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ABSTRACT

Entropy of mixing for random mass defects is
examined and equations for the phonon contribution are
developed. The Green's function method used gives the
entropy change due to the phonons at all temperatures,
but for experimental comparison the high temperature
region is used. There simple formulae obtain, but the
%mass defect is not sufficient to account for the
observed entropy changes. This suggests that further

work is necessary.

(iii)



ACKNOWLEDGEMENTS B

I would like to thank Dr. D. A. Goodings for his
thoughtful comments on this work, and Dr. D. W. Taylor
for his patience and concern throughout this project.
Miss E. Long, whose skilled typing and quiet tact made
this an aesthetically sound project, should not go

unmentioned.

(v)



CHAPTER

II

II1

IV

TABLE OF CONTENTS

INTRODUCTION
ON ENTROPY CHANGES DUE TO IMPURITIES
THE MODEL

2.1 A Perfect Host Crystal with Impurity
Atoms Placed Randomly on Defect Sites

2.2 The Lattice Will Obey the Simple
Harmonic Approximation

2.3 The Host Will Be Copper and the
Impurities Will Be at a Sufficiently
Low Concentration

2.4 The Influence of the Defect Shall Be
Considered Insignificant Beyond Its
Twelve Nearest Neighbours

CALCULATIONS

3.1 Perfect Crystal Green's Functions '

3.2 Phonon Entropy For Mass Defect Only

DISCUSSION

REFERENCES

LISTINGS

(vi)

PAGE

27

30
33
33
41
53
62
64



INTRODUCTION

The following report is set out in four sections.
The first explores the mysteries of the entropy of mixing,

which turns out to be the sum of many things

ASMIx = ASCON + Asph + ASVOL + ASEL .
This report deals only with the first two terms, the
configuration entropy and the phonon entropy. It is also
only a beginning and so the phonon entropy is treated as
the result of a mass defect alone with no change in the
force constants. The contribution due to a change in
electronic configuration seems always to be argued away
by pleading similarity to chemical species. The same will
be done here. |

The second section deals with the assumptions for
a model of a crystal containing impurities and painstakingly
derives formulae for the phonon entropy from basic
principles (essentially Newton's force law, periodicity,
energy conservation and Boltzmann's principle).

The third section tells the story of one student's
battle with Fortran and the totally reduced Green's
function that rose like a Pheonix from a generalized

density of states. Armed with these functions the entropy
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due to a low concentration of single mass defects could be
found by intensive Riemann summing over frequency bins.

The final section is a discussion of the results
and a glimpse at some experimental data. The upshot of
which is that for the copper-gold-system, the mass change
accounts for only one quarter of the observed entropy
change.

For the readers delectation, some listings of the
programs used in the thermodynamic calculations are

included at the end.



CHAPTER I

ON ENTROPY CHANGES DUE TO IMPURITIES

If there are N atoms or molecules of‘a certain
sort, in equilibrium, on replacing M of these with
another sort, the new system will have different
equilibrium thermal properties even if chemical
reactions have not taken place. In particular, the
number of states () accessible to the system will change,
for a given set of external conditions (e.g., volume,
temperature). The entropy (S), properly a pure number,

is given by
S = imQ . (l1a)

For historic and philosophic reasons, it is usually given

in units of Energy/°K and defined by

S kimQ . (1b)

m

The units of k (Boltzmann's constant) stem from the
historic relation

do

das = T



used to thermodynamically define entropy, and the
unshakeable conviction that temperature is what is read
from an ideal thermometer in °Kl.

Assuming that the molecules are tiny billiard
balls, and the impurities have a different color; then the
change in entropy will be purely geometric in origin. In
fact, for each state of the pure system, the introduction
of impurities will break it up into a multiplicity of
states arising from the physically different spatial
arrangements. If this multiplicity is @', then the total

number of states accessible to the impure system is
Q'Q

since for each state of the pure system, the impure system
can occupy any element in its range (Q') of physically
different atomic configurations. The configurational

entropy change is defined by

= 1] - = 1)
Scon : m(Q'Q) im () imQ . (2)
Relating Q' to N and M is a simple matter of combinatorics.
We may consider N holes in space to be filled with (N-M)
red, and M blue balls. The N holes may be filled in N!
ways with N different colored balls. However, M of them

have the same color and any of these M may be switched



among themselves in M! ways; with no change in the physical

consequences. So in the N! total, each physical state has

been counted at least M! times too many. The same is true

of the (N-M) red balls. Thus the multiplicity is

Q! N!

= MI(N-M) !
and (2) becomes
AS = n(N!) - Im(M!) - In[(N-M)!]

CON

on invoking Stirling's approximation
im(n!) ¥ nimn - n
and for n large, (3) becomes

ASCON = NnN - M¢nM - (N-M) n (N-M)

Then setting c = % ’

algebra, as

ASCON = [- (1-¢)n(l-c) - cinc]N .

(4) can be writtenz, after some

(3)

(4)

(5)

Picturing the differences between chemical species

as purely one of quality and omitting precisely what might
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be known - size, mass, and interaction; may seem
unphysical. But it is precisely'the physical assumption
that the replacement atoms have the same degrees of freedom
though physically different from the host atoms, that lies
behind this geometric contribution to the entropy of
mixing. Since it is common to any simple solid, liquid3, or
gas4 mixture, it may be regarded as a "first order"
approximation.

When the entropy of mixing is actually measured,

the excess entropy is defined by

AS

AS - AS

EX MIX (6)

CON °

This method of decomposition is suited to (and probably

motivated by) phenomenological model building. Provided
the entropy of mixing is experimentally well known, the

excess entropy can be honed down by expressing it in terms
of atomic parameters, which hopefully can be independently
measured. Thus, the concept of excess entropy appears as

a part of the scaffolding, to be eliminated on completion

of an adequate model.



