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Abstract

We are interested in backward—in—time solution techniques for evolutionary PDE problems
arising in fluid mechanics. In addition to their intrinsic interest, such techniques have
applications in recently proposed retrograde data assimilation. As our model system we
consider the terminal value problem for the Kuramoto-Sivashinsky equation in a 1D pe-
riodic domain. The Kuramoto-Sivashinsky equation, proposed as a model for interfacial
and combustion phenomena, is often also adopted as a toy model for hydrodynamic turbu-
lence because of its multiscale and chaotic dynamics. Such backward problems are typical
examples of ill-posed problems, where any disturbances are amplified exponentially during
the backward march. Hence, regularization is required to solve such problems efficiently in
practice. We consider regularization approaches in which the original ill-posed problem is
approximated with a less ill-posed problem, which is achieved by adding a regularization
term to the original equation. While such techniques are relatively well-understood for
linear problems, it is still unclear what effect these techinques may have in the nonlinear
setting. In addition to considering regularization terms with fixed magnitudes, we also
explore a novel approach in which these magnitudes are adapted dynamically using simple

concepts from the Control Theory.
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Chapter 1

Introduction

1.1 Motivation

Many problems in science and engineering are not properly posed in the sense of Hadamard

[1]. Here we present the definition of well posed problems.

Definition A solution to a mathematical problem is well posed in the sense of Hadamard

if, in a given metric space,
e There exists a solution for all initial data.
e The solution is unique.
e The solution depends continuously on the initial data.

These problems come from a wide range of fields, for example reservoir engineering, seis-
mology, meteofology, hydrodynamics and weather forecasting. But just because they are
ill-posed does not diminish the importance of being able to solve these problems. Special
care needs to be exercised to solve ill-posed problems. As regards evolutionary problems,
the most classical case of a ill-posed problem is the terminal value problem of the heat
equation. There have been a lot of research conducted at this particular problem. In
this thesis we will look at the backward-in-time Kuramoto-Sivashinsky equation (KSE).
The backward-in—time Kuramoto—Sivashinsky equation is nonlinear, which makes it more
interesting than the terminal value problem for heat equation. The effect of the nonlinear

term on the amount of regularization needed has not been studied in the past. There are
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several established methods to use to solve approximately the terminal value problem for
the heat equation; here we will apply two of them to the terminal value problem of the
Kuramoto-Sivashinsky equation.

A motivation for pursuing this problem is the retrograde approach to variational data
assimilation in numerical weather prediction. Data assimilation allows one to determine
the initial condition for a weather forecast based on some observations of the atmosphere
over some time period. The problem is that we would like to reconstruct the evolution of
a system over [0, 7] based on incomplete and/or noisy measurements. One way of solving
this problem is to optimize the initial data at ¢ = 0, so the resulting system trajectory
matches the available measurements as well as possible; thus this method requires repeated
solution of the governing system over [0, 7] and the ad—joint system backwards over {0, 7.
Note that both these systems are well-posed. The disadvantage of this approach is that
using more measurements means moving the initial condition further into the past and
therefore making it less relevant for a chaotic system such as the Earth’s atmosphere or
the model problem we will be using, which is the Kuramoto—Sivashinsky equation.

This disadvantage disappears in the retrograde formulation [2], where we optimize for
the terminal condition at ¢ = T, instead of the initial condition. One problem is that the
retrograde approach requires repeated solution of the governing system backward in time
and the ad-joint system forward in time, both of which are ill-posed. Finding a good
method solving these ill-posed problem would make this disadvantage of the retrograde

approach disappear.

1.2 Regularization via solution of a less ill-posed prob-
lem

One way to solve ill-posed problems is to approximate their solutions by solutions of
suitably—defined less ill-posed problems. Such problems can be obtained by adding a well-
conceived term to the evolution equation in the original ill-posed problem. In the context of
the backward heat equation such approach is known as “quasi-reversibility” [3]. The main

problem is that we need to choose the magnitude of the regularization term so that the new
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less ill-posed problem is stable and does not deviate too much from the original problem.
While for linear problems such as the heat equation this issue is relatively well understood
[3], little is known in the context of nonlinear problems. In addition to investigating this
issue, in this thesis we also explore the possibility of an dynamic choice of the magnitude
of the regularization term. We will attempt this by using simple concepts from control

theory.

1.3 Structure of the thesis

Chapter 2 presents the Kuramoto-Sivashinsky equation. It introduces the two forms of
the equation and shows how they are related. Also shown is the way of rescaling the
Kuramoto—Sivashinsky equation to exhibit its dependence on a single parameter L. We
also show the Fourier representation of the Kuramoto-Sivashinsky equation. This section
also features a brief discussion about the energy function spectrum of a solution on the
attractor for Kuramoto—Sivashinsky equation.

Chapter 3 is about the numerical schemes used to solve the Kuramoto-Sivashinsky
equation. We will use the pseudo—spectral method together with a low—storage Runge—
Kutta / ©-method to solve this problem.

Chapter 4 addresses similarities and differences between the terminal value problem
(TVP) for the heat equation and the terminal value problem for the Kuramoto-Sivashinsky
equation. It features a proof (from [4]) that the terminal value problem for the heat
equation is indeed ill-posed.

Chapter 5 deals with regularization techniques. It describes the regularization tech-
niques that we choose to use and how we implemented them. The change of the energy
function spectrum due to regularization is presented. The dynamic equations for the Lo
norm and the H~! norms are derived and we show what effect regularization has on these
norms. The last part of chapter 5 deals with different algorithms used to adapt the mag-
nitudes of the regularization terms. Some of these algorithms are from classical control

theory.
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Chapter 6 features the computational results concerning the performance of the regularization—
algorithms proposed in chapter 5.

Summary of the main results and final conclusions are deferred to chapter 7.

There are two appendices, Appendix A is a brief introduction to the “inertial range”
phenomenology in the Navier Stokes equation. This is needed for Appendix B where the
power law region of the energy function spectrum for the Kuramoto-Sivashinsky equation

is examined.



Chapter 2

Kuramoto—Sivashinsky Equation

(KSE)

The Kuramoto-Sivashinsky equation was proposed in [5] and [6] to model instabilities
of a flame fronts. The Kuramoto—Sivashinsky equation is a good test case for nonlinear
evolutionary system, because its solution features multiscale structures with characteristic
length and time scales. It also has self sustained chaotic behaviour for large L. The
Kuramoto—Sivashinsky equation was used to model flame fronts [6]. Our focus here will
be entirely on the case with 1D periodic domain, 2 = [0, L]. However all results can be
generalized to a more complicated domains as in [2]. There are two different formulations

of the Kuramoto-Sivashinsky equation:

e The primitive form

(ov 1 /0v\® 0% %
v, 1 g _ 0 T
s 2(&) Tt =0 e TelT]
(2.1) 81’0(0,7') 8%(1),7’) ,
VA 4 T —0....
or’ ot , TE [0’ ]’ l 07 a3’

v(z,0) = Y(z), x €l

\

The trouble with this form is that we have no bounds on the average of v in §2 7]

(2.2) %/ﬂv(z,t)da:: —%/Q (@%Ydm: —%/ﬂ(u(m,t))z’da:.

To see this one needs to integrate (2.1) over domain €2 and the linear terms vanishes
due to the boundary condition. Note that even if u is bounded as t — oo, there is

no reason that the average of v to remain bounded.

6
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e The derwative form of Kuramoto—Sivashinsky. This is obtained by setting u = dv/0z

in equation (2.1). Then we acquire the following equation,

( Ou Su *u  Bu
g o T om T 0 TE TEl0T]
(2.3) 0u(0,7) _ d'ulL,7) -
oxt ort , TE [O7T]) ? O,...,3,

This also means that
L
(2.4) / u(z) dz = 0.
0

In this research, the second form (2.3) of the Kuramoto—Sivashinsky equation is used.
We need the solution of this initial value problem when T is large, the reason is that the
solution should have reached its attractor. This attractor was shown by [8] to be connected

and compact in the following space

(2.5) P2(Q) = <u € 12(9), /OL (@) dz = 0) |

So now we need to define the attractor set for the initial value problem of the Kuramoto—

Sivashinsky equation [7].

Definition An attractor to Kuramoto-Sivashinsky is a set A C L?(Q) that has the fol-

lowing properties:
e A is an invariant set.

e A possesses an open neighbourhood U such that, for every initial value uy € U, will

converge to A as t — 00.

When using the Kuramoto—Sivashinsky equation in hydrodynamic turbulence it is impor-
tant that the solution has reached the attractor. If the solution is not at the attractor, we
would observe transient behaviour instead of the statistical steady phenomena that we are

interested in.
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The terminal value problem which we want to solve is

(0g 98¢ 0% O

&‘+q§ri+a—$§+5;c—4=0, x € €, tE[O,T],
(2.6) { &q(0,t) _ &q(L,t) .
o I tel0,T), i=0,...,3,
o(@,T) = plz), vE9

\

The difference between (2.3) and (2.6) is that in the initial value problem we know the
solution at u(t = 0) ¢ and in the terminal value problem we know the solution at ¢(t = T') .
Solution of the initial value problem (2.3) exist for all square-integrable initial conditions
#(x). But for the terminal value problem (2.6) solution only exists when ¢(x) is on the
attractor [9]. If ¢(x) is not on the attractor, we could even have a solution in which
lu(-,t)|l3, goes towards infinity faster than any exponential [10]. In other words, the
solution to the terminal value problem will not exist in [0, 7’|, unless one makes sure that
¢(z) actually comes from a solution of an initial value problem (2.3) that has reached the

attractor; only such terminal conditions will be considered in the present work.

2.1 Rescaling the Kuramoto—Sivashinsky equation

We want to show that the Kuramoto—Sivashinsky equation only depends on one parameter.

