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Abstract 

The concept of relations is useful for applications in mathematics, logics and computer 
science. Once an application structure is identified as a model of a particular relation
algebraic theory. that theory becomes the preferred reasoning environment in this 
application area. Examples of applications in computer science are database, graph 
and games. 

In [Kah03], Kahl proposed using the proof assistant Isabelle/Isar to provide a 
collection of theories for abstract relation-algebraic reasoning. In [DG04], De Guzman 
improved and populated the theories introduced by Kahl in [Kah03]. Finite maps 
or finite relations between infinite sets do not form a category since the necessary 
identities are infinite. In [Kah08], Kahl presented relation-algebraic extensions of 
semigroupoids where the operations that would produce infinite results in category 
have been replac d with their variants that preserve finiteness, but still satisfy useful 
algebraic laws. 

In this thesis , we will build a framework by building a hierarchy of Isabelle/Isar 
theories to implement relational semigroupoid theories which are presented by Kahl 
in [Kah08], focusing on the following: 

Since the difference between semigroupoids and categories are that no identities 
are assumed in semigroupoids, category theories in [DG04] will be transferred into 
our semigroupoid theories by modifying definitions , reformulating theorems, adding 
theorems to help reprove theorems involving identities in their proofs. 

New theorems and new theories will be added to implement subidentity and range 
and their propert ies. Then new theorems and new theories about restricted residual 
and standard residual and their properties will be developed. In [Kah08], Kahl pro
posed that in ordered semigroupoids with domain and range, if standard residuals 
exist, then restricted residuals exist too and can be calculated via standard residuals. 
A new theory wi] be built to prove this. 
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Chapter 1 

Introd ucti.on 

1.1 Motivation 

The concept of relation algebra is useful for applications in mathematics, logic and 
computer scienc1~. Example applications in computer science are program semantics 
[BKS97] [SS93], graph [SS93] [KahOl], databases [BKS97] [SS93], and fuzzy relations 
[WinOl]. Once an application structure is identified as a model of a particular relation
algebraic theory, that theory will become the preferred reasoning environment in this 
application area. 

Finite maps or finite relations are used frequently in computing science, especially 
in programming languages. Surprisingly, the mathematical foundations for dealing 
with finite relations are not well-established. In section 1.3 of [Kah08], Kahl identified 
three problems with relation-algebraic treatment of finite relations: 

• No complement (negation) : this is not a big problem, but perhaps can be worked 
around by using difference. 

• No identiti s: many relational properties are normally defined using identities. 

• No residuals: standard residuals do not exist. 

Finite maps or finite relations between infinite sets do not form a category, since 
the necessary identities are not finite. Identities are not assumed in semigroupoids. 
In [Kah08], Kahl proposed relation-algebraic extensions of semigroupoids where the 
operations that would produce infinite results in category have been replaced with 
their variants that preserved finiteness , but still satisfy useful algebraic laws. The 
resulting theories allow calculational reasoning in the relation-algebraic style with only 
minor sacrifices. Kahl introduced the concept of restricted residuals in semigroupoids 
since standard residuals do not generally exist in the semigroupoids of finite relations 
between arbitrary sets. 

In this thesis , we will develop the framework of the interesting semigroupoids and 
other related weaker theories presented in [Kah08], especially restricted residual and 
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standard residual and their properties. In this framework, we will systematically 
organize algebraic structures and providing readable formal proofs both for machines 
and humans, using 2008 Isabelle/Isar. 

1.2 Related work 

Since relation-algebraic reasoning typically follows a very calculational style, and, due 
to the expressive power of its constructs and rules, also proceeds in relatively formal 
steps, computer support for this kind of reasoning appears to be quite feasible. In 
[Kah03], Kahl proposed using the proof assistant Isabelle/Isar to provide a collec
tion of theories for abstract relation-algebraic reasoning. In [DG04] , De Guzman 
improved and populated the theories introduced by Kahl in [Kaho:3], from categories 
via allegories up to heterogeneous relation algebras using Isabelle/Isar. 

The difference of semigroupoids and categories is that no identities are assumed 
in semigroupoids. Basic category theories in appendix B of De Guzman's thesis 
[DG04] can be transformed into our semigroupoid system by modifying definitions , 
reformulating theorems, deleting theorems which are closely related to identities and 
adding new theorems to help reprove many theorems involving identities in their 
proofs, in order to adapt them to our system. 

1.3 Our approach 

We first provide a framework for abstract weaker semigroupoids. Then we define 
ordered semigroupoids with range and domain operators and also give their properties. 
And finally we provide some applications based on it . Specifically, we define restricted 
residuals and standard residuals and give their properties. 

This thesis is organized as follows: 

• In chapter 2, our chosen theorem prover Isabelle/Isar is discussed. 

• Chapter 3 gives a quick look at how the theories are organized as well as their 
dependencies. 

• Chapter 4 focuses on explaining in detail the bottom theories of the hierar
chy and presents the important decisions made in implementing these theories 
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in Isabelle/ Isar. Subidentities are also defined and discussed in this chapter, 
because many theorems need to be proved via subidentity laws. 

• Chapter 5 introduces theories involving domain and range. Range theories are 
new theories which are dual theories of domain theories. 

• Chapter 6 presents the new theories of our hierarchy and how we implemented 
them by using subidentity laws and the properties of range and domain. These 
new theories involve standard residuals and restricted residuals and their prop
erties. The theorem that in ordered semigroupoids with domain and range, if 
standard residual exists, restricted residual exists too and it can be calculated 
via standard residual, will also be proved in the chapter. 

• Chapter 7 covers possible future work of the system and conclusion. 

Some theorie3, axioms and lemmas are referred in the above chapters without 
showing their im lementations in Isabelle/Isar. We provide appendix B for the inter
ested readers for further reading. 

3 



Chapter 2 

Isabelle /Isar 

Isabelle/Isar were adopted to provide computer-aided proof assistance for research 
and abstract relation-algebra reasoning by Kahl in [Kah03] and by De Guzman in 
[DG04] in the past. In order to make our research and reasoning persistent in Is
abelle/Isar and make further applications based on them easily implemented, we 
continue to use Isabelle/Isar for our proposed objectives. 

In this chapter, we briefly illustrate Isabelle/Isar proving system. For other 
provers, there are some discussions about IMPS, PVS in the second chapter of [DG04]. 

2.1 Isabelle/HOL 

Isabelle [NPvV08] is a generic system for implementing logical formalisms. It allows 
mathematical formulas to be expressed in a formal language and provides tools for 
proving those formulas in a logical calculus. Isabelle is developed at University of 
Cambridge (Larry Paulson) and Technische Universitat Miinchen. 

Isabelle can be viewed from two main perspectives. On the one hand it may serve 
as a generic framework for rapid prototyping of deductive systems. On the other hand, 
major existing logics like Isabelle/HOL provide a theorem proving environment ready 
to use for sizable applications. Isabelle/HOL [NPW08] is the specialization of Isabelle 
for HOL, which abbreviates Higher-Order Logic. 

2.2 Isabelle/Record 

A record [NPW08] of Isabelle/HOL covers a collection of fields. Each field has a 
specified type, which may be polymorphic. The field names are part of the record 
type, and the order of the fields is significant. Every record structure has an implicit 
pseudo-field, more. When a fixed record value is expressed using just its standard 
fields, the value of more is implicitly set to () , the empty tuple. 

4 
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Each record declaration introduces a number of derived operations to refer collec
tively to a record 's fields and to convert between fixed record types. 

We are interested in the extensibility of records, which allow us build a new record 
by extending existing one. 

2.3 Isar Overview 

Isar stands for Intelligible semi-automated reasoning. The Isar subsystem [NPW08] 
is an extension of Isabelle. It hides the implementation language almost completely. 
Isar proofs [Nip07] are an extension of the apply-style proofs- tactic-style reasoning 
in the Isabelle/ 01. Isar supports a calculational style of reasoning and allows us 
to provide structured proofs which are presented like mathematical proofs and are 
understandable f r both humans and machines. 

By integrating Isabelle/Isar with Proof General - a generic (X)Emacs interface 
for interactive proof assistants, we arrive at a reasonable environment for live proof 
document editing. For presentation of the final outcome, Isabelle/Isar provides an 
integrated document preparation system [Wen08] based on current PDF /LaTeX hy
pertext technology. Thus Isabelle/Isar proof documents may be both browsed on the 
WWW, and printed on paper in high quality. 

2.3.1 A glimpse of Isar 

An Isar proof can be either compound (proof- qed) or atomic (by) . This is a typical 
proof skeleton [Nip07]: 

proof 

assume 'the-assm' 

have". - intermediate result 

have". - intermediate result 

show 'the-concl " 
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qed 

The following are main commands of Isar proof language [vVen08] [DG04]: 

• Primitive commands: lemma, proof, fix, then, have, show, qed, note. 

• Derived commands: also, finally, moreover, ultimately, with, hence, thus, etc. 

• Automatic commands: simp, auto, best, etc. 

• Other commands: this, rule, intra, elim, unfold, etc. 

Derived proof commands are used for calculational style of reasoning. Commands 
such as assumption, rule, intra, and unfold are often used to solve or simplify the 
current goal by using existing facts , rules, theorems or definitions. 

The above automatic commands are very useful in our implementations. simp uses 
the simplifier which applies theorems with simp attribute automatically. auto uses the 
simplifier and the classical reasoning, and best uses standard Isabelle inference and 
best-first search. Isabelle allow users to tell these reasoners to add or delete specific 
rules. Theorems with simp attribute or intra attribute will be applied automatically. 
These automatic reasoners help users prove theorems easier and make proofs shorter. 

For other commands, how they are used is referred to [NPW08] and [Nip07]. 

2.3.2 Isar locales 

Locale [KWP99] [Bal07], an extension of the Isabelle proof assistant, aims to support 
modular reasoning. Locales are based on contexts. The logic view of a context can 
be seen as a formula schema 

where variablesx1 ... Xn are called parameters,the premisesA1; .. . ; Am are assump
tions. A formula F is a theorem in the context if it is a conclusion 
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Isabelle/Isar's notion of context [Bal07] · goes beyond this logical view. Its con
text record is in a consecutive order. Contexts also contain syntax information for 
parameters and for terms depending on them. 

Locales can be seen as persistent contexts. In a simplest form, a locale declaration 
[Bal07] consists of a sequence of context elements declaring parameters (keyword 
fixes) and assumptions (keyword assumes) . One aspect of locales which we are 
interested in are local expressions. Locale expressions provide an effective way of 
construct_ing complex specifications from simple ones. A new locale [Bal07] can be 
achieved through import existing locales. That is, a locale can be defined by adding 
operations and properties to existing locales. Algebraic structures are commonly 
defined in this wa.y. Hence, a locale hierarchy can be easily obtained in a specific 
application. 

2.4 Isabelle Theory 

A theory [NPW08] in Isabelle is a collection of types, functions , and theorems, much 
like a module in a programming language. The general format [NPW08] of a theory 
T is: 

theory T 
imports B1 · · · Bn 
begin 
declarations, definitions, and proofs 
end 

where: 

• B1 · · · Bn are the names of existing theories that T is based on. B1 · · · Bn are 
the direct parent theories of T. Everything defined in the parent theories 
(and their parents, recursively) is automatically visible. To avoid name clashes, 
identifiers can be qualified by theory names as in T.f and B.f Each theory T 
must reside in a theory file named T. thy. 

• declarations and definitions represent the newly introduced concepts (types, 
functions , etc). 

• proofs are proofs about the newly introduced concepts. 

7 



Chapter 3 

Theory Organization Overview 

[HOL] 

I 
Semigroupoids 

OrdeJ Semigroupoids 

Do~ige 

Restricted Residuals 

OSGC with Standard Residuals 

Figure 3.1: A Simplified View of Theory Organization 

In this chapter, we give an overview of the organization of our theories. These 
theories are commonly defined by adding some definitions, declarations and theorems 
based on new concepts to existing theories. For example , theory Main in logic HOL is 
extended to our first theory Semi, theory Semi is then extended to theory OrdSemi. 
A theory hierarchy obtained through these extensions is shown in appendix A. 

This approach allows us to reason about weak theories (i.e. , theories with fewer 
symbols and less axioms) which mainly are located at the top of the hierarchy. This 
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way also allows those theories with complicated structure to be built step by step 
through import of theories with simple structure. We also benefit from reusing theo
ries. It helps us systematically add a large number of new theories. 

To effectively present the hierarchy, we are going to group our theories into several 
subgroups to give a simplified view (see Figure 3.1). In each subgroup, theories are 
closely built to p ovide solid support for our higher-level applications. Each subgroup 
is also a subhierarchy. The theories of each subhierarchy are closely related to a 
topic in [Kah08]. Semigroupoids and the concept of restricted residuals had not 
been available before [Kah08]. Our goal is developing a framework of semigroupoid 
theories, which is able to implement converse, domain, range, standard residuals if 
they exists, and restricted residuals for finite relations, reasoning their properties and 
then achieving the relationship [Kah08] between unrestricted residuals and restricted 
residuals under som assumptions in our implementations. 

• Semigroupoid [Ka.h08] is what we use as the foundation of our frame
work since we are working in the setting of the relation-algebraic extensions for 
finite relati ns between infinite types and no identity can be assumed. Compo
sition morphisms as well as homsets are introduced here. Basic concepts such 
as epi, mono and parallel, special objects such as terminal and initial, are also 
included in the theory of semigroupoids. 

• Ordered Semigroupoid [Kah08] extends semigroupoids by adding an 
inclusion operator and properties which are based on the new operator. Here 
we provide transitivity and monotonicity rules for reasoning with inclusion. 
Subidentities which is defined through inclusion operator and several related 
important t heorems are also introduced. We also present some lemmas which 
are useful for showing properties of residuals. All these are in theory OrdSemi 
which is short of Ordered Semigroupoids. The theories of semigroupoid and 
ordered semigroupoids are developed by transforming the theories of category 
and ordered category in [DG04]. We extended the theory of semigroupoids to 
the theory of properties of operators on homsets and the theory of bounds. 

• Qrde_red Semigroupoids with Do~pain and Range add domain 
and range operators and related properties to ordered semigroupoids. We de
fine domain operator in the way which is defined in [DG04] . The definition 
of domain is based on [DMS03]. The theories of range are dual theories of 
domain. This part contains the following theories: PreDomSemi, M onPreDom-
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Semi, DomSemi, PreRanSemi, MonPreRanSemi and RanSemi. We prepare 
these theories for the implementation of restricted residuals. 

• Restricted Residuals and Standard Residuals : this is an ex
citing part of our implementations. Standard residuals are actually the regular 
residuals. We also simply call them residuals which include two parts: left resid
uals and right residuals. Theories about standard residuals are OrdSemiRes, 
LResSemi, RResSemi, ResSemi and ResOSGC. Restricted residuals [Kah08] 
are defined through domain and range operators. Restricted residuals also con
tain two parts: left residuals and right residuals. The theories involving Re
stricted residuals include OrdSemiRestrRes, RestrLResSemi, RestrRResSemi, 
RestrResSemi, RestrResAndRes and RestrResOSGC. 

We build a theory by taking at least one of the following steps: 

• Establishing new structures for abstract relational algebraic by defining Isabelle 
report or Isabelle locale. 

• Defining new concepts such as subidentities, parellel morphisms by using con
stdefs in Isabelle. 

• Defining and proving lemmas about the properties of the structures of abstract 
relational algebra. 

• Defining auxiliary lemmas explicitly which will be very helpful to prove other 
lemmas. 

In the following chapters, we will proceed by discussing the theories in Figure 3.1 
as well as mark our contribution in relation to [Kah08] and [DG04]. 

10 



Chapter 4 

Thansformation of theories from categories to 
semigroupoids 

7
dSe ;sounds Se71Record 

ConvSemi 
ISidSemi j 

Conv6rdsemi 

HomSetOpOrdProps 

Fig re 4.1: Hierarchy of the theories this chapter involves 

In this chapter, we focus on three aspects: 

• Explain how we build Semi and OrdSemi and other theories, by modifying 
definitions and reformulating theorems of theory Cat and OrdCat and other 
theories in appendix B of [DG04]. Many definition and relational properties 
are defined using identities in category system. We modified them to ensure 
them adapt to our system. Here Semi and OrdSemi represent semigroupoids 
[Kah08] an ordered semigroupoids [Kah08] respectively. Similarly, Cat and 
OrdCat represent categories and ordered categories. 

• Explain the new parts we add and why we add them. Many relational properties 
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are proved using identities in category system. New theorems are added to help 
reprove many theorems involving identities in their proofs. 

• Present important decisions we made in implementing these theories. 

Semi theory is based on the predefined Main theory of Isabelle/HOL. It is at the 
bottom of our theories in Figure 3.1. OrdSemi theory is an extension of Semi. Other 
theories are extensions of Semi directly or indirectly. 

4.1 Semigroupoids (New Definition) 

Theory Semi is built in the way that theory Cat in appendix B of [DG04] is built 
except that Semi has no identity-related content of Cat because no identities are 
assumed in Semigroupoids. For theorems in Cat which are proved by taking advantage 
of the properties of identities, we reprove them in Semi by using new approaches. 

Now we proceed by explaining the important definitions in Theory Semi. Under
standing the definitions of Semi is very helpful to understand other theories. 

4.1.1 Basic definitions 

In Isabelle/Isar, we build theory Semi which is based on theory Main of Isabelle/HOL 
that is an extension of all the basic predefined theories such as Int, Set, List and Map. 

theory Semi 

imports Main 

A semigroupoid ( 0, M, src, trg, 0 ) [Kah08] is a graph, where: 

• 0 is a set of objects as vertices 

• M is a set of morphisms as edges 

• src and trg are functions such that for every morphism f from object A to object 
B, we have src f =A and trg f = B 

12 
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• 0 is a binary composition operator. The composition of two morphisms f and 
g is define · iff trg f = src g, and so src(f 0g) = src f and trg(f 0g) = trg g. 

The composition operator is associative. 

The above struct ure is defined by using records in Isabelle: 

record ('o, 'm) Semigroupoid = 

isObj :: 'o ::::} bool 

isMor :: 'm ::::} bool 

cmp :: 'm ::::} 'm ::::} 'm 

Ssrc :: 'm ::::} 'o 

Strg :: 'm ::::} 'o 

Where: 

(Objt- [1000] 999) 

(Mon - [1000] 999) 

( infixr 0 t 200) 

(srct - [1000] 999) 

(trgt- [1000] 999) 

• isObj checks whether an element of type 'o is in the semigroupoid 

• isMor checks whether an element of type 'm is in the semigroupoid 

• cmp is the composition of two morphisms in the semigroupoid 

• Ssrc and Strg give the source object and target object respectively 

Type variables 'o and 'm prior to our record name Semigroupoid indicates that 
the fields of Semigroupoid may involve these named type variables. Each field of 
Semigroupoid has a specified polymorphic type. Each field also is provided with a 
syntax to the user for convenience. For example, the type of field isObj is 'o ::::} bool, 
its syntax is (Objt- [1000] 999) . The higher the number the higher the priority. The 
annotation infix means that the symbol 0 can be used as an infix operator that 
associates to the right. The token t [DG04] in a syntax annotation applies to the 
structural parameters. 

We write 

a +-+ b = { R I R E M, src R = a, trg R = b} 
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for the set of morphisms from object a to object b of a semigoupoid S = ( 0, M, src, 
trg, 0 ). It is called the homset [BW99] from a to b. In Isabelle/Isar, the definition of 
homset is in the form { x. Px} through keyword constdefs which is used to introduce 
new concepts. The line following constdefs gives the type of homset. 

constdefs 

homset :: ('o, 'm, 'r) Semigroupoid-scheme => 'o => 'o => 'm set (infixr +-+z 300) 

homset sa b =={f. isObj sa A isObj s b A isMor s fA Ssrc sf= a A Strg sf= b} 

( 'o, 'm, 'r) Semigroupoid-scheme comprises all possible extensions to the fields of 
Semigroupoid record. The type of the pseudo-field more of the record Semigroupoid 
is made explicit by providing type parameter 'r of Semigroupoid-scheme. 

In Isabelle, the definition of a concept is usually followed by a user-level lemma for 
readability. And then other lemmas about the properties of the new concept follow 
the user-level lemma. The user-level lemma of homset is: 

lemma (in Semigroupoid) hs-def: 

a +-+ b = { f . Obj a A Obj b A Mor f A src f = a A trg f = b} 

by (unfold homset-def, simp) 

Semigroupoid locale is the first locale in our implementation which starts with the 
keyword locale, followed by the keyword fixes which fixes the structure the locale 
will be working on. We declare other locales in our implementation by import this 
locale without using fixes. The axioms are listed through the commands assumes. 
Then we use these axioms to obtain the derivation of properties of our structures. 

locale Semigroupoid = 

fixes C :: ('o, 'm, 'r) Semigroupoid-scheme (structure) 

assumes src-defined[intro?,simp]: Mor f ===? Obj (src f) 

assumes trg-defined[intro? ,simp]: Mor f ===? Obj (trg f) 

assumes cmp-defined[intro?,simp]: [ Mor f; Mor g; trg f = src g] ===? Mor (f 0 g) 
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assumes cmp-src[simp]: [ Mor f; Mor g; trg f = src g] ~ src (f 8 g) = src f 

assumes cmp-trg[simp]: [ Mor f; Mor g; trg f = src g] ~ trg (f 8 g) = trg g 

4.1.2 Theorems 

The format of a lemma in our implementation is : 

lemma (in locale. )lemma-name: 
lemma-statement 
proof 

Here lemma and in are keywords of Isabelle/Isar. locale indicates in which locale 
the lemma is defined. For example, the above lemma hs-def is defined in locale 
Semigroupoid. hs-def is visible in the scope of the locale Semigroupoid. It is also 
visible in the sco e of other locales which are directly or indirectly extensions of the 
locale Semigroupoid. The rule applies to other lemmas as well. The proving process 
proof of a lemma follows lemma-statement. 

In order to flexibly use the axioms in a locale and the definitions of new concepts, 
we need to supply all kinds of variations of axioms and the user-level lemmas of new 
concepts in Isabelle/Isar. Then we can directly or indirectly use these definitions and 
axioms in differeut settings to achieve the result we are interesting in. 

For example, the auxiliary lemmas homset,homsetO of theory Semi are variations 
of the user-level lemma hs-def We prove these variations by using lemma hs-def 
through adding i t to the simplifier. And then these variations can be added to the 
simplifier or as a11 introduction rule to inform Isabelle/Isar how to use them to prove 
other theorems. Here homsetO is added as an introduction rule. 

lemma (in Semigroupoid) homset: 

fixes a:: 'o and b :: 'o and f :: 'm 

assumes a[simp]: Obj a 

assumes b[simp]: Obj b 

assumes f[simp]: Mor f 
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assumes src[simp]: src f = a 

assumes trg[simp]: trg f = b 

shows f : a <-+ b 

by (simp add: hs-def) 

McMaster University - Computer Science 

lemma (in Semigroupoid) homsetO[intro?]: 

assumes f [intro,simp]: Mor f 

assumes [intro,simp]: src f = a 

assumes [intro,simp]: trg f = b 

shows f : a <-+ b 

proof-

from f have Obj (src f) by (rule src-defined) 

also from f have Obj (trg f) by (rule trg-defined) 

ultimately show ?thesis by (simp add : hs-def) 

qed 

In the theory of semigroupoids, we reformulate the concepts of special morphisms 
and parallel morphisms and the related theorems of the theory Cat in appendix B of 
[DG04]. 

The first theory Semi which serves as the basis of our hierarchy provides the basic 
semigroupoid record, semigroupoid locale and some important concepts for easily 
building other theories in our implementation. 

4.2 Ordered Semigroupoids (OSG) (New Definitions, New 
Theorems) 

theory OrdSemi 

imports Semi 
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Theory OrdSemi is built by extending the existing theory Semi through adding a 
new operator and the axioms for the new operator. Our higher level applications are 
then based on OrdSemi. 

In this theory. we redefine concepts and reformulate theorems of the theory OrdCat 
in [DG04]. In or · ered semigroupoids, we define subidentities without using identities, 
and give the properties of subidentities in our own way, based on the need of higher 
level implementations. 

4.2.1 Basic definitions and theorems 

In this part, we define OrderedSemigroupoid OrderedSemigroupoid and OrderedSemi
groupoid locale by using Semigroupoid report and Semigroupoid locale in the theory 
of semigroupoids . 

record ('o, 'm) OrderedSemigroupoid = ('o, 'm) Semigroupoid + 
incl :: 'm =} 'm =} bool (infixr ~z 50) 

locale OrderedSemigroupoid = Semigroupoid OS + 
assumes incl-refl[intro,simp]: Mor f ==} f ~ f 

assumes incl-trans[trans]: 

[ f ~ g; g i:; h; f : a ~ b; g : a ~ b; h : a ~ b ] ==* f ~ h 

assumes incl-antisym[trans]: 

[ f ~ g; g ~ f; f : a ~ b; g : a ~ b ] ==* f = g 

assumes comp-incl-mon[intro,simp]: 

[ f ~ f'; g :;;;; g' ; f : a ~ b; f' : a ~ b; g : b ~ c; g' : b ~ c ] 

==} (f 0 g) ~ (f' 0 g~ 

We add an ordering "~" on each homset of our structure to get a new record 
OrderedSemigroupoid. The ordering is defined only between morphisms with the 
same sources and targets,that is, it is a partial ordering. The axioms that resulted 
from adding this new symbol are listed in the locale OrderedSemigroupoid. 
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In the above locale declaration, the parameter OS is bound inside the locale Or
deredSemigroupoid. This parameter (invisibly) accurs as argument to the locale Or
deredSemigroupoid. Therefore, Locale OrderedSemigroupoid has the extensible record 
type ('o, 'm, 'r)OrderedSemigroupoid-scheme as its type. (see page 22 of [DG04]) 

In the theory of ordered semigroupoids, we reformulate most theorems of the 
theory OrdCat in appendix B of [DG04], based on the axioms defined in the above 
locale. 

4.2.2 Subidentities 

Subidentities are defined via idendities in category system [DG04]. We can not define 
them in the way in our semigroupoid system. 

''OC-isSid s R ==if isMor s R & (Csrc s R Ctrg s R) 
then incl s R (Cid s (Csrc s R)) 
else arbitrary' ' 

The concept of subidentities (see section 2.3 of [Kah08]) is introduced in the theory 
of ordered semigroupoids. We say a morphism R from a to a is a subidentity if and 
only if for all objects b and all morphisms F: a ---+ b and G: b ---+ a, we have R 0 F 
~ F and G 0 R ~ G . In Isabelle/Isar, this is written as: 

constdefs 

08-isSid :: ('o, 'm, 'r) OrderedSemigroupoid-scheme:::? 'm:::? bool (isSidz
[1000] 999) 

08-isSid s R ==if (isMor s R & Ssrc s R = Strg s R) 

then (let a = Ssrc s R in 

(\lb. 

(\If. f: homset sa b ~incl s (cmp s R f) f) & 

(Vg. g: homset s b a~ incl s (cmp s g R) g) 

)) 
else arbitrary 
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Notice how the " if A then B else arbitrary" construct is used in the definition of 
a new concept. The expression arbitrary is used for dealing with partial functions. 

The following are some theorems which are achieved from the definition of subiden
tities. One of them is isSid-def which is a user-level lemma of the above definition for 
readability. isSid-right, isSid-left, isSid and isSid-introl are four variations of isSid
def We inform Isabelle/Isar by adding some of them to the simplifier or providing 
some as introduce rules. 

Lemma isSid-def is actually a translation of the above definition of subidentities. 
When a new cmtcept is defined , we normally provide such a user-level lemma for 
future use. 

lemma (in OrderedSemigroupoid) isSid-def: 

R : a f-t a==> iflSld R = (V b. 

(V f. f : a f-t b~ ( R 8 f) ~ f) & 

(V g. g: b H a~ (g 8 R) ~g)) 

by (unfold 08-isSid-def, simp add: Let-def) 

Based on the definition of subidentities, if R is a subidentity on a, it must be a left 
subidentity. Lemma isSid-left is introduced to show this. 

lemma (in OrderedSemigroupoid) isSid-left[intro?, simp]: 

assumes R-t: R : a f-t a 

assumes R: isSJ d R 

assumes f: f : a f-t b 

shows ( R 8 f) ~ f 

proof-

from R-t R f show ?thesis by (unfold 08-isSid-def, simp) 

qed 
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If R is a subidentity on a, it must be a right subidentity. Lemma isSid-right is 
provided for this. The above lemma isSid-left and the following lemma isSid-right 
are very useful for proving inclusion-related theorems in our higher level 
implementation. 

lemma (in OrderedSemigroupoid) isSid-right[intro?, simp]: 

assumes R-t: R : a +-+ a 

assumes R: isSid R 

assumes g: g : b +-+ a 

shows ( g 8 R) ~ g 

proof-

from R-t R g show ?thesis by (unfold OS-isSid-def, simp) 

qed 

If R is a subidentity on a, it must be a left subidentity as well as a right subidentity. 

lemma (in OrderedSemigroupoid) isSid: 

assumes R-t: R : a +-+ a 

assumes R: isSid R 

assumes f: f : a +-+ b 

assumes g: g : b +-+ a 

shows ( R 8 f) ~ f & (g 8 R) ~ g 

proof-

from R-t R f g show ?thesis by (unfold OS-isSid-def, simp) 

qed 

Lemma isSid-introl shows a way to prove that a morphism R is a subidendity. In 
the lemma, the sufficient condition of isSid R is that R is a left subidentity as well 
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as a right subidentity. 

lemma (in OrderedSemigroupoid) isSid-introl: 

assumes R-t: R: ar->a 

assumes il: ;\b f. f : a r-> b===:;.. ( R 0 f) ~ f 

assumes i2: ;\b g. g : b r-> a ===::;.. (g 0 R) ~ g 

shows isSid R 

proof-

from R-t il i2 show isSid R by(subst isSid-def, auto) 

qed 

MSc Thesis - J inrong Han 

In our furthe~ applications, we usually know that a subidentity J on an object 
a includes morphism R, and need to prove that morphism R is also a subidentity 
on an object a. For this situation, the following theorem isSid-intro2 is provided. 
The process of directly proving isSid-intro2 is very complicated. In order to make its 
proving easier and make its proof shorter for readability, two lemmas, isSid-intro2-
right and isS! d-intro2-lejt, are provided to support its proving. 

isSid-intro2-right show R is a right subidentity if J is a subidentity and it includes 
R. 

lemma (in OrderedSemigroupoid) isSid-intro2-right[intro]: 

assumes j-t[intro, simp]: j : a r-> a 

assumes j[intro, simp]: isSid j 

assumes R-t[intro, simp]: R: a r-> a 

assumes Rj [intro, simp]: R ~ j 

assumes f[intro,simp]: f: ar-tb 

shows ( R 0 f) ~ f 

proof-

let ?g = j 0 f 
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have ?g: a<->b by auto 

moreover have bfl:(R 0 f) ~ ?g & (?g ~ f) by auto 

moreover have bf2 : (((R 0 f) ~ ?g) & (?g ~f)) ===} ((R 0 f) ~f) by 
(rule-tac incl-trans, auto) 

ultimately show ?thesis by auto 

qed 

isSid-intro2-left proves R is also a left subidentity if J is a subidentity and it 
includes R. 

lemma (in OrderedSemigroupoid) isSid-intro2-left [intra]: 

assumes j-t[intro, simp]: j : a<---+ a 

assumes j [intra, simp]: isSid j 

assumes R-t[intro, simp]: R: a<---+ a 

assumes Rj[intro, simp]: R ~ j 

assumes g[intro,simp]: g: b<-+a 

shows ( g 0 R) ~ g 

proof-

let ?f = g 0 j 

have ?f: b<-+a by auto 

moreover have bfl:(g 0 R) ~ ?f & (?f ~g) by auto 

moreover have bf2 : (((g 0 R) ~ ?f) & (?f ~g)) ===} ((g 0 R) ~g) by 
(rule-tac incl-trans, auto) 

ultimately show ?thesis by auto 

qed 

The conclusions of the above two lemmas provide the sufficient condition of isSid R , 
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based on lemma isSid-introl. Therefore, with the assumptions of isSid j and R [;;;; j, 
lemma isSid-intro2 easily reaches that R is a subidendity by applying those two 
lemmas. 

lemma (in OrderedSemigroupoid) isSid-intro2: 

assumes j-t[intro, simp]: j : a+-> a 

assumes j[intro , simp]: isSid j 

assumes R-t[int ro, simp]: R: a+-> a 

assumes Rj[intro, simp]: R [;;;; j 

shows isSid R 

by (subst isSid-def, auto) 

The following defines the set of subidentities on an object a. Following the def
inition, we give four theorems: Sid-def,Sid-intro, Sid-homset and Sid. Please read 
the corresponding part of appendix B for detailed information about these theorems. 
This part is developed for further domain and range applications. 

constdefs 

OS-Sid :: ('o, 'm, 'r) OrderedSemigroupoid-scheme ~ 'o ~ 'm set 
999) 

OS-Sid sa== Collect (>. m . m : homset sa a & OS-isSid s m) 

(Sidz - [1000] 

In our higher level implementations, the properties of subidentites are used a lot. 
Theorems proved via idendities in category system, are proved via subidentities in 
our system. 

4.3 Other theories (New theorem) 

We also buid some other theories like HomsetOpProps, HomsetOpOrdProps, Ord
SemiBounds, SemiAllRecords, ISidSemi, ConvSemi and ConvOrdSemi. Here, Hom
setOpProps, an direct extension of Semi, is a theory of properties of operations on 
homsets. OrdSemiBounds and SemiAllRecords are direct extensions of OrdSemi, and 
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ISidSemi is directly based on OrdSemiBaunds. In OrdSemiBaunds, upper and lower 
bounds and top and bottom morphisms are introduced. Idempotent subidentities and 
their properties are introduced in ISidSemi. CanvOrdSemi is the theory of ordered 
semigroupoids with converse ( OSGC). These theories are achieved by transforming 
the correspoinding parts in appendix B of [DG04] into our semigroupoids system. For 
example, OrdSemiBaunds is based on OrdCatBaunds and SemiAllRecards is based on 
AllRecard. 

We provide these theories for the implementations of range, domain, standard 
residuals and restricted residuals. These theories also provide solid support for the 
future implementations of semi-Allegories [Kah08] and Kleene semigroupoids [Kah08]. 
Interested readers are referred to our appendix B for these theories. Here we choose 
to discuss what we add. 

We add a new theorem isid-issid in ISidSemi which presents that an idempotent 
subidentity on object a is also a subidentity on object a. At the same time we give it 
simp and intra in Isabelle/Isar by adding intra and simp following the theorem name. 
Therefore, for our higher level applications, idempotent subidentitis automatically 
have all the properties of subidentities. 

lemma (in OrderedSemigroupoid) isid-issid[intro, simp]: 

assumes [intro,simp]: R: ISid a 

shows isSid R 

proof-

have isiSid R by (rule ISid, best) 

moreover have R : a f-t a by (simp) 

ultimately show ?thesis by auto 

qed 

A record of SemiAllegory is defined in SemiAllRecards. We present this record 
in a separate theory in order to make it easier to have theories that do not need 
these components, but components higher up in the record hierarchy. We add a field 
All-rang in the record for convenience. So we can proceed to develop the theories of 
range operation. 
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record ('o, 'm) SemiAllegory = ('o, 'm) OrderedSemigroupoid + 
meet :: 'm =? 'm =? 'm (infixr nz 70) 

conv :: 'm =? 'm (-~z [1000] 999) 

All-dom :: 'm =? 'm 

All-rang:: 'm ~- 'm 

( domz - [1000] 999) 

(rangz - [1000] 999) 
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Chapter 5 

Domain and Range 

PreRanSemi PreDomSemi 

I ConvOrdSemi 

MonPreDomSemi 

I 
MonPreDomSemi 

\ 
Ran Semi 

RDConvOrdSemi 

Figure 5.1: Dependency graph of theories involving domain and range 

The theories about domain and range are prepared for defining the concept of 
restricted residuals. Domain theories are built in ordered semigroupoids by formulat
ing the corresponding theories in ordered categories in appendix B of [DG04]. Range 
is dual part of domain. In ordered semigroupoids with converse, range and domain 
can be defined in terms of each other. This has been proved in the new theory 
RDConvOrdSemi. 

In this part, we focus on three aspects: 

• How domain and range theories are developed; 

• New theorems which are added in order to reprove theorems involving 
identities in their proofs, and theorems which are reproved; 

• New theorems in the new theory RDConvOrdSemiwhich is prepared for higher 
level application. 
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5.1 OSG with Domain 

We build the theory of ordered semigroupoids with domain through a subhierarchy of 
(PreDomSemi, MonPreDomSemi and DomSemi), which can be see from figure 5.1. 
At the bottom of the subhierarchy, PreDomSemi gets the symbol of domain operator 
from theory SemiAllRecord and gets the properties of multiplicatively-idempotent 
subidentities from theory ISidSemi. Therefore, we introduce PreDomSemi by: 

theory PreDomSemi 

imports SemiAllRecord ISidSemi 

The three axJ.oms that characterize the domain operator are introduced in the 
definition of locale PreDomSemi. 

locale PreDomSemi = OrderedSemigroupoid PDS + 
assumes dom-ISid[intro,simp]: R: a+-+ b ==} dom R: ISid a 

assumes dom-self[intro,simp]: R: a+-+ b ==} R ~ dom R 8 R 

assumes dom-ISid-cmp[intro,simp]: [ R: a+-+ b; P : ISid a] ==} dom(P 8 R) ~ P 

we proceed by giving the derived properties of the domain operator such as 
llp1,llp2, llp, dorn-is!Sld-eq and dom-decomp which satisfies a decomposition law. 
Especially we figure out new approach to reprove the following theorems in ordered 
semigroupoids which are proved by using the properties of identities in ordered cate
gories in appendix B of [DG04]. 

lemma (in PreDomSemi) isid-isbot: 

assumes [intro, simp]: isBot W 

assumes [intro, simp]: W : a+-+ a 

shows W : ISid a 

proof-

have isSid W 
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proof (rule-tac j=dom Win isSid-intro2, auto) 

show W ~ dom W by (rule isBot, auto) 

qed 

moreover have W 0 W = W 

proof

haveW o W~W 

proof-

have W ~ dom W by (rule isBot, auto) 

hence W 0 W ~ W 0 dom W by (rule comp-incl-mon2, best+) 

also have . . . ~ W by (auto) 

finally show ?thesis by best+ 

qed 

moreover have W ~ W 0 W by (rule isBot, auto) 

ultimately show ?thesis by (rule incl-antisym, best+) 

qed 

ultimately have isiSid W by (rule-tac isiSid-intro, best+) 

thus ?thesis by (rule-tac ISid-intro, best+) 

qed 

The new theorem isSid-intro2, which is introduced in theory OrdSemi, is first used 
for proving the above theorem isid-isbot, in order to avoid identities. 

