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ABSTRACT 

Test results for five full-scale steel-concrete composite 

beams incorporating cellular steel floor and sixteen push-out specimens 

ar e reported. The measured strains and deflections of the beams are 

compared to those computed assuming complete interaction, to those 

computed from the C.S.S.B.I. Composite Beam Manual, and to those computed 

f r om the A.I.S.C. ef fective section modulus. The elastic finite difference 

me thod is used to analyse the composite beams in the elastic range. The 

ef fects of thickness of concrete slab and stud arrangement on composite 

beam performance are studied. The ultimate flexural capacity of each 

composite beam is computed on the basis of the inadequate connection 

model using the average ultimate strengths of the push-out specimens. 

The computed theoretical ultimate flexural capacity is compared to the 

measured ultimate moment and reasonable agreement is obtained. The 

inelastic finite difference method of analysing composite beams through 

the inelastic region is studied and reported on. 
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CHAPTER I 

INTRODUCTION 

1.1 General 

Composite beams have been used in construction for several 

. (17) 
decades and many research studies have been undertaken on them • 

Steel-concrete composite beams possess recognized inherent advantages 

due to the rational disposition of the two materials in respect to their 

tensile and compressive strength and stability<26 ). The steel-concrete 

composite beam is studied in this report. 

Steel-concrete composite beams are composed of a concrete slab 

and a steel beam, these two components being connected together by means 

of shear connectors. These shear connectors usually consist of some 

device welded to the top flange of the steel beam and embedded in the 

concrete slab. The shear connector can have many forms, but only the 

stud shear connector is studied in this report. 

Conventional steel-concrete composite beams are composed of a 

solid slab connected to a steel beam. The studs are welded to the steel 

beam and the slab is cast around and over the headed stud shear connectors. 

A conventional composite beam is pictured in Fig. 1.1. 

In the past decade, a different type of composite beam has become 

widely used, and is the object of this study. This type of composite 

beam evolved after the introduction of cellular steel floor to the 

construction industry. The purposes of the cellular steel floor are to 

ac t as "in-situ" formwork for the concrete floor slab, to act as the 

working surface during construction, and possibly to act as in-floor ducts 

for mechanical and electrical services. The possibility of obtaining 

composite action between the cellular steel floor with concrete topping 

1 
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and the steel beam was suggested<2>. This type of composite beam 

incorporating cellular steel floor has been studied in subsequent reports 

(1, 2, 3, 11). Fig. 1.2 shows this type of composite beam. 

In this second type of composite beam, the cellular steel 

floor is laid on top of the steel beams with the cells running transversely 

to the direction of the span of the steel beams. Headed stud shear 

connectors may then be welded to the steel beam through the cellular steel 

floor at points of contact between the upper flange of the steel beam 

and cellular steel floor. The concrete is then poured on top of the 

cellular steel floor and around the stud shear connectors. This type 

of composite beam has a cellular zone between the solid upper part of the 

slab and the top flange of the steel beam. The cellular zone consists of 

concrete-filled ribs of the cellular steel floor which may or may not 

have a stud shear connector embedded in them. 

The stud shear connectors extend from the top flange of the 

steel beam through the concrete-filled rib of the cellular steel floor 

and into the solid part of the concrete slab above the cellular zone. 

The second type of composite beam, described above and pictured 

in Fig. 1.2, incorporating cellular steel floor and stud shear connectors, 

is studied in this r eport. 

1. 2 Composite Action 

Interaction of the concrete slab with the steel beam, under 

flexural loading, is a function of how the two components are connected 

together. The connection must resist the shearing force developed along 

the interface between the slab and beam. The relative horizontal movement 

between the slab and the beam is called slip. When no slip occurs, the 

concrete slab and the steel beam are rigidly interconnected and complete 

int eraction is achieved. ~%en the slab and beam are not rigidly inter-
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connected, some slip occurs, and incomplete interaction results. 

1.2a Conventional Composite Beams with Solid Slab 

J 

Conventional composite beams have a solid slab and no cellular 

steel floor. Because the shear connection resists slip, it causes a 

compressive force in the concrete slab and an equal tensile force in the 

steel beam. This force, called the interaction force because it would 

not be present if there were no interaction, cannot exceed the sum of the 

ultimate strengths of the shear connectors. To assure the prevention 

of premature beam failure due to shear connection failure, the sum 

of the ultimate strengths of the stud shear connectors must exceed the 

lesser of AsFy (the tensile strength of the steel beam) or 0.85 f'cab 

(the compressive strength of the concrete slab). When the shear connection 

s a tisfies this minimum ultimate strength criterion , it is spoken of as 

a n adequate shear connection. An adequate shear connection has enough 

strength to develop the full steel area in tension or the full concrete 

area in compression, whichever is least. 

For conventional composite beams with adequate shear connection, 

slip is neglected in their analysis, and a working stress approach based 

on the transformed section method is applicable (5 , 18 >. By transforming 

t he area of the concrete slab into an equivalent area of steel, and 

analysing the beam as if it were composed of only one material, the analysis 

effectively assumes a rigid shear connection. This assumed rigid shear 

connection is a good approximation for conventional composite beams(3, 12 ). 

The conventional composite beam with an adequate shear connection 

· ha s an (idealized) elastic-plastic load-deflection behaviour as indicated 

i n Fig. 1.3. Its el astic load-deflection response is calculated assuming 
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complete interaction. Its ultimate load may be determined from a simplified 

ultimate stress distribution as outlined in Reference 5. 

For a conventional composite beam with an inadequate shear 

connection, the elastic load-deflection response can be calculated by 

means of a modified section modulus as proposed for the revised A.I.S.C. 

code(8), or by more comprehensive methods(9). The ultimate strength of 

conventional composite beams with an inadequate shear connection can be 

calculated on the basis of simplified ultimate stress blocks as outlined 

in Reference 5. 

In conclusion, for conventional composite beams with or without 

adequate shear connection, the design and analysis is specified in structural 

codes and is reasonably straightforward. 

1 . 2b Composite Beams Incorporating Cellular Steel Floor 

Because of the cellular zone separating t he solid part of the 

concrete slab and the upper flange of the steel beam, these beams behave 

more flexibly than those composite beams having a solid slab. This is 

because the shear connection is more flexible. Under flexural loading, 

t hese composite beams respond with incomplete interaction. Their shear 

connection is not capable of transmitting as large an interaction force 

per unit of slip as does the shear connection of a conventional composite 

beam with the same overall dimensions and connector spacing. The idealized 

elastic-plastic load-deflection response of a composite beam with incomplete 

interaction is shown in Fig. 1.3. Fig. 1.3 shows that the idealized 

elastic load capacity of this type of composite b earn is less than that 

of the conventional composite beam for the same deflection. For this 

type of composite beam, Fig. 1.3 shows a lower idealized ultimate strength 

than the conventional composite beam. 
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Fig. 1.3 shows that the load-carrying capacity of the conventional 

composite beam and the composite beam incorporating cellular steel floor 

is greater than that of the steel beam alone. The load-carrying capacity 

of the steel beam alone is taken as a reference line because any beam 

performance over this line reflects the additional contribution of the 

interaction force on the resisting moment. Clearly, the interaction force, 

being the compressive force in the slab, cannot exceed the sum of the 

ultimate strengths of the shear connectors. The ultimate strength of 

the stud-concrete rib-cellular steel floor shear connection is markedly 

lower than the ultimate strength of a stud shear connector in a solid 

slab<2>. When the sum of the ultimate strengths of the shear connectors 

between points of maximum and minimum applied moments is less than either 

of 0.85f'cba or AsFy, the shear connection is spoken of as inadequate. 

Composite beams with cellular steel floor and stud shear 

connectors typically have an inadequate shear connection because the 

maximum strength of the connections may be much lower than the strength 

of those in the solid slab. 

For instance, a 3/4 in. diameter 3" long steel stud embedded 

in solid concrete has an ultimate strength of about 2.5 x 11.5 = 28.8 

kips<8 >. The same stud welded through 1-1/2 in. cellular steel floor 

with concrete topping has an ultima te strength of only 11.3 kips. 

The shear connection in composite beams incorporating cellular 

·steel floor may be inadequate for another reason. It may not be possible 

to place enough shear connectors in the beam because they can only be 

located in the ribs of the cellular steel floor. In composite beams 

wi t h a solid slab, the connectors can be spaced very closely. 
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1.3 Object and Scope 

The performance of composite beams incorporating cellular steel 

floor is markedly different from that of conventional composite beams. 

No provisions for their design or analysis are incorporated in the North 

American codes at the time of writing this report. This paper is intended 

to examine the performance of the composite beam incorporating cellular 

steel floor and stud shear connectors, and to evaluate the application 

of some existing theories to their analysis both in the elastic and 

inelastic ranges. 

Since the load-slip relation for the shear connection must be 

prescribed for theoretical analysis of this type of composite beam, a 

ser ies of push-out specimens were tested. The construction and testing 

of these push-out specimens is described in Chapter 2. 

The testing and analysis involved the following phases: 

1. From push-out tests, the obtaining of representative load­

sli p relations for the four types of shear connections used in the test 

beams. 

2. The construction of five full-scale composite beams. 

3. The testing of these five composite beams, measuring strain, 

def lection, and slip on each. 

4. The comparison of measured performances of the five beams 

keeping in mind the differences intentionally built into them. 

5. The theoretical calculation of the performance of the five 

beams in the elastic range, using the load-slip relations measured in 

the push-out tests. 

6. The theoretical calculation of the ultimate strengths of the 

five composite beams tested, using the inadequate connection model of 
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Reference 5 and using the ultimate strengths of the shear connections 

from the push-out tests. 

7. The theoretical calculation of the complete moment-curvature 

curve for the five beams tested, following the elastic-plastic extension 

of the StUssi finite difference method(
9
). 

Chapter 2 introduces and describes the experimental programme 

concerned with test i ng the push-out specimens. 

Chapter 3 describes how the beam testing was done, and presents 

t he results of the tests. 

Chapter 4 introduces the theoretical methods of analysis and 

presents the results of the theoretical analyses a l ongside the measured 

results both in the elastic range and at the ultimate load. 

Chapter 5 describes how the complete moment-curvature curve 

of a composite beam can be theoretical ly generated and describes the 

author's work in this field. 



2 . 1 Introduction 

CHAPTER II 

PUSH-OUT TESTS 

10 

A push-out specimen consists of two concrete slabs and a stub 

length of steel beam connected together such that each flange of the 

steel beam abuts one of the largest faces of the s l ab (see Fig. 2.1). 

In the tests of this report, the push-out specimens have stud shear 

connectors welded through cellular steel floor to each flange of the 

steel beam. A concrete slab is cast around the studs adjacent to each 

flange of the steel beam. After setting, the two slabs are seated along 

one edge such that the axis of the steel beam is vertical. By pushing 

the steel beam out from between the two slabs in a direction parallel 

to the axis of the steel beam, a shear force is applied to the shear 

connection on each side of the steel beam. As this shear force is applied, 

slip develops between the steel beam and the slab. By measuring the 

applied force and the interfacial slip, a load-slip relation for the 

particular shear connection can be plotted. This load-slip relation 

from push-out tests is one measure of the way in which the shear connection 

will behave in the composite beam. 

The load-slip relation is influenced by number and type of 

shear connectors<4 , 12 >, geometry of ribs<2>, strength of concrete(lZ), 

flange thickness(lZ), and length of embedment of the shear connector. 

The principal variables studied in this report are number of shear 

connectors in each shear connection, and stud shear connector embedment 

length. 

2. 2 Description of Push-Out Specimens 

The 16 push-out specimens tested are pictured in Figs. 2.1 and 
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2 . 2. The follo\ving items were common to all specimens: 

Cellul ar steel floor; Type T-15, 18 ga., Q-deck 

Steel beam 

Studs 

12 b 19, or 10WF21 

3/4" diameter, steel, 3" and 4" long 

Reinforcing for slab; 6 x 6, 10/10 WWF 

Twelve specimen ~ incorporated a single rib of the cellular steel floor, 

while 4 specimens incorporated multiple ribs. In 14 of the specimens, 

single shear co . nectors and pairs of shear connectors were offset from · 

the centreline of the flange of the steel beam. In 2 of the specimens, 

single shear connectors were located directly over the web of the steel 

beam. The rein:forcement of the concrete slabs was the same in all 

specimens. The concrete strength differed from specimen to specimen, 

but was not cons idered as a variable for study. 

The 16 push-out specimens incorporated 6 different types of 

s hear connections: 

1. Single 3 in. stud on each flange, offset, single rib, 4 in. 

slab. (3 specimens) SR/S/3 

2. Double 3 in. studs on each flange, offset, single rib, 4 in. 

slab. (3 specimens) SR/P/3 

3. Single 4 in. stud on each flange, offset, single rib, 5 in. 

slab. (3 specimens) SR/S/4 

4. Double 4 in. studs on each flange, offset, single rib, 5 in. 

slab. (3 specimens) SR/P/4 

5. Single 3 in. stud on each flange, on centerline, multiple 

rib, 4 in. slab (2 specimens) MR/S/3 

6. Double 3 in. stud on each flange, offset, multiple rib, 4 

in. slab. (2 specimens) MR/P/3 
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The concrete was a conunercial "ready-mix" ordered with a 

maximum aggrega t e size of 3/4 in. and a nominal 28-day strength of 

3,000 p.s.i. The mix was adjusted on delivery to give 1-1/2 in. slump. 

The s : abs were cast one side at a time, and cylinders from 

each pour were t ested concurrently with the push-outs to determine both 

the modulus of 1dasticity and the crushing strength. 

Table 2a 

Shear Connection Crushing Strength Modulus of Elasticity 
Type- See P.l2 Slab I/ Slab II Slab I/ Slab II 

1 4290 I 4340 3.19/3.23 X 106 

2 4290 I 4340 3.19/3.23 X 106 

3 4050 I 4560 3.20/3.41 X 106 

4 4050 I 4560 3.20/3.41 X 106 

5 3350 I 4432 3.33/3.82 X 106 

6 3350 I 4432 3.33/3.82 X 106 

2 . 3 Instrumentation and Testing of Push-Out Specimens 

The p ush-out specimens were instrumented so that the overall 

s l ip between th e slab and the steel beam, and the applied load, were 

measured. Fig. 2.3a shows the location of the .0001 in. dial gauges 

mounted on the first five specimens, while Fig. 2.3b shows those mounted 

on the remaining 11. The four extra gauges on the first five specimens tested 

(l abelled gauges 1 to 4, Fig. 2.3a) were used to indicate at what load 

f i rst slip reversal occurred. First slip reversal indicates rotation of 

the rib of concrete in which the shear connector is embedded. This 
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rotation shows up on the dial gauges because the indicating angle bracket 

(see Fig. 2.3a) begins to rotate. When the bracket rotates, .it compresses 

the dial gauge shaft causing a reduction in the reading of the dial gauge. 

Thi s reduction in the magnitude of slip being recorded on the dial gauge 

is referred to as sl i p reversal. 

Since the load at first slip reversal was found to be approxi­

mately coinciden t with that load at which sudden jumps of slip appeared 

on dial gauges 5 and 6 (see Fig. 2.3b), only the la t ter two were mounted 

on the remaining 11 specimens. 

In addition to the dial gauges, an electronic deflectometer 

was installed to measure the change in distance between a bracket on 

the web of the s t eel beam and the test bed. The bracket was mounted on 

the centreline o f the web so that small rotation of the deformed specimen 

during the test ~~ould not influence the deflectometer reading. The signal 

from the deflectometer was used as the abcissa drive for a drum plotter, 

the ordinate bei ng driven mechani call y from a load indicator. 

The pu sh-out specimens were tested in a 120,000 lb. Tinius­

Olsen Universal t est i ng machine. Before testing each specimen, the bond 

between beam fla·nge and concrete slab was gently broken by jacking the 

slabs apart. 

Load Wl s increased in 2,000 lb. incremen ts up to first cracking, 

pausing at each increment. Thereafter, the load was increased in finer 

increments, afte r a steady state had been reached a t each load level. 

2. 4 Results and Jbservations 

The lo ad-s l ip curves as measured for each of the 6 shear 

connection types (see Section 2.2) are presented in Figs. 2.4 to 2.8. 

Where the curve 1id not end on the page, an ultimate slip greater than 
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that shown was developed. However, every shear connection reached a 

maximum statically sustainable load within the extent of each load­

slip curve presented in Figs. 2.4 to 2.8. 

Each ·.oad-slip curve demonstrated that the load on the shear 

connection incn!ases proportionally with slip up to the first cracking 

load. This is t:he load at which the concrete rib containing the shear 

connector crackn across the root of the rib, leaving the shear connector 

head embedded in the solid slab. The concrete rib appears to suffer a 

tensile failure in like manner to the development of a tensile crack at 

the root of a concrete cantilever (see Fig. 2.9b). 

After first rib cracking, a drop in load of 5 to 20 percent 

occurred. This drop can be easily identified on the load-slip curves. 

Application of tnore load from this point of reduced capacity after first 

rib cracking re:mlted in increased slip and an increased resistance to 

slip. The modu: us of this increased resistance to slip after first rib 

cracking was in every case lower than the original load-slip modulus. 

The ultimate load of each shear connection was reached after slip developed 

t ·O a magnitude approximately six times that at first rib cracking. 

The l oad-slip curve after first rib cracking is erratic because 

of the effects elf the broken concrete teeth binding between the intact 

part of the sla·D and the flange of the steel beam, and because of erratic 

slipping of the cellular steel floor over the concrete. 

A su~nary of the cracking loads and the ultimate loads is 

presented in Ta ole 2.b. 

Figur ~ 2.9a is a picture of the push-out specimen before 

testing. Figur e 2.9b shows the rib cracks fully developed. Figure 2.9c 

shows the patte rn of slab cracking that developed subsequent to rib cracking. 
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TABLE 2.b SUMMARY OF RESULTS OF PUSH-OUT TESTS 

Details ·of f' p.s.i. Load at 1st Crack Maximum Static Load - kip_s Ratio of Strength 
Push-Out Specimens c Static Maximum Total Per Connection Average Pairs connectors 

Slab I/Slab II per Single Connectors 
a Connection 

b 

SR/S/3 - OF I 1: 290/ 43/·C 0.57 21.0 10.5 I I 0.64 24.0 12.0 11.3 

I I 0.83 23.0 11.5 1.50 
I 

SR/P/3 - OF 4290/4340 0.30 40.0 20.0 
0.74 30.0 15.0 17.0 
0.59 32.0 

I 
16.0 

SR/S/4 - OF 4050/4560 0.57 35.0 17.5 
0.68 36.0 18.0 17.7 
0.59 35.0 17.5 

1.44 
SR/P/4 - OF 4050/4560 0.63 50.0 25.0 

0.52 52.0 26.0 25.4 
0.66 50.0 25.0 

MR/S/3 - OC 3350/4432 0.65 31.0 15.5 
0.68 26.3 13.15 14.3 

1.55 

MR/P/3 ,... OF 3350/4432 0.60 40.0 20.0 I 
0.57 49.0 24.5 22.2 4-1 

aMR • Multiple rib; SR 2 Single rib; P • Pairs of studs; S • Single stud; 3 • 3 in. long studs; 
4 = 4 in. long studs; OF = Offset; OC = Over ·centerline 

bconnection means overall connection - not individual connectors 
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Fi gure 2.9d shows the shear connector pulled out of. t e concrete s l ab. 

After t.he ultimate load of the shear .onnec t ion as r eached, 

the load fell abrupt ly in t he ~hear connec ions of t he 4 s pec imens where 

there was more ··· han one complete rib <4). n the 12 s ngle r b pe i mens, 

the shear connee tions . demons trated a furt her abi lit t o sus t a i n load 

eyen .,.fter t he :;lab had developed the crack atte n of igu·e 2o 9c. 

Eight of the 12 tests of single rib specimens were i s c ntinued because 

of rotat i on of 1:he s t eel beam f rom its ori ginally vert ical pos i. t:lon 

due to failure o the shear connection on on . ' ne s i de of t he s ~e 1 beam. 

Pull-out of the s t uds f r om the concrete slab was obser ed n 3 s i ngle 

rib spec,imens w::th 3" studs. One tensile failure of a single 4 in. stud 

was observed at a slip of 0.90 in. 

