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Abstract

Techniques from algebra and matrix theory are employed to study the total progeny
of a multitype branching process from the point of probability generating functions.
A result for the total progeny of different types of individuals having identical off-
spring distribution is developed, which extends the classic Dwass formula from single
case to multitype case. An example with Poisson distributed offspring having differ-
ent distributions of children is given to illustrate that total progeny does not preserve

similar structure as Dwass’ formula in general.

vi



Chapter 1

Introduction

The purpose of this thesis is to extend to multitype branching processes the result
of M. Dwass; he obtained a very beautiful formula for the total progeny for single
type branching process with k initial ancestors in 1969, which is in general called
Dwass’ formula. 1.J. Good obtained a formula for multitype (say d-type) branching
process with initial (k1, kg, - - - , k) individuals in 1960, but his result, having different
structure from Dwass’, is not very useful computationally. Based on the work of
Good, my result has similar structure to Dwass’. When reduced to single type case,

it’s consistent with Dwass’.

1.1 Background and Motivation

The proposed work is motivated by F.M. Hoppe. His work [2007] concerns the
analysis of the effect of parlaying bets in lotteries. In that paper, a single type

discrete-time branching process model for the effects has been presented, and the



duration of parlay derived.

In Lotto Super 7, a single $2 ticket gives three sets of seven numbers each
from 1 to 47. The player will win whenever at least three of the numbers in any of
the sets of the player’s ticket match some of the numbers drawn by the lottery. The
parlaying occurs when a ticket wins a free ticket for a succeeding game or a small
dollar prize that is used to purchase tickets for future games.

It is necessary to determine the distribution of the number of tickets available
for each game subsequent to the first that are generated by parlaying. This corre-
sponds to what is known as the total progeny. The appropriate tool for determining
the distribution of the total progeny is a result of Dwass[1969], who gave a very nice
formula of total progeny in a single type branching process with initial population
size k.

Sometimes people maybe continue play the game when they win $10 or more.
It is interesting to extend the result of Hoppe to multitype case. This motivated us
to find a formula similar to Dwass’ for multitype branching process. In the present

thesis, we discuss this problem.

1.2 Overview of Branching Processes

Branching processes were introduced by Francis Galton in the nineteenth century as a
simple mathematical model for the propagation of family names in British peerage.
The subject of branching processes is well-developed, and has lead to successful
applications in the areas of population dynamics, molecular biology, cell ecology,

medicine, algorithms, combinatorics and others.



1.2.1 Branching Processes: Single Type

Let {Z,}; be a branching process with initial population size Zy and offspring dis-
tribution (p;,¢ = 0,1,---). Here individuals may represent people, organisms, etc.,
depending on the context. We interpret Z, as the number of individuals in the n**
generation. Each n'* generation individual produces a random number of individ-
uals (called offspring) in the (n + 1)** generation with identically and independent

distribution {pz }iZO .

1.2.2 Branching Process: Multitype

Definition 1.1. Let T denote the set of all d-dimensional vectors whose components

h

are nonnegative integers. Let ¢;, 1 < i < k, denote the vector whose i*" component

is 1 and whose other components are 0.

Definition 1.2. The multitype (d-type) branching process is a temporally homoge-

neous vector Markov process {Z,},n = 0,1,2, -, whose states are vectors in 7.
We write

Ly = Zny, " 1 Zngd) (1.1)
where Z,, ;,7 = 1,2, ,d, denotes the number of type j objects in the n*h generation.

If the process is initiated in state i, we will be denote it by ng).

Definition 1.3. If Z, = ¢,, then Z; have the generating function

[e o]

f(z)(ﬁ) = Z p(l) (Tl’ v 7rd) Sql e 52'1 (12)

T1,0,7g=0
where p® (r1,--+ ,74) is the probability that an object of type i has r; children of

type 1, - -+, rq4 children of type d. We sometimes write f®(s) = 9

3



If initially there are 4y, - - - , 44 individuals of types 1, - - -, d, respectively, that

is, Z, = i, then the generating function for Z, is

F() = (fD)" - (f99)" (1.3)
The generating function of Z,,, when Z, = ¢;, will be denoted by

Fore s = f8)  n=0,1-5i=1.d (14)

1.2.3 Total Progeny in a Branching Process

Definition 1.4. Let S be total progeny in a branching process {Z,,}, then
S=Zy+2+ (15)

Lemma 1.1. (Good[1955]) Let there be d types, and let w9 (s) be the generating
function for the total numbers of the various types in all generations, starting with

one object of type i. Then the w®(s) satisfy the functional equations
w®(s) = s;f® (w(l)(g),--~ ,w(d)(é)) i=1,---,d
For d=1, this reduces to
w(s) = sf(w(s))

Lemma 1.2. If the branching process starts with iy individuals of type 1, iy individ-
uals of type 2,-- - | iq individuals of type d, then the generating function for the total

numbers of the various types in all generations is given by

w(s) = (W (9))" -+ (wD(s))" (1.6)



Theorem 1.3. (Dwass[1969))

: i m—i] pm
P(S=m|Z;=1)=—[s""]f"(s)
m (1.7)
=—7'—P(Z1=m—i|Z0=m)
m
or let Ny = Xi + -+ - + X, where X; are iid. Then
P(S=m)= %P (N = m — 1) (1.8)

The relationship (1.8) is called Dwass’ formula.

The proof by Dwass is quite complicated. The technique he used involved
the probability generating function of an infinitely divisible distribution. In fact,
we can get his result by using Lagrange-Biirmann inversion formula. Harris[1963]
mentioned that the distribution of the total progeny can be determined by using

Lagrange’s expansion, but he did not give any related results.

