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B.13.3 postimage Operator

constdefs
postimage = ("o, 'm, 'r) SemiAllegory-scheme = 'm = ‘m = 'm (& - - [1000,1000] 999)
postimage s P R == if isMor s R & 0S-isISId s P

then All-rang s (cmp s P R)
else arbitrary

lemma (in PreRanSemi) postimage-def:
[R:ae—b;P:ISIda] => £ PR = rang(P = R)
by (unfold postimage-def, auto)

lemma (in PreRanSemi) postimage-homset[intro,simp):
assumes [intro]: R : a < b

assumes [intro]: P : ISId a

shows £ PR: b b

proof —

have ¢ P R = rang (P = R) by (rule postimage-def, best+)
also have ... : b — b by (rule ran-homsel, best)

finally show ?thesis .

qed

lemma (in PreRanSemi) postimage-ISId:

assumes [intro]: R: a < b

assumes [intro|: P : ISId a

shows ¢ PR :ISId b

proof

have £ P R = rang (P = R) by (rule postimage-def, best+)
also have ... : ISId b by (rule ran-ISId, best)

finally show ?thesis .

qged

Lemma postimage connects the postimage operator with llp.

lemma (in PreRanSemi) postimagel:
assumes [intro]: R : a < b
assumes [intro|: P : ISId a
assumes [intro|: Q : ISId b
assumes postimage-incl: £ P R C Q
shows P© RC R® Q
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proof —

have [intro,simp|: isISId P by (rule-tac ISId, auto)

have £ P R = rang (P @ R) by (rule postimage-def, auto)

with postimage-incl have [intro]: ... T Q by simp

have P = R C (P @ R) © Q by (rule-tac llp [THEN iffD1], best+)
also have ...C R © Q by auto

Bnallv shovr 2hecis By Boctd
ianally suow Yuicsis By uisid

lemma (in PreRanSemi) postimage2:

assumes [inlro, simpl: R: a « b

assumes [intro, simp|: P : ISId a

assumes [intro, simp): Q : ISId b

assumes incl: P © RC R ® Q

shows ¢ PRC Q

proof —

have [intro,simp|: isISId Q by (rule-tac ISId, auto)

from incl have [intro]: P« R = P ¢ R & Q by (rule isid-incl-eql, best+)
hence P - RC P« R« @ by aulo

hence P & RC (P © R) ® @ by (subst cmp-assoc, auto)

hence rang (P ® R) C Q by (rule-tac llp [THEN iffD2], best+)

also have rang(P & R) = £ P R by (subst postimage-def [THEN sym). auto)
finally show “thesis .
qed

lemma (in PreRanSemi) postimage:

assumes [inlro]: R:a < b

assumes [intro]: P : ISId a

assumes [intro): Q : ISId b

shows (PRC Q)=(P©RCR®Q)

proof —

have { PRC Q@ = P& RC R - Q by (rule postimagel, best+)

moreover have P &' RC R @ Q = £ P R C Q by (rule postimage?2, best+)
ultimately show ?thesis by (rule iffI, best+)

ged

end
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B.14 Ordered Semigroupoid with Monotonic PreRange

theory MonPreRanSemi
imports PreRanSemi
begin

B.14.1 Definition

We introduce monotonicity of the domain operator.

locale MonPreRanSemi = PreRanSemi MPRS +
assumes ran-incl-monfintrol: [ R: a < b; 5 :a & b RC S ] = rang R C rang §

end

B.15 Ordered Semigroupoids with Range

theory RanSemi
imports MonPreRanSem:
begin

locale RanSemi = MonPreRanSemi RS +
assumes ran-local[intro, simpl:[R : a—b; S : bec] = rang (rang R S) C rang (R
S)

lemma (in RanSemi) ran-cmp:

assumes [inlro]: R : a—b

assumes [intro]: S : bec

shows rang (rang R © S) = rang (R = S)

proof —

have rang (rang R © §) C rang (R ® S) by aulo

moreover have rang (R © S) C rang (rang R ¢ ) by (rule ran-decomp, auto)
ultimately show ?%thesis by (rule incl-antisym, auto)

qged

end
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B.16 Structure Record for Distributive Allegories

theory DistrAllRecord
imports SemiAllRecord

begin

record ('o, 'm) DistrAll = ('o, 'm) SemiAllegory +
join i 'm = 'm = 'm (infixr Lh 60)

bot ::'o="o="m (L1 - - [1000,1000] 999)
end

B.17 Structure Record for Division Allegories: Residuals

theory DivAllRecord
imports DistrAllRecord
begin

We include both restricted residuals and standard residuals in the record in order
to make it easier for theories without converse to use residuals.

These are the best fits in X-Symbol — they have the same direction as the real
residual lines.

record ('o, 'm) DivAll = ('o, 'm) DistrAll +

rightRes ©: 'm = 'm = 'm (infixr —1 200)
leftRes = 'm = 'm = 'm (infixr <1 200)
restrrightRes = 'm = 'm = 'm (infixr -1 200)
restrleftRes :: 'm = 'm = 'm (infixr k1 200)
end

B.18 Standard Residuals in Ordered Semigroupoids
theory OrdSemiRes

imports OrdSemi
begin
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B.18.1 Left Residuals

constdefs
OS-haveLeftRes :: ('o, 'm, 'r) OrderedSemigroupoid-scheme = 'm = 'm = 'm = bool
(haveLeftRes - - - [1000,1000,1000] 999)

OS-haveleftRes s S R I, == if isMor s S & isMor s R & (Strg s S = Strg s R)
& isMor s L & (Ssrc s L = Ssrc s S) & (Strg s L = Ssrc s R)
then (ALL X .Semi-parallel s X L —

(incl s (cmp s X R) S) = incls X L)

else arbitrary

lemma (in OrderedSemigroupoid) haveLeftRes-def:
[S:aebRicobLia—c] =
haveleftRes SR L =Y X €ae—c. (X®RLCS)=(XCL)
apply (unfold OS-haveLeftRes-def, simp)
apply (rule iffT)
apply (intro strip)
apply (drule-tac =X in spec)
apply (drule-tac f=X and g=L in parallel-intro, simp, drule mp, assumption)
apply (simp-all)
apply (intro strip)
apply (drule-tac f=X and g=L in parallel-2, assumption)
apply simp
done

lemma (in OrderedSemigroupoid) haveLeftRes-intro:

assumes i[intro, simp]:V X € a— ¢ (X ©® RC §) = (XC L)
assumes [intro]: S: e < b

assumes [intro]: R: c < b

assumes [inlrol: L : a « ¢

shows haveleftRes S R L

proof (rule haveLeftRes-def [THEN sym, THEN iffD1), best+)
from i show VX€a - ¢. (X : RC S) = (X C L) by simp
qed

lemma (in OrderedSemigroupoid) haveLeftRes:
assumes res: haveLeftRes S R L

assumes [inlro]: S :a — b

assumes [intro]: R: ¢ < b

142

McMaster University — Computer Science MSe Thesis — Jinrong Han

assumes [intro]: L : a < ¢

assumes [intro]: X : a < ¢

shows (X © RC S)=(XLC L)

proof —

from reshaveV X € a = ¢ (X O RC S)=(XC L)
by (rule-tac haveLeftRes-def [THEN iffD1], auto)

Ahase P0hnde bar naidn

thus ?thesis by auto

qed

lemma (in OrderedSemigroupoid) haveLeftRes-res-intro:
assumes [simp): X - RC S

assumes [intro]: haveLeftRes S R L

assumes [intro]: S :a < b

assumes [intro): R : ¢ < b

assumes [intro]: L: a < ¢

assumes [intro]: X : a — ¢

shows X C L

by (rule-tac haveLeftRes [THEN iffD1], auto)

lemma (in OrderedSemigroupoid) havelLeftRes-res-elim:
assumes [intro]: X C L

assumes [intro|: haveLeftRes S R L

assumes [intro]: S : a « b

assumes [intro: R : ¢ < b

assumes [intro]: L: a < ¢

assumes [intro]: X : a & ¢

shows X © RC §

by (rule-tac haveLeftRes [THEN i[JD2], auto)

B.18.2 Right Residuals

constdefs
0S-haveRightRes :: ('o, 'm, 'r) OrderedSemigroupoid-scheme = 'm = 'm = 'm = bool
(haveRightRes1 - - - [1000,1000,1000] 999)

OS-haveRightRes s S L R == if isMor s § & isMor s L & (Ssrc s S = Ssre s L)

