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Abstract 
Insight into many-body problems in quantum mechanics may be developed 

by solving simple models exactly using computational methods. The small 

size of endohedral-doped fullerene molecules allows the electronic states to be 

evaluated numerically using a spin model such as the Heisenberg Hamiltonian. 

The Lanczos algorithm is deployed to compute a few low-energy states of 

fullerene systems. 

Since the spin of the dopant electrons can be manipulated using external 

magnetic fields, the system can be used as a qubit. For sufficiently large cou

plings between the dopant and the fullerene, the qubit may relax by releasing 

energy into the carbon cage. The resulting oscillations of the qubit are found 

to include a high frequency component introduced when the spin accesses mul

tiple states with different energies. The frequency and the amplitude of the 

qubit's oscillations also depend on the magnitude of external fields and the 

size of the coupling between the dopant and the fullerene. 
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Chapter 1 

Introduction 

Many-body problems are of enduring interest because the characteristics of 

real systems depend extensively on interactions between a large number of 

particles. Taken as an ensemble, aggregations of particles exhibit collective 

properties which cannot be deduced from the behaviour of a few isolated com

ponents. While the behaviour of one or two particles can be well-described, 

the features of many-body systems have remained difficult to study because 

the interactions between a large number of constituent components give rise 

to complex behaviours. 

Analytical techniques- such as perturbation theory and mean field approx

imations- allow study of many-body problems; however, the most curious be

haviours are often masked by such simplifications. For example, the Bardeen

Cooper-Schrieffer theory of superconductivity cannot be derived through per

turbative methods. 

Computational techniques which allow the exact solution of many-body 

problems are an alternative to analytical methods provided the dimension of 

the Hamiltonian does not exceed memory restrictions. The size of the prob

lem which can be tackled can often be increased by invoking clever storage 

schemes for sparse matrices and by using approximate diagonalization tech

niques which solve for a few interesting eigenvectors. "Toy" models, in which 

the interactions between components are simplified, allow larger systems to be 
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2 CHAPTER 1. INTRODUCTION 

investigated and may allow insight into non-trivial effects due to large numbers 

of particles. One problem which numerical methods are especially suited to 

is the computation of electronic states of endohedral doped fullerenes - single 

atoms trapped inside a carbon cage. The number of atoms is small enough 

that numerical methods may be deployed to generate a few exact low-energy 

states using a simple spin model such as the Heisenberg Hamiltonian. 

1.1 Quantum computing with endohedral 

fullerenes 

The unusual structural and electronic properties of carbon fullerene com

pounds have inspired the development of nanoscale devices for many novel 

applications [8] - including quantum computing. Harneit [9] proposed trap

ping an atom inside a fullerene cage and using the electron spin of the trapped 

atom as a qubit. Harneit's scheme has a number of advantages over other 

types of NMR-based proposals: the fullerene cage protects the qubit from 

chemical interactions and slows decoherence processes, and the carbon shell is 

large enough that the sphere may be physically manipulated in a large-scale 

system. 

A viable quantum computing strategy must fulfil several requirements [7]: 

• The qubits must be well-characterized. In Harneit's scheme, binary 1 

and 0 states are identified with the spin up and spin down states of the 

electrons in the incarcerated atom. Nuclear spins may also be used as 

qubits [17] . 

• It must be possible to initialize the qubits in a known initial state. As in 

other NMR based systems, the spins are initialized through alignment 

with an external magnetic field. 

• The qubits must exhibit decoherence times which are much longer than 

the time required for gate operations. Electrons on incarcerated atoms in 
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fullerene cages are known to have relatively long decoherence times [1] [9] 

[19]. The electron spin of the trapped atom may also be coupled to the 

nuclear spin using a radio frequency field; in this scenario, the nuclear 

spin acts a qubit while the electron spin is coupled and decoupled from 

the nuclear spin in order to flip the nuclear spin state [17]. Without the 

application of an RF field, the nuclear spin is otherwise weakly coupled 

to the surrounding spins, making the nuclear spin ideal as a qubit. In 

addition, the coupling between the electron and nuclear spins may be ex

ploited to apply phase operations to the nuclear spin much more rapidly 

than in conventional NMR [17]. 

• The qubits must interact under a universal set of quantum gates. Fullerene 

qubits are coupled to one another by the magnetic dipole interactions 

of neighbouring qubit spins. The spins may be manipulated by tuning 

microwave pulses to the resonant frequency of each particular bit [9]. 

• It must be possible to measure the state of a specific qubit. There are 

several proposals for measuring the state of particular spins including, 

conventional Electron Paramagnetic Resonance (EPR), micro-SQUIDS 

or Optically Detected Magnetic Resonance [17] . 

The Quantum Zeno effect, in which rapid measurement continuously forces 

a bit into a known state, might also be exploited to prevent decoherence. Re

lated techniques - bang bang methods [23] - employ rapid bit flips to deter 

phase evolution. Morton [17] has also suggested using phase shifts to prevent 

amplitude evolution. However, bang bang strategies may only be implemented 

successfully in cases where the decay time far exceeds the gap between the 

application of pulses [23] . An understanding of relaxation and decoherence 

processes in the electronic and nuclear spins of the incarcerated atom is there

fore neccessary to the design of a quantum computer. 

The relaxation of an electron spin qubit in a fullerene cage may be probed 

by studying a simple spin model of the electron-fullerene system. The tiniest 

fullerenes, C2o - C3o, contain a sufficiently small number of lattice sites that 
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the system may be treated numerically using the Heisenberg model. Since 

each site is occupied by one spin up electron or one spin down electron, the 

dimension of the Hamiltonian for a system with N sites is 2N. The number 

of sites which can be studied numerically is limited by computational storage: 

current studies in fullerenes have successfully treated up to 30 sites [11]. 

In this thesis, I use a Lanczos algorithm to compute the low energy states 

of an endohedrally doped C20 fullerene molecule described by the Heisenberg 

model. The dependence of the spin relaxation behaviour on the external fields 

and the coupling between the fullerene and the dopant is investigated as a 

function of time. 

Treating the fullerene in the Heisenberg model presents a significant sim

plification of the real molecule, discarding all electron conduction effects; how

ever, because it is often very difficult to exactly solve quantum many-body 

systems, employing computational methods and toy models may yield physi

cal insights into the relaxation of a qubit coupled to a mesoscopic bath. 

1.2 Properties of endohedral fullerenes 

Endohedral fullerenes, in which a dopant atom is trapped within the carbon 

cage, first occured incidentally during the production of regular fullerenes [4]. 

Modifying the ambient gas or doping the carbon source allows finer control over 

the incarcerated atom. Macroscopic quantities of a particular doped fullerene 

can be obtained using High Performance Liquid Chromatography to separate 

different allotropes and different dopants [ 4]. 

In a fullerene molecule each carbon atom is bound to three others, form

ing a polyhedron with twelve pentagonal faces. Additional hexagonal faces 

are added as the number of carbons increases - cages containing more than 

one hundred atoms have been observed [6]. Many techniques have been de

veloped to synthesize fullerene compounds; most methods are based on laser 

evaporation or arc discharge between graphite rods [4]. 

