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Abstract

In this thesis we mainly give a characterization of dual frames of Gabor subspace
frames. We give necessary and sufficient conditions for the existence and the
uniqueness of a function h (called window) in the closed linear span of a Gabor
subspace frame {E,,pTh0k }mnez such that the Bessel collection {E,pThah}monez
serves as the dual frame of the original frame {E,,zTh.g}mnez. We solve the
problem for three cases, first ab = 1, second ab = p € N, and third ab = p/q,
ged(p,q) = 1. In each case, we first find the conditions for upper frame bound
(known as Bessel collection). Secondly, we characterize the functions which are
orthogonal to {EnpThag}mnez in terms of the Zak transform, and then obtain
necessary and sufficient conditions for lower frame bound. Here we state obtained
conditions for normalized tight frame as a corollary. Finally, using all this infor-

mation we solve the duality problem.

Keywords: Bessel collection, Frames, Gabor Frames, Alternate dual frames, The

Zak Transform
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Chapter 1

Introduction

The theory of frames is a relatively new and fast developing subject in mathemat-
ics. It is a very useful tool for Functional Analysis and Fourier Analysis as well
as wavelets. Although some of the topics in frame theory have only been recently
formalized, frames have deep roots in physics and engineering. They play an ex-
tremely useful role in applications such as signal processing, image processing,
data compression and sampling theory.

The general concept of frames was first introduced by R. J. Duffin and A. C.
Schaeffer in connection with non-harmonic Fourier series [DS]. The Hilbert space
under consideration here will be L?(R), the space of all finite-energy signals on
the real line R.

This thesis provides an introduction to Bessel sequences and to the theory of
Gabor subspace frames and their dual frames and gives a characterization for the
existence and uniqueness of a window function A in the linear span of a Gabor
subspace frame {E,,Thok}mnez such that the Bessel collection {EnpThah}mnez
serves as a dual frame of the original Gabor subspace frame {F,xThag }mnez-

In the thesis some of the results are due to others and a more detailed and
complete treatment to the frame theory and Gabor subspace frames can be found

in the expository papers by [Ca] and [DS], [HW], [CE]. O. Christensen and Y. C.
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Eldar presented an article titled " Oblique dual frames and Shift-invariant spaces”
in 2004. (see [CE]). In this paper, their main focus was on shift-invariant frame
sequences of the form {¢(- — k) }rez in subspaces of L?(R) where ¢(- — k) = Tyé(+)
for k € Z is a translation operator on R that we define in the equation (1.1.7)
(below). For such frame sequences they characterized the set of shift-invariant
oblique dual Bessel sequences. They characterized the oblique dual frame on a

closed subspace V of a Hilbert space H in the following theorem.

Theorem 1.0.1 ([CE]) Let {fi}32, be a frame for a subspace W C H, and let
V be a closed subspace such that H =W @ V1. Then the oblique dual frames of

{fi}s2, on 'V are precisely families

{on}izs = {vais_lfk +h— Y (S, fa‘>hj}

j=1 k=1
‘where {h}32, C V is a Bessel collection, and S™" stands for the inverse of the
frame operator S, which is a bounded, invertible and positive mapping of V onto it-
self (defined by the equation 1.1.4 below), and E\, 1 denotes the oblique projection
of H on V along W+ and defined by Epyyo(v+wt) =v forve V, wt € W,

In the same paper these authors also showed how to find an oblique dual frame of
{fr}35, on an arbitrary closed subspace U for which H = W @ U™ for a subspace
W CH.

Theorem 1.0.2 (/CE]) Assume that {fx}72, and {hi}2, are Bessel sequences
i H, and that

F=> {f )
k=1

for every f € W. LetU be any closed subspace of H for which H = W ® UL, Then
{Evwihi}eez is an oblique dual frame of { fi }rez on U.

Given frame sequences {¢(- — k) }rez and {¢1(- — k) }rez, they gave a condition

implying that span{¢:(- — k) }xez contains a generator for a shift-invariant dual
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of {¢(- — k)}rez in the following way. For ¢; € L%(R), let W = span{Ti¢: }rez,
and denote the orthogonal projection of L*(R) onto W by Ppy. Given two Bessel
sequences {Tx¢ tkez and {Txda}rez, they provided a necessary condition on the
generators such that {Tydo}rez is a dual frame of {T;¢1}rez in the following

theorem:

Theorem 1.0.3 Let ¢; and ¢ € L*(R), and assume that {T.d1}rez and {Tio}rez

are Bessel sequences. Then the following are equivalent:

i-) f= Zk€Z<fv Tdo) T, for every f € W;
W) Y orex Oy (7 + k)o(y + k) = 1 almost everywhere on {v : ¢1(7) # 0},

where ¢ is the Fourier transform of ¢ defined by ¢(v) = [ fla)e™®™dz. (As
usual, the Fourier transform is extended to a unitary operator on L?*(R).)

If the conditions are satisfied, then {Ty¢1}rez and {PwTkdatrez are dual
frames for span{Ty¢: }rez-
Finally, assuming that {Tiy¢2}rez is a frame sequence, they obtained the following

conditions on a function ¢; which imply that the subspace
V = span{Ty¢: }rez

contains a function ¢, generating an oblique dual frame {Tx¢}rez of {Trt2}rez

in the following theorem:

Theorem 1.0.4 Let ¢, and ¢ € L*(R), and assume that {Tyd2}rez and {Tid1 trez

are frame sequences. If there exists a constant A > 0 such that

Y v+ k(v k) = A

keZ

almost everywhere on {~ : ¢(~y) # 0}, then the following holds:
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(i) There exists a function ¢ € V = Span{Tir¢1}rez such that

f= Z < [\ Th¢ > Tpa, for every fe3pan{Tidlrez; (1.0.1)
keZ

(11) One choice of ¢ € V satisfying 1.0.1 is given in the Fourier domain by

() . 0
d(y) = { Trez b t$1(+k)’ on {7:0() # 0},

0, on {v: ¢(y) = 0},

(11i) There is a unique function ¢ € V such that 1.0.1 is satisfied if and only if

N(¢2) = N(¢1>;

if this condition is satisfied, then {Ty¢}rez is a frame for V and an oblique

dual of {Txpa}rez on V, where N(-) denotes the null space of the function.

The interested reader can have a look at the paper [CE] by O. Christensen and
Y. C. Eldar and make a detailed comparison of each result for Bessel collection,
frame condition, and alternate dual frame condition etc. with the results in this
thesis. In our thesis, we will consider a modified version of the problem above
involving both translation and modulation operators.

J.-P. Gabardo and D. Han presented an article titled ” Balian-Low phenomenon
for subspace Gabor frames” in August 2004, (See [GH1].) In this work, they ex-
tended the Balian-Low theorem to Gabor frames for subspaces, and more par-
ticularly, they pointed out the relationship of Balian-Low phenomenon with the
unique Gabor dual property for subspace Gabor frames. For the classical situa-
tion where g = k for the uniqueness problem in this thesis, they proved that a
necessary and sufficient condition for the uniqueness of the Gabor dual belonging

to the original subspace is that
rank{G}""; = {0, ¢},

where G* is a vector valued function defined as G* = (G, ..., G_;) and G} (z, w) =

Zg (x,w+k/p)fori=0,..., g—land k= 0,...,p—1and ¢'(z) = g(r—ip/q) and



M.Sc. Thesis-M.A.Akinlar. McMaster-Mathematics and Statistics 5

g is the window function of the original Gabor subspace frame {EpT a9} mnez-
In order to make a comparison with the results in the paper [GH1] of Gabardo and
Han by the interested readers, here we want to point out our results for conditions
of the uniqueness of the (alternate) dual frame. The dual frame of the original

Gabor subspace frame uniquely exists if and only if
(i) O = {(z,w) : G'(z,w) # 0} = Qo = U, {(z,w) : K(z,w) # 0}
(i) rank{G'}Z} = ¢ (i.e, G°,..., G9! are linearly independent).

(Note that we can define the vector valued function K* as we defined the G* in
the previous paragraph.)

The purpose of this thesis is to give a detailed description of the alternate
dual frames of Gabor subspace frames and give a solution to the existence and
uniqueness of these alternate duals.

In the thesis,

e We give all the background material needed throughout the thesis, includ-
ing results from Harmonic Analysis, Functional Analysis and Hilbert space

theory in the first chapter.

e We give a detailed introduction to the Zak transformation, and point out

its relations to Bessel collections and Gabor subspace frames.

e We obtain some necessary and sufficient conditions for the existence of a
Bessel collection and lower frame bound for a Gabor subspace frame in

terms of the Zak transformation in the so-called rational case.

e We give a simple result for the existence of a dual frame as a corollary for the
classical situation where the dual belongs to the original space (i.e., when

g = k) after we solve the problem.

e In particular, we state our results for the normalized Gabor subspace frames

and normalized tight Gabor subspace frames as simple conclusions.
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e We conclude the thesis by pointing out some open problems regarding Gabor

frames and some recent developments in the frame theory.
The main contribution of the thesis to the subject is:

e Construction of a solution of the problem of finding a necessary and sufficient
condition for the existence and uniqueness of a window function in one of the
given two Gabor subspace frames such that the Bessel collection generated
by that window function serves as the dual frame of the original Gabor

subspace frame.
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1.1 Frames in Hilbert spaces and Introduction
to Gabor subspace frames

In this chapter we introduce some key concepts such as Bessel collection, frame,
Gabor subspace frame and the Zak transform as well as some results related with
them.

In this section we will describe some of the basic properties of frames in Hilbert
spaces, showing that they are useful generalizations of orthonormal bases. By a
Hilbert space, we mean a vector space, H over C, which possesses an inner
product (x,y) and which is complete in the norm ||z| = (z, z)/2.

The only Hilbert space that actually we will be using in this thesis is L?(R),
the space of all complex-valued signals f defined on the real line, R, which have

finite energy, i.e., for which

Il = (/R |f(t)|2dt) v < .

The inner product in this Hilbert space is

(f.9) = /R F(@)g(t)dt,

where the bar indicates complex conjugation.

Frames were first introduced in 1952 by R. J. Duffin and A. C. Schaefer in
the paper [DS], in connection with nonharmonic Fourier series. Their first use in
connection with wavelets was in 1986 in the paper [DGY] by I. Daubechies, A.
Grossmann, and Y. Meyer.

We need the following definitions from the theory of frames. A countable
sequence {g; }ier of elements in a subspace W of a separable Hilbert space H is a
Bessel sequence if there exists a constant B > 0 (called Bessel bound) such

that
STUA P < BIfFIP. forall few.

1€
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If, in addition, W is a closed subset of H, and there is a constant 0 < A < B such

that
AP < STUF 0 < BIFIE. forall few,

i€l
then {g¢;}icr is called a frame for WW. The numbers A, B are called the lower
and upper frame bounds, respectively. The frame is tight if A and B can be
chosen so that A = B, and is a Parseval frame (or normalized tight frame)
ifA=B=1.
It is well-known that given any Hilbert space H, there always exists an or-

thonormal basis, i.e., a set of vectors {e,}, such that

1, itm=mn;

0, ifm#n;

(1) (em, en) =

2) 3 Kz, e)|? = ||z||* forallz € H.

ne’

Every orthonormal basis is clearly a frame with A = B = 1. A fundamental
property of orthonormal bases is that every element x € H can be written in
terms of the orthonormal basis in a unique way as z = 3 (, e, )e,. We will see
that frames also give representations of elements of thenilzilbert space, although
these representations need not be unique. However, they are still computable and
under good control.

As a trivial example of a frame which is not an orthonormal basis, consider
the following. Let {ej, es,...} and {e/, €, ...} be two different orthonormal bases

for a Hilbert space H. Both of them are surely then a frame for H with bounds
A = B = 1. However, the set

{61/\/2—7 6/1/\/5, 62/\/2 6/2/\/57 .- }

is also a frame for H with bounds A = B = 1, but is not an orthonormal basis.
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Example 1.1.1 An orthonormal basis (e, ),ez for a Hilbert space H is a normal-

ized tight frame for H. The collection
{elv 05 €2, 07 €3, Oa . }

is also a normalized tight frame for H. But for the orthonormal basis (e, )nez for
H, (%2)nez and (ne,) are not frames since (2*),cz does not have a finite lower

frame bound and similarly, (ne,) fails to have a finite upper frame bound.

Example 1.1.2 Let {e;}3%, be an orthonormal basis for H.

1. Define {z}52, = {e1,€1,€2,€9,...}. Then {x,} is a tight frame with frame

bound A = B = 2.

2. Define {z;}32, = {e1,er ez, €3,...}. Then {z;} is a frame with A = 1,

B=2.

3. Define {z4}32, = } Then {zx} is a

normalized tight frame with A = B = 1.

