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SCOPE AND CONT~~TS: 

This thesis describes a new method to measure high direct 

voltage of the range of 100 KV to 200 KV with very high accuracy. 

The principle, based on the capacitive divider method, is presented 

in the first parte 

This thesis is, however 9 principally concerned with the de­

c,ie:n .of the low voltage c.apacitor of the divider and its accuracye 

The investigations made leRd to an instrument having the accur8cy 

required, \-Jhich is 0.1 p~rtsper milliono 
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Introduction 

This thesis describes a. ne'" method of measurinp; high direct 

voltage of the 100 KV to 200 KV range \-.rith an accurf:l-cy of a.hout 2 

p~rts per millions 

The AECL/McMaster Research contract is related to the absol­

ute calibration of the f3-ray spectrometer of AECL. 

A study of the method has been done and led to a division of 

the research into well defined parts~ 

firstly the investigation of the limit of the possibility of 

detecting charges. 

Secondly the switching device which presented some importa.nt 

problems .. 

Lastly the capacitive dividel-· itself hcs been studied .. This 

led to detailed investigations of the de~>iP'n of. the high volta~e cane­

citor as t-rell as the low voltage one. 

After a short survey, done in chapter I, of several known me­

thods of measurin~ hig:b direct voltap:e 9 the capacitj~ve divider method 

is presented in chapter II. 

The mein part of the thesis is concerned v.rith tb.e desien of the 

low voltage capacitor Calculqtions and results are presented ino 

chapter III. 
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Nethods of t-Ieasurements of High .Q~~!j;~e 

For the determination of hir:;h direct voltage, five methods HrP 

of practical interest: 

a) by means of gas gaps; 

b) by measurement of electrostatic force in a voltAg:e balance; 

c) by measurement of the shortest wave length of radiation ob­

tained from a discharge tube connected to this voltRge; 

d) by measurement of current in a known resistor; 

e) by measurement of charge in A known capacitor. 

These five methods of measurement can be divided into two main 

groups. The measurement by means of gas gaps is clearly the sjmpleet 

one and does not require any elaborate equipment. The four other me­

thods yield a much higher accuracy in measurement of the voltage but 

require more complicated pieces of equipment. 

Voltage measurements by mea.ns of gas gaps. 

The principle of the method is known: breakdown voltage between 

Blectrodesof a given shape in a gaseous atmosphere is a function of elec­

t. rod e spacing • 

The breakdown voltage is a function of many parameters and gener­

qlly a non-linear relationship to spa.cing exists. Because of simplicity 9 

measurements are usually carried out in fl.ir. 

2 
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Basically there are three different typeR of gaps: 

1) uniform and quasi-uniform field gap 

2) non-uniform field gap 

3) geometrically non-uniform field gap. 

Results are affected by humidity and air density. As a conse­

quence, all measurements are normally referred to the so-called normal 

0 6o -3air condition: 20 C; 7 mm Hg; llg m H o.2

Uniform field gap 

Although not intern~tiona~ accepted, bhe uniform field gap is 

the most accurate of all methods involving gaps. The measuring elec­

trades consist of parallel planes of circular shape with rounded edges 

according to a Rogowski profile. Even between parallel planes the func­

tion of breakdown voltage versus gap spacing is not linear, it is slight­

ly concave to the axis of abscissae 

With proper precaution, the absolute accuracy of measurement is 

0.3% to 0.5% depending on gap spacing. The method is sensitive to de­

viations of parallelism of the plates and to surface smoothness and flet­

ness. For measurements of impulse voltage and a .c. voltage a major dis­

advantage of the uniform field gap is its increase of capacitance to in­

finity approaching zero spacing. 

~uasi-uniform field gap 

This type of field is repre~ented by the sphere gap. This is 

the only internationally approved method invo·lving gas gaps o 



The absolute accuracy is always better than 3%, and when taking 

all necessury precautions often better than 1%. 

Small values of spread of individual measurements call for small 

ratio of spacing s to sphere diameter D. In practice the ratio E'= 0.75 

is used for meesurement of direct voltage. 

When unsymmetrical voltages are applied, spark-over voltage for 

a given spacing will be independent of polarity up to a c ert a.in critical 

spacing, beyond which voltage measurement is dependent upon polarity .. 

This critical point is called Toepler point. 

For. the quasi-uniform field gap, the function of breakdown voltage 

versus gap spacing is also non-linear and concave to the axis of abscissaQ 

Non-uniform field gap 

Rod gaps are sometimes used for voltage measurements. The in­

fluence of humidity is very pronounced and is also a function of gap 

spacing. 

Needle gaps were formerly used. The results were reasonably 

accurate. A disadvantage is the need of exchanging the needles for 

each single measurement. 

The lo1r1er part of the characteriAtic breakdo\'l!n voltage versus 

gap spacing, for needle gaJ:e is again non-linear but is, hotvever, inde­

pendent of humidity. The upper part is linear, but is affected very 

much by humidity. 

Geometrically non-uniform field ga£ 

. The two representatives of this type of field arrangement are 

the crossed wire gap and the wire-plane gap.. Both types of gaps are 
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suitable for measurement of direct volto~e. T~P curves are strictly 

linear and the spread of individ',lal me,gsurement s is smaller than r;;t.• 

A disadvantage is the rather heavy corona currents imc,ediately pre­

ceeding brei kdown, which may make the method unsuitable if the source 

of supply is not sufficiently po,..wrful., 

Although· the gas gap method i.5 very simple and reliable, it wil1 

not 'satisfy the research requirements since i t·s accuracy is short of at 

least 3 orders of magnitude. 

b) Heasurement of electrostatic fore~ in a volt~p;e balance 

Mechanical force exerted on a plEm.eof a parallel plate system 

(uniform field) may also be used for m~asurement of voltage. In order 

to obtain very high accuracy, one plate, at the grounded side, may be 

COnneCted tO a balanCe and the fOrCe P,CUtally "weighed II e t\ccording tO 

the National Bureau of Standards, the m.8ximum accuracies obtained at 

voltage levels of 250 KV are a ~e\oJ parts in 10
4 .. 

The accuracy obtained is much better than that of the first 

method, but it is etill deficient by almost two orders of magnitude. 

c) Determination of higl] direct v~±ta~~~J:?:L.l!:'e'l_~~remen~ of the shortest 

If a highly evacuated X-ray tube is connected to a cnnstant 

source. of voltage 9 then a continuous spectrum \vill be 0mitte~ from. the ' 

anti-cathode of the tube and there is a definite limit of shortest 

emitted wave length. 
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The tube contains three e.lectrodes:· the cathode, the anode 

and the anti-ca.thode.. The tube is evacuated to a pre.'3sure of the order of 

-410 mm Hg for the hot cathode type, so thfjt the mPan free path is grea­

ter than the dimensions of the tube. 

When sufficiently HigH a voltage is applied to the tube, a dis­

charge will develop between cathode and anode. At such pressures this 

discharge consists of cathode rays. They will collide 11r.lth the anti­

cathodee The energy with which they strike the terget corresponds to 

the volt·age applied to the tube by \rJhich they were accelerated. The 

deceleration process in striking the anti-cathode gives rise to emission 

of X-rays with a continuous spectrum. 

Unlike the spectrum of light, this X-ray spectrum (Brems spec­

trum) sh9ws a sharp lower limit of wave length of radiation, which i~ 

a function of the voltage applied. The energy of the X-rays is identi­

tal to the energy of the electrons havin~ been accelerated by the vol­

tagA applied to the tube. This was discovered oy Duane and Hunt. They 

found that the product of accelerating voltage and wave length of the 

3· 0lowest limit is constant and equal to 12.2 10 VA. 

This method is being used to measure high direct voltage with 

excellent precision. The difficulty consists of determining where the 

intensity 1s really zero. The establishment of this wave length limit 

is possible to an accuracy of a few parts in 105 at present. 

