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Abstract

In this thesis, we mainly study geodesics on various two dimensional surfaces.
All the background material needed throughout the thesis is provided, including
an explanation of the theory of geodesics. We will calculate geodesics using two
numerical methods: Euler’s method and Runge-Kutta method of fourth order.
Using Maple, we will test the accuracy of the numerical methods on a test case
surface, the Poincaré half plane. Later, we proceed to investigate several in-
teresting surfaces by numerically calculating geodesics. From the investigated
surfaces, we will draw similiarities between the human cerebral cortex and cer-
tain surfaces. The human cerebral cortex is the most intensely studied part of
the brain and it is believe that their exists a relation between the function and
structure of the cortex. Geodesic analysis can possibly be an essential tool in
better understanding the cortical surface as it is in many disciplines of science

to understand the nature of physical based problems.
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Chapter 1

Introduction

The motivation behind this thesis stems from my interest in studying and under-
standing the relation between certain measurements performed on the surface
of the human brain and geodesics. The surface of the human brain is referred
to as the human cerebral cortex. It is the most intensely studied part of the

brain. We will define and work with the cortical surface much later.

Geographically, the human cerebral cortex has an irregular shape with many
dents and grooves that somewhat resembles the ellipsoid surface. It is believed
that the there exists a relationship between the structure and function of the cor-
tex. Several numerical methods have been developed to visually reconstruct the
cortical surface; however, due to the complexity of the cortex, each method has
drawbacks in minimizing the distortions in topological representations. Thus,
to some degree, the drawbacks have placed an impediment in finding a parallel

between the function and the structure of the cortex. [11]

According to the paper ”"Functional and structural mapping of human cerebral
cortex: solutions are in the surface” by Van Essen et al., the most efficient
way to topologically represent the cortical surface is by using the surface-based
warping algorithm. Basically, the algorithm computes distance between points
on a selected region of the cortical surface which serve as ”coordinates”. The
" coordinates” are gathered from various regions of the cortex and mapped to a
two dimensional flat map. (The interested reader can have a look at the paper
[9] by Schwartz et al. to find further details about. the algorithm.) However, the
authors state that the surface-based method has difficulties in generating ac-

curate representations particularly in higher resolutions. One future suggestion



for the algorithm is to enhance the surface-based warping algorithm in order to
warp the ellipsoid surface. The paper claims that a three dimensional warping
algorithm would possibly limit distortions and would make it easier to study

the human cerebral cortex.

The purpose of this thesis is not to study the function of the human cerebral
cortex, but rather the geodesics on various two dimensional surfaces and draw
similarities between the cortical surface and certain surfaces. Instead of gener-
ating a two dimensional coordinate system as used in the surface-based warping
algorithm, we want to create a geodesic map by tracing a number of geodesics
on a surface. From a geodesic map, we can approximate distances on various
regions of surfaces resembling the cortex which can aid in better understanding

the cortical structure.

The work done with geodesics in this thesis is not only limited in studying
parametrized surfaces and computational geometry. Geodesic analysis branches
off into various areas of science such as computer science (computer graphics)
and engineering science {computational physics). In these disciplines, many
applications require computing a large number of geodesics. Thus, geodesics
act as a useful tool in understanding the nature and dynamics of many physical

based problems.

All background material needed throughout this thesis will be provided, includ-
ing an explanation of the theory of geodesics. Since calculating exact geodesics
is difficult for most surfaces, we will introduce two numerical methods that will
compute approximate geodesics: Euler’s method and Runge-Kutta method. In
the mathematical software program Maple, we have created various codes which
will numerically compute and illustrate geodesics using the numerical methods.

We will use the Poincaré half plane surface as a test case to verify the accuracy



of the numerical methods, since the exact geodesics and distances can be eas-
ily computed and compared with approximate values. After, we will consider
several interesting surfaces such as the monkey saddle surface and the bumpy
ellipsoidal surface, and later draw correlations to the human cerebral cortex.
Finally, we will conclude with possible future avenues of research that could be

investigated using the methods in this thesis.



Chapter 2
Geodesics and Calculations

In this chapter, we will introduce some general background material. We will
discuss the theory of geodesics and later derive the differential equations of
geodesics. Also, the mathematical procedure of two numerical methods, Euler’s
method and Runge-Kutta method, will be explained in detail. These numeri-
cal methods will be used to calculate the solutions of differential equations of

geodesics for various surfaces in Maple.

2.1 Background Material

We will define three types of subsets of R™ which we will need: curves, surfaces

and patches.

First, we will characterize certain subsets of R™ that are one dimensional and
where methods of differential calculus can be applied. These subsets are defined
as images of differentiable functions. ” Differentiable” means that the functions

are continuous for all derivative orders.

Definition 2. 1. 1 A parametrized differentiable curve is a differentiable map

a:I— R" of an open interval I = (a,b) of the real line R into R".

We will focus on curves that are mappings of R into R2 or R®. We want to

analyze regular curves.

Definition 2. 1. 2 A parametrized differentiable curve o(t) : I — R? or R?



is said to be regular if o’(t) #0 for allt € I.

Next, we will consider the subsets of R™ that are two dimensional.

Definition 2. 1. 3 A parametrized differentiable surface is a differentiable map

z:U C R? — R" of an open subset U of R? into R™.

We will focus on surfaces that are mappings of U C R? into R®. We will work

with regular surfaces.

Definition 2. 1. 4 A subset M C R? is a regular surface if for each p € M
there ezists a neighbourhood V of p in R® and a map £: U — R™ of an open

set U C R? onto VN M C R? such that:

1. x is differentiable.

2. £:U — VNM is a homeomorphism. This means that & has a continuous
inverse 1 : VN M — U such that £~ is the restriction to VN M of
a continuous map F : W — R?, where W is an open subset of R® that

contains VN M.

3. Each map x: U — M is a regular patch.

Finally, we will define a special function of two variables.

Definition 2. 1. 5 A paich or local surface is a differentiable mapping

z:U— R",



where U is an open subset of R%. More generally, if A is any subset of R2, the
map x: A — R3 is a patch provided that € can be extended to a differentiable
mapping from U into R3, where U is an open set containing A. The trace or

image of « is denoted by =(U).

Now, we will characterize two types of patches: regular and injective.

Definition 2. 1. 6 A regular patch is a patch £: U C R?* — R® for which the
Jacobian matriz y(x)(u,v) has rank 2 for oll (u,v) € U. An injective patch is a

patch such that x(uy,vi) = ®(ug, ve) implies that u; = up and v; = va.

Note that there are regular patches which are not injective and vice versa.
For example, the cylinder defined parametrically by x(u,v) = (cos(u), sin(u), v)
with 4 € (—oc,00) and v € (—1,1) is a regular patch, but not an injective
patch. Also, the function defined parametrically by x(u,v) = (u®,v3, uwv) for

u,v € (—1,1) is an injective patch, but not a regular patch.

A useful criterion for regular patches stems from the following lemma.

Lemma 2. 1. 1 A patch #: U C R?> —» R3 is regular at (ug,v) € U if and

only if &, X x, is nonzero at (ug, vg).

Proof. Refer to Gray p. 192.

The next lemma introduces a property of an injective patch.

Lemma 2. 1. 2 Let © : U — R3? be an injective patch. The vector field

(u,v) — 2, X 2y, if nonzero, is everywhere perpendicular to =(U).



Proof. Refer to Gray p. 193.

Now, we will describe some aspects of the geometry of a surface in R? in more
detail. We start by calculating how a regular surface M bends in R3. The
bending of a surface is tracked by estimating the change of the surface normal

N from point to point.

Definition 2. 1. 7 For an injective patch = : U — R® the unit normal vector

field or surface normal N is given by

Ty X Ty

M= 5]

(u,v)

at those points (u,v) € U at which &, X x, does not vanish.

We can also describe the geometry of a surface by investigating distance. For a

regular patch, the metric is
ds® = Edu? + 2Fdudv + Gdv?,

for some functions E, F and G that we will now define.

Definition 2. 1. 8 Let ¢ : U — R3 be a reqular patch, a mapping of an open
set U into R3. The functions E,F,G : U — R are given by

E=z, o= |zf?>, F=z, 3 G=z 3= |z

The metric on the regular patch is defined by ds? = Edu?® + 2Fdudv + Gdv?
and is called the first fundamental form of the patch x induced from R3. The
functions E, F and G are called the coefficients of the first fundamental form.

Lemma 2. 1. 3 Let o : (a,b) — R> be a curve that lies on a regular injective



patch «: U — R®. The arc length function | of o starting at a(c) is given by

¢ du du dv du
I(t) = / \/E(EZ)z + 2FEE + G(%)2 dt.

Proof. Refer to Gray p. 253.
The distance between two points is the length of the shortest curve joining them.

Now, we will define the coefficients of the second fundamental form.

Definition 2. 1. 9 Let z: U — R? be a regular patch. The functions e, f and
g defined as
e=-Ny, z,=N- Ty,

f=-Ny - &8 =N-@y=N-zp, =-N, - 2
g=-Ny-z, = N-2y

are called the coefficients of the second fundamental form.

2.2 Theory of Geodesics

Our ultimate goal is to study the "straight lines” of differential geometry. We

will begin to describe the theory of geodesics.

Suppose that «(t) is a curve with unit speed, v(t) = |@'(¢)| = 1, on the surface
M in R3. There are two perpendicular unit vectors: T = o’ (unit tangential
vector) and N (unit normal vector on M). Also, there is a third unit vector
obtained by the cross product of T and N: T x N. All three unit vectors are
perpendicular to one another and form a basis of R3. Thus, any vector is a

linear combination of these three unit vectors.