Notation: From now on, £2(IN) will denote the Hilbert space of square summable

sequences. Elements in £2(IN) will be denoted by ¢ = (¢x), d = (dy), ... etc.

Lemma 1.1.3 ([El]) Let {fx}2, C H be a sequence that ) cxfx € H for each
keN
c = (c) € £2(N). The operator T : (*(N) — H defined by

Te= Z Ckfk
k=1

is linear and bounded. Its adjoint T* : H — (?(N) is defined by

T f = ({f. fr)).

Moreover,

STUL P < ITIPN AP (1.1.2)

oo
k=1
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Proof: Define T,, : {*(N) — H by

n

The = Z Crfr-

k=1
T, is bounded and T,,c — Te¢ for each ¢ € £2(N). By the uniform boundedness

principle, 7' is linear and bounded. To compute T™ observe first that

(Te, f) = <chfk >

Hence, 327, ¢x(fx, f) converges for each ¢ € £*(N). Define the linear functionals
I, : *(N) — C by

Mg

Ck fk7
k=1

lnc = ch<fka f>
k=1

Then l,¢c — lc. Therefore, [ is a bounded linear functional. By the Riesz Repre-

sentation Theorem,
o<
lc = E CrQp
k=1

for some a € ¢2(N). Thus

Z clfi f) = Z CrQf-
k=1 k=1

Taking ¢ to be the it standard basis element e; € (2(N), we get

(fi,f=a;, YieN.

therefore,
— ((f. 1) € A(N).
Now
CTF = Tef) =3 alfif
= e (e
Therefore
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Also,

YL = T AP < TP

oo
k=1

= |ITIPIF1* [

Now we will give another useful theorem regarding Bessel sequences and Hilbert

space of square summable sequences.

Theorem 1.1.4 ([El]) {fc}2, C H is a Bessel sequence with Bessel bound B if

and only if the mapping
c— Z ck fr
k=1
defines a linear bounded operator T on £2(N) into H with ||T|| < v/B.

Proof: Suppose {f}32; is a Bessel sequence with Bessel bound B. We want
to show that the mapping ¢ — >, ¢k fi defines a bounded linear operator T
from (*(N) into H. This will follow from Lemma 1.1.3 if we can show that
S v ek fx € H for every ¢ € £2(N). This can be done by showing that > ;_, ¢k fi
is a Cauchy sequence. Let m > n.

n m
Z cefr — Z Crfx
k=1 k=1

n

Z i fr

k=m+1
n
= sup Z cefe, g
lgl=1} \ xZnt1
n
= sup Z cx(fr. g)
Nall=1 |2y
n 1/2 n 1/2
< sup < Z le|2> <Z |<fkag>l2>
llgll=1 k=m-+1 k=m+1
" 1/2
_ /é( S W) |
k=m-+1

This establishes what we want since Y .- | |ex|* < 0. To check the inequality
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|IT|| < VB, we use Lemma 1.1.3 again to get
T 17 =7 fol? < BIFI
_ k=1

Hence, ||T|| = ||T*|| < VB.

<«=: This is the content of Lemma 1.1.3 O

Corollary 1.1.5 It thus follows that to check that a sequence {fi}%2, C H is a

Bessel sequence, we only need to check that the operator T is well defined.

Now we want to give another lemma about Bessel sequences and their appli-

cations to frames.

Lemma 1.1.6 ([HW]) Let {fi}32, and {gix}32., be Bessel sequences in a Hilbert

space H, and assume that

oo

fi= Z<fjagk>fk, VjeN.

k=1

Then {fi}32, is a frame for span{ fi.}32,, and

M2

x
ll

1

Proof:The assumptions immediately imply that (1.1.3) holds for f € span{ fx}2,.
By the Bessel assumption, the operator f +— > 722 (f,gx)fe is continuous, and
therefore (1.1.3) actually holds for all f € span{ fi}32,. Finally, Cauchy-Schwarz’

inequality applied to

o0

AP =D 4F g i £ f € SPan{ i}
k=1
yields the announced frame property. U

Definition 1.1.7 Let H be a Hilbert space, and suppose that (z,)ncz is a frame

a subspace W C H. A Bessel sequence (¥, )nez for the subspace W is called an



M.Sc. Thesis-M.A.Akinlar. McMaster-Mathematics and Statistics 13

alternate dual, or dual in short for (x,),ecz if
T = Z<$ayn>xna
n

for every r € W and n € Z.

Now our goal is to give the definition of the standard dual frame of a subspace of
a Hilbert space, and then give the relations between standard duals and alternate
duals.

Given a frame {g; };cz of H with frame bounds a and 3, the frame operator
S, defined by Sf = > (f,¢:)g; is a bounded, invertible and positive mapping of

€T
H onto itself. This provides the frame decomposition:

F=8(ST) = (8" foa)gi =Y (f.S'g)gi, forall feH, (L14)
ieZ =
with convergence in H. The sequence {S 1g;}icr is also a frame for H, called
the canonical dual frame of {g;}icz, and has upper and lower frame bounds
37! and a7 !, respectively. If the frame is tight, then S™! = a7 'I, where [ is the
identity operator, and the frame decomposition becomes:

1

«

f Z{f gi)g; forall feH, (1.1.5)

ieT
with convergence in H. Equations (1.1.3) and (1.1.4) show that a frame provides
a basis-like representation. In general, however, a frame need not be a basis, and

the elements {g; };ez need not be linearly independent.

Note also that a frame may have many dual frames. For instance, let our frame
be {ej.e1, ez, e0,€3,€3,...}, where (e,) is an orthonormal basis for the Hilbert
space H. It is obvious that each of the following collections is an alternate dual
frame for this frame:

{e1,0,€9,0,...}

{0,e1,0,€9,...}
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And also, the canonical dual frame for this frame is

{61 €1 €3 €2 }
22727277 77)"

Next we will give a theorem about the normalized tight frames.

Theorem 1.1.8 Let (z,)nez be a normalized tight frame for a Hilbert space H.
Then, every x € H has a representation as

T = Z(m, Tp)Tp

neZ

Proof: We defined the frame operator as S : H — H with

St = Z(%anﬂn

nez
for a frame of a Hilbert space H. Therefore, we must prove that the frame operator
is the identity map I of Hilbert space H onto itself if the frame is a normalized
tight frame. In order to prove that S = I, we must show that (Sz,y) = (z,y) for
every x,y € H

Using the definition of the frame operator, we can clearly see that (Sz,z) =
||||? for every « € H.

Now let us show that
(Sz,y) = (x,y) forany z,ye€ H.
Let x,y € H and A € C be a constant. Suppose that
(S(z 4+ Ay). (x + Ay)) = (x + Ay, z + Ay)
Then,
(S, z) + NSy, x) + MSz, y) + A (Sy, ) = (&, 2) + My, 2) + Mz y) + My, v)-
Therefore, we have that

l21” + IMPHyll® + 2ReM(Sz.y) = [l2ll® + INPllyll* + 2ReA(z.y).
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this implies that
2ReA({Sz,y) — (z,9)) =0 (1.1.6)

Now let
8= (Sa,y) — (z,9) € C,
then the equality (1.1.6) is equal to 2ReA\3 = 0 for any A € C. Choosing 3 = ),

we see that § = (Sz,y) — (z,y) has to be 0. Hence,

(Sz,y) = (z,9)
for every x,y € H, therefore S = [ as claimed. tl

Theorem 1.1.9 ([HW]) Suppose that (fn)nez is a normalized tight frame for a
Huilbert space H. Then,

1. The norm of any element of (fn)nez is less than or equal to 1.

2. If the norm of every element of (fu)nez s equal to 1, then (fu)nez is an

orthonormal basis for H.
Proof:

1. If k € Z we have
£l =DM B2 = Ml 4 D e £
nez neZ\{k}
Hence, ||fell* — |Ifell* >0, which implies that ||fi]|*(1 — | fx]|*) > 0. thus
1fell < 1.

2. Suppose that ||fi]] = 1 for every k € Z. Then by part (1), we have that
0=11AI = 1Al = D e f)l
neZ\{k}
Therefore, {fi., frn) = 0 for every n € Z\{k}. This means that (f,)ncz is an

orthonormal basis for H. O
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In this thesis we will be mainly interested in constructing the dual frames which
have the same Gabor structure as the original Gabor frame of Gabor subspace
frames (or Weyl-Heisenberg frames) for L*(R).

The Gabor subspace frame elements have a particularly simple form, for they
are functions which are generated from a single fixed function (called window) by

applications of the basic operations of translation, modulation, defined by:
Translation: T,f(z) = f(z —a), for a€R;

Modulation: E,f(z) = e*™* f(z), for a€R.

It is clear that the translation and modulation operators satisty the equalities:

TuBy(z) = ™ g(z —a)
EyT,g(z) = gz —a)

(BmpTnag)(z) = €*™™g(z — na). (1.1.7)

A Weyl-Heisenberg frame (or Gabor subspace frame) for L*(R) is a
frame consisting of the set of translates and modulates of a fixed function in L?(R).
That is, a collection of the form {EnThad tmncz, With a,b > 0, and g € L*(R),

and sometimes denoted by WH-frames.

WH-frames were introduced in 1946 by D. Gabor when he formulated a fun-
damental approach for signal decomposition in terms of elementary signals. Since
then, a central question in this area has been to give necessary and sufficient
conditions on g, a, b so that {E,3The9tmnez forms a frame.

Although this question is still open, the necessary and sufficient conditions for
this family to form a tight WH-frame is given by Casazza and Christensen in a
paper (see [CCJ1]), and these authors hope that this will eventually lead to the
solution to the general problem. In our thesis we are giving a characterization for

alternate dual frames of Weyl-Heisenberg frames in terms of the Zak transform.
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It can be shown that the frame operator S for a Gabor subspace frame
{EtThag}mnz commutes with translation by a and modulation by b.
Next we show that the image of a Gabor subspace frame { E;pT0q9 }m.nz under

the frame operator S is another Gabor subspace frame.

Theorem 1.1.10 Let {EppTh09}mnz be a Gabor subspace frame with the frame

operator S. Then, a direct computation shows that
S(Emanag) - EmanaSga

and

S_l (Emanag) = Emanasﬁlg-

In particular, the canonical dual frame of a Gabor subspace frame is another

Gabor subspace frame.

Next we want to give a proposition which gives a simple characterization for

the functions which belong to L?(R) are orthogonal to Gabor subspace frames.

Proposition 1.1.11 ([HW]) Let g,h € L*(R) and a,b € R.
1. h L E,ug, for all m # 0 if and only if there is a constant C so that

Z h(x —n/b)g(x —n/b) = C almost everywhere

nez

2. Ifn#0, then h L ETha9, for allm € Z if and only if

Z hae —k/b)g(x —k/b—na) =0 almost everywhere
k

Proof:

1. We have that h 1 F,g, for all m # 0 if and only if,

0 = (h, Embg>:/Rh(1f)Embg(a:) d:rth(x)g(m)E_,mb dx

1/b
= / Z h(z —n/b)g(x — n/b)E ., de, forall m € Z.

nez

(1) now follows.
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2. Similar to (1) we have that h L E,,;T,.9, for all m € Z and n # 0 if and
only if

0 = (h EmgToag) = /

. h(z)Ewg(x — na) dx = / h(z)g(x —na)E_ dx

R

1/b
= / Z h(z — k/b)g(x — k/b— na)E_,, dz, forall m € Z.
0

keZ
(1.1.8)
Now, (1.1.8) is equivalent to
Z h{z — k/b)g(x — k/b—na) =0, almost everywhere. O

keZ
A crucial tool in the Gabor systems analysis is the Zak transform. This trans-
form has been introduced independently by many groups in many different areas
of pure and applied mathematics. J. Zak investigated it for quantum mechanical
reasons beginning in the 1960s ([Za]); recent work includes that of A. J. E. M.
Janssen ([Jal], [Ja2]).

Definition 1.1.12 The Zak transform of a function f € L*(R) is (formally)

Zf(ﬂ?, w) — Z f(l' o k)627rik'w

keZ

for every z,w € R.

The Zak transform is a mapping from L?*(R) onto L?(]0, 1] x [0, 1]) and another
very useful version of it which will be the key tool for the second chapter is defined

for « > 0 as

1 t—k :
Zog(t,w) =a"2 Zg <T) p2mikw

keZ
A detailed discussion of the Zak transform can be seen in ([Ja2], [Za]). For ex-

tensive examples using the Zak transform see ([CCJ1]). A nice application of it
to Balian-Low phenomenon for subspace Gabor frames can be seen in [GH1].
Now we want to point out some useful properties of the Zak transform and its

relation with Gabor subspace frames in the next lemma and theorems.
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Theorem 1.1.13 ([Ca]) The Zak transform is a unitary map from L*(R) onto
L*(Q) where Q = [0,1] x [0,1].

