




























































































































































































































MSc Thesis - Jinrong Han 

assumes [intra]: isBot (R G P) 
assumes [intm]: isBot P 
assumes [intro]: R: b 
assumes [intro]: P : ISid b 
shows isllot (rang R ) = isBot R 

proof -

University - Computer Science 

have is iJol (mng R) = isRol H by (mle-lar: mn-slrict.l , best+) 
moreover have isBot R = isflot (rang R) by (mle-tac R= P in ran-strict2, anto) 
ultimately show ?thesis by ( m le iff! , best+ ) 

qed 

The prerange operator is an identity on mnltiplicatively idempotent snbidcntities. 

lemma (in Pr-eRanSemi) ran-is!Sld-eq: 
assumes [inlro]: P : !Sid a 
shows rang P = P 

proof -
have [intro,sim.p]: P : a by (rule lSid-hom.set, aula) 
have rang P [;; P 
proof -
have rang (P G P) [;; P by (rule-tac ran-lSid-cm.p, best+) 
also have P G P = P 
proof (rule is!Sld-2,aulo) 

show is!Sld P by (r·ule- tac !Sid , auto) 
qed 
finally show ?thesis . 

qed 
moreover have P rang P 
proof -
have [intra, simp]: is/Sid P by (mle-tac !Sid , auto) 
have P [;; P 0 mng P by (mle mn-sdf, best) 
also have . [;; mng P by ( best+) 
finally show ?thesis by best+ 

qed 
ultimately show ?thesis by (rule incl-antisym, best+) 

qed 

The prerangc operator is idempotent . 

lemma (in PreRanSemi) mn-idemv 
assumes [intro]: R : a ..... b 
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shows ranq (rang R) = rang R 
by (mle mn-is!Sld-eq, best+ ) 

The prcrangc operator is a left invariant. 

lemma (in PreRanSemi) 1l.L1t-1ight-inv: 

assumes [ inlm]: ll : a ,_. b 
shows R = R 0 rang R 

proof -
haveR [;; R 0 nmg R by (r-ule mn-self , auto) 
moreover have . fl by aula 
ultimately show ?thesis by (rule incl-antisym, best+) 

qed 

The prcrange operator satisfies a decomposition law. 

lemma (in PreRanSemi) ran-decomp: 
assumes [int7¥J, simp): R : a b 
assurncs [inl.m, sim11l: S : b +-+ c 

shows rang ( R r-' S) I; rang ( (rang R) 0 S) 
proof -
have R 0 S [;; (R <::! S) 0 mn.g ((rang R) 0 S) 
proof -

Thesis- Jinrong Han 

have H r., S [;; R Co' (((mng R) co• S) G rang ((mng R) 0 S)) 
proof -

have [simp]: R 0 S I; (R rang R) 0 S by ( rule comp-incl-monl , rule ran-self , 
best+) 

moreover have [simp]: = R 0 ((rang R) 0 S) by (mlc crnp-assoc, best+) 
moreover have [simp]: I; R 0 (((rang R) S) " rang((rang R) 0 S)) 

by (rnle-tac comp-incl-mon2, rule ran-self , best+) 
ultimately show ?lhesi" by (mle-lac incl-tmns, <tulo) 

qed 
hence R -; S [;; (R 0 ((rang R ) 0 S)) 0 rang ((rang R) 0 S) by (subst cmp-assoc, 

best+) 
hence R c S [;; ((R 0 (rang R)) 0 S) 0 mng ((mng R) 0 S) by (subs£ cmp-assoc, 

best+) 
also haveR 0 rang R = R by (rule ran-right-·inv [TllEN sym], auto) 
ultimately show ?thesis by auto 

qed 
thus ?thesis by (rule-lac llp [THEN ilJU:d], best.+) 

qed 
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B.13.3 postimage Operator 

constdefs 
postimage :: ('u , 'm., 'r) SemiAlleyory-schcrne => 'm => 'rn => 'rn (~1 -- [1000, 1000[ .9.9.9) 
postimage s P R == if isM or s R & OS-is/Sid s P 

then All-mng ·' ( crnp s I' R ) 
else arbitrm,, 

lemma (in PreRanSerni) postimage-def: 
[ R : a ._. b; P : /Si d a) = { I' R = rong(P <'. R) 
by (unfold postimage-def , <mto) 

lemma (in PreRanSemi) postimage-hom.<et[intra ,simp]: 
assumes [intm]: R : a ._. b 
assumes [intm]: P: /S id a 
shows ~P R:b ._. b 

proof -
have~ P R = mn_g (P ~ R) by (mle postirnage-def , best+) 
a lso have . . b._. b by (mle mn-lwmset, best) 
finally show ?thesis . 

qed 

lemma (in Pr-eRanSemi) postimage- /S ld: 
assumes [intra]: R : a ._. b 
assumes [intro] : P : !Sid a 
shows ~ P R : !Si d b 

proof 
have ~ P R = mng ( P :;; R) by ( m lc postirnage-def , best+) 
also have . : /Sid b by (rule mn-IS!d , best) 
finally show ?thesis . 

qed 

Lemma postimage connects the post image operator with lip. 

lemma (in Pr·e HanSern·i) postirnayel: 
assumes [intra]: R : a ._. b 
assumes [in.tro]: P : !Sid a 
assumes [intm]: Q : /Sid b 
assumes postimage-incl: ~ P ll ~ Q 
shows P 0 R ~ R 0 Q 
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proof -
have [intm,.simp[: is/Si d P by (rule-tac /Sid , auto) 
have~ P ll = mng (P 0 H) by (mlc 7Jost·irrwgc-def , auto) 
with pustimaye-incl h ave [intru[: . ~ q by s·irnp 
have P 0 R ~ (!' 0 R) 0 q by (rule-tac llp [Til EN ·iffDI[ , best+) 
also have ... ~ R 0 Q by auto 
finally shm; ... · ?th.c:>is by b~.:> ! l 

qed 

lemma (in PrcRanSemi) postirnage2: 
assumes [in/.rv 1 sim]Jj : R: a+-+ b 
assumes [intra, simp[ : P : /S id a 
assumes [intra , simp]: Q : !Sid b 
assumes incl: P 0 R ~ R 0 Q 

shows ( P R ~ Q 
proof -
have [intro,simp]: is!S!d Q by (rale-tac !Sid , auto ) 
from incl have [intra]: P 0 R = P 0 R 0 (J by (mle isid-incl-cq1 , best+) 
he nce P 1· 1 R ~ P 1· 1 R 1· 1 Q by auto 
hence P 0 R ~ ( P 0 R) 0 Q by ( subst cm]HLSsuc, auto) 
hence rong (P 0 R) ~ Q by (rule-tac llp [Tifl::N iffD2], best+ ) 
also have mng(P 0 R) = ~ P R by (subst postimage-def [THEN sym]. auto) 
finally show 7thesi~ . 

qed 

lemma (in PrcRanSemi) postim.age: 
assumes [in/.m]: R : a H b 
assumes [it~/.m]: P : /S id a 
assumes [intro]: Q : /Sid b 
shows ({ P R ~ Q) = (P 0 R ~ R 0 (J) 

proof -
have € P R ~ Q = P 0 R ~ R ~- Q by (r-ule postimagel, be.st+) 
moreover have P Co.i R ~ R 0 Q = ~ P R ~ Q by (rule ]Jost·imaye2, best+) 
ultimately show ?thesis by (mle iff/ , best+ ) 

qed 

end 
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B.14 Ordered Semigroupoid with Monotonic PreRange 

theor y MonPreRanSerni 
imports Pn~ Ra.nScmi 

b egin 

B.14.1 Definition 

We introduce rnonotonicity of the domain operator. 

locale MonJ>reRanSemi = J>reRanSemi MPRS + 
a ssumes mn-incl-rnon[intm]: I R : a <-> b; S : a <-> b; R I; S) = mng R I; mng S 

end 

B.l5 Order ed Semigroupoids with Range 

theory R(l.rtSerrti 
impo rts MonPrc RanSemi 
b egin 

locale RanSemi = MonPreRanSemi RS + 
assumes mn-local[intm, simpJ:IR: a<->b; S: b<->c) = rang (mng R <·• S) I; mng (R <·> 
S) 

lemma (in R.anSemi ) mn-crnp: 
assumes [intm]: R : <L<-> b 
a ssumes [ intm]: S : b<-> c 

shows rang (rang R c-> S) = rang (R '" S) 
proof -
have mng (mng R 0 S) I; mng· (R 0 S) by <Luto 
moreove r h ave rang ( R CO> S) I; mng (rung R (-; S) by (r-ule ran-decom]J , cmto) 
ultima t e ly show ?thesis by (rate incl- an tisym, auto) 

qed 

end 
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B.16 Structure R ecord for Distributive Allegories 

theory DistrAllRecord 
impor ts SemiAliReconl 
b egin 

r ecord (' o, 'm) Distr All = ( 'o, 'm) SemiAllegortJ + 
join:: 'm => 'm => 'm (iufixr U1 60) 
bot :: 'a =} 'a =} 'm (_!_ , - - [ 1000, 1000] 999) 

end 

B .17 Structure R ecord for Division Allegories : R esiduals 

theor y DivAllRecord 
imports DistrAllReconl 
b egin 

We include both restricted residuals and standard residuals in t he record in order 
to make it easier for t:heories without converse Lo use residuals. 

T hese are t he best fits in X-Syrnbol - they have the same direction as the real 
residual lines. 

r ecord ('o, 'm) DivAli = ('o, 'm) DistrAll + 
1'igh tRes :: 1m => 1m => 'm (infixr _...l. I 200) 
lefl.lies ·: 'rn =} 'm :;. 'rn (infixr ~, 200) 

restrrightRes :: 'rn =} 'm =} 'm (infixr -h 200) 
restrleftRes :: 'm :;. 'm =} 'm (infixr h 200) 

end 

B .18 Standard Residuals in Ordered Semigroupoids 

theory OrdSerniR.es 
imports OrdSemi 
b egin 
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B.18.1 Left Residuals 

constdefs 
OS-haveLejtRe.r; :: {'o, 'm , 'r·) OrderetiSem'(qroupo·id-scheme ;::::;.. 1m ::::} 'm => 1m ::;. bool 

(hat~eLeftResJ - -- [1000,1000,1000] 999) 
n8./~n·•w f,,.ftR•·-< ·' 8 R /, == ·if ;.,Mm· s S & isMm· s R & ( Str'Q s S = Str'Q s R) 

& isMor s L & (Sm; s L = Ssrc s S ) & (Stry s L = Ssrc s R) 
then (ALL X .Serni-parnllel" XL ___, 

