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1 Introduction

Extensive research in chemostat modelling has been conducted, as has research
in epidemiological modelling. However, studies combining the two types of
modelling are few and far between (see [1], [11], or [24] for example). In this
thesis we have endeavoured to apply some simple epidemiological principles to
a typical chemostat model. This has some interesting implications and appli-
cations, which will be discussed. We begin by introducing some simple ideas
from each area separately, then we will discuss the possibilities and motivations

for combining them.

1.1 The Chemostat

The first question to address is: What is a chemostat? In short, it is a device
that was created to study bacterial growth in a controlled environment. More
specifically, the chemostat is a vessel that contains a homogeneously mixed
solution of bacteria, nutrient (that the bacteria consume) and liquid medium.
The growth-limiting nutrient is pumped into the vessel at a constant rate,
while the volume in the vessel is kept constant by allowing an outflow of the
same rate as the inflow. See Figure 1 for a sketch of a generic chemostat
apparatus.

Since its invention, the chemostat has been used to study lake ecology (e.g.
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Figure 1: The chemostat

[12], [14], or [33]), wastewater treatment (e.g. [20], [26], or [29]) and population
dynamics (e.g. [3] or [4]), to name a few. The chemostat is particularly
useful for studying ecological systems because it allows for control of many of
the variables involved (i.e. nutrient concentration, inflow/outflow rate) and
so the resulting dynamics are better understood and explained. As Martin
Boraas said in his study of rotifer dynamics, “The chemostat system facilitated
unambiguous determinations of rotifer growth and fecundity, since food was
supplied and wastes were removed at continuous, controlled rates” [4]. To
learn more about the chemostat, its uses, and the mathematics behind it, see

[25] and [31].



A basic model of the chemostat is:

s _ — z:()pi(S(1))
@ = (S -sep- R
d.’Ei

- = z(t)(~D; + p;(S(t))), i=12,...,n.

In these equations, ¢ denotes time, z;(t) represents the concentration of the ith
population of microorganisms in the growth chamber at time ¢; S(t) denotes
the concentration of the growth-limiting nutrient at time ¢; p;(S(¢)) is a general
function representing the conversion of food to biomass for the bacteria; n;
is a growth yield constant for population i; S° is the concentration of the
growth limiting nutrient under investigation in the nutrient reservoir; D is
the rate of ouflow from the main growth chamber; and D; = D + ¢;, where
¢; is the species specific death rate. All constants and concentrations have
positive values, S(0) > 0, and z;(0) > 0, ¢ = 1,2,...,n. The dynamics of
this system have been studied extensively (see [9], [17], [22], [39], or [40]).
It is particularly interesting to note that in chemostat research it is proved
that for a very general class of response functions (p;(S(¢))), for the model
above, at most one competitor can survive. In other words, starting with n
species, coexistence is mot possible in the general case. This prompts part
of our investigation: is there coexistence in nature and could it be modelled

mathematically?

1.2 Modelling Epidemics

To address modelling epidemics we will explain two epidemic models that will

be referred to. The most basic epidemic model is called the SI model. In this



model, the population in consideration is divided into two classes: susceptible

(S) and infected/infective (I). In general, an SI model of an epidemic is:

as
@ = e
S = 85I

where [ is the infectious contact rate of the disease. Adding one level of
complexity gives the SIS model, which allows for recovery from the disease,
with the recovered individuals immediately becoming susceptible again (as
opposed to being “removed”, which would be an SIR model.) The SIS model

is:

% = —BS@IE) +~I(t)
% = BSH)I(t) —~I(t)

where again 3 is the infectious contact rate and <y is the rate of recovery from
the disease. This is the type of epidemic model we will incorporate into our
chemostat model. For an introductory reference for these models and other

epidemic models, see [6].

1.3 Modelling Epidemics in the Chemostat

The next logical step is to combine the two model types: epidemic and chemo-
stat. There are two main motivations for this: a mathematical one and one
driven by potential applications.

The first is that, as mentioned, in a straightforward “typical” chemostat

model with n competitors, at most one will survive. This prompts the ques-



tion: Could the incorporation of epidemic effects into the model change this,
and moreover, could it induce the stable coexistence of bacterial competitors?
Additionally, does this process happen in nature? This idea was brought on
by the results achieved in [36], where an SI epidemic model was combined
with a Lotka-Volterra competition model. In the study, it was shown that
previously-absent oscillations were induced in the competing populations with
the introduction of an epidemic.

The second motivation involves addressing the question above of whether
this model has a meaningful application in nature, beginning with studying
some bacterial-viral ecology. Induced coexistence of more than one bacte-
rial population could have some interesting interpretations: bacterial diversity
in a lake/marine ecosystem, controlling phytoplankton blooms, treatment of
human bacterial infections, or the use of multiple bacteria in wastewater treat-
ment, for example.

Mathematically, our model combines an SIS epidemic model with a model
of exploitative competition in a chemostat. We chose an SIS model because
an SI epidemic model in the chemostat had already been analysed in another
context [13], which will be discussed later. The consumption functions will be
assumed to be mass action. The exploitative competition involves two species,
the stronger of which is affected by the disease. The virus population will
not be modelled explicitly in our model, in agreement with most epidemic
models. We will assume that the survival of the virus population is not solely
dependent on the bacterial population we are modelling. We will now expand
on our motivations and on some necessary background knowledge.

It is known that bacteria are present in abundance in marine and lake

environments, but it was only recently discovered that viruses are also present,



and in even greater abundance than bacteria [5]. Indeed, viruses have been
found to have significant impacts on aquatic bacterial populations such as
controlling phytoplankton blooms in the ocean. In a letter to Nature, authors
Bergh et al. [2] state that “..virus infection may be an important factor in
the ecological control of planktonic micro-organisms...”. They feel that the
significance of the role of viruses in any aquatic environment should not be
neglected. Other research reinforces the idea that viruses and bacteriophages
play a significant role in aquatic bacterial ecology: [2], 7], [21], [28], and
[34] are a sample of this work. Bergh et al. also suggest that by enhancing
bacterial diversity, a phage can act as a “controller”. Phages reduce the effect
of phytoplankton and phytobacterial blooms in the ocean by severely inhibiting
the competitive capacity of the blooming microorganism, which allows “lesser”
competitors to step in ([5], [7], [34]). Phages usually have a specificity with
regards to their prey, and so they often end up attacking only the strongest
competitor.

Now, to provide some microbiology background, it is necessary to answer
two basic questions. First, what kind of viruses attack bacteria? These special
(but not rare) viruses are called bacteriophages, or phages, for short. Phages
potentially play a significant role in many bacterial ecological systems, for ex-
ample it was by C. P. D. Brussard [7] that they “... can have a major impact
on phytoplankton population dynamics.” Secondly, how do viruses attack bac-
teria? This virus-bacterium interaction could affect how the model is created.
Andre Lwoff’s paper titled “Lysogeny” (23] provides a comprehensive look at
phages, particularly lysogenic phages (as the title suggests), and at how they
function. The following information on phages is attributed to [23]. Phages

can be divided into two categories: virulent and temperate. Virulent phages

6



reproduce by infecting a bacterium, replicating inside it, and bursting the cell
(lysis), while temperate phages infect a bacterium in the same way, but do not
lyse it afterwards. In the second case, the bacterium is now termed “lysogenic”,
which by definition, is “the hereditary power to produce bacteriophage” [23].
Eventually, lysogenic bacteria could produce new bacteriophages, but most
will not. Also, after becoming lysogenic, some bacteria lose their lysogenic
power, in other words becoming newly susceptible. These last properties of
lysogenic bacteria/viruses are most relevant here because they support some
choices in our model. We have allowed for “recovery” in our model, which
could be a way of modelling lysogeny, since most lysogenic bacteria do not
eventually lyse and produce phages and could be seen as recovering from their
infection. Although they are not mentioned as often, there are examples of the
widespread nature of lysogenic bacteria (also called temperate phages), as can
be found in [35], where the proliferation of temperate viruses in Lake Supe-
rior was studied. Campbell [11] and Lwoff [23] also report on the widespread
nature and significance of lysogenic (temperate) phages.

Some other potential applications deserve mention here. There is some
renewed interest in studying the use of lysogenic phages in the treatment of
bacterial infections in humans [37], due to the increase in antibiotic-resistant
bacteria. Also, enhanced bacterial diversity in wastewater treatment methods

might prove advantageous.



2 The model

Our model consists of two populations, competing exploitatively for a single
growth-limiting nutrient, S(¢). One population, species z, is susceptible to a
disease, and this population is divided into two subpopulations of suscepti-
ble (z,(t)) and infective (z;(t)). It is possible for the infective subpopulation
to recover from the disease, at rate . The second population, species y, is
not susceptible to the disease. We will analyse this system with a particular
interest in determining under what conditions the coexistence of all three pop-
ulations z4(t), zr(t), and y(¢) is possible. More specifically, we consider the

following model:

: a,25(t)S(t) 3 arxr(t)S(t) 3 a,y(t)S(t)

S'(t) = (8°—S(t)D

Ns nr My
z,(t) = ze(t)(—Ds + asS(t)) — dzs(t)zr(t) + yz1(t)
zi(t) = z(t)(=Dr+ arS(t)) + dzs()zr(t) — yxr(t) (1)

y'(t) = yt)(—=Dy +a,S(t))

with S(0) > 0,z:(0) > 0,z7(0) >0, and y(0)>0.

In the model S(¢) denotes the concentration of the growth-limiting nutrient at
time t; x,(t) represents the concentration of the “susceptible” population of
microorganisms at time ¢; x7(t) represents the concentration of the “infective”
population of microorganisms at time ¢; and y(¢t) represents the concentration
of the second population of microorganisms at time ¢. As for the parameters,
S0 is the concentration of nutrient in the nutrient reservoir; D is the rate of
inflow from the nutrient reservoir and is also the rate of outflow from the main

vessel (hence the volume is kept constant in a chemostat); D, Dy, and D,



denote the sum of the species-specific death rate and the rate of ouflow of
zs(t), x1(t), and y(t) respectively; as, ar, and «, are the growth coefficients
for z,(t), z1(t), and y(t) respectively; ns, 71, and 7, are growth yield constants
(i.e. representing the conversion of nutrient to biomass) for z,(t), zr(t), and
y(t) respectively; ¢ is the infectious contact rate of the disease (analogous to
B in the SI model described earlier), and « is the rate of recovery from the
disease.

It is natural to assume that being infected is detrimental to the x; popula-
tion (as suggested in [11]), and so this will determine the relative values of the
parameters. It will be assumed that x7(t) has a higher death rate than z,(t),
so that Dy > D,. By the same argument it will be assumed that o, > a;.
Hence % < %. It will also be assumed that the infected population is less
efficient in the nutrient conversion process, i.e. that n, > ny.

As for y(t), we will show that for all species to coexist, it is necessary to

assume that y(t) is a weaker competitor than z,(t), i.e. % > %.



3 Preliminary results

3.1 Well-posedness

Lemma 3.1 (Solution Positivity) Provided that z;(0) > 0 and y(0) > 0,
all solutions S(t), s(t), z1(t), and y(t) of system (1) remain positive for all
t>0. If z,(0) > 0 then x4(t) remains positive for all t > 0. Also if z;(0) = 0,
then z;(t) = 0, and similarly if y(0) = 0, then y(t) = 0. If z;(0) = 0 and
z5(0) = 0, then z4(t) = 0.

Proof.
Assume z7(0) = 0.

Since the right-hand side of (1) is differentiable, it follows by existence and
uniqueness theory for initial value problems that if z;(¢) = 0, the remaining
subsystem has a unique solution. If z7(0) = 0, z;(t) = 0 also satisfies the
xr equation of (1), and so appending z;(¢f) = 0 to the unique solution of the
subsystem gives the unique solution of (1). If y(0) = 0, a similar argument
yields y(t) = 0.

Since system (1) is autonomous, it now follows from the above result that if
y(0) > 0, then y(¢) > 0 for all ¢ > 0, since the face where y(t) = 0 is invariant.
Hence, by ﬁniqueness of solutions, y(¢) = 0 cannot be reached in finite time
by any trajectory originating in the interior of R%. Similarly, if z;(0) > 0 then
zr(t) > 0 for all t > 0.