Proof. In order to prove that the Zak transform is a unitary map from L?(R)
onto L*(Q), we will show that the image of an orthonormal basis of L?(R) under
the Zak transform is an orthonormal basis for L?(Q).

It can be seen that the following collection, for o > 0

{¢m,n}m,nez - {EmaTn/aX[O,l/a)(t)}m,nez

{7 X 01/a) (E = 1/ ) Yo ez

is an orthonormal basis for L*(R).

t—k—n

_ : t—k .
Za((bm,n)(ta w) = 1/2 Z eQmma( = )X[O,l/a)( - )ekaw‘
keZ
The only non zero term in this series occurs when k = —n, thus,
Z((bm,n)(t, ,w) — e?ﬂimte—Qm'nw

= E,_n(t,w).

It is obvious that {E,, _, }m.nz is an orthonormal basis for L*(Q). This completes
the proof. Il
We now give a characterization of the Zak transformation of the Gabor sub-

space frame {E.,pTh09 }mnez for the case of ab e N.
Proposition 1.1.14 ([Ca|) The Zak transform of EyTnag is Ev —npZpg for ab =
p €N and g € L*(R).

Proof: We have

Emanag = Gmbna = gmb,ﬂbe

for ab = p. Thus, we have that

- n
Gt (1) = €270 (i Tp) :
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By definition of Z;, we have

imbts t—k— .
Zb(gmb,ﬁbﬂ> = b_% Z €2mmbiﬁkg (__Hﬁ) ekaw

keZ

, t—k— -
keZ

/
_ b—%e%rimt § :g (t —k e?m’k'we—Qmpmu
b

k'cZ

S NP t— K -
=} 2627mmte 2mwipnw E :g< ; )627rzkw
k'eZ
— e?mmte—Qmpanbg(t’ ‘w)’

as claimed. |

1.2 The Zak Transformation of a Gabor Sub-
space Frame

In this section we will present some results showing how the Zak transform can

be used to study Gabor subspace frames.

Theorem 1.2.1 ([Ca]) Let g € L*(R) and let gy = EnTng for m,n € Z. Then,

1. {Gmn}mnez s an orthonormal basis for L*(R) if and only if |Zg| = 1 almost

everywhere.

2. {Gmn tmnez 15 a frame for L*(R) with frame bounds A and B if and only if

A < |Zg|* < B almost everywhere.
Proof:

1. We proved in Theorem 1.1.13 that the Zak transform is a unitary map from
L*(R) onto L?(Q), and by Theorem 1.1.14, we know that the Zak transform
of B, T,g is By, _nZg. Therefore, {gmntmnecz = {EnThg}mnez is an or-

thonormal basis for L?>(R) if and only if {E,, -, Z¢}nnez 1s an orthonormal
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basis for L2([0,1] x [0,1]). By Parseval's theorem, we have that for each
f e L*R) with F = Zf € L>(Q), where Q = [0,1] x [0, 1].

IFI3 = > KF B nZg))?

m,n

= EI<FZaEm,~n>|2
= [|[FZglj.

since E,, _, is an orthonormal basis for L?(Q)). Then using the definition of

the norm, and unitarity of the Zak transform, we have the following identity:

/01 / Pt de duw= | | / P ) 25w d du

Therefore we have that

11
/0 /0 (|F(z,w)Zg(z,w)|* — |F(z, w)|*)dzdw = 0. (1.2.9)

Since this equality is true for every bounded function F', we can choose F

to be the characteristic function xg of S, where
S = {(z,w)| |Zg(z, w)|* > 1}.

Hence equality (1.2.9) turns into the form

/S/(I-Z—gTz——u;Sl2 — 1)dzdw = 0.

This implies that the measure of S must be 0. In a similar way, if we choose

F to be ys where
S'= {(rc,w)] |Zg(:(;,w)|2 < 1}v
the equality (1.2.9) turns into the form

//lngw[ — 1) dx dw = 0.

In the same way, this implies that S’ has measure 0.

Therefore it follows that |Zg| = 1 almost everywhere on [0, 1] x [0.1].
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2. Since the Zak transform is a unitary map and Z(E,,T,9) = En_nZg, we
have that

{gm,n}m,nez = {Eang}m,nGZ

is a frame for L*(R) with frame bounds A and B if and only if { E;n,_nZ9}mnez
is a frame for L?([0,1] x [0, 1]) with the frame bounds A and B.

By part (1), we know that
”FZQ—”Q = Z |(F Em,—nZg>|2

for F' € L*(Q) with F bounded.
Hence by the definition of a frame we have the following inequalities
AlIFIE < IFZgli; =) I(F, EmnZ9)l> < BIIF5.
Therefore, using the right hand side of this inequality, we have that
/1 /01 (|F(1’ w)Zg(x, w)|* — B|F(z, w)IQ) dedw <0
0
and using the left hand side of the same inequality, we have that
/01 /01 (ur(q;, w)Zg(z, w)|? — A|F(z, w)|2) dzdw > 0.
By defining the sets
Si = {(z,w)] |Zg(z, w)]* - B > 0}

and

Sy = {(z.w)] | Zg(z,w)? ~ A < 0},

and letting F' = xg, and xs,, respectively, we obtain that S; and 9, are

measure 0 sets. Therefore we obtain that
A<|Zg|* < B almost everywhere

on [0,1] x [0, 1] as claimed. O
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We can extend Theorem 1.2.1 to the Gabor subspace frames in the following

way:
Theorem 1.2.2 ([Ca]) Let g € L*(R) and g, = EnThg for m,n € Z. Then

1. {9mn}mnez is a normalized tight Gabor subspace frame if and only if |Zg| =

xq almost everywhere, where Q0 is a measurable subset of [0,1] x [0, 1].

2. {Gmnmnez 15 a Gabor subspace frame for L*(R) with frame bounds A and B
if and only if there exists a measurable subset Q of Q such that A < |Zg|? <
B almost everywhere on Q, and Zg =0 on Q\S2, where Q = [0,1] x [0, 1].

Proof. The proof of both parts (1) and (2) will come as an easy corollary after
we characterize the frame condition in terms of the Zak transform in the second

chapter. O

Theorem 1.2.3 Let {E,T,g}mnez form a Bessel collection, where g € L*(R)
and define M(g) to be the closure of span{ EnThg}mnez n L*(R) and

Z(M(g)) ={Zf|f € M(g)}.

Then
Z(M(g)) = L} (%),

where

0 = {(z.w) € [0, 1] x [0.1]| Zg(z, w) % 0}

Proof: Since the Zak transform of a finite sum Zm’n o n B Tg has the form

H(z,w)Zg(x,w) where
H(z,w) = Zam,nEm,—n(fEa w),

it follows immediately that

Z(M(g)) € LH(9).
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To show the converse inclusion, consider a function h € L*(Q2) such that h is
orthogonal to Z(M(g)).
Using the Zak transform, it follows that

0 = (h(z,w), Em n(z,w)Zg(z,w))
= (h(z,w)Zg(z,w), B —n(z, w)) (1.2.10)

Since Zg is bounded, we have that
hZg c L*(Q) where Q =[0,1] x [0,1].

Hence by the equation (1.2.10), we have that h(z,w)Zg(x,w) = 0 since
E . n(z,w) is an orthonormal basis for L?(Q)), and, thus, h = 0 almost everywhere
on .

Thus,

L*(Q) C Z(M(g)) and, therefore,
Z(M(g)) = L*().

This completes the proof. O
Proposition 1.2.4 Let ab be a rational number and g € L*(R). Then the collec-
tion { EmpTragtmnez s a Bessel collection if and only if the Zak transform Zg of

g 1s bounded.

Proof: The proof of the proposition is an easy conclusion of Lemma 2.3.5. U



Chapter 2

Main Problem

Let {EmpThag}tmnez and {EnpThok}mnez be two Gabor subspace frames. We
want to obtain a condition for the existence and uniqueness of a window function
h in the Gabor subspace frame Span{ EnpThok }mnez which generates a Bessel col-
lection {EnmpThah}monez such that {EpTheh}maez is a dual frame of the original

Gabor subspace frame {FypThag}mnez-

2.1 Solution for the case of ab =1

Theorem 2.1.1 Let {EThagtmnez ond {EppTooktmnez be two Gabor sub-
space frames. Then there exists a window function h in span{ EpThak}mnez
such that the Bessel collection { EypThah}tmnez s a dual frame of the Gabor sub-
space frame {EmpTnagtmnez if and only if Span{ EnpTnag}mnez s a subset of
spard EmpTnak }monez.

Proof: First let us define the sets

0 = {(r.w)lZg(r,w) £0)
Q = {(z,w)|Zk(z,w) # 0}.



M.Sc. Thesis-M.A . Akinlar. McMaster-Mathematics and Statistics 26

Since the Bessel collection { EypThaht }mnez will serve as a dual frame of the Gabor
subspace frame {E,;;7 009} mnez, using the definition of the dual frame, we have
the following equality:
F) = 3" (f(), EmpTaah(t)) EmisTrag(t)
m.neZ
for every f € span{E,pThag bmnez, Which has a bounded Zak transform. Taking

the Zak transform of both sides, we get that

Zf(z.w) = Z (Zf(x,w), By _n(z,w)Zh(z,w))Ep —n(z, w)Zg(z, w)
= Zg(z,w) Z (Z f(z,w)Zh(x,w), Ep _p(x,w))Ep n(z, w)
m,neZ

= Zg(x,w)Zf(x,w)Zh(z,w) for every (x,w) €
by the Parseval equality.
1

Zg(x,w)
Z(h) € L*(Qy) and Z(g) € L*(Q) since h € span{E,Thak tmnez and g is the

Thus, we have the equality Zh(z,w) = on the set £2,. It is clear that
window function of {EypThagtmnez.

Hence, because of the equality

1
Zh(l ’UJ) = Z—g(_——T__T—j 7£ 0 on Ql,

and Zh(z,w) = 0 for every (x,w) € @ — Qq, it is obvious that ; C Q. and this
implies that L?(Q) C L*(£2y).

Define now the sets
Afl = Span{EmbEmg}m,nEZ
A[Q = Span{Emanak}m‘nEZ
We just showed that L%(€;) C L?*(Q,) and using Theorem 1.2.3, we can say

that
Z(My) = LQ(Q}) and Z(My) = LQ(QQ),
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hence, we have that
Z(M)) = L*() C Z(Ms,) = L*().

Therefore we conclude that if M, C My, then always there exists a window
function h, defined as Zh(z,w) = ﬁxgl(x, w), in span{ EypThek}mnez such
that the Bessel collection { EnpThah}mnez is & dual frame of the Gabor subspace

frame {EpThnad}mnez as claimed. O

Proposition 2.1.2 The window function h satisfying the conditions of Theorem

2.1.1 exists uniquely if
O = {(z, w)| Zg(z,w) # 0} = Qy = {(z, w)| Zk(x, w) # 0},
or
Span{Emanag}m,nEZ = Sp@n{Emanak}m,neZa
respectively.

Proof: Suppose that Q; # Q. Then Q; must be strictly contained in €25, since
the condition for the existence of the dual is 1, C €,. Now since we assumed

that Q; C Qy, we can define two L?(£y) functions satisfying the equality

1
Zh(fl7QU) = ——— on Ql
Zg(xz,w)
in the following way.
Define
1 ,
m, (CL’, w) EQ}
Zhy(z.w) =< 1, (z,w) €\ O (2.1.1)

0, (z,w) €95

1 .
Zga) (.T, UJ) EQl

Zhy(z,w) =1 2. (z,w) €\ (2.1.2)
0, (x,w) €4
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It is clear that Zh; and Zhy are both in L?(f);) and satisfies the equality

Zh(z,w) = -Zﬁm on 4, i.e. they satisfy the condition for the existence of the
dual. Thus we conclude that if ), is strictly contained in {29, we can define as many
as window functions h we want such that the Bessel collection {EpThah}mnez
serves as a dual frame for the original Gabor subspace frame {E,p1hag}mnez-
Therefore the condition for the uniquely existence of the dual frame must be

0 = Qy, (or My = My, or Z(M;) = L) = Z(M,) = L?(€),), respectively) as
claimed. : O
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2.2 Solution for the case of ab=p € N

Before we start to give our proofs and conclusions for the case of ab € N, we want
to explain the scheme of the solution of our problem since we believe that it will
be very useful in order to understand the steps of our proofs and we will follow
the similar steps in the proof for the case of ab = p/q, gcd(p, q) = 1.