& isMor s R & (Ssrc s R = Strg s L) & (Strg s R = Strg s S)

then (ALL X . Semi-parallel s X R —

(incl s (emp s L X) S) = incl s X R)
else arbitrary
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lemma (in OrderedSemigroupoid) haveRightRes-def:
[S:aebLia>cR:cob] =
haveRightRes SLR=(Y X €c—b.(Lz XCS) =(XCR))
apply (unfold OS-haveRightRes-def, simp)
apply (rule iffT)
apply (intro strip)
apply (drule-tac 2=X in spec)
apply (drule-tac f=X and g=R in parallel-intro, simp, drule mp, assumption)
apply (simp-all)
apply (intro strip)
apply (drule-tac f=X and g=R in parallel-2, assumption)
apply simp
done

lemma (in OrderedSemigroupoid) haveRightRes-intro:

assumes i [intro, simp|:V X € c > b. (L - XC S)=(XCR)
assumes [intro]: S : a < b

assumes [intro]: L: a < ¢

assumes [intro]: R:c o b

shows haveRightRes S L R

proof (rule haveRightRes-def |[THEN sym, THEN iffD1], best+)
from i show VXe€c«— b. (L - X T S)=(XLC R) by simp
qed

lemma (in OrderedSemigroupoid) haveRightRes:

assumes res: haveRightRes S L R

assumes [intro]: S :a < b

assumes [intro]: L : a < ¢

assumes [intro]: R: ¢ & b

assumes [intro]: X : ¢ & b

shows (L » X C §) = (X C R)

proof —

fromreshaveV X € c—b. (L@ XL §)=(XLCR)
by (rule-tac haveRightRes-def [THEN iffD1), auto)

thus ?thesis by auto

qed

lemma (in OrderedSemigroupoid) haveRightRes-res-intro:

assumes [intro]: L & X C S
assumes [intro|: haveRightRes S L R
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assumes [intro]: § : a < b
assumes [iniro): L : a « ¢
assumes [intro]: R: ¢ — b
assumes [intro]: X :
shows X C R

by (rule-tac haveRightRes [THEN #ffD1], auto)

ce b

lemma (in OrderedSemigroupoid) haveRightRes-res-elim:
assumes [simp]: X C R

assumes [intro]: haveRightRes S L R

assumes [intro]: S : a — b

assumes [intro): L : a < ¢

assumes [intro: R : ¢ & b

assumes [introl: X : ¢ & b

shows L - X C §

by (rule-tac haveRightRes [THEN iffD2], auto)

end

B.19 Semigroupoids with standard Left Residuals

theory LResSemi
imports OrdSemiRes DivAllRecord
begin

B.19.1 Definitions

locale I.ResSemi = OrderedSemigroupoid LRS +
assumes leftRes-homset[intro,simp]: [R: c o b S:ae—b] = (R~ S):ao ¢
assumes leftRes[intro,simp]: [ R : ¢ < b; S : a <> b ] = haveLeftRes S R (R — S)

B.19.2 Auxiliary Lemmas

lemma (in LResSemi) leftRes-src[simpl:
assumes [intro]: R : ¢ < b
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assumes [intro]: S : a < b

shows src (R« S) =a

proof —

have (R < §) : a « ¢ by (rule leftRes-homset, auto)
thus ?thesis by (rule homset-src)

qed

lemma (in LResSemi) leftRes-try|simp:

assumes [intro]: R: ¢ < b

assumes [intro]: S : a < b

shows (g (R~ S§) =¢

proof —

have (R — §) : a < ¢ by (rule leftRes-homset, auto)
thus ?thesis by (rule homset-trg)

qed

lemma (in LResSemi) left Res-defined[simp):

assumes [intro]: R: ¢ « b

assumes [intro]: S : a < b

shows Mor (R «— S)

proof (rule homset-Mor)

show (R « S) : a & ¢ by (rule leftRes-homset, auto)
qed

lemma (in LResSemi) lres-src[simp):
assumes [simp|: trg R = trg S
assumes [simp|: Mor R

assumes [simp|: Mor S

shows src (R — S) = src S

proof —

have R « S : src S < src R by (rule leftRes-homset, rule homset1, auto)

thus ?thesis by (rule homset-src)
qed

lemma (in LResSemi) lres-trg[simp]:
assumes [simp]: trg R = lrg S
assumes [simp|: Mor R

assumes [simp|: Mor S

shows trg (R «— §) = src R

proof -
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have R «— § : src S < src R by (rule leftRes-homset, rule homsetl, auto)
thus ?thesis by (rule homset-trg)
qed

lemma (in LResSemi) lres[simp]:
assumes [intro]: R : ¢ < b
assumes [{ulro): S :a v b

assumes [intro]: X : a < ¢

shows (X © R)C S) = (X C (R~ 9))

proof —

have haveleftRes S R (R «— S) by (rule leftRes, best+)
thus ?thesis by (rule haveLeftRes, best+)

qed

lemmas (in LResSemi) lresl = lres [TIIEN iffD1]
lemmas (in LResSemi) lres? = lres [THEN iffD2]

B.19.3 Equivalent axiomatization

lemma (in LResSemi) incl-lres[intro]:
assumes [intro): T : a < ¢
assumes [infro]: R : c < b
shows T C (R — (T ® R))
proof —
have (V X . X:a—o¢c—XCT— X CR~(T®R))
proof (intro strip)
fix X
assume [intro]:X € a & ¢
assume XT[simp]: X C T
hence [intro]: (X «» RC T - R) by (rule-tac comp-incl-monl, best+)
thus X C (R < (T @ R)) by (rule-tac lresi, best+)
qed
thus ?thesis by (rule-tac indir-ineq2, auto)
qed

lemma (in LResSemi) lresemp-incl:
assumes [intro]: R: ¢ & b
assumes [intro]: S :a < b

shows (R~ S)©® R)C §

proof —
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let X =R — S

have [intro]: X : a < ¢ by aulo

moreover have [intro]: ?X C (R < S) by (rule incl-refl, best)
have (?X @ R C S) by (rule lres [THEN iffD2], auto)

thus ?thesis by (best+)

qed

Residual properties in Furusawa-Kahl-1998

Proposition 4.4 (i)

lemma (in LResSemi) lrescom-incl-fs:

assumes [intro]:S : a < ¢

assumes [introl:R : b & ¢

assumes [intro]:T : d « ¢

shows (R — §) -/ (T~ R)C (T ~ 5)

proof —

have [intro] : (T < R) & T C R by (rule lrescmp-incl, auto)

have [intro] : (R — S) + R C S by (rule lrescmp-incl, auto)

have (R~ S) @ (T~ R)® T =(R+~ S)® ((T — R) ® T) by (rule cmp-assoc,
auto)

moreover have ... C (R < §) ©® R by auto

moreover have ... C S by auto

ultimately have [ : (R < S) ® (T «— R)) ® T C 8 by (rule-tac incl-trans, auto)

from | show ((R — S) @ (T — R)) C (T « S)by (rule-tac lres [THEN ifJD1], aulo)
qed

Proposition 4.4 (iii)

lemma (in LResSemi) lrescom-incl-ohk:
assumes [intro]: S : a & ¢

assumes [intro]: S" a < ¢

assumes [intro]: R: b« ¢

assumes [intro: R b < ¢

assumes S[intro]: S C S’

assumes R[intro]: R'C R

shows (R — S) C (R'— §)

proof (rule-tac indir-ineq2, best+)
show VC.C€a—=b— CC (R~ 8)— CLC (R'~ §
proof (intro strip)
fix C
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assume [intro]: C': a < b
assume Clintro]: C C (R — 5)
show C C (R'~ 8
proof —
have C & R'C C - R by auto
moreover have ... C S by (rule-tac lres2, auto)
ultimately have C = R'C § by (rule incl-trans, auto)
moreover have ... C S’ by auto
ultimately have I: C © R'C S’ by (rule incl-trans, auto)
from [ show ?thesis by(rule-tac lresl, auto)
qged
qed
qed

Proposition 4.5 (i)
lemma (in LResSemi) lrescom-incl-ex:
assumes [introl:F : a < b
assumes [introl:R : b — ¢
assumes [intro]:S : d — ¢
shows (F ® (S — R)) C (§ — (F @ R))
proof —
have[intro]: F C (R « (F ' R)) by auto
have (F @ (§ <~ R)) C ((R — (F = R)) ® (S — R)) by auto
moreover have ... C (S < (F @ R)) by(rule lrescom-incl-fs, auto)
ultimately show ?thesis by (rule incl-trans, auto)
qed

end

B.20 Semigroupoids with standard Right Residuals

theory RResSemi
imports OrdSemiRes DivAllRecord
begin

B.20.1 Definitions
locale RResSemi = OrderedSemigroupoid RRS +
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assumes rightRes-homset[intro,simp): [L:a— ¢; S:a o b] = (S—=L):c—b
assumes rightRes[intro,simpl: [ L : a < ¢; S : a < b | = haveRightRes S L (§ — L)