In the quantum-computing scheme proposed by Harneit [9], a Group V 
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\\ 

Figure 1.1: C20 , the smallest fullerene, contains 20 carbon atoms arranged in 
a structure with 12 pentagonal faces. 

atom - such as nitrogen - is trapped inside a fullerene cage and the qubit state 

is encoded in the electron spin of the dopant. Unlike other elements, Group 

V atoms do not transfer charge to the carbon shell and so the trapped atoms 

interact very weakly with the fullerene. The magnitude of the interaction 

between the fullerene and the dopant can be estimated with respect to the 

magnitude of the interactions between each of the carbon atoms by examining 

the orbital overlap. Density-functional calculations on endohedral nitrogen 

implanted in C60 indicate that there is a 2% overlap between the nitrogen 

and carbon orbitals [15]. This implies that the coupling between the dopant 

and the fullerene electrons is weaker than the coupling between electrons on 

adjacent carbons atoms. 

C20 (Figure 1.1) is the smallest of the fullerene cages; this compound was 

recently synthesized by Prinzbach and colleagues [20]. Due to the increased 

curvature of the cage and the higher strain in then-bonds on the pentagonal 

faces, C20 is not as stable as larger fullerenes. Although forming a qubit 
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from C20 is impractical, the smallest fullerene has many features in common 

with larger cages. Like C60 , the lattice sites of C20 are all identical and this 

symmetry, along with the small number of lattice sites, makes C20 a fruitful 

system to describe exactly using simple spin models. 

1.3 Experimental Work 

Electron Paramagnetic Resonance (EPR) experiments have been conducted on 

bulk quantities of nitrogen-doped C60 dissolved in CS2 [18]. EPR techniques 

exploit the unpaired electrons in the nitrogen p-orbitals - these spins align 

along the z axis in the direction of an external magnetic field. 

The T1 relaxation time describes how quickly a spin aligned antiparallel 

to a magnetic field releases energy to the environment and relaxes back to a 

state parallel to the external field. This process is investigated by applying 

a radiofrequency pulse of the appropriate duration and frequency to rotate 

the p-electron spins antiparallel to the field. If a second magnetic field, Bx , 

oscillates in the x direction, the electron spins will precess and induce a current 

in an external pick-up coil which is proportional to the magnitude of the 

magnetization in the z direction, 

(1.1) 

The T2 decoherence time describes how an ensemble of spins in a magnetic 

field , Bz lose phase coherence. If B z is slightly inhomogenous, the Zeeman 

splittings in the nitrogen p-electrons will vary and the spins will have slightly 

different resonant frequencies. If a microwave pulse is applied which rotates 

the p-electron spins into the x - y plane then some spins will precess more 

rapidly than others because of small difference between the resonances. The 

magnetization in the X - Y plane decays according to 

(1.2) 
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Morton [17] has shown that the relaxation and decoherence times are de

creased by magnetic inhomogeneities introduced by the presence of nuclear 

magnetic in the solvent. He has also demonstrated that trapping the dopant 

inside the fullerene cage increases the relaxation and decoherence times sub

stantially - T1 is as high as 0.25 ms in some solvents. 

The T1 relaxation and T2 decoherence processes limit the time over which 

a spin is valid as a qubit. If the coupling between the qubit and the fullerene 

is strong enough, the qubit may relax by emitting energy into the carbon cage, 

decreasing the relaxation time of the qubit. It is therefore pertinent to examine 

(o"z(t)) to determine how the signal may be corrupted by interaction with the 

fullerene. 
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Chapter 2 

Theory 

2.1 Hamiltonian for a qubit-fullerene system 

In the environment of an ideal qubit external magnetic fields and temperature 

are controlled so that only one energy level is accessible to the dopant. Be

cause the spin is unable to relax by releasing energy into the fullerene or the 

environment, the T1 time is infinite. However, in real systems the separation 

between levels is small enough that the dopant may exchange energy with the 

fullerene - and the environment. Consequently, it is pertinent to examine the 

T1 relaxation process in a model system over a small number of energy levels 

that are made accessible when the qubit spin is placed in an initial state which 

is a linear combination of a few low-lying levels. 

In the Hubbard model, each atom contains a single 1r-electron orbital which 

may be occupied by up to two electrons with anti-parallel spins. Electrons 

can hop between nearest-neighbour sites (i, j) with a tunneling probability, 

tij. The Coloumb repulsion between two electrons on the same lattice site 

increases the energy of the system by U when two electrons occupy the same 

site. The Hamiltonian reads: 

H = L tijc!rcii + Unirni!· 
<i,j> 

9 

(2.1) 
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In the large U limit at half-filling, the on-site Coulomb interaction dis

courages doubly-occupied sites and the Hubbard Hamiltonian reduces to the 

Heisenberg Hamiltonian: 

H = L Jij~. §; (2.2) 
<i,j> 

The spin operators, S, can be written in terms of the electron creation 

and annihilation operators, c and ct; the exchange energy, Jij, is t~j/U [2]. 

In order to model the relaxation processes of the dopant electron spin, it is 

sufficient to treat the fullerene using the Heisenberg model - nitrogen and 

phosphorous atoms implanted in C60 do not donate electrons to the carbon 

cage, so conduction effects in the fullerene may be ignored. 

Values of U and tij for C20 may be estimated from parameters calculated 

for C60 and C70 under the an extended Hubbard model- the SSH Hamiltonian. 

In this description, values for tij are refined by expanding the coupling to first 

order in bond length. The most significant contribution to the hopping part 

of this Hamiltonian is due to the following term: 

H = L (to- a(lij -lo)) c!TcJT + UniTnJl. 
<i,j> 

(2.3) 

Yu [24] has made estimates of t0 and a by adjusting the parameters to 

produce gaps between the highest occupied molecular orbital (HOMO) and the 

lowest unoccupied molecular orbital (LUMO) states which are consisent with a 

pseudopotential density function approach. From local density approximation 

methods (LDA), t 0 = 2.72 eV in C60 , along the 1.46A pentagon-hexagon bond. 

a = 5.6 eV /A so, t = 2.72- 5.6 x (1.40- 1.46A) = 3.0 eV along the 1.40A 

hexagon-hexagon bond. 

Estimates for U have been obtained by identifying low energy states as a 

function of U jt in the Hubbard model - U lies in the range 2tij :::; U :::; 5tij 

[14]. The coupling along the carbon-carbon bonds in a fullerene is 0.54:::; J = 

t 2 /U:::; 1.4 eV. 
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Implanting a dopant spin at the centre of the fullerene requires an addi

tional interaction term: 

(2.4) 

Since all the C20 lattice sites, ( i) are equivalent, the exchange interaction 

between each carbon atom and the dopant is given by a constant, 'TJ· 

For nitrogen-doped cages, the pertinent exchange interaction occurs be

tween the p-orbitals of the nitrogen and carbon atoms. The 3p electrons in 

the nitrogen couple to S = 3/2 states by Hund's rule: the interaction between 

the fullerene and the qubit will be antiferromagnetic and, hence, 'TJ is positive. 

2.2 EPR in a qubit-fullerene system 

The qubit state is encoded in the fullerene-dopant system using the f7z compo

nent of the dopant spin. External magnetic fields may be manipulated to write 

-and read- the qubit state using Electron Paramagnetic Resonance (EPR). As 

in other NMR-based quantum computer schemes, a large static magnetic field 

(Ez) is used to define a preferred direction, while a second field (Ex) oscillates 

perpendicular to the first. Electromagnetic pulses of appropriate duration and 

frequency can be used to flip the spins between the spin up and spin down 

states. The spins precess in the Ex field and - in bulk systems - CJ z may be 

measured by observing the current that this magnetic moment induces in an 

external coil. 