Suppose that z,(0) > 0 and x;(0) > 0. Then z,(t) > 0 for sufficiently
small positive ¢. If there exists a ¢; > 0 such that z,(¢;) = 0 where z,(t) > 0

for all £ € (0,¢;), we have that z/(¢;) < 0. But this is a contradiction, since

by (1), z5(t1) = yar(t1) > 0.
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If 7(0) = 0 but z,(0) > 0, it follows that z4(t) > 0 for all ¢ > 0 using
existence and uniqueness theory. Similarly if z;(0) = 0 and z,(0) = 0 then
zs(t) = 0.

Lastly, suppose that there exists a ¢t > 0 such that S(¢2) = 0, and S(¢t) >
0 for all t € (0,t2). Again this would imply that S'(t2) < 0 and draws a

contradiction, since by (1), S'(t2) = S°D > 0.

Lemma 3.2 (Boundedness of Solutions) All solutions S(t), z,(t), zr(t)
and y(t) of system (1) are bounded for all t > 0.

Proof. Let A be the minimum of (£, £, %;L), and let o be the maximum of

(as, ar, o). By definition, D = min(D, D,, Dy, D,). Now, notice that:

S'(t)
7 (t)
()

y'(t)

(A

(S° = S())D — Az,(t)S(t) — Azr()S(t) — Ay(t)S(2)

IA

zs(t) (=D + aS(t)) — dzs(t)z1(t) + ya1(t)

IN

zr(t)(—D + aS(t)) + dzs(t)z:(t) — vz (t)

IN

y(t)(—D + aS(t)).

This means that

(s<t> + 20,0+ Zarle) + {;‘y(t)) < (8- s@)p - 22a,0)

-2 - 22400

— D(S°— S(t) - -’3-%(:5)

A A

~Zart) - Zy(e)

Now, let z(t) = S(t) + 4x,(t) + 4z(t) + 2y(t). Then using the previous calcu-
lation it follows that 2'(t) < D(S° — 2(t)). Solving this differential inequality

11



we get

2(t) < 80 — (8° — 2(0))e™P".

Therefore, given any € > 0, 2(t) < S° + € for all sufficiently large ¢. Since all
solutions are nonnegative by Lemma 3.1, then all solutions are bounded, for

allt>0.m

Corollary 3.1 The set
A 0
S = {(S7x37z1ay) : Saxmwluy > 070 < S+ E(Svs“i-x.r—}—y) <S }

is a global attractor for (1).

Proposition 3.1 Consider system (1). If there exists a to > 0 such that
S(te) < 89 then S(t) < S° for allt > to.

Proof.

Suppose that there exists a first £; > to such that S(¢;) = S° Then either
S(t1) = S, zs(t1) = z;(t1) = y(t1) = 0, and we are at equilibrium and remain
there forever, or at least one of z4(t1), z1(¢1), or y(t1) is positive.

But from (1) we have

N (0 _ _oss(t)S(t)  arzr(t)S(h)  oyy(t)S(h)
S'(t)) = (S°—S(t))D 7 nr Ty

o525 (t1)S°  arr(t)S°  ayy(t)S°
s nr Ty

< 0

by Lemma 3.1, and hence the result follows.

12



3.2 Subsystems

There are two subsystems of (1) that are of interest.

Subsystem: Disease-free system, z;(0) =0

asts(t)S(t)  oyy(t)S(¢)
Ns Ty
2 (t) = 25(t)(=Ds + :5(¢))

y'(t) = y(®)(=Dy+ ,S(t))

with S(0) >0, z,0)>0, and y(0)>0.

S'(t) = (S°-S(t)D -

If z;(0) = O then z;(t) = 0, and the system is equivalent to a two-species
chemostat model with no disease present, where the two populations are com-
peting exploitatively for the nutrient. This model represents a special case of
the model analysed in [39], where it is proved that, at most, one species can
survive. More specifically, if % > 59 then z4(t) — 0 as t — oo, or if % > S0
then y(t) — 0 ast — co. On the other hand if -&Dj < min (SO, %) then x,(t) is
the sole survivor, whereas if %‘ < min (SO, %) then y(t) is the sole survivor.

Subsystem: y(0) =0

3 a,;z5(t)S(t) 3 arzr(t)S(t)
Ns nr
2s(t)(—Ds + asS(t)) — zs(t)ar(t) +yzir(t) (2)

S'(t) = (S°=S@)D

1l

2, (t)

zi(t) = zi(t)(=Dr+ arS(t)) + dzs(t)z (t) — yor(t)

with S(0) > 0,z,(0) >0, and z,(0)>0. (3)

When y(0) = 0, it follows immediately that y(¢) = 0. This system has not

yet been analysed. Its local and global analysis will be included in this thesis.

13



In fact, much of the analysis of (1) is based on the analysis of this particular
subsystem.

Notice that if z;(0) > 0, a subsystem of (1) with z;(¢) = 0 is not possible.
The reason for this is that if z,(0) = 0 but z;(0) > 0, then z,(0) = yz,(¢) > 0.
Of course if S(0) = 0 there is also no subsystem poSsible without S , since the
S%D term in S’ keeps S(t) > 0. Note that when v = 0 the system (1) becomes
an SI model in the chemostat. This model has been analysed with a different

interpretation in [13] and [38].

14



4 Equilibria and Local Analysis

4.1 Equilibria

Equilibria of the following form are possible for (1):

Ey = (5°0,0,0)
E. = (S,%,0,0)
By = (5,0,0,%)
Ey, = (8% z;,3,0)

By = (8,2, &51,9)

where
N Y N
s Ds Qg Oéy
. (Dny o_ Dy s Dr—auS" 49
y = D S ) s 6 3
Y oy
. T3(=Ds+ a,5%)
BRI
* * * * .Ds D
§* satisfies (S0 — 1D — 2% _ 1m0 iy Do g Dry
Ts nr Oy ay

~ D, L D,\1 /1 . By(=Ds + a,8)
i %“{m+” ”<%)}@>’ S TR R

and §=|(8°~8)D- asdsS _ ardrS| (my )
Ns nr OlyS

1Please see §4.2.4 for justification.

15



4.2 Local analysis for subsystem (2)

Equilibria of the following form are possible for (2):

EO* = (307070)
B = (S,%,,0)

Eo = (8", z%,27)
where the components are as given in §4.1.

4.2.1 Jacobian for (2)

In order to determine the local stability of the equilibria we compute the

following Jacobian matrix:

-D - Z2g4(t) - SLar(t) —25(t) —5LS(t)
J= sz (t) —Dg + @ S(t) — oz (1) ~8xs(t) +
arz(t) Sz (t) —Dr+ a;S(t) + dzs(t) -y

4.2.2 FEy local stability

Recall that Eg- = (5°,0,0). Ep- always exists. Evaluating the Jacobian (4)

at Eg«, we obtain:

as Q0 a1 Q0
—D _”Iss #S
Jee = | 0 —Dg+ 0 S° ¥
0 0 —Dr+a;8° - v

16



Since Jg,. is upper triangular, the eigenvalues can be read directly from the

diagonal of the matrix:

)\1 == -—D
de = =D, +a,8°
)\3 = —DI + CYISO -y

Inspecting these eigenvalues, we can see that A\; < 0 always, Ay < 0 when
SO < gj and A3 < 0 when S° < 1{%. However, by our assumptions on the
growth and death rates, g—: < %Ql, and so Ey-« is locally asymptotically stable

if 8% < gf and is unstable if S® > %.

4.2.3 Ej- local stability

Recall that Ej« = (S, s, 0), where S = gj and 7, = (%{i) (S’O - Qﬁ). Ey.

g
exists when its first two components are positive. The first component is
always positive, and the second is positive when S° > —gf. Hence E;+ exists
when S0 > L.

Now, evaluating (4) at Ey+ we obtain the following matrix:

— 93 g
-D s 77sS #S
JEI* = asis —"Ds + asg “6@3 + 7
arZr 0Tt —DI+QIS+55ES_'7

Substituting in our specific values for Ey« gives:

-D-(2) (°-2) -5 (%) ~s (&)
(A(8) pre(®) (85
0 0 ~D,+a,(-§f)+(5—g{&)(so %) "

17



which reduces to

_s8°D _Ds oDy
D, Ts nI0s
)(e-8) o (&) (e
0 0 —D]—f—Oé](%)'}-(é—%gi) (SO—%)—’Y

The characteristic equation is:

0
()\+D[—a[§—5:fs+’)/) ()\2+ (9—3——;2>A+%D (SO—P—E>) =0.

s g

One eigenvalue comes directly out of the linear factor of this equation, yielding

the first condition for stability of Ey:
Al = —D1+a15+5§75—’y<0.

This leaves a quadratic in A:

0
22+ <°‘35 D) A+ o, D (SO—%) ~0,
D, a,

which can be analysed using the Routh-Hurwitz Criterion for two dimensions.
That is, for a second order polynomial, the roots have negative real part if
and only if the coefficients of the characteristic equation are positive [15] [18]
[30]. The coefficient of the linear term is always positive. The constant term
is positive whenever Ei- exists.

Hence, when it exists, Ey« is locally asymptotically stable when —Djy +
arS + 6%, — v < 0. Substituting for S and &, this condition can be rewritten
as S° < E—gf]:(fy + -D—o‘f?i + Dy — ﬁ‘fé—?i) Combining the existence and stability

requirements it follows that Fj- exists and is locally asymptotically stable

18



when 22 < §0 < J—-(’y + 2 5 e + Dy — "”D’) and is unstable when the right

inequahty is reversed.

4.2.4 E, local stability

Recall that Ep. = (S*,z%,a}), where g} = 2=+ g% = ZiDotesd) 54

(625-7)
S* satisfies (S° — S*)D ~ a’fhs* - 9—’—21—— 0. So that z* > 0 and 2} > 0, it

follows that 2= < §* < 211,

f Proof: z¥ > 0 < S* < Dé—;”‘, and z7 > 0 if and only if both its numerator
and denominator have the same sign. If §* < % then the denominator is
positive but the numerator is negative. If §* > % then the numerator is
positive and the denominator is negative. However, they are both positive if
DS <dn

Now, let us examine the conditions for existence of this equilibrium.

Lemma 4.1 (Existence and Uniqueness of Fo. (when 7, > 1)) Eo ez-

ists and is unique if SO > spe-(y + Do 4 p, - ezDa).

See Proofs (§8) for a proof of the above lemma.
We now return to finding conditions for the local stability of Fo«. Evalu-

ating the Jacobian (4) at Ep+ we obtain:

D — Qg _ QU — Qs G _orgx
ns S nr I Ts
Jg, = [ D, + aS* — dz7 -0z + 7y ,
arxy oz} —Dr + oy S* + 6z —
which simplifies to
_ 5D — Qs G — 9 g
& s 7
z*
ey  — =0z
ajzy Oz} 0
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The characteristic equation is of the form A3 4+ a1 A2 4 ao\ + a3 = 0, where

‘ S°D g}
a; = ,
S* Ty
SOD * 2k Qo 2 *S*
a = 2 " *a:, +a3sz +5m}(5w§——’y)+gﬂ-——, and
xS Ns nr
§S°Dzy e af1 1
a3 = = L6zt — ) + 068 ztx} (E - i)
e S* * 2 S* *\2
n KT +041’Y (f[) _
Ts NTs

By the Routh-Hurwitz Criterion for third order polynomials , all roots of the
characteristic equation have negative real part if and only if a; > 0, az > 0,
and ajas > ag [15] [18] [30]. Given the positivity of parameters, a; > 0. The
coefficient a3 is positive when Es. exists, i.e. when z¥ > —}.