In order to reprove some lemmas such as dam-stricti and dom-left-inv using the 
properties of subidentities, instead of proving them via identities, new theorem isSid
dom is introduced in the theory. At the same time, we add isSid-dom to the simplifier 
and also inform Isabelle/Isar to use it as an introduction rule. 

lemma (in PreDomSemi)isSid-dom[intro, simp]: 
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assumes [intra]: W: a+--+ b 

shows is Sid ( dom W) 

proof-

have dom W: ISid a by (rule dom-ISid, auto) 

thus ?thesis by auto 

qed 

MSc Thesis - J inrong Han 

The new theorem isSid-dom and theorem isSid-left are applied via "by auto" in 
the line of "moreover have dom R 0 R !;;;; R by auto" in the following proof of 
lemma dam-stricti . 

lemma (in PreDomSemi) dom-strictl: 

assumes [intra] : isBot (dom R) 

assumes cmp-isidbot: isBot ( dom R 0 R) 

assumes [intro,simp]: R : a +--+ b 

shows isBot R 

proof-

have isBot (dam R 0 R) by (rule cmp-isidbot) 

also have dom R 0 R = R 

proof-

haveR!;;;; dom R 0 R by (rule-tac llp [THEN ifiDl], best+) 

moreover have dom R 0 R !;;;; R by auto 

ultimately show ?thesis by (rule-tac incl-antisym, best+) 

qed 

finally show ?thesis by auto 

qed 
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Theorem isSid-dom and theorem isSid-left are automatically applied via "by 
auto" in the line of "moreover have ... [;;;;; R by auto" in the proof of lemma 
dom-left-inv. 

lemma (in PreDomSemi) dom-left-inv: 

assumes [intro]: R : a *---+ b 

shows R = dom R 0 R 

proof-

haveR[;;;;; dom R 0 R by (rule dom-self, auto) 

moreover have . . . [;;;;; R by auto 

ultimately show ?thesis by (rule incl-antisym, best+) 

qed 

For ordered Semigroupoids with monotonic predomain (MonPreDomSemi) and 
ordered semigroupoids with domain (DomSemi), we simply build them by reformu
lating theory MonPreDomCat and theory DomCat in appendix B of [DG0,1]. Mon
PreDomSemi is an extension of PreDomSemi by introducing monotonicity of the 
domain operator and DomSemi is developed by adding rule dam-local to theory Mon
PreDomSemi. So far our theory ordered semigroupoids with domain (DomSemi) is 
built. Interested readers are referred to our appendix B for detailed information about 
these theories. 

5.2 OSG with Range (New theories) 

An ordered semigroupoid with domain also has range. In ordered semigroupoids with 
converse and domain, range can be defined in terms of domain and converse: rang R 
= conv( dom ( conv R)) [Kah08] - note that subidentities are not necessary symmetric. 
In Semi-Allegories [Kah08], range can be further defined as rang R = dom ( conv R) 
because all subidentities are symmetric. In our further implementations, range need 
work in. ordered semigroupoids without converse. This means the above definitions 
are not available. 
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In this section, range is defined analogously to domain. The theory of ordered 
semigroupoids with range is built through a hierarchy of PreRanSemi, MonPre
RanSemi and RanSemi, which can be see from figure 5.1. 

Theory PreRanSemi gets the symbol of range operator from theory SemiAllRecord 
and gets the properties of multiplicatively-idempotent subidentities from theory IBid
Semi. Therefore, we introduce PreRanSemi by: 

theory PreRanS mi 

imports SemiAllRecord ISidSemi 

The three axioms that characterize the range operator are introduced in the defi
nition of locale PreRanSemi. 

locale PreRanSemi = OrderedSemigroupoid PRS+ 

assumes ran-ISid[intro,simp]: R: a+-+ b ===>rang R: ISid b 

assumes ran-self[intro,simp]: R : a +-+ b ===> R ~ R 8 rang R 

assumes ran-ISid-cmp[intro,simp]: [ R: a+-+ b; P : ISid b] ===>rang (R 8 P) ~ P 

Here axioms mn-ISid, ran-self and ran-ISid-cmp are dual to dom-ISid, dam-self 
and dom-ISid-cmp of locale PreDomSemi respectively. 

Then we proceed by giving the derived properties of range, which are dual parts 
of the properties of domain. For example, the corresponding part of "lemma (in 
PreDomSemi) dom-left-inv" is "lemma (in PreRanSemi) ran-right-inv": 

lemma (in PreRanSemi) ran-right-inv: 

assumes [intra]: R : a +-+ b 

shows R = R 0 rang R 

proof-

haveR~ R 8 rang R by (rule ran-self, auto) 

moreover have . . . ~ R by auto 
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ultimately show ?thesis by (rule incl-antisym, best+) 

qed 

In short, domain operator is a left invariant, analogously range operator is a right 
invariant. The dual parts of all the lemmas of theory PreDomSemi are presented in 
the theory PreRanSemi, such as llp, ran-stricti, ran-strict2, ran-is!S!d-eq, isSid-ran, 
isid-isbot and ran-decamp. 

For ordered Semigroupoids with monotonic prerange (MonPreRanSemi) and or
dered semigroupoids with domain (RanSemi) , we simply build them in the way we 
develop PreRanSemi. MonPreRanSemi is an extension of PreRanSemi by introducing 
monotonicity of the range operator and RanSemi is developed by adding rule ran
local to theory MonPreRanSemi. So far our theory ordered semigroupoids with range 
(DomSemi) is built. Interested readers are referred to our appendix B for detailed 
information about these theories. 

5.3 OSGC with Range and Domain (New Theory, New The
orems) 

OSGC is short of ordered semigroupoids with converse operator. We provide im
portant theorems involving domain, range and converse in the theory of OSGC with 
range and domain operators- RDConvOrdSemi theory. These theorems will be used 
to prove the properties of restricted residuals which will be introduced in the next 
chapter. 

In the section, the most important theorems we intend to prove are RDCOS-ran 
and RDCOS-dom. 

lemma (in RDConvOrdSemi) RDCOS-ran: 

assumes [intro] :R : a ....., b 

shows rang R = ( dom(R~) )~ 

Lemma RDCOS-ran shows that, in OSGC with domain, range can be defined as 
rang R = (dom(R~))~. 
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lemma (in RDConvOrdSemi) RDCOS-dom: 

assumes [intro] ·R: a+-+ b 

shows dom R = (rang(R~))~ 
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Dually, lemma RDCOS-ran shows that, in OSGC with range, domain can be 
defined as dom R = (rang(R~))~ . 

In order to prove lemma RDCOS-ran, i.e. rang R = (dom(R~))~, based on iff 
rule in Isabelle/ Isar, we provide theorem RDCOS-incl1 (i.e. (dom(R~))~ ~ rang R) 
and theorem RDCOS-incl3 (i.e. rang R ~ (dom(R~))~) first . 

lemma (in RDConvOrdSemi) RDCOS-incll: 

assumes [intro] :R : a+-+ b 

shows (dom(R~ ))~ ~rang R 

proof-

have R ~ R 8 rang R by auto 

haveR~ ~ (R c:> rang R)~ by auto 

have d: R~ ~ (rang R)~ 8 R~ by (rule-tac conv-cmp [THEN subst], auto) 

from d have dom(R~) ~ dom((rang R)~ 8 R~) by auto 

moreover have ... ~ (rang R)~ by auto 

ultimately have dom(R~) ~ (rang R)~ by (rule incl-trans, auto) 

hence dd: (dom(R~ ))~ ~ ((rang R)~)~ by auto 

from dd show ?thesis by (rule-tac conv-idem [THEN subst], auto) 

qed 

lemma (in RDConvOrdSemi)RDCOS-incl3: 

assumes [intro]:R : a +-+ b 

shows rang R ~ (dom(R~))~ 

33 



MSc Thesis - J inrong Han McMaster University- Computer Science 

proof-

let ?R' = R~ 

have (?R ') ~ = R by auto 

moreover have (rang((?R')~))~ r: dom(?R') by (rule ResOSGC-incl2 , auto) 

ultimately haver: (rang R)~ r: dom(R~ ) by auto 

from r have rr: ((rang R)~)~ r: (dom(R~))~ by auto 

from rr show ?thesis by (rule-tac conv-idem [THEN subst], auto) 

qed 

Dually, we provide theorem RDCOS-incl2 (i.e. (rang(R~))~ r: dam R) and 
theorem RDCOS-incl4 (i.e. dam R r: (rang(R~))~ ) for proving lemma RDCOS
dam, i.e. dam R = (rang(R~))~. 

lemma (in RDConvOrdSemi)ResOSGC-incl2: 

assumes [intro] :R : a f-t b 

shows (rang(R~) )~ r: dom R 

proof-

haveR r: dom R 8 R by auto 

haveR~ r: (dom R 8 R)~ by auto 

have d: R~ r: R~ 8 (dom R)~ by (rule-tac conv-cmp [THEN subst], auto) 

from d have rang(R~ ) r: rang(R~ 8 (dom R)~ ) by auto 

moreover have ... r: (dom R)~ by auto 

ultimately have rang(R~) r: (dom R)~ by (rule incl-trans, auto) 

hence dd: (rang(R~))~ r: ((dom R)~ )~ by auto 

from dd show ?thesis by (rule-tac conv-idem [THEN subst], auto) 

qed 
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lemma (in RDConvOrdSemi)RDCOS-incl4: 

assumes [intro] :R : a +--7 b 

shows dom R ~ (rang(R~))~ 

proof-

let ?R' = R~ 

have (?R )~ = R by auto 
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moreover have (dom((?R )~))~ ~ rang(?R) by (rule RDCOS-incll , auto) 

ultimately haver: (dom R)~ ~ rang(R~) by auto 

from r have rr: ((dom R)~)~ ~ (rang(R~))~ by auto 

from rr show ?thesis by (rule-tac conv-idem [THEN subst], auto) 

qed 

After the above four lemmas are proved, obviously RDCOS-ran theorem holds 
via RDCOS-incll and RDCOS-incl3. Similarly, RDCOS-ran holds via RDCOS-incl2 
and RDCOS-incL4, too. 

In the proofs of RDCOS-incll and RDCOS-incl2, the following rules have been 
used. For R : a +--> b, 

• (rang R)~ is a subidentity on b and ( dom R)~ is a subidentity on a . 

• (rang R)~: !Sid b , and (dom R)~: !Sid a. 

In the current RDConvOrdSemi theory, see the following lemmas we have proved 
before proving tht~se four lemmas for achieving the above rules. 

• RDCOS-convRan-left and RDCOS-convRan-right 
{::} (rang R) ~ is a subidentity on b 

• RDCOS-convRan-lejt, RDCOS-convRan-right and RDCOS-convRan-I 
{::} RDCOS-convRan-isiSid which proves (rang R)~: !Sid b. 

• RDCOS-convDom-left and RDCOS-convDom-right 
{::} ( Dom R) ~ is a subidentity on a 
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• RDCOS-convDom-lejt, RDCOS-convDom-right and RDCOS-convDom-I 
¢::> RDCOS-convDom-isiSid which proves (Dam R)~: !Sid a. 

At the end of RDConvOrdSemi theory, we introduce another two new theorems 
which are based on RDCOS-ran and RDCOS-dom, to support proving the property 
of restricted residuals in the new theory RestrResOSGC which will be presented in 
the next chapter. 

lemma (in RDConvOrdSemi)RDCOS-incll: 

assumes [intro]:R: a<---> b 

shows (dom(R~))~ I;: rang R 

lemma (in RDConv0rdSemi)ResOSGC-incl2: 

assumes [intra] :R : a <---> b 

shows (rang(R~) )~ I;: dom R 

See RDConvOrdSemi theory in appendix B for their proofs. 

The theories of this chapter are provided for our higher level applications -
ordered semigroupoids with restricted residuals. 
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Chapter 6 

Standard residuals and Restricted Residuals 

RestrLResSemi RestrRRes 

RDCoovorn~ v·•Sem; 
RestrResOSGC 

OrdSemiRes 

RestrResAnd Res 

Figure 6.1: Theory Dependency of restricted residuals and standard residuals 

This chapter focuses on theories standard residuals and restricted residuals and 
their properties. First we give the definition of standard residuals and their properties 
based on the corresponding part in appendix B of [DG04]. Standard residuals are 
also called residuals in this chapter. For semigroupoids of finite relations between 
arbitrary sets, standard residuals do not generally exist. In [Kah08], Kahl introduced 
the concept of restricted residuals. Following standard residuals, we give the definition 
and properties of restricted residuals in Isabelle/Isar based on section 5 of [Kah08]. 

A number of new properties of standard residuals and restricted residuals will 
be added in this chapter, based on chapter 4 of [FK98]. Also, the theorem [Kah08] 
that in ordered semigroupoids with domain and range, if standard residuals exist, 
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restricted residuals also exist and can be calculated via standard residuals, will be 
proved. 

6.1 Standard Residuals 

In this section, we first introduce the theory of ordered semigroupoids with predicates 
for standard residuals, OrdSemiRes, on which theory LResSemi and theory RResSemi 
are based. The theory OrdSemiRes extends the theory OrdSemi by the definitions of 
haveLejtRes and haveRightRes predicates. The following are the derived user-friendly 
versions of these predicates. 

lemma (in OrderedSemigroupoid) haveLeftRes-def: 

[ S : a +-t b; R : c +-t b; L : a +-t c] ===? 

haveLeftRes S R L = (V X E a +-t c. (X 0 R ~ S) = (X~ L)) 

lemma (in OrderedSemigroupoid) haveRightRes-def: 

[ S : a +-t b; L : a +-t c; R : c +-t b ] ===? 

haveRightRes S L R = (V X E c +-t b . (L 0 X ~ S) = (X ~ R)) 

For concrete relations, we have 

• The standard left-residual R L__ S 
(x, y) E (R L__ S) ~ Vz. (y, z) E R :::::> (x, z) E S 

• The standard right-residual S ---' L 
(y, z) E (S ---' L) ~ Vx. (x, y) E 1 :::::> (x, z) E S 

Standard residuals provide standard methods to translate predicate logic formulas 
involving universal quantifications into relation-algebraic formulas. 

The theory of semigroupoids with standard residuals, ResSemi, is based on the the
ories of standard left residuals and standard right residuals LResSemi and RResSemi, 
respectively. The symbols of standard left-residual and standard right-residual are 
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defined in the theory DivAllRecord. Due to symmetry, only the theory LResSemi is 
discussed here. 

The theory of left residuated semigroupoids, LResSemi, takes the standard left 
residual symbol "L-" from the theory DivAllRecord and gets its behaviors from the 
theories OrdSemiRes. Therefore, LResSemi is an extension of DivAllRecord and Ord
SemiRes. 

theory LResSemi 

imports OrdSerniRes DivAllRecord 

Two axioms f r the newly added symbol are introduced in the definition of the 
locale LResSemi. 

locale LResSemi = OrderedSemigroupoid LRS + 
assumes leftRes-homset[intro,simp]: [ R : c +--+ b; S : a +--+ b] ===? (R L_ S) : a +--+ c 

assumes leftRes[intro,simp]: [ R: c +--+ b; S : a+--+ b] ===? haveLeftRes S R (R L_ S) 

The following properties of standard left residuals are derived in Isabelle/Isar. 
Their proofs are omitted here. 

lemma (in LResSemi) lres-src: 

assumes [simp]: trg R = trg S 

assumes [simp]: Mor R 

assumes [simp]: Mor S 

shows src (R L_ S) = src S 

lemma (in LResSemi) lres-trg: 

assumes [simp]: trg R = trg S 

assumes [simp]: Mor R 

assumes [simp]: Mor S 

shows trg (R L_ S) = src R 
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lemma (in LResSemi) lres: 

assumes [intra]: R : c <-+ b 

assumes [intra]: S : a <-+ b 

assumes [intro]: X : a <-+ c 

McMaster University- Computer Science 

shows ((X 0 R) !;;;; S) = (X !;;;; (R L_ S)) 

Two theorems based on the above theorem lres are also provided for convenience. 

lemmas (in LResSemi) lresl =Ires [THEN iffDl] 

lemmas (in LResSemi) lres2 =Ires [THEN iffD2] 

The following are another two properties of standard left residuals in Isabelle/Isar. 
Their proofs are also omitted here. 

lemma (in LResSemi) incl-lres: 

assumes [intro]: T : a <-+ c 

assumes [intro]: R : c <-+ b 

shows T!;;;; (R L_ (T 0 R)) 

lemma (in LResSemi) lrescmp-incl: 

assumes [intra]: R : c <-+ b 

assumes [intro]: S : a <-+ b 

shows ((R L_ S) 0 R) !;;;; S 

Now we merge the theories of standard left-residual and standard right-residual, 
LResSemi and RResSemi, to give the theory of residuated semigroupoids, ResSemi. 

theory ResSemi 

imports LResSemi RResSemi 
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begin 

locale ResSemi = LResSemi RS + RResSemi RS 

end 
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We'll use theory ResSemi together with theory RestrResSemi, which will be in
troduced in the next section, to build theory RestrResAndRes in which restricted 
residuals is defined via standard residuals under the assumption that standard resid
uals exist. 

6.2 Restricted Residuals (New theories) 

We build the theories of Restricted Residuals in the way that standard Residuals 
related theories are developed. 

In this section, we first introduce the theory of ordered semigroupoids with predi
cates for restricted residuals , OrdSemiRestrRes, on which theory RestrLResSemi and 
theory RestrRResSemi are based. The theory OrdSemiRestrRes extends theory Dam
Semi and theory RanSemi, which are introduced in chapter 5, by the definitions of 
haveRestrLeftRes and haveRestrRightRes predicates. We define haveRestrLeftRes and 
haveRestrRightRts predicates based on the definitions of restricted left-residual and 
restricted right-residual in [Kah08]. The following are the derived user-friendly ver
sions of these predicates. 

lemma (in OrdSemiRestr Res) haveRestr LeftRes-def: 

[ 8 : a <---+ b; R : <---+ b; L : a <---+ c] ~ 

haveRestrLeftRes 8 R L = (V X E a<---+ c . ((X 0 R ~ 8) & (rang X~ dom R)) 
=(X~ L)) 

lemma (in OrdSemiRestrRes) haveRestrRightRes-def: 

[ 8 : a <---+ b; L : n <---+ c; R : c <---+ b ] ~ 

haveRestrRightRes 8 L R = (V X E c <---+b. ((L 0 X~ 8) & (dom X~ rang L 
)) =(X~ R)) 
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For concrete relations, we have 

• (x, y) E (R f- S) ¢::::::> 

Vz. (y, z) E R => (x, z) E S and :Jz. (y, z) E R 1\ (x, z) E S 

• (y, z) E (S -1 L) ¢::::::> 

Vx. (x, y) E L => (x, z) E S and :Jz. (x, y) E L 1\ (x, z) E S 

The theory of semigroupoids with restricted residuals, RestrResSemi, is based on 
the theories of restricted left residuals and restricted right residuals RestrLResSemi 
and RestrRResSemi, respectively. The symbols of restricted left-residual and re
stricted right-residual are defined in the theory DivAllRecord. Due to symmetry, only 
the theory RestrLResSemi is introduced here. 

The theory of restricted left-residual, RestrLResSemi, takes the restricted left
residual symbol "f- " from theory DivAllRecord and gets its behaviors from theory 
OrdSemiRestrRes. Therefore, theory RestrLResSemi is an extension of DivAllRecord 
and OrdSemiRestrRes. 

theory Restr LResSemi 

imports OrdSemiRestr Res Di v AllRecord 

The two axioms restrlejtRes-homset and restrlejtRes for the newly added symbol 
are introduced in the definition of the locale RestrLResSemi. 

locale RestrLResSemi = OrdSemiRestrRes RLRS + 
assumes restrleftRes-homset[intro,simp]: [ R : c +-+ b; S : a +-+ b ] ==> (R f- S) : a 

+-+c 

assumes restrleftRes[intro,simp]: [ R : c +-+ b; S : a +-+ b ] ==> haveLeftRes S R (R 
f- S) 

The following properties of restricted left-residual are derived in Isabelle/Isar. 
Their proofs are omitted here. 
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lemma (in RestrLResSemi) restr-lres-src: 

assumes [simp] : trg R = trg S 

assumes [simp] : Mar R 

assumes [simp] : Mar S 

shows src (R f- S) = src S 

lemma (in RestrLResSemi) restr-lres-trg: 

assumes [simp]: trg R = trg S 

assumes [simp]: Mar R 

assumes [simp]: MarS 

shows trg (R f- S) = src R 

lemma (in RestrLResSemi) restr-lres: 

assumes [intra]: R : c +--t b 

assumes [intra]: S : a +--t b 

assumes [intra]: X : a +--t c 
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shows ((X 0 R ~ S) & (rang X~ dam R)) = (X~ (R f- S)) 

Theorem restT-lres1 and theorem restr-lres2 are provided for convinence. 

lemmas (in RestrLResSemi) restr-lresl = restr-lres [THEN iffDl] 

lemmas (in RestrLResSemi) restr-lres2 = restr-lres [THEN iffD2] 

We also introduce another two properties ofrestricted left-residual in Isabelle/Isar. 
Their proofs are also omitted here. 

lemma (in RestrLResSemi) incl-restr-lres: 

assumes [intra]: T : a +--t c 
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assumes [intra]: R: c +-+ b 

assumes TR[intro]: rang T ~dam R 

shows T ~ R f- (T 8 R) 

McMaster University - Computer Science 

lemma (in RestrLResSemi) restr-lrescmp-incl: 

assumes [intra]: R : c +-+ b 

assumes [intra]: S : a +-+ b 

shows (R f- S) 8 R ~ S 

Finally, we merge the theories of restricted left-residual and restricted right
residual, RestrLResSemi and RestrRResSemi, to give the theory of semigroupoids 
with restricted residuals, ResSemi. 

theory RestrResSemi 

imports RestrLResSemi RestrRResSemi 

begin 

locale RestrResSemi = RestrLResSemi RRS + RestrRResSemi RRS 

end 

Theory ResSemi works together with theory RestrResSemi providing solid support 
for our top theory RestrResAndRes which is presented in the next section. 

6.3 New Theorems Added for Standard Residuals and Re
stricted Residuals (New Theorems) 

In this section, we'll discuss the new properties we provide for standard residuals and 
restricted residuals. Some of them hold for standard residuals and restricted residuals 
both. Others are slightly different. 

Two new auxiliary lemmas restr-lres-incll and restr-lres-incl2 are added in the 
theory of the restricted left-residual - theory RestrLResSemi, to prove : 
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• X ~ R 1- S ~ rang X ~ dom R 

•X~RI-5 ~X 0 R~S 

The following is their proofs. 

lemma (in RestrLResSemi) restr-lres-incll[intro]: 

assumes [intra] : X: a+-* c 

assumes [intro] : R: c +-* b 

assumes [intro]: S: a +-* b 

assumes TR[intro]: X ~ R 1- S 

shows rang X ~ dom R 

proof-

from TR have ss: (X 8 R ~ S) A (rang X [;;;;; dom R) 

by (rule-tac rest r-lres [THEN iffD2], auto) 

from ss show ?thesis by auto 

qed 

lemma (in RestrLResSemi) restr-lres-incl2[intro]: 

assumes [intra]: X : a +-* c 

assumes [intro]: R: c +-* b 

assumes [intro]: S: a +-* b 

assumes XR[intro]: X[;;;;; R 1- S 

shows (X 0 R ~ S) 

proof-

from XR have ss: (X 0 R [;;;;; S) A (rang X[;;;;; dom R) 

by (rule-tac restr-lres [THEN iffD2], auto) 
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from ss show ?thesis by auto 

qed 

The above two theorems give two direct conclusions from the auxiliary lemmas 
restr-lres which translates the definition of the restricted left-residual. Dually, new 
auxiliary lemmas restr-rres-incl1 and restr-rres-incl2 are added in the theory of the 
restricted right-residual- RestrRResSemi. 

Another two new theorems restr-lres-incl-new and restr-rres-incl-new are intro
duced in the theory RestrLResSemi and the theoryRestrRResSemi respectively. The 
following is restr-lres-incl-new. See restr-rres-incl-new in appendix B. 

lemma (in RestrLResSemi) restr-lres-incl-new: 

assumes [intro]: R : c <----> b 

assumes [intro]: S : a <----> b 

shows rang (R f--- S) [;;;; dom R 

proof-

let ?X =R f--- S 

have [intro]: ?X : a <----> c by auto 

moreover have [intro]: ?X [;;;; (R f--- S) by (rule incl-refi, best) 

have (?X 0 R [;;;; S) & (rang ?X[;;;; dom R) 

by (rule restr-lres [THEN ifiD2], auto) 

thus ?thesis by (best+) 

qed 

6.4 Restricted Residuals and Standard Residuals (New The
ory, New Theorems) 

For semigroupoids of finite relations between arbitrary sets, standard residuals do 
not generally exist. In [Kah08] , Kahl provided a theorem to propose that in ordered 
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semigroupoids wi th domain and range, if standard residuals exist, restricted residuals 
also exist and can be calculated via standard residuals. This has been proved in the 
new theory Restr ResAndRes, which is an extension of theory OrdSemiRestrRes and 
theory OrdSemiRes. 

theory RestrResAndRes 

imports OrdSemiRestrRes OrdSemiRes 

The theorem Kahl proposed in [Kah08] can be translated into two parts: 

• haveLeftReH S R L =? haveRestrLeftRes S R L' 
where: L' == L 8 dam R 

• haveRightRes S L R =? haveRestrRightRes S L R' 
where: R' =:: rang L 8 R 

which are translated into the following two lemmas in our implementation. 

lemma (in OrdSemiRestrRes) RestrRightRes-RightRes: 

assumes [simp,intro]: S: a ~ b 

assumes [simp,intro]: R : c ~ b 

assumes [simp,intro]: L : a ~ c 

assumes [intro]:haveRightRes S L R 

shows haveRestrRightRes S L (rang L 8 R) 

lemma (in OrdS miRestrRes) RestrleftRes-LeftRes: 

assumes [intra]: S :a~ b 

assumes [intra]: R: c ~ b 

assumes [intra]: L: a~ c 

assumes [intra]: haveLeftRes S R L 

shows haveRestrLeftRes S R (L 0 dam R) 
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The proofs of these two lemmas are pretty long. In order to effectively present 
how we prove them, a proof overview of the former lemma is provided here. 

haveRightRes S L R:::::? haveRestrRightRes S L (rang L 8 R) 
<=:} - standard res. def, restr. res. def 
(L 8 X[;;:; S) = (X[;;:; R) :::::? (L 8 X[;;:; S 1\ dom X[;;:; rang L) = (X[;;:; rang L 8 R) 
<=:} -three subgoals 
(X[;;:; R 1\ dom X[;;:; rang L) :::::? (X[;;:; rang L 8 R) 

- dom-self: X [;;:; dom X 8 X 
((L 8 X [;;:; S) = (X [;;:; R) 1\ X [;;:; rang L 8 R) :::::? L 8 X [;;:; S 

-rang L is a subidentity 
((L 8 X[;;:; S) = (X[;;:; R) 1\ X[;;:; rang L 8 R) :::::? dom X[;;:; rang L 

-rule dom-IS!d-cm, rule dom-incl-mon 

The proof of lemma RestrRightRes-RightRes follows. 

lemma (in OrdSemiRestrRes) RestrRightRes-RightRes: 

assumes [simp,intro]: S: a+--+ b 

assumes [simp,intro]: R: c +--+ b 

assumes [simp,intro]: L : a+--+ c 

assumes [intro]:haveRightRes S L R 

shows haveRestrRightRes S L (rang L 8 R) 

proof( rule haveRestrRightRes-def [THEN sym, THEN iffDl],best+) 

show i:VXEc +--+b. ((L 8 X[;;:; S 1\ dom X[;;:; rang L) = (X[;;:; rang L 8 R)) 

proof (intro strip) 

fix X 

assume[intro]: X : c +--+ b 

show (L 8 X[;;:; S 1\ dom X[;;:; rang L) = (X[;;:; rang L 8 R) 

proof-

have R:(L 8 X[;;:; S) =(X[;;:; R) by (rule haveRightRes, best+) 
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have L 8 X ~ S 1\ dam X ~ rang L ===} X ~ rang L 8 R 

proof-

have X: X ~ dam X 8 X by auto 

from R have (L 8 X ~ S 1\ dam X ~ rang L) 

= (dam X~ rang L 1\ X~ R) by auto 

also have ... ===} (dam X 0 X~ rang L 0 R) by auto 

from X have (dom X 8 X~ rang L 8 R) ===} (X~ rang L 8 R) 

by (rule incl-trans, auto) 

ultimately show L 8 X ~ S 1\ dam X [:;;; rang L ===} X ~ rang L 8 R 

by best+ 

qed 

moreover have X ~ rang L 0 R ===} L 0 X ~ S 1\ dom X ~ rang L 

proof(rule co jl) 

show X ~ rang L 8 R ===} L 8 X ~ S 

proof-

have [intra]: rang L 8 R ~ R by auto 

have [intro]:X ~ rang L 8 R ===}X~ R 

by (rule-tac incl-trans , auto) 

from R have[intro]: X~ R ===} L 0 X~ S by auto 

show X ~ rang L 8 R ===} L 0 X ~ S by auto 

qed 

next show X ~ rang L 0 R ===} dom X ~ rang L 

proof -

have dom (rang L 8 R) ~rang L by auto 

also have[intro]: X~ rang L 0 R ===} dom X~ dom (rang L 8 R) 
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by (rule dom-incl-mon, auto) 

have[intro]: dom X~ dom (rang L 0 R) ~dom X~ rang L 

by (rule-tac incl-trans , auto) 

show X ~ rang L 0 R ~ dom X ~ rang L by auto 

qed 

qed 

ultimately show (L 0 X~ SA dom X~ rang L) = (X~ rang L 0 R) 

by (rule iffl , best+) 

qed 

qed 

qed 

Due to symmetry, lemma RestrLejtRes-LeftRes is proved in the similar way. See 
theory RestrResAndRes in appendix B for its proof. 

6.5 New Properties Added (New Theory, New Theorems) 

We found that properties of standard residuals in chapter 4 in [FK98] , specifically, 
the following propositions 

• Propositions 4.1 
(S __,. Q) = (Q~ .__ s~ )~ 

• Propositions 4.4(i) 
(R .__ S) 0 (T .__ R) ~ (T .__ S); 
(S __,. L) 0 (U __,. S) ~ (U __,. L) 

• Propositions 4.4(iii) 
If S ~ S, R' ~ Rand Q' ~ Q, then 
(R .__ S) ~ (R' .__ S') and (S __,. Q) ~ (S' __,. Q') 
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• Propositions 4.5(i) 
(F 0 (S L_ R)) ~ (S L_ (F 0 R)); 
((Q __,. U) 0 T) ~ ((Q 0 T) __,. U) 

MSc Thesis - J inrong Han 

hold for standard residuals in ordered semigroupoids. These properties have been 
formalized in semigroupoid setting in 

• lemma (in ResOSGC) resOSGC-eq: 

assumes [mtro]:Q : a+--+ b 

assumes [intro] :S : a +--+ c 

shows (S ---' Q) = (Q~ L_ s~)~ 

Here, ResO,"'GC, which is the locale declared in the new theory of OSGC with 
standard residuals. 

• lemma (in LResSemi) lrescom-incl-fs: 

assumes [intro] :S : a +--+ c 

assumes [intro] :R : b +--+ c 

assumes [intro]:T : d +--+ c 

shows (R L_ S) 0 (T L_ R) ~ (T L_ S) 

lemma (in RResSemi) rrescom-incl-fs: 

assumes [intro]:S : a+--+ c 

assumes [intro]:L : a+--+ b 

assumes [intro]:U : a+--+ d 

shows (S --" L) 0 (U __,. S) ~ (U __,. L) 

• lemma (in LResSemi) lrescom-incl-ohk: 

assumes [intro]: S : a+--+ c 

assumes [intro]: S': a+--+ c 

assumes [intro]: R: b +--+ c 

assumes [intra]: R': b +--+ c 
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assumes S[intro]: S ~ S' 

assumes R[intro]: R' ~ R 

shows (R L_ S) ~ (R' L_ S') 

McMaster University- Computer Science 

lemma (in RResSemi) rrescom-incl-ohk: 

assumes [intro]: S : a+--+ c 

assumes [intro]: S': a+--+ c 

assumes [intro]: Q : a+--+ b 

assumes [intro]: Q': a+--+ b 

assumes S[intro]: S ~ S' 

assumes Q[intro]: Q' ~ Q 

shows (S ---' Q) ~ (S' ---' Q ') 

• lemma (in LResSemi) lrescom-incl-ex: 

assumes [intro]:F : a+--+ b 

assumes [intro]:R: b +--+ c 

assumes [intro]:S : d +--+ c 

shows (F 8 (S L_ R)) ~ (S L_ (F 8 R)) 

lemma (in RResSemi) rrescom-incl-ex: 

assumes [intro]:U : a+--+ b 

assumes [intro]:Q : a+--+ c 

assumes [intro]:T : c +--+ d 

shows ((Q ---' U) 0 T) ~ ((Q (:) T) ---' U) 

respectively. 

Among the above propositions, proposition 4.1 and proposition 4.4(i) also hold for 
restricted residuals. They have been proved in 
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• lemma (in RestrResOSGC) restr-resOSGC-eq: 

assumes [intro]:Q: a~ b 

assumes [intro]:S: a~ c 

shows (S -1 Q) = (Q~ r s~)~ 

MSc Thesis - J inrong Han 

Here, Restr ResOSGC is the locale declared in the new theory of OSGC with 
restricted msiduals. We prove this lemma by using the newly introduced two 
lemmas RDCOS-domRanl and RDCOS-domRan2 in chapter 5. 

• lemma (in RestrLResSemi) restr-lrescom-incl-fs: 

assumes [mtro] :S : a ~ c 

assumes [mtro]:R: b ~ c 

shows (R - S) 0 (T r R) ~ (T r S) 

lemma (in RestrRResSemi) restr-rrescom-incl-fs: 

assumes [intro] :S : a ~ c 

assumes [intro] :1 : a ~ b 

assumes [intro]:U: a~ d 

shows (S -l L) 0 (U -1 S) ~ (U -1 L) 

respectively. 

For proposition 4.4 (iii), in ordered semigroupoids with domain and range, when R' 
C R, dom R' C dom R holds obviously. Therefore, when R ' C R , 

V X. (rang X = dom R and X ~ ( R L_ S)) ~ dom R' C rang X . 

Hence, for such X, X~ (R' L_ S') does not hold. 

Based on the above analysis, proposition 4.4 (iii) does not hold for restricted 
left-residual. Dually, it also does not hold for restricted right-residual. 

In proposition 4.4 (iii), if R' ~Rand Q' ~ Q are replaced with R' =Rand Q' = 
Q, it holds for rest ricted residuals. This has been proved in the following two lemmas 
for restricted left-residual and restricted right-residual, respect ively. 
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lemma (in RestrLResSemi) restr-lrescom-incl-ohk: 

assumes [intra]: S : a+--+ c 

assumes [intra]: S ': a +--+ c 

assumes [intra]: R : b +--+ c 

assumes S[intro]: S ~ S' 

shows (R f- S) ~ (R f- S') 

lemma (in RestrRResSemi) restr-rrescom-incl-ohk: 

assumes [intra]: S : a +--+ c 

assumes [intra]: S': a+--+ c 

assumes [intra]: Q : a +--+ b 

assumes S[intro]: S ~ S' 

shows (S --1 Q) ~ (S' --1 Q) 

For proposition 4.5 (i) , with the assumptions rang F ~ dam Rand dam T ~ rang 
Q, it holds for restricted right-residual. This has been proved in the following two 
lemmas for restricted left-residual and restricted right-residual, respectively. 

lemma (in RestrLResSemi) restr-lrescom-incl-ex: 

assumes [intra] :F : a +--+ b 

assumes [intro]:R: b +--+ c 

assumes [intro]:S : d +--+ c 

assumes FR: rang F ~ dam R 

shows (F 8 (S f- R)) ~ (S f- (F 8 R)) 

lemma (in RestrRResSemi) Restr-rrescom-incl-ex: 

assumes [intro]:U : a+--+ b 
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assumes [intro]:Q : a +-t c 

assumes [intro]:T : c f-t d 

assumes TQ: dom T ~ rang Q 

shows ((Q -1 U) 8 T) ~ ((Q 8 T) -1 U) 

MSc Thesis - J inrong Han 

See appendix B for the proofs of the above newly introduced lemmas about the 
properties of standard residuals and restricted residuals. 