First, we will characterize the set of Bessel sequences { EinpTag tmnez in terms
of the Zak transform. Secondly, we will characterize the functions in the closed
linear span of the Bessel collection { Epplneg}mnez, and then obtain a condition
for the lower frame bound for {E,T.9}mnez to hold and as a corollary we
will obtain a condition for being a Gabor subspace frame of the Bessel collection
{EmpThag}tmnez. Finally, in order to obtain a condition characterizing the dual
frame condition, we will characterize functions h € L?*(R) which generates a
Bessel collection { E,,pToh }mnez that serves as a dual frame of the original Gabor
subspace frame {E,,4Th09}mnez, and then generalize this characterization to our
main duality problem.

Since we believe that mentioning the problem again will be helpful to follow
up the proofs, here we state our problem one more time:

Let { EnpTrnag tmnez and { EmpThok}mnez be two Gabor subspace frames. We
want to obtain a condition for the existence and uniqueness of a window function
h in the Gabor subspace frame 3pan{EThok}mnez which generates a Bessel
collection {E,pThah}mnez such that {EpThahbmnez serves as a dual frame of
the original Gabor subspace frame {E,,1T509 }m.nez.-

It is very useful to remember that the Zak transform of E,,T0a9 is Er —npZpg
for ab = p € N, since we will make our characterizations in terms of the Zak
transform.

Now we will give a remark from calculus which will be very useful in our

calculations.
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Remark 2.2.1 From calculus, we know that the equality

Alf(x)dx:L%§f<x+g> dx

holds for every integrable function f defined on the interval [0, 1].

Proposition 2.2.2 Let ab = p € N. There exists a positive constant B such that
the inequality

> W@, B Toag() < BIF(OI (2.2.3)

m,nez
holds for every f € 3pan{ EpnpThagtmnez if and only if ||G(z, w)||%, < Bp almost
everywhere on [0,1] x [0,1/p], where

G = (Go....Gp)€CP

Gi(z,w) = Zbg<x,'w+1>, i=0,...,p— 1.
p

Proof: Let us consider the left hand side of the inequality in (2.2.3) first, and

assume that f or g has a bounded Zak transform.

Z Kf(t)* E'manag(t)M2

mned

= Z ‘<be(x,’w)7Zb(Emanag)(wi»lg

m,nez

(Since the Zak transform is a unitary map.)

= Z U Zpf(x.w), Em _np(z, w) Zpg(z, w))|? (by Theorem 1.1.14)

mneZ

1 1
= > / / Zof (&, w) Zyg . w)e 7 AR e du
0 0

mneZ

2

2

1 i/p p—1 A ‘
— Z / / Zbe($, w + k/p)Zbg(x,w+ k/p)e—QmmzeZmnpw dr dw
0 0 k=0

m,nez

.
N PJo Jo

2
dr dw

p—1
> Zof(w.w+ k/p) Zog(x, w + k] p)

k=0
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where the last equality follows from the fact that {e ?7imee2minpw

thogonal basis for L2([0,1] x [0, 1/p]), and the fact that Z,f Z,g € L*(Q). Similarly,

}mez 18 an or-

1 pi/pP-l
1@ = [ [ 1w k) d (2.2
0 0 k=0

Since Z,f(x, w+k/p) is an arbitrary function in L?*([0,1] x [0, 1/p]), we can define

the functions

Felz,w) = Zyf(x,w+k/p), k=0,....p—1 (2.2.5)

Gi(z,w) = Zyglz,w+k/p), k=0,....,p—1 (2.2.6)

and the CP-valued functions F' = (Fy, ..., F,_1) and G = (Gy,...,Gp-1). There-

fore the inequality (2.2.3) can be written as

1 rifp
Iy

1 rlfp

= [ [ . Gl d v
0 Jo
1 p1/ppPl

Bp// ZIFk(wﬁw)lea’Edw
070 k=0

~ By / 1 / P ) de du

2
dr dw

p—1
ZFk(w,w)Gk(x, w)
k=0

IA

(2.2.7)

We can rewrite the inequality (2.2.7) as

1 rl/p
/0 /0 ((F(z,w), G, w)er o = BpllF(z, w)|%) de dw < 0.  (2.2.8)

Now, suppose that ||G(x, w)||%, < Bp almost everywhere, then using the Cauchy-
Schwartz inequality, it is clear that we have the inequality (2.2.8).

Conversely, suppose that we have the inequality (2.2.8), and let us define the
set

S = {(z.w) : |Gz, w)||} — Bp > 0}.
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If we choose F(r,w) = ”gg B” xs(z,w), we see that each component of F

belongs to L*(Q) and the inequality (2.2.8) turns into the form

L / (G (2, w) |12 — Bp) dz dw < 0

This implies that S has measure 0, and thus, that ||G(z,w)||Z, < Bp almost
everywhere. This proves our claim. (I

We will need the following proposition next.

Proposition 2.2.3 Let ab = p € N. Let g € L*(R) and define G € L*([0,1] x
[0,1/p],C?) by G = (G, ..., Gp_1) where Gi(x,w) = Zyg(z,w+i/p), 1 =0,...,p—
1. Assume that {EppThag}mnez S a Bessel collection and let M(b,a, g) be the
closure of the closed linear span of {EpmpTnag}mnez. Let f € L*(R) and define
the vector valued function F € L*([0,1] x [0,1/p],C?) by F = (Fy, ..., F,_1) where
Fi(z,w) = Zyf(z,w+1i/p), i = 0,....,p— 1. Then f € M(b,a,g) if and only
if there exists a complex-valued measurable function L defined on [0,1] x [0,1/p]
such that F = LG.

Proof: Let h € L*(R) and suppose that h L span{E,Tneg}mnez. Then, we
have that

(h(z), EmpTnag(x))
— (Zoh(2.w), By, 0) Zugla,w))

(since the Zak transform is a unitary map and by Theorem 1.1.14)
= (Zh(r. ) Zag (2], Eo oyl 0)

- / Zyh(z, w) Zyg(x, w) e 2 mTImInPY o gy
0

1 pi/ppl A .
= / / Z Zyh(x,w 4 k/p) Zog(z,w + k/p) e 22T dg dyw
0 =0

o

o

1
— / / I U’ (I w))@ 6—27Timzv€27rinpw dx dw
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where G is defined as in the hypothesis of Proposition and H is defined similarly.
This implies that h L3pan{ EpThag }mnez if and only if

(H(z,w),G(z,w))cr =0

for almost every (z,w) € [0,1] x [0,1/p], since {e~?™meemnPw} | 7 is an orthog-
onal basis for L?([0, 1] x [0,1/p]). This implies, in particular, that if a measurable
function V defined on @ is such that VG € L?(Q), then the function y € L*(R)
obtained by Zyy(z,w + ¢/p) = V(z, w)G;(z, w) belongs to M(b, a, g).

Indeed, if hL M(b,a, g), we have that

_____ /p
/ y(t)h(t)dt = / V(z,w) < G(z,w), H(z,w) >¢r dedw = 0.
R o Jo
In particular, if F' € L?(Q), then, we have

(F(z,w),G(x,w))cr G(z,w) € L}(Q).

1G(z, w)lIg
Since,
(x,w), Gz, w))ce
G(z,w < || F(z,w)|lce,
|t o ), = el
if £ e L?([0,1] x [0,1/p],CP) is arbitrary, we can define
H:=F— iF_izC— G, (2.2.9)
”G”(Cp

where (H,G)cr = 0.

It follows from here that
(F.H)cp =0 for fe M(b.a,g).

Therefore if f € M(b,a, g), then by the definition of F' in the equality (2.2.9), it
is clear that

(F,G)ce
(L&l

0 = <F H>c={ G+ H,H)cr

and this implies that
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Conversely, if F' = ﬁ C(|;| 2 (G, then it is obvious that f € M(b,a,g).
cp
Therefore
F=LG where L= iF’—G%g (2.2.10)
1GIIE
for f € span{E,pTheg} on the set Q = {(z,w)|G(z, w) # 0}. O

After we characterized the functions in the closure of the linear span of the
Bessel sequence { EypThedtmanez a8 in the equation (2.2.10), let us obtain a con-

dition for lower frame bound of the Bessel collection {EypTheg}mnez-

Proposition 2.2.4 Let ab=p € N. Let {E,4Thag}mnez be a Bessel collection.

Then, there exists a positive constant A such that the inequality

AlF@IP < ) 1F (@) EmTuag(@))? (2.2.11)

mnez

holds for every f € 3pan{ EmpTrnag}mnecz if and only if Ap < ||G(z,w)||%, almost
everywhere on the set Oy = {(z,w) : G(z,w) # 0}, where

G = (Go....Gp1) €T,

Gi(r,w) = Zyglx,w+i/p), i=0,...,p— 1
Proof: We can rewrite the inequality (2.2.11) as we did in inequality (2.2.8).

1 rlfp
/0 /0 (Ap||F(z, w)||&s — [(F(z,w), G(z,w))er|*) dz dw <0 (2.2.12)

Since we are working for f € span{E,pTn.g}mnecz, by the equality F' = LG in
(2.2.10), we can rewrite the inequality (2.2.12) as

/ / Lz, w)Rl|Cla, w)|| 2 (Ap — |G (2, w)|%) do dw <0 (2.2.13)

It is clear that if Ap < ||G(z,w)||* on €, then 2.2.13 holds.

Conversely, assume that we have the inequality 2.2.13. Define now the set

S = {(z,w)|Ap — ||G(z, w)||2 >0 and ||G(z,w)|| > 0}.
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Choosing L as the characteristic function of S, i.e., L = xg, the inequality

(2.2.13) becomes

| 16w (ap ~ 16 e, w)Es) do du <

which implies that S has zero measure. Hence Ap — ||G(z, w)||2, < 0 on the set
0 = {(z,w)|G(xz,w) # 0}. This proves our claim. O
Therefore, combining the propositions 2.2.2 and 2.2.4, we get the following

condition characterizing Gabor subspace frames.

Corollary 2.2.5 Let ab = p € N. The collection {ETheg}mnez is a Ga-
bor subspace frame if and only if there exist two constants A and B such that
Ap < ||G(z, w)||2, < Bp almost everywhere on the set = {(z, w)|G(z,w) # 0}
where G is defined as G = (G, ..., Gp-1) where Gi(z,w) = Zyg(z,w +i/p), i =
0,...,p—1.

Now we are ready to obtain the condition for the dual frame. First we want to
characterize the functions h (not necessarily in the linear span of { E,pThok bmnez)

such that the Bessel collection {EpTnah}mnez is a dual frame of the Gabor

subspace { By Thad }mnez-

Proposition 2.2.6 Let ab = p € N. Let {E, 5T }mnez be a Gabor subspace
frame. Then, the function h € L*(R) generates a Bessel collection { EypThohYmnez
such that

{EnsTnah}mnez is a dual frame of { EppTragtmnez if and only if

p = (G(z,w), H(x,w))cr almost everywhere on 4y = {(z,w) : G(x,w) # 0} and
where G and H are defined as G = (Go, ...,Gp_1) and H = (Hy, ..., H,_1) where
Gi(z,w) = Zyg(x,w +i/p),and Hy(z,w) = Zyh(z,w +1i/p), i=0,...,p— 1.

Proof: Let {E, 41149} mnez be a Gabor subspace frame and suppose that the
Bessel collection {EppThahtmnez is a dual frame of {EpTag}tmnez. Using the
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definition of dual frame, we have the following equality
f(il?) = Z <f(1;)7 Emanah(I»Emanag(x)
m,nez

for every f € span{EypTneg tmnez- Then,

be($, 'w)
= }: (Zyf(z,w), Zo( Eyp Trah) (2, w)) Zp( By Tnag) (2, w)

m,neZ
(since the Zak transform is a unitary map)

= > {Zf(x,w), Em—np(m, 0) Zsh(z, w)) By _np(, w) Zpg(, w)

mneZ

(by the theorem 1.1.14)

= Zyg(z,w) Z (Zof (z,w)Zph(z,w), Em _np(x,w)) Epy —np(x, w)

m,n€Z
1 1
= Zyg(z,w) Z </ / Zpf (2, w) Zyh(z, w)e 2™ qy dw> B —np(z, w)
mned 0 0
1 r1/p Pt
= Zglz.w) Y ( / / > Zyf(x,w+ k/p) Zph(z,w+ k/p).
mmnez SY0 YO p—g
6727rimx€27rinpw dr dw) Em,—n,p(fs UJ)
p—1
1
= ];Zbg(x, w) Z Zpf(z,w+ k/p)Zyh(x,w + k/p)
k=0

(since e 27mTe2mnP ig an orthogonal basis for [0, 1] x [0,1/p])

1
= —Zyg(z,w)(F(z,w), H(z,w))cr
P
where F' and H are defined as in the hypothesis of Proposition. Hence,
1
Zyf(x,w) = = Zpg(x, w)(F(z,w), H(z,w))cs. (2.2.14)
P

Since we are working with the functions f € span{EThag}mnecz and we
characterized these f’'s as F' = LG in the equality (2.2.10), the equality (2.2.14)

becomes
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L(z,w)G(z,w) = lG(q:, w){L(z, w)G(x,w), H(x,w))cr

P
= —;—G(I, w) L(z, w)(G(z,w), H(x,w))cr, (since L is constant)
this implies that
p = (G(z,w), H(zx,w))cr (2.2.15)
on the set 0 = {(z,w)|G(x, w) # 0}. This proves our claim. O

We can generalize this result to our main duality problem very easily.