The load-slip curves of the shear connections incorporating 3 

in. studs, both singly and in pairs, showed a greater variation from 

test to test them did the load-slip curves of the shear connections 

incorporating 4 in. studs. This is evidently due to the longer embedment 

l ength of t he 4 in . studs and t heir greater subsequent dependenc e on 

t he more unifont t ensi l e properties of the steel stud rather t han on the 

more predictable shear strength of the concrete s lab. 

Comparing t he average static ultimate load for pairs of connectors 

wi t h that· of single connectors from Table 2 . b shows that the performance 

of t he connection with pairs of connectors is from 1.44 to 1.56 times 

that of t he connec t ion with single connectors. Ther efore, two connectors 

only develop 1.5 times the ult i mate shear. res i stance of a single connector, 

for 3 4 in. diameter s tud s hear connectors spaced laterally at 2-1/2 in o 

on centre . 
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The first cracking load from Table 2.b can be compared 

to the maximum load developed on the shear connection. If the lowest 

and highest ratios are discarded as being unrepresentative extremes, 

t hen the first cracking load is from a minimum of 0.57 to a maximum 

of 0.74 of the ultimate load. 

The increase in load after first cracking was in every case 

more for pairs of connectors than for singles. The ratio of increase 

i n load after first cracking f or pairs of connectors to that for single 

connectors is: 

(a) 2.04 for the multiple rib specimens, 3 in . studs 

(b) 1.50 for the single rib specimens, 4 in. studs 

(c) 1.20 for the single rib specimens, 3 in. studs. 



3. 1 Introduction 

CHAPTER III 
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Five full-scale composite beams incorporating cellular steel 

floor and stud shear connectors were tested. The principal variables 

studied were number and arrangement of shear connect ors in the shear 

span (see Fig. 3.1), and embedment length of shear connectors. The 

slab width and reinforcement, and the beam span and loading were kept 

constant for all five beams. The slab depth, and number, arrangement 

and length of shear connectors were varied. The concrete strength varied 

from beam to beam because separate pours were required, but concrete 

strength was not a variable for study. 

Two types of cellular steel floor were used: 1-1/2" deep rib 

without bottom cover sheet, and 1-1/2" deep rib with bottom cover sheet 

(see Fig. 3.la). The first three beams used only the cellular steel 

floor without a bottom cover sheet. The last two beams used a blend of 

the two types of steel floor. Alternate 24" widths of the cellular steel 

floor on the last two beams had a bottom cover sheet. Since the stud 

shear connectors were to be welded through the cellular steel floor on 

all beams, it was not possible to place studs at locations on the last 

two beams where there was cellular steel floor with bottom cover sheet. 

This is because it is only possible to weld through the cellular steel 

floor where the total thickness of metal does not exceed that of 18 ga. 

material. 

The first three beams are detailed in Fig. 3.1 and incorporate 

one type of cellular steel floor . uniformly over their lengths. Six, 

9 and 12 studs respectively wereevenly spaced throughout their shear spans. 
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Three in. long s t uds and a 4 in. deep slab were used in the first 

three beams. These three beams had a total of 16, 22, and 28 studs 

respectively, and were identical except for the number of studs in 

their shear span.:;. 

The fourth and fifth beams tested (Fig. 3.2) both had 12 

stud shear conne,:tors in the shear span, and incorpor ated the blend 

of two types of t:ellular steel floor explained above. In both of the 

beams, the 12 stnds in the shear span are situated in two groups of six, 

separated by a gap of 36 in. where ther e are no studs. As explained 

above, the gap o:: 36 in. between studs in the shear span was necessitated 

by the presence of a width of cellular steel floor with bottom cover 

sheet, through which no studs could be welded. The fourth and fifth 

beams had a tota: of 30 studs in each . The studs of beam 4 were 3 in. 

long and the sl~> was 4 in. thick. The studs of beam 5 were 4 in. long 

and the slab was 5 in. thick. 

The fbre beams designed in the manner described above permit 

comparisons to b1! made between them. The first three beams, because 

they are identical except for the number of studs, can be compared to 

show the influenee of number of studs. Comparison of beams 2 (12 studs 

evenly spaced) aud 4 (12 studs, groups of 6) is intended to show how 

large connector i.ntervals affect beam performance. Comparison of beams 

4 (4 in. slab) at~ 5 (5 in. slab) is intended to show how slab depth/ 

stud embedment influences beam behaviour. 
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3.2 Description of Specimens and Materials 

The f ive composite beams with cellular steel floor were 

fabricated by a ligning the deck pieces on the steel beam and securing 

them in place y temporary templates along the underside of the top 

flanges of the steel beam. The studs were then welded through the 

deck, and plyw od formwork for the concrete slab set in place and secured 

by tie-rods through the open cells above the steel beam. 

Prior to casting the slabs, the partially fabricated assemblies 

were tilted up on one edge, after which the surfaces of the steel beams 

were prepared for strain gauging. After the strain gauges were applied 

and lead wires connected, the beams were lowered flat again, the reinforcing 

mesh was set i place, and the slabs were cast. Curing for seven days 

under wet burlap and plastic sheeting followed. 

The fabricated properties of the composite beams are listed 

i n Table 3.a. 
Table 3.a 

Composite Beam No.: 1 2 3 4 5 
Deck Used: Ribbed Ribbed Ribbed Rib/Cell Rib/Cell 

No. Tot. 16 28 22 30 30 
St uds Shear Sp. 6 12 9 12 12 

Tensile 68,000 68,000 68,000 68,000 68,000 
Length 3" 3" 3" 3" 4" 

Designation 12Bl9 12Bl9 12Bl9 12Bl9 12Bl9 
St eel Fy (FLG) 41.6 41.6 40.7 40.7 40.7 
Beam Fy Web 46.7 46.7 46.3 46.3 46.3 

Dimensions o/A 68 X 4 68 X 4 68 X 4 68 X 4 68 X 5 
Cone. f'c 4290 5670 5670 3890 3890 
Sl ab 
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3.3 Instrumentation 

The b(~ams were instrumented to measure the following parameters: 

1. io~ .d applied, 

2. deflection , 

3 . slip between slab and steel beam, and 

4. sti~ins over the entire cross-section. 

Fig. 3 .3 to 3.5 detail the position of strain gauges and slip 

gauges. From 34 to 49 electric resistance foil strain gauges, each 1/4 in. 

long, were used on the s t eel surface of each composite beam. From 1 to 

15 paper-backed electric resistance filament strain gauges with 6" gauge 

lengths were apflied to the concrete top surface. The strain gauges were 

located so as t c : 

1. mea.sure the strain across the depth of the steel beam midway 

between studs, 

2. measure the complete strain profile of the full composite 

beam including s lab at each load point and at mid-span. 

Straitl. on the steel beam was measured and recorded by a DATRAN 

automatic digita l recorder, typically at the rate of about 3 seconds per 

gauge. The stra i n gauges on the concrete were read on a PICO manual strain 

indicator via a manual switching box. 

The load was applied by means of one 100,000 lb. hydraulic ram 

thr ough a load cell and spreader beam to two point loads located 66 in. 

from each support. The load cell was connected to a digital-display 

electronic voltmeter through circuitry that allowed the voltmeter to 

read 1 millivolt per 10 lb. applied load . 
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3.4 Test Procedure 

Testh.g the five full-scale composite beams incorporated 

two phases: 

Phase One - Dead load and shrinkage strains were measured 

in the steel beam while the slab was being poured 

and then as it was curing. 

Phase Two - Live load was applied to the beams, and load, 

deflection, slip and. strain were measured. 

For PJ:,,ase One of the beam test programme, the strain gauges 

on the steel beam at mid-span were monitored and read before casting the 

slab, immediately after casting the slab, and then daily subsequent to 

that. As the ccncrete cured and shrinkage occurred, the strains in the 

steel beam were seen to change (see Table 3.b). 

-
Phase Two of the test programme began with lifting the beam 

into the loading, frame. The load was applied by means of one 100,000 

lb. hydraulic rc.m through a load cell and spreader beam to two point 

loads located 66 in. from each support. 

Fig. 3 .6 shows the loading frame, the single hydraulic ram, 

the load cell djrectly beneath it, and the spreader beam which bears 

on two points or: the top surface of the composite beam. A schematic 

diagram of the two-point loading arrangement is shown in Fig. 3.6. 

The strain recording instrument that had been used to measure 

dead load and srrinkage strains was re-zeroed before any live load was 

applied. Load l<'as applied in 2, 000 lb. increments while a graphical 

check was mainta.ined on increasing strains and deflections at mid-span 

and at the load points. Subsequent to the onset of yielding on the 

bottom flange , the beam was allowed to relax to a steady state capacity 
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before each new load increment was applied. No cycling of the load 

was carried ou t intentionally. 

After the beam was well into the yield region, loading was 

controlled by i ncrements in deflect i on. Testing was discontinued 

when the deformation resulted in complete collapse or when it became 

apparent that further deformation presented too great a hazard to 

personnel • . For all five beams, the test continued until at least 

s everal points on t he falling branch of the load - deflection curve were 

obtained. 
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3.5 Results and. Observations 

In Plase One of- the beam testing programme, mid-span strains 

were monitored before and after pouring of the slab, and during slab 

curing. 

The dead load and shrinkage strains are presented in Table 3.b. 

In the same table, the strain difference over the depth of the steel 

beam is listed as a measure of curvature. The curvature is seen to 

decrease during; wet curing, only to increase again during the drying 

ou t and shrinki ng of the slab. By subtracting these dead load and 

shrinkage-induc.ed strai ns from the nominal yield strain, a strain difference 

available for l ive load is arrived at. 

The bottom fibre strains are seen from Table 3.b to increase 

i n tension as curing progressed, narrowing the strain difference between 

dead load stra j.n and yield. The bottom fibre strain of beam No. 1 

i ncreased from +220 micro-inches under the dead load of the wet concrete 

t o +324 micro-inches after 41 days of curing, during which time no 

live load was a.pplied. This increase of 104 micro-inches is significant 

when compared to a total allowable strain difference between no load 

and allowable load of Fy/E = 1,300 micro-inches. 
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TABLE 3.b 

Strains in Steel Beams Due to Dead Load of Wet Concrete and While Concrete 

is Hardening/Shr .lnking 

BEAM STRAIN 
0 

NO. GAUGE AFTER 
POURING 

Top -202 
1 Bottom +220 

Diff. 422 

Top -218 
2 Bottom +242 

Diff. 460 

Top -222 
3 Bottom +239 

Diff. 461 

-
Top -183 

4 Bottom +219 
Diff. 402 

Top -273 
5 Bottom +307 

Diff. 580 

-
TOTAL DAYS ELAPSED 

7 14 41 
PLUS 7 DAYS PLUS 7 DAYS PLUS 27 DAYS 
WET CURING DRY CURING DRY CURING 

- 81 
+263 

334 

-174 
+275 

449 

-121 
+357 

478 

-143 
+222 

365 

-245 
+317 

562 

Note: 

-103 -182 
+281 +324 

384 506 

-219 
+305 n.a. 

524 

-171 
+388 n.a. 

559 

n.a. n.a. 

n.a. n.a. 

n.a. - not available 

Top strains are averaged from two 
gauges, bottom strains from three 
gauges, located as shown. Gauges 
are at mid-span. 
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In Phase Two of the beam testing programme, applied load, 

def lection, slip and strains were measured as a two-point live load 

was applied to the beams. The deflection, slip and bottom and top 

fibre strains are plotted as functions of position on the beam and 

applied load in Figs. 3.7 to 3.17. The moment-curvature curves are 

shown in Fig. 3 . 18 , and the strains across the top surface of the 

slab of beam 3 are shown in Fig. 3.19. 

As explained earlier, the live load was applied by means of 

a s ingle loading ram acting at the centre of a spreader beam (see Fig. 3.6) 

which was supported on the top of the test beam at two points. There­

for e, the test beam was not forced to deflect equally at the load points, 

and as a result one load point tended to deflect more than the other. 

This is the reason that the measured slips and strains plotted in Figs. 

3. 8 to 3.17 are not symmetrical about the mid -span of the beams. 
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Fi g. 3.7 

Mi d-Span Deflection as a Function of Total Applied Load - Beams 1 to 5 

Beam 1 exhibits a lower load-deflection curve than do the 

ot her four beams. Beam 5 exhibits a higher load-deflection curve than 

do the other fo ur beams. The load-deflection curves for beams 2, 3 

and 4 are very close together up to a deflection of 4 in. The shear 

connection and slab dimensions are as follows for the five beams: 

Beam 1: 6-3" single studs in each shear span, 68" x 4" slab 

Beam 2: 12-3" studs in pairs in each shear span, 68" x 4" slab 

Beam 3: 9-3" single studs in each shear span, 68" x 4" slab 

Beam 4: 12-3" studs in two groups of three pairs in each shear 

span, 68" X 4" slab 

Beam 5: 12-4 II studs in two groups of three pairs in each shear 

span, 68" X 5" slab. 

Each beam deflected elastical ly up to a certain load, after 

which the defle ction increased in a smooth curvilinear manner up to the 

ul timate load o f the beam. At the ultimate load, the deflection increased 

wi thout any inc·r ease in load. For beams 1, 2 and 4, this load-deflection 

plateau lasted hrough approximately 2 in. of vertical deflection. Beams 

3 and 5 did not exhi bit any significant post-ultimate load-deflection 

plateau, but in.s tead began to unload immediately a f ter the ultimate load 

had been attained. 

The unloading of each beam was gradual and no severe or sudden 

i ncreases in de flection were observed. Except for the test of beam 3, 

t he tests were ~~ventually discontinued because of i nstability of the 

l oading apparatus, not because of complete breakdown of the beam. 
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Af t er 8 in. deflection of beam 3, the loading ram was unexpectedly 

for ced down too quickly, and catastrophic failure resulted. 

From the load-deflection plots (Fig. 3.7), it can be seen that 

fi r st yielding of the beams occurred at from 60 to 70% of their ultimate 

loads. Qualitatively, first yielding of the beam is evident when a 

deflection occurs noticeably greater than the extension of the original 

linearly elastic load-deflection line would predict. 

The concrete slab remained entirely intact according to visual 

inspection up tc• a load of from 0.85 to 0.92 of the ultimate load. At 

this point, the concrete slab began to break down, as evidenced by one 

or more of thre€. types of cracking. 

A. Longitudinal Slab Cracking (see Fig. 3.7a) 

This crack begar. on the top surface of the slab as a hairline separation, 

probably due to transverse tension, originating under one or both load 

points at the cemtreline of the slab. It extended either way longitudinally 

from the loading pads, becoming longer as the load was increased. Even­

tually this crack extended from each loading pad to _the ends of the beam 

and through the mid-span area. This longitudinal crack never opened 

beyond a hairline and so is considered as relatively unimportant. This 

crack was probably due to transverse tension across the slab caused by 

antielastic curvature of the slab. Such an effect would very likely not 

be present in a complete floor system consisting of several beams with 

a slab spanning continuously at right angles to them. 

Point A on Fig. 3.7 indicates the first indication of longitudinal 

cracking. 
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B. End Connecto Restraining Cracks (see Fig. 3.7b) 

Because the slip increased towards the supports, the end connectors were 

deformed to the greatest extent. These end connectors tended to restrain 

a horizontal lens of concrete below their heads. The part of the slab 

above their heads tended to ride over these end connectors in a direction 

parallel to the axis of the steel beam. As a result, cracks of the type 

pictured in Fig . 3.7b formed. 

This c rack was originally of a shearing nature but tended to 

open up to a max imum of about 1/4" very late in the testing. Point B 

marked on Fig. .7 indicates the first indication of these end connector 

restraining era ks. 

C. Flexural Cracks (see Fig. 3.7c) 

These cracks in the slab originated on the underside of the solid part 

of the slab and progressed upward at a decreasingly acute angle to the 

horizontal, muc in the same way as flexural tension cracks propagate 

in ordinary rei forced concrete beams. Several of these cracks developed 

in the region of the load points on every beam. Fig. 3.7c shows the form 

of several of these cracks and indicates that their form is bifurcated. 

These flexural cracks in the slab, as apparent from external· 

observation, extended upward and inward to within 1/4 in. of the top 

sur face of the slab before very much unloading had occurred. 

As pictured in Fig. 3.7d, these flexural tension cracks ultimately 

ex t ended through to the top surface of the slab, resulting in a sudden 

loss of interaction and a steeper unloading. The initial indication of 

flexural cracking is marked on Fig. 3.7 as C11 and C~ for beam;(, etc. 
I 'l. \ 
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FIG.~.7c 

FIG. ~.7d 
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Fig. 3.8 

Bottom fibre strain as a function of position on the beam and 

as a function of total applied load - Beam 1 

Breakdown of interaction betw en the slab and steel beam was 

most advanced a t the left-hand load point of Fig. 3.8 at the ultimate 

load of 4 7. 4 k:.ps. However, complete breakdown of interaction occurred 

at the right hc.nd load point subsequent to the attainment of ultimate 

load. This is evidenced by the very large bottom fibr e strains that 

developed at t be right hand load point. 

A solid straight line is drawn at a strain of 1 240 micro-inches 

per inch to represent the yield strain. This was achieved at mid-span 

at a total applied load of 31 kips. For loads greater than this, the 

strain is seen to increase very quickly in the regions of the beam where 

~he strain is greater than 1240 micro-inches per inch. 
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Fi g. 3.9 

Bottom Fibre Strain as a Function of Position on the Beam and as a 

Function of Total Applied Load -Beam~ 

Breakdown of interaction, as evidenced by the high localized 

strains under t e r ight-hand load point, was not as far advanced in 

this beam as it was in beam 1 at an equal total applied load. Therefore, 

the shear conne•:tion of beam 2 (12 studs in the shear span) caused more 

complete interae tion than did the shear connection of beam 1 (6 studs 

i n the shear span). 

It can be observed that the strains at ul timate load were 

very high (about 5 times the yield strain) in a localized region of the 

shear span direc tly beneath the load points. This was not the case with 

the weaker shear connection of beam 1 (Fig. 3.8), where the region of 

high strains was more extensive and occurred slightly inward from the 

load points. 
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Fig. 3.10 

Bottom Fibre Strain as a Function of Position on the Beam and as a 

Function of Total Applied Load - Beam 3 

The strains were higher for the same total applied load than 

those of beam 2, and lower than those of beam 1. The localized region 

of high strains at ultimate load occurs inward from the load point, 

and is more extensive than that of beam 2. 
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Fig. 3.11 

Bottom Fibre Strain as a Function of Position on the Beam and as a 

Function of Total Applied Load - Beam 4 

The strains of beam 4 at ultimate load were about 2.5 times 

t hose of beam 2, both beams having 12 studs in their shear spans. The 

r egion of very high strains around the load point was much more extensive 

in this beam than in beams 1, 2, or 3. As evidenced by the higher 

s t rains, the breakdown of interaction on beam 4 at ultimate load was 

much more severe than on any of the beams 1, 2 or 3. 
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Fi g. 3.12 

Bottom Fibre Strain as a Function of Position on the Beam and as a 

Function of Tot al Applied Load - Beam 5. 

The strains of beam 5, for an equivalent total applied load, 

were very much less than on any of beams 1, 2, 3, or 4. The zone of 

hi gh strain was as extensive as it was on beam 4, and extended inward 

from the load pJint approximately to the same extent as on beam 4. At 

a total applied load of 50 kips, the strains of beam 4 are twice those 

of beam 5. 
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Fig. 3.13 

Slip as a Function of Applied Load and as a Function of Position on 

the Beam - Bea 1 

The slip increased from zero at mid-span to a local maximum at 

the load points , and then to an overall maximum at the support points. 

The slip is seen to be very low (less than .01 in.) for total applied 

loads of 25 kips or less. The slip increases very rapidly for loads 

greater than 25 kips up to 0.2 in. at ultimate load. The figure 25 kips 

load is significant because in Chapter IV, the working load is shown to 

be less than 25 kips. 

The load-slip curves for the shear connections as measured in 

the push-out tests (section 2 of this report) indicate that the shear 

connection reaches a maximum load at a ilip of about 0.06 in. A horizontal 

l i ne at this slip is drawn on Fig. 3.13. The measured slip at each shear 

connector at a total applied load of 47.4 kips (ultimate) is greater than 

.06 in., except at one stud in the right-hand shear span. Therefore, 

at ultimate applied load, each shear connector except one is loaded to 

its maximum cap city. 

