Computations in Galois Cohomology and Hecke
Algebras



Computations in Galois Cohomology and Hecke

Algebras

By
Tara C. Davis, B.A.

A Thesis
Submitted to the School of Graduate Studies
in Partial Fulfilment of the Requirements
for the Degree

Master of Science

McMaster University
©Copyright by Tara C. Davis , September 2006

il



MASTER OF SCIENCE (2006) McMaster University

(Mathematics)

TITLE:

AUTHOR:

SUPERVISOR:

NUMBER OF PAGES:

Hamilton, Ontario

Computations in
Galois Cohomology and
Hecke Algebras

Tara C. Davis
B.A. (University of Hawaii at Manoa)

Dr. Romyar Sharifi

x, 84

iii



Acknowledgments

Thanks to my supervisor, Dr. Romyar Sharifi, for giving me the idea for
this project, and seeing it through to the end. I appreciate that you took the
time to meet with me every single week; your helpful conversations and advice
were invaluable to me in completing this thesis. Many mahalos to Adam and
Katie; without great friends like you two to talk and procrastinate with I
would definitely not have remained sane throughout this process. Finally,
thanks to my parents: never mind you don’t understand the math; it was

you who inspired me to set my goals high and taught me never to give up.

v



Abstract

We study two objects: an ideal of a Hecke algebra, and a pairing
in Galois cohomology.

Let h be the Hecke algebra of cusp forms of weight 2, level n, and
a fixed Dirichlet character modulo n generated by all Hecke operators,
where 7 is an odd prime p or a product of two distinct odd primes N
and p. We study the Eisenstein I ideal of h. We wrote a computer
program to test whether U, — 1 generates this ideal, where Up, is the
pth Hecke operator in h. We found many cases of n and the character
so that U, — 1 alone generates I. On the other hand, we found one
example with N = 3 and p = 331 where U, — 1 does not generate I.

Let K = Q(un) be the n? cyclotomic field. Let S be the set of
primes above p in K, and let Gk s be the Galois group of the max-
imal extension of K unramified outside S. We study a pairing on
cyclotomic p-units that arises from the cup product on H(Gk,s, pp)-
This pairing takes values in a Gal(K/Q)-eigenspace of the p-part of
the class group of K. Sharifi has conjectured that this pairing is sur-
jective. We studied this pairing in detail by imposing linear relations
on the possible pairing values. We discovered many values of n and
the character such that these relations single out a unique nontrivial
possibility for the pairing, up to a possibly zero scalar.

Sharifi showed in [S2] that, under an assumption on Bernoulli num-
bers, the element U, — 1 generates the Eisenstein ideal I if and only
if pairing with the single element p is surjective. In particular, in the
instances for which we found a unique nontrivial possibility for the
pairing, then if U, — 1 generates I, we know that the scalar up to

which it is determined cannot be zero.
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Introduction

In this thesis, we study generators of an ideal of the Hecke algebra of mod-
ular forms and an equivalent statement about a pairing on the p-units of a
cyclotomic field K = Q(unp), where N =1 or N > 3 is a prime and p > 5
is a prime as well.

We let h be the Hecke algebra over Z,, of cusp forms of weight 2 and level
Np generated by all Hecke and diamond operators. We require that ¢(N) |
©(p), where ¢ denotes the Euler phi function. Let x be a fixed even nontrivial
Dirichlet character modulo Np, and let w be the Teichmiiller character. We
assume that p divides the generalized Bernoulli number B ,,-1. We also
assume that X |@z/pz)x # W |(z/pzyx and X |@/pz)x# W? l(2/pz)x-

We define the Eisenstein ideal T of h to be the ideal generated by all
T, —1—1Ix() and ({) — x(I) for { { n and by U; — 1 when [ | n. Here T}
and U, represent the usual Hecke operators, and (/) the diamond operator.
We wrote a computer program to test whether the single element U, — 1
generates the Eisenstein ideal. Sharifi found in [McS] that if N =1 then for
all x and p < 1000, it is true that U, — 1 generates I.

Theorem. For all but one triple (N,p,x) as above with Np < 1000, and
P2t By 1, the element U, — 1 generates I in weight 2 and level Np. For
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N =3,p =331, and x = ¢y, where w is the Teichmiiller character and
is the unique nontrivial Dirichlet character of conductor 3, the element U, —1

alone does not generate 1.

Let K = Q(unyp) be the Np*h cyclotomic field. Let S be a set of primes
of K including all primes above Np, and let G s be the Galois group of the

maximal extension of K unramified outside S. We consider the cup product

Hl(GK,S> ,up) ® Hl(GK,Sa /‘l‘p) - Hz(GK,Sa bp ® :u'P)

on the first cohomology group of Gk s with coefficients in p** roots of unity s,
Let C be the group of cyclotomic p-units of K. Using Kummer theory, C/C?
is isomorphic to a subgroup of H'(G.s, ). Let AX™) be the Gal(K/Q)-
eigenspace of the p-part of the class group of K with an wx~!-action. There
is an injection from Aﬁ‘;"_l) ® pp to the 2@ cohomology group H2(Gk.s, u3?).

The pairing that arises from the cup product is as follows:
()x: CxC— AY Ve,
Theorem (Sharifi). [S2/, Theorem 5.6. Suppose the following hold
1. p| Biyw-1,
2. pt Biy-1w,
8. x @z # w? l@pzyx, and

4o X* @z # W l@/pzy< -

Then U, —1 generates the ideal I of h if and only if the pairing (p, )y induced

by taking cup products with p is surjective.

ix



Corollary. For all but one triple (N, p, x) with Np < 1000 and p* { By y,-2,
the pairing (p, )y induced by taking cup products with p is surjective. For
Np =993, and x as in the first Theorem of this section, the pairing with p

s not surjective.

We studied the values of this pairing in detail by imposing relations arising
from the fact that (z,1 — z), = 0 if z and 1 — z are both p-units in K, as
found in [McS], Section 5. We viewed the relations as linear equations over
F,, and in this way were able to compute the nullspace of the matrix of

coeflicients. In particular, we compute the following.

Theorem. For all but at most siz triples (N, p, x) as above with N > 3 and
Np < 1000, the dimension of the nullspace of coefficients of relations is equal

to one. For the remaining triples, this nullity is greater than one.

Corollary. For the N,p and x for which the calculated nullspace was 1-
dimensional, the pairing ( , )y induced by the cup product is completely de-

termined up to a single possibly zero scalar in Z/pZ.
Combining our two Corollaries we obtain:

Theorem. For all but at most seven triples (N, p,x) with Np < 1000 and
P* t By yu-2, the pairing (, )y is completely determined up to a single nonzero

scalar in Z/pZ.



1 The Eisenstein Ideal

1.1 Dirichlet Characters and Bernoulli Numbers

Definition 1.1. A Dirichlet character modulo m is a homomorphism of unit

groups
(ZJmZ)* — C*

formeZ,m>2.

A Dirichlet character is called even if x(—1) = 1 and odd otherwise: if
x(=1) = —1. The minimaln dividing m such that x factors through (Z/nZ)*
is called the conductor of x. The set of all Dirichlet characters with a fized

modulus m forms a group, called the Dirichlet group modulo m.

We may extend a Dirichlet character x modulo m to amap x: Z/mZ — C

by setting x(a) = 0 if (a,m) > 1.

Definition 1.2. Given a Dirichlet character x: Z/mZ — C of conductor f,

the generalized Bernoulli numbers B, ,, are defined by

! x(a)te® & B "
eft — 1 _Z Xl

a=1 n=0



Definition 1.3. The ordinary Bernoulli numbers B, are defined by

i t"
et —1 :ZBnH

n=0

Definition 1.4. The Bernoulli polynomials By, (x) are defined by

tet ﬁiB(m)n
et—l_n=0 Tl

Lemma 1.5. The generalized Bernoulli numbers can be computed using

m~1 F-1
Bux=m"" 3 x(0Bx (=) = F"™ Yo x(0Ba(5),
=0 c=1

where F is any multiple of f.

Proof. See [W], Proposition 4.1. O

Definition 1.6. For a prime number p, the p-adic integers are the inverse
limit

Zyp =UmZ/p"Z.
Definition 1.7. Let p be a prime. The Teichmiiller character w is the map
FX — ZX taking any a € FY to the unique (p — 1)* root of unity in Z, with

a = w(a) mod p.

Note: The Teichmiiller character is well-defined because of a Corollary
of Hensel’'s lemma, which states that the number of (p — 1)* roots of unity
in Z, is p — 1 and that they are all distinct modulo p.

Until this point, we only considered complex valued Dirichlet characters.
We will also want to consider Dirichlet characters (Z/mZ)* — Zy. To this
point, we fix, once and for all, an isomorphism between the p — 1% roots of
unity in C and the p — 1% roots of unity in Z,. In this way we identify p-adic

Dirichlet characters with complex-valued Dirichlet characters when needed.
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1.2 Modular Forms

Remark 1.8. For proofs of the results found in the remainder of this section,

we refer the reader to [DS], Chapter 1.

Definition 1.9. Let N be an integer. The principal congruence subgroup of

level N is
I(N) = { ( a Z ) € SLy(Z): a,d =1 mod N;b,c =0 mod N}.
c
A subgroup T' of SLy(Z) s called a congruence subgroup of level N if
I(N)CT,
and N is the smallest integer for which containment holds.

Two examples are the following:

b
I‘l(N)={(a )ESLZ(Z):a,dzlmodN;CEOmodN}
c d

To(N) = { ( a Z) € SLy(Z): cEOmodN}.

Definition 1.10. The complex upper half plane is

and

H={reC:Imr > 0}.

Proposition 1.11. The set SLy(Z) of invertible 2x2 matrices of determinant

1 acts on H by way of the usual fractional linear transformation:




Definition 1.12. For any congruence subgroup I', the modular curve
Yr:={Tr: 7 € H}
1s the set of coset orbits of ' in H.

We let H* = HU QU {00} be the extended half plane. We have that
SLy(Z) acts on QU {oo} as it does on H. Let I' be a congruence subgroup
of SLy(Z). A T-equivalence class of points in Q U {oo} is called a cusp.

Definition 1.13. The upper half plane H can be viewed as a subspace of R?
and thus inherits the Euclidean topology, meaning that a basis of open sets is
given by open balls. The natural surjection w: H — Yr affords the curve Yr
the quotient topology, meaning that a set S in Yr is an open set if and only

if the inverse image w1(S) is open in H.

Proposition 1.14. We can complete Yr to a compact Riemann surface by

taking the quotient
Xp = T\W* = ¥ UT\(QU {oo}).
Proof. See [DS], Chapter 1. il

Definition 1.15. For any o € SLo(Z) and k € Z, define the operator o]y
on functions f: H — C by

Flofu(r) = (e +d)™ f(a(r))

fort € H and



Definition 1.16. Let T be a congruence subgroup of level N. Then a function
f:H — C is called a modular form of weight k with respect to T' if

1. f is holomorphic on H

2. For all a € SLo(Z), flalx is holomorphic at co. It is sufficient to show
that fla)k(7) is bounded as the imaginary part of T approaches oc.

8. f(yr) = (cr + d)* f(7) for all vy = @b el,7TeH.
c d

Proposition 1.17. Any modular form f has a Fourier expansion

F) =3 and®,

n=0

where q = ¥™7,

Definition 1.18. A modular form is called a cusp form if, in the Fourier

expansion, the term ag equals zero.

The space of all modular forms of weight & for T" is denoted M(T"). The
space of all cusp forms of weight & for T" is denoted Si(T").

Definition 1.19. If x is a Dirichlet character modulo N then the space
Mi(T1(N), x) of modular forms of weight 2k, level N and character x is the
complez vector space of f € My(T1(N)) with

{f(a(r)) = x(d)(c7’+d)kf(7') Va = ( Z Z ) € o(N), 7€ 'H}.

This subspace is sometimes referred to as the x-eigenspace of My(T'1(N)).



1.3 Hecke Operators

Next we will introduce two operators on modular forms, known as the di-
amond and Hecke operators. Fix integers N and k.. Recall that because
' (N) C T'o(N) we have that My(To(N)) € Mg(T'1(N)). First we set up
the definition of the diamond operators.