The most general form of this equation is

( Oq dq 02%q dq
5¥+aq%+ﬁ5ﬁ+’y—8x—4——0, .ZUE[O,ZW], tE[O,T],
(2.7) ) d'q(0,t) _ 0*q(2m,t) _
o' 5 (€T =03
{ ¢z, T)=¢, z€][0,2n]

So by rescaling we want to get

(0 05  8G  9'

E+q5£+5n~7+%7:0’ zel0, L], tel0,T],
¢~ "y iG( L.t B -
(28) 8 q(E)v t) _ 8 q(~‘3 t>’ t e [_T, 0]’ 1= 0’ - ,3’
ozt ozt
\ §(#,T) =@, &e€l0,L],

where L is now the only free parameter. This is the form often used in the literature. For

large L the system becomes chaotic in space and time. The rescaling of equation (2.7) is

8
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done by introducing the following variables
(2.9) r=(% t=nt q=0q

This will change the equation into

(04 m0.04 ,ndq nmdq_, . ;
gt T las TP T izign = #0220/ tel0.T/n)
(2.10) 84(0,¢)  84(n/( 1) o
Cram 57 , tel0,T/n], i=0,...,3,
\ gz, T)=¢, zcl0,2r/C).

In order to determine the parameters characterizing this change of variables we need to

solve the following system,

(2.11) a%g =1,
(2.12) ﬁz’% =1,
(2.13) % =1

By solving the above system we obtain the following relations,

(2.14) (= \/g
Y

_1 /7
oo 17

)
0§ 0§ %G 84 3 Bl - 3
8t+q8£+8§32+85:4 0, e |0,2n Mk € O,T7 )

i 5 s 8Zd<2ﬂ- gaf) ~ 2
(2.17) ¢ 9490, _ \/: te{o,:rﬂ_}, i=0,...,3,

q (53,Tﬁ_2> =@, TE [0,27r\/§].
{ Y Y

Now we rescale it to L and T by the following relation

(2.18) L=2x @, T:Tﬂ—?'.

g Y
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which yields a equation system that depends only on one parameter

0§ 07 0q 97 _, - felo,T
5 tias T Az T 4—~0, zelo, L], tel0,T],
(219) 5’ (O,t) — 8‘ ( at)
oz ozt

i(&T)=¢, Telo L)

tel0,T), i=0,...,3,

\

2.2 Kuramoto—Sivashinsky equation in Fourier space

For the numerical solution of the Kuramoto-Sivashinsky equation we will employ the
Fourier-Galerkin method [11]. The reason for using this method is its accuracy and com-
putational efficiency. This is because of the periodic boundary condition and the way of

calculating derivatives in Fourier space. We represent the solution in the following way

L
(2.20) 4s(t) = Flq) = / q(z,t)e "*dx, k€ Z.
0
Substituting (2.20) into (2.6) yields
3% —"wn—K'Q(jn"f"iél@i:O, KEZL, te€ [O,T],
(2.21) ot

QH(T) = lem K€ Za
where w0, is the nonlinear term in (2.6). Also note that since ¢ is real, two Fourier modes

corresponding to values of k with opposite signs are complex conjugates, i.e. [11]
(2.22) G—r = G,

where ¢ denotes the complex conjugate of g. To simplify the notation we will introduce
04

(2.23) B =W+ Ads, KEZ, tel0,T]

@(T) = ¢x, K€L,

where A £ k? — k% is the linear operator of the Kuramoto-Sivashinsky equation.

2.3 Form of the energy function spectrum

Since we are doing calculations in Fourier space it is useful to see which Fourier modes

will inject energy and which will dissipate energy. These phenomenological observations

10
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will shed some light on the physics represented by the Kuramoto—Sivashinsky equation
and will also aid us in choosing physically motivated regularization strategies. The in-
stantaneous amplitudes of the different Fourier modes can be seen in the energy function
spectrum. Another thing we are interested in is the nonlinear transfer of energy between
different Fourier modes. It is important to have a sense in which wavenumbers energy is
created, destroyed, transported from and to. If this is understood it will be easier to find
regularization strategies for the terminal value problem.
The energy function spectrum is defined by

1
(2.24) E(k) & §tﬂ&|2, Kk € L.

The typical appearance of the spectrum is a flat region for small wave numbers, a hump
at the most energetic modes, a sub range with power law decay and exponential decay for

the high wavenumbers. See figure 2.1 for a typical spectrum of a solution at the attractor.

The flat region corresponding to small wavenumber is similar to white noise [12]. A
maximum approximately near x = 1/v/2, which can be used to get a typical length scale
for the energetic modes. The region 0.8 < x < 1.25 has power law decay close to x™* [13],
which is why it is sometimes referred to as an “inertial range” similar to the range found in
Navier Stokes equation [14}, for more information see Appendix A. For Fourier coefficients
corresponding to high wave numbers the spectrum will go towards zero exponentially fast.
The reason for that, is for a infinitely differentiable function which is periodic on [0, L],

Fourier coefficients will behave like [15]
(2.25) U = 0(e™), for Kk — 00

where a > 0.

Now we are going to focus on the power law region of the energy function spectrum.
This power law region is supposed to be in between the large scales of the solution, where
all the energy gets injected, and the small scales where the energy gets dissipated. All the

energy flux towards higher wavenumber that goes through a wavenumber in the inertial

11
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E(k)

Figure 2.1: The energy function spectrum for a solution of the initial value problem (2.3).

12
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range will get dissipated, where flux is defined as
(2.26) Flx) = / bndii = €,

where ¢ is the total dissipation for the system. And lastly the “inertial range” does not
contain a lot of energy. For more details on how one makes the argument concerning
existence of an "inertial range” in the Navier Stokes equation see Appendix A.

To ensure existence of an “inertial range” for the Kuramoto-Sivashinsky equation, the

following assumptions have to be true [14];

e In the dissipating scales the energy flux due to nonlinear terms is equal to the dissi-

pation

(2.27) dng“) =~k E(k).

e In the inertial sub range, no energy is lost or gained through the linearized part of the
Kuramoto—Sivashinsky equation due to the shape of the energy function spectrum

and

(2.28) dlsz) = 0.

e The flux past any wavenumber inside the inertial range is
(2.29) F(k) = k*E(k)

We do not believe that the power region which is seen in the energy function spectrum
of the Kuramoto—Sivashinsky equation is an “inertial range”. We believe that the second
assumption is only true at a point, but not in the whole power region. For more information

we refer the reader to Appendix B.

13



Chapter 3

Numerical solution of the
Kuramoto—Sivashinsky equation

We will use the truncated discrete Fourier representation of equation (2.23). This means
that we will only use Fourier modes corresponding to wavenumbers ranging from zero to
N. The terminal discrete value problem we are solving is thus

94y

o) 5 W= Ade=0, £=0...N, te[0T]

@:(T) = ¢x, £=0,...,N,

where the nonlinear term 0, is given by the convolution [11]

N/
(3.2) W =14 Y 1Ggm, £=0,..., N
I,m=0
[+m=k
where N’ > N. We will see that the nonlinear term generates higher frequencies N < k <
N’, however they have to be truncated when we use a finite and fixed number of Fourier

modes in equation (3.1). The symbol ¢ represents the truncated solution to the terminal

value problem. The discrete Fourier transform is defined as

N
~ 1 —’ifixi _
(3.3) q,{:f(q)zﬁgq(xi)e , k=0,...,N.

where z; are the discrete nodes in real space, defined as

_iL

(3.4) n= =0, N

14
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To calculate this we will use the built—in command f£ft in MATLAB which is based on the
library FFTW [16].

We want to calculate the nonlinear term in physical space not Fourier space, if we
calculated it in Fourier space, we would need to evaluate the convolution sum (3.3) which
requires O(N'?) arithmetic operations. On the other hand, because of the efficiency of
FFT, evaluating the nonlinear term in physical space requires only O(N log(/N)) arithmetic

operations. Thus calculate the nonlinear term using the following expression [11]

1N
(3.5) W = ¥ 2 w(z)e ™™ k=0,...,N
where

5(](%’) .
3.6 ;)= I =0,...,N.
(36) w(e) = az) "5, =0

Since 1w, is the expression we want to calculate in our PDE problem (3.1). We want to
examine the difference between @/ and w,. This difference has to do with the so—called
“aliasing errors” related to the fact that when the nonlinear term is evaluated in real space
(3.6), the higher modes generated by this term (i.e. with N < x < N’) are not truncated,
but instead become “aliased” to lower wavenumber modes [17]. If we insert equation (3.6)

into equation (3.5) we get that

N
UA); _ Yif_z (Z qleilmi) <Z ,L-mqmeimmi) e—inxi -
1=1 l m

N
1 )
=52, D lagme T, k=0, N,

=1 I,m

(3.7)

then using [11]

(3-8) Zei(k_l)g]‘,\;_i _ N ifk_l—_—mN, sz,:l:l,:tQ,,,,”

i=1 0 otherwise,

we will end up with the following link between the aliased @’ and original terms w( o is

defined in 3.2)

(3.9) W =tx+i Y lGdm+i Y lgGm, k£=0,...,N.
I, l,m
l+m=TrIlc+N l+m=k—N

15
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If we ignore this difference between the expressions 0, and @, then the higher-wavenumber
Fourier modes that should not resolved will be “aliased” on the Fourier modes that are
resolved. To prevent this we will use the “3/2 rule” [18]. We are going to add Fourier
modes corresponding to higher wavenumbers and set their amplitudes equal to zero. This
means that we also change the grid size in physical space from N to N’ = 3N/2+ 1. This

will in turn change equation (3.9) into

(3.10) We=We+i > lQGm+i D lGgm, £=0,... N
I,m i,m
l+m=k+N’ l+m=k—N'

And since the newly added Fourier modes are equal to zero, the sums on the right hand

side are cancelled and we thus obtain
(3.11) Wy = W,

We remark that since FFTs are performed on the extended grids with N’ points, we set N’
equal to an integer power of 2 which ensures the best performance of FFT. This sequence

of steps is summarized in algorithm 1. This is called de—aliasing.