(incl s (cmp s X R) S) = inc! s XL) 
else a,·bitnn·y 

lemma (in OrderedSemigronpoid) haveLeftRes-dcf: 
( S : a - b; R : <: .... b; L : a <-> c) = 

have/,eftlles S R /, = (V X E a._. c . (X 0 R I; S) = ( X I; L) ) 
apply (unfold OS-haveLeftRes-def , s·imp) 
apply (rule iff!) 
apply ( intro str'ip) 
apply (dmle-lac x= X in spec) 
apply (drttle-tac f = X and y= L in parnllel-intm, simp, drule mp, assumption) 
apply (simp-all) 
apply ( intro strip) 
apply (dmle-lac f = X and !J= L in pamllel-2, assumption) 
apply simp 
done 

lemma (in OnleredSemigrvupoitl) luweLeftRc.•-intm: 
assumes i[intrv , simp): V X E a .... c .(X 0 R I; S) = (X I; L) 
assumes [intro): S : a .... b 
assumes [in.tro) : R : c - b 
assumes [intm): L : a - c 
shows have!.eftlles S H /, 

proof (rule haveLeftRes-def [THEN •ym, Tl/EN if!D I), best+) 
from i show V X Ea- c. (X .!. R I; S) = (X I; L ) by simp 

qed 

lemma (in OrderedSemigroupoid) haveLeftRes: 
assumes res: lwveLeftRe,, S R L 
assumes [iatrv): S : a ..., b 
assumes [intra): R : c ,_. b 

142 

McMaster University - Computer Science 

assumes [intro]: L : a - c 
assumes [intm]: X : a +--+ c 
shows (X 0 H I; S) = (X I; L) 

proof -
from rrs have V X E a - r .( X 0 R I; S) = (X I; L) 

by ( mle-lac lwveLeflRes-clef [ Tfl F:N iffn 1}, auto) 
thus ?thesis by ::.uto 

qed 

le mma (in Ordert'.dScmigroupoid) haveLeftRes-res-intro: 
assumes [simp): X · Il l; S 
assumes [intru): haveLeftRes S ll L 
assumes [intro): S :a - b 
assumes [intro): R : c - b 
assumes [intm] : f, : a +--+ c 
assumes [intrv): X : a - c 
shows X I; L 

by ( mle-tac haveLeftRes [ Tlf EN if!D 1), auto) 

lemma (in Onle.r-edSemigrvupoid) havt:LeftRes·n~s-dim : 

ass umes [intro]: X I; L 
assumes [intro): h.atJe LeftRes S R L 
assumes [intrv): S : a - b 
assumes [intrv) : H. : c +-> b 
assumes [intro): L : a .... c 

assumes [intro): X : a .... c 
showsX 0 R i; S 

by (mle-tac haveLeftlles [THEN iffV2), auto) 

B.18.2 Right Residuals 

constdefs 

:\ISc Thesis - Jinrong Han 

08-haveRightRe.< :: ( 1 o, 'm , 'r) OrderedSemigroupoid-scheme => 'm => 1m => 'm. => boo! 
(haveRighi.Re.<J --- [1000,1000 ,1000) 999) 

OS-/u,.ellightlleB s S /, ll == if isM or· s S & isMm· s /, & (Ssn; s S = Ssr·c s IJ) 
& isM or s R & (S•rc s R = Strg s L) & (Stry • R = Stry s S) 
then (AL L X. Sem£-parnllcl s X R ---> 

(inc! s (cm p s LX) S) = inc! s X R ) 
cbe a1'bil1'ary 
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lemma (in OrderedSemigroupoid) haveRightRes-def: 
[ S : a <-+ b; L : a <-+ c; R : c <-+ b I = 

haveHightRes S L H = (\1 X E c <-+ b. (L 7 X~ S) = (X ~ H)) 
apply (unfold OS-haveRightRes-def , s·imp) 
apply (rule iff/ ) 
apply (intm Btrip) 
apply (dmle-tac x= X in spec) 
apply (dmle-tac f = X and g= R in pamllel-intro, simp, dmle mp, ass·urnption) 
apply (simp-all) 
apply (intra strip) 
apply (dmle-tac J= X and g= ll in TJarallel-2 , as.mmption) 
apply simp 
done 

lemrna (in 01·cle7-edSemigroupoid) haveRighLRe.o;·i1tlro: 
assumes i [·in tm, simp]: \1 X E c <-+ b. (L ': X ~ 8) = (X ~ H) 
assumes [intra]: 8 : a <-+ b 
assumes [in.trn]: L : a <-+ c 
assumes [int·ro] : R : c <-+ b 
shows haveHightHes 8 [, H 

proof (rule haveRightRes-def [THEN sym, THEN iffD I], best+) 
from i show \1 X Ec ,_. b. (L -:. X~ 8) = (X ~ R) by simp 

qed 

lemma (in Ordcred8emi_qro·upu·id) haveRightRes: 
assumes re": haveRightRes 8 L R 
assumes [ intm]: 8 : a <-+ b 
assumes [ int·ro]: /, : a +-+ c 
assumes [int-ro]: R: c <-+ b 
assumes [ in.tro]: X : c <-+ b 
shows (L 0 X~ 8) =(X~ R) 

proof -
from res have \1 X E c <-+ b. (L 0 X ~ 8) =(X~ R) 

by (rule-tac haveRightRes-def [TifEN iffDI], auto) 
thus ?thesis by auto 

qed 

lemma (in OrdcrcdSemigro-upoid) haveRightRes-rcs-intro: 
assumes [intro]: L G X I;;; 8 
assumes [ intm]: haveRighi.Res S L R 
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assumes [intro]: S : a ,_. b 
assumes [intm]: L : a <-+ c 
assumes [intm]: H : c <-+ b 
assumes [intro]: X : c <-+ b 
shows X~ R 

by (mle-tac haveRighi.Res [TffF:N ijJDI], auto) 

lemma {in OrderedSemigroupoid) haveRiyhtHes-·rcs-elim: 
assumes [simp]: X ~ R 
assumes [intro]: haveRightRes 8 L R 
assumes [in/.m]: 8 : a ..... b 
assumes [intro]: L : a <-+ c 
assumes [ intro]: R : c ,_. b 
assumes [ intro]: X : c <-+ b 
shows L ,. , X ~ S 

by (r·ule-tac haveR·iyhtHes [TifEN iffD2] , auto) 

end 
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B .19 Semigroupoids with standard Left Residuals 

theory LResSemi 
imports Ord8cmiRes DivAllRecord 
b egin 

B .19.1 Definitions 

locale f.ResSem·i = Onle•-.,dSemigroupoid f.RS + 
assumes leftRes- lwm.set[intro,simp]: ( R : c <-+ b; 8 : a~ b I = (R ~ 8) : a<-+ c 
assumes leftRes[intro ,simp]: I R: c ..... b; S: a <-+ b I = haveLeftRes 8 R (R ~ S) 

B .19.2 Auxiliary Lemmas 

lemma (in f.HesSemi) leflHes-sn;[simp]: 
assumes [ intro] : R : c <-+ b 
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assumes [in.troJ: S : a ...., b 
shows src (R ~ S) = a 

proof -
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have ( R ~ S) : a ...., c by (rule leftlle•-hornsd , auto) 
thus ?fh e.!is by (rule hom.<et-.m :: ) 

qed 

lemma (in LRcsS erni ) lejtRe•- try[• impJ: 
assumes [in troJ: R : c..-. b 
assumes [introJ: S : a ...., b 
shows 1.1y (il ~ S) = c 

proof -
have (R ~ S) : a ...., c by (rule lejtRes-homset , aula) 
thus ?thesis by (rule hornset-trg) 

qed 

lemma (in LRcsSem i) leftRes-defined[ simpJ: 
assumes [in.troJ: R : c +-> b 
assumes JintmJ : S : a ...., b 
shows Mor· (R ~ S) 

proof (r ule lwmset-Mor) 
show ( R ~ S) : a ...., c by (rule lejtRes-hom-5et , auto ) 

qed 

lemma (in LResSemi) lres- src[simpJ: 
assumes [simp] : try R = try S 
assumes [simp]: Mor · R 
assumes [simp[: Mor· S 
shows src (R ~ S) = src 8 

pwof -
have R ~ S : •rc 8 ...., src R by (rule lejtRes-homsf!t , rule homset1 , auto) 
thus ?thesis by ( mle homset-sr~) 

qed 

lemma (in LResSem ·i ) lres- trg [sirnpJ: 
assumes [simp[: trg n = /.ry S 
assumes [s·impj: Mor· R 
assumes [simp]: Mor S 
shows tr,q (R ~ S) = src R 

proof -
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have R ~ S : src S ...., src R by (rule leftRes-homset , rule homsetl , auto) 
thus ?thesis by ( mle homset-try) 

qed 

lemma (in LResSemi) lres[simpJ: 
assumes [intmJ: R : c ...., b 
assun1es [.:i./n_,;: S : a , b 
assumes [intmJ: X : a <-+ c 
shows ((X · ~ R) [;;; S) = (X [;;; (R ~ S)) 

proof -
have hat'e f,eftRe., S R (ll ~ S) by (rule lejtnes , best+) 
thus ?thesis by (rule have Left Res, best+ ) 

qed 

lemmas (in /,ResSem i ) lr·esl = h~s [TIIfo:N 'ifTDIJ 
lemmas (in LResSemi) lr~s2 = lr~s [THEN ijJD2J 

B .19.3 Equivalent axiomatization 

lemma (in LResSemi) incl-lres[introJ: 
assumes [introJ: T : a <-+ c 
assumes [inlm]: R : c ...., b 
shows T [;;; (R ~ (T 0 R)) 

proof -
have (\1 X. X : a .-. c ~ X[;;; T ~ X [;;; R ~ (T 0 R)) 

proof ( intrv st1i7J) 
fix X 
assume [introJ:X E a ...., c 
assume XT [simpJ: X [;;; T 
hence [intmJ: (X r-1 R [;;; T · R) by (r-ule-tac comp-incl-monl , best+) 
thus X [;;; (It~ (T 0 /t)) by (mle- tac ln:s l, best+) 

qed 
thus ?thesis by (rule-tar indir-ineq2, auto) 

qed 

lemma (in LResS erni) lrescmp-incl: 
assumes [intmJ: R : c <-+ b 
assumes [inl.mj: S : a - b 
shows ((Jl ~ S) 0 H) [;;; S 

proof -
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let ?X = R ~ S 
h ave [ intm]: ?X : a ,_. c by auto 
moreover have [intro]: ?X !;; (R ~ S ) by (mle incl-r·ejl , best) 
have (?X 0 R !;; S) by (rule Ire• [TifEN if!D2], auto) 
thus ?thesis by (best+) 

qed 

--Residual properties in Furusawa-Kahl-1998--

Proposition 4.4 (i) 

lcnuna (in LRettSemi) lrescom-incl-fs: 
assumes [intm ]: S : a +---;. c 
assumes [ intro]: R : b ,_. c 

assumes [ intro]: T : d ...., c 
shows (R ~ S) ,., (T ~ R) !;; (T ~ S) 

proof -
have [intro] : (T ~ R ) 0 T!;; R by (rule lrescmp-incl, auto) 
have [intro] : (R ~ S) : R !;; S by (rule lrescmp-incl, auto) 
have ((R ~ S) 0 ( T ~ R)) 0 T = (R ~ S) 0 ((T ~ R) 0 T) by (mle cmp-o.ssoc, 

auto) 
moreove r have . !;; ( R ~ S) 0 R by auto 
moreover have . ~ S by auto 
ultimate ly have l: ((R ~ S ) 0 (T ~ R) ) 0 T!;; S by (rule-t.ac incl-tmns, auto) 
from l show (( R ~ S) 0 ( T ~ R )) !;; ( T ~ S)by (rule-tac h~s [Til EN ij]VI], auto) 

qed 

Proposition 4.4 (iii) 

lemma (in LResSemi) lrescom-r:ncl-ohk: 
assumes [intm]: S: a ...., c 

assumes [intra]: S': a~ c 

assumes [intro]: R : b ,_. c 
assumes [intro] : R': b ..., r 

assumes S[intm]: S !;; S' 
assumes R[intm]: fi' !;; R 
shows (R ~ S) !;; (R' ~ 81 
proof ( rule-tac indir-ineq2, best+) 
show V C. C E a ..., b ---> C!;; (R ~ S) ___, C!;; (R' ~ S1 
proof ( intrv strip) 
fix C 
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assume [intro] : C: a ,_. b 
assume C[intm]: C!;; (R ~ S) 
show c!;; ( II' ~ s~ 
proof -
have C 0 R' !;; C :- R by auto 
moreover have. !;; S by (mle-tac lr~s2, auto) 
ultimately have C 7 R' !;; S by (rule incl-tmn,, , auto) 
moreover have . ~ S' by a·uto 