B.20.2 Auxiliary Lemmas

lemma (in RResSemi) rightRes-sre[simpl:

assumes [intro|: L : a < ¢

assumes [intro|: S : a < b

shows src (S — L) = ¢

proof —

have (S — L) : ¢ < b by (rule rightRes-homset, auto)
thus ?thesis by (rule homset-src)

qed

lemma (in RResSemi) rightRes-trg[simp):

assumes [intro]: L : a & ¢

assumes [intro]: S :a < b

shows (g (S —=L)=1

proof —

have (S — L) : ¢ < b by (rule rightRes-homset, auto)
thus fthesis by (rule homset-trg)

qed

lemma (in RResSemi) rightRes-defined[simp):
assumes [intro|: L : a < ¢

assumes [intro]: S : a — b

shows Mor (§ — L)
proof (rule homset-Mor)

show § — L : ¢ < b by (rule rightRes-homset, auto)
ged

lemma (in RResSemi) rres-sre:

assumes [simp|: src L = src S

assumes [simp|: Mor L

assumes [simp]: Mor §

shows src (§ = L) = trg L

proof —

have § — L : trg L « trg S by (rule rightRes-homset, rule homsetl. auto)
thus ?thesis by (rule homset-src)

qed
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lemma (in RResSemi) rres-trg:
assumes [simp|: src L = src S
assumes [simp|: Mor L
assumes [simp]: Mor S
shows trg (S —= L) = trg §

nronf
proot

have S — L : trg L « trg S by (rule rightRes-homset, rule homsetl, auto)

thus ?thesis by (rule homset-trg)
qed

lemma (in RResSemi) rres:

assumes [intro]: L: a < ¢

assumes [intro]: S :a < b

assumes [intro]: X : ¢ < b

shows (Le® XC S)=(XC(S— 1))
proof —

have haveRightRes S L (S — L) by (rule rightRes, best+)

thus ?thesis by (rule haveRightRes, best+)
qed

lemmas (in RResSemi) rresl = rres [THEN iffD1]
lemmas (in RResSemi) rres? = rres [THEN iffD2]

B.20.3 Equivalent axiomatization

lemma (in RResSemi) incl-rresintro]:
assumes [intro]: L : a < ¢

assumes [intro: T : c < b

shows TC (L T) — L)

proof —

have (Y X . X:cob— XC T — X C(L® T)= L)

proof (intro strip)

fix X

assume [intro]: X : ¢ & b
assume [simp|: X C T

hence [intro]: L @ X C L = T by (rule-tac comp-incl-monZ2, best+)

thus X C (L ® T)— L by (rule-tac rresl, best+)
qed
thus ?thesis by (rule-tac indir-ineq2, auto)

151



MSc Thesis — Jinrong Han McMaster University — Computer Science

qed

lemma (in RResSemi) rrescmp-incl:

assumes [intro]: S : a < b

assumes [intro]: L : a < ¢

shows L & (S =~ L)C §

proof —

let ¢X=§ = L

have [intro]: ?X : ¢ < b by auto

moreover have [intro]: ?X C S — L by (rule incl-refl, best)
moreover have (L © ?X C §) by (rule rres [THEN i[JD2], auto)
thus fthesis by (best+)

qed

——Residual properties in Furusawa-Kahl-1998——

Proposition 4.4 (i)

lemma (in RResSemi) rrescom-incl-fs:

assumes [inlro]:S : a < ¢

assumes [introl:L : a < b

assumes [intro]:U : a < d

shows (§ =~ L) & (U—= S)C (U — L)

proof —

have [intro] : L & (§ = L) C § by (rule rrescmp-incl, auto)

have [intro] : § @ (U — S§) € U by (rule rrescmp-incl, auto)

have L © ((§ = L) ® (U= S)) = (L ® (8§ — L)) ® (U — S) by (rule cmp-assoc-sym,
auto)

moreover have ... T § ® (U = §) by auto

moreover have ... U by auto

ultimately have r: L ® ((S — L) = (U — S)) C U by (rule-tac incl-trans, auto)
from r show ?thesis by (rule-tac rres [THEN iffD1], auto)

qed

c
c

Proposition 4.4 (iii)

lemma (in RResSemi) rrescom-incl-ohk:
assumes [intro]: S : a < ¢
assumes [intro]: S a — ¢
assumes [intro: Q: a — b
assumes [intro]: Q" a « b
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assumes S[intro]: S C §’
assumes Q[intro]: Q' C Q
shows (§ = Q) C (S'— @)
proof (rule-tac indir-ineq2, best+)
show VC.Cebe c— CC(S— Q) — CC (5= Q)
proof (intro strip)
fix C
assume [intro]: C' : b« ¢
assume Clintro]: C C (S — Q)
show CC (§'— Q)
proof —
have Q' ® CC Q ® C by auto
moreover have ... C S by (rule-tac rres2, auto)
ultimately have Q' © C C S by (rule incl-trans, auto)
morecover have ... C S’ by auto
ultimately have I: Q' ¢ C C S’ by (rule incl-trans, auto)
from [ show ?thesis by(rule-tac rresl, auto)
qed
qed
qed

Proposition 4.5 (i)

lemma (in RResSemi) rrescom-incl-ex:
assumes [intro]:U : a < b
assumes [intro]:Q) : a < ¢
assumes [intro]: T : ¢ « d
shows (@ =~ U) : T)E((Q© T) = V)
proof —
have[intro]: T C ((Q & T) — Q) by auto
have (@ =~ U) @ T)C (@ = U) © ((Q + T) — Q)) by auto

moreover have ... C ((Q @ T) — U) by(rule rrescom-incl-fs, auto)
ultimately show ?thesis by (rule incl-trans, auto)

qed

end

B.21 Semigroupoids with Standard Residuals

theory ResSemi
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imports LResSemi RResSemi
begin

B.21.1 Definitions

locale ResSemi = LResScu N5 + RRcsSciii RS

end

B.22 Restricted Residuals in Ordered Semigroupoids

theory OrdSemiRestrRes
imports RanSemi DomSemi
begin

B.22.1 Basic Definitions
locale OrdSemiRestrRes = RanSemi OSR + DomSemi OSR

B.22.2 Restricted Left Residuals

constdefs
0S-haveRestrLeftRes :: (‘o, 'm, 'r) SemiAllegory-scheme = 'm = "m = 'm = bool
(haveRestrLeftRes: - - - [1000,1000,1000) 999)

OS8-haveRestrLeftRes s S R L == if isMor s S & isMor s R & (Strg s S = Strg s R)

& isMor s L & (Ssrc s L = Ssrc s §) & (Strg s L = Ssrc s R)

then (ALL X .Semi-parallel s X L —

(éncl s (cmp s X R) S & incl s (All-rang s X) (All-dom s

R)) =incls X L)

else arbitrary

lemma (in OrdSemiRestrRes) haveRestrLeftRes-def:
[S:aesbR:cobjLiao ] =

haveRestrLeftRes SR L =(Y X €a e c.((X ® RC S) & (rang X C dom R)) = (X
E L)
apply (unfold OS-haveRestrLeftRes-def, simp)
apply (rule iffT)
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apply (intro strip)

apply (drule-tac z=X in spec)

apply (drule-tac f=X and g=L in parallel-intro, simp, drule mp, assumption)
apply (simp-all)

apply (intro strip)

apply (drule-tac f[=X and g=L in parallel-2, assumption)

apply simp

done

lemma (in OrdSemiRestrRes) haveRestrLeftRes-intro:

assumes i[intro, simp): V X € a « ¢ (X + RC S) & (rang X C dom R)) = (X C L)
assumes [intro]: S : a < b

assumes [introl: R:c < b

assumes [intro]: L : a < ¢

shows haveRestrLeftRes S R L

proof (rule haveRestrLeftRes-def [THEN sym, THEN iffD1], best+)

from i show VX€a < ¢. (X © RC S A rang X C dom R) = (X C L) by simp

qed

lemma (in OrdSemiRestrRes) haveRestrLeftRes:

assumes res: haveRestrLeftRes S R L

assumes [intro]: S : a & b

assumes [intro]: R: ¢« b

assumes [intro]: L : a < ¢

assumes [intro]: X : a < ¢

shows ((X ©® RC §) & (rang X C dom R)) = (X C L)

proof —

from res haveV X € a & ¢ .((X ® RC §) & (rang X C dom R)) = (X C L)
by (rule-tac haveRestrLeftRes-def [THEN iffD1], auto)

thus “thesis by auto

qed

lemma (in OrdSemiRestrRes) haveRestrLeftRes-res-intro:
assumes [simp]: X + RC S

assumes [simp|: rang X C dom R

assumes [intro]: haveRestrLeftRes S R L

assumes [intro]: S :a < b

assumes [intro]: R:c < b

assumes [introl: L: a « ¢
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assumes [intro]: X : a < ¢
shows X C L
by (rule-tac haveRestrLeftRes [THEN iffD1], auto)

lemma (in OrdSemiRestrRes) haveRestrLeftRes-res-elim:
assumes [intro]: X C L

assumes [intro|: haveRestrLeftRes S R L

assumes [intro]: S : a < b

assumes [intro]: R:c < b

assumes [intro]: L : a < ¢

assumes [introl: X : a « ¢

shows X © RC S & rang X C dom R

by (rule-tac haveRestrLeftRes [THEN iffD2], auto)