1.3 Organization of this Thesis

This thesis is organized as follows. Chapter 1 provides background information
on branching processes. Chapter 2 describes formal power series and coefficient
extraction. Chapter 3 describes the Lagrange Inversion Theorem and its application
to branching processes. In Chapter 4 and 5, we give the determinant of one special
matrix and the distribution of the total progeny for multitype branching process with
same offspring distribution. We discuss total progeny for multitype branching process
with independent but not identical offspring distribution (Poisson). In chapter 6 we

give an application of Dwass’ formula.



Chapter 2

The Method of Coefficients

The aim of this chapter is to present the method of extracting the coefficient of
formal power series. These techniques will be used in the proof of our main results

(Theorem 4.1 and 4.5).

2.1 Formal Power Series

In this section, we will discuss how to construct the ring of formal power series in n
complex variables from the ring of formal power series in one complex variable, so
that the technique of coefficient extraction for the ring of formal power series in one
complex variable can be extended to the case of n complex variables. For the presen-

tation and examples below, we have benefited from the book of Shafarevich[1997].

Definition 2.1. Let K be a (non-empty) set with two operations, addition (denoted
by a xb) and multiplication (denoted by a -b). K is said to be a field if the operation

satisfy the following conditions for any a,b, ¢ in K:



e Addition

— Commutativity: axb=>bxa
— Associativity: ax (bxc) = (a*b)*c
— Existence of zero: there exists an element 0 € K with @ * 0 = a for every

a (it can be shown that this element is unique)

— Existence of negative: there exists an element —a with a * (—a) = 0 for

any a (it can be shown that this element is unique)
e Multiplication

— Commutativity: a-b=05-a

— Associativity: a-(b-c) = (a-b)-c

— Existence of unity: there exists an element 1 € K with a -1 = a for every
a (it can be shown that this element is unique)

1 1

— Existence of inverse: there exists an element o= with a-a™" = 1 for any

a # 0 (it can be shown that for given a, this element is unique)
e Addition and Multiplication
— Distributivity: a-(bxc)=a-bx*xa-c

If the requirements of both commutativity and existence of inverse are re-
moved, then K is said to be a ring. If only the requirements of existence of inverse

is removed, K is said to be a commutative ring.



The above conditions are generally called the field axioms. They will be
referred to as the commutative ring axioms if the existence of an inverse and the

condition 0 # 1 omitted.

Example 2.1. (Shafarevich[1997], P.16) Consider the set of all Laurent series
Yo i Gn2™ which are convergent in an annulus 0 < |2| < R (where different series
may have different annuli of convergence). With the usual definition of operations
on series, these form a field, the field of Laurent series. If we use the same rules to
compute the coefficients, we can define the sum and product of two Laurent series,
even if these are nowhere convergent. We thus obtain the field of formal Laurent
series. If the coefficients a,, belong to an arbitrary field K, the resulting field is called

the field of formal Laurent series with coefficients in K, and is denoted by K((z)),

Definition 2.2. Let A be a commutative ring. The set of formal symbols
Al2] = {anz" + ap-12" P + -+ + @12 + agla; € A, n is nonnegative integer}
is called the ring of polynomials over A in the indeterminate z.

If we denote the sequence (ag,ay,--- ,a,) as a polynomial a,2" + ap-12" ! +
--» 4+ a1z + ag, then sum and product are given by formulas

Z agz® + Z b2k = Z(ak + b ) 2F (2.1)
k k

k

(Zakzk) . (Zblzl> = Zcmzm where ¢, = Z apb;. (2.2)
k 4 m

k+l=m

Consider any infinite sequence (ag,a1,- - ,an,---) of elements of a ring A, which

consist of zeros from some term onwards (this term may be different for different



sequences), then addition of sequences can be defined as
(aO)ala"' aan7"')+(b07b1)"' sbn7"') = (a0+b0’a1+b17"' ,an+bn1"')

Clearly, all the ring axioms Concerning addition are satisfied. As for multiplication,

we define first the multiplication of sequences by elements of A:
a(ao,ala"' )a’ny"') = (aaO)a'ah'" aa'a'ny"')

Let E; = (0,---,1,0,---) denote the sequence consisting of 1 in the k** place and 0

everywhere else. Then,

(aO)al)"' )a‘n)"')zzakEk (23)
k

Now define multiplication as follows
(Z akEk) : (Z b,E,) = Y abEpy (2.4)
k ! k+l=n
It follows from (2.4) that Ej is the unit element of the ring, and E; = E¥. A
unity in a ring is nonzero element u such that there exists a multiplication inverse
u™! where u-ul = 1.
Setting E; = 2, the sequence (2.3) can be written in the form 3 az2*. Ob-
viously this expression for the sequence is unique. It is easy to check that the

multiplication (2.4) satisfies the axioms of a commutative ring, so that the ring we

have constructed is the polynomial ring A[z].

Remark 2.1. The polynomial ring A[zy, 2o] is defined as A[z]{22], or by generalising
the above construction. In a similar way one defines the polynomial ring A[z, - - , 2,)

in any number of variables.



Definition 2.3. An isomorphism of two fields K’ and K” is a 1-to-1 correspondence
a’ « a" between their elements such that o’ < a” and ¥ < b” implies that a’ * b’ —
a’ xb" and o' - ¥ — a” - b"; we say that two fields are isomorphic if there exists
an isomorphism between them. An isomorphism of fields K’ and K” is denoted by
K =~ K",

Example 2.2. (Shafarevich(1997], P.19) All linear differential operators with con-

stant (real) coefficients can be written as polynomials in the operators aizl’ e ,8%1.