Note that in Proposition 2.2.6, we worked with a window function h whose Zak
transform was bounded but it was not necessary that h belonged to the linear span
of the Gabor subspace frame {E,pT0k }mnez. Now if we choose h, in particular,
from the closed linear span of the Gabor subspace frame {E,,;T0k}mnez, then

we can write H as
H=LK (2.2.16)
as we did in equation (2.2.10), where L is a scalar-valued function and

K = (Ko,...,Kp_l) e C? and

Ki(z,w) = Zyk{z,w+1i/p), i=0,...,p—1.
Next we obtain a condition for the main duality problem.

Theorem 2.2.7 Let ab = p € N. Let {EnpTnagtmnez and {EppTnok}mnecz be
two Gabor subspace frames. Then, there exists a function h € Span{ EmpThak}mnez
which generates a Bessel collection { EypTuah}tmpez such that { EmpThah}mmez is
a dual frame of the Gabor subspace frame {EnpTnagtmnez if and only if there

exists a positive constant C' such that inequality

G (z,w), K(x,w))cr| > C (2.2.17)
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holds almost everywhere on Q0 = {(x,w) € [0,1] x [0, %] : G(z,w) # 0}, where

K = (Ko,...,K,-1)€C? and

Ki{(r,w) = Zyk(z,w+i/p), i=0,....,p—1,
and

G = (Go,...,Gpq) €CP and
Gi(z,w) = Zyg(z,w+i/p), i=0,....,p—1.
Proof: First let us prove the necessity part of the implication. We want to prove
that if we have the dual frame, then inequality 2.2.17 holds almost everywhere.

Note that we can write H = LK for some scalar-valued function L by the equality

2.2.16 since h € span{ EmpTnok}mnez. By the previous proposition, we have that

p = (G(z,w), Hx,w))cr on theset O = {(z,w)|G(z,w) # 0}
= (G(z,w), L{z,w)K(x,w))cr

= L{z,w){(G(z,w), K(z,w))cs.

This implies that

P
(G(z,w), K(z,w))cr

L(z,w) =

pK(z,w)
(G(z,w), K (x,w))cp

on €. Thus, we can rewrite H = LK as H(z,w) = on ).
Since the dual frame {E,,3Th0h}mnez is a Bessel collection, || H||c» is bounded.

Hence,

Kz wller (2.2.18)

1H (z, w)llcr = (G(z,w), K(z,w))cr —

for some positive constant C; on €2y, where K can not be 0. Using the frame
condition we see that K is bounded below on the set Qo = {(z, w) : K(z,w) # 0},
hence 2 C §2,. Note that K is bounded on {25, and thus on §2;. Thus, the equality
2.2.18 implies that [(G(z,w), K(z,w))cr| > C on ) = {G(z,w) # 0} for some

positive constant C. Therefore, we conclude that if we have dual frame, then
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inequality |[{G(z, w), K(z,w))ce| > C holds on ) = {(z,w) : G(z,w) # 0} for
some positive constant C. Conversely, now we want to show that if inequality

2.2.17 holds, then we can construct a dual frame.

Define,

P .
L — <G(wi)’K(x:w))(Cp ’ on Ql’

0, otherwise.
By this definition of L, it is obvious that

(e ler = LG )R e = 2o < YR

since | K (z,w)||%, < Bp. Therefore, we conclude that H = LK is bounded func-
tion and then we can say that we have dual frame if inequality 2.2.17 holds. This
completes the proof. U

Now let us obtain the condition for the uniqueness of the dual frame of the Gabor

subspace frame {E.pTnad tmncz-

Proposition 2.2.8 Let ab = p € N. The window function h satisfying the con-
ditions of the theorem 2.2.7 exists uniquely if and only if

{(z,w) €[0,1]x1[0,1/p] : G(z,w) # 0} = {(z,w) € [0,1] x[0,1/p] : K(z,w) # 0}.

Proof: First let us prove the necessity part of the implication.

Let @ := {(z,w) € [0,1] x [0,1/p] : G(z,w) # 0}, and £ := {(z,w) € [0,1] x
[0,1/p] : K(z,w) # 0}. We know that the condition for the existence of dual
frame implies that ; C Q. If 5\ Q2 has a positive measure, then we can define
the vector functions

pK
(G(z,w),K(zw))ep’

H, (LI?, ’IU) = K, (1" w) EQQ \ Ql (2219)
0, (r,w) €

(x,w) €Y
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, and
W (0w €
Hy(z,w) = 0, (z,w) €9\ (2.2.20)
0, (x,w) 5.
Since both of Hy and Hs satisfy the conditions of the theorem 2.2.7, we conclude
that if {2,\€2; has a positive measure, then dual frame can not be unique. There-
fore, if we have a unique dual frame, then €2, = €2 almost everywhere. Conversely,

if € = €2, up to a set of zero measure, the dual is clearly unique and is obtained

by the equality: H := #K%pxgl- O
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2.3 Solution for the case of ab=p/q, ged(p,g) =1

This chapter is the core of this thesis since we are giving the main theorem, The-
orem 2.3.20, here together with a proof of it using matrix-valued functions. It
is also very useful to point out here that in Theorem 2.3.20, we give a condi-
tion for the existence of the dual frame, and in this chapter we obtain a result
characterizing the existence and uniqueness of the dual frame.

Before we give a characterization of Bessel sequence, dual frame, etc. in terms
of the Zak transform, we will make some remarks related to the Zak transform of
{EmpTnagtmnez for the case of ab = p/q, gcd(p,g) = 1.

Let us express the Gabor subspace frame { E;,, 7509 }m.nez in the following way:

Emanag = Gmbna = g’mb,%b’Z (fO?" ab = p/Q7 ng(p7 g) = 1)

We know that every n € Z can be written uniquely as n = ¢ + fg with ¢ €

{0,1,...,q— 1} for some £ € Z. Thus, we get that

np ip  {p

gb  gb b

Therefore, we have that

im Zp ep
B Tong5) = s 33 (0) = 9,0 .1 (0) = 0% (o= 2 B (23)

Now let us define the function g'(x) := ¢ <x — g-;). Then the equality (2.3.21)
turns into

mimbx i gp ]
e?mimbe g (T - —b*> = gmb/_b,z(:c).

In the theorem 1.1.14, we proved that the Zak transform with parameter oo = b
of G, 22 18

e2mmx€42mnpw Zbg(ilf, ,w)‘

Therefore,

Zb(gi , {2) — eQwirn,ze—Qmé’prbgi(x’ ,w) — Em,—ép(-T« ’U,V)Zbgi(l’, w)'

mo,=;
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We will now define matrix-valued functions and discuss some of their properties
which will be useful later on.

We will write as A > 0 if A is any positive-semidefinite matrix, and A > B if
the difference A — B of square matrices A and B of the same size is a positive-

semidefinite matrix.

Definition 2.3.1 Let (€2, 1) be a measure space. Let M, be the set of complex
matrices of size r X s.

Let v : @ — M,«s be a map. Then ~ is measurable (respectively in LP(2)
where 1 < p < oo) if and only if each entry of v is measurable (respectively in

LP(Q)) where 1 < p < 00).

Lemma 2.3.2 Let (Q, 1) be a measure space where Q = [0,1] x [0,1/p]. Let
A:Q — M, be a measurable matriz-valued function.
If A is not positive-semidefinite almost everywhere, then there exists a vector

& € C" such that (A(x,w)€, &) < 0 for all (x,w) in a set B of positive measure.

Proof: Let {&}3°, be a countable dense subset of C".
Note that a fixed matrix A of size r x r is positive-semidefinite if and only if
(A&, &) > 0 for every i =1,2,....
Define
B; = {(z,w)|{A(z,w)&;, &) <0}, i=1,2,....

At least one of these B;’s has a positive measure, since, otherwise, for every 2,
(A(z, w)&;, &) >0 (2.3.22)

on [0,1] x [0,1/p]\B;. Hence, the inequality 2.3.22 holds for every ¢ on the set
[0,1] x [0,1/p]\ U, B; where measure of the set U, B; is 0. This implies that

(A(z,w)&;, &) > 0 almost everywhere on [0, 1] x [0,1/p] for every i.



M.Sc. Thesis-M.A.Akinlar. McMaster-Mathematics and Statistics 43

This means that A is a positive-semidefinite matrix almost everywhere on
[0,1] x [0,1/p], which is a clear contradiction with the hypothesis of the lemma.
Hence, at least one of the B;’s has a positive-measure. Therefore, (A(x, w)£, &) < 0

on a set B of positive measure as claimed if we let £ = ¢; and B = B;. 0J

Definition 2.3.3 Given window function g, we can associate g with a matrix
valued function G defined on [0,1] x [0,1/p] as G = (G°,...,G97!), and G* =
(Ghy ... . Giy) for i = 0,...,¢ — 1 and Gi(z,w) = Zyg' (x,w + k/p) for k =
0,...,p—1.

Keeping these notations in mind, and letting G, ; = G;, we can define a new
matrix valued function G* as Gj ; = —C—??, fori=0,...,¢—1land j=0,...,p—1,
where the bar indicates complex conjugation.

Note that for the window functions f, k, h € L*(R), we can define the same
type of matrix valued functions, but in this case, we will replace G with F, K and

H respectively.

Notation: We will denote the closure of the closed linear span of { 57509 }mnez
with M(b, a, g).

Next we obtain the condition for the Bessel collection.

Proposition 2.3.4 Let a,b > 0 and ab = p/q and gcd(p,q) = 1. Let G and G*
be defined as in the definition 2.3.3. Then the following are equivalent.

(a) There exists a positive constant B such that the inequality
2
Zl B Tnag () = Zzl 9le@)| < BIf@I?
(2.3.23)

holds for every f € M(b,a, g).

(b) G*G < Bpl almost everywhere.
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(¢) GG* < Bpl almost everywhere.

Proof: First, let us prove the equivalence (a) <= (b). Let us consider the left-
hand side of the inequality (2.3.23) first.

Z |(f(z), EmpTrag( )>l2

. q-1
= Z Z I(f mb_zz >>12
1=0 myeeZ
q—1
= Z Z |<be(,r’w)*Zbg:nbﬁz(wi))’Q
i=0 m/leZ ot
qg—1
= Z Z |<be(wi)Zbgi(wi)7 Emrfp(:ﬂvw»lQ
1=0 mlcZ
q-1 1,1 e A ' 2
= Z Z / / be(x,'w)Zbgi(x,w)e‘Q’”mIem@“’ dxr dw
i=0 myeecz V0 /O
g1 1/p P-1 3 ‘ ' 2
= Z / / be (T w+ ) Zpg' <r w+ —) g~ 2mimT 2miPW . g0 Qo
=0 mfcZ p
q—1 l/p p—1 k k 2
= _Z/ / Zbe (r w+ p) Zyq <:1c7w+ 5) dxdw. (2.3.24)
Define
k
Fk(a:,'w):be(x,er;), k=0,....p—1
and

Gi(x,w) = Zyg' (l’,w+—>, k=0,....p—landi=0,...,q— 1.
D

Consider the vector-valued functions F' = (Fy, ..., Fp_1) and G' = (G....,G!

Since
p—1

Z Fi(z, w)Gi(z, w)

k=0

(F(z.w), Gz, w))cs|* =

bl

The last term in the equation 2.3.24 becomes

1 /! 1/p a1 ‘ ‘
_/ / Z |<F(l’w)7 Gz(-'ra'w»f(jplz dx dw
PJo Jo ¢
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LSS
LS

p—1 q—l
= 5// (Z G}'c(a:,'w)Gé(rL’,w)Fk(af,'w)E(x,w)) dx dw.
o Jo :

(2.3.25)

p—1 2
(r,w)Gi(z,w)| dx dw

-1

p—1
Fkasz’ (z,w ZngwG’ xw)) dx dw
=0

Define the matrices G and G* of size ¢ X p and p X ¢ respectively as

Giy=Gi and Gi;=Gl, i=0,....,¢—1 and j=0,....p—1(2.3.26)

7’7J
Note that
g—1 g—1
* * Ak vk
(G*G)ij =Y GiGry= > GEGE.
k=0 k=0
Since

1 pl/p
1112 = / / (w2, de du,
0 1]

we can rewrite the inequality 2.3.23 as

/ / < G Gz, w)Fy(x, w)Fy(x, w) — Bp||F(x, w)H?Cp) dzr dw < 0.