55 



Chapter 7 

Conclusion and Future Work 

7.1 Conclusion 

The work completed for this thesis was to develop a framework by building a hierarchy 
of Isabelle/Isar theories to implement relational semigroupoid theories first presented 
by Kahl in [Kah08]. 

Basic category theories in appendix B of De Guzman's thesis [DG04] have been 
transformed into our semigroupoid theories such as Semi, OrdSemi, OrdSemiBounds, 
SemiAllRecord, ISidSemi, PreDomSemi and ResSemi, by modifying definitions , re
formulating theorems, deleting theorems which are closely related to identities and 
adding new theorems to help reprove many theorems involving identities in their 
proofs, in order to adapt them to our system (about 77 pages). 

New definitions, new theorems and new theories are added to implement the 
theory of restricted residuals and its properties, as well as the properties of standard 
residual (about 46 pages). 

• Three new theories PreRanSemi, MonPreRanSemi, RanSemi are added for 
range operator. 

• A new theory RDConvOrdSemi is added to prove a number of theorems 
involving range, domain and converse for providing properties for the newly 
introduced concept- restricted residuals. 

• A number of new properties have been introduced in the new theories, 
RestrLResSemi, RestrRResSemi and RestrResOSGC, for restricted residuals 
as well as in LResSemi, RResSemi and RestrResOSGC for standard residuals. 

• New theory RestrResAndRes is provided to prove that in ordered 
semigroupoids with domain and range, if standard residual exists, restricted 
residual exists too. 
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7.2 Future Work 

The following are a number of possible future extensions of our system. 

• Implement semi-allegory theories [Kah08] which involves meet, converse and 
domain operators. Converse and domain operators, and their properties have 
been provided in the current system. 

• Implement Kleene semigroupoid theories [Kah08]. 

• Define the 1 estricted symmetric quotient [Kah08] in ordered semigroupoids 
with converse, based on the existing restricted left-residual and restricted 
right-residual theories in the system, and provide its properties. 

Since our work is done by deploying a hierarchy of Isabelle/Isar theories and the 
hierarchy is based on Isabelle/Isar locales and Isabelle records, the above work can 
be easily implem nted by extending our Isabelle records and Isabelle/Isar locales and 
"import" our theories. 

57 



Bibliography 

[Bal07] Clemens Ballarin. Tutorial to locales and locale interpretation. Technical 
report tum-i0723 , Technische Universitat Munchen, 2007. 

[BKS97] Chris Brink, Wolfram Kahl, and Gunther Schmidt, editors. Relational 
Methods in Computer Science. Advances in Computing Science. Springer, 
Wien, New York, 1997. 

[BW99] Michael Barr and Charles Wells. Category Theory for Computing Science. 
Centre de recherches mathematiques (CRM), Universite de Montreal, 3rd 
edition edition, 1999. 

[DG04] Millie Rhoss De Guzman. Relation-algebraic proofs in Isabelle/Isar. Mas
ter's thesis, Department of Computing and Software, McMaster University, 
2004. 

[DMS03] J. Desharnais, B. Molle, and G. Struth. Kleene algebra with domain. Tech
nical Report 2003-7 92-92, Universitat Augsburg,University of Augsbur, 
2003. 

[FK98] Hitoshi Furusawa and Wolfram Kahl. A study on symmetric quotients. 
Technical Report 1998-06, Fakultat fur Informatik, Universitat der Bun
deswehr Munchen, December 1998. 

[Kah01] Wolfram Kahl. A relation-algebraic approach to graph structure trans
formation, 2001. Habil. Thesis, Fakultat fur Informatik, Univ. der Bun
deswehr Munchen, Techn. Bericht 2002-03. 

[Kah03] Wolfram Kahl. Calculational relation-algebraic proofs in Isabelle/Isar. 
In Rudolf Berghammer and Bernhard Moller, editors, Relational and 
Kleene-Algebraic Methods in Computer Science, LNCS 3051 , pages 178-
190. Springer, 2003. 

[Kah08] Wolfram Kahl. Relational semigroupoids: Abstract relation-algebraic in
terfaces for finite relations between infinite types. J. Log. Algebr. Program., 
76(1):60-89, 2008. 

[KWP99] Florian Kammuller, Markus Wenzel, and Lawrence C. Paulson. Locales
a sectioning concept for Isabelle. In Y. Bertot, G. Dowek, A. Hirschowitz, 

58 



McMaster University- Computer Science MSc Thesis - J inrong Han 

C. Paulin, and L. Thery, editors, Theorem Proving in Higher-Order Logics, 
12th International Conference, TPHOLs '99, volume 1690 of LNCS, pages 
149-16 . Springer, 1999. 

[Nip07] Tobias Nipkow. A tutorial introduction to structured Isar proofs. Technical 
report, Institut fur Informatik, TU Miinchen, 2007. 

[NPW08] Tobias Nipkow, Lawrence C. Paulson, and Markus Wenzel. Isabelle/HOL 
- A Proof Assistant for Higher-Order Logic. Springer, 2008. 

[SS93] Gunther Schmidt and Thomas Strohlein. Relations and Graphs, Discrete 
Mathematics for Computer Scientists. EATCS-Monographs on Theoretical 
Computer Science. Springer, 1993. 

[Wen08] Markus Wenzel. The Isabelle/Isar Reference Manual. TU Mi.inchen, 2008. 

[Win01] M. Winter. A new algebraic approach to L-fuzzy relations convenient to 
study crispness. Information Sciences, 139(3-4):233-252, 2001. 

59 



Appendix A 

Theory dependency Graph 

In chapter 3, we gave an overview of our theory hierarchy. Here we provide a detailed 
graph of our theory collection. We also provide makers to classify our contribution 
on theories in relation to [Kah08] and [DG04]. 

• (New definitions) marks theories in which new definitions were provided. If 
the corresponding concepts exist in categories, it has been defined in a 
completely new way in our implementation based on our need. 

• (New theorems) marks theories in which new theorems were added for helping 
reprove theorems during the process of transforming theories from category 
system to our system ,or for supporting further implementations, or for 
providing new properties. 

• New theories marks new theories we added to the hierarchy (i.e., these 
theories are not present in [DG04] and [Kah03]). They are different from those 
theories which have been built by transforming theories from category system 
into semigroupoid system. 
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Figure A.l: Theory Dependency Graph 
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Appendix B 

Proofs of Relational Semigroupoids in Isabelle/Isar 

B.l Semigroupoids 

theory Semi 
imports Ma·in 
begin 

B.l.l Basic Definitions 

record ( 1o, 'm.) Semigmupoid = 

isObj :: 'o '* boot (Objr- [1000] 999) 
isMor :: 'm => boot (Mon- [1000] 999) 
cmp :: 'm '* 'm '* 'm (inllxr 0 1 200) 
Ssrc :: 1m '* 'o (srcr - [1000] 999) 
Stry :: 'm =} 

1 o ( !ry1 - [ 1000] 999) 

constdefs 
homset :: ('o. 'm, 'r) Semigroupoid-scherne :::;. 'o => 'o => 'm set (iuftxr +--+ 1 900) 
hom.!el. sa b == {!. isObj sa fl isObj s b fl isMor· s f fl Ssn: sf= a fl Si.ry sf= b} 

locale Semigroupoid = 

fixes C :: ('o , 1m, 'r) Sernigroupoid-scherne (structure) 
assumes -'rt:- rl~f'ncA[inl.m ?, sinqJ]: Mm· f ==> Obj (.m; f) 

assumes l.rg-tlejined[intrv ?,simp]: Mor· f ==> Obj (t1y f) 

assumes cmp-tlefine<l[intro? ,simp]: I Mor f ; Mor g; try f = src g J ==> Mor (! 0 g) 
assumes cmp-src[simp]: I Mor f ; Mor 9; try f = src g I ==> src (f 0 .9) = src f 
assumes cmp-try [sirnp]: ( Mor f; Mor· g; try f = sr~ g I = try (f 0 g) = try g 

- All user-level laws use homse t. premises! 

assumes crrt]J-<<.<soc[simp]: I f : a - b; g : b ..., c; h : c ..., d I 
= (! r. , g) 0 h = f (0) (g "' h) 
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B.1.2 Auxiliary Lemmas 

lemmas (in SemigmurJOitl) cmrJ-assoc-.•ym = cmp-assoc [THEN syrn] 

lemma (in Semi_qroupoid ) hs-def: 

a ..., b = {! . Obj a fl Obj b fl Mor f fl src f = a fl try f = b} 
by ("1'fn ld !• fl'l'l lll PI -rfpj ; ll;1fl1') 

For each constant definition, we will provide a user level lemma for readability. 

lemma (in Semigmupoid) lwm.set: 
fixes a :: 'o and b :: 'o and f :· 1m 

assumes a[simp] : Obj a 
assumes b[simp]: Obj b 
assumes ![simp]: Mor f 

assumes src[s·imp]: src f = a 
assumes try[simp] : try f = b 
showsf:a ..., b 

by (simp atltl : hs-def) 

lemma (in Semi_qroupoid) homsetO[intro ?]: 
assumes f [intro,simp]: Mor f 

assumes {in/.m,simp): S1'C f = a 
assumes [intm,simp]: try f = b 
shows f:a...,b 

proof -
from f have Obj ( sr·c f) by ( mlc src-dcfincd) 
also from f have Obj (try f) by (rule try-defin ed) 

ultimately show ?thesis by (simp add : hs-def) 
qed 

lemma (in Sem'igrvupoid) homsetl[·intrv ?]: 

assumes m: Mor f 
shows f : src f - trg f 

proof ( mle homsetO) 
note rn 

next 
from m show n: src f = src f by simp 

next 
from m show rm:!ry f = /.ry f by sim]J 

next 
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from m show Mor f by simp 

qed 

~lcMaster University ~ Computer Science 

lemma (in Sernigro·upoid) homset-expand[dest?]: 
f : a <-> b =9 Obj a 1\ Obj b 1\ Mor f 1\ src f = a 1\ try f = b 

by (simp add: 1"•-def) 

lemma (in Semigmupoid) homsct-defl: 

f : a <-> b = (Mor f 1\ src f = a II trg f = b) 
proof (ni.le iff!) 

assurne f : a +--+ b 
thus Mor f II src f = a II trg f = b by (simp add: homset-expand) 

next 
assume Mo·r f ll.wcf =a 1\ tryf = b 
thus f : a <--> b by (simp wid: homse/.0) 

qed 

lemma (in Semigroupoid) homset-srcObj[intro?,simp]: f: a<--> b =9 Obj a 
by ( drule homset-expand, simp) 

lemma (in Semigroupoid) homset-trgObj[intro?,simp]: f: a,_. b =9 Obj b 

by ( drule homset-expand, simp) 

lemma (in Semig!'O'upoid) lwmset-Mor·[intro,s·imp]: f : a "' b = Mor· f 
by ( drule hornset-expand, simp) 

lemma (in Semigmupoid) homsel-sn:[.•imp]: f : a <-> b =9 src f = a 
by (drule hornset-expand, simp) 

lemma (in Scmigroupoid) homset-trg[simp]: f: a<-> b = trg f = b 
by ( drule homset-expand, simp) 

lemma (in Semigro·upoid) cmp-homset [·intro!,simp]: 

assumes f [intro,simp ]: f : a "' b 
assuutes g [intm,simp]: g : b ~ c 

shows (f "' g) : a ..., c 
proof -
have [intro ,simp]:trg f = src g 
proof -
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from f have trq f = b by (rule homset-trg) 
also from g have src g = b by (rule homset-src) 
ultimately show ?thesis by simp 

qed 
have [intro,sim.p]: Mor f by (rule homset-Mor,best+) 

have [intm,simp]: Mor g by (mle hornset-Mor·,bF.St+) 
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have [intm,simp]: Mur· (! 7 g) by ('I'Ule cmp-dejined, sirn[J-all) 
have src (! 8 g) = a 
proof-
have src (! ~ g) = src f by (rule cmp-src , simp-all) 

also have . = a by (rule homset-sr~, auto) 
ultimately show ?thesis by simp 

qed 
also have try (! 8 g) = c 
proof -
have try(! (; • g) = trg g by (r-ule cmp-try , simp-all) 

also have. = c by (rule homset-trg, auto) 
ultimately show ?thesis by simp 

qed 
ultimately show ?thesis by (r·ule-tac homsetO, a·uto) 

qed 

The following two lemmas are moved here from LRcsScmi. thy and RResSemi. thy 
respectively. Because they are not actually related to standards residuals in their 
statements and their proofs. They in the theory can be share by all the theories 
which are en tensions of semigoupoids . 

lemma (in Semigmupoid) taryet-eq[simp]: 

assumes 1: trg R = trg S 

assumes [intm]: Mar R 

assumes [intm]: MoTS 
shows S : src S +---1> trg R 

proof -
haveS: src S <-> trg S by (rule homsetl, best) 

a lso have try S = trg R by (mle t [THEN sym]) 
finally show ?thesis . 

qed 

lemma (in Sernigmupoid) sour~e-eq[simp]: 
assun1es s: src L = sTc S 
assumes [intro,simp]: Mor L 
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assumes ]in.tro,simp]: Mnr S 
shows S E .m; L ..... try S 

proof -
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have S : src S ..... trg S by (rule homsetl , best) 
also have src S = src L by (mle s [THEN sym]) 
finally show 'llhe.~is . 

qed 

B.1.3 Derived Properties 

In SP.tni!,'l'OUpoids, idendil.ir.s do not. genr.rally r.xist . Ilmr. wr. givr. t.lu' ddinit.ion of 
idendites under some 1\SSumptiuus. The propcritics of idendiliL'S are not pro>·ided 
because idenditics do not generally exist and we don 't use them in our proofs. 

constdefs 
Semi-isld:: ('o, 'm, 'r) Se•rt·igroupoid-scheme ~ 1m ~ bool (isld1 - [1000] 999) 
Semi-islcl s i == if (isM or s i &: Ssr'C s i = Stry s i) 

ll1en (let a = Ssrc s i in 

(\1 b f g. 
f : homset s a b ---> 

g : homset s b a -
(cmr1 s if= f & cmp s 9 i = g))) 

else a1·bitmry 1 

lemma (in Semi9roupoid) isld-rlef(simp]: I· 

i : a ..... a = isld i = (\1 . b f g. 
f : a ...., b ___, 9 : b ...., a ---> i 0 f = f & 9 0 i = g) 

by (unfold Semi-isld-def ,sirnp add: Let-de!) 

lemma (in Semiyrvupoid) homset-inj: 
assumes il: f : a ~ b 
assumes i2: f : c +--+ d 
shows " = c A b = d 

proof (rule conjl) 
from il have src f = a by (rule homset-src ) 
moreover from i2 have sr·c f = c by ( 1-ule hornset·s•·c ) 
ultimately show a = c by simrJ 

next 
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from il have tr9 f = b by (rule hnmset-trg) 
moreover from i2 have L1y f = d by (mle homset-L1y) 
ultimately show b = d by •·imp 

qed 

B.1.4 Paralle l Morphisms 

constdefs 
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Semi-pamllel :: ('o, 'm, 'r) Semi9mupoid-scheme ~ 1m ~ 'm ~ bnol (infix ll1 200) 
Serni-pamllel sf g == (isAior· sf & isM or s g & Ssn; sf = Ssr~ s 9 & Stry sf = Stry s 

y) 

lemma (in Semigroupoi<l) pamllel-rlef: 
(J II g)= (Mm·f & Mor· g & sr'C j = S1'C9 & tryf = t·rg g) 

by (unfold Sern·i-pamllel-def, s·irnp) 

lemma (in Semigroupoid) pamllel-intm[intm]: 
assumes T-f(inl.rv]: f : a ...., b 
assumes T-g[intro]: g : a ..... b 

shows f II g 
proof ( subst pamllel-def) 

show Mm· f A Mor· g A sr·c f = S1'C g A /.ry f = try g 
proof (subst hornset-s1·c) 
from T-f have f: Mor f by (simp) 
from T-g have g: Mor g by simp 
from T-f have /1 : a = sr'C f & b = try f by (sirrqJ) 
from T-9 have gl:a = sn; g & b = try g by s·imp 

from fl 111 have fg: src f = src g & try f = trr1 !/ by simp 
from f g fg show ?thesis by auto 
next 
from T-f have f2: sn; f = a by (mlc-tac lwmset-sn;, sinw) 
from T-f f 2 show f : sr"C f ....,b by (auto) 

qed 
qed 

lemma (in Semigroupoid) parallel-intra-new: 
assumes f-t [in tm!.sirnp]: f : a ~ b 
assumes g-t[intm! 1simJJJ: g : a +--+ b 
shows J II g 
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proof ( subst parallel-de/, intra conjl) 
show Mm· f by (r-ule hornset-Mor, best+) 

next 
show Mor g by (rule homset-Mor, best+) 

next 
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have sr·c J = a by ( mle homsel.-s·rc, best+) 
moreover have sn; y = n by (rule /wrnsel-sn; , best+) 
ultimately show src f = src 9 by simp 

next 
have trg f = b by (rule lwrnset-tr9 , best+) 
moreover have l1y g = b by (r-ule hamset-lry , best+) 
ultimately show trg f = tr9 9 by simp 

qed 

lcnuna (in Semigmupuid) parnllel-symmetric: 
assumes l[intm!]: f II g 

shows g II f 
proof (rule parallel-de! [THEN iffD2]) 
from l have Mor f 1\ MoT 9 1\ sr·c f = src y 1\ try f = trg 9 

by (rule pamllel-def (THEN iffDI]) 
thus Mor y 1\ Mor f 1\ src g = src f 1\ tr9 g = trg f by simp 

qed 

Lemma homsct-eq is used to prove a subgoal of Lemma pamllel. 

lemma (in Semigmupoid) homset-eq: 
[ MoT J; !vfor· 9; STC f = sr·c y: try f = lry 9 J ==> g : src f ..., try f 

by (mle homsel-def/ (Tfi8N iffD2], s-imp) 

lemma (in Semigroupoirl) parallel[dest?]: 
assumes il: f II g 
shows 3 a b . f : a <-> b 1\ 9 : a <-> b 

apply (rule-lac x=Ssrc C f in ex!) 
apply ( rule-tac x=Strg C f in ex!) 
proof ( mle conjl) 
from il have Mor f 1\ Mar y 1\ sr·c f = src g 1\ try f = try y 

by (rule parallel-de/ (THEN iffDI]) 
from th·is have Mor f by auto 
from this show f : src f ..., trg f by (simp add: homsetl) 

next 
from ·il have i2: Mor f 1\ Mar y 1\ src f = src y 1\ try f = try y 
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by (rule parallel-de! [THEN iffDJ]) 
from i2 have Mor f by auto 
moreover from i2 have fl.,[ o7' g by a'ltto 

moreover from i2 have src f = src g by a·u.to 
moreover from i2 have trg f = trg g by auto 
ultimately show g : sr·c J <-> try J by ( mle lwrnset-eq) 

qed 

lemma (in Semigrou.poid) parallel-J[dest?,intro?]: 
assumes il: f II y 
assumes i2: f : a ~ b 
shows g: a+--+ b 

proof (rule homset-defJ [THEN ifJD2], intro conjl) 
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from -i1 have !vlor f 1\ !vlor g 1\ src f = src g 1\ trg f = try g 
by (rule parallel-de/ (Til EN iffDI]) 

thus Mar g by simp 
next 
from il have Mor f 1\ Mor g 1\ src f = src g 1\ trg f = trg g 

by (mle pm-allel-rlef (Tll!:;N iffDI]) 
then have sr~ f = sr·c g by auto 
moreover from i2 have src f = a by (rule hamset-src) 
ultimately show src g = a by simp 

next 
from 'i1 have Mar· f 1\ Mar· y 1\ sr~ f = sr·c y 1\ try f = try 9 

by (rule parallel-de! [THEN iffDt]) 
then have trg f = trg g by simp 
moreover from i2 have t·rg f = b by ( mle lwmsel-lry ) 
ultimately show lr9 y = b by simp 

qed 

lemma (in Serni9roupoid) pamllel-2(dest?,intm?]: 
assumes i/: f II y 
assumes £2: g : a ~ b 
shows f: a<-+ b 

proof -
from il have 9 II f by (rule pamllel-symmetTic) 
with ·i2 show ?thesis by (mle-tac parallel- I ) 

qed 
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B.1.5 Specia l M orphisms 

constd c fs 
Sern·i-i•Epi :: ('o, 'rn, 'r·) Sernigrvupoid-•dwrne =? 1m =? bool ('i.E]!'i l - [ 1000] 999) 

Sem i-i•Ep·i • f == if i•Mor • f 
then (let a = Ssrc sf: b = Strg ·'fin 
(V r 9 h 

g : homset s b c.: ---+ 

h : homsd .s b c ---+ 

(cmp sfg = cmp sf h)= (g =h))) 
else ar·bilrnry 

lemma (in Semigro-upoid) epi-def: 
f : a ..., b = isEpi f = {If c g h . 

g : b .... c __, h : b .... c __, (f 0 g = ! 0 h) = (g = h)) 
by (unfold Sem·i-isBp·i-def , sim11 ruld: Dct- rlef) 

constd efs 
Semi-is!vlorw :: ('o, 'm, 'r·) Semigrvupoid-scheme =? 'm. =? bool (isMono1- [1000] 999) 

Serni-isAforw ·' f == if isM or· s f 
then (let b = S•rc sf: c = Strg • fin 
{If a g h. . 
g : homset s a b ---+ 

h : hon1.sel s a b ---+ 

(crnp • g f = cmp • hf) = (g = h))) 
el•e arbitrary 

lemma (in Semigmupoid) mono-def: 
f : b ..., c = is Mono f = (If a g h . 

g : a <-+ b --> h : a <-+ b --> (g 0 f = h 0 f) = (g = h)) 
by (unfold Semi-isM ono-def, simp add: Let-de f) 

B.1.6 Special Object s 

constd e fs 
Semi-terminal :: ('o, 'm , 'r) SemigrvwJoicl-scheme =? 1o =? bool (tenninah - [1000] 999) 

Semi-tenninal • t == if i>Obj • t 
then (If a . (3! f . f : homset s a t)) 
else m·bitr-a''Y 

lemm a (in Semigroupoid) terminal-def: 
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Obj t =(terminal t = {If a. (3 ! f. f: a..., t ))) 
by {mle i1JI , unfold Serni-te·rminal-def, simp-all) 

constd efs 
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Semi-initial :: ('o, 1m, 'r) Semi_groupoid-scheme =? 'o =? bool (initial!- [1000] 999) 
Semi-initial .• i == i.,Qbj ·' i & (If a. {3! f. f: homset s i a)) 

lemma (in Sern·irJroupoid) initial-de/: 
Obj i = initial i ={If a. (3! f. f: i..., a)) 

by (rale. iJJI , unfold Serni-initial-def, simp-all) 

end 

B .2 Properties of Opera tors on Homset s 

theor y llom•etOpProp• 
imports Semi 
begin 

B .2.1 ldempotence 

constd efs 
hom."i_et-idempotent :: ('o, 'm, 'r) Semigroupoid-sche.me =? ('rn => 1m=> 'm) => bool 

(hsl dempotent1 - [1000] 999) 
hornset-idempotent • f == ADD m . isM or s m--> (j m m = m) 

lemma (in Semigroupoid) hsl dempotent-def: 
hsldernpotent f = {If m. Mor· m - • {f rn m = m)) 

by ( mlc iff/ , unfold homset-idempotent-def, ass1<rltTJtion+) 

lemma (in Sernigroupoid) hsl dempotent-intro[intro]: 
I A m. I Mor m) = {fm 1n = m) I= h.<ldernpol.entf 

by (subst hsldernpol.erd-def , sirn71) 

lemma (in Semigroupoid) hsldem.potent-intro-new: 

assumes il: (A m . I Mor rn I = (! m m = 1n)) 
shows hs ldernpol.enl. f 

proof (•ub•t h•ldempotent-def , intro •trip) 
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from il show 1\m. !vlor m ::::::::::::> f m m = m by simp 
qed 

lemma (in Sernigroupoid) hsldempotent-intro2[intro]: 
[ II a b m. . ~ m. : a ...., b J = f m m = m I = hsldempotent f 

apply ('rule hsldempotent-intm-new) 
apply ( dmle homsctl) 
apply (simp) 
done 

lcrnrna (in Semigrvupoid) hsldtrn]Jolent-intro2-new: 
assumes il: II a b rn [ m : a ...., b J = f rn m = m 
shows hsldempotent f 

proof (rule hsldempotent-intro-new, drule hornsetl) 
frorn il show f\m. mE src m ~ lrg m ::::::::::::> fm m = m by simp 

qed 

lemma (in Semigroupoid) hsldempotent[simp]: 
I hsldempotentf; m: a...., b J = fm m = m 

by (dmle hsfdernpotent-def [THEN ·ij]Dl], simp) 

lemma (in Semigrou]Joid) hsldempotent-new: 
assumes il: hs/dempotent f 
assumes i2: rn : a - b 
shows f rn m = rn 

proof -
from il have Vm. Mor rn ---> f rn m = m by (r-ule hsldernpol.enl.-def [TI/P,N ijjfJI]) 
with i2 show ?f.hesis by simp 

qed 

B.2.2 Commutativity 

Need to redefine some wnoldefo without using the concept of parallel morphisms. 
This will enable us to pro,-ide more structured proofs. We will follow definitions of 
OS-isLBound and OS-isUBound in OrdSemiBounds.thy 

constdefs 
hornset-commutat'ive :: ('o, 'm, '1·) Semigrvupoid-scheme ::::::> ('m ::::::> 'm => 1m) ;::;} bool 

(hsCornrn·utat-ivei - [1000] 999) 
homset-com.mutative sf == V m n . Semi-parallels m n ---> (! m n = f n m) 
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11 homset commutative s f ALL m n . Semi_parallel s m n 
\<longrightarrow> (f m n = f n m)" 

The commented definition given above uses the parallel definition to illustrate 
that. m and n have the same hornsel.. The pmblem with this definition is that proofs 
of lemmas about commutativity are not well- structured. 

Hence we provide a simpler definition of hsCommutative without the use of paral
lel. This lemma looks just like the definition provided above but with the expansion 
of parallel. 

"homset_commutative s f == (ALL m n . (let a = Ssrc s m; 
b = Strg s m; c = Ssrc s n; d = Strg s n in isMor s m 

\<and> isMor s n \<and> a = c \<and> b = d \<longrightarrow> 
(f m n = f n m) ))" 

The following definition is slightly shorter, more readable, but is harder to show 
than the one above. Problem is the presence implication instead of conjuctions. For 
now, I will stick with the expansion parallel as described above. 

11 homset_commutative s f == (ALL m n . isMor s m 
\<longrightarrow> (let a = Ssrc s m; b = Strg s m in 
n : homset s a b \<longrightarrow> (f m n = f n m) ))" 

But. adapting the second definition from above fm hsComrn.utative did not improve 
the structme of the proof. Hence, we stick with the old definition. 

lemma (in Semigroupoid) hsCommutative-def: 
hsCommutative f = (V m n. m. II n ___, (! m n = f n m.)) 

by (mle iffT , unfold homset-cornmutative-def, assumption+) 

lemma (in Semigroupoid) hsCommutative-intro[intro]: 
[ II m n. . [ m II n I = (! m n = f n m) ) = hsCom.mutative f 

apply (1"Ule hsCornrnutative-def [THP,N ijjfJ2]) 
apply aula 
done 
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lemma (in Semig1tJupoid) hsCon,rltutative·inlm-netv: 
assumes il: II rn n. I m II n I = (! m n = f n m) 
shows h•Cornrnutative f 

proof (subst h.sCommutative-dcf, auto) 
from il show llrn n. m II n = f m n = f n m by auto 

qed 

lemma (in Semigroupoid) hsCommutative-intro2[intro]: 
( II a b m n . [ rn : a ...., b; n : a ...., b J = f m n = f n m ] = hsCormnutative f 

apply (m!e hsCornmut<.tive-inl.m-new) 
apply ( d·rule parallel) 
apply (erulc exE)+ 
apply ( crule conjE) 
apply simp 
done 

lemma (in Semigroupoid) hsCommutati11e-intro2-new: 
assumes cornm: 1\ a b m n . ( m : a -~---+ b; n : a +-+ b ] =:::> f m n = f n m 
shows h•Comrnutative f 

proof (rule h•Cornmutative-intro-new, drule parallel) 
from comm show Am n. 3 a b. m E a +-+ b 1\ n E a +-+ b ==> f m n = f n rn by auto 

qed 

the proof above is better compare to the following: 

lemma (in Sernigro-upoid) hsCommutati'Ue-·intru2-old: 
assumes il[intro, simp]: II a b m n . ( m : a ...., b; n : a ..... b J = f m n = f n m 
shows hsCommutative f 

proof (subst h•CornmutaUve-def , intm strip, dmle pamllel, (emle exE)+, auto) 
have limn a b. m E a ...., b II n E a ...., b = f rn n = f n m by auto 

qed 

The new proof is using hsCommutative-intm-new instead of hsCommutative- def. 
This change improved the proof; we had to apply two methods back instead of five 
methods. 

lemma (in Semigroupoid) h.sCommutative: 
[ hsCornrrmtative [; m : a .-. b; n : a ..... b ) = f m n = f n m 

by ( d1-ule hsCommutative-def [Til EN i!JU 1], auto) 
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lemma (in Semigroupoid) hsCommutative-new: 
assumes i l: hsComrnutalive f 
assumes m-t('intrn]: m : (' +--+ b 
assumes n-t[intro]: n : a ...., b 
showsfmn=fnm 

proof -

:\!Sc Thesis - Jinrong Han 

fron, i.l hove '1 11~ ''· ,,~ II ~~ -. (J '" h- J ~~ d~) by (, ulL J~C;u~ihu.lu.l~i._,t.-J.Lf [Tf!r:N 
iffDI]) 
with m-t n-t show ?thesis by auto 

qed 

B-2-3 Associativity 

Looking at the proofs of the derived lemmas below for associativity of homsets, we see 
that the proof for intm2-new iti not well-structured. \Ve will try to v;ive anotlier defini
tion of hornsel-associalive that does not involve parallel. This new definition with the 
expansion of parallel is suppose to be simpler which would make hsAssoc-intm2-new 
proof nicer. 

constdefs 
homset-as.sociative :: ('o, 'm, 'r) Semigroupoid-scheme => ('m => 'm => 'rn) => bool 

( hsAssoc1 - [I 000] 999) 
hornset-a••ociative • f == ALL rn n p . isM or s m & isMo1· s n & ·isM or· • p 

& (let a = S•rc • n; b = Strg • n in 
Ssrc s m = a & Strg s m = b & a = Ssrc s p & b = Strg s p) 
- • (f (f m n) p = f m (f n p)) 

lemma (in SernirJroupoid) hsA•soc-def: 
hsAssoc f = (V m n p. Mor m II Mor n II Mor p II src m = src n II trg m = trg n 

II :m; n = s1~ p II 1.1y n = t1y p - • (f (f m n) p = f m (f n p))) 
by (rule iJfl, ·«nfold homset-assoc-iative-def , auto simp add: Let-de[) 

lemma (in Semigroupoid) hsAssoc-intro[intm]: 
( I\ m n p . [ k/07' rn; lvlo1· n; Mm· p; S1'C m = S1"C n; L1:q m = by n; 

s1-c n = s•-c p; /.!y n = t•y p] = (! (f m n) 1' = f rn (f n p)) I 
= h•As>ocf 

apply ( subst hsAssoc-def) 
apply ( intm sl!ip) 
apply (e~-ule conjE)+ 
apply •imp 

75 



MSc Thesis - Jinrong Han :\IcMaster University - Computer Science 

done 

lemma (in Semigrv·upoicl) hsAssoc-intrv-new: 
assumes 'il [in tro, simp]: I\ m n p . ( Mor m; Morn ; Mor p; src m = src n; try m = trg 

n; 

sn: n = .m p; tr:q n = trg p J = (! (! rn n) p = f rn (/ n p)) 
shows h,,Assoc / 

by (s'Ubst hsAssoc-def , ·intra strip , (erule conjE)+, a'Uto) 

lemma (in 8 emigmupoid) hsAssoc-intro2[intro]: 
assumes i4: 1\ a b m n p . I m. : a <--> b: n : a <--> b; p : a <--> b ) = 

/ (! rn n) p = f m (/ n p) 
shows hsAssoc / 

proof (rule hsAssoc-·intm) 
fixmand nandp 
assume m[in.tro, simp]: Mor m 
assume n!intro. simp]: Nlor· n 
assume 71[irtlm, simp]: Mor· p 
assume s-mn [ intro 1 simp]: src m = src n 
assume .<>-np [intra, sim..p]: src n = src p 
assume l-rrm [intro, simp]: l1y m = try n 
assume t-np [intm, simp]: trg n = trg p 
note i4 
moreover have m: src p <--> trg p by (rule-tac homsetO , auto) 
moreover have n : sr'C p ,__. trg p by ( rule-tac hom.setO, best+) 
moreover have fJ: sn; p +-+ try p by (r'Ule-tac hornsetO, auto) 
ultimately show f (f m n) p = f m (f n p) by best+ 

qed 

lemma (in Semigroupoid) h,,Assoc[simp]: 
( hsAssoc f; m : a <--> b; " : a <--> b: p : a <--> b I = f (! m n) p = f rn (f " p) 

by (drule hs.!\ssoc-def [THEN iffDt ], auto) 

lernrna (in Semigroupoid) hsAssoc-new: 
assumes il: hsAssoc f 
assumes m-t: m : a ~ b 
assumes n-t: n : a +--+ b 
assumes p-t: p : a +--+ b 
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shows f (Jm n) p = frn (Jn p) 
proof -
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from if have V rrt n p. !t1or· rn 1\ Morn 1\ At! or· p 1\ sn; m = sr·c n 1\ try m = trg n 

1\ src n = src p 1\ trg n = trg p ~ f (! m n) p = f rn (! n p) 
by (rule hsAssoc-def [THEN i!JDI]) 

with m-t n-l p-l show 'flhesi,., by auto 

qed 

To make the proof for hsAssoc-intro2-new well-structured, we expanded the par
a llel definition in the underlying homset-associative-def 

B.2.4 Totality 

constdefs 
lwmset-totalBinOp :: ( 'o , 'm, 'r) Sem'igroupoid-b·cheme =::} ( 'm => 'rn => 'm) => bool 

( hsB-in. Total! - [ 1000] 999) 
homset-totalBinOp s f == ALL m n . Semi-prnullel s rn n ~ Semi-pamllel sm. (! rn n) 

lemma (in Semigmupoid) hsllinTotal-def: 
hsBinTotal f = ('v' m n. m II n. ~ m II (! m n )) 

by (mle i!Jf, unfold hornset-totalB'in.Op-def, ll.'IS1tmption+) 

lemma (in 8emigm1<poid) hsBinTotal-intm[intm]: 

[ 1\ m n . I rn II n) = rn II (f m n) I = hsllinTotal f 
by (subst hsBinTotal-def , (nde alll)+ , rule imp! , simp) 

lemma (in Sernigmur1oid) hsBinTotal-intm-new: 
assumes -il: 1\ rn n . I m II n I = rn II (f rn n) 
shows hsBin Total f 

proof (subst hsBinTol.al-def, (mle alll)+, r-ule imp!) 
from i I have ?tht:sis by ( autu) 

qed 

lemma (in 8emigrorq1o·id) hsllinTotal-·intm2[intm]: 
I 1\ a b m n. i rn : a<--> b; n: a<--> b J = f m n: a<--> b ] = hsllinTotal f 

apply (rule hsBin. Total-intm) 
apply ( dmle pamllel) 
apply (emle exE, emle exE, emle conjE) 
apply (rule pamllel-·intru, assumption , simp) 
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done 

lemma (in Semigroupoiil) h•l1in Total-intro2-new: 
assumes il: /1. a b rn n . I m : a ~ b; n : a ,... b J ==> f m n : a ~ b 
shows hsBin.Total f 

proof (mle hsBinTotal-intm, dmle par·allel) 
trorn 1/ show /\m n. =l a b. m E a +--+ lJ 1\ n E a +--+ tJ ==> m jj f m 1L by r-ruw 

qed 

lemma (in Sernigroupoid) hsBinTotal[intro?,sirnpj: 
I h.,flin Total f ; m : a ...... b; n : a ~ b ) ==> f m n : a ~ b 

apply (drule hsllinTotal-def [TliEN iffDI J) 
a pply (frule-tac f=m and g=n in parallel-intro, assumption) 
apply (dmle-tac x=m in spec) 
apply (dmle-tac x=n in spec) 
apply simp 
apply ( emle parollel-1, assumption) 
done 

lemma (in Semignmpoid) hs11inTotal-new: 
assumes il : h•B·inTotal f 
assurnes 1n-t: m : a +--+ b 
assumes n-t: n : a +-+ b 
shows f m n : a ,... b 

proof -
from il have V m n. m II n---> m II (Jm n) by (mle hsBinTotal-dcf [TliEN ijJDIJ) 
with m-t n-t have i2: m II (! m. n) by auto 
from i2 m-t show ?thesis by ( mle [Jamllel-1) 

qed 

The lsar proof is better than t he tactic proof 

The use of with m-t instead of from i2 m-t above will not work, apparently because 
the order of the assumptions matters. 