First, consider the Hamiltonian for a single qubit: 

(2.5) 

This describes a fullerene implanted with a spin 1/2 dopant, denoted by 

a. By setting We = 9/-LBEz and~= Ex!e/2, the Hamiltonian may be written 
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in the basis of a z: 

A _ ( T ~cos(wt) ) Hq-
~cos(wt) -T 

(2.6) 

Choosing a reference frame which revolves at the frequency of the applied 

microwave field allows the explicit time dependence of the Hamiltonian to be 

eliminated. A change of basis into this frame is accomplished by the rotation 

operator, (J: 

A ( eiwt/2 
U= 

0 
(2.7) 

Now l'lf)rot) = Ul'lf}) , so the time-dependent Schrodinger equation is 

Applying U to this equation yields an effective Hamiltonian for 'lf)rot: 

(2.9) 

In the "rotating wave approximation" the fast oscillating terms, e2iwt and 

e-2iwt can be discarded. The effective Hamiltonian, fief! in matrix form 

A _ ( ~(we- w) ~eiwtcos(wt) ) '""" ( ~(we - w) ~ ) 
Heff- . '""" 

~e-twt cos(wt) ~(we - w) ~ ~(we - w) 
(2.10) 

The freqency of the oscillating Ex field may be tuned to resonate with the 

Zeeman splitting induced by the static field, Bz. Since the electrons on the 

fullerene will have different resonances than the qubit , the Hamiltonian may 

be simplified by applying magnetic fields only to the incarcerated spin. This is 

realistic for the case where the qubit is a muon - the muon magnetic moment 

is 4.4904514 x w-26 J T-1 while the electron magnetic moment is 9.2847701 x 

w-24 J T-1. At resonance, the Bz field on the fullerene is effectively turned 
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off (we- w = 0), while the qubit continues to precess in the applied fields. In 

the full Hamiltonian the spin of the dopant is denoted by CJ while Si are spins 

on the fullerene and < i, j > denotes nearest-neighbour sites: 

fi = ca-z + fl(jx + L Jij§i · ~ + 1J L(f · ~. 
(i,j) 

(2.11) 

The difference between the resonant frequency of the electrons and the 

driving frequency of the Bx field, Hwe- w), may be written as c. At t = 0, 

the system is initialized in the low energy state with the dopant spin down -

denoted ¢10. The eigenvector for this state is determined by solving for the 

ground state of the Hamiltonian, 

if= ca-z + L Jij~ · ~ + 1} L ~·if. (2.12) 
<i,j> 

The eigenstates of the full Hamiltonian (Equation 2.11) are denoted '1/Jk· 

The evolution of the ground state, Jw(O)) = 1¢10 ), is described by 

(2.13) 
k k 

where the coefficients ao,k = ('l/Jki¢Lo) describe the overlap between the initial 

state, c/Jt,o, and the eigenstates of the full Hamiltonian. 

Applying an oscillating Bx field mixes some of the low-lying states and the 

spin of the dopant , (C!z(t)), will evolve according to 

Provided the coupling, 1J between the dopant and the fullerene cage is 

small, only the low-lying states will mix and the time evolution of the system 

can be determined exactly. 
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2.3 Variations on the Hamiltonian 

It is also useful to consider the case where the external fields act on the fullerene 

as well as on the dopant: 

iJ =gBz(f.-LB L Biz + f.-LQaz) + gBx cos(wt + cp)(f.-LQax + /-LB L Six) 
i i 

+ I: Jijsi . ~ + 11 I: a. ~. 
(2.15) 

<i,j> i 

The system is first aligned in the ground state in the presence of a static Bz 

field. When a microwave field, Bx, is applied at resonance Bz is cancelled on all 

the spins in the system. If the qubit has a magnetic moment (f.-LQ) that differs 

from the electron moments in the fullerene (f.-LB), the Hamiltonian no longer 

commutes with S 2 and the total Sz of the system may evolve non-trivially. 

2.4 Computational considerations 

The amount of memory required to store the Hamiltonian and the time re

quired to carry out diagonalization routines limit the size of the lattice that 

may be studied. For the Hubbard model, up to two electrons may occupy each 

lattice point, so there are four possible states for each site: {0, 0}, {j, l}, {L 0}, 

{ j, 0}. For the Heisenberg model each lattice site possesses one electron, so the 

possible states are {l}, {i}. Because the Hilbert space for the Hubbard model 

on a lattice with N sites has a dimension 4N while the number of possible states 

for the Heisenberg model is 2N, working with the Heisenberg model presents 

a substantial computational savings. In 16 bit precision a single eigenvector 

for a 28 site lattice in the full space of the Heisenberg Hamiltonian requires 

16x228 bits 0 GB f 
sx(1024)(1024)(1024)bits/GB ~ .5 o memory. 

Although it is impractical to fully diagonalize problems involving more 

than a dozen lattice sites, numerical methods exist which allow for the exact 

solution of a small number of extremal states. In addition, the Hilbert space 
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may be reduced by invoking commutation relations to block-diagonalize the 

Hamiltonian. For example, the Heisenberg Hamiltonian commutes with S2
, 

Bz and spatial symmetry operations which are peculiar to each fullerene . 

The Hamiltonian matrix is sparse - most of the elements are zero. The 

maximum number of non-zero elements is related to the connectivity: in the 

full Hilbert space of a lattice described by the Heisenberg model where each 

site has Nnn nearest neighbours, there are maximally 1 + N x Nnn non-zero 

elements per row of the Hamiltonian. There is one diagonal term resulting from 

onsite interactions involving Sz and additional off-diagonal terms resulting 

from exchange of two electrons with opposite spins. The storage requirements 

can be further reduced by generating each row of the Hamiltonian twice -

the first iteration determines the total number of non-zero elements and their 

indices, while the elements themselves are calculated in the second step. 

For large systems, it is necessary to block diagonalize the Hamiltonian 

in order to reduce the number of non-zero elements that must be stored in 

memory. Reducing the size of the matrix also decreases the amount of time 

required for the Lanczos determination of the low-energy states. However, 

schemes for labelling the spin states become less efficient. In the full Hilbert 

space, each state is indexed by a binary number and the ith digit corresponds 

to the ith lattice site - an O(n) process. Block diaganalizing using the S2 

operator requires a more sophisticated labelling scheme, which is more time 

intensive. 

The Lanczos routine has been developed to reliably compute extremal 

eigenvalues and eigenvectors for large, sparse matrices. The most intensive 

part of the algorithm is a matrix-vector multiplication, so the time required 

is quadratic in N for an N x N Hamiltonian. The technique generates an ini

tial eigenvector in a subspace of the matrix and calculates subsequent states 

by generating orthogonal vectors [5]. For large systems, both PETSc (C) [3] 

and ARPACK (FORTRAN) [13] Lanczos routines produce equivalent results. 

PETSc includes routines for assembling matrices and vectors in parallel across 

several processors and the solution method - exact diagonalization, Lanczos 
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- can be selected at the command line without recompiling or modifying the 

code prior to running the executable. 

2.4.1 Verifying numerical results 

In order to test the validity of the low-energy spectra, smaller systems (C12, 

rings) were solved using exact diagonalization methods (LAPACK). In ad

dition, results for rings reproduce the Bethe ansatz [10]. For small systems 

SLEPc Lanczos routines do not return the correct degeneracies of the low-lying 

states; however, the low energy spectra are the same as those generated by 

LAPACK for large systems. In addition, the Lanczos routine may erroneously 

discard some states when multiple degeneracies occur. This problem comes 

about because of post-processing used to cull off spurious states. A state with 

S = N should have a degeneracy that is 2N + 1-fold; this information can 

help to identify the incorrect degeneracies in systems which are too large to 

diagonalize exactly. 

The validity of the eigenvectors produced using the Lanczos algorithm can 

be tested by taking the difference IIH1/J- E1/JII- When this value is close to 0 

the eigenvalues and eigenvectors converge upon the exact values. 