Finally, we investigate the final condition, ajas > as:

(S°D)%yzx: 4 S%D (o) + S°D(ay)?z} N v2S°D(x})?

aijag —ag =

3(5*)? s m S*(3)?
a 2 CL'*S* 25 CE* 2
+( 5) Y] + 82 (zt)? — v (*1)
s Ty
o065 TiT] + o005 Tiw] o yapS”
nr Ns Ns

Since S’(t) = 0 at equilibrium, it follows from (2) that

S0 = 1 (S*D+

oz S*  arxiS*
= et

Ns nr
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Therefore,

2
% asxtS* arxisS* %
(S D + ___;;___. + _#) fywl_

G103 —az =

*(S*)2
. (S*D 4 QeTad” “’w*s* + —J—QIZ;:S*) (as)?xt
Ms
N (S*D 4 QeS8 asw 5 + aIa:I:[S*) (011)213}
nr
% asm *o* arrisS* ¥\ 2
S*D + == + == ) (a])
- S
OIS e POP_ ascubSaia;
Ns T nr
+a3a168*x:x} _ asaryzrS*
Ns Ts
_ (MDD (?es(en)? | (N’ou(x])® | Diysp
(z3)? T3Ms (z3)%m T3
L 2asyaiD 207(2})?D | (asfyeie; | 2asary(a))’
s TNy (ns)? NsN1
VEen)? | (@S D (@)@ | (enfarmiais”
z3(nr)? Ns (ns)? NS
+(a1)2:c’;S*D N (o) xtxhS* N (ar)3(z3)25* . (as)2yz3S*
nr NsNr (n1)? Ms
arS* 0S*xrx%
+78(e5)’ (6— %) 4 QST (g ) BUE T
xs Ms nr
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Factoring out a common denominator we have:

a1y — as

1 * *( % *
— =5 (e (7)2(21)2 D + nenf (1) 20zl (23)? + nlnr(7) e (2})®
ns nl(xs)
+D*intyziat + 2naniyes(2})’ws D + 2nnyarzl(z}) 2D

+npy(as)(@3)’ e} + 2nanryesar(a3)*(27) + miv(an)’al (@)’
+15117(0)*(23)°S* D + 1 (0)* (23) 8™ + nimr(ar)*(27) 1S D (5)
Hnsnrasar(y)* a7 (s + o — nsd +n0r8) + 07 (er)*(2)? (27) 8"

+anpyday (27)* (027 = ) + nenty () *ai(as — ar)).

Now, recall that if a;a; — as > 0, we have local asymptotic stability. Since

we are assuming that o; > a; and z} > % holds in order for F5 to exist, a

sufficient condition for ajas —as > 0 and hence for Es« to be locally asymptot-

ically stable is that 9‘—1—}% > ns — nr. Although the number of positive terms

seems to far outweigh the number of negative terms in ayas — ag, E2« can lose

stability through a Hopf bifurcation, as we will show later.

We have just proven existence, uniqueness, and local asymptotic stability

of Ey« when n; > ny. For the case when n; > n,, we can similarly obtain a

condition for existence, uniqueness, and local asymptotic stability of Es«, as

summarized in the following results. In this case it is also possible for there to

be multiple E9+ equilibria, which will be illustrated with an example.
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Lemma 4.2 (Existence and Uniqueness of Ey. when n; > n,) Ex ezists
and is unique when S° > 3%}];(7 + %sf’f- + Dy - 9‘—017131) and when either of the

following criteria hold:

(a) Dr <+, or

(b) nr < g5 Xp: + s

See Proofs (§8) for a proof of the above lemma.

Lemma 4.3 (Local asymptotic stability of E.. when n; > n,) Ea- is lo-
cally asymptotically stable when ny < —52Y0_— 4 q. (this is criterion (b) for

asDy—a;Ds

eristence in the previous lemma).

See Proofs (§8) for a proof of the above lemma.

Remark: In the case where n; > 75 and where criterion (b) from Lemma 4.2
is not satisfied, it is possible for more than one Ey« to exist. See below for a
detailed example of this case. Also in this case, it is interesting to note that
aiap — ag is always positive (see equation (5)), and so loss of stability is never
via a Hopf bifurcation. However az < 0 is possible.

Example of nonunique Es-

As mentioned above, it is possible for more than one FEs« equilibrium to
arise. Recall that even though we have no explicit expression for Fo«, we can
examine it by examining the function f(.5), whose roots give possible values for
the S component of Eqg«. f(S) is defined explicitly in the proof of Lemma 4.1,
in §8. We are only interested in roots which give an Fo. with all components
positive. Hence we only consider roots that fall in (%:, %) It is possible to

have three valid roots when the criterion (b) of Lemma 4.2 fails, i.e. when

nr > gptls- +ns. We give a specific example of this case below, along
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with a graph of f(S) under those circumstances. Note that two of the three
equilibria of the form Fy« arise out of a saddle-node bifurcation, which will be
described in more detail in §6.

Take the following parameter values:
S°=110, D=019, D,=02, D;=1, §=1,

o; =05, or=04, n;,=001, nr=1 and ~v=0.02

Note that the feasible region for S* where we get positive equilibria is, in
this case, in S* € (Qi P—L) = (0.4,2.5). Note also that the criterion 7y <

as’ o

B Ts- + ;s fails in this case, i.e. that 771 =1> o52ls 4+, & 0.01024.

These parameter values give the function
F(S) = —0.07925% + 0.40245° — 0.594684S + 0.209.

Solving f(S) = 0, we have three distinct equilibria Fo, with S* component
equal to: 0.5094696702, 2.074468768, and 2.496869643. Note that all three fall
in the valid region (where the components of Eq« are positive) of S* € (0.4,2.5).
See Figure 2 for an illustration of f(.5) and its three valid roots.

This completes the local stability analysis of subsystem (2).
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s

—— £(8)

-0.

Figure 2: f(S) vs. S(¢) when n; > 55 + n,; parameters are D = 0.19,
Dy =02 Dr =1, ag = 05, ar = 04, 7, = 0.01, oy = 1, § = 1, and
~ = 0.02; modelled in MAPLE. Note this cubic has three roots in the interval
(-& —L) (0.4,2.5): 0.5094696702, 2.074468768, and 2.496869643, and hence

as? oy
E5. is not unique in this example.

4.3 Local analysis for the full system
4.3.1 Jacobian for (1)

Taking the partial derivatives of S'(¢), z.(t), z7(¢), and y(t) from (1), we

compute the following Jacobian matrix:

—D - &2a,() - Shar(t) - Sy(r) ) —FLs() - L s()
J= aszs(t) —Ds + agS(t) — 6zf(t) —dxs(t) +v 0
arzr(t) Sxp(t) ~Dr + arS(t) + dzs(t) — v 0
ayy(t) 0 0 —Dy + ayS(t)
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4.3.2 FEj local stability

Recall that Ey = (590,0,0). Ep always exists. Substituting Ey into the

Jacobian (6), we obtain:

- s QO _or Qo o 0 -
-D —Z—SS il”;S ;VJ;S
0 —-D,+a,9° v 0
Jg, =
0 0 ~Dr+apS°% -y 0
L 0 0 0 —D, + o, S° ]

Notice that the above matrix contains the Jacobian matrix for Eg+ as a subma-
trix, and so its characteristic equation is based on the characteristic equation
from Jg,.. Hence S0 < g—: (which arose from the analysis of Jg,.) is a neces-
sary condition for the local asymptotic stability of Fy.

The fourth (new) eigenvalue A = —D, + @, S° is negative when S° < —gf.
Therefore Ej is locally asymptotically stable when S° < min (%, %), and

unstable if S° > % or SO > %.

4.3.3 Ey, local stability

Recall that By, = (5, %;,0,0), where § = £= and z, = (%) (SO — —Qi). As
with Ey«, Eq, exists when —5—: < S°,

The Jacobian (6) at By, is:

__aaSOD _Ds _oarDy _oayDs
Dg Ns o nics Nys
s%p _ Du; 758°D _ Dy
Jg,. = | Iy -G 0 =6 o - Tr 0
1z — _ D 7:8°D _ Dng
0 0 Dr+aj a—:— +4 st e 0% 0
0 0 0 —Dy+ay Be

Qg

Again, notice that the above matrix contains the Jacobian matrix for Ei- as a

3x3 submatrix, and so its characteristic equation is based on the characteristic
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equation from Jg,.. Its eigenvalues have negative real part provided S° <
3%’57—3(7+P§:7£+D1 — ele)

The fourth and “new” eigenvalue that arises in system (1) is A = —D, +
oy ( ) This eigenvalue is negative under the assumption £ D. < , and so
E,, exists and is asymptotically stable When <8< 317‘%“(7 + D Dons 4 Dy —

""Ds) and L= = < Dy,
Qy

4.3.4 E,, local stability

b ~ : & D \J
Recall that By, = (5,0,0,7), with § = 2 and § = (PD—Z}) (SO _ gg) o
exists when S° > 2—:. We will show that it is locally asymptotically stable
when it exists and when 'gf' < aD—:‘

The Jacobian (6) at Eyy is:

- _ayS°D _asDy _auDy _Dy -
Dy Ns Oy nroy Ny
0 "Ds + %ﬁ fY O

Y
JE,, = D
0 0 ~Di +a; (;3) —y 0
(ﬂ%) (SO - PJL) 0 0 0 |
" Dy Qy

The characteristic equation is:

(-D, Dy /\> <—D3 4Dy ,\) .
x (6

Y

[,\2 + E%FA + (e, D) (SO - l—)ﬂ)] ~0.

Two eigenvalues are immediately clear:

A = aI(&-QLﬁl)

Qy, oy
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- o(B-2)
ay o

Both A; and A, are negative when L < 4
We can use the Routh-Hurwitz Crlterlon for the remaining quadratic in
A, which requires that the coeflicients of the quadratic be positive [15] [30]
[18]. The first coefficient, 9—%)—3—?, is always positive; the second coefficient,
(SO ) is positive when E), exists.
Hence, Ey, is locally asymptotically stable when it exists and when %‘ <

——i but is unstable 1f > —i

4.3.5 E; local stability

Recall that Fy = (S*, 2%, 3, 0), with the following conditions: x* P—’—”—"‘gﬁ&—%

o = BCDetas) and §* satisfies (S0 — S*)D — gﬂ-zi-s-: HELZ = 0. So that
Gzl "

2} > 0 and 7} > 0, it follows that 22 < $* < —l This criterion is proved in

§4.2.4.

Lemma 4.4 (Existence and Uniqueness of E, (when 7, > n;)) E; exists

and

s

is unique when S° > 5B (y + 2= 4 Dy — &P=),

Proof. For the proof of existence, refer to the proof of Lemma 4.1 in §8.
We now determine conditions for local asymptotic stability of F5. Evalu-

ating the Jacobian (6) about E; we obtain:

__s_;*g —mgr g _7]53* -
ogz; =Bl —fxi 4y 0
arry 0} 0 0
L o 0 0 —Dy + o, S* |
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The characteristic equation is (A + Dy — 0, S*)(A® 4+ a1A2 + agA + a3) = 0. In
the cubic, a1, az, and a3 are defined identically to those defined for Ey«. Hence
the same analysis applies, and so when it exists and is unique, a sufficient
condition for E; to be locally asymptotically stable is that 9%—% > ¢ and

S* < -&D—g. See §4.2.4 for more details.

4.3.6 Ej; local stability

A

Recall that E5 = (S, &, &1,7), where

§ =5
oy’
. D 1
= [ (@2))6):
ii’] = m5(~{)3+ass),and
(63;3—7)

<
il

~ (SO _ S,)D _ assz _ a[iE[S nyA '
Ns nr (l{yS

E5 exists when each of its components is positive: S is always positive; Z, is

D
positive when Dy < D—’—l Z1 is positive when < gnd ;’ < —i and ¢ is
Qy
as(D1+v——f—yl) az(D1+'y—~1——")( Dy+ 222
s énz(Dz—J_y.)

positive when S’O > % [ o+ D] Now,
since 21 < is stronger than < —D’—l, we can dlscard the latter condition.

Hence F5 exists when 2 < —“ < —L and when

D
S0~ Dy O‘S(D1+7——{;ﬁ) aI(D1+7-—171)( Ds+as—yy') D
oy dns 57][(D1—££§£) ’

Proposition 4.1 If an equilibrium of the form Ej exists, then Ey,, Eyy, and

at least one equilibrium of the form E, exist.

See Proofs (§8) for a proof of the above proposition.
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It is interesting to note that it can be shown that § < S* is also necessary

for the existence of F5. This result is included as a lemma below:
Lemma 4.5 If Fy ezists, then §* > § = %.

See Proofs (§8) for a proof of the above lemma.

We consider the local stability of E3 in the special case: 1, = ny = 1 and
D =D, =D; = D,. (See Appendix A.1 for the analysis without this restric-
tion on the parameters.) Restricting the parameters in this way simplifies the

analysis since it allows us to consider a limiting three dimensional system.