This accuracy is very good. It is thought, however, that other 

methods will lead to slightly better accuracies. 
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d) Determination of high direct voltage by measurement of c~rrent jn 

a known resistor. 

If probability of break~own in the high voltage circuit can be 

ignored, then stray capacitance effect need not be considered and rela­

tively high resistances carrying only small currents m.ay be used. A 

4suitable order of magnitude of current is 10- to 10-3 A. Nevertheless 

the heat dissipation in such resistors may well be of the order of 100 \~J 

or 1 KW. 

In order to measure accurately, the current entering the high 

voltage end must be the same as the current flowing through the measur­

ing instrument on the grounded end; moreover, the value of the resis­

tone e must stay constant. The first requirement is therefore negligibJ.e 

corona loss and leakage current loss on the resistor. The second re­, 

quirement calls for the use of reliable resistors with small temperature 

coefficient of resistivity, small temperature rise and negligible volt­

age coefficient. 

Corona can be practically avoided if the resistor is subdivided 

into units with a voltage drop of only 1 to 5 KV .-. each. These units 

are enclosed in metal cans, connected to the mid-tap of each unit. 

For resistors of very high accuracy, the shielding cans are con­

nected to appropriate taps of an auxiliary resistor network, which sup­

plies the potential of the cans and encloses the actual sys,tem of measur­

ing resistors. 

For accuracy requirements, only special wire-\.,ound resistors 

may be used. The resistor network is then laid out as a voltae;e divi­

der and the voltage between tap point and ground is determined with the 

voltage of a reference (standard cell) by means of a d .c. compa.rator. 



An accuracy of 10 ppm for voltages of the order of 100 KV is 

possible. 

Such an accuracy is very-close to what is needed for the devel­

opment of a method of calibrating high direct voltage. Therefore detailed 
I 

consideration has been given to the design of a shielded resistive divi­

der, which would be made of individual wire-wound units supplied by Julie 

Research Corporation. 

•It has been found that an absolute accuracy of lees than 10 ppm 

can be expected from such an instrument, providing individual units are 

assorted and matched in pairs so that individual thetmal coefficientsof 

resistivity almost cancel one another. 

An auxiliary resistor network would supply the potential to 

several points of the shield in order to avoid any corona loss. 

A special cooling system would be provided to minimize as much 

as possible variations in temperature. 

The measurement of high direct voltage achieved by measurement 

of a charge in a known capacitor, method which is discussed in chapter 

II, has however, been preferred to the resistive divider method. 

This choice is mostly due to the fact that the measurement of 

high direct voltage with the resistive divider method demands that the 

accuracy of all parts of the instrument be stretched to the utmost limite 

'11herefore any further improvement seems unlikely to be achievable. 



Chapter II 

Determination of high direct voltage ~measurement of a charge on a 

known capacitor. 

Principle of the method 

The principle of the capacitor method consists of determining, 

a. high direct voltage by applying it to a capacitor. of knO\I!n v-alue, 

and then to neutralize its charge with a known inverse charge. The 

basic circuit is shown on figure 1. 

The circuit is operated in the following way: 

At a certain time instant, switches s a.nd s are put into po­1 2 

sition "a" and capacitors S, ttnd c are charged from sources G and G 2 1 2 

with voltages of inverse polarity. 

If at the end of the charging period, charges on capacitors c1 

and c are inverse and of identical values, the potential of the junction2 

J will remain unchanged and the total charge on the shielded portion of 

the circuit will be zero. If the time constants R c and R c .are id~n­
1 1 2 2 

tical, then the charge will be z.ero at all times and no volta;.::e wil1 be 

detected by detector D~. .. 
The basic equations are: 

::Ql = clvl and (','G',2 c2v2 

Q = + c,Ql -{,2 

T and == RlCl T2 H2C2 

9 
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= = 

The letter V is used for voltages, C for capacitances, Q for 

charges, T for time constanuand R for resistances. Index 1 indicates 

the high voltage circuit and index 2 indicates the low voltage one. 

The determination of the unknown voltage is done with the ex­

pression: 

= 

Satisfying the equation Q + Q = 0 is best achieved by adjust- · 
1 2 

c2 
ing voltage V rather than the capacitance ratio C • In this case the

2 1 
values of c1 , c2, R1 and R are constant.2 

Voltage· V
2 

may be expressed in terms of voltage V of a stanrla.rd 
0 

c2 
cell using direct voltage comparator technique$,and the ratio C may be 

1 
determined in an a.c. bridge by measurement of the ratio of currents 

with the aid of a current comparator. 

}'rom the measurement with switches in position "a", essentially 

the charge stored in capacitor Cl has been determined. When s and s1 2 

are thrown into position "b"' capacitors cl and c2 will be discharged 

again with identical time constants and thus no change in potential should 

occur at the junction. 

Limits of accuracy 

The final limitation of possible accuracy is set by the accuracy 

to which the reference voltage V of the standard cell is known. The 
0 

total error of measurement, when assuming stable conditions of the cir­

cuit components during one measuring cycle, consists of the sum of four 

http:stanrla.rd
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main errors: 

error of determination of the reference voltage V 
0 

v2 
error of measurement of the ratio 	V 

0 

error of null detection of charge 	Q 

c2 
error of measurement of the ratio 

cl 

The total error, when considering ideal circuit components , 

is: 

E = 

\rihen taking into account non-ideal components, ha.lf a dozen of 

individual errors have to be added. Therefore the total error reads: 

= 

where 

£ error introduced by capacitor c
5 1 


error introduced by capacitor c
£ 6 2 


\
It seems realistic to expect £ not to exceed 2 parts per million. 

Order of magnitude of ratios and of components. 

The ratio of the order of magnitude of voltage v to voltage V
1 0 

4
is 10 , if we assume 10 standard 	cells connected in series. In order to 

c2 
obtain minimum error, it is best to make the capacitance ratio C large, 

1~-	 v2
for example 10~, and the voltage ratio v- small, say 10, since the ac­

c2 o 
curacy in the determination of C is much higher than in the measure­

v2 1c2
ment of v-· The ratio c- may be 	determined under a.c. with the Schering­

o 	 1 
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Kusters-Petersons Bridge. The voltage ratio is obtained by d.c. 

comparator techniques. It may be assumed that with most mode~n 

techniques, the errors ~2 and E4 become about equal if the follow­

ing ratl.os are chosen: 

= 1000 = 10 

Then E and E4 should not exceed 0.1 ppm.2 

If the condition of unbalance at the junction is measured in 

terms of charge rather than voltage, it does not matter how the ratio 

4
10 is split. The total charge, however, is important. It must be 

taken so large, that the error ~ 3 will not exceed the order of 0.1 

ppm. The most suitable method to detect the residual charge is by 

means of a vibrating reed electrometer. It will permit the detection 

of 0.1 ppm of the total charge on a 10 pF capacitor chargec:l ,to 100 KV. 

c2 v2 
To choose the optimum values for ratios c- and v-• and the 

1 1 
magnitude of c and c

2
, two more considerations are important.