~JSc Thesis - Jinrong Han 

ultimately have 1: C •"OJ R '!;; S' by (rule incl-trans, auto) 
from l show ?thesis by( rule-tac lresl , auto) 

qed 
qed 

qed 

Proposition 4.5 (i) 

lemma (in LResSemi) lrescom.-incl-ex: 
assumes [intm]: F : a ,_. b 
assumes [inl.m]: R : b ._. c 
assumes [intm]:S : d ...., c 
shows (F 0 (S ~ R)) !;; (S ~ (F 0 R)) 
proof -
have[intro]: F !;; (R ~ (F <·• R )) by auto 
have ( F ~ (S ~ R)) !;; (( R ~ (F :: R )) 0 (S ~ R)) by au.to 
moreover have. !;; (8 ~ (F 0 R )) by( rule lre><vrn-irlcl-fs, a·uto) 
ultimately show ?thesis by (rule incl-trans, auto) 

qed 

end 

B.20 Semigroupoids with standard Right Residuals 

theory fWesSerni 
imports Ord8erniRes D·iv.4llRecord 
begin 

B.20.1 Definitions 

locale RResSemi = OrderedSernigroupoid RRS + 
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assumes rightRcs-hom . .et[r:ntro,simJlJ: [ L : a..., c; S: a ..., b J ===> (S ~ L) : c <-> b 
assumes r'iglttRes[intm,simpJ: [ L : a..., c; S: a..., b J ===> haveRiglttRes S L (S ~ L) 

B.20.2 Auxiliary Lemmas 

lf>!rnmA (in RRt~.'I8Pmi) f'ightRI~S-!i'rc[sim1Jl : 

assumes [introJ: L : a ..., c 
assumes I introJ: S : a ..., b 
shows sr~ (S ~ L) = c 

proof -
have (S ~ L) : c <-> b by (rule riglttRes-lwrnset, a·utu) 
thus ?thesis by (rule hom.•et-src) 

qed 

lemma (in RResSemi) rightRes-trg[s·irnpJ : 
assumes JintroJ: L : a ..., c 
assumes [intmJ: S : a ..... b 
shows /.ry (S ~ L) = b 

proof -
have (S ~ L) : c ...., b by {rule riglttRes-homset , auto) 
thus ?thesis by (rule homset-trg) 

qed 

lemma (in RResSemi) riglttRes-defined[simpJ: 
assumes [introJ: L : a ..... c 
assumes [intmJ: S: a ..... b 
shows Mur· (S ~ L) 

proof (rule ltom•et-Mor) 
show S ~ L : c ..... b by (rule rightRes-homset, auto) 

qed 

lemma (in RResSemi ) rres-src: 
assumes [simpJ: src L = src S 
assumes [simp[: Mor· L 
assumes [.•-imrJJ : Mor· S 
shows src (S ~ L) = trg L 

proof -
have S ~ L : l.ry L .._. try S by { m le ·tightRe.•-horn.<et , mle hornsetl , <Luto) 
thus ?thesi., by ( mle hornsd-srt) 

qed 
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le mma (in RResSemi) 11·es-try: 
assumes [simpJ : src L = sr·c S 
assumes [s-impJ: MarL 
assumes [simpJ : Mor S 
shows try (S ~ L) = try S 

proof 
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have S~ L: tr,q L <-> try S by {rule riyhtRes-humset , rule humsetl, auto) 
thus ?thesis by (rule homset-try) 

qed 

lemma (in RResSern-i} rres: 
assumes [introJ: L : a ..., c 
assumes [introJ: S : a ..., b 
assumes [intmJ: X : c ..., b 
shows (L 0 X ~ S) = (X~ (S ~ L)) 

proof -
have haveRightRes S L (S ~ L} by (rule rightRes , best+) 
thus ?thesis by ( mle haveRigh/Res, be.•l+) 

qed 

lemmas {in RResSemi} rresl = rres I Til EN ijJD IJ 
lemmas (in RResSemi) n~s2 = 77~S [TffF:N ijJ/)2j 

B.20.3 Equivalent axiomatization 

lemma (in RResSem·i) ind-r7~s [ intmJ: 
assumes [introJ: L : a ..., c 
assumes [introJ: T : c ..., b 
shows T ~ ((L <·> T} ~ L) 

proof -
have (\1 X . X : c ..., b ~ X ~ T ~ X ~ ( L <;1 T)~ L} 
proof (intra strip) 
fix X 
assume I intrvJ : X : c ..., b 
assume [•impJ: X~ T 
hence [introJ : L 0 X ~ L •:) T by (rule-tar comp-incl-mon2, best+) 
thus X~ (L 0 T)~ L by (mle-tac !'t'esl, best+ ) 
qed 

thus ?thesis by (rule- tac indir-iru:q2 , cmtu) 
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qed 

lemma (in RHesSemi) n~scmp-incl: 
assumes [intro) : S : a .._. b 
assumes [intro): L: a,__. c 
shows L \·) (S ~ L) !;; S 

proof -
let ?X=S ~ L 
have ['intro]: ?X : c ,__. b by auto 
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moreover have [intro]: ?X !;; S ~ L by (rule ind-n-Jl, best) 
moreove r have (1, 0 ?X !;; S) by (mle rres [TII F:N ijJV2], auto) 
thus ?thesis by (best+) 

qed 

--Residual properties in Furusawa-Kahl-1998--

Proposition 4.4 (i) 

lemma (in RResSemi) rrescom-incl-fs: 
assumes [intm):S : a ,__. c 
assumes [intm): L : a,__. b 
assumes [·intra): U : a ,__. d 
shows (S ~ L) ''-' (U ~ S)!;; (U ~ L) 

proof -
have [intm) : L 0 (S ~ L) !;; S by (mle n·escmp-incl, auto) 
have [intro]: S 0 (U ~ S) !;; U by (rule rrescmp-incl, auto) 
have L 0 ((S ~ L) 0 ( U ~ S)) = (L 0 (S ~ L )) 0 ( U ~ S) by (rule cmp-assoc-sym, 

auto) 
moreove r have . !;; S 0 ( U ~ S ) by <mlo 
moreover have . ~ U by auto 
ultimately have r: L 0 ((S ~ L) ::: (U ~ S))!;; U by (rule-tac incl-trans, auto) 
from r show ?thesis by (rule-tac rres [THEN ijJD I], auto) 

qed 

Proposition 4.4 (iii) 

lemma (in RResSerni) rrescom-incl-ohk: 
assumes [intra]: S : a .......,. c 
assumes [intro]: S': a~ c 
assumes [intm]: Q : a ,__. b 
assumes [introJ: Q': a ,__. b 
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assumes S[intro): S !;; S' 
assumes Q[intro): Q'!;; Q 
shows (S ~ Q) !;; (S' ~ Q~ 
proof ( rule- tac indir-ineq2 , best+) 
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show V C . C E b ,__. r. --> C !;; (S ~ Q) --> C !;; (S' ~ Q~ 
proof ( inlm strip) 
fix C 
assume [intm): C: b ,__. c 
assume C[intro): C !;; (S ~ Q) 
show C !;; (S' ~ Q~ 
proof -
have Q' 0 C !;; Q 0 C by auto 
moreover have . !;; S by (rule-tac rres2, a·uto) 
ultimately have Q' <:'l C!;; S by (rnle incl-trans, auto ) 
tnorcover have . ~ S 1 by auto 
ultimately have 1: Q' <::• C !;; S' by (mle incl-tmns, auto) 
from l show ?thesis by(rule- tac rres1, auto) 

qed 
qed 

qed 

Proposition 4.5 (i) 

lemma (in RResSem·i) n·escorn-incl-ex: 
assumes [intro]: U : a ,__. b 
assumes [intro]: Q : a ,__. c 
assumes [intm): T : c ,__. d 
shows ((Q ~ U) 7 T) !;; (( Q 0 T) ~ U) 
proof -
have[intro) : T !;; ((Q "' T) ~ Q) by auto 
have ((Q ~ U) 0 T) !;; ((Q ~ U) 0 ((Q .:: T) ~ Q)) by auto 
moreover have. !;; ((Q 0 T ) ~ U) by(mle rrescom-incl-fs, auto) 
ultimately show ?thesis by (rule incl-tran>, auto) 

qed 

end 

B.21 Semigroupoids with Standard Residuals 

theory ResSemi 
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imports LRcsSemi RResSemi 
begin 

B.21.1 Definitions 
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locale R~,.;Semi. = LR~,.,sc~~~,; flS ;.. I:.fl~....:.S ...... i " ~ fl.S 

end 

B.22 Restricted Residuals in Ordered Semigroupoids 

theory OnJSemillestrRes 
imports RanSemi DornSemi 
begin 

B.22.1 Dasic Definitions 

locale OrdSemiRestrRes = RanSemi OSR + DomSemi OSR 

B.22.2 Restricted Left Residuals 

constdefs 
OS-haveReslrLeflRes :: Co 1 'm, 'r·) SemiAllegory-scherne => 'm => 'm => 1m => bool 

(haveRestrLejtRes1 - - - [ 1000,1000, 1000] 999) 
OS-haveRestrLeftRes s S R L = = if isM or s S & ·isM or s R & (Strg s S = Strg s R) 

& isMor s L & (Ssrc s L = Ssrc s S) & (Strg s L = Ssrc s R) 
then (ALL X .Semi-pamllel s XL __, 