Note that the map

To(N) — (Z/NZ)* ( ¢

C

b
)r—»dmodN

is a surjective homomorphism with kernel I'; (N). This implies that the quo-
tient I'g(IV)/I'1(N) is isomorphic to the image, (Z/NZ)*. The group ['o(N)
acts on Mp(T'1(N)) by (a, f) — fla]x where a € To(N), f € Mi(T1(N)).

Since f € Mg(T'), we have by definition that fla]x = f for all a € I';(N),
so the action factors through the quotient, which is isomorphic to (Z/NZ)*.
The action of any « is determined by d mod N.

Definition 1.20. The diamond operator attached to d € (Z/NZ)* is

(d): Mi(T1(N)) = Mp(T1(N)) , f = Flok

a=|* ") erom
B c 6 °

We now extend the definition of the diamond operators (n) to include all

for any

with § = d mod N.

positive integers n. Say n € Z* and (n, N) = 1. Then the diamond operator
(n) is determined by looking at n mod N. If n € Z*, and (n, N) > 1, then
let (n) = 0, the zero operator on My(I'1(N)).

6



Proposition 1.21. The diamond operators are multiplicative: for any posi-

tive integers n and m, we have that
(nm) = (n)(m).
The second type of Hecke operator is given by double cosets.

Definition 1.22. Let p be a prime number. The p** Hecke operator is
Mi(T1(N)) = My(T1(N)), f = > f[Bi
where

r(v) ( to ) ry(V) = Ta(v)s,
0 p i

s a disjoint union of left cosets. If p does not divide N, we call this operator

T, and this can be written more simply in terms of the action of matrices as

w00 ) LEl )

If p divides N, the p** operator is denoted U, and

=18 (0 2)])

We extend inductively the definition of T}, in the case that n is not prime

as follows.

Definition 1.23. Let p be a prime. We define

Tpr = TpTpr-1 — p* (D) Tpr-2 (1)



for any r > 2. Given any n € Z, factor n = [],p{* as a product of prime

numbers, and define
T =[] T

Note that 77 = 1 is the identity operator.

We have the following obvious proposition.
Proposition 1.24. We have Ty, = T T if (n,m) = 1.

Proposition 1.25. The Hecke and diamond operators are commutative en-

domorphisms of the vector space of modular forms My(T).
Proof. See [DS], Chapter 5. O
The following object is central to our study in this chapter.

Definition 1.26. The cuspidal Hecke algebra hi(N) = h(Sp(F1(N))) of
weight k for I'y(N) is the subalgebra of Z-linear endomorphisms of the space
of cusp forms Sk(T'1(N)) generated by all diamond and Hecke operators.

The Hecke and diamond operators act on the space Si(I'1(N),x) for a

character x.

Definition 1.27. The cuspidal Hecke algebra hp(N,x) = h(Sk(T1(N),x)) of
weight k and character x for T'1(N) is the subalgebra of Z-linear endomor-
phisms for the space of cusp forms Sg(T1{N),x) generated by all diamond

and Hecke operators.



1.4 Modular Symbols

We define these objects following [St].
Let M be the free abelian group with basis the set of symbols {«, 3} with
a, 3 € QU{co} modulo the relation {e, 8} +{8,7}+ {7, @} and any torsion.

We have a left action

GL2(Q) x M — M: (g,{, 8}) — {g(a), 9(B)},

where g acts on o and § by way of the usual fractional linear transformation.
Let H be the submodule of M generated by all elements of the form z — g(z)
such that z € M, g € T'1(N).

Definition 1.28. The space M(T'1(N)) of modular symbols for T'1(N) is the

mazimal torsion free quotient of M/H .

Definition 1.29. The diamond operator attached to d € (Z/NZ)* acts on

modular symbols by

a b
(d){a, 8} = {o, 8},
) c o
a b
where € To(N) and § =d mod N.
c 4

We extend the definition of the diamond operators (n) to include all pos-
itive integers n in the same fashion as diamond operators acting on modular

forms.

Definition 1.30. Let p be a prime not dividing N. We define the action of



Hecke operators on modular symbols by

Lt N
T,({o 8)) = z‘l) @+ ()]s

and

Uy({8)) = 3 ( (1) ’ ) {0 B).

r=1 p
We extend the defintion to include the cases where p is not a prime in a

similar fashion to that of Defintion 1.23.

Let B(I'1(N)) be the free abelian group with basis equal to the finite set
of cusps for I'1(N): T1(N)\QU {oo}.

Definition 1.31. The boundary map s
§: M(T'y(N)) — B(I'1(N)): {a, B} = {8} — {a},
where {8} denotes the element of B(I'1(N)) corresponding to § € QU {oc0}.

Definition 1.32. The kernel of 6 is the space of cuspidal modular symbols,
denoted S(T'1(N)).

Remark 1.33. The space S(I'1(N)) is isomorphic to the integral homology
Hy(X1(N),Z) under the map taking {a, B} to the class of the path from a to
B in the upper half plane that is a circle of possibly infinite radius intersecting

the x-axis perpendicularly, where o and 3 are equivalent cusps, not both oo.

Let h(S(I'1(N))) be the subalgebra of Z-linear endomorphisms of the
space of cuspidal modular symbols S(I';(IV)) generated by all Hecke and

diamond operators.

10



Definition 1.34. Let S(T';(N))* be the subspace of cuspidal modular symbols
fized under the involution
{, 8} = {~a, -}

Let A(S(T'1(N))*) be the Hecke algebra of endomorphisms of S(I'; (N))*

generated by the action of all Hecke and diamond operators.

Theorem 1.35. The identity map on Hecke operators extends to an isomor-
phism

h(82(T1(N))) = h(S(T1(N))*).
Proof. We give a sketch of the proof. We have an integration pairing
8
(s Su(Ta(N)) x S(T2(N)) = C: (f, {81 =2 [ (21,

where the integral is over the path described in Remark 1.33. As shown in

[M], this induces a nondegenerate pairing
S (T1(N)) x (S(T1(N))* ®2C) — C.
Further, the integration pairing is compatible with Hecke operators:
(Tf,{, 8}) = (£, T{e, B})

for any Hecke or diamond operator T'. See, for instance, [C], Section 2.4.
The isomorphism follows, since this implies that the identity map on Hecke

operators is well-defined in both directions. O

Definition 1.36. The space of cuspidal modular symbols with respect to a

Dirichlet character x modulo N, denoted S(I'1(N), x) is
{z € S('(N)) ®z Z[x] | (d)z = x(d)x Vd € (Z/NZ)*},
where Z[x| is the ring generated over Z by the values of x.

11



We may take the plus and minus spaces under the involution

{a’ﬂ} = {—-CY, *‘/8}

as in Definition 1.34, but on the space of cusp forms with respect to a Dirichlet
character.

Also as before, we define h(S(I'1(N), x)*) to be the algebra of endomor-
phisms of S(I'1(N), x)* generated by all Hecke operators.

Corollary 1.37. Let x be a Dirichlet character modulo N. Then the identity

map on Hecke operators extends to an isomorphism

h(Sa(T'1(N),x)) — h(S(T'1(N), X)+)~

1.5 The Eisenstein ideal

Let p > 5 be a prime and N =1 or N > 3 be a prime with (N,p) = 1. Let
T, for [ { Np and U, for [ | Np be the usual Hecke operators.
Let w be the Teichmiiller character. Fix a nontrivial even Dirichlet

character x: (Z/NpZ)* — @, of conductor N or Np. We assume that

X @z # w l@z/pzyx and X |@pzyx# w? |@/pzyx. Let O be the ring gener-
ated over Z, by the values of x. Suppose that () | ¢(p), where ¢ denotes
the Euler phi function.

Proposition 1.38. If o(N) | ¢(p) then O = Z,.

Proof. Since ¢(N) | o(p) we actually have x as a map from
(Z/NZ)* = (Z/NT)* x (Z/p2)* = Z/o(p)Z x Z/$(N)Z.

12



Thus, the order of Im(x) divides ¢(p) = p — 1. Hence x must actually map
(Z/NpZ)* into (p — 1)** roots of unity in Z,. This is because un—_1 C fp_;.

That is, the image of x must be contained in Z,. O

We now consider the Hecke algebra h = hy(Np, xw™2) ®2z[up-1] Zp- Note
that
h = {T € hoy(Np) ®z Zy, | ()T = x(d)T Vd € (Z/NpZ)*}

noting Proposition 1.38.

We are now ready to define the central object of our study.

Definition 1.39. The FEisenstein ideal I is the ideal of of h generated by
T, —1—1Ix(l) for 1 { Np and by U; — 1 when ! | Np.

Lemma 1.40. We have that h/1 = Z,/B, -2 via the map taking T} to
1+ 1Ix(l) forl{ Np and U, to 1 for 1| Np.

Proof. We sketch the proof, and refer the reader to the similar argument of
[K], Lemma 3.1 for more details. The Eisenstein series G3 4,2, which equals
“Boez | i > xw (bt

2
n=1 t>1
tin

is congruent to a cusp form modulo prB

20072) where v, is the usual additive
p-adic valuation. The map on h takes a Hecke operator to the corresponding
eigenvalue of the Eisenstein series modulo p**Baxo=2) The kernel of this
map is precisely I. The result then follows (as in [K], Lemma 3.1), using the
duality between h and cusp forms of weight 2, level p and character x with

Zy-coefficients. The map is a ring homomorphism because of the duality and

the fact that G, -2 is an eigenform. O

13



We assume that p | Bs 2 and p? { By ,,-2 so that h/I & Z/pZ.
In [S2], Section 5, Sharifi showed that I is principal in many cases, gen-

erated by the Hecke operator U, — 1.

Theorem 1.41 (Sharifi). Let N = 1. Suppose p < 1000. Let k be a positive
even integer less than p with p | Bx. Then the element U, — 1 generates the

Eisenstein ideal 1 for the character w*=2.

This leads of course to the natural extension of the above question: we

want to know whether U, — 1 generates I in general.

Theorem 1.42. With the exception of one value of x for N =3 and p = 331
we have that for all p and x as above with N prime and Np < 1000, as well
as for all x with N =11, p = 101 and N = 3 and p < 397 we have that
Up — 1 generates I in weight 2 and level Np.

However, it is very interesting to note that it is not always the case the
the element U, — 1 generates I. By running the program written by Sharifi

to prove Theorem 1.41, we were able to find the following counterexample.

Theorem 1.43. Let x = Yw'®, where v is the unique character of (Z/NpZ)*
with Y |(z/pzyx= 1 and ¢ |z/nzyx# 1. Then for N = 3, p = 331 and character

1

xw™", we have that U, — 1 alone does not generate the Eisenstein ideal.

This was computed using a modification of a program written by Sharifi
in the language Magma. We describe the steps of that program, as a sketch
of the proof of the theorem.

Proposition 1.44. The ring hy(N, xw™2) of Hecke operators acting on the
space Sy(T1(N),xw™2) of cusp forms of weight 2, level Np and character

14



-2

Xw™? is generated as an abelian group by the Hecke operators T, with
n< N+ +1)
- 6
Proof. This follows from [AS], Theorem 5.1. O

For each pair (IV, p) and character x, let [ be the integer of Proposition
1.44 so that T73,...,T; generate hy(N, xw™?2). Recall that in 1.37 we showed
that h(S2(T1(N),x)) and A(S(T1(N),x)*) are isomorphic. Hence, to com-
pute Hecke operators, it suffices to do so on a basis of h{(S(I'1(N), x)T). We
did this, computing in Magma the matrices representing the Hecke operators
U, and T, for n <1 as elements of the matrix ring Myxq(Z[u,—1]) where d is
the rank of S(T'1(N),x)*.

Our earlier identification of (p — 1)** roots of unity in C and Z, provides
a map Z[u,-1] — Z,, and there is a canonical quotient map Z, — Z/p*Z.
By composition we may map the matrices representing the Hecke operators
into the matrix ring M xq(Z/p*Z). We denote the images of the matrices U,
and T,, in Myy4(Z/p*Z) by U, and T, respectively.