Some slip reversal can be noted at a total applied load of 

' 
40.5 kips in th left-hand shear span. Slip reversal could be due to 

the cellular st el floor separating from the concrete rib and the 

consequent inco ~ rect measurement of slip. 

The s l ip measured at the ends of the beam was thought to be 

more reliable t han the slip measured at points along the underside of 

the slab. This is because, at the ends of the beam, the mid-height of 

the slab is exposed and its movement can be measured relative to the 
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steel beam. Ou the underside of the slab, the differential longitudinal 

displacement bt!tween the underside of the cellular steel floor and the 

steel beam is nteasured. If the cellular -steel floor separates from the 

concrete, this slip measurement is no longer accurate. For this reason, 

no significance is attached to slip reversal. 
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Fig. 3.14 

Slip as a Func t ion of Applied Load and as a Function of Position on the 

Beam - Beam 2 

The :;lip increased from zero at mid-span to a maximum about 

midway through the shear span, and then decreased slightly towards the 

support points of the beam. The slips measured on beam 2 were quantitatively 

about half of t hose measured on beam 1. All of the studs in the shear 

spans reached t heir ultimate shear capacities at the beam's total ultimate 

applied load, because the slip at each stud is greater than .06 in. 

No s .ip reversal was measured, and the slip remained less than 

.01 in . for loads less than about 30 kips. 
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Fi g. 3.15 

Sl ip as a Function of Applied Load and as a Function of Position on 

the Beam - Beam 3 -

The slip increased from zero at mid-span through a local 

maximum at the load point and to an overall maximum at the end of the 

beam. The local maximum at the load point was also observed on beam 1. 

The slip at one point in the right-hand shear span showed a reversal in 

di rection beginning at a total load of about 45 kips. 

At the ultimate total applied load, the slip at all studs 

wa s not up to . 06 in. This indicates that the maximum possible shear 

f orce may not b~ developed in the shear span at the ultimate load of the 

beam. 

The s l ips measured on beam 3 were slightl y lower than those 

measured on beam 2, and remained less than .01 in. everywhere on the 

beam for loads Less than about 40 kips. 
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Fig. 3.16 

Slip as a Function of Applied Load and as a Function of Position on 

t he Beam - Beam 4 

As in beam 2, which also had 12 studs in the shear span, the 

sl~p incr~ased from zero at mid-span to an overall maximum in the left-

hand shear span . From this point the slip decreased toward the end 

of the beam. 

For loads up to about 50 kips, the slips measured on beam 4 

were only slightly greater than those measured on beam 2 for the same 

applied load. At ultimate load, approximately 55 kips for beams 2 and 

4 , the slips of beam 4 were about 4 times those of beam 2. 

The slip had progressed far enough at ultimate load so that 

a l l the studs s hould have developed their maximum shear forces. 

No slip reversals were measured, and at about 30 kips applied 

load, the slip Has in places greater than .01 in. 
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Fig. 3.17 

Slip as a Funct-Lon of Total Applied Load and as a Function of Position 

on the Beam - Beam 5 

As on beam 4, the slip increased from zero at mid-span to an 

overall maximum at the mid-point of the 36 in. interval between studs 

in the shear sp.m, for loads up to and including the ultimate load. 

All measured sl.lps of beam 5 are less than those of beam 4 for the same 

total applied load. 

All o:f the studs in the right-hand shear span and all but the 
I 

inntermost pair of studs in the left-hand shear span had reached ultimate 

shear force at t he total ultimate applied load of the beam. 

At 30 kips load, the slip approached .01 in. No slip reversals 

were measured. 
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Fig. 3.18 

Applied Moment vs. Measured Curvature for the Steel Beam - Beams 1 to 5 

Moment vs. curvature curves show the (post-ultimate) ductility 

of the beams. Curvature is calculated by dividing the strain difference 

across the depth of the steel beam by the depth of the steel beam. 

The ductility factor of a beam is defined(l4 )as the ratio of 

the member deformation at unloading to the fictitious elastic member 

deformation at the ultimate load of the member (see part 4.8 of this 

r eport). Unloading is loss of load to belotv 0. 95 of the ultimate member 

load. 

The flctitious elastic member deforma~ion is found by extending 

the elastic par t of the moment-curvative curve up t o intersect the 

horizontal proj:ction of the ultimate load level a t tained. Calculating 

t he ductility f actor on this basis, the following ratios are obtained 

f or the five be.1ms: 

Beam 1 16.0 

:l 11.7 

] 6.3 

1', 14.3 

~; 5.7 

As cau be seen from Fig. 3.18 , the moment-carrying capacity of 

beams 3 and 5 d1 ·ops off relatively more quickly than do the curves for 

the other three beams. This is reflected in a lower ductility factor 

listed above fo r beams 3 and 5. 
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Fig. 3.19 

Strain in the Top of the Slab as a Function of Total Applied Load 

for Each Load Point and for Mid-Span - Beam 3 

Four strai n gauges were attached across the width of the 

slab at each l oad point, and 7 strain gauges were attached across the 

width of the slab at mid-span. 

At mid-span, the concrete slab strains were uniform across 

t he width of t he slab up to and after ultimate load. At each load 

point, the strains remained uniform across the slab up to a total load 

of 40 kips for the east load point, and up to about 30 kips for the 

west load point. 

The strains at the load points were significantly higher 

t han those at mid-span for loads greater than about 10 kips. This is 

consistent with earlier findings(3), which show that the extreme fibre 

s t rains at mid-span do not increase very much after first yielding of 

t he beam, whereas the extreme fibre strains under the load points increase 

very quickly after f irst yielding of the steel beam. Yielding of beam 3 

began at about 35 kips and progressed until 56.0 kips when the beam was 

a t its ultimate load. At 35 kips, the average slab strain at mid-span 

wa s about 250 micro-inches, and at the full ultimate load of 56.0 kips, 

the average mid-span strain was about 650 micro-inches. 

Between the same loads, the strain at the load points increased 

f r om about 300 ·nicro-inches to about 1,000 micro-inches. The latter 

f i gure is an ap prox i mate average of the measured edge strains and the 

pr ojected centr eline strain at the load point. 

The measured slab strains for beam 3 show that the full slab 
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wi dth of 68 inc es i s equally strained and therefore effective at 

mi d-span at the ult i mate load. Under the load points, however, at 

u l timate load, a region of high compressive strains developed close to 

the centreline f the slab. This strain concentration at the centreline 

of the slab at t he l oad points was not in evidence at the working load 

of the beam (les s than 25 kips). 
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General Observa tions on Beam Testing 

As l oading of the beams progressed, the steel beam yielded 

at about 30 kips for beams 1 to 4, and at about 40 kips for beam 5. 

After yielding of the steel beam, the concrete slab began to crack as 

i ndicated on Fig. 3.7. The cracking began and continued gradually and 

without any sudden effects. As the deflection increased and the ultimate 

l oad was approached, concentrated rotations were noticeable at the load 

points by viewing the beam in elevation. The beams remained structurally 

sound through the ultimate load. Unloading was in every case gradual, 

bu t faster in beams 5 and 3. No web or flange buckling was noticeable 

on any of the five beams until well after unloading had begun. 

The concrete slab continued to provide lateral support for 

t he steel beam, up to an estimated deflection of 13 in. in the case of 

beam 3, before lateral buckling occurred. Fig. 3.20 shows beam 3 after 

collapse. 

A tendency was observed in all beams for the ribs of the 

cellular steel floor to deform locally around the base of the individual 

s t uds, eventually resulting in ripping of the metal sheet as shown in 

Fi g. 3.21. This ripping did not occur until very late in the test of 

beam 3, and not at all in the other beams , but the tendency was evident 

i n all tests. 

Between locations on the steel beam where the slab was held 

down by the shear connectors, the slab showed a tendency to lift off the 

top flange of t he s t eel beam. For beams 1 to 3, the gap that developed 

be tween the top fla nge of the steel beam and the bottom of the cellular 

s t eel floor was smal l, but for beams 4 and 5, the gap increased to an 
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estimated 3/8 l n. This gap occurred in the 36 in. interval between 

shear connectors in the shear span. 

The tendency of the slab to lift off the steel beam is the 

reason that sh~.ar connectors must be capable of resisting uplift. 

Studies have been made(19, 20)of the uplift stresses in shear connectors, 

bu t it is now common design practice to neglect any effects of uplift. 



4.1 Introducticn 

CHAPTER IV 

ANALYSIS OF TEST RESULTS 
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Analysis of composite beams incorporating cellular steel floor 

i s accomplished on the basis of certain assumptions. For example, if 

slip between t he concrete slab and the steel beam is assumed to be 

negligible, then calculation of the strength of the composite beam is 

made using the transformed section. Analysis on the basis of the 

t r ansformed section implies that no loss of interaction between the 

concrete slab and steel beam occurs. 

If, on the other hand, loss of interaction is to be taken 

i nto account in the analysis of the composite beam, then the shear force 

v s . slip relation of the shear connection must be known or assumed. 

I f a linear shear force vs. slip relation is assumed, then the continuum 

analysis due to Newmarket al(l2)may be used. If a trilinear shear force 

vs . slip relation is assumed, then the finite difference analysis of Dai 

and Siess(9)may be used. 

The analysis of test results is done in this paper at two levels 

of load; working load and ultimate load. Working load is defined as 

the live load at wh i ch the bottom fibre steel strain reaches the elastic 

a l lowable strain. Ultimate load is the maximum static live load that 

the composite beam can carry. 
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4 . 2 Determination of Working Load 

The elastic allowable strain for the steel beam is 0.66 of 

the yield strain . Since the working load is the load causing the steel 

strain to reach the elastic allowable strain, the designer must establish 

a numerical val e for the elastic allowable strain. This can be done if 

the actual mate ial properties of the steel are known, if the strain 

in the steel ca sed by shrinkage of the concrete slab is known, and if 

the strain in t e steel due to the dead load of the wet concrete slab 

is known. 

A des i gner is usually equipped with only design material properties 

rather than actual material properties (see Table 4.a). The designer can 

usually calcula e what strain in the bottom fibres of the steel beam is 

caused by dead l oad, but he cannot es t imate the strain induced in the 

steel beam due o shrinkage of the concrete. 

The di fference between design and measured material properties 

for the G40.12 s teel beam used in these tests is as shown in Table 4.a. 

E 

Table 4.a 

Design 

29 x 106 p.s.i . 

44,000 p.s.i. 

1510 x 10-6 IN/IN 

Measured by Coupon Tests 

33 x 106 p.s.i. 

40,700 to 46,700 p.s.i. (see Table 
3.a ) 

1240 x 10-6 to 1410 x 10-6 I NAN 

The s rinkage of the concrete slab, the application of the 

dead load of the slab to the steel beam alone, and the application of live 

load to the composite beam, all af f ect the allowable strain in the bottom 
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f i bre of the steel beam. This effect is sho\~ schematically in Fig. 4.1. 

The broken line on Fig. 4.1 indicates the beam response to 

applied load . . If shrinkage-induced strains are neglected, the designer 

has a strain available up to yield · for dead and live load of 44,000/ 

29 x 106 = 1510 x 10-6 IN/IN (abcissa A, Fig. 4.1) . A strain of 0.66 of 

this 1510, or 1000, is allowed to be used under working loads (abcissa B, 

Fi g. 4.1). If ~he strain caused by dead load is subtracted from the 

1000 x 10-6 IN/[N allowable, then only 780 x 10-6 I N/IN is available for 

' l i ve working load (abcissa B minus abcissa C, Fig. 4.1, with the strain 

due to dead load equal to 220 x 10-6 IN/IN). 

If sh~ inkage strains are included in this discussion, they 

would reduce the allowable strain by a small amount (abcissa D, Fig. 4.1). 

I n the calculat i on of working loads to follow, shr i nkage strains will be 

neglected. 

The tests of this report were performed i n the live load range 

(labelled on Fig . 4.1), and began at origin~' on Fig. 4.1. The straight 

solid lines on Fig. 4.1 marked "complete interaction", "C.S.S.B.I." and 

"A.I.S.C.", are three theoretically-computed load-strain relations. These 

lines will be referred to again later. 

In the live load region, the bottom fibre steel strains are as 

shown in Fig. 4 .. 2, as measured under one load point during the beam test. 

The strains of Fig. 4.2 do not demonstrate a definite yield point as did 

the coupon strai ns. The absence of a distinct yield point was very likely 

caused by residual strains present in the steel before testing. 

It should be noted that it is not absolutely necessary for the 

steel to demonstrate a definite yield point as long as an adequate load 

factor can be obtained on beam failure. 
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On Fig.4.la are draHn vertical lines corresponding to line B 

of Fig. 4.1. These lines would be drawn at the measured allo\vable 

str ains sho'vn in Table 4. b fo r each of the beams . 

Table 4.b 

Determination of \-larking Load Including Effect of Dead Load Strains 

Beam 

lower flange yield st rain 
(static yie ld from coupons ) 

0.66 of yield strain 

less strain under load point due 
to dead load of wet concrete 

measured allm·mble strain fo r 
live l oad 

working live load from Fig. 4.la 
at measured allmvable s tr.ain 

1 2 3 4 5 

1240 1240 1240 1240 1240 

820 820 820 820 820 

208 208 208 208 264 

612 612 61 2 612 556 

18.5 20.0 19. 5 22.0 20.0 

From Table 4 . b, the measured working total live loads range 

from 18.5 to 22.0 kips . These measured working loads can be compared 

to design \VOrking loads. Design working loads can be calculated in 

accordance with : 

(a) comp lete inter action, 

(b) C.S.S.B.I. Composite Beam Nanual (lO), and 

(c) A. I. S.C. effective section modulus (8). 

The calculations (a ) , (b), and (c) above can be explained 

as follows : 

(a ) Complete Interaction 

Using E5 = 29 x 106 p.s.i., n = 9, ca lculate I of transformed section 
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(see Appendix (a)) . Using Fy = 44,000 p.s.i., calculate useable strain 

di fference between dead load strain and 0.66 of yield strain. Calculate 

the live load on the beam which will give this useable strain difference. 

This is the working live load. 

(b) C.S.S.B.I. Composite Beam Hanual 

Using Es = 29 x 106 p.s.i., n = 9, the procedure given in Reference 10 

a l lows t he designer to calculate stress and deflection efficiency factors. 

These efficiency factors are less than 1.0 and are used to reduce the 

section modulus and the moment of inertia of the t ransformed section. 

Using the reduced section modulus, the designer can calculate what live 

load will cause the bottom fibre steel strain to equal the strain 

di fference available for live load. This load is the working live load 

(see Appendix (b)). 

(c) A. I.S.C. Effective Section Hodulus 

The A.I.S . C. ef fect i ve section modulus is equal to that of the steel 

beam alone plus a fraction of the difference between the transformed 

section modulus and the section modulus of the steel beam alone. The 

section modulus of the transformed section is calculated on the basis 

of Es = 29 x 106 p.s.i. and n = 9. Using this effective section modulus, 

the designer can calculate what live load is required to cause the 

bottom steel f~Jre strain to equal the strain difference available for 

live load. Thi:> load is the working load (see Appendix (c)). 

The mt~asured and computed working loads are shown in Table 

4.c. 
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Table 4.c 

Beam Total Horking Live Load (kips) 

1-ieasured Complete Interact ion C.S.S .B . I. A. I. S.C. 
1 2 3 

1 18.5 25.6 22. 6 18.0 

2 20.0 25.6 22.6 19.3 

3 19.5 25.6 22.6 19.3 

4 22.0 25.6 22. 6 19.3 

5 20.0 26.4 23. 2 20.1 

1 , 2, 3 -
For ca lculations l eading t o t hese working loads, see 

Appendices (a ), (b), and (c ) r espect ively. 

Note that the four working loads as lis ted above fo r each of 

the beams are all determined on the same basis . That is, dead load 

strains are accounted for in each ca lculation. The measured working 

load i s lot" compared to the C. S. S. B. I. va lue because the fl ange 

yield stress of the beams \oms only 41.6 ksi and not 44 ksi . 
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4.3 Load-Strain Behaviour in the Working Load Range 

Fig. 4.1 is a schematic representation of the complete load vs. 

s t rain history of a composite beam through dead load, shrinkage, and 

l i ve load. Figures 4.2 to 4.6 show the measured load vs. strain behaviour 

as the live load was applied to the five beams during testing. The origin 

of the measured load vs. strain curves of Figs. 4.2 to 4.6 corresponds 

to point 0' on Fig. 4.1. The bottom fibre strains plotted in Figs. 4.2 

to 4.6 were measured under the load point at which failure finally 

occurred. 

On Figs. 4.2 to 4.6 are drawn four solid load vs. strain lines 

that can .be compared to the measured line. The four load vs. strain 

l i nes are determined by: 

(a) "complete interaction" (Es = 29 x 106 p.s.i., n=9, 

transformed area section modulus) 

(b) "in accordance with the C.S.S.B.I. design" (Es = 29 x 106 

p . s.i., n = 9, reduced section modulus) 

(c) "A.I.S.C. effective section modulus" 

(d) "steel beam alone". 

The calculations leading to (a), (b) and (c) above are briefly 

explained in se ction 4.2, and detailed calculations are listed in Appendices 

(a ), (b) and (c) of this report. 

The dashed load-strain line on Figs. 4.2 to 4.6 represent the 

l i ne of comple t '~ interaction if the measured values of E5 and Ec are 

us ed (E5 = 33 x 106 p.s.i., Ec = 3.19 x 106 p.s.i.). 

In addition to the four theor e t i cal load-strain lines shown 

i n Figs. 4.2 to 4.6 are two horizontal lines at the upper and lower 

t heoretical wor king loads. These two lines represent the extremes of 

the theoretical working loads calculated in Table 4.c. 



85 

Fig. 4.2 

Bottom Fibre Strain at Load Point vs. Applied Load - Beam 1 

The efficiency of the beam at a particular load is measured 

by the increase in strain from that for complete interaction divided 

by the strain f or complete interaction. 

Beam . demonstrated the lowest efficiency of any of the five 

beams. This indicated that the shear connection of beam 1 was the 

weakest of the five beams. 

The st:rain calculated in accordance with the C.S.S.B.I. Manual 

over-estimated t:he bottom fibre strain produced at a given load. In 

other words, thE! C.S.S.B.I. is conservative in its strain calculation. 

The C.S.S.B.I. ~[anual assumes AsFy/18.8 = 14 studs in each shear span. 

Beam 1 had only 6 studs in each shear span, and therefore had a 

comparatively WE!ak shear connection. The fact that the C.S.S.B.I. 

overestimated the strain produced at a given load for a beam with a 

very weak shear connection speaks in its favour as a design procedure. 

The A. I. S.C. effective section modulus overest.imated the 

measured bottom fibre strains by about 30% in the working load range. 

This error, altl~ugh on the conservative side, is too great, especially 

when applied to a beam with a very weak shear connection such as beam 1. 

Prediction of strains that are too high results in under­

estimation of working load (see discussion of Fig. 4.3). 

Fig. L, ,2 is somewhat misleading because the measured load-strain 

curve follmvs the theoretical load-stra i n curve labelled "complete 

interaction''. t his fact is misleading because the shear connection of 

beam 1 is known to be very weak, consisting of only 6 single studs 

in the shear span. Because the shear connection is very weak, some loss 
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of interaction would have been expected for every applied load. Up 

to a load of 12 kips, however, no loss of interaction was measured. 

The true steel and concrete properties may not be equal 

to those used in calculat i ng the strain predicted by the line labelled 

'~omplete interaction''. In fact, the measured values for E
5 

and Ec 

wer e quite diffe rent from those assumed in calculating the strain of 

the line labelled "complete interaction" (see Table 4.a). The load­

strain line labe.lled "complete interaction - measured material properties" 

may in fact be G. truer representation of complete interaction. The 

measured strain is seen from Fig. 4.2 to be greater than the strain 

of the line labE!lled "complete interaction - measured material properties", 

as would be expE!C ted. 