('incl s (cmp s X ll) S & incl s (All-mng s X) (All-dom s 
R )) = incl s XL) 

else arbitranJ 

lemma (in OnlScrniHestrReB) have&strLcftlieNlef: 
I S : a <-+ b; R : c +-> b; L : a +-< c) ~ 

haveRestrLeftRes S R L = (\;/ X E a +-> c . ((X 0 R I; S) & (rang X I; dam R)) =(X 
I; L)) 
apply (unfold OS-have fiestr·Leftfies-<Jef , simp) 
apply ( mlc ·iff!) 
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apply ( intro strip) 
apply (dmle-tac x=X in spec) 
apply (d111le-tacj= X and g= L in pamllel-inlm, ·• ·imp , dmle m]J , assum]Jtion) 
apply (simp-all) 
apply (in tra strip) 
apply (dmle-tac f = X and g= L in pamllel-2, "'""mpl.ion) 
apply si;np 
done 

lemma (in OrdSerniRestrRes) har•eRestrLeftRes -intro: 
assumes i]intm, simp]:\;/ X E a+-> c .((X c· H I; S) & (rung X I; dom H)) = (X I; L) 
assumes ]intro]: S : a +-< b 
assumes ]·intro]: R : c +-< b 
assumes ]intro]: L : a +-> c 
shows ha11eRestr·LejtRes S H L 

proof (mle haveRestrLeftRes-def ]TffEN syrn, THEN iffD I], best+) 
from i show \;/ X Ea +-> c. (X 0 R I; S A rang X I; dom R) = (X I; L) by simp 

qed 

lemma (in OrdSemiRestrRes) haveRestrLeftR~s: 
assumes res: haveRestrLeftRes S R L 
assumes ]intrv]: S : a ._. b 
assumes ]intrv]: n : c - b 
assumes ]intra]: L : a <-+ c 
assumes [intro]: X : a <-+ c 
shows ((X 0 R I; S) & (mng X I; dorn R)) =(X I; L) 

proof -
from res have \;/ X E a<-+ c .((X (:.) R I; S) & (ranrJ X I; dom R)) = (X I; L) 

by (role-tac haveRestrLeftRes-def [Tf!BN ·iffDI] , auto) 
thus ?thesis by auto 

qed 

lemma (in OrdSemiRestrRes) haveRestrLejtRes-res-intro: 
assumes [simpJ: X ~ R I; S 
assumes ]simpJ: mng X I; dorn R 
assumes ]intrv]: haveRestr·LeftRes S R L 
assumes ]intro]: S :a +-< b 
assumes [intro]: R : c +-< b 
assumes [inl.m]: L : a +-> c 
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assumes {intra] : X : a +-t c 
shows X ~ L 
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by (mle- tac h<rueRestrLeftHes [TII BN ijJ/JI], auto) 

lemma (in OrdSemiRestrRes ) h.aveRestrLeftRes-res-elim: 
assumes I intm[: X ~ L 
assumes [intm]: haveHestrLeftlies S H L 
assumes [·intro]: S : a - b 
assumes [ intro]: R : c ..., b 
assumes [in.tro]: L : a ...., c 
assurncs [intmJ: X : a ......... (; 
s hows X 0 R ~ S & rang X ~ dom R 

by (rule- tac haveRestrLeftRes [TFIEN ijJD2], auto) 

B.22.3 R estricted Right R esiduals 

constdefs 
OS-have RestrHightHes :: ('o, 'm. 'r·) SerniAllegory-scherne =} 'm =} 'm =} 'm => bool 

(haveR estrRightReSI --- [1000,1000,1000] 9.99) 
OS-haveRestrRightRes s S L R == if isM or s S & isM or s L & (Ssrc s S = Ssrc s L) 

&.: isM or s R & (Ssrc s R = Strg s L) & (Strg s R = Strg s S) 
then (ALL X . Serni-pamllel s X R -> 

(incl s (crnp s LX) S & incl s (A ll-dorn s X) (All-r·ang s 
L )) = incl s X R) 

else arbitrary 

lemma (in OnlSem"iRestrRes) haveRestrRightRes-def: 

[ S : a - b; L : a ,.... c; R : c - b J ==> 
haveRestrRightRes S L R = (\/ X E c..., b . ((L 0 X ~ S) & (dorn X~ mng L )) = 

(X~ R) ) 
apply (unfold OS-havellestrR·iyhtRes-def, simp) 
a pply (rule iff! ) 
apply ( intro strip) 
apply (d·rule-tac x= X in spec) 
apply (d·mle -tac f = X and g=R in pamllel-·intrv , simp, dntle mp, assumrJtion) 
apply (simp-all) 
a pply (intro strip) 
apply (dmle- tac f=X and g=R in pamllel-2, assumption) 
apply simp 
done 
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lemma (in OrdSemiRestrRes) haveRestrRightRes-intro: 
assumes i [intro, simp]: \1 X E c- b. ((/. 0 X~ S) & (<lorn X~ nmg L)) =(X~ ll) 
assumes [intra]: S : a - b 
assumes [intro] : L: a- c 
assumes [intm]: R : c - b 
shows havellestrR ightRes S {, ll 

proof (mle haveRestrR-ightRes-dcf [TllEN sym, TflEN iffDIJ, best+) 
from i show \1 XEc- b. (L 0 X ~ SA dom X~ rang L) = (X ~ R ) by simp 

qed 

lemma (in OrdSemiRestrRes) haveRestrRightRes: 
assumes res: haveRestrR-ightRes S L R 
assumes [·intr·o]: S : a ...., b 
assumes [intm]: L : a - c 
assumes [intru]: R : c - b 
assumes [intro]: X : c ..., b 
shows (( L 0 X(;; S) & (dom X ~ rang L )) = (X ~ R) 

proof -
from nes h ave \1 X E c- b. (( L C'l X ~ S) & (dam X~ mng L)) = ( X ~ R) 

by (rule-tac haveRestrRightRes-def [Til EN iffDJ], a·uto) 
thus ?thesis by auto 

qed 

lemma (in OrdSerniRestrRes) haveRestrRightRes-res-intro: 
assumes [intro]: L ~ X ~ S 
assumes [inl:m]: dorn X ~ mng L 
assumes [intm]: have llcstrRightRes S L Fl 
assumes [intro] : S : a,.... b 
assumes [intro]: L : a - c 
assumes [intro]: R : c - b 
assumes [inl.m]: X : c ..., b 
shows X ~ R 

by (rule-tac haveRestrRightRes [Til EN iffDI], a·uto) 

lemma (in Or·dSemiRestrRes) haveRestrRightRes-r-es-elim: 
assumes [s·imp]: X ~ R 
assumes [intro] : ha·ueRestrR-ightRes S L R 
assumes [intro]: S : a ..... b 
assumes [intm]: L : a - c 
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assumes [ intro]: R : c ._. b 
assumes [intm]: X : c ._. b 
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shows (1, 0 X~ S) & (<1om X~ mng /,) 
by (rule- tac ha'UeRestrRightRes [Til EN ·ijf02], auto) 

end 

B.23 Semigroupoids with Restricted Left Residuals 

theory R estrLResSemi 
imports Or<ISemiRestrRcs DivAllRecor<l 
begin 

B.23.1 D efinitions 

loca le R estrLResSern·i = Or<ISerniRestrRes RLRS + 
assumes restrleftRcs-homset[intra,simp]: I R : c <-+ b; S : a <-+ b I => (R 1- S) : a ._. c 
assumes restrleftRes[intro ,simp]: I R : c <-+ b; S : a <-+ b I => haveLeftRe. S R (R 1- S) 

B.23.2 Auxiliary Lemmas 

lemma (in Rest·rl,ResS emi) n:stT·-leftRes-s•·c [sirnp]: 
assumes [intra]: R : c <-+ b 
assumes [intra]: S : a ._. b 
shows src (R 1- S) = a 

proof -
have ( R 1- S) : a ._, c by (rule res trleftRes-homset , auto) 
thus ?thesis by (rule homset-src) 

qed 

lemma (in RestrLResSern·i) restr-leftRes-trg[simp]: 
assumes [intro]: R : c <-+ b 
assumes [in.tm]: S : a <-+ b 
shows /.ry (H I- S) = c 
proof -
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have (R 1- S) : a._. c by (rule restrlcftRes-homset, auto) 

thus ?thesis by (rule homset-t•y) 
qed 

lemma (in RestrLRcsSemi) mst•·leftRcs-defi7Led[simp]: 
assumes [in/.m]: R : c ._. b 
assumes [iti.lro]: S : a. 1 ' 

shows Mar (R 1- S) 
proof (rule homset-Mor) 
show ( R 1- S) : a ._. c by ( mle restrlefi.Res-hornset, rmto) 

qed 

lemma (in RestrLResSemi) restr- lres-src[simp]: 
assumes [simp]: trg R = trg S 
assumes [simrJ]: Afor R 
assumes [simp]: Mm· S 
shows src (R 1- S) = src S 

proof -
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h ave R 1- S : ST'c S <-+ .m; R by ( mle T-es t7'leflRes-lwmsel , T'Ule horns ell , auto) 
thus ?thesis by ( m le lwrnset-sn;) 

qed 

lemma (in R es1.7LResSemi) T'fs lr-lres-l!y[simp]: 
assumes [simp]: t7y /{ = try S 
assumes [simp]: Mar R 
assumes [.•imp]: Mor S 
shows tTy (R 1- S) = sr~ R 

proof -
have R 1- S : src S <-+ src R by (rule restrleftRes-lwr,.,et, rule lwr,.,et l , auto) 
thus ?thesis by (rule homset.-trg) 

qed 

lemma (in RestrLResSerni) restr-lres: 
assumes [intra]: R : c .... b 
assumes (intra]: S : a ,_. b 
assumes [in/.7v]: X : a <-+ c 
shows ((X r; , R ~ S) II (mng X~ dom R)) =(X ~ (R 1- S)) 

proof -
have havcLeftRes S R ( R 1- S) by ( mle rcs trleftRes , best+) 
thus ?thesis by ( m le-tac haveRestr Lefi.Res , best+) 
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q ed 

lemmas (in Hest1LResSem-i) resh·-l7es I = restr-l7es [THEN ij]V !] 
lemmas (in RestrLResSem·i) restr-lres2 = restr- lres [Til EN iJTD2] 

Add the following two auxiliary lcmm;;s. 

lemma (in Restr{,ResSemi) 1est1·-lres-incll[intro]: 
assumes [inb·o]: X: a- c 
assumes [intra]: R : c ..., b 
assutnes [intro]: S: a - b 
assumes TR [in tm]: X [;;; R 1- S 
shows mng X [;;; dam R 

proof -
from TR have ss: (X 8 R [;;; S) II (rang X[;;; dom R) 
by (mle-tac 1~str-lr·e8 ['1'111-:N iffD2] , auto) 
from ss show ?t.hesis by auto 

q ed 

lemma (in Res11LResSemi) 1"est7·-ln<S-incl2[intm]: 
assumes [intn>]: X: a..., c 
assumes [intra]: R : c ...., b 
assumes [in.tm]: S: a ..., b 
assumes XR[intm]: X [;;; R 1- S 
shows ( X 0 R [;;; S) 

proof -
from XR have ss: (X .:. R [;;; S) II (rang X[;;; dom R) 
by (rule-tac restr-lres [T il EN iJTD2], auto) 
front ss show ?t.hesis by auto 

qed 

B.23.3 Equivalent axiomatization 

lemma (in RestrLResSemi) incl-restr-lres[intro]: 
assumes [intm]: T : a ..., c 
assumes [intm] : R : c ...., b 
assumes TR [intro] : rang T [;;; dam R 
shows T [;;; R 1- ( T 0 R) 

proof -
have (V X . X : a ..., c ~ X [;;; T ~ X [;;; R 1- ( T 0 R)) 
proof (-intra strip) 
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fix X 
assume [intm]:X E a ..., c 
assume XT[s-irnp]: X [;;; T 
hence [intro[: (X <e) R [;;; T ~ R) 

by (rule-tac comp-incl-monl , best+) 
hence XT [intro]: mng X [;;; rang T by auto 
from XT Til ha ve rang X [;;; dum fl 

by (rule-tac incl-tram, auto) 
thus X[;;; (R 1- ( T 8 R)) by (rule-tac restr-lres l , best+) 

qed 
thus ?thesis by (1-ule-tac indir·-ineq2 , auto) 

q ed 

lemma (in RestrLResSemi) restr-lrescrnp-incl: 
assumes [intm]: R : c ...., b 
assumes [intm]: S : a ..., b 
shows (R 1- S) 0 R [;;; S 

proof -
le t ?X = R 1- S 
have [intro]: ?X : a ...., c by auto 
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moreover have [intra]: ? X [;;; ( R 1- S) by (rule incl-refl, best) 
have (?X Cv R [;;; S) & (rang ?X[;;; dom R) 

by (mle '~s /.7·-l,-es [Tf!F:N iJTD2], auto) 
thus ?thesis by (best+) 

qed 

Add the following new properties. 