Let M = span(Ty,...,T}), the subgroup of Myx4(Z/p*Z) spanned by the
T.. Then, by a simple iteration, we found the smallest integer m such that
T1,..., T, generate M as a Z/p?Z-module. Recalling that p? { By -2, we

have the following.

Proposition 1.45. The ideal I is generated over Z, by

pTy and T, — Z xw l(e) with1 <n<m.

0<e|n

Proof. See [S2], Section 5. O

15



Proposition 1.46. U, — 1 generates I as a Z,-module if and only if U, — 1

generates the abelian group I/Iz.
Proof. This follows as a consequence of [S2], Lemma 5.5. O

We create the Eisenstein ideal in Magma using Propositon 1.45: we use

the elements

{T_m — wa“l(k), I - wa‘l(k),p—ff}

klm k[2

and their products to compute the images I and J, of I and I?, respectively,
in M. Then we test that I = J +(U, — 1). This suffices to prove that
I=01+(U,—1).
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2 A Pairing Arising from the Cup Product

2.1 Cohomology Groups and the Cup Product Map

Definition 2.1. If G is a group and R is a ring then the group ring RG] is

the set of formal linear combinations

{Z agg: ag € R and ag = 0 for almost all g € G}.

geqG
The group ring given the structure of a ring by linearly extending the opeartions
of addition and multiplication of group elements, with addition and multipli-

cation of coefficients given by the operations in R.

We fix some notation for this section: let G be a group, and let A be a

module over the group ring Z[G].

Definition 2.2. Let C°(G,A) = A and, for alli > 1, let C*(G, A) be the
additive group Maps(G?, A).

Definition 2.3. For i > 0, the it* coboundary map is
d&i: GG, A) — C*(G, A)
such that for any ¢ € C(G, A) and (g1, ..., 9+1) € CYG, A) :
d($)gr, - -»gi+1) = 019(g2, - -, Gin1)+

17



Z(_l)j¢(91, co oy im1, GiGit 15 Git2y -+ - Git1) + (—1)i+1¢(91, e Gi)
=1
Definition 2.4. The set of i-cocycles is Z*(G, A) = ker(d").
Definition 2.5. The set of i-coboundaries is BY(G, A) = im(d"™1).

Definition 2.6. The cohomology groups are

HY(G,A) = IZ;% fori>1.

Theorem 2.7. Fori > 0, the cohomology groups H'(G, A) are abelian groups
satisfying

1. HY(G,A) = A® = {a € A | ga = a Vg € G}, the G-invariants of A.

2. If f+ A — B is a Z[G]-module homomorphism, then there exist group
homomorphisms f*: HY(G, A) — H'(G, B) induced by f for every i >
0.

3. If

is a short ezact sequence of Z[G]-modules, then there ezists a long ezact

sequence of abelian groups

0 HO(G, A) %~ H(G, B) -2~ HO(G, 0) *—

HY(G, A) X~ HY(G, B) L~ H\(G, ) —= H*(G, A) —> - -

18



Theorem 2.8. The cup product maps are the unique family of homomor-

phisms satisfying
Hi(G, A) ®z Hi(G, B) —> H"*(G,A® B)
for alli,j > 0 and Z|G]-modules A and B such that

1.If f+ A — A is a Z|G]-module homomorphism then there exists a

commutative diagram

HY{(G, A) ® H/(G, B) —— H"*(G, A® B)
lf*@id*B l(f@idg)‘

H{(G,A") ® H (G, B) —2> H*i(G, A ® B)
and similarly for maps g: B — B'.

2. Ifi=75=0 then

ACG @ B¢ —> (A ® B)¢
ARB—=——>AQDB

commutes.
3. If we have a short ezact sequence of Z|G]-modules
0—-A—-A -5 A"50

such that
0 >ARB—-ARB->A"®B—0

is still ezact then, for f" € H{(G,A") and F € H¥(G, B),
Gf"YUF=4(f"UF)
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where § is the coboundary map in the long exact sequence in cohomol-

0gy.

4. If f € H(G,A) and F € HI(G, B), then there ezists a natural isomor-
phism HY(G,A® B) 2 H*(G,B® A) since A B> B® A. Under
this identification,

fUF=(-1)YFUf.

2.2 The Pairing

Let K be a field containing the n** roots of unity for some n € Z. Let S be
a set of primes of K including those above n, and let Kg be the maximal
extension of K unramified outside S. Let Gk s denote the Galois group

Gal(Ks/K).

Definition 2.9. If S is a set of primes of a number field K, the S-integers
of K are
OK,S = {a eK: ordp(a) >0 Vp ¢ S}

The group of S-units is
Oks=1{a € K: ordy(a) =0 Vp ¢ S}.

Definition 2.10. Let K be a field containing the group p, of n'* roots of
unaty, for some n € Z. A Kummer extension of K is a field extension L/ K
where L is of the form L = K(¥/A) and A is a subgroup of K* containing
K*n the group of n** powers. That is, L is generated by all roots {/a such
that a € A.
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Theorem 2.11 (Kummer Theory). The Kummer eztensions are in bijective
correspondence with the subgroups A of K* containing K*™. Further, if
L=K(YA) then A= L**N K* and

Hom(Gal(L/K), un) = A/K*™
in a canonical fashion.

Fix notation: let Dg = Kg" N K*. Note that Dk contains Oy ¢ as, by
definition,

Oks={z € K*:ordg(z) =0,VYq ¢ S} C
{z e K*:n|ordyg(z) ,Vq ¢ S} = Dg.

As explained in [McS], Section 2, since any homomorphism from Gk s to
ir, factors through the maximal abelian quotient of Gk g of exponent n, we
have by Kummer theory that

Dg

Hl(GK,Sa/J’n) = Kxn'

We only consider the case where K is a cyclotomic field and in particular
K = Q(uyn) for n either a prime p or a product of two primes p and N. We

also assume that S consists of only the primes above p in K.

Definition 2.12. We define the pairing

(,)s=0(,)nks: Dk X Dg — H*(Gk,s, pS?)

to be that induced by the cup product

HY(Gk.s, 1) ® H' (G55 1) = H* (G5, ttp ® pip)-
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2.3 Case 1: K =Q(u,), p is prime

Let K = Q(u,), where p is an odd prime and p, is the group of p** roots of

unity. Let ¢, be a fixed primitive p** root of unity.
Proposition 2.13. The unique prime above p in K is (1 — (,).
Proof. See [W], Section 1. O

Let S be the set containing the unique prime above p in K. As before, let
Gk s be the Galois group of the maximal extension of K unramified outside

S. Let Ak be the Sylow-p subgroup of the class group Clk.

Proposition 2.14. There is an isomorphism Ay ® u, — H*(Gg s, /,Lff’2) of
Zy|A)-modules.

Proof. Recall from [McS], Section 2, that we have the short exact sequence
0— Ak ® ptp — H* (G5, 15%) — (Dpes o =—115) — 0. (2)
As was also explained in [McS], Section 2, we may identify

@vES pp T bp

with the p-torsion in the S-part of the Brauer group, tensored with 1, namely
Brs(K){p] ® up. Recall that by definition
Brs(K)[p] ® pp = ker(@D) H*(Gi ) — Z/92) ® iy
ves
Because the cardinality of S is one,
ker(ED H*(G,, tp) — Z/PZ) @ iy = ker(H*(Gcy_,y» t1p) — Z/PL) @ ptp.
ves
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The cohomology of the local Galois group is simple:

H2(GK(1_<,,)  tp) = Z/pL.

Thus, we have

ker(ED H*(Gk,, tip) — Z/PZ) @ iy = ker(Z/pZ — Z/pZ) @ pp = 0.

veS
In this way we are able to simplify the original short exact sequence to the
following;:

00— Ak ® pp —> H*(Gk .5, p3?) —>0.
This implies that Ax ® pp & H*(Gk,s, p3?) as desired. O

We fix some notation. Let w be the Teichmiiller character, as in Definition

1.7. Let A = Gal(Q(u,)/Q).
Definition 2.15. Let i € Z, and define the w'-eigenspace of Ak to be
AY) = {a e Ak | 6(a) = wi(5)(a) , V6 € A}.

Proposition 2.16. Let p be a prime number. Let r be even with 2 < r <

p — 1. Then the following are equivalent:
1. The prime p divides the numerator of the r** Bernoulli number B,
2. The eigenspace Ag}’p_r) 15 nontrivial
8. The prime p divides the Bernoulli number By gr-1.
Proof. See [W], Corollary 5.15 and Theorem 6.17. ]

With this proposition in mind, we make the following definition.
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Definition 2.17. A pair of integers (p,r) with p prime and r even with
2 <r < p—2is called irregular if p divides the numerator of the Bernoulli

number B,.
Fix an irregular pair (p,r).

Definition 2.18. The t™* Tate twist of Z/pZ for an integer t is written
Z[pZ(t). This object is isomorphic to Z/pZ as a group, and it has a Zy[A]-
module structure as well. The action of 6 € A on x € Z/pZ(t) is given

by
5(z) = w(6)'z.

Conjecture 2.19 (Vandiver’s Conjecture). Let p be a prime number and L
be the mazimal real subfield of the p** cyclotomic field; i.e. L = Q((, +¢h),
where (, is a primitive p* root of unity. Then p does not divide the class

number of L.
We assume Vandiver holds for p.
Proposition 2.20. There is a group isomorphism Ag?l—r) & Zyp/ By yr-1Zy.
Proof. See [W], Chapter 10. O
This allows us to choose an isomorphism
AL @y = 2/p(2 1)
of Zy[A]-modules.
Proof. See [W], Chapter 8. O

2—r

This identification is possible because both modules have an w?~"-action.
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Definition 2.21. The pairing
(, )r: Dk X Dg = Z/pZ(2 — )
is given by composing the following isomorphisms and natural surjection:
H*(Grs, p%) = Ak ® pp — AY @ iy 2 Z/pZ(2 — 7).

Proposition 2.22. The pairing { , ), is Galois equivariant, meaning that

for any § € A and a and b in Dk we have that
d{a, b), = {da, ob),.
Now we restrict the mapping to the cyclotomic units C.

Definition 2.23. The cyclotomic p-units of K are defined to be the group
Cx=(G-1](np)=1).

We will technically now pass to the Z,[A]-module C = Cx ® Z, for all
further computations about the pairing.

There is a decomposition of the cyclotomic units into subspaces:
c=CtecC

where the plus and minus part are determined by the action of complex
conjugation. That is, ¢ € C is an element of C* if and only if ¢ is fixed by
complex conjugation; i.e. if and only if ¢ is contained in the p-completion of
the multiplicative group of the maximal real subfield Q(¢, + ¢;*) of Q(uy).
Note that C~ is just p** roots of unity.
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Lemma 2.24. A prime p satisfies Vandiver’s conjecture if and only if p ¢

[Ok.s: Ck|, where all notation is as above.
Proof. See [W], Chapter 8. O

Definition 2.25. There is a Galois equivariant pairing arising from the cup
product
(,)T:CXC——»AK®/,LP

depending on p and r. This pairing is the Zy-linear extension of the restric-

tion of {, )r.

We claim that (, ), determines {, ), on any p-units. This in fact fol-
lows immediately from Vandiver’s conjecture. We have the natural inclusion
Ckx — Ok s and we know that p { [OF ¢: Ck] so actually C = Cx ® Z, =
Ok s ® Zy.

Proposition 2.26. For z,1 -z € Ok g, we have (z,1—x), = 0.
Proof. See [McS], Corollary 2.6. O
Proposition 2.27. We have that
(&%, C)r =0,
so we only need to compute the pairing on CT to fully understand it.

Proof. Consider the p™ roots of unity ¢, and ¢} for some 2 < ¢ < p— 1.
By Proposition 2.26 we have that 0 = ({},1 — ¢})r = ((, 1 — )i~ Thus,
(Cpr 1 =) =0, 50 ({,C)r = 0 since C is generated by the 1 — (. O
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Definition 2.28. For any i € Z let

1 .
gi=— > w(8)7 € Z,]A).
P~ 5
Proposition 2.29. There is an eigenspace decomposition
p—2 ) p—2
Ak 2P AR = PeiAx).
i=0 i=0
Proposition 2.30. For1 <i < p-—1 the element &; is an idempotent in the
group ring Zy[A]. Moreover, we may view €; as a surjective map projecting
from the p-part of the class group to the w'-eigenspace of any Z,[A]-module
A:
g A A(“’i),

the map being multiplication by the idempotent.
Fix a primitive p™ root of unity ¢,.