CHAPTER II

THE MODEL
2.1 A Perfect Host Crystal With Impurity Atoms Placed

Randomly On Lattice Sites
This ensures that host and impurity have the same

spatial degrees of freedom and the configuration entropy
can be applied as derived. Notice that if this assumption
was not obeyed, then if the perfect host crystal had r
atoms in each of the L unit cells (r-L = N) and the M
impurity atoms could sit on any of p non-lattice sites in
a unit cell, then there would be (N-M+pL) holes to be
filled with atoms and the spatial entropy would be

AS = %o (N-M+pL) ! 1 .

M! (N-M) ! (pL-M) !

Clearly, if neutron or X-ray studies were not
available, these sort of gimmicks would be some of the
first things tried in order to eliminate the excess
entropy. This assumption also removes odd-ball chemical
éffects such as long range superstructures or short randge
clustering of impurities. That the impurities can be
treated as chemically inert and homogeneous (adequately

annealed) must be confirmed independently.



2.2 The Lattice Will Obey the Simple Harmonic
Approximation

Then the lattice will be effectively described
by N point masses held together by Hookean springss. The
atoms will be distinguished only by differing masses and
force constants. Some of the excess entropy can be
explained by the local resonances; which are, in effect,
new states accessible to the impure system but not to the
pure one. Flynn6 says that the excess entropy is not
large when the impurity and host are similar chemically.
Crudely speaking, changed force constants result from
chemically dissimilar impurities, but dissimilar masses
yield only dynamic differences. These dynamic differences
although modified by force constant changes; are indeed
significant for the entropy, provided the mass difference
is adequate.

Most of the action in this report occurs under
this assumption, so this is an approprlate place to set up //
its machinery. With respect to an arbltrary origin, the/

th ~th

displacement of the o component of the k “.atom of the

th

unit cell, in the 2 unit ceil-may be written as

ua(l] o e (1, 2, 3)
K
K € (l’ es ey r)

26(1' LI LY L) L
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The Hamiltonian
H=T+ V (7)
has a Newtonian kinetic energy part

r M

haZch =
L,<,0

(I(K

H
[
N
=

1 R2(h/m (D) (8)

L,€,0

using P (2) =M (l)ﬁ (2) with M (2) the mass point having
Q'K o'k’ ok’ oK

displacement.ua(i); and a potential V which is an

instantaneous function of atomic positions. Expanding the

potential in a Taylor's series about the equilbirium

displacements (u0 = 0), gives

V=v,+ X [——EZI— lu, ()
1 32y 2 g
+ 'i- X [ T [ ]ua(K)ual(Kl) + ..
L,0,K Bua(K)Bua,(K.) 0
L',0' ,k?

The essence of the simple harmonic ap?iqximation is that the

displacements are small, so that terms higher than/the*/

second order in this expansion are inconsequential. This
makes the springs Hookean; as V0 is an arbitrary static
potential, and

oV

- 3w - Frlw
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is the restoring force at the displacement u and identically

zero at equilibrium, leaving

2L 2 2 ‘
. E o ‘DGG'(KK')uu(K)uG'(K') (9)
’ ’
2',¢",0"

<
0
N

with the force constant matrix defined by

)

aua(

\'4
2]'
you , (20 |0

2
¢aa' 2
K

y
|

‘on combining Egs. (7), (8), and (9), the Hamiltonian becomes

2,8 %
H=%  P.()Y/M ()
2 2,K,0 a 'K a 'K
1 ¢ 2 L
+ 5 X %a.(KK.)ua(K)ua.(K.) (10)

L,<,0

2,k ,0" \\\

and Hamilton's equations are

S N 28" .
PG(K) - 2',5',a' ¢aa'(KK')ua'(K')
or
I N 28" I -
M (o, () = 2',2',&' ®uat et ) e () 11)

Equations (11l) are indeed of the form required by Hookes

law
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Equation (11) may be rewritten by Fourier transforming

the position operators

+00
L. _ -iwt L,
ua(K,t) = [ e ua(K,m)dm
-0
to give
2 +o
2, d -iwt 2
M()——-—J u (;w)ydw = - z .( .)
oK dltz ! o 'K L ,e" 0" KK
+oo0 '
- et
x [ e lmtua.(K.;w)dm
which simplifies to
2 3 28" Lt
M, )w u, ( w) = 2"5"0“ aa'(m')“a'(n"“’)
or
.1_ 1
2.2 2 2! 2!
o Bt M2 (Mo, () 8,00 (22
- aal(KKl)]ual(Kllw) =0 . (12)

To actually calculate the phonon entropy one must know not
only that the phonons are a boson gas, but also the
difference in the temperature independent density of phonon

states between the pure and impure cases. To obtain the

latter quantity the full sophistication of the Green's
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7

function method of Elliot and Taylor  is not required. 1In

fact a neat derivation due to Taylor8 uses the resolvent

-1 220 -

2 25"
aa'(KK';w) -

<I’owL'(mc')
(13)

L 2"
G VD8 ()W

for (12). On shifting around the masses, Eq. (13) becomes

1
w2hel AEam 2ty = s AR ? .
-1 -1
-m Mo Clon 2 .
(14)
Inverting Eq. (14) gives
1 1
w2 (e, R, K = 18, (CEhw?
1 -1
-m 2 he L AEom 2ot
(15)

Note that the second term on the right hand side of Eq. (15)
is the dynamical matrix and its eigenvalues are precisely
the squares of the frequencies allowed by (12). Taking

the trace of both sides of (15) then yields

1 1
2,% 22 2,%
I M ()G, ( iw)M ()
Lc,q 0K oaTkK o 'K
1 -1
_ 28, 2 _ 2,4 2% 2,2,5,-1
=z [Gad(KK)w My () a0 (e Mg ()] . (16)
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Since the trace of a symmetric matrix is the sum of its

eigenvalues, Eq. (16) simplifies to

jw) = I [w® - 0] (17)
2,€,0 0K’ oo KK s S

T M (2)G (22.

where Wg is one of the 3N angular frequencies of the lattice
vibrations permitted by Eg. (12). Allowing w to wander
slightly into the complex plane, the right hand side of Eqg.