However, the load-strain line labelled "in accordance 'vith the 

C.S.S.B.I. design" is derived from the complete interaction line and 

therefore is baBed on design material properties. For this reason, the 

load-strain lin1~ labelled "complete interaction" must be shown on 

Fig. 4.2 . 
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Fig. 4.3 

Bottom Fibre Strain at Load Point vs. Applied Load - Beam 2 

Beam 2 had 12 studs in the shear span in 6 pairs. Beam 2 

demonstrated a greater efficiency than that of beam 1. Thls is indicated 

by the tendency for the lower fibre strains to be equal or below those 

of complete interaction, whereas the strains of beam 1 were equal to 

or ' above those of complete interaction. 

The calculations based on the C.S.S.B.I. produce bottom fibre 

strains about 15% greater than the measured strains through the working 

load range. 

The s t rains calculated using the A.I.S.C . effective section 

modulus are about 30% greater than the measured ·strains. 

Overestimation of theoretical strain values may lead to an 

underestimation of working load. The theoretical allowable live load 

strain difference for beam 2 is 792 x 10-6 in/in (see Appendix a.). 

From Fig. 4.3, t he theoretical load at which the strain reaches 792 x 

lo-6 in/in is 25 .6 kips for complete interaction, 22.5 kips according 

to the C.S.S.B. I ., and 19.0 kips according to the A.I.S.C. effective 

s ection modulus. 

The measured allowable live load strain difference, however, 

was only 612 x 10-6 in/in, based on the coupon tes t yield (see Table 

4 . b). The measured load producing the bottom fibre strain of 612 x 

10-6 in/in was 20 kips. Therefore, because the steel used for these 

tests had a low flange yield stress (41.6 ksi compared to a nominal 

44 .0 ksi) as measured by coupon tensile tests, the measured allowable 

l i ve load strain difference was lower than the design value. It 

happened that t he working load calculated by means of the A.I.S.C. 
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effective section modulus was the closest approximation to the measured 

working load detarmined on the basis of the reduced yield strain. 

If, ho·~ever, the yield of the steel had been 44.0 ksi, then 

the measured wor king load would have been about 25.0 kips, and both the 

A. I .S.C. and C. S.S.B.I. calculations would have underestimated the 

all owable load by 24% and 10% respectively. For most composite beams, 

then, the A.I.S.C. and the C.S.S.B.I. methods of analysis would be 

expected to give very conservative values of working load. 
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Fig. 4.4 

Bottom Fibre Strain at Load Point vs. Applied Load - Beam 3 

Beam 3 had 9 single shear connectors in the shear span. 

The bottom fibre strains measured on beam 3 are lower than 

those of beam 1 and higher (very slightly) than those of beam 2. 

The shear connection of beam 3 must therefore be stiffer than 

that of beam 1 and slightly weaker than the shear connection of beam 2. 
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Fi g. 4.5 

Bottom Fibre St r ains at Load Point vs. Applied Load - Beam 4 

The shear connection of beam 4 consisted of 12 studs in 

pairs in the shear span, arranged in t wo groups of 3 pairs. The 

measured bottom fibre strains of beam 4 are lower through the working 

load range than the strains measured for beam 2. Beam 2 had an equal 

number of studs , but more evenly spaced. The bottom fibre strains of 

beam 4 are seen to be less than those predicted by complete interaction 

through the working load range. The groups of studs in beam 4, therefore, 

provide a stiffer shear connection than do the evenly spaced studs of 

beam 2. 

The s t rains predicted by the C.S.S.B.I. calculation and the 

strains predicted by the ·A.I.S.C. effective section modulus are both 

higher than the strains measured by about 20% and 48% respectively. 

This leads to an underestimation of working load if the latter is 

calculated by either of these procedures. 
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Fig . 4.6 

Bottom Fibre Strains at Load Point vs. Applied Load - Beam 5 

The slab of beam 5 is 1 in. deeper than the slabs of the other 

4 beams, and the studs are 1 in. longer. The pattern of stud location 

i s the same as that of beam 4 . There are 12 studs in the shear span 

arranged in tHo groups of 3 pairs. 

The strains measured on beam 5 \vere almost numerically identical 

wi th the strains measured on beam 4 . At 25 kips, the strain of beam 5 

i s 730 micro-inches, and of beam 4 is 710 micro-inches. Beam 5 had a 

3 
t ransformed area bottom fibre section modulus of 40. 7 in. , \vhereas 

t he bottom fibre section modulus of beam 4 was 36 . 9 in .
3 

(see Appendix 

a). For this reason, beam 5 't-lOuld have been expected to demonstrate 

l ower strains by a factor of 36.9 / 40. 7 = 0.907 . 
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Fig. 4. 7a 

Bottom Fibre St-c·ains at Load Point as Calculated by the Elastic Finite 

Difference Met~Jd - Beams 1 and 3 

An ela stic finite difference analysis(9)of beam 1 was done 

using three tri.Linear shear force vs. slip relations. Interaction 

force, slab str.:tins, slip, stud forces, and steel fibre strains were 

calculated by t h is method. The lower fibre steel strain for beam 1 

is plotted in F.ig. 4.7a, alongside the measured strains, for the three 

shear force vs. slip relations of Fig. 4.7b. 

Curve 1 of Fig. 4.7b is closest to the push-out curve (Fig. 2.4). 

Using shear fon~e vs. slip curve 1 of Fig. 4.7 b in the elastic finite 

difference analysis of beam 1 resulted in strains very close to those 

measured (see F Lg. 4.7a). However, the strains calculated using this 

method were not sensitive to Hhat shear force vs. slip relation was 

assumed for the connection. This can be seen by noticing that a doubling 

of the origi na l modulus of the shear force vs. slip curve of Fig. 4.7b 

caused only a f 1~w percent change in strain (Fig. 4. 7a). 

The el astic finite difference analysis of beam 3 using the 

shear force vs. slip relation 2 of Fig. 4.7b resulted in a close 

prediction of bottom fibre strains at the load point (Fig. 4.7d). 

The s cud forces calculated by the elastic finite difference 

calcula tions at a total live load on the beam of 25 kips were as marked on 

Fig. 4.7b. Above a load of 25 kips, the composite beam cannot safely 

be assumed to a<:t elastically. Therefor e, the elastic finite difference 

calculations we~e not used for loads on the beams greater than 25 kips. 
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Fig. 4. 7e 

Bottom Fibre Str ins at Load Point as Calculated by the Elastic Finite 

Difference Hethod- Beams 2 ·and 4 

The th ee shear force vs. slip relations of Fig. 4.7c were 

used in the elas ic finite difference analysis of beam 2, resulting in 

the three theore ical load-strain curves of Fig. 4 . 7e. In this case, 

curve 3 of Fig. •.7c appeared to produce strains very close to those 

mea sured. The s rains so calculated were again insensitive as to '"hich 

of the three shear force vs. slip relations of Fig. 4.7c was used in 

the analysis. 

Beam 4 had the same number of studs as did beam 2 (12 in the 

shear span) but arranged in 2 groups of 3 pairs . Using the shear force 

vs. slip curve 2 of Fig. 4.7c, an elas t ic finite difference analysis 

was made of beam 4. 

The st r ains calculated by this analysis are shown in Fig. 4.7f, 

and can be seen t o be greater than the measured strains by about 10%. 

Beam 4 was stiffe r than beam 2 because the measured lower fibre strains 

of beam 4 were l ess than the measured strains of beam 2. 

It is evident from Fig. 4.7f that, if t he elastic finite 

difference method of analysis is to produce the measured strains, a 

much stiffer shea r connection will have to be used in the analysis. This 

is further evidence that grouped pairs of shear connectors act more 

rigidly than pair s of shear connectors more evenly spaced. 
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Fig. 4.7g 

Bottom Fibre St r ains at Load Point as Calculated by the Elastic 

Finite Difference Method - Beam 5 

The t wo shear force vs. slip relations of Fig. 4.7h were 

used in the elas tic finite difference analysis of beam 5. The dashed 

load vs. strain curve shown in Fig. 4.7g resulted from both shear force 

vs. slip relations shown in Fig. 4.7h. 
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4.4 Load-Deflection Behaviour in the Working Load Range 

In Figs. 4.8 to 4.12, the measured mid-span deflections of 

t he five beams tested are presented as functions of the total applied 

load. On the same figures are three theoretical load-deflection lines. 

One, labelled ·~omplete interaction'', is calculated on the basis of 

the transformed section (Es = 29 x 106 p.s.i., n = 9). Another 

theoretical load-deflection line shown in Figs. 4.8 to 4.12 is calculated 

on the basis of the C.S.S.B.I. Manual for Composite Construction. A 

third load-deflection line is based on the transformed section calculated 

using measured ma terial properties (Es = 33 x 106 p.s.i., Ec = 3.19 x 

106 p.s.i.). 

In addition to these three load-deflection lines is one point 

marked ''deflection computed by finite difference analysis''. The latter 

point was calculated by integrating the curvature calculated by the 

e l astic finite difference method of analysis. This was done at a load 

wi thin the working load range. 
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Fig. 4.8 

Mid-Span Deflec.tion vs. Applied Load - Beam 1 

Two load-deflection lines are drawn for complete interaction. 

One is for Es E!qual to 33 x 106 p.s.i. and Ec = 3.19 x 106 p.s.i., as 

measured in the coupon tests, and the other is f~r Es equal to 29 x 106 

p.s.i. and n = 9. The latter represents the usual design value of E 

and n. The twc• complete interaction lines are drawn to indicate the 

sensitivity of the transformed section calculations. 

The nteasured deflection is seen to be everywhere greater than 

the deflection calculated on the basis of complete interaction using 

either theoretical or measured material properties. 

This measured result, when compared with the measured strains 

of Fig. 4.2 which are approximately equal to those for complete interaction, 

shows a greater· loss of efficiency for deflection than for strains. 

The deflection calculated on the basis of the C.S.S.B.I. Manual 

overestimates the deflection by only about 5%. 

The finite difference elastic analysis of beam 1 gives . the 

top and bottom steel fibre strains everywhere along the beam, constant 

through interv~.ls of beam length between connectors. The curvature of 

the steel beam was calculated from these steel strains, and piece-wise 

integrated over half the length of the beam to yield deflection at mid­

span. This deflection is shown on Fig. 4.8 as a crossed square at a load 

of 25 kips, and is seen to be 13% greater (0.61 in. compared to 0.525 

in. measured) than the measured deflection at this load. This discrepancy 

is very likely because the elastic finite difference method does not 

predict the upper fibre steel strains accurately. 
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Fig. 4.9 

Mid-Span Deflection vs. Applied Load - Beams 2, 3, 4, 5 

In this figure, and in the figures 4.10, 4.11, and 4.12 to 

fo l low, the measured deflections were~ightly greater than the deflection 

predicted by complete interaction. The deflections calculated by the 

C.S.S.B.I. Manual are about 10% greater than the measured deflections. 

The deflection ca lculated using the strains of the finite difference 

elastic method of analysis agrees very closely with the measured deflection, 

except for beam 5 where it is lower than the measured deflection. 
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4.5 Curvature A~ ong the Beam in the Horking Load Range 

The measured curvaturesalong the beam are presented for each 

of the five bea1 s tested in Figs. 4.13 to 4.17 to follow. The measured 

curvature was ca lculated from the strain gauge data by dividing the 

strain difference across the depth of the steel beam by the depth of the 

steel beam. Therefore, the measured curvatures presented represent the 

curvatures of the steel beam. Ho~1ever, the curvatures of the steel beam 

and the concrete slab would be approximately equa l , since they deflect 

equally. 

The measured curvatures are presented a s broken lines in the 

following figures. 

The curvatures in Figs. 4.13 to 4.17 t hat are drawn by stepped 

s olid lines are a result of analyses of the beams by the elastic finite 

difference method. This analysis assumes the curvatures of the steel 

beam and concre :e slab are equal, and that the s trains and curvatures 

remain constant over the intervals of length bet\.;een studs. Hence, the 

calculated curvatures presented as solid lines i n the following figures 

are_ stepped, ine reasing or decreasing at every stud location. 
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Fi g. 4.13 

Curvature along the Beam at a Total Applied Live Load of 25 kips -

Beam 1 

Curva t ure of the steel beam is the strain difference across 

the depth of th _ steel beam divided by the depth of the steel beam. 

Curvature is no -dimensional and is plotted as t he ordinate of Fig. 4.13 

incorporating a multiple of 10
6

• 

The da shed line connecting circular point s represents the 

curvature measu ed by strain gauges during testing of the beam. Strain 

gauges were mou ted on the top and bottom flanges of the steel beam at 

the mid-interval point of every interval between s tuds . 

The s epped solid line represents the curvature as calculated 

by the finite di fference elastic analysis of beam 1 (using the shear 

force vs. slip elation 2 of Fig. 4.7b). This method assumes constant 

strains and the efore constant curvature across an interval between 

connectors. 

The ca lculated curvature gradient through the shear span compares 

well with the measured curvature gradient. Both the calculated and 

measured curvatures reach a maximum slightly out,.,rard of the load point, 

although the ca culated curvature at the load point is 21% higher than 

the measured cur vatur e. This diff erenc e bet,.,reen calculated and measured 

curvature in the region of the load point accounts for the discrepancy 

between calcula t ed deflection and measured deflection in Fig. 4.8. 

The d screpancy between calculated and measured curvature in 

the region of the load point on beam 1 indica tes that a stiffer shear­

force vs. slip r elation could have been used in this region of the beam. 

No explanation was found for the sudden variations in measured 

curvature throu~h the shear span. 
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Fig. 4.14, 4.15, 4.16, 4.17 

Cur vature Along the Beam at a Total Applied Live Load of 24 kips -

Beams 2, 3, 4, 5 

The curvatur~computed using the elastic finite difference 

met hod for these four beams are in better agreement with the measured 

curvatures than were the curvatures computed for beam 1. 
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4. 6 Stud Forces in the \vorking Load Range 

The forces acting on the stud shear connectors could not be 

measured explicitly. Hmvever, they can be measured implicitly by 

measuring the strain profile of the steel beam on each side of the shear 

connector. The strain profile was measured on each side of each shear 

connector of beams 1 and 2. The strain gauges of beams 3, 4, and 5 

were spaced several studs apart, so for beams 3, 4, and 5 the stud 

forces could not be calculated from the measured strains. 

For beams 1 and 2, the net axial force in the steel beam was 

calculated from the measured strain data on each side of the shear 

connectors. This was accomplished by summing the measured strain multiplied 

by Young's l-1odulus and the area of the steel beam, and dividing the 

product by the depth of the steel beam. 

At any cross-section, the net axial force in the steel beam 

must equal the net axial f orce in the concrete slab. The difference in 

net axial forc es between adjacent cross-sections is the (longitudinal 

shear) force that must be act i ng on the stud. 

For beams 1 and 2, the stud forces so calculated are written 

in along the top of each graph (Fig. 4.18, 4.19) and represent forces 

in kips. 

It is possible t o calculate t he theoretical stud forces by 

means of the elastic finite difference analysis , taking into account 

different stud spacing and different connection shear force vs. slip 

relations. 

The stud forces calculated by means of the elastic finite 

difference method are dra\vn as solid lines on the following five graphs, 

Figs. 4.18 to 4.22 . 



125 

Fi g. 4.18 

Stud Forces as alculated by the Finite Difference Elastic Analysis -

Beam 1 

The stud forces in kips per stud at an applied load of 25 kips 

on the beam are shown by the solid line. These stud forces were calculated 

by means of the finite difference elastic analysis using the shear force 

vs. slip relati n for a single 3" stud as shown in Fig. The same 

shear force vs. slip relation was used to calculate the strain, deflection, 

and curvature o f beam 1, Figs. 

The s t ud forces as calculated at a load of 25 kips on the beam 

show the force on the stud increases smoothly from zero at mid-span to 

about 8 kips th ough the shear span. 

The o dinates of the solid curve of Fig. 4.18 can be compared 

to the stud for ces as calculated from the measured steel strain data. 

This was done by summing the measured strains mult i plied by Young's 

Modulus across ~he depth of the steel beam (negative for compressive 

strains, positi1e for tensile strains). The net axial force so obtained 

in the steel beam is equal to the axial force in the concrete slab. This 

strain summation was done at all cross-sections where strain gauges were 

applied and mon i tored (see Fig. 3.3). 

The compressive force in the concrete slab, when calculated 

in this manner, varied from cross-section to cross-section. Clearly, 

the shear connec tors cause this change in compressive force. By sub­

tracting adjace11t slab forces, the force on the intervening shear connector 

was derived. 

The s t ud forces, calculated from the measured steel strains, 

are shown in FiB. 4.18 above the theoretically calculated curve. The 



-.:;t 
t() 

··--

0 
{)\ r-

\J) 
0 
I[) 

-- - -· -

() 

~ 

- ·-· .- -·- -·- - - .. - --~·-------- --·--------- ----- --------··-----_---··--- -==-

...... 
-~ !< . ~, ...... 
~.3~ 

J ~ 
I 

't 
~ 

0 
rl'i 

-- ---, -,--r--r-1 r I 

! I 

':) 

FOIZCE. ON ~TVt:> CoMPUTE-0 

F~OM MEA SVIZC.CJ STeE-L 

STI!.-AIIJS (lOPS? 

I l 
~ 

-
' ~ 
! 

I 

I 
I 
! 

I 
l 

I I 
I I 
I ! 

I 

I i 

i i 
CDMPU 1(~/) 1=-t?DM. 
FIN! Te 01 FF E.R..ENCE 

M£/HOO ! -~----~ 

I 
I 

i 
I 
I 

I 

I 
i 

i 
I 
i 
I 

I 

6 

....; 7 

- G 

--..... 
- ~ ~ 

...... 
~ 

'-.....~ 

I 4 ~ 

- ~ 

'2 

~ 
1---­
IJ) 

< 
<J 

~ 
~ 

L _____ i_ -·-
I : l I I I 1 : _____ i ___ j _______ _ L __ _ __ L _ ____. 0 

FIG, 4./8 FORCeS. ON S/--leAIZ- CONNeCTOR-'S­

LOAD 0!= 26 lOPS I 8E.A M 1 

l " 
I 
i 
I 
I 
I 

I 
I 

' i 
i 
' --------;- ----1 

"""' r--: 
0' 



127 

measured stud f orces apparently vary from 4.0 to 19.0 kips in the 

shear span, whi l e the calculated stud forces vary only from 7.4 to 8.3 

k i ps. Such a scatter in the i mplicitly measured stud forces probably 

means the mea sur ed strain data is faulty. However, this is not conclusive 

proof. 
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Fig. 4.19 

St ud Forces as Calculated by the Finite Difference Elastic Analysis ~ 

Beam 2 

The calculated stud forces for an applied load of 25 kips 

ar e shovm in Fig. 4.19 as the solid line, while the measured stud forces 

a r e plotted as separate points. The measured values of stud forces 

have some range because the measured strains varied across the bottom 

f l ange. The extremes of stud forces were computed from the maximum 

and minimum possible measured strain differences across the depth of 

the steel beam. 

The agreement between measured and calculated stud forces is 

very good in beam 2 except in the shear span just outward of the load 

point. In this area, the measured stud forces are as much as 60% higher 

than those calc lated. 



I 
I 
I. 
I 

I 
l 

129 

(s dl?l) 411.L> 22d ;772/0=1 

~ ~ ~ ~ ~ ~ 0 
---- . , . - ·- -- ~ --- ---·-r -- -- T ---- -- T ---- ·-- , ---- --r - -----

~ ._J 

~--~~-------- I 
Q. ~ I 

I 
::!~~ I I. 

~ ~ ~ j L_ ---· l --~ ~ -·---- t--(:>-1 --·- ~-- ----- ------·----·-

~~t; ~~ ~ 

----··----~ ------------------- ~--k- ~ - ----- ----1 
~ ~ CJ J C\.. 1--.:. ::t: fT ---------H>-' - -- ----- ~T~ -------- ~ 

--------.J. 

-u_ 

!f ][ ~---~ ~---~~=-~~--- ,:---~-~ :: ~:~ ~-~::; ~~--1 . 
L . . I 

---- ---------- -----·------· ------------ ----------- - -·----·-·---------------·--·-·-·J 



130 

Fig. 4.20 

Stud Forces as Ca lculated by the Finite Difference Elastic Ana lysis -

Beam 3 

The calcula ted stud forces are almost constant through the 

shear span at 6.4 kips. This figure can be compared to the shear force 

of about 8 kips per stud in the shear span of beam 1 at the same applied 

load on the beam . 