lemma (in Semigroupoid) hsl3inTotal-Mor·[intrv?,sim7J]: 
I hsB-inTotal f; m : a ...... b: " : a ...... b ) ==> Mor (f m n) 

by (dmle hsBinTotal , auto) 

lemma (in Semigrvupoid) hsBinTo/.al-Mor·-new: 
assumes il: hsBinTotal f 
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assun1es m-t: m : a +--+ b 
assumes n-t: n : u +-+ b 
shows Mar (! m n) 

proof -
from il m-t n-t have f m n : a ~ b by (rule h.<BinTotal) 
thus ?thesis by ( mle homset-Afo1·) 

qed 

lemma (in Semigroupoid) hsBinTotal-src[simpj: 
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( hsBin Total f: m : a ...... b; n : a - b ] ==> sr-c (! m n) = a 
by (d1-ule hs/1inTotal , auto) 

lemma (in Semigroupoid) hsBinTotal-src-new: 
assumes il: hsBinTotal f 
assumes m-t: m : a +--+ b 
assumes n-t: n : a +-+ b 
shows src (! m n) = a 

proof -
from i l m-t n-t have f m n : a ,... b by ( mle hsBin Total) 
thus ?thesis by ( mle homset-sr·c) 

qed 

lemma (in Sernigmupoid) hsBinTotal-t.,y[simpJ: 
( h•llin Total f ; rn : a ...... b; n : a - b J ==> try (f m n) = b 

by (dmle hsBinTotal, auto) 

lemma (in Semignmpoid) hsBinTotal-try-new: 
assumes i/: hsJJin Total f 
assumes m-t: m : a +-+ b 
assumes n-t: n : a +--!- b 
shows try (f m n) = b 

proof -
from il m-t n-t have f m" : a <-+ b by (rule hsfl<inTotal) 
thus ?thesis by (rule homset-lry) 

qed 

B.2.5 Collections of Properties 

constdefs 
homsd-AC :: ('o, 'm, 'r) Semigroupoid-scltt:!rne :::::> Cm :::::> 'm ==> 'm) =? bool 
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(hsAC1 - [1000] 999) 
horn.':let-AC sf == homset-associative sf & homsel-commutalive sf 

lemma (in Semigro·upoid) hsAC-def: hsAC f = (hsAssoc f II hsCommutative f) 
by (mle if]I , unfold homset-AC-def , assumption+) 

lemma (in Sernigmupo·id) hsAC-inlro[inlm]: 
I hsAssoc f; hsCornmutat-ive f J = hsAC f 

by (subst hsAC-dcj , rule conjl) 

lemma (in Sem(cpvupoid) hsAC-int.m-new: 
assumes il: hsAssoc f 
assumes i2: hsCommutative f 
shows hBAC f 

proof ( subsl hsA C-def) 
from il £2 show hsAssoc f 1\ hsCommutative f .. 

qed 

lemma (in Semigmupoid) hsAC-A[sirnp]: 
I hsAC f ~ = hsAssoc f 

by (drule hs.4C-def [THEN iffDl], erule conjE) 

lemma (in Sernigrvupoid) hsAC-A-new: 
assumes il: hsAC f 
shows hsAssoc f 

proof -
from il have hsAssoc f II hsCornrnulative J by ( mle hsAC-def [ TH F:N iffTJ 1]) 
thus ?thesis .. 

qed 

lemma (in Sernigmupoid) hsAC-C[simp]: 
I hsAC f I = hsCornmutative f 

by (dnde hsAC-def [THEN iffDI], er-ule conjE) 

lemma (in Scrnigroupoid) hsAC-C-new: 
assumes il: hsAC f 
shows hsCornrnutative f 

proof -
from il have hsAssoc f II Its Commutative f by (rule hsAC-def [THEN iffDI]) 
thus ?thesis •. 
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qed 

constdefs 
homsd-ACI :: ( 1o1 'm, 'r) Semigroupo·id-scheme ~ ('m ~ 1m::::? 'm) => bool 

(h.,AC!I - [1000] 999) 
homset-ACI sf == homset-AC sf & homse/.-idernpol.enl sf 

lemma (in Sem-igroupoid) hsACI-def: hsACI f = (hsAC f II hsldempotent f) 
by (mle iff! , unfold homset-ACI-def, assumption+) 

lemma (in Scmigmupoid) hsACI-irdro[inlm]: 
[ hsAC f; hsldernpotent f J = hsACI f 

by (subst hs,1CI-def, simp) 

lemma (in Scmigmupoid) hsACI-intm-new: 
assumes d: hsAC f 
assumes i2: hsldempotent f 
shows hsACI f 

proof -
from 'i1 i2 show ?thes-is by (s·ubst hsACI-def, r-ule conjl) 

qed 

lemma (in Semigmupoid) hsACI-AC[simp]: 
I hsACI f] = hsAC f 

by (drule hs.1CI-def [THEN iffD/], erule conjE) 

lemma (in Sernigmupoid) hsACI-AC-new; 
assumes il: hsACI f 
shows hs.4C f 

proof -
from il have hsAC f II hsldernpotent f by (rule hsACI-def [THf:N if[T!I]) 
thus ?thesis .. 

qed 

lemma (in Semigroupoid) hsACI-I[sirnp]: 
[ hsACI f J = Its Idempotent J 

by (dmle hsACI-def [THEN iffDI], emle conjE) 

lemma (in Semigroupoid) hsACI-1-new: 
assumes il: hsACI J 
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shows hsldempotent f 
proof -
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from i l have hsAC f 1\ hsldernpotent f by (mle hsACI-def ]Til EN ijJUJJ) 
thus ?thesis oo 

qed 

constdcfs 
hom~et-TACJ :: ('o, 1m, 1r) Sem'igroupoid-sche.rne => ('rn => 'rn => 1m) => bool 

(hsTACh- ]1000] 999) 
hornset-TACI • f == hom.<et-ACJ sf & homset-totalBinOp sf 

lemma (in Semigroupo·id) hsTACl-def: hsTACI f = (hsACI f 1\ hsBinTotal f) 
by (ntle iff/ , unfold homset-T.4CI-def, assumption+) 

lemma (in Semigroupoid) hsTACI-intm]intm]: 
I hsBinTotal j; hsACf f ) => hsTACf f 

by (subst hsT.4CI-def , rule conjl) 

lemma (in Semig7'0UIJOid) hsTACI-intrv-new: 
asstnnes iJ: hsBinTutal f 
assumes i2: hsACI f 
shows hsT.4CI f 

proof -
from i2 i f show ?thesi.> by (subst hsTACI-def, mle conjl) 

qed 

Note that in the above proof, "from il i2 ' fails . 

Instead of "rule c:onjl' "aut.o' will also work.' 

lemma (in Semigmupoid) hsTACI-ACI ]simpj: 
[ hsTACI f I => hsACI f 

by (drule hsTACI-def ]THBN iffDIJ , erule conjE) 

lemma (in Semigmupoid) h.sTACI-ACI-new: 
assumes il: hsTACI f 
shows hsACI f 

proof -
from il have hsA CI f 1\ h>BinTotal f by (mle hsTACI-def ]TffF:N ·ijJn!J) 
thus ?thesis 00 

qed 

82 

McMaster University- Computer Science 

lemma (in Semigmupoid) hoTACJ-T]simp]: 
I hsTACI f I => hsBinTotal f 

by (drule hsTACI-de/ ]THBN 'ifTDI], erule conjE) 

lemma (in Sernigmupoid) !LSTACI-T-new: 
assumes d: hsTACI I 
shows hoBinTotal f 

proof -
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from il have hoACI f 1\ hsBinTotal f by (rule hsTACI-def ]Tf/F:N ifJnTJ) 
thus ?thesis .. 

qed 

B.2.6 Self-Distributivity 

lemma (in Semigroupoid) hsSelfD'istrl]simp]: 
assumes TACI]simp]: hsTACI f 
assumes T-m]intm,siml']: m : a ,__. b 
assumes T-n[intro ,sirnpj: n : a +-+ b 
assumes 1'-p[intro,simpj: p : a ,__. b 
shows fm (In p) = f (fm n) (frn p) 

proof -
have f m (! n p) = f (! rn m) (! n p) 

by (subst ltsldempotent ]off m a b, THEN sym], auto) 

also have . = f m (! m (! n p)) 
by (rule-tac hsAssoc, auto) 

also have ... = f m (! (! rn n) p) 
by (subst hsAssoc [of J, THEN sym], auto) 

also have ... = I (Jm (fm n)) p 
by (mle-tac hsAssoc ]THBN sym], auto) 

also have . . . = f (! (fm n) m) p 
by ( subst hsCommutative ] of JJ, auto) 

also have .. = f (fm n) (Jrn p) 
by ( mle-tac hsAssoc, auto) 

finally show ?thes·iB . 
qed 

lemma (in Sern·igroupoid) hsSelfDistr2]simp]: 
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assumes TAG! [ simp]: h~TACI f 
assumes T-m[int7V 1simp]: m : a +--+ b 
assumes T-n{intrv ,sirnp]: n : a +-+ b 
assumes T-p[intro ,simp]: p : a ...., b 
shows f (In p) m = f (fn m) (fp m) 

proof -
have f (Jn p) m = J (Jn 1') (J m rn ) 

:--JcMaster University- Computer Science 

by (subst hsldernpotent [off rna b, THEN sym] , auto) 
also have. = f (!(In p) m) m 

by (rule-lac hsAssoc [THEN sym] , auto) 
also have. = J (In (fp m)) m 

by ( subst hsAssoc [off], auto) 
also have. = fn (J (fp m) m) 

by (mle-tac hsAssoc , auto) 
also have . = J n (J m (! IJ m)) 

by (subst hsCornmutative [of/] , auto) 
also have. = f (In rn) (fp m) 

by (rule-tac h,<Assoc [THEN sym], auto) 
finally show ?thesis . 

qed 

lemmas (in Semigroupoid) hsSelfDr:str = hsSelfD-istr 1 hsSelfD-istr2 

end 

B.3 Ordered Semigroupoids: Inclusion Relation 

theory 07YiSemi 
imports Semi 

begin 

record ( 101 
1m) Orde7-eclSe1m:gmupoid = ('o, 'm) Semig1vupoid + 

incl :: 'm =<> 'm =<> bool (infixr !;1 50) 

locale OrderedSem.igroupoid = S emigroupoid OS + 
assumes ind-rejl[intm,simp] : Mm· f ==> f I; f 
assumes ind-tnnts[t.JnnsJ: 

I f I; g: g I; h; f : a ...., b: 9 : a ,.... b: h : a ,.... b J ==> f I; h 
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assumes incl-antisym[trans]: 
I f I; g; g I; /; f : a ...., b: g : a <-> b I ==> f = g 

assumes comp-incl-rn.on[intro,simp): 

\!Sc Thesis - Jinrong Han 

I f I; /'; g I; g' ; f : a <-> b; !' : a ...., b; g : b ...., c; g' : b ,.... c I 
==> (! 0 g) I; (!' .:: 91 

The next two lemmas below are derived from the axiom cornp-incl-rnon. 

lemma (in Or·deredSemigmupoid) comp-incl-monl [intm,simp]: 

assumes ·i: f I; !' 
assumes f: f : a ...... b 
assumes g: g : b +-+ c 
assumes f': f' : a +-+ b 
shows (J C" g) I; (!' 0 g) 

proof -
have gg:g I; g by (rule-t.ac incl-refl, rule homset-Mor, rule g) 
from if g f' gg show ?thesis by (rule-tac cornp-incl-mon, auto) 

qed 

lemma (in OrderedSemigroupoid) comp-incl-mon.l -new: 
assumes -i: f I; !' 
assumes [inlm]: f : a ..... b 
assumes [intm]: g : b <-> c 

assumes [intro]: f': a ...., b 
shows (! .~ g) I; (!' 0 g) 

proof -
have g I; 9 by (rule-tac incl-r-ejl, auto) 
with i show ?thesis by (rule-lac cornp-incl-rnon, auto) 

qed 

The intm at. I rihut<·'S save us from naminp; the t.ypinp; assumptions and auto suflir:ns 
rather than naming Lhe rules hom~et-Mor · and g. 

lemma (in OrderedSemigroupoid) comp-incl-mon2[intro,simp] : 
assumes i: g ~ g' 
assumes f-t[irdro]: f : a ...., b 
assumes g-t[intro]: g : b ...., c 
assumes f'-t [intro]: g': b ...., c 

shows (! 0 g) I; (! 0 91 
proof -
have f I; f by (mle-tac incl-rejl , auto) 
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with i show ?thesis by (mle-tac comp-incl-mon, auto) 
qed 

B.3.1 Transitivity Rules for Calculational Reasoning 

lemma (in Onler-edSe.rn'igrv·upoid) ind-rnonoton'ic.:.ity: 

assumes i: f [;;; g 
assumes F-mon: (/1, u v. I u [;;; v; u: a ..., b; v : a ..., b] ==> F u [;;; F v) 

assumes f-t[intm]: f : a ..., b 
assumes 9-t[intm]: g : a ..., b 
assumes F-t[intro]: /1, u. u: (a..., b) ==> F u: (A..., B) 
shows F f [;;; F g 

proof -
fro1n i F-mon show ?thesis by cwto 

qed 

lemma (in Onler-edSem igmupoid ) incl-mon: 

assumes eq: h = F J 
assumes i: f [;;; g 
assumes F-mon: (/1, u I' . [ u [;;; v; u : a ..... b; v : a ..., b ] ==> F u [;;; F v) 
assumes f-t[ intro]: f : a ..... b 

assumes 9-t [in/.rv]: 9 : a ..., b 
assumes h-t[intm]: h : A <-+ B 
assumes F-t[intro]: /1, u. u: (a...., b) ==> F u: (A..., B) 
shows h [;;; F g 

proof -
note eq 
also from i F-mon have F f [;;; F g by auto 
finally show ?thesis . 

qed 

lemma (in OrcleredSernigmupoid) mon-·incl: 
assumes i: f [;;; 9 

assumes eq: F g = h 
assumes F-rrwn: (I\ u v . [ u [;;; v: u : a ...., b; v : a ...., b J ==> F u [;;; F v) 

assumes f-t[intro]: f: a <-+ b 
assumes g-t[intro]: g : a ...., b 
assumes h-t [intm]: h : A ..., B 
assumes F-t[intm]: /1, u. u: (a<-+ b) ==> F u: (A <-+ 13) 

shows F f [;;; h 
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proof -
from i F-mon have F J [;;; F g by auto 

also from t:.q have . = h . 
finally show ?the.sis _ 

qed 

!enuna (in OtJc.le.,1St;.IJ4-~Y•v••1~ui.J) ~o>.tJ,L- :1d,.!: 

assumes eq: f = y 

assumes i: F g [;;; h 
assumes f-t[intro]: f : a ..., b 
assumes g-t[in!m]: g : a ..., b 
assumes h-t[intro]: h : A ..., B 
assumes F-t[intro] : /1, u. u: (a..., b) = F u: (A <-+ B) 
shows F f [;;; h 

proof -
from eq have F f = f? 9 by auto 
also from i have . [;;; h . 
finally show ?the,,;,, . 

qed 

le mma (in OrderedSemifJTOupoid) incl-subst: 

assumes eq: f = g 
assumes i : h [;;; F f 
assumes f-t[intm]: f : a ...., b 
assumes y-t[intro]: g : a ...., b 

assumes h-t[intro]: h : A <-+ B 
assumes F-t [intrv]: /1, u. u: (a<-+ b) ==> F u: (A <-+ B) 

shows h [;;; F g 
proof -
note i 
also from eq have F f = F g by auto 
finally show ?thesis . 

qed 

lemma (in OrderedSern·igroupo·id) subst-incl-new: 

( J = g: F f1 [;;; h; f : a ..... b: g : a ..., b; h : A <-+ 13; 
(/1, u . u: (a..., b) ==> F u: (A ..., 13)) J ==> F f [;;; h 

by (drule mon-incl, simp-all) 

lemma (in Or'der-edSernigmupoicl) incl-mon-l7mts: 
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I h ~ F f; f ~ g; (/\ u v . I u ~ v; u : a..., b; v : a..., b j = F u ~ F v); 
f : a ..., b; g : a ..., b; h : c ..., d; 
(/\ u . u: (a..., b) = F .,: (c..., cl)) 
J=h~ Fg 

by ( rule-tac incl-tran8, assumption, simp-all , simp-all) 

lemma (in OnLenxlSemigmupoid) i1td-m01t-l1nns-1tew: 

assumes il: h ~ F f 
assumes i2: f ~ g 
assumes F-Mon: 1\ u v . I u !; v ; u : a ..., b; v : a ..., b ) = F u !; F v 

assumes f-t[intro]: f : a ..., b 
assumes g-t[intro]: g : a ..., b 
assumes h-t[intro]: h : c <-+ d 
assumes F-t[·intro]: 1\ u. u: (a<-+ b) = F u: (c <-+ cl) 
shows h !; F g 

proof -
note il 
also from i2 F-Mon have F f ~ F g by best 

finally show ?thesis by be"t 
qed 

lemma (in OrderedSemigroupoid) incl-incl-trans: 

assumes il: f !; g 
assumes i2: h !; k 
assumes cq: F g = G h 
assumes F -mon: A u v . [ u ~ v; u : a ..-. b; 1' : a ~ b ] ====} F u ~ F 11 

assumes G-mon: 1\ x y . [ x !; y; x : c <-+ d; y : c <-+ d ! = G x !; G y 
assumes f-t[intro]: J : a ..., b 

assumes g-tl·intro]: g : a .... b 

assumes h-tlintro): h : c <-+ d 
assumes k-t[intro]: k : c ..., d 
assumes F-t [intro]: 1\ u. u : (a<-+ b) = F u: (A <-+ 8) 
assumes G-tlintro]: 1\ x. x : (c <-+ d)= G x: (A <-+ 8) 
s hows F f !; G k 

proof (rule-tac g=F gin incl-tmns) 
from il F-mo1< show F f !; F g by auto 

next 
from eq i2 G-mon show F g !; G k by auto 

next 
show F f E A <-> B by auto 
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next 
show F g E A .... B by auto 

next 
show G k E A <-+ B by auto 

qed 

B .3.2 Properties of Automorphisms 

constdcfs 
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OS-tmns·iti'Ue :: ('o, 'm, 'r) Onl.eredSemigm·upoid-scheme => 'm =;. bool 
( transitive1 - I 111001 .999) 

OS-tmn.,itive 8 R == if isM or s R & (Ssrc 8 R = Strg s R) 
then incl" (cmp s R R) R 
else ar·bit7my 

lemma (in OrderedSemigroupoid) transitive-de!: 

R: a<-+ a = lmnsil.ive R = (R 0 R!; R) 
by (unfold OS-tmnsitive-def, s·imp) 

lemma {in OrderedSemigroupoid) tmruitive-expand: 

assumes n: lnmsilive R 
assumes rn: ll : a +-+ a 
shows R r .. R !; R 

proof -
from n rn show ?thesis by ( rule-tac transitive-de! I Tfl "N iiJD 1]) 

qed 

lemma (in OrdcredScmigroupoid) tronsitive-introlintro]: 
assumes n: R 0 R !; R 
assumes m: R : a +---+ a 
shows tTansitive. R 

proof -
from n m show ?thesis by (rule-tac transitive-de! [THEN iff02]) 

qed 

The following lemmas are useful for showing properties of residuals . 

lemma {in OrderedSemigroupoid) indirect-ineq': 

I R : a <-> b: S : a ~ b ) = (( R !; S) = (V C . C : a <-> b ---> C !; R ---> C !; S)) 
apply ( mlc -if)'/ ) 
apply (intra strip) 
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apply (rule-tac incl-trans) 
apply auto 
done 
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le mma {in OrderedSemigroupoid) indirect-ineq: 
assumes [intmJ: R : a <-> b 
assumes \ introj: li : a <-> b 

s hows (R !;;; S) = (V C .C: a ..., b - C !;;; R --. C !;;; S) 
proof -
have (R!;;; S) = {V C .C: a ,..., b __, C!;;; R --. C!;;; S) 
proof -
assume ind: R !;;; S 
s how V C. C E a ..., b __, C [;;; R - C [;;; S 
proof ( intro strip) 
fix C 
assume [int7vJ: C E a ..., b 
assume [introJ: C !;;; R 
also from in.cl have R !;;; S by simp 
finally show C !;;; S by best+ 

qed 
qed 
moreover have {V C .C: a .... b - C!;;; R __, C [;;; S) = (R [;;; S) by( auto) 
ultimately show ?thesis by ( m/P. ifJI , best+) 

qed 

lemmas {in OrderedSem.igroupoid) indir-ineql = indirect-ineq [ T IIBN ijJD I) 
lemmas (in Onler-edSemigmupoid) indir·-ineq2 = indir~ct-inelf [TIIP,N ijJD2) 

lemma (in OrderedSemigrvupoid) indirrct-equality: 
I R: a..., b; S: a..., b J = (R = S) = (V C .C: a ..., b __, ((C!;;; R) = (C!;;; S))) 
apply ( r u.le iff!) 
apply ( intro str'ip) 
apply auto 
apply (rule incl-ant.isym [THEN sym)) 
apply (rule- t.ac indr:r-ect-ineq [Til EN ifJD2)) 
apply aut.o 
done 

le mmas (in OrderedSemigroupoid) indir-eql = ind·irect-equality [Til EN ·ijJD tJ 
lemmas (in Or·der~SemigmU/>Oid) indir·-eql! = indirect-equality [TIIt;'N iffD2) 
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B.3.3 Subidentities 

constdefs 
OS-isSid :: ('o, 'm, 'r) Orderet!.Semigroupoid-scheme '* 'm '* bool (i.•Sld! - [1000) 999) 

OS-isSid s R == if (isM or s R & SSt ·c s R = S try s R) 
then (let a= Sore • R in 
('l b. 
(V f. f: hontse t .sa b >incl s (cmp s R f) f) & 
(Vg. g : lwrnset ,, b" --. incl s (cmp s g R) g) 

)) 
else arbUrary 

lemma (in OnleredSemigroupoid) i.sSid-def: 
R : a .... a = ·ioSid R = (V b. 

(V f. j : a ..., b--. ( R <':J f) !;;; f) & 
(V g. g : b ..., a - (g ,:y R) !;;; g)) 

by (unfold OS-isSid-def , simp Cldd: Del-de!) 

lemma {in OrderedSem igroupoid) isSi d-left[intm , simp): 
assumes R-t: R : a ~ a 
assumes R: i.sSid R 
assumes f: f : a .... b 
shows ( R 0 f) !;;; I 

proof -
from R-t R f show ?thesis by (unfold OS-isSi d-def , .•im7J) 

qed 

lemma (in OrderedSemigmupoid) isSi d-right [intro , simp) : 
assumes R-t: R : a .... a 
assumes ll : isSid ll 
assumes g: g : b +-+ a 
shows ( g 0 R) [;;; g 

proof -
from ll-t n g show ?thesis by (unfold OS-i,,Sid-dej , .simp) 

qed 

le mma (in Or·der~dSemig'I'Oupoid) isSi d: 
assumes R-l: R : a +-+ a 
assumes R: isSi d R 
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assumes f: f : a <--> b 
assumes g: g : b +--+ a 

shows ( ll 7 f) !;;; f & (g ~ - R) I; g 
proof -

:\lcMaster University - Computer Science 

from R-t R f g show ?thesis by (unfold 08-isS/d-def, simp) 
qed 

lemma (in OrderedSernigro·upoid) isSld-introl : 
assu1nes R-t: R: a+--+a 

assumes il: 1\b f. f : a ,_. b= ( R r, f) I; f 
assumes il!: 1\b g. g : b <--> a = (g 8 R) I; g 
shows is8Id R 
proof -

from R-t i l i2 show isSid R by(subst i.•Sid-def, auto) 
qed 

lemma (in OrderedSem'(groupoid) isS!d-intro2-right[intro]: 
assumes j-t[intro, sirnp]: j : a <--> a 
assumes j[intro, simp]: isSid j 
assumes R-t[intm , simp]: R : a ..._, a 
assumes Rj[intro, simp]: R I; j 
assumes f[intro ,simp]: f: a<->b 
shows ( R 8 f) i;f 

proof -
let ?y = j 8 f 
have ?g: a<->b by auto 
moreover have bfl:(R <:'> f) I; ?g & ( ?g I; f) by auto 
moreover have b/2: (((li ? f) I; ?g) & ( ?g I; f)) = ((R 8 f) I; f) by (nde-tar; 

incl-trans, anto) 
ultimately show ?thesis by auto 

qed 

le mma (in OrderedSemigro·upoid) isSid-intro2-left[intro]: 
assumes j-t[intro. simp]: j : a ,..., a 
assumes j[intro, simp]: isS/d j 
assumes R-t[·intm, simp]: R : a <--> a 
assumes Rj[intro, simp]: R I; j 
assumes g[intro,simp]: g: b<->a 
shows ( g ,., R) I; g 
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proof -
let ?f = g (0 j 
have ?f: b<->" by auto 
moreover have bfl:(y 8 R) I; ?f & ( ?f I; g) by auto 
moreover have bf2: (((g 0 R) I; ?f) & ( ?f I; g)) = ((g r, R) I; g) by (rule-tac 

incl-tnms, auto) 
ultimately show ?thesis by nuto 

qed 

lemma (in Onler"CdSernigmupoid) isShl-intm2: 
assumes j-t[intro, simp]: j : a +--+ a 
assumes j[intro, simp]: isS/d j 
assumes R-t[intro, simp]: R : a ..._, a 
assumes Hj[intm, Bimp] : R !;;; j 
shows isS!d n 
by (subs t isSid-def, auto) 

constdefs 
OS-Sld :: ('o 1 'm, 'r) OrderedSemigroupoid-sclu~me => 'o => 'm set 
OS-Sid s a == Collect (>. rn . rn : homset s a a & OS-isSid s m) 

lemma (in Or·deredSemigmupoid) Sid-def: 
Sid a = { m . m : a <--> a & isSid m } 

by (unfold OS-Sid-def , simp) 

lemma (in OrderedSemiymupoid) Sld-intro[inl.m]: 
I R : a ..._, a; isSid R] = R : Sid a 

by (unfold OS-Sld-def, simp) 

lemma (in Or·der·erJSemigmupoid) S ld-homset[iatm,simrJ]: 
R : Sid a = R : a <--> a 

by (unfold 08-Sid-def, simp) 

lemma (in Or·dery;dSemigmupoid) S ld[intm?,Bimp]: 
R : Sld a = isSid R 

by (unfold 08-Sid-def, simp) 

end 
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B.4 Ordering Properties of Operators on Homsets 

theory lfumset0]J0n1Pm ]JS 
imports OrdSerni llurnsetOpPmps 
begin 

B.4.1 Monotonicity of Unary Operators 

constdefs 
humsct-klon :: ('o, 'm, 'r) OrderedSernigro·upoid-scheme => ( 'rn. => 'rn) => bool 

(hsMom- [1000] 999) 
homse/.-Mo71 sf == ALL 11/. 11 • incl s rn 71 ~ incl s (f rn) (f 71) 

lemma (in Ordere.dSem·igrourJOid) hsMun-def : hsMon f = (It rn n. rn !;; n ~ f m. !;; f n) 
by (unfold homset-Mon-def , sim11) 

lemma (in Onler-e.dSemigrvupoid) h•Mon-i11tru[intrv ?]: 
I 1\ m n . I m I; 11 J =* f m !;; f nJ =* hsMun f 

by (subst hsMon-def, intm strip, simp) 

lcrnnta (in Onl.er'edSemigmurJoitl) hs/l!lon- intm-r,ew: 
assumes d: 1\ m n . I rn !;; n I =* f m !;; f 71 

shows h•Mon f 
proof (subst hsMon-def, intro strip) 
from il sliow 1\ m n. m!;; 11 =* fm!;; f n by simp 

qed 

lemma (in OrderedSemigmupoid) hsMon[intro ?, simi>]: 

I h•Mon J; "' !;; n ) = f m !;; J rL 
by (dmlc hsMon-def [Til EN ifJDI] , auto) 

lemma (in OrderedSemigroupoid) hs!vlon-new: 
assumes iJ: hsMon f 
assumes i2: m ~ n 
shows fm!;; fn 

proof -
from i l have (V rn n. m !;; n ~ f m !;; f n) by ( mlc I'"Mon-dcf [Til F:N ijf/J I]} 
with i2 show ?/.11esis by auto 

qed 
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B.4.2 Monotonicity of Binary Operators 

To improve the structure of the proofs of 

hsllinMonl-intro-new and hsBinMon:l-intm-new, we have to rewrite the underly
in~ definit.ion of homset-BinMunl by f'xpandin~ t.he parallel clefinit.ion. 

constdefs 
homset-BinMonl :: ('o, 'm, '1") Onien~dSemigmupoid-schemc~ => ('m. => 'm => 'rn) :::::> bool 

(hsBinMunll - [ 1000] 999) 

homset-BinMonJ sf== ALL m n p . isM or s rn & isM or s n & isM or s p & 
(let a = Ssrc s m : b = Strg s m in 
a = Ssr~ s 11 & b = Sl.ry s n & 
a = Ssrc s I' & b = Strg s p) & 
incl s m n ~ incl s (Jm p) (fn p) 

The fo llowing is the original definition of homset-B-inMonl . 

"homset_BinMonl s f == ALL m n p Semi_parallel s m n 
\<longrightarrow> Semi_parallel s m p 
\<longrightarrow> incl s m n 
\<longrightarrow> incl s (f m p) (f n p)" •) 

lemma (in DrderedSemigroupoid) hsBinMonl_def: 
"hsBinMonl f = (\<forall> m n p. m \<parallel> n \<longrightarrow> 

m \<parallel> p \<longrightarrow> m \<sqsubseteq> n 
\<longrightarrow> f m p \<sqsubseteq> f n p)" 
by (unfold homset_BinMonl_def, simp) 

lemma (in OrderedSemigroupoid) hsBinMonJ-def: 
hsBinMonl f = (It m n p . Mor m II Mor· n II Mm· p II sr-c m = sr~ n II try m = /.7y n II 

sr·c m = .m; 1' II try m = try]! II rn!;; n ~ f rn p!;; f n p) 
by (unfold hurnset-Bi11Monl-def , •imp add: Let-de!) 

lemma (in Or·der~dSernigmupoid) hsBinMonl -intm-O[intro YJ: 
I A m n IJ . I m ~ n; Mo'r m; A.fo·r u; Mm· 71; S1'C rn = sr·c n: 

trg rn = try 11; •rc rn = src p: try m = try p J 
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= f m p [;;; f n p] = hsBinMonl f 
by (subst hsBinMonl-def, intro sl.riTJ, auto) 

lemma (in OrderedSernigro·upoid) hsBinMonl -intro-0-new: 
assumes il: 1\ m n p . [ m [;;; n; Mor m; Morn; Mor p: src m = src n; 

try m = tr'!} n; sr·c m = sr~ p; trg rn = t·1g p I = f m p [;;; f n p 
shows hsBinMonl I 

proof (subst hsBinMonl-dej, intra strip, auto) 
from il show 1\m n p. 

[ Mor rn; Jvfor n; Mor p; src p = srr n; trg p = trg n; src m = src n; 
trg m = 11'!} n; m [;;; nJ = f m p [;;; In p by simp 

qed 

lemma (in OrderedSern'igroupoid) hsBinMonl-intro['intm?J: 
assumes it: 1\ a b m n p . [ m !:: n; m : a +--l> b; n : a +-+ b; p : a +-+ b ] 

=fmp[;;fnp 
shows hsBinMonl f 

proof (rule hsBinMonl-intro-0) 
fix m and nand p - ThiH makes Isahcllc acr.epl l.hc· '·show ·: ! 
assume incl[intm, simp]: m ~ n 
assume [intra]: Mar rn 
assume [intro]: Morn 
assume [intmJ: Mor· p 

assume [intro,simp]: sn: m = S1'C n 
assume [intro,simp]: trg m = trg n 

assume s-mp: src m = src p 
assume l-mp: try m = try p 

note il - !\1ure elegant tllau tl1e 11ext li11e. See also r-ule-lac iJ in the next lemma 
moreover have m ~ n by simp 

moreover have m : src m ~ trg m by ( rule-tac homsetl, best+) 
moreover haven: src m +-+ trg m by (n.tle-tac homsetO, auto) 
rnoreover frorn s-mp t-mp have p: src m +-+ lrg m by (rule-lac homsetO, auto) 
ultimately show f m p [;;; f n p by best+ 

qed 

lemma (in Order·edSemigmupoid) hsBinMonl-intm-new[intro?J: 
fixes f - makes 110 difference 
assumes il: 1\ a b m n p . [ m [;;; n; m : a ""' b: n : a ,__. b; p : a <-> b j 

=fmp[;;fnp 
shows hsBinMonl f 
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proof (rule hsBinMonl-intro-0) 
fix a and b and m and n and p 
assume [simp, int·ro]: rn ~ n 

assume [simp, intra]: Mar rn 
assume [simp, intro[ : Morn 
assume [simp, intra]: Mar p 
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assume sn[sirnp, inlr'O]: sr·c m = src n- these :'Uiverging equatiow;" ueeU. spedal treat
ment below 
assume tn[simp, intra] : trg m = trg n 
assume sp[simp 1 intra]: src m = siT p 
assurne l.p [simp 1 intra]: try rn = try p 
assume [s-imp, intra] : a = src p 
assume [simp, intro]: b = trg p 
have [simp, intra]: .m: n = src p by (subst sn [THEN sym], rule sp) 
have [simp, intm]: try n = try p by (subst tn [THRN sym], mle tp) 
have [simp, intm]: Obj a by auto 
have [simp, intra]: Obj b by auto 
have [simp, intro] : m: a,__. b by (rule homset, auto) 
have [simp, intro]: n: a,__. b by (rule homset, aul.o) 
have [simp, intra]: p: a""' b by (mle homset, a·uto) 
show f rn p [;;; f n p by (rule il, auto) - from il didn't work. 
- How does rule i1 work? How does it differ from from il 

qed 

lemma (in OrderedSemigroupoid) hsBinMonl['intro?, simp]: 
[ hsBinMonl f: m [;;; n; m : a <-> b; n : a <-> b; p : a <-> b I = f m p [;;; f n p 

by (dmle hsBinMonl-def [THF:N ij]nt], aul.o) 

lemma (in OrderedSemigroupoid) hsBinMonl-new: 
assumes -il: hsBinMonl f 
assumes i2: m ~ n 
assumes m-t : rn : a t-t b 
assumes n-t: n : a t-t b 
assumes p-t: p : a t-t b 
showsjmp[;;fnp 

proof -
from if have \:/ m n p. Mor rn 1\ Morn A MoT p A sn: m = src n A tTy m = t1y n A 

src m = src p 1\ trg m = trg p 1\ m [;;; n __, f m p [;;; f n p 
by (rule hsBinMonl-def [THEN ifJD IJ) 

with i2 m-t n-t 71-t show ?thesis by sim71 
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qed 

constdefs 
hornset-B-inMon2 :: ('o, 1m, 'r) OrderedSem-igruupo·id-scheme => ('m => 'm => 'rn) ==> boot 

(hsBinMon2>- [1000] 999) 
homset-BinMon2 s f == ALL m n p . i.sMoT s m & 1:sMm· 8 n & isM or· s p 

~ ( lcl a - Ss:-c s m; b = Slrg s m i-:! 
a = Ssrcsn& b = Strysn 

& a = Ssrc s p & b = Strg s p) 
& ind s rn n ~ incl s (! p m) (! p n) 

lemma (in OrderedSemigro-upoid) hsBin!vfon2-def: 
hsBinMon2 f = (V m n p . Mor m 1\ Mor n 1\ Mor p 1\ src m = src n 

1\ trg rn = trg n A 8TC m = src p 1\ tr,q m = trg p 

1\ m [;;; n - • f p m [;;; f p n) 
by (unfold homset-BinMon2-def , simp add: Det-def) 

lemma (in OrderedSemigroupoid) hsBinMon2-intro-O[intro ?] : 
[ A m n p . ( m ~ n; .!v/01· m; Mor n; Mor· p; src m = sr·c n; /.1 g m = /.ry n; 

sn: m = snc p; try m = try p ] =} f p m [;;; f p n) =} hsB'inMon2 f 
by (subst hsBinMon2-def, 'intro strip , auto) 

lemma (in Orden,dSemigmupoid) hsBinMon2-intm[intrv ?]: 
assumes i l : II a b m n 1' . [ m [;;; n; m : a ..., b: n : a ..., b; p : a ..., b ) 

=}fprn[;fpn 
shows hsBinMon2 f 

proof (mJe hsBinMon:!-in /.rv-0) 
fix rn and n and ]J 

assume incl[intro, simp]: m [;;; n 
assume [intro, simp]: Mor m 
assume [intm, simp]: Morn 
assume [in tm, simp]: Mor·l' 
assume (intra, simp]: src m = src n 
assume [intro, simp]: trg m = trg n 
assume s-mp(intro, simp]: 8T'C m = src p 
assu1ne t-mp[intrv, simp]: try m = try p 

from il have II a b rn n p . I m [;;; n: rn : a ..., b; n : a ..., b; p : a ..., b J 
=} f p rn [;;; f p n by simp 

moreover have m ~ n by simp 
moreove r have m: sr"C m t-+ try m by (rule homsetl , best+) 
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moreover have n : src m +--+ trg m by (rule homsetO, auto) 
moreover from s-mp 1.-mp have p: S'I'C m +--+ tty m by (1'Ule -l.ac homseW, auto) 
ultimately show f p m [;;; f 1' n by best+ 

qed 

lemma (in Ot·d.,·edSemigmupoid) hsBinMon2[intm ?, sirnp]: 
~ hsBin!:fo-:!2 f; :-n ~ :t ; m : a ( b; n : a < ' b; p : c. c ' b ~ ~ f;; r:-~ ~ J p ;! 

