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Abstract

Mazurkiewicz traces were introduced by A. Mazurkiewicz in 1977 as a language repre-
sentation of partial orders to model “true concurrency”. The theory of Mazurkiewicz
traces has been utilised to tackle not only various aspects of concurrency theory but
also problems from other areas, including combinatorics, graph theory, algebra, and
logic.

However, neither Mazurkiewicz traces nor partial orders can model the “not later
than” relationship. In 1995, comtraces (combined traces) were introduced by Janicki
and Koutny as a formal language counterpart to finite stratified order structures.
They show that each comtrace uniquely determines a finite stratified order structure,
yet their work contains very little theory of comtraces.

This thesis aims at enriching the tools and techniques for studying the theory of
comtraces. ’

Our first contribution is to introduce the notions of absorbing monoids, generalised
comtrace monoids, partially commutative absorbing monoids, and absorbing monoids
with compound generators, all of which are the generalisations of Mazurkiewicz trace
and comtrace monoids. We also define and study the canonical representations of
these monoids.

Our second contribution is to define the notions of non-serialisable steps and
utilise them to study the construction which Janicki and Koutny use to build stratified
order structures from comtraces. Moreover, we show that any finite stratified order
structure can be represented by a comtrace.

Our third contribution is to study the relationship between generalised comtraces
and generalised stratified order structures. We prove that each generalised comtrace
uniquely determines a finite generalised stratified order structure.
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Chapter 1
Introduction

Mazurkiewicz traces or partially commutative monoids [1, 24, 8] are quotient monoids
over sequences (or words). The theory of traces has been utilised to tackle problems
from quite diverse areas including combinatorics, graph theory, algebra, logic and

especially concurrency theory [8].

As a language representation of partial orders, they can sufficiently model “true
concurrency” in various aspects of concurrency theory. However, the basic monoid
for Mazurkiewicz traces, whose elements are used in the equations that define the
trace congruence, is just a free monoid of sequences. It is assumed that generators,
i.e. elements of trace alphabet, have no visible internal structure, so they could
be interpreted as just names, symbols, letters, etc. This is a limitation when the
generators have some internal structure; for instance, when they are sets, their internal
structure may be used to define the set of equations that generate the quotient monoid.
In this paper, we assume that the monoid generators have some internal structure. We
call such generators compound, and then use the properties of that internal structure
to define an appropriate quotient congruence.

Another limitation of Mazurkiewicz traces and their generated partial orders is
that neither Mazurkiewicz traces nor partial orders can model the “not later than”
relationship {13]. If an event a is performed “not later than” an event b, where
the step {a,b} model the simultaneous performance of a and b, then this “not later
than” relationship can be modelled by the following set of two step sequences z =
{{a}{b}, {a,b}}. But the set z cannot be represented by any trace. The problem
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2 1. Introduction

is that the trace independency relation is symmetric, while the “not later than”
relationship is not in general symmetric.

To overcome those limitations the concept of a comtrace (combined trace) was
introduced in [14]. Comtraces are finite sets of equivalent step sequences and the
congruence is determined by a relation ser, which is called serialisability and in general
is not symmetric. Monoid generators are ‘steps’, i.e. finite sets, so they have internal
structure. The set union is used to define comtrace congruence. Comtraces provide a
formal language counterpart to stratified order structures and were used to provide a
semantic of Petri nets with inhibitor arcs. However, [14] contains very little theory of
comtraces, only their relationship to stratified order structures has been considerably
developed.

Stratified order structures [9, 12, 14, 15] are triples (X, <, =), where < and [ are
binary relations on X. They were invented to model both “earlier than” (the relation
<) and “not later than” (the relation =) relationships, under the assumption that all
system runs are modelled by stratified partial orders, i.e. step sequences. They have
been successfully applied to model inhibitor and priority systems, asynchronous races,
synthesis problems, etc. (see for example [14, 18, 20] and others). It was shown in [14]
that each comtrace defines a finite stratified order structure. However, the comtraces
are so far much less often used than stratified order structures, even though in many
cases they appear to be more natural than stratified order structures. Perhaps this
is due to the lack of sufficient theory development of quotient monoids different from
that of Mazurkiewicz traces.

Both comtraces and stratified order structures can adequately model concurrent
histories only when the paradigm 3 of [13, 15] is satisfied. For the general case, we
need generalised stratified order structures, introduced and analysed in [10]. Gener-
alised stratified order structures are triples (X, <>,C), where <> and [ are binary
relations on X modelling “earlier than or later than” and “not later than” relation-
ships respectively under the assumption that all system runs are modelled by strat-
ified partial orders. In this thesis, a sequence counterpart of generalised stratified
order structures, called generalised comtraces, are introduced and their properties are
discussed.

It appears comtraces and generalised comtraces are special cases of two more

general classes of quotient monoids, which we call absorbing monoids and partially
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commutative absorbing monoids respectively. For these classes of absorbing monoids,
generators are still steps, i.e. sets. When sets are replaced by arbitrary compound
generators (together with appropriate rules for the generating equations), a new
model, called absorbing monoids with compound generators, is created. This model
allows us to describe formally asymmetric synchrony.

This thesis is the expansion and revision of our previous work in [17], where [17,
Theorem 9.1}, [17, Theorem 9.2], [17, Theorem 10.1] and some new major properties
are fully proved and analysed. The content of the thesis is organised as following.
In the next chapter, we review the basic concepts of order theory, which includes
the important Szpilrajn Theorem [31], and monoids theory. Chapter 3 introduces
equational monoids with compound generators and other types of monoids that are
discussed in this thesis. In Chapter 4 the canonical representations of absorbing
monoids, partially commutative absorbing monoids and absorbing monoids with com-
pound generators are defined and briefly analysed. In Chapter 5, we introduce some
basic algebraic operations on step sequences and utilise them to prove some prop-
erties of comtrace congruence and to give a new version of the proof that canonical
representation for comtraces is unique. Chapter 6 studies some basic properties of
comtrace languages. Chapter 7 reviews different paradigms of concurrent histories
and discuss how comtraces and generalised comtraces are classified with respect to
these paradigms. Chapter 8 surveys some basic background on relational structures
model of concurrency [9, 12, 14, 15, 10, 11] to prepare the readers for the chapters
followed. In Chapter 9, we introduce the notions of non-serialisable steps to study
the construction from comtraces to finite stratified order structures by Janicki and
Koutny in [14]; we then prove that any finite stratified order structure can be rep-
resented by a comtrace. In Chapter 10, analogous to the notion of ¢-closure which
Janicki and Koutny used to construct stratified order structures from comtraces, we
define the notion of commutative closure and utilise it to construct generalised strat-
ified order structures from comtraces; we prove that each generalised comtrace can
be represented by s finite generalised stratified order structure. Chapter 11 contains
some final discussion and comments on our future works.



Chapter 2

Background

2.1 Orders

In this section, we survey some standard order-theoretic definitions and results which

are used intensively in this thesis.

2.1.1 Equivalence Relation

Let X be a set and I is an index set. The family of sets {A4; | i € I} is called a
partition of X if and only if

1. A; # 0 for all 4,
2. A;NA; =0 for all i+ j, and
3. X = UieI A;.
We can observe that {{z} | z € X} (the set of all possible singletons of X) is the

finest partition possible of the set X.

An equivalence relation R on a set X is reflexive, symmetric and transitive binary

relation on X. In other words, the following must hold for all a,b,c € X:
1. a Ra, (reflezive)

2. aRb = bRa, (symmetric)



2. Background 5

3.aRbRc = aRc (transitive)

For every z € X, the set [z]g = {y | ¥y R z Ay € X} is the equivalence class of
x with respect to R. We drop the subscript and write [z] to denote the equivalence
class of x when R is clear from the context. The set X equipped with an equivalence
relation R is called a setoid.

Proposition 2.1. Let R C X x X be an equivalence relation on X. If a,b € X, the
following are equivalent:

1. aRb
2. [a] = [9]
3. [a]N[b] # 0
Proof. e (1)=(2): Assume that a Rb, since it also implies b Ra (by symmetry),

it suffices to show [a] C [b]. For any c € [a] = {z | z Ra Az € X}, it follows
that ¢ Ra. Since a Rb, we have ¢ Rb (by transitivity). Hence,

ceb={z|zRbAz e X}.

e (2)=(3): Since [a] = [b], it follows that a € [a] N [b]. Hence, [a] N [b] # 0.

e (3)=(1): Since [a] N [b] # O, there exist some ¢ € [a] N [b]. Since ¢ € [a] and
c € [b], we have ¢ Ra and ¢ Rb. By reflexivity we have a R ¢ and by transitivity
we have a R b as desired.

[l

Corollary 2.1. If R is an equivalence relation on X and a,b € X, then

(a,b) ¢ R < [a]N[t] =0

Proof. From Proposition 2.1, we already have

(a,b) € R <= [a]N[b] # 0.
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This is logically equivalent to
(a,b) R <= [a]N[b] =0.
O

For every equivalence relation R C X x X, we define X/R 4 {lalr | a € X}.
Clearly X/R is the set of all equivalence classes of R on X.

Proposition 2.2. For every equivalence relation R C X X X, X/R is a partition of
the set X.

Proof. From Corollary 2.1 we already know any two distinct equivalence classes are
disjoint. It suffices to show X = (Jcx/r A- But Usex/r A € X since A C X for any
A € X/R. It remains to show X C [Jex/g A- But for any z € X, [z] € X/R and
hence € U ex/r 4- O

2.1.2 Partial Order

Let X be a set. A binary relation < C X x X is a (strict) partial order if it is
irreflexive and transitive, i.e. for all a,b, c € X, we have:

1. =(a < a), (irreflezive)
2.a<b<c = a<c (transitive)

The pair (X, <) in this case is called a partially ordered set (also called a poset), i.e.
the set X is partially ordered by the relation <. The pair (X, <) is called a finite
partially ordered set (also called a finite poset) if X is finite.

Given a poset (X, <), we define the binary relation ~.C X x X in a pointfree
manner as follows:
~ L (X xX)\(=xU=<Y

In other words, for all a,b € X, a ~ b if and only if =(a < b) A =(b < a), that is
if and only if a and b are either distinct incomparable with respect to (w.r.t.) < or
identical elements of X.
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Let idx denote the identity relation on X, i.e. idxy = {(z,z)|z € X}. We then
define the distinct incomparability relation as following

~ g~ \ idx.
Proposition 2.3. For any poset (X, <), ~ =~ Uidx.
Proof. Since ~ 4 (X x X)\ (xU=<71) and idy Z <, we have idy C ~. Hence,
~< Uidy = (o \ idx) U ddy = ~ .
O

For our convenience, from a poset (X, <) we also define the following binary
relations <7C X x X and <C X x X as

d,
'<A-—£"<Uf\<
jd='f-<U’idx

Intuitively, a <™ b means a is “less than” or incomparable to b and a <X b means
a is “less than” or equal to b.

If the relation —~ of a poset (X, <) is empty, then the partial order < is called a
total (or linear) order, and the pair (X, <) is called a totally ordered set.

A binary relation <C X x X is a stratified (or weak) order if and only if (X, <) is

a poset and ~_ is an equivalence relation.
Proposition 2.4. For any poset (X, <) the following are equivalent:

1. ~_ s an equivalence relation

2. forallz,y,zc X, if (x ~<xyAy ~< 2) then (x ~5x zVz=2)

Proof. e (1)=>(2): Assume that ~ is an equivalence relation and z ~4 y and
y —~< z, we want to show that £ —~ z or £ = z. Since ~,C2, it follows that
T ~, y and y ~ 2. By the transitivity of the equivalence relation ~, we have
T ~< z. By Proposition 2.3 we have ~_ =~_ U idy, so it follows that z —~ z
or £ = z as desired.
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e (2)=(1): Assume that for all z,y,2 € X,if z ~cyand y ~¢ zthen z ~, 2
or £ = z. We want to show ~_ is indeed an equivalence relation.
— Reflexivity: Since idxy C ~, the relation ~ is reflexive

~— Symmetry: If a ~ b, then =(a < b) A =(b < a). But this implies b ~ a.

Hence, the relation ~_ is symmetric.

— Transitivity: Assume a ~ b and b ~ ¢, we want to show a ~_ c. Since

~_=~_ Uidy, there are three possible cases.

* If a ~< band b=c, then a ~4 c. Hence, a ~_ c.
* If a =0 and b ~ ¢, again we have a ~ c.

* Ifa ~< band b ~4 ¢, it follows that a ~4 cor a = c. Hence, a ~ c.

O

As a result of Proposition 2.4, we can alternatively define that a binary relation
<C X x X is a stratified order if and only if for all z,y,z € X,

(x ~cyAy—~<2)=>(x~<x2Vz=2).
If (X, <) is a poset and A is a nonempty subset of X, and a € X, then:
e q is a mazimal element of Aifa € X and Vz € A. —a < z.

e a is a minimal element of Aifa € X and Vz € A. -z < a.

a is the greatest element of Aifa € AandVz € A. z X a.

a is the least element of Aifa € AandVz € A. a X x.

e a is an upper bound of A if Vr € A. z < a.

a is a lower bound of A if and only if Vx € A. a <X x.

a is the least upper bound (also called supremum) of A, denoted sup(A), if

—z=<aforall z € A,

— for all b € X if b is an upper bound then a < b.
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e g is the greatest lower bound (also called infimum) of A, denoted inf(A), if

— a <Xz forall z € A,
— for all b€ X if b is a lower bound then b < a.

e aset A is called a chain if and only if (A, <|axa) is a totally ordered set where

Rlexc L RN (B x 0).

The greatest element, the least element, upper bound, lower bound, supremum and
infimum might fail to exist. Note that if X is totally ordered by <, then a maximal
element of X is its greatest element (similarly for a minimal element).

2.1.3 Szpilrajn Theorem

Let <; and <2 be partial orders on a set X. The partial order <, is is defined to
be an extension of <; if and only if <;C~<,. The goal of this subsection is to review
the Szpilrajn Theorem [31], which is fundamental in the foundation of concurrency
theory. Since the criginal paper is in French, we provide a version of the proof to
make the theorem more accessible and the thesis self-contained. Furthermore, the
results in Chapter 9 and Chapter 10 are motivated by the Szpilrajn Theorem and its
proof. But before doing so, we need some preliminary results.

Lemma 2.1. Let (X, <) be a poset, a,b € X such that a ~< b. The relation <q,
defined as
T<pY <= (z<yV(E=3aAnb=y))

is a partial order on X satisfying

1. a <gp b

2. <ap 15 an extension of <, i.e. < C <qp

Proof. Firstly, we have to show <, is indeed a partial order.

e Irreflexivity: for any element £ € X, we want to show —(z <, z). Since <
is irreflexive, we have —(z < z). It remains to show that ~(z X a A b < z).
Suppose for a contradiction that (z < a Ab <X z). Since < is transitive (and so
is %), it follows that a = b, but this contradicts that a ~ b.
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o Transitivity: for any three elements z,y,2 € X such that £ <45 ¥y <ap 2, We
want to show z <, 2. By the definition of <,;, there are three possible cases
to consider:

—Ifz <yand (y <aAb=z): Since z < y and y < a, it follows that z < a.
So(zXaAb=2z).

~If(zr RaAb=<y)andy < z: Since b < y and y < z, it follows that b < 2.
So(z 2aAb=2).

—If(z Xanb=<y)and (y X aAb =< 2) Since b X<yandy < a, by
transitivity of < we have b < a. But this contradicts that a ~ b.

Secondly, we have to verify that a <, b, which follows from that (¢ < a A b < b).
Finally, we want to show < C <, but this follows from the definition of <, . O

Lemma 2.1 says that for any partial order (X, <) if there exists a pair of distinct
incomparable elements a,b then we can add suitable pairs of elements into the
relation < (extends the relation <) to build a relation <, such that a <, b, i.e. a
is comparable to b.

Although we are only interested in the case of finite sets, Szpilrajn Theorem is
proved for the general case of arbitrary posets (X, <), where X can be infinite. As a
result, the proof of Szpilrajn Theorem requires the Aziom of Choice (cf. [30, 21, 3]).
For the sake of completion we include an equivalent form of the Axiom of Choice called
the Kuratowski-Zorn Lemma. Since the proof of the Kuratowski-Zorn Lemma requires
introducing prerequisite background on aziomatic set theory up to the concepts of
ordinal number and transfinite recursion (cf. [30, 21]), we state the result with only
an informal proof sketch. This proof sketch follows the idea of a very short and
elegant proof given in [32].

Kuratowski-Zorn Lemma. Every partially ordered set (X, <) in which every chain
C C X has an upper bound contains at least one mazimal element.

Proof. Suppose for a contradiction that the lemma were false. Then there exists a
poset (X, <) such that every totally ordered subset has an upper bound, and every
element z € X has an element y € X such that y > z. For every chain C C X
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we pick an upper bound g(C) ¢ C, because C has at least one upper bound, and
that upper bound has a greater element. However, to actually define the function
g: PX — X, we need the Axiom of Choice to magically “pick the right elements”
from the arbitrary large set X.

Using the function g, starting from an arbitrary element ag € X, we are going to
define a sequence of elements ag < a; < a3 < az < ... in X using transfinite recursion
by defining a; = g({a; | j < i}). We know that every pair of element a; and a; are
distinct, otherwise we have a cycle which contradicts that (X, <) is a partial order.

This sequence is really long: the indices are not just the natural numbers, but
all ordinals. In other words, we can define an injective map from all the ordinals
into X. Since there is no set with the “size” of all ordinals, we have the desired
contradiction. O

Note that we do not need the Axiom of Choice for this proof of the Kuratowski-
Zorn Lemma when X is finite. The proof of the Kuratowski-Zorn Lemma for the
finite case follows.

Proposition 2.5. Every finite partially ordered set (X, <) in which every chain C C
X has an upper bound contains at least one mazimal element.

Proof. We proceed similarly to the previous proof by assuming the proposition were
false. Then there exists a finite poset (X, <) such that every chain C C X has an
upper bound, and every element has a greater one. For every chain C C X we find
an upper bound g(C) ¢ C, and this process is exhaustive because we only search
through the finite search space X.

Using the function g, starting from an arbitrary element ag € X, we build a
sequence of distinct elements ag < a; < a3 < a3 < ... in X recursively by defining
a; = g({a; | j < ¢}). Since X is finite, there is some natural number m such that
|X| = m. Suppose for some a; where k < m — 1, we cannot find any element in X
greater than ay, then we have the desired contradiction. Otherwise, considering the
element a,—;, by the assumption, there exist some y € X such that a,,_; < y. But
y can only be one of the ag,...,an_2, which impliesy =a; < ... < am_1 < a; = .
This contradicts that (X, <) is a poset. O

We now provide a proof of Szpilrajn Theorem using Lemma 2.1 and Kuratowski-
Zorn Lemma.
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Szpilrajn Theorem ([31]). For every poset (X, <) there exists a totally ordered set
(X, T) such that <C 7.

Proof. Let us define
7= {7 | T is a partial order on X and < C T}.

Since < C <, we know 7 # ). Consider (7, C). Clearly (7, C) is a poset. Let C C 7
be a chain, i.e. for each 77,73 € C, 7T; C 73 or 73 C 7, or 7; = 75. Define the binary

relation 7¢ on X as
.4 T

TeC
We want to show 7 is a partial order. Clearly 7¢ is irreflexive since each 7 in C
is irreflexive. We need to show transitivity. Assume z 7¢ y 7¢ 2, we want to show
z Tc z. But it follows that there exist 77,75 € C such that z 7; y and y 75 z. There

are three cases to consider:
e 7, =75 This means z 7; y and y 77 2. Hence, z 7¢ z by transitivity of 7;.

e 7, C 73: This means This means z 73 y and y 73 z. Hence, z 7¢ z by
transitivity of 77.

e 7, C 75: We have x 7¢ z by transitivity of 7;.

Hence, the relation 7¢ is a partial order. By the definition, VI € C. T C 7¢, so ¢
is an upper bound of the chain C.

We want to show that there exist some element 7 € 7 such that 7 is the maximal
element of 7. From Kuratowski-Zorn Lemma, we can now deduce that there exists
7T such that 7 is a maximal element of 7 and < C 7.

We want to show that 7 is total. Suppose for a contradiction that 7% is not
total, i.e. there are some pair of element a,b such that a ~7, b. We can then using
Lemma 2.1 to construct 7%, ,. Clearly since < C 75 € 7,,, < € 7%, ,. Hence,
7., € T and 7T, C 7, ,, which is a contradiction since 7. is maximal. Hence,
(X,7%) is a totally ordered set extending the partial order < as desired. O

A total order 7 which extends the partial order < on X is called a total (linear)
order extension of <. A corollary of Szpilrajn Theorem is that every partial order
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is uniquely determined by the intersection of all of its total order extensions. In
other words, a partial order is completely defined by the set of all of its total order
extensions.

Lemma 2.2. Let I be an index set and each (X, <;) be a poset. Then (X, <) where

'42 m-ﬂ

el

is also a poset.
Proof. We want to check:

o Irreflexivity: Assume for a contradiction that there exists € X such that
T < z. Since < = (),¢; <i, Wwe have x <; x. But this contradicts that each <;
is a partial order.

e Transitivity: Suppose z < y < z for some z,y,z € Z, we want to show z < z.
Since it follows that (z,y), (¥, 2) € ;e <i» We have

Viel. ((z,y) €<s A (y,2) €<)).
Hence, by transitivity of <;,
Viel. (z,2) €<;.
Thus, (z, 2) € ();e; <, which means z < 2.
Hence, the relation < is a partial order on X. O
Let (X, <) be a poset, we define
Totalx (<) g {T | (X, T) is a totally ordered set and < C T}

Corollary 2.2. For every poset (X, <),

<= N 7

T cTotalx (<)
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Proof. The corollary is correctly formulated, i.e. [\, Totalx (<) 7 is well-defined, be-
cause it follows from Szpilrajn Theorem that Totaly (<) # 0.
(C) Since every T € Totalx (<) satisfies <C 7, it follows that

<¢ [ T

T € Totalx (<)

(2) Suppose for a contradiction that (¢ e, (<) 7 £<- Then there is some pair
(z,y) satisfying (z,y) € 7 for all T € Totalx(<) but (z,y) <. Hence, either y < z

orxr ~<Y.

o If y < z: For any T € Totalx(<), since <C 7, it follows that (z,y) € 7 and
(y,z) € T. This contradicts that 7 is a total order.

o If £ ~ y: We observe that by Lemma 2.1, we can build the extension <, , of
the partial order < where (y,z) €<,,. We then apply the Szpilrajn Theorem
for (X, <,z) to get a total extension Ty, of <, ., where (y,z) € 7y,.

But since < C <4, it follows that 7, , is also a total extension of <. Hence,
T,. € Totalx(<). Since we assume that (z,y) € 7 for all T € Totalx(<), it
follows that (z,y) € 7,, and (y,z) € 7T, ., which contradicts that 7, , is a total

order.

Thus, we conclude < = (¢ gota1, (<) 7 @s desired. O

2.2 Monoids

A triple (X, o, 1), where X is a set, o is a total binary operation on X, and 1 € X,
is called a monoid, if (acb)oc=ao(boc)andaol=1o0a=a, for alla,b,c € X.

An equivalence relation ~ C X x X is a congruence in the monoid (X, o, 1) if
ai Nbl A asg Nb2 = ((1,1 00,2) ~ (b1 Obg),

for all a, ag, bl, b2 e X.
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The triple (X/ ~, 6, [1]), where [a][b] = [a o b], is called the quotient monoid of
(X,0,1) under the congruence ~. The mapping ¢ : X — X/~ defined as ¢(a) = [a]
is called the natural homomorphism generated by the congruence ~ (for more details
see for example [2]). The symbols o and & are often omitted if this does not lead to
any discrepancy.