The acceleration vector of o can be written as
o’ = AT + B(T x N) + CN,

where the coefficients are given by A=¢a” T, B=¢" - TxNand C =a"-N.

Substituting in the coefficients A, B and C, we obtain

o' =@ T)T+ (o - T x N)(T x N) + (¢’ - N)N.

Since o has unit speed, differentiating v2 = o/ - o/ = 1, it will give us o” - o’ +

o -a”=0. Thus, ¢ -’ =T -o" =0.

Now, o can be written with no T component:

o’ = (" T x N)(T x N) + (¢ - N)N.

We will investigate the first term of o”. We have that T x N is in the tangent
plane of M for all p € M and

o TxN=N-o"xd
= |N||a”" x o/| cos(8)
= |/ x &| cos(8)

= g c0s(8),

where k,, is the curvature of « and 6 is the angle between o’ x o' and N. The

above expression is referred to as the geodesic curvature of o,

Kg = KqC08(0).

Next, we are can decompose the acceleration o into tangential and normal

components:



Qjpn = Kg(T x N) and o (o - N)N.

normal —

Finally, we can state the definition of a geodesic.

Definition 2. 2. 1 A curve a on the surface M with o, = 0 is called a

geodesic.

Thus, the geodesics of a surface will be the "straight lines” of differential geom-

etry. Also, the following lemma gives an important fact about geodesics.

Lemma 2. 2. 1 A geodesic has constant speed.

Proof. The speed of a is v = |¢/], so v2 = o’ - . Differentiating v, we get

20 =a" -’ +ad' -a’" =24 - " =0,

"

" ormal - @ = 0. Thus, v = 0 meaning that v is a

: no__ n
since o = o e and o

constant. [J

Note that if a surface M contains a straight line a(t) = p + g, then that line

must be a geodesic because a” = 0.

The reverse is also true in the following context.

Suppose that P is a plane with a unit normal vector N and « is a geodesic in
P. By the definition, af,, = 0; thus, o” = (¢” - N)N. However, o' - N = 0,

since « lies in P.

Differentiating o - N = 0, it yields

0=(a’-N)’=a”-N+a'~N'=a”-N,

10



since N is a constant vector. Both the tangential and normal components of o

vanish meaning that o/ = 0. Thus, « must be a straight line.

2.3 Differential Equations for Geodesics
Now, we will calculate geodesics.

First, we will define define eight functions of the coefficients of the first funda-

mental form which are called Christoffel symbols.

Definition 2. 3. 1 Letz: U — R" be a regular patch. The Christoffel symbols
I‘j.k, i,j,k = 1,2, corresponding to x are given by

_ GE, -2FF, + FE, 2EF, - EE, - FE,

1 2 _
T = 2(EG — F?) T = 2(EG — F?)
r, = GB + FGu r2, - EGu— FE,
127 9(EG - F2y’ 127 2(EG - F?y’
i _ 2GF, - 2GG, — FG, 2. _ EGy — 2FF, + FG,
2= 2(EG - F?2) 27 2EG-F2)

1 11 2 _ 12
and I'yy =T1y, T35, =T1,.

Let o = x(u{t),v(t)) be a curve on the surface M. Suppose that o' = u'x, +

v'x,. Taking the derivative of o/, we get

d d
o =u"x, + u'(axu) +v"x, + v'(Exv)

Now,

d
P (4, V) = U'Xyy + V' Xy

and similarily,

— %, (U, V) = U Xy + V' Xy

dt

11



Using Gauss Equations, we can calculate the geodesic curvature of .

Theorem 2. 3. 1 Let  be a regular patch in R® with the surface normal N.
Then,
Ty = I‘}:I:Bu + F%I:B,, + Ne,

Tyy = Mip@y + 2,3, + Nf = @y,
Tyy = D@y + T35z, + Ny,

where the functions e, f and g are the coefficients of the second fundamental

form.

Proof. Refer to Gray p. 398-399.

A straightforward calculation shows that
o = (u" +uT} + 2u'v'Th, + 2Ty x, +
(" +u®T2, + 2u'v'T%, + v ThH)x, + dN,

where the coefficient d of N contains the functions e, f and g. From the above

calculations, the following lemma is an immediate consequence.

Lemma 2. 3.1 Let M C R? be a surface parametrized by a regular patch
z:U — R3, where U C R?. Then, the geodesics on M are determined by two

second order differential equations:
u” + Iu? + 2wy’ + T =0,

v + THu'2 + 2T2,u'v + T2 =0,

where 1'% are Christoffel symbols of .

12



Next, we can derive one special case.

Definition 2. 3. 1 Let M be a surface with metric ds? = Edu® + 2Fdudv +
Gdv?. A Clairaut patch (also called o u-Clairaut patch) on M is a patch @ :
U — M for which

The following lemma is a consequence of Definition 2. 3. 1.

Lemma 2. 3. 2 [6] For a Clairaut patch with ds? = Edu?+Gdv?, the Christof-

fel symbols are given by

-E
P%l = 07 F%l = 2—6;)1
E,
F%z = 3B’ rfz =0,
G
1 _ I\2 — _’U.
I12‘2 0, 22 2°G

In this case, the differential equations of geodesics reduce to

E
ull + _'Uul,vl —_ 0’

FE

E G
n_ Zv o2 g v g2 .
v 2Gu +2G'u 0

An example of a Clairaut patch is a sphere. A parametrization of the sphere
x(u, v) = (cos(u) cos(v), sin(u) cos(v), sin(v}),

where 0 < u < 2rand 0 < v < 7. It is easy to compute that E = c0s2(v), F=0
and G = 1. Furthermore, E, = G, =0, E, = —2cos(v)sin(v) and G, = 0.

13



Thus, the differential equations of geodesics for the sphere become
u” — 2tan(v)u'v’ =0,

v" + sin(v) cos(v)u’? = 0.

All the calculations above are coded in Maple. (See Appendix A and Appendix
B)

2.4 Numerical Methods Used to Solve
Geodesics Equations

For many surfaces, the differential equations of geodesics are complicated and/or
cannot be solved explicitly. We will find numerical approximations of solutions
of the differential equations. Two particular methods will be used: Euler’s

method and Runge-Kutta method of fourth order.

Recall. For the first order problem y’ = f(z,y) with the initial value y(x¢) =
Yo, we want to find approximate values of the solution at .41, = z,, + h, where

h is the step size. The iterative Euler’s formula is

Ynel =Yn + h- f(znv yn)y
where n > 0 and (zg, yo) is the initial value. The formula calculates the succes-
sive approximations y, to the exact values of y(x,) of the solution y = y(z) at
the points z,, respectively. [3] O
We will take the second order differential equations of geodesics,
u” + T + 2Ty’ + T =0,
v+ T2 0 4 20,0y + 20 =0,

14



and transform them into a fourth order system of first order initial value prob-

lem,
u'=p
v =gq
p = —Thu? — 2aMu'y' — Tl
¢ = -T2u? - oT3,u'v — T2,0"2,

where (u(0),v(0)) = (ug,vo) is the initial point and (p(0), ¢(0)) = (po, q0) is the

initial direction.

Now, we can modify this system of first order equations into the Euler’s method
iterative formula:

Unt1 =Un+h-pp
Unt1 =VUn+h- g,
Pn+1 =Pn+h - (-T110% — 20'15Pngn — [3203)
Gnt1=qn+h- (_Fflpi - 2F%2ann - F%z%zz),

where n > 0, (ug,vo) is the initial point, (po,qo) is the initial unit vector, and

h > 0 is the step size. (See Appendix C)

Runge-Kutta method of fourth order (RK4) is similar to Euler’s method, but
more precise in computation. [1] The general idea of RK4 is to weigh the average

of the slopes at the midpoint of each interval, [z,, Zn11].

Recall. For the first order initial value problem 3’ = f(z,y) with the initial

value y(zo) = yo, we define y,,,1 using the following iteration formula:

h h h
Yn+1 X Yn + g(yl(mn) + 2y,(1:n + 5) =+ 2?//(1'71 + 5) + y'(zn+1)),

15



where h is the step size. The formula calculates approximate values of the
solution at T,4.; = z, + h. We replace ¥'(z,), 2y (z, + %), 2y (z, + %), and

¥ (Zny1) with the following estimates:

k1 = f(zn,yn) which is the slope at z,;

ke = f(zn+ %h, Yn+ %h-kl) which is the slope at the midpoint of [£n, Tn+1]

using k; to determine the y-value;

ks = f(Zn+3h, Yo+ L h-ks) which is the slope at the midpoint of [z, Tn41]

using kg to determine the y-value;

ks = f(xzn+h,yn +h-k3) which is the slope at x4 using k3 to determine

the y-value.

Substituting, we get the following iterative Runge-Kutta formula:
h
Ynt+1l = Yn + g(lﬁ + 2kg 4 2kg + kyq).