(17) may be written as

1
L 55
S w” - Wg + ie

with w, ms still real which becomes

w? - w2 - ie
T S
S (mz - wg)z + g2

on rationalizing the denominator. But

wz - mg - ie

lim (- Im ¥ [ 1)
e-+0 ] (w2 - wg)z + sz

e+ S (w° - ws) + ¢

is within a normalizing constant of the arc tan

representation of Dirac's delta function

1 [ £

lim ] = §(x-x,) .
e->0 (x-xo)2 + 32 : 0
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Thus

2 2,-1 2,

: 2
Im I [w® - w.] = -7 % §(w° - wa)
s S S 8
and finally
2 2,-1 il
Im g [w ws] = Ty g S(w - wS) (18)

.80 that in view of Eq. (18), taking imaginary parts of

I
Eq. (17) gives

2%

L, (19)

N )
Im z Ma(K)G ( S(w - w

w):—.l
L,K,0 2w

0.0 g S) *

The right hand side of (19) is virtually the required
density of states, g(w). Now 3Ng(w)dw will count the
number of permitted frequencies in a small neighbourhood,
dw, about the fregquency w; and being a distribution

function will obey the normalization condition

I g(w)dw = 1 .
0

But

. .
I T §(w - ws)dw = N(w) (20)
0 S
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is the number of permitted frequencies between zero and w.

Considering that there are 3N total frequencies between

zero and infinity, g(w)dw may be written as
g(w)dw = ':a'lﬁ (N (w+dw) - N(w)) .

Then treating dw as an infinitesimal

glw) = 3%_(N(m+dgl - N(w))

Taking the limit, Eg. (21) becomes

s - & B

and substituting from Eq. (20)

I 6(w - ws) = 3Ng(w)
S

so Eq. (19) becomes

[} (¥
Im )3 Ma(K)G (

m
;w) = - == 3Ng(w) .
2,1 ,0 00 KK 2w

Apparently the rather "intuitive" way of handling
distribution functions that led to Eq. (23) can be
justified by practitioners of Lebesgue theory and p

classical analysis.

(21)

(22)

(23)
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The stage is now set to derive the phonon entropy.
Now a phonon can have any of the 3N permitted frequencies

and its energy will be
€. = ho . (24)

Although the subscript 'S' labels all the distinct phonon
states (3N normal modes), some of these states will have
the same energy (e.g., at least 48 for a cubic crystal).
To derive the entropy from Eq. (24) using energy
conservation and Boltzmann's principle, réquires attention

to this detail. Essentially it is a choice between the

expressions
E=1I ngeg (25a)
S
or
E = E n.e; (25b)

giving the total energy E of the phonon gas. In (25a) the
sum is over distinct phonon states labelled by 'S' and in
(25b) the sum is over distinct energy states labelled by 'i’'.
Now ng is the number of phonons in state 'S' and n, is the

th

number of phonons in the i energy level. Since we are

after the result that the entropy is an additive function
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of the normal mode frequencies, it would apﬁear that (25a)
is the most natural way to write the total energy. But
Boltzmann's principle demands (25b) and the triék ié to
keep the 'i' and 'S' straight.

Suppose that the crystal is weakly coupled to the
environment, so that even though the Hamiltonian (10) will
not let the crystal reach equilibrium, it does so by
appropriately creating and destroying phonons. Once it has
reached equilibrium, the coupling will be turned off and
the total energy E treated like a constant. Assymptotic
formulae for ng or n; can then be found: since they must
maximize the number of states accessible to the system at
equilibrium, subject to the constraint of constant total
energy. How does one calculate the number of accessible
states? On choosing k25a) one sees that there is only one
way to put ng or any other number of phonons into the
state 'S'. In fact knowing the coefficients ng completely.
specifies the state of the phonon gas. Thus knowing the
decomposition (25a), one would know the state of a single
crystal's phonons and not the possible states that the
crystal's phonons could have. Since Boltzmann's principle
requires maximizing the possible states, one must resort
to (25b) as only tﬁen is there any freedom in stuffing the
crystal with phonons. The freedom arises since more than

one distinct state can have the same energy, and if n,
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phonons go into the ith

energy level they can do so in many
ways depending on how they are shared out among the distinct
states belonging to the level. '
If the number of ways of parcelling out the energy
at each level can be found, then the problem is solved.
Since what happens at one energy level is independent of what
happens at another, the total number of possibilities for the
crystal is simply the product of the number of possibilities
at each level. So what can happen in the ith energy level?
Suppose that there are 93 distinct phonon states

having the energy (or at least extremely close to gi). Notice

tha£
Ig;=3N . (26)
1 .