Let
o0 apy . Bs(B) =) y(®)
2(t) = S” — S(¢) " " —
Then
e apny . Ts(E) () y()
2 = =50 -7 7 Ty
=2(t) = —-S°D+S{t)D+ :ES(;)D + a:’(;)D + y(;)D

_ _ zs(t) =) | y()
= D( SO+ S(t) + - + - +77y>
= —Dz(t)

= z(t) = 2z(0)e P

As t — o0, 2(t) — 0, which implies that as t — oo, S(t) + -m—s-%) +zld) | %) —

1 n
SO
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Therefore we can consider the three dimensional limiting system obtained

- =G0 _ =M =)y,
from (1) by replacing S(¢) by S(t) = S - - —

2() = o(t) <—-D +a, (50 - xf) - ”"’:) - y,ﬁj’)) — Szy(t)a1(t) + 1

(t)

) = oi(t) (—D +a (50 _slt) _wly) y(t))> + bzy(Har(t) — yoi(t)

n n My
)

O =)

I

y'(t)

This system has the corresponding interior equilibrium Ejn; = (Z5,Z7,9). The
three eigenvalues of this system will have the same sign as three eigenvalues
of the full four dimensional system; the fourth eigenvalue is negative. The

Jacobian matrix for (7) reduces to:

—asds 2% _cads 54 —Qas
7 s U] s T My
oydy 8% oy _opdy
n + 1 n Ty
_oud _ o — oy

1 n My

The characteristic equation is of the form A3 + a;\? + ag) + asz = 0, where

as-/i's 7£I Ot[-’i'[ ayﬂ
a = o

~

n Ts n Ty

Zr [ orZ o), 0T,% A oz
as = :771< Lt I yy)-{— Z I(as——al)+6m1(6ms—7)+——-—7 ! I, and
Tg n Ny n n
(SCX:EIQ R
az = . (5‘778_"7)‘
Ty

By the Routh-Hurwitz criterion [15] [30] [18], local stability of F;y; is guaran-
teed when a; > 0, ag > 0, and ajas > a3. It is clear that a; > 0. Under our
assumption that o, > o and that Ey,; exists, i.e. that &, > 7, it is clear that

as > 0. As for ajas > as:
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~ A

T I ok o, Ir (arZ o,
Gty — a3 = <g+’7_1+_1_1+_uﬁ> {u(_f_u_zﬁ)

n Ts n My Ts n My
023 e ord
Loy — o) + 0 7(85, — ) + 1L f}
oo, 2y, ..
_.__y_fﬁ(gxs — )
My

o Zr ol 2y (oulr  ayf
:<ss+y+II>I:ZA_£<II+__yﬂ>

n Ty n Zs n My

5§3st ’yaIC@I:l

(Oés - Ol]) =+ 5:3\31((5.'%3 — ’}’) +

Lo [ﬂ (gﬁ—f- + gzy_y) L ar) + mli’].
My L %Zs n My n n

Under our assumptions that a; > «; and that F,,; exists, i.e. that Z;, > 1, it
is clear that ajaq — a3 > 0. Hence E;,; is locally asymptotically stable when
it exists. However, our parameters are still limited by our initial assumptions
that n, =9y =n and D = Dy = Dy = D,. Hence we have shown that under
these restrictions on the parameters, Ej is locally asymptotically stable when
it exists. If we relax these assumptions it is possible for E3 to lose stability
through a Hopf bifurcation as will be shown later.

Note that since eigenvalues of a matrix are continuously dependent on the
parameters, it follows that local stability of Es still holds at least under small
perturbation of the parameters. See for example Figure 3, where we obtain
coexistence of all three populations even though the difference between the

D’s as well as between the 7’s is relatively large.
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25 T T T T T T T T T

z5(1)

15 =
FK u()

Concentration of microorganism and nutrient

5 -
zr(t)
L S(t)
0 1 1. i 1 1 ] 1 1 1
0 10 20 30 40 50 60 70 80 90 100
Time

Figure 3: Timeseries illustrating coexistence of all three species in system (1).
Simulated using MATLAB [19] and XPPAUT [16] software with parameter
values: S° =10, D = 8, D, = 10, Dy = 20, D, = 15, a5 = 7, oy = 5,
oy =6,1,=10,nr=5,n,=17,0 =0.7, and v = 0.2. Initial conditions were:
(8(0)7 ‘,‘US(O)) CL‘[(O), y(O)) = (10) 27 3’ 5)
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Recall for the next two tables that our assumptions are: D, < Dy, o, > oy,

E:'<_L andﬂsZW-

4.3.7 Table 1: local stability of subsystem (2) summarized

Table 1: Equilibria - Existence and Stability

Existence! Local Asymptotic Stability

(assuming the equilibrium exists)

Eo- always S0 < L
E- SO> L S < 3B (y + Bl + Dy — 422e)
Ep | 8°> gBe(y + 2% + Dy — 242x) el > g

4.3.8 Table 2: local stability of the full system (1) summarized

Table 2: Equilibria - Existence and Stability

Existence! Local Asymptotic Stability
(assuming the equilibrium exists)
Ey always 5% < min (—gf, %)
Ei S0 > 2‘1 *
D D
By, S > ;;3 o= <t
By | 8% > 5B (y+ B2 + Dy — ¢ile) aster > 5t and §* < 2t
Es —&f < —‘L < ——L and ** when it exists™*

t An equilibrium is assumed to exist if, and only if, all of its com-
ponents are nonnegative.
! This condition is only sufficient. See §4.1 for more details.

*S°<5;-(7+D53+D1 Dﬁ)and—l>—j
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as(D1+’Y‘%"‘) aI(D1+‘/*2{.§“)(—Ds+%§E)

ayD + D
&1a ény (Dr—~=L2%)

sk SO > %
*** This is only proven under the assumption that n, = n; = n and

D=D,=D;=D,.
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5 Global Analysis

Since they will be used several times, it is useful to see the following theorems,

with consideration of the following system:

a'(t) = f(x(t), (8)

where f : Q* € R® — R is a continuously differentiable function. The next
two results are as written in [39] although the first was originally proved in
Lyapunov’s 1892 doctoral thesis (according to [27]).

Definition:

We call V' a Lyapunov function on Q C Q* for (8) if
(i) V is continuous on 2,

(ii) V is not continuous at Z € Q (the closure of ) implies that

lim V(z)=+4o0

T—E,2€0

(iii) V=VV-f<0onQ.

Theorem 5.1 (LaSalle’s Extension Theorem) Assume that V is a Lya-
punov function for (8) on Q. Define Q= {z € QNQ* : V(z) = 0}. Let M
denote the largest invariant set in . Then every bounded (fort > 0) trajectory

of (8) that remains in Q (for t > 0) approaches the set M ast — oo.
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5.1 Global stability of steady states of subsystem (2)
5.1.1 Ey« global stability

Recall that Ep» = (5°,0,0). Using a Lyapunov argument, we will show
that Eo« is globally asymptotically stable when it is locally asymptotically
stable (ie. S° < £=) and when S° < 2L(I), or, in other words, when
S0 < min{—%’%, 2.1,

Consider the following Lyapunov function:
V(S, zs,21) = S — 8° — S%(In(S) — In(S°)) + kyxs + Koy

with ky, ko ﬁositive non-zero constants to be determined.

At the equilibrium Eg., V(Eg+) = V(S5°,0,0) = 0. It should also be shown
that V (S, zs,z7) > 0 for (S, zs,21) # Eo-. The last two terms are always
positive. Looking at the remaining terms which form a single-variable function
in S it can be shown that this function has a negative derivative for § < S°
and positive derivative for S > S° Hence it is decreasing to Fp- and then
increasing after it, or, in other words, V has a minimum at Ey« and is positive
elsewhere. Hence V' (S, z;, z1) > 0 for (S, z5, 1) # Eo-.

We want to show V < 0 under the conditions stated above.

V = S—§<§)+m@+@m

_ assz _ Oé[il?[S
Ms nr
S0 { oszsS  orzrS
—= (8- 8)D - —— —
S ( ) s nr
+ki|zs(=Ds + asS) — dzszr + yIi]

= (S8°-9)D
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+ky[zr(—Dr + 01S) + zsx1 — v/

= (8°-9)D (S;SO) -z [%S(S—SO) —k1(~DS+aSS)}

—$1 I:%—II-(S — SO) - kl’)’ -+ kz’)’ — kz(—D[ + O!IS):I

—zs210{ky — ko)

Let kK = k; = ko. Then we have

vo— (P%ﬁ) o :-‘7’7‘_:(5 — 8% — (=D, + asS)]

~1; {%(S ~ 8% — k(~Dr + aIS)}

_ q0y2 -
= __(_DLS,__?_)_)_% asS(—l——k>—g-’lS°+kD3:|
L

S s Ms
1
-y |:OIIS (—— - k) - 9‘__1:50 + k)DI}
n nI
= T14+T2+7T3

Clearly T1 = — (D (5530)2) is nonpositive. Taking k = n——ls, both
T2 = -z, (0,8 (& — k) = 25°+ kD, | and
T3 = —z; [qu (;711- - k) - %So + kDI] are nonpositive when Eg. is locally
asymptotically stable (S° < £=) and S° < %(%) This gives V < 0.
Now, recall that S < S° (due to Proposition 3.1), and S° < g—: when Eqg-

is locally asymptotically stable. These inequalities will be used below. We will

write V in the following way:

V—_—~P0—P1—P2

for Py,P1,P, > 0. V=0ifand only if Py = P, = P, = 0. First, Py = 0 <
S = 5° This leaves P, = xs[—-ﬁl;(—-Ds + a55%)] = 0, which can only be solved
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by z; = 0. The same is true for P,, and so z; = 0 also.

In other words, V = 0 <= (S, z,, z1) = (5°,0,0).

Then, by the LaSalle Extension Theorem, since all solutions are positive
and bounded (by Lemmas 3.1 and 3.2), every solution of (2) for which S(0) > 0,
zs(0) > 0, z7(0) > 0, approaches M, where M is the largest invariant subset
of

Q = {(S, 25, x1) € intR : V(S,z,,zr) = 0}.

Since the only option for  is Q = {(S, zs,z1)} = {(5°,0,0)}, then M = =
{(S°,0,0)}, and Ey- is globally asymptotically stable when S° < min{%—:’%, 2.3,
Note that if 7, = ny (which is not unlikely), then Eo« is globally asymptotically
stable when it is locally asymptotically stable.

Remark: In the less likely case that n; > 7, instead take k = % We then

have that Fy. is globally asymptotically stable when S° < %(%)

5.1.2 E;. global stability

Recall that Ey. = (5,3,,0), with § = L« and 7, = (2:) (89— L), Using
a Lyapunov argument, we will show that Ej- is globally asymptotically stable
when it is locally asymptotically stable (i.e. S° < ?s'g‘f;:(7 + %‘5:21 + Dy — 9‘—551))
provided that the parameter Dy is sufficiently large.

Consider the following Lyapunov function:
V(S,zs,7r) = S—8—8(In(S) —In(S)) + k1 [zs — T — Zs(In(z,) — In(Z,))] + kazy

with k1, k2 > 0 positive non-zero constants to be determined.
At the equilibrium Ej«, V(E;+) = V(S, Z,,0) = 0. Next, it must be shown

that V (S, x5, 21) > 0 for (S, z,, z1) # E1». To do this, we view V as a compo-
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sition of 3 single-variable functions, the first two of which are the same, while
the last is clearly always positive for x; # 0. The two similar functions have
negative derivative for S < S and z, < I, and positive derivative for § > §
and z; > Zs. Hence V has a minimum at Fy+ and is positive elsewhere, or, in
other words, V (S, zs, z) > 0 for (S, z,, zr) # E1x.