The evolution of the dopant spin in time is characterized by the coefficients 

ao,k = ( 1/Jk I¢ to), where ¢to is the ground state eigenvector of the system without 

a Bx field acting on the dopant. Applying this field constitutes a change of 

basis: the coefficients ao,k describe how to transform from the old ground state 

to the new eigenstates of the full Hamiltonian with the Bx field. The initial 

state, w(O) can be written in the new basis of the full Hamiltonian if enough 

of the higher-energy states are calculated. The first kmax eigenvectors of the 

full Hamiltonian, 1/Jk, provide an accurate representation of w(O) if 

kmax 

A= 1- L a6,k --t 0. (2.16) 
k=l 

A is the maximum contribution to the amplitude from the missing states. If 
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the sum over a6 k is only slightly less than 1 the missing states have a relatively 
' 

small amplitude compared to the states that are included and the behaviour 

of ( o"z( t)) is not substantially affected. 
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Chapter 3 

Results 

The low-energy states of the fullerene systems described by the Heisenberg 

model were calculated using both PETSc (C) and ARPACK (Fortran) Lanczos 

routines. For all cases the J coupling between sites was set to 1; these results 

(Appendix A) reproduce Konstantinidis's values for the energies of the low

lying states [11]. The ground states all have the property Sz = 0 as expected 

for a Heisenberg antiferromagnet with an even number of sites [16] and all 

have 8 2 = 0. 

However, the degeneracies of some of the states evaluated using the Lanczos 

method are incorrect as discussed in section 2.4.1. This problem is observed 

in C12 where the expected degeneracy of the S = 1, 8 2 = 2 states should be 

a multiple of three. The Lanczos solution of C12 (Table 1) yields a nine-fold 

degeneracy forE= -5.013103134044950- a multiplicity which is reproduced 

by the Lanczos routine (Table 2). However, the Lanczos algorithm reports 

a four-fold degeneracy for E = -4.657885305020258 (nine-fold degenerate in 

the exact solution) and a four-fold degeneracy for E = -4.322917182968258 

(also nine-fold degenerate in the exact solution). 

19 
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Figure 3.1: The td isomer of C28 . There are four hexagonal faces, none of which 
are directly adjacent. Eleven of the atoms in the background are obscured by 
atoms in the foreground. 

3.1 Undoped fullerenes 

There are two isomers of C28 ; previous studies [11] examined only the "td" 

isomer (Figure 3.1). The "d2" isomer has a lower energy ground state than the 

"td" isomer (Table 6, Table 7) , likely because there are two hexagon-hexagon 

edges in the "d2" isomer which help to reduce frustration (Fig 3.2). 

Molecules of C12 , C20 and C60 all have the property that every atomic site 

is geometrically indistinguishable from the other sites on the lattice. Given 

that C12 and C20 have first excited states that are highly degenerate, it may 

be expected that the first excited state of C60 might also be highly degenerate 

in the Heisenberg model. 

The low-energy spectra of C20 is shown (Table 3). The gaps between adja

cent energy levels are sufficiently large that thermal excitations are negligible. 

A gap of 9. 72-9.40 = 0.32 eV is equivalent to 3500 K, so this excitation cannot 

be obtained thermally. The energy differences between the ground state and 

the first excited state of the larger fullerenes (Tables 4,5,6, 7) are smaller, but 

these energies still correspond to large temperatures. It is therefore sufficient 

to treat the system in the low-temperature limit. 
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Figure 3.2: The d2 isomer of C28 • There are four hexagonal faces, each of 
which is directly adjacent to one of the other hexagonal faces. 

3.2 Endohedral doped fullerenes 

The Hamiltonian describing the scenario in which the external field acts only 

on the qubit is considered first (Eq. 2.11). It is assumed that there are no 

effective external fields on the fullerene spins, so Bx and Bz act only on the 

qubit. The effect of modifying the external fields and the TJ coupling between 

the fullerene and the qubit is probed by examining (az) as a function of time. 

In the presence of the Bx field, the ground state mixes with one or more 

higher-energy states and the spin undergoes Rabi oscillations. 

In general, when TJ = 0, the fullerene and qubit are completely decoupled 

and the frequency of the qubit oscillations is J B'; + B';. In this state, the 

total spin of the fullerene is s fullerene = Li si = 0. When "' is increased 

by a small amout, the total spin of the fullerene remains 0 and the ground 

state eigenvector is unchanged. For all the systems of fullerene- type symmetry 

which have been studied under the Heisenberg model (C20 - C28 ), the ground 

state is a singlet and S fullerene = 0. Thus, in the ground state, TJ Li §,_ · iJ = 

ry(a · Stullerene) = 0, and the coupling between the qubit and the fullerene does 

not perturb the lowest energy state. 
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Figure 3.3: 4-site ring. The qubit is coupled to each site antiferromagnetically. 

3.2.1 4-site, 10-site rings, triangular pyramid 

It is instructive to first examine small systems to identify significant be

haviours. For lattices with fewer than 10 sites the Hamiltonian may be fully 

diagonalized using the ARPACK option in the PETSc library: Lk a6 k = 1 , 

to the precision of the calculated eigenvectors (ie, Lk a6,k < w-16
) for this 

method as all the possible states are determined (Eq. 2.14). 

For rings with 4 or 10 sites (Fig. 3.2.1) the ground state is a non-degenerate 

singlet. When a qubit is uncoupled or weakly coupled to the ring the bit 

precesses with a frequency equal to J 1::12 + c2 (Eq. 2.11) - this is simply the 

precession frequency of a bare qubit in the magnetic fields Bz and Bx. For small 

values of rJ the ground state of the fullerene is unperturbed by the addition of 

the dopant and the total spin of the system is S = 1/2 (Table 10). 

When the coupling is increased past some critical amount (TJ ~ 1.05 for the 

four-site ring with Bz = Bx = 0.1) the ground state is perturbed. There are 

critical values of rJ where the ground state of the fullerene changes from S = 0 

to S = 1, 2, 3 ... (Tables 12, 11). 

In Figure 3.4 the red line depicts the Rabi oscillations of the qubit below 

the critical value of rJ. In this case, rJ is small enough that the qubit state does 

not influence the electronic structure of the fullerene. 
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Figure 3.4: Oscillations on a 4-site ring with different ry couplings between 
the fullerene and dopant . LAPACK has been used to diagonalize the full 
Hamiltonian. red: ry = 0.1, B z = 0.1, Bx = 0.1 , green: ry = 0.5, Bz = 0.1, 
Bx = 0.1, , blue: 'r/ = 0.5, B z = 0.2, B x = 0.2 . 
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Figure 3.5: Oscillations of (a"z(t)) on a 4-site ring with different TJ couplings 
between the ring and dopant. LAPACK has been used to diagonalize the full 
Hamiltonian red: TJ = 1.3, B z = 0.1, B x = 0.1, , green: TJ = 1.05, Bz = 0.1, 
B x = 0.1, . 
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When coupling between the qubit and the cage is increased past the critical 

level, the spin of the fullerene is no longer 0 and the qubit spin may relax by 

releasing energy into the fullerene. When fJ is larger than the critical value 

and external fields are applied to the qubit, states with different values of 

8 2 are mixed and 8 2 is no longer a good quantum number (Tables 8,9 ). 

Since the coupling mixes states with different total spin, applying the Bx field 

gives access to several levels with distinct energies. The admixture of these 

levels leads to high-frequency oscillations in (o"z(t)). The gaps between levels 

accessed when the Bx field is applied scale linearly with J B'; + B';. 