B.22.3 Restricted Right Residuals

constdefs
0S-haveRestrRightRes :: ("o, 'm, 'r) SemiAllegory-scheme = 'm = 'm = 'm = bool
(haveRestrRightRes: - - - [1000,1000,1000] 999)
0S-haveRestrRightRes s S L R == if isMor s S & isMor s L & (Ssrc s § = Ssrc s L)
& isMor s R & (Ssrc s R = Strg s L) & (Strg s R = Strg s S)
then (ALL X . Semi-parallel s X R — >
(incl s (emp s L X) S & incl s (All-dom s X) (All-rang s
L)) =incls X R)
else arbitrary

lemma (in OrdSemiRestrRes) haveRestrRightRes-def:
[SiaebLliaogRicob] =
haveRestrRightRes SLR= (Y X €c«b. (L © XC S) & (dom X C rang L)) =
(XCR)
apply (unfold OS-haveRestrRightRes-def, simp)
apply (rule iffT)
apply (intro strip)
apply (drule-tac =X in spec)
apply (drule-tac f=X and g=R in parallel-intro, simp, drule mp, assumption)
apply (simp-all)
apply (intro strip)
apply (drule-tac f=X and g=R in parallel-2, assumption)
apply simp
done
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lemma (in OrdSemiRestrRes) haveRestrRightRes-intro:

assumes ¢ [intro, simp): ¥V X € c — b. ((L & X C §) & (dom X C rang L)) = (X C R)
assumes [intro]: S : a < b

assumes [intro]: L : a < ¢

assumes [intro]: R : ¢ < b

shows haveRestrRightRes S [ R

proof (rule haveRestrRightRes-def [THEN sym, THEN iffD1], best+)

from i show VX€c & b. (L& X C S A dom X C rang L) = (X C R) by simp

qged

lemma (in OrdSemiRestrRes) haveRestrRightRes:

assumes res: haveRestrRightRes S L R

assumes [intro]: S : a < b

assumes [intro): L : a < ¢

assumes [introl: R: ¢ < b

assumes [intro]: X : ¢ < b

shows ((L © X C §) & (dom X C rang L)) = (X C R)

proof —

from reshaveV X € c > b. (L © X E S) & (dom X C rang L)) = (X C R)
by (rule-tac haveRestrRightRes-def [THEN iffD1], auto)

thus ?thesis by auto

qged

lemma (in OrdSemiRestrRes) haveRestrRightRes-res-intro:
assumes [introl: L & X E S

assumes [intro): dom X C rang L

assumes [intro]: haveRestrRightRes S L R

assumes [intro]: S : a < b

assumes [intro]: L : a < ¢

assumes [intro: R: ¢ < b

assumes [intro]: X : ¢ & b

shows X C R

by (rule-tac haveRestrRightRes [THEN iffD1], auto)

lemma (in OrdSemiRestrRes) haveResirRightRes-res-elim:
assumes [simp]: X C R

assumes [intro]: haveRestrRightRes S L R

assumes [intro]: S : a < b

assumes [intro]: L : a < ¢
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assumes [intro]: R:c < b have (Rt S) : a < ¢ by (rule restrleftRes-homset, auto)
assumes [intro]: X : ¢ < b thus ?thesis by (rule homset-trg)
shows (I, & X C §) & (dom X C rang L) qed

by (rule-tac haveRestrRightRes [THEN iffD2], auto)

lemma (in RestrLResSemi) restrleftRes-defined|simp):

assumes [inlro]: R:c « b
(o] '

end assumes [ilro]: S a
shows Mor (RF S)
proof (rule homset-Mor)
show (R + S) : a « ¢ by (rule restrleftRes-homset, auto)
qed

B.23 Semigroupoids with Restricted Left Residuals

lemma (in RestrLResSemi) restr-lres-src[simp):

theory RestrLResSemi assumes [simp|: trg R = trg §

imports OrdSemiRestrRes DivAllRecord assumes [simp): Mor R

begin assumes [simp]: Mor S
shows src (R+ S§) = sre S
proof —

have Rt S : src § & src R by (rule restrleftRes-homset, rule homsetl, auto)
thus ?thesis by (rule homset-src)

B.23.1 Definitions

locale RestrLResSemi = OrdSemiRestrRes RLRS + ged
assumes restrieftRes-homset|intro,simpl: [R: ¢« b;S:a—b] = (RFS):ae ¢ . i . .
assumes restrleftRes(intro,simp): [ R: ¢ <> b; § : a & b ] = haveLeftRes SR (R + S) lemma (in RestrLResSemi) restr-lres-trg[simp]:

assumes [simp|: trg R = trg §
. assumes [simp]: Mor R
B.23.2 Auxiliary Lemmas assumes [simp]: Mor §

lemma (in RestrlResSemi) restr-leftRes-src[simp): st S (L B e e

assumes [intro]: R: ¢ & b proof —

K have Rt S : src S < src¢ R by (rule restrleftRes-homset, rule homsetl, auto)
assumes [intro): S : a < b St e by o bl
shows src (RFS)=a qe;s ?thesis by (rule homset-trg

proof —

have (R + S) : a < ¢ by (rule restrleftRes-homset, auto)
thus ?thesis by (rule homset-src)

qed

lemma (in RestrLResSemi) restr-lres:
assumes [introl: R : ¢ < b
assumes [infro]: S :a «— b

. ; . assumes [inlro]: X : a < ¢

lemma (in RestrLResSemi) restr-leftRes-trg[simp]: shows (()[( l]i C $) A (rang X C dom R)) = (X C (R §))
assumes [intro]: R: ¢ < b = Sk =

assuen inkrols 8 5 664 § pl:‘):fh_ veLeftRes S R (R & S) by (rule restrleftRes, best+)
shows I7y (R = S) - ave faveLe, €S y (ruie restrie, €S8, Des

thesis . ;
proof — thus “thesis by (rule-tac haveRestrLeftRes, best+)
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qed

lemmas (in RestrLResSemi) restr-lresl = restr-lres [THEN iffD1]
lemmas (in RestrLResSemi) restr-lres2 = restr-lres [THEN iffD2]

Add the following two auxiliary lemmas.

lemma (in RestrLResSemi) restr-lres-incll[intro]:
assumes [intro]: X : a < ¢

assumes [intro]: R: ¢ < b

assumes [introl: S: a & b

assumes TR[intro: XC R+ §

shows rang X T dom R

proof —
from TR have ss: (X @ RC S) A (rang X C dom R)
by (rule-tac restr-lres [TITEN iffD2], auto)
from ss show ?thesis by auto

qed

lemma (in RestrLResSemi) restr-lres-incl2[intro|:
assumes [intro]: X : a & ¢

assumes [intro]: R: ¢ & b

assumes [intro]: S: a < b

assumes XR[introl: X T R+ S

shows (X @ RC S)

proof —
from XR have ss: (X © RC S) A (rang X C dom R)
by (rule-tac restr-lres [THEN iffD2], auto)
from ss show ?thesis by auto

qed

B.23.3 Equivalent axiomatization

lemma (in RestrLResSemi) incl-restr-lres|intro):

assumes [intro]: T : a & ¢

assumes [intro]: R: ¢ — b

assumes TR[intro]: rang T T dom R

shows TC R+ (T @ R)

proof —

have (Y X . X:ae¢— XLCT— X CRF(T®R))
proof (intro strip)
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fix X

assume [intro]:X € a < ¢
assume XT[simp): X T T
hence [intro]: (X © RC T - R)

by (rule-tac comp-incl-monl, best+)
hence XT[intro]: rang X C rang T by auto

from XT TR have rang X T dom R

by (rule-tac incl-trans, auto)
thus X C (R+ (T @ R)) by (rule-tac restr-lres1, best+)

qed

thus ?thesis by (rule-tac indir-ineq2, auto)

qed

lemma (in RestrLResSemi) restr-lrescmp-incl:

assumes [intro]: R : ¢ < b
assumes [intro]: S :a < b
shows (RFS)®RC S

proof —

let X =RF S

have [intro]: ?X : a < ¢ by auto

moreover have [intro]: ?X T (R + S) by (rule incl-refl, best)
have (?X & R C §) & (rang ?X C dom R)

by (rule restr-lres [THEN iffD2], auto)

thus ?thesis by (best+)
ged

Add the following new properties.

lemma (in RestrLResSemi) restr-lres-incl-new:

assumes [intro]: R:c < b
assumes [intro]: § :a — b
shows rang (R + §) C dom R
proof —

let X =R S

have [intro]: X : a < ¢ by auto

moreover have [intro]: 2X T (Rt S) by (rule incl-refl, best)
have (?X © RC §) & (rang ?X C dom R)

by (rule restr-lres [THEN iffD2], auto)

thus ?thesis by (best+)
qed
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—Residual properties in Furusawa-Kahl-1998—