We will now examine the time derivative of V:

V = S (§—_S> + k1% (ms — Es) + Koo'y

S s
S — g OZSZESS O[]iE]S]
= (222} |(s° - S)D — —
( S ) l:( ) Ms nr
ik (‘T; “’) [25(—Ds + s S) — Sx4w1] + kryar (‘”; "”)

+kolzr(—Dr + a1S) + dxsxr — yay)
. S — S’ 0 Olsjss
= (557) [ - 9022
(S’— 5’) [ozsa“:sS 0, ZsS oq:c[S]
_..|_ - -
S Ns Ns nr

-I—kl(.’Es — Es)as (——’l?—s + S)

Qs

Ts — s

k z 'k
+k‘2(131 |:—DI + OZIS + 5$s - -+ “1")/ ( ) - '];;15(373 - 535):|

ka s 2
- (55 o022

Ns
QoTs _ 9‘—6‘”—] + k(, — F5)as(S — )

8 8§

+w—$[

k 8 _s
—|—k2:c1[-D1+a15'+5333—’y+—1’r (56 ad )

k?. Ts

- (S — S)O(I

A (g, — &) — 22U
2 (@ ) kanr

]

- (-

—a <ni> (S ~ 8) (x5 — ) + k1025 — T5)(S — §)
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k ki [ Zs
+k2l‘][—D[ + a;S + &L's -7+ ’Y"l - ’Y—l' "x‘"
kz .ICQ Ts
k)l kl _ Soq S’Oé[
——=02s + —0%, — — + ——
ko ko komr — kanr
- 1
= T1+0,(S ~ 5)(zs — 7,) <k1 - 5-)
CYIS E]_

k1
_D, 1212 5%, — s
+k2x1< r+ o + % T ’y—l—’ykz)

1 k1> ky (cﬁs)]
+k Sll—— ) +0z, {1l —-—] —yv—{—
2 [a; ( k2771> < ks 7k2 Zs

First, let k7 = %, to eliminate the second term. Then we have:

. 0115' 0T, 0% )
V = Tl4+kxy | ~Dy + —+ -
2 ( ! konr — msko i Nska

1 1 Y Zg
+k2$1 l:aIS (1 - Eﬁ?) * 5333 (1 B nsk2> N nsk2 (@9)]

where T1 = (S“§> {(SO—S)D— %ﬁ] < 0 always: if S € (0,5], then

S s

(ﬁg—g) <0 and [(SO—S)D—-%;%—] =S8%D (l—gﬁsﬁ) > 0; and when S > S

then the signs are switched, and it remains that 71 < 0. Now, let ky = ;71:

We now have:

V =T1 -+ l.’l?[ <—D1 -+ E(OCISY) + 5Es> + l.CCI I:Q’]S (1 — E) - (fﬁ)} . (9)
Ts nr s n

Now, recall that Fi« is locally asymptotically stable when
—Dr+ ;S + 6%, — v < 0.

Note the similarity between the above condition and the second term of (9).
Now, since it is likely that the difference between 7, and n; will be small, the

%(a;S’) term will not be much bigger than o;S. So if D; is sufficiently large,
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then the second term is nonpositive. The third term is clearly nonpositive,
and so with D; sufficiently large, V < 0.
It is worth noting that if n;, = n; = 7,
: 1 _— Z,
V=T1+-—IL'] —D1+O_’[S+(5£Cs—’7 — ,
n Ts
which is nonpositive for all ¢, except for when Z; < z,. However, in that
exception, V < 0 if D; is sufficiently large.
Now, given that Dy is sufficiently large and recalling that F,« exists and is
locally asymptotically stable when 2= < 5% < $Be-(y + 25_:11 + Dy — 42¢), we
investigate the conditions for V = 0.

Rewriting 9, we obtain:

V=T1- (—1—) z7(Pp)

L]

where Py = [DI - %(O&[S) —0%s — arS (1 — f’j) + 7y (%)] P, > 0 when D;
is sufficiently large. By expressing V' in this way it can be seen that the only
way to solve V = 0 is when 71 = 0 and z; = 0. It has already been shown
above that whether $ < Sor S > 5, T1 < 0. Hence only § = S solves T1 = 0.

In other words, V =0if S = S and z; = 0. Then by the LaSalle
Extension Theorem, since all solutions are positive and bounded (by Lemmas
3.1 and 3.2), every solution of (2) for which S(0) > 0, z,(0) > 0, z;(0) > 0,

approaches M, where M is the largest invariant subset of

Q == {(Sy iL's,ilJ[) E ZntRi M V(S) xs,mI) — O}.
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But
Q= {(S,zs5,21) € intRY : S = 5,27 = 0,25 > 0}.

This implies that S’ = 0 and 2} = 0, although the latter will not be needed.

Taking S’ from (2), we get:

_ asxs(t)S(t) _ aI:vI(t)S(t)

S' = (8° — S(£)D ns -

=0.

Substituting in S = S and z; = 0, we get:

(sO—S)D-%ﬁ;-@Ezo.

This can be solved explicitly for z4(t), yielding

z(t) = % (50 -~ %) = ..

Hence the largest invariant subset of  is M = (S5, Z,,0) = Eix, and so Fy: is
globally asymptotically stable when it is locally asymptotically stable provided
that in addition, Dy is sufficiently large.

Remark: If n, < 7y, then take ky = ;11-
. 1 -
V = T]. -+ —Xr (—-DI +a15’+ Q{((st) - ( — ﬂ{))
nr Ms Ns
oo (1 1) - 52 (2)
o Ns Ms Ts

A similar argument to the previous one applies, resulting again in V < 0

for Dy sufficiently large. Hence, in this case, Ej« is globally asymptotically

stable when it is locally asymptotically stable provided that in addition, Dy is
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sufficiently large.

5.1.3 E,. global stability

The following three theorems will be needed for our argument. The first is
a consequence of the Poincaré-Bendixson Theorem, which is also called the

Poincaré-Bendixson trichotomy [31]:

Theorem 5.2 (Poincaré-Bendixson trichotomy) Let vyt (yo) be a positive
semi-orbit of (8) which remains in a closed and bounded subset K of R?, and
suppose that K contains only a finite number of rest points. Then one of the

following holds:
(i) w(yo) is a rest point;
(i) w(yo) is a periodic orbit;

(iii) w(yo) contains a finite number of rest points and a set of trajectories ;
whose alpha and omega limit sets consist of one of these rest points for

each trajectory ;.

Theorem 5.3 (Dulac criterion) Suppose that (8) is two-dimensional. Let
T be a simply connected region in R? and let B(z) be a continuously differen-
tiable scalar function defined on T'. If V(f(x)B(z)) does not change sign and
is not identically zero in the region I', then there are no nontrivial periodic

orbits in I". [31]
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Next is a result from [31] regarding asymptotic systems. The result is as

follows: [31]

Consider two systems of ordinary differential equations of the form

7 = Az, v = f(z,v), (10)

and

z' = f(0,z), (11)

where

AeR™xR™, z€R™, (2,y) €S CR™ x R",
zeQ={z:(0,z) eSS} CR™

Some assumptions are necessary for the result: f is continuously differentiable,
S is positively invariant for (10), and (10) is dissipative in the sense that there is
a compact subset of § into which every solution eventually enters and remains.

The following theorem will require the following hypotheses:
(H1) All of the eigenvalues of A have negative real parts.

(H2) Equation (11) has a finite number of rest points in 2, each of which is
hyperbolic for (11). Denote these rest points by X1, Xa,..., X,.

(H3) The dimension of the stable manifold of X; is n for 1 <4 < r, and the
dimension of the stable manifolds of X is less than n for j = r+1,...,p.
In symbols, dim(M*(X;)) = n, 1 = 1,...,r; dim(M*(X;)) < n for

j=r+1,...,p
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(H4) Q= UL, M*(X)).
(H5) Equation (11) does not possess a cycle of rest points.

Theorem 5.4 Let (H1)-(H5) hold and let (2(t),y(t)) be a solution of (10).
Then, for some 1,

lim (z(t)ay(t)) = (O’Xz)

t—00

In other words, S C i, A*(0, X;). Furthermore, | Ji.,,; AT (0, X;) has Lebesgue

measure zero.

The proof of this theorem can be found in [31].
We now consider the special case that D = D, = Dy and 1, = n; = 7.

Subsystem (2) then becomes:

v oo ey ®SE)  armr()S()
S) = (- 5@)D -2

n
() = zo()(~D + aS({t)) - Say(B)s(t) + v (t) (12)

2h(t) = zr(t)(=D + arS(t)) + 8z, (t)er(t) — vor(t)

with S(0) >0, z,(0)>0, and x;(0)>0.

Making this assumption on the parameters will allow us to reduce (12) to a
two-dimensional limiting system.

Let
%) _ 2lt)

2(t) = 8%~ S(t) — -

Then

%) =)

Z(t) = =S'(t) - p p
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As t — o0, 2(t) — 0, which implies that as t — oo, S(t) + "‘%ftl + ﬂéﬂ — S0

Therefore, in the limiting system, S(t) = S% — mST(t) - ”’T(t) We will now use

Theorem 5.4 to rewrite system (12) in the form of (10):

A(t) = —Dz (13)
2 (1) = at) <—D + a (so — 2(t) - %Q - 3“"17-;9)) — 62, (t) 21 (t) + Y21(t)
zi(t) = z1(t) (—D + ay <SO —2(t) — ICST(t) - @)) +dzs(t)z(t) — yar(t)

with 25(0) >0, 27(0) >0,
S ={(z,zs,21) : Ts > 0,21 >O,%+%+ZSSO},

and where y(t) = (z5(t), z1(t))".

Ast — o0, 2(t) — 0 with exponential convergence. Therefore the asymptotic

system in the form of (11) is given by:

TL(t) = z,(t) (—D + a, (SO _ ) fﬂ)) — 6z, (t)zr(t) + yar(t)

n n
zi(t) = z1(t) (-—D + o (SO - ?—%@- - i%@—>> + 6z ()zr(t) — yzr(t)
where Q = {(zs,z1) : s > 0,21 > 0, % + %7—1 < S%. (14)
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System (14) has three equilibria, call them X;, X5, and X3, where X3 =
(0,0), X» = (Z(~D+,5°),0), and X; = (z},}), with 2} and «7} as in §4.2.
The reverse numbering is to accomodate the statement of Theorem 5.4. The
local stability results of subsystem (2) apply to (14), and so we have that when

Dogrc L

Qg ay?

<< —D—('g"-'x, and %Ii > 1, X3 is unstable, X, is a saddle
point, and X is locally asymptotically stable.

Globally, we have that all solutions are bounded above and below by
Lemma 3.2, and we can describe the stable manifolds of each of these equi-
libria. First, X3 has no stable manifold, since it is a repelling equilibrium.
Xs has the z;-axis as its stable manifold, and finally X; has € as its stable
manifold. Next, we conclude that there can be no cycles of rest points, since
the only trajectory connecting equilibria goes from X3 to X5 to X, and it
cannot leave X; since X is locally asymptotically stable.

We now apply the Dulac criterion to show that there are no periodic orbits

in (14). Take 8 = - on I' = {(=,, z1) : s > 0,27 > 0}. Then

TsT]

0 0
VBl = g—Bfi+5-bh
_ Lt a1
oM 2z
< 0

Since V - Bf is negative, by the Dulac criterion there are no periodic orbits in
(14). Now, by the Poincaré-Bendixson trichotomy we can conclude that X; is
a globally stable equilibrium point with respect to solutions with z,(0) > 0,
X;(0) > 0, and %(xs(O) + z7(0) < S°.

Next we use the above result with Theorem 5.4 to conclude that Eo« is

globally asymptotically stable.
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Before applying Theorem 5.4 to our system, we will show that the five
hypotheses (H1) - (H5) are satisfied. In our systems (14) and (14), m =1
and n = 2. Also, § is positively invariant for (14), and (14) is dissipative (all
trajectories are bounded for ¢ > 0 as proven in Lemma 3.2).

Here, A = [- D], a 1x1 matrix. Hence (H1) is satisfied since A has only one
eigenvalue, which is always negative. From the work done above, it is clear that
both (H2) and (H3) are satisfied, with dim(M*(X;)) = 2, dim(M*(Xy)) =1,
and dim(M™*(X3)) = 0. (H4) follows, and lastly (H5) was verified above.

We now conclude that, by Theorem 5.4, for some 1,

lim (=(t),4(%)) = (0, X,).

In other words, every trajectory of (14) converges to an equilibrium point of
(14). Lastly we conclude that this equilibrium point can only be X7, due to the
dynamics in the z,z;-plane. Hence, under the assumption that D = D; = Dy
and 1, = n; = n and that Eo exists (i.e. that S° > ﬁ;(7+%ﬁ+D1—%)),

Es. is globally asymptotically stable.

5.2 Global stability of steady states of (1)
5.2.1 FE, global stability

Recall that Ey = (S°,0,0,0). Using a Lyapunov argument, we will show that
E, is globally asymptotically stable when it is locally asymptotically stable
(ie. 8% < Z=) and when S° < %(%)

Consider the Lyapunov function

V(S,25,21,9) = § — 8% — S°(n(8) — n(S°)) + kv, + kazr + ksy,
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with kl = kz - and kg

_ _ a0y2 0
Y _(S S)D_:L'S(D Sas)—ﬂL‘I(DI Soq)
Ns Ms nr
—E(D — S%,) - arSzr <—1- - -1—>
ny T s

and hence global stability of Fy éan be proved with a similar proof to that
for the global stability of Eg«. Our assumption of % < % is necessary to
complete the proof. The same LaSalle Extension argument applies, with M =
Q= (590,0,0), showing Ej is globally asymptotically stable when it is locally
asymptotically stable and when S° < %(?}1), under our assumption that 2+ <

Dy
oy’

5.2.2 E,), global stability

Recall that By, = (5, %,,0,0), with S = 2+ and E, = ( ) (SO ) Using
a Lyapunov argument, we will show that Ely is globally asymptotically stable
when it is locally asymptotically stable (i.e. S° < gg%;('y + DT‘ZE +D;— %’)f—s))
provided that Dy is sufficiently large.