9 9
R[?’E"" ,5;;]

Sending —53;; to t; defines an isomorphism
[ o} 0

821 ’ ’ 621

Hence they form a ring

] =Rty ,tn)

Definition 2.4. A subset S of a ring K is a subring of K if S is itself a ring with

operations of K.

Definition 2.5. A commutative ring with the properties that for any elements a,b
the product a-b = 0 only if a = 0 or b = 0, and that 0 # 1, is called an integral

ring or an integral domain. Thus a subring of any field is an integral domain.

Theorem 2.1. For any integral domain A, there exists a field K containing A as
a subring, and such that every element of K can be written in the form a - b1 with
a,b€ A andb#0. A field K with this property is called the field of fraction of A: it

is uniquely defined up to isomorphism.

Remark 2.2. All rational functions form a field, called the rational function field; it

is denoted by K(z).

10



Remark 2.3. The field of fractions of the polynomial ring K|z] is the field of rational

functions K(z), and that of K[z, -+, 2,] is K(2y,- -+, 2,)

Definition 2.6. Let R be the field of real numbers and let z be any indeterminate
over R, i.e., a symbol different from any element in R. A formal power series over R
in the indeterminate z is an expression:
F(z) = Z fn2"
n>0
for real-valued coefficients f,. In this case, f, is called the nt* coefficient of F(z),

write [2"|F = fp. If fo =0, F(z) is called a nonunit.

Two formal power series can be added by adding the coefficients of like powers:

Z a,2" + anz” = Z(an +b,)2" (2.5)

n>0 n>0 n>0

Two formal power series can be multiplied:

(Z ) . (Z b) S Yo 29)

n>0 n>0 n>0

Where c,, = E?:o ajbn—j.

Example 2.3. (Shafarevich[1997], p.20) The ring of functions of one complez vari-
able holomorphic at the origin is an integral domain, and its field of fractions is
the field of Laurent series. Similarly to Example 2.1 we can define the ring of
formal power series Y o a,2™ with coefficients a, in any field K. This can also
be constructed as in Ezample 2.1, if we just omit the condition that the sequences
(ag,ay, -+ ,an,- ) are 0 from some point onwards. This is also an integral domain,
and its field of fractions is the field of formal Laurent series K((z)). The ring of

formal power series is denoted by K][[z]].

11



Definition 2.7. Let F be a ring, let d € N be given, a formal power series on F is

defined to be a map F : N¢ —» F

Fi=) fuz®

where f, denotes f;,..,, and 2® denotes 27" - - - z3°.

As above, We will write [22]F to refer to the coefficient of 22 in F.

Given two formal power series A(z) and B(z) we will define their sum and

product respectively as
A+ B = Z Up2™ (2.7)
AB = Z Up 2™t (2.8)

where

Uy i=ap+by, and uy,:= Z agbn_k

Example 2.4. (Shafarevich{1997], P.21) The ring O, of functions in n complex
variables holomorphic at the origin, that is of functions that can be represented as
power series

Z ail...inzil cee Z:L"
convergent in some neighbourhood of the origin. By analogy with Ezample 2.3 we

can define the rings of formal power series C[[z1,: -+ , z,]| with complez coefficients,

and K[[zy, - - - , z,)] with coefficients in any field K

12



2.2 Composition

Consider two formal power series G(2) = by + b1z + bp2? + -+ and F(z) = a1z +
az2% + -+ -, it is well known that the composition of G with F' , G(F(z)), is again
a formal power series. If the constant term of F' is not zero, then the composition

G(F(z)) may not exist.

Definition 2.8. Let F(2) =Y > f.2" be a formal power series. The order of F is
the least integer n for which f, # 0, and is denoted by ord(F’). The norm,|| - ||, of F
is defined as || F ||= 2°"¥), except that the norm of the zero formal power series is

defined to be zero.

Definition 2.9. Let F be a ring and let F be the set of all formal power series over
F. Let G(z) € T be given, say G(z) = > 2 gnz". We define a subset Fg C F to be
00 00
Fg = {F(z) €EF|F(z) =) fa2",> gufP eF n= 0,1,2,---}
n=0 k=0
where FF(z) =320 )2n for all k € N, created by the product rule in Definition
2.6. We will see that Fg # @ by Proposition 2.2. Then the mapping Tg : Fg — F

such that

Te(F)(2) =) ca?"

n=0

where ¢, =3 o gkfrgk), n=0,1,2,---, is well defined. We call T¢(F') the composi-
tion of G and F ; T(F) is also denoted by Go F' .

Example 2.5. (Gan and Knoxz[2002]) Let F =R. Let G(2) = Y ooy 2" and F(z) =
1+2. We cannot calculate even the first coefficient of the series > oo o (F(2))" under

Definition 2.8. Thus, the composition G(F(z)) does not exist.

13



Under these definitions, a composition was established as follows.

Proposition 2.2. (Roman[1992]) Let F(z) = > .7 f.z" be a formal power series

in z. If G is a formal power series, such that,
lim ||fG™| =0
n—~oeo

then the Y fnG™ converges to a power series. This series is called the composition

of F and G and is denoted by F o G.

Clearly, the requirement lim, .« ||frG"|| = O implies that the only candi-
dates for such G are formal power series such that G(0) = 0 unless F is a polyno-
mial. The most recent progress on the existence of the composition of formal power
series can be found in Chaumat and Chollet [2001] where they discussed the radius of
convergence of composed formal power series and obtained some very good results.