As the number of lattice sites on a ring increases, the first critical value of 

fJ (for the transition from an 8 = 0 fullerene to an 8 = 1 fullerene decreases 

(Figure 3.6). The frequency of the highest amplitude oscillation again depends 

on the gap between the lowest-energy dopant spin-down state and the lowest 

energy dopant spin-up state; the size of this gap continues to increase linearly 

with J B'; + B';. The frequency of this oscillation is the same for both rings 

of ten site and rings of four sites, in the regimes where the respective spins of 

the rings are the same (ie, 8/ullerene = 1 for 'f} = 1.05 for the 10-site and 4-site 

rings - Figs. 3.6, 3.5.) 

While the frequency of the highest-amplitude oscillation is unchanged when 

the total spin of the fullerene is unmodified by the coupling between the ring 

and the qubit, increasing the coupling strength between the dopant and the 

ring reduces the amplitude of the higher frequency oscillations. In addition, 

introducing more sites into the lattice decreases the critical value of fJ for which 

the coupling and external fields mix states with different total spins - the first 

critical value of fJ on the 4-site ring is ~ 1.05 while the first critical value of fJ 

on the 10-site ring is ~ 0.5. 

The evolution of (<7z) for a doped triangular pyramid is also considered. 

This is the smallest three dimensional structure, but it is dissimilar from the 

majority of the small fullerenes in that the ground state is doubly degenerate. 

However, the splittings between energy levels induced by the external fields are 

the same as for the ring with four sites and the same value of fJ in the regime 
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Figure 3.6: Oscillations of (o"z(t)) on a ring with 10 sites with different 'T/ 
couplings between the ring and dopant . The Lanczos algorithm has been used 
to determine the lowest nevr eigenvectors. red: 'T/ = 0.5, Bz = 0.1, Bx = 0.1, 
nevr = 50, A = 7.300048 X w-8

, green: 'TJ = 1.05, Bz = 0.1, Bx = 0.1, 
nevr = 120, A = 6.580175 X w-s. 
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Figure 3.7: Topology of C12 (bond lengths are distorted). 

where Sfullerene = 1. The evolution of (az(t)) in time is therefore identical for 

the pyramid and the four-site ring. 

3.2.2 C12 and C2o 

C12 is the smallest lattice with fullerene-type structure: each of the sites has 

three nearest-neighbours and there are two different faces on the solid poly

hedron - one which has an even number of sides and one which has an odd 

number of sides. In the fullerenes, each face is either a hexagon or a pentagon, 

while in C12 the faces are either triangular or hexagonal. The low-energy 

spectra of the undoped structure is similar to that of C20 (Fig 1.1) in that 

the ground state is a non-degenerate singlet while the first excited state is 

multiply degenerat e (Table 1). Like C20 and C60 , all the lattice sites in C12 

are geometrically indistinguishable. 

On a single processor, exact diagonalization is time consuming for C12 and 

the Lanczos algorithm must be deployed to find the significant low-energy 

states which contribute to the initial state. The value of the parameter A = 

}1- Lk a6,k (Eq. 2.16) is used as a test that the initial state can be described 

by a subset of the calculated eigenstates in the new basis when Bx is switched 
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Table 3.1: Test of basis completeness for C12 , "'= 1.05,Bz = 0.1, Bx = 0.1 

number of eigenvalues maximum amplitude 
requested ( nevr) of missing states 

A= J1- Lka5,k 
50 1.4722470484351 X 10 ·:.! 

200 1.4497693345365 x w-2 

300 1.1707424327781 x w-2 

400 6.322238007 x w-6 

on. As the number of requested eigenvalues, nevr, is increased it becomes more 

likely that higher energy states will be included (Table 3.1). 

High-frequency oscillations are observed when 200 or more eigenvalues are 

requested for,= 1.05 and Bz = Bx = 0.1. If Lk a6,k is less than w-4
, the 

oscillations still have similar behaviour to those that appear in the full solution 

as the missing states contribute many very small amplitude oscillations over a 

range of frequencies. 

The ground state of C12 for "' = 1.3, Bz = 0.1, Bx = 0.0 is threefold 

degenerate (Table 1 ). It does not matter which of these three states is selected 

as the initial state when the Bx field is turned on: when V 1 - Lk a5,k ----+ 0 

the oscillations of (a z ( t)) are identical for each of the three degenerate states. 

If the coupling strength, ry, is increased in the absence of external magnetic 

fields the qubit spin eventually forces the fullerene from the S = 0 state. As "' 

is increased, the fullerene spins couple antiferromagnetically with the dopant 

and the total spin of the fullerene increases (Fig 3.2.2). 

A qubit coupled to a 12-site ring perturbs the ground state of the system 

for"'> 0.4 when Bz = 0.1J and Bx = 0.1J (Figure 3.2.2). The critical value 

of"' for which the addition of the qubit perturbs the ground state of the 12-site 

ring is smaller than the critical value for the 10-site and 4-site rings- which is 

to be expected as the gaps between levels decrease as sites are added to the 

lattice. 



3.2. ENDOHEDRAL DOPED FULLERENES 29 

0.2 r-----.-------.-------.-------.-------'T"'""""-----, 

1\ 
Z' 

0.12 

~N 0.1 

0.08 

0.06 

0.04 

0.02 

50 100 150 
t 

200 250 

Figure 3.8: Oscillations of (o"z(t)) on an endohedral doped C12 lattice.red: 
f) = 1.3, Bz = 0.1, Bx = 0.1, nevr = 800, A = 2.068311 X 10- 6 green: 
f)= 1.05, Bz = 0.1, Bx = 0.1,nevr = 400, A= 6.322238 X 10-6 blue: f)= 0.8, 
Bz = 0.1, Bx = 0.1. nevr = 200, A= 4.303477 X 10-5 
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Figure 3.9: Oscillations of (az(t)) on a centrally doped 12-site ring. green: 
12-site ring "' = 0.4, Bz = 0.1, Bx = 0.1, nevr = 100, A = 1.983003 X w-6 

blue: 12-site ring AND endohedral doped fullerene ry = 0.8, B z = 0.1, 
Bx = 0.1. Ring: nevr = 100, A = 2.277003 X w-7

• c12: nevr = 200, 
A = 4.3034 77 x w-5 • 
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Figure 3.11: Oscillations of (az(t)) on endohedral doped C20 . green: rJ = 0.5, 
Bz = 0.1, Bx = 0.1, nevr = 500, A = 4.738358 X w-6 red: 'TJ = 0.8, 
Bz = 0.1, Bx = 0.1, nevr = 500, A = 1.922118 X w-2 yellow: 'TJ = 1.8, 
Bz = 0.1, Bx = 0.1. 5.171604e-03 blue: 'TJ = 1.3, Bz = 0.1, Bx = 0.1, 
A= 7.137485 x w-3 • 

The oscillations of the the rJ = 0.8 state on the 12-site ring are the same as 

the oscillations for the rJ = 0.8 state on C12 . A qubit coupled to C12 perturbs 

the ground state of system for rJ > 0.8 when Bz = 0.11 and Bx = 0.11 (Figure 

3.2.2) . That the dopant perturbs the electronic ground state for rJ = 0.8 in C12 

and 'TJ = 0.4 in the 12-site ring suggests the geometry of c12 has a protective 

effect on the coherence of the qubit. 

300 
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In C2o, the tra sition from an S fullerene = 0 ground state to an S fullerene = 1 

ground state occu s for 0.5 < 'rJ < 0.7. As in C12 , the qubit oscillates with a 

frequency dictated entirely by the external fields for small values of 'fJ· 

The basis for 'f} = 0.8 and 'f} = 1.3 is not sufficiently complete to confirm the 

presence or absence of high frequency oscillations observed in smaller systems. 