1 

It must be physically realistic to make the capacitor c • When2
c2 

c
1 

= 10 pF and C = 1000 the value of c2 is equal to 10 nF, which is 
1 

quite suitable. Of course it is also possible to design c = lOpFo1 

· The value of the low voltage V should be chosen from considera.­
2 

tions of simplicity of the comparator, of the design of c and of the2 

low voltage source G • This voltage, however, should not be too low,
2 

because thermal emfs and contact potentials would become important in 

v2 
the low voltage circuit. With the ratio y- = 10 the value v is equal2 

0 

to 100 V whl.ch is convenient • 



Therefore the following values have been chosen: 

= 1000 = lOpF = lOnF 

= 10 = 150 KV = 150 v 

The capacitive divider 

General considerations on high precision capacitors 

As seen earlier, the capacitive divider has a ratio of 1000 and 

consists of a high voltage capacitor c = 10 pF rated for a voltage of
1 

150 KV and of a low voltnge c,3pacitor c = 10 nF rated for 150 V.2 

In general a capacitor will have three types of errors: 

£ 1 error of value due to maladjustment 

c" error caused by temperature variations 

E11 
' error which is a function of applied voltage 

These three errors will be discussed in more detail in chapter III 

when treating the design of capacitor c • It can already be mentioned
2 

that£''' has not to be considered in capacitor c •
2

Errors of the two components will tend to cancel one another in 

a divider if c and c have properties in common.
1 2 

It is clear that capacitors of high quality may not contain solid 

or liquid dielectrics which would j nvariDbly give rise to losses and di­

electric absorption. Therefore· the measuring electrode system must not 

see solid dielectric, which means that no line of force originating from 

any point of the measuring electrode must be permitted to touch or to_ 
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end on solid dielectric. In order to check this, the entire field map 

must be known.• 

Since solid or liquid dielectric cannot be used, the only suit­

able dielectrics are either vacuum or a gas. Vacuum is the purest di­

electric; it is loss-free and its dielectric constant is invariable and 

well known. It has, however, some disad.vantages as compared with some 

gases: 

Heat transfer is restricted to radiation alone. Vacuum of the 

order of 10-5 mm Hg will be required, and it is difficult to realize 

this practically in a capacitor ~f large geometrical_ dimensions. 

All vacuum capacitors co~tain residual gases. This is unimpor­

tant at any pressure, as long as voltage applied to their electrode sys­

tem ia smaller than the Paschen minimum value. If this is not the case, 

instabilities in field configuration will appear and these will become 

important in ppor vacuum. Compressed gas is therefore chosen as being 

more suitable. 

Surface smoothness as obtained by honing and machine lapping is 

sufficient to avoid losses up to breakdown in the ten-atmosphere-pressure 

range compre.ssed gas capacitor. 

A sealed-off capacitor system requires a container. Mechanical 

complications are associated with it, but its complexity is· not very 

sharply influenced by the pressure for \.Vhi.ch it is designed, as long as 

pressures remain in the 10 atmosphere range. 

Here are some advantag.es of compressed gas capacitors: 

The relative dielectric constant of a sealed-off volume of an 

ideal gas is invariant, since it depends only on density. Pressure 

changes caused by variations in temperature have, therefore, no influence. 

http:advantag.es
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A sealed-off atmosphere will also reduce temperature gradients, 

the source of these variations being external. 

Onset or breakdown stress of suitable gases increases almost pro ­

portionally to pressure up to 15 or 20 atmospheres. Thus geometrical 

dimensions will be reduced inversely proportional to pressure. 

It has been decided to choose a pressure Of 14 atmcspheres for 

both high and low voltage capacitor.s for reasons of similarity of per­

formance. 

There are many factors influencing the choice of the gas. A 

careful survey of all the necessary properties, which are known, has 

led to the conclusion that the best gas is pure nitrogen. Thj,s' g·as 

at 14 atmospheres can still be considered as an ideal gas. 

Experience has sho~n that the last step of gas purifica~io~ is 
. , 

obtained inside the capacitor by electro-deposition of impuritie~. 

It is claimed that this method is of permanent nature. It is done by 

subjecting the capacitor to a voltage, which will cause internal break­

down or flash-over. In order to prevent damage to the s\lrface of the 

measuring electrode or the corresponding portion of the high voltage 

electrode, internal breakdown stress must be slightly higher there, than 

between other internal parts. Furthermore, it is clear that the value 

of externat flash-over must be higher than the internal valueo 



Chapter III 

General consideration on the capacitor c2 

In the previous chapters the position of the capacitor in the 

electrical circuit and its functions have been explained. Perhaps it 

would be convenient to recall that its capacitance is lOnF or lO,OOOpF 

and its accuracy ! 10-7 or speaking in the language of parts per mil­

lion (p •P .m.) 0.1 p •P .m. 

As far as the design is concerned, the word accuracy in the 

past sentence, bears two different meanings. Firstly it means that 

once the parts of the capacitor have been machined and assembled, its 

capacitance must be lOnF !O.lp.p.m. Secondly, this value must not 

vary by more than O.lp.p.m. for a temperature change of 10 C. 

Therefore the specifications the design has to meet are: 

1) capacitance lOnF 

2) accuracy ! 0.1 p .p.m. 

£1The errors £ ' , •, e" 1 

The errors encountered in designing high precision gas filled 

capacitors can be divided into three main categories: 

an error £ 1 in the value of the capacitance (or maladjustment) 

an error £11 due to variation of temperature 

an error e" 1 which is a function of the voltage applied and 

due to the action of electrostatic forces. 

The error £"' does not appear in the design of the low volt age 

capacitor c2, the dielectric stress being much too low. However in 

17 
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the high voltage capacitor £"'must be taken i~to account. 

Later it will be shown how the errors £' and·£'' can be minimized 

in order to meet the specifications. 

The coaxial design 

Though the coaxial design has never been used for low voltage 

capacitors of high accuracy;· it is thought that the requirements can 

be more easily reached with it ~~an with the parallel plate system. 

The capacitance of two coaxial cylinders. of radii R and r is 

given by the well known formula: 

2ft£ € 
0 -1c = pF em.Rln­
r 

1
£ = 0,08854 pF cm.- £ : relative dielectric constant 

0 

F'or all further calculations the capacitance will be given per unit 

length of the cylinders. 

The use of only two cylinders would_have involved geometrical 

dimensions of much too large values. 

It was decided to use seven cylinders. Four of them, bearing 

numbers 1, 3, 5, 7 are called voltage cylinder.s and the three others 

are the measuring cylinders, as shown on Figure 2e Their length is 

approximately 36 em. The exact value will be found later. 

The radii are: 

Cylinder R = inner radius [em.] r =outer radius [em 

1 9.85 10.35 
2 10.,50 11.00 
3 11.15 11.65 
4 11.80 12.30 
5 12.45 12.95 
6 13.10 13.60 
7 13.?5 14.25 
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From these figures it appears that the thickness of the wall of 

the cylinder is 5 mm, and that the air gap is 1.5 mm wide. One might 

think that this last value is relatively large. However it is the low­

est one which could be chosen for reasons of machining tolerances. 

As can be seen on the general assembly drawing (Figure A}, the 

measuring cylinders are supported by guard rings at the bottom end. 

Their purpose is to keep the field as even as possible in t~e vicinity 

of the· end of the electrode. It was first decided to put guard rings 

at both ends of the electrodes but then the problem of bringing the con­

nections of the top ones out had to be solved by using a lead inside a 

hole along the wall of the measuring cylinders. This involved great 

difficulties in machining. Moreover the insulation level of the measur­

ing electrode to shield must be kept very high. The insertion of an in­

sulated wire in the wall of the cylinder would bring down this level by 

several orders of magnitude. For this reason the idea of a second guard 

ring was dropped • 

The error cJ 

A close examination of the influence of the machining tolerances 

has to be taken in order to find out what is the deviation in capacitance 

· after assembly of all the different parts of the capacitor. 

A very small field of tolerances would bring the_capacitance 

near the desired value· of lOnF. Only a fine and simple means of adjust­

ment would be needed. This would involve great difficulties in machin­

ing. It is thought that the smallest value of tolerances which can be 

chosen involving only great care in machining but without big difficul­

ties is .± 6p.m in diamet~r. 
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Let AR = .:t 31J.m be the tolerances in the radius. 