2.3 Sequences and Step Sequences

By an alphabet we shall understand any finite set. For an alphabet X, ¥* denotes the
set of all finite sequences of elements (words) of £, A denotes the empty sequence, and
any subset of X* is called a language. In the scope of this thesis, we only deal with
finite sequences. Let - denote the sequence concatenation operator (usually omitted).
Since the sequence concatenation operator is associative, the triple (X*, -, ) is a
monoid (of sequences).

For each set X, let 22(X) denote the set of all subsets of X, i.e.

2Xx) L {y|rcx).

-

We also let Z2(X) denote the set of all non-empty subsets of X, i.e.
oy d
2x) £ 200\ {0},

Let f : A — B be a function and C is a set, then we let f[C] denote the range of
the restriction of the function f to the set C, i.e.

flol £ {f(a) |aeC).

——

Consider an alphabet S C £(X) for some finite X. The elements of S are
called steps and the elements of S* are called step sequences. For example if
S = {{a},{a,b},{c},{a,b,c}} then {a,b}{c}{a,b,c} € S* is a step sequence.
The triple (S*, e, ), where o is the step sequence concatenation operator (usually
omitted), is a monoid (of step sequences), since the step sequence operator is also
associative.
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Let t = A;...A; be a step sequence. We can uniquely construct its event-

enumerated step sequence t as

where
Hevento(Ar ... Am) L [{ite€ AiA1<i<m}

and
E ‘_1__f {e(#evente(A1...Ai_1)+l) ‘ec Az}

We will call such & = e € A; an event occurrence of e. For each event occurrence
a = e® let [(a) denote the label of a, ie. I(a) = l(e®)) = e. Then from an
event-enumerated step sequence { = ZI . .A—k, we can also uniquely construct its

corresponding step sequence
t=1[A;]... l[Ax]
For instance if u = {a, b}{b, c}{c, a}{a}, then
= {a(l), b(l)}{b(2), c(l)}{a@), c(2)}{a(3)}.

Let ¥, = ULIE denote the set of all event occurrences in all steps of u. For
example, when u = {a, b}{b, c}{c, a}{a},

5, = {a®,a®, ® 50 p@ D @},

For each a € X, let pos,(a) denote the consecutive number of a step where o
belongs, i.e. if @ € A; then pos,(a) = j. For our example example pos,(a?) = 3,
pos, (b?) = 2, etc.

Given a step sequence u, we define a stratified order <, on X, by:
a <y f < posy(a) < posy(B).
And we define a relation ~, on X, by:

a~, B <= pos,(a) = pos.(B).
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Obviously, we have < = <,U ~, and < = <,U —~,. We can also define <3 and
<7 explicitly as follows:

a <} B < pos,(a) < pos,(B)
a<dy B <= a#B A posy(a) < posy,(B)

Proposition 2.6. Given a step sequence u = By ... By, the relation ~, is an equiv-
alence relation on X,,.

Proof. Since o =, 3 <= pos,(a) = pos,(B), it follows that a, 3 € B; for some
1 < i £ n. Hence, ~, is an equivalence relation defined based on the partitions
Bi,...,B, of &, O

Conversely, let <1 be a stratified order on a set ¥. The set X can be represented
as a sequence of equivalence classes Qg = By ... By (k > 0) such that
<= U(B" X B]) and N = U(B,, X B,,)

i<J i
The sequence (4 is exactly the event-enumerated step sequence which represents <.
The correctness of the existence of 04 is shown the in following proposition.

Proposition 2.7. If < is a stratified order on a set . and A, B are two distinct
equivalence classes of ~, then either Ax BC < or Bx AC <.

Proof. Since both A and B are non-empty equivalence classes of ~, we picka € A
and b € B. Clearly, a < b or b < a, otherwise a —~4 b which contradicts that a,b are
elements from two distinct equivalence classes. There are two cases:

1. If a <1b: we want to show A X B C <. Let c € A and d € B, it suffices to show
c < d. Assume for contradiction that —(c < d). Since ¢ %4 d, it follows that

d < c. There are three different subcases:
(a) If a =, then d<ta and a <tb. Hence, d <b. This contradicts that d, b € B.
(b) If b=d, then b<ic and a <b. Hence, a <ic. This contradicts that a,c € A.

(c) Ifa # cand b # d, then a ~4 cand b ~4 d and —~(a ~4 d) and
—(c ~q b). Since ~(a ~4 d), either a <d or d < a.
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e If a < d: since d < ¢, it follows a < ¢. This contradicts a ~4 c.

e If d < a: since a < b, it follows d <1 b. This contradicts d ~4 b.
Therefore, we conclude A x B C <.
2. If b < a: using a symmetric argument, it follows that B x A C <.
d

The idea of Proposition 2.7 is that if we define a relation < on the set of equivalence
classes {Bj,..., By} of ~4 such that

BZaB, <= B; X Bj C «,

then < is a total order on {B,..., B,}. Hence, Proposition 2.7 is fundamental for
understanding the equivalence of stratified partial orders and step sequences.

Since total order is a special case of stratified order (equivalence classes of ~4
are singletons), each sequence can be interpreted as a total order, and each finite
total order can be represented by a sequence. Observe that each s = z;...x, can
be seen as the step sequence s’ = {z;}...{z,}. Hence, if s’ = {&1}...{an} is the
event-enumerated step sequence of ¢, then we can define the enumerated sequence of
3 to be the sequence s = ay...an. We let X, = Xy, <, = <y and —~g=~~y. Since
~s= 0, it follows that (X,, <s) is a totally ordered set representing the sequence
s. Conversely, given a finite totally ordered set (X, <1) (assume X is a set of event
occurrences), we let Qg = {a1}...{a,}. Then we apply the label function [ to get a
sequence sq = [(ay)...Il{(a,), which represents the totally ordered set (X, ).



Chapter 3

Equational Monoids with

Compound Generators

3.1 Equational Monoids and Mazurkiewicz Traces
Let M = (X,0,1) be a monoid and let

EQ:{xi=yi|i=1,...,n}

be a finite set of equations. Define =gg (or just =) to be the least congruence on M
satisfying, =; = y; = x; =gQ ¥i, for each equation z; = y; € EQ. We call the
relation =gq as the congruence defined by EQ, or EQ-congruence.

The quotient monoid M=,, = (X/=gq,%,[1]), where [z]o[y] = [z o y], is called
an equational monoid (see for example [26]).

The following folklore result shows that the relation =gg can also be uniquely
defined in an explicit way.

Proposition 3.1. For equational monoids, the EQ-congruence = is the reflexive
symmetric transitive closure of the relation =, i.e. = = (=~ U =71)*, where = C
X x X, and

TRy < Jr,52€ X. I (u=w) € EQ. T = z,0u0Ty Ay = T 0WOIy.

19
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Proof. Define & = ~ U ~71. Clearly (%)* is an equivalence relation. Let z; =

y1 and Zo = yo. This means z;(%)*y; and z3(%)'y, for some k,{ > 0. Hence,
Ti0my (R)F yiozy (X)) yioy, ie., Tjozy = yioys. Thus, = is a congruence. Let ~
be a congruence that satisfies (u = w) € EQ = u ~ w for each u = w from EQ.
Clearly 22y = z ~y. Hence, z =y <= z(=)"y = z ~™y =z ~y. Thus,
= is the least. O

Definition 3.1 ([8, 25]). Let M = (E*,0, ) be a free monoid generated by E, the
relation ind C E X E be an irreflexive and symmetric relation (called independency

or commutation), and

EQ ¥ {ab=tba|(a,b) € ind}.

Let =;,4, called trace congruence, be the congruence defined by EQ). Then the equa-
tional monoid M.

Zind

monoid of Mazurkiewicz traces. The pair (E,ind) is called a concurrent alphabet (or

= (E*/=n4, 6, [\]) is a free partially commutative monoid or

trace alphabet).

We will omit the subscript ind from trace congruence and write = if it causes no

ambiguity.

Example 3.1. Let E = {a,b,c}, ind = {(b,c),{(c,b)}, ie. EQ = { bc = ¢b }.
For example abcbca = accbba (since abcbca = acbbca = acbcba = accbba), t; =
[abc] = {abe, acb}, ta = [bea] = {bea, cba} and t3 = [abcbea] = {abcbea, abecba, acbbea,
acbcba, abbeca, accbba} are Mazurkiewicz traces. Also t3 = 16ty (as [abcbca] =
[abc)b[beal).

For more details on Mazurkiewicz traces, the reader is referred to [8, 25]. For the
equational representations of Mazurkiewicz traces, the reader is referred to [26).

3.2 Absorbing Monoids and Comtraces

The standard definition of a free monoid (E*, o0,)) assumes the elements of E
have no internal structure (or their internal structure does not affect any monoidal
properties), and they are often called ‘letters’, ‘symbols’, ‘names’, etc. When we
assume the elements of £ have some internal structure, for instance that they are
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sets, this internal structure may be used when defining the set of equations EQ).

——

Let E be a finite set and S C £ (F) be a non-empty set of non-empty subsets of
E satisfying (4.5 A = E. The free monoid (S*,0, A) is called a free monoid of step
sequences over E, with the elements of S called steps and the elements of S* called
step sequences. We assume additionally that the set S is subset closed, i.e. for all

——

Aes, Z(A)CS.
Definition 3.2. Let EQ be the following set of equations:
EQ={01:AIBI Yoy Cn=Aan },

where A;, B;,C; €S, C; = A, UB;, AinB; =0, fori=1,...,n, and let =4, be the
congruence defined by EQ. The equational monoid (S* /=g, 6, [A]) will be called an
absorbing monoid over step sequences.

We will omit the subscript abs from the absorbing monoid congruence and write
= if it causes no ambiguity.

Example 3.2. Let E = {a,b,c}, S = {{a,b,¢},{a,b},{b,c},{a,c},{a}, {b},{c}},
and FE(Q) be the following set of equations:

{a,b,c} = {a,b}{c} and {a,b,c} = {a}{b,c}.
In this case, for example, {a,b}{c}{a}{b,c} = {a}{b c}{a,b}{c} (as we have

{a,b}{cHa}{b,c} = {a,b,c}{a}{b,c} = {a,b,c}{a,b,c} = {a}{b,c}{a,b,c} =
{a}{b,c}{a,b}{c}), z = [{a,b, c}] and y = [{a, b}{c}{a}{b, c}] belong to S$*/=, and
z = {{a,b,c}, {a,b}{c}, {a}{b, c}}
y = {{a,b,c}{a,b,c}, {a,b,c}{a,b}{c}, {a,b,c}{a}{b, c}, {a,b}{c}{a, b, c},
{a,b}{c}{a, b}{c}, {a, bH{c}Ha}{b, ¢}, {a}{b, c}{a, b, c},
{a}{b,c}{a,bH{c}, {a}{b, cH{a}{b, c}}
Note that y = zdz as {a,b}{c}{a}{b, ¢} = {a,b,c}{a,b,c}.
Comitraces (combined traces), introduced in [14] as an extension of Mazurkiewicz
traces to distinguish between “earlier than” and “not later than” phenomena, are a

special case of absorbing monoids of step sequences. The equations EQ are in this
case defined implicitly via two relations simultaneity and serialisability.
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Definition 3.3. ([14]) Let E be a finite set (of events) and let ser C sim C E x E
be two relations called serialisability and simultaneity respectively and the relation
sim is irreflexive and symmetric. Then the triple (E, sim, ser) is called the comtrace

alphabet.

Intuitively, if (a,b) € sim then a and b can occur simultaneously (or be a part
of a synchronous occurrence in the sense of [18]), while (a,b) € ser means that a
and b may occur simultaneously and a may occur before b (and both happenings are
equivalent). We define S, the set of all (potential) steps, as the set of all cliques of
the graph (F, sim), i.e.

S L {A|A#DA(Va,b€ A a=0bV (a,b) € sim)}.

Definition 3.4. Let (E, sim, ser) be a comtrace alphabet and =, called comtrace
congruence, be the EQ-congruence defined by the set of equations

EQ £ {A=BC|A=BUCEe€SABXC C ser}.

Then the absorbing monoid (S*/ =g, d,[}]) is called a monoid of comtraces over

(E, sim, ser).

In Definition 3.4, since ser is irreflexive, it follows that for each (A = BC) € EQ
we have BN C = {). Hence, each comtrace monoid is an absorbing monoid.

By Proposition 3.1, the comtrace congruence relation can also be defined explicitly
in non-equational form as follows.

Definition 3.5 ([14]). Let § = (E, sim, ser) be a comtrace alphabet and let S* the
set of all step sequences defined on 8. Let =, C S* x S* be the relation comprising
all pairs (¢,u) of step sequences such that ¢ = wAz and u = wBCz where w,z € §*
and A, B, C are steps satisfying BUC = Aand Bx C C ser. Then we define
_ 4

Zger = (Rger URL)Y, L6, =, is the reflexive symmetric transitive closure of =,

We will omit the subscript ser from comtrace congruence and =, and only write

= and = if it causes no ambiguity.
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Example 3.3. Let & = {a, b, ¢} where a, b and c are three atomic operations defined
as follows (we assume simultaneous reading is allowed):

a: y«—zx+y, b: z—y+2, c¢: y—y+1.

Only b and ¢ can be performed simultaneously, and the simultaneous execution of
b and c gives the same outcome as executing b followed by ¢. We can then define
sim = {(b,c),(c,b)} and ser = {(b,c)}, and we have S = {{a}, {b},{c}, {b,c}},

EQ = {{b,c} = {b}{c}}. For example, z = [{a}{b, c}] = {{a}{b,c}, {a}{b}{c}} is a
comtrace. Note that {a}{c}{b} ¢ z.

Even though Mazurkiewicz traces are quotient monoids over sequences and com-
traces are quotient monoids over step sequences (and the fact that steps are sets is used
in the definition of quotient congruence), Mazurkiewicz traces can be regarded as a
special case of comtraces. In principle, each trace commutativity equation ab = ba cor-
responds to two comtrace absorbing equations {a,b} = {a}{b} and {a,b} = {b}{a}.
This relationship can formally be formulated as follows.

Proposition 3.2. If ser = sim then for each comtrace t € S*/ =, there is a step
sequence = = {a1}...{ax} € S*, where a; € E, i =1,...,k such that t = [z].

Proof. Let t = [A;...Ap], where A; € S,i=1,...,m. Hence t = [4;]...[An]. Let
A;={d},...,d }. Since ser = sim, we have [A;] = [{at}]...[{d} }], fori=1,...,m,
which ends the proof. O

This means that if ser = sim, then each comtrace t € S*/ =, can be represented
by a Mazurkiewicz srace [a; ... ax] € E*/ =inq, where ind = ser and {a;}...{ar} is a
step sequence such that ¢t = [{a1}...{ar}]. Proposition 3.2 guarantees the existence
of ai...ay.

While every comtrace monoid is an absorbing monoid, not every absorbing
monoid can be defined as a comtrace. For example the absorbing monoid analysed
in Example 3.2 cannot be represented by any comtrace monoid.

It appears the concept of the comtrace can be very useful to formally define the
concept of synchrony (in the sense of [18]). In principle the events are synchronous if
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they can be executed in one step {a1,...,axr} but this execution cannot be modelled
by any sequence of proper subsets of {ai,...,ar}. In general ‘synchrony’ is not
necessarily ‘simultaneity’ as it does not include the concept of time [5]. It appears
however the mathematics used to deal with synchrony is very close to that to deal
with simultaneity.

Definition 3.6. Let (F,sim,ser) be a given comtrace alphabet. We define the
relations ind, syn and the set S,y as follows:

e ind C E x E, called independency, and defined as ind = ser N ser—1,

o syn C F x E, called synchrony, and defined as:

(a,b) € syn <= (a,b) € sim A (a,b) & ser User™,

e Ssyn C S, called synchronous steps, and defined as:
A€ Sy < A#0DA(Na,be A (a,b) € syn).

If (a,b) € ind then a and b are independent, i.e. they may be executed either
simultaneously, or a followed by b, or b followed by a, with exactly the same result.
If (a,b) € syn then a and b are synchronous, which means they might be executed
in one step, either {a,b} or as a part of bigger step, but such an execution is not
equivalent to either a followed by b, or b followed by a. In principle, the relation syn
is a counterpart of ‘synchrony’ as understood in [18]. If A € S,y, then the set of
events A can be executed as one step, but it cannot be simulated by any sequence of

its subsets.

Example 3.4. Let E = {a,b,c,d,e}, sim = {(a,b), (b,a), (a,¢), (¢, a),(a,d), (d,a)},
and ser = {(a,b), (b,a), (a,c)}. Hence,

S = {{a,b},{a, ¢}, {a,d}, {a}, {b}, {c} {e}}
ind = {(a,b), (b,a)}
syn = {(a,d), (d, a)}
Sayn = {{a,d}}
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Since {a,d} € S,y the step {a,d} cannot be split. For example the comtraces z; =

[{a,b}{c}Ha}], z2 = [{e}{a,d}{a,c}], and 75 = [{a,b}{c}{a}{e}{a, d}{a,c}] are the

following sets of step sequences:

21 = {{a,b}{c}Ha}, {a}{b}{cHa}, {b}{aH{cHa}, {bH{a, c}{a}}

2y = {{e}{a,d}a, c}, {eH{a,d}{a}{c}}

z3 = {{a,b}{c}Ha}{eHa,d}{a,c}, {a{b}{cHa}{e}{a, d}{a,c},
{bHa}{cHa}{e}Ha,dHa,c}, {b}Ha, cHa}{e}H{a,d}Ha,c},
{a,bH{c}Ha}{eHa,d}{a}{c}, {a}{b}{c}{aH{e}Ha, d}Ha}{c},
{6Ha}{cHa}{e}Ha,dH{a}{c}, {b}{a, cH{a}{e}{a,d}{a}{c}}

Notice that we have {a,c} =sr {a}{c} Fser {c}{a}, since (c,a) ¢ ser. We also
have z3 = z,6z5. O

3.3 Partially Commutative Absorbing Monoids

and Generalised Comtraces

There are reasonable concurrent histories that cannot be modelled by any absorbing
monoid. In fact, absorbing monoids can only model concurrent histories conforming
to the paradigm 73 of [13] (see Chapter 7 of this thesis). Let us analyse the following
example.

Example 3.5. Let E = {a, b, ¢} where a, b and c are three atomic operations defined
as follows (we assume simultaneous reading is allowed):

a: z—z+1, b: z—x+2, c¢c: y—y+1

It is reasonable to consider them all as ‘concurrent’ as any order of their executions
yields exactly the same results (see [13, 15] for more motivation and formal consider-
ations). Note that while simultaneous execution of {a,c} and {b,c} are allowed, the
step {a, b} is not, since simultaneous writing on the same variable z is not allowed!

The set of all equivalent executions (or runs) involving one occurrence of the
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operations a, b and c,

z = {{a}{o}{c}, {a}{cH?b}, {bHa}{c}, {b}{c}{a}, {c}{a}{b}, {c}{b}{a},
{a,c}{b}, {b,c}Ha}, {b}{a, c}, {a}{b, c}},

is a valid concurrent history or behaviour [13, 15].
However z is not a comtrace. The problem is that we have here {a}{b} = {b}{a}
but {a,b} is not a valid step, so no absorbing monoid can represent this situation.

The concurrent behaviour described by z from Example 3.5 can easily be
modelled by a generalised order structure of [10] (see Chapter 8 of this thesis). In this
subsection we will introduce the concept of generalised comtraces, quotient monoid
representations of generalised stratified order structures. But we start with a slightly
more general concept of partially commutative absorbing monoid over step sequences.

Definition 3.7. Let E be a finite set and let (S*,0,A) be a free monoid of step
sequences over F/ where S is subset closed. Let EQ;, EQ, EQ be the following sets

of equations
EQ1={01=AlBl PR CnZAan }a

where A;, B;,C; €S, C; = A;UB;, AinB;=0,fori=1,...,n,
EQy,={E\Fi=FE,..., B F,=F.E },
where E;,, F; €S, EENE, =0, E;UF; ¢S, fori=1,...,k, and
EQ = EQ,UEQ:.

Let =peqss be the EQ-congruence defined by the set of equations EQ. Then the
equational monoid (S*/=peqes, 6, [A]) Will be called an partially commutative absorbing

monoid over step sequences.

We will omit the subscript pcabs from partially commutative absorbing monoid
congruence and write = if it causes no ambiguity.

Remark 3.1. There is an important difference between the equation ab = ba for
Mazurkiewicz traces, and the equation {a}{b} = {b}{a} for partially commutative



3. Equational Monoids with Compound Generators 27

absorbing monoids. For Mazurkiewicz traces, the equation ab = ba when trans-
lated into step sequences corresponds to {a,b} = {a}{b}, {a,b} = {b}{a}, and im-
plies {a}{b} = {b}{a}. For partially commutative absorbing monoids, the equation
{a}{b} = {b}{a} implies that {a,b} is not a step, i.e. neither {a,b} = {a}{b} nor
{a,b} = {b}{a} belongs to the set of equations. In other words, for Mazurkiewicz
traces the equation b = ba means ‘independency’, i.e. any order or simultaneous exe-
cution are allowed and are equivalent. For partially commutative absorbing monoids,
the equation {a}{b} = {b}{a} means that both execution orders are equivalent but

simultaneous execution is not allowed. d

We will now extend the concept of a comtrace by adding a relation that generates
the set of equations F(Q),.

Definition 3.8. Let E be a finite set (of events). Let ser, sim,inl C E x E be three
relations called serialisability, simultaneity and interleaving respectively satisfying:

e sim and inl are irreflexive and symmetric,
e ser C sim, and
o simNinl = 0.
Then the triple (E, sim, ser,inl) is called a generalised comtrace alphabet.

The interpretation of the relations sim and ser is as in Definition 3.3, and (a,b) €
inl means a and b cannot occur simultaneously, but their occurrence in any order is
equivalent. As for comtraces, we define S, the set of all (potential) steps, as the set
of all cliques of the graph (E, sim).

Definition 3.9. Let (E, sim, ser, inl) be a generalised comtrace alphabet and =gcom,
called generalised comtrace congruence, be the EQ-congruence defined by the set of
equations EQ = EQ, U EQ),, where

EQ £ {A=BC|A=BUCESABxC C ser},

and

EQ, £ (BA=AB|AcSABeSAAxBCinl}.

The equational monoid (8*/=gcom, 9, [A]) is called a monoid of generalised comtraces
over (E, sim, ser,inl).
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In Definition 3.9, since ser and inl are irreflexive, we have
e if (A= BC) € EQ:,then BNC =0, and
e if (AB = BA) € EQ,, then ANB = 0.

Also since inl N sim = @, we know that (AB = BA) € EQ, implies that AU B ¢ S.
Hence, each monoid of generalised comtraces is a commutative absorbing monoid.

By Proposition 3.1, the generalised comtrace congruence relation can also be de-
fined explicitly in non-equational form as following.

Definition 3.10. Let § = (E, sim, ser,inl) be a generalised comtrace alphabet and
let S* the set of all step sequences defined on 6.

Let = C S* x S* be the relation comprising all pairs (¢,u) of step sequences
such that ¢ = wAz and u = wBCz where w,z € S* and A, B, C are steps satisfying
BUC = Aand BxC C ser.