In our case, we have
w(l)(g) = sif(i) (w(l)(_S_)) T ,w(d)(_'s.)) P = 1a o ad

=0
2.3 Coefficient Extraction

A formal power series can be seen as a sequence of its coefficients. The composition
of formal power series is eventually determined by its coefficients.
Given a formal power series F(2) = Y o fa2™, it is often important to be
able to determine the coefficient of 2™ in F(z) for some n. The notation [2"]F(z)
indicates the extraction of the coefficient of 2" from F'(z), therefore, [2"|F(z) = f,.
The following results are well-known and appear in various papers. We don’t

know who first gave proofs, but it is easy to prove them.

14



Theorem 2.3. Let F(z) = Y, faz" and G(z) = Y, ga2"™ be formal power series.
Then

1. Linearity: [2"] (F(2) + G(2)) = (["]F(2)) + ([2"]G(2)).
2. Letc € R, then [2"] (cF(2)) = c[z"]|F(2).

3. Scaling: If ¢ is a constant, [2"|F(cz) = c*[2"|F(z)

4. Right-shifting: [2"2*F(z) = ["*|F(2)

5. Left-shifting

For one-sided series, we can create a new series by

H(z) — F(Z) - ZT;O nzn

zm

That is, [2"|H(z) = [z"*™|F(z)for n > 0. This is a truncated left shift, and
the sum above cannot in general be extended over all integers. A two-sided
left-shift is obtained by [2"|F(z)/z™ = [2"T™|F(2); this is valid for all m but

usually less useful.
6. Differentiation: Let F'(z) = 3 nfa2""!, then [2" 1 F'(2) = n[2"|F(2)

We define the partial derivative of F'(z) with respect to z; as the formal power

series defined as

oF n—e.
5—5 = Z njfﬂg— =J (29)
nin;>1

where ¢; is the vector that has all its coordinates identically zero, however, its gt

coordinate equals 1.

15



Corollary 2.4.

ped®F
(22 ]a—zj——ng[z |F

If we regard C|[z]] as a vector space over C then a% is a linear operator.

Since the operators 52—1- and a%k commute we can unambiguously define, for all k, the

pseudo-derivative

k. k1 k.
?9; - aazfl aaz;F = 2 % E)!fgz—"ﬁ (2.10)
In particular, for all k, we have the identity
Corollary 2.5.
2F = é {?)&Tz} ) (2.11)

16



Chapter 3

Lagrange Inversion Theorem with
Application to Branching

Processes

Given a formal power series, the determination of its compositional inverse is one of
the most interesting problems; it was solved by Lagrange and we will discuss it in

the following sections.

3.1 Lagrange Inversion Formula

Definition 3.1. A function f(2) of one complex variable is analytic in a connected
open set A C C if in a small neighborhood of every point w € A, f(z) has an

expansion as a power series
<
f(Z) = Zan(z - w)n, An = an(w) (31)
n=0

17



that converges.

Definition 3.2. A function f(z) is called meromorphic in A if it is analytic in A
except at a (countable isolated) subset A’ C A, and in a small neighborhood of every

w € A', f(z) has an expansion of the form

o0

f(z)= Z an(z — W), ap = an(w) (3.2)

n=—N(w)

Thus meromorphic functions can have poles.

Theorem 3.1. Lagrange’s Theorem
Let f(z) and ¢(2) be function of z analytic on and inside a contour C surrounding a

point a, and let t be such that the inequality

ltd(2)| < |z — al
is satisfied at all points on the perimeter of C; then the equation

¢ =a+14(C)

regard as an equation in (, has one root in the interior of C; and further any function
of ¢ analytic on and inside C can be expanded as a power series in t by the formula

10 =f@+ > oL

{f'(2) (8 (2)]"}.=a (3.3)

Hdz"‘b&
Theorem 3.2. Lagrange-Biirmann Inversion Formula

Let f(z) be defined implicitly by the equation f(z) = z¢ (f(2)), where p(u) is a series
with ©(0) # 0. Then the coefficients of f(z), its powers f¥(z), and an arbitrary

composition g (f(z)) are related to the coefficients of the powers of p(u) as follows:

2" (2) = e (w) (3.4

18



#7142 = S ¥ (w) 35)
(2719 ((2)) = ="l (g () (35)
Many different versions of multivariate Lagrange inversion formulas have been
found, such as those of Jacobi, Stieltjes, Good, Joni and Abhyankar (Gessel [1987]).
The following two theorems are due to Good[1960].
Theorem 3.3. If h(z) is analytic in a neighborhood of z = a, if

_ Zu—ay

Cu— oy AB p=1,2--.d
where f, (a) # 0, then
— m . - mg my 4+ +mg
h (5 (_C_)) = Z (G alr)nl! e gf;:' aq) {8?’1“1 — 8t;nd [H(Q (fl(i))ml . (fd(t))md]}tza
where
H(t) = h(2) ||6% - %%{;ﬁz) ‘

Theorem 3.4. Multivariable Lagrange Inversion Formula
If ¢, = f_:l(iﬁ’ where f, (2) is analytic in a neighbourhood of the origin and f, (0) # 0

foru=1,---.d), and h(2) is meromorphic in a neighbourhood of the origin, then

fu (2) Oz

where 0, is the Kronecker delta, and ||a;i|| denotes the determinant of the matriz

e ¢ (2 (Q)) = 77+ #IA) ()™ - (a2 o — 2 Oele)

(ajx).