Again‘it is a matter of combinatorics. Rephrasing the
problem: "How many ways can n; balls be placed in 95 boxes,
with certain restraints?" It is the restraints that make
the problem non-trivial. Firstly the n, balls are
indistinguishable; in that one can decompose a big ripple in
the lattice into a whole bunch of linearly adding little
ones (normal modes). The only thing that is physically
significant is the big ripple and not»how the little ripples
(excited normal modes) are labelled or added. Secondly the
boxes which are the labels for the normal modes are

"indistinguishable" since the labelling is quite arbitrary.
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Thus both balls and boxes are to be considered interchangeable
aﬁong'themselves. To actually find the number of possible
arrangements, imagine all the balls and boxes lying in a heap
of (ni + gi) objects. The idea is to arrange the objects
arbitrarily, but so that every ball will have a single box
associated with it. Then each ball can be placed in that

box. To insure that there is at least one box for every

ball; remove one box from the pile, leaving (ni +g; - 1)

objects in the pile. If a row of the remaining (ni +g; - 1)

objects is then made to the right of this box,

U AL UL
1n;§;al;4________.n +9; - 1 objects . -»

then there is a single box which is left most to every ball.
Clearly, every possible way of putting the balls in boxes

will be generated in the
(ni + 9; - 1!

possible ways of picking labelled objects from the heap to
build the row beside the initial box. However, the n; balls
may be labelled in ni! possible ways and the 9; - 1 boxes may
be labelled in (gi - 1)! ways. Thus the total number of ways

n; balls can be placed in g; boxes while allowing interchanges



21

of balls and boxes respectively is

(ni + 9; - 1)!

nil (gi - 1)1

Returning to the interpretation of n, phonons and 93 phonon
states at or near energy €y the number of states accessible
to these n; phonons is then

(ni"' gi - 1!

9. = -
1

~Since

I g, = 3N (26)
i l

and the asymptotic formulae occur at N + «, it is

reasonable to assume that as N > «, the 95 at or near €;

become quite large and the -1 may be omitted giving

(n, + gi)!

. (27)

i
L] ! 1] !
ni 93

Then the total number of states accessible to the phonon

gas is

Qp = g 2, . (28)

Using Egs. (la), (26), and (27), the phonon entropy is



- 22

~ (n. + g.)!
Spp = I iml = =
i nilgi!

]

and with the aid of Stirling's approximation
Sph = i [(ni + gi)ibn(ni + gi) - niwnni - gizngi] .
(29)
At this point the phonon entropy is known as a function of
the thermodynamic unknowns, n;. The g; are fixed and in
principle known from the equation of motion (12). Boltzmann's
principle now comes to the rescue and enables the n, to be
solved in terms of the g - Then with this expression for the
n; one can return to (29) and give the entropy explicitly as
an additive function of the normal modes. Since maximizing

the number of states accessible to the system is equivalent

to maximizing its entropy, we have from (29)

dSph =0 = i dni(Sbn(ni + gi) - bnni) . (30)

Equation (30) cannot yet be solved as the restriction (25)
of constant total energy has not been used. Differentiating

(25b) gives
dE =0 =T dnie. (31)

since the energy is a constant and the €; are fixed by the

equations of motion (12). Perspicatiously picking - % as
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a Lagrange multiplier for Eq. (31) gives
1
das -TdE=O . (32)

This T has the dimensions of energy and turns out to have all
the properties required of a temperature. On substituting

from Egs. (30) and (31), Eq. (32) becomes

1 ) .

The only way the sum can be zero is for each of the

coefficients of dni to be identically zero. This gives

1 -
m(nl + gi) - 2mni - T €i =0 (34)

which can now be solved for n;

e./T
n; = g;le ¥ - 1171 . (35)

Returning to Eq. (29) and armed with Eq. (35), the phonon
entropy becomes almost accessible
€. /T 1 €./T 1

Spn = Zgjlte ™ - 1170+ Lm(gy(le - 117

+ 1))

e, /T e./T 1

- gile ¥ - 117hm(g e ¥ - 117 - g, img,

i"e4
(36)
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or
€./T €./T
- i7" _ 441 i"" _ 44-1
sph = i gi[([e 1] + 1)n([e 1] + 1)
€,/T _ e,/T _
-tet -117tmie ¥ - 117Y
€,/T _ e,/T _
+ T gtmg e ¥ -1 ti1-(ei -1t
i i i
(37)
and the second sum in (37) is identically zero. The
structure of each term in the first sum of (37) is the
number of phonon states at or near energy € multiplied by
a function involving only this energy. This fact and
Eg. (24) enables (37) to be rewritten as
hw, /T ho /T
s, =2 (e o =111+ 1a(re 5 -117% + 1)
ph [ " .
huw,/T _ fuw, /T _
-fe o -117bme 5 - 117t . (39)

Since the phonon entropy is thus an additive function of
the normal mode frequencies, the hard won sum over S in
Eg. (39) can be replaced by the integral over the density

of states according to
I > 3N I g(w)dw .
S

Using this prescription and further simplifying, Eq. (39)

becomes

_1]
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eﬁm/T e‘hw/T
Sph = 3N I (éﬁw7T -1 wn'éﬁw7T -1

1 'n

- (40)
éﬁw/T -1

1l
Yg(w)dw .
éhm/T -1

Unfortunately (40) is algebraically distant from formulae

given in the 1iteraturell. To retrieve Maradudin's formula,

Eg. (40) is rearranged to give

f_l_‘”_ ﬁw/T flw/T

- e - -
Sph = 3N I [T (zw—/T—-l') im(e 1)lg(w)dw .