Input: The Fourier coeflicients @
Output: The nonlinear term @
Calculate u by IFFT;
u = IFFT(4);
Multiply u with itself and divide by two;
Then take the Fourier transform of the result;
w = FFT(u?/2);
Multiply with & to get w,;
W= KW,
Algorithm 1: Calculation of the nonlinear term

Since we are evaluating the nonlinear terms in real space and all the space derivatives
in Fourier space, the resulting method is called pseudo—spectral.

There are several choices regarding discretization in time of a system of nonlinear
ordinary differential equations (ODE) as in (3.1). Below we present a general approach

considered most appropriate for evolutionary systems of type (3.1):

16
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o explicit treatment of the nonlinear term which effectively linearize this term, therefore
avoiding the solution of a dense nonlinear algebraic system at every time step. This
means that to nonlinear term will be calculated with information from previous sub

steps.

e implicit treatment of the linear terms which bypasses the stability limitations due to
high—order derivatives; since differential operators are diagonal in Fourier represen-

tation, no algebraic system needs to be solved as a result of this implicit treatment.

To accomplish this we will use the low—storage Runge-Kutta method (RKW3) described
by [19] combined with the ©-method. This method uses three sub steps for each time step.

One needs to define the following coefficients

4/15 8/15 0
(3.12) ©=07, B=1|1/15 |, ¥=| 5/12 |, (=] —-17/60 |,
1/6 3/4 —5/12

o that for each sub step we need to solve the following equation,

o

(3.13) <I + EAtﬁTkA) gritl =

~rk 1-0 ~rk = ~rk > ~rk—1

Ys — At TﬁrkAyn + ’Yrkr(yn ) + Crkr(y/g ) ) Tk = 13 27 37 K= 17 s N)
where A is the linear operator described in equation (2.23) and 7(¢7¥) is the nonlinear term
denoted above with the symbol .. Note also that 4 = 4(t") and y* = @ (t"*!). So B, -
F& and (i describe the different weights assigned to the linear and nonlinear terms at
different sub steps. Because © = 0.75 the calculation will be skewed towards the implicit

method.
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Chapter 4

Analogies between the TVP for the
heat equation and the KSE

The Kuramoto—Sivashinsky equation has certain similarities to the heat equation. Since the
terminal value problem of the heat equation is well-understood, we consider it briefly here
in order to understand the origins of ill-posedness in backward evolutionary problems such
as the Kuramoto—Sivashinsky equation. We will also comment on the difference between

the two problems. The backwards heat equation is

o
5T =0, 2€Q T€[0T],
(4.1) v(0,7) = v(2m, 1), T€[0,T],

v(z,0)=®, ze€.

Now look at the Fourier formulation of the problem
Oy

(4.2) or
0:(0) =D, K EZ,

— ek’ =0, KEZ TE[O,T],V

where if ¢ is positive this is an ill-posed problem. The proof that the inverse heat problem
is ill-posed in the sense of Hadamard is from [4].

Theorem 1 Consider solution of (4.1) evaluated att =T f = v(z,T), where ®, f € Ly,
then f does not depend continuously on ®, that is, the problem (4.1) is ill-posed in the
sense of Hadamard, since the stability requirement is not satisfied.

Proof Start by assuming that you have two different initial conditions, @1, ®y € La(£25).

To make it easier Q; € [0, 1]. Let the two initial conditions are related by the following
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condition
(4.3) Dy = &, + Ke mm*T cos(mm),,

with K € R, and m is an integer. Now look at the difference between two solutions f;, f2
at time ¢ = 0 for the two different initial conditions. This means that one can express f;

as a function of f; by using linearity
(4.4) fa(z) = fi(z) + K cos(mm).

So the difference between them is given by

(4.5) |®; — @12 = A |®y(x, 7) — Dy (z, 7)|*dx = KZe“QC(m”)zT/Q cos*(mnz)dz.
2 2
If one measures the difference between ®; and ®,, one would obtain
K2
(4.6) If1 — foll2 = K2 /92 cos®(mnz)dr = -
for all m. Making m large, one gets the following limits
(4.7) @2 — @1l — 0, |Ife= full ~ 0.
So the inverse heat problem is ill-posed in the sense of Hadamard. |
Note also that
(4.8) 1B — 1 [l = ™| f; = filla.

This makes it clear that any noise from ¢ = 0 will grow exponentially in the problem. The
problem we are to look into is slightly different. The Kuramoto—Sivashinsky terminal value
problem has a nonlinear term and the inverse heat equation does not. This means that the
inverse heat equation lacks spectral transfer between different Fourier modes. This makes
it impossible for the modes corresponding to the large wavenumbers to lose energy. This
means that any small perturbation in a Fourier node corresponding to large wavenumber
will grow as time goes by.

For the Kuramoto-Sivashinsky equation we have a non linear term that transfers energy

between different Fourier modes. This transfer in the initial value problem move in average
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energy from the Fourier modes corresponding to small wavenumbers into the Fourier modes
corresponding to large wavenumber. The spectral transfer may help stabilize the solution
to the terminal value problem, if it transfers energy from the Fourier modes corresponding
to large wavenumber into Fourier modes corresponding to small wavenumber. So the
term that was the source of a number of complications in the initial value problem might
help us in the terminal value problem. For results on the regularization of the linearized

Kuramoto—Sivashinsky equation see section 6.1.1.
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Chapter 5

Regularization of the terminal value
problem

5.1 General remarks

To solve the terminal value problem (3.1), we first have to solve the initial value problem

Ol — 1 — KU + k', =0, k=0,...,N 71€][0,T],
(5.1) ot

0e(0) = s, K=0,...,N
Then we will use the solution obtained at the last time step as a starting point for the
solution of the terminal value problem. It is important that the terminal value for the
backward problem be on the attractor A. Otherwise one can not be sure that the terminal
value problem has a solution. How do we know if this is true? For sufficiently large L the
energy of the solution trajectory at the attractor A oscillates around a fixed value, it is
not constant, but varies within a few percent of the mean value (see figure 5.1). We must
also check that the energy function spectrum looks as described in section 2.3, note that
the Fourier modes corresponding to the small wavenumber will require the most time to
reach the desired value. The difference between the terminal value problem and the initial
value problem is where we know the solution. In the initial value problem, we know the
solution at ¢t = 0 and in the terminal value problem we know the solution at t = T. We
can turn the terminal value problem into a initial value problem by making the following

change of variables
(5.2) TET ~t.
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Figure 5.1: Energy for the solution to the initial value problem when initial value is a sine
wave with period L.
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0.0

Figure 5.2: Linearized operator for Kuramoto-Sivashinsky for different directions of time,
(dotted line) for the forward problem (0 — T'), (solid line) for the backward problem
(O — T).

This will change (3.1) into the following problem

04 . . .
T 4 e+ AGe=0, £=0,...,N, 7€l0,T]
(5.3) or

G<(0) = ¢, £=0,...,N.
By comparing this equation and (5.1) we can see that role of the terms 2 and x* are
reversed. In the initial value problem the term «? injects energy and the term x* dissipates
energy. In the terminal value problem the x? term dissipates energy and the «* term injects
energy. This is easily seen if one looks at the linearized operator A defined in equation

(2.23) and compare it the linearized operator B defined as
(5.4) B=-A=—-k’+k"

Reformulation of the problem will make the Kuramoto-Sivashinsky lose some of its
properties when time is reversed, see figure 5.2. Large time stability that was proved by
[8] for the initial value problem is not valid for the terminal value problem. This equation
without regularization will diverge super—exponentially fast when solved numerically. This

effect is illustrated in 5.3.
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time X

(a) (b)
Figure 5.3: (a) Lq error for the solution to the terminal value problem without any regu-
larization. Note that only the first couple of points are finite. (b) Comparison between the
solution to the initial value problem (dashed line) and the solution to the terminal value

problem (solid line) without regularization at ¢t = 5.49- 107°. The solution to the terminal
value problem has more small scale features.

5.2 Regularization techniques

Since this terminal value problem is strongly ill-posed we need to regularize it. In the spirit
of the quasi—reversibility method developed by [3], we propose to transform the original
ill-posed problem (3.1) into a well-posed, or a less ill-posed, problem. We will do this by
adding a regularizing term Bii,., which yields

/2

(55> —é_t——wn+Bﬁn_VBAﬁN:07 :“CZO,...,N, tE[O’T]?

P(T) =@k, kK=0,...,N
where v € R, and B is some operator acting on @. See [3] for different operators that
can be used to regularize this terminal value problem. Here we will concentrate on two
methods described in that research, we will call them hyperviscous and pseudo—parabolic
regularization. We want v to be as small as possible so the regularized equation is close
to (3.1). On the other hand if v is too small, then the regularized equation will have
the same problem as (3.1). Namely, amplitudes of some Fourier modes will tend towards
infinity. Continuous dependence on the regularization coefficients was proved for the two

methods listed below in [20] in the case of the backward heat equation. Here we assume
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that there is continuous dependence on the regularization coefficients for the backwards

Kuramoto—Sivashinsky equation.

5.2.1 Hyperviscous regularization

This technique was suggested in [3]. We will modify the terminal value problem of the
Kuramoto—Sivashinsky equation by adding a higher-order term. This will prevent the
coeflicients with high wavenumbers from getting too much energy and make the L, norm
of the solution of the terminal value problem go towards infinity. We choose to add a sixth

order term so that the governing equation will thus become

Au ou  Pu M o%u

(56) R TR TR i

This equation is well-posed. This extra term will prevent too much energy from getting

=0, €

injected at the highest wave number, but this extra term will also make the solution to
the perturbed equation to have less energy than the solution to the original terminal value
problem. Choosing 15 too small will not be sufficient to stabilize the problem, whereas
and choosing it too large makes the backwards solution to decay too rapidly. This is more
easily seen if we were to look at the regularized Kuramoto—Sivashinsky equation in Fourier
space

0P«

(57) E—Fwﬁ_{_Bﬁn_Vﬁ"iGﬁm:O, H:O,...,N.