The maximum amplitude of the missing states is A = 1.922118 x 10-2 for 

'f} = 0.8 and A= 7.137485 X 10-3 for 'f} = 1.3. As in c12, continuing to increase 

the coupling past the critical value suppresses the maximum amplitude of any 

possible high-frequency oscillations. 

The amplitude of the qubit oscillations is not initially the maximum value 

of 0.5 for larger values of 'f} because the "spin down" state is a compromise 

between aligning the qubit with the external field and minimizing the exchange 

energy from the coupling of the dopant to the fullerene cage. The period is 

also modified as the coupling between the fullerene and the qubit changes both 

the ground state and the splitting between the dopant spin-up and the dopant 

spin-down components of the ground state. 

3.3 Variations on the Hamiltonian 

The previous sections investigated the precession of the qubit in the case where 

the qubit moment was substantially larger than the electron moments on the 

fullerene - in this case the external fields effectively act only on the qubit. 

However, for the case where the external fields act on all the sites in the 

lattice (Eq. 2.15) the total Sz of the system will evolve non-trivially when the 

magnetic moment of the qubit differs substantially from the magnetic moment 

of the spins on the fullerene. 

The system is initialized with a static B z field applied to all the spins. 

Applying a microwave frequency Bx field at the resonance frequency of the 

electrons in the fullerene effectively switches off the Bz field on the spins (Eq. 

2.15); the total (Sz(t)) of the systems is then observed as the spins precess in 

Bx. 



34 CHAPTER 3. RESULTS 

-5.2~----~------~----~------~----~------~-----. 

-5.3 

-5.4 

-6~----~------~------~------~------~----~------~ 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 
B 

z 

Figure 3.12: Low energy states of C12 as a function of the Bz magnetic field, 
"7 = 0.8. red: Energy for 1-le/!-lQ = 0 (Hamiltonian from Eq. 2.11). 
blue Energy for 1-le/ f-LQ = 0.5 (Hamiltonian from Eq. 2.15). 

For the case where the magnetic moment of the dopant is equal to the 

magnetic moment of the fullerene electrons there is no mixing in the states 

and (Sz(t)) is a cosine. As the qubit moment is varied, states with other ener

gies become accessible and additional low-amplitude oscillations are admitted. 

However, these oscillations are only readily apparent for very large differences 

in the moments of the fullerene and qubit spins. 

The low energy states evolve linearly as a function of B z. The rate at 

which the gap between the qubit spin up and qubit spin down states increases 

depends on the value of the total fullerene spin (Fig. 3.12). 
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Conclusions 

The Lanczos algorithm has been implemented on parallel processers to com

pute the low-energy states of endohedral doped fullerenes under the Heisenberg 

Hamiltonian. This simple model of a fullerene qubit is used to probe the be

haviour of the dopant spin as it precesses in external magnetic fields . A bit-flip 

operation in which the qubit is aligned either parallel or antiparallel to the ex

ternal field is modeled by placing the system in the lowest-energy state in the 

presence of a static Bz field; an oscillating Bx magnetic field causes the dopant 

spin to precess and the spin of the qubit, (a"z(t)), is observed. 

For small Bz magnetic fields and weak coupling between the fullerene and 

dopant, the groun state of the fullerene is unperturbed by the dopant and 

only the two lowest-energy states are accessible to the precessing dopant. The 

frequency of the resulting oscillations of ( CJ z ( t)) depends only on the magnitude 

of the external fields, Bz and Bx· 

When the coupling between the qubit and the system is increased past a 

critical value, the round state of the system is perturbed and S fullerene ~ 0. 

When the system is excited by the application of a Bx field to the qubit, 

the qubit may relax by releasing energy into the fullerene. This leads to a 

non-trivial high-frequency oscillations in (CJz(t)). Coupling the qubit to the 

fullerene forces the energy reduction obtained by aligning the dopant with the 

external static field (Bz) to compete with the minimization of the exchange 

35 
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energy between the dopant and the fullerene. This reduces the maximum am

plitude of (o'z(t)) and may also change the frequency at which the bit precesses 

in c20· 

4.1 Further work 

The toy model of an endohedral fullerene qubit may be extended in several 

interesting ways: 

• Adding additional spin levels to the dopant increases the resemblance 

of the system to nitrogen-doped endohedral fullerenes - nitrogen has an 

electron spin of 3/2- and the relaxation of the system would be modelled 

more completely on a four-level spin ladder. 

• Coupling the qubit-fullerene system to a bath of harmonic oscillators 

allows dissipative effects to be described [12]. 

• Coupling a nuclear spin to the dopant electron allows the relaxation 

processes of the nuclear qubit to be probed. This calculation would 

require treating the hyperfine interaction and the spatial part of the 

wave-function by introducing a term to the Hamiltonian of the form 

A(r)(I · S) [22] [21] . Because A(r) is spatially dependent, this would 

require extending the spin part of the fullerene-qubit wave function to 

include a description of the spatial part of the fullerene-qubit state. 
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42 LOW-ENERGY SPECTRA FOR BARE FULLERENES 

Table 1: Low Energy States of C12 calculated with the Lanczos routine 

::;tate energy State energy per site IIH11>- E1PII S2 

(units of J) (units of J) 
-5.700913312923364 -0.475076109410280 0.000000000000630 -0.000000000000000 
-5.013103134044950 -0.417758594503746 0.000000000618162 1.999999999999994 
-5.013103134044950 -0.417758594503746 0.000000000000733 2.000000000000000 
-5.013103134044950 -0.417758594503746 0. 000000000000000 2.000000000000000 
-5.013103134044950 -0.417758594503746 0.000000000002230 1. 999999999999996 
-5.013103134044950 -0.417758594503746 0.000000000085096 2.000000000000002 
-5.013103134044949 -0.417758594503746 0.000000000217673 2.000000000000000 
-5.013103134044949 -0.4177585945037 46 0.000000000061601 1. 999999999999997 
-5.013103134044949 -0.417758594503746 0.000000000000000 1. 999999999999999 
-5.013103134044947 -0.417758594503746 0.000000002201200 2.000000000000005 
-4.805169381152931 -0.400430781762744 0.000000000008178 -0.000000000000000 
-4.805169381152931 -0.400430781762744 0.000000000000003 -0.000000000000000 
-4.670620565159545 -0.389218380429962 0.0000000000094 71 -0.000000000000000 
-4.670620565159545 -0.389218380429962 0.000000000000396 -0.000000000000000 
-4.670620565159533 -0.389218380429961 0. 000000003538644 0.000000000000034 
-4.657885305020255 -0.388157108751688 0.000000000005391 2.000000000000000 
-4.657885305020253 -0.388157108751688 0.000000000000375 1. 999999999999991 
-4.65 7885305020253 -0.388157108751688 0.000000000010153 1.999999999999997 
-4.657885305020253 -0.388157108751688 0.000000001067907 1. 999999999999996 
-4.322917182968258 -0.360243098580688 0.000000000578139 2.000000000000000 
-4.322917182968258 -0.360243098580688 0.000000000037373 1. 999999999999997 
-4.322917182968258 -0.360243098580688 0.000000000099228 2.000000000000005 
-4.322917182968235 -0.360243098580686 0.000000003614014 1.999999999999980 
-4.181508284786400 -0.348459023732200 0.000000000000902 -5.0.000000000000000 
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Table 2: Low Energy States of C12 calculated with LAPACK 