Definition 2.31. Applying the idempotents we obtain the elements

ni=(1- Cp)sl—i = H(l _ Cg)w(é)i—l cC.

seA

Proposition 2.32. The elements n; with i odd, 1 < i < p — 2 generate C*
as a Zy-module. In fact, C“' ™) = (n;).

Proof. See [W], Chapter 8. O

Proposition 2.33. We have that

(miymi)e =04 i+jFrmodp—1.
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Proof. Fix an element § € A. By definition of the pairing, we have that for
any 1 and j that (n;, n;), is acted on by w?=". Thus 8(n;, n;)r = w(6)>~" (M, N;)r-

On the other hand, by Galois equivariance of the pairing we have that

8(ni, mj)r = (0mi, Om;), which by definition of 7 is equal to (O n;’(é)laj)r.

This is the same as w(8)?~"J(n;, n;),. That is,

w(O)* 7" (15, n3)r = w(8)2™* (5, )

If i+ 7 # r mod p — 1, then the above equation cannot hold for all § unless
(mi,m)r = 0. 0

This leads us to define the following -’1;—1 elements, the values of which

completely determine the pairing on C:

Definition 2.34. Fori odd, 1 <i<p-—2, let

Eiy = (ni,nr-i)r-
Proposition 2.35. IfceC andl—c= Cz’fc’ for some k € Z and ¢ € C then
(¢,d)r =0.

Proof. We have 0 = (¢, 1 — ¢), by Proposition 2.26. Then by hypothesis, we
may write

(C, 1- C)T = (c’ C;,zcc/)r = (C, CI)T(C, Cp)lrc'

By Proposition 2.27 we have that (c, {,), is trivial. Hence (¢, ), = 0. il

We will create several relations using Proposition 2.35 in this case as well
as in the case where K = Q(unp) where N and p are prime. In order to

create the relations, we will first need to study some particular polynomials.
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2.4 The Polynomials
Definition 2.36. Fora > 1, let
a—1
fa = Z(_x)J € Z[.’L‘]
3=0
Proposition 2.37. For alla > 2, we have 1 — f, =z f,_1.

Proof. We have that
a-2
Tfp1 =z Z(—x)j =z—2+23+... +2(—x)?
=0

=1-(1-z+22—.. . +(-2)*H=1-f,.

Proposition 2.38. If a is an even integer, then we have

f, = 1-2¢ (1-z°)(1-x)
T 14z 1—a2

and
1+z7!  (1-z"%)(1—1x)

fa-r = 1+ (1—zo1)(1—22)

Proof. First recall the well-known polynomial identity
1-2°=(1+z)(1—z+2*—... — ),

which holds for all z and all a even. This shows that

1—z¢
fa= 1+

To show that
1—z* (1-z%)(1-ux)
14z 1— a2 ’
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notice that

(1-29(1 %) = (1 —2%)(1 - 5)(1 + ).

Similarly,
1+ zo1

fa—l: 1+z

because of the identity
l—z+2+.. . +27)1+z)=1+2""".
Finally,

1427 (1—a22)(1—g)
1+2  (1-az1)(1-2?)

because
14+ Y1 -2"H1-2%) = (1—2*H)(1-2Y) = 1-22?)(1~x)(1+2).
O

From now on we let £ = ¢ where ( is a root of unity. That is, we consider
Pa = fa(¢) € Q(pp). For now, we let ¢ = (,. Note that for any a > 1 we

have that f, is a p-unit or zero.

2.5 The Relations in Case 1

Proposition 2.39. If § € A satisfies 6¢, = ( for some a € Z then w(d) =

a mod p. Furthermore,
1-¢) = 7¢™" mod CP.

Proof. The first statement is true by definition of the Teichmiuller character.

It is necessary, however, to notice that we may apply w to § by using the
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isomorphism Z/pZ = Gal(K/Q) to identify ¢ with an integer mod p. The

second statement is a simple computation:
1- C;j)“-i =(1-6¢) =1~ Cp)w(é)l"'sl_.- = n;z“" mod CP.
O

By the eigenspace decomposition, Proposition 2.29, we have that for any

z,y €C,
p—1 p—1
("Ea y)r = (H z, HyEI—j>
i=1 j=1 T

which because the odd eigenspaces are trivial or u,, along with Proposition

2.33, is equal to
p—2

T (),
i=1
iodd
Suppose that a is even. Choosing z = p, and y = p,—1, we see that
p—2
(Pa, Pa—l)r = H (ngzl_ivpzl——_l(r—l))r'
'5dd
We compute using Proposition 2.38 that
e (=1 - )
Pe CRYORS

but by Proposition 2.39, we must have that

al—i ) )
e1mi i T 1-ol-iggl~i D
Py = —i = n; mod CP.

1
Similarly,

0 el Ul ®

E1—(r—i) __ (
Pa—1 (1 — Cg-—l)sl—(r—i)(l - gg)sx-(r—i) ’
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But since
ANEL_(r_i) al—(r—i)
(1 - Cp) == = Mr—i )

for some 6 € A with 6(¢p) = ¢ we must have

(2(a—1))'~r+

e1-(r—i) _ r—i r—i
a—1 T (a=D)1=H g1t
r—1 r—1

R e R G IRV Vo)

As p, is a p-unit, and by the relationship described in Proposition 2.37,
we must have by Proposition 2.35 that
(pa; pa-—l)r =0.

Finally, we compute that

—ol-iggl—i —9l-r+iy(1 _(q—1)1—T+i
b= B i e
7 odd
1<i<p—2
which implies that the e;, are solutions over Z/pZ to
Z (1 — 21—i + al—i)(l _ 21—r+i)(1 - (a _ l)l—r+i)ei’r -0 (3)

i odd,
1<i<p—2

for every a even with 2 <a <p-1.

Proposition 2.40. The pairing ( , ), is skew-symmetric.

Proof. Because the pairing arises from the cup product, for any z,y € C we

have by part 4 of Theorem 2.8 that

(:E, y)T = _(y> x)?"
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Corollary 2.41. The e;, also satisfy the relation
€ir+e—ip=0. (4)

Theorem 2.42 (McCallum-Sharifi). For all irregular pairs (p,r) with p less
than 25,000, the e;, with 1 < i < p— 2 odd are uniquely determined by
the relations (3) and (4) up to a single scalar in Z/pZ. That is, (, ) is
determined by (3) and (4) up to a possibly zero scalar multiple.

Proof. See [McS], Theorem 5.1. O

This theorem was proved using a computer program in the language
Magma. It creates the matrix of the relations (3) and (4), and computes

the nullspace of this matrix to have dimension 1.

Example 2.43. For example, first compute the nullspace of the matriz
M = (01)1<i<p—2.i odd ; 2<j<p—1,j even
where for any i, j, we have that

;= (1 _ 21—z' +j1—z‘)(1 _ 21—r+i)(1 _ (] _ 1)1—r+i).

2.6 Case 2: K =Q(unp), N and p prime

Let N be an odd prime number relatively prime to p with N —1 | p— 1.
Recall that K = Q(unp). Let S be the set of primes of K consisting of all
those dividing p. Let A be the p-part of the class group of K. Let w be the
Teichmiiller character. Let A = Gal(K/Q). We fix a primitive Np** root of

unity (y, such that {{f, = ¢, and define (y = (.
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Let A* be the Dirichlet group modulo Np. That is,
A* = Hom(A, Zj).
Proposition 2.44. A* 2 (Z/NZ)* x (Z/pZ)*.
Proof. We have that
A* = Hom((Z/NpZ)*,Z, ) & Hom((Z/NZ)* x (Z/pZ)*,Zy,)
by elementary group theory, and that
Hom((Z/NZ)* x (Z/pZ)*,Z,) = Hom((Z/NZ)*,Z,) x Hom((Z/pZ)*, Z})

by additivity of the Hom functor. It is obvious that Hom((Z/pZ)*,Zy) =
(Z/pZ)*, and because of the assumption that ¢(N) | ¢(p) it follows that
Hom((Z/NZ)*,Z);) = (Z/NZ)*. Thus we have that A* = (Z/NZ)* x
(@/v2)". o

Definition 2.45. The p-completion C of cyclotomic p-units of K is
({1 —Chyp | i 0mod Np) N Of 5) ®z Zy.

We just described how C is generated as a pro-p group; however, we would
like to know how it is generated as a Z,[A]-module.

Fix an even character x € G of conductor N or Np. We will generalize
the pairing of the previous section. We can think of x as being an extension

of w” above. Let ¢ € A* be any Dirichlet character.

Definition 2.46. Let v € A*. We define the y-eigenspace of any Z,y[A]-
module A to be

AW ={a € A|d(a) =¢(6)a, Vo € A}.
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Proposition 2.47. With notation as in the definition, there is always an

eigenspace decomposition

A= @ AW,

peA
Proof. See [S2], Appendix A. O

Definition 2.48. Let

o = T g YO

66A

Note that we view this idempotent as an element of the group ring Z,[A].
We can also view it as a map projecting from the p-part of a Z,[A]-module

A to the (wiy~!)-eigenspace:
a1t A —» ALY
the action being multiplication by the idempotent.

Remark 2.49. We may also write the eigenspace decomposition of 2.47 in
terms of the idempotents:

A= P ey1(A

PEA*

We fix notation: let x € A* be an even Dirichlet character such that
p I Bl,xw"l'

Proposition 2.50. There is a Galois-equivariant, skew-symmetric pairing
arising from the cup product

1

() )i CxC— H G5, uE?) - AL ® pyp = (Ag @ )X )
depending on N,p, and x.

Proof. See [McS] and [S2], Section 5. O
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2.7 Understanding the pairing

We now apply the idempotents.

Proposition 2.51. There is an eigenspace decomposition of Z,[A]lmodules:

C = @ C(¢),

peAr
where
Z, 1 is even,
C(¢) = IU‘P ’(/) =Ww,
0 % is odd and ¢ # w.
Proof. See [R], Chapter 3. O

Definition 2.52. Let
My = (1 — Cnp) v
and

771,b = (1 — Gp)wvt.

Much as before with the n;, the 7y and ny will in this case help us find a
basis for the cyclotomic p-units, thus allowing us to compute the pairing by

restricting our computations to just those basis elements.

Proposition 2.53. Let ¢ be an odd character in A*. Then

ny U |@Ney# 1,

Qo =
my Y l@nayx=1.

generates C¥™") as a Zy[A]-module.
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Proof. See [R], Chapter 3. ‘ O

Again, we have as in Proposition 2.27 that ((,,C), =0, so we need only

consider the pairing values (cy, Q-1 )y-
Proposition 2.54. If ¢/ # ¢~'x then {0y, ay)y = 0.

Proof. Fix an element 6 € A. By definition of the pairing, we have that
(o, o)y is acted on by w?x™!. Thus 6{ay, ay)y = wW2x 1) {aw, ay )y
On the other hand, by Galois equivariance of the pairing we have that
5{ay, o)y = (dary, by ), which by definition is equal to (a;d’_l(&), aifﬁ’_l(a) Y-
This is the same as w2y~ 9"~ (8) {0y, ayr)y. That is,

Wi (6) (o, a )y = WY TH(6) (o, o)

If x71 # =11 ie. if o # 1~ x then the above equation cannot hold for

all 0 unless (o, ay )y = 0. O
Definition 2.55. Let ey, = {(ay, Qy-15)x-

Recall the polynomial f,(z). We will from now on set p, = fo({np), where
Cnp is a fixed primitive Np®* root of unity. As we did before, we will derive
relations based on the fact that {(ps, pa—1)xy =0for2<a<p-—1.

Before we can do these computations, we need the following facts about

our basis for C.

Lemma 2.56.