We note that for d =1

) = ) (16 (1- 53 ) (3.7

19



3.2 Application

When Theorems 2.3 and 3.2 are applied to a single type branching process, it is
easy to obtain Dwass’ formula. Let the branching process start with k individuals
in the zeroth generation. Let g(s) = s* and w = sf(w). By Lemma 1.2, g(w) is the

generating function for the total numbers of the various types in all generations.

[s™]g (w(s)) ™" (w)g' (u)

[ )

1
m

i
m

i

=] ()

m

Good[1960] gave the following result. Let the branching process start with
i1, ,iq individuals in the zeroth generation, of types 1, 2, ---, d. Let h(s) =
s ---sfi“ and w = s, by Lemma 1.2, h(w) is the generating function for the total
numbers of the various types in all generations. Apply theorem 2.2 and 4.4, then

obtain

Proposition 3.5. (Good[1960]) If the branching process starts off with i, individuals
of type 1, i of type 2, .-+, iq of type d, then the probability that the whole process
will contain precisely my individuals of type 1, ---, mq of type d, is equal to the

coefficients of s™ 7 ... gMa~l 4

61/ 'SM 8f ) (ﬁ)

(f(l)(ﬁ))m1 ... (f(d)(_s-))md v 7 T

That is,

61/ sll af(#) (.‘2)
BTfW(s) 0s,
(3.8

P(_S_' =m | ZO — Z.) — [sml—il .. .smd—id] (f(l)(ﬁ))ml e (f(d)(é))md

20



The conditions f® (0) # 0 (u = 1,- -+ ,d) are required for Theorem 3.4. Good
also pointed out that if the branching process is finite we must not have f® (0) = 0
for all p.

In fact, Good almost found the same result as Dwass. When d = 1, we have

P(S=m|Zy=1)=[s"""fm(s) (1 - s%%)

Note that
™(s —sw = f™(s)—sf™s)f'(s
@) (1=E8) = g - s
= f™(s) = = (" (s)Y
By Theorem 2.3 , we have

S () = A ()

m

1 m—1 . m
= —["(m =) (/"(s))

Therefore, we obtain

P(S=m|Zo=1)=[s"f™(s) — —[s"(m ~ i) (F"(s)) = = [s™ ()

1]
m
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Chapter 4

Main Results

It is of course natural to ask whether a multitype case has a similar formula to Dwass.
When each type has identical offspring distributions, the following theorem extends
Dwass’ formula to multitype branching process, but I can not yet extend it to case

of different offspring distribution in this thesis.

Theorem 4.1. If the branching process starts off with i, individuals of type 1, iq
of type 2, -- -, iq of type d, and suppose that the distributions of children are in the
sense that

f(”)(é‘l,"' ,8q) = F(s1,-+,84) Kk=12,---,d
with f*)(0,.--,0) # 0. Then the probability that the whole process will contain

precisely my individuals of type 1, ---, mq of type d, is given by

P(ﬁ——‘mlzo‘—‘l)_ nt+--+ig

= e L = iy ma —a) | Zo = (may o ma))
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From the above theorem, we immediately have

w(]) (31’ Ry 7‘Sd)
. (4.1)

=—P((Z, = o . ._l’m. AN Zo= my, -+ ,m
my+ -+ my (Z, = (4, y -1, T4 j+1 ma) | Zo = (m a))

To prove Theorem 4.1, we need the following result.

Theorem 4.2. Let A= (a1, ,a,)T and S = (s1, -, 8,), Define

l—as17 —azs;1 -+ —ap$
M® = [ — AS = —a152 l—agss - —ansy
—Q18, —03S8n, -+ 1—ansn
then
n
Ml(;z) = 1- Zalsl (42)
1=2
MP = (-1V'a j=2,3,,n (43)
and so
det(I - AS) = |[M™||=1-AeS=1-) as (4.4)
=1

First, we review some definitions and properties of determinants, which are
found in most linear algebra textbooks. They will be needed for the proof of Theorem
4.2,

Denote by M, xn the set of m xn complex matrices and by M (™) the set Myxn.
Before discussing the computation of determinants using cofactors a few definitions

concerning matrices and submatrices will be useful.

Definition 4.1. A submatrix is a matrix formed from a matrix M by taking a subset

consisting of j rows with column elements from a set of k& columns.
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Definition 4.2. A minor is the determinant of a square submatrix of the matrix M.

Definition 4.3. The minor associated with the element m;; of a square matrix M (n),
denoted by Mi(j"), is obtained by including all but the it row and the 7** column, or

alternatively the minor that is obtained by deleting the i** row and the j** column.

Lemma 4.3. The determinant of a square matriz M™ = (mg’)) can be defined over

M®-1)

n
1M =3 (-1 m M
=1
where i denotes the it" row of the matriz M. This is called an expansion of || M| by

column ¢ of M. The result is the same for any other row. This can also be done for

columns letting the sum range over i instead of j.

Lemma 4.4. The sign of the determinant will change if we interchange two rows

(or two columns).

Proof of Theorem 4.2. We use induction to prove it.