The capacitance per unit ·length is: 

c = 

R = inner radius of cylinder 

r =outer radius of next smaller cylinder 

R-r = air gap 

The biggest incremental change in capacitance is found for the 

worst set of tolerances corresponding to the smallest value of the air 

gap: "l = 1.5mm - 6).Lm. The other extreme case is ~2 = 1.5mm + 611m 

and will be assumed to. produce the same change but wi~h negative ·sign. 

This is theoretically incorrect, however when ~ is so small compared 

to the .radius, the variations of capacitance can be assumed to follow 

a linear law within such an interval. 

Case 1: air gap @ = 1.5mm- 6 )J.m1 

b.
R - ll R{l - -) R( 1 -d)R/l = = = R 

A 
r + 6 r(l + -) r(l +d)rA = = r = 

assume 
ll ll since A<< R and rR = r 

The capacitance after variation 6 is: 

1 
= K ln R(l - J ) ln r(l +d) 
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- c ~ cD.c8 - 1 ln R - ln r 1c = c = ln R( 1 - J ) - ln r( 1 + J ) ­

ln R- ln r 
= 1 -J . - 1 

ln R - ln r + ln r-+dr 


Let 
&3
1-t! <' 05 )H = ln l+'T = -2 o + 3 + 5 + •••• 

1n R - ln r _ = 1 ------~1~---- - 1
ln R- ln r- M M

1 - ln R - 1n r 

2M M
• • • • - 1 = 1 + ln R - ln r + (ln R- ln r)2 + 

J3 J5 . J 3 J5 .1 2 
2(d +-- +-- + •••• ) [2( J + 3 + 5 + •••• )j

3 5 - + + ••••
ln R - ln r ln R - ln r 

J << therefore: 

A = + 2 J
C ln R - ln r 

When taking the other case ~ 
2 

=1.5 mm + 6p.m, that is to say 

RA = R + A and r A = r - A 

and with the same method, A is0 

2 J
Ac = - ln R - 1n r 

Thus,corresponding to the field of tolerances +6p.m: 

+ 2dAc = - ln R- ln r 
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c 

Instead of speaking_of the capacitance of cylinders 1 and 2, it 

is more convenient to call it capacitance of air gap a.· 

Ac must be round for each of the six air gape: 

ll - fj,
air gap d: = -	 1 ll =+ 2dR r ln R - ln r C - ln R - ln r 

10-3a 2.857 l42 10-5 69.498 79 3.9? 

8 -5 10-3b 2.690 3 3 .. 10 73.832 20 	 3.9? 

2.542 373-10-5 78.165 60 	 3.97 10-3 

d 	 2.409 639 10-5 82.498 99 3·97 10-3 

10-3e 2.290 076,10-5 86.832 37 3·97 

10-3f 2.181 818--10-5 91.165 75 	 3.97 

For the whole capacitor: 

+ 2.38% and - 2.38% are the upper and lower limits of the error 

which can be expected when keeping within the field of tolerance for the 

diameters of the cylinders. 

The influence of the field of tolerances on the length of the 

measuring electrodes is also to be calculated._ As will be found later 

the length of tAch measuring cylinder is approximately 35.6 em. They 

can easily be machined to an accuracy of 0.1 mm in length. The error 

is 

A 0.1 8 -4 uc = 356 = 2••10 = Oe028% 



If all 	geometrical dimensions are within both fields of tolerances the 

capacitance after assembly of all the parts is within: 

C = lOnF ! 2.38% ! 0.028% = lOnF + 2.41% 

Ad.justment of the capacitance 

A means of adjustment to bring the value of the capacitor from 

+ 2.41% to within 0.1 p.p.m. has to be found. To achieve this, use will 

be made of the property of eccentric·cylinders. 

The capacitance of two eccentric cylinders of radii R and r is given 

by the relation: 

D: 	 eccentricity as shown on figure 3. 

This formula shows that c• is a minimum when D vanishes, that is 

to 	say, in the case of coaxial cylinders. 

The change in capacitance is found in the usua.l manner 

c• - c = c 

To have an idea of how 6• varies as a function of the eccentri ­

city D, only the air gap d will be considered. This will represent al ­

most the mean variation. The eccentricity shall take four different 

values: 

= 0.15 	mm. = 0.3 mm. 0.4 mm. = 0.5 mn 
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I 
I 

--+---­

A center of outer cylinder 

center of inner cylinder 

AB =D eccentricity due to rotation of 8 around C 
-

Dt = 2 AC maxtmum deviation 

Fig. 3 




?6 


Let 

~· will thus become: 

lndD.• = - 11n d + ln m 

where ln d = 

Rd outer diameter of air gap d 

rd inner diameter of air gap d 

Calculation of 6* using the four different values of D for the a.ir gap 

d. 

R2 = 15500.25 r 
2 = 15129.00 lnd = O.Ol212136o 

D 0.15 0.30 

D2 0~0225 0.09 

M= R2 - r2- D2 3?1.22?5 371.16 

N = R2 
- r 

2. 
+ 0 2 371.2725 371.34 

N2 13?843.27 13789.3 .L~O 

4D
2
R

2 1395.0225 5580.09 

02 = N2 - 4D 2R2 136448.25 132313.31 

0 369.399 363.749 

M + 0 740.6165 734.909 

N + 0 740.6665 ?35.029 

m 
M + 0 = N+Q 0.99993924 0 ·9997.?510 



.. ' ?7 

lnm 


lnd + 1nm 


1nd 
lnd 

+ lnm - 1t:.* = 

. A*in% 

And for the last values of D: 

M 


0 

N + 0 

M + 0 
m = --- ­, N + 0 

lnm 

· lnd + ln m 

lnd 
l\* = - 1ln d + ln m 

' -0. 00006076~7 

0.012060596 

0.40 

0.16 

371.09 

371.41 

137945.39 

9920.16 

128025.25 

357.810 

728.90 

729.22 

0.99956117 

-0.00043g0226 

0.011682337 

-Cl • 0002449579 

0.011876400 

0.02062 

2.06 

0.50 

0.25 

371.00 

371.50 

138012.25 

15590.25 

122512.00 

350.017 

721.017 

721.617 

0.9993071 

-0.0006933801 

O.Oll427q8o 

0.06067 

6.0T 

http:122512.00
http:15590.25
http:138012.25
http:128025.25
http:137945.39
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Figure 4 shows the variation of 6• in %versus the eccentricity 

D in mm. From this curve it appears that an eccentricity of slightly 

less than 0.5 mm will suffice to correct an error of the order of ! 2.5%0 

The adjustability must, however, also include the tolerance of the high 

voltage capacitor, which is ! 0.018%. 

As a safety measure the value of eccentricity which \dll be 

written down on the shop drawings shall be 0.5 mm (with tolerances 0 and 

-0~~02 mm.) , which corresponds to a. total adjustment of 6%. 

It will be observed that the length of the capacitor has to be 

given such, that the obtained value of capacitance is lOnF- 3% forD= <9 

that is to say in the case of coaxial cylinders. 

The eccentricity is obtained by rotating one set of cylinders 

(the four voltage cylinders) with respect to the others. An angle of 

rotation of 18o0 is thus available to go from zero to maximum eccentri­

city D = 0.5 mm. 

As can be seen from figure 3 the eccentricity D varies sinu­

soidally with respect to the angle of rotation y: 

sin l. 0.5 mm.= Dt = 2o;D 

angle of rotation y D [mm.J tJ.• [%]n; 
D 

0 0 I 0 0 

30 0.258 0.129 0.36 
60 0.5 0.250 1.36 
90 0.707 0.354 2.8 

120 0.866 0.433 4.35 
150 0.966 0.483 5-5 
180 1.0 0.500 6oO 
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;:o 

Figure .5 shows A* as a function of the angle of rotation y. 

A rather good symmetry with respect to the middle point P (/.\ = 3%) 

is evident. The calculation of the length of the capacitor can also 

be made in order to have lOnt' at point P. 

