12}-Let n > 15 and A be a facet of my,
with o(A) ¢ {1,...,15}. By elementary permutations preserving Fis(fos) we
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can generate A € Op with o(A) C {1, ...,15}. Let now consider A as a facet
of mys. Since A ¢ Fis(fos) at least one vertex v of mys satisfies v € foy and
vé A. Then, the (n-15 )-times 0-extension vez of v is a vertex of m,, satisfying
Veat € foa bUE Veyr & A where A is now considered as a facet of m,. Thus,
A ¢ Fn(fos) and, by the same elementary permutations, A ¢ Fn(fos);that is,
Fulfos) = {A123,Duse, D189, D1o11,12} and codim(fog) = 4 for any n > 12.
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Chapter 4

Implementation and Design

Generating the canonical representatives is one of major computational chal-
lenges for the enumeration of the upper layers of the orbitwise face lattice. In
our work, we show that by further exploring the combinatorial structures, we
can generate most of the canonical representatives efficiently. In this chapter,

we present the design of preprocessing heuristics

4.1 Design

In this section, we sketch the orbitwise face enumeration algorithm and present
the framework of our preprocessing heuristics. We use the following terminol-
ogy: matrix representation, row-sum-set, column-sum-set, segment-i and trace
of a (-1). A face f9* can be defined as intersection of some facets of a polytope
P; that is, we can define a face f¢tas f&t = f&1n..n fltli;(lfd—t)!l’ where f*?
is defined by afz = b,z € P. A face f¢~t of m,, can be represented by a set

of vectors with n entries. For example, the vector representation of the face

fd_z = Al,z’g M A1,2,4, where n = 4, is
1110
1101
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This set of vectors is called as the matrix representation of the face fé-t.
The row-sum-set of f¢~* is defined as the set R := {ry,rs,...}, where r; is the
sum of i-th row of the matrix representation. Similarly, the column-sum-set of
%t is the set C := {c1, ¢, ...}, where ¢; is the sum of i-th column of the matrix
representation. The segment-i refers to the set of columns, of which the sum of
all entries of each column equals to . The trace of a (-1) refers to the collection
of other possible entries to become (-1) entries by switchings or multiplying by
(-1) row-wise.

Given the list L9t the orbitwise face enumeration algorithm calls three
main subroutines to obtain the canonical representative list £3~%; (i) generation
of the set {f4~t+1 N f4-1}, (ii) computation of the facet set F(f4-t+1n fd-1),
and (747) identifying the elements belonging to £4~t. Note that to obtain L%,
it is not necessary to compute the facet set for each output element from first
subroutine since some of the output elements can be identified as belonging to
the same orbits even if without the complete facet set. A face of codimension ¢
can be defined by ¢ equalities. Another element of the algorithm is to perform
efficiently orbitwise equivalency checks and this is the core of our designed

preprocessing heuristics.

1. Orbitwise invariants check: Set of invariants to differentiate faces into

partitions, such as number of cuts, anti-cuts, and trivial-extension-cuts.

2. Orbitwise equivalency check: Exploiting the matrix representation to

identify if there exists an isometry between faces.

+

Computing the set F( fsd_t 'n f&1) requires to call the linear program-

ming subroutine O(m) times, where m is the number of facets. Given pairs
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of dimension-(d — t) faces from the list L?~*, we can look either for invariants
proving that the faces are not orbitwise equivalent or permutation and switch-
ing to prove they are orbitwise equivalent. While the invariants are used to
partition faces into subsets and, therefore, provide a lower bound for |£97f|,
checking the orbitwise equivalency provides a upper bound for |£4~|.

One important issue when developing the heuristics is the trade-off be-
tween the computational cost and the effectiveness to obtain a certificate of
equivalency or non-equivalency. Figure 4.1 outlines the order in which the

heuristics are performed.

Generation of intersections set Normalization |
' Intersecting Facets with orbits Invariance Check |
5 Filtering 1

compdtnﬂob of ﬁcet lists set
: *Solving Linear programming mode!
i *Checking the rank of facet lists

..............................................