1. First check n=1,2,3

e nn =1, Clearly we have
[ -AS||=1-as

en=2

M(z) - AS _ 1- a181 —a981

—Qa183 1-— aoS2

Clearly we have

Ml(f) = 1—a232

Mz(f) = —Qa391



and

IMP| =1~ a151 — ag52

oen=23
l—a S1 —Q2S81 —aszsi
1
3
M® =1-AS= —a182 1—agsy —azss
—a183 —ag83 1 — ass;s
Clearly we have
1—agsy —asss
3
M1(1) = =1 — ays9 — a3s3
—Q9S83 1- Qa3S3
—az8y —assy
(3) _ _
My = = —a281(1 — a3s3) — 2035183 = —a281
—Qa283 1-— aszss
—Q281 —aszs
(3) _ _ _
M31 = = @2035182 + a351(1 — azsz) = asSsi

1 —as89 —azs;
By Lemma 4.3, we have
IM®|| = (=) (1 - ars1) My + (1)1 (=a189) M1 + (=1)*3(—ay53) M
= (1 - a151)(1 — az82 — a3S3) — 21025182 — A1Q351S3
=1—a181 — ax89 — a3S3

2. Next, suppose that (4.2),(4.3) and (4.4) are true for n = k. We need to show
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that they are also true for n = k + 1. We write

l—a18y —agsy - —Qk+151
—ai1s2 l—azsy -+~ —Qk+152
M(k-l—l) —
—@1Sk41 —Q2Sk+1 0 1 — Qpy1Sk41

Again, by Lemma 4.3, we have

k+1
B+ || — (1 — (k+1) ERRYEX AP W2 (.2 oY)
M| = (1 —ais)My; 7 + ) (1) (—ais;) M
=2
where
1—ass2 —azsy - —0k+152
A _ —azs3 l-—azsz --- —Qk+153
11 =
—Q2Sk41 —03Sk+1 1 — Qry1Sk41
—a281 —assy - —0k+151
A —a83 1—azsz --- — k4153
21 =
—Q2Sk4+1 —A3Sk+1 01— Qry1Sk41
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For3<j<k

—ay8; —az$1 —Qk+151
1—(1232 "'a332 “ e PP e —ak+182
(k+1) _
Mjl = _a23j—l e 1— aj—lsj—l e . _ak+lsj—1
—Q28j5+1 e NN —QiSj+1 —Ak4155+1
_a2sk+1 e - e o e 1—‘ak+13k+l
and j=k+1
—Qaz81 —azs; ‘- T —0k+151
— —QaS .. ‘e —-Q S
ke _ || a2 s F172
(k+1)1 ™
—a8y —03Sk - l—apSpy —agp41Sk
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Since

—Qa2S81 —assy Ak+151
M(k+l) _ —Q9283 1-— aszsg - —QAk4+153
21 =
—2Sk+1 —Q3Sk+1 v 1 — Gg1Sk41
1—-a3s3 —a4s3 —0k+183
—a3sq4 1 —a484 —0Qk4154
= —a281
—a3Sk+1 —04Sk+1 01— Gk418k41
—agsy —Q481
1- a3S3 —Q483
k
2 -1
+ (_1) Q25 —Q38;—1 —a4S1-1 1- a;—181—-1
1=3
—a3Si41  —04S141 v o
—0a3Sg4+1 —A4Sk41
—a38; —a481 Ag+151
X 1—azs3 —ays; —0k+153
+ (=1)"azsk+1
~a3Sx  —a3Sg -+ 1 —apSp —ags18k

28

—QS141

Ak+151

—0k+153

—Ak+1S1-1

—0k+151+1

1 — ag418k+1




Put

1—ass3 —ass3 —Qk+153
—a3sy 1—aqs84 - —Qk+154
Nuy =
—Q3S8k+1 —a4Sk+1 1 — ap418k41
Forl=3,-- ,k
—azsy Q481 Ak+181
1-— a3S3 —Qa4S3 v ce cee —Qk4+153
Np = —a381—1 —a4S1-1 1—ap18511 —0k4+151-1
—a38141  —a4S141 —aSi41 —QAk4+15141
—a38k+1  —O4Sk41 1 - ag418k+1
and
—assi1 —a4S1 cer Ak+151
1—ass3 —ays; —Qk+153
N1y =
—Qag3Sg —agSr - 1- AESy —Qk+15k
Suppose that
1- ag81 —Qa381 —Q45] Qk+181
—ass 1—a3zs —a4S —0Ok418
W — 253 353 453 k+153
—Q2Sk+1 —A3Sk+1  —04Sk+1 1 — ag4186+1
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‘We observe that

k+1
Nll = l(f) =1- ZalSl

Ny = W((l,i)l)l = (—1)l sy 1=3,-- k+1

Therefore
k+1 k+1
Mzglfﬂ) = —ay5:(1 - Zalsl) + Z(—l)zl_lazslalsl = —as8;
=3 1=3

We now consider M(kﬂ) for j = 3,4,--- ,k+ 1. We observe that M}fﬂ) has
the form of My, =+ after j — 2 column interchanges. That is, the (j — 1)t
column, with the entry —a;s;41, is interchanged with the (j — 2)** column.
Continue this process until the original (j — 1)** column locates to the first

column. There are a total of j — 2 column interchanges. So we get
M = (=1)772 (<)o = (1) Maysy j =3, ,k+1

Also, by our assumption

k+1
k+1 Z
M1(1+ ) =1- arsy
=2
Therefore
k41 k+1
k1) 1 i—1
[MED|| = (1 - ars;)( 1—2 aisy) +E t(—a15;)(—1)a;s1
=2 7j=2
k41 k+1
=(1-ams)(1- E asy) = E 10518
1=2 j=2
k+1 k+1 k+1
=1- E as; + _S_ a1a;818; — E (10,818
=1 =2 §=2

k+1

=1- E a8
=1
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This validates our assumption for n = k + 1 and completes the proof.