Let =, C S* x S* be the relation comprising all pairs (¢,u) of step sequences
such that ¢t = wABz and u = wBAz where w,z € S* and A, B are steps satisfying
Ax B C inl

Let Xgeom 4 ~1 U =y. Then we define =g.om A (=geom U zg‘cbm)*, Le. =geom 18

the reflexive symmetric transitive closure of ~ycom.

The name “generalised comtraces” comes from that fact that when inl = @), Defini-
tion 3.9 is the same as Definition 3.4 of comtrace monoids. We will omit the subscript
gcom from the generalised comtrace congruence and =com, and only write = and ~
if it causes no ambiguity.

Example 3.6. The set z from Example 3.5 is a generalised comtrace with £ =
{a,b,c}, ser = sim = {(a,c),(c,a),(b,¢),(c,b)}, inl = {(a,d),(b,a)}, and S =
{{a,c}, {b,c}, {a}, {b}, {c}}. So we write z = [{a, c}{b}].
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3.4 Absorbing Monoids with Compound Genera-

tors

One of the concepts that cannot easily be modelled by quotient monoids over step
sequences, is asymmetric synchrony. Consider the following example.

Example 3.7. Let a and b be atomic and potentially simultaneous events, and c;,
¢o be two synchronous compound events built entirely from a and b. Assume that ¢;
is equivalent to the sequence a o b, c; is equivalent to the sequence bo a, but ¢; in not
equivalent to cs. This situation cannot be modelled by steps as from a and b we can
build only one step {a, b} = {b, a}.

To provide more intuition, consider the following interpretation of a, b, ¢; and c,.
Assume we have a buffer of 8 bits. Each event a or b fills consecutively 4 bits. The
buffer is initially empty and whoever starts first fills the bits 1-4 and whoever starts
second fills the bits 5-8. Suppose that a simultaneous start is impossible (beginnings
and endings are instantaneous events after all), filling the buffer takes time, and
simultaneous executions (i.e. time overlaps in this case) are allowed. We clearly have
two synchronous events ¢; = ‘a starts first but overlaps with b’, and c; = ‘b starts first
but overlaps with a’. We now have ¢; = a o b, and ¢; = b o a, but obviously ¢; # ¢
and ¢; # cs.

To model adequately the situations as that in Example 3.7 we will introduce the
concept of absorbing monoid with compound generators.

Let (G*,0,)) be a free monoid generated by G, where G = EUC, ENC = 0.
The set E is the set of elementary generators, while the set C is the set of compound
generators. We will call (G*, 0, A) a free monoid with compound generators.

Assume we have a function decomp : G — ﬁ(E), called decomposition, that
satisfies for all a € E, decomp(a) = {a} and for all a ¢ E, |decomp(a)| > 2.

For each a € G, decomp(a) gives the set of all elementary elements from which a

is composed. It may happen that decomp(a) = decomp(b) and a # b.

Definition 3.11. The set of absorbing equations is defined as follows:

EQ ¥ {¢,=a0b, |i=1,...,n}
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where for each i = 1,...,n, we have:
e a;,b,c € G,
o decomp(c;) = decomp(a;) U decomp(b;),
e decomp(a;) N decomp(b;) = 0.

Let =4pse5¢9 be the EQ-congruence defined by the above set of equations EQ. The
equational monoid (G*/=gpstsc, 6, [A]) is called an absorbing monoid with compound

generators.

We will omit the subscript absédcg from the congruence of absorbing monoid with

compound generators and write = if it causes no ambiguity.

Example 3.8. Consider the absorbing monoid with compound generators where:
E = {a,b}, G = {a,b,c1,ca} , decomp(c1) = decomp(cz) = {a, b}, decomp(a) = {a},
decomp(b) = {b}, and EQ = { ¢; = aob, ¢ = boa }. Now we have [c;] = {c1,a0b}
and [cp] = {co, boa}, which models the case from Example 3.7.



Chapter 4

Canonical Representations

We will show that all kinds of monoids discussed in previous chapter have some kind
of canonical representation, which intuitively corresponds to mazimally concurrent
execution of concurrent histories, i.e. “executing as much as possible in parallel”.
This kind of semantics is formally defined and analysed in [4].

Let (E,ind) be a concurrent alphabet and (E*/ =,6,[A]) be a monoid of
Mazurkiewicz traces. A sequence £ = a;...ar € E* is called fully commutative if
(aj,a;) € ind for all i # j and 4,5 € {1,...,k}.

A sequence z € E* is in the canonical form if £ = X or x = z;...x, such that
e each z; is fully commutative, for i = 1,...,n,

e for each 1 <i <n —1 and for each element a of z;,; there exists an element b
of x; such that a # b and (a,b) ¢ ind.

If z is in the canonical form, then z is a canonical representation of [z).

Theorem 4.1 ([1, 4]). For every trace t € E* /=, there exists x € E* such thatt = [x]
and z is in the canonical form. O

With the canonical form as defined above, a trace may have more than one canon-

ical representation. For instance the trace t3 = [abcbca] from Example 3.1 has four

31
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canonical representations: abcbca, acbbca, abeeba, acbeba. Intuitively, z in the canoni-
cal form represents the maximally concurrent execution of a concurrent history rep-
resented by [z]. In this representation fully commutative sequences built from the
same elements can be considered equivalent (this is better seen when vector firing
sequences of [28] are used to represent Mazurkiewicz traces, see [4] for more details).
To get uniqueness it suffices to order fully commutative sequences. For example we
may introduce an arbitrary total order on F, extend it lexicographically to E* and
add the condition that in the representation z = z; ... z,, each z; is minimal with the
lexicographic ordering. The canonical form with this additional condition is called

Foata canonical form.

Theorem 4.2 ([1]). Every trace has a unique representation in the Foata canonical
form. O

A canonical form as defined at the beginning of this chapter can easily be adapted
to step sequences and various equational monoids over step sequences, as well as to
monoids with compound generators. In fact, step sequences represent intuition better
than canonical representation corresponds to the maximally concurrent execution
[4]. An alternative characterisation of Foata normal form introduced in [7}] involved
the concept of elementary step, which is very similar to the notion of step sequence,
and will be discussed later in Proposition 5.3.

Definition 4.1. Let (S*,0,A) be a free monoid of step sequences over E, and let
EQ={Ci=AB1,..., Ch,=A,B, }

be an appropriate set of absorbing equations. Let Mg = (S*/ =,6,[\]) be the
absorbing monoid determined by EFQ. A step sequencet = A; ... Ax € S* is canonical
(w.r.t. Mgps) if for all ¢ > 2 there is no step B C A; satisfying:

(A1_1UB=AZ_1B)EEQ
(Ai=B(Ai—B)) € EQ

It is very important to notice that in the above definition B = A; is allowed but
B = { is not, since B is a step.
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For every step sequence z = B; ... B,, we define
d
pz) L 1By +...+7|B (4.1)

Theorem 4.3. Let My, be an absorbing monoid over step sequences, S be its set of
steps, and EQ) be its set of absorbing equations. For every step sequence t € S* there
is a canonical step sequence u representing [t].

Proof. We know that there is at least one u € [t] such that p(u) < u(z) for all z € [t].
Suppose u = Aj... Ay is not canonical. Then there is ¢ > 2 and a step B € S
satisfying:

(Ai-iUB=A;_1B) € EQ

(Ai=B(A;— B)) € EQ
If B= A; then w = u and p(w) < u(u), where

w = A1 N Ai_g(Ai_l U Ai)Ai+1 . Ak
If B# A;, then w = z and u = z and p(w) < p(u), where

zZ = A1 ce Ai_gAi_lB(Ai — B)A,H.l e Ak,
w = A1 “e Ai_g(Ai_l U B)(AZ - B)Ai+1 e Ak

In both cases it contradicts the minimality of u(u). Hence u is canonical. O

Corollary 4.1. Let Mg, be an absorbing monoid over step sequences, S be its set of
steps, and EQ be its set of absorbing equations. If a step sequence u € S* satisfying
p(u) < p(z) for all x € [u], then u is canonical w.r.t Myps. g

When Mg, is a monoid of comtraces, Definition 4.1 is equivalent to the definition
of canonical step sequence proposed in [14] as shown in the following proposition.

Proposition 4.1. If a step sequenceu = Ay ... Ay € S* is canonical w.r.t. a comtrace
monoid (S* /=, 6,[\]) over a comtrace alphabet (E, sim, ser) if and only if for alli > 2
there is no step B C A; satisfying A;—1 X B C ser and B x (A; \ B) C ser.

Proof. Recall the set of equations for comtrace in Definition 3.4 is defined as:
EQ L {C=AB|C=AUBESAAxBC ser}.

Hence, u is canonical if and only if for all 2 > 2 there is no step B C A; such that
A;_1 x B C ser and B x (A; \ B) C ser as desired. O
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Definition 4.2. Let (S*, o, \) be a free monoid of step sequences over E, and Mpeaps =
(S*/=,8,[\]) be a partially commutative absorbing monoid. Then a step sequence
t=A;... Ay €8*is canonical (w.r.t. Mpeqs) if p(t) < p(u) for all u € [¢].

Since each generalised comtrace monoid is a special case of partially commutative
absorbing monoid, the above definition also applies to generalised comtrace monoids.

Definition 4.3. Let (G*, 0, \) be a free monoid with compound generators, and let
EQ={CI =a1b1 yeeny Cn=anbn}

be an appropriate set of absorbing equations. Let Mgpsesey = (G*/=,8,[A]). A se-
quence t = a;...a; € G* is canonical (w.r.t. Mppsesq) if for all ¢ > 2 there is no
b,d € G satisfying:

(c=uai_1b) € EQ

(a;=0bd )€ EQ

For all above definitions, if z is in the canonical form, then z is a canonical

representation of [z].

Since the proof of Theorem 4.3 can also be applied to the case of a free monoid

with compound generators, we have the following proposition.

Proposition 4.2. Let (X,6,[A]) be an absorbing monoid over step sequences, or a
partially commutative absorbing monoid over step sequences, or an absorbing monoid
with compound generators. Then for every x € X there is a canonical sequence u
such that z = [u]. O

Unless additional properties are assumed, the canonical representation is not
unique for all three kinds of monoids mentioned in Proposition 4.2. To prove this lack
of uniqueness, it suffices to show it for the absorbing monoids over step sequences.

Consider the following example.

Example 4.1. Let E = {a,b,c}, S = {{a, b}, {a, c}, {b,c}, {a}, {b},{c}} and EQ be
the following set of equations:

{a,0} = {a}{b}, {a.c} ={a}{c}, {b,c}={b}c}, {bc}={c}Hb}:
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Note that {a,b}{c} and {a,c}{b} are canonical step sequences, and {a,b}{c} =

{a}{b}{c} = {a}{c}{b} = {a, c}{b}, i.e. {a,b}{c} = {a,c}{b}. Hence
[{a,b}{c}] = {{a,b}{c}, {a}{b}{c}, {a}{c}{b}, {a, c}{b}}

has two canonical representations {a, b}{c} and {a, c}{b}. One can easily check that
this absorbing monoid is not a monoid of comtraces.

The canonical representation is also not unique for generalised comtraces
if inl # 0. For any generalised comtrace, if {a,b} C E, (a,b) € inl, then
z = [{a}{b}] = {{a}{b},{b}{a}} and z has two canonical representations {a}{b}
and {b}{a}.

All the canonical representations discussed above can be extended to unique
canonical representations by simply introducing some total order on step sequences,
and adding a minimality requirement with respect to this total order to the definition
of a canonical form. The construction which we will give in Definition 10.4 is an
example of how to do so with the assumption that there is a total order on a set of
events E.

However, each comtrace has a unique canonical representation as defined in Defini-
tion 4.1. Although not mentioned in [14], the uniqueness of canonical representation
follows directly from [14, Proposition 3.1] and [14, Proposition 3.1]. However, we will
provide an alternative proof using only the algebraic properties of comtrace congru-
ence in the next chapter.



Chapter 5

Algebraic Properties of Comtrace

Congruence

Analogous to how operations on sequences (words) provide more tools to study their
generated partial orders in the theory of Mazurkiewicz traces, the goal of this chapter
is to provide similar algebraic operations for step sequences which we hope will even-
tually help to analyse stratified order structure [15]. When dealing with Mazurkiewicz
traces, the tools to deal with sequences (words) are simple but powerful operations
like left/right cancellation and projection on sequences, which are well-known and
intuitive (see [25]). However, it is not obvious what operations are needed when
working with step sequences. In the next section, we try to tackle this problem by
introducing similar tools for step sequences and utilise them to analyse some basic

properties of comtrace congruence.

5.1 Operations on Step Sequences and Properties

of Comtrace Congruence

Let us consider a comtrace alphabet § = (E, sim, ser) where we reserve S to denote
the set of all possible steps of # throughout this chapter.

36
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For each step sequence or enumerated step sequence z = X; ... X, let
weight(z) £ TX,|Xi|

denote the step sequence weight of w, where | X;| denotes the cardinality of the set
X;. We also define

i=1

For any a € F and a step sequence w = A;... A, € $* , we define |w|,, the
number of occurrences of a in w, as |w|, 4 HA|l <i<kAae A}l

Due to the commutativity of the independency relation for Mazurkiewicz traces,
the mirror rule, which says if two sequences are congruent then their reverses are
also congruent, holds for Mazurkiewicz trace congruence [8]. Hence, in trace theory,
we only need a right cancellation operation to get new congruent sequences from the
old ones, since the left cancellation comes from the right cancellation of the reverses.

However, the mirror rule does not hold for comtrace congruence since the relation
ser is usually not commutative. Example 3.3 works as a counter example since
{a}{b,c} = {a}{b}{c} but {b,c}{a} # {c}{b}{a}. Thus, we define separate left and

right cancellation operators for comtraces.

Let a € E, A €S and w € S*. The operator +g, step sequence right cancellation,
is defined as

/\+Ra f_{ )\,

(w+gra)A ifag A
if A= {a}

wA +gpa w
w(A\ {a}) otherwise.

Symmetrically, a step sequence left cancellation operator <+, is defined as

A+pa E——f A,

Alw =+ a) ifag A
if A={a}

af
= w
(A\ {aHw otherwise.

Aw+La
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Finally, for each D C E, we define the function 7np : S* — S*, step sequence
projection onto D, as follows:

) LA,

ro(wA) df 7p(w) ifAND =1
b mp(w)(AN D) otherwise.

Proposition 5.1.

1. u=v = weight(u) = weight(v). (step sequence weight equality)
2. u=v = |uly =Y. (event-preserving)
S uU=v = UTRA=V-+RaO. (right cancellation)
4. U=V = u-+La=v-+La. (left cancellation)
5. u=v<>Vs,t eSS sut = sut. (step subsequence cancellation)
6. u=v => mplu) =npv). (projection rule)

Proof. Note that for comtraces u &~ v means u = £Ay, v = BCy, where A = BUC,
BNC =10, BxCC ser.

1. It suffices to show that u ~ v = weight(u) = weight(v). Because A= BUC
and BN C = 0, we have weight(4) = |A| = |B| + |C| = weight(BC). Hence,
weight(u) = weight(z)+weight(A)+weight(z) = weight(z)+weight( BC)+weight(z) =
weight(v).

2. It suffices to show that u % v = |u|, = |v|,. There are two cases:

e o € A: Then it can’t be the case that a € BAa € C because BNC = 0.
Since A = BUC, either a € B or a € C. Then |A|, = |BC|,. Therefore,
|U|a = |z]s + |A|a + |zl = ], + |BC|, + |2|e = [v]a-
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ea¢ A: SinceA=BUC,ag€ BAa¢gC. So |A|, = |BC|, = 0. Therefore,

lu|a = |x|a + lzla = l'”la-

3. It suffices to show that u % v = u +ga = v +ga. There are four cases:

a €W(y): Let z=y<+pa. Thenu+pa=12A2z~zBCz=v+ga.

a¢W(y),ae ANC: Thenu+gra=z(A\ {a})y = zB(C\ {a})y =v +ra.

a¢W(y),a€e ANB: Thenu+pga=z(A\{a})y=z(B\{a})Cy=v+ra.

a ¢ W(Ay): Let z=z +ga. Thenu+gra=2Ay =~ 2BCy=v-+ga.

B

. Dually to (3).

5. (=) It suffices to show that u = v = Vs,t € S*. sut = svt. For any two
step sequences s,t € S*, we have sut = sxAyt and svt = sxBCyt. But this clearly
implies sut = svt by the definition of =.

(<) For any two step sequences s,t € S*, since sut = svt, it follows that

(sut +rt) +rs=u=v=(svt +rt) +L 8.

Therefore, u = v.

6. It suffices to show that u ® v = =mp(u) = wp(v). Note that 7p(A) =
7p(B) Unp(C) and np(B) x mp(C) C ser, so

mp(u) = mp(z)mp(A)7p(y) = mp(z)7p(B)np(C)rp(y) = 7p(v).
d

Proposition 5.1 (3), (4) and (6) do not hold for an arbitrary absorbing monoid.
For the absorbing monoid from Example 3.2 we have u = {a,b,c} = v = {a}{b, c},

urrb=urLb=Tpq(u) ={ac} #{aHc} =v+rb=v L b=mq(v).
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Note that (w +ga) +rb = (w +rb) +ra, so we can define:

w+g{al,...,a} £ (...((w+gra1) +ra2)...)+r a,

and

w+pAr... A Q_J: (...((’LU+RA1) +RA2)...) +r Ak
We define dually for +.

Corollary 5.1. For all u,v,z € S*, we have

1. uU=v = U+RIT=V+RZT.

2 u=v = U+ T=V+L2.
Proof. 1. We prove it by induction on k, the number of steps of z. When k = 0, have
z = A\. Hence, from u = v, it follows that

USTRT=US=V=V-+RT.
When k > 0, we assume £ = A, ... Ag. By the induction hypothesis, we have
u+pA;.. A1 =v+pAr.. A

Let t = u+pA;... Ar_1ands = v+rA1 ... Ar_1. It suffices to show t+pAr = s+rAL.
Let Ay = {a1...a,}. We will prove it by induction on n. When n = 1, by Proposition
5.1(3), we have

t+~rAr=t+pra1 =S+rm =8 =+p A
When n > 1, by the induction hypothesis, we have

t+r{ar...an1}=s+r{a1...an-1}.
It follows that

t+rAr = (t R {al .. .an_l}) +—R Qn

=(s+g{ar...an-1}) TRAr = 8 +r As.

2. Dually to (1). O
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To prepare for the proof of uniqueness property of canonical representation for
comtraces, we prove the following technical lemma.

Lemma 5.1. For all step sequences u,w,s € S*, steps A,B,C4,...,C, €S and a
symbol a € E, the following hold

1. A=Cy...Cx1Cx...Cn = W(Cy...Cht) X W(Cr...C,) C ser

2. (u(AU{a}) = wB A adA A agB) = {a} x(B\A)C ind

3. (AU{a})u = Bw A a¢ A A agB) = {a} x (B\A)C ind

4. s(BU{a))=uv A ag B A ag W) = {a} x M)\ B) C ind.

5 (BU{a})s=vu A a€B A adl(v) = {a} x (¥(v)\ B) C ind.
Proof. 1. From the definition of =, we have ¥J(C . .. Co_1)NW(Ck ... C,) = 0. Hence,
foralli=1,...,k—1and all j =k,...,n, we have

mewe,; (A) = meuo,(Cr...Cr) = CiC; = Ci x C; C ser.

Therefore, H(C1...Ci—1) x W(C;...Ck) C ser.

2. For any symbol a € A, from our assumption u(A U {a}) = wB, we first have
u(AU{a}) +rA=wB+rA
Since wB +p A= (w +gr (A\ B))(B +r A), we have
u{a} = (w+gr (A\ B))(B+r A4)

where (B +g A) = A if (B\ A) = 0 and (B +r A) = (B \ A) otherwise. Let
z=(w-+gr(A\ B))+ra. So we have

Notice that we right-cancel an instance of a out of (w +g (4 \ B)) to have z, so
u{a} -+ has a form of v{a} where v = u+pz. Hence, we have v{a} = {a}(B+rA).
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We consider two possible cases:

Case (i): (B +g A) = ). We have the trivial case B\ A = 0. Hence,
{a} x (B\A)=0C ind

Case (ii): (B+rA) # X. Then (B\ 4A) # 0, let C = B\ A. We will use
induction on |C|.

For |C| = 1, we have C = {b} where b # a and v = {b}. Hence, {b}{a} = {a}{b},
ie. {b}{a}(=~ U ="1)*{a}{b}. This means there exists a step {a,b} € S such that
{b}{a} =~7! {a,b} = {a}{b}. Thus, (a,b) € ser A (b,a) € ser. But this implies
(a,b) € ind.

Now we need to prove the inductive step, i.e. assuming v{a} = {a}(C U {c})
where ¢ € C and ¢ # a, we want to show {a} x (C U {c}) C ind. Using cancellation

properties again, we have

(v+rc){a} = {a}C = {a}(CU{c}) +rec

This together with the induction hypothesis implies {a} x C C ind. But
then {a}(C U {c}) +r C = {a}{c}. This forces (v{a}) +r C = {c}{a}.
Hence, {c}{a} = {a}{c}. Similar to case (i), we obtain (a,c) € ind. Hence,
{a} x (CU{c}) Cind.

3. Dually to (2).

4. We prove this by induction on v. The case of v = A is obvious. When v =
Ag...A; (k> 0), by induction hypothesis, we have {a} x (HJ(Ag-1... A1)\ B) C ind.
We want to show that {a} x (4; \ B) C ind.

Let §/(B'U{a}) =s(BU{a}) +r Ak—1... A1, we get

s'(B'U{a}) =udx =uwv +pg Ap—1... A1

Applying (2) of this lemma, we get {a} x (Ax \ B’) C ind. But since B’ C B, it
follows that
{a} x (A \ B) C {a} x (A4 \ B') Cind.
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Therefore,

{a} x (tl—J('u) \ B) = {a} x ((@(Al .o A1) U Ak) \ B) C ind.
5. Dually to (4). a

It is worth noticing that Lemma 5.1 (4),(5) also implies that comtraces belong to
paradigm 73 as classified by Janicki and Koutny in [13] which we will discuss more
carefully in Chapter 7. The paradigm basically says that

{a}{b} = {b}{a} = {a,b} €.

The intuition comes from the following more general result which explains what
it means for steps to be independent.

Proposition 5.2. For steps A,B€ S, let C = ANB. If AB = BA, then (A\ C) X
(B\ C) Cind.

Notice that it iramediately follows from this proposition that A ® B € S where
the ® operator denotes the symmetric difference operator on sets.

Proof. When C = ), the proposition follows directly from Lemma 5.1 (4) and (5).
When C # {), it follows that

AB=BA& (CUA\C)((B\C)uC)=(Cu(B\CH((A\C)uO).
By cancelling C from the left and then from the right, we get:

(CU(A\CH((B\C)UC) +LC)+rC
=((CU(B\C))((A\C)UQC) +1 C) =& C.

Hence,
(A\CYB\C) = (B\C)(4\ ().
Since (A\ C)N(B\ C) = 0, by Lemma 5.1 (4) and (5), it follows that
(A\C)x (B\C) Cind
as desired. O

Intuitively, the proposition says that although A and B are not independent steps
when C # 0, (A\ C) and (B \ C) are.
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5.2 Uniqueness of Canonical Representation for

Comtraces

As mentioned previously, the uniqueness of canonical representation is a consequence
of [14, Proposition 3.1] and [14, Proposition 3.1], where the proofs use the properties
of stratified order structure. However, the uniqueness of canonical representation can
also be proved using only the algebraic properties of comtrace congruence from the
last section. The uniqueness follows directly from the following result.