The strain profile of the steel beam was measured only in the 

12" intervals (see Fig. 3.1), so the measured stud force per group of 

3 connectors could only be calculated. These figure s are shoYm on Fig. 

4.20 averaged f or 3 studs, and are written in above the calculated curve. 
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4.7 Analysis of the Composite Beams at Ultimate Load 

The ultimate load is the maximum total load that the beam 

can sustain. The ultimate load of a composite beam is dependent on 

the shear force that can be sustained by the shear connection. Using 

the ultimate shear forces measured on the push-out specimens (Table 2.b), 

and following the inadequate connection model of Reference 5, the ultimate 

flexural capacity was calculated at each interval between studs along the 

length of the five beams. An ultimate moment envelope is the plot of 

ultimate flexural capacity versus length from one end of the beam. The 

ultimate flexural capacity envelopes for the five composite beams are 

shown in Figs. 4.23 to 4.27. On the same figures is drawn the envelopes 

of maximum applied moment, sho~~ as the sum of moment caused by live 

load and by dead load. 
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Fig. 4.23 to 4.27 

Ultimate Applied and Ultimate Theoretical ~Ioment Envelopes - Beams 1, 

2, 3, _4, 5 

The envelope of ultimate flexural capacity is seen to be lmver 

towards the ends of the composite beam . This is because there are fewer 

connectors between a point in the shear span and the support. During 

a beam test, the attainment of ultimate load is recognized because it is 

followed by unloading as the deflection is increased. Flexural failure 

has occurred at t he stage when unloading begins. 

Ideally , if the envelope of ultimate moment capacity could be 

correctly calcula ted , flexural failure would occur when the applied 

moment encroached on the theoretical moment capacity anywhere on the 

envelope. 

At the ultimate load of beam 1, the applied moment is seen 

to be greater than the theoretically calculated flexural capacity between 

the load point and mid-span. The theoretical ultimate moment is seen 

to be a conservative estimate of the measured capacity. 

In the lower right-hand corner of Fig. 4. fJ is shoHn the 

measured strain across the depth of the steel beam at ultimate load 

(dashed line) and at one post-ultimate load (chain line). In addition, 

the stress blocks used to calculate the theoretical ultimate flexural 

capacity are shown as solid lines. The measured strain at ultimate load 

(dashed line, Fi g. 4.23) is seen to involve elastic compressive steel 

strains in the t op steel fibres, while the bottom steel fibres are well-

yielded. The measured strain at the post-ultimate load (chain line, 

Fi g. 4.23) is i n better agreement with the theoret i cal stress blocks, 

the top steel fibres having yielded in compression. 
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The ul timate load of the steel beam was observed to occur 

before the measured strains could in fact develop the theoretical 

stress blocks. This shows that it is possible to develop as much flexural 

capacity from t he strain distribution at ultimate l oad as it is from 

the strain dist r ibution at the post-ultimate load. 
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4.8 Ductility of the Composite Beams 

As the applied load t~as increased through the working load 

range and up to he ultimate load, no secondary fai l ures were observed. 

Secondary failure s would include lateral-torsional buckling and local 

buckling of the teel beam, and shear lag failure of the concrete slab. 

· unloading follow d the attainment of ultimate load in each case. No 

secondary failure s were observed until very late in the unloading stage. 

No out- of-plane deformations occurred during the unloading 

stage. 

Unloading of the composite beams after the attainment of 

ultimate load could be due to two other influences. The falling branch 

of the shear force vs. slip relation of the connections could have 

reduced the shear force transferred across the beam-slab interface. 

Also, the falling branch of the concret e stress-s t rain curve could have 

d d th . f h 1 b . . (21, 22) re uce e capac1ty o t e concrete s a to res1st compress1on • 

Very likely, unloading was caused by the influence of the falling branch 

of the shear for c e vs. slip relation of the shear connection . The 

influence of the shape of the concrete stress-strain curve on the moment 

capacity of composite beams has been shown to be small ( 2l)in conventional 

composite beams with a solid slab. This fact has yet to be established 

fo r composite beams with cellular steel floor. 

The five beams tested had a large area of concrete relative 

to the area of steel. 

The neutral axis, based on the transformed section, is above 

the top flange of the steel beam for all five beams. This neutral axis 

location leads to t he condition where yielding of the loHer fibres of 
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the steel beam governs the behaviour of the composite beams . The moment-

curvature and moment--deflection curves for the f ive beams (Figs . 3 . 18 

and 3.7 ) are therefore similar in form to t hose of an under - reinforced 

concrete beam . That is , t he l ower fibres of the s teel beams are \vell 

into t he yielded range at the ultimate l oad of the beams . 

The shape f actor is defined as t he ul timate moment divided 

by t he moment at first yielding of the bottom f i bres . The shape f actor , 

I 
Hu/1·1y, \vas calcul ated for each of the beams . My i s determined from 

Fig . 4.1 at the yie l d s train of 1240 x 10- 6 in/ i n. The shape fac t ors 

of Table 4 can be interpreted correctly only by examining t he r a t i o of 

HyfM\., , \vhere H\v i s t he work i ng load moment . The ratios of Table 4d 

include the r atio Hy/i'~v · 

Table 4 d 

Beam Hu~My Hy/Hw HMHw 

1 1700/ 1224 = 1. 39 1224/792 = 1.55 2.16 

2 1900/1324 = 1.44 1J2LI/ 858 = 1.55 2.25 

3 1950/1339 = 1.45 1339/ 843 = 1.59 2 . 31 

4 1950/1240 = 1.57 1240 / 941 = 1.32 2.07 

5 2200/1458 = 1.51 1458/ 906 = 1.61 2.43 

It can be seen from Table 4 that the ratios of My/Mw are a ll 

greater than 1 . 32. This indicates that if yield strain i s t aken at 

1240 x 10-6 i n/ in, t l1ere is a sufficient margin of safety between working 

load strain and yield strain . 
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These hape factors from Table 4, Hu~HY' i n the range of 

1. 39 to 1.57, ca be compared to a shape factor of 1 .15 for a wide-

fl ange beam . Compos i te beams thus ·have a much grea t er reserve of strength 

tha n do conventional flanged ste~l sections.(tl) 

The du til i ty of the steel in the lower fibres of the composite 

beam evidently c ntr i butes to its unloading characteristics. Under 

loading condit i o s no rmally associated with simple beams, unloading 

would not be poss ible. The applied load would increase to the ultimate 

loa d of the beam and the beam would subsequently collapse. It is only 

for continuous s t ructure s tha t the slope of the unloading curve becomes 

important. 

The duc tility factor is a measure of the r ate of unloading 

of a beam. Ductility factor is defined as(l4)the deforma tion (curvature 

or deflection) at 5% unload (v0. 9 5H~) divid ed by the fictitious elastic 

def lection at ultima t e load (v~1 1 ) This can be \rritten as: • u, elas tic • 

(see Fig. 4 .28) 

Duct i lity Factor = f = v (a t 0.95 Htf) 
v (HJ, elastic) 
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The curvature and deflection ductility factors for the five besms tested 

are as shown in t he following table. 

Beam f (Curvature) p (Deflection) 

1 16.0 5.3 

2 11.7 5.8 

3 6.3 4.0 

4 14.3 6.5 

5 5.7 3.7 
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These curvature figures can be compared t o a curvature ductility 

factor of 4 for an A-36 wide-flange compact beam with lateral bracing 

spaced at 60 ry , and to a curvature ductility factor of 11.5 for a bracing 

spacing of 35 r y (l2). 

The beams showing the lower values of curvature and deflection 

ductility facto r s clearly demonstrate a greater re l ative rate of unloading. 



CHAPTER V 

THE RETICAL GENERATION OF THE COrWLETE 

HOHENT-CURVATURE CURVE 

5 . 1 Introduct iO'l 
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An at t empt was made to duplicate the work of Reference 9 

and compute the moment-curvature curve of the composite beam from 

zero load to ul : imate load. Up to first yielding of the steel beam, 

this theoret ical analysis has been referred to ear l ier in this paper 

as the elastic ~ inite difference method of analysis. After first 

yielding of the steel beam, the method is referred to as the inelastic 

finite difference method of analysis. 
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5 . 2 The Elastic Finite Difference Method of Analysis 

The t ype of composite beam considered was that shown in 

Fi g. 1.2. The two elements were the concrete slab and the steel beam . · 

These were considered separated by a flexible zone of depth equal to 

the depth of th cellular steel floor. 

The pr incipal assumptions made in the elastic finite difference 

analysis were as fo l lows: 

1. The steel beam and the concrete slab are assumed to deflect 

equally at all oints along their lengths. 

2. The steel beam and the concrete slab are assumed to have 

equal curvatures at any section. 

3. The distribution of strains is linear throughout the 

depth of the slab itself and of t he steel beam itself. However, the 

strains are not , in general, linear through a section of the composi te 

beam. 

4. The shear connection between the slab and the steel beam 

is assumed to be provided by shear connectors placed at discrete point s 

along the length of the beam. The shear-slip curve for a shear connec tOJ: 

is approxima ted by three straight-line segments as shown in Fig. 5.5. 

5. The stress-strain relationship for the steel beam is as 

s hmm in Fig. 5 . 1 and for the concrete s lab is as shom1 in Fig. 5. 2, 

both linearly e l astic. The stress-strain curves in tension and compres sion 

are assumed to be the same. 

Assumi ng that the strain distribution through the depth of t he 

composite beam (Fig. 5.3) can be produced by the three parameters F, 

Mb, and Ms (Fig. 5.4), Dai and Siess derive the equation of equilibrium 
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M = F z + Mb + Hs 5.1 

where H = the applied moment, 

Mb = moment in the beam, 

Ms = moment in the slab, and 

F = interaction force . 

F is a ssumed to act at the centroid of the steel beam and at 

the solid part f the concrete slab. z is the vertical distance between 

centroids. 

The i teraction force F is assumed to be constant throughout 

the length of o e interval , and so the equilibrium equation 6.1 is 

satisfied at ea ,h mid-interval point along the beam. 

Dai a d Siess derive the difference equation of compatibility 

at the interface of the beam and slab, which is 

I !, 1 (€b-€s)d-t- 5.2 
l+l - = 

5£ 
Equat ion 5.2 states that the difference in slip bet\..reen one 

connector and a adjacent connector < r,+,- K, ) is equal to the 

interfacial str in difference (Eb - Es) integrated over t he interva l 

Assuming the beam to be prisma tic, Dai and Siess reduce 

equa tions 5.2 a d 5.1 to the elastic difference equation of interaction 

+(-' + 
I + a Si) F(il - fli-1) = ~ 1 M<"-l cf"J-

k, ... , . k.i ki L,Et 
Si 5.3 

' I i!~ 
a = + - · + 

E,At;, EsAs LEI 
where 

and where 
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In equation 5.3, the bracketed subscripts refer to a mid-

interval point. The non-bracketed subscripts refer to a connector 

point. ki refers to the modulus of the first line of the trilinear 

shear-slip curve of Fig. 5.5. 

A set of equations similar to equation 5.3 is set up for 

the composite beam ~vith F (i) as the array of unknmvns. 

Equation 5.3 represents the typical equation for the panel 

bounded by the i+h and i+r+h shear connectors. Therefore, the number 

of panels, or intervals, determines the number of equations to be solved. 

Equation 5.3 is applicable unt il the force on one or more 

connectors becomes greater than Qp. When this occurs, the elastic 

difference equat i ons (5.3) for the intervals on each side of the offending 

shear connector (connector i, say) must be modified. Dai and Siess outline 
I 

this modification as a substitution of ki for ki in the left-hand side 

of both equations , and an addition of a term 

:t ( ~y _ ~ p L 5.4 

in the right-hand side of both equations. The sign of the correction 

term 5.4 is deter mined by whether the increase in rate of slip is tending 

to shorten (nega t ive corrective t erm 5.4) or to lengthen (positive 

corrective t erm 5 .4) the interval. 

When the force on the connector i become s greater than Qy 

(Fig. 5.5), corrective terms similar to 5.4 are introduced into the 

elastic finite difference equations for the intervals adjacent to connector 

i. 

For a c omposite beam having 4 shear connectors, a set of three 
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elastic finite difference equations shmvn in Fig. 5. 6 can be set up. 

If the shear fo r ce Q on the outside shear connector became greater tha? 

Qp, the three equations of Fig. 5.6 would be modified to read as shown 

in Fig. 5.7. 

In a s imilar manner, for each of the five beams tested, a 

set of elastic f inite difference equations was set up. 

These ¥7ere put in matrix form and solved for live loads of 

4 kips to 40 kips in 1-kip increments . As each connector yielded (the 

force on the connector became greater than Qp , Fig. 5.5) suitable 

corrections were made and the solution re-computed for that load. 

Similar correct i ons were made as the force on the connectors became 

greater than Qy · (Fig. 5.7). 

The computer programme that wa s used for the elastic finite 

difference ana l ysis is sho\vn in Appendix (d) of this report. The theory 

and assumptions used in setting up the computer programme were due to 

Dai and Siess(9) , and others<12 • 13 • 25 )originally. Computed results 

of the elastic f inite difference analysis have been presented earlier 

in this report. 
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5.3 The Inelastic Finite Difference Method of Analysis 

' 
The elastic finite difference computations described in part 

5.2 above are capable of analysing a composite beam up to a load at 

wh i ch the steel becomes inelastic. The steel beam will become inelastic 

in only one inter val initially. For all the other elastic intervals, 

di f ference equations such as equation 5.3 will be applicable. For the 

int erval(s) in wh ich the steel has begun to yield, Dai and Siess suggest 

us i ng a differenc e equation derived from the equation of compatibility 

{equation 5.2). The finite difference equation to be used for an interval 

' in which the steel has begun to yield is called the inelastic finite 

dif ferenc e equation, and is (for the i~ interval) 

-Fci+-1) ( I I) 
k + -k· + -/c.· Fci} 

L'+-( t+-1 l 

Fti-t) ::. _ r ( € h- E:;) d-y., 
ki J s, 5.5 

The term on the right-hand side of equation 5.5 is not known. 

This term must be arrived at by a trial and error procedure ,.,hich \dll 

be described below. 

The assumptions for the inelastic analysis are: 

1. All the assumptions relevant to the elastic finite difference 

ana lysis apply except that the steel beam has an elasto-plastic (Fig. 5.8) 

st r ess-strain curve. The concre te remains linearly elastic as in the 

ela stic analysis. 

2. If at the end of a certain loading stage, the stress at the 

bottom fibre of the steel beam is found to have reached the yield point 

for one interval, the state of stress is considered to be in t he inelastic 

range for all higher load levels in t his interval. 
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3. The distributiomof strain Es and Eb are still linear along 

the length of the intervals. 

From assumption 3, above, the unkno~vn term on the right-hand 

side of equation 5.5 reduces to 

(€L-€s) .. 
v ( L J 

s· L 
5.6 

The basic unknown in the inelastic analysis is the value of 

(€ b - 6s) at the mid-point of the inelastic intervals. 

For example, the middle interval of the four-connector, three-

int erval beam of Fig. 5.6 is just at the point of yielding for a load of 

P kips. For a load of P + AP kips, the middle interval will have yielded. 

At a load of P + A P kips, the three finite difference equations of Fig. 

5. 9 can be written. Note that the two equations written for the outside 

(elastic) intervals are of the form of equation 5.3. The middle equation 

is of the form of equation 5.5 because the middle i nterval has yielded. 

The equa tions shmvn in Fig . 5. 9 are ~vritten as if all the 

connector forces v1ere belO\v Q of Fig. 5. 5. Dai and Siess recommend tha t 
p 

if some connectors ' forces have become greater than Q or Q , then 
p y 

corrections to the relevant equations must be made. These corrections 

take the s ame form as those described in section 5.2 for the elastic 

finite difference equations(9). 

The s e t of elastic and inelastic finite difference equations 

such as those of Fig. 5.9 cannot be solved until all the terms 

5.6 

have been found . To determine the correct numerical value of t he term 

5.6 requ ires a trial and error procedure. 
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The dependence ofF (interaction force), M (applied moment), 

¢ (curvature), and €bb (bottom fibre steel strain) for one interval can 

be shown in schematic form by Fig. 5.10. This Has first shmvn by Dai 

and Siess, and was proven to be true by calculations made for this 

report. One point on Fig. 5.10 represents one possible solution 

sa t isfying equilibrium for one interval. 

Not all the solutions on Fig. 5.10 will apply to an interval 

of one particular composite beam at one particular loading level. 

To the left of the sloping straight line labelled Ebb = € y 

on Fig. 5.10, t he strains are elastic. This is the domain of the elastic 

finite difference solution. To the right of the same line is the doma in 

of the trial and error inelastic finite difference solution. 

It should be pointed out that for each point on Fig. 5.10, 

there is not only an F, M, ¢, and e~b as shown, but also 

Ms, and Hb tvhich are not shown. 

Point 0 1 on Fig. 5.10 represents the state of stress of an 

interval under applied moment M1. At O' the bottom fibre steel strain 

is €y, the inter action for ce is F* , and the curvature in the concrete 

slab and steel beam is equal to ¢z. 

Point B on Fig. 5.10 represents the state of stress of an 

interval under applied moment Hz = M1 + ~ M at which the interaction 

force is equa l t o F* also. Point A on Fig. 5.10 repres en ts the state 

of stress of an interval under applied moment Mz at which the curvature 

is equal to ¢2 . The curvature at point B is ¢3 which is greater than 

¢z. The interact ion force at point A is F** which is greater t han F>~ . 

Dai a nd Siess show that the correct state of stress for an 
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interval under a pplied moment M2 (Fig. 5.10) must lie on the vertical 

line between po "nts A and B. To find the correct point on line AB of 

Fig. 5.10, Dai and Siess indicate that point A should be taken as a 

first approxima t ion. 

The t r ial and error procedure subsequent to finding point A 

as the first approximation is as follows: 

1. Substitute the ( €~- €s ) i associated with point A of 

Fig. 5.10 into t he set of elastic and inelastic equations. Since the 

first trial value of ( €b- e-5 ) is associated with a point on Fig. 5.10, 

it represents an equilibrium condition. 

2. Repeat step 1 for every interval that is to become inelastic. 

3. So ve the set of inelastic and elastic finite difference 

equations. The F generated by this solution represents an F that satisfies 

compatibility. 

4. Compare the equilibrium f initially tried with the compatible 

F generated. I _ they are equal or reasonably close, the iteration 

procedure goes o step 9. If they are not equal, step 5 is used next. 

5. If the equilibrium F and the compatible F do not agree, 

choose another ( €-to- E5 ). The ne\.,r ( eb- €,s) is chosen at the point on 

line AB of Fig. 5.10 that is associated with the compatible F generated. 

6. Re eat steps 4 and 5 for every interval which is inelastic. 

7. Su stitute the ( Eb- E5 ) associated \vith the ne\vly chosen 

equilibrium F i to the set of elastic and inelastic finite difference 

equations and s olve. 

8. Compare the compatible F generated with the equilibrium F 

chosen. If the are equal or reasonably close, the iteration procedure 

goes to step 9. If not, steps 5 to 8 are repeated . 



16ov 

9. The beam is checked for new yielding in some other intervals. 

If it has yielded , suitable corrections must be made to the set of 

elastic and inel astic equations. l-1ore trial and error steps must be 

done. 

By us i ng this laborious trial and error procedure, the correct 

strains and interaction forces can be found along the length of the 

beam for one load increment. The load increment in the elastic range 

can be as large or as small as convenient, because every new applied 

load is solved a s a new problem. In the inelast ic range, the correct 

solution at one loading stage is used as a beginning point for the next 

loading stage. Therefore , each loading step must be as accurately solved 

as possible. 

It was found by this researcher that the largest loading 

increment that could be used was a 6 M corresponding to about 200 lbs. 

applied to the beam. If a larger increment were used , point A of Fig. 

5 . 10 was too crude an approximation to the true solution. 