:::state energy State energy per site IIH'I/1-E'I/111 s2 
(units of J) (units of J) 
-5.700913312923364 -0.475076109410280 0.000000000000000 0. 000000000000000 
-5.013103134044~154 -0.417758594503746 0.000000000000000 2.000000000000004 
-5.013103134044950 -0.417758594503746 0.000000000000000 2. 000000000000001 
-5.013103134044950 -0.417758594503746 0.000000000000000 2.000000000000004 
-5.013103134044950 -0.417758594503746 0.000000000000000 1. 999999999999999 
-5.013103134044950 -0.417758594503746 0.000000000000000 2. 000000000000002 
-5.013103134044950 -0.417758594503746 0.000000000000000 1.999999999999998 
-5.013103134044!J50 -0.417758594503746 0.000000000000000 2. 000000000000007 
-5.013103134044947 -0.4177585945037 46 0.000000000000000 1.999999999999999 
-5.013103134044943 -0.417758594503745 0.000000000000000 2.000000000000003 
-4.805169381152!133 -0.400430781762744 0.000000000000000 0.000000000000000 
-4.805169381152929 -0.400430781762744 0.000000000000000 -0.000000000000000 
-4.670620565159549 -0.389218380429962 0.000000000000000 0.000000000000000 
-4.670620565159545 -0.389218380429962 0.000000000000000 -0.000000000000000 
-4.670620565159545 -0.389218380429962 0.000000000000000 -0.000000000000000 
-4.657885305020258 -0.388157108751688 0.000000000000000 2.000000000000003 
-4.657885305020255 -0.388157108751688 0.000000000000000 2.000000000000002 
-4.657885305020255 -0.388157108751688 0.000000000000000 2.000000000000004 
-4.657885305020255 -0.388157108751688 0. 000000000000000 2.000000000000001 
-4.657885305020255 -0.388157108751688 0.000000000000000 2.000000000000001 
-4.657885305020255 -0.388157108751688 0.000000000000000 2.000000000000004 
-4.657885305020255 -0.388157108751688 0. 000000000000000 2.000000000000000 
-4.657885305020255 -0.388157108751688 0.000000000000000 2.000000000000004 
-4.322917182968260 -0.360243098580688 0.000000000000000 2.000000000000001 
-4.322917182968260 -0.360243098580688 0.000000000000000 2.000000000000001 
-4.322917182968260 -0.360243098580688 0.000000000000000 2.000000000000004 
-4.322917182968260 -0.360243098580688 0.000000000000000 2.000000000000008 
-4.322917182968260 -0.360243098580688 0. 000000000000000 1.999999999999997 
-4.322917182968260 -0.360243098580688 0.000000000000000 2.000000000000001 
-4.322917182968260 -0.360243098580688 0.000000000000000 2. 000000000000004 
-4.322917182968256 -0.360243098580688 0.000000000000000 1. 999999999999998 
-4.322917182968256 -0.360243098580688 0.000000000000000 2.000000000000005 
-4.181508284786400 -0.348459023732200 0.000000000000000 0.000000000000000 
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Table 3: Low Energy States of C20 

~tate energy State energy per site IIH'lf>-E'lf>ll s2 
(units of J) (units of J) 
-9.722185349763754 -0.486109267488188 0.000000000000024 0.000000014491804 
-9.406514829554100 -0.470325741477705 0.000000000003814 0.000000008251043 
-9.406514829554100 -0.470325741477705 0.000000000000262 0.000000010046114 
-9.406514829554096 -0.4 703257 414 77705 0.000000000361484 0.000000197328836 
-9.406514829554093 -0.4 70325 7 414 77705 0.000000000657890 0.000000271301725 
-9.406514829554027 -0.470325741477701 0.000000002181280 0.000000464751536 
-9.352363195494219 -0.467618159774711 0.000000001728760 0.000000543577507 
-9.208359045143972 -0.460417952257199 0.000000000565857 1.999999999999970 
-9.208359045143949 -0.460417952257197 0.000000001393547 1.999999999999982 
-9.208359045143878 -0.460417952257194 0.000000002179739 1. 999999999999988 
-9.186487641575109 -0.459324382078755 0.000000000284664 1.999999999999998 
-9.186487641575107 -0.459324382078755 0.000000000159090 2.000000000000018 
-9.186487641575104 -0.459324382078755 0.000000000554801 2.000000000000014 
-9.186487641575050 -0.459324382078753 0.000000001690173 2.000000000000000 
-9.130477300221186 -0.456523865011059 0.000000000266565 1. 999999999999962 
-9.130477300221161 -0.456523865011058 0. 000000000101937 1.999999999999990 
-9.130477300221155 -0.456523865011058 0.000000000534814 1. 999999999999992 
-8.971119446282625 -0.448555972314131 0.000000000715763 1.999999999999974 
-8.971119446282584 -0.448555972314129 0.000000000194269 1.999999999999988 
-8.971119446282563 -0.448555972314128 0.000000000247149 1. 999999999999753 
-8.879640181632722 -0.443982009081636 0.000000000792759 0.000000253816170 
-8.879640181632675 -0.443982009081634 0.000000000509498 0.000000198914314 
-8.879640181632672 -0.443982009081634 0.000000000554260 0.000000335704361 
-8.879640181632627 -0.443982009081631 0.000000002434067 0.000001329390839 

Table 4: Low Energy States of C24 

~tate energy State energy per site IIH'lf>-E'lf>ll s2 
(units of J) (units of J) 
-11.719373047017649 -0.488307210292402 0.000000000143871 0.000000071579316 
-11.704784243166921 -0.487699343465288 0.000000001684887 0.000000385525891 
-11.468142211171918 -0.4 77839258798830 0.000000000047479 2.000000000000007 
-11.468142211171143 -0.477839258798798 0.000000003211561 1. 999999999998867 
-11.372435589722327 -0.4 73851482905097 0.000000001179445 1. 999999999999859 
-11.297791397867531 -0.470741308244480 0.000000002765740 0.000008235464610 
-11.293257169962208 -0.470552382081759 0.000000000762243 0.000002435591321 
-11.293257169957487 -0.4 70552382081562 0.000000001369766 0.000004513269438 
-11.278884360063566 -0.469953515002649 0.000000001638095 1.999999999999178 
-11.263405293513632 -0.469308553896401 0.000000001252567 1. 999999999999851 
-11.263405293513481 -0.469308553896395 0.000000001891064 1.999999999940207 
-11.245651121913435 -0.4685687967 46393 0.000000003033786 0.000019989213297 
-11.245651121912896 -0.4685687967 46371 0.000000003826555 0.000015273794249 
-11.236519279622957 -0.468188303317623 0.000000002015424 2.000000000000004 
-11.236519279618788 -0.468188303317449 0.000000003276825 1.999999999121036 
-11.230427585713004 -0.467934482738042 0.000000000674189 0.000055276346361 
-11.228516533088200 -0.467854855545342 0. 000000000226880 1.999999999999961 
-11.228516533087394 -0.467854855545308 0.000000004166523 1.999999999997882 
-11.178826163258806 -0.465784423469117 0.000000003007327 1.999999999959881 
-11.178826163258298 -0.465784423469096 0.000000002823945 1.999999999958438 
-11.164366575833407 -0.465181940659725 0.000000002725366 0.000002145961714 
-11.164366575830504 -0.465181940659604 0.000000003711514 0.000001950228376 
-11.162573351349051 -0.465107222972877 0.000000000480260 0.000000057556499 
-11.162573351347563 -0.465107222972815 0.000000001288563 0.000017577683826 
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Table 5: Low Energy States of C26 