5.2.2 Pseudo—parabolic regularization

Another option is to add a term which has both time and space derivatives. According to
[20] such equations have been called pseudo—parabolic by [21] and been used in the context
of backward—-in—time problem by [22], [23] and [24]. So the backwards regularized problem
will now take the following form '
ou  Ou  Ou  Jwu 9 &*u

du Fu Fu 0 0u Q.
5t Yoz o o Mgiga T TE

(5.8)

Note that this problem is not well-posed, however it is less ill-posed than the original

problem. If we allow the value of v to be negative we get a pole at k, = (—1/vg)Y*.
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This can be seen in the Fourier form of the regularized equation (5.8),

P o 2. — k4P,
(5.9) Dr  ZW TP —KPe g N
ot 1+vg k4P,

We will allow negative values as long as x, > N. However negative values will amplify the
energy injection at Fourier modes corresponding to high wavenumbers. Which will make
the problem harder to solve, because the reason that the back—ward-in-time problem is

hard to solve is the energy injected at small scales.

5.3 Spectrum change due to regularization

The regularization technique will change the energy spectrum because we are not solving
the same equation backwards as we solved in the forward problem. The change can be
noticeable as seen in figure 5.4. Here the spectrum has a lot more energy in the smaller
scale when t is close to T' than when ¢ = 0. To understand why we need to look at the
effect v an vg has not just on the high x, but also the effect on Fourier modes with low
wavenumbers. To see this more clearly we look at the Kuramoto-Sivashinsky equation
with the nonlinear term removed and we will also look at the problem for a initial value

viewpoint so time will move in the positive direction,

»
Pr _Bp.. kel

(5.10) " =

Notice that for the pseudo—parabolic regularization the spectrum looks much better than
in the hyperviscous case, see figure 5.5.
5.3.1 The low wavenumber part of the spectrum

The linearized operator B will have one extreme point at x = 1/ V2. If we do the same

when we add a hyperviscous perturbation we end up with
(5.11) g(k) = (B — vgr®) = —K? + K* — vr°.

This function has the one extreme point at

1—\/1_31/6

5.12 maxr —
(5.12) K T
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Figure 5.4: Energy spectrum of a solution with a fixed value of vg at ¢t = 0, solid line, and
t =T, dotted line, of the terminal value problem.

27



MSc thesis — Jonathan Gustafsson McMaster — Comp. Eng. & Science

Figure 5.5: Energy spectrum of a solution with a fixed value of vy4 at ¢t = 0, solid line, and
t =T, dotted line, of the terminal value problem.
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We are interested in this point, because in the forward run this point is closely related with
where most the energy is injected. The other points are uninteresting. Two are negative
and one is at higher wavenumbers. Also notice that this function will have the peak
switched to the higher wavenumbers. This means that when we are doing the backwards
run we should see a change of where the most energetic modes are. They should be
displaced into higher wavenumbers.

If we try to do the same thing for the technique the mixed time and space derivatives

we get that

B —r?2 4+ K1

h 1+th/€4 B 1+I/dtli4.

(5.13) h(k)
The extreme point we are interested in is

\/1+I/dt'—1

Vgt

(514) Rmaz =

The high wavenumbers are dampened as the previous regularization techniques. The peak
of the linearization is switched to higher wavenumbers just as in the case of the hyperviscous

technique. This can be seen in figure 5.6.

5.3.2 The high wavenumber part of spectrum

In this section we will look at the Fourier modes where energy will be injected when we solve
the terminal value problem. The idea is to dampened the amount of energy injected into
the Fourier modes that correspond to high wavenumbers to make sure that these Fourier
modes do not grow too large. We want to look at two things, one is at which wavenumber
there is now injection or dissipation of energy, the other is how much damping is made on
the high Fourier modes. The first one will show where the power law region might be for
the solution to the terminal value problem.

If one adds hyperviscous dissipation to the Kuramoto-Sivashinsky equation, one point

inside the power law region will change from o = 1 to the following wavenumber

1-+1—-4
(5.15) Ko = ,/—_27—”2.
6
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0.0

Kmax Ko Fomax Ko

(a) (b)

Figure 5.6: A qualitatively sketch of the effect of regularization. (a) hyperviscous regular-
ization and (b) Pseudo—parabolic regularization. Linearized operator (solid line) and regu-
larized operator (dotted line). The symbols k4, and kg are the values of the wavenumber
where the operator A, respectively, has a maximum value and is equal to zero (see section
5.3.1).

This method of regularization will move the power law region to a higher wavenumber.
One can see the effect in figure 5.6. Note that this is the linearized form of Kuramoto—
Sivashinsky, however the power law region should contain the point kg in the original
equation as well.

The pseudo—parabolic method will not change the position of this wavenumber (ko).

So these regularization techniques will dampen the Fourier modes corresponding to
higher wavenumbers more efficiently than the non-regularized equation. This is very im-
portant because otherwise small perturbations in high Fourier modes will grow very quickly
and make the solution diverge.

Now we need to remember that we did the following change of variables 7 = T — ¢,
this means that we moved the terminal value problem into a initial value problem. So this
means that for the solution to the regularized problem all these shifts will be in the other
way. So a shift to higher wavenumber will result in the regularized solution at t = 0 to

shift into lower wavenumber.
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5.4 Energy, L, norm

Here we derive the conditions for the L; norm to be constant with respect to time. This con-
dition will then be used in section 5.6 to adjust adaptively the values of the regularization
parameters. So far we have assumed that the energy is constant, but what do we require
for this to be true? Start by looking at the energy equation for the Kuramoto—Sivashinsky

equation in Fourier space

dF dl & 1
516 — T —— A’{2:_ 2 "RZ_ 4 '\KQ
(5.16) di dt2ZK:1 [ 2;” v s

Notice that the nonlinear term has disappeared, which is because when one averages over all
Fourier modes the sum is zero. This is true in a domain with periodic boundary conditions.

The proof of this is the same as for Navier Stokes

L L
ou 1 Juuu
/o u%udm =3/] & dz = [uuu)l =0

(5.17)

By Parseval’s theorem, (5.16) is the same as multiplying (2.21) with u and take the integral
over §). Since the boundary conditions are periodic, the value of v at t =0 and at x = L

are the same. To calculate the L, norm

N

1 512
(5.18) E(t) = 5 }; i .
And the dynamic equation (5.16) will change into

N N N
df d1

519 —_— = — — ANQ:- 2,\}4,2— 4AK2>
(5.19) dt dt2ﬁ=0[u| ;“l“ ;f’vllﬂ

Now we will see how the different methods of regularization will change the energy equation.

5.4.1 Energy equation for hyperviscous regularization technique

By including the higher order term we are adding hyperviscous dissipation to the flow,
which means that in this approach will try and remove energy from the flow by means of

a % kPhis|’drk term. So the energy equation will change into

dE &

(5.20) T = 2 1Pl = Bl o vor®|pif.
k=1
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Note that we will solve the equation backwards—in-time. So the larger the value of v one
uses, the more energy is removed from the system. If the energy is high, increase vg. If it

is too low, decrease vg.

5.4.2 Enmergy equation for the pseudo—parabolic technique

By adding the mixed space and time derivative the results are not as straight forward. In

this case the energy equation changes into

dE &

. . d 4 .
(5.21) - = ;/ﬁpﬁf — & pe|* + tham4|p,i|2.

So whether or not the last term will increase or decrease the energy during the backwards
run depends on the sign of vy, and £ 5% | k*p,|%. So if the energy of the high wavenumbers
increase during the backwards run and vy is positive this will remove energy from the
domain. The effect on the spectrum will be bigger on the Fourier modes corresponding
to large wavenumbers than the Fourier modes corresponding to small wavenumber. This
is easily seen if one looks at the linearized forms of the operator. We will use a positive
value of vy because of it behaviour in the linearized operator. The other reason is that
if the norm »_°2 | k*|d,|? grows we need to decrease the energy in the backwards run. If

Vg — 00, then
d oo
5.22 — § Y5 1% =0.

So for large value of vy we will have the effect of freezing this norm.

55 H ! norm

Instead of choosing the Ly norm to be constant, we can use a different norm. For example
we can look at H~!, this norm concentrates on the large scales of the problem. This norm

can be obtained by

5 12

N

an
5

k=1 R

(5.23) Il =

[NCRR
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Note that this is the similar to taking the L, norm of the primitive form of the Kuramoto-
Sivashinsky equation (2.1). To see how we can change the coefficient of the regularization
we need to look at the dynamic equation for the H~! norm. To get the norm we multiply

the dynamic equation with a function ¢ which has the following properties

Np=gq, z€[0,L]

5.24 i i
(524) oel0) _dell) .
ort ort o
Integrate from zero to L to get
L L L 92 L a4
dq dq d%q d%q
5.25 d d ——@d dx = 0.
(5.25) 08t¢x+/0 a(pa:+082$cpa:+oa4cpx
Then use Parseval’s theorem to go into Fourier space
(5.26) Z 5P T @ xird)p+ (ix)*qp + (ix)'§p = 0.
Where ¢ % 0(k) is the convolutlon defined by
N/

(5.27) G*0(k) = Giom, K£=0,...,N"

I,m=0

I+m=k

And since (ik)%*% = ¢ we end up with
aq .
(5.28) - 2 L~ @rind) L+ 1~ P =0

Rewrite it in a simpler form

|QI2 - (9 * k4)q 12 2412
(5.29) thz —iy e +1d - K241

2
k=0 R
To see if the nonlinear term is zero in this norm as it was in the Ly norm, start by looking

at the nonlinear term in physical space,
L L L
Jdq 1 0qq 1 L / 0y
(5.30) /0 15:990 =5 | Bz %0 =3 [9a¢lo | 195,

1 L9y A
= —= —d =W.
2 ( /0 p.* )
So in this norm the nonlinear term does not disappear. It is only in the Ly norm that the

nonlinear term disappears. The dynamic equation for the H™! is then

(5.31) % Z “izl

%18,
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5.5.1 Equation for H~! norm for hyperviscous regularization tech-
nique

For vg the dynamic equation changes into

0 = [P« ,
(5.32) 52 | /{J W+len|2 K2[De]? + vor[Dal”.
K=1

The higher order term will again act to decrease the norm as was the case of the regu-
larization based on the L, norm. However, in this case the regularization coefficient is
multiplied by the H2 norm and not the H® norm. This was expected as the H~! norm has
more to do with the large scales of the problem. So we should increase the coeflicient v if

the H~! norm is higher than the reference level and decrease vg if H~! norm is too low.