lemma (in R estrLRcsSemi) res tr-lres-incl-new: 
assumes [inl.m]: R : c ..., b 
assumes [intro]: S : a ..., b 
shows rang (R 1- S) [;;; dam R 

proof -
le t ?X = R 1- S 
have [·intm]: ?X : a ..., c by a1tto 
moreover have [intra]: ?X [;;; (R 1- S) by (mle incl-r-ejl , best) 
have (?X 0 R [;;; S) & (rang ?X [;;; dom R) 

by (mle 1-estr-l!-es [THF:N iJTD2], auto) 
thus ?thesis by (best.+) 

qed 
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- Residual properties in Furusawa-Kahl-1998-

Proposition 4.4 (i) 

lemma (in RestrLResSemi) restr-lrescom-incl-fs: 
assumes !inl1nJ:S : a +-i> c 
wssutu~::; [inlw].ll . U ~ L. 

assumes [intro]:T: d ..... c 
shows (R 1- S) (" (T 1- R) [;; (T 1- S) 

proof (mle rest>·-lres [TNP,N iflDI], best) 
show S : a ..... c by auto 

next 
show (R 1- S) 0 T 1- R E a ..... d by auto 

next 
show ((R 1- S) 0 T 1- R) 0 T [;; SA rung ((R 1- S) 0 T 1- R) [;; dorn T 
proof -
have[intro]: (T 1- R) 0 T [;; R by (rule restr-lrescmp-incl, auto) 
have(intro]: (R 1- S) 0 R [;; S by (rule restr-lrescmp-incl, auto) 
have ((R 1- S) 1-1 (T 1- fl )) 1-1 T = (R 1- S) 1-1 ((T 1- R) ,., T) 

by (r-ule cmp-a>soc, auto) 
moreover have . . [;; (R 1- S) 0 R by auto 
moreover have . . ~ S by auto 
ultimately have l : ((R 1- S) <·J (T 1- R)) <·I T [;; S 

by (r-ule-tac incl-tnms, auto) 
have[intro]: rang ( T 1- R) [;; darn T 

by (mle res tr-lres-incl-new, auto) 
have mng((R 1- S) ,_, (T 1- R)) [;;rang( mng(R 1- S) 1· 1 (T 1- R)) 

by ( mle mn-decornp, an to) 
moreover have . . [;; rang ( T 1- R) by best+ 
ultimately have mng((R 1- S) 0 (T 1- R)) [;;rang (T 1- R) 

by ( mle-t«c incl-tmns, auto) 
moreover have [;; dom T by best+ 
ultimately have ll: rang ((R 1- S) ~~ T 1- R) [;; dorn T 

by (mle-tac incl-trans, auto) 
from l ll show ?thesis by auto 

qed 
qed 

Proposition 4.4 (iii ) holds for restricted residuals if R'=R and Q'=Q. 

lemma (in RestrLResSerni) restr-lrescom-incl-ohk: 
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assumes [intm]: S : a ..... c 
assumes [inl.m[ : S': a ..... c 
assumes [intm]: il : b ..... c 
assumes S[intro] : S [;; S' 
shows (R 1- S) [;; (R 1- S1 
proof ( mle-l.ac indir·-ineq2) 

show R !- S C a c ) b by auto 
next 
show R 1- S' E a ...., b by auto 

next 
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show VC. C Ea ..... b ~ C [;;(ill-S)~ C [;;(ill- S1 
proof (intra strip) 
fix C 
assume [in.tro]: C : a ..... b 
assume C[intm]: C [;; (ill- S) 
show C [;; (ill- S1 
proof -
from C have (C <:; R [;; S) by (rule-tac restr-lres-incl2. auto) 
moreover have. ~ S' by auto 
ultimately have r/: C 0 R [;; S' by (r-ule incl-trans, auto) 
from C have r2: rang C [;; darn R by auto 
from rl r!l show ?thesis by(rule-tac res tr-lres/ , auto) 

qed 
qed 

qed 

Proposition 4.5 (i) holds for restricted residuals when the following FR assumption 
is added. 

lemma (in RestrLResSemi) restr-lrescom-incl-ex: 
assumes [intm]:F : a ._.. b 
assumes [intm]:il: b.- c 
assumes [intro]:S : d ._.. c 
assumes FR: rang F [;; dom R 
shows (F 0 (S 1- R)) [;; (S 1- (F '"' R)) 
proof -
have[intro]: F [;; (R 1- (F 0 R)) by auto 
have (F <!! (S 1- R)) [;; ((R 1- (F ~ R)) 0 (S 1- R)) by auto 
moreover have . [;; (S 1- (F 0 R)) 

by( mle restr·-lr·escorn-incl-f•. auto) 
ultimately show ?thesis by (rule incl-trons , auto) 
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qed 

end 

B.24 Semigroupoids with Restricted Right Residuals 

theory Rest1RResSemi 
imports OrdSerniliestrHes DivAlllleconl 
begin 

B.24.1 Definitions 

locale RestrRResSemi = OnlSemiRest1R es OSRR + 
assumes nstnightRcs-homset[intrv,simpJ: [ L : a ._, c; S : a ._, b ) 

=> (S -1 L) : c ._, b 
assumes restrrightRcs [intro,simpJ: [ L : a ._, c; S : a ._, b J 

=> haveRestrRightRes S L (S -1 L) 

B.24.2 Auxiliary Lemmas 

lemma (in Hest1RR esSemi) restnightRes-src[simpJ : 
assumes [ introJ: L : a +--+ c 
assumes [introJ: S : a ._, b 
shows sn (S -1 L) = c 

proof -
have ( S -1 L) : c <--> b by (rule restrrightRes-homset , a-uto) 
thus ?thesis by (rule homset-src) 

qed 

lemma (in RestrRResSerni) restrrightRes-try[s·impJ: 
assumes [introJ: L : a ...., c 
assumes [intmJ: S : a ...., b 
shows try (S -1 L) = b 

proof -
have ( S -1 L) : c ...., b by (rule restrrightR es-homset, a-uto) 
thus ?the8is by ( mle homset-try ) 

qed 
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lemma (in R estrRRcsSemi) restnightRes-defined[simp]: 
assumes [intm]: L: a ._, c 
assumes ['in tm]: S : a ~ b 
shows Mor (S -1 L) 

proof (rule homset-Mor) 
showS -1 L : c._, b by (mle rest11ightRes-homset , auto) 

qed 

lemma (in RestrRResSemi ) restr-rres-src[simpJ: 
assumes [simp[: src L = src S 
assumes [.,'imp[: Aim· L 
assumes [s'impJ: Mor S 
shows src (S -1 L) = trg L 

proof -
have S -1 L : try [, ...., try S 

by (r-ule ·restrrightHcs-homset , r·ule hornsetl , auto) 
thus ?thesis by (rule homset-sre) 

qed 

lemma (in Restr·RResS emi) r~str-n-es-trg[simpJ: 
ass umes [simp[: src L = src S 
assumes [simpJ: Mor L 
assumes [simp[: Mor· S 
shows trg (S -1 L) = try S 

proof -
have S -1 L : trg L ...., trg S 

by (l'Ule re,o; tnightRes~hom~et , rule homsetl , auto) 
thus ?thesis by (mle homset-f.7y) 

qed 

lemma (in R estrRResS emi) restr-rres: 
assumes [intm]: D : a - c 
assumes [intro]: S : a <--> b 
assumes [intra]: X : c ...., b 

:\!Sc Thesis - Jinrong Han 

shows ((L 0 X!: S) 1\ (dam X!: rang L )) =(X!: (8 -1 L)) 
proof 
have haveHestrRightHes S L (S -1 L) by (rule r~st7rightHes, best+ ) 
thus ?thesis by (ru le haveRestrRight&s, best+ ) 

qed 
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lemmas ( in RestrRResSemi) restr·-rr~s l = r-estr·-rr~s [T f! F:N ilJDI] 
lemmas ( in Uestr·ll/lesSerni) r>;str-n>;s2 = restr·-17"ts [Til EN ilJUi] 

Added the fo llowing two auxiliary lemmas 

lemmfl (in RP~ f ·rf?f?,-{;8Pm1) rv> .dr-rN•.o.:-iTJril~inlm]: 

assumes [intmJ: [, : a <-+ c 
assumes [intm]: X: c ..... b 
assumes [intra]: S: a ..... b 
assumes XL [intro]: X !;;; S -l L 
shows clom X I; 1-ang L 

proof -
from XL have ss: ( L 0 X!;;; S) 1\ (dorn X!;;; rang L) 
by (rule-tac restr-rres [THEN ilJD2], auto) 
from ss show ?lhesi."i by auto 

qed 

lemma (in RestrRResScmi) r<'str-rres-incl2[intro] : 
assumes [intmJ: L : a <-+ c 
assumes [intm]: X : c ..... b 
assumes [introJ: S: a ...., b 
assumes XL [intro]: X !;;; S -l L 
shows (L 0 X !;;; S) 

proof -
from XL have ss: (L 8 X!;;; S) 1\ (dom X!;;; rang L} 

by (rule-tac restr-rres [Til EN ·ilJD2], auto) 
from ss show ?thesis by a.uto 

qed 

B.24.3 Equivalent axiomatization 

lemma (in RestrRResSemi) incl-restr-rres[introJ: 
assumes [in.troJ: L : a...., c 
assumes JintmJ: T : c <-+ b 
assumes LT[·intmJ: dorn T !;;; nmg '" 
shows T !;;; ((L 0 T) -l L) 

proof -
have (V X . X : c - b - X !;;; T - X !;;; (L 0 T} -l L} 
proof ( intm .,tri71) 
fix X 
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assume [ intro]: X : c <-+ b 
assume [simp]: X !;;; T 
hence ['intm]: /, (;) X !;;; /, c;, T 

by ( rule-tac comp-i71cl-monl!, best+) 
h ence XT [intro]: dom X !;;; dom T by a"to 