Combutnuon of canonical representatives set i

Normalization 1l

Full facet list
generation

| «Differentiating faces by invariance ;
i *Filtering faces through operations : Filtering 11

Figure 4.1: Sequential heuristics
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e Regularization I: Apply permutation and switching operations to all the
elements in L%t to put 0 entries after -1 or 1 entries, then minimize the

overall number of -1.

o Invariants Check I: Check the orbitwise invariants: the number of cuts,
anti-cuts, and trivial-extension-cuts. Note that at this stage we do not

5 d—t+1

need to compute the facet set F(fs N fé-1) for each face.

e Tuning I: Check orbitwise equivalency of faces in each partition by tem-

porarily treating -1 as 1.

o Facet set F(f* 1N f41) Generation: As the lower bound for |£47¢] is
reduced, the algorithm computes the list of facets containing fa-t+1n fd-1

using the LP model.

e Invariants Check II: Given the facet list for each face, we further check
the invariants of column-sum-set and row-sum-set of each segment-7, and

the number of facets containing the face.

e Regularization II: In each partition, we further minimize the number of
(-1) by repeatly checking the overlaps between the traces of different (-1)

entries.

e Tuning I1: Check orbitwise equivalency of faces in each partition by using

the information of the traces of (-1)s.

o FErhaustive-Invariants-Check: Full generation of the action of the sym-

metry group Is(P).
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For codimension < 4 we successfully generate all the orbits without using
Exhaustive-Invariants-Check approach. The order of execution is set according
to the empirical performance of the heuristics. For example, the heuristic Regu-
larization I empirically identifies a much larger number of candidates belonging

to the same orbits than other heuristics, and is therefore performed first.

4.2 Implementation for the metric polytope on
12 nodes

We provide the first complete orbitwise description of the faces of codimension
4 for any n of the metric polytope. In this section, we give a detail discussion
of the performance of different heuristics applied to compute the canonical
representatives of codimension 4 of m;3. We also present the few faces which

challenge the heuristics and require further investigation.

Figure 1 Enumeration of faces of codimension 4 for myy

steps lower bound for |£%~*| | upper bound for |£%74|

Generating L** 1 13155
Regularization I 1 1186
Invariants check I 37 1186
Tuning I 37 300
Invariants check 11 92 300
Regularization II 92 167
Tuning 11 92 98
Special cases filtering 92 94
Exhuastive checking 94 94

Throughout the steps of heuristics, the algorithm decreases the gap between
the upper and lower bounds for |£9~%|, and as it reaches zero, the enumeration

of all the orbits is complete. Our designed heuristics successfully bring the gap
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from 13154 to 6 till the step Tuning II. In the step Special cases filtering, the
undetermined 6 faces in L%* are examined by first applying switching opera-
tion or multiplying by (-1) row-wise even if the total number of (-1) increase to
enhance the possibility to identify equivalency. The step successfully identifies
4 of those 6 faces as equivalent to some of the 92 faces forming the lower bound
for |£47%|. Finally, the exhaustive approach is applied to identify the remaining

two elements forming two new orbits.

Figure 2 Four elements solved by special cases filtering and the orbits they

belong to:

faces require further investigation for Is(P)-equivalency
Offf7 Al’g,g N A1,4,5 N A§,4,6 N A§,5,6
Opy [D123NA 5, N D130 N Aagsl, [A1a3NA5,NA15aN Agse ]
Ojs , A123N ArozNA134NAgse

As the earlier steps heuristics try to minimize the number of (-1) by
multiplying rows or columns by (-1) so that the number of (-1) is reduced.
This greedy approach fails for the above 4 faces. To tackle these 4 faces, we

multiply rows or columns by (-1) even if the number of (-1) increases.

Example 1 The canonical representative Ofi‘a is defined as:

10 -1 1 00O

) 111 000
F(fe)=111 0 1 0 0] and

10 0 0 11

01 1 -100
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-1 01 1 00

1 11 0 00

f(A1,2,3 n A17§’4 N A1’3,4 N A2,3,5) = 0 11 1 00
1 00 0 11

1 10 -100

and it can be checked that fi; and Ajo3NA3,NA134N Ay 35 are in the same
orbit by permuting the 3rd and 5th rows of F(A123 N Az, N AyzsNAggs)
and then multiplying 1st row and 5th column by (-1).

Figure 3 Two elements solved by exhuastive checking,

Representative faces requiring further investigation
Ap3N A5 NAg,6MNAg5e A3 NA124NAg56 N Agse
AipsNAB1a6NAys7N Az, A1osNA13sNADys7 N Az

We identify the last 2 faces as forming 2 new orbits by checking the row-
sum-set for each segment-i of the two elements and the respective canonical
representatives of the partitions they belong to, treating (-1) as 1. We found
that there is no feasible row-permutation to make the row-sum-set for each

segment-i of F(f#~*) and F(f{™*) be equivalent.