1-¢
Notunp)/aus) (1 = CNp) = T—55=1-
P
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Proof. First, we would like to find a and b such that that {n, = Cg(}’v. To
solve this, recall that we require that Cﬁp = (p and (ﬁ,p = (n. Thus, we have

that

N Nb
CNp P ¢

which implies that ¢, = ¢)'®. That is, Na = 1 mod p; i.e. a = N~! mod p.
Similarly, b = p~! mod N. Thus, {n, = ¢ _1{1’\’,—1. We may now compute the

norm:
- -1
NGy (1 = Cp) = Nowrpoun (1 — ¢ ¢ )
N-1 N-1 N—-1
1 1, _ 1 : 1
A= &) =167 G = oM TG ) =26
j=1 j=1 j=1

where ® refers to the N** cyclotomic polynomial. The above is equal to

1_(41?,_1)1\]_ 1”‘(17
1—¢Nt 1=

O

Proposition 2.57. We have the relationship

e =1, (DA yyhenever 1 |z /nzyx= 1.
Proof.
= w1
TN IDe- D 1)(p JEZA b0
L - -
) (—N—:I JeGd(Q(uZm:)/Q(up))w 11{’(5)5) (pT v lw(a)(f)

c€Gal{Q(unp)/Q(uN))

As 1 |@z/nzyx=1 we have that the above is equal to

_ 1 -1 ___}__ -1
(e B R B
§€Gal(Q(unp)/Qup))

o€Gal(Qunp)/Qun))
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(5B Vo F )

1
d€Gal(Q(unp)/Qup)) ! 0€Gal(Q(unp)/QrN))

1 '
i G SR
deGal(Q(unp)/Qip))

where

1
it wvee
P72 oecal@anp)/Quum)

Thus, using Lemma 2.56, we have that

o
Ty = (1 - CNP)EM/;—I = NQ(#NP)/Q(HD)(]‘ — CNp) N-1fuwyp~1 —
1 —_ Cp .N%Te;w—l

(1 - CP)EW_I = (1 - Cp)Tl:T(Z"eGal(Q(uNp)/Q(up) T 1

Notice that

— %:_15' -1 € -1
=(1=G) et =(1—G) e

Thus the above is equal to
i () A )
— % g (Fa- .
7, Ty
Proposition 2.58. If ¢ |z/nz)x# 1 then (1 — () v~ = 1.
Proof. Since ¢ |z/nzyx# 1 for all § € Gal(Q(unp)/Q(up)), we have
(1= Gt = 61— G)for = (1= Gew 70 = (1= G fun 1970,
which is a contradiction if (1 — {p)%wv=" # 1. O
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Fix notation: ¢ always refers to an element of A*, and a sum over ¥
means to sum over all such characters; that is, over the entire Dirichlet

group modulo Np.
Proposition 2.59. Suppose ¢ |z/nzyx=1. If a € Z is prime to Np, then
e
and
(1= Cp)ov =my? ™ @,
Proof. First we compute that
(L= Gt = (1= 3G

where § € A is an element taking (, to ¢y under the canonical isomorphism

A = (Z/NpZ)*. Then we have that
(1 = 8G) v = (1 = ()% @eww-t = V™ @ o o
by the definition of nj,. Similarly,
(1= (i)™ = (1 — oCpp) ™
where o € A is the element taking (n;, to (f,. Then we have that
(1= 0Cup)™ = (1= Cp) ¥ Pouvt = V™) mod v
by the definition of 7. a

By the eigenspace decomposition, Proposition 2.47, we have that for any

c,cd eC,

(e,d) = (H w1 Hc’swx-l)x = Z(ceww—l , Cfoux 1y, |
¥ ¥

¥
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Suppose that a is an even integer with a and a — 1 relatively prime to p
and that x is a fixed even Dirichlet character. Choosing ¢ = p, and ¢/ = p,1

we see that

Ew — Ew —_
(Par pact)y = 3 _(pa ™, o)
P

Since p, is a cyclotomic unit, and by the relationship described in Propo-

sition 2.37, we must have by Proposition 2.35 that

{Pas Pa-1)x = 0.

To compute the relations arising from this fact, we note that our computation

depends on whether or not

¥ |@/nvzyx=1 and 7 x |@z/nzyx= 1.

Moreover, because of our choice of p, = pa(Cnp) and similarly with po_; =
pa—1(Cnp), by Proposition 2.38 we will be raising (x, to powers of ¢ and a —1
so we must also consider whether N | a and N | a — 1 because if either were
the case, our primitive Np** root of unity could be reduced to a primitive p**

root of unity, which would affect the computation of the relations.

2.8 The Relations in Case 2

Proposition 2.60. The following comprise all possible cases necessary to

compute the coefficients ¢, y(a) in

Ew - Ew —_
0 = (pa, Pa)x = D _(0a" e Nx = D, (@) {0ty 1)
Y Y
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1. Nla—1and N{a and ¢ |gz/nzy<= 1.

2. N|la—1and N t{a and x™! |z/nzyx= 1.

8. Nla—1andNta and vx' |g/nzyx# 1 and ¢ |z/nzy<# 1.
4. Nta—1and N |a and ¢ |z/nzyx= 1.

5. Nta—1and N |a and x* |z/nzyx= 1.

6. Nta—1and N|a and px™' |znzy<# 1 and ¥ |z/nzyx# 1.
7. Nta—1and N {a and ¢ |z/nzyx= 1.

8. Nta—1and Nta and x™' |g/nzyx= 1.

9. Nta—1and Nta and Yx~' [z/vz)<# 1 and ¢ |z/nzyx# 1.
We compute the relations in each of these cases:

1. In the case N | a— 1 and N {a, ¥7'x |z/nzy«# 1 and ¥ |z/nzyx= 1

we have

PZ“"P—I = (1 — QRp)"r ™ (1 — Cp) v = nizw_l(a)+1—w¢'l(2)
(1 _ C}Vp)swd,—l

=1, (A2 Ty (1 (@) 41 —wip=1 (2))

by Propositions 2.57 and 2.59. Also,
2(a-1
g e o Jor (A = Q) 1wgnt)
a— a1 - )
A= G Foni (L= Ch)emt

by Propositions 2.58 and 2.59. Because

(™™ P ) =0
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and
eyx = (0, Qy-1)x,
which in this case is equal to (n;, 7y-15)y, We have

—w™ 1y _ - —wy—
0= (r, (A=) (=1 () 4 1 ~wtp @) plwix @)

= Y A gt @) 41— @) (-t ey
¥ odd
Ylz/nzyx =1

for every a even, 1 <a < Np with Ntaand N |a—1.

. In the case N | a—1and N {a, ¥ |z/nzy«# 1 and Y71y |z/nvzyx=1

we have

eupt (L= CRp)™ v (1= (np)"w ™ Y @)
% > -
(1= QRrp)ew? v

and
2(a—1
Cupx (L= ™ Yowux (1 — Cnp)owx?
a1 =)
(L=G ™ fuwxt (1 — (Fpp) v
1 wpx~ (B —wdx T %) 1-wyx1(2)
Y1y My-1x
(AN 1 (820)) (1~ (2))
= n¢_lx .
Because
Ew -1 Ew -1
<Pa v 7pa—wlx >x =0
and

epx = (0, Q=15 )y
which in this case is equal to (ny, n:/)_lx)x, we have

w1t lmwp1(2) 7 (X 1 (1)) (1w (2))
O = (T]w ,nw—lx >X
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L-wly=ly(N)

= Y @l @F-w T @) (5

1 odd
-1
Yx g ngyx =1

w¢x"l(%))(1—w¢x'l(2))e¢,x

for every a even, 1 < a < Np with Ntaand N|a—1.

. Inthecase N|a—1and N {aand ¢ x |z/nz)x# 1 and ¢ |@/nz)x#

1, we have

e (1 - C&p)ewu)_l (1 - CNIJ)Emp—l _ T/w¢-1(a)+l—-ww“1(2)
i - -y

(1 - C%Vp)eww—l

and
Cuvx—1 _ (1— Cg(a_l)/N)e‘”w"»l(l — Cp)Text _ 1_‘;,,/,,(—1(2).
a—1 (1 . C]()a—l)/N)Ewa..l(l _ (%vp)ew¢x_1 "/}_ X
We have
wip~Ha)+1—wyp~1! —wiprx ™!
0 = <,’7¢¢ () +1-wy (2),7’;*1;/% (2)>X
= Y (@ He) +1—wyp(2)(1 —wixTH(2)epy

¥ odd
¢X_1|(z/NZ)x #1

for every a even, 1 <a < Np with N{a and N|a—1.

. Inthecase Nfa—1and N |a, v~ 'x |z/nzyx# 1 and ¥ |z/nzyx= 1,

we have

Cop—1 (1— ¢ )1 (1— Cp) ¥

% =

(1 - Clz\lp)eww_l
77:/) WP~ () () 1—w (N ) (1w~ (2))
and
-2
et (L= G Y emt (1= Gvp)ovn?
a—1 -

(1= Gy )oewt (1 = Gy, )evnt

wipx~(2a-2)+1—wpx " e—1)—wyx "1 (2)
p=1ix )
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We have

0= (n, m/rl(,—%->+(N+1>(1—w—‘w(N))(1—w¢"1(2)), n;l;«;wx—‘(2))(1—w¢x—1(a—1)>>x

-1

= T @+ 1) (- wpx @) - wvx - Deyx
¥ odd

'“(Z/NZ)X'__x

for every a even, 1 < a < Np with Nta—1and N |a.

5. In the case N 'f a—1land N | a, '(/) I(Z/NZ)X% 1 and ’Q,Z)_lx I(Z/NZ)X= 1

we have
Cuyp—1 —_ (]‘ _ C;V')Suw—l (]‘ B CNP)Eww_l ES nl—w’lﬁ—l(”
’ (1 - C]%Jp)sw—l v
and
ot (L= G )fomt (1 — Q) o
! (1= D) Fom (1 = (B, )rown
= ;wic‘l(za—z)ﬂ—wwx-‘(a—l)—mpx—l(z)
X
- (A= X (1 yx = (2)) (1-wipx~H(a—1)
- iy )
We have

ey (RO 1 (2)) (- (am1))
0= <77¢ 2 Thy-1y )x

11
- Y et X0

% odd
'wX—ll(z/Nz)X'—_l

wpx T (2D - wxHa = D)ey x

for every a even, 1 <a < Np with Nta—1and N |a.

6. In the case N{a—1and N |a and ¥~ 'x |@z/nzy<# 1 and ¢ |z/Nzyx<F#

1 we have

oyl _ (1= ) (1= Cwp) ™ 1wpi2)
- TG ™
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and

-2 - -
€opx—1 (1- <I2\;lp )7eex (1 = (vp ) wvx? L (=wyx1(2)) (1w (a—1))
LT A= ) e (1= G et X :
4 P
We have

1-— —12 . -1 _ -1 -1
0 = (i et )0 om0y

= > (1-wypT2)A - wuxH(2)(1 - wix M a - 1)eyy
wx“llp(zo/?vdz, x#1

forevery a even, 1 <a < Npwith Nta—1and N | a.

. In the case N ‘I’ a—1and N 'f a, ’lp_lx I(Z/NZ)X% 1 and 1/) |(Z/NZ)X= 1

we have
Cup=1 (1= CRp) v (1 = Cvp) v
pe (1= )™
_ L op i@ l-wy1(2)
_— (At U (1 () 41— (2)
and
Cwpx—l (l - C?\?p_z Fwvx! (1 - CNP)EUJI/’X—I
ot (1 =GR )Pewnt (1 = () fevn?
_ ey @) (1—wpxHa1))
Thy-15 ’
We have
_w—l _ = — _
0= (n, (=t oyt @) +1-wp™1(2) nfpl__l‘;””‘ H@)—wbx D)y
= Y A gt 41— oy @) - @) - wx o= ey
% odd

¢l(z/Nz)x =1

for every a even, 1 <a < Np with Nta—1and N {a.
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8. In the case N ‘f a—1land N 'f a, '(,[1 |(Z/NZ)X# 1 and '(/)_IX I(Z/NZ)x: 1

we have

Cuop—1 (1 - C?Vp)eww—l (1 - CNP)EMIJ-I _ nw‘t/)“l(a)+1_w¢—1(2)

e
and
Sl (1= (R 2)7ewx (1 — () i
Po-1 - (1 _ C&;l)ew’x-l (1 _ C]zvp)awa_1
= nl(pl—lwiﬁx‘l(?))(l—wwx“(a—l))
~1x
7 (A x4y =1(2))(1-wyx~ (a-1)
= Ty, .
We have

o) lmwyi@) 1 (N (13 (2)) (1—wpx (a-1))
O - <’rl1p 3 nw—lx )X

y=lg—1

= Y @ @r-wt @20y @) ek @ 1)eg
odd
V£

for every a even, 1 <a < Np with Nta—1and N ta.