The exact value of capacitance at that point is calculated 

ta.kj_ng into account the ·seven cylinders. The angle of rotation at 

P is slightly mo:re than 93° which corresponds to an eccentricity 

A slightly smaller eccentricity is used to obtain 6"'" = ?f-1> 

\<Iith all the cyl:i.nders, since the calculations were mede earlier 

on the fourth air gap. The effect of eccentricity is most notice­

able in cdr gap a and decreases for the others. 

J.,et 

D • 0.358 

D2 = 0.1282 

air gap a b c 

R2 11025.0 12432.25 13924.0 
2 

r 10712.25 12100.0 13572.25 

M 312 622 332 122 351 622 

N 312 878 332 378 351 8?8 
N2 97892.643 110475-15' 123818.13 

L~D2R2 5653.62 63?5.28 7140.23 

02 92239.023 104099.87 116677.90 

0 303 709 322 644 341 582 

http:116677.90
http:104099.87
http:123818.13
http:13572.25
http:10712.25
http:12432.25
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air gap ...!. b- ...£. 
M + 0 616.331 6.54.?66 693.204 
N + 0 616.587 655.622 69,3.460 

m 0.99958481 0.99960917 0.99963083 
1nm -0.0004152?619 -0.0003909063? -0.00036923814 

R1n­ 0.014388?38 0.013544225 0.012?93351 r 
Rln- + 1n m 0.0139734618 6.0131533186 0.0124240629 
r 

[1n .!!]-1 
r 69.498?9 ?3.83220 ?8.16560 

( R ~-1lnz=+ 1nm ?1.56442 ?6.02643 8o.48896 

air gap d- e- f-
R2 15500.25 17161.0 18906.25 

2 r 15129.0 16?70.25 18496.0 
M 3?1.122 ?90.622 410.122 
N 371.378 390.878 410.378 
N2 137921.62 152785.610 168410.10 

4D2R2 7948.53 8800.16 9695.15 
02 129973.09 143985.50 158?14.97 
0 360.518 379.454 398.391 

M + 0 731.640 7?0.076 8o8.514 
N + 0 731.896 770.332 8o8.?69 

m 0.99965022 0.99966?67 0.99968346 
1nm -0.00034984117 -0.00033238522 -0.00031659010 

R
ln­ 0.01212136o 0.011516442 0.010969631 

r 
R

ln- + lnm 0.011771519 0.0111840568 0.0106530409 
r 

[ln;]-1 82.49899 86.83237 91.16575 

[ R ~-11nr+ 1nm 84.95080 89.41299 93.86991 
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For. coaxial cylinders (D =0) 

~	~ :: 481.993 70 
ln­

r 

with an eccentricity D = 0.358 

1L R :: 496.313 31 
ln- + ln m 

r 

The change in capac~tance is: 

= 

2.9709% 


lJ.1he exact value for the capacitance per unit length is given by 


c = 

1cr= ~ - 496.313 31 
ln 	.!.! + ln m-

r 

The auxiliary electrod~ 

To bring the accuracy of the capacitor from ! 2.5% to ! 0.1 ppm 

by means of one single adjustment is not eastly fe;:,sible. It has been 

decided to use the rotation of the main cylinders as a coarse adjustment 

to bring the accuracy from ! 2. 5~16 to around 10 npm. To complete the ad­

justment use of an auxiliary electrode is made. Its cap.scitance must be 
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quite smo.ll because the incrementa] change in its ca_pqcitance due to 

thermal ~xpansion must be nep:lir:,ible. \·Jtth the aid of the property 

of eccentric electrodes it is possible to obtain the fine adjustment 

required. It takes over the-trimming from 10 ppm to 0.1 p9m. The 

variation in capacitance of tliis electrode l\Cf must be equal to 10 ppm 

at lOnF o 

= 

The auxiliary electrode with an external diameter of 2r = ?.~9. :SS em 

is inside the smallest cylinder which h'as an inner diameter 2H = 2·-9 o85 em 

(figure A). 

An eccentricity Df = 0.5 mm. is chosen in order to calculate 

the corresponding incremental chBnge in capacitance f.lf •. 

The capacitance of coaxial electrodes is 

1 -lK- pFcm= 
ln E 

r 

The capacitance when introducing the eccentricity Dr is: 

= K----------1~----~ 
ln B + ln 1_-_p~

r 2
L + Df 

where 

let 

K --~--~-~--~= 1 
R 1 -'I 

ln r + ln 1 +fJ 



c • 1n-
R

cr• ­ cf f r 
= -- 1 = ~ H 1,-1c c 

ln z: + ln I :rr 

1\ • -- 2 < \ll + .,3 + e + ) + [ 2 ' V) + f3 + )] ,::.'0 f ln Ft - ln r r 3 _ 5 . • • • ln R - ln r I 3 •. • .· 

2' 2 I

4Df .R 

'I 8 . -4 2 -2 
= 97 ..0025 - 87.4225 + V ( 97.0025 - q .1~2?5 + 25 10 ) - lC 97 .0(125 

= 9.58 + \191.87 - 0.97 = 19,11 

D 2 -4f Q 10_ = 
1 = 19.11 

Therefore the terms y>3 and of higher orders can be neglected. 

The incremental change becomes: 

2 -4b. ... = 0.0521 1.31 10 = f 

But L\Cf = O.lpF has been found earlj.er. 

The capacitance Cf between auxiliary electrode and cylinder 

no. 1 is given by: 

Ool "' = ......-=--=::.:.....,.,..~ = 20.0 pF 
5-03 l0-3 

I 

http:earlj.er
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The length of this electrode is 

cf 1n;R 


lf = 2n£ £ em 

0 

ln R- ln r = 0.0529 

• £ is assumed to be 1 since Cf need not be obtained with great 


precision. 


1 20.0 o.o~~ = f = 2 n o.o. 5 1.92 em. 

This auxiliary electrode has two guard rings in order to avoid 

any capacitance effects from the ends which would be difficult to cal­

.culate. 

The error £11 

Influence of the coefficient of thermal expansion 

As mentioned earlier the error £11 stands for the deviation in 
I• 

capacitance due to thermal expansion of the electrodes. 

The calculations will usually be made assuming an incremental 

change in temperature of 1°C. In the relation to calculate chan­

ges in capacitance due to thermal expansion, the factor a6t (~ere writ­

ten a c:S), where a. is the coefficient of thermal expansion and 8t <= J ) 

the variation in temperature, will simply be written a since 6t =1. 

To obtain the smallest deviation in capacitance, use is made of 

the metal having the lowest coefficient of thermal expansion. Invar, 
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manufactured by Carpenter, has a.coefficient ~ lyingbetween 1.196 lo-6oc-1 

and le525 10-6 °C - 1 • 

The capacitance of two coaxial cylinders at t°C is: 

1 -1 c = K~ pF em 

ln­

r 

0The capacitance of the same cylinders at t + 1 C is: 

C K l + a. 
~ = R(l + a)

1n r(l + a.) 

The incremental change is: 

= all = 

This is a variation of 1.5 ppm whereas the accuracy has to reach 0.1 ppm 

or better. 

Differential expansion 

The design of the three coaxial cylinders of figure 6 is made 

in such a way that the measuring length, here equal to one, is taken on 

cylinder II. The walls are infinitely thin. 

At temperature t 0 C the capacitance is 

where 

and 
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_........_,.____ 

Cy/inder.J I II fff 

Cylinder I made of !nvar with coefficient of thermal e,rpansion a, 

Cylinder.J j[-111 made ol lnvar w/lh coelft'cienl of thermal expan.s1on OC2 

fig. 6 
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At temperature t + o °C the capacitance becomes: 

c• = c • + c • 
1 2 

where 

c2 ' 

The value of c2. is definitively larg~r than c2 since Q,2 is 

larger than zero. 