O
Proof of Theorem 4.1. Note from Theorem 3.4
1—%8E s dF _ 5 9F
F 981 F 8sg F B34
_8220F 1 _ s0F _az%i
v s af(ﬂ)ggz — F 9s1 F B39 F Osq
O~ TH@ o
8q OF — 24 OF 1 — %4 9F
F 031 F Osy F 834
d
s OF
- 1oy
F 0s
1=1
where the last equality comes from Theorem 4.2. We also know that
P(Zy = (my =ity ma—ia) | Zo = (ma, -+ ,ma)) = [s™75 ™3] (F(g)) M+

On the other hand, by Theorem 2.3 and Corollary 2.4, we have

mi—i1 ., ¢Md—id my++myg fl_a_F
[s s™474) (F () Fos

= [sm™Th L gmTaTL L gmani] (F(g))™M e ;gSF
= [y e (R et 2
— [Sml—il T T smd_,-d] 1 8 (F(§))m1+"'+md
my+---+my Jdsi
—% -1 — ml - il myi+-+m,
=sm1 ’Ll.._sml ”"‘Smd id Fs 1 d
[ b (F(9)
mp — il

:m1+...+mdP(Z1:(m1—i1"” yMa = i) | Zy = (ma, -+ ,ma))
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Therefore

P(S=m|Z,=19)
d ;
= P(Z — iy, ,mg—ig) | Zg = (M, ,m
( Zlml+ ) (Zy=(m1—1 a—1d) | Zy = (m )
'Ll+ +Zd i .
=2 " dpiz= — e — Zoy =
my+ -+ my (Zy = (M1 — iy, ymg — ia) | Zy = (my, ,Mg))

ad

Theorem 4.5. If the branching process starts off with i, individuals of type 1, iy
of type 2, -- -, iq of type d, and suppose that the distributions of children are in the

sense that

™ sy, ,84) = [F(s1,++ ,80)]™ k=1,2,---,d
with f((0,---,0) # 0. Then the probability that the whole process will contain
precisely my individuals of type 1, -- -, mq of type d, is given by

: p1t1 + -+ Patd . .
S=m =1)= PZi=(my -1y, ,mg—ig) | Zy=(mq,---,m
P(S=m|Z,=1) e y— (Zy=(m1 =iy, ;ma —ia) | Zo = (M a))
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Proof of Theorem 4.5. Note from Theorem 3.4

1—-a 8F1 s 9FM1L . _ s 8FM
FP1 93 FP1 B3y FP1 Qsy
— 82 OFF2 | __ s 8FP2 = _ s OFP2
5 — 3 af(u)£§2 — FP2 Hgy FPr2 Qsq FP2 Qsy
s qu§(£) Osy
— 8¢ OFPd — B34 OFPa | _ 54 OFPd
FPd 93, FPd sy FPd 83y
1—madF  _psdF  _ps OF
F 031 F 0Oso F 0834
—P2%20F 1 _ ps; OF | __pasy OF
_ F 93, F 9sy F 9sq
_ Ppsd OF —Ppisg OF | 1 _ pas¢ OF
F 8% F 0Osg F Bsq
d
_ 1_2@8—’7
=1 F 88[

As in the proof of Theorem 4.1, we have

[T . gmamia) (F(g) )i pama P15t OF

F B8s,
) . , OF

— Sml—u .. Sml—u—l . smd-zd Fls prmy+4pgmg—1 o

[ In: (F(&) =
— [sml—i1 e Sml—il—l . Smd_id] D 8 (F(ﬁ))plml +pamg

pimy + - -+ pgmg Os;
— {sml—h . sz—il C Smd—id] Yy (ml - il) (F(g))plml.{-"'-’-p‘imd
pimy+ -+ pamyg
pulmy — 4 ) i
N P1m1§-~..+;dmdp('z“1 =(m1 =iy, ,ma—ia) | Zg = (ma, - ,ma))
Therefore

P(S=m|Z,=1)
d

= 1—2 pl(mz—ll) P(Z1=(m1—i1:"',md"id)IZg:(mh'-'

= Pima+ -+ pama

_ D1l + -+ pyig
pimy+ -+ pagmyg

(Zy = (m1 =11, yma —ia) | Zo = (M1, -+ ,ma))
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Chapter 5

Independent Poisson Case

In this chapter, we consider different offspring probability generating function (p.g.f)

but each type produces Poisson offspring.

Definition 5.1. Let a random variable X take on values 0, 1, - -- with probabilities
AmeA
P(X=m)= —

where A > 0. We say that X has a Poisson distribution with mean A. Its generating

function is given by

fx(s) = M)

Lemma 5.1. Suppose that the distributions of children are independent Poisson with

p-9-f

f(l) (31, 32) — ean(sl—l)ealg(az—l)

f(2) (51, 52) — ea‘21(81_1)ea22(s2_1)
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Then

(fD(s1,89))™"" = emanlarlgman(ea-1)
(f(2)(51782))m2 = emean(a—1)gmaaz(s2-1)
And so
(FO(s1,52))™ (O (51, 5))™ = elmentmasa)er—Dgimerstmaem)(ea=d) (5.1)

where e(montmaan)(e1-1) gpg elmeztmean)e2-1) gre probability generating functions

of Poisson distribution with mean miai1 + Mmoag; and myais + maaos, respectively.