IfK = %(kl + 2kg + 2k3 + k4) is the weighted average of the four slopes, then

we have the iterative Euler’s formula

Yntl =Yn +h K. [3]]:‘

The differential equations of geodesics is a system of four first order differential
equations. We write it as,

u' = fl(t,u,v,p,q) =D
v = f2(t$u$vVPYQ) =q
2

P = fs(t,u,v,p,q) = —T]u? — 20 u'v" — Ty

ql = f4(t7 u, v, p, q) = _1-?11/2 - 2r%2ulv, - F%va’
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and convert into the iterative Runge-Kutta formula as follows. In each step, we
compute (n > 0)

kii=h- fl(tny Unyy Vs Prus Gn)
k12 =h- fZ(tny Uns Uns Pn, (In)
kis=h- f3(t'n1 Uns Un, Pns Qn)

kia=h- f4(t'm Un, Un, P,y Qn)

k21=h-f1(tn+g,un+k;, n+k;2,pn+k;3, n+k;4)
kzz=h-f2(tn+g,un+%,vn+k;2, n+k2 ,qn+k—;i)
k23=h-f3(tn+g,un+k;1, n+k;2, n+k;3, n+k2i4)
k24=h~f4(tn+g,un+k;, n+k;2,pn+k;3,qn+%—4-)
k31=h-f1(tn+g-,un+k;1, n+k2 Ny n+k2 N’ n+%)
ksy =h - fo(tn +;L,un kgl, n+k;2,pn+k;3,qn+k;4)
k33=h.f3(tn+g,un+k2ﬂ,vn+kgz, n+k2 ,qn+k;4)
k34=h-f4(tn+g,un+k;1, n+k2 ,pn+k2 g ,ﬁ%)

ks =h- fi(tn + hytn + k31, Vn + k32, Pn + k33, qn + k34)
kag = h- faltn + h,un + ka1, Un + k32, Pn + k33, qn + k34)
ksz = h - f3(tn + B, un + ka1, Vn + k32, Pn + ka3, gn + k34)

kas = h - fa(tn + B, un + k31, vn + k32, Dn + ka3, qn + k3a),
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Then,
1
Unt1 =Un+€'(k11+2'k21+2'k31+/€41)

1
Un+1=Un+6'(k12+2'k22+2'k32+k42)

1
Pn+1=pn+6'(k13+2‘k23+2'k33+k43)

1
qn+1=qn+g‘(k14+2'k24+2-k34+k44),

where t,41 =t, + h and n > 0. (See Appendix D)

Throughout this thesis, Euler’s method and Runge-Kutta of fourth order method
will be used to present several numerical results of differential equations of
geodesics. All the numerical results are coded in Maple 11 and can be ref-
erenced in the Appendices. All computational results were obtained using a
MacIntosh computer with a 2.33GHz Intel Core 2 Duo CPU and 2 GB of mem-

ory. We will test the accuracy and speed of the numerical methods in the next

couple of chapters of this thesis.
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Chapter 3
Test Case: Poincaré Half Plane

In this chapter, we introduce the Poincaré half plane and its metric. It will serve
as a test case to check the accuracy of Euler’s method and Runge-Kutta method
of fourth order when computing geodesics in Maple. Later, these numerical
methods will provide us with an efficient way of calculating geodesics on different
surfaces. After defining the Poincaré metric, we will study geodesics and derive
the distance formula. Being able to draw geodesic circles in Maple, we will

illustrate a case of metric fibration.

3.1 Definition of the Poincaré Half Plane

In non-Euclidean geometry, the Poincaré half plane is the upper half-plane,
R? = {(u,v) e R® : v > 0},
with the Poincaré metric,

_ du® 4 do?

ds?
2

A straightforward calculation shows that the coefficients of the first findamental
form are F = G = ;12- and F = 0. Furthermore, £, =G, =0and F, = G, =

~Z. Thus, (RZ,ds?) is a Clairaut patch.

3.2 Geodesics in the Poincaré Half Plane

In the Poincaré half plane, there are only two types of curves that can be

geodesics.
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Theorem 3. 2. 1 [8] The geodesics of the Poincaré metric on the half plane

R?,_ are the following: vertical lines and circular arcs centred on the u-axis.

Proof. Let a(t) = (u(t),v(t)) be a unit speed geodesic, ie. |o/(t)|2 = Eu'? +
Fv? =1.

Since G, = E, = F = 0, the Poincaré half plane is a Clairaut patch and the

differential equations of geodesics are given by Lemma 2.3.2:

2
W=y =0
v

v + lu'2 L. 0.
v v

From the first geodesic equation, assuming 4’ # 0, we obtain

u 2

/ —dt = / =v'de
u v
In(x') =2 ln(v) +¢,

where ¢ is a constant. Thus,

eln(u') = 2 gln(¥)+e

where 4 = e°.

If & = 0, then u = constant (v > 0) which is a vertical line. Thus, this proves

that a geodesic can be a vertical line.

Now, from the unit speed relation, we obtain

u/2 + 1}'2
p2

=1 or u? + v =2,

Plugging in u/ = Av? into the unit speed relation, we have
A%yt 42 =02
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v'? =% — A%t

v = vy 1 — A%02,

Dividing v’ by v/, it yields a seperable differential equation which we will inte-

grate by substitution.

v uvl—A%? V1 - A%?
w Av? - Av
! Av '

IV v
Av
Ja= | =

Substituting z = 1 — A%v?, dz = —24%v dv, we get

where d is a constant.

1 — A2p2,

Simplifying the result gives us

1
(u—d)2+v2=ﬁ,

which is an equation of a circle centred on the u-axis. Thus, in this case, the

geodesic is a circular arc centred on the y-axis. O

3.3 Distance Formula

We now can calculate the distance between two points on a geodesic.

Let A;(u1,v1) and As(us,v2) be the two given points on a geodesic. By inte-

grating the Poincaré metric along the geodesic, we obtain the distance formula:

| In %11 if ug = uy
d(A17A2) = tw(ﬂ) .
l m—iﬁ if ug # uy
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where t; is the angle between the vectors QA; and the positive u-axis, i =1, 2.
The point @ lies on the u-axis and is the centre of the Euclidean circle through

the points A; and Aj. [8]
We will derive the distance formula.

Case 1. Assume that us = u;. This means that the value of u is fixed and the

geodesic is a vertical line.

v

1, A,
2y >

1, A,
- s

T u

Figure 1: Representation of Case 1.

Let a(t) = (uy,v1) + t(ug — u1,v2 — v1) be a parametrization of a straight line
segment between A; and Az, where 0 < ¢ < 1. By the assumption us = u;, we
obtain
a(t) = (u1,v1 + t(vg — v1)-
It follows that
o' (t) = (0,va — v1),

and
e 2= (=)’
@/ (O = F 5 = e
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The length of the line segment is calculated by

z=£|dm|a

1 —
- / _ow) g
o v1+t(va—vy)

where z = vy + t(vg — v1), dz = (v1 —vy) dt,

1
= Injv; + t(ve — v1)|’0
=Injvs| — lnjv;1] =In |2’,
U1

assuming that vs > v;. In general, distance in this case is ‘ln %[ O

Case 2. Assume that us # u;. This means that A; and A lie on the a circular

arc.

0 i
Figure 2: Representation of Case 2.

Let a(t) = (g + rcos(t), rsin(t)) be a circular arc connecting A; and Ay, where
ty <t < tg, 7 is the radius and @ = (g,0) is the centre of a circular arc on the
u-axis (See Figure 2). Then,

o (t) = (—rsin(t),r cos(t)).
Thus, we obtain

, _ (=rsin(t))? + (r cos(t))?
o (B = (rsin(?))2
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= 1+ cot?(t) = csc?(t).

The length of the circular segment is computed to be

l= /ltz la’(t)] dt

i1

= / " csc(t) dt

t1

= In [csc(t) ~ cot(t)|‘:
o () < o ()]
=i (tan (%)) ~1n (ten ()

_ ita,n(%)

~ " ltan(y)
tan(22)

assuming that ¢5 > t;. In general, the distance is ‘ In ()

£

)

.0

This exact geodesic distance will be used to test the accuracy of our numerical

methods.

3.4 Accuracy of the Numerical Methods

Now that we know what geodesics are in the Poincaré half plane, we are ready to

compare numerically calculated geodesics with exact geodesics. We will examine

a few cases.

Euler’s Method

Pick a point A(0,1) and an initial vector ¥ (cos(#),sin(f)), where § = 2?” The

figure below shows the comparison of the exact geodesic and the numerically

calculated geodesic using Euler’s method with 1000 steps and a, step size 0.01.
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Figure 3: Comparison of exact geodesic (solid line) and numerically calculated

geodesic (dotted line) using Euler’s method. (h = 0.01, n = 1000 steps)

By decreasing the value of h and increasing the value of n, we obtain a better
approximation. The figure below is obtained by iterating 10000 steps with a
step size of 0.005.

Figure 4: Comparison of exact geodesic (solid line) and numerically calculated

geodesic (dotted line) using Euler’s method. (h = 0.005, n = 10000 steps)

Runge-Kutta Fourth Order Method (RK4)

RK4 provides better approximations of numerically calculated geodesics than

Euler’s method. We can see this is true in the case of the figure below where
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we used the same initial conditions as in Figure 3. The numerically calculated

geodesic sits upon top of the exact geodesic.

Figure 5: Comparison of exact geodesic (solid line) and numerically calculated

geodesic (dotted line) using RK4 method. (h = 0.01, n = 1000 steps)

Both Euler’s method and Runge-Kutta method give fairly good approximations
of geodesics. RK4 method is more precise than Euler’s method and is therefore
used in various calculations. [3] Thus, whenever possible, we will use RK4

method.

Unfortunately, we have limitations in hardware (MacIntosh) and software (Maple)
that restrict us to perform certain numerical calculations because the system
either breaks down due to the exceeding memory allocation or takes a very
long time to run numerical calculations which at times does not finish at all.
These restrictions will be mentioned throughout this thesis when we investigate

various surfaces and the various strategies to overcome computer limitations.