Consider the Lyapunov function
V(S,zs,21,y) = S—5—8(In(S)—1In(S))+k1[rs—Zs—Fs(In(z,) —In(Z,)) |+ koxr+ksy

with kl :k2= ;,"1:, and ]C3= -

Vo= (-S—g—ﬁ) [(SO _g)p - TS } + 1 ( D+ %s (r5) + 5%)

38 8

1 CR N Y-
+ns:v1 {aﬁ’(l 771> 7(968)]4-%( Dy + S%a),
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and hence global stability of E;, can be proved with a similar proof to that
for the global stability of Fy«. Our assumption of gj < B4 i again necessary

ay

to complete the proof. The same LaSalle Extension argument applies, with
Q= {(S,zs,21,y) €intRL : S = 5’,;131 =0,z5 > 0,y =0}

and M = (S, %,0,0) = Ey, as the largest invariant subset of (2, hence proving
global asymptotic stability for Ej, when it is locally asymptotically stable

provided that Dy is sufficiently large.

5.2.3 [Ey, global stability

(& v : & __ D v __ (D o D .
Recall that By, = (5,0,0,¥), with S = ?: and § = (—5%!) (S — ;5) Using
a Lyapunov argument, we will show that E;, is globally asymptotically stable
o . . D D D. D
when it is locally asymptotically stable (i.e. Ef < Ef) and when -&f < Ef%f

Consider the following Lyapunov function:
V(S, &5, 21,y) = S=S—S8(In(S)~In(S))+hrzs +kozr+ksly—~i~§(In(y)~In())]
with ki, ko, ks positive non-zero constants to be determined.

Vo= S(———S;S>+k1xs+k2¢1+k3y(——y;y>

_ (5= s [(SO _S)D - astsS  orzrS any]
S s nr My

‘i’"kl[xs(_Ds + asS) - 6'7;337] + ’)’CL'I]

+kyz (= Dy + arS + 6z — ) + ka(y — §)(—Dy + a,S)
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Let ki =k, =k and ks = 7-713’— Then we have

- (%) [ -o0-2]

N (%é) (22 -0) + (5~ 8 (-2 - 2221)

+kzs(—Ds + asS) + kzr(— Dy + o1 S) + nl(y — 9)(—=Dy + S)
y

- (59)r-mo-2

+(S ~ ) (%f(y - y)) + 1z, [k(—Ds + @) —

+xr {k(—DI +arS) — O;I—S} - <_D_y_> (_ FsTs _ %)
1

Qy Ns nr
+ 28y — 5)(S - 8)
Ty
S8 { o gs]
= | —= SO _ 9D — ¥
( S ) ( ) My
+, [k(—Ds +a,8)— 0y &%]
Ns Gy Ts
+ap [k(—DI N P—-"ﬂ]
nr Gy N1

= (é’_—_S) [(SO - S)D — f‘_‘y_y_g] + o, xS (k — i) + arxrS (k - —1->
S My Ns nr

. D
s <—sz+ Dya ) + 2 (—kDI+ ya’)

MOy nioy

2
. . op, o s

Since the first term can be rewritten as —-§—S—Dﬁ’i (S — %) , it is always non-

Yy Y

positive. Setting k = n% eliminates the second term and gives a negative fourth
term when %— < —gj, i.e. when Ey, is locally asymptotically stable. The fifth
term is nonpositive when % < %-Zf Hence V < 0, and hence By, is glob-

ally asymptotically stable when it is locally asymptotically stable and when
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D D
=y 2L
ay < s |

Remark: For the (not so likely) case when n; > 75, we have global asymp-

totic stability of Fy,, when it is locally asymptotically stable and when % <

Dyns
Qs 11

5.2.4 E, global stability

Lemma 5.1 If% > %, then y(t) — 0 as t — oo.

Proof.
Recall our assumptions that Dy < Dy and o, > a;.

First, taking the second and third equations from system (1), we obtain:

z5(t)(~Ds + s S(t)) + z1(t)(— D1 + arS(t))

(zs +z1)'(t)

> (CIJS + x;)(t)(—DI + a[S(t)).
Integrating both sides of the above inequality with respect to ¢, we have

Fle o)) o
0 (ms+a:1)(t)dt 2 /o( Dr +arS(t))dt

= ln((a:s =+ :v;)(t)) - ln((azs + CE[)(O)) > —-Dit+ar [)t S(t)dt

. /t S(tyde < 2ot + xf)(i)l) — In((zs + 21)(0)) 15)

But, taking the last equation of system (1), we have

tw_)_ - . )
[ Ege = [pirasea
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= In(y(t) - In((0) = —Dyt+a, /O Sty

= In(y(#) = In((0)) - Dyt +ay /O s@d. (16)

Combining equations (15) and (16) we have

IA

In(y()) < In(y(0)) — Dyt

oy [D]t + In((zs + z1)(t)) — In((z;s + CC[)(O)):I

ar

= In(y(t) < In(y0)+ Z—’; In (%%)
+ayt (% - %) . (17)

Now, we know that y(¢) > 0 for all ¢t > 0 (Lemma 3.1) and so,
litm infy(t) > 0.

Also, since z4(t) > 0 and z;(¢) > 0 for all ¢ > 0 (Lemma 3.1) and both z,(?)

and z;(t) are bounded above (Lemma 3.2),

lim sup (x5 + z1)(t) < o0.

t—o0

Therefore, if %— > %, by equation (17),

lim sup(In(y(?))) = —oo,

t—00

and so y(t) —» 0ast — col
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Theorem 5.5 If —g—;i > %’ E, is globally asymptotically stable for system (1)

whenever Eg is globally asymptotically stable for subsystem (2).

Proof.

We obtain this result by applying Theorem 5.4 to system (1) and subsystem

).

Corollary 5.1 If zs(t) — 0, z1(t) — 0, and % = 'Z',L’ then y(t) — 0.
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6 Bifurcation Analysis

There are three possible types of bifurcations of equilibria in system (1): tran-
scritical, saddle-node and Hopf. As well it is possible to have a saddle-node bi-
furcation of limit cycles and a homoclinic bifurcation. All bifurcation diagrams
included below were created using MATLAB [19] and XPPAUT [16] software.
In all bifurcation diagrams, a solid/dashed line represents a stable/unstable
equilibrium, and a closed/open circle represents an stable/unstable periodic

orbit.

6.1 Case 1: n; > nr

Transcritical Bifurcations

In the case where 1, > 7y, there is a successive transfer of stability from
Ey to Ey, to By to E3, each transfer via a transcritical bifurcation as the
parameter S° is increased. Let I' = B=(y + 1—)5—:11 + Dy — 9{;?—’), and let

6D,
\Ilzﬂ—kﬂ‘—(DI-F’y—ﬂQﬁ)(gi—i- ).ForS“n(O,%),EO

agD.
ar(—~ Do+ 220
oy | ayDs o s mi(Dr—=EL)

is stable. FEy coalesces with and transfers stability to Ei, when S° = %.
Similarly for Ey, to Fy and Ej to E3, at S° = I" and at S° = U, respectively.
See Figures 4 and 5 for graphs of the transcritical bifurcations in the pa-
rameter S°. In this simulation, the parameters were chosen as follows:
D=8, D, =10, Dy =20, Dy =15, o =7, ar = 5, ay = 6, 15 = 10, ny = 5,
Ny = 17,6 = 0.7, and v = 0.2. From the diagrams it is clear that there are three
transfers of stability, occurring at % ~ 1.43, I' = 3.76, and ¥ = 8.34. There

are four graphs, each showing the progression in one of the four variables of

system (1).
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Figure 4: Bifurcation diagram for system (1). Both the upper and lower
panels are in the case that 5, > 7y, with bifurcation parameter S°, the upper
and lower panels have S and z; on the ordinate axis, respectively; both show
the series of transcritical bifurcations that occur where stability is transferred
successively from Ey to Ey; to E; to E3; parameters used in the simulation
were D = 8, D, = 10, Dy = 20, D, = 15, a5 = 7, oy = 5, oy = 6, 15 = 10,
nr=05mn,=7030=07 and y=10.2
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Figure 5: Bifurcation diagram for system (1). Both upper and lower panels are
in the case that 1, > 5y, with bifurcation parameter S°, the upper and lower
panels have 7 and y on the ordinate axis, respectively; both panels show the
transfer of stability from E, to Ej3; parameters as in Figure 4.
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Hopf Bifurcation

We showed that the conditions for local asymptotic stability of Eo« were merely
sufficient (in §4.2.4), and that E; can lose stability via a transcritical bifurca-
tion above. In fact, a Hopf bifurcation resulting in a periodic orbit is possible.
As the parameter 7 is increased, we see the appearance of an unstable peri-
odic orbit about Eo« (and equivalently E) via a Hopf bifurcation (see Figure
6). We provide bifurcation diagrams in S(t), zs(t), and z;(¢) for subsystem
(2). Similar diagrams occur in the full system. Notice that there is also a
saddle-node bifurcation of limit cycles and hence a parameter range in which
at least two periodic orbits exist, one orbitally asymptotically stable, and the

other unstable.

6.2 Case 2: n; < 7y (less likely case)

Transcritical Bifurcations

When 1, < 11 < 55225 + s, there are three transcritical bifurcations that
occur, much the same as in the case of n, > 7y, depicted in Figures 4 and 5.
The condition above was derived in §4.2.4, in the ” Example of nonunique Es.”.
When this condition is violated, there is only one transcritical bifurcation in
system (1).

Saddle-node Bifurcations

We have mentioned that it is possible for three Fy equilibria to appear, one
via a transcritical bifurcation with Ey, (see “Example of nonunique Es.” fol-
lowing Lemma 4.3). When 7, < as——,—f"% + 17, < 17, two more can appear via

a saddle-node bifurcation, as S° is varied. In the subsystem (2), two stable

and one unstable equilibrium appear. See Figures 7 and 8 for representative
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Figure 6: Hopf bifurcation of E- as 7, is varied for subsystem (2), the upper,
middle and lower panels have S, z;, and z; on the ordinate axis, respectively;
parameters are S® = 100, D = 8, D, = 10, Dy = 200 a5 = 7, a; = 6.5,
nr = 0.5, 9 = 2, and v = 0.01. Recall that the Hopf bifurcation is not possible
unless ns > nr. 60



bifurcation diagrams. In the full system (1), we have two unstable and one
stable equilibria of the form Ey appearing, as visible in Figures 9 a and b, 10,
and 11 a.

Hopf Bifurcations and Homoclinic Orbits

When 1 > 5, it is possible for a stable periodic orbit to appear around an
unstable EF5. Figures 9 to 10 illustrate this Hopf bifurcation in all four vari-
ables of system (1). The periodic orbits increase in period as the parameter
S0 is decreased. In fact, it appears that as S° approaches a critical value
(around S° = 173.9 in the bifurcation diagram in Figures 9 to 10) the period
of the periodic orbits approaches infinity. It seems that the periodic orbits
are originating from a homoclinic orbit that involves the F; equilibrium that
is a saddle point. In other words, as S° is varied, there are two transcritical
bifurcations from Fy to E; and from E, to E», a saddle-node bifurcation of E;
at around S° = 173.9 (in our bifurcation diagram), a homoclinic orbit appears
that involves Fs (which has value (2.498,0.0207,30.02,0) in our simulation),
and then as S° continues to increase a large periodic orbit appears (which is
stable), which then shrinks in period and amplitude until it disappears in a
Hopf bifurcation of Fs. It is interesting to reflect on how these dynamics could
be interpreted biologically. For instance, as S° increases past 900, the coexis-
tence of z,, z; and y seems more likely. Taking a relatively smaller S° value,
say, SO = 180, the oscillations of the z, and z; populations would be very
large, with their low values getting dangerously close to 0, so that a stochastic
event could easily wipe both populations out. This seems less likely to occur

as S° becomes larger.
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Figure 7: Bifurcation diagrams for (2). Both panels show a transcritical bifur-
cation involving Fj. and Fs« and the saddle-node bifurcation of Fy« when
nr > ns with bifurcation parameter S° for subsystem (2), the upper and
lower panels have S and z, on the ordinate axis, respectively; parameters
are D =019, D, =02, D;=10;=05,ar=04,7,=001, 9y =1, 4 =1,

and v = 0.02.
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Figure 8: Bifurcation diagrams for (2). Both panels show the saddle-node
bifurcation of Eo« when n; > 7,, in subsystem (2), the upper and lower panels
both have z; on the ordinate axis; lower panel is a zoomed-in view of the upper
panel; bifurcation parameter is S°; parameters are as in Figure 7.