Lemma 5.2. For Poisson: Zy = (my,0), the distribution of (Zl(l), ZP) is indepen-
dent Poisson with means (mya11,miayz). For Poisson: Z, = (0,my), distribution of
(Zfl), Zf2)) 18 independent Poisson with means (mgao;, moage). Therefore, for Pois-
son: Zy = (mq, mg), distribution of (Zfl), Zfz)) is independent Potisson with means

(mia11 + maag1, miaia + meags), and then

P(Z;, = (m1 —i1,mg — i3) | Zy = (M1, my))

3 (mlall + mzazl)nu—u e~ (miai11+maeaz) y (m1a12 + m2a22)m2—1,2 o~ (M1a12+m2027)

N (m1 hae ’Ll)' (m2 - 12)'

(5.2)

Proposition 5.3. For Poisson offspring distribution and d=2, we have

P(S = o (maay +maag;) argiy + (Myaia + Maagr) anis + (a11022 — 012091 )42
(S=m|Z,=1)=
(myay; + maag) (M1a12 + Maags)

X P(Z; = (m1 —i1,mg — i3) | Zy = (M1, my))

(5.3)
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Proof. Since

3f()
E 0s1

3f()
—fm sy
S2 Bf()
m s
So af()
ﬁﬁ 0sy

And so

61/ Slt 8]"(#) (§-)
B f(#) (_,_3_) asu

=1-a118 —axns; + (0«11022 - a12a21)5152

By Proposition 3.5, we have

PS=m|Z,=1)

= [sT"7 ”3312—1'2] (f(l)(shsz))ml

s
f(ll) anfO = ans;
S1
f(l) al2f( = 01281
s
f(z) azlf( ) = a5
52
f(2) — gy azf @ = a5
l—aus1 —aizs

—a2182 1 — azs,

(f®(s1,52))™

—ay[sT i1— ISTnz—lz} (f(l) (51, 52)) ™ (f (51,52 )

- azz[ ml—llsg?&—‘w— ](f(l)(sl 32 ) ™ (f 31 S2 )

+ (a1122 — arpa9;)[sT 0 sp2 ! (f(l) (51,52 )
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since

[STl_il_lsgw_iz] (f(l)(sl, 52))m1 (f(2)(51, é?z))m2
. my — i
 muan + meag
[sTr 57227 (FD (51, 52)) ™ (FP (51, 82)) ™
. ma—i
"~ miai2 + Maaz
[T s (F (s, Sz))m1 (F®(s1, 52))m2
_ (my —iy)(mag — i)
- (miaq1 + maagr)(Mmia12 + maags)
Then

P(Z, = (mq — i1, my — ia) | Zy = (m1, my))

P(Z, = (my — i1, ma — i3) | Zy = (m1, my))

P(Z, = (my —i1,mgp —1i2) | Zy = (mq, m2))

(mi—ian  (m2 —iz)as (ma — i1)(ma — 1)
m1011 + Madyr  MiG12 +Moag  (M1a11 + Maan;)(Mia12 + Maags)
_ m%auam + Mi1maeai1a12 — M101181281 — M2G1109201
(maa11 + maag)(miasz + maags)
_ miMmadai1az2 + m%amazz — M1G11022%2 — M202102212
(mya11 + maagr)(miarz + maass)
M1M2A11G22 — M1M3A12Q21 — M10G11022%2
(mya + maas;)(Mmy1a1z + maags)
M1012021%2 — M201102201 + MaG12021%1 + (@112 — 412091 )i%2
(m1a11 + maag )(miarz + maass)
(myaq1 + Maag) aat1 + (Maa12 + Maage) a1ty + (11822 — @12021)i1%2
(mia11 + maag;) (Myarz + moags)

(auazz - a12a21)

1-—

=1

Therefore
(m1aq; + maaa1) a12i; + (M1a12 + Maaoz) G212 + (a11022 — G12a91)t112
(mias1 + maag) (Maaiz + maage)

P§=m|Z,=1)=

X P(Zl = (ml - ilva - 7‘2) |Z0 = (ml,m2))

If a11 = as1, a2 = asg, then reduce to
i1 + 22

mP(Z1 = (my — i1, mg — i) | Zy = (M1, m2))

PS8=m|Z,=1i)=
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Chapter 6

Special Case

We let
{Zz® :n=0,1,---}

denote the branching process with initial i particles. In general, write z = Zn.

Suppose that we have a branching process {Z,} with birth law
f(8)=E(s®|Zy=1)=1—-p—ps

which is Bernoulli with

3
N
It
(=]
~—
It
—
|
3

In this sense,

m

)p”‘""“ (1-p)*

Note that f™ is the generating function of a binomial distribution B(m, p).
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1. Given k=1
The total progeny S has a geometric distribution G(p) with support on the set

{1,2,3,- -}, and probability mass function (pmf) given by
P(S=m|Z,=1)=(1 -p)p™ ™t m=12,--

and generating function

11~-p 1-p
- x
pl—ps 1—ps

fs(9) = _(1—-ppp™ls" =
m=1

Thus
P(S =m) = %P(Y =m—1) (6.1)

where S ~ G(p), Y ~ B(m,p)

2. Given k > 2

S=Xy 4+ Xi

where X;,;i = 1,--- , k, has a geometric distribution with support on the set

{1,2,3,---}. Therefore, the total progeny S has a negative binomial distribu-

tion
1 (1-p\*
Tsls) = (1 —pS)
Thus
kp*
P(S=m)= WP(Y =m —k) (6.2)

where S ~ NB(k,p), Y ~ B(m,p)
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Appendix A

Notation Index

Symbol | Description

a vector @ = (aq, -+ ,aq)

ag (17 ”

22 z;ll Ce z;‘d

€ the vector whose i** component is 1 and whose other

components are 0
Il -l | determinant of matrix
p.g.f | probability generating function
E(X) | expectation of random variable X
Zn single type branching process
Z, multitype type branching process
R real field

C complex field
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