Distance

Now, we will show that the numerical methods can be used to estimate the

distance between two points. In general, there is no explicit way to find the
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distance between two points on a surface. What we can do is use Euler’s and

RK4 methods to obtain an approximation.

Pick two points A;(u1,v1) (initial point) and As(ug,v2). We construct a se-
quence of concentric geodesic circles centred at A; of increasing radii h, 2h, 3k, ..., nh, ...
where h is the step size and n is the number of steps used in either Euler’s
method or RK4 method. We stop when we reach the point Ag, ie. when A, is

the region between circles of radii nh and (n + 1)h.

To construct each circle, we do the following procedure. We generate a number
of geodesics starting at A;, where the directions are given by (cos(8;), sin(6;)),
where 0; = 3—\,751 and ¢ = 1,..., N. Thus, the speed of each geodesic is vl—l By
connecting the points on each geodesic that are generated by the first iteration
step, we obtain the circle of radius h. Similarly, by connecting the points on all
geodesics generated in the second iteration step, we obtain the circle of radius
2h, etc. We want to ensure that we have a sufficient number of steps to form a
family of geodesic circles reaching the point As. If Ay is between the geodesic

circles obtained by n and n - 1 iterations, then the approximate distance is

nh n+ 1)k
— S da.ppraa:(AlsA2) S (_—)—
U1 0

This inequality holds true because geodesics have constant speed by Lemma 2.

2. 1.

As an example, let us estimate the distance between the points A;(1,2) (initial
point) and Ap(1.4,2.4) in the Poincaré half plane using RK4 method. The
following conditions are used to construct the circles: the initial direction angles

9, = g—gi, i =1,...,60, the step size h = 0.03 and the number of steps n = 17.
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Thus, Figure 6 shows that the approximate distance is (n = 17)

nh n+1)h
- S dapproz(Als AZ) S (_'—)y
U1 n

ie.
0.2550 < dopproz (A1, A2) < 0.2700.

which was calculated in Maple. (See Appendix E)

Figure 6: Distance between two points (1,2) and (1.4, 2.4) using RK4 method.

Using the distance formula from Section 3.4 and Maple to calculate it, we obtain
that
d(A;, Ag) = 0.257487.

We performed another accuracy test of the numerical methods. Using A(1, 2)
as an initial point, we used both Euler’s method and RK4 method to calculate
the geodesic in the initial direction § = £ with the step size h = 0.02 and the

number of steps n = 1000.

In the case of Euler’s method, the geodesic ended at a point (8.535549, 0.001226);

(1000)(0.02)
3

its distance from A is = 10, compared to the exact distance of

10.119285. In the case of RK4 method, the geodesic ended at a point (8.464101. 0.001355);
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its distance from A is

9.999271.

(1&0_)2(&2) = 10, compared to the exact distance of

We will use the numerically calculated geodesic circles to estimate the distance
on other surfaces, since the approximations of Euler’s method and Runge-Kutta
method seem to be fairly accurate. Unfortunately, we will not be able to com-
pare the approximate distance with the exact distance on an arbitrary surface,

since there is no explicit way to calculate the distance between two points.

3.5 Metric Fibration

Disgressing a bit, we use our tools to illustrate a case of a metric fibration in

the Poincaré half plane.

Definition 3. 5. 1 A partition of a metric space by a family of congruent and

mutually equidistant sets is called @ metric fibration.

According to the paper [5], there are three types of metric fibrations of hyper-
bolic geometry: fibration by fifth lines, fibration by horocycles, and fibration by
broken horocycles. We will only focus on the fibration by horocycles. In general,
a horocycle is defined as the limit of circles with the same tangent line at a given
point as their radii approaches infinity. In Euclidean geometry, the limit is "the
circle of infinite radius” or a straight line, and, in hyperbolic geometry, the limit
is a curve represented by a circle tangent to the u-axis. [8] Thus, horocyles are

a family of circles tangent to the u-axis.

Since we have developed a way to sketch geodesic circles, we can illustrate

horocycles in the Poincaré half plane.
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Figure 7: Representation of Horocycles.

The figure above shows a family of circles where all the their radii lie on the
line v = 1. Each circle is obtained by shooting geodesics in a number of equally

spaced directions for the same distance.

In this case, we generated four sets of geodesics, each starting at a different point
on the line » = 1. In general, instead of using a single initial point, we can shoot
many geodesics from many initial points to study a surface and to investigate
the relation of every geodesics to one another. This approach is useful when we

mention the phase flow method in chapter 5.
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Chapter 4

Using Maple to Study Geodesics on Some
Interesting Surfaces

Having developed the necessary methods to analyze geodesics, we will inves-
tigate two particular surfaces: the monkey saddle surface and the corkscrew
surface. We will show that certain regions on these surfaces are similar to re-
gions of the human cerebral cortex. We will calculate and sketch the geodesics

of the monkey saddle surface and the corkscrew surface.

4.1 The Monkey Saddle Surface

The monkey saddle is a regular surface parameterized by
x(u,v) = (u,v,u® — 3uv?),

where u,v € R.

Figure 8: The Monkey Saddle Surface.

A generalized version of the monkey saddle surface is given by

xn(u,v) = (u,v, Re(u + iv)"),
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where 7 > 3 and u,v € R.

As mentioned earlier, we can use certain parts of the monkey saddle surface to
simulate parts of the human cerebral cortex in order to better understand its

structure. The figure below shows one part of the surface that can be used for
that purpose.

Figure 10: A ’bumpy’ region of the human cerebral cortex. [12]
We will work with the monkey saddle surface parametrization

x3(u, v) = x(u, v) = (u,v,u> - 3uv?),

where u,v € R, to calculate and illustrate geodesics. In a similar way, we
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could calculate a generalized version of the monkey saddle surface using stronger
computational tools.
The coeflicients of the first fundamental form are
E=1+9u?-?)? F=-18uw(u® -1?), G=1+ 36u%?,
which give the metric
ds? = (1 +9(u? — v?)?)du? — (18uv(u? — v?))duldv? + (1 + 36uv?)dv?.
From the Christoffel symbols,
I}, = 36u(u? —v?), I'ly = -36v(u? - v?),
T, = —18v(3u? — v?), T?, = 18u(3v? — u?),
I}, = 12u?, '3, = 7200,

we obtain the differential equations of geodesics for a monkey saddle:

s 18u(w?—v?) ,  3v(w?-v?) ,, 18u(u? —0v?)

_ ek Soli AR A R
1+9(u? + v2)2u 1+ 9(u? +v2)2u UTTE 9(u? + vz)zv 0

" 36u?v 2 T2uv? ' 36u’v

_ v s /2= .
1+9(u2+v2)2u 1+9(u2+v2)2uv + 1+9(u2+'¢12)2v 0

In order to solve geodesic equations numerically, we need to rewrite the equa-

tions as a fourth order system of first order equations:

’

u=p
v=g¢q
P 18u(u? —v?) 5  36v(u? —v?) . 18u(u? — v?)
1+ 9(u? +112)2p 1+9(u2+112)2pq 14 9(u? + v2)?
, 36uv 9 72uv? 36u2v

T = T o+ o2? T 149+ o2t T TR o 1 oR2
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Using Maple, we numerically calculate and illustrate the geodesics on the mon-
key saddle surface. Below are the results using RK4 method with the initial
point (ug,vp) = (0,0) and the initial direction vector ¥ = (cos(8), sin(#)) where

the initial direction angles are § = %4, i = 1, ..., 50.

Figure 11: (The Monkey Saddle Surface) Geodesics in the uv-plane, showing
actual points calculated by using RK4 method. (h = 0.1,n = 70 steps)

2 NS,

Figure 12: (The Monkey Saddle Surface) Geodesics in the uv-plane as curves
using RK4 method. (h = 0.1,n = 70 steps)
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The next figure shows the geodesics on the surface.

Figure 13: (The Monkey Saddle Surface} Geodesics on the surface using RK4
method. (h = 0.1,n = 70 steps)

By connecting all the iterated points of the same step on all the geodesics, we
can produce geodesic circles on the surface. These configurations are useful in

calculating distances on a surface. We can show them in two or three dimensions.

Figure 14: (The Monkey Saddle Surface) Geodesic circles in the uv-plane using
RK4 method. (h = 0.1,n = 15 steps)
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Figure 15: (The Monkey Saddle Surface) Geodesic circles on the surface using
RK4 method. (h =0.1,n = 15 steps)

For the purpose of using surfaces that resemble certain parts of the human
cerebral cortex, we need to use initial points other than (ug,vg) = (0,0). The
figures below show geodesics and geodesic circles with the initial point (ug,vg) =

(1,1) and the initial direction angles § = ﬁ—gi, i=1,...,50.

Figure 16: (The Monkey Saddle Surface) Geodesics in the uv-plane, showing
actual points calculated by using RK4 method. {(h = 0.1,n = 70 steps)
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Figure 17: (The Monkey Saddle Surface) Geodesics, shown as points, on the
surface using RK4 method. (h = 0.1,n = 70 steps)

Figure 18: (The Monkey Saddle Surface) Geodesic circles on the surface using
RK4 method. (h = 0.1,n = 15 steps)
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4.2 The Corkscrew Surface

The corkscrew surface is a regular surface parametrized by
x(u,v) = (acos(u) cos(v), asin{u) cos(v), asin(v) + bu),

where a, b are constants, u € [0, 2r) and v € [—m, 7). The surface is obtained by

extending the sphere along its diameter, and then twisting it.