:\!Sc Thesis - Jinrong Han 

from XT LT have dom X!;;; mng L by (mle-tac incl-tmns, auto) 
thus X~ (L 8 T} --! L by {r.!lc t:zc ·tcstr·-~:e" J , ''~<:~.J...) 

qed 
thus ?thesis by (m le-tac indir-incq2, auto) 

qed 

lemma (in RestrRResSemi ) restr-rrescrn!J·i71cl: 
assumes [intra]: S : a ,.... b 
assumes [intra]: L : a <-+ c 
shows [, ,. , (S -l [,) !;;; S 

proof -
le t ?X=S -l L 
have [intra]: ?X : c .... b by auto 
moreover have [intm] : ?X !;;; S -l L by (mlc incl-rcjl, best) 
moreover have {I"(;> ?X!;;; S) & (dum ?X !;;; mng L) 

by (rule restr-7"7"ts [Til EN ilJD2], auto) 
thus ?thesis by (best+) 

qed 

Add the following new properties. 

lemma (in RestrRResSemi) restr-rres- incl-new: 
assumes [intro]: S : a <-+ b 
assumes [ intro]: L : a ..... c 
shows dum (S -l £,) !;;; rrmg £, 

proof -
let ?X=S -l L 
have [intro]: ?X : c <-+ b by U'Uto 
moreover have [in/,ru] : ?X !;;; S -l [,by (mlc incl-rcjl, best) 
moreover have {I" (;l ?X!;;; S) & (dom ?X !;;; mug L) 

by (rule restr-7"7"ts [Til EN ilJD2], auto) 
thus ?thesis by (best+) 

qed 

--Residual proper t ies in Furusa.wa.-Ka.hl-1998--
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Proposition 4.4 (i) holds for restricted residuals 

lemma (in llestrllResSerni) r-estr·-rn;scorn-incl-fs: 

assumes [int-ro]:S : a ,... c 
assumes [intro] :L : a ,... b 
assumes [intm]: U : a ..-.. d 
shows (S -1 L) 0 ( U -1 S ) ~ ( U -1 L) 

proof -
have[intro] : L 0 (S -1 L) ~ S by (rule restr-rrescrnp-incl, auto) 
have[intrv] : S rv ( U -1 S) ~ U by (rule res tr- rmscrnp-incl, auto) 
have L ,., ((S -1 L) r·• ( U -1 S)) = ( L ,., (S -1 L)) · ( U -1 S) 

by (r-ule cmp-assoc-syrn, auto) 
moreover have . ~ S 0 ( U -1 S) by auto 
moreover have . ~ U by auto 
ultimately have ,. : L <·> ((S -1 L ) r·• ( U -1 S)) [;; U 

by (rale-tac incl-tmns , auto) 
from r show (S -1 L ) 0 ( U -1 S) [;; ( U -1 L) 
proof (rule-tac restr-rres [THEN ij]D I], at~to) 
show dom ((S -1 L ) ::: U -1 S) [;; rang L 
proof -
have[intro]: dom(S -1 L) [;; rang L 

by (rule restr-rres-incl-new, auto) 
have dom((S -1 L) 0 ( U -1 S)) [;; dom((S -1 L) 0 dom( U -1 S) ) 

by (mle dam-decamp , auto) 
moreover h ave . [;; darn ( S -1 L) by best+ 
ultimately have dom((S -1 L ) 0 ( U -1 S)) [;; dam (S -1 L) 

by (rule-tac incl-trans, auto) 
moreover have [;; rang L by best+ 

ultimately show darn( ( S -1 L ) 0 ( U -1 S)) [;; rang L 

qed 
qed 

qed 

by ( rule-tac incl-trans, auto) 

Proposition 4. 4 (iii) holds for restricted residuals if R' = R and Q '=Q. 

lemma (in RestrRResSerni) restr-rrescorn-incl-ohk: 
assumes [ in.tro]: S : a ,... c 
assumes [intra]: S': a .._... c 
assumes [intm]: Q : a ,... b 
assumes S[intro]: S [;; S' 

168 

McMaster University - Computer Science ~JSc Thes is - Jimong Han 

shows (S -1 Q) [;; (S' -1 Q) 
proof ( mle-l.ac indir·-ineq2, best+) 
show 'I C. C E b,... c _____, C [;; (S -1 Q) _____, C [;; (S' -1 Q) 
proof (intra strip) 
fix C 
assume [intm]: C: b,... c 
assume C[inl.m]: C ~ (S -1 Q) 
show C [;; (S' -1 Q) 
proof -
have Q •') C [;; S by auto 
moreover have. [;; S' by auto 
ultimate ly have I: Q 0 C [;; S' by (rule ·incl-trans , at~to) 
have dom C [;; rang Q by at~to 
from l show ?thesis by(r-ule-tac rcstr-rres J, auto) 

qed 
qed 

qed 

Proposition 4.5 (i) holds for restricted residuals when the following TQ assumption 
is added. 

lemma (in Resh·RResSemi) Res/.1·-n-escom-incl-ex: 
assumes [intm]: U : a ,... b 
assumes [intra]: Q : a ,... c 
assumes [intro] : T : c ..-.. d 
assumes TQ: dam T [;; mng Q 
shows ((Q -1 U) 0 T ) ~ (( Q <'· T ) -1 U) 
proof -
from T(J have[intro]: T [;; (((J 0 T ) -1 Q) by at~to 
have ((Q -1 U) 0 T) [;; ((Q -1 U) ::: (((J 0 T) -1 (J)) by auto 
moreover have. [;; ((Q <·> T ) -1 U) by( r-ule >-estr-n-escorn-incl-fs, auto) 
ultimate ly show ?thesis by (rule incl-tmns, auto) 

qed 

end 

B.25 Semigroupoids with restricted residuals 

theory Restr-RcsSerni 

imports RestrLResSemi RcstrRResSemi 
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begin 

locale RestrR,.Serni = Restr·DResSemi RRS + RestrRResSemi RRS 

end 

B .26 Restricted Residuals and Standard Residuals. 

theory R estrR esAndRes 
imports OnlSemillestrRes OnlScm'i!lf!S 
b egin 

B.26.1 Theorems 

lemma (in OrdSemiRestrRes) RestrRightRe.•-R ightRes: 
assumes [sirnp,intrvJ: S: a ..... b 
assumes [simp, intm]: /l : c ..... b 
assumes lsimp,in.troJ: L : a +--+ c 
assumes [intro] :haveRightRes S L R 
shows havcRestrRightRcs S L (rang L 0 R) 

proof(mle haveRestrRightRes-def [THEN sym, 1'ff8N i]JDIJ,best+) 
show i:'V XEc ..... b. ((L 0 X!;;; S 1\ dom X!;;; mug L) = (X!;;; mng L 0 R)) 
proof ( intro strip) 

fix X 
assume[intrvJ: X : c ..... b 
show (L 0 X !;;; S 1\ dorn X !;;; mng L) =(X !;;; mng L (!_) R) 
proof -
have R :(L ::: X!;;; S) =(X !;;; R) by (rule ha11eRightRe., , best+) 
have L ,., X !;;; S 1\ dom X !;;; mng L = X !;;; mng L · R 
proof -

have X: X!;;; dom X 0 X by auto 
from R have (L 0 X !;;; S 1\ dom X !;;; rang L) 

= ( dom X !;;; rang L 1\ X !;;; R) by auto 
a lso have . . . = ( dom X G X !;;; nmg L 0 fl) by auto 
from X have (dum X 0 X !;;; rang L 0 R) = (X !;;; rong L " R) 

by (rule in.cl-trans, auto) 
ultimately show L 0 X !;;; S 1\ dom. X !;;; mng L = X !;;; nmg L 0 R 

by best+ 
qed 
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moreover have X !;;; ran._q L G R = L 0 X !;;; S 1\ dom X !;;; rang L 
proof( mle conjl) 
show X !;;; rcmg L 0 ll = L :0 X !;;; S 
proof -

have [ introJ: rang L r,_, R !;;; R by auto 
have [ini'I'O]:X !;;; mng L C:; R =? X !;;; R 

by (ru!c !cc inc! ! nt'!!~ , ,,1,.,) 
from R have[intruJ: X !;;; R = L 0 X !;;; S by auto 
show X !;;; rang L 0 R = L 0 X !;;; S by auto 

qed 
next show X !;;; rang D G R = dorn X !;;; rung L 
proof -

have dom ( ran_q L r,_, R) !;;; ran_q L by auto 
also have[intro]: X!;;; rang L 0 R = dom X!;;; dom (rang L 0 R ) 

by ( mle dom-incl-mon, auto) 
have[intrvJ: dom X !;;; dom (rung D 0 R) =? dom X !;;; mng [, 

by ( rule-tac incl-tram, auto) 
show X !;;; rang L 0 R = dom X !;;; rang L by auto 

qed 
qed 
ultimately show (L 0 X!;;; S 1\ dom X !;;; rang L) = ( X !;;; ran!J L (, ) R) 

by (ml" if]!, best+) 
qed 

qed 
qed 

lemma (in OrdSemiRestrRcs) RestrleftRes-LeftRes: 
assumes [inlr'O]: S : a ,... b 
assumes [introJ: R : c ..... b 
assurncs [intm}: D : a +-+ c 
assumes [introJ:haveLeftRes S R L 
shows haveRestrLeftRes S R (L 0 dom R) 
proof (rule haveRe.•trLeftRes-def [THEN sym, THEN if]DI] ,best+ ) 

show'VXEa..., c. (X · R !;;; S 1\ mng X !;;; dom R) = (X !;;; (l, <·> dom ll )) 
proof ('intrv s tr·ip) 
fix X 
assume[introJ: X : a ,.... c 
show ((X <·> R!;;; S) 1\ (nmg X!;;; dom R)) = (X !;;; (L <·> dom R)) 
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proof -
have L: (X 0 R [;; S) = (X [;; L) 

by ( mle haveDeftUes, best+) 
have X 0 R [;; S 1\ rang X [;; dom R => X [;; L (-1 dom R 
proof -

have X: X [;; (X (·J mng X) by auto 
from L have (X G R [;; S 1\ mng X [;; darn R) 

= (X [;; L 1\ rang X [;; darn R) by auto 
also have (X [;; L 1\ rang X [;; dam R )=> 

((X '" rang X) [;; (L 0 dom R)) by auto 
from X have ((X 8 mng X) [;; (f. 8 dom H)) => X [;; (1. 8 dom H) 

by (rule-lac incl- trans , auto) 
ultimately show X 0 R [;; S 1\ rang X [;; dom R 

=>X[;; L G dornRbya·uto 
qed 
moreover have X [;; L 0 dam R => X 0 R [;; S 1\ mng X [;; dam R 
proof (rule conjl) 

show X [;; L 0 dam R => X 0 R [;; S 
proof -
have [intmJ: L 0 dom R [;; D by auto 
have [introJ:X [;; L 0 dam R => X [;; L 

by (mle-tac incl-trans, auto) 
from L have[intmJ: X [;; L => X 0 R [;; S by auto 
show X [;; L 0 dam R => X 0 U [;; S by a·uto 

qed 
next show X [;; L rv dam R => rang X [;; dom R 

proof -
have mng( L e darn H) [;; dam R by auto 
also have[ intra]: X [;; L (-: dom R => 
rang X [;; rang (L 0 dam R) by (mle ran-incl-mon, auto) 

have[introJ: rang X [;; rang( L 0 dorn R) => rang X [;; dam R 
by (ru.le-tac ind-l1uns, auto) 

show X [;; L 0 dam R => rang X [;; dam R by auto 
qed 

qed 
ultimately show ((X <·• R [;; S) 1\ (mng X [;; dom H)) 