5.5.2 Equation for ! norm for pseudo—parabolic technique

The results are similar to the treatment of the L, norm. In the end one will get the
following dynamic equation for the H~! norm

A~

d o [al?
(5.33) E; =

But now the time derivative is in respect to the H~! norm. So the dynamic equation for

d
=W+ Z Dol = B2 1Bel” + v 5% |

k=1

H~! norm using this technique is similar the dynamic equation of the L, norm with the

same technique, but everything has moved to a “lower” norm.

5.6 Adaptive adjustment of the magnitudes of the
regularization terms

One can provide a fixed value g or vy to use to find a solution to the terminal value
problem. This is the standard approach. The trouble with this is that the optimal value
of the regularization coefficients depends on ¢ and T in a non trivial manner. And by
“optimal” we mean a solution to the terminal value problem that is closest in a given norm
to the solution of the initial value problem. The way of measuring this is the following:

start with the initial value problem, get a solution at ¢ = T, use this solution u(7T") as
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the terminal value in the backward problem. In the terminal value problem we will try
to reconstruct the starting values u(0) from the initial value problem. If ¢ has a lot of
energy located at small scales, the regularization coefficient needs to be big enough to
prevent that too much energy is transported into small scales. Otherwise the Fourier
modes that correspond to the high wave numbers will grow very fast. In this research we
will do something different, namely we will try to find the good values of the regularization
coefficient v for 0 <t < T given some properties of the problem. And by “good” we mean
lower error in some norm at ¢ = 0 than the best value of the error norm obtained with
any fixed value of the regularization parameter. We will give ourselves the freedom to
vary the coeflicients while we solve the terminal value problem. So the magnitude of the
regularization term will be allowed to change in time. This adaptation will be performed
based on some information about the corresponding initial value problem, e.g. a mean
or instantaneous norm of solution. Below we describe different techniques that can be
employed to carry out this adaptation. See figure 5.7 for a schematic sketch of what we
we will attempt to do. Notice that we only have information about the solution and the
regularization parameter at t*t1, not #*~*. This is because we are marching backwards—in—
time. If we want to get information about the current time—step we have to calculate it,

which is not hard but requires a “test” time step.

5.6.1 Instantaneous adaptation

Here the idea is to take a candidate value of the regularization coefficient and take one
test time step and see the result. Using this method one tries to find a value of the
regularization coefficient that satisfies some criteria. Here we will try and find a value of
the regularization coefficients that makes the L, norm constant in the interval 0 <t¢ < T

So we want to find a value for the coefficient that solves
(5.34) (¢, V)|l = [U(T)||x =0

where X is a chosen function space. Using this estimate with the assumption that the func-
tion that we try to find the zero of depends continuously on the regularization coeflicient,

we can use common techniques to find the optimal value of the regularization coefficient.
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u(t’) Kuramato-Sivashinsky U(th)
equation

Regulator -
ref(t")

Figure 5.7: A sketch describing the concept of adaptive regularization as a feedback loop.
Note that the regulator is allowed to save information from ¢t > t™.
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For this research we used Newton’s method.

5.6.2 P-regulator

This idea is from control theory [25]. The idea is to adjust the coefficient based on some

quantity we want to have a given value. So we want e(¢) to be close to zero, where e(t) is

defined as

(5.35) e(t) = [lp(t)llx = la(T)llx

and X is a chosen function space. The regularization coeflicient v will update based on

the following algorithm
(5.36) v(t) = v(t™h) + Kp - e(t).
Two parameters are needed in order for this algorithm to work, namely Kp and v(T).

5.6.3 PD-regulator

This is similar to the previous approach, but now one considers how the quantity changes
in time as well. So the update algorithm to update this technique is
de(ti—i-l)

(5.37) v(t) = vt + Kp-e(tt) + Kp - =

where the time derivative of e(t) is approximated by

de(t') _e(tt!) —e(t))
= At

(5.38)

This means that now one needs three parameters, Kp, Kp and v(T).

5.6.4 Comparison to different adaptive schemes

We do not have any guarantee that the instantaneous adaptation will find a v that fulfills
equation 5.34 for all p and ¢. If we are unable to find a solution, we will use the best
candidate found. For the terminal value problem for heat equation it has been proved that
the solutions will depend continuously on the amplitude of the regularization parameters

[20], but for the terminal value problem of Kuramoto—Sivashinsky equation the question
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is still unresolved. This means that we are not sure if there even exists a value of the
amplitude that for the current solution keeps the selected norm constant. The P regulator
and PD regulator will always find a new dynamic value, but in classical control theory we
are worried about three issues: overshoot, adjustment time and offset. If e(t) changes sign
during its adjustment to zero, the overshoot is the maximum derivative after this change
occurred. If e(t) does not change sign, there is no overshoot. Adjustment time is the time
it takes before e(t) is approximately constant. The offset is the value lim;_, e(t).

The value of Kp will affect all three issues [25]. With increasing Kp, the overshoot
will increase. However adjustment time and offset will increase. By increasing Kp, the
overshoot will decrease. Adjustment time increases and the offset will increase.

We could use PID regulator, this regulator would look like

de(t")
dt

(5.39) vt = v(t) + Kp - e(t') + K; /tl e(t)dr + Kp -

This regulator would remove the offset. The problem with this regulator is that the deriva-
tive response D would interact with integral response I and both of them would follow the
proportional response P [25]. So all of them would act like a P regulator in short time

windows.
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Chapter 6

Results of the regularization
algorithms

We will start by solving the initial value problem
Ol
(6.1) ot

~

— Wy ~ K20 + K =0, kK=0,...,N, t€[0,T]

0:(0) =dp. k=0,...,N

The solution @ at t = T will be used as the terminal value for (3.1). To measure the error
we will use three different norms namely, the L, norm, H! norm and H~! norm. We will

use the following truncated expressions for our calculations

@l | SN el
(6:2) b RO, T S @R
1, ”e(t)HHl _Zn 1“ ()'
(63) | B Ok, T S, el
L Je®llE XN el
o4 T s Ty, B

k=1 2

where é(t) = p(t) — a(t) and p(t) denotes the Fourier transform of the solution of the
regularized problem (5.5) and @ is the Fourier transform of the solution to the initial value
problem in system (6.1) at time ¢t. For more information about the norms see sections
5.4 and 5.5. The different norms will focuses on different length scales of the error. The
H~! norm focus on the large scales of the solution, the Ly norm treats all length scales

uniformly and the H! norm is focused on the smallest scales of the solution.
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2

20 i

Figure 6.1: Comparison of a starting condition and the same starting condition shifted by
L/2 in the z direction.

The trouble with using the L, norm is that even though one solution to the terminal
value problem can have the same energy as the solution to the initial value problem, the
relative error can be large. It can be larger than unity which in turn means that the zero
solution is better than the solution we have obtained from the regularization technique.

For example if the solution is shifted in space a distance of L/2 as seen in figure 6.1,
then the Fourier components will be shifted by ¢™. This will make the solution to have
error equal to 2 in the Lo norm. This solution should be almost as good as the original,
but here we can see that the norm we are using to measure error is sensitive to shifts. We
have not found a solution to this problem. The ideal measurement of error would be shift
invariant. Another way to measure the error is to compare the curvature. The curvature

is defined as [26]

8%u

(6.5) k(z) = .
(1+&7)"

This is important for applications in combustion. If one tries and measure the difference

in curvature between two solutions, one would find that this is more sensitive to shifts.
Furthermore, because it uses the second derivative of u, it will be focused on the small
scales of the solution, in which regularization has a large effect. See figure 6.2 for a example
of curvature of a solution on the attractor. Most calculations are done on a system with

L =154 and N = 1024 number of nodes in real space.
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Figure 6.2: Comparison of curvature for solutions on the attractor A, solid line corresponds
to the starting value of the initial value problem ¢ = 0, dashed line corresponds to the
solution of the initial value problem at t =T

6.1 Hyperviscous regularization

Generally, this regularization technique will change the form of the energy spectrum as
described in section 5.3. We want to have some reference to compare with, so we solve
the terminal value problem with hyperviscous regularization using a fixed value of the
regularization parameter. The typical error measured in Ly norm at different times are
shown in figure 6.3. In table 6.2, one can see the result of putting different fixed value
for the regularization coefficient. In the same table there appears to be a minimum at
vg = 2.7-1075. This value will be used as a reference for the different methods of adapting
Vg in time. The initial state ¢ reconstructed by solving the terminal value problem (5.5)
with the best fixed value of vg is compared against the actual initial state in figure 6.4.
The adaptive algorithm used are listed in table 6.1. Note that this reference would cause a
small shift in xg, Kmee as described in section 2.3. The shift is very small for both of them,

on the order of O(1073).

6.1.1 Regularization of the linearized Kuramoto—Sivashinsky'equa-
tion

Previously we speculated that the nonlinear term would help us in stabilizing solutions to

the terminal value problem. The idea was that the nonlinear term would transfer energy
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Figure 6.3: The L, error as a function of time T for three different values of the hyperviscous
regularization parameter, (solid line) v5 = 1.8 - 107°, (dotted line) vg = 2.7 - 1075, (dashed
line) vg = 3.5 1075.