(41)

The first term in the square brackets can be rewritten as

o [éhw/T + 1+ éﬁm/T _
2T

éhm/T -1

)

which breaks into two terms

hw/T
ho e + 1 hw
m Gror ) YT - (42)

Taking the second term of (42) inside the logarithm in

Eq. (41) and fiddling with the definitions of hyperbolic

trigonometric functions, results in Maradudin's expression
h huw hw

S = 3N I g(m)dw[E% coth 57 " In(2sinh 3591 .

oh (43)

Finally, the change in phonon entropy
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As =8' -8

ph ph ph

can be written as

Asph = 3N I Ag(w)f%% coth'%% - im(2sinh %%)]dw (44)

where
Ag = g'(w) - g(w) (45)

with the primes referring to the impure system. Harking
back to Eg. (23), it then becomes possible to write Eg. (45)

as

T Im I [mP (22

2 28
jw) =M ()G (T jw)]
Q,K,a o KK ‘ oK a0 KK

(46)
with P as the perfect crystal Green's function and m, the

mass of the host atom.
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2.3 The Host Will Be Copper and the Impurities Will Be
At a Sufficiently Low Concentration

The immediate consequence of the face centered cubic
host is the disappearance of the K's in all equations. The
real reason for picking copper is the accessibility of pure
copper Green's functions from'the work of Taylor, Hampson,
and Bruno. "Sufficiently low concentratiomn"” translates into
less than a few percent. The idea is that the defects should
.in the overwhelming number of.cases be widely enough
!separated so that they do not affect one amother. Since an
f.c.c. crystal has twelve nearest neighbours, already 8%
impurity will have at the very best only one host atom
separating the defects. From Hampson's workll, it appears
as though the affect of the impurity is mostly felt on
first neighbours and is insignificant beyond third. Thus
definitely less than 2% should be sufficiéntly low
considering that 42 atoms are inside the third nearest
neighbour shell. In this way there are M single defects in
the crystal. Then for a single defect at the origin, Eqg.
(46) becomes

2w

Agl(w) = §Fﬁ'1m 2 (ﬁ mPaa(lz;m) - m'Gaa(OO;w)

- I mG. _(2%;w)) (47)
L

with m' as the mass of the defect atom. Introducing
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e =1-m"/m (48)

enables Eq. (47) to be rewritten as

gl(w) = 2--“mIm I (P
o

TN 2 aa‘lz;w) + (e-l)Gaa(OO;w)

- I G. (L2;:w))
g0 O

or

= 2uwm . - .
4g4 (w) = I Im{;i[Paa(ll,w) Gaa(ll.w)]

+ eGaa(OO;m)} . (49)

Since the defects do not act in concert, it is reasonable

to assume, at least to first order in the concentration,
that for M defects

Ag(w) % MAg, (w)

or

2wme .
Ag (w) 3 Im{g;[Paa(ll,w) - G, (22;w)]

+ eGaa(OO;m)}

(50)
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Finally, the phonon entropy can be calculated, using Eq.
(50) in Eg. (44), provided the single defect Green's
functions are known in terms of the perfect crystal Green's
functions and the perfect crystal Green's functions are

themselves known.
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2.4 The Influence of the Defect Shall Be Considered
Insignificant Beyond Its Twelve Nearest Neighbours

This assumption helps in the relating of the defect
and perfect Green's functions; in that, the force constant
changes can be handled with a 39x39 matrix, instead of a
129x129 matrix necessary for éffects extending to the third
nearest neighbour. The Dyson equation relating the two
functions will now be developed. Interpreting the definition
- (13) for the defect resolvent and postmultiplying it by G

'gives

-1 . ' i
B Caqr (121500 Gquqn (14750) = 8gpa(22Y)
e QL
i.e.,
1 1 .

_ 2.2 2 n,

6(!'0.'.'(22‘.) = a'zz' [0.) Ma(’q‘)Ma'(‘Q")Gaa'(“")Ga'a"(z'l Iw)
- ¢&a.(22')Ga.a"(2'2";w)] . (51)

Having the mass defect at the origin "simplifies" Eg. (51)

to

2m6
]

Saan(zln) = z [m '(22')(;(1'&“(2'2“;“)

a
- w?ems (02) 8,4 (221G, u (212" 0)

= 00t (B21)G ¢ n (2127 50) ] (52)
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on using the definition of ¢, (48). Invoking assumption of

2.4 and defining

Aaa,(ll') = ¢&a,(22') - Qaa,(ll') (53)

gives the force constant change A whose only potential non-
zero values occur at £ and &' values ranging from zero to

twelve. Applying this definition to Eq. (52) gives

n 2 . - _
Gaa"(22 ) = 23;' w mdaa.(ll') ¢aa,(22')]
X Ga,a“(l'l";w) - I [mzemG(OE)
L'a’l

X 8,0 (2L") + ALy (R2)1G 4 n (212" 50) .
(54)
Comparing the first coefficient of G in Eq. (54) with the
definition (13), shows that it is the perfect crystal

resolvent. Then by defining

Vo (225 ) = wlems (00)6,_, (£2%) + A, (28") , (55)
Eq. (54) is seen to be
n - -1 1. -
Gaa"(ll ) - g"za' Paa| (22« 'w)Ga|a“(Rr'2“’w)

B 2F ' Vaa,(zz';m)Ga;a"(Z'Z“;m) °
o A
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Now premultiplying by the perfect crystal Green's function

and chasing indices finally gives the Dyson equation

1. = ', - ",
Paa,(ll H")) Gaa.(ZJL H) 2"5.:0‘" Paa.,(f.l ;W)
zﬂu“l

X Vo ngm@ 28" ) Gyuy o (27%'50) . (56)



. CHAPTER III
CALCULATIONS

3.1 Perfect Crystal Green's Function

The first item on the list is a set of perfect
crystal Green's functions. This calculation has been
described in great detail by Brunolz. The real and

imaginary parts are given by

w,
MAX v_ ,(22';w')dw’
I 00 (57)

2 2

Re Paa.(lz';w) -

L
Im Paa,(zl sw)

T . '
- 35 Vagr (42710) (58)

where the integral in (57) is taken as the principal value

integral. The generalized density of states

-4 -0
Vg e ik (2-2")

(22'50) = —0x I ] §:J (®) 6, (®)
217 J
x 8wy (R) - w)a% (59)
is related to the density of states (23) by
Iov, (w) = D gw) .. (60)
oo m

2,0

33
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Using the symmetry properties of the crystal, it turns out
that there are only thirteen independent v's for a nearest
neighbour defect spacelz. A set of data belonging to
Hampson turned out to contain the real part of the Green's
function and the generalized density of states. The
maximum phonon frequency in cépper is 7.44 Teraherz and so

a frequency window of zero to eight Teraherz, chopped into

100 bins was used for Riemann summing on a reduced frequency

X = m/wMAX .
The data used frequency instead of angular frequency

(= 27 frequency) and care had to be taken in keeping track:
of 'stray factors of 27. Further the data Green's functions

were "mass reduced"
- P | -
paal (R"Q’.Iw) - mPaa| (22 ,m) .