Proposition 4.4 (i)

lemma (in RestrLResSemi) restr-lrescom-incl-fs:
assumes [intro]:S : a « ¢
asswies (o] . b — ¢
assumes [intro]:T : d < ¢
shows (R+-S) « (THR)C(TFS)
proof (rule restr-lres [THEN iffD1], best)
show § : a — ¢ by aulo
next
show (R+ S) & T+ R € a « d by auto
next
show (RFS)© TFR)© TE SArang (R+S)® THR)C dom T
proof —
havel[intro]: (T + R) © T C R by (rule restr-lrescmp-incl, auto)
have(intro]: (R+ §) © R C S by (rule restr-lrescmp-incl, auto)
have (RF S) ) (TFR) = T =(RF8) o (T+R)« T)
by (rule emp-assoc, auto)
moreover have ... C (R §) ® R by auto
moreover have ... C S by auto
ultimately have [ : (R+S) © (THFR) - TCS
by (rule-tac incl-trans, auto)
have[intro: rang (T + R) C dom T
by (rule restr-lres-incl-new, auto)
have rang((R+ S) & (T + R)) C rang( rang(R+ S) «» (T + R))
by (rule ran-decomp, auto)
moreover have ... C rang (T + R) by best+
ultimately have rang((R+ S) & (T + R)) C rang (T + R)
by (rule-tac incl-trans, auto)
moreover have ... C dom T by best+
ultimately have ll: rang (R+ S) @ T+ R) C dom T
by (rule-tac incl-trans, auto)
from [ ll show ?thesis by auto
qed
qed

Proposition 4.4 (iii) holds for restricted residuals if R'=R and Q'=Q.

lemma (in RestrLResSemi) restr-lrescom-incl-ohk:

162

McMaster University — Computer Science MSc Thesis — Jinrong Han

assumes [intro]: §:a « ¢
assumes [intro]: S a « ¢
assumes [intro]: R: b« ¢
assumes S[intro]: S C S’
shows (R+ S)C (RF+ S
proof (rule-tac indir-ineq2)

show R+ S € a« bbby
next

show R+ S’ € a < b by auto
next

show VC.C€a—b— CLC(RFS)— CC(RFS)
proof (intro strip)

fix ¢

assume [intro]: C': a < b

assume Clintro]: C C (RF §)

show CC (RF S

proof —
from C have (C © R C §) by (rule-tac restr-lres-incl2, auto)
moreover have ... C S’ by auto

ultimately have r1: C & R C §' by (rule incl-trans, auto)
from C have 72: rang C C dom R by auto

from r1 r2 show ?thesis by(rule-tac restr-lresl, auto)

qed

qed

qed

Proposition 4.5 (i) holds for restricted residuals when the following FR assumption
is added.

lemma (in RestrLResSemi) restr-lrescom-incl-ex:
assumes [inlrol:F : a < b

assumes [intro]:R : b < ¢

assumes [intro]:§ : d < ¢

assumes FR: rang F' C dom R

shows (F & (SF R)) C (S (F @ R))

proof —

have[intro|: F C (R + (F @ R)) by auto

have (F & (S R)) C (RF (F : R) ® (S F R)) by auto
moreover have ... C (S + (F @ R))

by (rule restr-lrescom-incl-fs, auto)

ultimately show ?thesis by (rule incl-trans, auto)
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qed lemma (in RestrRResSemi) restrright Res-defined[simp]:
assumes [infro]: L: a < ¢
end assumes [intro]: S :a — b

shows Mor (S 4 L)
proof (rule homset-Mor)

B.24 Semigroupoids with Restricted Right Residuals show §4 Lx ¢4 bby (rule restrightRes-homaet;: auto)
' qed

theory RestrRResSemi . ) ]

imports OrdSemiRestrRes DivAllRecord lemma (in RestrRResSemi) restr-rres-src[simp]:

begin assumes [simp]: src L = src S

assumes [simp]: Mor L
assumes [simp|: Mor S
shows src (S L) =trg L

B.24.1 Definitions proof —

locale RestrRResSemi = OrdSemiRestrRes OSRR + have § 3L ¢ 'L «—»'trg S

assumes restrright Res-homset[intro,simp): [ L:a < ¢ S:a = b] ?by ‘(.1'"ule rest;ﬁ;qhtR.es-hlorlnset. rule homset!, auto)
= (SHAL):ceob thus ?thesis by (rule homset-src)

assumes restrrightRes[intro,simpl: [ L:a < ¢; S:a e b] qed

= haveRestrRightRes S L (S - L
CUESSEEgHES ( ) lemma (in RestrRResSemi) restr-rres-trg[simp):

assumes [simp]: src L = st S

B.24.2 Auxiliary Lemmas assumes [simp]: Mor L
assumes [simp|: Mor §
shows trg (S 4 L) =trg S
proof —
have S HL:trg L < trg S

by (rule restrrightRes-homset, rule homsetl, auto)
thus ?thesis by (rule homset-trg)
qed

lemma (in RestrRResSemi) restrrightRes-src[simpl:
assumes [intro]: L : a & ¢

assumes [intro: S : a < b

shows src (S 4 L) =¢

proof —

have (S 4 L) : ¢ < b by (rule restrrightRes-homset, auto)
thus ?thesis by (rule homset-src)

qed lemma (in RestrRResSemi) restr-rres:

assumes [intro): L : a < ¢

assumes [intro): §:a < b

assumes [intro]: X : ¢ < b

shows (L& X C S) A(dom X Crang L)) = (X C (S HL))
proof

have haveRestrRightRes S L (S8 4 L) by (rule restrrightRes, best+)
thus ?%thesis by (rule haveRestrRightRes, best+)

qed

lemma (in RestrRResSemi) restrrightRes-trg[simp):
assumes [intro]: L : a & ¢

assumes [intro]: S : a < b

shows trg (SHL)=1"

proof —

have (S - L) : ¢ < b by (rule restrrightRes-homset, auto)
thus ?thesis by (rule homset-trg)

qed
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lemmas (in RestrRResSemi) restr-rresl = restr-rres | THEN iffD1]
lemmas (in RestrRResSemi) restr-rres2 = restr-rres [THEN iffD2)

Added the following two auxiliary lemmas
lemma (in RestrRResSemi) restr-rres-inclilintrol:
assumes [inlro]: L : a & ¢
assumes [intro]: X : ¢ < b
assumes [intro]: S: a < b
assumes XL[intro: X T S 4L
shows dom X C rang L
proof —
from XL have ss: (L © X C S) A (dom X C rang L)
by (rule-tac restr-rres [THEN iffD2], auto)
from ss show ?thesis by auto

qed

lemma (in RestrRResSemi) restr-rres-incl2[intro):
assumes [intro]: L : a « ¢

assumes [intro]: X : ¢ < b

assumes [intro]: S: a « b

assumes XL[intro]: X T S+ L

shows (L X C S)

proof —
from XL have ss: (L ® X C §) A (dom X C rang L)

by (rule-tac restr-rres [THEN iffD2], auto)

from ss show ?thesis by auto

qed

B.24.3 Equivalent axiomatization

lemma (in RestrRResSemi) incl-restr-rres|intro):
assumes [intro]: L : a « ¢
assumes [intro]: T :c < b
assumes LT [intro]: dom T T rang L
shows T C (L T) 4 L)
proof —
have (V X. X:co b— XC T — X C(L o T)H L)
proof (intro strip)
fix X
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assume [intro]: X : ¢ < b
assume [simp]: X T T
hence [intro]: L& X T L& T
by (rule-tac comp-incl-mon2, best+)
hence XT[intro]: dom X C dom T by auto
from XT LT have dom X C rang L by (rule-tac incl-trans, auto)

+n YOI T T By (m
ES TR M\

thus ¥ A - pestr-rres! heeld)
qed

thus ?thesis by (rule-tac indir-ineg2, auto)

qged

lemma (in RestrRResSemi) restr-rresemp-incl:
assumes [intro]: S :a < b

assumes [intro]: L : a < ¢

shows L - (SHL)C §

proof —

let ?2X=S-L
have [intro]: ?X : ¢ < b by auto
moreover have [intro]: ¥X T S -+ L by (rule incl-refl, best)
moreover have (L ¢ ?X C §) & (dom ¢X T rang L)

by (rule restr-rres [THEN iffD2], auto)
thus ?thesis by (best+)

qed

Add the following new properties.