To obtain the differential equations of geodesics for the general corkscrew surface

parametrization, we calculate the coefficients of the first fundamental form,
E =1 + a? cos®(v), F =abcos(v), G =d?,
which gives the metric,
ds® = (b® + a2 cos?(v))du? + (abcos(v))duZdv?® + (a®)dv?.

The Christoffel symbols are

I}, = —a3bcos?(v)sin(v), T}, = a®cos(v)sin(v)(a?cos®(v) + b?),
I, = —a* cos(v) sin(v), T'?, = a®bcos?(v)sin(v),
%, = —a3bsin(v), '3, = a2b®cos(v)sin(v),

from which we obtain the following geodesic equations,

" abcos?(v) sin(v) P 2a? cos(v) sin(v) o'y
a2 cos2(v) + b2 — b2 cos?(v) a? cos?(v) + b2 — b2 cos?(v)

3 absin(v)
a? cos2(v) + b2 — b2 cos2(v)
w (6% cos?(v) + b?)sin(v) cos(v) 5 2ab cos?(v) sin(v) '
a2 cos?(v) + b2 — b2 cos?(v) a2 cos?(v) + b2 — b2 cos?(v)
b2 cos(v) sin(v) 2
a? cos?(v) + b? — b2 cos?(v)

V2 =0

=0
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We modify the above differential equations in order to solve them by numerical

methods as a fourth order system of first order equations,

u=p
v'=g¢q
;L abcos?(v) sin(v) 2 2a2 cos(v) sin(v)
P =t (v) + b2 — b2 cos2(v)p t oo (v) + b2 — b2 cos?(v) Pa
absin(v) 9
a? cos?(v) + b2 — b2 cos2(v) e
s _ (0% cos?(v) + b?)sin(v) cos(v) , 2ab cos?(v) sin(v)
=" cos2(v) + b2 — b2 cos?(v) L= cos?(v) + b2 — b2 cos?(v) P
b cos(v) sin(v) 2

" @2 cos?(v) + b2 — b2 cos?(v) z

The above calculations apply to the corkscrew surface obtained from a sphere.
As we can see, the equations are quite complex. For our investigation of the
corkscrew surface, we will slightly modify the parametrization and so the dif-
ferential equations of geodesics will be even more complex and too long to be
included here. In Maple, we will calculate and illustrate geodesics using the

following parametrization
x(u, v) = (2 cos(u) cos(v), 4 sin(u) cos(v), sin(v) + 0.5u),

u € [0,27] and v € [—m,x]. This corkscrew surface modification twists an
ellipsoid rather than sphere to create a surface similar locally in nature to the

cortical surface.
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Figure 19: The Corkscrew Surface. (a =2,b=4,c=1,d =0.5)

The twists on the modified corkscrew surface resemble certain regions of the
human cerebral cortex. We believe that this this particular surface is suitable

to investigate in order to simulate parts of the cortical surface.

Figure 20: A ’twisted’ region of the human cerebral cortex. [12]

Using RK4 method, the figures below relate to geodesics on the modified corkscrew
surface generated at the initial point (ug,v) = (7, 7) with the initial direction

angles § = &4, i =1,...,50.
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Figure 21: (The Corkscrew Surface) Geodesic curves in the uv-plane using RK4
method. (h =0.1,n = 30 steps)

Figure 22: (The Corkscrew Surface) Geodesics on the surface using RK4
method. (h =0.1,n = 30 steps)
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We can illustrate geodesic circles by shooting geodesics in many directions from
the same initial point. Also, a better representation of the self-intersecting

geodesics will be shown in the following figures.

Figure 23: (The Corkscrew Surface) Geodesic circles in the uv-plane using RK4
method. (A =0.1,n = 15 steps)

Figure 24: (The Corkscrew Surface) Geodesic circles on the surface using RK4
method. (h =0.1,n = 15 steps)

Since we are interested analyzing certain regions of the corkscrew surface that re-
semble the human cerebral cortex, we need to use different initial points and pos-
sibly initial direction angles. Below, we have illustrated the geodesics starting
at the initial point (£, £) with the initial direction angles § = g—gi, i=1,..,50,

99
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using RK4 method.

22

NS

NN

Figure 25: (The Corkscrew Surface) Geodesic curves in the uv-plane using RK4
method. (h = 0.1,n = 30 steps)

Figure 26: (The Corkscrew Surface) Geodesics on the surface using RK4
method. (A= 0.1,n = 30 steps)
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Figure 27: (The Corkscrew Surface) Geodesic circles on the surface using RK4
method. (h = 0.1,n = 15 steps)
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Chapter 5

Calculating Geodesics on Surfaces
Resembing the Human Cerebral Cortex

In this chapter, we will describe the human cerebral cortex and the importance
of the studying it. The most common method used to reconstruct the cortical
surface will be briefly discussed; then we will present an alternative method
which calculates geodesics on the surface itself. Qur agenda is to analyze two
surfaces that resemble globally a larger part of the cortex which might aid in

finding an approximate parametrization of the cortical surface.

5.1 Defining the Human Cerebral Cortex

In human beings, the brain governs the central nervous system which is re-
sponsible for human behaviour. It is comprised of two parts: gray matter and
white matter. Gray matter, also referred to as the human cerebral cortex, is
the outer layer consisting of nerve cells and fibers. The cortical surface is often
visually represented as the ellipsoid surface (see Figure 28; the picture is take
from en.wikipedia.org/wiki/Cerebral_cortex). The surface of the brain is an
extremely complex structure to study, but very important, as it plays a crucial

role in controlling sensations, thought and action.
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Cerepral Coren

Figure 28: The Human Cerebral Cortex.

White matter is the inner part, also comprised of nerve cells and fibers. It
connects different regions of the cortex to make the brain systematically function

as one unit. [10]

The human cerebral cortex is the most intensely studied part of the brain and
can be visually reconstructed for analysis. We will suggest certain methods
for this analysis. Literature shows that studying the surface of the brain is
important, since it is believed that there exists a relation between the function

and structure of the human cerebral cortex.

5.2 Geodesics and the Human Cerebral
Cortex

According to Van Essen et al. [11] and Schwartz et al. [9], the most common
type of surface reconstruction of the human cerebral cortex is represented by
a two dimensional flat map. To construct a flat map, a region of the cerebral
cortex is selected and marked with geographical landmarks or points. Since the

cortex is bumpy with many dents and grooves, the region is smoothened out so
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that it can be represented in two dimensions. Using the surface-based warping
algorithm, the minimal distance to each point is calculated. The points are
mapped onto a two dimensional flat map. From the flat map, distances at each

point can be computed using the two dimensional coordinate system.

Flat maps are deemed to be the most compact way of reconstructing the cortical
surface, since a selected region can be visualized in a single view. However, in
the process of converting the three dimensional cortex onto a two dimensional
flat map, distortions to the shape of the cortical surface are inevitable, since
there is no isometry between the cortex and the corresponding flat map. Also,
the smoothening and the edges of the selected region cause distortions in the
two dimensional representation. The distortions made by using the surface-base
warping algorithm are not major setbacks in the method, but refinements of the
algorithm are needed due to inaccurate representations of flat maps in higher
resolutions. The paper [11] by Van Essen et al. does claim that measurements of
distance are best made by calculating geodesics along three dimensional surfaces
and that ellipsoidal maps would have less inaccurate representations than a flat

map.

Instead of using the surface-based warping algorithm to generate a representa-
tion of the human cerebral cortex, we can focus on the entire cortical surface and
numerically calculate geodesics directly on it without changing the shape of the
surface. The challenge to this method is producing an approximate parametriza-
tion of the cortical surface due to the structural complexity. What we can do
is to investigate the surfaces that resemble the cortex. By analyzing various
parametrizations of surfaces, we could possibly find an approximate cortical

surface parametrization.

We will investigate two particular surfaces that resemble the cortical surface:
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the ellipsoid surface and the bumpy ellipsoid surface. As mentioned before,
the cortical surface can be represented (approximated) as the ellipsoid surface.
Also, as suggested in the paper by Van Essen et al., the ellipsoid surface can be
used to create a topological representation of the cortex. We will deform the
ellipsoid surface to produce the bumpy ellipsoidal surface which better resembles
the cortical surface. We will discuss these surfaces and numerically calculate

geodesics on them.

The Ellipsoid Surface

The ellipsoid is a regular surface parameterized by
x(u,v) = (a cos(u) sin(v), bsin(v) sin(u), ¢ cos(v)),

where the coefficients a, b, ¢ are positive numbers, u € [0,27) and v € [0, #]. The

numbers 2a, 2b, 2¢ are the diameters of the ellipsoid surface.

Figure 29: The Ellipsoid Surface. (a =c=2,b=23)

We use various initial points and initial direction angles to draw geodesics.
Below, we have illustrated the geodesics at the initial point (%, §) and initial

direction angles f = 2{—’2'1', i=1,...,12, using RK4 method.
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Figure 30: (The Ellipsoid Surface) Geodesics in the uv-plane, showing actual
points calculated by using RK4 method. (h = 0.05,n = 40 steps)

Figure 31: (The Ellipsoid Surface) Geodesics on the surface using RK4 method.
(h = 0.05,n = 40 steps)

As described earlier, we construct geodesic circles. Using these circles, we can

estimate distances on the ellipsoid surface.
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Figure 32: (The Ellipsoid Surface) Geodesic circles on the surface using RK4
method. (h =0.05,n = 11 steps)

There were computation obstacles in generating geodesics on the ellipsoid sur-
face. Only a limited number of steps and geodesics could be calculated at once.