4.3 Orbitwise invariants check

In this section detailed description of orbitwise invariants check and respective
heuristics are presented. Invariants refer to the quantity which remains un-
changed within certain orbit. The algorithm often checks whether two faces
fi and f; are Is(P)-equivalent; that is, whether they belong to the same orbit
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under the action of Is(P) or not. If any invariant is different for f; and f;, the
faces must be in different orbits. The codimension of a face and its cardinality
are easily checkable invariants. Some other invariants can easily be added, for
example by looking at the action of Is(P) on pairs, triples, or other k—tuples
of indices (generators), respectively on lower dimensional faces. The number
of elements from each such orbit included in a face is a Is(P)-invariant. In
the implementation, the number of cuts, anti-cuts, and trivial-extension-cuts
invariants are checked in Invariants check I. The number of incident facets, min-
imum support and the row-sum-set of each segment-i invariants are checked in
Invariants check II. One major reason to implement the orbitwise invariants
check separately is that Invariants check I does not require to have the com-
plete facet set F(f9*) while it is required for Invariants check II. The number
of calls to linear programming subroutine when computing the complete facet
set F(f2~*) is reduced. Figure 1 in section 4.2 shows that the number of calls
to linear programming subroutine is reduced to 300 from 1186. We give a bit
more emphasis on the invariant, row-sum-set of each segment-i of a face as
this invariant appears to be efficient. By utilizing the invariant, each time we
compare only part of the matrix representations(segment-i) between faces. In
some cases, the Is(P)-in-equivalency between faces is obtained without consid-
ering the full matrix representation. The following example demonstrates how

to find for invariants by looking at the action of Is(P) on a face.

Example 2 Given complete facet set,

100011

_ 110100
FU) = 111000
011100
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We ezamine the action of row permutation on F(f&*). The action changes
the fill-ins of each column. However, it does not change the sum of all the
entries of each column. It follows that the column-sum-set of a face is an in-
variant. The column-sum-set of F(ff™) is (3 3 2 2 1 1). Similarly,
the column permutation does not change the sum of all the entries of each row.
A more useful observation is that the column permutation does not change the
row-sum-set of each segment-i. Therefore the row-sum-set of each segment-i is

also an invariant. For ezample, the row-sum-set of segment-3 for F(f**) is

1
2 . For a face to be orbitwise-equivalent to f@~*, it is necessary to have
2 7

1

the same row-sum-set of its segment-3.

Remark 4.3.1 For my, and codimension 4, the proposed segment-based row-
sum-set check distinguished 92 orbits among 94 final orbits. For n < 8, and

codimension < 4, the method distinguishes all the orbits.

4.3.1 Computation of the facet set of a face

Assuming fsd—tH ={fi-1, ..., £} and f¢! = f@! by re-ordering the given
facets and defining fid“:l = {afz = b,z € m,}, we implement the following

modified linear programing model to compute the facet set F( fsd_tH N fé 1

max Z?:t-u(a;f-'r — b;)

s.t. alz—b;=0 i=1,..,1t
afm—bizo i=t+1,....m
a:eIR(g)

In the model, the objective function is the sum of all the slack variables
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. s d—
except the ones corresponding to the facet set incident to the face (f; ™
f21). Applying this model lowers the number of calls to the linear programing
solver, however, it requires perturbation testing over 0-valued solution entries

-+

as a facet detaching from the face ( fsd—t 'n f271) could have 0 as solution of

the LP.

4.4 Orbitwise equivalency check

We present the heuristics developed to identify the orbitwise equivalency by
utilizing the matrix representation: Regularization class and Tuning class. For
regularization class, the main idea is to systematically arrange 0, 1,-1 entries
and reduce -1 entries of all candidates of orbitwise faces. A large number of
faces can be identified this way as equivalent. For Tuning class, the heuristics
tend to "tune” one face to another; that is, to arrange 0,1,-1 entries of one
face in order to approximate the matrix representation of the other. One way
to tune one face to another is to reorder the rows so that the row-sum-set of
each segment-7 is equivalent. Even though the equivalency of row-sum-set of
each segment-7 of two faces is not sufficient to prove the orbitwise equivalency
of two faces, the tuning helps to check the orbitwise equivalency. Similar ideas

are applied in the heuristics introduced in the following sections.

4.4.1 Regularization I

In Regularization I, the heuristic permutes the columns of matrix representa-
tion so that the columns are in the increasing order with respect to the sum
of all entries in a column. Next, the heuristic minimizes the number of (-1) of

each column. After applying this regularization procedure over all candidates
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of orbitwise faces, the heuristic tries to identify the equivalency of matrix rep-
resentations among faces. Empirically, the heuristic succeeds in identifying a

large number of orbitwise-equivalent faces.