lemma (in RestrRResSemi) restr-rres-incl-new:

assumes [intro]: §:a < b
assumes [intro]: L : a < ¢
shows dom (§ - L) C rang L

proof —

let 2X=5-L
have [intro]: ?X : ¢ « b by auto
moreover have [intro]: ?X C § 4 L by (rule incl-refl, best)
moreover have (L & ?X C §) & (dom #X C rang L)

by (rule restr-rres [THEN iffD2], auto)
thus ?thesis by (best+)

qed

Residual properties in Furusawa-Kahl-1998
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shows (S 4 Q) C (S Q)
lemma (in RestrRResSemi) restr-rrescom-incl-fs:
assumes [intro]:S : a & ¢

proof (rule-tac indir-ineq2, best+)
show VC.Ce€b—sc— CLC(§H4Q) — CL (5'4Q)
assumes [intro]:L : a < b pf;‘;:oé st i)
assumes [intro]:U : a < d
shows (S 4 L) o (U4S)C (UL
proof —

assume [inlro]: C : b & ¢
assume Clintro]: C C (S - Q)
. ) . show CLC (S'4Q)
havel[intro] : L ® (8§ 4 L) € S by (rule restr-rresemp-incl, auto)
have[intro] : S« (U 4 S) C U by (rule restr-rrescmp-incl, auto)
have L (S 4 L) 1 (U A 8)) = (L (8 L))

proof —
have @ « C C § by auto
- (UA8) moreover have ... C S’ by auto
by (rule cmp-assoc-sym, auto)
moreover have ... C S © (U 4 S) by auto
moreover have ... C U by auto

ultimately have I: Q @ C C S’ by (rule incl-trans, auto)
ultimately have 7 : L ¢ ((S 4 L) = (U 4 8)C U

have dom C C rang () by auto

from [ show ?thesis by(rule-tac restr-rres1, auto)
by (rule-tac incl-trans, auto)

qed
qed
from r show (S 4 L) © (U 4S)C(UAL) qed
proof (rule-tac restr-rres [THEN iffD1], auto)
show dom ((S A L) = UAS)C rang L
proof —

havelintro]: dom(S - L) C rang L

Proposition 4.5 (i) holds for restricted residuals when the following TQ assumption
is added.
by (rule restr-rres-incl-new, auto) lemma (in ResirRResSemi) Restr-rrescom-incl-ex:
have dom((S 4 L) ® (U 4 8)) E dom((S 4 L) ® dom(U 4 S)) assumes [intro|:U : a < b
by (rule dom-decomp, auto) assumes [intro:Q : a < ¢
moreover have ... T dom (S - L) by best+ assumes [intro]:T : ¢ & d
ultimately have dom((S + L) @ (U 4 8)) C dom (S 4 L) assumes 7Q: dom T C rang Q
by (rule-tac incl-trans, auto) shows (Q1 U)o T)C ((Q¢ T)H V)
moreover have ... C rang L by best+ proof —
ultimately show dom((S 4 L) ® (U 4 S)) C rang L from TQ have[intro]: T C ((Q ® T) 4 Q) by auto
by (rule-tac incl-trans, auto) have (QH4U) ® T)E ((QHU) = ((Q ® T) 4 Q)) by auto
qed moreover have ... C ((Q < T) 4 U) by(rule restr-rrescom-incl-fs, aulo)
qed ultimately show ?thesis by (rule incl-trans, auto)
qed qed

Proposition 4.4 (iii) holds for restricted residuals if R’=R and Q'=Q. end
lemma (in RestrRResSemi) restr-rrescom-incl-ohk:
assumes [iniro]: § : a < ¢ B.25 Semigroupoids with restricted residuals
assumes [intro]: S a « ¢
assumes [introl: Q: a < b theory RestrResSemi
assumes S[intro]: § C S’ imports RestrLResSemi RestrRResSemi
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begin moreover have X C rang L & R = L X C S Adom X C rang L
proof(rule conjl)

locale RestrResSemi = RestrLResSemi RRS + RestrRResSemi RRS show X Crang Lo R=L = XC §
proof —

end have [intro]: rang L ~ R C R by auto

have [intro]:X C rang L © R= XC R

Yy (rule tar inel trame anin)
by (rule-tac )

B.26 Restricted Residuals and Standard Residuals. from R have[intro]: X T R = L © X C S by auto
show X C rang L & R = L & X C S by auto

theory RestrResAndRes qed

imports OrdSemiRestrRes OrdSemiRes next show X C rang L & R => dom X C rang [,

begin proof —

have dom (rang L ~ R) C rang L by auto
also havel[intro]: X C rang L © R = dom X C dom (rang L © R)
B.26.1 Theorems by (rule dom-incl-mon, auto)

lemma (in OrdSemiRestrRes) RestrRightRes-RightRes: have(intro]: dom X T dom (rang L ® R)lzdom X Crang L
assumes [simp,intro]: S: a < b . ‘ by (rule-tac incl-trans, auto)

assumes [:qimp‘i,;l,,.a}; l{.: ce b show X C rang L & R = dom X C rang L by auto

assumes [simp,intro|: L : a < ¢ f;d

Moo hebeBonehie & b (g 165 ultimately show (L © X C A dom X C rang L) = (X € rang L © R)
proof (rule haveRestrRight Res-def [THEN sym, TIEN iffD1),best+) by (rule iffI, best+)

show ¥ X€c « b. (L ® X C S A dom X C rang L) = (X C rang L ® R)) Z‘Zld
proof (intro strip) q:d

assumel(intro]: X : ¢ «» b

show (L © X C S A dom X C rang L) = (X C rang L. & R)

proof — ” R : ) N .
have R:(L © X C S) = (X C R) by (rule haveRightRes, best+) lz::::‘:ne(sl?iv(l)trrzfegu"{:bzlzl: FAEESIREE
have L ©» XC SAdom XCrang L= X CrangL - R assumes [mtm] R.' ¢+ b

proof — citrals I &
have X: X C dom X ® X by auto GRSWIMES [Z." i) & 4 et
from B hinve (L @ X C 5 A-dom X £ rong L) assumes [intro|:haveLeftRes S R L
= {dom X T rang LA X C B) by auto shows haveRestrLeftRes S R (L < dom R)
== 9 = y proof (rule haveRestrLeftRes-def [THEN sym, THEN iffD1],best+ )

also have ... = (dom X & X C rang L. © R) by auto - -
2 e (X E ~ XC =(XC(L®
from X have (dom X © X C rang L ® R) => (X C rang L - R) mheryt of .\Ea e (= B I &0 vomg 3 & doms Bypes: (X0 (OB ot ol B
proof (intro strip)

by (rule incl-trans, auto) fix X
ultimately show L & X C § A dom X C rang L = X C rang L ® R assumelintro]: X : a < c

aed by best+ show ((X «» RC 8) A (rang X C dom R)) = (X C (L <) dom R))
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proof —
have L:(X ® RC S)=(XC L)
by (rule haveLeftRes, best+)
have X © RC SArang XC domR=— X C L& dom R
proof —
have X: X C (X © rang X) by auto
from L have (X & RC S A rang X C dom R)
= (X C L A rang X C dom R) by auto
also have (X C L A rang X C dom R)=—>
((X « rang X) C (L & dom R)) by auto
from X have ((X @ rang X) C (L ® dom R)) = X C (L @ dom R)
by (rule-tac incl-trans, auto)
ultimately show X & RC S A rang X C dom R
= X C L dom R by auto
qed
moreover have X C L @ dom R = X © RC S A rang X C dom R
proof (rule conjI)
show XC L& domR=—= X ©®RLC S
proof
have [intro]: L @ dom R C L by auto
have [intro: X CL ® domR= XC L
by (rule-tac incl-trans, auto)
from L have[intro]: X T L => X @ RC S by auto
show X C L @ dom R = X ® R C S by auto
qed
next show X C L -, dom R = rang X C dom R
proof —
have rang( L = dom R) C dom R by auto
also have[intro]: X C L ¢ dom R =
rang X C rang (L = dom R) by (rule ran-incl-mon, auto)
have[intro|: rang X C rang( L ® dom R) = rang X C dom R
by (rule-tac incl-trans, auto)
show X C L © dom R = rang X C dom R by auto
qed
qed
ultimately show ((X ' R C S) A (rang X C dom R))
= (X C (L @ dom R)) by (rule iff, best+)
qed
qged
qed
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end