by (drule hsBinMon2-def [Til EN ijJDt], auto) 

lemma (in OrdemrlSemigroupoid) h.<BinMon2-new: 
assumes i f: hs/JinMon2 f 
assumes £2: m ~ n 
assumes m·t: m : a ~ b 
assumes n-t: n : a ..-+ b 
assurncs p-t : p : a t-+ b 
shows f p m [;;; f 1' n 

proof -
from i l have (V m n p . Mor m 1\ Mor n 1\ Mor p 1\ src m = src n 

1\ l'ry m = l1y n 1\ src m = sr"C 71 1\ try m = try TJ 

1\ m [;;; n ----> f 71 m [;;; f p n) by ( n.de hs/JinMon2- def I T il EN iJTD !J) 
with i2 m-t n-t p-t show ?thes-is by simp 

qed 

lemma (in Or-de•·edSemigmupo'id) hs/3-inMon2-from-1-and-Comrn·ut-0: 
assumes m [intro,sirnp]: hsBinMonl f 
assumes c[intro,sim.pj: hsCommutative f 
assumes i[intm,simp]: m ~ n 
assumes T-m[iTttr·o,simp]: m : a +--+ b 
assumes T-n{intro,simp]: n : a t-+ b 
assumes T-p[intro ,simp] : p : a ..., b 
shows f p rn [;;; f p n 

proof -
have f p rn = f rn p by (rule-tac hsCornrrmtative [off ], a·uto) 
also have. [;;; f n p by (rule-tac hsBinMonl [of f] , auto) 
also have . = f p n by (rule-tac hsCornrn11tative [off ], auto) 
finally show ?thec•is . 

qed 

lemma (in OrderedSemigroupoid) hsBinMon2-from- 1-and-Commut: 
assumes m[inl.m,simp]: hsBinlvfonl f 
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assumes c[ intro ,simp]: hsCom:mutat?:ve f 
shows hsBinMon2 f 

apply {r-ule hs/3inAfon2-intm [of fJ) 
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apply {rule hsl3inMon2-from-1-and-Comm-ut-0 [off[) 
apply auto 
done 

lemma (in OrderedSem·igro·upoid) hsB·inMonl-from-2-and-Commut-0: 
assumes m[intro,simp]: hsBinMon2 f 
assumes c [intro ,simp]: hsCornmutative f 
assumes i[iulro 1simp] : rn ~ n 
assumes T-m['intro,sim]J j: m : a t--io b 
assumes T-n[intro ,simp]: n: a <-> b 
assumes T-p[-irdro,sirnp]: p : " <-> b 
shows f m p [;; f n p 

proof -
have f m p = f p m by (rule-tae hsComm·utative [off], auto) 
also have. [;; f p n by (rule-tac hsBinMon2 [off]. auto) 
also have . = f n p by (rule-tac hsCommutative [off ], auto) 
finally show ?thesis . 

qed 

lemma (in Onler·edSemigruupoid) hsBinMonl-fmm-2-<md-Comrnut: 
assumes rn [intm,simp]: hsBinMon2 f 
assumes c[intro ,simp]: hsCommutative f 
shows hslJinMonl f 

apply (mle "---'BinMonl-intm [of!]) 
apply (mle hsBinMonl-fmm-2-rmd-Commut-0 [of!]) 
apply auto 
done 

constdefs 
homset-8-iuN/on :: ('o, 1m , 1r) OrdercdSemigroupoid-scheme ::::> ('m;;;::} 'm ::::> 'm) ::::> bool 

(hsBinMom- [1000] 999) 
homset-BinMon sf == homset-BinMonl sf & homset-BinMon2 sf 

lemma (in G-rde•·edSemigroupoid) hslJinMon-def: 
hsBinMon f = (hsBinMonl f 1\ hsBinMon2 f) 

by (mle iJTI. unfold homset-BinMon-def , assumption+ ) 
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lemma {in OrdcredScmigroupoid) hsBinMon-def-new: 
hsBinMon f = (hsBinMonl f 1\ hsBinMon2 f) 

proof -
have hsBinMo7t f ==> (hsBinMon l f 1\ hsBinMon2 f) 
proof -
assume il: hsBinMon f 
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hence hsBinMonl f by (unfold homsei.-BinMon-dcf , simp) 
moreover from il have hsBinMon2 f by (unfold homset-lJinMon-dcf, simp) 
ultimately show ?thesis .. 

qed 
moreover have hsBinMonl f 1\ hsBinMon2 f ==> h.,BinA!on f 
proof -
assume hslJinMonl f 1\ hsl3inMon2 f 
thus ?thcs·is by ( mle hsBinMon-def [ Tfl EN iJTD2[) 

qed 
ultimately show ?thesis by ( mle iff!) 

qed 

lemma (in Or·deredSemigmupoid) hsBinMon-intrv-U[intru ?] : 
[ hsR·inMonl f: hsBinMon2 f I ==> hsBinMon f 

by (s·ubst hornset-lJinMon-dcf, rule conjl) 

lemma (in Or·de1~dSemigr-oupoid) hsBinMon-intrv[intro?]: 
[ 1\ a b m n p q . I m [;; n ; p [;; q; m : a <-> b: n : a ,_, b; p : a <-> b; q : a <-> b I ==> f 

m p [;; f n q) ==> hslJinMon f 
apply (unfold homset-lJinMon-def, mle conjl) 
apply (mle hsBinMonl-intrv) 
apply (subgoal-t<Lc incl OS p p, simp, simp) 
apply (mlr hsB-inMon2-intro) 
apply (subgoal-tac incl OS p p, simp, simp) 
done 

lemma (in OrderedSemigroupo·id) hsBinMon-l [intro ?, simp]: 
I hsBinMon f I ==> hsBinMonl f 

by (drule hsB-inMon-def [THEN ifTDI], erule conjE) 

lemma (in Orde,·edSem·ig-roupoid) hsBinMon-2[-intm?, simp]: 
I hsBinMon f ] ==> hsBinMon2 f 

by (drule hsBinMon-def [THEN ifTDl], emle conjE) 
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lemma (in OrderedSemigroupoid) hsBinlvfon[intro?, simp]: 
assumes m[intm,simp]: hsBinMon J 
assu1nes i[intm,s·imp] : m ~ n 
assumes j[intro,simp]: p ~ q 
assumes T-m.[intro,simp]: m: a<--+ b 
ru;sumes T-u[intm,.s1:rnp]: n : a ~ b 
assu •ues T-1J[in£m,.sintpj: p : u - iJ 
assumes T-q[intro ,simp] : q : a <--+ b 
assumes T-l [intro,simp]: f m. p : a <--+ b 
assumes T-2[intro,simp]: f n p : a <--+ b 
assumes T-2[ini.Tu,simp]: f n q : a <--+ b 
shows f rn p ~ f n q 

proof -
have f m p ~ f n p by (rule-tac hsHinMonl [off], auto) 
a lso ha ve . ~ f n q by (r-ule- l.ac hsBinMo n2 [of f], auto) 
finally show ?thes-is by best+ 

qed 

end 

B.5 Structure Record for SemiAllegories 

t heory SemiAIIReconl 
imports OrdSemi 
b egin 

We present this record in " separate theory in order to make it easier to have 
theories that do not need these components, bnt components higher up in the record 
hierarchy. 

record ('o, 'm) SemiA llegory = ('o, 'm) Onler~dSemigmupoid + 
meet :: 'rn => 'rn. => 'm (infixr n1 70) 
curm :: 'm ~ 'm (- - 1 [ /000] 999) 
All-dom:: 'm ~ 'm (dom1 - [1000] 999) 
All-mng:: 'm ~ 'm (mng i - [1000] 999) 

end 
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B.6 Semigroupoids with Converse 

theory ConvStmi 
imports SerniAllRecord 
b egin 

D.G.l Definitions 

loca le ConvSerni = Semigmupoid C + 
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assumes cortv-homset{iutro,sirnp]: R : a +-+ b :;::;::;;;;;;} R._, : b ~ a 
assumes conv-idem[.simp, intro]: lvfor R ==* (R_ )_ = R 
assumes conv-cmp[simp, intm]: ( R : a <--+ b; S : b <--+ c J = (R 0 s)- = s- 0 n-

B.6.2 Auxiliary Lemmas 

lemma (in ConvSemi) conv-defined[s-irnp]: Mor R = Mor (R- ) 
by ( drule homsetl , auto) 

le mma (in ConvSemi) conv-57t[simrJ]: Mm· R = srt (ll- ) = l.ry ll 
by ( drule homsetl , dmle conv-homset, simp) 

lemma (in ConvSemi) conv-try[simp]: Mor R = try (R- ) = stt R 
by (dmle homset.l , dmle conv-homset, simp) 

lemma (in ConvStmi) corw-equality[simp] : 
assumes [intro]: R : a+-> b 
assumes [inl.m]: S : a +-> b 
shows (R- = s-) = (R = S) 

proof (rule iff! ) 
assume [sim!J]: n- = s-
haveR = ( R~)- by (mle conv-idem [THEN sym], auto) 
also have .. . = (s-)- by auto 
also have . . . = S by (rule conv-idem, auto) 
finally show R = S . 

next 
assume [sim]J]: ll = S 
show n- = s ~ by simp 

qed 

lemma (in ConvSemi) conv-equality- 1: 
assumes [iMro]: R: a<--+ b 
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assumes [intro[: S : a ,_. b 
shows (R~ = S) = (R = s~) 

proof (rule iJII ) 
assume [simp[: n~ = s 
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haveR= (R~)~ by (rule conv-idem. [THEN sym] , auto) 
also have . = s~ by auto 
finally show R = s~ . 

next 
assume [simp]: R = s~ 
have R~ = (S~ )~ by sim.p 
also have . = S by ( mle conv-idem, auto) 
finally show R~ = S . 

qed 

end 

B_7 Ordered Semigroupoids with Converse 

theory ConvOrdSemi 
imports ConvSemi 
begin 

B_7_l Definitions 

locale ConvOrdSerni = OrderedSemigroupoid OS + ConvSemi OS + 
assumes corw-rnon[intm,simp]: I R [;; S; R : a <--> b; S : a <--> b J ==* R~ [;; s~ 

B. 7.2 Auxiliary Lemmas 

lemma (in ConvOr·dSerni) conv-incl[intro]: 
assumes [intra] : R : a ,_. b 
assumes [intro]: S : a ,_. b 
shows (R~ [;; s~) = (R [;; S) 

proof (rule i]JI) 
assume [simp]: R- [;; s-
haveR= (R~ )~ by (rule conv-idem [THEN sym], auto) 
also have . [;; (S~ )~ by (mle conv-mon, auto) 
also have. = S by (mle conv-idem, auto) 
finally show R [;; S _ 
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next 
assume [simp]: R [;; S 
show R~ [;; s- by (ntle conv-rnon, auto) 

qed 

lemma (in ConvOTdSerni) conv-ideml [intm]: 
assumes [intro]: R : a ,_. b 
shows (R~ )~ [;; R 

proof -
have (R~ )~ [;; (R~)~ by (mle inr:l-refl, best) 
moreover have . = 11 by (rule conv-idem, best) 
ultimately show ?thesis by auto 

qed 

lemma (in ConvOniSemi) conv-idern2[intro]: 
assumes [·intm]: R : a ,_. b 
shows R [;; (R~ ) ~ 

proof -
have R [;; R by (rule incl-rcfi , best) 
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moreover have. = (R~)~ by (mle conv-idern [THEN syrn], best) 
ultimately show ?thesis by auto 

qed 

B-7-3 Properties of Homogeneous Relations 

constdcfs 
All-symmetr-ic:: ('o, 'm, 'r)SemiAllegory-scheme:::::::? 'm :::::> bool 

(symmetric! - [ 1 000] 999) 
All-symmetric s R == if isM or s R & (Ssrc s R = Strg s R) 

then conv s R = R 
else aTbitrary 

lemma (in ConvOrdSemi) symmetric-de/: R: a,_. a = symmetric R = (R- = R) 
by (unfold All-syrnmetric-def, auto) 

lemma (in ConvOrdSerni) symmetric-expand: 
assumes n: symmetric R 
assumes nn: R : a .j----+ a 
shows R~ = li 

proof -
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from n. n.n. show ?thesis by (rule-tac symmetric-de! [TFfEN ijJDJ]) 
qed 

lemma (in Curw0rd5erni) symrnetric-intra[intru]: 
assumes n : n- = R 
assumes nnlinbv}: R : a +-+ a 
shows :JYIInttd.r'ic fl 

proof -
from n nn show ?thesis by (rule-tac symmetric-de! [TffEN ijJDIJ], auto) 

qed 

end 

B .8 Bounds in Ordered Semigroupoids 

theory 0Hl5erniRounds 
imports Ord5emi 
begin 

B.8.1 Lower Bounds 

constdefs 
05-isLBound :: ('o, 'm, 'r) Ordered5em·igroupuid-scheme =:. 1m =:. 'm =:. 'm =:. bool 

(isLBoundt--- [1000,1000,1000] 999) 
05-isLBound stmct R 5 M == 

isM or stmct M & 
(let a = 5srr.: struct M; b = Stry struct M in 
R : homset stmct a b & 
5 : hon!>let stmct a b & 
incl str-uct M R & incl stmct M 5) 

lemma (in Ordered5emigroupoid) i~LBound-def: 

isLBound R 5 M = (MoT" M fl (let a = sr-c M: b = try M 
in fl : a ...., b fl 5 : a <-> b fl M !: fl fl M !: S)) 

by (unfold 05-isLBo-und-def , auto) 

lemma (in Orrler~d5emigmttpoid) isLBound-def-new: 
isLBound fl 5 M = (Mar· M fl fi : srr; M <-> try M fl 5: sn; M <-> try M fl AI !;; fl fl 

M !: 5) 
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by (unfold 05-isLBoun.d-def, simp add: Let-de!) 

It is nice to have isLbound-def without the let-def construct - we need not add 
simp add: Let-def to auto. 

lemma (in Or·dered5emigrvupuid) isLBormd-ex]Jand[ elim ?] : 
assumes I: isLBuund R S M 
assumes [intra]: R : a H b mmcc:essary, but hygienic 
assumes [in.tro]: 5 : a .-. b 
assumes [intrv]: M : a <-> b 
shows AI !: R & M !;; 5 

apply ("insert l) 
apply (drule isLBound-def-new [TFfEN ·ijJDI]) 
apply {simp add: Let-de!) 
done 

lemma (in Ordercd5emigroupoid) isLBotmd-eX1Jan.d-new: 
assumes 1: isLBound R 5 M 
assurncs [intrv]: R : a ...... b - UHHct:c!:i!:iary, Lut hygieuic 
assumes [intra]: 5 : a ,.... b 
assumes [intro]: M : a .-. b 
showsM!;;R&M!;;S 

proof ( mle conjf) 
from l have Mor· M fl R : srr; M ..... try M fl 5 : sr·c M ..... try M fl M !;; R fl M !;; 5 

by (rule isLBuund-def-new [TffEN ijJDI]) 
thus M !: R by simp 

next 
from l have Mor· M fl R : sr-c M ..... try M fl S : src M ...., try M fl M !: R fl M !: 5 

by (rule isLBound-def-new [THEN ijJDI]) 
thus M !: 5 by simp 

qed 

lemma (in OrderedSemigroupoid) isLBound-l[elirn?J : 
assumes l: isLBound R S M 
assumes [intm]: R : a ..... b 
assumes [intm] : 5 : a ..... b 
assumes [intra] : M : a ...., b 
shows M!: R 

proof -
from l have M !;; fl & M !;; 5 by (mle isL llmmrl-expand, best+) 
thus ?thesis .. 

107 



MSc Thesis - Jinrong Han ~IeMaster University - Computer Science 

qed 

lemma (in Onlt7nlSemigroupoid) isLllo·und-2[elim?]: 
assumes 1: isLllound R S M 
assumes [intra]: R: a ,__, b 
assumes [inlm[: S: a,__, b 
assumes [intm] : M : a,__, b 
shows M [::: S 

proof -
from l have M [::: R & M [::: S by (rule isLBound-expand, best+) 
thus ethesis .. 

qed 

lemma (in Ordered8emigroupoid) isLBound-contract: 
assumes 1: M [::: R & M [::: S 
assumes fi-t[introj: fi : a ,__, b 
assumes S-t[introj: S : a ,__, b 
assumes lvl-t[intro]: M : a ~ b 
shows isLllound R S !vi 

proof (s·ubst isLBound-def, simp add: I Let-def, mle conjf) 
show Mar M by auto 

next 
from !vl-t R-t S-t show R E sr·c M ,__, try M A S E sr·c M ,__, try !vi by auto 

qed 

lemma (in OrderedSemigroupoid) isLBound-contract-new: 
assumes 1: M [::: R & M [::: S 
assumes /l-l[intro]: fi : " ,__, b 
assumes S-t[introj: S: a,__, b 
assumes M-t[intro]: M : a .-. b 
shows isLBound R S !vi 

proof (subst isl,Bound-def-new, rule conjl) 
show Mor !vi by auto 

next 
from lvl-t R-t S-t l show R E src !vi ,__, trg M A S E src M ,__, trg !vi A !vi [::: R A M [::: 
s 

by auto 
qed 

lemma (in Onler·ed8ernigmupoid) isLBound-intm[intm?J: 
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assumes ll: M [::: R 
assumes 12: M [::: S 
assumes fi-t [intrv] : li : a ,__, b 
assumes S-t[intro]: S : a ,__, b 
assumes M-t[intro]: M : a ,__, b 
shows isLBound R S M 

proof -
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from 1112 have M [::: R & M [::: S by (rule-lac conjl, best+) 
thus ?thesis by ( rule-tac isLBound-contract, best+) 

qed 

lemma (in Ordered8emigroupoid) incl-isLBound[intro?J: 
assumes I: isLBound R S !vi 
assumes q: Q [::: M 
assumes fi-t[intmj: R: a,__, b 
assumes S-t[intmj: S : a ,__, b 
assumes !vl-t[·intro]: !vi : a ,__, b 
assumes Q-t[introJ: Q : a ,__, b 
shows isLBound R S Q 

proof-
from l have M [::: R by (rule isLBound-1, best+) 
with q haver: Q [::: fi by (mle incl-tmns, auto) 
from l have !vi [::: 8 by ( mle isLBound-2, best+) 
with q haves: Q [::: S by (mle incl-tmns, auto) 
from r s show ?tlu:sis by (rule isLBo'Und-·intro, auto) 

qed 

lemma (in OrderedSemigmupoid) incl-isLBound-new: 
assumes 1: isLBound R S M 
assumes q: Q [::: M 
assumes R-t[introJ: R: a~ b 
assumes S-t[intmJ: S : a ,... b 
assumes lvl-t[·intro]: !vi : a ,... b 
assumes Q-t[intro]: Q : a~ b 
shows isLBound R 8 Q 

proof -
from l have M [::: R by (mle isLBound-1, best+) 
with q have Q [::: R by (rule incl-trans, auto) 
moreover from l have M [::: S by (rule isLBound-2 , best+) 
with q have Q [::: S by ( mle incl-trans, auto) 
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ultimately show ?thesis by (rule isLBound-intro, auto) 
qed 

constdefs 
OS-isMeet :: ('o, 'm. 'r) OrderedSemigmupoid-schem e ~ 'm ~ 'm ~ 'm ~ bool 

(i.sMeet1 -- - [1000,1000, 1000] 999) 
US-t.sAieeL sLn,cL it S ivl == US-·t:-;LRuuntl St11LCI. li S 1H & 

(ALL L : humset struct (Ssrc struct M) (Strg struct M) . 
OS-isLBound stmct R S L __, incl struct L M) 

lemma (in OrdcrcdScmigroupoid) isMect-def[i.IJ?]: 
assumes R-t[intro]: R : a <-+ b 
assumes S-t[intm]: S : a <-+ b 
assumes M-t[·intr·o]: M : a ...., b 
shows isMeet R S M = (isLBound R S M & (ALL L : a <-+ b . ·isLBound R S L __, L 

[;;M)) 
proof 
from M-t have [simp]: sn; M = a by simp 
from M-t have [simp]: trg M = b by simp 
show ?thesis by (unfold OS-isMeet-def, simp) 

qed 

lemma (in OrdercdSemirJro·upuid) isMeet-expand[elim ?]: 
assumes m: isMeet R S M 
assumes R-t[intm]: R : a <-+ b 
assumes S-t[intm]: S : u <-+ b 
assumes M-t[intro]: M: a<-+ b 
shows i"LBound R S M & (ALL L : a <-+ b . isLBound R S L __, L [;;; M) 

proof -
from m R-t S-t Af-t show ?l.hesis by ( rule-tac is Aieet-def [THEN iJ]V 1]) 

qed 

lemma (in OnlcredSemigroupoid) isMeet-isLBourul[elim?]: 
assumes m: is/\4eet R S M 
assumes R-t[ ·iutm]: R : a <-+ b 
assumes S-t[intru]: S : a <-+ b 
assumes M-t[intro]: M : a <-+ b 
shows i.< DBound R S M 
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proof -
from m have i.sLBound R S M & (ALL L : "<-+ b . isLBound R S L __, L [;;; M) 

by (mle-tac isMect-exprmd, best+) 
thus ?thesis by simp 

qed 

lcuuui;;t (iu Q, Jt;, tc~St:.lu iy; vu.pvi.J. } :..:.iHv.~-LJ:v, .. ,~~l[ c,.[i,,, 7J. 
assumes m: ·i.sMeet R S M 
assumes l: isLBound R S L 
assumes R-t[intro]: R : a <-+ b 
assumes S-t[intm]: S : a <-+ b 
assumes M-t[intru] : M : a <-+ b 
assumes L-t[intro]: L : a <-+ b 
shows L [;;; M 

proof 
from rn have ·isi"Bm.md R S M & (ALl, /, : a<-+ b . isDBu·aud R S L __, I"[;;; M) 

by ( rale-tac isMeet-expand, best+) 
then have ALL L : a <-+ b . isLBound R S L __, L [;;; M by simp 
with l L-t show ?thesis by simr> 

qed 

lemma (in OrdcredSemigroupoid) isMeet-contract: 
assumes l: isLBov.nd R S M & (ALL L : a ...., b . isLBov.nd R S L __, L [;;; M) 
assumes fl-t [iutm]: ll : a <-+ b 
assumes S-t[intro]: S : a <-+ b 
assumes M-t[intro] : M : a <-+ b 
shows isMeet R S M 

proof -
from l R-t S-t M-t show ?thesis by (rale-tac isMeet-def [THEN i.fJD2]) 

qed 

lemma (in Onier-edSemigrvupoid) isMcct-intrv[irtl.rv ?]: 
assumes b: isLBound R S M 
assumes 1: .4LL L : a <-+ b . isLBound R S L ~ L [;;; M 
assumes R-t[intro] : R : a <-+ b 
assumes S-t[intrv]: S : a <-+ b 
assumes M-t[ intro] : M : a <-+ b 
shows isMeet R S M 

proof -
from b l have isLBound R S M & (A LD L : a .-. b . isLBormd R S L --• L [;;; M) 
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by (rule conjl) 
thus ?thesis by ( mle-/.ac isMeet-contract, best+) 

qed 

B.8.2 Upper Bounds 

constdefs 
OS-1:sUBound :: ('o, 'm, 'r)OrderedSemigroupoid-scheme => 'm => 'm => 'm::::} bool 

(iBUBoundJ --- [1000,1000,1000[ 999) 
OS-isUBound struct 1l S J == isM or· ,,tract J & 

(let a = Sm; struct J : b = Strg struct J in 
R : homset Btmct a b & S : homset struct a b & 
incl .,tmct R J & inct stmct S J) 

lemma (in OrdercdSemigroupoid) isUBound-def: 
isUBound R 8 J = ( Mor J 1\ R : src J <-> trg J 1\ 8 : src J ,_, trg J 1\ R I; J & 8 c;; J ) 

by (unfold OS-is UBound-def, simp add: Let-de!) 

lemma (in Ordcred8emig-ro-upoid) isUBound-expand: 
assumes u: isUBound R 8 J 
assumes R-t [intro ]: R : a +--+ b - unuece~sary, but hygienic 
assumes S-t[intro]: S : a <-> b 
assumes M-t[intm]: J : a ._, b 
shows R I; J & S I; J 

by (insert u , dmle isUBound-def [THEN 'ijjD!J, simp) 

lemma (in OrdcredSemigroupoid) isUBound-expand-new: 
assumes u: isUBound R S J 
assumes R-t[intm]: R : a +--+ b - mmecessary, but hygienic 
assumes S-t[introJ: S : a ._, b 
assumes M-t[intm]: J : a ...., b 
shows R c;; J & S c;; J 

proof 
from u have ( Mor· J 1\ R: sr·c J <-> try J 1\ S: src J <-> trg J 1\ R c;; J & S c;; J) 

by (mle iBUBound-def JTHEN ij]Vl]) 
thus R I; J by simp 

next 
from u have ( Mm· J 1\ R : ,~r·c J ,_, tr·g J 1\ S : sn: J .__, try J 1\ R I; J & S c;; J ) 

by (mle isUBound-def [THEN ij]Vl]) 
thus S I; J by simp 
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qed 

lemma (in Or·deredSemigroupoid) iBUBourul-1: 
assumes ·u: isUBound R S M 
assumes R-t[intro]: R : a <-> b 
assumes S-t[intm]: S : a <-> b 
assumes M-t[intm]: M : a <-> b 
shows R I; M 

proof -
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from u haveR I; M & S I; M by (rule-tac isUBound-cxpand, best+) 
thus ?thesis .. 

qed 

lemma (in OrderedSernigroupoid) isUBound-2: 
assumes u: isUBound R S A1 
assumes R-t jintro] : R : a <-> b 
assumes S-tjintro]: 8 : a <-> b 
assumes M-t[intro]: M : a<-> b 
shows 8 c;; M 

proof -
from u haveR I; M & S c;; M by (rule isUBound-expand, best+) 
thus ?thesis .. 

qed 

lemma (in OrdercdSemigroupo-id) isUBound-contract: 
assumes u: R c;; J & S c;; J 
assumes R-t[intm]: R : a <-> b 
assumes S-t[intm]: S: a<-> b 
assumes J-t Jintro]: J : a ...., b 
shows isUBound R S J 

proof (subst isUBound-def, 8imp add: u Let-def, rule conjl) 
from J-t show Mor· J by simp 

next 
from J-t R-t S-t show R E src J <-> trg J 1\ S E src J ..., trg J by simp 

qed 

lemma (in Or·der·edSemigroupo·id) isUBound-contr-act-new: 
assumes u: R I; J & S I; J 
assumes R-t[introJ: R : a <-> b 
assumes S-t[intm]: S: a<-> b 

ll:l 
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assumes J-t[intro[: J : a ,_. b 
shows isUBomul R S J 

proof (subst ·isUBound-def, mle conjl) 
from J-t show Mor .I by • ·imp 

next 
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from u J-t R-t S-t show R E st~ J ..._, try J 1\ S E sr~ .J ..._, try J 1\ R (;; J & S (;; J by 
~irnr 

qed 

lemma (in OrderedSernigroupoid) isUBound-intro[intro?J: 
assumes u / : R (;; M 
assumes u2: S ~ M 
assumes R-t[intro]: R : a ,_. b 
assumes S-t [intro]: S : a <--> b 
assumes M-t[inl:m]: M: a..._, b 
shows ·isUBound R S M 

proof -
from ul u2 have R (;; M & S (;; M by (rule conjl) 
thus ?thesis by (mle isUBound-contmct, best+) 

qed 

constdefs 
OS~i.•/Join :: ('o, 1m , 'r) Orrf.en~tlSemigmupoid-scheme :::} 'm => 'ru. :::} 'm :::} bool 

(isJoiw--- [ 1000,1000,1000] 999) 
OS-isJoin struct R S J == OS-isUBound struct R S J & 

(A LL U: homset struct (Ssrc struct J) (Stry stmct J) . 
OS-isUBound stmct R S U --+ incl stmct J U ) 

lemma (in OnleredSemigrv·upoid) isJoin-def: 
assumes R-t[intro]: R: a..._, b 
assumes S-t[intro]: S : a ..._, b 
assumes J -t [intm]: J : a ..._, b 
shows isJoin R S J = (isUBuund R S J 1\ (ALL U: a<--> b. isUBmmd R S U --+ J (;; 
U)) 
proof -
frotn J-t have sn; J = a by simp 
moreover from J-t have try J = b by simp 
ultimately show ?thesis by (-unfold OS-isJoin-def, simp) 

qed 
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lemma (in OrderedSem(qroupoid) is.Join-expand[clim ?J : 
assumes j: isJoin R S .J 
assumes /l-t[intrv]: ll : a ..._, b 
assumes S-t[intro]: S : a ..._, b 
assumes J-t[intro]: J : a ..._, b 
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shows isUBotmd R S J 1\ (ALL U: a ..._, b. isUBound R S U --+ J (;; U) 
proof 
from j R-t S-t J-t show ?t/1esis by (rule-tac isJu·in-def [Til EN iffD I]) 

qed 

lemma (in OrderedSemigmupoid) isJoin-isUBoutul[elim?J: 
assumes j: isJoin R S J 
assumes R-t[intro] : R : a ...... b 
assumes S-t[intro]: S : a - b 
assumes J -l.[intm]: J : a ..._, b 
shows isUBo·und R S J 

proof -
from j have isUBound R S J 1\ (ALL U: a ..._, b . isUBonnd R S U --+ J (;; U) 

by (rule is.Join-e:qmnd, best+) 
thus ?t/1esis by •imp 

qed 

lemma (in Onie1-edSemigmupoid) is]oin-UBotmd[elim?J: 
assumes j: isJoin ll S J 
assumes u: isUBound R S U 
assumes R-t[intro]: R : a ..._, b 
assumes S-t[inl.tv]: S : a ..._, b 
assumes J-t[intrv]: J : a ..._, b 
assumes U-t[intro]: U: a ..._, b 
shows J (;; U 

proof -
from j have (isUBotmrl R S J 1\ (ALL U : a..._, !1. isUflourul R S U --+ J (;; U)) 

by (rule isJoin-eXJJand, auto) 
hence ALL U : a ,_. b . isUBound R S U --+ J (;; U by simp 
with u U-t show ?thesis by simp 

qed 

lemma (in Ordered&migroupoid) isJoin-contmct: 
assumes u: isUBound R S J & (A LL U : a <--> b . isUBound R S U ~ J (;; U) 
assumes R-t [inlm]: R: a..._, b 
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assumes S-t[intro): S : a <--+ b 
assumes j-t[intm) : J : a <--+ b 
shows isJoin R S J 

proof -
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from u show ?thesis by (rule-tac is.loin-def [TlfEN ilfD2), best+) 
qed 

lemma (in OrdercdSernigmu.poid) i.sJoin-intro[intro ?J: 
assumes b: isUBound R S .T 
assumes u: ALL U : a <--+ b . isUBound R S U ~ J \::; U 
assumes R-t [intrv[: R : a <--+ b 
assumes S-t [intro[: S : a <--+ b 
assumes J-t[in tro ): J : a <--+ b 
shows ·isJoin. R S J 

proof -
from b u have isUBound R S J & (ALL U: a<--+ b. isUBound R S U ~ J \::; U) 

by (rule conjl) 
thus ?fhe.<is by (rule isJoin-contract, auto) 

qed 

B.8.3 Predicate for Greatest Element 

constdefs 
OS-is Top :: ('o, 'm, 'r) OrderedSemigroupoid-scheme =:- 'm =:- bool (-isTopt- 11000) 999) 
OS-i.•Top s R == isMo r s R & (ALL S. S: homset s (Ssrc s R) (Strg s R ) ~ incl s S 

R) 

lemma (in OrderedSemigroupoid) isTop-def: 
R : a ...., b ==:- is Top R = (ALL S . S : a<--+ b ~ S !;;; R) 

by (unfold 08-isTop-def , simp) 

lemma (in OrderedSemigro·upoid) isTop-expand: 
assumes t: isTop R 
assumes R-l.lintm): R : a <-+ b 
shows ALL, S. S: a<-+ b ~ S \::; H 

proof -
from t R-t show ?thesis by ( rule-tac isTop-def I Tfl EN ilfD 1)) 

qed 

lemma (in OrderedSemigrou.poid) is Top-contract I intra?): 
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assumes t: ALL S . S : a <--+ b ~ S \::; R 
assumes R -t[intm): R : a <--+ b 
shows is To11 ll 

proof -
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from t R-t show ?the.<i.< by (rnle -tac isTop-def [Tili':N ilfD2)) 
qed 

lemma (in OrderedSerniyroupoid) isTov 
assumes t: is Top R 
assumes R-tlintro): R : a <--+ b 
assumes S-t [inlm): S: a<-+ b 

shows S \::; R 
proof -
from l have ALL S. S: a <-+ b ~ S \::; R by (rule isTop-expanrl , best+) 
thus ?thesis by auto 

qed 

B.8.4 Predicate fo Least Element 

constdefs 
OS-isBot :: ('o, 'rn, 'r) OrderedSernigroupoid-scherne =:- 'm =:- bool (isBoll- 11000] 999) 
OS-i.•Bot s R == isMo,· s R & (AL L S. S: homset s (Ssrc s R) (Strg s R) --• incl s R 

S) 

lemma (in OrderedSemigroupo·id) isBot-def: 
R : a <--+ b ==:- isBot R = (A LL S . S : a <--+ b ~ R !;;; S) 

by (m1jold OS-·isBot-def , sim11) 

lemma (in OrderedSemigroupoid) isBot- expand: 
assumes t: isBot R 
assumes fl -t[intmJ : fl : a <--+ b 
shows ALL S . S : a <--+ b ___, R \::; S 

proof -
from t R -t show ?the.,is by (1-ule-tac i.,Bot-def [THF:N ijJnt)) 

qed 

lemma (in OrderedSemigroupoid) isBot-contractlintro?): 
assumes t: ALL S . S : a <--+ b ~ R !;;; S 
assumes fi-t lintro): fl : a +-> b 
shows isBot R 
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proof -
from t R -t show ?thesis by ( m le-tac i.sBot-tlef I T III•:N ijJD2]) 

q ed 

lemma (in OrderedSemigroupoid) isBot: 
assumes t: isBot R 
assumes H t{intr-c]: R : c ~ b 
assumes S-tJintro ): S : a ...., b 
s hows R t;;; S 

proof -
from t have ALL S. S: a<-+ b - R t;;; S by (mle isBot-exptmd, best+ ) 
t hus ?thesis by auto 

qed 

lemma (in Onl<l~dSemigm·upoid ) isbot-ind-isbot: 
assumes Jin tm,sirnp]: is Bot P 
assumes Jintro,simp]: P : a <-+ b 
assumes [ intro ,simp]: R : a +-+ b 
assumes ind: R t;;; P 
shows isBot R 

proof -
have ALL S . S : a +-+ b - R t;;; S 
proof ( intm strip) 
have A[,[, S . S : a +-+ b - P t;;; S by (m le i •IJot-expand, cmto) 
fix S 
assume [intro ,simp] : S: a +-< b 
from incl have R t;;; P by simp 
a lso ha ve P t;;; S by (rule -Lac is Bot , best+) 
finally show R t;;; S by best+ 

q ed 
thus ?thesis by (rule isBot-contract , best ) 

qed 

end 

B.9 Idempotent Subidentities 

theory IS iciScmi 
i1nports OnlSemiBounds 
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b egin 

Multiplicatively idempotent subident it ies can serve as tests in KAT and as domain 
clements in KAD [Desharnais-Moellcr-Struth-2003]. 