Lemma 5.2. For each canonical step sequence u = A; ... A, we have
A1 = {a|3we [U] w=C...ChANa € Cl}
The following proof of Lemma 5.2 uses the technical Lemma 5.1.

Proof. Let A = {a | Jw € [u]. w=C1...C, Aa € Cy}. Since u € [u], 4; C A.
Suppose that A; # A, i.e. we have a € A\ A; for some a. Hence, there exists v € [u]
such that v = D;...D, and a € D;. Let j be the least index such that a € A,
which means a & |#)(A;...A;-1). Since D;...Dp = Ay... Aj_14;Aj41 ... Ak, we can
right-cancel A;y; ... Ag from both sides of = to get

D,l e D;z’ = A1 e Aj—lAj (51)

where Dy ... D/, =D;...Dp,+gAji1... Ax and a € D] because we haven’t cancelled
the first left @ € A;. We then left-cancel A;...A;_; from the equivalence (5.1) to

produce
Dll...D,:l/+LA1...Aj_1=D1’... Z;/E j (52)

where a € DY. There are two cases:

Case (i):

If n” = 1, the equivalence (5.2) becomes Df = A;. So Dy = A;. Thus
DY NY(A;r...Aj—1) = 0, otherwise DY = A; was not left out after left-cancelling
Ay...Aj_y from D}...D,,. Let B= D\ Aj, then by Lemma 5.1(5),

DY x (HJ(Ar... Aj2) \ B) = 4; x (#J(Ar ... 4;-1) \ B) C ind.
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Hence,

(Aj—1\ B) x A; C ser (6.3)
We next want to show B X A; C ser to conclude that A;_; x A; C ser. Observe
that
D;’=D’1...D;L: _:‘LAI'--Aj—l =(D’ l/+L D/ ...D’,) +1 B.
Hence, Y(Dj... D)) N DY = W(D;...D;,) N A; = 0. Right-cancelling Dy .
from both sides of = of the equivalence (5.1) produces

nl

DIIE’U,AJ':'—Al...Aj_lA RD/

,nl

where u = A;y...Aj_1 +r D), ... D), Since Y(u) = Dj\ A; = B, by Lemma 5.1(1)
we conclude

B x Aj=|H(u) x A; C ser (5.4)

From the results (5.3) and (5.4), we conclude that A;_; x A; C ser. However,
since A; ... A is canonical, A; ... A; is also canonical. By Proposition 4.1, it follows
Aj_1 X A; € ser, a contradiction.

Case (ii):

If n” > 1, the equivalence (5.2) becomes Dy ... D), = A;. By Lemma 5. 1(1) we
obtain DY x (A;\D{) = D{x\g(Dj ... Dp,) C ser. We also have D/NH(A; .. J 1) =

0, otherwise D} was not left out after left-cancelling A; ... A;_; from Dj...D;,. Let
F = D{\ DY, then by Lemma 5.1(5) Dy x (l§(A1...A4;-1)\ F) C ind. So we conclude

(Aj_1\ F) x DY C ser (5.5)

To show A;_; x Df C ser, it suffices to show that F' x D} C ser. We first show
DiNW(D;...D;,) = 0. For each element e € DY, since D NW(A; ... A;-1) =0, we
have |D} ... Dlyle = |A;... Ajle = |Ajle = 1. This shows DY n¥(D}... D) = 0.

Hence, right-cancelling Dj ... D), from both sides of = of the equivalence (5.1)
produces

Di=FuDi=vD{=A,...Aj1A;+r D;... D,

n'"

From F U D = vDY, it follows that |(v) = F. By Lemma 5.1(1), we then conclude

E x D = |4J(v) x D} C ser (5.6)
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From the results (5.5) and (5.6), we have A;_; x D} C ser. However, by
Proposition 4.1, this contradicts that A;...A; is canonical, since D] C A; and
D x (A;\ DY) C ser.

Since both cases lead to contradiction, we conclude 4; = A. O

The above lemma does not hold for an arbitrary absorbing monoid. For both
two canonical representations of [{a,b}{c}] from Example 4.1, namely {a,b}{c} and
{a,c}{b}, we have A = {a | Fw € [u]. w = C1...Cn Aa € C1} = {a,b,c} ¢ S.
Adding A to the set of possible steps S does not help as we still have A # {a,b} and
A # {a,c}.

Theorem 5.1. For every comtrace t € S*/ = there ezists exactly one canonical step
sequence u representing t.

Proof. The existence follows from Theorem 4.3. We only need to show uniqueness.
Suppose that u = A;... A and v = B;... By, are both canonical step sequences
and u = v. By induction on k = |u| we will show that u = v. By Lemma 5.2, we
have By = A;. If k = 1, this ends the proof. Otherwise, let v = A,...A; and
w' = By...By,, and ¥/,v" are both canonical step sequences of [u/]. Since |[v'| < |ul,
by induction hypothesis, we obtain A; = B; for i = 2,...,k and k = m. O

When ind = ser = sim, Theorem 5.1 corresponds to the Foata normal form
theorem, which we survey in Theorems 4.1 and 4.2 of this thesis. To clarify this
point, we analyse the following form of Foata normal theorem, characterised by Volker
Diekert in [7], where Diekert provides a proof based on complete semi-Thue systems.
A step F € S is defined to be elementary if (a,b) € ind for all a,b € F,a # b. Notice
that each elementary step A; can be seen as a partial ordered set (A4;, ). Thus, by
the Szpilrajn Theorem, we can construct the Mazurkiewicz trace [A;] to be the set
of all sequences which represent all total order extension of (A4;,) (see Section 9.1
for more discussion on relationship between partial orders and Mazurkiewicz traces).
The Foata normal form theorem can then be stated as follows.

Proposition 5.3 ([7]). Let [s] be a Mazurkiewicz trace over a concurrent alphabet
(X,ind). There ezists exactly one sequence of elementary steps (Aa,. .., Ax) such that
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[s] = [A1]6...8[Ak] and for all i > 2, for all b € A;, there is some a € A;_; with
(a,b) & ser.

Proof. Assume that s = z;...2,. By Theorem 5.1, there exists a step sequence
u = A, ... A defined as the canonical step sequence of the comtrace [{z1} ... {Zn}]ser
over the concurrent alphabet (X, sim, ser) as in Theorem 5.1, where sim = ser = ind.
We observe that all steps A; are elementary since ind = sim. So for each b € A;,

{b} x (A; \ {b}) C sim = ser.

Hence, by Proposition 4.1, A, ; x {b} Z ser. So there is some (a,b) € A;_1 x {b}
such that (a,b) & ser.

By Proposition 3.2, the comtrace [{z1}...{zn}]ser can be represented by the
Mazurkiewicz trace [s] = [z7...2,] = [A1]6. .. 6[Ak] as required. O

Notice that Theorems 4.1 and 4.2 are direct consequences of Proposition 5.3.
Although a sequence of elementary steps A; ... Ay is not an element of the trace [s],
it is the canonical step sequence of the comtrace representing the trace [s]. This is
another reason suggesting that the notion of comtraces is a convenient and intuitive

generalisation of Mazurkiewicz traces.



Chapter 6
Comtrace Languages

Let 8 = (E, sim, ser) be a comtrace alphabet and S be the set of all possible steps
over #. Any subset L of S* is a step sequence language over 6§, while any subset £ of

S*/ =ser is a comtrace language over 6.

For any step sequence language L, we define a comtrace language [L]y (or just [L])
as:
(2] £ {lu]|ue L} (6.1)

The comtrace language [L] is called generated by L.

For any comtrace language L, we define
daf
Uzt = {ull e} (6.2)

Given step sequence languages L;, Ly and comtrace languages L£;, Ly over the
alphabet 6, the composition of languages are defined as following:

L1L2 2 {31 O 89 , 81 € Ll A 89 € Lg} (63)
LiLs L {t1 6ty |t € Lo Aty € L2} (6.4)

(Recall o and & denote the operators for step sequence monoids and trace monoids

respectively. )

438
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We let L* and L£* denote the iteration of the step sequence language L and the
trace language £ where

|83

L L | Jrrwhere I £ (A} and L™ £ L7 (6.5)
0

ady-4 UL“ where £° £ {[\]} and £ £ £oc (6.6)
0

Since comtrace languages are sets, the standard set operations as union, intersec-
tion, difference, etc. can be used. The following result is a direct consequence of the
comtrace language definition and the properties of comtrace composition “®”.

Proposition 6.1. Let L, Ly, Ly and L; fori € I be step sequence languages, and let
L be a comirace language. Then :

1. [0] = = [UL]

2. (LWL 2] [L1Lo] 6. [L1] U [Lo] = [L1 U Ly]
8. L1 C Ly = [L1] C [L,] 7. UierlLi] = User Li
4. LcUlL] 8. [LJ* = [L*].

Proof. 1. From (6.1), it follows that [0] = {[u] | v € 0} = 0.

2.
[L1][Ls]
_ ( From (6.4) )
{lw] © [ua] | [u] € [L1] A [ug] € [Lo]}
= ( From definition of ® )
{[urua] | [wa) € [L1] A [ug] € [Lo]}

= ( From (6.1) )
{lurug) | u1 € Ly Aug € Ly}

= ( From (6.3) )
{[urug] | urug € LyLy}

= ( From (6.1) )

[L1Lo]
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3. Assuming that L; C Lo, we want to show [L;] C

suffices to show [t] € [Ls].

[t] € [L4]
= { By (6.1) )
te L
= ( Since Ly C Ly )
t € Ly
== (By (6.1) )
[t] € [L2]

4. Assuming t € L, we want to show ¢ € [J[L].

telL
= { By the definition of comtraces )
teL Atelt]

[Ls]. Assume [t] € [Ly]. It

== { By the definition of set-theoretical union )

te{[u] |uwe L}
= ( By (6.1) )

t € UIL]

5. We want to show that for any comtrace [t], [t] € £ if and only if [t] € [J £L].

[t e L
teftje L

teJrL

{ From (6.2) )
1] € {[u] |ue UL}

( From (6.1) )

] € UL]

P 1 11

( By the definition of comtraces )

{ By the definition of set-theoretical union )
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[La] U L]

= ( From (6.1) )
{[u] | v e L} U{fu] | ue L}

= ( By definition of set-theoretical union )
{[u] |lue Ly V u € Ly}

= ( From definition of set-theoretical union )
{lu] | v € Ly U Ly}

= ( From (6.1) )
[L1 U L)

7. Notice [ is the index set, so it has the form I = {i | 1 <i < n}. Hence, we will
prove (7) by induction on n. When n = 0, it follows that I = @. Hence,
UsealZi]
= ( By definition of set-theoretical union )
0
= ( From (6.1) )
[Uico Li]
When n > 0, we want to show that |J]_,[L:] = (U], L.
[U?:l Li]
( By definition of set-theoretical union )
[(UiS Li) U L]
= ( From (6.1) )
{lul | we (Ui L) U Ln}
= ( By the properties of set-theoretical union )
{lul | we U Li} U {[u] | u € L,}
= ( From (6.1) )
[UiSy L] U (L)
= ( By induction hypothesis )
(UL L)) U L)
= ( From (6) )
Ui [Ld]

8. Observe that [L]* = |J;2p[L)* and [L*] = [UZ,L?]. Since we only deal with
Jfinite step sequences, it suffices to show that [L]* = [Lf] for every i. We proceed
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by induction on i. When 7 = 0, it follows that
[L]°
= ( By (6.6) )
{[Al}
= (By (6.1) )
{[ullu € {A}}
= (By (6.1) )
[{A}]
= ( By (6.5) )
[L°]
When i > 0, we want to show [L]* = [Lf].
[L]'
= ( By (6.6) )
(L]
= ( By induction hypothesis )
[LY[L]
= (By (2))
[ Lz'—l L]
= (By (6.5) )
[L7]
O
Comtrace languages provide a bridge between operational and structural, i.e.
comtrace, semantics. In other words, if a step sequence language L describes
an operational semantics of a given concurrent system, we only need to derive
(E, sim, ser) from the system, and [L] defines the structural semantics of the system.

Example 6.1. Consider the following simple concurrent system Priority, which com-
prises two sequential subsystems such that

e the first subsystem can cyclically engage in event a followed by event b,
e the second subsystem can cyclically engage in event b or in event c,

e the two systems synchronise by means of handshake communication,
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e there is a priority constraint stating that if it is possible to execute event b then
¢ must not be executed.

This example has often been analysed in the literature (cf. [16]), usually un-
der the interpretation that a = ‘Error Message’, b = ‘Stop And Restart’, and
c = ‘Some Action’. 1t can be formally specified in various notations including Prior-
ity and Inhibitor Nets (cf. [12, 15]). Its operational semantics (easily found in any
model) can be defined by the following language of step sequences

d . *
Levoriy 2 Pref(({e}* U {a}{8} U {a, cHp})"),
where Pref(L) denotes the prefix closure of the language L, i.e.,

Pref(L) 4 U {ue L| v uww=w}

weL

The rules for deriving the concurrent alphabet (E, sim, ser) depend on the model,
and for Priority, the set of possible steps is

S= {{a}, {b}s {C}, {a" c}}’

and ser = {(c,a)} and ser = {(a,c), (c,a)}. Then, [Lppism] defines the structural

comtrace semantics of Priority. For instance,

[{a, c}{b}] = {{cHa}{b}, {a, cH{b}} € [Lprioriy]-



Chapter 7
Paradigms of Concurrency

The general theory of concurrency developed in [13] provides a hierarchy of models
of concurrency, where each model corresponds to a so-called “paradigm”, or a gen-
eral rule about the structure of concurrent histories, where concurrent histories are
defined as sets of equivalent partial orders representing particular system runs. In
principle, a paradigm describes how simultaneity is handled in concurrent histories.
The paradigms are denoted by 7; through 7s. It appears that only paradigms m,
m3, T and 7wg are interesting from the point of view of concurrency theory. The
paradigms were formulated in terms of partial orders. Comtraces are sets of step se-
quences, and each step sequence uniquely defines a stratified order, so the comtraces
can be interpreted as sets of equivalent partial orders, i.e. concurrent histories (see
[14] for details). The most general paradigm, ;, assumes no additional restrictions
for concurrent histories, so each comtrace conforms trivially to ;. The paradigms
m3, Mg and 7g, when translated into the comtrace formalism, impose the following

restrictions:

Definition 7.1. Let (F,sim, ser,inl) be a generalised comtrace alphabet. The
monoid of generalised comtraces (or comtraces when inl = @) (S*/=, 8, [\]) conforms

to paradigm 73 if and only if

Va,b € E. ({a}{b} = {b}{a} = {a,b} €8),
conforms to paradigm 7 if and only if

Va,b € E. ({a,b} € S = {a}{b} = {b}{a}),

54
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and conforms to paradigm 7g if and only if
Va,b € E. ({a}{b} = {b}{a} © {a,b} €8).

Proposition 7.1. Let M = (S*/=,6,[A]) be a comirace monoid over a comirace
alphabet (E, sim, ser). Then

1. M conforms to 3.

2. If g is satisfied, then ind = ser = sim.

Proof. 1. Assume {a}{b} = {b}{a} for some a,b € E. Hence, by Definition 3.5,
{a}{b} ~7! {a,b} =~ {b}{a}, ie. {a,b} €S.

2. Clearly ind C ser C sim. Let (a,b) € sim. This means {a,b} € S, which, by
g, implies {a}{b} = {b}{a}. Hence, by Lemma 5.1(2), (a,b) € ind. O

From Proposition 7.1(1), it follows that comtraces cannot model any concurrent
behaviour (history) that does not conform to the paradigm 3. Since any monoid of
comtraces conforms to 73, we know that if a monoid of comtraces conforms to 7, then
it also conforms to mg. It also follows from Proposition 3.2 and Proposition 7.1(2) that
all comtraces conforming to 7g can be reduced to equivalent Mazurkiewicz traces.

Generalised comtraces does not conform to 73. Example 3.5 works as a counter-
example, since {a}{b} = {b}{a} but {a,b} ¢ S. In fact, as a language representation
of generalised stratified order structures, generalised comtraces conform only to 7,
so they can model any concurrent history that is represented by a set of equivalent
step sequences.



Chapter 8

Relational Structures Model of

Concurrency

In this chapter, we review the theory of relational structures proposed by Janicki
and Koutny [11, 14, 10, 15, 12] to specify concurrent behaviours by using a pair of
relations instead of a single causality relation. The motivation is that partial orders
can sufficiently model the “earlier than” relationship but cannot model the “not
later than” relationship. We will give the definitions of stratified order structure and
generalised stratified order structure, and then introduce the intuition and motivation
behind these order structures using a detailed example.

8.1 Stratified Order Structure

By a relational structure we will mean a triple T' = (X, Ry, Ry), where X is a set and
Ry and R, are binary relations on X. A relational structure 77 = (X', R}, R}) is an
extension of T, denoted as T' C 7", if and only if X = X', R; C R and Ry C R}.

Definition 8.1 ([15]). A stratified order structure is a relational structure

S=(X,<,0),
such that for all a, b, c € X, the following hold:
Cl: alfa C3: aCbCcAhafc= alc
C2: a<b=>aCb C4: aCb<cVa<bCc = a<c

56
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When X is finite, S is called a finite stratified order structure.
Remark 8.1. The axioms C1-C4 imply that (X, <) is a poset and a < b= b/ a.

The relation < is called causality and represents the “earlier than” relationship
while [C is called weak causality and represents the “not later than” relationship. The
axioms C1-C4 model the mutual relationship between “earlier than” and “not later
than” relations, provided that the system runs are defined as stratified orders (step
sequences).

Stratified order structures were independently introduced in [9] and [12] (the ax-
ioms are slightly different from C1-C4, although equivalent). Their comprehensive
theory has been presented in [15]. They have been successfully applied to model
inhibitor and priority systems, asynchronous races, synthesis problems, etc. (see for
example [14, 18, 19, 20, 27] and others).

8.2 Generalised Stratified Order Structure

Stratified order structures can adequately model concurrent histories only when the
paradigm 73 of [13, 15] is satisfied. For the general case, we need generalised stratified
order structures introduced by Guo and Janicki in [10] also under the assumption
that the system runs are defined as stratified orders (step sequences).

Definition 8.2 ([10, 14]). A generalised stratified order structure is a relational struc-

ture
G = (X,<,0),

such that [ is irreflexive, <> is symmetric and irreflexive, and the triple
SG = (Xa <& l:)7

where <o = <> N, is a stratified order structure.
Such relational structure Sg is called the stratified order structure induced by G.
When X is finite, G is called a finite generalised stratified order structure.

The relation <> is called commutativity and represents the “earlier than or later
than” relationship, while the relation C is called weak causality and represents the
“not later than” relationship.
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8.3 Motivating Example

To understand the main motivation and intuition behind the use of stratified order
structures and generalised stratified order structures, we will consider the four simple
programs in the following example taken from [11].

Example 8.1 ([11]). The programs are written using a mixture of cobegin, coend

and a version of concurrent guarded commands.

P1:
begin
int x,y;
a: begin x:=0; y:=0 end;
cobegin
b: xi=x+1, ¢: y:=y+1
coend

end.

P2:
begin
int x,y;
a: begin x:=0; y:=0 end;
cobegin
b: x=0 — y:=y+1, ¢ xi=x+1
coend

end.

P3:
begin
int x,y;
a: begin x:=0; y:=0 end;
cobegin
b: y=0 — x:=x+1, ¢: x=0 — y:=y+1

coend
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end.

P4:
begin
int x;
a: x:=0;
cobegin
b: xi=x+1, ¢: x:=x+2
coend

end.

Each program is a different composition of three events (actions) called a, b, and
¢ (as, by, ¢, 1 = 1,...,4, to be exact, but a restriction to a, b, ¢, does not change the
validity of the analysis below, while simplifying the notation). Alternative models of
these programs are shown Figure 8.1.

Let obs(P;) denote the set of all program runs involving the actions a, b, ¢ that can
be observed. Assume that simultaneous executions can be observed. In this simple
case all runs (or observations) can be modelled by step sequences with simultaneous
execution of a1,. . . ,a,, denoted by the step {ay, ..., a,}. Let us denote o; = {a}{b}{c},
02 = {a}{c}{b}, 03 = {a}{b, c}. Each o; can be equivalently seen as a stratified partial
order o; = ({a,b,c}, ) (see Section 9.2 for formal discussion of the relationship
between step sequences and stratified orders) where:

b c % ’
0 o 02 02
1/4 N\ ! / N a
a ——c a ——>b 03\
c

We can now write obs(Py) = {01,00,03}, 0bs(P) = {o1,03}, 0bs(P3) = {03},
0bs(Py) = {01, 02}. Note that for every i = 1, ...,4, all runs from the set obs(F;) yield
exactly the same outcome. Hence, each obs(PB,) is called the concurrent history of P;.

An abstract model of such an outcome is called a concurrent behaviour, and now
we will discuss how causality, weak causality and commutativity relations are used to
construct concurrent behaviour.
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Program P;:

In the set obs(Py), for each run, a always precedes both b and ¢, and there is no causal
relationship between b and ¢. This causality relation, <, is the partial order defined
as <= {(a,b), (a,c)}. In general < is defined by: z < y if and only if for each run o
we have z = y. Hence for P, < is the intersection of 01, os and o3, and {01,09,03}
is the set of all stratified extensions of the relation <.

Thus in this case the causality relation < models the concurrent behaviour
corresponding to the set of (equivalent) runs obs(P;). We will say that obs(P;) and <
are tantamount and write obs(P;) =< {<} or obs(P;) < ({a,b,c}, <). Having obs(P;)
one may construct < (as an intersection), and hence construct obs(Py) (as the set of
all stratified extensions). This is a classical case of the “true” concurrency approach,

where concurrent behaviour is modelled by a causality relation.

Before considering the remaining cases, note that the causality relation < is ex-
actly the same in all four cases, i.e. <; = {(a,b),(a,c)}, for i = 1,...,4, so we may

omit the index <.

Programs P, and P;:

To deal with obs(P,) and obs(Ps), < is insufficient because 0y ¢ 0bs(P,) and o1, 05 ¢
obs(P,). Thus, we need another relation, [, called weak causality, defined in this
context as z C y if and only if for each run o we have =(y > z) (z is never ezecuted
after y). For our four cases we have Ca= {(a,bd), (a,c),(b,c)}, C1=C4=<, and C3=
{(a,b), (a,c), (b, c), (c,b)}. Notice again that for i = 2,3, the pair of relations {<, C;}
and the set obs(P;) are equivalent in the sense that each is definable from the other.
(The set obs(P;) can be defined as the greatest set PO of partial orders built from a,
b and ¢ satisfying z <y = Vo € PO.z 2> yand 2 C; y = Vo € PO. =(y > z).)

Hence again in these cases (i = 2,3) obs(P;) and {<,C;} are tantamount,
obs(P;) =< {<,;}, and so the pair {<,;}, ¢ = 2,3, models the concurrent be-
haviour described by obs(P;). Note that ; alone is not sufficient, since (for instance)
obs(Pz) and obs(P,) U {{a,b, c}} define the same L.
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Program PFP;:

The causality relation < does not model the concurrent behaviour of P, correctly!
since o3 does not belong to obs(P;). Let <> be a symmetric relation, called commu-
tatwvity, defined as z <> y if and only if for each run o either z > y or y — z. For the
set obs(Py), the relation <>4 looks like <>4= {(a,b), (b, a), (a,c), (c, a), (b,c), (¢, b)}.
The pair of relations {<>4, <} and the set obs(P,) are equivalent in the sense that
each is definable from the other. (The set obs(P,) is the greatest set PO of partial
orders built from a, b and c satisfying z <>4 y = Vo € PO. 2 > yVy > z and
T <y =VYoe€ PO.z>vy.) In other words, obs(P,;) and {<>4, <} are tantamount,
0bs(Py) < {<>4, <}, so we may say that in this case the relations {<>4, <} model the
concurrent behaviour described by obs(FP;).