Looking at c • it is noticed that a suitable choice for the1

coefficient a1 and a 2 can Jield either a negative or a positive de­

viation of c • Thus a. and a. must be found in order to have:
1 1 2 

c = c• 

r" 
ln ~ = b = c 

2 

l + a.2d 1 + ~2d
!a + !

b , -- c + b ­

c = 

a. J << 1 and ~ cS <<. 1
1 2 



If the correlatives of the radii r 1 , r and r of the cylin­2 3 
ders I, II and II can be determined, then the above result can be 

applied to t~e more complicated case of seven cylinders. 

It is evident that: 

r and 
a 

where 

r is the inner radius of air sap a or the outer radius of 
a 

CJlinder 1. 

R· is the outer radius of air gap a or the inner radius of 
a 

cylinder 2. 

thus 

where 

c = K -.-.1~ 
a R 

ln..! 
r a 

For the five other air gape tb~ capacitance for each of them is: 

IK 
1

R pF em 
-1 i a b; c; d; e; f. y 

1n...! 
ri 

1:: 'l'he capacitance per unit length of gaps b to f is: 

1 
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f 
1 _L_Let L: = 

i=b \ln- ln ~ 
ri r2 

The capcitance of cylinders II and III was: 

K_L_c2 = r 
ln .:.2 

r2 

Thus 
c5 = c2 

The seven cylinders used in the design can be replaced by the 

three fictitious cylinders It II and III. Cylinder II is a measuring 

cylinder to which corresponds cylinder 2, which is also a m~asuring one. 

As far as the property of the materials is concerned the seven 

·cylinders can ~e split into two groups. On one side cylinder 1 is made 

of Invar having a coefficient of thermal expansion n1 and on the other side 

the cylinders 2 to 7 are made of Invar with a coefficient a. • 
2 

Calculation of the ratio of coefficient of thermal expansion 'f= 

It has been found earlier: 

= 

R 
ln....! = 0.014388738 

r 
a 
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f

_l_ 	 _l_ 
r = 	 L R. = 412.49491 

i=b l.1n .:.2 	 1n­r.r2 l. 

Let a d take five different values:
2

1 10-6 0.41249491 10-3 69.4983855 0.014388838 


2 10-6 0.82498982 10-3 69.4979730 0.014388938 


5 10-6 2.06247455 10-3 69.4967355 0.014389237 


10 10-6 4.1249491 10-3 69.4946731 0.014389736 


. 20 10-6 8.2498982 10-3 69.4905481 0.014390734 


r2 a.1~ 
a.2d 1n- a.1d ~r1 	 2 . 

. -6
1 10-6 -0.1 10 0.9 10-6 0.9000 


2 10 -6 -0.2 10-6 1.8 10-6 0.9000 


5 10-6 -0.499 10-6 .4 .501 10 -6 0.9002 


10 l0-6 -0.998 10-6 9.002 10-6 0.9002 


20 10-6 -1.996 10-6 18.004 10-6 0.9002 


These results lead to the plotting of the curve of figure ?• 
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The two sets of electrodes, which, under steady state conditions, 

have ·the same temperature, are inside a pressure vessel. 

Let -
2 

= 1.4 ,,o-6 0 c-1 • Therefore "" is .... ~ "'"1 

= 

These two figures are well within the data given by the manufacturer 

of Invar. 
. 0

From Figure 7 it is evident that a variation of 14 C in temp-
a.l 

erature produces no change in the ratio Y' = -- • Actually this ratio
(12 

Y remains constant even for larger values of J . 
The temperature changes will not have any influence on the capa­

citor as long as the two sets of cylinders are at the same temperature, 

and are made of Invar taken from two different yields so that the two 

coefficients of thermal expansion satisfy the ratio: 

= 0.9 

Influence of deviation of~ from the value 0.9. 

Investigation is made of the influence of small changes of 

ratio Y'. 

In order to find the variation in capacitance due to a deviation 

-6 0 -1of 1.~ in «1 , let a = 1.4 10 C and let tt1 take different values.
2 

Capacitance of the set of 6 cylinders at temperature t: 



+ l ocC at t emperat ure t
2 

c • 
2 

1 + Cl2 1 = c • - c = K( - -)2 2 r r 
ln .:.2 ln :2 

r2 r2 

1 a = 0.000 577 
r~ 2 


ln~ 

r2 

The c~pacitance of the first t'AO cylind·ers at temperature t is: 

c1 ' 


1 + a.2 1 

Since cr. << 11 



The variation in capacitance is given by: 

or 

Calculation of ~c1 
.T 

r2 
Cll a.2 - (ll ln - + et2· - a.1 _

rl ­

1.22'10-'6 0.18 10-6 0.014 388 918 69.498 027 -o.ooo 771 

1.24 10-6 0.1\6 10-6 0.014 388 ·898 69.498 123 -0.000.6?5 

1.26 10-6 0.14 10-6 0.014 388 878 69.498 219 -0.000 5?9 

1.28 10-6 0.12 10-6 0.014 388 858 69.498 316 -o.ooo 482 

1.30 10-6 0.10 10-6 0.014 :;88 8;8 69.498 413 -0.000 385 

It is now possible to find the variation of the capacitance 

in p.p.m. as a function of the deviation of a. in% from its value1 

given by ~. (figure 8) 

f 
c = K L . 

1 
r = K ll09.831 3 

i=b ln.:1 
r2 

c = 1109.8313K 
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~c [%] ~ (ppm]y 

-61.22 10 -0.000 194 -3.17 -0.1?48 

1.24 10-6 -0.000 098 -1.58 -0.0883 

1.26 l0-6 
-0.000 002 0.00 -0.0018 

1~28 10-6 o.ooo 095 +1.58 0.0856 

1.30 l0-6 0.000 192 +3.1? . 0.1?30 

As long.as the ratio ~is 0.9! 1.5%, it is now evident that the 

variations of capacitance per unit length due to thermal expansion or the 

electrodes oan be minimized to within! 0.0812 ppm~per °C. 

The thermal expansion of the ·auxiliaq electrode. 

This auxiliary electrode, sitting inside the cylinder no. 1, 

as shown on figure A, is made of Invar having the same coefficient of 

thermal expans~on a. as the cylinder 1.1 

Capacitance of a ring '·of unit length at' temperature t 0 C: 

1 -1c • K pFcm
r R 

ln...£ 
r 

r 

R inner radius of cylinder 1 
r 


r outer radius of auxiliary electrode 

r 

C at temperature t + 1°C is: r 

c ' r 



Cll 
/J.C = C· ' - Cr r r R 


I 

ln-r 

r:r 

K = 2rt£ £ 
0 

£ is assumed to be equal to 1 


6
2n 0.0885 1.8 10- 8 j -6 -16C = 1 •9 10 r ln 9.85- ln·9.35 • pFcm 


The length of the auxiliary. electrode has been found earlier: 


l • 1.92 em 


6
AC = 18.9 1.92 l0- = 36.3 10-G pF
r 

This deviation compared to the capacitance c c: lOnF is very small:
2 

AC 


c· r 


This result shows that the capacitance of the auxiliary elec­

trode is so low compared to the whole capacitor that its variation due 

to thermal expansion will not be noticeable. 

Capacitance of the ends of the measuring electrode. 


A very close investigation is now made of the influence of 


thermal expansion at both ends of the measuring electrode. 


Area no. 1 designates the bottom end of the electrode Where 


· an insulator connects it mechanically to the guard ring. 


Area no. 2 designates the top end of the measuring electrode. 


Field maps of these two areas were plotted. All field pic­

tures and calculations made from them woul:d only apply to the two di~-, 
~ 

;J.a ensional case, because they correspond to a parallel plant system of · 

http:9.85-ln�9.35


r·0 

electrodesand not to coaxial cylinders. The air gap, however, is very 

small compared to the radii of curvature of the cylinders so that the 

two dimensional representation need not be transposed into a three dim­

ensional one. In fact, when the air gap is much smaller than the radii 

the capacitance of two cylinders can be calculated using the relation 

for parallel plate system. 