B .9 . l Defin ition: M ultiplicat ively Idempotent Subidentities 

constdefs 
OS-is!S ld :: ( 'o, 'm, '•·) Onler-edSemigmupoid-scheme ~ 'm => bool (i.s!Sld1 - )1000] 999) 
OS-is!S fd s R == ·if isM or· s R & (Ssr~ s R = Stry s R) 

then OS-isSld s R & cmp s R R = R 
else arbitmry 

le mma (in OrdcredScmigmupoid) is!S ld-dcf: 
R: a ...., a= isl Sld R = (isSld R & R ;: R = R) 

by (unfold OS-i.sl Sld-def , simp) 

le mma (in Or·deredSemigmupo·id) is!S ld-intm [intrv]: 
I R 0 R = R: isSl d R ; R : a +-< a ) = isl Sl d R 

by (mle- tar isl Sl d-def [Til EN ijJD2], auto) 

lemma (in OnleredSem igmupo·id) is iS /d-O: 
I is lS !d R ; R : a +-+ a I = isSl d R & R 0 R = R 

by (rule-Lac islSl d-def [Til EN ijJDJ]) 

lemma (in O•·deredSemigrvupoid) is!Sld- l )intrv ,simJJ]: 
! is!S ld R ; R : a <-+ a I = isS!d R 

by (drule-tac is!Sl d-0 , auto) 

le mma (in Or·de1·edSemigm upoid) i.s!Slrl-2 )simTJ]: 
[ is!S ld R; R : a ...., a I = R (.) R = R 

by (drule-tac -is!Sl d-0, auto) 

B.9.2 D efinition: Set of Multiplicatively Idempotent Subiden
tities 

constdefs 
OS- IS /d :: ('o, 'm, 'r·) Onl.eT~dSemigruurJoid-schemc ~ 'o ~ 'm set (!S ld1 - )1000] 999) 
OS-IS!d s a == Collect (A m . m : hornset s a a & OS-is!Sl d s m ) 
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lemma (in Onter~dSemigmupoid) ISid-def: 
!S id a = { m . m : " +-+ a & is !S id m } 

by (unfold OS-ISid-def , simp) 
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lemma (in Onter·edSemigmupoid) !Sld-intro[in trv ]: 
[ R : n +-+ a; is /Sld R ] = fl : !Sid a 

by ('unfold 08- !Sld-def , simp) 

lemma (in OrderedSemigroupoid) !Sld-homset[intro,.<irnp]: 
R : !S id a = R : a +-+ a 

by (unfold OS-!Sld-def , simp) 

lemma (in OrderedSernignw.poid) !Sld [intro?,simp]: 
R : !Slcl a = is!Sld R 

by ('unfold OS- !S/d-def , simp) 

This lemma is added to help proving t hose lemmas which were proved ,-ia Id 

lemma (in OrderedSemigroupoid) i.sid-is.sid[intro, simp]: 
assumes [intm,simp]: R : / Sid u 

shows isSid n 
proof -
have is/ Si d R by (rule / Sid , best) 
moreover have R : a +-+ a by (simp) 
ultimately show ?Utesis by auto 

qed 

B.9.3 Some Useful Properties 

The following lemmas arc going to Le used in dealing with preirnage and image 
operations later as noted in [J. Desharnais, cL al. J 

The following lemma mayl>e useful so t hat I do not do it for each proof. 

lemma (in Onler~dSernign;upoid) iS'id-incl-eq I: 
assumes ind: P 0 R [;;: R 7 Q 
assumes [intro, simp]: P : /Sid a 
assumes [intra, simp]: Q : !Sid b 
assumes [intra, simp]: R : a - b 
shows P 0 R = P 0 R 0 Q 
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proof -
have P 0 R [;;: P 0 R 0 Q 
proof -
have P: a+-+ a by (rule ISid-homset, best ) 
moreover have is/Sl d P by ( mle /Sid , best) 
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ultimately have P = P 0 P by (mle-tac is/Sl d-2 [THEN Bym], best) 
h ence P (:) fl = ( P 0 P) G R by auto 
also have .. = P 0 P '-> R by (rule cmp-a>Soc, best+ ) 
also from ·incl have . [;;: P 0 R <,; Q by (rule comp-incl-mon2, best+) 
finally show ?thesis . 

qed 
moreover have P (- > R 0 Q [;;: P 0 R 
proof -
h ave P 0 R 0 Q = ( P 0 R) 0 Q by (rule cmp-assoc-sym, best+) 
also have . [;;: P ,., R by auto 
show ?thesis by auto 

qed 
ultimately show ?thesis by( rule incl-antisym., best+) 

qed 

lemma (in OrderedSemigroupoid) isid-incl-eq2: 
assumes eq: P C:. • R = P 0 R G Q 

assumes [ intm]: P : !Sid a 
assumes [intm]: Q : /Sid b 
assumes [intro] : R : a +-+ b 
showsP 0 R[;;R ,: Q 

proo f -
from eq have P 0 R = P 0 ( R 0 Q) by simp 
also have . [;;: (R 0 Q) by (auto) 
finally show ?thesis by (auto) 

q ed 

lemma (in Ordc~dSemigroupoid) isid-ind-eq: 
assumes [intro]: P : /Sid a 
assumes [intm]: Q : / Si d b 
assumes [in/.m]: R: a - b 
shows (P <:" R [;;: R 0 Q) = (P 0 R = P 0 R 0 Q) 

proof -
have P 0 R [;;: R <::, Q = P 0 R = P 0 R 0 Q by (rule i.sid-incl-eql, auto) 
moreover have P <·• R = P <·> R <·> Q = P ,., R [;;: R ,., Q by (mle isid-incl-eq2, auto) 
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ultimately show ?thesis by (rule ifJI , best) 
qed 

lemma (in OrderedSemigro·upoid) ind-isid-eqla: 
assumes incl: R 0 P ~ Q 0 R 
assumes [intm]: P : /Si d b 
assumes fin!:o]: Q : !Sid (! 

assumes [intra]: R : a <--+ b 
shows R 0 P ~ Q <v R 'J P 

proof -
have [intm, simp]: is /Sicl P by (mle !S id, best) 
have P: b <--+ b by (rule !S id-homset, best) 
hence P = P 0 P by (rule-tac is/Sl d-2 [THEN sym], best) 
hence R 0 P = R 0 P <.:J P by sim.p 
hence R <·> P = (H <·> P) <·> P by (subst cmp-assoc, best+) 
also from incl have. ~ (Q 0 R) 0 P by (mle mrnp-incl-rnon l , best+ ) 
fina lly show ?thesis by (subs! crnp-assoc-syrn, best+) 

qed 

lemma (in Onlered.Sernigm·uJJoid) incl-isid-eq lb: 
assumes incl: R 0 P ~ Q (o) R 
assumes [in.tro]: P : !Sid b 
assumes [intm]: Q : /Sid a 
assumes [intrv]: H : a ..._, b 
shows Q r., R 0 P ~ R 0 P 

proof -
have [intm, simp]: is!Sld Q by (mle !Sid , best.) 
h ave Q 0 R 0 P ~ Q 0 (R 0 P) by (auto) 
thus ?thesis by (best) 

qed 

lemma (in Onler·edSemigm·uJJoid) incl-i.•id-eq l: 
assumes incl: R 0 P ~ Q 0 R 
assumes [intro]: P : !Sid b 
assumes [in.lro]: Q : !Sid a 
assum es [intm]: R : a ..... b 
shows R "' P = Q 0 R 0 P 

proof -
from in.cl haveR ,::_, P ~ Q 0 R "' I' by (mle in.cl-isid- eqla, best+) 
moreover from incl have Q <·• R <·> P ~ R ,., I' by (mle incl-isid-eqlb, best+) 

122 

McMaster University - Computer Science 

ultimately show ?thesis by( rule incl-antisym, best+) 
qed 

lemma (in OrderedSemigroupoid) incl-isid-eq2: 
assumes eq: R 0 P = Q <;_, R P 
assumes [intrv]: P : /Si d b 
x;:;umc:; r i:;t;·o ~: Q : !Sit!. a 
assumes [intro]: R : a ..... b 
shows R · l' ~Q 0 R 

proof -
h ave [intro, .<imJ!] : is /S id P by (mle !S id, best) 
from eq have R o P = Q 0 (R 0 P) by sim]J 
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hence R 0 I' = ( Q <;; R) (,; P by (subst cmp-assoc , best+) 
also have. ~ (Q 0 R) by (best+) 
fina lly show ?thesis by (best ) 

qed 

lemma (in OrderedSemigroupoid) incl-i.•id-eq: 
assumes [inl.m]: P : !Sid b 
assumes [inlrv] : Q : !S id a 
assumes [intro]: R : a ..... b 
shows (R 0 P = Q <;. R 0 P) = (R ,;,; P ~ Q 0 R) 

proof -
have n 0 P = Q 0 R ~' P ==> H <Ol P ~ Q " R by (r-ule incl-isid-eq2, auto) 
moreover haveR ~' P ~ Q 0 R ==> R '-' P = Q 0 R 0 P by (rule incl-isid-eql , auto) 
ultimately show ?thesis by (mle ·iff/ . best) 

qed 

end 

B.lO Ordered Semigroupoids with Predomain 

theory Pr-eDomSerni 
imports SerniAllReconl IS /dSerni 
begin 
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B.lO.l Definitions 

Desharnais introduced three equivalent axiomatizations of the domain operations on 
the class of Test- scmiring, one of these involves the complement operator. Since 
we only haYc multiplicatively idempotent subidcntities, we can only usc those ax
iomatizations that do not involve the complement operator. 'vVe will introduce one 
axiomatization then show that the other can be derive from that. 

locale PrcDomSern·i = OrdercdSemiyTO'upoid PDS + 
assumes dom-IS!d[intro,s·imp]: R : a <-> b => dom R : !Sid a 
assumes dorn-self [inlm,sirnp]: R : a +--+ b ===> R ~ llom R 0 R 
assumes clom-IS /d-r:mr'[intro,simp]: ( R: a .... b: P: /S id a J => dam( P 0 H) ~ P 

The axiom darn-homset can be written as a lemma using dam- TSTd and TSfd-homset 
as W.K pointed out . 

lemma (in PreDomSemi) do m-homset[intro,simp]: 
assumes [intm]: R : a <-> b 
shows darn R : a ~ a 

proof -
have dom R : !Sid a by best 
thus ?thesis by ( mle IS! d-homset) 

qed 

lemma (in PrcDornSerni) llpl: 
assumes r [·intro]: R : a.., b 
assumes p [inl.7v]: P : !Sid a 
assumes i: darn R r;; P 
shows R ~ P 0 R 

proof -
haveR ~ dorn R <·> R by (r-ule dam-self , auto) 
also from ·i have . . [;; P 0 !< by auto 
finally show ?thesis by best+ 

qed 

lemma (in PreDomSemi) llp2: 
assumes nnl [intra]: R : a .., b 
assumes nn2 [intra]: P: !Sid a 
assumes incl-isid: R [;; P 0 R 
shows nn3:dam n ~ p 
proof -
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haveR =P 0 R 
proof -
from incl-·isicl have R ~ P 0 R by sim11 
moreover have P 0 R ~ R 
proof -
have [intm]: i.,IS! d P by (mle !Sid , best.) 
show P :;- H ~ n by (rule isSitl-left , best+) 

qed 
ultimately show ?thesis by (rule incl-antisym, best+) 

qed 
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also have dam(P 0 R) ~ P by (mle dam- IS id-cmrJ , best+) 
finally show ?thesis . 

qed 

We derive llp from dam-self and dorn-JS!d-cmp. This will be useful later in cal
culating properties of the domain operator. 

lemma (in Pn,DornSemi) llp: 
assumes r·[intro]: R: a.., b 
assumes 11[intro]: P : !Sid a 
shows (dam R ~ P) = (R ~ P >'V R) 

proof -
from r p have dom R ~ P => R ~ P <·> R by (rule llpl) 
moreover from r· p have R ~ P 0 R => dom R ~ P by (mle llp2) 
ultimately show ?thesis by (r-ule ij]f , best) 

qed 

lemma (in PreDomSemi)isS!d-dmn[intro, simp]: 
assumes [intm]: W: a <-> b 
shows isSid (dam W) 
proof -

have dom W : !Sid a by (rule dom-IS!d, atLto) 
thus ?thesis by auto 

qed 

lemma (in P1·eDomSemi) isid-i~bot.: 

assumes [intm, simp]: isBol. W 
assumes [intro, .!limp] : W : a +--+ a 
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shows W : !Sid a 
proof -
have ;,,Sid W 

~IeMaster University- Computer Science 

proof (rule-tac j=dom Win isSid-intro!!, auto) 
show W ~ dom W by (rule isBot, auto) 

qed 
ul.ut ~u~c::• I.c:tvt ~v \:) n· _ ~~· 

proof-
have W c,; W ~ W 
proof -
have W ~ dom W by (mle isBol , auto) 
hence W 0 W ~ W 0 dom W by (rule com]>-incl-mon2, best+) 
also have. ~ W by (auto) 
finally show ?thesis by be.•t+ 

qed 
moreover have W ~ W 0 W by (rule isBot, auto) 
ultimately show ?thesis by (rule incl-antisyrn, best+) 

qed 
ultimately have is! Sid W by ( rule-tac is!Sld-intm , best+) 
thus ?thesis by (mle-tac !Sld-intrv, best+) 

qed 

B.10.2 Algebraic Properties of the domain operator 

The prcdornain operator is fully strict. 

lemma (in PreDomSemi) dam-stricti: 
assumes [intro]: isBot (darn R) 
assumes cmp-isidbat: isBot ( dom R 0 R) 
assumes [in!m,simp]: R: a ..... b 
shows is/3ot R 

proof -
have isBot (dom R 0 R) by (mle cmp-isidbot) 
also have dom R c~ R = R 
proof -
haveR ~ darn R 0 R by (rule-tac lip [THEN iffDI], best+) 
moreover have dom R 0 R ~ R by auto 
ultimately show ?thesis by ( mle-tac in.cl-antisym., best+) 

qed 
finally show ?thesis by auto 
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qed 

B-10.3 Algebraic Properties of the domain operator 

The predomain operator is fully strict. 

lem:~.na (in r.-;...DumScn-.;j dom-str;ct2: 
assumes cmp-isidbot: ifJBot (P 0 R) 
assumes [i,.tm[: isflot P 
assumes [intra]: ·isBot R 
assumes [intro] : R : a ..... b 
assumes [intro]: P : ISid a 
shows isBot (dom R) 

proof -
have isBot (P 0 R) by (rule cmp-isidbot) 
hence R ~ P 0 R by ( rule-tac isBot, best+) 
hence dom R ~ P by ( mle-tac llp I'/'// t:N ijJD2], best+) 
thus ?thesis by (mle-tac isbat-i,.cl-isbot , auto) 

qed 

lemma (in Pn:DomSemi) dom-strict: 
assumes [intm]: isBot (dam ll 0 /l) 
assumes [ir•tro]: isBot (P 0 R) 
assumes [intra]: isBot P 
assumes [intm]: R : a ..... b 
assumes [i"trv]: P : IS/cl a 
shows isBot (dam R) = ·isBot R 

proof -
have i.•Bot (dom R) = isBot R by (rnle-tac dom-strictl , best+) 
moreover have isBot ll = isBot (dom ll) by (mle-lac P=P in dom-st7-icl2, auto) 
ultimately show ?thesis by (mle iff/ , best+) 

qed 

The predomain operator is an identity on mnlt.iplicativcly idempotent subidenti
ties. 

lemma (in PreDomSemi) dom-is!Sld-eq: 
assumes [intra]: P : /Sid a 
shows clom P = P 

proof ( mle incl-antisym, rmlo) 
show damP~ P 
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proof -
have dam (P 0 P) ~ P by (mle-tac dorn-/Sid- cmp, best+ ) 
also have P 8 P = P 
proof (rule is/S/d- 2, auto) 

show isiSid P by(rule-tac ISid , auto) 
qed 
finally show ?l.he.~is . 

qed 
next 
show P ~damP 
proof -

have [intra, simp]: is iSid P by (rule-tac IS/d , auto) 
have P ~ darn P rv P by (rule darn-self , best) 
also have . ~ darn r by ( best+ ) 
finally show ?thesis by best+ 

qed 
qed 

The predomain operator is idempotent. 

lemma (in PreDomSemi) dorn-idemp: 
assumes [intra]: R : a ..., b 
shows darn (durn R) = dam R 

by (rule dom-isiSid-cq, best+) 

The prcdomain operator is a left invariant. 

lemma (in PreDomSemi ) dom-left-inv: 
assumes [•:ntm[: R: a..., b 
shows H = dom H 0 R 
proof -
have R ~ dom R 8 R by (rule dam- self , a·uto) 
moreover have . ~ R by auto 
ultimately show ?thesis by ( mle incl-rmtisym, best+) 

qed 

The predomoin operator satisfies a decomposition law. 

lemma (in PreDomSemi) dom.-decomp: 
assumes [intm]: R : a ..., b 
assumes [intra]: S : b ..... c 
shows darn (R ~· S) ~ dam (R 0 darnS) 
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proof -
haveR 0 S ~ dorn (R 8 (dam 5))8 R 0 S 
proof -
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haveR r. , S ~(darn (R ~ damS) 8 (R 0 (darnS))) 8 S 
proof -
have R :! S ~ R 8 dam S ~ S by ( mle cornp-incl-rnon2, mle darn-self , best+) 
hence li <'.• S ~ ( H 0 dom S) 8 S by (subst cm]J-assoc, best+) 
also have . ~ (dum (R 0 durn S) r,_ , (R ('1 (dom S))) 8 S 

by (rule-tac com.p-incl-mon1, rule dam-self , best+) 
also show ?thesis by ( rule-tac calculation, best+ ) 

qed 
hence R " ' S ~ dorn (R 0 darnS) (;• (R ? (dom S)) 8 S by (subst cmp-assoc-sym , 

best+) 
hence R 0 S ~ dorn (R 0 darnS) 7; R 8 (darnS) :_ S by (subst crnp-assoc-sym, auto) 
also have (dum S) · S = S by (mle dom-left.-inv [THF:N sym], auto) 
finally show ?thesis . 

qed 
thus ?thesis by (rule- tac llp [TlfEN iffD2], best+) 

qed 

B.10.4 Preimage Operator 

constdefs 
preirnage :: ('o, 'm, 'r) SemiAllcgory-scheme""' 'm ""' 'm""' 'm (ch -- [1000,1000] 999) 
preimage s R P == if isM or s R &.: OS-isiSJd s P 

then All-darns (crnp s R P ) 
else ar·bit1·ary 

lemma (in PreDomSemi) preimage-def: 
I R : a ..... b; p : ISJd b I = ~ R r = dam (R ,., P) 

by (unfold zn~irnage-def,a·ato) 

lemma (in PreDomSemi) preimage-hom.set[intm,sim.pJ: 
assumes [int.m]: R : a ..... b 
assumes [intrv]: P : /Sfd b 
shows 6 R P : a ..., a 

proof -
have ,\ R P = dam (R 0 P) by (mle pmimage-def , best+) 
also have . : a ..., a by ( mle dom-hornset , best) 
finally show ?thesis . 
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qed 

lemma (in Pr~Dam&mi) rn-eimage- IS!d: 
assumes [intra]: R : a ._, b 
assumes [intro]: P : ISid b 
shows .I R P : ISid a 

proof -
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have {J R P = dom (R ,- P) by (mle preirnage-def, bc•t+) 
also have ... : ISid a by (mle dom-ISid , best) 
finally show Ytltesis . 

qed 

Lemma preimage <:onneds the preimage operator with lip. 

lemma (in Pn;DarnSerni) pr-eimagel: 
assumes [intra] : R : a ._, b 
assumes [intro]: P : ISid b 
assumes [intm]: Q : ISid a 
assumes preimage-incl: {J n p [;;; Q 
shows n 0 p [;;; Q "' n 

proof -
have [intm,.,imp]: isiSid P by (rule-tac ISid. auto) 
have {J ll P = dam (R - P) by (mle pr-eimage-dej, rmta) 
with 117'eimage-·ind have [·intm]: [;;; Q by simp 
haveR 0 P [;;; Q 0 (R 0 P) by (rule-tac llp [T/IIiJN iJ]D I], best+) 
also have ... [;;; Q 0 R by auto 
finally show Ythesis by best+ 

qed 

lemma (in PreDomSemi) preimage2: 
assumes [intm] : R : a ._, b 
assumes [int·ra]: P : !Sid b 
assumes [intra]: Q : JSJd a 
assumes incl: R 0 P [;;; Q 0 R 
shows riRP[;;Q 

proof -
have [intro ,simp]: i• ISid P by (rule-tac ISid , auto) 
from incl have [intra]: R <:;) P [;;; Q 0 (R ~ P) by (rule-tac incl-isid-eqla, be.•t+) 
have dorn (R ro· P) [;;; Q by (mle-tac llp [Tf!F:N iJ]J)I!j, best+) 
also have dam (U 0 P) = o UP by (mle preimage-def [THEN sym[, best+) 
finally show ?thesis . 
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qed 

lemma (in PTtDamStm·i) pr..,image: 
assumes [intra]: R : a ._, b 
assumes [intra]: P : ISid b 
assumes [intm]: Q : ISid a 
shows (S .'l r· ~ Q) - (R ~ !"' ~ Q ,::., /~) 

proof -
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have {J R P [;;; Q = R 0 P [;;; Q 0 R by (rule preimagel, best+) 
moreover have R (~ P [;;; Q (:J R = .I R P [;;; Q by (rule TJreimage2, best+) 
ultimately show ?the.•is by ( mle iJ]l , best+) 

qed 

end 

B.ll Ordered Semigroupoids with Monotonic PreDomain 

theory MonPreDomSemi 
imports PreDomSenLi 
begin 

B.ll.l Definition 

\Ve introduce monotonicity of the domain operator. 

locale MonPreDomSemi = PreDomSemi MPDS + 
assumes dom-incl-mon[intm]: [ R : a ._, b: S : a ._, b; R [;;; S ) = darn R [;;; dorn S 

end 

B.12 Ordered Semigroupoids with Domain 

theory DornSemi 
imports AfonP1·e/JumSemi 
begin 
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locale DomSemi = MonP1-eDomSemi DS + 
assumes dom-local[-intm, simp]:[R: a-b; S: 11-cJ = rlom(R 0 rlom S) [;;; rlom(R G, S) 

lemma (in DomSemi) dom-cmp: 
assumes [intm]: R : <L<--+11 
assumes [intm]: S: u<-+c 

shows dam( R 0 dam S) = dam( R G> S) 
proof -
have dorn(R <~ dom S) [;;; dorn(R <~ S) by <Luto 
moreover have dom(H 8 S) [;;; dom(R 0 dom S) by (mle dom-decomp , <Lnto) 
ultimately show ?thes-is by (rule ind-mtt'isym, a'Uto) 

qed 

end 

B.13 Ordered Semigroupoid with Prerange 

theory P1'eRanSemi 
imports SemiAllRecord ISidSemi 
begin 

B.13.1 Definitions 

Desharnais introduced three equivalent axiornatizations of the Range operations on 
the class of Test- semiring, one of these involves the complement operator. Since 
we only hm·e nmltiplicatively idempotent subidentities, we ran only usc those ax
iomatizations that do not involve the complement operator. We will introduce one 
axiomatization then show that the other can be derive from that. 

locale P'l·eHanSemi = Onler·edSemig1'oupoid PUS+ 
assumes ran-IS!d[intro ,simpj: R : a ...., b = rang R : !Sid b 
assumes ran-self[intro ,simp]: R: a <--+ b = R [;;; R .:. rang R 
assumes nm-ISid-cmp[intm,simTJ]: [ R: a<--+ b: P: !Sid b J = mng (R 0 P) [;;; P 

The axiom mn-horn.set can be written as a lemma using mn-!Sld and !Sld-hom.<et 
as W.K pointed out. 

lemma (in PreRanSemi) ran-homset[intro,sirnp]: 
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assumes [intro]: R : a ...., b 
shows rang R : b <--+ b 

proof -
have rang R : !Sid b by best 
thus ?the.•is by (rule IS!d-homset) 

qed 

lemma (in PreRanSemi) llpl: 
assumes [intro]: R : a ...., b 
assumes [intro]: P : !Sid b 
assu•ncs i: rnng R ~ P 
shows R [;;; R (·l P 

proof -
have R [;;; R 0 rang R by (rule ran-self, best) 
also from i have . [;;; H <·• P by auto 
finally show ?thesis by best+ 

qed 

lemma (in PreRanSemi) llp2: 
assumes [intm]: R : a - b 
assumes [intro]: P : !Sid b 
assumes incl-isid: R [;;; R 0 P 
shows mng R [;;; P 

proof -
haveR = R 0 P 
proof -
from incl-isid have R [;;; R ~ P by simp 
moreover have R 0 P [;;; H 
proof -
have [intro]: is!Sld P by (mle !Sid , best) 
show R 0 P [;;; R by (rule isSid-right , best+ ) 

qed 
ultimately show ?thesis by (rule 'incl-antisym, best+) 

qed 
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also have rang(R 0 P) [;;; P by (rule mn-IS!d-crnp , best+) 
finally show ?the.,is . 

qed 

We derive lip from dom-self and dom-IS!d-cmp. This will be useful later in cal
culating properties of the range operator. 
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lemma (in PreRanSemi) llp: 
assumes Jintm]: R : a <--+ b 
assumes Jintm]: P : !Sid b 
shows (rang R [;;; P ) = (R [;;; R r:_, P ) 

proof -
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h ave nmg R [;;; P = R [;;; R ~ P by (mle llpl . best+) 
moreover itave R. ~ li l.:J ? ====;> nmy li ~ P Uy \ 'ruit:: ilp2, ht::~"i-r} 
ultimately show ?thesis by (rule ijJf , best+) 

qed 

lemma (in PreRanSemi)isS/d-mnjintro, simJJ]: 
assumes Jintro]: W: a <--+ b 
shows isSid (rang W) 
proof -

have nmg W: !Sid b by (7'Ule mn- /S ld , auto) 
thus ?thesis by auto 

qed 

lemma (in Pn:RanSemi) isid-isbot: 
assumes jintro, simp]: isBot W 
assumes jintro , simp]: W : a <--+ a 
shows W : !Sid a 

proof -
have isSid W 
proof (mle-tar j=mng Win isSid-intro2, auto) 
show W [;;; mng W by (mle i.sBot , rmto) 

qed 
moreover have W 0 W = W 
proof -
haveW 0 W[;;W 
proof -
have W [;;; rang W by (rule isBot , a:ato) 
hence W 0 I•V [;;; W 0 rang l·V by (rule comp-incl-mon2, best+) 
also have . [;;; W by (auto) 
finally show ?thesis by auto 

qed 
moreove r have W [;;; W 0 H; by (rule isBot , auto) 
ultimately show ?t.hesis by (rule incl-antisym, best+) 

qed 
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ultimately have isi Si d W by ( mle-tac is!Sld-·intro , best+) 
thus ?thesis by ( m le-t"c !Sld-intro , best+) 

qed 

B.13.2 Algebraic Properties of the range operator 

The prerange opemtor is fully strict. 

lemma (in p,.eRanSen•i) mn-stf'ict.J: 
assumes JintmJ: ·is Bot (rang R) 
assumes cmp-isidbot: isBot (R 0 rong R ) 
assumes [intro,simp]: R : a +-t b 
shows isBot R 

proof -
have isBot (R COl rang R) by (rule crnp-isidbot) 
also have R 0 rang R = R 
proof -
have R [;;; /l 0 rang R by (rule- lac llp jTHEN iflVI], be.•t+) 
moreover have R 0 rang R [;;; R hy auto 
ultimately show ?thesis by (rule-tac incl-antisym, best+) 

qed 
finally show ?thesis . 

qed 

lemma (in PreRanSemi) mn-stf'ict2: 
assumes cmr>-isidbot: isBot (P <·• R) 
assumes Jintm]: is Bot P 
assumes Jintro]: isBot R 
assumes Jintro] : P : a .... b 
assumes Jir.tm]: R : IS!d b 
shows is/Jot (mng P) 

proof -
have isBot (P <:'! R) by (rule cmJ>-isidbot) 
hence P [;;; P 0 R by (mle-tac isBot , best+) 
hence rang P [;;; R by (mle- t<~c llp jTH EN ijJVl!], be.<t+) 
thus ?thesis by (rule-lac ·isbot-ind-isbot , auto) 

qed 

lemma (in Pr-e RanSerni) mn-stf'itl: 
assumes Jintm]: isBot (R <::· rang R) 

1:!5 



MSc Thesis - Jinrong Han 

assumes [intra]: isBot (R G P) 
assumes [intm]: isBot P 
assumes [intro]: R: a ~ b 
assumes [intro]: P : ISid b 
shows isllot (rang R ) = isBot R 

proof -
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have is iJol (mng R) = isRol H by (mle-lar: mn-slrict.l , best+) 
moreover have isBot R = isflot (rang R) by (mle-tac R= P in ran-strict2, anto) 
ultimately show ?thesis by ( m le iff! , best+ ) 

qed 

The prerange operator is an identity on mnltiplicatively idempotent snbidcntities. 

lemma (in Pr-eRanSemi) ran-is!Sld-eq: 
assumes [inlro]: P : !Sid a 
shows rang P = P 

proof -
have [intro,sim.p]: P : a~ a by (rule lSid-hom.set, aula) 
have rang P [;; P 
proof -
have rang (P G P) [;; P by (rule-tac ran-lSid-cm.p, best+) 
also have P G P = P 
proof (rule is!Sld-2,aulo) 

show is!Sld P by (r·ule- tac !Sid , auto) 
qed 
finally show ?thesis . 

qed 
moreover have P ~ rang P 
proof -
have [intra, simp]: is/Sid P by (mle-tac !Sid , auto) 
have P [;; P 0 mng P by (mle mn-sdf, best) 
also have . [;; mng P by ( best+) 
finally show ?thesis by best+ 

qed 
ultimately show ?thesis by (rule incl-antisym, best+) 

qed 

The prerangc operator is idempotent . 

lemma (in PreRanSemi) mn-idemv 
assumes [intro]: R : a ..... b 
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shows ranq (rang R) = rang R 
by (mle mn-is!Sld-eq, best+ ) 

The prcrangc operator is a left invariant. 

lemma (in PreRanSemi) 1l.L1t-1ight-inv: 

assumes [ inlm]: ll : a ,_. b 
shows R = R 0 rang R 

proof -
haveR [;; R 0 nmg R by (r-ule mn-self , auto) 
moreover have . ~ fl by aula 
ultimately show ?thesis by (rule incl-antisym, best+) 

qed 

The prcrange operator satisfies a decomposition law. 

lemma (in PreRanSemi) ran-decomp: 
assumes [int7¥J, simp): R : a ~ b 
assurncs [inl.m, sim11l: S : b +-+ c 

shows rang ( R r-' S) I; rang ( (rang R) 0 S) 
proof -
have R 0 S [;; (R <::! S) 0 mn.g ((rang R) 0 S) 
proof -
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have H r., S [;; R Co' (((mng R) co• S) G rang ((mng R) 0 S)) 
proof -

have [simp]: R 0 S I; (R <~ rang R) 0 S by ( rule comp-incl-monl , rule ran-self , 
best+) 

moreover have [simp]: = R 0 ((rang R) 0 S) by (mlc crnp-assoc, best+) 
moreover have [simp]: I; R 0 (((rang R) ~ S) " rang((rang R) 0 S)) 

by (rnle-tac comp-incl-mon2, rule ran-self , best+) 
ultimately show ?lhesi" by (mle-lac incl-tmns, <tulo) 

qed 
hence R -; S [;; (R 0 ((rang R ) 0 S)) 0 rang ((rang R) 0 S) by (subst cmp-assoc, 

best+) 
hence R c S [;; ((R 0 (rang R)) 0 S) 0 mng ((mng R) 0 S) by (subs£ cmp-assoc, 

best+) 
also haveR 0 rang R = R by (rule ran-right-·inv [TllEN sym], auto) 
ultimately show ?thesis by auto 

qed 
thus ?thesis by (rule-lac llp [THEN ilJU:d], best.+) 

qed 
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B.13.3 postimage Operator 

constdefs 
postimage :: ('u , 'm., 'r) SemiAlleyory-schcrne => 'm => 'rn => 'rn (~1 -- [1000, 1000[ .9.9.9) 
postimage s P R == if isM or s R & OS-is/Sid s P 

then All-mng ·' ( crnp s I' R ) 
else arbitrm,, 

lemma (in PreRanSerni) postimage-def: 
[ R : a ._. b; P : /Si d a) = { I' R = rong(P <'. R) 
by (unfold postimage-def , <mto) 

lemma (in PreRanSemi) postimage-hom.<et[intra ,simp]: 
assumes [intm]: R : a ._. b 
assumes [intm]: P: /S id a 
shows ~P R:b ._. b 

proof -
have~ P R = mn_g (P ~ R) by (mle postirnage-def , best+) 
a lso have . . b._. b by (mle mn-lwmset, best) 
finally show ?thesis . 

qed 

lemma (in Pr-eRanSemi) postimage- /S ld: 
assumes [intra]: R : a ._. b 
assumes [intro] : P : !Sid a 
shows ~ P R : !Si d b 

proof 
have ~ P R = mng ( P :;; R) by ( m lc postirnage-def , best+) 
also have . : /Sid b by (rule mn-IS!d , best) 
finally show ?thesis . 

qed 

Lemma postimage connects the post image operator with lip. 

lemma (in Pr·e HanSern·i) postirnayel: 
assumes [intra]: R : a ._. b 
assumes [in.tro]: P : !Sid a 
assumes [intm]: Q : /Sid b 
assumes postimage-incl: ~ P ll ~ Q 
shows P 0 R ~ R 0 Q 
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proof -
have [intm,.simp[: is/Si d P by (rule-tac /Sid , auto) 
have~ P ll = mng (P 0 H) by (mlc 7Jost·irrwgc-def , auto) 
with pustimaye-incl h ave [intru[: . ~ q by s·irnp 
have P 0 R ~ (!' 0 R) 0 q by (rule-tac llp [Til EN ·iffDI[ , best+) 
also have ... ~ R 0 Q by auto 
finally shm; ... · ?th.c:>is by b~.:> ! l 

qed 

lemma (in PrcRanSemi) postirnage2: 
assumes [in/.rv 1 sim]Jj : R: a+-+ b 
assumes [intra, simp[ : P : /S id a 
assumes [intra , simp]: Q : !Sid b 
assumes incl: P 0 R ~ R 0 Q 

shows ( P R ~ Q 
proof -
have [intro,simp]: is!S!d Q by (rale-tac !Sid , auto ) 
from incl have [intra]: P 0 R = P 0 R 0 (J by (mle isid-incl-cq1 , best+) 
he nce P 1· 1 R ~ P 1· 1 R 1· 1 Q by auto 
hence P 0 R ~ ( P 0 R) 0 Q by ( subst cm]HLSsuc, auto) 
hence rong (P 0 R) ~ Q by (rule-tac llp [Tifl::N iffD2], best+ ) 
also have mng(P 0 R) = ~ P R by (subst postimage-def [THEN sym]. auto) 
finally show 7thesi~ . 

qed 

lemma (in PrcRanSemi) postim.age: 
assumes [in/.m]: R : a H b 
assumes [it~/.m]: P : /S id a 
assumes [intro]: Q : /Sid b 
shows ({ P R ~ Q) = (P 0 R ~ R 0 (J) 

proof -
have € P R ~ Q = P 0 R ~ R ~- Q by (r-ule postimagel, be.st+) 
moreover have P Co.i R ~ R 0 Q = ~ P R ~ Q by (rule ]Jost·imaye2, best+) 
ultimately show ?thesis by (mle iff/ , best+ ) 

qed 

end 
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B.14 Ordered Semigroupoid with Monotonic PreRange 

theor y MonPreRanSerni 
imports Pn~ Ra.nScmi 

b egin 

B.14.1 Definition 

We introduce rnonotonicity of the domain operator. 

locale MonJ>reRanSemi = J>reRanSemi MPRS + 
a ssumes mn-incl-rnon[intm]: I R : a <-> b; S : a <-> b; R I; S) = mng R I; mng S 

end 

B.l5 Order ed Semigroupoids with Range 

theory R(l.rtSerrti 
impo rts MonPrc RanSemi 
b egin 

locale RanSemi = MonPreRanSemi RS + 
assumes mn-local[intm, simpJ:IR: a<->b; S: b<->c) = rang (mng R <·• S) I; mng (R <·> 
S) 

lemma (in R.anSemi ) mn-crnp: 
assumes [intm]: R : <L<-> b 
a ssumes [ intm]: S : b<-> c 

shows rang (rang R c-> S) = rang (R '" S) 
proof -
have mng (mng R 0 S) I; mng· (R 0 S) by <Luto 
moreove r h ave rang ( R CO> S) I; mng (rung R (-; S) by (r-ule ran-decom]J , cmto) 
ultima t e ly show ?thesis by (rate incl- an tisym, auto) 

qed 

end 
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B.16 Structure R ecord for Distributive Allegories 

theory DistrAllRecord 
impor ts SemiAliReconl 
b egin 

r ecord (' o, 'm) Distr All = ( 'o, 'm) SemiAllegortJ + 
join:: 'm => 'm => 'm (iufixr U1 60) 
bot :: 'a =} 'a =} 'm (_!_ , - - [ 1000, 1000] 999) 

end 

B .17 Structure R ecord for Division Allegories : R esiduals 

theor y DivAllRecord 
imports DistrAllReconl 
b egin 

We include both restricted residuals and standard residuals in t he record in order 
to make it easier for t:heories without converse Lo use residuals. 