=( X [;; (L (;• dorn R) ) by (rule ij]'l , best+) 
qed 

qed 
qed 
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end 

B.27 OSGC with Standard Residuals 

theory Hes OSGC 
imports R esSemi ConvOrdSerni 
begin 

B.27.1 Definitions 

~!Sc Thes is - Jinrong Han 

locale UesOSGC = HesSemi UOSGC + ConvOrdSemi UOSGC 

B.27.2 Theorems 

- Residual property (Proposit ion 4.1) in Fnrnsawa-Kahl-1998-

lemma (in ResOSGC) resOSGC-eq: 
assumes [in/.ro]: Q : a ..., b 
assumes [introJ: S : a ..., c 
shows (S ~ Q) = (Q - ~ s- )-

proof (mle indirect-equality [THF:N ijJD2J, best+ ) 
show V C. C E b ..., c -~ (C [;; S ~ Q) = (C [;; (Q- ~ s - )-) 
proof ( intrv s!7·ip) 

fix C 
assume [intro] : C : b ..., c 
show (C [;; S ~ Q) = (C [;; (Q- ~ s-)- ) 
proof -
have c [;; s ~ Q =} c [;; (Q- ~ s- )­
proof -
assume c: C [;; S ~ Q 
show c [;; (Q - ~ s-)­
proof -
from c have [in.tro]: (Q c C [;; S) by (rule-tac rres2, auto ) 
have ((Q 0 c)- [;; s - ) by (auto) 
have cl: (C- 0 Q-) [;; s- by (mle conv-cmp [THEN substJ, auto) 
from cl have c2: c- [;; (Q - ~ s- ) by (mle -tac Ires! , auto) 
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from cl! have c.'/:( c- )-~ (Q- ~ s- )- by auto 
from c3 show c ~ (Q- ~ s- )- by (mle-tac C071V-idem [THEN subst[,auto) 

qed 
qed 
moreover have C ~ ( Q- ~ s-)- ==> C ~ S ~ Q 
proof -
assume C: C !:::: ( Q '--- S ) 
show C ~ 8 ~ Q 
proof -
from C have Cl: (c- )- ~ ( Q- ~ s- )-

by (mte-tac co7!v-idem [THEN ,,ym, THEN subst[, auto) 
from Cl have C2: c- ~ (Q- ~ s - ) 

by (rute-tac conv-incl [Til EN ifJDJ]. auto) 
from C2 have C3: (c- 0 Q-) ~ s- by (rule-tac lres2, a·uto) 
from C{J have [intm]: (Q ( • I C)-~ s-

by (mle-tac conu-cmp [TIIEN sym, THEN subst[,auto) 
have [intra] : (Q 8 C)~ S 

by (rule-lac conv-incl [T HEN ·i[[DI],auto) 
show C ~ S ~ Q by (mte- l.ac n~sl , auto) 

qed 
qed 

ultimately show ?thesis by( rule iff! , best+) 
qed 

qed 
qed 

end 

B.28 OSGC with Domain and Range Operators 

theory RDConvOrdSemi 
imports DomSemi RanSen'i CorwOrdSemi 
begin 

Add the theory to provide some properties of OSGC with Domain and Range Op­
erators. The properties in the theory arc used to support the properties of restricted 
residuals in RcstrResOSGC theory. 
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B.28.1 D efinitions 

locale llDConvOrdSemi = DomSemi llD COS + /lanSemi /lDCOS + Co71110rdSemi 
RDCOS 

B.28.2 Theorems 

com·( rang R) is subidcntiLy. 

lemma (in RDConvOrdSemi )RDCOS-convRan-lell.: 
assumes [intm]: R : a ..., b 
assumes [intm]: f : b ..., c 
shows (rang n) - ~ f ~ f 
proof -
have [i71tm]: f - 8 mng ll ~ 1- by auto 
have u- 0 rang R) - ~ u-)- by auto 
have (rang R) - 0 {!- )-· ~ {!- )- by (mle com•-cmp [THEN subst[,auto) 
hence L : ( nmg R)- 0 I ~ I by ( mle-tac conv-idem. [THEN subst], best) 
from L show ?thesis by auto 

qed 

le mma {in RDCon110rdSemi )RDCOS-convRan-right: 
assumes [in/ro]: R : a ..... b 
assumes [intm]: f : c ..., b 
shows f 0 (rang R )- ~ f 
proof -
have [i .. tro]: mng R ,. , f - ~ 1- by auto 
have {nmg R 0 / -)- ~(!-)- by auto 
have{!- )- Z (rang R) - ~ {!- )- by (rule conv-cmp [THEN subst],auto) 
hence L: f 0 (rang R) - ~ f by (rule-tac conv-idem [THEN subst], best) 
from L show ?thesis by auto 

qed 

com·(rang R) : !Sid b 

lemma (in I<D COTwOrrlSem-i )llDCOS-convlian-1: 
assumes [iutro]: R : a ..... b 
shows (rang R) - · _;: (rang R)-· = (rang R)-· 
proof -
have i: (mug fl 8 mng /l ) = mng R 
proof (rule is/Sld-2) 
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show rang R E b ,__, b by auto 
next 

~LeMaster University - Computer Science 

show is /Sid (mng R) by (rule !Sld ,auto) 
qed 
from i have ii: (rang R 0 rang R)~ = (rang R)~ 

by (mle-tac conv-equality [TIIf:N ilJD2j, auto) 
from ii show ?thesis by (rule-lac conv-crntJ [THEN substJ,auto) 

qed 

conv( dam R) is subidentity. 

lemma (in RDConuOrdSemi ) RDCOS-convRan-isiSid[simp, intru]: 
assumes [intro]: R : a ,__, b 
shows (mng R) - : !Sfd b 
proof (mle IS/d-intro) 

show (rang R )- E b ,__, b by auto 
next 
show is!Sld ((mng R)- ) 

proof (mlc is /8/d- intm) 
show (rang R)- E b ,__, b by auto 

next 
show isSfd ((rang R)~) 
proof {mle isShl-def [Tffi!JN if[D2]) 

have[intro] : (mng R) - E b ,__, b by auto 
show V c.{V f. f E b <-> c ~ (rang R)~ (~ f [;:f) 

II (Vg. g E c ,__, b ~ g :!: (rang R) - [;:g) 
proof{intm strip) 
fix c 
show (V f. f E b <-> c ~ (rang R)- G• f [;: f) 

II {V g. g E c ,__, b ~ g 0 (rang R)~ [;: g) 
proof{ mle conjl) 
show V f. J E b <-+ c ~ (nmg H) - (-1 J [;: J 
proof (-intra strip) 
fix ! 
assume [intro]: f E b <-> c 
show (mng H)- 8 J [;: J by (mle IW COS-convRan-left., auto) 

qed 
next 
show 'rig. g E c <-> b ~ g 0 (mng R)~ [;: g 
proof ( inl.m strip) 
fix g 
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assume [in.tro]: g E c ,__, b 
show g 0 (mng R)~ [;: g by (rule RDCOS-convRan-right , auto) 

qed 
qed 

qed 
next 
show (mng H) ~ E b ,__, b by auto 

qed 
next 
show (rang R)~ 0 (rang R )- = (rang R) ­

by (mle RDCOS-convRan-1, auto) 
qed 

qed 

lemma (in IIDCmwOnlSemi )IIDCOS-convDom-left: 
assumes [intm]: R : a <-+ b 
assumes [intro]: f : a <-+ c 
shows (dom R)~ 0 J [;: J 
proof -
have [intm]: J- 0 dom R [;: J~ by auto 
have{!-(:' dom R)- [;:{!- ) - by auto 
have (dom R) - G {!- )~ [;:{!~)~ by (rule conv-cmp [THEN substJ, auto) 
hence L: ( dom R) - :0 f [;: f by ( rule-tac conv-idem [THEN substJ, best) 
from L show ?thesis by auto 

qed 

lemma (in RDCom•OniSemi )RDCOS-convDom-right: 
assumes [inl:m]: !( : a <-+ b 
assumes [intro]: f : c ....., a 
shows f 0 (dom R) - [;: f 
proof -
have [intm]: durn 1l 0 f - [;: J~ by auto 
have (dom II C:' ! - )- [;: {!- )~ by auto 
have {!- )- ~ (dom R )- [;: {!- )- by (rule conv-cmp [THEN subst] ,auto) 
hence L: f <v (dom R) - [;: f by (rule-tac corw-idem [THEN s·ubst], best) 
from [, show ?thesis by auto 

qed 

conY(mng R) : !Sid a 

lemma (in RDConvOrdSemi )RDCOS-corwDom-1: 
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assumes [intro]: R : a ....., b 
shows (dom R) - 0 (dom R)- = (dom R)­
proof -
have i: (dom R 0 dom R) = dom R 
proof ( mle is!Sld- 2) 

show dorn R E a r+ a by <&Ulo 

next 
show islS!d (dom R) by (mle JSld ,auto) 

qed 
from i have ii: (dom R r~ dom R)- = (dom R) -

by (mle-l.ac conv-eC}uality [Til EN ij)'IJ2], aul.o) 
from i·i show ?thesis by (mle-tac amv-crnp [THEN subst],auto) 

qed 

lemma (in RDConvOrdSerni ) RDCOS-convDom-is fSld [simp, intro]: 
assumes [intro]:R : a <--> b 
shows (dom R) - : !Sid a 
proof (mle !Sld-intm) 

show (dom R) - E a<--> a by auto 
next 
show is!Sld ((dom R)~ ) 

proof (mle is!Sld-inl:ro) 
show (clom ll) ~ E a<--> a by auto 

next 
show isSid ((dom R) - ) 
proof (mle i.•Sld-def [TITF,N ij]D2]) 

have[intrv] : (dom ll )- E a<--> a by auto 
show V c. (V f. f E a ....., c ___, ( dom R)~ 0 f !;; f) 

II (Vg. g E c <-->a___, 9 0 (dom R)-!;; g) 
proof(intro strip) 

fix c 
show (V f. f E a<--> c ___, (dom R) - 0 J!;; f) 