Note also that <>; = < U <! and the pair {<>;, <} also models the concurrent
behaviour described by obs(P).

The state transition model A; of each P; and their respective concurrent histories
and concurrent behaviours are summarised in Figure 8.1. Thus, we can make the

following observations:
1. obs(P;) can be modelled by the relation < alone, and obs(P;) =< {<}.

2. obs(P;), for i = 1,2,3 can also be modelled by appropriate pairs of relations
{=<,C;}, and obs(P;) < {<,;}.

3. all sets of observations obs(FP,), for i = 1,2,3,4 are modelled by appropriate
pairs of relations {<>;,C;}, and obs(P) < {<>;, T}

Note that the relations <, <>, C are not independent, since it can be proved (see
[13]) that < = <> N . The underlying idea is very intuitive. Since the relation
<> means “earlier than or later than” and the relation — means “not later than”, it
follows the intersection means the “earlier than” relation <.

'Unless we assume that simultaneity is not allowed, or not observed, in which case obs(P}) =
obs(Py) = {01, 02}, obs(Pa) = {01}, obs(P3) = 0.
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{bc}
NOY S AN c ,
Al A2 A3 A4
<1= {(a’ b)’ (a’ C)} ~g= {(a7 b)a(aa C)} —3= {(aa b)1(a’c)} 4= {(0,, b)’ (a? C)}
Ci= {(a, b)a(aa C)} Cao= {(a7 b),(a,c),(b, C)} Ca= {(a’b)’(a’ c)a Cq= {(G"b)’(aa C)}
<1 =0 U El_l <= U ':;1 (b, c) (e, b)} <= {(aa b), (b, a),
obs(P;) < obs{ A1) obs(Py) =< obs(A3) <3=C3UC;Y  (a,¢),(ca), (bc),(c,b)}
< {<1} =< {<1,C1} = {<92,C2} obs(P3) = 0bs(As) 0bs(Py) =< obs(A4)
= {<1,C1} < {<>2,Ca} =< {~<s,Ca} < {<>4, 04}
= {<3,C3}

Figure 8.1: Examples of causality, weak causality, and commutativity. Each program
P, can be modelled by a labelled transition system (automaton) A;. We use the step
{b, ¢} to denote simultaneous execution of a and b.



Chapter 9

Relational Representation of
Mazurkiewicz Traces and

Comtraces

It is well known that Mazurkiewicz traces can be interpreted as a formal language
representation of partial orders. In fact, each comtrace uniquely determines a finite
stratified order structure and each finite stratified order structure can be represented

by a comtrace. In this chapter, we will study this relationship in more detail.

9.1 Partial Orders and Mazurkiewicz Traces

Each trace can be interpreted as a finite partial order. Let ¢ = {z1,...,zx} be a
trace, and let <, be a total order defined by a sequence z;, ¢ = 1,...,k then the
set {<zy ) <z, is the set of all total order extensions of <;. By the Szpilrajn
Theorem, we know that the partial order generated by the trace ¢ can then be defined
as <;= ﬂi;l <y

Conversely, each finite partial order uniquely determines a trace. Let X be a finite
set, < C X x X be a partial order, {<y, ..., <x} be the set of all total order extensions
of <, and let zo, € X* be a sequence that represents <;, for 2 = 1,...,k. The set

{z<,s .-, z<, } is a trace over the concurrent alphabet (X, ~%).

Example 9.1. Let E = {a,b,c,d} where a, b, ¢ and d are four atomic operations

63
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defined as follows:
a: z+—z+y, b: y—z+w, c: ye—y+z d: we2y+z

Assuming simultaneous reading and exclusive writing, then a and d can be executed
simultaneously, and so can the pair of actions b and ¢. The independency relation
can be expressed as the following undirected graph:

a b

d c

Given a sequence of operations s = dabce, we can enumerate the operations of
s to get the enumerated sequence 5 = dMaMbM M@, By interpreting the lack of
order as independency, we can build a causality partial order <[ for 3 (for simplicity,
we do not draw arrows resulting from transitivity):

oD — p®

>< \ (2)
1) /

dV — ¢

For example, we have a ~_, d¥) because a and d are independent operations.
The trace
[s] = {dabce, adbee, dacbe, adebe}

defines all the total order extensions of the partial order <[, because each sequence
in [s] induces a total order on the set of event occurrences {a‘!), 5}, V), ¢®, dM}:

e dabce induces <ggpee: AP — a® — b — V) — 2
o adbce induces <ggpee: 0V — dB — b — 1) — 2
e dacbe induces <ggepe: AP — a® — B — p1) - 2

o adcbe induces <ggepe: a) — dB — D — p0) — 2
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and we can verify that

_<[9] = ﬂ{'<dab00a < adbecy <dacbes '<adcbc}-

9.2 Stratified Order Structure Representation of

Comtraces

Analogous to the relationship between Mazurkiewicz traces and partial orders, com-
traces can be seen as a formal language representation of finite stratified order struc-
tures. In [14], Janicki and Koutny showed that each comtrace uniquely determines
a finite stratified order structure; however, it is not intuitive why their construc-
tion from comtraces to stratified order structures works. Hence, we will introduce
more techniques to analyse this construction where the keys are the three notions of
non-sertalisable steps and the utilisation of the induction proof techniques.

Definition 9.1 ([15]). Let S = (X, <, C) be a stratified order structure. A stratified
order < on X is a stratified order extension of S if for all o, 8 € X,

a<p = a<dp

aCf = a<x™

The set of all stratified order extensions of S is denoted as ext(S).

Proposition 9.1. Let u,v be two step sequences over a comirace alphabet
(E, sim, ser) and u =v. Then X, = %,.

Proof. From Proposition 5.1(2), we know that = is event-preserving, i.e. foralle € E,
we have |u|l = |v|. Since the enumeration of events in u and v depends on the
multiplicity of event occurrences in u and v, it follows that ¥, = X,. O

Thus, for a comirace t = [u] we can define 3; = X,,.
The intuition of how a unique stratified order structure is constructed from a

comtrace is provided in the following example which is analogous to the Example 9.1
for Mazurkiewicz traces.
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Example 9.2. Consider a comtrace alphabet C = ({a, b, ¢}, sim, ser) where
e sim = {(a,b), (b, a),(a,c),(c,a)}
o ser = {(a,b),(b,a),(a,c)}

The set of all possible steps is {{a, b}, {a, c}, {a}, {b},{c}}.

Consider a step sequence s; = {a,b}{c}{a}. With respect to the concurrent
alphabet C, we have:

t = [s1] = {{a, b}{cHa}, {a{b}{cHa}, {8}{a}{c}Ha}, {t}{a, c}{a}}.

Since &y = {a®,a®,b® M}, we can construct the corresponding stratified order
for each of the element in ¢ as following (the edges resulting from transitivity are
omitted):

N
e s = {a,b}{c}{a} induces <,: D — 4@
7
pD
o sy = {a}{b}{c}{a} induces <s,: o — p(1) — (1) — @
o s3 = {b}{a}{c}{a} induces <;,: P — 1) — (1) — ;@
ey
o 34 = {b}{a,c}{a} induces <,,: p(D) e
e

By observing all of the possible Mazurkiewicz traces and the order of event oc-
currences, we can build the following stratified order structure

Sy = (B4, =, Ct) = <2t ) ﬂ < ﬂ<;\> (9.1)

3€L S€EL
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which can be graphically represented as follows (note that the directed edges labelled
by <; also denote the C; relation since <; C [;):

a(l) .

E't..'.""'-& .

P
<t

p(H
We can also check that ext(S;) = {1, | s € t}.

In [14], Janicki and Koutny proposed the notion of <&-closure and used it to
construct finite stratified order structures from comtraces. For a relation structure
S = (X, Ry, Ry), its O-closure is defined as

S° = (X,R1,R2)® L (X,(RiURy)* o Rio(RiURy)", (R, U Ry \ idy)
where (R; U Rp)* denotes the reflezive transitive closure of (Ry U Rp).

Definition 9.2 ([14]). Let ¢t = [s] be a comtrace over a comtrace alphabet
(E, sim, ser). For a, 3 € ¥,, we can define

a =< <= ((a),l(B)) ¢ ser A poss(a) < poss(B),
aCs B <> (U(B),{a)) ¢ ser A poss(a) < poss(B).

We let @, g

t=1[s]is

(X4, <s,Cs)°, then the stratified order structure induced by the trace

d
Py = (Zta'<t,|:t) 4 Ps-

The fact that ¢, is defined to be ¢, for any s € ¢ makes sense because of the
following results:

Proposition 9.2 (Proposition 4.4 of [14]). Let s be step sequences over a comirace
alphabet (E, ser, sim). Then s is a stratified order structure. O
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Theorem 9.1 ([14, Theorem 4.10]). Let r and s be step sequences over a comtrace
alphabet (E, ser, sim). Then ¢, = @, if and only if r = s. O

We also know the following invariant properties of the step sequences that belong
to the same comtrace:

Proposition 9.3 ([14, Proposition 4.2]). Let t = [s] be a comtrace over a comtrace
alphabet (E, sim, ser). If a,B € ¥4, then

1. a =y 8 => Vu € t. posy(a) < posy(B)
2. aCs B = Yu €t pos,(a) < pos,(B).
O

Proposition 9.4. Let t = [s] be a comtrace over a comtrace alphabet (E, sim, ser)
and let p; = (X4, <y, Ct) be the stratified order structure induced by t. If o, 8 € ¥4,
then

1. a <8 = VYucet. posy(a) < pos,(B)

2. aC: B => (a# B A Vué€t. posy(a) < pos,(05)).

Proof. 1. Assume o <; 8 and let R = (<4 U Cs), then by definition of &-closure, we

have

aRoiR... Rapw<s 1R ... RB, R

for some m,n > 0.
By Proposition 9.3, we know that if v R § then for all u € t, we have pos,(y) <
p0s,(0) and if oy, <5 B1 then posy(am) < pos,(B1). Hence, for all u € ¢, we have

posy(a) < posy(ay) < ... < posy(am) < posy(Br) < ... < posy(Bn) < posy(B).

Hence, for all u € t we have pos,(a) < pos.(3) as desired.

2. Assume a C; 3, then by the definition of O-closure, we have o # 8 and
caRaiR... Rayy R

Similarly to (1), we can conclude that for all u € t, we have pos,(a) < P08y (6)
as desired. 0
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Although the implications of Proposition 9.4 are straightforward consequences
of how ¢; is defined, the converses are non-trivial results, which we prove in
Proposition 9.8. Before doing so, we need some new definitions and preliminary
results.

Let A be a step over a comtrace alphabet (E, sim, ser) and let a € A then:

e The step A is called serialisable if and only if

3B,C € ZA. (BUC=A A BxC C ser).
The step A is called non-serialisable if and only if A is not serialisable, i.e.

VB,C € PA. (BUC=A => BxC ¢ ser).

Obviously for a non-serialisable step, we have [A] = {A}. (Note that every
non-serialisable step is a synchronous step as defined in Definition 3.6.)

e The step A is called serialisable to the left of a if and only if
3B,C € PA. (BUC=A Aa€B A BxC C ser).

The step A is called non-serialisable to the left of a if and only if A is not
serialisable to the left of a, i.e.

VB,C € PA. (BUC=ANAacB) = BxC{ser).

e The step A is called serialisable to the right of a if and only if
3B,C € PA. (BUC=AAaeC A BxCC ser).

The step A is called non-serialisable to the right of a if and only if A is not
serialisable to the right of a, i.e.

VB,C € ZA. (BUC=AAacC) => BxC¢ser).

For a step A, we know that w4 = (X4, <4, C4)° is the stratified order structure
induced by the comtrace [A]. Then we can relate the non-serialisable step definitions
to the relation [— 4 in the following proposition.
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Proposition 9.5. Let A be a step over a comitrace alphabet (E, sim, ser) then
1. If A is non-serialisable to the left of I(c) for some o € A then VB € A. a 2% B.
2. If A is non-serialisable to the right of [(B) for some B € A thenVa € A. a T* B.

3. If A is non-serialisable then Vo, 8 € A. o % B.

Proof. 1. For any § € A, we have to show that o C*% 3. We define the C 4-right

closure set of o inductively as follows:

RC%a) £ {a}
RC"a) 4 {§€A|Fye RC" (o) A yC46}

We want to prove that if A\ RC™(a) # 0 then |[RC™*(a)| > |[RC™(e)|. Assume
that A\ RC™(a) # 0, and let us consider the set A\ RC™(a) and RC™(c). Since A
is non-serialisable to the left of I(a) and « € A, we know that

I[A\ RC™(a)] x [RC™(a)] L ser.

Thus there exists some v € A\ RC™ () such that there is some § € RC™(a) satisfying
(I(7),1(8)) ¢ ser. Hence, by Definition 9.2, we know that § T4 . Thus, v €
RC™1(a) where v ¢ RC™(a). So |[RC™*}(a)| > |[RC™(a)| as desired.

Since A is finite and if A\ RC™(a) # 0 then |RC™""(a)| > |RC™(a)], for some
n < |A|, we must have RC"(a) = A. Thus, 8 € RC™(a). By the way the RC™(a) is
defined, it follows that oo C% f.

2. The proof is dual to (1) by defining the T 4-left closure set of 3 inductively as

follows:

Lc*(8) £ {8}
erB) £ (€A |3ye LCNB) A §Can}

We then prove that if A\ LZC™(B) # @ then |[LC™*(B)| > |LC™(B)|. Thus, for
some n < |A|, we must have LC™(3) = A and hence a € LC™(8). By the way the



9. Relational Representation of Mazurkiewicz Traces and Comtraces 71

LC™(B) is defined, we conclude that o T} 8.
3. Since A is non-serialisable, it follows that A is non-serialisable to the left of I(c)
for every a € A. Hence, for every a € A, we have V3 € A. o % B as desired. O

The existence of a non-serialisable sub-step of a step A to the left/right of an
element a € A can be explained by the following proposition.

Proposition 9.6. Let A be a step over a comtrace alphabet (E, sim, ser) and a € A.
Then

1. There exists a unique B C A such that a € B, B is non-serialisable to the left
of a, and
A#B = A= (A\ B)B.

2. There exists a unique C C A such that a € B, C is non-serialisable to the right
of a, and
A#C = A=C(A\CO).

Proof. 1. If A is non-serialisable to the left of a, then B = A. If A is serialisable to
the left of a, then the following set is not empty:
¢ L {DePA|3Cc PA(CUD=AANa€eD A CxDC ser)}

Let B € { such that B is a minimal element of the poset ({, C). We claim that B
is non-serialisable to the left of a. Suppose for a contradiction that B is serialisable
to the left of a, then there are some sets E, F' € B such that

EUF=B ANa€eF AN ExFC ser.
Since B € x, there is some set G € P A such that
GUB=AANa€ B N Gx BC ser.

Since G x B C ser and F C B, it follows that G x F' C ser. But since E x F' C ser,
we have (GU E) x F C ser. Hence,

(GUEYUF=A ANa€F A (GUE) x F C ser.
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So E € ( and E' C B. This contradicts that B is minimal. Hence, B is non-serialisable
to the left of a.

By the way the set ¢ is defined, A = (A\ B)B. It remains to prove the uniqueness
of B. Let B’ € ¢ such that B’ is a minimal element of the poset (¢, C). We want to
show that B = B’.

We first show that B C B’. Suppose for a contradiction that there is some b € B
such that b # a and b ¢ B’. Let o and 8 denote the event occurrences a!) and b
in ¥4 respectively. Since a € B and B is non-serialisable to the left of a, it follows
from Proposition 9.5(1) that o C% 8. But since a # b, a (C% \ids,) 8. From the
definition of O-closure, it follows that o Cpq 8. Hence, by Proposition 9.4(2), we
have

Yu € [A]. posy(a) < posy(B) (9.2)

By the way B’ is chosen, we know A = (A\ B')B’ and b ¢ B’. So it follows that
b e (A\ B'). Hence, we have (A\ B')B' € [A] and posia\ 5/ (08) < posa\sys(a),
which contradicts (9.2). Thus, B C B'.

By reversing the role of B and B’, we can prove that B 2 B’. Hence B = B’.

2. The proof is dual to (1) by considering the set
v L {(Ce PA|IDe PA(CUD=A AaeC A CxDC ser)}.
O

Proposition 9.7. Let s = A; ... A,, wheren > 2, be a canonical step sequence over a
comtrace alphabet (E, sim, ser) and let 5= A, ... A, be the enumerated step sequence
of s. Then for every a € A, there exist a; € A1, ..., 01 € An_1 such that

01(<s 0 CF) ... (=g 0 CX)an-1(=<s 0 Tl

Proof. We proceed by induction on n, the number of steps of s.

When n = 2, we have s = A;Ay. Let C C A, be non-serialisable to the right
of [(«) as constructed in Proposition 9.6(2). Since s is canonical, by Corollary 4.1,
A; x C ¢ ser. Hence, there is o5 € A4; and o) € A, such that I(ap) € C and
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(l{an), l(ag)) ¢ ser. So it follows from Definition 9.2 that a; <, as. Since C is non-
serialisable to the right of I(«), by Proposition 9.5(2), oz C* a. Hence, a; <, ag C¥ ¢,
which implies o (<, o C¥) a.

When n > 2, we proceed similarly to the case of n = 2 to show that there is some
an_1 € A, satisfying a,_; (<s © C*) a. By applying the induction hypothesis on
i1, there exist a; € A4y, ..., a1 € A,_; such that a;(<s 0 CX)...(<s 0 TF)ag-.
Hence, a;(<s 0 C%)...(<s 0 CHan_1(<s o CHa. O

Proposition 9.8. Let t = [s] be a comtrace over a comtrace alphabet (E, sim, ser)
and let ¢, = (X4, <4. C¢) be the stratified order structure induced by t. Then for any
two event occurrences «, 3 € Xy:

1. (Vu € t. posy(a) < pos,(B)) = a =< B,

2. (a# 0 N Yu <t posy(a) < pos,(8)) = ar;pB.

Proof. 1. Let w = A; ... A, be the canonical representation of ¢, then by Theorem 9.1

we have

Sot = (Eta <ta r—_t) = (Z’wa "<'w7 E'w)o'

We will prove using induction on n (the number of steps of w) that for all o, 5 €
(A1 An]
(Vu € t. posy(a@) < posu(B)) = o <; 8.

When n = 0, we have the canonical step is A and hence the implication is trivially
true. When n > 0, we observe that w’ = A;...A,_; is the canonical step sequence
of the comtrace t' = [s +g A,]. For all a, 8 € Xy, since Vu € t. pos,(a) < pos,(B), it
follows that

Vu € {vA, |v=A;... Ap_1}. posyu(c) < posy(B).

Thus, Yu € t'. pos,(a) < pos,(B). By induction hypothesis, we have o <y 8. Hence,
from Definition 9.2 and <-closure definition, a(<y U Ty )*o <y o< U Cor)*B.
But since w' = w -+g Ay, it follows that o<y, U Cy)*o <y o(<y U Cy)*8. Thus,
o < . We have just shown that:

Va, B € Ya,...an_1) ((Vu € t. posy(a) < pos,(B)) = a < B)
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It remains to show that for all & € X4, 4, ;) and 8 € (3j4,...4,] \ Xja,...4,_1)), the
following implication holds

(Vu € t. posy(a) < posy(B)) = a <; B
We observe that for any o € X4,..4,_, and 8 € (X(a;..4,] \ Zi4;...4,-1)) satisfying
Vu € t. posy(a) < posy(6),

by Proposition 9.6, there must be some v € ¢ of the form v = ...BC{...Cy D...
where:

e o € B and B is non-serialisable to the left of {(a),
e 4 € D and D is non-serialisable to the right of ().

Let V be a set containing all such 7. Recall that for a step sequence z = E; ... E;,

we define
d
wz) L 1B+ +7-|E
We let 55 =% B° CV.. .@ﬁy in V such that u(C?.. E’g) is the least among
all v; € V, ie.

Yo; € V. (vz=§70{_zz—ﬁ = /J,(_C’?..._CTOO) Su(_CT}C,’cz))
Then there are two cases to consider:

Case (i):

If ,u(—C_i). . C’—,SO) =0, then we have 75 = T B9 DO 7. Since Yu € t. pos,(a) < pos,(0),
we know B® x D% ¢ ser. Hence, there is some a; € B° and 5, € DO such that
(I{c1),1(B1)) ¢ ser. But since posy, (1) < posy,(61), it follows that

Q1 <y, 51 (9.3)

Since B° is non-serialisable to the left of /() and D° is non-serialisable to the
right of 1(), it follows from Proposition 9.5(1, 2) that

a Ty o and B Ty B (9.4)
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From (9.3) and (9.4), we conclude that
a Ty 1 <y B1 Ty B
Hence,
a [y, 0 <y 0y B (9.5)

By Theorem 9.1, ¢ = (24, <, Tt) = (Zugs <ug, Cup)®. Thus, it follows from Defini-
tion 9.2 and (9.5) that a <; 8.

Case (ii):

If u(_C_{’...E'kTO) #£ 0, then Tg = T B° —C’?...E’g DY 5 where ko > 0. We know
that C9 x D° ¢ ser, otherwise 44(C?...C2 ) is not the least. Hence, there is some
Yo € FJ',Z and B; € DO such that (I(y),1(8:)) € ser. Since pos,, () < posy,(B), from
Definition 9.2, it follows that

Vko '<'vo :81 (96)

Since p(CY.. .C?) is the least, by Corollary 4.1, CY...C% is canonical. Hence,

by Proposition 9.7, there exist a sequence v, € Cy, ... Yo € Cho (Ko > 1) such that
M (<o © T -+ (<o © ) Yk (9.7)

Let C] € C; be non-serialisable to the right of /(1) as given in Proposition 9.6(2).
Clearly, since p(C9 . C'—,(c’o) is the least, B® x C] € ser. Similarly to case (i), we can
show that

a <M (9.8)

Since D° is non-serialisable to the right of {(3), by Proposition 9.5(2), 51 T}, 8.
So it follows from (9.6) that v, <, 81 T3, 8. Thus, together with (9.7), we get

’71(<’U0 © E:o) te (-<'00 o l:':o)fﬂco '<'Uo /81 E:(, ,8
Hence, it follows from Definition 9.2 that
M <t B (9.9)

From (9.8) and (9.9), it follows that a <; 71 <; 8. Hence, @ <; 8 by transitivity
of <.
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2. For any o, B € 4, if a #  and Yu € t. posy(a) < pos,(8), then by (1) we have
a <; 8. Thus, a C; . Otherwise, there are some u € ¢ such that pos,(a) = pos,(3).
Hence, there is some step sequence u such that % =7 B 5 and o,3 € B. If B is
non-serialisable to the left of [(a), by Proposition 9.5(1),

arC:f (9.10)

Otherwise, by Proposition 9.6(1), there are some steps C, D C B such that B =
CD, l(a) € D, and D is non-serialisable to the left of /(). Hence, there is some
step sequence v € t such that ¥ = 7 C D 5. Since Yu € t. posy(a) < pos,(8)) and
a € D, it follows that 8 € D. Since D is non-serialisable to the left of I(a), by
Proposition 9.5(1),

al, (9.11)

Since a # B3, from (9.10) and (9.11), we have o (C} \idx,) 8. By O-closure definition,
we conclude that a C; G as desired. O

Proposition 9.9. Let t = [s] be a comirace over a comtrace alphabet (E, sim, ser)
and let @; = (54, <y, 1) be the stratified order structure induced by t. Then for any

two event occurrences a, 3 € Xy:
1. (Yu € t. posy(a) < posy(B)) <= o < B,

2. (a# B A Vu €t posy(a) < pos,(f)) < al;p.