It is assumed R-r = a<< R;r 

2Jr.££1 21t £ ,, 2rt e: e I 2n e: e: I 
0 0 0 0c a a =R = rt:a .l+.!ln- 1n- ln(l1)r r 1n-r 

1 

c = = = a 
a (a)2
--~- + ••r r 

Thus 

=c Rln­
= if .! << 1 

r 
r 

S = 2n: f r area of cylinder 

. To plot the field maps,conducting paper has been used, and a 

voltage of unity was applied on one electrode. The other electrode was 

at zero potential. 

Area No. 1 

Figure 9 shows where this area is situated. It must be found where 

the lines of force end, which start from the voltage electrode between the 

point A and B The line passing through point C is the axis oftt<· 

symmetry of the spacing };let ween the measuring electrode and the guard ring. 



Fig . .9 
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The insulator maintaining the spacing is made of quartz. Both ends of 

the quartz ring are coated with a .thin layer of metal in order to permit 

soldering to the measuring electrode as well as to the guard ring. 

Several field maps of area no. 1 have been made, and they have 

shown that it can be assumed that the 0.1 equipotential line (on figure 9, 

the line----) lying between the measuring.electrode and the guard ring 

is a straight line. Field map no. 1 is made with this ·aasumption. From 

it, it is still difficult to obtain a good picture of the field in the 

spacing AB. One of the equipotential lines ie again chosen as an elec­

trode' in order to plot field map no. la, showing half' the length of the 

spacing. This time, however, it is a curve corresponding to the 5 10-:5 

equipotential ... 

On figure 10 the variation of the voltage inside the spacing 

is plotted versus the distance d measured from point P to the intersec­

tion of the equipotential lines and the axis of symmetry. This variation 

follows an exponential law. The total length of the spacing is 1 mm. 

The last equipotential line, 2.5 10-? Shown on the field pictUre is sit­

uated at 60/J of the length of the air gap. By extrapolation it is found 

that the equipotential line touching the insulator at distance d a l mm. 

-w .
from P is of the order of 10 • Thus the requirement to have no lines 

of forces reaching the insulating material is met. 

Furthermore, all lines of force above the axis of 51mmetry reach 

the measuring electrode, whereas the lines leaving the v~ltage electrode 

underneath the axis touch the guard ring. 

To calculate the deviation in capacitance it is assumed that 

the capacity per unit length is constant up to the axis C-C. 



3.5 ·161. 
-

electrode for field map _#I a 

r 
-~ 

equipotential ft'ne 5·10-s taken a.s 

0./2. •/0·1. 

3·10·1. 

I 

~t-.s ·Jo·z 

6.5·10-l 

. - -

I I 

1·10.2 

1·102 
.. 

S·to·J. · 

equipotential line 0./ taken a.s 

electrode for field map #I 

~ 


field mal!. #I. 




54 

~
/

·­L.. ~
/

g
/
 

., 
~
 

~
 a 

...... (,J
'"" 

<b

--.... q
, 

"
)

tJ. 

c: 
~
 

-
~
 

...... 

'<
:) 

........ 

..,., 
cu
.c:..::: 
-...... 
c:s ..... 

....... 

c:: 
~
 

(
)
 

-
~
 

::s tt-
ClJ 

t:l 
......... 

~
 §! 

E

 

~
 

"""'""
.<U

 
~
 



55 

\ Decrease of voltage ins,.de the spactng\ 

\ he/ween m~a.suring electrode and 

guard ring. 
0 

\ 


0 

. ·1 distance d [mm} 0 
\2 10

-r------~------~r-----~~------~------~------~~~o.1 o.z; o.J a D. 

fig. /0 


5 



Theoretically it is not the case, since the length of the tubes 

of flux increases when approaching c-c. The deviation which is found is 

therefore, sligh-tly larger· than the actual one. 

The variation of the spacing is due to the thermal expansion of the 
I 
'I• 

insulator made of quartz (or JVycor) .as well 'as the thermal expansion of 

the corresponding part of the measuring electrode. The height of the 

insulating ring is 8mm. The difference of the two coefficients of 

expansion is: 

-6 0 -1 -6 0 --1 
a = - a = (1.3 - o.8) 10 C = 0.5 10 C r a 1nvar vycor 

The distance measured between the axis C=C and the measuring 

electrode decreases by: 

. 1 -6 ? 0 -1 
~ /q =2 0. 8 0. 5 10 = 2 10- em C 

The length of the measuring electrode is approximately 35.6 em. 

The deviation in capacitance of area no. 1 caused by thermal expansion is: 

= 0.00561 ppm. 

Area No. 2 

The location of this area is shown on figure 11. The capacitance 

of the top of the measuring electrode to the voltage electrode must be 

known. The latter is composed of two sides being the voltage cylinders 

and of the top plate. The variation of capacitance due to thermal ex­

pansion must be calculated. 

For reasons of experimental convenience the 1 V potential used 

to plot the field map is applied to the mea~uring electrode. The voltage 

electrode system is now held at zero potent~al. The two sets of electrodes 

will still be called by the original name. 
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Fig. II 




,The field picture no. 2 Shows the distribution of the equipo­

tential lines as well as some lines of force. Here again, the voltage 

decreases exponentially along the axis of symmetr,y as it did in area no. 

1. However, owing to the fact that the top of the spacing is now part 

of the voltage electrode, this exponential law does not hold until the 

very end. The voltage must be zero at>_ thetop plate. Up to a.pproximatt!lY 

85% of the distance the distribution of voltage is the one represented 

on figure 13. From the exponential line 8 10•5 on, the decrease of vol­

tage is shown in figure 12. 

Variation of capacitance of area no. 2 

In case of temperature rise, the top plat~ te> which the voltage 

cylinders are fastened, moves up. The measuring cylinders ~lso move upc 

The central support, made of steel having a coefficient of thermal ex­

-6 0 -1pansion a = 12 10 C. , holds the top plate.
8 

~e represents the variation of the spacing e measured on axis 

F F' which is due to a change in temperature of l 0 c. 

To calculate this differential expansion use is made of an 

approxima.t e length .l = 38 em. 

Ae = = 38 (12 - 1.4) = "'tV.4 10 -5'·" em. 

The deviation in capacitance caused by this expansion can be 

split into two parts. The variation of the capacity composed of the top 

plate and the top of the measuring cylinder, and the variation of the 

capacity composed of the two sides of the voltage c~linders and the 

measuring electrode. The first change is negative whereas the second 

one is positive. The positive variation is so much smaller than the 

negative one that it can be ignored. 
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Oecrease of voltage along ax/s of symmetry 

ff' /n area 11 2. 
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The capacitance of the top plate and the measuring electrode is 

equal to the capacity of the tube of force lying between the two lines 

e and e • Lehmann's method is used to calculate it.1

In the ncurved" square, lying between equipotential lines i 

and j and lin~s of force e and e shown. in field map no. 2, the1 

length ~,measured on the equipotential at equal distance from i and j, 

is the sarpe as the length GH, measured on axis of symmetry FF'. 

The capacity of this "cllrved" square is equal to the capacity 

of a square lying between the lines i and j, but located inside th.e 

air gap where, as shown on figure 13, the equipotential lines are 

parallel. Moreover, a square filling the whole width of the air gap 

has also the same capacity. It is: 

f2ne:: £ 

c 0.15 0 1 
= 6.96pFsq = 6 L Ri 

i=a ln­
ri 

By interpolation on figure 12, the potential of the lines 1 and 

j is found to be: 

i = 1.12 10-4 v 

j = 3.04 lo-4 v 

-4The side of the square is IJ. V = 1.92 10 v. 