T hese are t he best fits in X-Syrnbol - they have the same direction as the real 
residual lines. 

r ecord ('o, 'm) DivAli = ('o, 'm) DistrAll + 
1'igh tRes :: 1m => 1m => 'm (infixr _...l. I 200) 
lefl.lies ·: 'rn =} 'm :;. 'rn (infixr ~, 200) 

restrrightRes :: 'rn =} 'm =} 'm (infixr -h 200) 
restrleftRes :: 'm :;. 'm =} 'm (infixr h 200) 

end 

B .18 Standard Residuals in Ordered Semigroupoids 

theory OrdSerniR.es 
imports OrdSemi 
b egin 
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B.18.1 Left Residuals 

constdefs 
OS-haveLejtRe.r; :: {'o, 'm , 'r·) OrderetiSem'(qroupo·id-scheme ;::::;.. 1m ::::} 'm => 1m ::;. bool 

(hat~eLeftResJ - -- [1000,1000,1000] 999) 
n8./~n·•w f,,.ftR•·-< ·' 8 R /, == ·if ;.,Mm· s S & isMm· s R & ( Str'Q s S = Str'Q s R) 

& isMor s L & (Sm; s L = Ssrc s S ) & (Stry s L = Ssrc s R) 
then (ALL X .Serni-parnllel" XL ___, 

(incl s (cmp s X R) S) = inc! s XL) 
else a,·bitnn·y 

lemma (in OrderedSemigronpoid) haveLeftRes-dcf: 
( S : a - b; R : <: .... b; L : a <-> c) = 

have/,eftlles S R /, = (V X E a._. c . (X 0 R I; S) = ( X I; L) ) 
apply (unfold OS-haveLeftRes-def , s·imp) 
apply (rule iff!) 
apply ( intro str'ip) 
apply (dmle-lac x= X in spec) 
apply (drttle-tac f = X and y= L in parnllel-intm, simp, drule mp, assumption) 
apply (simp-all) 
apply ( intro strip) 
apply (dmle-lac f = X and !J= L in pamllel-2, assumption) 
apply simp 
done 

lemma (in OnleredSemigrvupoitl) luweLeftRc.•-intm: 
assumes i[intrv , simp): V X E a .... c .(X 0 R I; S) = (X I; L) 
assumes [intro): S : a .... b 
assumes [in.tro) : R : c - b 
assumes [intm): L : a - c 
shows have!.eftlles S H /, 

proof (rule haveLeftRes-def [THEN •ym, Tl/EN if!D I), best+) 
from i show V X Ea- c. (X .!. R I; S) = (X I; L ) by simp 

qed 

lemma (in OrderedSemigroupoid) haveLeftRes: 
assumes res: lwveLeftRe,, S R L 
assumes [iatrv): S : a ..., b 
assumes [intra): R : c ,_. b 
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assumes [intro]: L : a - c 
assumes [intm]: X : a +--+ c 
shows (X 0 H I; S) = (X I; L) 

proof -
from rrs have V X E a - r .( X 0 R I; S) = (X I; L) 

by ( mle-lac lwveLeflRes-clef [ Tfl F:N iffn 1}, auto) 
thus ?thesis by ::.uto 

qed 

le mma (in Ordert'.dScmigroupoid) haveLeftRes-res-intro: 
assumes [simp): X · Il l; S 
assumes [intru): haveLeftRes S ll L 
assumes [intro): S :a - b 
assumes [intro): R : c - b 
assumes [intm] : f, : a +--+ c 
assumes [intrv): X : a - c 
shows X I; L 

by ( mle-tac haveLeftRes [ Tlf EN if!D 1), auto) 

lemma (in Onle.r-edSemigrvupoid) havt:LeftRes·n~s-dim : 

ass umes [intro]: X I; L 
assumes [intro): h.atJe LeftRes S R L 
assumes [intrv): S : a - b 
assumes [intrv) : H. : c +-> b 
assumes [intro): L : a .... c 

assumes [intro): X : a .... c 
showsX 0 R i; S 

by (mle-tac haveLeftlles [THEN iffV2), auto) 

B.18.2 Right Residuals 

constdefs 
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08-haveRightRe.< :: ( 1 o, 'm , 'r) OrderedSemigroupoid-scheme => 'm => 1m => 'm. => boo! 
(haveRighi.Re.<J --- [1000,1000 ,1000) 999) 

OS-/u,.ellightlleB s S /, ll == if isM or· s S & isMm· s /, & (Ssn; s S = Ssr·c s IJ) 
& isM or s R & (S•rc s R = Strg s L) & (Stry • R = Stry s S) 
then (AL L X. Sem£-parnllcl s X R ---> 

(inc! s (cm p s LX) S) = inc! s X R ) 
cbe a1'bil1'ary 
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lemma (in OrderedSemigroupoid) haveRightRes-def: 
[ S : a <-+ b; L : a <-+ c; R : c <-+ b I = 

haveHightRes S L H = (\1 X E c <-+ b. (L 7 X~ S) = (X ~ H)) 
apply (unfold OS-haveRightRes-def , s·imp) 
apply (rule iff/ ) 
apply (intm Btrip) 
apply (dmle-tac x= X in spec) 
apply (dmle-tac f = X and g= R in pamllel-intro, simp, dmle mp, ass·urnption) 
apply (simp-all) 
apply (intra strip) 
apply (dmle-tac J= X and g= ll in TJarallel-2 , as.mmption) 
apply simp 
done 

lemrna (in 01·cle7-edSemigroupoid) haveRighLRe.o;·i1tlro: 
assumes i [·in tm, simp]: \1 X E c <-+ b. (L ': X ~ 8) = (X ~ H) 
assumes [intra]: 8 : a <-+ b 
assumes [in.trn]: L : a <-+ c 
assumes [int·ro] : R : c <-+ b 
shows haveHightHes 8 [, H 

proof (rule haveRightRes-def [THEN sym, THEN iffD I], best+) 
from i show \1 X Ec ,_. b. (L -:. X~ 8) = (X ~ R) by simp 

qed 

lemma (in Ordcred8emi_qro·upu·id) haveRightRes: 
assumes re": haveRightRes 8 L R 
assumes [ intm]: 8 : a <-+ b 
assumes [ int·ro]: /, : a +-+ c 
assumes [int-ro]: R: c <-+ b 
assumes [ in.tro]: X : c <-+ b 
shows (L 0 X~ 8) =(X~ R) 

proof -
from res have \1 X E c <-+ b. (L 0 X ~ 8) =(X~ R) 

by (rule-tac haveRightRes-def [TifEN iffDI], auto) 
thus ?thesis by auto 

qed 

lemma (in OrdcrcdSemigro-upoid) haveRightRes-rcs-intro: 
assumes [intro]: L G X I;;; 8 
assumes [ intm]: haveRighi.Res S L R 
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assumes [intro]: S : a ,_. b 
assumes [intm]: L : a <-+ c 
assumes [intm]: H : c <-+ b 
assumes [intro]: X : c <-+ b 
shows X~ R 

by (mle-tac haveRighi.Res [TffF:N ijJDI], auto) 

lemma {in OrderedSemigroupoid) haveRiyhtHes-·rcs-elim: 
assumes [simp]: X ~ R 
assumes [intro]: haveRightRes 8 L R 
assumes [in/.m]: 8 : a ..... b 
assumes [intro]: L : a <-+ c 
assumes [ intro]: R : c ,_. b 
assumes [ intro]: X : c <-+ b 
shows L ,. , X ~ S 

by (r·ule-tac haveR·iyhtHes [TifEN iffD2] , auto) 

end 
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B .19 Semigroupoids with standard Left Residuals 

theory LResSemi 
imports Ord8cmiRes DivAllRecord 
b egin 

B .19.1 Definitions 

locale f.ResSem·i = Onle•-.,dSemigroupoid f.RS + 
assumes leftRes- lwm.set[intro,simp]: ( R : c <-+ b; 8 : a~ b I = (R ~ 8) : a<-+ c 
assumes leftRes[intro ,simp]: I R: c ..... b; S: a <-+ b I = haveLeftRes 8 R (R ~ S) 

B .19.2 Auxiliary Lemmas 

lemma (in f.HesSemi) leflHes-sn;[simp]: 
assumes [ intro] : R : c <-+ b 
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assumes [in.troJ: S : a ...., b 
shows src (R ~ S) = a 

proof -
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have ( R ~ S) : a ...., c by (rule leftlle•-hornsd , auto) 
thus ?fh e.!is by (rule hom.<et-.m :: ) 

qed 

lemma (in LRcsS erni ) lejtRe•- try[• impJ: 
assumes [in troJ: R : c..-. b 
assumes [introJ: S : a ...., b 
shows 1.1y (il ~ S) = c 

proof -
have (R ~ S) : a ...., c by (rule lejtRes-homset , aula) 
thus ?thesis by (rule hornset-trg) 

qed 

lemma (in LRcsSem i) leftRes-defined[ simpJ: 
assumes [in.troJ: R : c +-> b 
assumes JintmJ : S : a ...., b 
shows Mor· (R ~ S) 

proof (r ule lwmset-Mor) 
show ( R ~ S) : a ...., c by (rule lejtRes-hom-5et , auto ) 

qed 

lemma (in LResSemi) lres- src[simpJ: 
assumes [simp] : try R = try S 
assumes [simp]: Mor · R 
assumes [simp[: Mor· S 
shows src (R ~ S) = src 8 

pwof -
have R ~ S : •rc 8 ...., src R by (rule lejtRes-homsf!t , rule homset1 , auto) 
thus ?thesis by ( mle homset-sr~) 

qed 

lemma (in LResSem ·i ) lres- trg [sirnpJ: 
assumes [simp[: trg n = /.ry S 
assumes [s·impj: Mor· R 
assumes [simp]: Mor S 
shows tr,q (R ~ S) = src R 

proof -
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have R ~ S : src S ...., src R by (rule leftRes-homset , rule homsetl , auto) 
thus ?thesis by ( mle homset-try) 

qed 

lemma (in LResSemi) lres[simpJ: 
assumes [intmJ: R : c ...., b 
assun1es [.:i./n_,;: S : a , b 
assumes [intmJ: X : a <-+ c 
shows ((X · ~ R) [;;; S) = (X [;;; (R ~ S)) 

proof -
have hat'e f,eftRe., S R (ll ~ S) by (rule lejtnes , best+) 
thus ?thesis by (rule have Left Res, best+ ) 

qed 

lemmas (in /,ResSem i ) lr·esl = h~s [TIIfo:N 'ifTDIJ 
lemmas (in LResSemi) lr~s2 = lr~s [THEN ijJD2J 

B .19.3 Equivalent axiomatization 

lemma (in LResSemi) incl-lres[introJ: 
assumes [introJ: T : a <-+ c 
assumes [inlm]: R : c ...., b 
shows T [;;; (R ~ (T 0 R)) 

proof -
have (\1 X. X : a .-. c ~ X[;;; T ~ X [;;; R ~ (T 0 R)) 

proof ( intrv st1i7J) 
fix X 
assume [introJ:X E a ...., c 
assume XT [simpJ: X [;;; T 
hence [intmJ: (X r-1 R [;;; T · R) by (r-ule-tac comp-incl-monl , best+) 
thus X [;;; (It~ (T 0 /t)) by (mle- tac ln:s l, best+) 

qed 
thus ?thesis by (rule-tar indir-ineq2, auto) 

qed 

lemma (in LResS erni) lrescmp-incl: 
assumes [intmJ: R : c <-+ b 
assumes [inl.mj: S : a - b 
shows ((Jl ~ S) 0 H) [;;; S 

proof -
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let ?X = R ~ S 
h ave [ intm]: ?X : a ,_. c by auto 
moreover have [intro]: ?X !;; (R ~ S ) by (mle incl-r·ejl , best) 
have (?X 0 R !;; S) by (rule Ire• [TifEN if!D2], auto) 
thus ?thesis by (best+) 

qed 

--Residual properties in Furusawa-Kahl-1998--

Proposition 4.4 (i) 

lcnuna (in LRettSemi) lrescom-incl-fs: 
assumes [intm ]: S : a +---;. c 
assumes [ intro]: R : b ,_. c 

assumes [ intro]: T : d ...., c 
shows (R ~ S) ,., (T ~ R) !;; (T ~ S) 

proof -
have [intro] : (T ~ R ) 0 T!;; R by (rule lrescmp-incl, auto) 
have [intro] : (R ~ S) : R !;; S by (rule lrescmp-incl, auto) 
have ((R ~ S) 0 ( T ~ R)) 0 T = (R ~ S) 0 ((T ~ R) 0 T) by (mle cmp-o.ssoc, 

auto) 
moreove r have . !;; ( R ~ S) 0 R by auto 
moreover have . ~ S by auto 
ultimate ly have l: ((R ~ S ) 0 (T ~ R) ) 0 T!;; S by (rule-t.ac incl-tmns, auto) 
from l show (( R ~ S) 0 ( T ~ R )) !;; ( T ~ S)by (rule-tac h~s [Til EN ij]VI], auto) 

qed 

Proposition 4.4 (iii) 

lemma (in LResSemi) lrescom-r:ncl-ohk: 
assumes [intm]: S: a ...., c 

assumes [intra]: S': a~ c 

assumes [intro]: R : b ,_. c 
assumes [intro] : R': b ..., r 

assumes S[intm]: S !;; S' 
assumes R[intm]: fi' !;; R 
shows (R ~ S) !;; (R' ~ 81 
proof ( rule-tac indir-ineq2, best+) 
show V C. C E a ..., b ---> C!;; (R ~ S) ___, C!;; (R' ~ S1 
proof ( intrv strip) 
fix C 
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assume [intro] : C: a ,_. b 
assume C[intm]: C!;; (R ~ S) 
show c!;; ( II' ~ s~ 
proof -
have C 0 R' !;; C :- R by auto 
moreover have. !;; S by (mle-tac lr~s2, auto) 
ultimately have C 7 R' !;; S by (rule incl-tmn,, , auto) 
moreover have . ~ S' by a·uto 

~JSc Thesis - Jinrong Han 

ultimately have 1: C •"OJ R '!;; S' by (rule incl-trans, auto) 
from l show ?thesis by( rule-tac lresl , auto) 

qed 
qed 

qed 

Proposition 4.5 (i) 

lemma (in LResSemi) lrescom.-incl-ex: 
assumes [intm]: F : a ,_. b 
assumes [inl.m]: R : b ._. c 
assumes [intm]:S : d ...., c 
shows (F 0 (S ~ R)) !;; (S ~ (F 0 R)) 
proof -
have[intro]: F !;; (R ~ (F <·• R )) by auto 
have ( F ~ (S ~ R)) !;; (( R ~ (F :: R )) 0 (S ~ R)) by au.to 
moreover have. !;; (8 ~ (F 0 R )) by( rule lre><vrn-irlcl-fs, a·uto) 
ultimately show ?thesis by (rule incl-trans, auto) 

qed 

end 

B.20 Semigroupoids with standard Right Residuals 

theory fWesSerni 
imports Ord8erniRes D·iv.4llRecord 
begin 

B.20.1 Definitions 

locale RResSemi = OrderedSernigroupoid RRS + 
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assumes rightRcs-hom . .et[r:ntro,simJlJ: [ L : a..., c; S: a ..., b J ===> (S ~ L) : c <-> b 
assumes r'iglttRes[intm,simpJ: [ L : a..., c; S: a..., b J ===> haveRiglttRes S L (S ~ L) 

B.20.2 Auxiliary Lemmas 

lf>!rnmA (in RRt~.'I8Pmi) f'ightRI~S-!i'rc[sim1Jl : 

assumes [introJ: L : a ..., c 
assumes I introJ: S : a ..., b 
shows sr~ (S ~ L) = c 

proof -
have (S ~ L) : c <-> b by (rule riglttRes-lwrnset, a·utu) 
thus ?thesis by (rule hom.•et-src) 

qed 

lemma (in RResSemi) rightRes-trg[s·irnpJ : 
assumes JintroJ: L : a ..., c 
assumes [intmJ: S : a ..... b 
shows /.ry (S ~ L) = b 

proof -
have (S ~ L) : c ...., b by {rule riglttRes-homset , auto) 
thus ?thesis by (rule homset-trg) 

qed 

lemma (in RResSemi) riglttRes-defined[simpJ: 
assumes [introJ: L : a ..... c 
assumes [intmJ: S: a ..... b 
shows Mur· (S ~ L) 

proof (rule ltom•et-Mor) 
show S ~ L : c ..... b by (rule rightRes-homset, auto) 

qed 

lemma (in RResSemi ) rres-src: 
assumes [simpJ: src L = src S 
assumes [simp[: Mor· L 
assumes [.•-imrJJ : Mor· S 
shows src (S ~ L) = trg L 

proof -
have S ~ L : l.ry L .._. try S by { m le ·tightRe.•-horn.<et , mle hornsetl , <Luto) 
thus ?thesi., by ( mle hornsd-srt) 

qed 
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le mma (in RResSemi) 11·es-try: 
assumes [simpJ : src L = sr·c S 
assumes [s-impJ: MarL 
assumes [simpJ : Mor S 
shows try (S ~ L) = try S 

proof 
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have S~ L: tr,q L <-> try S by {rule riyhtRes-humset , rule humsetl, auto) 
thus ?thesis by (rule homset-try) 

qed 

lemma (in RResSern-i} rres: 
assumes [introJ: L : a ..., c 
assumes [introJ: S : a ..., b 
assumes [intmJ: X : c ..., b 
shows (L 0 X ~ S) = (X~ (S ~ L)) 

proof -
have haveRightRes S L (S ~ L} by (rule rightRes , best+) 
thus ?thesis by ( mle haveRigh/Res, be.•l+) 

qed 

lemmas {in RResSemi} rresl = rres I Til EN ijJD IJ 
lemmas (in RResSemi) n~s2 = 77~S [TffF:N ijJ/)2j 

B.20.3 Equivalent axiomatization 

lemma (in RResSem·i) ind-r7~s [ intmJ: 
assumes [introJ: L : a ..., c 
assumes [introJ: T : c ..., b 
shows T ~ ((L <·> T} ~ L) 

proof -
have (\1 X . X : c ..., b ~ X ~ T ~ X ~ ( L <;1 T)~ L} 
proof (intra strip) 
fix X 
assume I intrvJ : X : c ..., b 
assume [•impJ: X~ T 
hence [introJ : L 0 X ~ L •:) T by (rule-tar comp-incl-mon2, best+) 
thus X~ (L 0 T)~ L by (mle-tac !'t'esl, best+ ) 
qed 

thus ?thesis by (rule- tac indir-iru:q2 , cmtu) 
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qed 

lemma (in RHesSemi) n~scmp-incl: 
assumes [intro) : S : a .._. b 
assumes [intro): L: a,__. c 
shows L \·) (S ~ L) !;; S 

proof -
let ?X=S ~ L 
have ['intro]: ?X : c ,__. b by auto 
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moreover have [intro]: ?X !;; S ~ L by (rule ind-n-Jl, best) 
moreove r have (1, 0 ?X !;; S) by (mle rres [TII F:N ijJV2], auto) 
thus ?thesis by (best+) 

qed 

--Residual properties in Furusawa-Kahl-1998--

Proposition 4.4 (i) 

lemma (in RResSemi) rrescom-incl-fs: 
assumes [intm):S : a ,__. c 
assumes [intm): L : a,__. b 
assumes [·intra): U : a ,__. d 
shows (S ~ L) ''-' (U ~ S)!;; (U ~ L) 

proof -
have [intm) : L 0 (S ~ L) !;; S by (mle n·escmp-incl, auto) 
have [intro]: S 0 (U ~ S) !;; U by (rule rrescmp-incl, auto) 
have L 0 ((S ~ L) 0 ( U ~ S)) = (L 0 (S ~ L )) 0 ( U ~ S) by (rule cmp-assoc-sym, 

auto) 
moreove r have . !;; S 0 ( U ~ S ) by <mlo 
moreover have . ~ U by auto 
ultimately have r: L 0 ((S ~ L) ::: (U ~ S))!;; U by (rule-tac incl-trans, auto) 
from r show ?thesis by (rule-tac rres [THEN ijJD I], auto) 

qed 

Proposition 4.4 (iii) 

lemma (in RResSerni) rrescom-incl-ohk: 
assumes [intra]: S : a .......,. c 
assumes [intro]: S': a~ c 
assumes [intm]: Q : a ,__. b 
assumes [introJ: Q': a ,__. b 
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assumes S[intro): S !;; S' 
assumes Q[intro): Q'!;; Q 
shows (S ~ Q) !;; (S' ~ Q~ 
proof ( rule- tac indir-ineq2 , best+) 
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show V C . C E b ,__. r. --> C !;; (S ~ Q) --> C !;; (S' ~ Q~ 
proof ( inlm strip) 
fix C 
assume [intm): C: b ,__. c 
assume C[intro): C !;; (S ~ Q) 
show C !;; (S' ~ Q~ 
proof -
have Q' 0 C !;; Q 0 C by auto 
moreover have . !;; S by (rule-tac rres2, a·uto) 
ultimately have Q' <:'l C!;; S by (rnle incl-trans, auto ) 
tnorcover have . ~ S 1 by auto 
ultimately have 1: Q' <::• C !;; S' by (mle incl-tmns, auto) 
from l show ?thesis by(rule- tac rres1, auto) 

qed 
qed 

qed 

Proposition 4.5 (i) 

lemma (in RResSem·i) n·escorn-incl-ex: 
assumes [intro]: U : a ,__. b 
assumes [intro]: Q : a ,__. c 
assumes [intm): T : c ,__. d 
shows ((Q ~ U) 7 T) !;; (( Q 0 T) ~ U) 
proof -
have[intro) : T !;; ((Q "' T) ~ Q) by auto 
have ((Q ~ U) 0 T) !;; ((Q ~ U) 0 ((Q .:: T) ~ Q)) by auto 
moreover have. !;; ((Q 0 T ) ~ U) by(mle rrescom-incl-fs, auto) 
ultimately show ?thesis by (rule incl-tran>, auto) 

qed 

end 

B.21 Semigroupoids with Standard Residuals 

theory ResSemi 
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imports LRcsSemi RResSemi 
begin 

B.21.1 Definitions 
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locale R~,.;Semi. = LR~,.,sc~~~,; flS ;.. I:.fl~....:.S ...... i " ~ fl.S 

end 

B.22 Restricted Residuals in Ordered Semigroupoids 

theory OnJSemillestrRes 
imports RanSemi DornSemi 
begin 

B.22.1 Dasic Definitions 

locale OrdSemiRestrRes = RanSemi OSR + DomSemi OSR 

B.22.2 Restricted Left Residuals 

constdefs 
OS-haveReslrLeflRes :: Co 1 'm, 'r·) SemiAllegory-scherne => 'm => 'm => 1m => bool 

(haveRestrLejtRes1 - - - [ 1000,1000, 1000] 999) 
OS-haveRestrLeftRes s S R L = = if isM or s S & ·isM or s R & (Strg s S = Strg s R) 

& isMor s L & (Ssrc s L = Ssrc s S) & (Strg s L = Ssrc s R) 
then (ALL X .Semi-pamllel s XL __, 

('incl s (cmp s X ll) S & incl s (All-mng s X) (All-dom s 
R )) = incl s XL) 

else arbitranJ 

lemma (in OnlScrniHestrReB) have&strLcftlieNlef: 
I S : a <-+ b; R : c +-> b; L : a +-< c) ~ 

haveRestrLeftRes S R L = (\;/ X E a +-> c . ((X 0 R I; S) & (rang X I; dam R)) =(X 
I; L)) 
apply (unfold OS-have fiestr·Leftfies-<Jef , simp) 
apply ( mlc ·iff!) 
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apply ( intro strip) 
apply (dmle-tac x=X in spec) 
apply (d111le-tacj= X and g= L in pamllel-inlm, ·• ·imp , dmle m]J , assum]Jtion) 
apply (simp-all) 
apply (in tra strip) 
apply (dmle-tac f = X and g= L in pamllel-2, "'""mpl.ion) 
apply si;np 
done 

lemma (in OrdSerniRestrRes) har•eRestrLeftRes -intro: 
assumes i]intm, simp]:\;/ X E a+-> c .((X c· H I; S) & (rung X I; dom H)) = (X I; L) 
assumes ]intro]: S : a +-< b 
assumes ]·intro]: R : c +-< b 
assumes ]intro]: L : a +-> c 
shows ha11eRestr·LejtRes S H L 

proof (mle haveRestrLeftRes-def ]TffEN syrn, THEN iffD I], best+) 
from i show \;/ X Ea +-> c. (X 0 R I; S A rang X I; dom R) = (X I; L) by simp 

qed 

lemma (in OrdSemiRestrRes) haveRestrLeftR~s: 
assumes res: haveRestrLeftRes S R L 
assumes ]intrv]: S : a ._. b 
assumes ]intrv]: n : c - b 
assumes ]intra]: L : a <-+ c 
assumes [intro]: X : a <-+ c 
shows ((X 0 R I; S) & (mng X I; dorn R)) =(X I; L) 

proof -
from res have \;/ X E a<-+ c .((X (:.) R I; S) & (ranrJ X I; dom R)) = (X I; L) 

by (role-tac haveRestrLeftRes-def [Tf!BN ·iffDI] , auto) 
thus ?thesis by auto 

qed 

lemma (in OrdSemiRestrRes) haveRestrLejtRes-res-intro: 
assumes [simpJ: X ~ R I; S 
assumes ]simpJ: mng X I; dorn R 
assumes ]intrv]: haveRestr·LeftRes S R L 
assumes ]intro]: S :a +-< b 
assumes [intro]: R : c +-< b 
assumes [inl.m]: L : a +-> c 
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assumes {intra] : X : a +-t c 
shows X ~ L 
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by (mle- tac h<rueRestrLeftHes [TII BN ijJ/JI], auto) 

lemma (in OrdSemiRestrRes ) h.aveRestrLeftRes-res-elim: 
assumes I intm[: X ~ L 
assumes [intm]: haveHestrLeftlies S H L 
assumes [·intro]: S : a - b 
assumes [ intro]: R : c ..., b 
assumes [in.tro]: L : a ...., c 
assurncs [intmJ: X : a ......... (; 
s hows X 0 R ~ S & rang X ~ dom R 

by (rule- tac haveRestrLeftRes [TFIEN ijJD2], auto) 

B.22.3 R estricted Right R esiduals 

constdefs 
OS-have RestrHightHes :: ('o, 'm. 'r·) SerniAllegory-scherne =} 'm =} 'm =} 'm => bool 

(haveR estrRightReSI --- [1000,1000,1000] 9.99) 
OS-haveRestrRightRes s S L R == if isM or s S & isM or s L & (Ssrc s S = Ssrc s L) 

&.: isM or s R & (Ssrc s R = Strg s L) & (Strg s R = Strg s S) 
then (ALL X . Serni-pamllel s X R -> 

(incl s (crnp s LX) S & incl s (A ll-dorn s X) (All-r·ang s 
L )) = incl s X R) 

else arbitrary 

lemma (in OnlSem"iRestrRes) haveRestrRightRes-def: 

[ S : a - b; L : a ,.... c; R : c - b J ==> 
haveRestrRightRes S L R = (\/ X E c..., b . ((L 0 X ~ S) & (dorn X~ mng L )) = 

(X~ R) ) 
apply (unfold OS-havellestrR·iyhtRes-def, simp) 
a pply (rule iff! ) 
apply ( intro strip) 
apply (d·rule-tac x= X in spec) 
apply (d·mle -tac f = X and g=R in pamllel-·intrv , simp, dntle mp, assumrJtion) 
apply (simp-all) 
a pply (intro strip) 
apply (dmle- tac f=X and g=R in pamllel-2, assumption) 
apply simp 
done 
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lemma (in OrdSemiRestrRes) haveRestrRightRes-intro: 
assumes i [intro, simp]: \1 X E c- b. ((/. 0 X~ S) & (<lorn X~ nmg L)) =(X~ ll) 
assumes [intra]: S : a - b 
assumes [intro] : L: a- c 
assumes [intm]: R : c - b 
shows havellestrR ightRes S {, ll 

proof (mle haveRestrR-ightRes-dcf [TllEN sym, TflEN iffDIJ, best+) 
from i show \1 XEc- b. (L 0 X ~ SA dom X~ rang L) = (X ~ R ) by simp 

qed 

lemma (in OrdSemiRestrRes) haveRestrRightRes: 
assumes res: haveRestrR-ightRes S L R 
assumes [·intr·o]: S : a ...., b 
assumes [intm]: L : a - c 
assumes [intru]: R : c - b 
assumes [intro]: X : c ..., b 
shows (( L 0 X(;; S) & (dom X ~ rang L )) = (X ~ R) 

proof -
from nes h ave \1 X E c- b. (( L C'l X ~ S) & (dam X~ mng L)) = ( X ~ R) 

by (rule-tac haveRestrRightRes-def [Til EN iffDJ], a·uto) 
thus ?thesis by auto 

qed 

lemma (in OrdSerniRestrRes) haveRestrRightRes-res-intro: 
assumes [intro]: L ~ X ~ S 
assumes [inl:m]: dorn X ~ mng L 
assumes [intm]: have llcstrRightRes S L Fl 
assumes [intro] : S : a,.... b 
assumes [intro]: L : a - c 
assumes [intro]: R : c - b 
assumes [inl.m]: X : c ..., b 
shows X ~ R 

by (rule-tac haveRestrRightRes [Til EN iffDI], a·uto) 

lemma (in Or·dSemiRestrRes) haveRestrRightRes-r-es-elim: 
assumes [s·imp]: X ~ R 
assumes [intro] : ha·ueRestrR-ightRes S L R 
assumes [intro]: S : a ..... b 
assumes [intm]: L : a - c 
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assumes [ intro]: R : c ._. b 
assumes [intm]: X : c ._. b 

~JcMastcr University- Computer Science 

shows (1, 0 X~ S) & (<1om X~ mng /,) 
by (rule- tac ha'UeRestrRightRes [Til EN ·ijf02], auto) 

end 

B.23 Semigroupoids with Restricted Left Residuals 

theory R estrLResSemi 
imports Or<ISemiRestrRcs DivAllRecor<l 
begin 

B.23.1 D efinitions 

loca le R estrLResSern·i = Or<ISerniRestrRes RLRS + 
assumes restrleftRcs-homset[intra,simp]: I R : c <-+ b; S : a <-+ b I => (R 1- S) : a ._. c 
assumes restrleftRes[intro ,simp]: I R : c <-+ b; S : a <-+ b I => haveLeftRe. S R (R 1- S) 

B.23.2 Auxiliary Lemmas 

lemma (in Rest·rl,ResS emi) n:stT·-leftRes-s•·c [sirnp]: 
assumes [intra]: R : c <-+ b 
assumes [intra]: S : a ._. b 
shows src (R 1- S) = a 

proof -
have ( R 1- S) : a ._, c by (rule res trleftRes-homset , auto) 
thus ?thesis by (rule homset-src) 

qed 

lemma (in RestrLResSern·i) restr-leftRes-trg[simp]: 
assumes [intro]: R : c <-+ b 
assumes [in.tm]: S : a <-+ b 
shows /.ry (H I- S) = c 
proof -
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have (R 1- S) : a._. c by (rule restrlcftRes-homset, auto) 

thus ?thesis by (rule homset-t•y) 
qed 

lemma (in RestrLRcsSemi) mst•·leftRcs-defi7Led[simp]: 
assumes [in/.m]: R : c ._. b 
assumes [iti.lro]: S : a. 1 ' 

shows Mar (R 1- S) 
proof (rule homset-Mor) 
show ( R 1- S) : a ._. c by ( mle restrlefi.Res-hornset, rmto) 

qed 

lemma (in RestrLResSemi) restr- lres-src[simp]: 
assumes [simp]: trg R = trg S 
assumes [simrJ]: Afor R 
assumes [simp]: Mm· S 
shows src (R 1- S) = src S 

proof -
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h ave R 1- S : ST'c S <-+ .m; R by ( mle T-es t7'leflRes-lwmsel , T'Ule horns ell , auto) 
thus ?thesis by ( m le lwrnset-sn;) 

qed 

lemma (in R es1.7LResSemi) T'fs lr-lres-l!y[simp]: 
assumes [simp]: t7y /{ = try S 
assumes [simp]: Mar R 
assumes [.•imp]: Mor S 
shows tTy (R 1- S) = sr~ R 

proof -
have R 1- S : src S <-+ src R by (rule restrleftRes-lwr,.,et, rule lwr,.,et l , auto) 
thus ?thesis by (rule homset.-trg) 

qed 

lemma (in RestrLResSerni) restr-lres: 
assumes [intra]: R : c .... b 
assumes (intra]: S : a ,_. b 
assumes [in/.7v]: X : a <-+ c 
shows ((X r; , R ~ S) II (mng X~ dom R)) =(X ~ (R 1- S)) 

proof -
have havcLeftRes S R ( R 1- S) by ( mle rcs trleftRes , best+) 
thus ?thesis by ( m le-tac haveRestr Lefi.Res , best+) 
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q ed 

lemmas (in Hest1LResSem-i) resh·-l7es I = restr-l7es [THEN ij]V !] 
lemmas (in RestrLResSem·i) restr-lres2 = restr- lres [Til EN iJTD2] 

Add the following two auxiliary lcmm;;s. 

lemma (in Restr{,ResSemi) 1est1·-lres-incll[intro]: 
assumes [inb·o]: X: a- c 
assumes [intra]: R : c ..., b 
assutnes [intro]: S: a - b 
assumes TR [in tm]: X [;;; R 1- S 
shows mng X [;;; dam R 

proof -
from TR have ss: (X 8 R [;;; S) II (rang X[;;; dom R) 
by (mle-tac 1~str-lr·e8 ['1'111-:N iffD2] , auto) 
from ss show ?t.hesis by auto 

q ed 

lemma (in Res11LResSemi) 1"est7·-ln<S-incl2[intm]: 
assumes [intn>]: X: a..., c 
assumes [intra]: R : c ...., b 
assumes [in.tm]: S: a ..., b 
assumes XR[intm]: X [;;; R 1- S 
shows ( X 0 R [;;; S) 

proof -
from XR have ss: (X .:. R [;;; S) II (rang X[;;; dom R) 
by (rule-tac restr-lres [T il EN iJTD2], auto) 
front ss show ?t.hesis by auto 

qed 

B.23.3 Equivalent axiomatization 

lemma (in RestrLResSemi) incl-restr-lres[intro]: 
assumes [intm]: T : a ..., c 
assumes [intm] : R : c ...., b 
assumes TR [intro] : rang T [;;; dam R 
shows T [;;; R 1- ( T 0 R) 

proof -
have (V X . X : a ..., c ~ X [;;; T ~ X [;;; R 1- ( T 0 R)) 
proof (-intra strip) 
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fix X 
assume [intm]:X E a ..., c 
assume XT[s-irnp]: X [;;; T 
hence [intro[: (X <e) R [;;; T ~ R) 

by (rule-tac comp-incl-monl , best+) 
hence XT [intro]: mng X [;;; rang T by auto 
from XT Til ha ve rang X [;;; dum fl 

by (rule-tac incl-tram, auto) 
thus X[;;; (R 1- ( T 8 R)) by (rule-tac restr-lres l , best+) 

qed 
thus ?thesis by (1-ule-tac indir·-ineq2 , auto) 

q ed 

lemma (in RestrLResSemi) restr-lrescrnp-incl: 
assumes [intm]: R : c ...., b 
assumes [intm]: S : a ..., b 
shows (R 1- S) 0 R [;;; S 

proof -
le t ?X = R 1- S 
have [intro]: ?X : a ...., c by auto 
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moreover have [intra]: ? X [;;; ( R 1- S) by (rule incl-refl, best) 
have (?X Cv R [;;; S) & (rang ?X[;;; dom R) 

by (mle '~s /.7·-l,-es [Tf!F:N iJTD2], auto) 
thus ?thesis by (best+) 

qed 

Add the following new properties. 

lemma (in R estrLRcsSemi) res tr-lres-incl-new: 
assumes [inl.m]: R : c ..., b 
assumes [intro]: S : a ..., b 
shows rang (R 1- S) [;;; dam R 

proof -
le t ?X = R 1- S 
have [·intm]: ?X : a ..., c by a1tto 
moreover have [intra]: ?X [;;; (R 1- S) by (mle incl-r-ejl , best) 
have (?X 0 R [;;; S) & (rang ?X [;;; dom R) 

by (mle 1-estr-l!-es [THF:N iJTD2], auto) 
thus ?thesis by (best.+) 

qed 
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- Residual properties in Furusawa-Kahl-1998-

Proposition 4.4 (i) 

lemma (in RestrLResSemi) restr-lrescom-incl-fs: 
assumes !inl1nJ:S : a +-i> c 
wssutu~::; [inlw].ll . U ~ L. 

assumes [intro]:T: d ..... c 
shows (R 1- S) (" (T 1- R) [;; (T 1- S) 

proof (mle rest>·-lres [TNP,N iflDI], best) 
show S : a ..... c by auto 

next 
show (R 1- S) 0 T 1- R E a ..... d by auto 

next 
show ((R 1- S) 0 T 1- R) 0 T [;; SA rung ((R 1- S) 0 T 1- R) [;; dorn T 
proof -
have[intro]: (T 1- R) 0 T [;; R by (rule restr-lrescmp-incl, auto) 
have(intro]: (R 1- S) 0 R [;; S by (rule restr-lrescmp-incl, auto) 
have ((R 1- S) 1-1 (T 1- fl )) 1-1 T = (R 1- S) 1-1 ((T 1- R) ,., T) 

by (r-ule cmp-a>soc, auto) 
moreover have . . [;; (R 1- S) 0 R by auto 
moreover have . . ~ S by auto 
ultimately have l : ((R 1- S) <·J (T 1- R)) <·I T [;; S 

by (r-ule-tac incl-tnms, auto) 
have[intro]: rang ( T 1- R) [;; darn T 

by (mle res tr-lres-incl-new, auto) 
have mng((R 1- S) ,_, (T 1- R)) [;;rang( mng(R 1- S) 1· 1 (T 1- R)) 

by ( mle mn-decornp, an to) 
moreover have . . [;; rang ( T 1- R) by best+ 
ultimately have mng((R 1- S) 0 (T 1- R)) [;;rang (T 1- R) 

by ( mle-t«c incl-tmns, auto) 
moreover have [;; dom T by best+ 
ultimately have ll: rang ((R 1- S) ~~ T 1- R) [;; dorn T 

by (mle-tac incl-trans, auto) 
from l ll show ?thesis by auto 

qed 
qed 

Proposition 4.4 (iii ) holds for restricted residuals if R'=R and Q'=Q. 

lemma (in RestrLResSerni) restr-lrescom-incl-ohk: 
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assumes [intm]: S : a ..... c 
assumes [inl.m[ : S': a ..... c 
assumes [intm]: il : b ..... c 
assumes S[intro] : S [;; S' 
shows (R 1- S) [;; (R 1- S1 
proof ( mle-l.ac indir·-ineq2) 

show R !- S C a c ) b by auto 
next 
show R 1- S' E a ...., b by auto 

next 

~!Se Thesis - Jinrong Han 

show VC. C Ea ..... b ~ C [;;(ill-S)~ C [;;(ill- S1 
proof (intra strip) 
fix C 
assume [in.tro]: C : a ..... b 
assume C[intm]: C [;; (ill- S) 
show C [;; (ill- S1 
proof -
from C have (C <:; R [;; S) by (rule-tac restr-lres-incl2. auto) 
moreover have. ~ S' by auto 
ultimately have r/: C 0 R [;; S' by (r-ule incl-trans, auto) 
from C have r2: rang C [;; darn R by auto 
from rl r!l show ?thesis by(rule-tac res tr-lres/ , auto) 

qed 
qed 

qed 

Proposition 4.5 (i) holds for restricted residuals when the following FR assumption 
is added. 

lemma (in RestrLResSemi) restr-lrescom-incl-ex: 
assumes [intm]:F : a ._.. b 
assumes [intm]:il: b.- c 
assumes [intro]:S : d ._.. c 
assumes FR: rang F [;; dom R 
shows (F 0 (S 1- R)) [;; (S 1- (F '"' R)) 
proof -
have[intro]: F [;; (R 1- (F 0 R)) by auto 
have (F <!! (S 1- R)) [;; ((R 1- (F ~ R)) 0 (S 1- R)) by auto 
moreover have . [;; (S 1- (F 0 R)) 

by( mle restr·-lr·escorn-incl-f•. auto) 
ultimately show ?thesis by (rule incl-trons , auto) 
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qed 

end 

B.24 Semigroupoids with Restricted Right Residuals 

theory Rest1RResSemi 
imports OrdSerniliestrHes DivAlllleconl 
begin 

B.24.1 Definitions 

locale RestrRResSemi = OnlSemiRest1R es OSRR + 
assumes nstnightRcs-homset[intrv,simpJ: [ L : a ._, c; S : a ._, b ) 