63



i H H H : L i H i
0 20 40 60 80 W0 120 140 160 180 200

Figure 9: Bifurcation diagram for system (1). All panels are in the case that
nr > 1, and with bifurcation parameter S°, the upper, middle, and lower panels
all have S on the ordinate axis; the upper panel shows the Hopf bifurcation
of F3 and the homoclinic bifurcation where a stable periodic orbit is born
out of one of the unstable E; equilibria; the middle panel shows the saddle-
node bifurcation of E,; and the lower panel is a zoomed-in view of the bold
box in the middle panel, showing the transcritical bifurcation from Ey to Ey;
parameters are D = 0.19, D, = 0.2, Dy =1, D, = 1, a; = 0.5, oy = 0.4,
ay,=06,7,=001,9=1,1n=10=1,and v =0.02.
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Figure 10: Bifurcation diagram for system (1), with n; > 7n,, the upper and
lower panels both have z; on the ordinate axis. Hopf, saddle-node, and homo-
clinic bifurcations are present in both panels. Upper panel illustrates where the
periodic orbit coalesces with Ey. Lower panel is a close-up of the upper panel,
showing the saddle-node and Hopf bifurcations in more detail. Bifurcation
parameter is S%; parameters are as in Figure 9.
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Figure 11: Bifurcation diagram for system (1), with n; > 7,, the upper and
lower panels have z; and y on the ordinate axis, respectively. Hopf, saddle-
node, and homoclinic bifurcations are visible. Bifurcation parameter is S°;
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parameters are as in Figure 9.
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7 Discussion

In this thesis a model for disease in the chemostat was analysed. It was
found that global stability of equilibria Ey, E,, F1y, and E; could be proven
under certain conditions, and that a coexistent equilibrium F3 could be locally
asymptotically stable.

There are some possible ecological ramifications to our results. First, the lo-
cal stability of the coexistence equilibrium supports the natural phenomenon
observed in nature where the presence of viruses in the ocean provides en-
hanced bacterial diversity and coexistence. There are two sides to this idea,
however. Although our results support the idea that the virus presence en-
sures diversity, there is the flip side that without the virus, diversity could
be reduced. In an extreme case, an attempt to rid a bacterium species of a
virus could end in creating a super-competitor, with the aided bacterium out-
competing all other species. Whereas before removal there was coexistence of
multiple bacteria, after the virus is removed one bacterium species wins out.
Another possible ramification of our results is in wastewater treatment. As
mentioned in the introduction, chemostats are often used in modelling wastew-
ater treatment methods. New methods could be developed that require the
use of multiple bacteria, which 'could be enabled through the addition of a
virus.

Mathematically, there are some results that could have interesting inter-
pretations. For example, as seen in Figure 6, as the parameter 7, is increased,
the populations experience larger and larger oscillations. This makes some
sense, since the strength of 7, corresponds to the ability of the microorgan-

ism to convert nutrient to biomass, and the better the nutrient-converter, the
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larger the high point in the population size. However, the surprising result is
that in addition to having a larger population at the high point in an oscilla-
tion, the low point dips closer and closer to zero. Although deterministically
the population would not die out, a stochastic event like a cold spell or an-
other type of disease could easily wipe out this strong species at one of its low
points. Another result deserves interpretation: the dependence of outcomes of
the populations on the initial conditions, which can be seen again in Figure 6,
and also in Figures 7 and 8. This is the idea that depending on some seem-
ingly simple parameters (such as S° the concentration of the nutrient in the
nutrient reservoir), the final outcomes of the populations could be drastically
different. First, referring to Figure 6, if n, has a value around 55, depending on
the initial conditions of the populations, the outcome could be either large os-
cillations or stable coexistence. These outcomes could be very different, since
as mentioned, populations undergoing large oscillations are more susceptible
to stochastic elimination. Similarly, in Figures 7 and 8, it can be seen that if
S% were chosen above 180, the outcome would be a very high nutrient level, a
very low (yet stable) population of z,, and a huge infected population z;. In
this outcome, although it is deterministically stable, again, it seems likely that
a stochastic event could wipe out z;. However, if S° were lowered to a level
around 120, there is the possible outcome of a higher =, population combined
with a low or high z; population. Referring again to Figure 8, there is another
interesting interpretation. If the x; population had approached the low, sta-
ble value at the bottom of the upper panel figure, it would be very difficult to
change the chemostat conditions to increase the population size. For instance,
it would require lowering the S® level drastically, to below 35, before the z;

population could converge to the higher values of the upper stable equilibrium.
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If S° isn’t lowered enough, the z; population could not escape the basin of
attraction of the lower equilibrium.

As mentioned in the introduction, there was a similar study to ours done
by van den Driessche and Zeeman [36]. They analysed a model of Lotka-
Volterra competition where a disease was introduced to weaken the stronger
competitor. They used an SI model for the disease, and our results were very
similar to theirs: they found that depending on the parameters, both endemic
coexistence and oscillatory endemic coexistence was possible between the two
competing populations.

There have been other models created in a similar context to the one stud-
ied here. A brief summary of this work will be discussed, along with how our
model is different from these other attempts.

Mestivier et al. [24] investigate virus-coerced coexistence and diversity in
marine bacteria. Their model is based in a chemostat but, unlike our model,
they model the virus explicitly. They provide a linear analysis and present a
few simulations, and find that coexistence between two bacterial populations
is induced by the addition of a virulent virus. It would be interesting to further
develop this initial analysis, since the implications are the same as those of
our model.

In the study of bacteria-bacteriophage ecology by Beretta et al. [1], the
model is set not in a chemostat but in an “open environment”, such as the
thermoclinic layer of the sea. There is a thorough analysis of a model which
also includes the virus as one of its populations. However, these authors were
more concerned with phage-bacteria coexistence instead of coexistence be-
tween different species of bacteria. They also specify that they are choosing

to neglect temperate phages and lysogenic strains [1]. We are more concerned
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with long-term survival and the possibility of coexistence of different bacterial
populations.

It was mentioned earlier (in §3.2) that an SI epidemic/chemostat model
had already been analysed with a different interpretation. Interestingly, the
context/application had nothing to do with epidemiology; it was a model of
a foodweb with a predator feeding on two trophic levels [13], [38]. Many
models can be used for different applications other than their intended one.
For instance, the model in [24] could be identically viewed as a model for
predator-prey interactions in the chemostat. As such, our model could also
describe various applications, and so we have included one possibility here.
Although chemostats are typically used to study bacteria, our system could
be seen as modelling a fish population in a lake, where fish are competing
exploitatively for their food, and where one is affected by a disease. Within
the lake/ocean context, there could be other similar scenarios that a lake or
marine ecologist could use.

Throughout our analysis of the this model, some possible modifications
became apparent. We will include these modifications as possible future di-
rections for this research. For one, the model could be adjusted to fit a more
general virus-bacteria interaction. For instance, although most lysogenic bac-
teria remain so indefinitely (i.e. do not lyse and produce new viruses), some
do not. Those that do not will lyse and release a number of new viruses into
the system, which could be accounted for in the model. This could be done by
adding the virus population to the model, and by incorporating the number
of viruses produced by lysis.

Also, the mode of infection and the mechanism by which the virus spreads

could be incorporated into the model in a different way. Currently the spread

70



of the virus is modelled using the principle of mass action, however, it is
not clear that proximity between sick and healthy bacteria affects the rate of
infection. Infection could be spreading via the virus-bacterium interactions
only.

Another part of the model that could be modified is its inclusion of recov-
ery. We have included this for reasons previously mentioned, such as the idea
of lysogenic bacteria being seen as “recovered” when they do not eventually
lyse. This said, perhaps the model might be more accurate without includ-
ing recovery at all, or by more accurately representing the complex nature of
lysogeny.

Much of the research on virus-induced bacterial diversity refers to virulent,
as opposed to temperate, viruses (that is, when the type of virus is specified).
One reason for this may be that the intracellular material released when an
infected bacterium lyses (such as Nitrogen) provides food for other species of
bacteria and hence improves diversity [5], [7]. However, it is possibly due to
the mentioned focus on virulent viruses that the virus population is modelled
explicitly in the papers discussed above ([1], [11], and [24]). Modelling the
virus in this way (as opposed to modelling it implicitly as we have) could be

a possible avenue to explore.
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8 Proofs

Recall that we are assuming that o > a5, D < D; < Dy, and 71, > 7y, unless
specified otherwise.

Proof of Lemma 4.1.

Recall that we would like to prove that Fy« exists and is unique if S° >

Dy Déns __ oD
6Dns( + Qs +DI ass)'

We substitute z¥ = —D’—“’%’Eﬂ and z} = m&%‘;‘;‘g*) into S'(t) from system
(2) (and multiply both sides of the resulting S'(t) = 0 equation by n,n;6(D; —
arS) to get a cubic in S (which will be zero at S*). The resulting cubic, call

it £(S) (with £(S*) = 0), is:

f(8) = Dnsmid(S® = S)(Dr — arS) — asnr(Dr — arS)(Dr — 018 + )8
—ams(Dr — arS +7)(—Ds + a55)S
= DnnidS°Dy + S(—S°Danenié — Dnenié Dy — aeni Dry — agn D}
+amsDyy + ams Dy Dy) + 8*(arDnanié + 2as0rmr Dy + asormry

—a?nst — asarnsy — asamsDr) + 5304305'(773 — 1)
We will show that when S° > 6—11%%-;(7 + 2557-3- + Dy — 9105—3-) there is only one

positive root S* € (—g—j, %) of this function, and hence a unique Fs. First

we assume 7, > 1y, and so the coefficient of S2 is positive. Hence as S goes to
positive infinity, f(S) goes to positive infinity. As S* goes to negative infinity,
f(S) goes to negative infinity. (We will consider the case of n; = n; shortly.)
At 0, f(0) = DnsnréS°D; > 0 and so there must be at least one negative
root of f(S). At %—, f(%) = —Dmsy(—Ds + as%) < 0. This means that

there is additionally one positive root that is beyond %. This leaves one root,

72



and whether or not it falls in (—gj, —gf) will depend on the sign of f(S) at %.

We investigate this now:

DS 8 8
f <—) = Dnenréd (SO - 2‘) (DI - a12—>
Qg Qs Os

D, D D
—asmr (DI - Oéf-a*) (DI - OéIa—s + ’7) =

8 8 as

DS 0 Ds Ds Ds
- D7757715 (DI"‘O‘IB[—;) [(S —_C—Y;-> - Dnsé (DIwaI_a_s +”y>]

_ D, 0 D, ([ Dnsé D,
= Dnsmé (D[ Oé]-a—3> I:S — _5773_(5 ( o, -+ D[ - O[[-&-s— +’)/

From the equations above we can see that f (%) is positive precisely when S° >
;;%j]:(’y + _D;% +Dr — 51&%) Now when f (%) is positive, there is exactly one
root in (%, %), and hence Fo« exists and is unique. Otherwise if f (%:) <0
then no Fy« exists. Note that in this case Ey« is locally asymptotically stable.

Now when 7, = 77, f(S) becomes a quadratic; call it f(S). f(S) has some

properties in common with f(S):

f(0) = D(n)*S°D;y > 0,
2 D1 nDry

f( = (arDs — asDr) <0, and
ar ar
7 Ds — oy Ds 0 D arD,
f(as) = 77<DI 5 )(DM(S as> Ds(p, = +7>>
D D(5’l7 arD
0 S8 8 _ s
> 0 when S >5Dns(7+ o + Dy o ).