B.27 OSGC with Standard Residuals

theory ResOSGC
imports ResSemi ConvOrdSemi
begin

B.27.1 Definitions
locale ResOSGC = ResSemi ROSGC + ConuvOrdSemi ROSGC

B.27.2 Theorems

—Residual property (Proposition 4.1) in Furusawa-Kahl-1993—
lemma (in ResOSGC) resOSGC-eq:
assumes [iniro):Q : a < b
assumes [intro]:§ : a — ¢
shows (S = Q) =(Q~ = §7)~
proof (rule indirect-equality [THEN iffD2], best+)
showVC.Ce€beoc— (CES—=Q)=(CC(Q™ ~ §7))
proof (intro strip)
fix C
assume [intro]:C' : b < ¢
show (CE S —= Q) =(CE(Q~ « §7)7)
proof —
have CC S~ Q= CLC (@~ ~ §7)~
proof —
assume ¢: CC § — Q
show CC (@~ — §7)~
proof —
from ¢ have [intro]: (Q = C C §) by (rule-tac rres2, auto)
have ((Q & C)~ C §=) by (auto)
have cI: (C~ @ Q) C S~ by (rule conv-cmp [THEN subst],auto)
from cI have ¢2: C~ C (Q~ < §7) by (rule-tac lres1, auto)
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from c2 have ¢3:(C~)~ C (Q~ — S~)~ by auto
from ¢3 show C C (Q~ « S~)~ by (rule-tac conv-idem [THEN subst],auto)
ged
qed
moreover have CC (Q~ «~ S™)" = CLC S~ @
proof —
assume C: C L (¢ <5 )
show CC § — @
proof —
from C have CI: (C7)~" C(Q~ « §7)~
by (rule-tac conv-idem [THEN sym, THEN subst], auto)
from C1 have C2: C~ C (@~ «— §7)
by (rule-tac conv-incl [THEN iffD1], auto)
from C2 have C3: (C~ © Q) C S~ by (rule-tac lres2, auto)
from C3% have [intro]: (Q « C)~ C §~
by (rule-tac conv-cmp [THEN sym, THEN subst],auto)
have [intro]: (Q & C) C §
by (rule-tac conv-incl [THEN iffD1],auto)
show C C § — Q by (rule-tac rresl, auto)
qed
qed
ultimately show %thesis by(rule iffI, best+)
qed
qed
qed

end

B.28 OSGC with Domain and Range Operators

theory RDConvOrdSemi

imports DomSemi RanSemi ConvOrdSemi
begin

Add the theory to provide some properties of OSGC with Domain and Range Op-

crators. The properties in the theory are used to support the properties of restricted
residuals in RestrResOSGC theory.
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B.28.1 Definitions

locale RDConvOrdSemi = DomSemi RDCOS + RanSemi RDCOS + ConvOrdSemi

RDCOS

B.28.2 Theorems

conv(rang R) is subidentity.

lemma (in RDConvOrdSemi ) RDCOS-convRan-left:

assumes [intro]: R : a « b

assumes [intro]: f : b < ¢

shows (rang R)~ - fC f

proof —

have [intro]: f~ © rang R C f~ by auto

have (f~ @ rang R)~ C (f~)~ by auto

have (rang R)~ © (f~)~ C (f~)~ by (rule conv-cmp [THEN subst],auto)

hence L: (rang R)~ © [ C [ by (rule-tac conv-idem [THEN subst], best)
from L show ?thesis by aulo
qed

lemma (in RDConvOrdSemi ) RDCOS-convRan-right:
assumes [infro]: R : a — b
assumes [intro]: f: ¢ < b
shows f @ (rang R)~ C f
proof —
have [intro]: rang R » [~ C [~ by auto
have (rang R @ f~)~ C (f~)~ by auto
have (f~)~ ¢ (rang R)~ C (f~)~ by (rule conv-cmp [THEN subst|,auto)
hence L: f ¢ (rang R)~ C f by (rule-tac conv-idem [THEN subst], best)
from L show ?thesis by auto

qed

conv(rang R) : ISId b

lemma (in RDConvOrdSemi ) RDCOS-convRan-1:
assumes [intro]: R : a < b

shows (rang R)~ = (rang R)~ = (rang R)~
proof —

have i: (rang R @ rang R) = rang R

proof (rule isISId-2)
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show rang R € b < b by auto
next

show isISId (rang R) by (rule ISId,auto)
qed

from i have ii: (rang R @ rang R)~ = (rang R)™

by (rule-tac conv-equality [THEN iffD2], auto)
from ii show %thesis by (rule-tac conv-cmp [THEN subst],auto)
qed

conv(dom R) is subidentity.

lemma (in RDConvOrdSemi ) RDCOS-convRan-isISId([simp, intro
assumes [intro]:R : a < b
shows (rang R)~: ISId b
proof (rule [SId-intro)

show (rang R)~ € b < b by auto

next

show isISId ((rang R)™)
proof (rule islSId-intro)

show (rang R)~ € b < b by auto
next

show isSId ((rang R)™)

proof (rule isSId-def [TITEEN iffD2])
havelintro]: (rang R)~ € b < b by auto
show Vc.(Vf. febe ¢ — (rang R)~ @ f C f)

A(Vg.gece—b— g = (rang R)~ C g)

proof(intro strip)

fix ¢

show (Vf. fe€be ¢ — (rang R)~ & fC f)

A(Vg.gece b— g© (rang R)~ C g)
proof (rule congl)

showVf. febe— ¢ — (rang R)~ & fC f
proof (intro strip)
fix f
assume [intro: f € b ¢
show (rang R)~ @ f C f by (rule RDCOS-convRan-left, auto)
qed
next
show Vg.gec—b— g (rangR)" C g

proof (iniro strip)
fix g
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assume [intro]: g € ¢ < b

show ¢ @ (rang R)~ C g by (rule RDCOS-convRan-right, auto)
qed
qed
qed
next
show (rang R)~ € b < b by aulo
qed
next

show (rang R)~ © (rang R)~ = (rang R)™

by (rule RDCOS-convRan-1, auto)
qed

qed

lemma (in RDConvOrdSemi ) RDCOS-convDom-left:
assumes [intro]: R : a b

assumes [intro]: f : a < ¢

shows (dom R)~ & fC f

proof

have [intro]: f~ @ dom R C f~ by auto
have (f~ © dom R)~ C (f~)~ by auto

have (dom R)~ @ (f~)~ C (f~)~ by (rule conv-cmp [THEN subst|.auto)
hence L: (dom R)~ = [ C [ by (rule-tac conv-idem [THEN subst], best)
from L show ?thesis by auto
qed

lemma (in RDConvOrdSemi ) RDCOS-convDom-right:
assumes [intro]: R:a — b

assumes [intro]: f: ¢ < a

shows f & (dom R)~ C f

proof —

have [intro]: dom R @ [~ C f~ by auto

have (dom R @ f~)~ C (f~)~ by auto

have (f~)~ : (dom R)~ C (f~)~ by (rule conv-cmp [THEN subst],auto)

hence L: f = (dom R)~ C f by (rule-tac conv-idem [THEN subst|, best)
from L show ?lhesis by auto
qed

conv(rang R) : ISId a

lemma (in RDConvOrdSemi )RDCOS-convDom-I:

177



MSc Thesis — Jinrong Han McMaster University — Computer Science

McMaster University — Computer Science \Sc Thesis — Jinrong Han

assumes [intro]: R :a < b

qed
shows (dom R)™ & (dom R)~ = (dom R)™ next
proof — show Vg. g€ c—a— g (domR)~“Cyg
have i: (dom R © dom R) = dom R proof (intro strip)
proof (rule isISId-2) fix g
show dom R € a < a by auto assume [inlro]: g € ¢ < a
next show ¢ & (dum R)~ C g by (iule RDCOS
show isISId (dom R) by (rule ISId,auto) qed
qed qed
from i have ii: (dom R ) dom R)~ = (dom R)~ qed
by (rule-tac conv-equality [THEN ifJD2], auto) next
from ii show fthesis by (rule-tac conv-cmp [THEN subst],auto) show (dom R)~ € a < a by auto
qed qed
next
show (dom R)~ ' (dom R)~ = (dom R)~
lemma (in RDConvOrdSemi ) RDCOS-convDom-isISId[simp, intro]: by (rule RDCOS-convDom-1, auto)
assumes [intro]:R : a < b qed
shows (dom R)—: ISId a gedlemma (in RDConvOrdSemi) RDCOS-incll:
proof (rule ISId-intro) assumes [introl:R : a < b
show (dom R)~ € a « a by auto shows (dom(R~))~ C rang R
next proof —
show isISId ((dom R)™) have R C R @ rang R by auto
proof (rule isISId-intro) have R~ C (R ©® rang R)™ by auto
show (dom R)~ € a < a by auto have d: R~ C (rang R)~ @ R~ by (rule-tac conv-cmp [THEN subst|, auto)
next from d have dom(R~) C dom((rang R)~ @ R~) by auto
show isSId ((dom R)™) moreover have ... C (rang R)~ by auto
proof (rule isSId-def [THEN iffD2]) ultimately have dom(R~) C (rang R)~ by (rule incl-trans, auto)
have[intro]: (dom R)~ € a < a by auto hence dd: (dom(R~))~ C ((rang R)~)~ by aulo
show Ve. (Vf. feae ¢ — (dom R)~ ® fC f) from dd show ?thesis by (rule-tac conv-idem [THEN subst], auto)
A(Vg.gecea— go(domR)~ Cg) qed
proof(intro strip)
fix ¢ lemma (in RDConvOrdSemi) ResOSGC-incl2:
show (Vf. f€a e ¢ — (dom R)~ & fC f) assumes [introl:R : a < b
A(Vg.g€Ece—a— g& (domR)~ C g) shows (rang(R~))~ C dom R
proof (rule conjI) proof —
showVf. fea— ¢ > (dom R~ - fCf have R C dom R - R by auto
proof (intro strip) have R~ C (dom R © R)~ by auto
fix f have d: R~ C R~ @ (dom R)~ by (rule-tac conv-cmp [THEN subst], auto)
assume [intro]: f € a < ¢ from d have rang(R~) C rang(R~ & (dom R)~) by auto
show (dom R)~ - [ C [ by (rule RDCOS-convDom-left, auto) moreover have ... C (dom R)™ by aulo
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ultimately have rang(R~) C (dom R)~ by (rule incl-trans, auto)
hence dd: (rang(R~))~ C ((dom R)~)~ by auto