9. In the case N{a—1and N ta and v x |z/nz)x# 1 and ¢ |@/Nzyx#

1 we have

cop-1 (L= CRp)™¥ 7 (1 = Cvp) et @ @)
Y

P 7 (1= G
and
et (1= Gt (1 — )
(L= G own (1= G oo
(1~wipx~1(2))(1~wipx ™ (a-1))
Mhy=1x '
We have

-1 I I o
0:<n:z¢ (a)+1—-wip (2),771(/)1_1(;” @) (1-wipx~(a 1)))x
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= Y (@@ +1-wyp @)1 - wx T @)1 - wdxHa - ey
d’X_lllr(zo/ljvdz) x#1

for every a even, 1 < a < Np with Nta—1 and N {a.

In addition to these nine relations, we also have the following property

which follows from the antisymmetry of the cup product.

Proposition 2.61. We have that

(o, o1y )x = —{ =1, )y
This implies
i, If =g, then ey = 0.
. If ¢ # Y71y, then ey + ey-1, = 0.

We now state the results of our computations. Refer to the table of

Appendix B to see all values tested.

Theorem 2.62. For all triples N, p, x as above with N = 3,p < 822 and
5 < N <1000 and 5 < p < [10] except for one value of x in the cases
N=3p=68;N=5,p=1"N=Tp=T3N=Tp=9",N="Tp=
103, N = 11,p = 31; N = 13,p = 61; N = 23,p = 199 and two values of x
in the case of N = 23,p = 89, the dimension of the nullspace of coefficients
of relations computed in cases 1 through 9 of this section together with those
of Proposition 2.61 is equal to one. That is, the ey, with ¢ odd determine a
unique possibility for the pairing values up to a single possibly zero scalar in

Z/pZ.
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Proof. We wrote a routine in Magma which directly computes the nullspace
of the matrix containing all the relations in each of the cases above. More
precisely, we first compute four matrices. We have that M, is the matrix of
the key relations 1,2 and 3 in the case N | a — 1. Then M; is computed as
the matrix of the key relations 4,5 and 6 in the case N | a, and Mj is the
matrix of the key relations 7,8 and 9 in the case Nt a and N { a—1. Finally,
we compute the matrix M, of antisymmetry relations. Then we compute the
nullspace of the first matrix. Next, we compute the nullspace of M, on the
nullspace determined by M;. Similarly, we compute the nullspace of M3 and
M, on the nullspaces determined by M, and M;, respectively. Finally, we end

up with a nullspace which takes into account all the necessary relations. [

Example 2.63. For example, one matrix is

Mz = (cyx(a))ax

corresponding to relations numbered 7,8 and 9, where 2 < a < Np— 1, for
a even, where N { a,a — 1, where ¢ odd with ¢ |z/ng)x# 1 and where, for
any ¥, a, we have that cy,(a) is equal to

(W™l (a) + 1 — w1 2NA - wyx ™1 (2))(1 — wipx~Ha - 1)), FYx gnzyx # 1

(@¥Ha) + 1 — w1 @) (AR XNY (1 w1 (2))(1 - wxHa - 1), X! |gwzyx =1
(A= M)y (=1 (a) + 1 — w1 (@))(1 - wibx~1(2))(A —wipx~ (@ - 1)), Y |gngyx= 1.
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3 Connections Between the Eisenstein Ideal

and the Pairing

3.1 The Key Theorem

Let N > 3 and p > 5 be odd prime numbers which are relatively prime to

each other and with the property that ¢(N) | ¢(p). Let x be a nontrivial

even Dirichlet character modulo Np. Suppose that x |z/pzy<# w |@z/pz)* -
We will provide in the following theorem the essential key to understand-

ing the objects of our study.

Lemma 3.1. Let p and x be as above. Then By -1 = Brxomn 11104 p. In

n

particular, p | By -1 if and only if p | By yu-2.

Proof. See [W], Chapter 5. In particular, this follows from Theorem 5.11
and Corollary 5.13, as in Corollary 5.15. O

Remark 3.2. For the computations regarding the Eisenstein ideal, we as-
sumed that p | By y,—2 in order that I # h. For our study of the pairing we
assumed that p | By y,-1 so that Aﬁ;’x'l’ # 0. Then Lemma 3.1 ensures us

that these hypotheses are actually the same.

Theorem 3.3. Suppose that X |(Z/pZ)x7é w |(Z/pZ)><,X2 I(Z/pZ)x?é w2 !(Z/pZ)X
,P | Biyw-1 and p t By, The pairing with p is surjective (i.e., {p, )y is
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surjective) if and only if the Hecke operator U, — 1 generates the Eisenstein

ideal 1.
Proof. See [S2], Theorem 5.6. O

When we know that U, — 1 generates I and we know ( , }, up to a scalar,
then Theorem 3.3 tells us that the pairing and hence the scalar must be
nonzero. That is, in these cases we know the whole pairing up to a nonzero

scalar.

3.2 Final Comments

We have proved that it is not always the case that the Eisenstein ideal is
generated by U, —1, and thus that the pairing with p is not always surjective.
We also found many examples where we were able to understand the pairing
completely to within a single scalar multiple, and many examples of cases in
which the element U, — 1 does generate I. We continue running the Magma
routines in search of more such interesting examples.

We fix some notation. For any N and p, we define the character ¢ as the
unique Dirichlet character on (Z/NpZ)* = (Z/NZ)* x (Z/pZ)* factoring
through (Z/NZ)* and taking the smallest positive primitive root modulo N
to the (%’—_%)th power of the smallest positive primitive root modulo p.

We note that there are also several cases in which the nullspace of the
matrix of relations we computed was larger than 1-dimensional. For instance,
for the case N = 7, p = 73 and x = ¢3w!! we have a 13-dimensional nullspace.
In the case N = 23, p = 89, x = ¥'% %, we have a nullspace of dimension

45. These are just two concrete examples, but there are many more. This
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does not in itself prove or disprove anything, as it is possible to impose more
linear relations, such as those found in [S1] arising from K-theory, which may
lead us to discover that in these cases there is a unique nontrivial possibility
for the pairing after all.

There were some cases in which the hypothesis that p { Bj,,-1 on
Bernoulli numbers fails, and in these cases Theorem 3.3 no longer applies. For
example, this occured for the triples (N, p, x) = (23, 67, Yw*®), (23, 89, 1)12w*)
and (31, 61,%%w??), just to name a few. Moreover, because the Eisenstein
ideal program has the additional restriction that p* t By ,,-2 but the pair-
ing program does not require this, there were some cases where we actually
computed the nullspace of the relations but not whether U, — 1 generates I.

There were also some cases in which the hypothesis on Dirichlet char-
acters that x? |@/pzyx# w? |@/pzyx fails, and in these cases Theorem 3.3
no longer applies. For example, this occured for the triples (N,p,x) =
(11, 31, 48w?), (13, 73, 4%w?"), (19, 37, ¢¥5w'?) and (23, 67,¢1%w*). Note that
in these cases it is true that x |z/pz)x # w |(z/p2z)> -

Moreover, we found four examples in which the nullspace has dimension
one, but the computed basis vector of this nullspace shows that the pairing
with p is not surjective. The four triples found are as follows: (N,p,x) =
(3,331, yw'9), (23, 67, 9 14w, (23, 89, 11%°w*) and (31,61, 13w%). We are
currently running the other program to verify whether in these cases U, — 1
generates I but have only produced results in the case (3,331, yw!4?).

It is also of interest to notice that in each of the cases N = 3,p = 257, x =
Yw? and N = 19,p = 37,x = ypw'® we know that p? | Bj,,-1 and that
Up — 1 generates I. This leads to the following result.
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Proposition 3.4. If x satisfies the hypotheses of Theorem 3.8, p* | By yu-1
and U, — 1 generates I then AYY™ ) = 72,/p?7,

Proof. By the results of [S2], we have that the p-rank of Ag‘{‘"rl), that is,
dimg, Alv™) /p is equal to the p-rank of I/Iz. Because of the hypothesis
that U, — 1 generates I/ I?, the p-ranks are forced to be one, which in turn

forces A&‘(w—l) ~ Z/p*Z. a

Ultimately our goal has been to obtain some understand of the pairing
arising from the cup product, the Eisenstein ideal, and the structure of the
eigenspaces, all three of which are related. This thesis has explained how
we went about studying these objects, what we have found, and what still

remains mysterious.
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4 Appendix A: Computations

4.1 The program for computing whether U, — 1 gener-

ates the Eisenstein ideal

function conv(V,phi,A)

seq := ElementToSequence(4); //converts matrix to a sequence

seq := [phi(seq[i]) : i in [1..#seq] ]; /*applies the map phi
to each element in the sequence.*/
return V!seq;

end function;

function alggens(V,L,phi) /*used to find vector space basis
of Hecke algebra.x*/

nums := [1];

M := sub< V | conv(V,phi,L[1]) >;

for i in [j : j in [2..#L]] do

v := conv(V,phi,L[i]);

if not v in M then

Append ("nums, i) ;
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M := M + sub<V]v>;
end if;

end for;

return M,nums;

end function;

function idealeq(V,L,I,phi,Upl) /* used to compute I"2
+ (U_p-1) & compare w/ I */

M := sub< V | conv(V,phi,Upl) >;

//M := sub< V | 0>;

for i in [1..#L] do

for j in [i..#L] do

v := conv(V,phi,L[i]*L[j1); //product of two Hecke operators
if not v in M then

M :=M+ sub<V|v>; //create M = I"2 + (U_p-1)

end if;

if M eq I then

return true,M;

break;

end if;

end for;

end for;

return false,M;

end function;
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function rootofunity(p,prec) //a primitive root mod p~prec
g := PrimitiveRoot(p);

for i in [2..prec] do

g := (IntegerRing(p~i)!'g) "p;

end for;

return Integers()!g;

end function;

function Uptest(N, p, char : prec := 2, val := 1);
K := CyclotomicField(p-1);

G<a, b> := DirichletGroup(N*p,K);

M := ModularSymbols(char,2,1);

DisownChildren(M) ;
C := CuspidalSubspace(M);
n := ((N*p)/6)*(&*[1+1/q : q in [x : x in [2..N*p] |

IsDivisibleBy(N#p,x) and IsPrime(x)]]); /*number of

Hecke operators needed to generate C */

1s := [1 : 1 in [1..Ceiling(n)1];

L := [HeckeOperator(C,1) : 1 in 1s]; /*create the matrices

representing Hecke operators */

d := Dimension(C);
R := IntegerRing(p prec);
g := Rlrootofunity(p,prec);

phi := hom<K->R|g>;

<
i

RModule(R,d"2);
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T,nums := alggens(V,L,phi); /* find gens. of Hecke algebra
as module over Z_p */

T2 := sub<V | [ p"val*T.i : i in [1..Rank(T)]1] >;

while Rank(T2) 1t d do

printf "error dim T = %o, dim C = %o, dim pT = %o\n",
Rank(T), d, Rank(T2); /* these lines check what mod p~?

is good enough */

prec +:= 1;

R :

IntegerRing(p~prec);

g := Rlrootofunity(p,prec);
phi := hom<K->R | g>;
V := RModule(R,d"2);
T,nums := alggens(V,L,phi);
T2 := sub<V | [p~val*T.i : i in [1..Rank(T)]] >;
end while;
L1 := [ L[n]-&+[m"~(k-1)*Evaluate(char,m): m in Divisors(n)]
:n in nums | n ne 1] cat [p*L[1]]; /* generators of I over
zp */
I :=sub< V { [conv(V,phi,i) : i in L1] >; /% find
Eisenstein ideal */
if T eq I then printf "T = I\n";
end if; // test if working so far here
Upl := HeckeOperator(C,p)-1;
ans, I2 := idealeq(V,L1,I,phi,Upl); /* test if I"2 +
(U_p-1) =1 %/
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return ans;

end function;

function Bern(N,p); //finds allowable characters

K := CyclotomicField(p-1);