II (V g . . Q E c <--> a ___, g 0 ( dom R)~ !;; g) 
proof( rule conjl) 

show V f. f E a <--> c • (dom II) - ,., f !;; f 
proof ( intro sl!ip) 
tixf 
assume [intro]: f E a <--> c 
show (dom R)- •·• f!;; f by (mle RDCOS-convDom-left, auto) 
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qed 
next 
show V g. g E c <--> a ___, g 0 ( dorn ll) - !;; g 
proof ('iutro strip) 

fix 9 
assume [inbn]: g E c +--+ a 
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:,huw y '"'"' {Jv11' n) ..... ;;;; ~by( .... ~ .. aDCOS ca~~~·!Jc-;.;. i"i!J·ht , a::.:!o) 
qed 

qed 
qed 
next 
show (dom R)~ E a<--> a by auto 

qed 
next 
show (dom R)- I · (dom R) - = (dom n)-

by (mle RDCOS-convDom-1 , auto) 
qed 

qedlemma (in RDConvOrdSemi)RDCOS-incll: 
assumes [inl.ro]:ll: a+-+ b 
shows (clom(R_ )) _ !;; mng R 

proof -
have R !;; R 0 mng R by auto 
haven- !;; (R 0 mug R)- by auto 
have d: /l ~ !;; (mng /l) ~ 0 /l - by (mle-tac corm-cmp [THEN s~tb .•t] , auto) 
from d have dom(R~ )!;; dom((rang R)~ 0 n - ) by auto 
moreover have .. . !;; (rang R) - by auto 
u ltimately have dom(R- ) !;; (mng R) - by (mle incl-tmns , auto) 
hence dd: (dom(R ~))- !;; ((mng R)-)~ by auto 
from dd show ?thesis by (rule-lac conv-idern [TlfEN subst], auto) 

qed 

lemma (in RDConv0n1Semi) Res OSGC-incl2: 
assumes [intro]:R: a<--> b 
shows (mng(R- ))- !;; dom R 

proof -
have R !;; dam n · R by auto 
have n~ !;; ( dorn R ? R) - by auto 
have d: u -· !;; n- 0 (dom R) - by (mle-tac conv-cmp [THEN subst], auto) 
from d have rong(R- ) !;; rong(R~ 0 (dom R)- ) by auto 
moreover have . !;; (dou' R) - by auto 
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ultimately have rang( n-) !:;:; ( dom R)- by ( mlc incl-trans, auto) 
hence drl: (mng(R_))_ !:;:; ((dom R) _ )_ by auto 

from dd show ?the.•is by (ntle-tac conv-idem [THEN subst], auto) 
qed 

lemma (in IWConvOnlSemi)IWCOS-ind3: 
assumes [intm]:R: a....., b 
shows rang R [;; ( dom( n~ )) --
proof -

let ?R' = n-
have ( ?R~ - = R by auto 
moreover have (rang(( ?R~ ~ ))- !:;:; dom( ?R~ by (rule ResOSGC-incl2, a·uto) 
ultimately have r: (rang R) - !:;:; dom(R- ) by auto 
from r have rr: ((rang R)_ )_ !:;:; (dom(R_ )) _ by rmto 
from n· show ?thesis by (mle-tac conv-·idem [T!IEN subst], auto) 

qed 

lemma (in RDConvOrd&mi)RDCOS-inc/4: 
assumes [intro]:R : a ....., b 
shows dom R [;; (rang(R_ )) _ 
proof -
let ?ll' = u-
have ( ?R~- = R by a·uto 
moreover have (dom((?R~- ))- !:;:; mng(?R~ by {rule RDCOS-incll , auto) 
ultimately have r: (darn R)- !:;:; mng(R-) by auto 
from r· have n·: ((dom li) _ )_!:;:; (mng(R _ )) _ by auto 

from rr show ?thesis by (rale-tac conv-idern [T!JEN subst], auto) 
qed 

lemma (in RDConvOrdSemi) liDCOS-ran: 
assumes [intro]:R : a +-+ b 
shows rang R = (dorn(R_ )) _ 

proof ( T'Uie indi1~ct-equality [ '/'11/.;N if{D2], best+) 
show VC. C E b ,_, b ~ (C !:;:; mng R) = (C !:;:; (dum (R-))-) 
proof (intra strip) 
fix C 
assume [intm]: C E b ,_, b 
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show (C!:;:; rang R) = (C!:;:; (dorn (R_ )) _ ) 
proof -
have C!:;:; rang R =} C [;; (dom (R- )) ­
proof -

assume cr: C !:;:; rang R 
show C [;; (dorn (n- n­
proof -
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have RR:rang R !:;:; (dorn(R_)) _ by (mle RDCOS-incl3, auto) 
from cr RR show ?thesis by( rule incl-trans, auto) 

qed 
qed 
moreover have C !:;:; (dam (R~ ))- = C !:;:; rang R 
proof -

assume cr: C!:;:; (dom (n- n­
show C ~ 1nng R 
proof -

have RR :(dom(R ~ ))- !:;:; rang R by (rule RDCOS-incll , auto) 
from cr RR show ?thesis by( rule incl-trans , auto) 

qed 
qed 
ultimately show ?thesis by (rule iff! , best+ ) 

qed 
qed 

qed 

lemma (in RDCmwOnlSemi) RDCOS-dom: 
assumes [inlm] :R : a,_, b 
shows dom R = (rang(R- )) -

proof -
let ?R'= n-
havc ( ?R~- = R by auto 
moreover have rang ?R' = (dom(?R '~ ))- by (mle RDCOS-ran, auto) 
ultimately have rl: rang(R- ) = (dom R)- by auto 
from rl have r2: (rang(R_ ))_ = ((dom R) _ )_ by auto 
from r·2 have r3: (mng(R_ ))_ = dom R 

by (mle-tac co1w--idcm [THEN subst], auto) 
from r.1 show dom R = (rang( n- ))- by ( rule-tac sym, auto) 

qed 
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T he following two theorems arc proved based on rang R = conv(dorn (conv R)); 
dam R = conv( rang(conv R). T hey a re used to suppor t proving the property of 
restricted residuals in Rcstr ResOSGC theory. 

lemma (in RDConvOrrlSemi) RDCOS-domRanl : 
assumes [intm]: Q : a ,_. b 
e_c;;c;;umpc;: !~'"f.rv,!· r: · II ........ ,. 

assumes CQ: dom C [;;; rang Q 
shows rang ( c~ ) [;;; dom ( cr ) 

proof 
from CQ have CQ I:dom C [;;; (dom(Q~))~ 

by (rule-lac RDCOS-ran [Til EN s·ubst] , a·uto) 
from CQJ have CQ2:(rang(C_)) _[;; (dom(Q_ ))_ 

by(mle-tac RDCOS-dom [THEN subst]. auto) 
from CQ2 show mng( c~ )[;; dam( Q- ) 

by (rule-tac conv-·incl [TlfEN ilJD!J, auto) 
qed 

lemma (in RDCmwOrdSemi) RDCOS- dornRan!!: 
assumes [intm]: Q : a ,_. b 
assumes [in.tro]: C : b ..., c 
assumes CQ: mng (c-) [;;; dam ( Q~ ) 

shows dom C [;;; mng Q 
proof -
le t ?Q'= Q-
have [in tm] : ( ?Q1- = Q by auto 
from CQ have mng (C- ) [;;; dom (?Q1 by auto 
also have . . = (rang(?Q,.__)) ~ by(rule RDCOS-dom, a·uto) 
ultimately have CQJ: rang (C~) [;;; (mng(?Q"--))- by auto 
moreover have. = (mng Q)- by (mle-l.ac subs! , auto) 
ultima tely have CQ2: mng(C~) [;;; (mng Q)~ by(mle-tac subst, auto) 
have CQ3: (rang( C-))~= dom C 

by (rule-tac R DCOS-dom [THEN symJ , auto) 
from CQ3 have CQ4: ((mng(C~))-)- = (dom C)-

by (mle-tac conv-"'l""lity [THEN -ilJV :!J, <mto ) 
from CQ4 have CQ5:mng(C~ ) = (dom c)~ 

by (rule-tac conv-idem [THEN subst], auto) 
from CQ2 have CQ6: (dom c) - [;;; (rang Q)-

by (rule-l.ac CQ5 [THEN substJ, aul.o) 
from CQ6 show ?thesis by (role- tac conv-incl [Til EN ilJD!J, auto) 
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qed 

end 

B.29 OSGC with Restricted Residuals 

theory t?.esf.rRaOSGC 
imports RestrResSemi RDCmwOrdSemi 
b egin 

B.29.1 Definitions 
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locale RestrRe.,OSCC = Res/.7-ResSemi RROSCC + RDConvOrdSerni RROSGC 

B.29.2 Theorems 

Residua l property (Proposition 4. 1) in Furusawa-T<ahl-1998 holds for restricted resid­
uals 

lemma (in RestrResOSGC) restr-resOSGC-eq: 
assumes [inl.ro]:Q: ",_. b 
assumes [intm]:S : a ,_. c 
shows (S -1 Q) = (Q- f- s~ ) -

proof (rule indirect-equality [Til EN ilJD2]) 
show If C. C E b .... c ~ (C [;;; S -1 Q) = (C [;;; (Q- f- s - )- ) 
proof ( intm str·ip) 

fix C 
assume [introJ: C : b ,_. c 
show ( C [;;; S -1 Q) = (C [;;; (Q- f- s- )- ) 
proof -
have c [;;; 8-1 Q = c [;;; (Q ~ f- s- )­
proof -
assume c: C [;;; S -1 Q 
show c [;;; (Q~ f- s- )­
proo f -
from c have [intra]: ( Q · C [;;; S) by (rule- lac restr-rres-incl2, auto) 
from c have [intmJ : dom. C [;;; mng Qby (mle- tac ·rest7·-n-es-incll , auto) 
have ( Q 0 c)-[;;; s~ by (auto) 
have (C~ 0 Q- ) [;;; s- by (rnle conv-crnp [THEN substJ,auto) 
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also have mng (c-)~ dom (Q-) by (mle RDCOS-domRanl, auto) 
ultimately have c2: c- ~ (Q- f- s-) by (rule-lac 1-estr-l>-esl , auto) 
from c2 have c3:(c-)- ~ (Q- f- s-)- by auto 
from c3 show C ~ (Q- f- s-)- by (rule-tac conv-idem [THEN subst],auto) 

qed 
qed 
moreover have C!;;; (Q - f- s-)- = C!;;; S -1 Q 
proof -
assume C: C!;;; (Q- f- s-)­
showC!;;;S-IQ 
proof -
from C have Cl: (c- )- !;;; ( Q- f- s- )-

by (rule-lac conv-idem [THEN subst], auto) 
from Cl have C2: c-!;;; (cr f- s- ) 

by (mle-l.l!c conv-incl ['l'flb'N iffDIJ, l!Uto) 
from C2 have [intm]: (C- 0 Q- )!;;; s- by auto 
from C2 have [intro]: rang( C- )!;;; dom(Q-) by auto 
have (Q ;;, c)-!;;; s-

hy (mle-tac conv-crnp [THEN sym, THEN subst],auto) 
also have [intro] : (Q 0 C)!;;; S 

by (rule-tac wnv-incl [THEN ij]Dt],auto) 
moreover have dom C!;;; mng Q by (rule RDCOS-domRan2, auto) 
ultimately show C!;;; S -1 Q by (mle-tac res/.1'-1"/'eSl, auto) 

qed 
qed 

ultimately show ?thesis by( rule ij]T, best+) 
qed 

qed 
next 
show S -1 Q E b <-+ c by auto 

next 
show (Q- f- s- )- E b <-+ c by auto 

qed 

end 
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