20 B

X

Figure 6.4: Comparison of the (solid line) the initial condition ¢ in the initial value problem
(2.3) and (dashed line) the solution of the regularized terminal value problem (5.5) p(t = 0)
with vg = 2.7 - 1075.
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L, norm | H~! norm

Instantaneous hil, —
P regulator hPL, hPH™!

PD regulator | hPDL, —

Table 6.1: Different algorithms used to regularize the solution to the terminal value problem
with hyperviscous regularization technique

Ve lle(O) |,/ 11u(0) iz,
6.7-1078 00
8.7.1076 1.99
1.8-10°° 0.82
2.7-1075 0.81
3.5-1075 0.82
4.5.107° 0.83
5.3-107° 0.86
6.2-107° 0.87
7.1-1075 0.87
8.10°5 0.87

Table 6.2: The relative L, error (6.2) at ¢ = 0 for fixed values of the regularization
parameter

from the small scales of the solution into the larger scales of the solution. And since in
the solution to the terminal value problem energy is injected into the small scales and
dissipated at the large scales this would prevent the energy in the small scales from getting
too big. In figure 6.5, we can see the result of removing the nonlinear term. This means
that the linearized problem we will solve is

ra 82 4
W OB I Bp=0, ze(0,I], tel0T)

ot = 0dz* = Oxt _
(6.6) 9"p(0, 1) _ O'p(L,t) _
e et tel0,T), i=0,...,3,

\ p(z,T)=¢, z€l0,L]
Note that stabilizing the linearized Kuramoto—Sivashinsky equation requires a smaller
amplitude of the coefficient in front of the regularization term, and it is also more accurate.

Also note that the linearized Kuramoto—Sivashinsky equation does not have a attractor.
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Figure 6.5: The relative Ly error (6.2) at ¢ = 0 for different fixed values of the hyperviscous
regularization parameter vg. o are the solutions for the linearized terminal value problem,
e are the solutions for the full terminal value problem L = 154, B are for solutions with
L = 49 and [ is for the linearized terminal value problem at the same L. The normalized
time T is the same for all plots.
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To make the comparison we use the same initial condition to solve both the initial value
problem for the linearized and the full equation. So the two terminal value problem will
have different terminal values.

It seems that the linearized problem requires a lower value of the regularization param-
eter, which was not expected. This is probably because we do not know the exact role of
the nonlinear term in the Kuramoto—Sivashinsky equation. It is believed that it works in
the same way as the nonlinear term in Navier Stokes, but in section 2.3 we saw that the
standard argument for the energy cascade does not hold up for scrutiny. So probably we
may not have transfer of energy from small to large scales. Another effect could be that
in the linearized problem one starts with less energy in the small scales and that would
render the solution to the terminal value problem less likely to have Fourier modes with
large coeflicients. This would make the non linear problem harder rather than easier to
regularize. Another factor is that we are not solving the two problems with the same termi-
nal condition. We are solving the full and the linearized Kuramoto-Sivashinsky problem
with the same initial value problem to get the terminal value. In figure 6.6 we can see
the difference in the energy spectrum function for the terminal value between (6.6) and
(3.1). The terminal value for the full Kuramoto—Sivashinsky equation has more small scale
features than the terminal value for the linearized Kuramoto-Sivashinsky equation.

In figure 6.5 we can see the effect of changing L, on the amount of regularization
needed to stabilize the backward run. With increasing L a larger value of the regularization
coefficient is required to stabilize the terminal value problem of the Kuramoto—Sivashinsky
equation. If L is small, then the solution to the regularized terminal value problem will
be slightly more accurate. This is consistent with the idea that with increasing L we get
more chaotic behaviour of the solutions.

Because the Kuramoto—Sivashinsky equation has qualitatively different properties for
different L [27], we will not analyze solutions at very small value of L. The reason that
for a very small value of L the attractor is a fixed point or the zero solution. We want to
solve a chaotic problem with multiscale behaviour and for small values L the solution to

the Kuramoto—-Sivashinsky equation does not have such properties.
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Figure 6.6: Energy spectrum for the terminal value problems (5.5) and (6.6) at ¢ = 0, (solid
line) the full Kuramoto—Sivashinsky equation (5.5), (dashed line) the linearized Kuramoto—
Sivashinsky equation (6.6). Both with L = 49.

46



MSc thesis — Jonathan Gustafsson McMaster — Comp. Eng. & Science

6.1.2 Instantaneous adaptation

This section is about using Newton’s method to choose a value of 15 in which the L,
norm of the solution constant. The problem is that this method is very unstable. It does
not always work, as can be seen in figure 6.7, it may converge to a different value of the
Ly norm. In this figure the algorithm converged to a solution that gave the L, norm an
approximate value of 4200, instead of the required 3160. This is of course not a solution

of the following equation

(6.7) )|z, = (T2, = 0.

but a local minimum of the left hand side. The time history of the L, error norm and the

solution obtained at t = 0 are shown in figure 6.8 and 6.9.

6.1.3 L, norm with the P-regulator

Here we will use the L, norm as a reference level. The Ly norm is almost constant when the
initial value problem (6.1) has reached the attractor. From the plots of the energy obtained
during the solution of initial value problem starting from sine wave, we can see that the
energy variation is a couple of percent of the total energy when the attractor is reached,
see figure 5.1. Thus, first of all, we need to make sure that the start of the initial value
problem is on the attractor. All calculations are made with periodic boundary conditions.

When the energy is stable we conclude that the solution has reached the attractor
and can be used as a terminal condition for the backwards run. So now we can start the
backwards run with the forwards run final data. The L, norm is defined by via Parseval’s

theorem:

L N
(69 Il = | oo = 3o
x=0
The coefficient v will update based on the following algorithm (see section 5.6.2)
(6.9) ve(t) = vs(t™) + Kp(llp(t™ )|z, = w(T)]1,)-

The reference is taken from the solution of the initial value problem at ¢ = T'. If the energy
is too large, one must increase vg and if the energy is too small, one must decrease vg5. So

we need two elements to make the algorithm work, Kp and a starting value for vg:
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Figure 6.7: (CASE hlIL,) Time histories of (a) the regularization parameter v and (b)
(solid line) Ly norm of the solution using instantaneous adaptation to control the L, norm
with Newtons method, (dotted line) reference level for the Ly norm.
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Figure 6.8: (CASE hIL,) Ly error norm over the window [0, T, solid line is for the instan-
taneous adaptation to control the L, norm, dashed line is for a fixed value of vg
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Figure 6.9: (CASE hlL,) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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e There are a lot of different candidates for the starting value of vg. One is the value
that makes the value of the L, norm the same as in the first and second time steps.
This value is usually very low. The second choice could be the value that 14 is equal
to when ¢t = 0. This means that one requires a first run to decide the starting value
of vg. There is no guarantee that this limit is independent of the candidate in the
first run. This choice usually results in v attaining a low value after 10 time steps
and then we have to increase it to compensate for the large amount of energy in the
solution to the perturbed terminal value problem. The last one is picking a good
candidate from experiments using a fixed value of v for the whole calculation of the
perturbed terminal value problem. The first method will give a very low starting
value of vg, the second method will require a lot of numerical experiments to find the
starting value. We choose a starting value from the fixed values already tested. The

value used is 4 - 1073,

e The Kp parameter is used to control the proportional response to the error. We are
mainly interested in two things, namely the adjustment time and overshoot. We want
the adjustment time to be as short as possible and that the overshoot is as small as
possible. A very large value of Kp will make the backward solution unstable. A large
value of Kp will decrease the adjustment time, but increase the overshoot. A too
small value of Kp will cause the change in vg to be very small and thereby making
very little change from using a fixed value. By experiment we observe that the L,
norm will start by decreasing and later there will be a sharp overshoot. We will
adjust Kp so that the sharp overshoot will happen after T, this means that we will

not observe it during the solution to the terminal value solution.

In figures 6.10-6.12 we can see the effect of choosing Kp too large. The amplitude of vg
changes very quickly .and the offset is very large. The L, norm is too high in the solution
obtained. On the other hand with a smaller value of Kp we get the solution at ¢ = 0
corresponding to figure 6.15. In figure 6.13 we can see that the Kp regulator has now
lower amplitude of the regularization coefficient during the backward march. It seems that

the L, norm error increases very fast if vg are changed rapidly. Results shown in figure
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6.10-6.12 and 6.13-6.15 indicate that reconstruction in the second case is better, even

though the regularization did not quite stabilize the L, norm.

6.1.4 L norm with the PD-regulator

Because of the overshoot in the P-regulator, one can try and use a P D-regulator to limit

this effect. The regularization coefficient vg(t) will be determine the following way

Uz, = u(T) 2.
dt ’

(610)  va(t) = ve(t™*) + P(Ip(E )|z, — u(D)]le) + D

where the time derivative is approximated using the forward difference,

(6.11) Ap(E)le— [Tl , Il = I,

For this algorithm to work in determining the regularization coefficient one needs three

elements:

e There are a lot of different candidates for the starting value of vg. One is the value
that makes the L, norm constant in that time step. This value is usually very low.
The second choice could be the value that v tends towards when ¢ — T. This
choice usually results in that v attains a low value after 10 time steps and then
we have to increase it to compensate for the large amount of energy in the solution
to the perturbed terminal value problem. The last one is picking a good candidate
from experiments using a fixed value of vg for the whole calculation of the perturbed
terminal value problem. We will choose the starting value in the same way that we

did in the P-regulator i. e., vg = 41073,

e The Kp parameter is used to control the proportional response to the error. We start
by setting Kp to zero and then increase Kp until the perturbed system is stable.
We are interested in two things, namely the adjustment time and overshoot. We
want the overshoot to be as small as possible. With the PD-regulator we have the

possibility of increasing Kp and use Kp to decrease the size of the overshoot.

e The Kp parameter is used to control the feedback from the derivative of the error.