::;tate energy State energy per site IIH'I/J-E'I/JII s• 
(units of J) (units of J) 
-12.608975987183889 -0.484960614891688 0.000000000419195 0.000000202999151 
-12.557386043648165 -0.482976386294160 0.000000000353562 0. 0000001909904 72 
-12.557386043648005 -0.482976386294154 0. 000000001145814 0.000000952245013 
-12.49297336758 371 -0.480498975676168 0.000000000243774 1.999999999999742 
-12.492973367580172 -0.480498975676160 0.000000000834040 1. 999999999996209 
-12.461743788704164 -0.4 79297838027083 0.000000001267930 0.000004603999508 
-12.448616490673372 -0.4 78792941948976 0.000000000749644 0.000000821738797 
-12.426818450064578 -0.477954555771715 0.000000003326034 0.000020705790943 
-12.426818450057063 -0.4 77954555 771425 0.000000002171985 0.000081790617682 
-12.421292450721124 -0.4 777 42017335428 0.000000001943563 1.999999998326529 
-12.421292450710572 -0.477742017335022 0.000000003028183 1. 999999999895969 
-12.382166458861130 -0.476237171494659 0.000000000681692 1. 999999999999963 
-12.378886647525682 -0.476111024904834 0.000000000376492 1. 999999999996627 
-12.315019231597624 -0.4 73654585830678 0.000000002189100 0.000032171838123 
-12.305771070438322 -0.4 73298887324551 0.000000001267353 1.999999999744132 
-12.305771070436242 -0.4 732988873244 71 0.000000002294212 1. 9999999999997 42 
-12.288844734818625 -0.472647874416101 0.000000000417189 1.999999999997749 
-12.288844734817866 -0.472647874416072 0.000000001230590 1.999999999987169 
-12.263751320298086 -0.471682743088388 0.000000000912133 0.000008165937410 
-12.263751320297118 -0.471682743088351 0. 000000000652957 0.000001247032614 
-12.210568343034655 -0.469637243962871 0.000000001763322 1.999999999996666 
-12.161920207330084 -0.467766161820388 0.000000002763768 1. 999999999884085 
-12.161920207328768 -0.467766161820337 0.000000002982777 1. 999999999996568 
-12.151825146558178 -0.467377890252238 0.000000003027982 0.000069211211851 

Table 6: Low Energy States of C28 td isomer 

::;tate energy State energy per site IIH'I/J-E'I/JII S2 

(units of J) (units of J) 
-13.574863542880509 -0.484816555102875 0.000000002789311 0.000004263396923 
-13.574863542879095 -0.484816555102825 0.000000001968432 0.000023329797742 
-13.559781051009574 -0.484277894678913 0.000000001716218 1.999999999861419 

Table 7: C28 d2 isomer 

::>tate energy (units ot J) State energy per site IIH'I/J-E'I/JII S2 

(units of J) (units of J) 
-13.860224786030559 -0.495008028072520 0. 000000000027107 0.000000014727005 
-13.657531071302238 -0.487768966832223 0.000000003157063 0.000010166336598 
-13.605307275073681 -0.485903831252631 0.000000001054179 1.999999999985666 

Table 8: 10 site ring, 'TJ = 1.05, Bz = 0.0, Bx = 0.0 - in this case 8 2 is a good 
quantum number for the Hamiltonian (Eq. 2.15) 

::>tate energy State energy per site IIH'I/J-E'I/JII S2 

(units of J) (units of J) 
-5.010957346738667 -0.455541576976242 0.000000003000625 0.750000000000007 
-5.0109573467386 7 -0.455541576976242 0. 000000000000000 0.750000000000000 
-4.462029374312694 -0.405639034028427 0. 000000000939293 0.750000000000001 
-4.4620293743126 2 -0.405639034028427 0.000000000000006 0.749999999999998 
-4.46202937 4312692 -0.405639034028427 0. 000000000000164 0. 750000000000000 
-4.419681869054436 -0.401789260823131 0. 000000000000024 3. 750000000000001 
-4.419681869054436 -0.401789260823131 0.000000000149968 3. 7 49999999999993 
-4.419681869054434 -0.401789260823130 0. 000000000013154 3. 750000000000000 
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Table 9: 10 site ring, 'f/ = 1.05, Bz = 0.0, Bx = 0.1 in this case S2 is not a 
good quantum number for the Hamiltonian (Eq. 2.15) 

State energy State energy per site IIH.P-E.PII S2 
(units of J) (units of J) 
-5.019639643703377 -0.456330876700307 0.000000000736889 0.750657444529246 
-5.002980438122110 -0.454816403465646 0.000000000098143 0.750685851500572 
-4.470711671277401 -0.406428333752491 0.000000000000004 0.750657444217310 
-4.470711671277 400 -0.406428333752491 0.000000000000324 0.750657444217309 
-4.454052465696135 -0.404913860517830 0.000000000001051 0.750685851491862 
-4.454052465696135 -0.404913860517830 0.000000000000000 0.750685851491859 
-4.434832519639899 -0.403166592694536 0.000000000000000 3.750283678890563 
-4.424909553365575 -0.402264504851416 0.000000000000002 3.750431963891041 
-4.414911294432637 -0.401355572221149 0.000000000000000 3.750438594891565 

Table 10: 10 site ring, 'f/ = 0.1, Bz = 0.0, B x = 0.1 in this case S2 is not a 
good quantum number for lowest energy state of the Hamiltonian (Eq. 2.15). 
'f/ is below the critical value, the lowest energy state is not a mixture of states 
with different spins. 

State energy State energy per site IIH.P-E.PII S2 
(units of J) (units of J) 
-4.527946354492045 -0.411631486772004 0. 000000000000000 0.750000000000004 
-4.477946354492044 -0.407086032226549 0.000000000001666 0.750000000000000 
-4.191309887117111 -0.381028171556101 0. 000000000000000 0.806624327025938 
-4.175418024857322 -0.379583456805211 0.000000000000000 0.835786437626906 
-4.054707346738667 -0.368609758794424 0.000000000000789 3. 750000000000001 
-4.033996668620011 -0.366726969874546 0.000000000012281 3.664213562065423 
-4.018104806360222 -0.365282255123657 0.000000000045459 3.693375675032213 
-4.004707346738666 -0.364064304248970 0.000000000035497 3.750000000000006 
-3.783097435408445 -0.343917948673495 0.000000000003425 0. 750000000000000 

Table 11: 4 site ring, 'f/ = 1.1, State prepared with B z = 0.1 on/off, Bx = 0.1 
off/on 

State energy s;ystem. s2 
fullerene 

(units of J) 
-1.979506731918409 0.750624349662844 2.000000000000000 
-1.946166600026652 0.750599640239832 2.000000000000000 
-1.912500000000000 0.750000000000000 0.000000000000000 
-1 .812500000000000 0.750000000000000 -0.000000000000000 
-0.979506731918409 0.750624349662844 2.000000000000000 

Table 12: 4 site ring, 'f/ = 0.1, State prepared with B z = 0.1 on/off, Bx = 0.1 
off/ on, /-tqubit = 21-£ fullerene 

State energy s;ystem s2 
fu.ller ene 

(units of J) 
-2.037500000000001 0.750000000000000 0.000000000000000 
-1 .937500000000000 0.750000000000000 -0.000000000000000 
-1.108210678118655 0.835786437626904 2. 000000000000000 
-1.074102540378445 0.806624327025936 2. 000000000000000 
-1 .037500000000000 3.749999999999998 1. 999999999999999 
-0.966789321881345 3.664213562373093 1. 999999999999999 
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