]

G<a, b> := DirichletGroup(N*p,K);

R := IntegerRing(p~2);
g := PrimitiveRoot (p);
g := (IntegerRing(p~2)!g) “p;

phi := hom<K->Rlg>;

chars := []; /* creates list of all even Dirichlet
characters modulo Np with conductor N or Np */

for i in [1..0rder(a)] do

for j in [1..0rder(b)] do

w:= a"i*b"j;

if w(~1) eq 1 and IsDivisibleBy(Conductor(w), N) then
Append(~chars,w);

end if;

end for;

end for;

L := #chars;

while i le L do

w := chars[il;
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B:= &+[w(k)*((k~2)/ (N*p)-k+(N*p)/6) : k in [0..((N*p)-1)1];
/* The Bernoulli number B_2,char for each even character
of conductor N or Np */

b:=phi (B) ;

if GF(p)!'b eq GF(p)!0 and not b eq R!0 then

Append(~C,w); //tests the Bernoulli divisibility condition
end if;

i = i+,

end while;

return C;

end function;

function BTest ()

for N in [y : y in [3..1000] | IsPrime(y)] do

for p in [x : x in [5..Ceiling(5000/N)] | IsPrime(x) and
Ged(x,N) eq 1] do

s :=[1;

if IsDivisibleBy(EulerPhi(p),EulerPhi(N)) then /* check
divisibility */

C := Bern(N , p); //the list of all the allowable characters
if #C ge 1 then

T:=[* *];

Append(“T,N) ;

Append ("T,p);

for i in [1..#C] do
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bool := Uptest(N,p,C[i]); //test whether U_p-1 generates I
Append(“T,C[il);
Append(“T,bool) ;
end for;
Append(S,T);
print S;

end if;

end if;

end for;

end for;

return [];

end function;

4.2 The program for computing the dimension of the

nullspace of relations of the pairing

function psi(a,b,m,n,N)

/* this will return a sequence T consisting of all odd
Dirichlet characters. Recall that b is the Teichmuller
character, a is the "real" other generator of the
Dirichlet group and chi is a“n*b™m.*/

assert b(-1) eq -1;

assert a(-1) eq -1;

T:=[];

Ti:=[1; /* trivial on psi (so nontrivial on psi chi~-1) */

T2:=[]; /* trivial on psi chi"-1 (so nontrivial on psi) */
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/* The complement T-T1-T2 will constitute the other case:
psi chi”-1 nontrivial (and psi nontrivial). */
for i in [0..0rder(a)-1] do

for j in [0..0Order(b)-1] do

if Is0dd(i+j) then

Append ("T,a"i*b"j);

if i mod (N-1) eq O then

Append ("T1,a"i*b"j);

else if n-i mod (N-1) eq O then
Append("T2,a"i*b"j);

end if;

end if;

end if;

end for;

end for;

return T,T1,T2;

end function;

function reli(c,d,a,N,H); /* N divides a-1, a < x*Np even,
use zeta_N*p. The restriction of psi to z/Nz* is trivial. */
return (1/(N-1))*(1-((H!c)~(-1)) (M) *(c(a)+1-c(2))*(1-d(2));

end function;

function rel2(c,d,a,N,H); /* N divides a-1, a < *Np even,

use zeta _N*p. The restriction of psi*chi®-1 to z/Nzx*
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is trivial. =/
return (c(a)+1-c(2))*((H!d) ((2*a-2) div N) - (H!d) ({(a-1)
div N) + (1/(N-1)*(1-(H!D)~(-1)) N *(1-d(2)));

end function;

function rel3(c,d,a); /* N divides a-1, a < *Np even,
use zeta_N*p. The restriction of psi*chi”-1 to z/Nz*
is non-trivial. */

return (c(a)+1-c(2))*(1-d(2));

end function;

function reld4(c,d,a,N,H); /* N divides a, a < *Np

even, use zeta_N*p.The restriction of psi to

z/Nz* is trivial. */

return ((H!c)( a div N) + (1/(N-1))*(1~((H!c)~(-1))(N))
*(1-c(2)))*(d(2*a-2)+1-d(a-1)-d(2));

end function;

function relb5(c,d,a,N,H); /* N divides a, a < *Np
even, use zeta_N*p. The restriction of psi*chi™-1
to z/Nz*x is trivial. #/

return (1-c(2))*(1/(N-1))*(1-((H!d) " (-1)) (N))*
(d(2#a-2)+1-d(a-1)-d(2));

end function;
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function rel6(c,d,a); /* N divides a, a < *Np even,
use zeta_N*p. The restriction of psi*chi”-1 to z/Nzx
is non-trivial. */

return (1-c(2))*(d(2*a-2)+1-d(a-1)-d(2));

end function;

function rel7(c,d,a,N,H) /* N does not divide a
or a-1, a < *Np even, use zeta_N*p. The
restriction of psi to z/Nz* is trivial. */

return (1/(N-1))*(1-((H!c) " (1)) (M) *x(c(a)+1-c(2))
*(d(2*a-2)+1-d(a-1)-d(2));

end function;

function rel8(c,d,a,N,H); /* N does not divide a

or a-1, a < *Np even, use zeta_N+p. The restriction
of psi*chi”-1 to z/Nzx is trivial. */

return (c(a)+1-c(2))*(1/(N-1))*(1-((H!d) " (-1)) (N))
*(d(2%a-2)+1-d(a-1)-d(2));

end function;

function rel9(c,d,a); /* N does not divide a or a-1,
a < *Np even, use zeta Nxp. The restriction of
psi*chi~-1 to z/Nz* is non-trivial. */

return (c(a)+1-c(2))*(d(2*a-2)+1-d(a-1)-4(2));

end function;
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function reltabi(R,T,T1,T2,w,chi,S1,f,N,H)

/*a matrix of 3 key relations in the case N divides a-1 */
nr := #T;

nc:=#31;

M1:=RMatrixSpace(R,nr,nc)!0;

for i in [1..nr] do

for j in [1..nc} do

if (T[i] in T1) then /* restriction of psi trivial */
M1[i,j] := f(rel1(wx((T[il)"(-1)),

G (T[] *((chi) " (-1))),S1[j1,N,H));

else if (T[i] in T2) then /* restriction of
psi*chi®-1 trivial */

M1[i,§] := £(rel2G((T[i]1)"(-1)),
(wx(T[i])*((chi)~(-1))),81[j],N,H));

else /* restriction of psi*chi”-1 non-trivial */
M1[i,j] := £(rel3(wx((T[il)~(-1)),
wx(T[i])*((chi)~(-1)),81[31));

end if;

end if;

end for;

end for;

return Mi;

end function;
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function reltab2(R,T,T1,T2,w,chi,S2,f,N,H) /* a matrix of 3
key relations in the case N divides a */

nr := #T;

nc:=#52;

M2:=RMatrixSpace(R,nr,nc)!0;

for i in [1..nr] do

for j in [1..nc] do

if (T[i] in T1) then /* restriction of psi trivial */
M2[i,j] := f(reld(wx((T[i]1)~(-1)),w*(T[i1)*((chi)~(-1)),
S2[j1,N,H));

else if (T[i] in T2) then /* restriction of psi*chi~™-1
trivial */

M2[i,j] = £(relS(ux((T[i])~(-1)), (wx(T[i])*((chi)~(-1))),
s2[j1,N,H));

else /* restriction of psi*chi”-1 non-trivial */

M2[i,j] := £(rel6(wx((T[i])"(-1)),wx(T[i])*((chi)~(-1)),
s2[3j1));

end if;

end if;

end for;

end for;

return M2;

end function;

function reltab3(R,T,T1,T2,w,chi,S3,f,N,H) /* a matrix of

65



3 key relations in the case where N divides neither a
nor a-1 */

nr := #T;

nc:=#S3;

M3:=RMatrixSpace(R,nr,nc)!0;

for i in [1..nr] do

for j in [1..nc] do

if (T[i] in T1) then /* restriction of psi trivial x/
M3[i,j] := £(rel7 (wx((T[i1)"(-1)),wx(T[i])*((chi)~(-1)),
83[j1,N,H));

else if (T[i] in T2) then /* restriction of psixchi~-1

trivial */

M3[i,j] := £(rel8Gux((TLi])~(-1)), (wx(T[i])*((chi)~(-1))),
S3[j1,N,H));

else /*restriction of psi*chi”-1 non-trivial */

M3[i,j] := £(rel9Gux((T[i])~(-1)),wx(T[1]1)*((chi) " (-1)),
830510 ;

end if;

end if;

end for;

end for;

return M3;

end function;

function antientry(i,j,T,chi,p)

66



if (j eq i) or (T[i]l eq (T[jl1~(-1))*(chi)) then
return 1;

else

return 0;

end if;

end function;

function antitab(T,chi,p) /* the matrix of antisymmetry

relations. */

R:=GF(p);
nr := #T;
nc := nr;

M := RMatrixSpace(R,nr,nc)!0;

for i in [1..nc] do

for j in [1..nr] do

M[j,i] := antientry(i,j,T,chi,p);
end for;

end for;

return M;

end function;

function null(N,p,n,m,a,b,chi,f ,H); /* finds the null space
with all the relations */

assert IsDivisibleBy(p-1,N-1);

R:=GF (p);
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T, T1, T2 := psi(a,b,m,n,N);

nr := #T;

Si:=[x : x in [2..N*p by 2] | x mod N ne O and x mod N eq
1 and x mod p ne 0 and x mod p ne 1];

S2:=[x : x in [2..N#p by 2] | x mod N eq 0 and x mod N
ne 1 and x mod p ne 0 and x mod p ne 1];

S3:=[x : x in [2..N*p by 2] | x mod N ne 0 and x mod N
ne 1 and x mod p ne 0 and x mod p ne 1];

ncl:=#S1;

nc2:=#32;

nc3:=#33;

V := RSpace(R,nr);

W := sub<V|V>;

W := NullSpace(Hom(W,RSpace(R,nc1))!reltabi(R,T,T1,T2,b,
chi,S1,f,N,H));

W := NullSpace(Hom(W,RSpace(R,nc2))!reltab2(R,T,T1,T2,D,
chi,S2,f,N,H));

W := NullSpace(Hom(W,RSpace(R,nc3))!reltab3(R,T,T1,T2,D,
chi,S3,f,N,H));

W := NullSpace(Hom(W,RSpace(R,nr))!antitab(T,chi,p));
return W;

end function;

function setup(N,p)
F:=CyclotomicField(p-1);
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y:=PrimitiveElement (GF(p));

G:=DirichletGroup (N*p,F);

a:=G!DirichletGroup(N,F).1;

b:=G!DirichletGroup(p,F).1;

f:=hom<F->GF(p) | y>;

x:=CRT([IntegersO!y,1],[p,N]);

assert f(b(x)) eq GF(p)!y; //tests that b is the Teichmuller
w:=PrimitiveRoot (N);

z:=f (Evaluate(a,w));

assert #[u : u in [2..w-1] | IsPrimitive(u,N)] eq 0; /* w
is the smallest

primitive root mod N */

assert #[v : v in [2..Integers()!(y-1)] | IsPrimitive(v,p)]
eq 0; /* y is the smallest primitive root mod p */

assert f(a(w)) eq f(b(x))~((p-1) div (N-1)); /* a is what
we think it is */

return a,b,y,f;

end function;

function berndiv(N,p,char,b,f,y)

chari:=char*b™-1;

F:=Conductor{(charl) ;

Bern:=&+[(charl) (k)*(k/F) : k in [1..(F-1)11; /* This is
the Bernoulli number B_{1, chi omega~-1} */

bern:=f (Bern);