This parameter will decrease the overshoot and increase the adjustment time. For
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Figure 6.10: (CASE hPL,) Time histories of (a) the regularization parameter v and
(b) (solid line) Ly norm of the solution using P regulator to control the L, norm with
P =7-10"%, (dotted line) reference level for the Ly norm.
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Figure 6.11: (CASE hPL;) Ly error norm over the window [0, T, solid line is for the P
regulator to control the L, norm, dashed line is for a fixed value of vg
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Figure 6.12: (CASE hPL,) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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Figure 6.13: (CASE hPL,) Time histories of (a) the regularization parameter vg and
(b) (solid line) L, norm of the solution using P regulator to control the L, norm with
P =5-107° (dotted line) reference level for the L, norm.
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Figure 6.14: (CASE hPLy) Ly error norm over the window [0, 7], solid line is for the P
regulator to control the Ly norm, dashed line is for a fixed value of 14
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Figure 6.15: (CASE hPL,) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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a large value of Kp this algorithm to choose vg makes the L, norm of solution
to regularized terminal value problem go towards infinity. This will be the last
parameter we will set and it will be as large as possible to decrease the overshoot

and still be stable.

In figure 6.16, we can see the changing value of vg during the solution of the terminal
value problem. The coefficient vg starts at 4 - 1073, this is the optimal value found for the
perturbed terminal value problem with a fixed v4. Then it decreases rapidly before settling
into a final value close to 1.5- 1072, From the plot of the L, norm in figure 6.16, we can see
that the PD-regulator does a good job at keeping energy at the reference level. However
the problem is that the dip that the energy will take during the first 50 time steps. This
dip will cause the error measured in the L, norm to increase very fast. This limits the use
of this regularization strategy since we can choose a fixed value of 15 that has a smaller L,
error, see figure 6.17. So even though we manage to regulate the L, norm better, we did

not find a better choice of the amplitude coefficients then a fixed value of vg.

6.1.5 H~! norm with P-regulator

The idea behind using the H~! norm as a reference level is that this norm is more focused
on the large scales of the problem and therefore could be less affected by noise. Generally,
it seems that this norm is lagging in time in comparison with the L, norm. In figure
6.21 one can see that the solution has retained the large scales properties. However the
solution has less energy and almost all the peaks that the solution to the original initial
value problem has are not present in the backward march. If we look at figure 6.19, the
energy is decreasing during the solution to the terminal value problem. The reason is that
Vg is too large. This follows from that when the time ¢ is close to T, the H~! norm of the
solution to the terminal value problem is small, so the P-regulator will try to decrease vs.
Uﬁfortunately, it decreases the magnitude of the regularization coefficient too much and
the solution to the terminal value problem will be given a sudden peak of energy. But here

Kp is again chosen in such a way that this will happen after ¢t = 0.
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Figure 6.16: (CASE hPDL,) Time histories of (a) the regularization parameter vg and
(b) (solid line) L, norm of the solution using PD regulator to control the L, norm with
P=7.107% D =5-10"%, (dotted line) reference level for the L, norm.
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Figure 6.17: (CASE hPDL,) Ly error norm over the window [0, T}, solid line is for the
PD regulator to control the L, norm, dashed line is for a fixed value of vg
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Figure 6.18: (CASE hPDL,) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).

54



MSc thesis — Jonathan Gustafsson McMaster — Comp. Eng. & Science

0 L R N L L N 0 L L ) 1 s .
0 50 100 150 200 250 300 350 00  5.¢-07 le-06 1.5¢-06 2.6-06 2.5¢-06 3.c-06 3.5¢-06
time time
(a) (b)

Figure 6.19: (CASE hPH™!) Time histories of (a) the regularization parameter vg and
(b) (solid line) L, norm of the solution using P regulator to control the H~! norm with
P =3-10"! (dotted line) reference level for the L, norm.
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Figure 6.20: (CASE hPH™!) L, error norm over the window [0, T, solid line is for the P
regulator to control the H norm, dashed line is for a fixed value of vg
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Figure 6.21: (CASE hPH™!) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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6.2 Pseudo—parabolic regularization

This regularization technique will not change the form of the energy spectrum as noticeably
as the hyperviscous regularization does. This means that we hope that this regularization
technique works better than the previous one. As in the previous section we want to have
some reference to compare against. We will solve equation (3.1) with a pseudo—parabolic
term added with a fixed magnitude of v5. The error measured in the L, norm at ¢t = 0 is in
table 6.4. The pseudo—parabolic regularization will be less dependent on variations of the
magnitude of the regularization coefficient than the hyperviscous regularization technique.
For a typical error measured in the L, norm at different times look at figure 6.22. In figure
6.24, one can see that there is a minimum of the error at ¢ = 0 when the regularization
coefficient is 4.4 - 107%. This value will be used as a reference for the different algorithms
of choosing a time dynamic vy4. The initial state ¢ reconstructed by solving the terminal
value problem (5.5) with the best fixed value of vy is compared against the actual initial

state in figure 6.23.

Ly norm | H™! norm
Instantaneous pli, —

P regulator pPL, pPH™!
PD regulator | PDL, —

Table 6.3: Different algorithms used to regularize the solution to the terminal value problem
with the pseudo—parabolic regularization technique.

6.2.1 Regularization of the linearized Kuramoto—Sivashinsky equa-
tion

In figure 6.24 we can see the result of removing the nonlinear term. The results are similar

to the ones we have from the hyperviscous regularization 6.1.1. However, the difference

between linearized Kuramoto—Sivashinsky equation and the full Kuramoto—Sivashinsky

equation is large than in the case using hyperviscous regularization, which adds further

evidence that the effect of the nonlinear term in the backward Kuramoto-Sivashinsky
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Vit e(O)lz,/[lu(0)]l L,
3.9-1072 00
5.3.10"19 7.55
1.0-10718 0.91
1.6-10718 0.72
2.2.10718 0.70
2.7-10718 0.70
3.3.10718 0.70
3.8.10718 0.71
4310718 0.72
4.8.10718 0.73

Table 6.4: The error at t = 0 for fixed values of the regularization parameter
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Figure 6.22: The L, error as a function of time T for three different values of the pseudo—

parabolic regularization parameter, (solid line) 2.2- 1078, (dotted line) 2.7-107%8, (dashed
line) 3.3 - 10718,
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Figure 6.23: Comparison of the (solid line) the initial condition ¢ in the initial value
problem (2.3) and (dashed line) the solution of the regularized terminal value problem
(5.5) p(t = 0) with vg = 2.7-10718,

equation is far from clear.

6.2.2 Instantaneous adaptation

Using Newton’s method to find a solution to equation (5.34) with & is taken as L, is not
straight forward. There is a risk that the algorithm will not converge. If it does converge,
we can see, in figure 6.25, that it does a good job at keeping the L, norm constant. However
it did this by making the amplitude of vg very large (on the order of 10®) which means

that during the backward run, the following is approximately true
(612 4 S P =0
' dt = " '

This will cause most of the Fourier modes to remain unchanged when we solve the terminal
value problem. So it is as if we are using the terminal value to approximate the initial

value. Of course this not a good strategy to solve our problem.

6.2.3 Ly norm with P-regulator

Here as in the case with hyperviscous regularization technique with the P-regulator, see

section 6.1.3, we will update the amplitude of the regularization coefficient vy with the
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Figure 6.24: The relative L, error (6.2) at t = 0 for different fixed values of the hyperviscous
regularization parameter vg. o are the solutions for the linearized terminal value problem,
e are the solutions for the full terminal value problem L = 154, B are for solutions with
L = 49 and U is for the linearized terminal value problem at the same L. The normalized

time T is the same for all plots.
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Figure 6.25: (CASE plL;) Time histories of (a) the regularization parameter v4 and (b)
(solid line) Ly norm of the solution using instantaneous adaptation to control the L, norm
with Newtons method, (dotted line) reference level for the L, norm.
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Figure 6.26: (CASE plL,) L, error norm over the window [0,7], solid line is for the
instantaneous adaptation to control the L, norm, dashed line is for a fixed value of vy
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Figure 6.27: (CASE plL;) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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following algorithm

(6.13) var(t') = va(t") + Kp(llp(t™ )z, = [u(T)]2.)-

The reference is taken from the solution of the initial value problem at ¢ = T'. If the energy
is too large, one must increase vy and if the energy is too small, one must decrease vy to
let more energy into the solution of the terminal value problem. So we need two elements

to make the algorithm work, Kp and a starting value for vy:

e Here we choose again a starting value from the fixed values already tested. The value

used is 3.1- 10712,

e In choosing Kp, we are mainly interested in two properties, namely the adjustment
time and overshoot. Using the pseudo—parabolic regularization technique we do not
see the very sharp overshoot peak. However, if Kp is chosen to a large value, we
will see a very big offset from the reference value, see figure 6.28. If Kp is slightly
larger the solution to the terminal value problem will have much more energy than

the reference level. Kp is chosen to 2 - 1016

The results are shown in figure 6.33. This method will produce a better solution than
the hyperviscous technique, but using a fixed value of the amplitude of the regularization

coefficients, for example 4.4 - 107°, will still produce a better result, see figure 6.32.