4.4.2 Tuning I

Tuning-class heuristics try to tune one face to another to check orbitwise equiv-
alency. To check the orbitwise equivalency of two faces f; and f;, the Tuning
I permutes the rows of the matrix representation of f; so that the row-sum-set
of each segment-i of f; can approximate the one of f;. For example, if the
row-sum-set of segment-i of f; is (0,1,2,3), in order to satisfy the equivalency of
the row-sum-set of segment-i between f; and f;, there is only one permutation
to consider. It follows that the heuristic permutes rows by first considering the

segment for which the row-sum-set has the most distinguished values.

Example 3 We illustrate the idea of permuting rows by first considering the

segment for which the row-sum-set has the most distinguished values.

Given a face f3™*: , the row-sum-set of segment-4 is

i i
O =
—_ == O
SO O =
= O o O
= e

The row-sum-set of segment-3 is and the row-sum-set of segment-1 is

NN =

. We can either look at segment-3 or segment-1 as the segment for which

—_ O O -

the row-sum-set has the most distinguished values. There are only 3 possible
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row permutations: {1,4},{2,3},{(1,4),(2,3)}

111000000
Another illustration using the face fi™* = (1) (1) (1) (1) (1) 8 (1) 8 8
000O0O0O1O011

the row-sum-set of segment-2 is . There is only one possible permutation

O =N W

by looking at segment-2.

When the equivalency of the row-sum-set of each segment could be at-
tained by row permutations, the next step is to check the matching between the
set of columns within two matrix representations. It is enough to determine the
orbitwise equivalency of two faces by exhibiting a bijection between two sets
of columns. The heuristic separately checks the bijection between the sets of
columns for each segment. For codimension < 4 the bijection between the sets
of columns of the segment usually holds if the row-sum-set of certain segment
were equivalent between two faces.

Proposition 4.4.1 For o face of codimension 4, given the row-sum-set of
(6]
Ca

C3
Cq

segment-i , where i =1,3,4, the set of columns of respective segment-i

is unique. For segment-2, given the number of the column vy = and

O = =

Uy = , the set of columns of segment-2 is also unique.

= O = O
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the uniqueness of the set of columns for

segment-1,3,4 could be proved similarly as for codimension 3. For segment-

1
1
0

0/

2, the possible columns are

Given the row-sum-set of segment-2

1 1 0 0 0
0 0 1 1 0
’ 1 PPropP’t1pPyo’} 1
0 1 0 1 1
(o
22 and the number of column vy, vq, it
3
Cq

can be shown that there exists unique solution for the number of the remaining

4 vectors by checking the rank.

4.4.3 Regularization IT

When regularizing faces, a common task is to reduce (-1) entries of matrix rep-

resentation. In Regularization I, the heuristic reduce (-1) entries column-wise.

In Regularization II, the heuristic tries to reduce (-1) entries both column-wise

and row-wise. In practice, we apply the switching operation and multiplying

(-1) row-wise to change (-1) entries.

the (-1) entries can be reduced.

The following example demonstrates how

Example 4 Given two faces f&~* and ff"4 with different settings of fill-ins:

-1
fit

O = o
O = O
el e B e
S = O
= O O
OO = O
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1 -1
1

d—4
fj ‘ 0

O = e O
S O =
== OO
O = O

~ O O O

-1

We show how to reduce (-1) entries of fi"l“L

1 0 01 -10
g |11 00 001
0 -1 10 1 O
10 0 1 -10
multiply 4th row by (-1)= i(l) (1) (1) g (1)
01 -10-10
100 110
multiply 5th column by (-1)= i (1) (1) (1) 8 é
01 1010

We can also reduce (-1) entries of f;l"‘1 as follows:

1 6010 -10
pre, | L 110 000
i 0 101 1 O
-1001 0 1
101 0 1
| , 1110 0
multiply 5th column, 4th row, 6th column by (~1) inturn=> | o | 4 | _;
100 -1 0
1 01 0 10
multiply 3rd row by (-1)= (1) _11 (1) —01 2 8
1 0 0 -101
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i 0 10148

, 18- 1@y 0
multiply 4th column by (-1)= 0 -1 0110
1 @ 018 1

The two faces can be identified as equivalent by proper permutations.

As in the above example, tracing all the (-1) entries after applying each
operation helps to identify the proper operations to further reduce (-1) entries,

see Figure 4.2.