(2.3.27)

Now assume that (b) holds. In other words, suppose that Bpl — (G*G) is a
positive-semidefinite matrix-valued function almost everywhere. That is, suppose
that the inequality
(Bpl = (G"G)(z. w)&, &)cv 20
holds for almost every (z,w) € [0,1] x [0,1/p] and & € CP.
Thus,

p—1

> (G Grela, w)nd — Bz, < 0

k.£=0
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for almost every £ € C? and (x, w) € [0, 1] x[0, 1/p]. In this inequality if we replace
€ with F' = (Fp,..., F,_1), we immediately obtain the inequality (2.3.27). Hence,
we conclude that (b) implies (a).

Assume now that (a) holds, or, equivalently, that equality (2.3.27) holds, and
let us prove that Bpl — (G*G) is a positive-semidefinite matrix-valued function
almost everywhere.

We can rewrite inequality (2.3.27) as

/ / F(z,w), F(z,w))cr dx dw >0 (2.3.28)

where A = Bpl — (G*G). Now suppose that inequality (2.3.28) holds but that A
is not positive semidefinite almost everywhere.

Using lemma 2.3.2, we can then find a vector £ € CP such that (A(z, w)£, &) < 0
for every (z,w) € B where B C [0,1] x [0,1/p] is a measurable set with positive

measure. Letting F' = £xpg, we have

1 rl/p
/ / (A(x, w)exp(z,w),Exp(x, w))cr dodw
o Jo

_ /B / (A(z, w)€.€)cr da dw < 0

which contradicts the inequality 2.3.28. Thus, we conclude that (a) implies (b).
Finally, we want to prove the equivalence of (b) and (c¢). Suppose that G*G —
Bpl < 0, then we have that G(G*G— Bp)G* < 0 and then (GG*)*— Bp(GG*) < 0.
Thus, if ) is an eigenvalue of GG*, then we have \> < Bp\ or A < Bp. Therefore,
we conclude that GG* — Bpl < 0. The proof of the converse is similar. UJ

Now before we obtain a condition for lower frame bound, we want to char-
acterize the functions which are orthogonal to M(b,a,g) in terms of the Zak

transform.

Lemma 2.3.5 Let a,b > 0 and ab = p/q and gcd(p,q) = 1. Let g € L*(R)
and assume that {E,pTheg}tmncz 15 a Bessel collection. Let h € L*(R). Then
h is orthogonal to M(b. a.g) if and only if (H(z,w), G*(x,w))cr = 0 for almost
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every (z,w) € [0,1] x [0,1/p], i =0,...,p — 1, where H = (Hy,...,H, ;) € CP,

Hi(z,w) = Zyh(z,w+1i/p), G' = (G}, ...,G'_) and Gi(z,w) = Zyg'(x, w+k/p),

p—1

1=0,...,p—1.

Proof: Let us prove the necessity part of the implication first. Let h € L?(R),
and assume that h L M(b,a,g). Then, we have that

0 = (h(z), EmpTrag(z)) = (Zph(z, w) Zpg'(x, w), E'm,—fp(m? w))

1 pi/p Pt k k . ,
= / / Z Zyh(x, w + =) Zpg* (33, w + —) e~ 2mImT 2WUPW . (2.3.29)
o Jo 1o p P

Define
Hy(x,w) = Zyh at,w—l—; . Gilz,w) = Zyg :v,w+5 , k=0,...,p—1
(2.3.30)
H = (H, JHy ), G = (G, ..., G;,_l) Gij=Gj Gi,;= Gf
Note that
q—1 q—1
(G Ghalz,w) = Y Grilzw)Gislz,w) = |Gix(z w)?
i=0 i=0
g—1 ' k 2
— Z Zpg* (:E, w + ]—9) < Bp. (2.3.31)

i=0
It is clear that G is a g X p matrix, and G* is a p X ¢ matrix and G*G isapXxp

matrix. After these definitions, it is obvious that the equality (2.3.29) becomes

Lopl/p : . ,
/ / (H(z,w), G z,w))er e 2M2™ g duw = 0 (2.3.32)
o Jo

Now let us show that the function (H(z,w), Gz, w))c»r isin L*({0, 1]x [0, 1/p}).

1 1/p )
/ / (H (2, w), Gi(z, w))e|? da duw
0 0

IN

-1 pl/p _
[ i o6 i, dade

IN

1 pl/p
Bp/ / | H(z, w)||2, dr dw (2.3.33)
o Jo
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by the inequality 2.3.31, since {EnpThag}mnez is a Bessel collection and by the
definition of G* in the equation (2.3.26). The integral on the right hand side of
inequality (2.3.35) is finite since H is an L? function. Hence, (H(z,w), G*(z,w))cr
is an L? function on [0,1] x [0,1/p].

Since {e¥imze=2milpwl 5 is an orthogonal basis for L*([0,1] x [0,1/p]), and

(H,G")¢» is in L%([0, 1] % [0,1/p]), the equality 2.3.32 implies that
(H(z,w),G'(z,w))cr = 0

almost everywhere in [0, 1] x [0, 1/p], for every i = 0,...,q—1. Since this argument
can clearly be reversed, our proof is now completed. t
Now we want to characterize the functions in M(b, a, g), and this characteri-

zation of the functions will be very useful tool when solving the duality problem.

Proposition 2.3.6 Let a,b > 0 and ab = p/q and ged(p,q) = 1. Let g € L*(R)
such that { EypThagtmnez forms a Bessel collection. Then, f € L?(R) belongs to
M(b, a,g) if and only if

g—1
F=Y oG (2.3.34)
=0
where a; : [0,1] x [0,1/p] — C is measurable function for eachi =0,...,q —1

such that
2

dr dw < ¢

g—1
Z ai(x, w)G (x, w)
=0

In particular, if a; € L*([0,1] x [0,1/p]), ¢ = 0,...,q — 1, then there exist a

function f which belongs to M(b, a, g) such that

g—1
F= Z a;G'.
1=0
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Note that the relation between f and F is given in the definition 2.3.3.
Proof: First we want to prove that if hl M(b,a,g) and F = 3% a;G?, then
f € M(b,a,g). In order to prove this, we will show that < f,h >=0.

<h(t)7 f(t» = <1thl($’ 'U)), be(xa w)>
= /0 /0 Zyh(z, w)Zy f(x, w)dzdw

1 1/p p—1
= / / Zth(rL’,w + k/p)Zy f(x,w+ k/p)dxdw
00 k=o
1 p1i/p
_ / / (H(z,w), F(z, w))dzdw
0o Jo

- /01/01/])(H(1:,w),faiGi(m,w»dazdw

1=0

ol oer e _

- Z/ / ai{H(z,w), G'(x, w))dzdw
i=o Y0 0
0

_ (2.3.35)
by Lemma 2.3.5. Therefore, if hi M(b,a,g) and F = S0 a,G, then f €
M(b, a, g).

Now, let us consider indices i,...,7, with 0 <11, < iy < ... <14, < qg—1 for
1<r<qg—-1.

Note that the set E; _;

B

are linearly independent and
span(G" (z,w), ..., G (z,w)) = span(G°(z,w), ..., G (z,w))}

is a measurable set. Indeed, E;, can be expressed as the intersection of the

,,,, ir

measurable sets
{det((G*. G en)kaetiy..iny 7 0}

and

{det((Gk, Gl>(CP)k,l€{j,i1,...,iT} = 0},
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where j varies over all the indices in {0,....q — 1} different from éy,...,4,.
Let K = {(x,w) € [0,1] x [0,1/p]|G*(z,w) =0, forevery i=0,...,q—1}.
Then, we have

q-—-1

0.1 x 0,1/l =K J|UJ U Ei .4 (2.3.36)