Dai a nd Siess compu ted equilibrium points on Fig. 5.10 by 

systematically varying c bb and¢, and calculatingcb, F, Mb, Ms, Es 

and € ss from C. bb and ¢. Dai and Siess constructed a table of possible 

equilibrium solutions and selected from t he table to arrive at their 

t r ial values of ( €~- € 5 ). The computat i ons of Dai and Siess were more 

comprehens ive t han the computa tions of this report in that they used 

a n elasto-plastic stress-stra in curve for the concrete slab as well as for 

t he steel beam . For the compu tations of this report, the concre te was 

a s sumed linearl y ela stic. 
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5.4 Work Done i This Report Towards Duplicating the Inelastic Moment-

Curvature Curve 

5.4a Finding Po sible Equilibrium Solutions 

Using the assump tions and theory outlined in Part 5.3 above, 

a comput er programme was written to calculate Eb, F, Nb, H
5

, E 5 , €ss 

and M from a gi en€bb and¢. The calculation of all these parameters 

at one point of Fig. 5.10 constitutes a definition of the state of stress 

at the point. By varying Ebb and ¢, the state of stress at any point on 

Fig. ·5.10 could be comput ed. 

Depend ing on how far into the steel beam yielding had progressed, 

F and Hb were computed from t he equat i ons shmm in Appendix (e). Hs, 

€ s• € , and finally N were computed from F and Nb. ss 

The computer programme that executed these computations \vas 

called ITER, and is presented in ~ppendix (f). ITER deals with only 

one interval at a time . Referring to Fig. 5.10, I TER has the ability 

t o go from point O' (incipient yielding of one i nterval) to point A 

(given M2). ITER is furthermore capable of finding the state of stress 

at point B or any point between A and B on Fig. 5. 10. The programme 

ITER was used every time the trial and error procedure called for a new 

equilibrium point in Fig. 5.10. This obviated setting up a table of 

possible equilibrium solutions as Dai and Siess did. Furthermore , use 

of the programme ITER obviated extrapolation and interpolation between 

va lues in a table of possible equilibrium solutions. 

A typica l sequence of iterative steps in ITER can be pictured 

by following the numbered node points on the dotted line of Fig. 5.10. 

To get from point A. of Fig. 5.10 to (say) 
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poi nt B of Fig. 5 .11, the following steps were necessary: 

1. Poi t 1 to point 2 - increase ¢ by a.&¢ until F 

(calculated after every increase in¢) was less than F*. 

2. Point 2 to point 3 - decrease € bb by b. A €bb until H 

(calculated after every decrease in € bb) was less than M2 . 

(At this point the interval multipliers a and b were decreased 

so the iteration became finer.) 

3. Point 3 to point 4- decrease¢ by a . 6¢ until F 

(calculated after every decrease in ¢) \vas greater than F*. 

4. Point 4 to point 5- increase6bb by b.AEbb until H 

(calculated after every increase in € bb) was greater than H2 . 

Similar steps r epeated many times finally converged on point B. 

In conclusion, programme ITER was constructed to find possible 

equilibrium solutions schematically shown as any point in the plane of 

the axes of Fig. 5.11. ITER us ed the assumptions of s ection 5.3 above 

and the equatio s of Appendix (e). 
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5 . 4b Checking Compatibility 

A pro ramme called INELAS was constructed which accepted 

values of (6 0 - €s) for certain inelastic intervals, and solved the 

set of elastic nd inelastic finite difference equations. INELAS 

thereby calculat ed the F for the inelastic interval which was compatible 

with the (e!:J- € 5 ) fed in as a trial value. INELAS is listed in Appendix 

(g). 

5 . 4c Inelastic amputations 

To te t the above theory and programmes, beam 1 was taken from 

a total live load of 35,000 lbs. to 35,400 lbs. in two increments of 200 

lb. € was ma e equal to 1186 x 10-6 in/in. 
y 

Only the seventh interval (and because of symmetry, the ninth 

interval) was expected to become inelastic under an applied load greater 

than 35,000 lb. This was because at 35,000 lb. the bottom fibre steel 

s t rain in the seventh interval was just belcH 1186 x 10-6 in/in. 

ITER a nd I NELAS were used three times each to get an acceptable 

solution at 35,200 lb. satisfying both equilibrium and compatibility. 

That is, three cycles of iteration were required. No other intervals 

became inelastic at 35,200 lb. 

From 35,200 lb. to 35,400 lb., three complete cycles of iteration 

were required. No other intervals became inelastic at 35,400 lb. 

The computational results of these six iterative steps are 
I 

s hown in Fig. 5.12. Fig. 5.12 represents the numerical results of the 

calculations made on the one interval only. 

Column 1 of Fig. 5.12 lists the applied load on the beam (35,000 

l b), the results of the elastic finite difference analysis (ELAS), and 

t he moment applied to the mid-interval of interval No. 7 (H = 1,155,000 
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in-kips). Column 2 of Fig . 5.12 lists the state of stress of the first 

trial equilibrium solution at a moment of 1,161,700 in-kips found by 

ITER. 
-6 

The ( E.p- Es) term of column 2 ( -418 x 10 in/in), when used 

in INELAS, resu l ted in a computed F of 77,214 lbs. listed in column 3 . 

Columns 4 and 5 , and 6 and 7 are two other similar iterations. The 

equilibrium F ar rived at in column 7 (77,335 lbs.) and the compatible F 

arrived at in column 7 (77,249 lbs.) were judged to be close enough. 

Columns 8 to 13 of Fig. 5.12 represent three similar iterations 

relevant to int erval 7 in taking the beam from a load of 35,200 lbs. to 

a load of 35,400 lbs. The agreemen t bet'tveen the last equilibrium F 

tried (column 12, 77,509 lbs.) and the compatible F produced by it 

(column 13, 77,502 lbs.) was very good . 

Column 14 of Fig. 5.12 shmvs the state of stress that \vould have 

been calculated by the elastic finite difference me thod of anRlysis 

(ELAS) at 35,400 lbs. 

The final state of stress at 35,400 lbs. is listed in column 

12 of Fig. 5.12. Comparing column 12 with column 14, it can be seen 

t hat the F calculated by the inelastic method (77,509 lbs.) is considerab ly 

greater than t he F that would have been computed had no inelasticity been 

taken into account (77,183 lbs., column 14). This is contrary to what 

would be expected because any inelasticity in the steel beam should tend 

to reduce the i nteraction force compa red to an elastic computation at 

the same load. 

The reason that the inelastic computations did not yield answers 

as expected 'tvas very likely due to inaccuracies accumulat ed from the use 
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of programme ITEI\. ITER was capable of finding locations on Fig. 5.10 

to accuracies of ~ .001 of the moment M and to within ± .001 of the 

interaction forc e F. To make ITER more accurate \vould have required 

more time, and very likely would have made ITER unuseable in a general 

inelastic finite difference analysis programme . 

In conc lusi"on, the theoretical investigation of this report 

studying the inel astic finite difference method of analysing composite 

beams shm.;red tha· the theory was correct. This was not a new finding 

because Dai and iess(9)had concluded this before. However, a clear 

understanding of the theory was obtained hy this researcher. 

In the opinion of this researcher, the inelastic finite 

difference metho is apparently _workable as a research tool even though 

it is extremely ensitive. It is unlikely to be used for design because 

of its complexity . Simpler methods are being studied< 27 ) by other 

researchers which are capable of generating the complete moment-curvature 

curve. 

It was intended to comb ine the elastic finite difference 

progran®e (ELAS, App. (d)), IT ER (App. (f)), and INELAS (App. (g)) into 

a general analytical progran®e for composite beams. Hm.;rever, du e to 

anticipated progran®ing difficulties and lack of time, this was not done. 
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CONCLUSIONS 

The conclusions are listed as they appear throughout this 

report. There are, however , a fe'l-1 overall conclusions that should be 

noted. 

1. Push-Out Tests: 

The mode of failure of the shear connection in a push-out 

spec imen is very different f rom that observed in composite beams . However , 

the ultimate strength of the shear connection as measured in a push-out 

t est can be used to calculate the ultimate strength of a composite beam . 

The modulus of the shear connection as measured in a push-out test appears 

to be different than the modulus of the composite beam ' s shear connection. 

However, on the basis of the elastic finite difference method of analysis, 

the performance of the beams tested \oJas not sensitive to '"hat shear force 

vs. slip relation was chosen for the shear connection. Therefore , for 

the composite beams of this report, the push-out test can be used as an 

i ndicator of the performance of the shear connection in the composite beam . 
This conclusion may not apply to other composite beams . 

2. Analysis of composite beams : 

For t he beams of this report, up to working load, analysis based 

on complete interaction yielded strains which \vere approximately correc t · 

and deflections \vhich \vere conservative . Analysis based on the C.S.S.B.I. 

Composite Beam Manual, fo r loads up to Harking load, yielded strains close 

to those measured and deflections Hhich were conservatively high. The 

calculations based on the C.S.S.B.I. Composite Beam Manual yielded results 

which were a better approximation to the measured values of strain and 

deflection at \·lor king load compared to the complete interaction calculations. 
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3. Arrangement of shear connectors: 

Grouping of shear connectors appeared to make very little 

difference in beam performance . 

4. Thickness of slab: 

The ultimate load and elastic stiffness improved markedly \-lith 

a deeper slab. However , due to higher dead load strains, the working 

load of the beam \<lith the 5" slab Has no t appreciably higher than the 

working loads of the other beams with the 4" slab. 

5. The inadequate connection model yields conservative results 

for the ultimate strengths of the composite beams . This calculation 

is simple and could be recommended for use by designers for calculation of 

ul timate strength of composite beams with cellular steel floor. 

The following results of the ultimate strengths of the composite 

beams Bere obtained: 

Beam qu Z qu Slab Thickness Mu(meas .)/H~ 
_Shear Span 

1 11.3 67.8 4 1.03 

2 17.0 102. 0 4 1.06 

3 11.3 101 .7 4 1.08 

4 17.0 102 .0 4 1.07 

5 25.4 152. 4 5 1.11 

6. The ine l astic finite difference method of composite beam 

analysis is too complicated for use by designers. 
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APPENDIX (a) 

WORKlNG LOAD BASED ON COMPLETE INTERACTI ON 

Ac / n 

Moments of area 

Transformed area 

Centroid 

TRANSFORMED MOHENTS OF INERTIA 

Beams 1-4 

,..._____ _ ___J=t 
16.16" I 2-1/2" 

j 

68 X 2.5 = 18 9 
9 • 

18.9 X 1.25 + 5.62 X 
10.08 = 80.3 

18.9 + 5.62 = 24.52 

= 80.3 = 3.29" 
y 24.52 

Moment of inerti g 18.9 x 2.52/12 = 10 
slab 18.9 x 2.142 = 86 

beam 

Section modulus 
bottom steel 
f ibre 

2 5.62 X 6.79 
130 

= 259 
485 

485 
12.87 = 36.9 in3 

Beam 5 

l r L-----------~ I 

17 . 16" I 3-1/2'' 

68 X 3.5 = 26,4 
9 

26.4 X 1.75 + 5.62 X 11.08 
= 108.4 

26.4 + 5.62 = 32.02 

= 108.4 = 3.37" 
y 32.02 

26.4 X 3.52~12 = 27 
26.4 X 1.62 = 69 

2 5.62 X 7.71 
130 

= 335 
561 

561 = 13.79 
40 . 7 in3 



Allowable Strain Difference for Live Load 

Dead load, uniform moment, d .1. wL2 

8 

Bottom fibre stress from dead load 
M (Sb = 21.4) 
sb 

Bottom fibre sti ·a~n from dead load 
(J' (E = 29 X J.O ) 
E 

Yield stress, m).nimum 
Yield strain 44 , 000 

29 X 106 

Lower fibre stra in from dead load 
at 1/4 span = 3/ 4 x 277, etc. 

Allowable live .oad strain difference 

Working Load 

Allowable live l oad stress = 
allowable strain x E 

Live load bending moment = 
stress x Ss 

To tal allowable 2-pt live load 
= M 

33 

Beams 1-4 

259 plf. 
172 in-k 

8040 p.s. i. 

II 

277 H / 11 

44,000 

II 

1510 H / " 

1000 

208 

792 

23.0 ksi 

845 in-k 

25.6 kips 
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Beam 5 

329 plf. 
218 in-k 

10,200 p . s.i. 

II 

351 H f., 

44,000 

II/ 1510 M II 

1000 

264 

736 

21.4 ksi 

870 in-k 

26.4 
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APPENDIX (b) 

WORKING LOlill BASED ON C. S. S. B. I. COMPOSITE DESIGN HANUAL 

From table 6.2 of Hanual, record properties of transformed section, 

b' 

b'/ = 68 n 
9 

s s 

I' 
f 

yb 

D' 

From table 6.3 cf Manual, 

L 

'/CL2 

( l/L2) x 109 

(ALPHA) X 109 

BETA 

GAMMA 

From F/F' nomograph Fig. 6.1 of Hanual, 

F/F ' deflection 

From Fig. 6.2 of Manual, 

From F/F' nomograph Fig. 6.1 of manual, 

F/F ' stress 

From Fig. 6.3 of Hanual, 

c s 

Beams 1-4 Beam 5 

68. 68. 

7.55 7.55 

37.0 40.7 

476.7 559.5 

12.85 13.75 

.1629 .1384 

21' 21' 

.020 .020 

1.234 0.994 

125.77 119.27 

1.612 1.623 

0.612 0.622 

0.95 0.95 

0.82 0.79 

0.79 0.79 

0.88 0.88 



C.S.S.B.I. eff ee tive section modulus 

for stress = C x S = s s 

C.S.S.B.I. effeetive moment of inertia 

for deflection :: Cd X If = 

Allowable live 1oad strain 

difference (fr~ n App.(a)) 

Allowable live : oad stress 

= allowable stra in x E 

Live load bending moment 

M = stress x S
5 

x C
5 

= 

Total allowable 2-pt. live load 

= M = 
33 

176 

Beams 1-4 

32.5 in3 

792. 

23.0 ks i 

748 in-k 

22.6 kips 

Beam 5 

35.8 in3 

4 443. in 

736. 

21.4 ksi 

766 in-k 

23.2 kips 
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APPENDIX (c) 

WORKING LOAD BASED ON A.I.S.C. EFFECTIVE SECTION MODULUS 

5eff ~ 5s + Vh' (S s ) b - s 

Where Vh is the total ho~izontal shear to be resisted between the point 

of maximum posi t ive moment and points of zero moment, and is the smaller 

value of 

vh = 0.85 ::~bt 

2 

= A F s y 

2 

V' is the horizontal shear determined by mult i plying the number 
h 

of connectors b ~~tween the point of maximum moment and the point of zero 

moment by q, th ·~ allowable connector load for worki ng stress design. 

There are 1:10 published allowable working loads for stud connectors 

in a composite ·Jearn with cellular steel floor. Therefore , on the basis 

of the push-out tests done in this report, Vh and Vh can be redefined as: 

Vh = ~ qu , sum of the ultima te shear forces on the connectors 

between th e load point and the end support of the beam. 

Vh = 0.85 E ~bt or AsFY, whichever is smaller. 
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Beam 1 2 3 4 5 

Vh = L; qu, kips 67.8 102 101.7 102 153 

vh, kips 247. 247. 247. 247. 247. 

sb, in3 36.9 36.9 36.9 36.9 40.7 

V' I h .28 .41 .41 .41 .62 
vh 

ss' in3 21.4 21.4 21.4 21.4 21.4 

~h 
(Sb - s ) 4.3 6.3 6.3 6.3 9.6 !-"--

vh 
s 

seff' in 
3 25.7 27.7 27.7 27.7 31.0 

!Allowable live .oad 23.0 23.0 23.0 23.0 21.4 
stress, App. (a ) 

Seff X stress = M 592 638 638 638 663 

~llowable load 
= M 18.0 19.3 19.3 19.3 20.1 
33 

-
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F ORCPR ( I l = ( E/\t3AR I E I IJJ',f-.;.)-)~z-l,ct\V(, (Jvl{ I l 
F OR CRA (I l = FOP.CFF (I l IF Or<C 0 P (I l 
EQU IL M( Il = E'ENS U -l (Il + 8FNr,L'• (II + FORC[F ( I I *Z 

05n C0 IT Irl UF 
PP = ? oO*P 

181 . 

WR IT E ( 6 , 9 7 5 l PP , COUN l 
9715 FOI~'AT < IH1 , 39X , OH T OTI\ L 

WR ITE(6 , 66l 
L D = ' f 1 0 • ? , 4 H L L3 S , I) " , 8 H C 0 lJ i~ T = , F 6 • 0 I 

vJ f~ I T :. ( 6 , 9 R 5 l 
985 FOR~AT ( 125H I NT I:.RV/\L 

lP STR S L ~ OT S TR S L B 
1+F*Z IIl 

')0 9 9 I = 1 , l 

F f-Ir ' hEAI'i fv1(j,,, 

BuT STR B.~ 

S LA.5 

\·: R IT E ( 6 , 9 8 7 l I , F 0 R C E F ( I l , F U I Cl-~ A ( I I , tJ t- ~ U· ·1< 1 , b 1:- N S Ltl ( I I , S T I A S ( I I 

l RASS ( I l , S f RM3P· < I l , ~ T RAf\ll:) ( I J , 1\VCJ (1 (I I , Et...UIL (I J 

T 

98 7 FOR~AT ( 2X ,I 3 , 3X , 1:.12 . 4 , F5 . z ,1 X , 2C 1 2 . 4 , 1x , l:.1 . 4 , 1X , c12 . 4 , 1x , _ 1 2 . 4 ' l 
1 , 2E 12 . 4 ,1 X , E12 . 41 l 

990 CO T If\JLJE 
1· 1 ~ JTF( 6 , 992 ) 

992 FO~M/\ T( ?X , IIIIl 

DO 11 u J I = 1 , "' 
I F ( A I~ S ( F 0 I~ C E CJ ( T l l • G T • 0 P ( I I I G 0 T 0 1 0 2 0 
SLIP ( I l = hJI~CEJ ( I liC K ( I l 
GO T O 11 00 

1 2r IF< ABS (F ORCEQ (IJJ. c, T. QY (Ill c,o TO 1 040 
S L I P ( I l = S L I P P ( I l + ( F 0 C [ 0 ( I J - lJ P ( 1 I l I C. ~ P ( I J 

G(l TO 11 n0 
1 ') I+ 0 c; L I P ( I l = S L I P Y ( I l + ( FO rf:Q (I I - )y ( I l l I CK.P~ ( I l 

11v c m TI I\JlJF 
~·· R IT 1:. ( 6 , 9 o 5 ) 

995 Fl!R.IAT(4HX , 29H S TUD FUI~C.E. 

DO 9 9 7 I = 1 , f\' 

\ 'I~ I T E ( 6 , <7 q 6 l I F 0 f~ C L ( ( I l , ~ L I P ( I I 

996 FOI<MAT ( 47X ,J ? , 2E 1 2 . 4 11 
997 co !T I IUf 

S LI P I I I 



nJ/r 

I RITE(6 , 66l 
':RITE(6 , 992l 
I ( P . rO . P'·,.\XlCC.! TU 99lJ7 
P = P + DELlAP 
I>. F' IT E.( 6 d uv LJ l 

1(')01) F0Wv1AT ( ?4H L U/\1) HI'·S 1El:N Tl\rf ft\St: ;I 

''' f~ I T F ( 6 , 9 9 2 l 
GO T0 ,,99 

q CJ 9 7 I· R IT E ( 6 , 0 q 0 8 l 
Cl908 FOrUAT(4 0 H SAY 'AN. , YOU EVF.R HEA~l; Of- Af'.J /'1f·/\CCIJS LJ 

G99G STOP 
D~D 

"'.IPF TC ALT E:.R 
C 1\ L T E f~ SETS I P L L F: L F MEN T S H. T H F ., AT I <I X F U! J AT I u, . f.) 1- P E 1 [) I C.1 ( " 

C T H F R A G E 0 F S T U ') F 0 I< C E C UK. R 1- . 1 T • T H I S I S T !1 KEN I f l I T I A L L Y ,\ T l f v • 

r THF VFCTOR OF IrHFCR TFI J, pf,c-c;sn) fv10fv1nJTS I S SFT lJfJ I I'' f~A' C..1 . 
S U R q 0 U T I ~ J f L T E I~ ( ~' , N , .t .. A l 
C n rv:() J I P L I<' 1 I R ( 3 , 1 n l l , P 1 ( "3 , "3 n 0 l , r~? ( ':l. , ':l. U J , B ( ~ , ':\ (J ) J , f '~ ( ~ , '1 C l 
CO l~Of\J i tjLOK2 1 0, ( 3 J1 l , CKP ( 301 J , (K.PP ( 301 J 
C 0 •'<1 f'v1 0 N I f) L 0 J( 3 I Q P ( 3 U 1 l , Y ( 3 L 1 l , CJ U ( 3 U 1 J 