So a set of Green's functions p, were punched up, related

to Hampson's real and imaginary items, H, by

Im Pl(lz';X) ( Im H(2L';:X) ) '

=

1
I Im H(LL;X)dX
0

Re pl(ll';x) = 64Re H(ll';X) .
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The factor 64 arose from the denominator of the right hand
side of (57). A mass reduced density of states, V, was

punched out as well

2X

V(2e';:X) = - = Im pl(ll';X) (61)

To make sure Re p, was indeed what it should be, two more

Green's functions were calculated; Pyr P3- All three have

‘the same imaginary part, but Re Py and Re py are calculated

|
i

‘from

{1 V(28';X')ax"

X2 - X'z

= Re p(R2';:X) (62)

0
differently, Re p, was calculated by assuming that V(22';X)
would not change much from bin to bin, so the left side of

(62) can be decomposed to

' 100 ' g 75 R
Re pz(ll i X) = Lil V(L ;XL) % ;i—:—;Tf . (63)
x 0
L

Noting that

1

2 - g2

- o ( - )
2X X' - X X' - X

allows (63) to be written as
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100.V(22';XL) L+l 1 1
' . - —_— - ]
Re pp (R27:X) = X —x % T x " - &
xL
or
- 100 v(zz'; XL+
1t
Re p,(22';X) = I —_— )
2 I=1 ‘2x xL + X
x1.+1
- )]
L X
.or
100 v(22';:X.) ( + x)(x - X)
Re p,(28';X) = I ———F (Lt )
(64)
which is well defined as long as the X bins are slightly
shifted from the xi bins. Re p3(22';x) was found using
vz - vaex)
Re p,(22';:;X) = % 2 £ ax!
3 2 ' 2
0 X" - X
1 ax
+ V(L24"';X) jL -5 - (65)
X - X

0

In evaluating the Riemann sum for the first integral one
simply omits the term that has the X bin equal to the X'
bin. The second integral is simply that in (63) between

different limits and it reduces to
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A staggered bin prevents X = 1, 0. The differences between
the real parts of Py and P; appeared systématic and greatest
where the slope of V was greatest. It was the assumption
that the slope differed little from bin to bin that led from
(62) to (63). Although the discrepancies were not more than
a few percent, the thermodynaﬁic quantities were quite
insensitive to them. A glance at the differences of Py and
Py showed how p, was calcuiated, since it was read in to

-only 8 significant figures.
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3.2 Phonon Entropy For Mass Defect Only

This problem has more than just pedagogical merit.
The force constants appear to change by not more than 50% ,
while the mass change for gold in copper is about 300%.
The possibility of defining effective mass changes also
emerges.

With no force constant changes, V in (55) becomes a
constant diagonal matrix and the Dyson equation (56) for the

;single mass defect at the origin is

LY = | - ",
Pagr (18150) = Goqu (RR%30) = E  Boyu(22%50)
2“&“'

x wZems (0L") 8 _n_ wil 8"L™) Gyuy s (478" 50)

and

2
paa.(zz';m) = Gaa.(zz';w) - ju P 0L,.(!Z.O;m)uo £m

o

X Gy (02750) . (66)
Premultiplying through by Sd"a(OQ) gives

Pa"a' (02| iw) = Ganal (02';w)

- Pana"(OO;w)wzemGa"a.(02';w) (67)
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because the crystal is cubic, the three-fold and four-fold
axes conspire to give

Pygn (2270) = P(0;0)8 0 (20) - (68)

o
where P(0;w) is a scalar function of w. So (67) becomes

2

P ong 1 (02';0) = [1 - w®emP(0;w)]

X Gaa"(zo)Ga"a'(oz';m) .
The Kronecker § does nothing and the quantity in the square

brackets is a scalar, so exactly

P a l(osz)
G.au,i(0w) = 22
ool 1l - w?

emP (0;w)

and (66) can be rewritten

Gaa.(ll';w) = Paa.(ll';m) + 5“ Paa,(lo;m)

2
X Jw;em Paua.(oz;w) (69)

l - wzemP(O;w)

which is clearly an exact solution. Substituting (69) into
(50) gives the density of states to first order in
concentration, completely in terms of the pure crystal

Green's function
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-2
Ag(w) = 2B€ mm [1 [- P, (L050) — =8
Lo 1l - w"emP(0;uw)
al
X Pa.a(OJL;m)] + € i (Pm(oo;w)
+ I P__,(00;w) w’em P, (00;w)]
] ’ '] ’ .
o' OO l - wzemP(O;w) e o
' (70)
Passing to reduced coordinates
w->X
mP > p
and using (68), Eg. (70) becomes
2Xce x2
Ag(X) = =Sr Im (- 3 X paa,(EOPX)
L0 1 -X ep(O;x) o'
X Pyry (0:K) + —3R{0:X)
1 - X"ep(0;:X)