from dd show ?thesis by (rule-tac conv-idem [THEN subst], auto)
qed

lemma (in RDConvOrdSemi) RDCOS-incl3:
assumes [intro]:R : a < b
shows rang R C (dom(R~))~
proof —
let YR'= R~
have (?R’)~ = R by auto
moreover have (rang((?R’) 7))~ C dom(?R’) by (rule ResOSGC-incl2, auto)
ultimately have r: (rang R)~ C dom(R™) by auto
from r have rr: ((rang R)~)~ C (dom(R™))~ by auto

from rr show ?thesis by (rule-tac conv-idem [THEN subst|, auto)
qed

lemma (in RDConvOrdSemi) RDCOS-incly:
assumes [intro|:R : a < b
shows dom R C (rang(R™))~
proof —
let ?R'= R~
have (?R’)~ = R by auto
moreover have (dom((?R’)~))~ C rang(?R’) by (rule RDCOS-incll, auto)
ultimately have r: (dom R)~ C rang(R~) by auto
from r have rr: ((dom R)~)~ C (rang(R™))~ by auto

from rr show ?thesis by (rule-tac conv-idem [THEN subst], auto)
qed

lemma (in RDConvOrdSemi) RDCOS-ran:

assumes [introl:R : a < b

shows rang R = (dom(R~))~

proof (rule indirect-equality [ TIIEN iffD2], best+)

showVC. C € b b — (CC rang R) = (C C (dom (R™))™)
proof (intro strip)

fix ¢

assume [intro]: C € b < b
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show (C C rang R) = (C C (dom (R™))™)

proof —

have C C rang R = C C (dom (R™))~

proof —
assume cr: C' C rang R

show C C (dom (R™))~
proof —

\MSc Thesis — Jinrong Han

have RR:rang R C (dom(R~))~ by (rule RDCOS-incl3, auto)

ged
qed

moreover have C' C (dom (R7))~ = C C rang R

proof —

assume cr: C C (dom (R™))~

show C C rang R
proof —

from cr RR show ?thesis by(rule incl-trans, auto)

have RR :(dom(R~))~ C rang R by (rule RDCOS-incll, auto)

ged
qed

ged

qed
qed

lemma (in RDConvOrdSemi) RDCOS-dom:

assumes [intro]:R : a — b

shows dom R =
proof —

(rang(R™))~

let ?R'= R~
have (?R’)~ = R by auto
moreover have rang R’ = (dom(?R'~))~ by (rule RDCOS-ran, auto)

ultimately have r1: rang(R~) = (dom R)~ by auto
from r1 have r2: (rang(R~))~ = ((dom R)~)~ by auto

from cr RR show ?thesis by(rule incl-trans, auto)

ultimately show fthesis by (rule iffI, best+)

from 72 have r8: (rang(R~))~ = dom R

from r3 show dom R =

qed

by (rule-tac conv-idem [THEN subst], auto)
(rang(R~))~ by (rule-tac sym, auto)
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The following two theorems are proved based on rang R = conv(dom(conv R));
dom R = conv(rang(conv R). They are used to support proving the property of
restricted residuals in RestrResOSGC theory.

lemma (in RDConvOrdSemi) RDCOS-domRanl:
assumes [intro): Q : a « b
acsnimes [mvm]- b e
assumes CQ: dom C C rang Q
shows rang (C~) C dom (Q™)
proof
from CQ have CQI:dom C C (dom(Q~))~
by (rule-tac RDCOS-ran [THEN subst], auto)
from CQI have CQ2:(rang(C~))"C (dom(Q~))~
by(rule-tac RDCOS-dom [THEN subst]. auto)
from CQ2 show rang(C~)C dom(Q™)
by (rule-tac conv-incl [THEN iffD1], auto )
ged

lemma (in RDConvOrdSemi) RDCOS-domRan2:
assumes [intro]: Q : a < b
assumes [intro]: C : b« ¢
assumes CQ: rang (C~) C dom (Q™)
shows dom C' C rang Q
proof —
let #Q'= Q~
have [intro]: (?Q")~ = Q by auto
from CQ have rang (C~) C dom (?Q") by auto
also have ... = (rang(?Q"))~ by(rule RDCOS-dom, auto)
ultimately have CQ1I: rang (C~) C (rang(?Q"~))~ by auto
moreover have ... = (rang Q)™ by (rule-tac subst, auto)
ultimately have CQ2: rang(C~) C (rang Q)™ by(rule-tac subst, auto)
have CQ3: (rang(C~))~ = dom C
by (rule-tac RDCOS-dom [THEN sym], auto )

from CQ3 have CQ4: ((rang(C~))~)~ = (dom C)~

by (rule-tac conv-equality [THEN i[fD2], auto )
from CQ4 have CQ5:rang(C~) = (dom C)~

by (rule-tac conv-idem [THEN subst], auto)
from CQ2 have CQG6: (dom C)~ C (rang Q)™

by (rule-tac CQ5 [THEN subst], auto)
from CQ6 show ?thesis by (rule-tac conv-incl [THEN iffD1], auto)
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qed

end

B.29 OSGC with Restricted Residuals

theory iestritesUSGC
imports RestrResSemi RDConvOrdSemi
begin

B.29.1 Definitions
locale RestrResOSGC = RestrResSemi RROSGC + RDConvOrdSemi RROSGC

B.29.2 Theorems

Residual property (Proposition 4.1) in Furusawa-I{ahl-1998 holds for restricted resid-
uals

lemma (in RestrResOSGC) restr-resOSGC-eq:
assumes [iniro]:Q : a < b
assumes [intro]:S : a < ¢
shows (S 4 Q) = (@~ + §7)~
proof (rule indirect-equality [THEN iffD2])
showVC.Cebe—c - (CESHQ)=(CC(Q™F 7))
proof (intro strip)
fix C
assume [intro]:C : b < ¢
show (CESH4Q)=(CE(Q™F&7)7)
proof —
have CCS-H Q= CLC(Q~F §)
proof —
assume ¢: CC 54 @Q
show CLC (Q~+S§)~
proof —
from ¢ have [intro]: (Q « C C S ) by (rule-tac restr-rres-incl2, auto)
from ¢ have [intro]: dom C C rang Qby (rule-tac restr-rres-incll, auto)
have (Q @ C)~ C S~ by (auto)
have (C~ © Q=) C S~ by (rule conv-cmp [THEN subst],auto)
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also have rang (C~) C dom (Q~) by (rule RDCOS-domRanl, auto)
ultimately have c2: C~ C (Q~ F S~) by (rule-tac restr-lresl, auto)
from ¢2 have ¢3:(C~)~ C (@~ F S7)~ by auto
from ¢3 show C C (Q~ + S7)~ by (rule-tac conv-idem [THEN subst],auto)
qed
qed
moreover have CC (Q~ FS7)" = CLC §S4Q
proof —
assume C: CC (Q- FS7)~
show CC §HQ
proof —
from C have CL (C-)~ C (Q~ F §-)~
by (rule-tac conv-idem [THEN subst], auto)
from C1 have C2: C~ C (Q~ F §7)
by (rule-tac conv-incl [TIEN iffD1), aulo)
from C2 have [intro]: (C~ ©® Q) C S~ by auto
from C2 have [intro]: rang(C~) C dom(Q~) by auto
have (Q =~ C)~ C §~
by (rule-tac conv-cmp [THEN sym, THEN subst],auto)
also have [intro]: (Q © C) C §
by (rule-tac conv-incl [THEN iffD1],auto)
moreover have dom C C rang Q by (rule RDCOS-domRan2, auto)
ultimately show C C S 4 Q by (rule-tac restr-rresl, auto)
qed
qed
ultimately show ?thesis by(rule iffI, best+)
qed
qed
next
show § 4 Q € b < ¢ by auto
next
show (Q~ + §7)~ € b « ¢ by aulo
qed

end
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