Proof. Follows directly from Propositions 9.4 and 9.8. a

According to the Szpilrajn Theorem, every poset can be reconstructed by taking
the intersection of its total order extensions. A similar result holds for stratified order
structures and stratified order extensions.

Theorem 9.2 ([15, Theorem 2.9]). Let S = (X, <,C) be a stratified order structure.
Then

s=1x, () < [) <

< € ext(S) < € ext(S)
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In the context of comtraces, the following theorem from [14] says that the stratified
order extensions of ¢; are exactly those generated by the step sequences in [¢].

Theorem 9.3 ([14, Theorem 4.12)). Lett = [s| be a comtrace over a comtrace alphabet
(E, sim, ser). Then ext(p;) = {<, | u € t}. O

Corollary 9.1. Let t be a comtrace over a comtrace alphabet (E, sim, ser). Then

0 = (Zt, <) <1;) .

uet uct

Proof. By Theorem 9.3, ext(y;) = {<y | u € t}. Hence, by Theorem 9.2, we have

o= (] < [ < =(Et,ﬂ<u,ﬂ<1;).

< € ext(pt) < € ext(pt) u€t uet

O

Although Corollary 9.1 is equivalent to Proposition 9.9, we provided the alterna-
tive proofs of Propositions 9.4 and 9.8 without using Theorems 9.2 and 9.3. Firstly,
it shows that Propositions 9.4 and 9.8 can be proved based on the construction from
Definition 9.2 without using the sophisticated generalisation of the Szpilrajn Theo-
rem for stratified order structures. Secondly, the proofs of Propositions 9.4 and 9.8
provide more intuition why any two event occurrences in a comtrace ¢ cannot violate
the invariants imposed by the generated stratified order structure ;. Moreover, we
invented three different notions of non-serialisable steps, which are the key to explain
how the causality and weak causality relations can be derived from the relationships
among the steps? (sets of event occurrences) on a step sequence.

Even though Corollary 9.1 makes it simpler to construct a stratified order struc-
ture from a comtrace, the construction from Definition 9.2 has its own advantages.
From a single step sequence s and a comtrace concurrent alphabet, the <-closure
construction can be used to construct the stratified order structure o, without the
need to construct all step sequences in [s] and their generated stratified orders. Also

1This is different from the construction using ©-closure, which derives a stratified order structure
by looking at the relationship of every pair of event-occurrences on a step sequence.
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the O-closure construction builds the relations <[q and C s from the relations <, and
[C,, which are often much simpler and easier to handle. The proof of Theorem 9.5 is

one such example.

9.3 Comtrace Representation of Finite Stratified

Order Structures

Although was shown in [14] that each finite stratified order structure can be repre-
sented by a comtrace, the converse which says each finite stratified order structure can
be represented by a comtrace was not shown. The intuition of how to construct a fi-
nite stratified order structure from a comtrace can be shown in the following example,

which is the converse of Example 9.2.

Example 9.3. Starting from the stratified order structure S = (X, <, C):

We can check that

A= {u] <, € ext(S)}
= {{a, b}{c}Ha}, {a}{bH{cHa}, {b}{a}H{c}Ha}, {}{a, c}{a}}

From A, we can build a comtrace alphabet 6 = (E, sim, ser) where
o E=1[(X)={a,bc}
e We define the relation sim such that
(a,b) € sim <> € ext(S). (l(a) =aANl(B) =bAa ~4 f)

Hence, sim = {(a,b), (b, a), (a,¢), (c,a)}
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e We define the relation ser such that
(a,b) € ser <= (a,b) € sim A3« € ext(S). (l(a) =aAl(B) =bAa <)
Thus, ser = {(a,b), (b, a), (a,¢)}
Clearly, A is a comtrace over 0. O

Before proving the main theorem of this chapter, we need several results from
[15, 14] and their corollaries. The first result comes from the fact that stratified order
structures conform to paradigm 3.

Theorem 9.4 ([15, Theorem 3.6]). Let S = (X, <,C) be a stratified order structure.
Then

(B« eext(S). a<B) A(F< € ext(S). B a)) = (I € ext(S). B ~q ).
O
Corollary 9.2. Let S = (X, <,C) be a stratified order structure. Then

(Ve ext(S). a<pBVph<a) = ((Va € ext(S). aaB)V (V4 € ext(S). < a)).

Proof. Assume
V< €ext(S). a<dfVE<a (9.12)

and suppose for a contradiction that
(V< € ext(S). a < f) A (V< € ext(S). B < a).
Hence, it follows that
(A< € ext(S). a <™ B) A (T« € ext(S). <7 a) (9.13)

If 3« € ext(S). B ~4 a, then we get a contradiction with the assumption (9.12).
Otherwise, suppose that —(3< € ext(S). § ~4 a). Then it follows from (9.13) that

(3« € ext(S). a < f) A (I € ext(S). B < ).

But this implies 3«1 € ext(S). 8 ~4 o by Theorem 9.4, which again contradicts the
assumption (9.12). O
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Proposition 9.10 (Propositions 3.4 and 3.5 of [14]). If S = (X, <,C) is a stratified
order structure, and So = (X, <o, o) is a relational structure such that S C S, then
Sg s a stratified order structure satisfying S$ C S. O

Before proving the next lemma, we need a standard set-theoretic result.
Proposition 9.11. If X =(NA andY =B and AC B, thenY C X.

Proof. Suppose that x € Y = (| B. Hence, VC € B. z € C. But since A C B, it
follows that for all VC € A. z € C. Thus, z € X =[] A. Hence, Y C X. O

Lemma 9.1. Let Sp = (X, <g,Co) and S = (X, <1, 1) be stratified order structures
such that ext(Sy) C ext(S;). Then S; C So.

Proof. By Theorem 9.2, we know <¢= ﬂqewt(so) < and <= ﬂqemt(sl) <. But
since ext(Sp) C ext(S), it follows from Proposition 9.11 that

<1 € <o (9.14)

By Theorem 9.2, we know Co= (4 ¢ earsp) <~ @0d T1= (g e eay(sy) < Since
ext(Sp) C ext(S1), we have

{<™ | < € ext(S)} C{<™ | < € ext(S1)}.
Thus, it follows from Proposition 9.11 that
C1C 0o (915)

From (9.14) and (9.15), we conclude S; C Sp. O

We will now show that we can build a comtrace from a finite stratified order
structure using the construction from Example 9.3, where sim and ser are binary
relations defined on the labels of the event occurrences. Although this method allows
us to represent a labelled finite stratified order structure using a comtrace defined
over a more concise comtrace alphabet, it does not work for every finite stratified
order structure. For example, in the following stratified order structure

< <

e p®
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we cannot define (a.b) € ser since a® < b@. Also since sim is irreflexive, in the
following stratified order structure, we cannot say that (a,a) € sim.

However, the construction works for a special kind of finite stratified order structures
which we define next.

Definition 9.3. A finite stratified order structure S = (X, <, ) is a proper stratified
order structure if it satisfies the following three conditions:

1. ¥ is the set of event occurrences.
2. o, €, a+p,and l(a) =1(8), then (I(a),l(8)) e< U <1

3. Let <3, <4 be stratified orders on ¥ where O, = X;... Xp(X UY)Y;...Y,
and Qq, = X3 ... Xp XYY, ... Y, and

I(a) = l(o)
1(8) = 1(6)
o <1 ,8,

AN o ~g B

Vo€ X. VB eY. 3, <, € ext(S). 3o/, B’ € .

Then <3 € ext(S) if and only if <4 € ext(S).
Theorem 9.5. Let S = (X, <,C) be a proper stratified order structure, A = {u |

<y € ext(S)}, and E = I(X). Let relations sim, ser C E X E be defined as follows:

(l(a),l(0)) € sim <= A< € ext(S). a ~4 B (9.16)
(), 1(B)) € ser <= (l(a),l(B)) € sim A 1 € ext(S). a1 (9.17)

Then we have:
1. § = (E, sim, ser) is a comtrace alphabet,

2. A is a comtrace over 8.
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Proof. 1. For any two labels a,b € [(X) we have (a,b) € sim. Because S is a proper
stratified order structure, by Condition (2) of Definition 9.3 we know that for all
a,B € X,

() = U(B) = (I(a),1(B) €< U <"

This mean for all o, 8 € X,
(o) =1(8) = V< € ext(S). ~(a ~q ).

But since —~ is irreflexive and symmetric, it follows that the relation s¢m is irreflexive
and symmetric.

From (9.17), (a,b) € ser implies that (a,b) € sim. So ser C sim.

It remains to show that for any pair of distinct element «, 3 satisfying pos,(a) =
pos,(B) for some u € A (« and 3 are in the same step of u), we have (I(a), I(8)) € sim.
But posy(a) = pos,(B) implies & ~4 B for some < € ext(S). Hence, from (9.16),
(l{a),1(B)) € sim.

Hence, (E, sim, ser) is a comtrace alphabet as desired.

2. We first need to check that all u € A are step sequences over the alphabet 6.
Let u=A;...A, € A and T = 4; ... A4, be the enumerated step sequence of u. We
want to show for any a, 8 € A; for any %, ({(a),l(8)) € stm. But since

a,feEA = a~g, 0

and <, € ext(S), it follows from (9.16) that ({(a),1(B)) € sim.

Next we let u be a step sequence in A and S, = (X, <4, Cy) as from Definition 9.2.
We want to show that that ¢, = S° C S. By Proposition 9.10, it suffices to show
that S, C S.

Assume a <, 8, then from Definition 9.2, a <1, BA (I(c), (B)) ¢ ser. From (9.16)
and (9.17), it follows that

a <y BA(~(F< € ext(S). a1 B) V(3 € ext(S). o ~4 B)).
Since —(3< € ext(S). a < B) contradicts that a <1, 8, we have

a <, BA=(3< € ext(S). a ~4 B).
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Hence,
ad,BAN<eext(S). a<dfVE<a).

Then, by Corollary 9.2,
a <y, O A (V< € ext(S). a< f)V (V< € ext(S). f<a)).
Since a <, B contradicts that V< € ext(S). 8 < a, it follows that
V< € ext(S). a< (9.18)

By Theorem 9.2, <= [ 4¢.4y(s) <- Hence, (9.18) implies a < 3.
Assume o C, f, then by Definition 9.2, a <7 B A (I(8), l(e)) ¢ ser. From (9.16)
and (9.17), it follows that

a <y BA(~(3< € ext(S). fa)V (I € ext(S). B ~q @)).
Hence,
a <] BA((V< €ext(S). a<y B)V (V< eext(S). a< BV B Ca)).

IV« € ext(S). a<1 BV B < a, then it must follow that a <, 8. This is the same to
the case of a <, 8. Hence, a < 8, which implies & T 3. Otherwise, we have

ad; A (Ve ext(S). a<y B).

Thus,
Va € ext(S). a<] B (9.19)

By Theorem 9.2, C= ﬂqe(zmt(s) <~. Hence, (9.19) implies a C S.

Thus, we have shown
Yy € 8§ (9.20)

Our next goal is to prove S C ¢,. By Lemma 9.1, it suffices to show that
ext(py) C ext(S).
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We observe that from a step sequence u € A, by Definition 3.5, we can build the

comtrace [u] over the alphabet § using the following inductive derivation sets:
D) £ {u}
D (u) £ {wlweD"u) vV ve D" Hu). (vew VvV oxtw)}

Since u has finite event occurrences, [u] is finite. Hence, [u] = D"(u) for some
n > 0. We will prove by induction on n that if w € D"(u) then <, € ext(S). When
n =0, D°(u) = {u}. Since u € A, <, € ext(S). When n > 0, let w be an element of
D™(u). Then either w € D" 1(u) or w € (D™(u) \ D" (u)). For the former case, by
induction hypothesis, <, € ext(S). For the later case, there must be some element
v € D" 1(u) such that v = w or v ®™! w. By induction hypothesis, <, € ezt(9).
We want to show that <, € ext(S).

Case (i): When v = w, by Definition 3.5, v = yAz and w = yBCz where A, B,
C are steps satisfying BNC = § and BUC = A and B x C C ser. Let ¥ = JAZ and
W = §B CZ be enumerated step sequences of v and w respectively. Since BxC C ser,
it follows from (9.17) that

I(a) = (o)
1B) =1p)
o <3 ,8/

AN o ~g, [

Vo€ B.VB € C. 3«1, <3 € ext(S). 3o, B € L.

Hence, by Condition (3) of Definition 9.3 and <, € ezt(S), <, € ext(S).

Case (ii): When v ~! w, by Definition 3.5, w = yAz and v = yBCz where
A, B, C are steps satisfying BNC = ) and BUC = A and B x C C ser. Let
W = JAZ and 7 = JB CZ be enumerated step sequences of w and v respectively.
Again similarly to the previous case, since B x C C ser and <, € ext(S), it follows
from Condition (3) of Definition 9.3 that <, € ext(S).

Hence, we have shown that for all n > 0, if w € D™(u) then <, € ext(S). Thus,
{<tw | w € D™(u)} C ext(S) for every n > 0. But since Theorem 9.3 implies that

ext(pu) = {<w | w € [u]} = {<w | w € D"(u)}
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for some n > 0, we conclude ext(p,) C ext(S). Thus, by Lemma 9.1, we have also
shown

S C ¢u (9.21)

From (9.20) and (9.21), we conclude that ¢, = S for any v € A. Thus, for any
u € A, it follows from Theorem 9.3 that

ext(S) = ext(py) = {<w | w € [u]},

which means [u] = {w | <, € ext(S)}. So we conclude A = {w | <, € ext(S)} = [y]
is a comtrace over § as desired. O

Although Theorem 9.5 only shows how proper stratified order structures can be
represented using comtraces, any stratified order structure (3, -, <) can be repre-
sented by a comtrace by redefining the labelling function as

1 4 ds.

In other words, we treat two occurrences of the same event as if they are two distinct
events. The construction of Theorem 9.5 works because of the following proposition.

Il

Proposition 9.12. Let S = (X,C, <) be a finite stratified order structure and l
ids;. Then S is a proper stratified order structure.

Proof. Since we redefine | = ids, the Conditions (1) and (2) of Definition 9.3 are
trivially satisfied since no “event” occurs more than once. To verify Condition (3),
let <3 and <4 be stratified orders on X where Qq, = X;... X, (X UY)Y;...Y, and
Qg =X1... X XYY, ... Y, and

l(a) = ()
1(8) = U8
o < ﬂl

a/ qu ,B,

Va € X.VB €Y. 3y, <y € ext(S). 3o/, 8 € L.

> > >

But since ! = idy, it follows that

Va e X. VB €Y. 3, <y € ext(S). (<18 A a—~g, ) (9.22)
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We want to show that <3 € ext(S) if and only if <4 € ext(S).

(=) Suppose for a contradiction that <3 € ext(S) and <4 ¢ ext(S). Hence, by
Definition 9.1, there are some «, § € ¥ such that one of the following holds

a < BA-(a<p) (9.23)
aC BA-(a< B) (9.24)

Since <y = <3 U X X Y and <3 € ext(S5), (9.23) cannot be satisfied. Hence, (9.24)
must hold. Since —(a <7 8), we know § <4 . Because <1y = <13 U X X Y, we must
have 8 € X and o € Y. By (9.22), it follows that

A< €ext(S). b

Thus, 3< € ext(S). ~(a <™ B). But by Theorem 9.2, C= () jcepysy) <~ Hence, it
follows that —(a C ), , which contradicts (9.24).

(<) Suppose for a contradiction that <4 € ext(S) and <3 ¢ ext(S). Hence, by
Definition 9.1, there are some «, 8 € X such that one of the following holds

a =< BA-(a<sf) (9.25)
alZ BA—~(a<3 B) (9.26)

Since <13 = <14\ X X Y, we know that if o <7 (5 then oo <3 5. But since <4 € ext(S5),
(9.26) cannot be satisfied. Hence, (9.25) must hold. Because <13 = <4 \ X X Y, we
must have o, 8 € X UY. By (9.22), it follows that

d € ext(S). B ~q a

But by Theorem 9.2, <= Naeezi(sy <- Hence, =(a < B), which contradicts (9.25). O



Chapter 10

Relational Representation of

Generalised Comtraces

In this chapter, we analyse the relationship between generalised comtraces and gen-
eralised stratified order structures with the main result showing that each generalised
comtrace uniquely defines a finite generalised stratified order structure.

10.1 Properties of Generalised Comtrace Congru-

ence
In this section, we prove some basic properties of generalised comtrace congruence.

Proposition 10.1. Let S be the set of all steps over a generalised comtrace alphabet
(E, sim, ser,inl) and u,v € S*. Then

1. u=v = weight(u) = weight(v). (step sequence weight equality)
2. u=v = |ulg = |v]e. (event-preserving)
3. u=v = u+ra=v-+pa. (right cancellation)
4 U=V = u+pa=v-+pa. (left cancellation)
5. u=v<=Vs,t €S* sut = sut. (step subsequence cancellation)

87
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6. u=v = np(u) =7p(v). (projection rule)

Proof. For all except (5), it suffices to show that u = v implies that the right hand
side of (1)—(6) holds. Notice that when u &~ v, the case u = zAy =~ v = zBCy
follows from Proposition 5.1. So we only need to consider the case u = zABy and
v = 1xBAy, where Ax B Cinl and AN B = 0.

1. We have:

weight(u) = weight(z) + weight(A) + weight(B) + weight(z)
= weight(z) + weight(B) + weight(A) + weight(z) = weight(v).

N

- ule = [z]a + |Als + |B|a + 2| = |z]a + |Bla + [Ala + |2]a = [v]q.

3. We want to show that u +r a = v +g a. There are four cases:

a €ly(y): Let 2=y +ra. Thenu+pa=2ABz~ zBAz=v+pa.

a¢W(y),a € B: Thenu+ra=zAB\{a})y~z(B\{a})Ay =v+gra.

a ¢ W(By),a€ A: Then u+ra=1z(A\{a})By = zB(A\ {a})Cy =v +ga.

a ¢ H(ABy): Let z=z +gra. Thenu+gpa=2ABy~ zBAy=v+ga.

4. Dually to (3).

5. (=) We want to show that u = v = Vs,t € S*. sut = svt. For any two
step sequences s,t € S*, we have sut = sxAByt and svt = sx BAyt. But this clearly
implies sut ~ svt by how = is defined in Definition 3.10.

(<) For any two step sequences s,t € S*, since sut = suvt, it follows that

(sut +pt)+rs=u=v=(svt+gpt) +Ls.

Therefore, u = v.
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6. We want to show that mp(u) =~ mp(v). Note that mp(A) x 7p(B) C inl, so
mp(u) = mp(z)rp(A)rp(B)mp(y) = mp(z)mp(B)mp(A)mp(C)mp(y) = mp(v).
(]

Proposition 10.2. If u and w are two step sequences over a generalised comtrace
alphabet (E, sim, ser,inl) satisfying u = v then X, = %,

Proof. From Proposition 10.1(2), we know that = is event-preserving, i.e. for all
e € E, we have |u| = |v|.. Since the enumeration of events in u and v depends only
on the multiplicity of event occurrences in u and v, it follows that ¥, = 3,,. O

Thus, for a generalised comtrace ¢t = [u], we can define ¥; = ¥,. Furthermore,
each enumeration of events specifies an invariant on the positions of any two event
occurrences as shown in the next proposition.

Proposition 10.3. Let u be a step sequence on a generalised comtrace alphabet
(E, sim, ser,inl) and o, f € %, such that [(a) = I(B). Then

1. posu(c) # posu(B)
2. If pos,(a) < pos,(B) and there is a step sequence v satisfying v = u, then

pos,(a) < posy(B).

Proof. 1. Follows from the fact that sim is irreflexive.

2. It suffices to show that if pos,(a) < pos,(8) and T = @, then pos, (@) < pos,(B).
But this is clear from Definition 3.10 and the fact that ser and inl are irreflexive.
O

The following proposition ensures that if an invariant between the positions of
two event occurrences is satisfied by the cancellation or projection of a generalised
comtrace {u], then it is also satisfied by [g].

Proposition 10.4. Let u be an enumerated step sequence on a generalised comtrace
alphabet (E, sim, ser,inl) and o, 8,y € £, such that v ¢ {a, 8}. Then

1. (Y9 € [@-+19]. posy(e) R poss(B)) = (V& € [a). posa(a) R posw())
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2. (VU € [T+gr7] posy(a) R posy(B)) = (VU@ € [@]. posz(a) R posz(B))
3. If S C X, such that {a, B} C S, then
(Vo € [rs(T)]. posy(a) R posz(B)) => (VW € [g]. posw(a) R posgx(8))

where R € {<,>,<,>, =, #}.
Proof. 1. Assume that

VU € [U+L 7] posy(a) R posyz(B) (10.1)
Suppose for a contradiction there is some W € [7] such that —(posz(a) R posz(8))).
Since v ¢ {«a, B}, we have —(posg-, (&) R posw:,,(6)). But @ € [7] implies

Wy =U~+g 7. Hence, W1 v € [+ 7] and —(posg=-,~(a) R posg=,~(0)), which
contradicts the assumption (10.1).

2. Dually to (1).

3. Assume that
VT € [rs(@)]. posy(a) R posz(6) (10.2)
Suppose for a contradiction there is some W € [7] such that —(posz(a) R posz(8))).
Since {a, 8} C S, we have —~(poS ¢ () R posrymw)(6)). But @ € [7] implies 75(W) =
ng(@). Hence, ng(W) € [ms(T)] and —(posrgm) () R posxsw)(6)), which contradicts

the assumption (10.2).
O

10.2 Commutative Closure of Relational Struc-

tures

In this section, we develop the notion of commutative closure of a relational structure.
It roughly corresponds to the notion of &-closure which is used to construct stratified
order structure in Definition 9.2.

For a binary relation R on X, we let R= denote the symmetric closure of R, i.e.,

RS £ RUR™.
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Definition 10.1. Let G = (X, <>, C) be a relational structure and < =<> N C* . Let

(X, <0,Co) = (X, =,C)°. Then the commutative closure of the relational structure
G is defined as
G™ 4 (X, <OSU <>,E()) .

O

In the rest of this section, we will prove some useful properties of the commutative
closure.

Proposition 10.5. Let G = (X, <>,C) be a relational structure and < =<> N C*.
If (X, <0, Co) = (X, <,C)° is a stratified order structure then

<o = (<0:U <)NCo .

Proof. (C) Since (X, <o, Co) = (X,<,)®, by definition of O-closure, <o C Co.
Since we also have <o C (<o U <>), it follows that <o C (<" U <)N o -
(D) Suppose for a contradiction that (z,y) € (<o= U <>)N Cp and —(z <o ¥).

There are two cases to consider:

o If z <;' y and £ o y: Since (X, <o, o) is a stratified order structure, it
follows from Remark 8.1 that y <oz => —(z Co y), a contradiction.

e If (z,y) €< and T Cp y: Since (X, <o, Co) = (X, <, )¢, <o = (K UC)* <
o(<x U L)*and Co= (< UL)*\idx. Since z Co y and —(z <o y), it follows that
(z,y) € (C* \idx). Since (z,y) € (C* \idx) and (z,y) €<, we have z < y.
Hence, z < y, a contradiction.