Since the sets Ej,

~~~~~

pairwise disjoint collection of the sets Fy, ; with Fj, ; C FE; ; such that the
equality 2.3.36 holds.

Assume that the measure of the set F}, _; is not zero. Let f € L?(R), and

,,,,,

F' is the corresponding matrix-valued function defined as in the definition 2.3.3.

Note that we can write the equality

-1

1=0

uniquely on the set F; _; , where a; = 0 for i € {41,...,4,}, and < H,G" >= 0

fori=0,...,9g—1.
Let Z?;é a;G' = K, then the corresponding function k¥ € L?*(R) belongs to
M(b,a,g) by the previous argument. Now suppose that f € M(b,a,g), then

f—ke M(b,a,g) as well, and, thus,

H=F-K1{G’.. . G"'}.

Therefore the function h corresponding to H must be orthogonal to M(b,a, g).
This implies that h = 0, and therefore,

-1
F=K = qz:aiGi.
i=0

Now we only need to prove that each a;, ¢ = 0,...,¢ — 1, in the equation
(2.3.34) is a measurable function. It is obvious that each a;, i =0,...,q—1isa

measurable function on the set E;, and a; =01if i #£ 4y,...,4, and

(F.G")or =) a;,(GY,G*)er

j=1
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(F,G") (G, GMY - (G, GhY a;,
(F,G'™) (G1, Gy - (G, G a;,
and, let,
(G, GMer -+ (G, GM)ep
B := : :
(GH,G"Ver -+ (G G )ep

We know that B is invertible on the set E;, ;. Therefore, we can compute each
a; by taking the inverse of B if ¢ € {iy,...,7.}. This completes the proof. O

Before we obtain a condition for the lower frame bound for the Bessel collection
{EmbThag}mnez. let us give a lemma which will be used in the proof of the next

proposition.

Lemma 2.3.7 Let F' be a bounded matriz-valued function of size p X p, and the

inequality
1ol
0< / / < F(z,w)a(z,w), a(z,w) >cr dedw (2.3.37)
0o Jo

holds for every vector a € CP such that each component of a is an L*(Q) function,

then F' is positive semidefinite almost everywhere.

Proof: Suppose that F' is not positive semi definite almost everywhere. Then,
we can find a vector n = (m)?;é such that < Fn,n >< 0 on a set S of positive
measure. Since the inequality 2.3.37 is true for every a € C4, if we let a; = n;xs,
we get a contradiction. Therefore, we conclude that if the inequality 2.3.37 holds,

then F' must be positive definite almost everywhere. t

Proposition 2.3.8 Leta,b> 0 andab = p/q and gcd(p, q) = 1. Let { EppTrag(z)}

be a Bessel sequence. Then, there exists a positive constant A such that the in-
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equality

A”f “2 < ZI manag

'Mw

Il
o

Z ()0 52

(2.3.38)

holds for every f € M(b,a,g) if and only if Apé < €2, where, £ = GG*, and G

and G* are matriz-valued functions defined as in the definition 2.5.3.

Proof: We can express the inequality (2.3.38) as

a [ [ i e aw
%il /0 1 /O v KF(z, w), Gz, w))cr|* dz dw. (2.3.39)

We showed that F' = Zf;ol a;G" for f € M(b,a,g) in the previous proposition.
First, let us look at the sum on the right hand side of the inequality 2.3.39:

q—1 g-11 ¢-1 2

(F.Ger]® = > aGF G)e
=0 =0 k=0

g—1]q-1 2

= > D (G G

(!
- O
T T
_ o

Q-
<
|
—

(G, GNer TG G er

0
1

Qe
[
=]
'-Ql ke
1T
E=TE N
Il

ak<Gk GHer Y @G GYer

' M

=0 k= =0
q—1 [q-1
. y o
== E l G >(Cp ApQyp.
kf=0 \i=

Define (G*, G?) = £;;. So by this definition, we have that

-1 /q-1 q—1
Z (Z fi,isfk,i) kg = Z Er (i,
i=0

k,£=0 k=0

Now, let us look at the integral on the left hand side of the inequality (2.3.39)

1 pl/p q—1
Al [TIF ol dedn, F=Y ach
0 J0 k=0
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q—1
1FllE = Z (G*, GO eratiy = Z &k 6k Tz
k=0 k4=0

Then, the inequality (2.3.39) becomes

1 p1/p 971 1
0< / / Z (]; & o w) — Afkyg(:r,w)) ag(z,w) Tz, w) dz dw.
0 Jo

k£=0
(2.3.40)

If the condition ApE < £? is true, then it is obvious that the inequality 2.3.40
holds, and conversely if the inequality 2.3.40 holds, then using lemma 2.3.7, we

conclude that

1
Efz,f — A&y > 0= 51%,2 > Ap&pe-

Hence, in general, the condition for the lower frame bound is Ap€ < &2, O
In proposition 2.3.4, we proved that the condition for the Bessel collection is
equivalent to the matrix inequality £2 < Bp¢, where € is as in the definition 2.3.1.
Therefore, combining the propositions 2.3.4 and 2.3.6, we obtain a condition for
the collection {E,pTnag}mnez to be a Gabor subspace frame in the following

corollary:

Corollary 2.3.9 Let a,b > 0, and ab = p/q, gcd(p,q) = 1. The collection
{EmiThagtmnez s a Gabor subspace frame with frame bounds A and B if and
only if Apté < £ < Bpf, where € = GG*, and G = (G°...,G7Y), G' =
v-1)s Gi(z,w) = Zyg'(z,w + k/p).

Before we start to solve the duality problem, let us give a useful conclusion

about Gabor subspace frames.

Corollary 2.3.10 Let £ = GG*. The frame condition Apé < £ < Bp€ reduces
to €2 = p& for mormalized tight frames since we have that A = B = 1 and
pE < &% < p€. Furthermore, €2 = p€ means that %5 is a self-adjoint projection

operator.
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Next we will find a condition for duality problem.

Proposition 2.3.11 Leta,b > 0 and ab = p/q and gcd(p,q) = 1. Let { EpThag}
be a Bessel collection. Assume that a function h € L*(R) generates a Bessel
collection { EypTrah}mnez. Then, {EnpThah}mnez is a dual frame of the Gabor
subspace frame { EppTnag}tmnez if and only if

G*(z,w) = Z Gz, w)(G*(z,w), H (z,w))c»,

for almost every (z,w) € [0,1] x [0, ].

Proof: Remember that we can express the Gabor subspace frame { E,,yTho 9 }m.nez

in the following way:
B Tond () = G 5) = 0, 5.(0) = "% (2= 2= L) (2340
Defining the function g'(z) := ¢ (w - —) the equality 2.3.41 turns into the form

wimbx i lp i
e?mimbe g (1 - —b—> = gmb’%(:c).

Suppose { EmpTnah tmnez is a Bessel collection, and further assume that

{EpnpTnah}mnez is a dual frame for {EpThegtmnez- Let f € M(b,a,g). Then,

f(%) = Z<f(1)hmbﬂ(x)>gmb%‘l(x)

- Z Z P, (p/b )>grinb,£p/b('r)
m,f 1=0
q—1
m,t 1=0
g—1
- Z Zbgl(‘/r’ ,w) Z<be<$, UJ)thi (T UJ), Em,—lp(x, 'w)>Em’_lp(.’L', w)
1=0 m

qg—1
= ZZbgi(x,uv </ / Zyf (x, w) Zyht (z, w)e 2™ Me 2T dy dw)
i=0

m,f
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—2mimz 27rz£pw

X e
q- 1/p Pt k k
Z Yz, w) / / Zbe<:r w + )thi (x,uv—i——)
=0 m,£ b P
y e_Qmmxegmgpw dr d’w)e—Qmmre?mEpw (2342)

Define
k
Fe(z,w) = Zpf (z,w+ 5) . F=(F,....F1)
Hi(z,w) = Z,h (z,w+§), H = (H,....H,_,).

Then equality (2.3.42) turns into

ol 1/1’ . .
Zzbgl(fa w / / Fx,w), H(z,w))er e M0 dy duw
=0

Xe ~2mmx 2m€pw

- %zzbg%w, w)(F (e, w), B (z,w))e

Then we get that, for each k =0,...,q — 1,

Zyflr,w+k/p) = %Z Zyg" (x, w + %) (F(z,w), H(x,w))cs.
i=0

Thus, we obtain that
1 4
(x,w) = ];Z (2, w)(F(z,w), H(z,w))cs. (2.3.43)
This implies that
g-1
G*(z,w) = %ZGi(l‘, w){G*(z,w), H (2, w))er, k= 0,...,g—1. (2.3.44)
i=0

Conversely, if the equality 2.3.44 holds, then so does the equality 2.3.43, since
F = Zz;é arG* by the proposition 2.3.6. This completes our proof. U
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Since we have to choose the window function h from the Gabor subspace frame
spanf{ By Thok fmnez in our main duality problem, we can modify the duality
problem as in the following way:

Question: Given G°,...,G%!' € C? and KY,..., K97! € C? when does there
exist H' € span{K° ...,K971} ¢ = 0,...,q — 1 such that the equality F =
% (::Z; GY(F, H)¢» holds for every F € span{G",...,G7'} or such that the equality

: 1 . ) .
G = > Z GHGI, HY¢p (2.3.45)

holds for every j =0,...,q—17

Since H* € span{K°,..., K97}, we can write H' as

g—1
=D Luk*
k=0

_ I
for some constants L; x. Hence, we can rewrite the sum 7/ (G?, H') as

g—1 qg—1 qg—1 g—1 g-1
S UE Hyer =D (FD Lisk®er =Y > L@ KXo (2.3.46)
i=0 i=0 k=0 i=0 k=0
Therefore, the equality 2.3.45 becomes
ot , .
Gi = - LilG?Y KR e G (2.3.47)
P20 =0

By taking the inner product of both sides of the equality 2.3.47 with G*, we

obtain that

1 g—1 g—1
(GG = = Li (K" G e (GF, G o (2.3.48)
p i=0 k=0
Let
(GG ey =&y and (K, GY)er = .. (2.3.49)

Therefore, using the notations defined in the equality 2.3.49, we can rewrite

the equality 2.3.48 in the following way:
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—1 g-1 q—1

1
Li sk j€ei = EZ(LU)LJ‘&J =

0 1=0

3
o

§ej = (€Ln)ey.  (2.3.50)

1
p

=S| =
Il
=)
£
Il

%

Consequently, we can rewrite the equality 2.3.50 as

£ = %(éLn)-

Now we will give a series of lemmas which will be used in the proof of the

duality theorem.

Lemma 2.3.12 Let A be an wnvertible positive-semidefinite matriz of size d x d
for a positive constant d, and suppose that I is the d x d identity matrix. If the
difference A — I is positive-semidefinite, then the matriz I — A7 is also positive-

semidefinite.

Proof: Since A > 0, there exits an invertible positive-semidefinite matrix B with
B? = A. Tt is clear that we have that B™*(A—I)B™' > 0,or BT'AB™!'—(B"!)? >
0. This implies that I — A~! > 0 since B? = A. This proves our claim. L]

Lemma 2.3.13 Let A be a positive-semidefinite matriz. Then the inequality
[Ass| < (A2 (A;5)1 7
holds for every i, j.

Proof: Since A is positive semi-definite matrix, there exists a matrix B such that

A = B*B. Therefore,

A= Z Bi*,kBkJ = Z Bk,j—gk,—i-
k k

Using the Cauchy-Schwarz inequality, we have that

1/2 1/2
lAi\j| < (Z Bl%.j) (Z Bl%,i) :
k k



M.Sc. Thesis-M.A. Akinlar. McMaster-Mathematics and Statistics 58

This implies that
sl < (A;5)"2 (A2,

which completes the proof. O

Lemma 2.3.14 Let (Q, 1) be a measure space. Let A be an invertible positive
semi-definite matriz-valued function. Then, each entry of A7'(-) is an L™ func-
tion if and only if there exists a positive constant C such that A(-) > CI, where I

is the identity matriz of the same size with A.

Proof: «: Let {e,} be the standard-orthogonal basis of C9. It is clear that
(Az,y) = Z (Z Az’j%’) Yi
i J

for z = (21,...,24) € Ctand y = (v1,...,Y,) € C9, and it is also obvious that
Aij = <A€j, 6,‘).

We want to prove that each entry of A7!(-) is an L* function.
Since A(-) > CI by hypothesis, we have that A7!(-) < C!I, by lemma 2.3.12.
First let us show that A7'is in L™ for each i. We have that

A7l = (Aey e) <(C e e) = C W Iy e) = CL

Thus, A Vs an L™ function for each i. Finally, using the lemma 2.3.13, we

have that
_ Z1N1/27 A—171/2 -1
[AG < (A2 < e,

showing that Ai_j1 is an L function for each 7, j. Therefore, each entry of A7!()
is an L* function as claimed.
=: Define A(-) to be the smallest eigenvalue of A. Then A(-) is measurable

since

A = imf((A( i)

1

= (AT )™ = fup((A™ (e )]

1
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where {x;}°, is a countable dense set in the unit ball of C9.

It is obvious that (A~'(-)z;,x;) is measurable, hence (A71(-)z;, z;)"! is mea-
surable and, therefore, A(-) is measurable.

It is clear that A(-) > A(-)I, and A~'(-) = sup(A~"(-)z;, x;) is an L™ function.
Indeed, Z

(A T, x

ZAMW < Z!A ol

= ZlA;,ll <D,
k,l

for a positive constant D, since ||z*||? = 1. By hypothesis, each entry of A71(+) is

an L™ function. We can thus choose C' = ||A||5}, which completes the proof. [

Lemma 2.3.15 Let n be a measurable invertible matriz-valued function. If each

1 1

is an L™ function, then each entry of (n*n)~! is an L™ function as

entry of n~

well.

Proof: Since, (n*n)~t =n~t(n*) "t =n~(n~ 1),

(n~? ank mes)” Znﬁfﬁ;}i

we conclude that the entries of (n*n)~! are in L™ if those of ! are. U

Lemma 2.3.16 Let € and n be two measurable matriz-valued functions defined
as in the equation 2.3.49. Then C§& — n*™n is positive-semidefinite if the positive

constant C' is large enough.

Proof: Let C be a positive constant large enough. We have to show that

0 < {(C& - n*n)x, x)cq for every x € C7. Note that

(C&=nn)z. x)ce = Clx,x)es — ("N, T)ca

= C{&x,x)ca — (NT, NT)Cas (2.3.51)
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and,

2

Inelits = D21 (K7, Genm

7 i

=y <KJ’,ZG"ZE7>
1 Cr
DI |G

2

2

IA

1

Cr

by the Cauchy-Schwarz inequality. Furthermore, since (£x); = > (G7, G*)cos,

we have

(Ex,z) = Z(Z(Gj,Gi>cpa:i)iﬂ—j
— <ZG3§7—’ZG2E>CP

e

Therefore, it is clear that C¢ —n*n > 0 if

O

It suffices to choose the constant C such that

2
Ccp

2

2
YK <C

ce J

Sow

Cq

Y Iz < C
7

which is possible since ). ||[K7||2, satisfies the Bessel condition. Thus, C¢ — n*n
is a positive-semidefinite matrix, or, equivalently, n*n < C¢ on C? if C is large

enough. ]

Lemma 2.3.17 Let 1 and € be a measurable matriz-valued functions defined as in

the equation 2.3.49. Then. the restriction of n to ker £(-) is {0}, i.e. n|iere(y = {0}.
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Proof: By Lemma 2.3.16, we know that n*n < C¢ for a large enough positive

constant C. Therefore, for z € ker&(-), we have that
0< (nz,nx)ca = Mz, x)ce < C{x,x)ca = 0.

This implies that
(nx,nx)cq = anll(QCq =0,

hence nz = 0 for every = € ker£(-). This proves our claim. 4

Lemma 2.3.18 Let £ be a measurable matriz-valued function defined as in the

equation 2.3.49. Then, the restriction of & to (ker &)t is 1 — 1, invertible and
E((ker &)™) C (ker&)*.

Proof: First let us show that £ is 1—1 on (ker £)*. Take y € (ker £)*, and assume