C 0 "1 f\ 0 N I R L C 1<. 4 IS L I P ( "3 'I 1 l , S L I P P ( '301 l , S L I P Y ( 3 J 1 l , S LI P l~ ( 3 0 1 l 
CO \10N I HL LJ<.5 1 HEI\ u, (3LJ1J , AVG·O (3 '0 1, r>AU,Q 1(3r1J 
co,1MONIPLOI<'61Sll ~ ·ofv1 ( "30n l , RI"t;wz ( 300I , r.,1o 13 ( 3oo J 

C 0 'oil. -'i 0 N I R L 0 I<' 7 I F 0 f~ C F F ( 3 0 J l , F u f~ C 1:. l ( 3 I 1 l 
C0' 1 ~ ON I PLOK81SPIICF ( 30LJ l 
C0~\10N I ~LOK~ IT RACE ( 30 1l , RANG ( 301) 
DO 5\.JJ J = 1 , N 
IF(RANGE(v . GT . O. O l GO TO lnu 
lf(J . GT . 1l GO TO 20 
R1(2,Jl = 1 . ,·l iCK(Jl 
T RACE (Jl = ~ . n 

en Tn c;on 
? 9 1( 2 ,J) = 1 . C; I CK (J) 

f2 ( 2 , J-1l = 1 . ~ 1C K (J) 

R4 (1 , Jl = -1 . u iC K (Jl 
B4 ( 3 , J -1l = ~4 (1,Jl 

TRACE (J} = ll . O 
GO T O "i'lu 

1U~ IF( QANGf ( JI . GT .1. 0 l GO T O 210 
IF(J . GT.1l GO TO 1? J 
0 1 ( ? ,J) = ] • l iC KP (J) 
T RACUJ J = 1 . J 
IF(FORCEU (Jl . GE:. . u . J l GO TO 11 0 
DC = -1 . 0 
GO TO 111 

11 0 rc = + . n 
111 [ •v10~1 ?(Jl = DC* ( QP (JJI C. P (Jl - SL IP P (Jl l 

GO TO ?On 
?IJ P] ( ? ,J) = 1. ' ICVP(J) 

~? ( 2 , J-1) = 1 . L I CKP (Jl 
P4 (1 , Jl = -1 . 0 1C KP (Jl 
l34 ( 3 ,J-1) = IJ4 (1,J) 
T RACE (J) = 1 . 0 
IF(FORC[Q(Jl . GF . u . r GO TO 13 0 
DC = -1. J 
G'"'J TO 131 

]?, :11)( =+ 1 . , 
131 ll"0,12 (J- 1 l = - DC* ( uP (Jl/ C"P (Jl - SL I PP ( Jl l + 13 '!J, 2 ( J -1l 



132 RI\,Q-t12 ( J ) = [)(o' ( -'fJ ( J)/C.I ( J I- .:,Lif-'t.J(j iJ 

GO TO 5uJ 
? ~ IF I RA~rE ( J I . G T . ? . I GC TO 5 ~ 

IF IJ . GT . 1l G0 TO 2?~ 
LJ (? , j ) = 1 . ;rvDP(Jl 
TRACF (J) = ? . L 
I F IF OR CEu iJl . G- . r . c l uO Tu 210 
DC = - 1 . 0 
GO TO 2 1 1 

21 DC = +1 . 0 
21 1 R 1V~3 (J) = DC* I l.t Y ( JI/ O'P (Jl - .:,L P Y( J l l 

GO TO 'iOO 
20 n ( d) = 1 . 1/ CKPP I Jl 

F)? ( ? , J - l l = 1 . 1/ CK PPIJl 
H4( 1 , Jl = - 1 . 0 / CKPP ( Jl 
8 4 ( 3 , J - 1 ) = 8 4(l , J ) 
T RA CE IJI = 2 . 0 
IriFORCrQ (J I . Gt . u . O J GO TO 230 
DC = - 1 . 0 
GO TO ? 31 

?30 DC = +1 . 0 
?~ ] PM0f•11(J- J I = - DC~ ( YIJl/ C 1-'P ( JI - SLIPY ( J l I + '~' v 3 ( J - 1 l 
23? 8~0~3 ( J l = DC* I ~ YIJl / C~PP (Jl - SLI PY (JJ J 
5U CO TI NU 

I F I RANGE I M I . GT . l . J I GO TO 550 
h2 ( 2 , N I = 1 . / CK ( ~ I 

T RACE i fv1 1 = " . 0 
r,n Tn 6 n 

5 50 I F I R fl. N G F I ~1 l • G T • 1 • 0 l c, 0 T 0 5 7 5 
A? I ? , N l = 1 . / CK PI M l 
T I~A C f: I VJ l = 1 . LJ 
I F IF OR CECJ (r J . GE . O. O I c,o TO 560 
DC = - 1 . 0 
GO TO 561 

")6(1 I) ( = + . o 
56 1 R I' or· 2 1 N 1 = - D c * 1 cJ P 1 l 1 c K P 1 , J - s L I r-- P 1 M > 1 + lj o · 2 1 r > 

GO TO 6 10 
5 7 'i IFI RANGF ( w i . G T . ? . ~ l GO TO 6 1 0 

~2 1 2 , N l = 1 . ~ / CKPP I M l 

T RA C E I ~1 l = 2 . 0 
IF IF ORC~Q ( ~ I . GF . O . O l GO TO 580 
DC = - 1 . 0 
GO TO 58 1 

58 1 PtviOM"- I N I = - DC* I u Y( Ml/ Ci<'.YP I M l - S LI Y( , l I+ F1·0 3 ( f'l l 
6 10 DO 6? ' I = 1 , N 

63 I 2 ,r l = AA*SPAU· I I l 
6 2 l C 0 f'' T I N U E 

DO 65C I = 1 , 3 
DO 65u J = 1 , N 
f I I , J I = f) I I , J l + H 2 I I , J J + f 3 I I , J J + A I I ' J J 

650 CCJN T IrJliF 
RE TURN 
FND 

<~ I E-F T C ARA:•' O '~ 

tB4. 

c A r~ AM u 1V1 rr n 1:: G R r T 1::. s I M P , ~ r ~ .s E D r u 1 u T.:, A , [) s l T s P r r-I.S u F u 1 cuR ' E::. L T • 
C STUS.S I 1 ATI-< I X E:. LJA TI Ot·l · 

SUf1ROU T I E:. A'<..At 01 11 1 , PZC.RO , f- , (u,l.ST I 



CO·~ON/RLO " / OF I ( ~l1l , AVGt() (? ")) 

co ~cw;r,L0.6!S' (t (~ l,J~ 2(~ 1, 

CO~~)N/ L0(8/SPACF ( 3nJl 
JF(P . GT . PZFKC l GO TO lOU 
DO 50 I = 1 , 
AVGMOJ· (I l = (BU .0 (I I + LN 01·1 ( I+ll )/2 . 0 
SU'v'~101' (I l = COf\!ST~- AVG o, (I I " SP ~Ct. (I l 

50 C01 !T f 1\\UF 
(j0 TO 15U 

100 DO 1 ?0 I = 1 , M 
A I) M 0 M ( I l = ( P I 0 Z E R 0 l * B Ft-. 0 ( I l 

12 CC;NT I NUE 
DO 1 3u I = 1 , N 

VGfJ10,v\(Il = ( RADMOM (JI + ,t1Dt'OJ (J+ 1 l/2.(' 
SU MONI (I l = CJilST*AVG, 10 1 (I J -.<SPACE. (I I 

130 CO IT I NUE 
150 P F TL! ~J~ 

~ I f) 

<~' T P.F T C CI\LSTD 
C C /\LS TD CALCULA. T E~ THF FOI CE~ Ul~ TH STUDS 

SUdROUTINE CA L STD ( M l 
CO MON/BLOK7 /F O~CE ( 30Q l , FORCEJ ( 301 1 

DO 50 I = 1 , · 
IF(I - 1 . G T . nl GO TO 4n 

2fJ FORCE:.O (I l = FORCFF (I l 

GO T O 5" 
4r IF(I . EO . M l GO TO 45 

FORCEO (I l = FORCF.F (I l - FORCLF (I - ll 
GO TO 5J 

45 FOI C t:J (I l = - FO CEt-- ( I ~ 1 J 

5LJ CONTINUe. 
r· ETUR 
FND 

r rF T r RANGFR 
C RANGER KEEPS T RACK OF TilE A IGE OF STUlJ FORCl:.S Ci'ILCULAT-lJ 

SURROUT I NE ~AtGER ( ~ l 
COMMON/BLOK 3/\JP ( 301 l , L,y ( '301 J , (.LJ ( 30 l l 
c or , ~w N 1 .) L o I'.. 7 1 F u k c E 1-- ( 3 v u l , FoR c L ~ ( 3 o 1 1 
C cw,r·.: 0 N I R L 0 K 9 I T f~ A C E ( 3 0 1 l ' ,, A G l ( 3 0 l l 
DO 20r I = 1 , 
IF(A~S(FORCf:-O(I)) . GT . QP (Ill (,()TO 25 
RA IGF ( I l = n • n 
GO TO 200 

25 IF( A 'S ( FORCEO( Ill . r, T . JY ( 111 GO T O 35 
RANGE ( I l = 1 . U 
GO TO 2GU 

35 IF ( AKS (F ORCE-U (l)l . GF . UU (Ill G TO 45 
RANGE (Il = 2 . 
GOTO.?()' 

4 5 P t t-1 G E ( I l = ~ • n 
'•'R ITE(6 , 5(l ) I 

sr FORt1AT(8H STUD ~~O d 3 , 27fl HAS f-<cACHt:D ULTI M T l:. ri::=:tR// 1 
?J CONTINLJF 

I~E TUI'N 
LND 

'f i fF T C CHFCK1 
c CHI:.CK1 r.,.,/\I(E-S suRF THAT n 1:- F I RST 1--\PPLit-u, o E T rs L01 t.i.OUGH T 

C YIFLD STUn FORCES THE ZI:-RO RANGE . 



.n l "7 f' 

SUtJr- OUT l it. CHt: 1 ( r , U1 1-' J 

c 0 d ·L 91T·ACf-(3 1),,/\'.j<_,L(_::, 1 J 

bUI-{P = J . ( 
[)0 10J I = 1 ' 1 
I F ( R A N (J E ( I J • f U • . ) t 0 T 1 0 
r IJPP = n1 J17P + 1 • r 

l 0 co 1T I I J[ 

IF(RURP . Fn . • I ) c;o TC"l 2 JO 
RITE (6d 5 ) 

J.5l) r 0 I fv1 A T ( 2 5 H INITIAL LOAD IS TUO 1-i l ~.JH III 

2( 0 f~ ET URN 
FND 

TIHFTC co fJ /\ T 
C COMPAT CO~PARES STUD FOkC:S CALCULATED A~ L~V~L Of COkK[CTIO S 

SUBROUTir'-Jf CO"P.LI.T ( I , (KAY ) 

100 

125 

135 

1 ?C' 

161 

CO ~ON I BLOK9 1T RACE (3 01 l , ~ANGE ( 3J 1l 
OKAY = 1 . 0 
DO 1 0 u I = 1 , '"' 
I r ( R AN G E ( I I • H • T R /\ <... l ( I l b 0 T U 1 0 0 
OKA Y = o. o 
CO IT I 1\1\JE 
h'R ITE(6d2 5 l 
FOR' AT ( 21H J-{A~lG OF S TUD t lRCr S l) 
V. R I T f ( 6 ' 1 CJ • l ( R A 1\1 G E ( I l ' I = 1 , ~ . I 
~>JR IT E ( 6 , 13 5 l 
F W'-1A T(2 bH .:J T/\T E OF CORI··d:C TT ui'S SO Fl\1)1 1 
\', R IT E. ( 6 ' 1 5 I ) ( TRAcE ( I ) ' I = 1 ' 1·1 J 

FORI AT ( 3uF4 . L ) 
viR IT E ( 6 , 16 ; l 
F 0 R i·' AT ( ? X , I I I l 
RE TUR N 
FND 

64JO END RECORD 
1068 

16 

lOAAS TE R TE~TS -- lJFA1 f\0 1( S I X SI,'lG L I::. STUDS I1~ JHI::I\i-\ SPf ~ I 
1CJ . ·:n90f+07 . 290f/f + 08 2 . 75v 6 . 080 5 . 62 Jl7 <' . 000 130 . 100 

. 61'1f[+04 

. 6W11"'f+ 14 
• f) r1 f) () F + r I 4 
• 6 0 ")'1F + lf. 

. 6l"'l+n4 
· 6 )f + )4 
. 6 f/ F+ -4 
. 6 CF + 4 
. 60" f+-)4 
. 6C'lf1"1=' + h4 
. r,nf)nF+14 
. 6Clr F + '4 
• 60 t)F + J4 
. f, OF+ 4 
. 6lWF + A 
. 6 E+ J4 

") . 

-:>,~()"')(; . 

12 . 00 
24 . 0 

64UO 

• 2 I" F _ ()? 

. ? lf)I"'F - '? 

. ?00 ~ - )7 

. 2" OF - ()2 

. z(JOQF - 02 

. zJuCJE - U2 

. 20001='-02 

. zOOCJE - 02 

. 2r1 0F - CJ2 

. 21J '>F - ~"'7 

• 7 0 "'1 F - l 7 
. ? "f - 12 
. z lOI=' - •7 
. z F-uz 

. 11 )( E+ O'J 
-11 0 F+nr:; 
. l1J(f+0r:; 
. 11C'l l+r'l=i 
. 11 OE + CC) 
el] OlF+ r:; 
. 11U F+ ' 5 
. 110,r+"' 
. 11 0F + r1'1 
. ll"f1F+f1"i 
· ll "r F+nr:; 
· 11 'F + 0'1 
• 1J 1JF+G5 
. 110 I + r:; 

. 7 . J J 0 F + d'J 

. 2 ) ~=" - 02 . 11 (f- + 0 5 
6( 0'> . 17nO''~"' • JRO 

?'J,{) ('f 0 

1Z o00 
24 . 

END FI L F: 

':\ (\f')' " · 

] ? • 0 
17 . v0 . 

. 20'! f: - (ll 
• 2 'l F - '"'1 
. 70!1 r=: - 01 
. 208'[ - 1"' 1 
• 201)()f - 0 1 
. zoo f - 01 
• .::OQ)f - 01 
. 2CJMlF - r1 
. Lrnt f - C•1 
. 2n "F - r1 
. ?t'IW - 0] 

. 2 0 lF - 1)1 

. 200 F - 01 

. 200 F - r1 

. ;;u'> F - 0 1 

. zen r- 1 
lt . 241"'0n . 

1 8""-·r . 
12 . " 
12 . uo 

. 12 Of + ')CJ 

. 12 "f+ ') 

o 1? l :IF+ r, 

. 12 F+ ., 
• l 7 (' r + )"> 
o l2l'[+v'J 
. 1~ t:[+ ~ 

. 1;?0Jf+"c 

. 12 ~"F + ,;; 

• (2" 'F + " r; 

o12>0r+n 
. 1? •F + i"'> 
. 120"F+ ''J 
. 1i lF + 1l 

)()(1') r . 
1?0('"" • 

24 . 
12 . 

• 1 r n F- + 
')("' '+ 

. lr'" ~""+ 

0 1 " "~+ 

. 1((! r+ 

. ]/"1('(\r"+ 

. 1n 

. lO"l(F+ 

• 1 r 
~·wn 

6"A ~ 

2 t1 • 

1?. 
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APPENDIX (e) 
BOTTOM FLANGE PARTIALLY YIELDED 

~>f£AtN S7£E~S 

BOTTOM FLANGE AND PART OF WEB YIELDED 

+ 

) 

~3 
¢h c Et:Pbt - ey 

h c 
c. = Ebb -E-y 

q, 
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BOTTOM FLANGE ENTIRELY YIELDED AND PART OF TOP FLANGE 

}ebl > E:'l lE:bi ~ G'l +oSt 
eb~;~ > E.'J o~- t~;t J ~~ 

!----~--+--==-----=----·.:·_-_'Sl_--~~-~~--~=:__=-----

F= 

+ -+ 

~7/i!e$5 

ezbA[ _ ~:J'-tcr 12.] F = As Araove. + - (-E'J-Eb -qSt 
c/JA . 



11/C' 

c 
c 
c 
c 
c 
c 
c 

1 8~. 

A P P L fl J I X F 

RLJI( ',,,, 62.JlJ ) 
rDLCL . 
LGO . 

64u l EN RC.CO u 
PROGRA T S T (I PUT , QUTPL T ,T )F5=I PlJT ,T '\Pf-6=CllTPUTl 

J ) r) l() ll 3 
It J 01 

.., I FTC 
c 

0 ?4v2 v'/AL L.£1CE I '· 
NOIJECK 

c EA'I 1 -- Ir H .. I~Vr'\ L 7 
u i i-'F~ SION /\VC '0 ( 2 l 
A = l e v 
[l = 5 . 0 
fS = 3 19 co • 
.S I = 88 . 50 
11 = 12 . 16 ~ D = 2 . 50 -• IJPR = 4 . 01 $ Z = 8 . H? T = C . ~5 = l • 
A~ = 5 . 620 c~ = 290uo u • 3 1 = 13 . 10 
AS = 170 . 

fPSP~ = . r. 1 2!?9 
FPS. = - . uv 25J 
EPSY = . OC ll86 

VG n '( 1 l = 116 11?r' . 
AVGM0:-.1 ( 2 l = llE.J'-"'~ . 

FSTAI = 77461 . 
[J' LEP-=> = (( r'\VG,Iu• ( 2 li AVGI•u,l (l11- lHl l "A E:_)!)t::lj 

DE LPI 1 I = • J0005 
COUNT = 1 . ~ 

COUNTl = 1 . ,; 
CO Jf\1 T 2 = 1 . 
C 0 lJ N T 3 = l • 'l 
courJ T4 = 1 . 

?v PH I = CEP SHR - EPSlJ li H 
22 IFCEP SBI3 . LT . LPSYl GO TO 50 

IFCEP SBG . Lt . ( EPSY + Phi* TII GU TO 40 
3 F = c E B *A c 1 ? • l -)(- c -P s E) b + t: P s 11 - c c t. f s :j t3 - f f-' _ Y 1 ~- * 2 • 1 >: L r 1 c i-' r1l ~-<-A J 

lC E3P~ - hi l*C FPSRR-F PS Y- P IH -~ TI *.,'f2 . C II( IIP·Ar>IJ 
1 1:1 = E'1~~BI*PHI - (f RJj'~P1-, I(l 2 . 'l* 1-fJlH-2 . 0 ) l )~ ( CEI<) l- pcvJ '*2• 

1 ( ? • - *P H I * H - ? • (1* F P S P P. + ? • • * F P c::, Y ) + ( r P I~ - 1·J l -:: F n I ( 1 ? • l< P fl I -* 1< 2 • 
? ( (FP S R - FPSY - PHI·-<-TJ**2 . 0 H : (3 . 0'-<-Pf-1 P · I- 4 . 01rPfii~t- T - 2 · 0*U 
~+ 2 . J*E P S Yl 

GO TO 6J 
Lt v F = < E t3 *An 1 2 • o J * c c E P s d 11 + t: r s 1 - c b ~ r 1 c b" 1 I 1 1 .,.. c L P...., u - l P s Y 1 i( 

41 R ,13 = tb*r PY,I -(( i:d*lYr< I PHI I * ( lP~I~ - 1 i-'SYll:-.t? . H<(f 14 . - (l: 
1-EPSYJI(6 . )*PHi l l 

GO T O 6 
')0 F = FEH'-Af3~~(FDSflE + FPS 11 2 . 
51 fv1H = E *rj l •>tPr1T 
6 ~ IT~(6 , 6llF , ~ b 
61 f'UI~ 1" T( 3rl f-= , E.12 . t , 4tl r.= , Ll • ''+ I 

• 



f P S S ~ = - F I ( -:::, ' ', l - fJ I I ) I 2 • 
~ 'S = [C::..·K-Sl*Pfli 
;::-pss = EPrs + ?~I I -1:·4 . n 

6 5 r r = F f\1R + E s + r--.,, z 
ST~DIF = [ p;' - [f-J,...;; 

l~o. 

r~ IT E (6,7 lll[ 1 , ~r-..)1 , Piii ' P > , ,>T~L,If , bP'"f: , r-pcs 
7 "' F u I< A T ( Cl H 1 l. , E 1 T = , -1 c. • 4 , '-+ 11 l , = , t. 1 L • 1-+ , ? r F rt I = , L l c. • Lj , ;; 1 1 L s '::> = , L 1 ._ • • 

1 7 H E: B-E s = , Ll 2 • 4 , tt 1 1 l:: = , L 1 L • t, , Lt r 1 E- __, = , t:. 1 t. • 4 l 
Tr(f:1~i . L E. . (1 . 11*/\VG L, ( 2111 Gu Tv ll1 

A = :l . 70*A 
fP <;R 9 = EPc.f r> - r) F LFf' s.;: A 
rPS!1 - FPS 0 f - Pl-f l-J:H 
COUNT = COU ' T + 1 . ""1 

IF(COU T . GT . 4 . J l GO TO 6~6 

GO T O 2? 
1u1 IF( t3,-l . Gl . ( u . 9999*nVGr,o , ( 211 i GU T U 2UG 

11J fPS8H = l::PSh~ + UL LLP S*M 
EPSG = EPSBH - PHI*H 
COUi~T = COlJNT + l . G 
IF(COllt T . GT . 4 • l GO 10 636 
GO TO ?? 