69



if bern eq O then

if f(&+[(char1~(-1)) k) *(k/F) : k in [1..(F-1)]]) eq ©
then printf "p | B_{1, omega~{-1}*chil}!";

end if;

phi:=hom<CyclotomicField(p-1) -> IntegerRing(p~2) |
(IntegerRing(p~2) ! (Integers () !y)) "p>;

if IntegerRing(p~2)!phi(Bern) eq O then

printf "p~2 | B_{1, chi*omega“{-1}}!";

end if;

char2:=char*xb”-2;
Bern2:=&+[(char2) (k) *((k~2)/(N*p)-k+(N*p)/6) : k in
[0..(Nxp-1)1];

assert f(Bern2) eq 0; /*tests that p divides
B_{2,chi*omega~-2} as it should */

if IntegerRing(p~2) !'phi(Bern2) eq 0 then

printf "p~2 | B_{2, chixomega~(-2)}!";

end if;

return true;

else return false;

end if;

end function;
procedure run()
for Nin [y : y in [3] | IsPrime(y)] do

for p in [x : x in [547..661] | (IsPrime(x) and x
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gt N and IsDivisibleBy(x-1,N-1)) and Gcd(x,N) eq 1] do
assert IsPrime(N);

assert IsPrime(p) and IsDivisibleBy(p-1,N-1) and Gcd(p,N)
eq 1;

a,b,y,f := setup(N,p);

for n in [1..N-2] do

for m in [0..p-2] do

chi:=a"n*b"m;

if IsDivisibleBy(Conductor(chi),N) and IsEven(chi)

and Conductor(chi) ne 1 then

if berndiv(N,p,chi,b,f,y) then

W := null(N,p,n,m,a,b,chi,hom<CyclotomicField(p-1) ->
IntegerRing(p) |

CRT([PrimitiveRoot(p),1], [p,N1)>,
DirichletGroup(p,CyclotomicField(p-1)));

printf "N = %o, p = %o, chi = %o, dim = %o,\n%o\n", N, p,
chi, Dimension(W), Basis(W);

end if;

end if;

end for;

end for;

end for;

end for;

end procedure;
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5 Appendix B: Table of Program Output

We must fix some notation before presenting the table of computed values.
For any N and p, where as before A* = Hom(Gal(Q(unp)/Q),Z;), let b
be the Teichmiiller character, and let a be the unique Dirichlet character on
(Z/NpZ)* = (Z)/NZ)* x (Z/pZ)* factoring through (Z/NZ)* and taking

the smallest positive primitive root modulo N to the (ﬁ—}l—l)th power of the

smallest positive primitive root modulo p. Then a and b generate A*.

Table 1: Output from the programs

N »p X Nullity U,—1 p?|Biye—t p|Biuy-1 P?| Bayu-2
3 23  ab'’ 1 true false false false
3 47 ab® 1 true false false false
3 53 ab® 1 true false false false
3 53  ab® 1 true false false false
3 67 ab¥ 1 true false false false
3 103 ab* 1 true false false false

Continued on the Next Page
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Table 1 — Continued

N »p X Nullity Up—1 p?|Biyw-t P|Biwy-1 P | Boyw-2
3 113 ab® 1 false false true
3 139  ab*® 1 true false false false
3 197 ab'™ 1 true false false false
3 197 ab'® 1 true false false false
3 199 ab'®! 1 true false false false
3 241 ab® 1 true false false false
3 257 abt® 1 true true false false
3 263 ab® 1 true false false false
3 271 ab® 1 true false false false
3 281 ab™ 1 true false false false
3 281 ab* 1 true false false false
3 317 ab® 1 true false true false
3 317 ab®’ 1 true false true false
3 317 ab*® 1 true false false false
3 331 ab'® 1 false false false false
3 337 ab®™ 1 true false false false
3 337 ab®" 1 true false false false
3 347  ab®™® 1 true false false false
3 353 ab®™! 1 false false false
3 401  ab'” 1 false false false
3 409  ab® 1 false false false

Continued on the Next Page
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Table 1 — Continued

N »p X Nullity U,—1 p?|Biyu-1 p|Biwy-t P | Bayw?
3 419 ab't 1 false false false
3 421  ab™ 1 false false false
3 457  ab® 1 false false false
3 467 ab® 1 false false false
3 491 b 1 false false false
3 521 ab® 1 false false false
3 547  ab®® 1 false false false
3 577 b 1 false false false
3 577 ab®?” 1 false false false
3 601 ab'® 1 false false false
3 673 ab®%s 1 false false false
3 677 ab! 1 false false false
3 683 ab®™! 32 false false false
3 691 ab® 1 false false false
3 809 ab° 1 false false false
3 811 ab®® 1 false false false
3 811 ab™ 1 false false false
3 821 ab™ 1 false false false
5 17 % 3 true false false false
5 37 abM 1 true false false false
5 41 q%'8 1 true false false false

Continued on the Next Page
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Table 1 — Continued

N »p X Nullity U,—1 p?|Biye-t P|Biux-1 P | Bayu-2
5 53  ab® 1 true false false false
5 61  ab” 1 true false false false
5 61 a%b*? 1 true false false false
5 61 a3 1 false false true
5 73  ab¥ 1 true false false false
5 73 @%b 1 true false false false
5 73  a%® 1 true false false false
5 73  a®® 1 true false false false
5 89 a®¥ 1 true false false false
5 97  a%® 1 true false false false
5 101 ab® 1 true false false false
5 137 ab® 1 true false false false
5 137 a%* 1 true false false false
5 149 ab'? 1 true false false false
5 149 %™ 1 true false false false
5 149 a®® 1 true false false false
5 157 ab''3 1 true false false false
5 181 a%b*® 1 true false false false
5 181 a®b™" 1 true false false false
5 193 ab'® 1 true false false false
5 193 a%b* 1 true false false false

Continued on the Next Page
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Table 1 — Continued

N »p X Nullity U,—1 p?|Biyw-t P|Biwx-t P*| Bayw-2
5 197 ab® 1 true false false false
5 197 a®b' 1 true false false false
7 13 a%® 1 true false false false
7 19  abM 1 true false false false
7 43 adY 1 true false false false
7 43 Y 1 true false false false
7 61 a? 1 true false false false
7 61 a%b*? 1 true false false false
7 61 a%'’ 1 true false false false
7 67 a®b®3 1 true false false false
7 73 o 1 true false false false
7 73  a®t! 13 true false false false
779 ot 1 true false false false
779  a®b” 1 true false false false
7 97 ab’ 1 true false false false
7T 97 a'® 4 true false false false
7 97  a*b” 1 true false false false
7 103 ab'® 1 true false false false
7 103  ab%® 1 true false false false
7 103  ab* 2 true false false false
7 103  ab™ 1 true false false false

Continued on the Next Page
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Table 1 — Continued

N »p X Nullity Up—1 p?|Biyw-t P|Biwy-t P°| Bayw-2
7 103 a%* 1 true false false false
7 103 @' 1 true false false false
7 109 ab® 1 true false false false
7 109 a3b'0% 1 true false false false
7 109 a%b® 1 true false false false
7 109 a®* 1 true false false false
7 109 a®b% 1 true false false false
7 127 ab® 1 true false false false
7 127 abM 1 true false false false
7 127  abV 1 true false false false
7 127 a®™ 1 true false false false
7 139  ab®? 1 true false false false
7 139 ab'® 1 true false false false
7 139 ad* 1 true false false false
7 139 a®b® 1 true false false false
11 31 a4 1 true false false false
11 31 a®'® 8 true false false false
11 31  a%% 1 true false false false
11 41 a%*® 1 true false false false
11 41 %% 1 true false false false
11 41 o 1 true false false false

Continued on the Next Page
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Table 1 — Continued

N p x Nullity Uy—1 p?|Biy-t P|Biuxt 1P| Bayw-2

11 61  ab®” 1 true false false false
11 61  a%® 1 true false false false
11 61  a%%* 1 true false false false
11 71  a%*? 1 true false false false
11 71 a*™ 1 true false false false
11 71 o 1 true false false false
11 71 oSt 1 true false false false
11 71 aof* 1 true false false false
11 71 a’b%® 1 true false false false
13 37 o 1 true false false false
13 37 a%* 1 true false false false
13 37 a'bv® 1 true false false false
13 37  a®v* 1 true false false false
13 37  a'%* 1 true false false false
13 37 o'y 1 true false false false
13 61  ab® 1 true false false false
13 61 a%b* 1 true false false false
13 61  a%b*? 6 true false false false
13 61 a%*® 1 true false false false
13 61  a%? 1 true false false false
13 61 a'%® 1 true false false false

Continued on the Next Page
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Table 1 — Continued

N p x Nullity Up=1 p?|Big-1 P|Brux-t P*|Boyu-?

13 61 a'lp? 1 true false false false
13 73 ab® 1 true false false false
13 73 a**® 1 true false false false
13 73 a?® 1 true false false false
13 73 ¥ 1 true false false false
13 73 a®¥ 1 true false false false
13 73 aB® 1 true false false false
13 73  a®* 1 true false false false
13 73 a'hp® 1 true false false false
19 37  a%?® 1 true false false false
19 37 a®% 1 true false false false
19 37  a%® 1 true false false false
19 37  a%%® 1 true false false false
19 37  a®%!7 1 true false false false
19 37 al%b!? 1 true false false false
19 37 a'%% 1 true false false false
19 37 oMy 1 true true false false
19 37 o' 1 true false false false
19 37 a'*b* 1 true false false false
19 37 a8 1 true false false false
19 37 &' 1 false false true

Continued on the Next Page
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Table 1 - Continued

N »p X Nullity Up—1 p?|Biyw-t P|Biux-t P?| Bayw-2

23 67  ab® 1 false true false
23 67 a%™ 1 false false false
23 67 a'h! 1 false false false
23 67  abh° 1 false false false
23 67 a%%¥! 1 false false false
23 67 al's® 1 false false false
23 67 al%* 1 false false false
23 67 a'%™ 1 false false false
23 67 al¥¥7 1 false false false
23 67 a'** 1 false false false
23 67 a4 1 false false false
23 67 a4 1 false false false
23 67 al'*® 1 false false false
23 67 al®b* 1 false false false
23 67 al%® 1 false false false
23 67 a?'b'? 1 false true false
23 89 a%¥ 1 false false false
23 89 a®p® 1 false false false
23 89  a't® 1 false false false
23 89  aSh®® 1 false false false
23 89  aSb%® 1 false false false

Continued on the Next Page

80



Table 1 — Continued

N »p X Nullity Up -1 p2 l Bl,xw—l p | Bl,wx—1 p2 l B2,X‘~"2

23 89 af™ 1 false false false
23 89 %% 45 false true false
23 89 al%* 1 false false false
23 89 a'?¥® 1 false false false
23 89 a'?p® 1 false true false
23 89 a'%p® 1 false false false
23 89 al®?® 1 false false false
23 89 a!'%p* 1 false false false
23 89 a8 1 false false false
23 89 a'%® 47 false false false
23 89 a'%% 1 false false false
23 89 a%¥p*® 1 false false false
23 89 a%b® 1 false false false
23 199 a5 101 false false false
23 199 a*b' 1 false false false
23 199 a®p'%7 1 false false false
23 199 al!3p1®3 1 false false false
23 199 a'pi6® 1 false false false
23 199 a'97® 1 false false false
31 61 a**® 1 false true false
31 61 aSb'® 1 false false false

Continued on the Next Page
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Table 1 - Continued

N »p X Nullity Up—1 p?|Biyw-t P|Biwy-t P*| Bayw2
31 61 %% 1 false false false
31 61  aSp'® 1 false false false
31 61 a®p'° 1 false false false
31 61 %2 1 false false false
31 61 %% 1 false false false
31 61 a%* 1 false false false
31 61 qal%! 1 false false true
31 61 allp!! 1 false false false
31 61 al'p® 1 false false false
31 61 a''p® 1 false false false
31 61 a'%* 1 false false false
31 61 a'® 1 false false false
31 61 al%™ 1 false false false
31 61 a7 1 false false false
31 61 a'®® 1 false false false
31 61 a2 1 false false false
31 61 a?2p* 1 false false false
31 61 a%b®0 1 false true false
31 61 a?"b% 1 false false false
31 61 a2 1 false false false
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