that £y = 0. This implies that y € ker €, hence y has to be 0, since y € (ker £)*.
This means that £ is 1 — 1 on (ker £)+.

Since we proved that & is 1 — 1 on (keré&)t, we only need to show that
£((ker £)1) C (ker €)1 in order to show that £ is invertible on (ker £)*.

Let y € (ker€)* and x € ker €.

€y, x) = (y,€x) = 0

since £z = 0. This implies that £((ker £)1) C (ker £)=.

This completes the proof. O

Lemma 2.3.19 Let &, L and n be measurable matriz-valued functions defined as

in the equation 2.3.49, assume also that the equality & = = (£Ln) holds almost

1
P
everywhere on [0, 1] x [0, Il)] Let Q : C? — (ker&(-))* be the projection map.

Then. I = 2(QLn) on the subspace (ker&(-))*, where I is the identity matriz.

Proof: Let Q : C! — (ker £(+))* be the projection map. For any z,y € (ker £)*,

we have that
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1
(Lnz, &y) = —(QLnz, {y)ca.

(x,&y)ca = (€2, Y)ca = — (€L, Y)ca = 2_?

1 1
p P
Since &y € (ker£(+))t by Lemma 2.3.18, using the previous equality, we obtain
that

(2, &Y)ca (QLnz,&y)ca = 0.

1
o
This implies that

(¢ = 2QLnz, Eg)en =0
or,
(6(c = 5QLe).g)es =0
Hence,
£z — %Qfm:r) =0,
since £(C?) C (ker&(-))* and y is an arbitrary element of the subspace (ker £(-))*.
Therefore, = — %QLm’ = (), since z — %QL’I]LL‘ € (ker£(-))*.
This means that

]:%QLU on (ker&(:)*.

(In order to see that the projection map @ : C? — (ker £(-))* is measurable, see
[Dal], pp. 978). O
Now we give the key theorem of the thesis in which we provide a necessary

and sufficient condition for the existence of a dual frame.

Theorem 2.3.20 Let a,b > 0 with ab = p/q and ged(p,q) = 1. Let A and B
be two positive constants and suppose that € and n are measurable matriz-valued

functions defined in the equation 2.3.49. Suppose also that the frame condition

ApE < €% < Bpé¢ (2.3.52)
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holds almost everywhere. Then, there exists a measurable ¢ X q matriz-valued

function L whose each entry is an L™ function such that the equality

= %(ébn) (2.3.53)

holds almost everywhere if and only if there exists a positive constant C' such that

the inequality
C¢<n'n (2.3.54)
holds almost everywhere.

Proof: First let us prove the sufficiency part of the equivalence. Suppose that
the frame condition Ap¢ < £2 < Bp€ holds almost everywhere. Assume also that
there exists a positive constant C' such that the inequality 2.3.54 holds almost
everywhere.

Using the restriction of the matrix-valued function 7 to the subspace (ker €)=,
we will define the matrix valued function L as in the equality 2.3.57 below.

Let 9|(ereyt = M1, where 1, is considered is a linear map from (ker )t to C4
and let us show that nin; is 1 — 1 and invertible matrix valued function on the
subspace (ker £)1. In order to prove that nin; is 1 — 1 on (ker £)*, suppose that
(ntm)(y) = 0 for some y € (ker £)*. We must then prove that y = 0.

Using inequality (2.3.54), we have that

0 < ((mim — C&Y.y)ca
= {(mm)y. v)cs — C&y. y)ea = —C{€y, y)ca
This implies that
(€Y, Y)ea <0 (2.3.55)

since C' is a positive constant. By the Bessel condition £? < Bpé, we also have

that

0 < (&y. €y)ca < Bp(€y,y)cs. (2.3.56)
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which implies that

(€y.y)ea = |lEYlIE, = 0

Thus, £y = 0. Thus, 7in, is 1 — 1 on (ker&)* as claimed. Since n}m maps
(ker €)1 to itself, it must be invertible.
Since nim is 1 — 1 and invertible matrix-valued function on the subspace

(ker €)1, it follows that
I'= (nym) ™" (nym)

on the subspace (ker £)*, where I is the identity matrix on the subspace (ker £)*.

Let

L = p(nim) ™" (2.3.57)

on C? where @ is the projection map from C? onto the subspace (ker €)1 defined

as in the lemma 2.3.19. Note that we can write every x € C? as
Qr = nu (2.3.58)

for some u € (ker &)™, and 71 = 1 (ere)r. Note also that the lower frame condition

Ap€ < €2 reduces to Apl < € on (ker £)*. Therefore,

ApCllullgs < Cl€u, u)es
< (n*nu,u)ce  (by the inequality (2.3.54))
= (nqu.,nu)ce = ||Inul|d, = ||Qz||2, by the equality (2.3.58).

(2.3.59)

Hence, rearranging the inequality (2.3.59), we have that

1

Juller < s gl

where C' is a positive constant . Now we want to prove that all of the entries of

L Qe < (2.3.60)

L defined in (2.3.57) are L* functions. In order to do this, we must show that
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(Lx,y) is in L™ for every x,y € C9. We can write every y € C? as y = y; + y»,
where y; € (ker €)1 and yy € ker €, and Qx as in the equation 2.3.58.

(Le,y)] = [{pming) niz, y)cd
= pl(mm) " mimu. (Y1 + v2))ed|

Il

{
{((nim) " nimu, y1) o]
(

p| u, yl)(qu

VAN

pliulicallylles
P

<
- AC

llzllcallyrllce by the inequality (2.3.60).

Thus, (Lz,y)ce is in L*> for every z,y € C9. Furthermore,

(ELn) = =(Ep(nim) 'nin)

1
p
(Ep(nim)™'nim) on (ker&)*

on (ker&)*.

NS =S|

On the other hand, for any x € ker¢,
1
Ex=0=nz = z—?(an)x.

It follows that £ = I—l)(ﬁLn) on ker £ as well.

Since we proved that £ = %(an) on both of the subspaces (ker £)* and ker &,

&= %(gLn) as claimed.
Suppose that the frame condition Apé < &2 < Bp€ holds almost everywhere
on [0,1] x [0, Il)] Assume also that there exists a matrix-valued function L whose

each entry is an L™ function such that the equality & = 2(¢Ln) holds almost

1
p

everywhere on [0, 1] x [0, %]

We want to show that there exists a positive constant C' such that the inequal-

ity C¢ < n*n holds almost everywhere on [0, 1] x [0, %] Let L := %. Since each

entry of L is an L™ function, ||L|| < C; for a positive constant Cy, where ||L]| is
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the operator norm of L. Now we can write the following identities:

(€x,ex) = (€Lnz,ELnz)ce
= (nx,i*ﬁzlA;m‘)@q
Iz llce|| L*€2 Lz cs

Inzllca(CLBp)?|nzljce  (Since ||L|| < €y and by frame condition)

IA

A

Inz||2,D (for letting D := (C,Bp)* > 0)

Hence, rearranging the previous inequality, we obtain that:
(e, whr = el 2 {60, Ex)er > S AplEn, e
by the lower frame condition. Therefore, letting C' := %Ap, we obtain the desired
equality:
(n"nz, 2)ce 2 C€x, T)ca,

for every x € C%. In other words, we obtain that n*n > C¢ for a positive constant
C. O
We now state the following corollary which provides a bridge between duality

problem and the main theorem, Theorem 2.3.20, of the thesis.

Corollary 2.3.21 Leta,b > 0 and ab = p/q with ged(p,q) = 1. For g, h € L*(R),
let { EyipTrag}tmmez and { EnpThokmnez be Gabor subspace frames. Then, there
exists a window function h € $pani{ EppThok }mnez which generates a Bessel collec-
tion { EmpTrnah}mnez such that { EppToah mnez 15 @ dual frame of { Eyp 1ot mnez
if and only if the inequality n*n > C& holds almost everywhere on [0, 1]x[0,1/p] for
a positive constant C, where & and n are the measurable matriz-valued functions

defined in the equation 2.5.49.
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Remark 2.3.22 Note that we have a unique dual frame if and only if any vector-

valued function H* € span{K", ..., K%'} and in L* satisfying the equality
0=> (G'H)G (2.3.61)
j

are 0 for each i € {0,...,q— 1}.

Now we are ready to obtain the conditions for the uniqueness theorem.

Theorem 2.3.23 The dual frame of the original Gabor subspace frame satisfying
the conditions of Theorem 2.3.20 is unique if and only if the following conditions

hold:

(i) = U{(z,w) : G'(z, w) # 0} = Q = U{(z, w) : K'(z,w) # 0}
(i1) rank{GY =, = q (i.e, G° ..., G4 are linearly independent) on .

Proof: First let us prove the necessity part of the implication. We want to show
that the first condition holds if the dual frame exists uniquely. By the condition
of the existence of the dual frame, we know that 2y C Q. If Q5 \ €2, has positive
measure, then on the set €1, \ €3, we can define arbitrarily many H satisfying the

equality 2.3.61 as in the following way:

0, on €)y;
Kfxg, foreach i€ {0,...,q—1};

H =

where S C €, \ € has a positive Lebesgue measure.

Therefore, we conclude that €2y = €y if the dual frame is unique.

In order to prove that the second condition holds, we argue by contradiction.
In order words, let us prove that if second condition does not hold, then the dual
frame can not be unique. Now assume that G, ..., G971 are linearly dependent

on a subset 2 C Q; with positive Lebesgue measure.
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Let eq,...,e,—1 be the standard orthogonal basis of C9. Then, there must be
at least one e; such that Pre¢(e;) # 0 for a subset ' C Q with positive Lebesgue

measure. Let ¢
Cc .= Pk:er{(ei)XQ'- (2362)

There exists at least one K7 # 0 for some j € {0,...,q — 1} on a subset " C Q'

with positive Lebesgue measure. Let R := K’ and define H’ := TR for ¢ =

(Coy--.,cq-1) € C9, defined as in the equation 2.3.62. It is obvious that H7 is

bounded. Note that (£c); = 0 since ¢ € ker £ by the equation 2.3.62. Therefore,
(&c); = Z(Gl G'\evej = Z G'%)er (2.3.63)

J
for every 7 on €2;. Hence, the equality 2.3.63 lmphes that Zj G’t; = 0 on the
subspace €.

> G H)e G =Y (GLGR)G = (G R)er Y ;7 = 0.
J

J J

This contradicts with the uniqueness of the dual frame. Therefore, we conclude
that the rank of the set {GO,..., G971} must be ¢ on Q if the dual frame is
unique.

Now let us prove the sufficiency part of the implication. Suppose that both
conditions (i) and (ii) hold. We must then prove that the dual frame exists
uniquely, that is, we must show that H* is 0 fori € {0,..., q — 1} if the equation
2.3.61 holds for i € {0,...,¢ — 1}.

Clearly, by (i), H = 0 on Qf for each i € {0,...,q —‘1}. We know that
rank{G'}’_) = q on . The fact that

> (G H)e G =0
j
implies that (G', H')¢s = 0 for each i.j € {0,...,q — 1}. Writing

H = SN"TK" for je{0,....q -1},
k
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we have (G, Y, L;ixK*) =0, or 3, L;x(G*, K*)c» = 0. Since n;.; = (K*, GY)¢o,
we get that >, L7k = 0, or, Lf = 0. We know that n*n > C¢& . Therefore,
rank of the matrix valued function 7 is ¢q. That is, 7 is invertible. Then L7 = 0
implies that L = 0. By the definition of H?, we see that H/ = 0 on the €, for
every j € {0,...,¢ — 1}. Hence, we conclude that dual frame exists uniquely if

both conditions hold in the hypothesis of the theorem. |



Chapter 3

Summary and Open Problems

In this thesis, we solved an open problem regarding with the dual frames of the
Gabor subspace frames.

We characterized a condition for the existence and uniqueness of the window func-
tion h in the Gabor subspace frame {E,p Tk }mnez such that {EppTnahtmnez is
a dual frame of the original Gabor subspace frame { F,; 1109} mnez. Consequently,
we stated our results for the classic situations, for instance g = k, and for the nor-

malized Gabor subspace frames.

This thesis can be used as a friendly-user reference for the introduction of the
Bessel collections, Gabor frames, the Zak transformation, and relations amongst
them, the dual frames of Gabor subspace frames with the two dimensional mod-
ulation and translation operators. A long standing question about the Gabor
frames is to find all a,b € R and g € L*(R) such that {E3Theg}mnez forms a
frame for L?(R). Although some special cases of this problem have been solved,
there are many variations of it which are still open, and another very interesting
problem related to the Gabor frames is to identify all those { E;pTha9 }mnez which
have finite upper frame bounds. Some other important open problems concerning

the Gabor frames can be listed in the following way and more detailed version

70
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of them with historical explanations can be seen in the introductory paper by
P.Cazassa, (See [Cal).
Problem: ([Ca]) Given g € L?*(R) with g # 0, and any finite set A C R X R, is
the set {EmpThed}(apea linearly independent?

Because this characterization uses the dual frame generator, it is difficult to
apply until one answers the following important question:
Problem: Given a Gabor subspace frame {Ey,/,T5/09}m,nez. give an explicit rep-

resentation of the dual frame generator S~1g.

Pete Cazassa presented an article titled ”Every frame is a sum of three (but
not two) orthonormal bases-and other frame representations” in 1998 (See[Cal]).
In this paper he gave a theorem stating that ”Every frame is a sum of three
orthonormal bases.” The problem with this is that it uses strong results from
operator theory, and hence in practice is often not usable, but the next question
appeared related with this:

Problem: ([Ca]) For a Gabor subspace frame { En, T /09 } mnez, give an explicit
representation of this frame as a sum of three orthonormal bases.
Problem:([Ca]) Find all those g,a,b so that {E,, T}/ }munez is complete in
L*(R).

Problem:([Ca]) Give an explicit representation of all functions g € L?*(R) and ab
irrational so that {Ey,/4T,/09}mnez generates a normalized tight Gabor subspace

frame.
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