2

x [1 - X%ep(0;X) + X%ep(0;X)]

or
3p(0;X) - X2 % p__,(20;X)p_, (0%;X)
2Xce ot OC o e
Ag(X) = = Im z ( 5 )
Lo, 1l - X“ep(0;X)
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or
ex) - w2 . .
3p(0;X) X Ea paa.(lo,x)pa.a(OQ,x)
Ag(x) = e 1 | ol
1l - X"ep(0:X)
(71)
Now provided the enormous sum on fa in (71) could be
eliminated, (71) would be fine for actual calculations.
The fact
d
I p..(20:X)p.,. (02:X) = -~ p__(00) (72)
%0 oo o'a dxz aa

comes to the rescue. It can be established by returning to
the definitions of the Green's function at the beginning of
this section, (58) and (59). If the w is allowed to sneak
into the complex plane, the Green's function can be written
as a single integral. Changing the integral back to a sum
on the modes and substituting into the left side of (72);
gives, on collapsing the polarization vectors, exactly the

right hand side of (72). Now (71) becomes

2%ce PLOIM) + s PO

~ . (73)

Ag(X) =

1 - x%ep(0;X)

Derivative subroutines can be avoided with a method

published by Hartmann et al.l3. Introducing

8(X) = Im tn(l - ex’p(0;X)) (74)
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and taking its X derivative gives

de (X) 1 ' 2 d
= Im[ (- 2eXp(0;X) - €X® =% p(0:X))]
dax 1l - exzp(o;x) dx
or
X d
P(0'X) + 5 == p(0:X)
BLX) - - 2ex Inl 2_dX 1, (75)

l - exzp(O:X)

which gives a neat expression for Ag on combining (73) and

(75)
- - £ de(x)
Ag(x) = T dX
or
pg(xIax = - S ae(x) . : ' (76)

Now rewriting (44) as

1
Asph = 3N I Ag(X)dX[BX coth(BX) - 2n(2 sinh(BX))]
0 (77)
with
B = ‘fleAx/ZT . (78)

MCMASTER UNWVERSITY LIBRARY
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Using (76), (77) can be integrated by parts to give

3Nc

ph-

- Il 8(X) £ [BX coth BX - fn 2 sinh BX]dX .
0 (79)

The integrated term on the right disappears because 6 (X) is

zero at these limits as can be seen from (76):; regardless

of the horrors that occur in the hyperbolic functions at

these limits. Using the well known facts

é% coth BX = - B csch2 BX (80)
a _. _
ax sinh BX = B cosh BX . (81)
Equation (79) becomes
N (1 2 2
Asph = == j 8(X) [(- B°X csch” BX + B coth BX)
0
1
(m 2B cosh BX) 14X
or
3NBc 1 2
Asph = - = f 0 (X)BX csch” (BX)dX (82)
0

using
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cosh

coth = + Sinh

Finally by using (74), (78), (82), and the zero-zero Green's
function p(0:X); the phonon entropy can be calculated for

mass defect only.

8(X) = Im %n[l - eX2p(0;X)] (74)

B = 'ﬁa;MAx/zT _ (78)
s - 3N (1 S -
A ph = - = X0 (X)csch“(BX)dxX . (82)

0

Since Hartmann et al.-only considered specific heat (Cv)
and for an Al-Ag, host-defect system, it was decided to
check the computation by running the Al-Ag masses with

the copper Green's functions in a heat caﬁacity calculation
and looking for good agreement, since the density of states
.are similar and both are f.c.c. | Since the constant volume

heat capacity is defined by



we have

Further from (78), we can write
1 = - 1L

Then (83) becomes

So from (82) and (84), one finds

1
c, = i‘f—B [2B f X6 (X) esch? (BX) dX
0
2 1 dlesch (BX) ]
+ B I X0 (X) 2csch (BX) ) dx]
0
Using the relation
| _ du
5§ csch(u) = csch(u)coth(u)dy

the heat capacity is

3cN

1
c, = X [2B2 J X0 (X) esch? (BX) [1 - BXcoth (BX) ]dX]

0

48

(83)

(84)
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or

c = 6cNB2
v T

lee(x)cschz(BX)[l - BXcoth(BX)]dX . (85)
Equation (85) is equivalent to Hartmann's formula.

In the "natural” units emplbyed here the heat
capacity is dimensionless. To reproduce the results of
Hartmann et al., temperature must be in °K. Now the
entropy is in units of Boltzmann's constant and from (83)

so is heat capacity. On writing the number of atoms N as
N = nN - : | (86)

where n, NA are the number of moles and Avcgadro's number
respectively, N in (85) can be replaced by n and the heat

capacity has the units of the gas constant

R = Nk = 8.31434 x 10° millijoule/mole-°K . (87)

Since the specific heat is the heat capacity per mole and

using (85), (86), and (87), the specific heat at constant

volume is
s
! 2 1
/ o
c, = = =88 [f X6 (X) csch? (BX) [1 - BXcoth (BX) 1dX]
0
| .
& x 8.31434 x 10° millijoules/mole-°K . (88)
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With this equation half the battle for Hartmann's specific
‘heats is over. The remainder amounts to using the copper
Green's functions correctly. From (58), (60), and (68), we

have
mInP (0;w) = - 3= g(w) . (89)

Changing the variables on the right hand side by

_w
X = -(5; | (90)
gives
mImP (0;w) = — (- == g(X)) (91a)
i p) 2X . _
wm

The same will hold for aluminium with X = m'/m&

L - F e . (91b)

m

m'ImP' (0;w) =
But if the "reduced coordinate" density of states, g(X), is
assumed the same for both metals, then