=> (S -1 L) : c ._, b 
assumes restrrightRcs [intro,simpJ: [ L : a ._, c; S : a ._, b J 

=> haveRestrRightRes S L (S -1 L) 

B.24.2 Auxiliary Lemmas 

lemma (in Hest1RR esSemi) restnightRes-src[simpJ : 
assumes [ introJ: L : a +--+ c 
assumes [introJ: S : a ._, b 
shows sn (S -1 L) = c 

proof -
have ( S -1 L) : c <--> b by (rule restrrightRes-homset , a-uto) 
thus ?thesis by (rule homset-src) 

qed 

lemma (in RestrRResSerni) restrrightRes-try[s·impJ: 
assumes [introJ: L : a ...., c 
assumes [intmJ: S : a ...., b 
shows try (S -1 L) = b 

proof -
have ( S -1 L) : c ...., b by (rule restrrightR es-homset, a-uto) 
thus ?the8is by ( mle homset-try ) 

qed 
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lemma (in R estrRRcsSemi) restnightRes-defined[simp]: 
assumes [intm]: L: a ._, c 
assumes ['in tm]: S : a ~ b 
shows Mor (S -1 L) 

proof (rule homset-Mor) 
showS -1 L : c._, b by (mle rest11ightRes-homset , auto) 

qed 

lemma (in RestrRResSemi ) restr-rres-src[simpJ: 
assumes [simp[: src L = src S 
assumes [.,'imp[: Aim· L 
assumes [s'impJ: Mor S 
shows src (S -1 L) = trg L 

proof -
have S -1 L : try [, ...., try S 

by (r-ule ·restrrightHcs-homset , r·ule hornsetl , auto) 
thus ?thesis by (rule homset-sre) 

qed 

lemma (in Restr·RResS emi) r~str-n-es-trg[simpJ: 
ass umes [simp[: src L = src S 
assumes [simpJ: Mor L 
assumes [simp[: Mor· S 
shows trg (S -1 L) = try S 

proof -
have S -1 L : trg L ...., trg S 

by (l'Ule re,o; tnightRes~hom~et , rule homsetl , auto) 
thus ?thesis by (mle homset-f.7y) 

qed 

lemma (in R estrRResS emi) restr-rres: 
assumes [intm]: D : a - c 
assumes [intro]: S : a <--> b 
assumes [intra]: X : c ...., b 

:\!Sc Thesis - Jinrong Han 

shows ((L 0 X!: S) 1\ (dam X!: rang L )) =(X!: (8 -1 L)) 
proof 
have haveHestrRightHes S L (S -1 L) by (rule r~st7rightHes, best+ ) 
thus ?thesis by (ru le haveRestrRight&s, best+ ) 

qed 
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lemmas ( in RestrRResSemi) restr·-rr~s l = r-estr·-rr~s [T f! F:N ilJDI] 
lemmas ( in Uestr·ll/lesSerni) r>;str-n>;s2 = restr·-17"ts [Til EN ilJUi] 

Added the fo llowing two auxiliary lemmas 

lemmfl (in RP~ f ·rf?f?,-{;8Pm1) rv> .dr-rN•.o.:-iTJril~inlm]: 

assumes [intmJ: [, : a <-+ c 
assumes [intm]: X: c ..... b 
assumes [intra]: S: a ..... b 
assumes XL [intro]: X !;;; S -l L 
shows clom X I; 1-ang L 

proof -
from XL have ss: ( L 0 X!;;; S) 1\ (dorn X!;;; rang L) 
by (rule-tac restr-rres [THEN ilJD2], auto) 
from ss show ?lhesi."i by auto 

qed 

lemma (in RestrRResScmi) r<'str-rres-incl2[intro] : 
assumes [intmJ: L : a <-+ c 
assumes [intm]: X : c ..... b 
assumes [introJ: S: a ...., b 
assumes XL [intro]: X !;;; S -l L 
shows (L 0 X !;;; S) 

proof -
from XL have ss: (L 8 X!;;; S) 1\ (dom X!;;; rang L} 

by (rule-tac restr-rres [Til EN ·ilJD2], auto) 
from ss show ?thesis by a.uto 

qed 

B.24.3 Equivalent axiomatization 

lemma (in RestrRResSemi) incl-restr-rres[introJ: 
assumes [in.troJ: L : a...., c 
assumes JintmJ: T : c <-+ b 
assumes LT[·intmJ: dorn T !;;; nmg '" 
shows T !;;; ((L 0 T) -l L) 

proof -
have (V X . X : c - b - X !;;; T - X !;;; (L 0 T} -l L} 
proof ( intm .,tri71) 
fix X 
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assume [ intro]: X : c <-+ b 
assume [simp]: X !;;; T 
hence ['intm]: /, (;) X !;;; /, c;, T 

by ( rule-tac comp-i71cl-monl!, best+) 
h ence XT [intro]: dom X !;;; dom T by a"to 

:\!Sc Thesis - Jinrong Han 

from XT LT have dom X!;;; mng L by (mle-tac incl-tmns, auto) 
thus X~ (L 8 T} --! L by {r.!lc t:zc ·tcstr·-~:e" J , ''~<:~.J...) 

qed 
thus ?thesis by (m le-tac indir-incq2, auto) 

qed 

lemma (in RestrRResSemi ) restr-rrescrn!J·i71cl: 
assumes [intra]: S : a ,.... b 
assumes [intra]: L : a <-+ c 
shows [, ,. , (S -l [,) !;;; S 

proof -
le t ?X=S -l L 
have [intra]: ?X : c .... b by auto 
moreover have [intm] : ?X !;;; S -l L by (mlc incl-rcjl, best) 
moreover have {I"(;> ?X!;;; S) & (dum ?X !;;; mng L) 

by (rule restr-7"7"ts [Til EN ilJD2], auto) 
thus ?thesis by (best+) 

qed 

Add the following new properties. 

lemma (in RestrRResSemi) restr-rres- incl-new: 
assumes [intro]: S : a <-+ b 
assumes [ intro]: L : a ..... c 
shows dum (S -l £,) !;;; rrmg £, 

proof -
let ?X=S -l L 
have [intro]: ?X : c <-+ b by U'Uto 
moreover have [in/,ru] : ?X !;;; S -l [,by (mlc incl-rcjl, best) 
moreover have {I" (;l ?X!;;; S) & (dom ?X !;;; mug L) 

by (rule restr-7"7"ts [Til EN ilJD2], auto) 
thus ?thesis by (best+) 

qed 

--Residual proper t ies in Furusa.wa.-Ka.hl-1998--
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Proposition 4.4 (i) holds for restricted residuals 

lemma (in llestrllResSerni) r-estr·-rn;scorn-incl-fs: 

assumes [int-ro]:S : a ,... c 
assumes [intro] :L : a ,... b 
assumes [intm]: U : a ..-.. d 
shows (S -1 L) 0 ( U -1 S ) ~ ( U -1 L) 

proof -
have[intro] : L 0 (S -1 L) ~ S by (rule restr-rrescrnp-incl, auto) 
have[intrv] : S rv ( U -1 S) ~ U by (rule res tr- rmscrnp-incl, auto) 
have L ,., ((S -1 L) r·• ( U -1 S)) = ( L ,., (S -1 L)) · ( U -1 S) 

by (r-ule cmp-assoc-syrn, auto) 
moreover have . ~ S 0 ( U -1 S) by auto 
moreover have . ~ U by auto 
ultimately have ,. : L <·> ((S -1 L ) r·• ( U -1 S)) [;; U 

by (rale-tac incl-tmns , auto) 
from r show (S -1 L ) 0 ( U -1 S) [;; ( U -1 L) 
proof (rule-tac restr-rres [THEN ij]D I], at~to) 
show dom ((S -1 L ) ::: U -1 S) [;; rang L 
proof -
have[intro]: dom(S -1 L) [;; rang L 

by (rule restr-rres-incl-new, auto) 
have dom((S -1 L) 0 ( U -1 S)) [;; dom((S -1 L) 0 dom( U -1 S) ) 

by (mle dam-decamp , auto) 
moreover h ave . [;; darn ( S -1 L) by best+ 
ultimately have dom((S -1 L ) 0 ( U -1 S)) [;; dam (S -1 L) 

by (rule-tac incl-trans, auto) 
moreover have [;; rang L by best+ 

ultimately show darn( ( S -1 L ) 0 ( U -1 S)) [;; rang L 

qed 
qed 

qed 

by ( rule-tac incl-trans, auto) 

Proposition 4. 4 (iii) holds for restricted residuals if R' = R and Q '=Q. 

lemma (in RestrRResSerni) restr-rrescorn-incl-ohk: 
assumes [ in.tro]: S : a ,... c 
assumes [intra]: S': a .._... c 
assumes [intm]: Q : a ,... b 
assumes S[intro]: S [;; S' 
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shows (S -1 Q) [;; (S' -1 Q) 
proof ( mle-l.ac indir·-ineq2, best+) 
show 'I C. C E b,... c _____, C [;; (S -1 Q) _____, C [;; (S' -1 Q) 
proof (intra strip) 
fix C 
assume [intm]: C: b,... c 
assume C[inl.m]: C ~ (S -1 Q) 
show C [;; (S' -1 Q) 
proof -
have Q •') C [;; S by auto 
moreover have. [;; S' by auto 
ultimate ly have I: Q 0 C [;; S' by (rule ·incl-trans , at~to) 
have dom C [;; rang Q by at~to 
from l show ?thesis by(r-ule-tac rcstr-rres J, auto) 

qed 
qed 

qed 

Proposition 4.5 (i) holds for restricted residuals when the following TQ assumption 
is added. 

lemma (in Resh·RResSemi) Res/.1·-n-escom-incl-ex: 
assumes [intm]: U : a ,... b 
assumes [intra]: Q : a ,... c 
assumes [intro] : T : c ..-.. d 
assumes TQ: dam T [;; mng Q 
shows ((Q -1 U) 0 T ) ~ (( Q <'· T ) -1 U) 
proof -
from T(J have[intro]: T [;; (((J 0 T ) -1 Q) by at~to 
have ((Q -1 U) 0 T) [;; ((Q -1 U) ::: (((J 0 T) -1 (J)) by auto 
moreover have. [;; ((Q <·> T ) -1 U) by( r-ule >-estr-n-escorn-incl-fs, auto) 
ultimate ly show ?thesis by (rule incl-tmns, auto) 

qed 

end 

B.25 Semigroupoids with restricted residuals 

theory Restr-RcsSerni 

imports RestrLResSemi RcstrRResSemi 
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begin 

locale RestrR,.Serni = Restr·DResSemi RRS + RestrRResSemi RRS 

end 

B .26 Restricted Residuals and Standard Residuals. 

theory R estrR esAndRes 
imports OnlSemillestrRes OnlScm'i!lf!S 
b egin 

B.26.1 Theorems 

lemma (in OrdSemiRestrRes) RestrRightRe.•-R ightRes: 
assumes [sirnp,intrvJ: S: a ..... b 
assumes [simp, intm]: /l : c ..... b 
assumes lsimp,in.troJ: L : a +--+ c 
assumes [intro] :haveRightRes S L R 
shows havcRestrRightRcs S L (rang L 0 R) 

proof(mle haveRestrRightRes-def [THEN sym, 1'ff8N i]JDIJ,best+) 
show i:'V XEc ..... b. ((L 0 X!;;; S 1\ dom X!;;; mug L) = (X!;;; mng L 0 R)) 
proof ( intro strip) 

fix X 
assume[intrvJ: X : c ..... b 
show (L 0 X !;;; S 1\ dorn X !;;; mng L) =(X !;;; mng L (!_) R) 
proof -
have R :(L ::: X!;;; S) =(X !;;; R) by (rule ha11eRightRe., , best+) 
have L ,., X !;;; S 1\ dom X !;;; mng L = X !;;; mng L · R 
proof -

have X: X!;;; dom X 0 X by auto 
from R have (L 0 X !;;; S 1\ dom X !;;; rang L) 

= ( dom X !;;; rang L 1\ X !;;; R) by auto 
a lso have . . . = ( dom X G X !;;; nmg L 0 fl) by auto 
from X have (dum X 0 X !;;; rang L 0 R) = (X !;;; rong L " R) 

by (rule in.cl-trans, auto) 
ultimately show L 0 X !;;; S 1\ dom. X !;;; mng L = X !;;; nmg L 0 R 

by best+ 
qed 
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moreover have X !;;; ran._q L G R = L 0 X !;;; S 1\ dom X !;;; rang L 
proof( mle conjl) 
show X !;;; rcmg L 0 ll = L :0 X !;;; S 
proof -

have [ introJ: rang L r,_, R !;;; R by auto 
have [ini'I'O]:X !;;; mng L C:; R =? X !;;; R 

by (ru!c !cc inc! ! nt'!!~ , ,,1,.,) 
from R have[intruJ: X !;;; R = L 0 X !;;; S by auto 
show X !;;; rang L 0 R = L 0 X !;;; S by auto 

qed 
next show X !;;; rang D G R = dorn X !;;; rung L 
proof -

have dom ( ran_q L r,_, R) !;;; ran_q L by auto 
also have[intro]: X!;;; rang L 0 R = dom X!;;; dom (rang L 0 R ) 

by ( mle dom-incl-mon, auto) 
have[intrvJ: dom X !;;; dom (rung D 0 R) =? dom X !;;; mng [, 

by ( rule-tac incl-tram, auto) 
show X !;;; rang L 0 R = dom X !;;; rang L by auto 

qed 
qed 
ultimately show (L 0 X!;;; S 1\ dom X !;;; rang L) = ( X !;;; ran!J L (, ) R) 

by (ml" if]!, best+) 
qed 

qed 
qed 

lemma (in OrdSemiRestrRcs) RestrleftRes-LeftRes: 
assumes [inlr'O]: S : a ,... b 
assumes [introJ: R : c ..... b 
assurncs [intm}: D : a +-+ c 
assumes [introJ:haveLeftRes S R L 
shows haveRestrLeftRes S R (L 0 dom R) 
proof (rule haveRe.•trLeftRes-def [THEN sym, THEN if]DI] ,best+ ) 

show'VXEa..., c. (X · R !;;; S 1\ mng X !;;; dom R) = (X !;;; (l, <·> dom ll )) 
proof ('intrv s tr·ip) 
fix X 
assume[introJ: X : a ,.... c 
show ((X <·> R!;;; S) 1\ (nmg X!;;; dom R)) = (X !;;; (L <·> dom R)) 
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proof -
have L: (X 0 R [;; S) = (X [;; L) 

by ( mle haveDeftUes, best+) 
have X 0 R [;; S 1\ rang X [;; dom R => X [;; L (-1 dom R 
proof -

have X: X [;; (X (·J mng X) by auto 
from L have (X G R [;; S 1\ mng X [;; darn R) 

= (X [;; L 1\ rang X [;; darn R) by auto 
also have (X [;; L 1\ rang X [;; dam R )=> 

((X '" rang X) [;; (L 0 dom R)) by auto 
from X have ((X 8 mng X) [;; (f. 8 dom H)) => X [;; (1. 8 dom H) 

by (rule-lac incl- trans , auto) 
ultimately show X 0 R [;; S 1\ rang X [;; dom R 

=>X[;; L G dornRbya·uto 
qed 
moreover have X [;; L 0 dam R => X 0 R [;; S 1\ mng X [;; dam R 
proof (rule conjl) 

show X [;; L 0 dam R => X 0 R [;; S 
proof -
have [intmJ: L 0 dom R [;; D by auto 
have [introJ:X [;; L 0 dam R => X [;; L 

by (mle-tac incl-trans, auto) 
from L have[intmJ: X [;; L => X 0 R [;; S by auto 
show X [;; L 0 dam R => X 0 U [;; S by a·uto 

qed 
next show X [;; L rv dam R => rang X [;; dom R 

proof -
have mng( L e darn H) [;; dam R by auto 
also have[ intra]: X [;; L (-: dom R => 
rang X [;; rang (L 0 dam R) by (mle ran-incl-mon, auto) 

have[introJ: rang X [;; rang( L 0 dorn R) => rang X [;; dam R 
by (ru.le-tac ind-l1uns, auto) 

show X [;; L 0 dam R => rang X [;; dam R by auto 
qed 

qed 
ultimately show ((X <·• R [;; S) 1\ (mng X [;; dom H)) 

=( X [;; (L (;• dorn R) ) by (rule ij]'l , best+) 
qed 

qed 
qed 
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end 

B.27 OSGC with Standard Residuals 

theory Hes OSGC 
imports R esSemi ConvOrdSerni 
begin 

B.27.1 Definitions 

~!Sc Thes is - Jinrong Han 

locale UesOSGC = HesSemi UOSGC + ConvOrdSemi UOSGC 

B.27.2 Theorems 

- Residual property (Proposit ion 4.1) in Fnrnsawa-Kahl-1998-

lemma (in ResOSGC) resOSGC-eq: 
assumes [in/.ro]: Q : a ..., b 
assumes [introJ: S : a ..., c 
shows (S ~ Q) = (Q - ~ s- )-

proof (mle indirect-equality [THF:N ijJD2J, best+ ) 
show V C. C E b ..., c -~ (C [;; S ~ Q) = (C [;; (Q- ~ s - )-) 
proof ( intrv s!7·ip) 

fix C 
assume [intro] : C : b ..., c 
show (C [;; S ~ Q) = (C [;; (Q- ~ s-)- ) 
proof -
have c [;; s ~ Q =} c [;; (Q- ~ s- )
proof -
assume c: C [;; S ~ Q 
show c [;; (Q - ~ s-)
proof -
from c have [in.tro]: (Q c C [;; S) by (rule-tac rres2, auto ) 
have ((Q 0 c)- [;; s - ) by (auto) 
have cl: (C- 0 Q-) [;; s- by (mle conv-cmp [THEN substJ, auto) 
from cl have c2: c- [;; (Q - ~ s- ) by (mle -tac Ires! , auto) 
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from cl! have c.'/:( c- )-~ (Q- ~ s- )- by auto 
from c3 show c ~ (Q- ~ s- )- by (mle-tac C071V-idem [THEN subst[,auto) 

qed 
qed 
moreover have C ~ ( Q- ~ s-)- ==> C ~ S ~ Q 
proof -
assume C: C !:::: ( Q '--- S ) 
show C ~ 8 ~ Q 
proof -
from C have Cl: (c- )- ~ ( Q- ~ s- )-

by (mte-tac co7!v-idem [THEN ,,ym, THEN subst[, auto) 
from Cl have C2: c- ~ (Q- ~ s - ) 

by (rute-tac conv-incl [Til EN ifJDJ]. auto) 
from C2 have C3: (c- 0 Q-) ~ s- by (rule-tac lres2, a·uto) 
from C{J have [intm]: (Q ( • I C)-~ s-

by (mle-tac conu-cmp [TIIEN sym, THEN subst[,auto) 
have [intra] : (Q 8 C)~ S 

by (rule-lac conv-incl [T HEN ·i[[DI],auto) 
show C ~ S ~ Q by (mte- l.ac n~sl , auto) 

qed 
qed 

ultimately show ?thesis by( rule iff! , best+) 
qed 

qed 
qed 

end 

B.28 OSGC with Domain and Range Operators 

theory RDConvOrdSemi 
imports DomSemi RanSen'i CorwOrdSemi 
begin 

Add the theory to provide some properties of OSGC with Domain and Range Op
erators. The properties in the theory arc used to support the properties of restricted 
residuals in RcstrResOSGC theory. 
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B.28.1 D efinitions 

locale llDConvOrdSemi = DomSemi llD COS + /lanSemi /lDCOS + Co71110rdSemi 
RDCOS 

B.28.2 Theorems 

com·( rang R) is subidcntiLy. 

lemma (in RDConvOrdSemi )RDCOS-convRan-lell.: 
assumes [intm]: R : a ..., b 
assumes [intm]: f : b ..., c 
shows (rang n) - ~ f ~ f 
proof -
have [i71tm]: f - 8 mng ll ~ 1- by auto 
have u- 0 rang R) - ~ u-)- by auto 
have (rang R) - 0 {!- )-· ~ {!- )- by (mle com•-cmp [THEN subst[,auto) 
hence L : ( nmg R)- 0 I ~ I by ( mle-tac conv-idem. [THEN subst], best) 
from L show ?thesis by auto 

qed 

le mma {in RDCon110rdSemi )RDCOS-convRan-right: 
assumes [in/ro]: R : a ..... b 
assumes [intm]: f : c ..., b 
shows f 0 (rang R )- ~ f 
proof -
have [i .. tro]: mng R ,. , f - ~ 1- by auto 
have {nmg R 0 / -)- ~(!-)- by auto 
have{!- )- Z (rang R) - ~ {!- )- by (rule conv-cmp [THEN subst],auto) 
hence L: f 0 (rang R) - ~ f by (rule-tac conv-idem [THEN subst], best) 
from L show ?thesis by auto 

qed 

com·(rang R) : !Sid b 

lemma (in I<D COTwOrrlSem-i )llDCOS-convlian-1: 
assumes [iutro]: R : a ..... b 
shows (rang R) - · _;: (rang R)-· = (rang R)-· 
proof -
have i: (mug fl 8 mng /l ) = mng R 
proof (rule is/Sld-2) 
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show rang R E b ,__, b by auto 
next 

~LeMaster University - Computer Science 

show is /Sid (mng R) by (rule !Sld ,auto) 
qed 
from i have ii: (rang R 0 rang R)~ = (rang R)~ 

by (mle-tac conv-equality [TIIf:N ilJD2j, auto) 
from ii show ?thesis by (rule-lac conv-crntJ [THEN substJ,auto) 

qed 

conv( dam R) is subidentity. 

lemma (in RDConuOrdSemi ) RDCOS-convRan-isiSid[simp, intru]: 
assumes [intro]: R : a ,__, b 
shows (mng R) - : !Sfd b 
proof (mle IS/d-intro) 

show (rang R )- E b ,__, b by auto 
next 
show is!Sld ((mng R)- ) 

proof (mlc is /8/d- intm) 
show (rang R)- E b ,__, b by auto 

next 
show isSfd ((rang R)~) 
proof {mle isShl-def [Tffi!JN if[D2]) 

have[intro] : (mng R) - E b ,__, b by auto 
show V c.{V f. f E b <-> c ~ (rang R)~ (~ f [;:f) 

II (Vg. g E c ,__, b ~ g :!: (rang R) - [;:g) 
proof{intm strip) 
fix c 
show (V f. f E b <-> c ~ (rang R)- G• f [;: f) 

II {V g. g E c ,__, b ~ g 0 (rang R)~ [;: g) 
proof{ mle conjl) 
show V f. J E b <-+ c ~ (nmg H) - (-1 J [;: J 
proof (-intra strip) 
fix ! 
assume [intro]: f E b <-> c 
show (mng H)- 8 J [;: J by (mle IW COS-convRan-left., auto) 

qed 
next 
show 'rig. g E c <-> b ~ g 0 (mng R)~ [;: g 
proof ( inl.m strip) 
fix g 
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assume [in.tro]: g E c ,__, b 
show g 0 (mng R)~ [;: g by (rule RDCOS-convRan-right , auto) 

qed 
qed 

qed 
next 
show (mng H) ~ E b ,__, b by auto 

qed 
next 
show (rang R)~ 0 (rang R )- = (rang R) 

by (mle RDCOS-convRan-1, auto) 
qed 

qed 

lemma (in IIDCmwOnlSemi )IIDCOS-convDom-left: 
assumes [intm]: R : a <-+ b 
assumes [intro]: f : a <-+ c 
shows (dom R)~ 0 J [;: J 
proof -
have [intm]: J- 0 dom R [;: J~ by auto 
have{!-(:' dom R)- [;:{!- ) - by auto 
have (dom R) - G {!- )~ [;:{!~)~ by (rule conv-cmp [THEN substJ, auto) 
hence L: ( dom R) - :0 f [;: f by ( rule-tac conv-idem [THEN substJ, best) 
from L show ?thesis by auto 

qed 

lemma (in RDCom•OniSemi )RDCOS-convDom-right: 
assumes [inl:m]: !( : a <-+ b 
assumes [intro]: f : c ....., a 
shows f 0 (dom R) - [;: f 
proof -
have [intm]: durn 1l 0 f - [;: J~ by auto 
have (dom II C:' ! - )- [;: {!- )~ by auto 
have {!- )- ~ (dom R )- [;: {!- )- by (rule conv-cmp [THEN subst] ,auto) 
hence L: f <v (dom R) - [;: f by (rule-tac corw-idem [THEN s·ubst], best) 
from [, show ?thesis by auto 

qed 

conY(mng R) : !Sid a 

lemma (in RDConvOrdSemi )RDCOS-corwDom-1: 
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assumes [intro]: R : a ....., b 
shows (dom R) - 0 (dom R)- = (dom R)
proof -
have i: (dom R 0 dom R) = dom R 
proof ( mle is!Sld- 2) 

show dorn R E a r+ a by <&Ulo 

next 
show islS!d (dom R) by (mle JSld ,auto) 

qed 
from i have ii: (dom R r~ dom R)- = (dom R) -

by (mle-l.ac conv-eC}uality [Til EN ij)'IJ2], aul.o) 
from i·i show ?thesis by (mle-tac amv-crnp [THEN subst],auto) 

qed 

lemma (in RDConvOrdSerni ) RDCOS-convDom-is fSld [simp, intro]: 
assumes [intro]:R : a <--> b 
shows (dom R) - : !Sid a 
proof (mle !Sld-intm) 

show (dom R) - E a<--> a by auto 
next 
show is!Sld ((dom R)~ ) 

proof (mle is!Sld-inl:ro) 
show (clom ll) ~ E a<--> a by auto 

next 
show isSid ((dom R) - ) 
proof (mle i.•Sld-def [TITF,N ij]D2]) 

have[intrv] : (dom ll )- E a<--> a by auto 
show V c. (V f. f E a ....., c ___, ( dom R)~ 0 f !;; f) 

II (Vg. g E c <-->a___, 9 0 (dom R)-!;; g) 
proof(intro strip) 

fix c 
show (V f. f E a<--> c ___, (dom R) - 0 J!;; f) 

II (V g . . Q E c <--> a ___, g 0 ( dom R)~ !;; g) 
proof( rule conjl) 

show V f. f E a <--> c • (dom II) - ,., f !;; f 
proof ( intro sl!ip) 
tixf 
assume [intro]: f E a <--> c 
show (dom R)- •·• f!;; f by (mle RDCOS-convDom-left, auto) 
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qed 
next 
show V g. g E c <--> a ___, g 0 ( dorn ll) - !;; g 
proof ('iutro strip) 

fix 9 
assume [inbn]: g E c +--+ a 
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:,huw y '"'"' {Jv11' n) ..... ;;;; ~by( .... ~ .. aDCOS ca~~~·!Jc-;.;. i"i!J·ht , a::.:!o) 
qed 

qed 
qed 
next 
show (dom R)~ E a<--> a by auto 

qed 
next 
show (dom R)- I · (dom R) - = (dom n)-

by (mle RDCOS-convDom-1 , auto) 
qed 

qedlemma (in RDConvOrdSemi)RDCOS-incll: 
assumes [inl.ro]:ll: a+-+ b 
shows (clom(R_ )) _ !;; mng R 

proof -
have R !;; R 0 mng R by auto 
haven- !;; (R 0 mug R)- by auto 
have d: /l ~ !;; (mng /l) ~ 0 /l - by (mle-tac corm-cmp [THEN s~tb .•t] , auto) 
from d have dom(R~ )!;; dom((rang R)~ 0 n - ) by auto 
moreover have .. . !;; (rang R) - by auto 
u ltimately have dom(R- ) !;; (mng R) - by (mle incl-tmns , auto) 
hence dd: (dom(R ~))- !;; ((mng R)-)~ by auto 
from dd show ?thesis by (rule-lac conv-idern [TlfEN subst], auto) 

qed 

lemma (in RDConv0n1Semi) Res OSGC-incl2: 
assumes [intro]:R: a<--> b 
shows (mng(R- ))- !;; dom R 

proof -
have R !;; dam n · R by auto 
have n~ !;; ( dorn R ? R) - by auto 
have d: u -· !;; n- 0 (dom R) - by (mle-tac conv-cmp [THEN subst], auto) 
from d have rong(R- ) !;; rong(R~ 0 (dom R)- ) by auto 
moreover have . !;; (dou' R) - by auto 
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ultimately have rang( n-) !:;:; ( dom R)- by ( mlc incl-trans, auto) 
hence drl: (mng(R_))_ !:;:; ((dom R) _ )_ by auto 

from dd show ?the.•is by (ntle-tac conv-idem [THEN subst], auto) 
qed 

lemma (in IWConvOnlSemi)IWCOS-ind3: 
assumes [intm]:R: a....., b 
shows rang R [;; ( dom( n~ )) --
proof -

let ?R' = n-
have ( ?R~ - = R by auto 
moreover have (rang(( ?R~ ~ ))- !:;:; dom( ?R~ by (rule ResOSGC-incl2, a·uto) 
ultimately have r: (rang R) - !:;:; dom(R- ) by auto 
from r have rr: ((rang R)_ )_ !:;:; (dom(R_ )) _ by rmto 
from n· show ?thesis by (mle-tac conv-·idem [T!IEN subst], auto) 

qed 

lemma (in RDConvOrd&mi)RDCOS-inc/4: 
assumes [intro]:R : a ....., b 
shows dom R [;; (rang(R_ )) _ 
proof -
let ?ll' = u-
have ( ?R~- = R by a·uto 
moreover have (dom((?R~- ))- !:;:; mng(?R~ by {rule RDCOS-incll , auto) 
ultimately have r: (darn R)- !:;:; mng(R-) by auto 
from r· have n·: ((dom li) _ )_!:;:; (mng(R _ )) _ by auto 

from rr show ?thesis by (rale-tac conv-idern [T!JEN subst], auto) 
qed 

lemma (in RDConvOrdSemi) liDCOS-ran: 
assumes [intro]:R : a +-+ b 
shows rang R = (dorn(R_ )) _ 

proof ( T'Uie indi1~ct-equality [ '/'11/.;N if{D2], best+) 
show VC. C E b ,_, b ~ (C !:;:; mng R) = (C !:;:; (dum (R-))-) 
proof (intra strip) 
fix C 
assume [intm]: C E b ,_, b 
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show (C!:;:; rang R) = (C!:;:; (dorn (R_ )) _ ) 
proof -
have C!:;:; rang R =} C [;; (dom (R- )) 
proof -

assume cr: C !:;:; rang R 
show C [;; (dorn (n- n
proof -
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have RR:rang R !:;:; (dorn(R_)) _ by (mle RDCOS-incl3, auto) 
from cr RR show ?thesis by( rule incl-trans, auto) 

qed 
qed 
moreover have C !:;:; (dam (R~ ))- = C !:;:; rang R 
proof -

assume cr: C!:;:; (dom (n- n
show C ~ 1nng R 
proof -

have RR :(dom(R ~ ))- !:;:; rang R by (rule RDCOS-incll , auto) 
from cr RR show ?thesis by( rule incl-trans , auto) 

qed 
qed 
ultimately show ?thesis by (rule iff! , best+ ) 

qed 
qed 

qed 

lemma (in RDCmwOnlSemi) RDCOS-dom: 
assumes [inlm] :R : a,_, b 
shows dom R = (rang(R- )) -

proof -
let ?R'= n-
havc ( ?R~- = R by auto 
moreover have rang ?R' = (dom(?R '~ ))- by (mle RDCOS-ran, auto) 
ultimately have rl: rang(R- ) = (dom R)- by auto 
from rl have r2: (rang(R_ ))_ = ((dom R) _ )_ by auto 
from r·2 have r3: (mng(R_ ))_ = dom R 

by (mle-tac co1w--idcm [THEN subst], auto) 
from r.1 show dom R = (rang( n- ))- by ( rule-tac sym, auto) 

qed 
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T he following two theorems arc proved based on rang R = conv(dorn (conv R)); 
dam R = conv( rang(conv R). T hey a re used to suppor t proving the property of 
restricted residuals in Rcstr ResOSGC theory. 

lemma (in RDConvOrrlSemi) RDCOS-domRanl : 
assumes [intm]: Q : a ,_. b 
e_c;;c;;umpc;: !~'"f.rv,!· r: · II ........ ,. 

assumes CQ: dom C [;;; rang Q 
shows rang ( c~ ) [;;; dom ( cr ) 

proof 
from CQ have CQ I:dom C [;;; (dom(Q~))~ 

by (rule-lac RDCOS-ran [Til EN s·ubst] , a·uto) 
from CQJ have CQ2:(rang(C_)) _[;; (dom(Q_ ))_ 

by(mle-tac RDCOS-dom [THEN subst]. auto) 
from CQ2 show mng( c~ )[;; dam( Q- ) 

by (rule-tac conv-·incl [TlfEN ilJD!J, auto) 
qed 

lemma (in RDCmwOrdSemi) RDCOS- dornRan!!: 
assumes [intm]: Q : a ,_. b 
assumes [in.tro]: C : b ..., c 
assumes CQ: mng (c-) [;;; dam ( Q~ ) 

shows dom C [;;; mng Q 
proof -
le t ?Q'= Q-
have [in tm] : ( ?Q1- = Q by auto 
from CQ have mng (C- ) [;;; dom (?Q1 by auto 
also have . . = (rang(?Q,.__)) ~ by(rule RDCOS-dom, a·uto) 
ultimately have CQJ: rang (C~) [;;; (mng(?Q"--))- by auto 
moreover have. = (mng Q)- by (mle-l.ac subs! , auto) 
ultima tely have CQ2: mng(C~) [;;; (mng Q)~ by(mle-tac subst, auto) 
have CQ3: (rang( C-))~= dom C 

by (rule-tac R DCOS-dom [THEN symJ , auto) 
from CQ3 have CQ4: ((mng(C~))-)- = (dom C)-

by (mle-tac conv-"'l""lity [THEN -ilJV :!J, <mto ) 
from CQ4 have CQ5:mng(C~ ) = (dom c)~ 

by (rule-tac conv-idem [THEN subst], auto) 
from CQ2 have CQ6: (dom c) - [;;; (rang Q)-

by (rule-l.ac CQ5 [THEN substJ, aul.o) 
from CQ6 show ?thesis by (role- tac conv-incl [Til EN ilJD!J, auto) 
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qed 

end 

B.29 OSGC with Restricted Residuals 

theory t?.esf.rRaOSGC 
imports RestrResSemi RDCmwOrdSemi 
b egin 

B.29.1 Definitions 
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locale RestrRe.,OSCC = Res/.7-ResSemi RROSCC + RDConvOrdSerni RROSGC 

B.29.2 Theorems 

Residua l property (Proposition 4. 1) in Furusawa-T<ahl-1998 holds for restricted resid
uals 

lemma (in RestrResOSGC) restr-resOSGC-eq: 
assumes [inl.ro]:Q: ",_. b 
assumes [intm]:S : a ,_. c 
shows (S -1 Q) = (Q- f- s~ ) -

proof (rule indirect-equality [Til EN ilJD2]) 
show If C. C E b .... c ~ (C [;;; S -1 Q) = (C [;;; (Q- f- s - )- ) 
proof ( intm str·ip) 

fix C 
assume [introJ: C : b ,_. c 
show ( C [;;; S -1 Q) = (C [;;; (Q- f- s- )- ) 
proof -
have c [;;; 8-1 Q = c [;;; (Q ~ f- s- )
proof -
assume c: C [;;; S -1 Q 
show c [;;; (Q~ f- s- )
proo f -
from c have [intra]: ( Q · C [;;; S) by (rule- lac restr-rres-incl2, auto) 
from c have [intmJ : dom. C [;;; mng Qby (mle- tac ·rest7·-n-es-incll , auto) 
have ( Q 0 c)-[;;; s~ by (auto) 
have (C~ 0 Q- ) [;;; s- by (rnle conv-crnp [THEN substJ,auto) 
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also have mng (c-)~ dom (Q-) by (mle RDCOS-domRanl, auto) 
ultimately have c2: c- ~ (Q- f- s-) by (rule-lac 1-estr-l>-esl , auto) 
from c2 have c3:(c-)- ~ (Q- f- s-)- by auto 
from c3 show C ~ (Q- f- s-)- by (rule-tac conv-idem [THEN subst],auto) 

qed 
qed 
moreover have C!;;; (Q - f- s-)- = C!;;; S -1 Q 
proof -
assume C: C!;;; (Q- f- s-)
showC!;;;S-IQ 
proof -
from C have Cl: (c- )- !;;; ( Q- f- s- )-

by (rule-lac conv-idem [THEN subst], auto) 
from Cl have C2: c-!;;; (cr f- s- ) 

by (mle-l.l!c conv-incl ['l'flb'N iffDIJ, l!Uto) 
from C2 have [intm]: (C- 0 Q- )!;;; s- by auto 
from C2 have [intro]: rang( C- )!;;; dom(Q-) by auto 
have (Q ;;, c)-!;;; s-

hy (mle-tac conv-crnp [THEN sym, THEN subst],auto) 
also have [intro] : (Q 0 C)!;;; S 

by (rule-tac wnv-incl [THEN ij]Dt],auto) 
moreover have dom C!;;; mng Q by (rule RDCOS-domRan2, auto) 
ultimately show C!;;; S -1 Q by (mle-tac res/.1'-1"/'eSl, auto) 

qed 
qed 

ultimately show ?thesis by( rule ij]T, best+) 
qed 

qed 
next 
show S -1 Q E b <-+ c by auto 

next 
show (Q- f- s- )- E b <-+ c by auto 

qed 

end 
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