One reason being is that there was a break down in memory allocation in Maple.

The Bumpy Ellipsoid Surface

The bumpy ellipsoid surface is a regular surface parameterized by

x(u, v) = [f(a+bcos(mu) sin(nv)) sin(v) cos(u), g{a+b cos(mu) sin(nwv)) sin(u) sin{v),

h(a + bcos(mu) sin(nv)) cos(v)]

where u,v € [0, 27), the coefficients a, b, f, g, h are positive numbers, and the
coefficients m, n are positive integers. The coefficients a, b govern the depth of
the bumps and grooves and the coefficients m,n change the "bumpness” and
rigidity of the ellipsoid. It is interesting to note that in research, similar surfaces

are used to model tumors. [4]
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Figure 33: The Bumpy Ellipsoid Surface. (a =1, b = 0.05, m = 10, n = 20, f
=3,g=4, h = 3)

Thus, by deforming the ellipsoid surface, we achieve a closer representation to
the human cerebral cortex. We will plot the geodesics on the surface at the
initial point (3, §) and initial direction angles § = %i, i=1,...,,10, using RK4

method.

184

1.41

124

0.8

0.6 <

Figure 34: (The Bumpy Ellipsoid Surface) Geodesics in the uv-plane, showing
actual points calculated by using RK4 method. (A = 0.05,n = 15 steps)

Again, due to the constraints on hardware and software, we can only show a

few geodesics. It is interesting to note how the geodesics in Figure 31 cross one
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another. On the surface, the geodesics look scattered and the direction of the

geodesics looks rather unpredictable.

Figure 35: (The Bumpy Ellipsoid Surface) Geodesics on the surface using RK4
method. (A = 0.03,n = 15 steps)

Constructing geodesic circles allows us to estimate distances on the surface.

Figure 36: (The Bumpy Ellipsoid Surface) Geodesic circles on the surface using
RK4 method. (h = 0.05,n = 10 steps)
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Computational difficulties arose again when we were calculating geodesics on
the bumpy ellipsoid surface in Maple. Only a limited number of steps and
geodesics could be generated. Producing only 10 geodesics on the surface took
a long time to compute. When we tried to draw more than 10 geodesics, Maple

would loose its memory allocation and freeze.

The best way to study the surface of the human brain, in particular distances,
may be to calculate geodesics directly on it. If an approximate parametrization
is developed, then through geodesic analysis, we can yield fairly good approx-
imations of distance. The accuracy of approximation is discussed in the paper
[10] by Teo et al. If an approximate parametrization cannot be found, then sur-
faces that resemble the cortical surface locally can be used to conduct similar

work as shown in Chapter 4.
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Chapter 6

Conclusion

As mentioned in the previous chapter, a parametrization of a large part of the
cortical surface would be ideal to perform geodesic calculations on; however, due
to the complexity of the structure, it may not be possible. In finding a global
parametrization of the cortex, one obstacle is computer power - the hardware,
in particular, but also software. In our research on relatively ”simple” surfaces,
we experienced some obstacles in computing geodesics numerically. Definitely,
the computer hardware should be more powerful and the computer software
more advanced (or we could have tired application like Mathematica) in order

to handle complex calculations.

In practice, the bumpy ellipsoidal surface which is used to analyze tumors was
most likely developed by investigating different modifications to the usual sphere
parametrizations. Similarly, since the human cerebral cortex resembles the el-
lipsoid surface, modifications to the ellipsoid surface seem like a fairly logical
way of analyzing it. However, if a global cortical parametrization cannot be
found, then local regions of the cortex can be investigated, as seen in Chapter

4, to aid in understanding the structure of the entire human cerebral cortex.

One avenue of future research is implementing the phase flow method to nu-
merically compute a large number of geodesics on the human cerebral cortex.
The phase flow method, which has been developed recently, is claimed to be ef-
ficient and accurate. [13] In the case of geodesics, instead of solving differential
equations of geodesics at one initial condition as in RK4 method, the system is
calculated at many initial conditions at once. This method constructs a geodesic

flow map which is a trace of all the geodesics with various initial conditions.
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In various disciplines, many physical based problems are better understood using
geodesics. For instance, the study of a large number of geodesics is important
in computational physics where the phase flow method is applied. In analyz-
ing high-frequency wave propagation, trajectories which are also referred to as
geodesics are computed on a surface from various initial points, producing many
trajectories. The trajectories create a ”wavefield” from which the dynamics of
wave propagation is analyzed. [13] Thus, calculating geodesics on surfaces can

serve as a useful tool in learning the nature of various physical problems.
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Appendix A: General Calculations of a Surface

restard:
with{plats):

dpiw proc (R ¥} MIE]CE{L}PR{TICTIZI4R{IIAE{),
ansls
:Calculaﬁnn of the dot product.

© onrmsT prociXy
sqre{dp{X, %)y
end:

Calculatmn of the norrn.
proT (¥, ¥}
DIVXEIL - RBIVIIRE, L{IPUR{E) - X{LICR{3Y, ByAfVER) - K

end

| Calculation of the cross product.
R:={ insest suriace parametyisation herve |:

FRVENR T LN SIS BV

“1
i;“fXA ii.u), dz:frzufz LU, AAFE{Xu3) a5}
£ i2i.,v). dzfx«(uizi,v),:
_! v},diff(ivi};,vv}}x

The first and second derivative of the surface X with respect to the variables u and v..
do!xu,!u)

[The first derivative of the coefficients of the first fundamental form with respact to the variables
uandv.

[ carmact, plify: (G7Ey - F4PTFy ¢ F4 Ev;f"’iB’G—F‘2‘;};
ampmnl, ! a1k C“Vv - Fr Gu‘

EThe Christoffel symbols.
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Appendix B: Differential Equations of Geodesics for a Surface

raghari:
withipisata}:

TTI3PER{ITRELI}

| Caleulation of the dot product.
»oJamfie preciXl

lozal Xu, v

Kus= (dxEL{RFiY.vp, ALE2 (N}
AEE{R{11. v, QEZE(X
ify({Xu Xeir:

iTha first derivative of the surface X with respect to the variables u and v.
| BFS:= procld)

lowai B,F,6,%;
Jactis g

simpilifyi(®,
and:

[The coefficients of the first fundamental form.

DEFG:= prao(l)
jomal Bu,Bv,Fu,fv,0u,6v,5;

=The first derivative of the coefficients of tie first fundamental form with respect to the variables
uandv,
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qcoeq = svesil}

loval aql,eql GRMMRIIL, CAMMALIZ SAMMALIZL, CAMMNAZ)L . CHIRIA21 L.
CAMMAIR2Z,S,T;

Sim EFG(%)}

Tiw DEFGIX)
CMMmMAlLLl:= simplily
{33-¢8{2} 23333 s
AM:‘A‘I;.% shapii by (8]

SPI1)~2R8{2] YRIA)+S[2{0T{2]) /(2 (B2} 4F

Jen2)-3 PI{3F{SIIIASI31-510] 00

BE3ITIBI-SITICTIONF {2 (81148

GA!U<\1 2: ‘?}mplliy( (KL 3P

mpri,(( PERIRSEL S RET-IRREL IS RS SERL IR RRTES SFT IS S b1

{23723

1237427 ¢S{1]1"813 -

P[5I~

(38101 RIS I-2781 2 P4} +S12j 23]/ (29¢R{1}*S

+ pubsfi{us=uib),v=rit;}, GAMALLIL¥dLEL¢y
s} =ugn},wEvit) ), GAMMALLZ YEQIEE (uit), i‘.)‘d}.ffw t)
;6 e uhs(gu'u 'cx,w—v(tg o SRAMMALI2) AIfF{wit},.E}2 =
ey Efquqer, 3823 + su 5 ¢ { U u’ﬁ\.vw:‘é)}.

°r2 ¥ Zﬂsubs{'u =ugt),vevitly, GAMMAZLI)+ dxdfiu{el, cival vty
,t’ * subs(¢u~u{t}, v=v{t}, GAMMAZZIIvGIiL€(vizd eyt = O

eql, <g?;

ands

Calculatlon of the differential equations of geodesics of the given surface.
R TL I B

tlnssrt the surface p ization with three P
iogeseg i

[Displays the calculated differential equations of g
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Appendix C: Euler’s Method

ragsars:
inhiplatsl;
withi{plobzeola}:

= fR,9)
mo{r,e) >

5,9} -2
{afu,v),bi{a,vj.ciu )i,

hnsen surface ion with three P

dpi= pyociX,?
Z{Ly*X[L] z YCXLT) o+ R{B1*¥{2}/
ead?

jALEL
ui=m gl mp‘zfy’fdx?‘!x i1
‘mp;;fy'ldﬂifzz"
simplify {{diff{X

Bi= gymplliyidpiia, fa)

simplifyidp(¥e.¥vl;

EiB wypye

Fy(d.A 3
Ey(difi(Q. w3y

suBs{{amyii},
Cysyie
subs [ {nmw{l]

ALEpLiEp (B3 BR~2 FHPueT * By )/

FU{GAEY-FoGu /(T {E"G~

subs juswi
Y¥iae

subg! {u=wil
QZ‘QE"u—F 23330t
subs; {

¢ L2 GAFY -G GunF I GY )/

]

&
N
-
u
§

b4
o

o

¢ ( X BAFa-E "By -FEus 7

G -FEErY (2 (B

ubs
(2*"‘*5-@*2),\~«

[Catculations of dot product, the first and second derivative of the surface X with respect to the

variables u and v, The of the first fund: | form, the first derivative of the
coefficients of the first fundamental farm with respect to the vari. u and v and Chri |
L symbels.
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itevate gecdesic:r® proeiX;
lowal

wim ew
Vi 221

pr=owi B {1 GAMMAIILvw{2} 2 ~ Z-CAMMALIZ w{I}rwid} -
ORMMAI22%w{ 4] "2}

gem wid] b NT(-1CGAMMAZLIL wi3} 3 - 2" SAMMAZIX w{i]iw(d) -
GAMMAZI2iw ] 2)

(4,9,8,4}5

and:

| Euter's methad iteration formula.
bi= 0.0L:

stepa:= 100
initialpoln
nug_gee:= 190

:Setﬁng up initial conditions to calculate geodesics.
e ltevate_geollesie{X);

| Displays Euler's method iteration formula.