6.2.4 Lo norm with PD-regulator

We attempt to find a better algorithm to update vy by using a PD regulator. The
algorithm to determine the value of the regularization coefficient is the same as in section

6.1.4, namely,

), — lw(MlL,)
dt ’

(6.14) v (t) = va: (1) + Kp (o )lz, = w(T)lz,) + Dd(|lp(

where the time derivative is approximated using the forward difference

)z, = (Dl IPE)z, = IPE)l]2e

~
~

dt At

For this algorithm to work in determining the regularization coefficient one needs three

(6.15)

elements:
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Figure 6.28: (CASE pPL,) Time histories of (a) the regularization parameter vy and
(b) (solid line) Lo norm of the solution using P regulator to control the L, norm with
P =2.10"11 (dotted line) reference level for the Ly norm.
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Figure 6.29: (CASE pPL;) Ly error norm over the window [0,7], solid line is for the P
regulator to control the L, norm, dashed line is for a fixed value of vy
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Figure 6.30: (CASE pPL,) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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Figure 6.31: (CASE pPL,) Time histories of (a) the regularization parameter vy and
(b) (solid line) L, norm of the solution using P regulator to control the L, norm with
P =2.1071% (dotted line) reference level for the L, norm.
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Figure 6.32: (CASE pPLs) Ly error norm over the window [0, 7], solid line is for the P
regulator to control the L, norm, dashed line is for a fixed value of vy
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Figure 6.33: (CASE pPL,) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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e Here we choose again a starting value from the fixed values already tested. The value

used is 3.1 10712,

e We start by setting Kp to zero and increase Kp until the perturbed system is stable.
We are interested in two properties of the algorithmen, namely the adjustment time
and overshoot. We want the overshoot to be as small as possible. With the PD-
regulator we have the possibility of increasing Kp and use Kp to decrease the size of

the overshoot. So now the value of Kp will be much larger, five orders of magnitude.

e The Kp parameter is used to control the feedback from the derivative of the error.
This parameter will decrease the overshoot and increase the adjustment time. For
large values, the perturbed terminal value problem this method is unstable. This
will be the last variable we will set and it will be as large as possible to decrease the
overshoot and still be stable. Kp is adjusted to make the Ly norm of the solution to

the terminal value problem to be close to the reference level when ¢ = 0.

Figure 6.34 is similar to 6.31, but the value of vy is slightly smaller for the PD regulator
when t is close to zero. This causes the solution of the terminal value problem to have a
larger Lo norm than the solution obtained using the P regulator. Both of the regulators
do a good job in keeping the Ly norm close to the reference level, see figure 6.34 and figure

6.31.

6.2.5 H ! norm with P-regulator

" Here we will use the H~! norm as a reference level. This norm is more focused on the large
scales of the problem and therefore could be less affected by noise. Generally, it seems
that this norm is lagging in time in comparison with the L, norm. In figure 6.39 one can
see that the solution has retained the large scales properties. However, the solution has
more energy because of the time lag present using the H~! norm. If we look at figure
6.37, we can see that the energy starts decreased during the solution to the terminal value
problem. It continues to decrease even though the L, norm of the solution is higher than
the reference level. This follows from that when ¢ is close to T, the H~! norm of the

solution to the terminal value problem is small so the P-regulator will try to decrease vg.
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Figure 6.34: (CASE pPDL,) Time histories of (a) the regularization parameter v4 and
(b) (solid line) L, norm of the solution using PD regulator to control the Ly norm with
P=1-107" D =7-10"", (dotted line) reference level for the L, norm.
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Figure 6.35: (CASE pPDL,) Ly error norm over the window [0, T, solid line is for the
PD regulator to control the L, norm, dashed line is for a fixed value of v
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Figure 6.36: (CASE pPDLy) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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Unfortunately, it decreased the magnitude of the regularization coefficient too much and
the solution to the terminal value problem will be given a sudden peak of energy. But here

P is again chosen in such a way that this will happen after t = 0.
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Figure 6.37: (CASE pPH™!) Time histories of (a) the regularization parameter vy and
(b) (solid line) Ly norm of the solution using P regulator to control the H~! norm with
P =4-10"", (dotted line) reference level for the Ly norm.
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Figure 6.38: (CASE pPH™') L, error norm over the window [0, T, solid line is for the P
regulator to control the H norm, dashed line is for a fixed value of vy

Figure 6.39: (CASE pPH™!) Comparison of the (solid line) the initial condition ¢ in the
initial value problem (6.1) and (dashed line) the solution of the regularized terminal value
problem (5.5) p(t = 0).
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Chapter 7

Conclusions & Summary

In this thesis we have in the first part examined hyperviscous and pseudo-parabolic regu-
larization of the backward Kuramoto-Sivashinsky equation using fixed magnitudes of the
regularization coefficients. In the second part of this thesis we proposed a new approach to
regularize the terminal value problem of the Kuramoto—Sivashinsky equation. The basic
idea is that instead of keeping the amount of regularization constant during the backward
solution, we adapt it according to some criteria. We used the L, norm and H~! norm
and tried to keep one of these norms constant by changing the value of the regularization
coefficients vg and vg. Three different algorithms were used namely, the P regulator, PD
regulator and an instantaneous adaptation based on Newton’s method.

The size of L is related to how accurate we can solve the terminal value problem of
the Kuramoto—Sivashinsky equation. A large value of L will make the solutions less ac-
curate. We also compared solutions to the regularized terminal value problem for the
Kuramoto-Sivashinsky equation with fixed value of the regularization parameter to solu-
tions of analogous problems, but with the nonlinear term removed. It was found that the
linearized problem is more stable and it is possible to get a more accurate solution to this
problem than for the full Kuramoto—Sivashinsky equation.

The main findings can be summarized as follows:

e We can see from comparing the figures in section 6.1 and 6.2 that the pseudo-
parabolic regularization works better than the hyperviscous regularization. A likely

reason is that the change of the energy function spectrum due to regularization is
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less significant for the pseudo—parabolic regularization technique than for the hyper-

viscous regularization technique.

e When the Ly norm is used to measure the error in the adaptive schemes tried, i.e., P,
PD and the instantaneous adaptation, they all preform worse than a “good” fixed
value of the amplitude of the regularization coeflicient. However, the L, norm is
sensitive to shifts in real space. Therefore, even though the error is high in the L,
norm the solutions obtained with adaptive techniques are often “visually” better than
solutions obtained with fixed values of the regularization coefficients; this seems to

indicate that for practical proposes the L, norm might not be the most appropriate.

o We show that the size of the L, error is dependent on the size of the domain L. More
specifically, with increasing L we get less accurate solution to the terminal value

problem.

In conclusion we believe that the idea of dynamically changing the amount of regularization
used is worth pursuing. We would like to have found a method that worked better then
using any fixed value. Since regularization of nonlinear PDE is a relatively new topic,
we are missing some theoretical background. For example, continuous dependence on the
regularization parameter v or given a time window 7' and a regularization method what
is the least error possible. This and other problems are still unsolved in regularization of

nonlinear PDE.

69



Appendix A

Inertial range in the Navier Stokes
equation

In the Navier Stokes equation three assumption are needed to ensure the existence of the

inertial range,

¢ In the inertial sub range all the flux F' towards higher wavenumbers is lost through

dissipation &
(A1) F(k) = / dondie = €

e In the inertial sub range very little energy is being lost. Because of very small
dissipation and absence of nonlinear fluxes into the Fourier modes that correspond
to the inertial sub range

d_F
dr

I

(A.2) 0

e The flux past any wavenumber in the inertial sub range is of the order

_ KE(k)
(A.3) F(k) ~ )
where
1
A4 T(K) = ————
(A4) ") = e

is the only characteristic time that can be constructed with the use of x and E(«) only.

The reason we can do this is that the scales are well separated. Or to make it more
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clear, the Fourier modes containing most of the energy correspond to wavenumbers
that are much smaller than the wavenumbers where most of the dissipation takes

place.

Notice that the expression for the flux F'(x) past a wavenumber in the inertial sub range

comes from dimensional analysis.
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Appendix B

Inertial range in the
Kuramoto—Sivashinsky equation

In this appendix we want to compare the assumptions needed to ensure the existence of
the inertial range in the Navier Stokes equation, cf. Appendix A, with the assumptions
needed to ensure the existence of the inertial range in the Kuramoto—Sivashinsky equation.
We will need three assumptions and we will show that the argument for a inertial range
in the Kuramoto—Sivashinsky equation is weaker than the argument for a inertial range in
the Navier Stokes equation.

The first assumption is that in the dissipative scales the energy flux into wavenumber
 is equal to the dissipation at wave-number «

dF (k)

(B.1) -

= —Kk*E(k).

This assumption is easy to accept by noting that the Fourier modes corresponding to large
wave-number are small or close to zero.

The second assumption is that in the inertial sub range, no energy is lost or gained
through injection by the x? operator or dissipated through by the —«* operator and the

flux into the inertial sub range is

(B.2) dﬂf)zo

The first part of this assumption is exactly true in only one point x = 1, but not in a finite

range. Note that this is true for the Navier Stokes equation as well, however in Navier
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Stokes the slope is K~%%, whereas in the Kuramoto-Sivashinsky equation the slope is k4.

We can assume that the Kuramoto-Sivashinsky equation has a power law region of Cx™*
inside the range [«1, k2]. This means that the linearized Kuramoto-Sivashinsky equation

in Fourier space will look like

)
(B3) *a—tzACKfl—_—?—C, K€ [Kll,:‘f,g].

The first part of the second assumption is that the above expression is independent of
changes in k. This first part of the assumption is very hard to accept. If one does the
same for the Navier Stokes equation, assume that there exists a power law region of C'k~%/3
inside the range [k, ko). This means that the linearized dynamic equation for the energy
function spectrum will have the form

dE(k)

(B4) dt

= —kCr™ P =Ck'B, ke [k1, Ka).

Here one makes the same assumption, but this function clearly has a weaker dependence on
x than the previous one. How the nonlinear term behaves we do not know, so the second
part of the second assumption could be valid.

The third and last assumption is that the flux past any wave-number in the inertial

range is
(B.5) F(k) = K*E(k).

This is kind of a circular argument. One assumes that the nonlinear function behaves in this
fashion and then E = Cx~* inside the power law for the energy function spectrum of the
Kuramoto-Sivashinsky equation. Let try and assume that the flux past any wave-number

in the inertial range is
(B.6) F(k) = k" E(k).

This together with assumption number two means that the energy function spectrum is
Crk™™. So we can have a power law region of any power n. In the Navier Stokes equation,
see equation A.3, we get the power law based on physical arguments. We do not just

assume that the flux has a certain property like in B.5.
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