Since either case leads to a contradiction, we get <g 2 (-<os U<)NCo. O

Proposition 10.6 ([14, Proposition 3.3]). Let S be a relational structure and
(X,=<,C) = S°. Then S° is a stratified order structure if and only if < is irreflez-
we. O

Proposition 10.7 ([14, Proposition 3.4]). If S is a stratified order structure then
S = 8°. O
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Proposition 10.8. If G = (X, <>, C) is a generalised stratified order structure then
G=G™

Proof. Since G is a generalised stratified order structure, by Definition 8.2, Sg =
(X,=<¢,C) is a stratified order structure. Hence, by Proposition 10.7, S¢ = Sg&,
which implies C= (<¢ U C)* \ idx. But since Sg is a stratified order structure,
<c CC. So C=C* \idx. Let <=<> N C*. Then since <> is irreflexive,

<= NE'=< N(E* \idy) =< NE=<¢ .

Hence, (X,<,C) = (X,<g,C) is a stratified order structure. By Proposi-
tion 10.7, (X, =<,C) = (X, <,C)°. So from Definition 10.1, it follows that G> =
(X,<7U<>,C). Since < C <> and (by Definition 8.2) <> is symmetric, we have
<5 U <=< . Thus, G = G™. O

Proposition 10.9. If G; = (X, <>1,C1) and Ga = (X, <>9,[C3) are two relational
structure such that G, C Gy then G* C G3*.

Proof.

G, € Gy

= ( By definition of relational structure extension )
<1 CE <Gy AL C 5

= ( By properties of set-theoretical intersection )
(<1NCY) C (N3 A T C 0o

= { By definition of ©-closure )
(X, <1 N EI, [:1)<> - (X, <>9 N l:;, Ez)o

= ( Let (X, <!,C1) = (X,<1NCY,Cy)° and

(X, <4,Ch) = (X, <2 NC3C2)°)

(X, <1,01) © (X, =5, 0)

== ( By properties of U and inverse operations and <>; C <> )
(X, <17 U <1, 01) € (X, <57 U <>5,T5)

= { By definition of commutative closure )
Glm C G2><1
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10.3 Generalised Stratified Order Structures Gen-
erated by Step Sequences

We have seen how we can construct a stratified order structure from a step sequence
over a comtrace alphabet in Definition 9.2. We will now introduce an analogous
construction from a step sequence over a generalised comtrace alphabet to a
generalised stratified order structure.

Let R be a binary relation on X. Then the symmetric intersection of R is defined
as

si(R) £ RNR™?
And we define the complement of R to be
R ¥ (x xX)\R

Definition 10.2. Let s be a step sequence over a generalised comtrace alphabet
(E, sim, ser,inl). For o, 8 € ¥

a < B <= (l(a),l(B)) €inl (10.3)
a s B <= (poss(@) < poss(B) A (1(B), () ¢ ser Uinl) (10.4)
a <5 B <= poss(a) < poss(B)
(l(@),1(B)) ¢ ser Uinl
V (o, B) € <>, N (si(Ch) o <L o siTY))
A (l(a),1(B)) € ser

A 36,4 €%, ( poss(8) < poss(v) A (1(8),1(v)) & ser )

AN alC;dC; ALy B
(10.5)

We define the relational structure induced by s as

d
£ L (T4, = U <g, < U, ™
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Proposition 10.10. Let u, w are step sequences over a generalised comirace alphabet
(E, sim, ser,inl) such that u(~ U ~"Y)w. Then

1. If posy(a) < pos,(B) and posy(c) > posy,(B) then there are z,y, A, B such that
Tu=TABy(x U~ )ZBAj=w anda € A,8 ¢ B.

2. If pos,(a) = posy,(B) and pos,(a) > pos,(B) then there are z,y, A, B,C such
that u=TAy~TBCy=wW and B3 € B anda € C.

Proof. 1. Assume pos,(a) < pos,(B) and pos,(a) > pos,(6). Since u(= U =~ ')w,
we observe that

—_— =

o If 4 =35Dt ~3E Ft = w, then Va, 8 € (1),

posy(a) < posy,(B8) => posy(a) < pos,(B).

—_—

o If 7 =3D Et ~ 5Ft = W, then Vo, 8 € l1(7),
posy(a) < pos,(B) => posy(a) < pos,(B).

Either case contradicts the assumption that pos,(a) > pos,(8). Hence, it must be

the case that
T=ZABj(rUxIB Ay =0

for some z,y, A, B. We will show that o € 4 and § € B. Suppose for a contradiction
that « ¢ A or 8 ¢ B. Then

o If o ¢ 4, then Yo, 8 € W(@) UB U (D),
posu(a) < posy(B) = posw(a) < posy(0),
a contradiction.
o If 3¢ B, then Vo, 3 € Y(Z) U AU (%),
posu(a) < posy(8) = posu(a) < posw(B),

a contradiction.
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Hence, @ = ZA Byj(~ U ~~1)ZB A7 = W where a € A and 3 € B as desired.

2. Can be shown in a similar way to (1). O

Proposition 10.11. Let s be a step sequence over a generalised comtrace alphabet
(E, sim, ser,inl). If a, 3 € X, then

1. a <>y B == Yu € [s]. posy(a) # pos,(B)
2. aC, 8 => Yu € [s]. posy(a) < pos,(B)

8. a<s B8 => Vu € [s]. posy(a) < posyu(B)

Proof. 1. Assume that o <>, 8. Then, by (10.3), ({(a),!(8)) € inl. This implies
that I(a) # I(B), so a # B. Also since inl N sim = 0, there is no step A where
[

{l{(a),1(B)} € A. Hence, Yu € [s]. posy(c) # pos,(B).

2. Assume that a T, 8. Suppose for a contradiction that Ju € [s]. pos,(a) <
pos,(B). Then must be some u;,u; € [s] such that u;(= U = !)uy and pos,, (a) <

P08y, (B) and posy,,(a) > pos,,(B). There are two cases:

o If pos,, (a) < pos,,(B) and pos,,(a) > pos,,(B), then it follows from Proposi-
tion 10.10(1) that there are z,y, A, B such that 7y = ZA By(~ U~ 1)zB Ay =
U3 and @ € A, 8 € B. Hence, (I(a),l(B)) € inl. By (10.4), this contradicts that
al,B.

o If posy, (@) = pos,,(B) and pos,,(a) > pos.,(B), then it follows from Proposi-
tion 10.10(2) that there are z,y, A, B, C such that u; = ZAy ~ ZB C7 = u; and
B € B and a € C. Thus, (I(8),!(ca)) € ser. By (10.4), this again contradicts
that a T, 0.

Since either case leads to a contradiction, we conclude Yu € [s]. pos,(a) < pos,(B).

3. Assume that a <, 8. Suppose for a contradiction that Ju € [s]. pos,(a) >
p0sy(B). Then must be some uj,u; € [s] such that u;(~ U =1)uy and pos,, (o) <
P08y, (B) and posy, (@) > pos,,(B). There are two cases:
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o If posy, (@) < posy,(B) and posy,(a) = pos,,(B), then it follows from Proposi-

tion 10.10(2) that there are z,y, A, B, C such that 7; = ZAy ~ zB Cy = U
and @ € B and B € C. Thus, (I(a),l(8)) € ser and —~(a <>, B). Hence, it
follows from (10.5) that

poss(8) < poss(v) A (1(6), I(7)) ¢ ser )

39, v € Zs.
7 s</\ aC*8C*BAaCr vyt

By (2) and transitivity of <, we have

v# 6 A (I(6),1(7) & ser )
A (Yu € [8]. posy(a) < posy(d) < pos,(8))
A (Yu € [s]. posy(a) < pos, () < pos,(B)
C A,
Ny

But since o, € BUC = 4, it follows that {v,6} C
P03y, (7) = p08y,(8). Since we also have poss(d) < pos,(v), it follows from
Proposition 10.10(2) that there are z,w, D, E, F such that ZDw =~ ZE Fw and
§ € E and y € F. Thus, (I(6),1(y)) € ser, a contradiction.

which implies

If posy, (@) < posy, (B) and posy, (@) > posy,(B), then it follows from Proposi-
tion 10.10(1) that there are z,y, A, B such that iy = TA Byj(~ U ~")ZB Ay =
U3 and o € A, 3 € B. Hence, (I(a),l(8)) € inl. Since we assume o <, 3, by
(10.5), it follows that (o, 8) €<>, N (si(C}) o <> o si(C})). Hence, there must
be some «, § such that « si(C%) v <L § si(C?) B. Observe that

a si(C3) ¥
= ( By definition of si )
a(CHy Ay(E))a
= ( By (2) and transitivity of < )
(Vu € [s]. posy(a) < posy (7)) A (Yu € [s]. pos,(7y) < pos.(a))
= ( By logic )
(Vu € [s]. posu(a) = posu(7))
= (Since a € A)
{a,7} C A
Similarly, since § si(C%) B, we can show that {§,8} C B. Hence, since
ZA By(=U~"1)7ZB Ay, we get A x B C inl. So (I(y),1(¥)) € inl. But
v <>C & implies that (I(7),1(6)) ¢ inl, a contradiction.
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Since either case leads to a contradiction, we conclude Yu € [s]. pos,(a) < posy(8).
[

Proposition 10.12. Let s be a step sequence over a generalised comtrace alphabet
(E, sim, ser,inl) and & = (Z;,<>,C). If o, B € I, then

1. a <> B => Yu € [s]. posy(a) # pos.(B)

2. aC B => VYu € [s]. posu(a) < pos,(B)

Proof. 1. Let Co=~<; U s, <o=<;s U <, and <g=<>¢ N j. We then let <;=
(<o U Cp)" 0 <o o (<o UCp)". By Definitions 10.2 and 10.1, we have

< = (=<1 U <) U (= U <o)
By Proposition 10.11, for o, 8 € 35, we have

aCofB = Yu € [s]. pos,(a) < pos,(B) (10.6)
a <o 8 = Yu € [3]. posy(a) # pos.(B) (10.7)

Hence, by transitivity of <, we have

a <o 8 => Yu € [s]. pos,() < pos,(B) (10.8)
But since <= (<o U [Cg)* 0 <p o (<o U [Cp)", by transitivity of < and <, we have

a <y B = Yu € [s]. posy(a) < pos,(B) (10.9)
Since <> = (<1 U <>¢) U (<1 U <)}, from (10.7) and (10.9), it follows that

a <> [ => Yu € [s]. posy(a) # pos.(B).

2. By Definitions 10.2 and 10.1, we have C= (<o U Co)" \ idx,. Hence, it follows
from (10.7), (10.8) and transitivity of < and < that

aC f = Yue [s]. pos;(a) < posy(B).
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Note that the definitions of non-serialisable steps, defined using only the relation
ser, are still valid for the case of generalised comtraces. Moreover, the following
results still hold.

Proposition 10.13. Let A be a step over a generalised comtrace alphabet
(E, sim, ser,inl), then

1. If A is non-serialisable to the left of () for some o € A, then

Ve A arCh B

2. If A is non-serialisable to the right of I(3) for some 8 € A, then

Vo€ A o B.

8. If A is non-serialisable, then Vo, 8 € A. o T B.

Proof. For all o, 8 € A, (I(a),1(B)) ¢ inl. Hence, by (10.4),

aCa B < posa(a) < posa(B) A(B),l(a)) & ser Uinl
<> posa(a) < posa(B) A (L(B),(c)) & ser

This is exactly the same to Definition 9.2. Hence, the proof is exactly the same to
that of Proposition 9.5. O

Proposition 10.14. Let A be a step over a generalised comtrace alphabet
(E, sim, ser,inl) and a € A. Then

1. There ezists a unique B C A such that a € B, B is non-serialisable to the left
of a, and
A#B = A=(A\B)B.

2. There exists a unique C C A such that a € B, C is non-serialisable to the right
of a, and

A#4C = A=C(A\O).
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Proof. Again since Vb,c € A. (b,c) ¢ inl, C 4 is defined in exactly the same way to
Definition 9.2. Hence, the proof is the same to that of Proposition 9.6. (]

Proposition 10.15. Let s be a step sequence over a generalised comtrace alphabet
(E, sim, ser,inl) and &, = (L5, <, C). Let <=C U <. Ifa, B € X5, then

(Vu € [s]. posu(e) # posu(B))
1.1 A (Fue[s]. posy(a) <posy(B)) | = a<>pB
A (Fu € [s]. posy(c) > pos.(B))

2. (Vu € [g]. posy(c) < pos,(B)) = a<pf

3. (a# B A Yué€ [s]. posy(a) < posy(B)) = aC

(Vu € [s]. posy(a) # pos,(06))
Proof. 1. If | A (3u € [s]. posy(a) < posy,(B)) |, then it follows from Proposi-
A (Ju € [s]. posy(a) > pos,(B))

tion 10.10(1) that there are u;,uy € [s] and z,y, A, B such that
i =TA By(= U~"1)ZB Ay =3

and a € 4,8 € B. Hence, (I(a),((8)) € inl, which by (10.3) implies that o <>, 8.
It then follows from Definitions 10.1 and 10.2 that a <> .

2, 3. Assume Vu € [s]. pos,(a) < pos,(0) and a # (. Hence, we can choose
ug € [s] where Ty = Tg Ey...Ey, %o (k > 1), Ey, E, are non-serialisable, a € Ej,
B € Ej, and

ek A b o 7
vid, € 5] @ =zh E...E,yh N a € E} A BE€E}) (10.10)
=> weight(E; .. Ek) < weight(E, ... E},)

We will prove by induction on weight(E ... Ey) that

(Vu € [3]. posy(a) < pos,(B)) => a<p (10.11)
(a # B A Yu € [s]. posy(a) < posy(B)) = aC f (10.12)
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Base Case:

When weight(E; ... Ey,) = 2, then we consider two cases:

o If a # B3, Vu € [s]. posy(a) < pos,(B) and Fu € [s]. pos,(a) = pos,(B), then it
follows that

0 = -JTO-{aa ﬂ}%a or

— T = To{a}{}70 = To{a, B}70

£

But since Vu € [s]. posy(a) < posy(0), in either case, we must have {l(),(8)}
is not serialisable to the right of I(3). Hence, by Proposition 10.13(2), o C* 8.
This by Definitions 10.1 and 10.2 implies that o T 5.

o If Vu € [s]. pos,(a) < pos,(B), then it follows Tg = To{a}{B}7s. Since Vu €
[8]. posy(a) < pos,(B), we must have (I(c),l(B)) ¢ ser Uinl. This, by (10.3),
implies that oo <s 8. Hence, from Definitions 10.1 and 10.2, we get o < 8.

From these two cases, since < C [, it follows that (10.11) and (10.12) hold.

Inductive Step:

When weight(E, ... Ey) > 2, then Ty = To E ... Ey o where k > 1. We need to

consider two cases:

Case (i): If a # 5, Vu € [s]. pos,(a) < pos,(B) and Fu € [s]. pos,(a) = pos,(B),
then there is some vy Tg = Wo F %o and o, 8 € E. Either E is non-serialisable to
the right of I(8), or by Proposition 10.13(2) 75 = wgy F Zo = w—g E ;g where E' is
non-serialisable to the right of I(3). In either case, by Proposition 10.13(2), we have
o X B. So it follows from Definitions 10.1 and 10.2 that o C 3.

Case (ii): If Yu € [s]. pos,(a) < pos,(B), then it follows g = Ty E, ... Ei To
where k > 2 and o € E, 3 € E,. We also know from the way we choose ug that F;
is non-serialisable to the left of [(a)) and Es is non-serialisable to the right of I(3),
otherwise condition (10.10) is not satisfied. If ({(a),1(8)) ¢ ser Uinl, then by (10.3),
a <y 3. Hence, from Definitions 10.1 and 10.2, we get o < 3. Thus, we need to
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consider only when (I(a),l(8)) € ser or (I(e),!(B)) € inl. There are three cases to
consider:

o Ifug =75 E;, Ey 7o where F; and E, are non-serialisable, then since we assume
Yu € [s]. pos,(a) < pos,(B), it follows that E; x Ey € ser and E; x Ey & inl.
Hence, there are a;,as € E; and B1,0; € E, such that (I(ay),1(8:)) ¢ inl
and (I{as),l(B2)) ¢ ser. Since E; and E, are non-serialisable, by Proposi-
tion 10.13(3), oy % ap and Bs TF G Also by 10.2, we know that a; <>, (s
and a2<>3cﬁ1. Thus, by 10.2, we have a3 <; (. Since E; and FE, are non-
serialisable, by Proposition 10.13(3), a C* a; <, B2 C% 8. Hence, by Definitions
10.1 and 10.2, o < .

o If Uy =75 E; ... E; 7o where k > 3 and (I(c),1(8)) € inl, then let v € Es.
Observe that we have

Ww=TF .. Ek=mi B Fa Bk =T Em FR E )

such that F' is non-serialisable and weight(E; w; F), weight(F Z; Ey,) satisfy the
minimal condition similarly to (10.10). Since from the way ug is chosen, we
know that Yu € [s]. pos,(a) < pos,(y) and Yu € [s]. posy,(y) < pos,(B), by
applying the induction hypothesis, we can conclude that

aCyCp (10.13)

So by transitivity of C, we get a T (. But since we assume (I(a),[(8)) € inl,
it follows that @ <> 8. Hence, (o, 8) EC N < = <.

o Ifug =75 E, ... E}, T where k > 3 and (I(a),1(B)) € ser, then we observe from
how wug is chosen that

vy € [H(EL . (Vu € [8]. posu,(@) < posu, () < Posu,(B))
Similarly to how we show (10.13), we can prove that
VyelHE ... B)\{a,8}. ayC B (10.14)

We next want to show that

36,7 € (& - (P034e(0) < posuy(v) A (U(6),U(y)) ¢ ser)  (10.15)
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Thus,

Prop

Suppose for a contradiction that (10.15) does not hold, then

V6, v € W(Er.. . E). (posu,(8) < posu(v) = (I(8),1(7)) € ser)  (10.16)

It follows that g = Tg E1 ... By U5 = Zg F To, which contradicts that

Vu € [s]. posy(a) < pos,(B)

Hence, we have shown (10.15). Let &,v € W(E; ... E;) be event occurrences
satisfying pos,,(8) < posy, () and (1(6),{(7y)) ¢ ser. By (10.14), we also have
that a(C U idy,)6(C U idg,)B and o(C U ids,)y(C U ids,)8. If a < 6 or
d < Bora~<-yory <0, then by (C4) of Definition 8.1, & < 3. Otherwise, by
Definitions 10.1 and 10.2, we have oo C; 6 C} 8 and o [} v C; 8. But since
P08y, () < posy,(7y) and (1(8),1(7)) ¢ ser, by 10.2, a <, 8. So it follows from
Definitions 10.1 and 10.2 that a < 8.

we have shown (10.11) and (10.12) as desired. O

osition 10.16. Let s be a step sequence over a generalised comtrace alphabet

(E, sim, ser,inl), & = (85, <, ), and <=<> NC. Ifa,B € Z;, then

1.
2.

3.

4.

Proof.

2.

3.

a <> f < Vu€ [s]. posy(a) # posy(B)
aC B < Yu€ [g]. posy(a) < pos,(B)
a < B <= Yu € [s]. posy(a) < pos,(B)
If l{a) = 1(B) and poss(a) < poss(B), then o < 3
1. Follows directly from Proposition 10.12(1) and Proposition 10.15(1, 2).

Follows directly from Proposition 10.12(2) and Proposition 10.15(3).

a<p
( Since <;=<>, N, )

a, BNhNals
( From (1) and (2) )

Vu € [s]. (posu(a) 7 posu(B) A posu() < posu(B))
( By logic )

Yu € [s]. posy(a) < posy(B)

!

!

!
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4. Assume that [(a) = I(0) and pos;(a) < poss(B3). Then, by Proposition 10.3(2),
we know Vu € [s]. pos,(a) < pos,(B). Hence, it follows from (3) that a < .
(]

Theorem 10.1. Let s be a step sequence over a generalised comirace alphabet
(E, sim, ser, inl). Then

&E=1%, N <~ ) <2 ] (10.17)

u € [$] u € [g]

Proof. Let & = (X;,<>,C) and a, § € X,. We have

a<
= ( By Proposition 10.16(1) )
Yu € [g]. pos,(a) # pos,(7)
( By logic )
Vu € [s]. (posu(a) < posu(B) V posu(a) > posu(B))
= ( By definition of <, )
(@,8) € My <™

We also have

!

alp

= ( By Proposition 10.16(2) )
Vu € [s]. posy(@) < posy(7)

= ( By definition of <7 )

(@,8) € MNue <™

Hence, we conclude that

€s=(23,<>,l:)= (Zs’ ﬂ qusv n 41’1,\

u € [s] u €[]

O

Proposition 10.17. Let s be a step sequence over a generalised comtrace alphabet
(E, sim, ser,inl). Then & = (X4, <>,C) is a generalised stratified order structure.
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Proof. Since <>= (), Is <, and <, is irreflexive and symmetric, <> is irreflexive
and symmetric. Since C= (), ¢ (4 <3 and < is irreflexive, T is irreflexive.

Let <=<> N [, it remains to show that S = (¥, ~<,C) is a stratified order
structure, i.e., S satisfies the conditions C1—C4 of Definition 8.1. Since C is irreflexive,
C; is satisfied. Since <=<> N C implies < C C, C, is satisfied. Assume a T 8 C v
and a # v. Then

aCfBCy
== ( By (10.17) )
(a7/6) € nue[s] 41’; A (/8’7) € nue[s] 417
= ( By definition of <, )
(Vu € [s]. posy(a) < pos,(B)) A (Vu € [s]. posy(c) < posy(7))
= ( By transitivity of < and the assumption that o # =y )
Yu € [s]. posy(a) < posy(y) Ao #
= { By definition of <, )
(Ol, ’7) € nu € [s] <
= ( By (10.17) )
oy

Hence, C3 is satisfied. Next we assume that o < 8 s . Then

a<pBCYy
= ( By (10.17) and <=<>N1LC)

(@.8) € Mue(e N<WT)IABY) € Nyery(de N<™)
= ( By definition of <, )

(Yu € [s]. (posu(a) < posu(B) A posu(a) # posu(8)))

A (Yu € [s]. (posu(a) < posu(7) A posu(a) # posu(7)))

= ( By logic )
(Vu € [s]. posy(a) < pos,(B)) A (Yu € [s]. posy(a) < posu(7))
= ( By transitivity of < )
Yu € [s]. posy(a) < posy(7y)
= ( By definition of <, and logic )
(@7) € Nue (N <W™)
= ( By (10.17) )

o<y
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Similarly, we can show a C 8 <y = a < <. Thus, C4 is satisfied. (|

By Proposition 10.3, for each step sequence s over a generalised comtrace alphabet
(E, sim, ser,inl), we will call & the generalised stratified order structure induced by
the step sequence s.

10.4 Generalised Stratified Order Structures Gen-

erated by Generalised Comtraces

In this section, we want to show that the construction from Definition 10.2 indeed
yields a generalised stratified order structure representation of comtraces. But before
doing so, we need some preliminary definitions and results.

Definition 10.3 ([10, 11]). Let G = (X, <>,C) be a generalised stratified order
structure. A stratified order < on X is an stratified order extension of G if for all
a, 0 € X, the following hold

a<sf = ad™p
alCf = ad™ f

The set of all stratified order extensions of G is denoted as ext(G).

Proposition 10.18. Let s be a step sequence over a generalised comtrace alphabet
(E, sim, ser,inl). Then <, € ext(&,).