? G (J A = 1 • 
t.10 Prl i = PHI + Ul:: LPH I *L 

EPSB = EPSBB - PHI*H 
JF((,..,JjS(t.PSf ll . L.T . lPSYl GOT 2~1 

IF(fPSRR . LT . fPSYl GO TO 250 
IF(fPS"~' . L[ . ( [PSY + PHH<TiltjO TO L40 

?3 F = (Ffl*A 12 . -r.- ( FPSP11+EPSR -( ( EPS~'I~ - (:"PbY I H·Z · ) >~"fWkl(l"' II·"-"t l 
1 ( b fJ ~ - W l * ( E P S B B- [ P S Y- ~HI -l<T i lH< 2 • 0 I I ( t' H I 1: A I I 

GO TO 260 
2 l1- J F = ( E l3 *A P I? • 0 l * ( ( r P S ti f-1 + f P S I - ( P ~I ( A ->< P r I I I .;- ( r' ) -1- oJ-:> Y I .,. 

GO TO 26J 
25 F = EB*AB*(EPS~R + FPS 112 . 

GO TO 260 
751 IF(FP SE. . LT . ( fPS Y + PHI-ll-T II CJO TO 640 
252 If((ABS(EPS ll . LE . ( fPSY + PI-II* Tll GO TU 258 
? S "3 F = ( E R * A F I ?. • l l ,~ ( f- P S L' ~ + F P S u - ( f \ P P I ( i.J H I ,~A < I ) _,A ( ( b P c., ' - f P c; Y i ' 

1 - ( EPSB -E:P ~Y l *~-2 . CJ l + ( ( t!PR - v. li( PHI"·f..."l 1 * ( ( E:f'SL - f)SY - PHI"TJ 
2 . 0 - (E:P SY - EPSH - PHI*T I **2 . CJI I 

GO T O 260 
258 F = (E B~~AB I ? . ( l i~ ( [PSr- + EYSE.l - (UPRI(Prli~~~~ I J .. ( ( f:.f-'Sf - E:P.SYl 

1 - ( E P S [l. - F P S Y J* ·:l- 2 • ~ ) + ( ( f P R- \• l I ( P f I I * Q ) l * ( ( ,... ) C R- [ P r, Y- P 1 li * T ) 

2 . () ) ) 
26r •iR ITE:(6 , 26 l lF , PHI 
261 FUR'-'AT("3H F= , E12 . LH5H P~II = , f 12 . 4 1 

IF(F . L[ . FSTARl GO TO 310 
CuG~T1 = COJ; T1 + 1 . 0 
IF(C0GNT1 . GT . 4~ . 0l GO TO 636 
GO TO 210 

310 [PS~t) = EPS l - JF LfPS*A 
F"<".n = fPC:,~~ - PH I *H 
IF( (A P.S(EPS8 l J . GT . [PSYl GO TO 3::,1 
I F(FPSilf . LT . C"PSYl GO TO 3? 
IF ( EP--=>t3E · LL . (EPSY + PHI*T J IC.G TO 340 

?, 3 J F = ( E '3 *A I' I 2 • ) * ( E p ~ ~ u + u ) t:) - ( ( t. p s t:l f - t p ._) y I ,. *? • u ) .. I I ( f.) i I r.· {' I 

1(BPR-wi*(EPSBB-~PSY-~I I*TI**2 . uii ( PH I *A 1 I 
3 1 '31· B = c * U I *PH I - ( F El-;~ ~ 1- 1-< I ( 1 2 • ') * P rl I iHl· 2 • n I l * ( ( F- P ~..... - [ P 5 Y ) * -·:- 2 • l i 

1 ( 3 • l * f HI * 1-1 - 2 • ) * FPC:, R f~ -+ 2 • ('• l: F P ~' Y I + ( P R- l >:· [ I ( 12 • () >~ P r I I~<~·· 2 • 0 I 



11/C' 

191. 

? ( ( F P S P 1-=1 - F P S Y - P Ill ,q ) * ' ? • C I >l- ( 3 • ,_1 * 1) h P I - t+ • J ~< PI I I ·k T - 2 • ~· '"" 
3 2 . ><EPSYl 

GO TO 361.1 
3 4 Li F = ( E l3 -!(- M I I 2 • (J ) lf ( ( ;::. p .... ~ L + L fJ ( I - ( J I t, I ( I "'* t-' h I I ) * ( L.Y .... LJ- - ~ ~ y J ' 

341 [\ p. = f[)~<H·*PHI -(( t: *._;rl,lfrliix(t:fJS>1 - tSYJ-,><z . l*(>-il4 . - (l, 

1- EP S Y l I ( 6 . -:< Prl I l ) 
GO TO 16 

':3 5 n F = F: J ·X A -"· ( [ P S 1=1[1 + F' S l I 2 • 
P. B = F 1 *r l*PHI 
GO TO ?6 

~51 lF([PSf'U o LT . (t PSY + PHI-r--TII GO TO :;:>8 
352 If ((1\fS (t.P .StJll . Lt . ( l:PSY + PH l *T 1 1 GlJ TO _j5b 
353 F = <E B*/\lJ I2 . 0 1 *(f-PSt:H:: + tPSL; - ( t5f.Jf I(PHP·,", I J-k-( ([PSI:) ~-t:.t-~::,YI 

1 - (EPS P, -E P.JY l**2 · ) + ( ( f-'1..:-\.<J)I(PIJIA-/\t.)) I -i'· ( ( tr-'S' - lPSY - rlld~ Tl 
2 . 1 - (FPSY-E PSP -PHP*THH 2 . 0il 

1'55 Jlf'.1R= FP*P.I*PHI - ( FI'*f3r'fU (1? . 0*f•Hl'h<;? . Ol J * ( ( ( t.rs~ -E-PSYl-li--><-2• l 
1 (? . u*PHP·H - z . O*~PSP.r + 2 . "'~F I)SYl +( (FP SF-r=p,cyJ.;d'r? . IJ I .Y.(? . O*PHI 
?- z . O*EPSY + 2 . 0-J..cEPS'l l) + ((l~P;- 11:-Ff'l(l? . O'-l-PHI·:H'L • )II *(((-OS 
3 - EPSY- PHI*Tl**2 . 01 ><- ( 3 . 0-irPHI··r-J - 4 . 0>-*·'tli;; T- 2 . (\ H S_H + ..... 
4 * f P S Y l + ( ( E P Y- f- PSG-PI I ·r- T :H- 2 • 0 J * ( 3 • 0 •'*' I I .,:-1 I - 4 • G -;" P r1I * T 
5 - 2 . J*EPSY + z . G*lPS~J l 

GO T O 36U 

• 

'258 F = <EB*Af~l2 . ~) ) * <FPSI• + EPS3 - (I PRI ( '='~ r>: I I"( ( ~PS~ ) - fpc,y)"" • 
1 - < F P s B- r P s Y 1 ·'~- ~, 2 • J + < < p t-' ,_, - w J 1 < r H r ·* 1r.. J 1 ''*' < < ~- ) :-, I - r> c., Y- ~ 1 I * 1 1 

• 0 ) ) 
') ~:; q fl fl n, - E r:) * t3 I *· P I j I - ( I I * H P I~ I ( 1 ? • 0 * P H I .,, .r,. 2 • 0 l J -x - I ' S Y J ,- * ? • I 

1 ( 3 • *PH I * H - 2 • J * F P S L b + 2. • ' r- 1:- P S Y I + ( ( l P S b - [ P S Y J it {' 2 • ) ) .,, ( 3 • 0 * ~· II I 
2 - z . v*F:.PSY + 2 · 7<EPSt-d l + (( GPJ-< - l-><-t:.bl(12 o l'-Pnl*~ . IJ ~<((([;-'' 
'J. - E p ~ y - p H I * T ) * '* 2 • ) ·:!- ( j • 0 "k p f I I ~- t I - lj- • 0 -J< p f I I ·:l- I - 2. • 0 -'< t p ~ J + £. • 

4 * EPSYl ) 
360 FPSSS = -FI(F S*ASI - Prli~JI2 . 0 

W S = ES*SUPH I 
EPSS = EPSS~ + PHI*4 • G 

16 B rv· = B r r:) + ' r s + r " z 
~~~IT (6d7 0lF , l?i.'l , E-PSB[) 

37J Fuf.I1Ar(8f1 FOI Cf:. =,Ll2olj-,;li1 II(_, lt.l T = , i:l2. e L! , :,h L I =,LlLo4l 
IFt [)i . LE . (1 . uu01-liAVG~·ori(.-:'.J IJ GO TU 37'-:J 

GO TO 390 
375 IF<r:l'•i . GE . ( . 9999*;\VGMO ( 21 l l GU TO 376 

GO TO "90 
176 IF<F . GT . ( . 9999*FSTARl I GO TO -:377 

GO TO 390 
'J.77 IF(F . LE . (l . )(J1-!:·FSTAI' 1 l GO TG 630 
39 If(f)' . L E . fVG~"'O (2JJ C T L.-l.J 

COJNT2 = COUNT2 + 1 . 0 
I F ( C 0 LJ 1'1 T 2 • G T • 4 • (J J G 0 T 0 6 3 6 
GO T O 3 1 U 

41 = . 8 -'<[\ 

411 PHI= PHI- '1fLPHI-lf'1 
EPS 0 = FP<"> - Pt I I 
IF((A uS([P~Hll . GT . :PSYJ 0 T 4~1 

If-(EPSdb . LT . EP::,Y l ~0 TO 4~C 

lF(EPSLd . L E . <fP::,Y + PHI-JqJIGu TU '4G 
- = (E -l(ABI? . l .,~ ( CPSPf-)+FPSf -(( c.YS(I.P - -:::PSYl*·:z . ~ J f- I(~ 

1 ( - ) (I="" J -IY.'"Y-PHI·'.q)o'-JL2 • lf(PIH* HI l 

GC TO 6 
44() F = ([ 13*/\HI2 . l '~ (( >.- ... P J -( P I(AtHPHT1l 4<(1f1SH -E:PSYl 

GO TO 460 

'") 
£. • 



'I 1'71" 

F =[,"A -ll(fP.Sb + ~P) 112 . 
'-' 1 4 

451 If( P....> . LT · / v + Gv - lr'J d 

'•'i'-'> F = ( FR*A81"' . Y( )C' ( iJ F~ I ( PrJ 1 *A f J J ( ( f I) S..., -- t-> S Y 

1 - CHSP-EPr,Y l '"·? . l + (( ~·- l/1 II- )I, ((I-t-' - PC..Y - PHI T 
? • - ( F P S Y- [" F' <; f',- PH I ~- T I ~H' 2 • 0 J ) 

GO rrJ 460 
~8 F = ccs.:A~ I 2 . ul -:HEPSf51~ +I-PS - c ~PfU C fJHiilA 11 c c:::: ,_, 

1 - CEP::,B-Er-'....>Y),'(*2 • l + ((t3P, - 1Jil ( l-'rii~-Ahl1 * ((li-'~ l-

2 . 0 ) ) 
L,6t INRITE ( 6 , 46l)F , PflJ 
4 6 l F 0 R ,, AT ( 3 H F = E 1 2 • 4 , 6 H PH I I = , [ 1 2 • 4 l 

IFCF . GF . FS T AR l GO TO 51 
C 0 lJ NT 3 = C 0 lJ NT 3 + 1 • 0 
JF( COU T3 . GT . 40 . 0l G TO 636 
GO TO 411 

"10 A = A 
51 1 EPSb~ = cPSoD + UclcPS*~ 

EPS9 = FPSBJ - PH I *H 
I F( ( 1\t S CEPSll l . GT . FPSY I CJO TO 5?1 
IF CEPSP . LT . [PSYl GO TO 550 
IF ( fPSPR . L F . ( ~PSY + PHI*Tl l ,o TO 54() 

-l y) 

· r r , 

• 

• 

'J3, F = ( ER*Ah l 2 . l * ( FPS r,+EPS£ -( ([PSP 1
- SYl**2 • H~fi-'I,I(~HI*A J + 

1 ( E3P' - ', l * ( EPSRR - EPSY - PI-1 I *T I ~*2 . J I I ( PH I *1\.:J I l 
531 B,•,[l = E14*t'I-l<Piii - CEL." I-'KI(12 • 0*f-'HJ"l<-~-2 . 0l l * ( (rrJS~t - f:YSY)•d·,., . 

1 ( 3 • lJ * P H P~ f-1 - 2 • lJ * E P S l:3 t) + 2 • 0 -:t E P ..:J Y J + ( b P r~ - w I -~' t. b I ( 1 2 • 0 ~:- P I 11 -.:- * 2 • 
? (( FP~PR - f="PSY - PH I * T P~2 . 0l~( ( 3 . "-:~t-'riPH - 1fe ()->(PHI4q - 2 . 0v 

? + ? . )*fPSY l 
GO TO 56 l 

IJ 4 ~ F = ( E R *A P I 2 • ) ~~ ( ( f P S ll n + F P <; 11 I - ( "PI~ I ( f:<. P *PI l I I I ~~ ( E P c q 0 - ~=" ~- <; Y l ~·- ': ? • 
5Ltl f\1B = EE·*RI*PHI - cc :=t"*t-H-'h l l HII* ( ri_;SIJt: - EPSY I **Z · J*(H14 . ~ - c 

1 - EPSY l I ( 6 . C*PH I l l 
GO TO 560 

5__,, F = EI3-Y--Ao* ( t:PS[Jh + EPS_,l i L . U 
f-'.f'P = EL 1 I ~~PHI 

GO TO 560 
55 1 IF ( fPSRI~ . LT . CtPSY + Prll*Tl l l TO 640 
c; c; ? 1 F c c R s c F P s n l l • u- • c F P s Y + P rll ~q J J Go , 5 5 t1 
55?, F = ( E 8 il- A R I 2 • l -:l- ( [ P S R q + E P S ~ - ( l' r-' ':> I ( PH I,, f\ L I l ( [Y ') P K- t. P .S Y l 

1 - CEPSR - FPSY l **? . r l + ( ( CPR - If') I( PII I */\Bl l -:t- ( CC:PS t-r·psy - J-l'TI 
2 . 0 - C EP~Y- EPSb- PHI* T I**L • OI I 

555 13r~8= ER*f1 I *PH I - ( [ H-Yc1:1PI~ I( l? . O~}fJfll**2 • 0l I _,,_ ( ( ( lPSfJl - EPSYi*-J:·~ · J 

1 ( 3 • u *PH I * H - 2 • 0 -l( F P S R P + 2 • 1 -"- f P S Y i + ( ( E P S t~ - t ~ ~ Y i * _,~? • n i ~. ( ~ • ""* '.J' I 
2 - ? . 'J* F PS Y + ? . O*EPSRl l + (! RPR - ' l-l~FriC12 . 0YPH I *'~2 . r)JI -'H( ( fPS 
1 - FPS Y - PH I :t- Tl **2 • n J * ( 3 . n*PH I -J:-1-i - 4 . n*PHI-llT - ? . n~fFP~)E +, . 
4 * fPSY l + ( CEPSY - EPSR - PH T-lqHa2 . 0 l * ( 3 . 0•'fPHPH - 4 . 0-lfPH I *T 
5 - 2 . 0*EPS Y + z . O*EPS~ I l 

GO TO 5 6 0 

• 

5 5 8 F = ( E B * A B I 2 • (J ) * ( F p s [) + L p .s I - ( Ll p k I ( p 1-i 1 ;( A ~ J ) " ( ( 1:: 1-' s [J tj - 1:. f-l s y i -;: -ll 2 • 
1 - ( E P S B- F P S Y l * * 2 • 0 l + ( ( b P R- W J I ( 1-' t I I >,l-Ab l J " ( ( f::Y S l:l L>- ~ P S Y - I-' H I -rl- T J " 

2 . ( ) ) 
559 RMn= ER*RI*PH8 - c rR*8PI~ IC1 2 . 0*PH I **2 . o l 1 .,'t c c CEfJSt H - EP.SYl*·~-2 . J' 

1( 3 . '*PH I *H - ? . J*EPSR~ + 2 . *C:PS Yl +( C EPSR-FPSYl**? . n ) ~ ( ? . O*P~; 
? - z . O*f P S Y + ? . 0* PSR l J + ( ( RPR - I·Jl*CRI ( 2 . *PHI·:~Il-;? . n l J ~H ( CFF'r 1 

3 - F PS Y - PH I -J:T l **? . Ol * (3 . 0*PH I *H - 4 . 0~PHI*T- 2 . 0* PS[t + ? . 0 
4 * EP S Yl l 

560 EPSSS = - F I CES * ASl - PH I *U I 2 . 0 
~'v1S = ES*S I *PH I 



') J 

FPSS = EPSSS + PHI¥4 . CO 
"'6"' " = R'1R + P ~5 + F*7 

STRDIF = FPSR - FPSS 
WR IT E ( 6 , 57l F, R~ , FPSBA , fPS , EPSS , STRDIF 

5 7 •J F C R M A T ( 8 H F 'J K C E = , F l 2 • 4 , 9 rl I '0 '·' E N T = , E l 2 • 4 , 6r I E B t3 B = , E l 2 • 4 , 4 H E = • 
1El2 . 4 , 4H ES= , El2 . 4 , 7h E~ - ES = , El2 . 4 1 

lF ( 8fi\ . Gf . ( U. 9999-l<AVGfvl01>1(2l l l GO TU 6 10 
COUN T4 = COUNT4 + 1 . 0 
I F ! COUN T4 . GT . 40 . 0 l GO TO 636 
GO TO ">l l 

A l 0 II = " · P"*A 
COU"i T l = 0 . 
CUUN T2 = 0 . 0 
COUNT3 = 0 . 0 
COUNT4 = 0 . 0 
I F ! F . LE. ( l . 0001*FS TAR l l GO TO 6 11 
GO TO 210 

61J J F ! F . GF . ( 0 . 9999*FS TAR l l GO TO 620 
GO TO ;nn 

6 2 0 I F ( R \1 • L E: • ( 1 • 0 0 0 1 .,"-A V G ~· 0 M ( 2 l l l G 0 T 0 6 3 0 
GO TO 210 

63U I:JRITE ( 6 , 63~) 
635 FUI~~·IAT ! 47H HfRE AI-<E YOUI~ CliTTuN - PICr-..II G C01 Vti,GtJ A1 SWE.R l 

GO TO 690 
636 WR IT E ( 6 , 63 7l 
6~7 FOR~A T ( l3H RA TS- A- FRATS) 

GO TO 690 
6 4 0 It} R I T E ( 6 ' 6 4 1 ) 
641 FORYAT ! 11H SMAR TEN UPl 
6<:1u CO TINUE 

S TOP 
f D 

6400 E D RECORD 
6400 f:ND FILL 
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