» for j from I teo nem_geo do
{T7PL/num_geas Ty
fevalfivesinitcialangleiiliy; evalfqain

initialanglejyi:
i aldirection
ialanglafiiziy,
= {inizialipointi
tisldirsetion{}

i1

ajtialpoins|ll, initialdireation|j}

bl

stepa da

PAT
for & fxom L by 1 ¢
2 _grodesic (@)

wrim pterate
= owlhis
23

ut, symbal=pei
{segiialufi
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for i freom 1 to num_geo do

initialanglefij:= (I<Pi/num  Jeo)rie

initlaldizectioni{i]:=~ {eval¥(cos(initialangleiij)),evalf{sin
{initialanglefijsils

wi= [ipitiaipointil}, initialpoint(2),initialdirectioniiiily,
initialdireczion{i}{21};

wiBlr=m wilys

vigis= wi2];

ufoj =

q{0j: is
9*1 OY:= {uf0}, vi{B]];
for § from 1L by L to staeps do
iterate_geodesicig;
PN

pm

=

u[éj;

’1 3]¥= (uf3y w3y
end d0:
gaod{i}+= plot([seq(] q{z,}l‘l} 9{1,311211.3=0. .9¢teps) ], enlor=
blue,style=point, symbol=poiat):
points:= {seqilafu{il,wiil), b(ulil,v(31}, o{uii], viii},j=0..

pointplotldipoints, color=xed);

[The first and second loop calculates geodesics in the uv-plane, showing actual points

calculated

for & from 1 by x to num_geo do

for j from G by 1 s steps-1 do

lxneseqment{:.,., = plotsidisplayi{line{igii.j1{l}.grs,33{321),
{911, 37321133, 901, 3721121100

end do;

end do:

for L from 8 by l to num_gee do

for j from 1 by i to steps-1 do

circlesegment(i}{i]: = plots{d;spLay!’L nel{ig{i,j113l,9{4.3112}}.
fgrivl, 3igly gt 31:22

c;rcie«egmenn[Oji}} plotséd;splavl{;-net girl.3iii},911.3312)).
[glaum g2o. ji{ 1i.gf{aum geo,3]{2}ij}:

end do

end do'

far L from ¢ by ! to num_geo do
for § from 1 by 1 2o stﬁps ~1 do

plotsidisplay]tlinec{a({g{s, 3311, 914, 3]
{’;3, c(gil, 111 i, [L,370213), fafgiirl,
feed 31l griel 32y cqglint, itd) g
il*l JiiZ2i1
cxrclesegmen [dlsglay;(lxne'{a!g‘i,j]iii,gél,j}
1213, w(g{l,] e(gf1,31111.811,31i213 1, la(q
fum_geo, jj{ l)¢ b{g{aum 9@°:3§§131€§3“m_§e0133
{21}, cigine um_geo,31(2137)}):
2nd do.
end do:

[The first loop calculates geodesics in the uv-plane as curves. The second and third loop

Lcalculate geodesics as circles in the uv-plane and on the surface respectively.
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geojnum _georll:= plotdd(jaiu, v}, b(u, vy, e(u,¥v}], w=0. . Py, v=.20
PL..2%Pi} e
display{gec[num_geo+l});

display(seqi{igeodesiciill, j=1. .num_geo),scaling=wonstrained,
view={«-5..5, -5.. B

display{seq({geo]}}
{=5..5, =5..5, =3..

§=1..num_geo+l).scalingzconstrained, view=
3, H

51)s
display(seg{seq({{linesegment{i}{j}]. i=0..steps-1),i=1. . nun_geo)}
display(seq(seq{jcirclesagment|{ijf{i}} i=0. num_geo-1},3§=2..30);;
displavi{seq(ssqg{icirclesegmentId{ii{j]], i=0. .num_geo-1},j=2..30;
L )i

The first command displays the surface.

The second command displays geodesics as points in the uv-plane.

The third 1d displ: desics as points on the surface.

Hiays g

The fourth command displays geodesics as curves in the uv-plane.

The fifth command displays geodesics as circles in the uv-plane.

| The sixth command displays the geodesic circles on the surface.
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Appendix D: Runge-Kutta Method of Fourth Order

restart:
with{plots):

L with{plottosls}:

fu,vy -> u:

fu,v} ->» v

{U,7) > u 3-3egeets.
{afu,v), biu,v),cfu,viy;

W gs
g8y

sert surface parametrization with three components.
> dpis proo(X,¥)

Bi1y*¥{1) + R{21%¥{2] + R[31°¥{3};
and;

Xu¢= simpl (IAAfECTr Y o0y, difE(RY2)  u), ALE£{XT3),u) 1)
Xvi= sinpl CLALEE{R{1],vs, A4 EE0(RI2), vy, AAEL(R13Y,v) 1)

Ruue= simplifyp({Aif06Xuily, uy ALEEqRaf2Y,u),dif€(Rui{3} v} i)
Ruv:= eimplify({diff({Xuil],v) . diff(Xuf2]} .v),difE¢Re{3].v)}):
BEvv:= simplify({diff(Ivil], v, iff(Xvi2}. vy, diff({Xv{3},v}]):

Ec= simplify(dp{Xu . Xul}}:

Fi= simplify(dp({Zu Xu}}:>
Gi= simplify(dp{Ev.qv}}:

Ligy(ALLL{E, u)y 3¢
fy(AifE{B, viy¢

mplify(diff(S,u)):
Gue= simplify(diff(g,v)):

GAM11l:= subs{{usus, vavv}, simplify({GYEu-2 F FurF¥Bv}/{2%{E*G~
{F*213}) 1)}
GAMILZ:= subs{{u~uyu, v»vv}, simplify{{GFEv~F*Qu} /(27 (B*G-F"231})}

GAMI22:= subs(ju=uu, ¥=vv}, simplify({2+G¥Fv-GrGu-FGv}/ (2% (8-
Fr2}3)
GAMZIY: =
£2)))3 ,
GAM212:= subs{{u=ue, v=ww}, simplify ((E¥Gu-FrEv)/{IY(E*G-F2)3})

subs{{u=uu, v=vvi, simPlify((2¥EFPo~E Ev~FiEu}/ (2*{E*G~

GAN2I2:= subs{f{usuy, v=uv}, sipplify{{EYGy-2*F+Ry+F 8ul/ {24 (B G~

Pr2i1yy

GAMMALLL (=unapply (GaM11L, uu,vv}:
GAMMALL unapply (GAMIIZ2, v, vvy:
GRMMAL2 unapply (GANI22,uu, vv

GAMMAJ11:=unapply {GAM211,uu, v
GAMMAZ212: sunapply {(GAM212, uu, vy
GAMMAZ22 :=unapply {GAM222 ,uu, vV

[ Calculations of dot product, the first and second derivative of the surface X with respect to the
variables u and v, The coefficients of the first fundamental form, the first derivative of the
cosfficients of the first fundamental form with respect to the variables u and v and Christoffe!
| symbols.
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o fLi=({t,un, vy, PP, qq) ~>pe:

£2:=(b,un, 99, PP, g4} ~>qg:
£3:=(k,uu,vv,pp, a0)->-1 “GAMMALLL (uu, vr) "pp 2 - 24GAMMALLY (uu,vv)
rppraq - SAMMAIZE{uu,vv)ggrl:
fai={%, ud, vV, 3D, qa) ~->~LXGANMAIL] (g, ve) PR 2 ~ 2FGAMMAZIZ (uu,vv}
fpprag - GAMMAR22 {uu,vw)qg 2:

geodesic by rkd:= proc(w)
lowal uw, v, p, 9, RLIL,RI2,k13,k14,%21,4k22, 523,424,631, 832, k33,
134,%41, k43, k43, %44, €5

Kil:=h*€l(ve,w(l],w{2},wid},wi{d]);

k12 “lett,wll,,w{21.a13],w543):

R13:=h=£3{tc Wi}, w(2],w(3i,w[4)):

RidemhoEd(ee,will,w{d F.wi3],wl4]);
H

K21 =hE1(RE+R/2 Wl L1FRI1/2 i 21 +k12/2, @3] +k13/2,wi 4] +h1d/2) s
k22; R F2(RE+R/2 W[ 1] PR11/2, 0l 3] +k12/2, (31 +R13/ 2,014 +k1/2;
K23:=h*£31evehs/2, Wil +k11/2,0{2]+k12/2,w[31+k13/2,w{4}+k12/2
H24:=h £4¢te+n/2, wi1]+k11/2,w (2] +h12/2, 9] 3}+k13/2,w[ 4]+k14/2