2 R )2

mmmITEjO:w) = = == g(X) =n'w

2X \\ m

With a reduced coordinate Green's function

ImP' (0;w) . (92)
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InP (05X) = - 3% 9(X)
(92) becomes

mImP(0;X) = m'ImP' (0;X)
and in mass reduced Green's functions

Imp(0;X) = Imp'(0;X) . (93)
Thus provided that the maximum frequencies are changed, as
required by the thermodynamic part of the calculation, the

totally reduced copper Green's functions can be used

unchanged in (74).
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CHAPTER IV

DISCUSSION

When the comparison with Hartmann's heat capacity
was finally achieved (see Fig. 5), the difference was less
than 10%. This discrepancy was systematic with Hartmann's
values alwaysvbeinq lower. A 5% increase in the maximum
frequency of aluminium would have brought about an agreement
well within the errors set by the visual estimate of
Hartmann's data. |

Probably the most venerated paper on this topic was
written in 1955 by Huntingdon, Shirn, and Wajda14. Their

main result was

Asph

= g In (wg/wg) . (94)

‘for temperatures well above the Debye temperature of the

.sblvent, and w, was the eigenfrequency before the addition

S

of the impurity and wé its value after. The remarkable

thing about (94) is its temperature independence. The

15 is 343°k

Debye temperature of-copper according téfKittel
and according to Fig. 6, the phonon entropy has already
begun to level out by 350°K. Since tﬁe mass defect will
probably account for only some of the phonon entropy change

(the rest being due to the effect of théKforce constant

53 N
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change), it is surprising that the mass defect phonon
entropy is already close to temperature indepepdence at
the Debye temperature.

To derive (94) is not hard. Starting from (39)

fo_ /T ho./T
S, =% {(le ° 117 s (e 3 -1t 1
P s
fw /T _ ho /T -
e O =117t e 5 -117Yy . (39)

For high temperature, T >> hmMAx' the exponent is less than

one and the expansion

ehw/T _ g 4 hw/T + ...

may be taken to first order. Equation (39) then becomes

= T T _ T T
sph-g[(ﬁu-)-;+1)wmﬁ—s-+ 1) fm—smcmg)] . (95)

Since T/ﬁws >> 1 and the logarithm is a very slowly varying

function

i + 1) Y ,m(ﬁgg) (96)

is more accurate than

T n T
fug * 1V Rag -
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Using (96) in (95) and simplifying gives
S, R I imi—) (97)
ph ¥ ¢ wg'
Then the entropy difference

As = s!

ph ph = 5

ph

where the primes refer to the impure system, is given by

_ T - T
Sph = SZ' an(m-s,—') g M(ﬁ—u)—s-) N (98)

Since there are still 3N modes in the impure system, then S

and S' are the same index so that (98) becomes

W

_ “s '
Asph = g zn(wé) . (94)

As with many simple equations, (94) is difficult to use.

It is useless unless one knows the dependence of wé on wg

and the mass and force constant changes. Several ingenious

14'16: but the method commenced in

models have been given
this report is capable of giving reliable calculations of
thermal properties valid at all temperatures for low

concentrations of defects.
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The solution to (94) is especially simple for a
mass defect only. For two springs with force constants k,

connected to masses m, m' the ratio of the frequencies is

Z?""‘FF . o : (.99)

If the entire lattice were suddenly made heavier, then each
of the 3N modes would change according to (99), and (94)

‘would become
i

a|'="_

=3
AS_, = 5 Nim

ph . ’ (100)

Then just changing a small concentration, c, to a greater

mass m' would give

AS_, = 3 enim (R . (101)
ph 2 m

Figure 7 shows a comparison of Asph given by (100) and that

given by (74), (78), and (82) at a 1% concentration and at

1200°K. From the agreements in Figs. 5 and 7, it would

appear that the calculations presented so far are correct.
According to Fig. 6 the mass defect phonon entropy

goes to its maximum in the high temperature limit so it

would be near to this limit that the phonon entropy might

ﬁot be swamped by the configurational entropy. To get a

feeling for the relative sizes, Fig. 8 was prepared. The
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curves correspond to different concentrations and are
labelled by these concentrations and the configurational
entropy per defect atom. Although the mass defect phonon
entropy is linear in the concentration, the configurational
entropy is not: hence the separation in the curves.
Considering that the entropy can be measured to about three
significant figures, the horizontal 10% line has been drawn
to indicate where the mass defect entropy ought to make its
appearance. Thus, assuming that the entropy is made up only.
from configurational and mass defect contributions, a 3%
concentration of defects with a mass of 1.5 times that of
copper would have a visible phonon effect, but for a 0.01%
concentration the mass of the impurity would have to have

a mass of at least 2.20 times that of copper. The vertical
lines are the mass parameters corresponding to silver and
gold. '

A paper by McLellan and Shuttleworth16

, found by
‘Dr. Taylor towards the end of this project, claims to
experimentally determine the vibrational entropy of mixing
gold in copper. Either the value they obtain or its
equivalent appears several times in the paper as several
different numbers. Aésuming that the misprints disagree,
the value they report is about 7.0 * 0.20 per defect atom.
This is a far cry from the value 1.68 per defect atom

calculated here. The same is true for silver. Their

reported value of 4.71 per defect atom compares badly with
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the calculated value of 0.782 per defect atom. The
puzzling thing, however, is that'an inclusion of force
constant changes of some 30% must send the calculated
entropies rocketing up by a factor 4 to the observed
values. This is because McLellan and Shuttleworth's
calculation of the effect of just the mass defect is

1.70 (cf. 1.68) and O.79_(cf. 0.782) per atom of gold and
silver respectively, and their elastic model calculation
comes to within 50% of their observed values. It should
be noted that their reported values per defect atom for
gold impurities at 0.5% and 2.5% concentration were not
the same. Since the vibrational entropy is no longer
linear in the concéntration at 2.5% this suggests that the
envisaged theory containing force constant changes as well

as mass defects, will only be good at very low concentrations.
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