Proof. Let € = (X, <>,C). By Proposition 10.16, for all o, 8 € %,

a <> B = posy(a)#pos,(B) = a<,8V B<a = ad,”
aC f = poss(a) < poss(f) = a<; B

Hence, by Definition 10.3, we get <, € ext(;). O

Proposition 10.19. Let s be a step sequence over a generalised comtrace alphabet
0 = (E, sim, ser,inl). If < € ext(&,), then there is a step sequence u over 6 such that
< = <u-
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Proof. Let & = (X,,<>,C) and Qg = By ... B. We will show that u = I(B)...1(By)
is a step sequence such that < = <.

Suppose o, B € B; are two distinct event occurrences such that (I(a), (8)) ¢ sim.
Then poss(a) # poss(B), which by Proposition 10.16 implies that o <> [. Since
< € ext(&), by Definition 10.3, o < 8 or 8 < a contradicting «, 3 € B;. Thus, we
have shown for all B; (1 <1 < k),

a,BeBNa#B = ((a),l(8)) ¢ sim (10.18)

By Proposition 10.3(2), if e®,el) € X, and i # j then Vu € [s]. pos,(e®) £
pos,(e?). So it follows from Proposition 10.16(1) that e <> eV). Since < € ext(€,),
by Definition 10.3,

If e®0) ¢ B, and ™ € B,, then kg #mg < k#m (10.19)

From (10.18) it follows that u is a step sequence over 8. Also by (10.19), pos;*(i) = B;
and |l(B;)| = |B;| for all i. Hence, Q4 = Q4,, which implies <1 = <. O

We next want to show that two step sequences over the same generalised comtrace
alphabet induce the same generalised stratified order structure if and only if they
belong to the same generalised comtrace (Theorem 10.2 below). The proof of an
analogous result for comtraces from [14] is simpler because every comtrace has a
unique canonical representation that can be easily constructed. Since generalised
comtraces do not have a unique canonical representation as defined in Definition 4.2,
to simplify our proofs, we have to find another unique representation of generalised

comtraces which can be easily constructed.

Let R be a binary relation on a set X. We says R is a well-ordering on a set S if
R is a total order on S and every non-empty subset of S has a least element in this
ordering. When R is a well-ordering on X, we say that X is well-ordered by R or R
well-orders X.

Proposition 10.20. If R is a total order on a finite set X, then R is a well-ordering.

Proof. We prove this by induction on |X|. If [ X| = 0 then by definition R well-orders
X. Now we want to show that it also holds for |[X| > 0. For any non-empty S C X,
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we have R|yxy is a total order on S. Hence, by induction hypothesis, S is well-ordered
and hence it has a least element. It remains to show that X also has a least element.
We pick an arbitrary element € X and consider the set Y = X \ {z}. Since Rlyxy
is a total order on Y, by induction hypothesis, Y is well-ordered and hence has a least
element y. Since R is a total order on X, z and y are comparable. If xRy then z is
the least element of X. Otherwise, y is the least element of X. O

Definition 10.4. Let S be the set of all possible steps of a generalised comtrace
concurrent alphabet § = (E, ser, sim,inl) and assume that we have a well-ordering
<g on E. Then we can define a step order <* on S as following:

A<"B <= |A|>|B| V (|A| = |B|AA# B Aminc, (A\ B) <g mine,(B\ A))
(10.20)

where min< ,(X) denotes the least element of the set X C E with respect to <g.
Let A,...A, and B;...B,, be two sequences in S*. We define a lexicographic
order <'%* on step sequences as following;

Al A< B, . B, <= 3k>0.((Vi<k Ai=B)A(A<"ByVk>n))
(10.21)

Proposition 10.21. Let S be the set of all possible steps of a generalised comtrace
concurrent alphabet 8 = (E, ser, sim,inl) and <g be a well-ordering on E. Then

1. <%t well-orders S
2. << well-orders S*

Proof. 1. Since S is finite, by Proposition 10.20, we only need to show that if
A,B € S then A<**B or B<®®A or A = B. Assume A # B. If |A| < |B]
or |A| > |B| then it follows from (10.20) that A<®*B or B<* A. Otherwise,
|A| = |B| and A # B. Hence, A € B and B € A, which implies A \ B # § and
B\A#0and (A\ B)Nn(B\ A) = 0. Hence, min.,(A\ B) and min,(B\ A)
are comparable with respect to <g. Since (A\ B) N (B\ A) = 0, we also knows
that mine (A \ B) # min (B \ A). Thus, minc (A \ B) <g minc,(B\ A) or
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mine(B\ A) <g min<,(A\ B), which by (10.20) implies A <* B or B < A.

2. Since S* is finite, by Proposition 10.20, we only need to show that if u,v € S
then u < v orv<®yoru=v. Assumeu #v,u=A4,...4, and v = By ... By,.
Without loss of generality we can assume that n < m. We will prove the result
by induction on n. When n = ), then by (10.21) we have u <***v. When n > 0,
by induction hypothesis, u' = A;... A, and v are comparable. If v <!*®v’, then by
(10.21) v <’ y. Otherwise, v’ <**®v, which implies that there is some k such that
O0<k<nand (Vi < k. Ay = B)AN(A<"ByVk > (n—1)). If £ < n, then by
(10.21) we have u <'®v. Otherwise, k = n, which implies Vi < n. 4; = B;. Since
u # v, we have A, <g B, or B, <g A,. Hence, it follows from (10.21) that u <'*v

or v <y, O

Lemma 10.1. Let s be a step sequence over a generalised comtrace alphabet 8 =
(E, ser, sim,inl) and <g be a well-ordering on E. Let u = A;... A, be the least
element of the generalised comtrace [s] with respect to the well-ordering <. Let
& = (X,<,0) and <=<> N . Let mins<(X) denote the set of all minimal elements
of X with respect to < and define

Z(X) L (Y |Y Cmins<(X)A(Vo,BEY. a# 8 = —(a <> f))
AVaeY. Ve X \Y. -(BC a)} (10.22)

LetT = Ay ... A, be the enumerated step sequence of u. Then A; is the least element
of the set {I[Y]|Y € Z(Z\ Y(A; ... 4A;_1))} with respect to the well-ordering <*.

Proof. We first notice that by Proposition 10.16(4), if e, el) € ¥ and i < j then
e < el); Hence, for all o, 8 € mins(X), where X C ¥, we have [(a) # [(3). This
ensures that if ¥ € Z(X) and X C X then |Y| = |I(Y)].
For all @ € A; and B € %, pos,(B) > pos,(c). Hence, by Proposition 10.16(3),
=(8 < a). Thus,
A C mins(X) (10.23)

For all o, B € Aj, since pos,(B8) = poss(a), by Proposition 10.16(1), we have

—(a <> 0B) (10.24)
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For any a € A; and 8 € X\ 4, since pos;(8) < pos,(a), by Proposition 10.16(2),
~(BC o) (10.25)

From (10.23), (10.24) and (10.25), we know that A; € Z(X). Hence, Z(X) # 0. This
ensures the least element of {{[Y]|Y € Z(2)} with respect to <** is well-defined.

Let Yo € Z(X) such that By = [(Y;) be the least element of {{[Y] | Y € Z(¥)}
with respect to <*. We want to show that A; = By. Since <% is a well-ordering,
we know that A; <** By or By <** A, or A; = By. But since A; € Z(X) and By be
the least element of the set {I[B] | B € Z(X)}, ~(A; <* By). Hence, to show that
A, = By, it only remains to show that —(By < A;).

Suppose for a contradiction that By <® A;. We first want to show that for every
W C Y, there is an enumerated step sequence v such that

T=Wis=A4;...A,and W C Wy C Yy (10.26)

We will prove this by induction on |W]|.

Base Case:

When |W| = 1, we let {ap} = W. We choose 77 = Ey...Exy1 = A ... A, and
ap € Ey, (k > 0) such that for all v/ = E}... E}, v} = 4, ... A, and o € Ej,, we have

(i) weight(Ey ... Ex) < weight(EY ... El,), and
(i) weight(Eyp_, Ex) < weight(E,,_| E},).

We then consider only W = Ej. .. E;. We observe that because of the way we chose
71, we have

Vi € H—J(w) B # ag = Vit € [w]. posi(B) < posi(ap)
Hence, since W = T +g Tg, it follows from Proposition 10.4(1, 2) that
VB € lH(®@). B# a0 = Vt € [A1... As]. posy(B) < posy(co)
Then it follows frora Proposition 10.16(2) that

VBelH®@). B#A 0w = BT (10.27)
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By the way Y; was chosen, we know that
Va €Y, VB e X\ Y, —(BC a).

This and (10.27) imply that

@) = Eu.. .UE)C Y (10.28)
We claim that for every o € E; and B € E; (0<i<j < k),
{a}{B} ={a, 8} (10.29)

Suppose not. Then either [{a}{8}] = {{a}{B}} or [{a}H{B}] = {{a}{B}, {BHa}}.
In either case, we have Vt € [{l(a)}{I(B)}]. posi(a) # posi(B). Since {a}{B} =
T{a,8} (@), by Proposition 10.4(3), V¢t € [u]. posi(a) # posi(B), which by Proposi-
tion 10.16 implies o <> 3. This contradicts that Yy € Z(X) and o, 8 € Z(w) C Y.
Thus, we have shown (10.29), which implies that for all o € E; and B € E
(0 <i<j<k), (a),l(B)) € ser. Then Ey...Ex = EgU...UE;. Hence,
there exists a step sequence v} such that

W= (EqU...UE)TI =4 ... 4y,

If

where {ap} C (EoU...UE;) C Y.

Inductive Step:

When |W| > 1, we pick an element G, € W. By applying the induction hypothesis
on W\ {8}, we get a step sequence v, such that

T=Fp=A... Ay

where W\ {5} C Fy C Yo. If W C Fy, we are done. Otherwise, proceeding like the
base case, we construct a step sequence vz such that

Al A,

7 = Fo Iy

and {Bo} C F} C Y. Since Fy C Yy, W C FoUF; C Y,



10. Relational Representation of Generalised Comtraces 111

Similarly to how we proved (10.29), we can show that

Va € Fy. VB € Fi. {aH{B} = {a, 6}
This means that o € Fy and 8 € F, (I(a),l(8)) € ser. Hence, FoFy = Fp U F.
Hence, there is a step sequence v4 such that
vi=(FUR) =4 A,
and W C (Fo U Fy) C Ya.

We have shown (10.26), which implies that when we choose W = Yj, we will get
a step sequence v such that

T=Wih=4,... 4, (10.30)

where Yo € Wy C Y. Since Yy € Wy C Y, implies that Yo = W, from
(10.30), we have v is the step sequence such that T = Yy = Aj...A,. Thus,
v = Byvg = A,...A, But since By <* A;, this contradicts the fact that A,... A, is
the least element of [s] with respect to <’*. Hence, we have shown that A; is the
least element of {{(Y) | Y € Z(X)} with respect to <*.

We now prove that A; is the least element of {{[Y] |Y € Z(Z\ W& ... A1)}
with respect to <** by using induction on n, the number of steps of A;...A4,. If
n = 0, we are done. If n > 0, then we have just shown that A, is the least element
of {l[Y]|Y € Z(X)} with respect to <*. By applying the induction hypothesis on
p=A4A;...A,, £, = £\ A, and its stratified order structure (£,, < |5,xz,, C |5,x5,)
we get A; is the least element of {{[Y] | Y € Z(Z \ Y(A;...A;_1))} with respect
to <*® for all ¢ > 2. Thus, we conclude A; is the least element of {I{[Y] | Y €
Z(Z\W(A; ... A;_1))} with respect to <* for 1 <i < n.

O

Theorem 10.2. Let s,t be step sequences over a generalised comtrace alphabet 0 =
(E, sim, ser,inl). Then s =t if and only if &, = &;.

Proof. (=) If s =t, then [s] = [t]. Hence, by (10.17),

£ = (257 m qusa ﬂ 417 = | X, ﬂ Qu(:)a ﬂ <]'¢T = &.

u € [s] u € 8] u € [t] u € [t]
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(<) By Lemma 10.1, we can use &, to construct a unique element w; such that
w; is the least element of both [s] with respect to <, and then use &; to construct
a unique element ws that is the least element of [¢] with respect to <'®. But since
€ = & and the construction is unique, we get w; = wy. Hence, s =t. O

By Theorem 10.2, for each step sequence s over a generalised comtrace alphabet
0 = (E, sim, ser,inl), we will define the generalised stratified order structure induced
by the generalised comtrace [s] to be &,.

To end this section, we prove two major results. Theorem 10.3 says that the
stratified order extensions of the generalised stratified order structure induced by a
generalised comtrace [t] are exactly those generated by the step sequences in [t]. The-
orem 10.4 says that the stratified order structure induced by a comtrace is uniquely
identified by any of its extensions.

Lemma 10.2. Let s,t be step sequences over a gemeralised comtrace alphabet 6 =
(E, sim, ser,inl) and <, € ext(&). Then & = &.

Proof. Let & = (3, <>,0), & = (B, </, C7), <=<> NC and <'=<" N . We first
want to show that & C &;.
(< = <) We have a <>; § if and only if by Definition 10.2 ({(«),(8)) € inl,
which by Definition 10.2 means a <>, 3. Hence,
<y = <y (10.31)

(C: = Cs) If @ C; B, then by Definitions 10.1 and 10.2, « = (. But since
s € ext(&;), we have o <> B, which implies

poss{a) < poss(3) (10.32)
Since o ¢ B, by Definition 10.2,
(1(B),l{a)) ¢ ser Uinl (10.33)
Hence, it follows from (10.32) and Definition 10.2 that oo C, 5. Thus,

C: CCs (10.34)
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It remains to show that C, C ;. Let o C; 3, and we suppose for a contradiction
that ~(a C; 8). Since o [, 3, by Definition 10.2, pos,(a) < pose(8) and (I(8), () ¢
ser Uinl. Since we assume —(a C; 3), by Definition 10.2, we must have pos;(3) <
pos(c). But this by Definitions 10.1 and 10.2 implies that 8 <; a and § < . But
since <, € ext(&;), we have § <, o, which implies pos,(8) < poss(a), a contradiction.
Hence, C; C ;. Thus together with (10.34), we get

Ce=LCs (10.35)

(= = =<4) If a <; B, then by Definitions 10.1 and 10.2, « < 3. But since
s € ext(&), we have a <y 3, which implies

poss(a) < poss(0) (10.36)
Since a <; B, by Definition 10.2,

(l(a),U(B)) ¢ ser Uinl
V (a,B) € <N (si(C)) o <L osi(C)))
(l{a),l(B)) € ser

\

posy(8) < poss(v) A (I(8),1(~)) ¢ ser )

AN arC;dCy BAaCyyCr B
We want to show that a <, S.

e When (I(@),l(B)) ¢ ser Uinl, it follows from (10.36) and Definition 10.2 that
a < B.

e When (a,8) € <> N(si(C}) o <>F 0si(C})), then o <>; B and there are
8,7 € T such that a si(C}) § < v si(C)) B. Since C; = C; and <>y = <>,
we also have a <>; 8 and « si(C2) 8§ <>F v si(C2) 8. Thus, it follows from
(10.36) and Definition 10.2 that o <, 8.

o There remains only the case when (I(a), l(8)) € ser and there are 6,7y € L, such
that
posy(6) < posy(7) A (1(0),1(7)) & ser
(/\ alC;dC; BAhaCCiyLCy B )
Since Cy = C;, we also have o C* 6 C* BAa CF v T B. Since (1(8),1(y)) ¢
ser, we either have (I(d), I(y)) € inl or (I(d), (7)) ¢ ser Uinl.
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— If (1(6),1(y)) € inl, then poss(d) # poss(y). This implies (poss(d) <
poss(y) A (1(8),U(y)) ¢ ser) or (poss(y) < poss(8) A (L(7),1(8)) & ser). So
it follows from (10.36) and Definition 10.2 that a <, g.

— If (1(6), (7)) ¢ inl, then (1(8),{(7)) ¢ ser Uinl. Hence, by Definition 10.2,
d <7y, which by Definitions 10.1 and 10.2, § < . But since <, € ext(&;),
we have § <5 7, which implies pos;(8) < poss(7y). Since poss(d) < poss(7y)
and (I(d),1(7y)) ¢ ser, it follows from (10.36) and Definition 10.2 that
a < 0.

Thus, we have shown that o <, 3. Hence,
‘<t g '<s (1037)

It remains to show that <, C <;. Let a <; 3, and we suppose for a contradiction
that —(a <; ). Since a <5 8, by Definition 10.2, we have poss(a) < poss(5) and

(l{a),l(B)) ¢ ser Uinl
V(@) € <N (siE3) 0 < 0 si(3))
(l(a),l(ﬁ)) € ser
NEXTDN ( pos,(5) < posa(v) A (I(6),1(7)) & ser )

AN aCrdc:BAaiyClp
We want to show that o <; 8.

e When (l(a),l(B)) ¢ ser Uinl, we suppose for a contradiction that —(a <; 5).
This by Definition 10.2 implies that pos;(8) < pos;(a). By Definitions 10.1 and
10.2, it follows that B ; a and 8 C «. But since <, € ext(&;), we have <7 a,
which implies pos,(3) < poss(a), a contradiction.

o If (a,8) € < ﬂ(si(l:;) 0oL Osi(l:;)), then since <>y=<>; and C,=C,,
we have (@, 8) € < N(si(C})o<>LCosi(Cy)). Since o <>, B, we have
posi(a) < posy(B) or posi(B) < posi(a). We want to show that pos,(a) <
posy(B). Suppose for a contradiction that pos;(8) < posi(c). But since
(a,8) € < N (si(C)) o <> 0 si(C})) and <>; is symmetric, we have (8,a) €
<, N (si(C}) o < £ o si(C})). Hence, it follows from Definitions 10.1 and 10.2
that 8 <; o and B < «. But since <5 € ext(;), we have § < o, which implies
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poss(B) < poss(a), a contradiction. We have just shown that pos;(a) < pos.(5).
Since (a, B) € <>¢ N (si(C}) o <L o0 si(C})), we get a <; B

e There remains only the case when (I(a),l(8)) € ser and there are 4§,y € L,

such that
Pos,(8) < posy(v) A (U(8), 1(x)) ¢ ser ) |
N aC;06C:BAarC;yC: B

Since Cy=C4, we have o C; 6 C; B and @ C} v C; B, which by Def-
inition 10.2 and transitivity of < implies that pos;(a) < pos;(§) < pos:(5)
and posi(a) < posi(y) < posi(B). Since (I(8),I(v)) ¢ ser, we either have
(1(8), U()) € inl or (1(0),1()) ¢ ser Uinl.

— If (I(6),1(y)) € inl, then pos;(§) # pos;(y). This implies (pos:(d) <
posy(y) A (1(0),U(v)) & ser) or (posi(y) < posi(6) A (I(7),1(8)) ¢ ser).
Since pos;(d) # posi(7) and posi(a) < posy(8) < pos(B) and posi(a) <
posi(y) < posi(B), we also have posi(a) < pos;(8). So it follows from
Definition 10.2 that a <; (.

— If (1(0),1(7)) ¢ inl, then (I(5),l(7)) ¢ ser Uinl. We want to show that
pos;(8) < pos;(vy). Suppose for a contradiction that poss(6) > poss(7y),
then since (I(8),1(7)) ¢ ser U inl, by Definitions 10.1 and 10.2, we have
v C¢ 6 and v C 4. But since <y € ext(£;), we have v <7 §, which
implies poss(y) < poss(8), a contradiction. Since pos;(d) < pos(y) and
posi(a) < posi(6) < posy(B) and posi(a) < posi(y) < posi(F), we have
posi(a) < posi(B3). Hence, we have pos;(a) < pos;(83) and

( pos,(6) < posy(y) A (1(6), (7)) & ser Uinl ) |

AN aC}dC BAarCi vyl B
Thus, it follows from Definition 10.2 that o <; 8.
Thus, we have shown that o <; 3, which implies C;Cs. Hence, by (10.37),
<t = =s (10.38)
From (10.31), (10.35) and (10.38), we have

(B, U< iU =) = (8,05 U <6, 0 U <).
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Thus, we conclude
&= (3, U= T U =)™ = (5,0 U< B U =)™ =6
O

Theorem 10.3. Let t be a step sequence over a generalised comtrace alphabet
(E, sim, ser,inl). Then ext(&) = {<, | u € [t]}.

Proof. (C) Suppose < € ext(&;). By Proposition 10.19, there is a step sequence u
such that <, = <. Hence, by Lemma 10.2, we have £, = &, which by Theorem 10.2
implies that u = ¢. Hence, ext(&) 2 {<. | u € [t]}.

(2) If u € [t], then it follows from Theorem 10.2 that &, = &. This and Proposi-
tion 10.18 imply <, € ext(&;). Hence, ext(&;) 2 {<u | u € [t]}. O

Theorem 10.4. Let s and t be step sequences over a generalised comtrace alphabet
(E, sim, ser,inl) such that ext(&;) Next(€;) # 0. Then s =t.

Proof. Let <1 € ext(&) N ext(&). By Proposition 10.19, there is a step sequence u
such that <, = <. By Lemma 10.2, we have & = &, = &. This and Theorem 10.2
yields s = t. O



Chapter 11

Conclusion and Future Works

The concepts of absorbing monoids over step sequences, partially commutative ab-
sorbing monoids over step sequences, absorbing monoids with compound generators,
monoids of generalised comtraces and their canonical representations have been in-
troduced and analysed. All of these quotient monoids are the generalisations of
Mazurkiewicz trace and comtrace monoids. We have shown some algebraic and for-
mal language properties of comtraces, and provided a new version of the proof of the
existence of a unique canonical representation for comtraces. We then prove Theo-
rem 9.5, which states that any finite stratified order structure can be represented by

a comtrace.

One interesting observation is that the notions of non-serialisable steps are con-
venient for capturing the weak causality relationship induced not only by a comtrace
but also by a generalised comtrace. The uses of non-serialisable steps for generalised
comtraces were shown in Proposition 10.15, which was absolutely required for our
proof of Theorem 10.1.

It is worth noticing that Theorems 9.3 and 10.3 can be seen as the generalisa-
tions of the Szpilrajn Theorem in the context of comtraces and generalised comtraces
respectively. In other words, the (generalised) stratified order structure induced by
a (generalised) comtrace [t] can be uniquely reconstructed from the stratified orders

generated by the step sequences in [¢].

Despite some obvious advantages, for instance very handy composition and no
need to use labels, quotient monoids (perhaps with some exception of Mazurkiewicz
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traces) are much less popular for analysing issues of concurrency than their relational
counterparts as partial orders, stratified order structures, occurrence graphs, etc. We
believe that in many cases, quotient monoids could provide simpler and more adequate
models of concurrent histories than their relational equivalences.

An immediate task is to prove the analogue of Theorem 9.5 for generalised com-
traces which says that each generalised stratified order structure can be represented
by a generalised comtrace. This should not be difficult, thanks to the results from
Chapter 10 and the analogy to the proof of Theorem 9.5.

Another interesting task is to study our novel notion of absorbing monoids with
compound generators, which can model asymmetric synchrony. We believe the con-
cept of compound generators might relate to another line of our research on the theory
of part-whole relations in [22] which utilises the ideas from both mereology [29] and
category theory [23, 6].

Much harder future tasks are in the area of comtrace and generalised comtrace
languages with such major problems as recognisability [26], where the equivalences of
Zielonka’s Theorem! [33] for comtraces and generalised comtraces, etc., are still open.

1Zielonka’s Theorem states that a trace language is recoghisable if and only if it is accepted by
some finite asynchronous automaton.
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