RJIr=h*fl(tt«%h/2,w(l]~>5&21/2,w§2)+k22/'2,w[3) R®23/2 ,w{4]+k2472);
K3Z:=h*£2 {RbAR/2,w1]+k21/2,wi21+K22/2, W3] +k23/2 {4} +k24/2};
£33 =h7E3¢et+hs2,wil}+k21/2, wf2]+k22,’2,w[31+¢23/2,uf'§]+k"4/2),
k34 =h A (R /2, Wl 1}4RAT/2 0e{ 21 +k22/2, w{31+h23/2,wid]+k24/2y;

R31:=h* €1 (ve+h, wlli+k3L, w{2]+K32, w{3]+k33,wid]+k34);
®42:mh £ (Eoh, wi 11 eR3L, w21 +k32, i 3] +k33, w41 +k34);
R43r=h*E3{ee+h, i 1j+k3 1,0 21+K32. wi3]+k33, w[4]+k34);
R4d:=h“£4(tt*h,w{l;*k31,w{2]+k32,w{3]+333,w[4}4k34);

re oavalfowfl] + 3/6%¢x1l + 2:k2L + 27k31 + kdly);
avalf(wi2) + 1/6%(k12 + 29K22 + 3°k32 + k4 2)),
Ji o+ + +
S & +

evalf(wf 1/6%(R13 « 2°%23 24233 K333y
L78% {14 + 2¥UZ3 + Z*K34 k443 5;

g:e evalf{wi{d]
tro=g{ 5] +hy
{u,v, B, bt
end:

Runge—Kutta method of fourth order iteration formula.
[ 353 0.1
steps= 201
nUm gao = 1G1
inifialpoint:= [0,4}:

fSetting up initial conditions to calculate geodesics.
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foxr § from 1 to aum geo de

inirialanglefj}:= {IvPi/num_gec)*j:

initialdirectionijj:= {evalF{cos(initialangle(j|)},evalf{sin
(initialanglef{i})i};

wim [ipitialpointil}, initialpoint(2], initialdirectioniiiity,
=nxtiald;rectlun{jj{2] gj:

g8, 31:1= wzonvio;“
for 1 from i by 1 to steps de
WS geodesxc by vki(w);

‘o
e e
EI @ 0B

qiij:
WiT W3
gli Jlre= gufiy. viig);
end do:
geodesic{]): = plot{iseq{{ul{i],»{i]{,1=0..5vaps)],coler=biack,
style= pe;nt symbol=paiat}:

POINLS (seqtka(u[ 1,¥0i13, buli},vfily, c{ujif.v{iii,i=0,.
st=ps)‘~

geofi}:= poxntplgh34(po¢nts style=point, symbol=eirecles,
symbalsize=4,color=black)s

and do:

The first and second loop calculates geodesics in the uv-plane, showing actual points
| calculated.
> geolnum _geot+l}:=plotid{]
dlsplay(seq((geo{gg,,j
(-2..2,<2..2,-4..31);
displansquigeodeazcijg 1,3=1. .num_geo;,scaling=unconstrained,
visw={-L..3,-1.. 3]

{u,¥) By, v}, o(u,vij.o=-2..2,¥=-2..2;"
-num_geotl).scaling=unconstrained, visws

Dlsplays the geoadesics as points on the surface and uv-plane respectively.
for j from 1 to mum_geo do
for i from 0 by 1 to steps-1 do
i1

lineszgment i} = plotsidisplayl{line({gis, 3V{Ll},g¥x.91(21}
{giiei 31131 g11+8, 971251 0¢

and do:

end do:

dxbplay(seq(seq;{ixﬂesegment[;}{Jj} i=0. .steps-1},J=1. . nom _gso};
vigw=f-2.,.2,-2,.21};

iThe first loop calculates and displays the geodesics in the uv-plane as curves.

65



£oxr 1 from 1 by 1 to steps-1 do

for 3 from 1 by 1 te num_gon do

clrclesegmentii 137 = plotsidisplay|{line({gli 3174} . 912,31{2};
[gti,3+11{1],914 t211)): X
cizclesogmentii}{o plota{dlsgla‘ !"ne{igix,liillegil;ilizzj,
{gii,awn_gen]{1],g{i.pum _gec}{2i])

czrclesegment3d{1;(3¥ = plotg{display](lina¢
l.9i2, 3112}y, edgii 3i1d] 9!
111313, néth PR RRY BT IS PR 1 0
{

£

{a{
f%
gl k., 3+1 [2131;,color=ra )

circLeéagmentsd( 1101:= plotsidisplay](line
£213, b(QIA:ljil.,gilraEizli; c{afi, 1j{1],9
num _geo;{i),gi{i,sun geoli2i}, b{gl{i,num_t qeos
, €{g{i,.nun_geol[li g9{i,num_geoj{21}}}, Color=r
end do;

end do:

Ia
i,
{1

for i from 1 by 1 to steps-1 do

c1tc£aaeqm@nt3d[w1{num geol:=plotldd{iafu,v) . by, v),c(u, v} us-3,
. 5,v=-3..5, style=patchniogrid)

end do-

display{sey(seq{foirslesegment{il{ii], j=0¢. .nvun_geo~1),i=1..15},
anes=pona};

d;splay(seq(seqe{cx:glesegmentsd[x)igg‘ j=0..num_geo~1), i=1..15}
yview={-2..4,-2..4,-5..31);

[The first loop calculates the geodesics as circles in the uv-plane and then displays them.

LThe second loop calculates the geodesic circles on the surface and then displays them.
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Appendix E: Distance Formula for Poincaré Half Plane

Gia) s

2. F:

g iszancer™ prow(d,B; lesal x0, B 1, H
T g e L
{1} when n-waxaabs(zsg( 'zzIA{z];;) e

.L! B[}

~2

X

RET’IRN (evalt \&as (PER23-PeLis Y E4 e‘nd

Calculation of distance on the Poincare half plane surface.

r aegment:= proc (A, B) local x0, R, &, 22, &, %
if R{1]=B{1}] then

plot (UA»‘B}; iL
sealing = sonst
alse x0‘= seive ¢{

St

(A{1}, 2vmaz
¥

£): Yi= ‘m sxm*a,
(A[3]~20) SR}

Tle= a*~c034 'B i

plovif{g.¥,¢ \,2’; » colozmhliaae, soalings
constrained,
shicunass={l, 1], linestgie=m {1,2]) fi end:

l=

C d to plot line seg; on the Poincare half plane surface.

PYOTIU)

fEuler‘s method iteratian formula for the Poincare half plane.
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,u&:,vv,pp,qq)«)ppr

£ ,uR,97,00,65) -2

i,un,ve,pp, qa) - ‘»2* n*qq, ey
Tdem{S AR, 9T, PR g A {gg  2-pp 23 VY

geodesu: by, rx4 = prosivl

iveal n, v, p, g, Bil.&K12,Kk13,%33 . &21,k22,%33 . k24,Kk33,%32.833.

1272w 13/2.9{3]vk38/2) s
JERI3/2,%1 #1372, 0141 K14/3);
JER32/2,w £2,uid]tkid/ 2y
1+k12/2, 9] 72,wia)vk1g7/2Y;
i 22/3 ¢ 3)+121/2 w0 4]+k23733 ¢
jeRIz/ w[ ]1-&23’2 wid]+k2472);

x«x*zf-,wnukzz Z,Wi4] +h22/25;
»mz‘z,af: kzs;z,um;«-xu:z;;
w2} 1»)(%2 i wkaz,vrq.u k34y

19 q,.,t),

| Runge-Kutta method of fourth order iteration formula for the Poincare half plane.
aum_geo:=48:
8:="0.99;

steps; = 20
inisiaipointi= i

rgiven paint

( Setting the initial conditions to calculate the geodesics.
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for 3 fzom 1 wo nem _gee de
Xn1°xa!ang.e§ $ E*pi/num_goo;
it y= {avalfices(

reialangleii]ls,avaliiain

initialpoinz{2}, initialdirectionliiily,
01

for j fiom § By i to steps de
Wy geoﬂes:c by ricdiwg
i

= (uiiievidgis

g‘»o::[nw plotifsaqeigii, 12,905, 311211,3=0. abepsii, colov=
blue,style"poart symbol=peint}:
end dos

The first loop caleulatas the geodesics starting at the initial point and the initial direction vector
and iterates the geodesics by the step size as per the number of steps indicated. The second
| loop plnts the iterated s!eps of the geodesic as points.
= for i fzem 1 By i e num geo do

fox 3 from O bg i to sveps-l da
3 =,plg§?1v}*—sw—ays(Eirnerégl‘L.-'ji(ll;y!x..niiz
¥y

29 sum_geo do
sxeps~1 do
= plohs]d;sp-ays( imeligii,3}

rafx 32,
fog{l.331231,

from 1 by i o atopsel dm

i1

Ipoxne{l},

inisialpoint{2if}

Tha first loop calculates the geodesm starting at the initial polm and the mmel dlrecuon vector
and the points in the above p lines. The
sacond loop plots geodesic circles, The third Ioop plots the a gwan point i in order to calculate
Lthe distance between the initial point and given point.

69



displayi{seqisegiivicoiescgment{i]{jli. c=0. \nom_g0;
stops-13};

Displays the geadesic circles starting at the initial point and the given point.
» lower astimate
upger astimate

" iscanve {{initialpeloeili}, inicialpoinnf2ji,
en_poins{il given _poins{2}});

ges

Calculates the geodesic circle radius of “nh/v” and the radius of “(n+1)h/v" and the actual
distance of the geodesic.
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