This shows that f(S) must have two positive roots, only one of which allows
e . . . D. D . .
all components of F5+ to be positive, since it falls in (;j, E,L) This particular

root falls in (22, 2) if and only if $° > e (y+ 22 4 D — &ile).  m
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Proof of Lemma 4.2.
Here we will prove that, when 7; > 7,, at least one E»: exists when S° >
3 Dns T O % +Dr— foi), and that Ey« is unique when either of the following

criteria hold:
(a’) DI <7, 0r

(b) M £ g5 ep- + 7).

We will use two different configurations of the equation S'(t) = 0 from
(1) to prove parts (a) and (b) of the lemma. To prove part (a), we use the

following configuration.

Let
G(S, 21) = (8° — §)D — %15
nr
and
H(S,z) = 2%
Ns
where S'(S*, 2%, z7) = G(S*,«7) — H(S*, %) = 0. We have strategically sep-

arated the cubic S’(t) = 0 into the two functions G and H, and their inter-
sections represent solutions of the cubic and hence possible equilibria for Fyx.
We will find criteria for G and H to have only one root for S € (;ﬁ, %) when

nr > 7ns, thus proving part of the lemma.

_(_ig _ _D— quSS Ty
ds nr nr
- _D (OA[S) <’)’Q{[(—DS+OZSS) +Oés(—0qS+D1+’Y)(DI --CMIS)>
N1 6(Dr — arS)?
D
< 0 for SE(D ’)
Qg O
ﬁ _ as%ﬁs_l_asxs

dsS Ns Ns
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as0pS Xy
— + e

s Ms
asarS  a(—arS+ Dr+7)
—~ +
ons 0ms
20,055 + a, Dy + agy
ons
D, D
> 0 for Se <——5,—£), when Dy <.
Qs Oy

The above results show that G is decreasing in the meaningful region of
(-gf, %), and H is increasing in the same region when D; < . The last
necessary piece of information to conclude that we have a unique equilibrium
is that G(gj) > H(2:) and that G(%) < H(%): (here we rewrite G and H

completely in terms of S)

D arD, 6D
0 s _ I+/s Ns
S > ans (D[—F’)’ ———Ols +"“_as )
Dy — &2 4 y)D,
(0= Doyp _ Prmfur b
o 0ms
o (0= Doyp_ Proara + 9Dt aigy) (2@&)
ol é(Dy — azgj) N Qs
(Dr — arZs + y)o, 2=
0ns
s D,
& 62> H(),

And we know that H(S) goes to positive infinity at %, which ensures one and

only one intersection of G(S) and H(S) in (Qﬁ QL).

ag ! ar

To prove part (b), we use the following configuration.

Let
§D(S° - S)

9(S) = 5

75



and
& ar(—Ds + a,S)
ns  ni(Dr—arS)

where S'(S*) = g(S*) — h(S*) = 0. Again, the intersections of g(S) and h(S)

)= | | @47 -ass),

represent possible equilibria Fs«. We will again find criteria for g and h to

have only one intersection for S € (—3:, %) when n; > 7,, and thus prove the

rest of the lemma.

Hence g(S) is decreasing. We will now derive a condition so that h(S) is

increasing, so that there will be a unique intersection.

/ Qg CYI(-—DS + OZSS)
HS) = —ap|% 4

” "In. " m(Dr - asS)
1

et n nI(DI _ a15)2 {al(““asn[(DI — aIS)Z

—ans(—=D, + asS)(D; — a1 S) + ns(Dy + v — arS)(as Dy — arDy))]
1
N n T’I(DI — aIS)2 [al(—asnI(Dl — OZIS)2

+ns(—asarDrS + asa%S2 + asD? + vyas Dy — yar D, — asa;DpS)))

} - (Dy 47— apS) | 21D O"Ds)}

ns(Dr — arS)?

(0%
= n nI(DI _I__ OqS)2 ["’Oés"?I(DI - aIS)2 + nSaS(DI _ aIS)Q

+773’Y(%DI - aIDs)]

Recall that we are looking only at solutions with —3—5 < S < %. The sign of

the terms inside the square brackets in the above expression will determine
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the sign of h'(S). We look at those terms only:

—asnr(Dr — arS)? + nsas(Dr — arS)? + nyy(asDr — arDy)

= nsv(asDr - aIDs) + as(DI - a15)2(ns - 771)

D
= 0sY(esDr — arDs) — as("]l - 773)(D1 — Oqz;l'f
AsYTs
0 h L 815 X
> when nI—Ozs I—aIDs+n

We now have that g(S) is decreasing and h(S) is increasing (under the
stated conditions). It remains to be shown that g(%) > h(-g:’—) and that

() < h(Z).

ar

D, 6Dn
0 8 D . Qriss £
5> D5773 < Tty ) * Qs
D O{]D D
0__ s — S =
& (S as)dD > (D o +7) o
(SO - %)dD arDj )
——p.—— > (Dr — = )=
E: 8 Ns
D, D,
Aid g(a—s) > h(a;)

And we know that h(S) goes to positive infinity at %, which ensures one and
only one intersection of ¢(S) and A(S) in (%, %) when 7y < 55+ 17,
|

Proof of Lemma 4.3.

Here we will prove that, when ny > n,, Eo« is locally asymptotically stable if

M < &b, e, s
When n; > 7, we have the same characteristic equation as when n, > n;.

The same inequalities must hold concerning a;, ag, and ag, i.e. that a; > 0,
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az > 0, and ajay > a3. To begin, a; is positive regardless of the relative values
of n, and n;. The other two conditions remain to be shown.

Using a3 as defined in §4.2.4, we have:

6S°Dz3 6S*zta}
as = S* I<6w:_7)+ﬂ7};ﬁ§_x‘[‘
_asaréS*triey n asoryS*zh + a2y S*(z})?
s Ns nTs
> B8 ( dzy  odzy | owy | onnTy
nr Ns Ts nIx,

> since dz; > 7.

It suffices to show that the term inside the brackets is nonnegative. Replacing

T} = 5%"9—*) and finding a common denominator, it follows that the

expression inside the brackets equals

1
[m] [asbnszt (6% — ) — adnrat (6 — )

+as7771(5$: - 7) + aI7ns(_Ds + asS*)]'

We can neglect the denominator, since it is always positive when Fs. exists.
There are four terms in the expression. The final term, aryns(—D;s + @,5*), is
positive, since §* > %. This leaves three terms. We find a common factor of
(0z* — 7) (which is positive when Ej« exists), and are left with the following
expression:

0152y — as0NIT, + 0 yNr.

Factoring dosz; out of two terms and replacing z; by z; = DL‘%—S—T—'I we arrive
at:

asynr — as(Dr — arS* +v)(nr — ns).
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Replacing S* by its smallest possible value, %, it follows that,

asynr — as(Dr — arS* + ) (nr = 1s)
Dy
> oy — Oés(DI - OZI—O[— + 7)(?71 - Tls)
8
= as,ynr — (asDr — arDs + asv)(nr — ns)

= oyYNs — (@ Dy — a1 D,)(n1 — ns)

QsYNs
asDI - aIDs

v

0, when 7 < +Ns

Hence a3 > 0 when n; < ﬁﬂﬁ + 7.

Now, it remains to be shown that ajas > a3. First, recall that (5) (in §4.2.4)
is an expression for a;a; — a3. Under our current assumption that ny > n, in
addition to our assumptions that o, > ay and dz > +, this expression is
positive.

Hence, in the case of 1y > n,, when it exists, Fy« is locally asymptotically
stable when n; < '&Z’DQ%E + 7s. [ |
Proof of Proposition 4.1.

Here we prove that if an equilibrium of the form FEj exists, then Ey,, Eyy, and

at least one equilibrium of the form FE5 exist.

Any equilibrium of the form of F; or F3 must have components satisfying

25(S) = =PI and g4(S) = ﬁﬁ%ﬂ%—}——:ss). Also y($) > 0 for Es, but

y(S*) = 0 for Ej.

Consider the following function

_ Osz.’IJS(S’) _ O![S.’D[(S)
Ns I -

H(S) = (8° - $)D
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Then H(S) > 0, since

0,5z,(8) 3 arSz(9) 3 a, Sy(S)

(8° - 38D -
Ns nr My

=0

A

and y(S) > 0.

For S € (3, %), H(S) is a continuous function of S. Note that

lim z(S) = 400,
S—-»%IL_

and x, (—QL) > 0, and that if S9 < %, then since z,(S) > 0 and z;(S) > 0

ar
for S € [9, S0, it follows that H(S°) < 0. Hence, there exists a value of
5* € (S, min(S°, —(%’-)) satisfying H(S*) = 0, z,(S*) > 0, and z/(S*) > 0.
Therefore, E4 exists.

Now, if F5 exists, then we have that %: < % < -g—f and that

D a;Sts oSt D
(- Hyp =0y P S g 605 X
Qy s nr Qy
From this, E, and Fy, must also exist and we conclude our argument. [ ]

Proof of Lemma 4.5.
We will prove that when E5 and Fj3 exist, it follows that S < 8= —g-f.

Assuming both F, and F3 exist, we have that any equilibrium of the form

of By or E5 must satisfy z,(S) = :Q‘L‘S%in’l, z7(S) = 2%3%5)’ and

oy Ns nr

y(S) = (ﬂl> (%Q — D — QaZe _ gIﬂ-), where y(S) > 0 for E3 and y(S) =0
for E5. We also have:
dﬂ?s —Qy

= —, and

ds 4]
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der  [(F) (=Ds + 058) + a35] (675 — 7) + 8 (%) 3(=Ds + 0,5)

ds ((5:L's - 7)2
_ v[(%) (=Ds + @s5) — asxs] + S,z
G
_ LL(=D; + a,S) + aexs(d2s — )
R

_ you(=Ds+o, S) + as(—arS + D+ v)(Dr — osz')

(D; — a;S)?

Therefore,

W _ (m)(_ 5D _asdes ordu

s \ey S2 p,dS  mr dS
Ny _§.O_D_ + X1
ay S2 N0

(’yaI( =D, + a,S) + as(—arS + Dy + v)(Dr — a;5) )
"71

I

5(D1 has Oé[S)2

Recall that the S component of E5 must lie in the interval (Qj, %

note that the above expression for 2% 25 1s always negative for S € (%, %) and

S = —“ € (—€L Ql) where Ej exists. Therefore, in order for § > 0, it follows

as? ar

that S < S5*. |
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A Appendix

A.1 General local analysis for F;

Recall that in the local analysis of F3 (§4.3.6), we assumed D = Dy = Dy
and 7, = nr. The analysis presented here does not assume anything beyond

existence of Fjs, i.e. that % < %ﬁ < % and
s y
Dy as(DI‘i"Y—g{;gﬂ) OCI(DI+’Y—2“QL§1)(“DS+3%)‘M)

S0 > +D].
] ons 5771(01—%“)
The Jacobian matrix for Fq is:
O o W - 7SS - 7 4F- SR T -7 a1 g _oyd
D-%eg, - &g~ g ad o g g
7 Qss —Ds + s 8 — 83y —8&s +y 0
Bs = arés 821 ~Dp +ar§+ 88— 0 ’
ayY 0 0 ~Dy + ayS
which simplifies to
-_ 8D a8 _ard — % G
S Ns S n1 S My

st ——ﬁ;’- —0%s + 7y 0

Oq:ﬁ] 5:%1 0 0

Loy 0 0 0 |

The characteristic equation is of the form A 4+ a1\ + a2A? + as\ + a4 = 0,

where
S°D z
a = ——+ L
S Zs )
S°Dé 22,8 . 288 28
ag = 7 ~ Aml + %eTs + 822,81 — y0% + —L ! + L=
sz 773 77[ 77’9
28°Dz. 2  S°Dévyir + 0, 0ST Ty
az = . - =
’ S S nr
_a,ar8SEdr " s ySEy + a?ySEfI)z N 0132,’)/‘5:531?}, and
Ns Ns NIxs NyZs
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By the Routh-Hurwitz criterion for fourth order polynomials, all roots of the
characteristic equation have negative real part if and only if: a; > 0, az > 0,
aiaz > az, ag > 0, and ayaza3 > a2 + a2ay [15] [18] [30)].

Under our assumption that 7, > 7y, all the coefficients are positive provided
Es3 exists, i.e. that £, > f. As in the case of E, it is difficult to prove
that ajasas > ag + a?a4. However, in all of our numerical simulations and
bifurcation diagrams using XPPAUT [16], when Ej exists it appears to be
locally asymptotically stable. For an example of coexistence of all three species

at equilibrium, see Figure 3. Also refer to the bifurcation diagrams for the full

system (1), in Figures 4 and 5.
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