Figure 4.2: Regularization 11

The heuristic repeatedly checks the trace of (-1) entries until no more reduction

can be found. The outline is as follows:

Algorithm: Regularization 11
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Input: Ag: matrix representation of a face f;

Output: A,f.: matrix representation of f; after (-1) reduction

1 Put Ag in a stack: Asteck

2 Save the trace of each (-1) of Ay to the matrices ag, a; ,...

3 While ( The top element A; in A% is not yet checked for (-1) reduction )
4  Compare ag, a1, ... to see if the number of (-1) could be reduced

5  if ( the number of (-1) could be reduced )

6 Generate A,y from A; after (-1) reduction

7 end

8  if( A;1q not yet exists in Astack )

9 Save the trace of each (-1) of A;41 to ag,a, ...
10 Put A;.; unto Astack

11 end

12 end

13 Output the top element Agfer in Agiack

4.4.4 Tuning 11

Tuning II heuristic is designed to check orbitwise equivalency of two faces hav-
ing equivalent column-sum-set and row-sum-set of each segment when treating
(-1) as 1, and two faces have different (-1) entries. The heuristic tends to tune
one face to another. It applies permutation/switching operations to change (-1)

entries of one face to approximate the (-1) entries of the other as illustrated by
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the following example.

Example 5 Given the two faces f** and fj‘-i“"‘:

10 1 010
fi-4 11 -1000
g 11 0 100
|01 0 101
(1 0 101 0]
oe |1 1 1000
fj 111 0100
| 0 -1 010 1]
The algorithm applies the following actions on fi*:
-1 01010
. . . . 1 11000
multiply third column by (-1), and multiply first row by (-1)= 1 10100
0 10101
0 10101
1 10100
Next, permute 1st, 4th row, and permute 2nd, 8rd row= 1 1100 0}
-1 01010
Finally, permute 1st, 2nd column, then 3rd, Jth column, and 5th, 6th column

= fi-*

The heuristic first change (-1) entry to the entry of specific column. The
column must have the same sum of all its entries as that of the column of
another face containing the (-1) entry. The heuristic checks if the trace of (-1)
under switching or multiplying (-1) row-wise overlap the column, see Figure 4.3

for an illustration.
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A— ) 0
(1 0} 1o 1]

0
0
1
1

i

ket e | €D
! N

|

W3

O
-0 0O
o

(s I I e

o O

V

Segment-3 Segment-2 Segment-1

Figure 4.3: Tuning II

When possible, the heuristic checks if there exists row permutation to
change (-1) entry to the same (-1) entry of another face. The outline is as

follows.

Algorithm: Tuning II

Input: f;, f;; matrix representations of two faces

Output: indicator showing if f;, f; are orbitwise-equivalent

1 Ry, < the rows to permute without changing f;

2 Oy, « the columns overlapping the trace of any (-1) in f;
3 for ay := an entry € {traces of all (—1) in f; }

4 if ag € Ry, x CYy,

ot

fi « fi after moving (-1) to ag

6 f; — [; after moving (-1) to ag
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7 if( fi==1f;)

8 return ” f;, f; are orbitwise-equivalent”
9 end

10 end

11 end

return "unknown”;

4.4.5 Dealing with faces belonging to many facets

The large size of F(f¢~*) may cause some difficulty to our method as it increases
the input size for many of our heuristics. We may hope that our proposed
invariants could be as efficient as in codimension 4 case to partition the input
into subsets, and design the following heuristic. Instead of matching two full
facet sets, F(f3*) and F( fJ‘.i"t), the heuristic selects k facets among F(f¢*) or
F( ff"t) to perform the matching. If the matching is unsuccessful, the heuristic
remove one facet among the selected k facets, and add one facet among the

remaining facets and try again to match.
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Chapter 5

Conclusion

This thesis deals with the face lattice enumeration problem for convex poly-
tope in general dimension, focusing on polytopes arising from combinatorial
optimization problem. In particular, we study the metric polytope associated
to the well-known maxcut and multicommodity flow problems, as well as to
finite metric space. Exploiting the high degree of symmetry, we provide the
first complete orbitwise description of the faces of codimension 4 of the metric
polytope for any dimension. The full face lattice is computed for small in-
stances. While the following layers of the upper face lattice probably require
advanced computations on a parallel cluster, the orbitwise description of the
faces of codimension 4 was achieve through a combination of partitions using
orbitwise invariants and heuristics to identify equivalency permutations and

switchings.
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