The length of the tube of force expressed in terms of potential is 1 V. 

Therefore the number of squares of equal capacitance is: 

N = 


The capacitance of the top plate and the measuring electrode is 
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I I. . 

-------1:~~---- /.12·10.. 

j ------ttl~---- 3.011-·IO-+ 

: : C~·vI I 

According fo Lehmann 'J method, the capacity of the 

square c,.i is equal to the capacity of square C :0 , 

CJ9 = Cy· = Co, 

fig. If 




equal to the capacity Ctu of the tube of force having N squares in 

series: 


c 

Sll 	 -4 

ctu = N = C q 1.92 10 pF
8 

Due to thermal expansion it has been found earlier that the 

spacing increases from e to e + ~e, where : 

-5Ae = 	40.4 10 ern. 

• The field picture is assumed to remain the same. The same 

"curved" square will be used after thermal expansion, but the equipo­

tential lines will not have the same values. To find their new values 

a linear interpolation will be made around the points G and H. Further­

more it will be assumed that be is distributed linearly along the axis 

of symmetry FF' • This will give a larger value of deviation than the 

actual one. 

The deviatton of G along axis FF' due to Ae is: 

40.4 10-5 -52 ? 	 4.22 10 em.• 25.8 = 

The deviation of H along axis FF' due to 6e is: 


40.4 104 9 
-5 

? .68 10-5 em.• 25.8 = 

The linear variation of voltage is calculated from the slope of the tan­

gents at points G and H: 

-5 	 -17 10 	 V em 

-5 -111.8 10 V em 



The ne\-J potentials of lines i and j are: 

i' = i - 4.22 10-5 7 10-5 = i - 2-95 10-9 v 

= j - ?.68 lo-5 11.8 10-5 = j - 9.05 10-9 v 

The side of the new "curved" square is: 

AV = j'- i' = j- i- (9.05- 2.95) 10-9 V 

= 1.92 10-4 - 6.10 10-9 v 

The number of squares in the tube of force is: 

1
N' = -4 -91.92 10 - 6.10 10 

Therefore the new capacitance becomes: 

c 

c = ....!9. = 
tu ' ·N 

The deviation in capacitance is: 

l\Ct.u = C - C • = C 6.10 10-9 pFtu tu sq 

Only one measuring cylinder has been considered up to now. However there 

are three. The total deviation in capacitance is 

-9= 3 6.96 6.10 10 = 

The deviation conpared to ~he value of the capacitor will give the 

variation in ppm due to thermal expansion of area no. 2: 

= l\C3tu = 1.28 10-? = 1 •28 10-11 
62 c 104 

= 0.0000128 ppm.A2 

http:j-i-(9.05-2.95


Capacitance of area no. 2. 

The capacitance of the top is known.: To calculate the capaci­

tance of t~e whole area, the aide is divided 1nto.4 tubes of force. In 

each of them a zone is chosen in order to calculate the capacitance. 

According to field map no. 2: 


tube I includes zone A 


tube II includes,zone B 


tube III includes zone C 


tube IV includes zone D 


Each zone has the shape of a "curved" square and is found according to 

the Lehmann .• method. It lies between two lines of force and two equi­

potential lines which are· 

zone line of fore e equipotential line 

A a and b 0 and 1 

B b and c 1 and c' 

c c and d c"and d' 

D d and e d"and e' 

Capacitance of tube I. 

Zone A is limited by equipote~tial lines 0 and 1, ita side is 

thus unity. The capacity of tube I is: 

c = c
A sq 

Capacity of tube II. 

The potential of one of the lines is found by interpolation on~ 

figure 13, whereas the other one is already known to be 1. 

The potential of line c' is 0.575 V. 



The side of zone B is 1 - C.572 = 0.425 V. 

The capacity of tube II is: 

CB = C 0.425 sq 

Cap~city of tube III. 

The potential of the lines c" and d' of zone 0 are found in the 

same way as for zone B: 

potential or line c" 0. 26 v 

potential of lined' 0.15 V. 

The side of zone C is 0.26 - 0.15 = 0.11 V. Thus the capacity of 

tube III is: 

c 0.11 
sq 

Capacity of tube IV. 

By interpolation the potential of lines d" and e' are found to 

be: 

potential of line ~· 0.00355 

potential of line e' 0.0015 

The side of zone D is 0.00355 - 0.0015 = 0.00205. The capacity of 

tube IV is: 

c 0.00205 
sq 

The sum of the capacity of the 4 tubes 6! force I, II, III and IV is equal 

to the' capacitance between the side of the voltage electrode and the 

top of the measuring electrode: 

Csi = C A + CB + C C + CD = c (1 + 0.425 + 0.11 + 0.00205)
sq 
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The capacitor has 6 air gaps, therefore 6 such sides. The capacitance 

of the three ends of the measuring electrode is given by: 

= 

c 
sq

(9.2223 + 0.000576) 

CT = 6.96 9.2229 = 64.1 pF 

The area corresponding to the capacitance CT starts at line a which 

is 0.8 mm. under the top of the measuring electrode. This has to be 

remembered when calculating the length of the measuring electrode. 

Determination of the dielectric constant & of nitrose~. 

The dielectric constant of nitrogen varies with pressure and 

with temperature, in other words with the density of the gas.· 

The pressure vessel, in which the capacitor is, will be filled 

with purified nitrogen at a pressure of 14 atmospheres. The tempera­

ture is assumed to be 20°C. 

The dielectric constant. s is given by: 

£ - 1 = 

When only the first two order terms are considered, £ becomes: 

where 

cl = 193.3 lo-6 

:2and dl = with p 15 ata.t = 
1 + 273 

t 20°C= 



-4 15 ( 	 -4 15 )
E -	 1 : 3 1.933 10 1.0733 1 + 1.933 10 1.0733 

£.-	 1 = 

The 	dielectric constant of N2 at 14 atmospheres and 20°C ·is: 

& = 1.008126 

£ is very sensitive to the pressure. A variation in £ of 14 ppm is due 

to a deviation of only 0.1% in pressure. However, the adjustment pro­

vided by means of eccentricity of one set of cylinders with respect to 

the other is large enough to correct an error due to a deviation of the 

pressure much larger than 0.1%. 

Determination of the length of the measuring electrode. 

It is now possible to calculate the length of the me~suring 

electrode in order to obtain, after having assembled the different 

parts, a value of capacitance equal to 10 nF. 

The length must be calculated in such a way that at half 

eccentricity the capacitance reads 10 nF. 

This capacitance is given by: 

where 

1= 	o.o8854 pF cm­

1.008126= 
length of electrode= 
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f 2 r.2 + D2)2 _ 4P. 2D2 I 
- Ri Ri - ri D2 + ~ (Ri2 ­
ln--. 2 rlo-= 2: r· - """" ?'r. Ri=a l. 

2 
- r. 2 

+ D2 :feR/- r. 

J. 

2 + D?)2 - 4Ri~TJ~~ 
1 

i 1 ~ 

rr = 496.31331 as found on page 33 

It is not correct to use 10 nF for the value of C, sine e there 

are two additional capacitances, \-.rbich are: 

1) Capacitance of the top of the measuring electrode: 

CT = 64.1 pF 

2) Capacitante of auxiliary electrode 

= 20.0 pF 

Therefore the value of C is: 

C = 10 000 - 64 .1 - 20.0 = 9915 ., 9 pF 

'rhe l~ngth is: 

£ :::: 35.6239 em = 356.24 mm 

According to the ca.lculations of the capacitance of area no. 1 

and area no.· 2, the length I. is measured from the middle of the spacing 

between measuring electrode and guard ring (G-C) to a distance of 0.8 

mm from the to~ of the measuring electrode. 

The length L measured bet~een both ends of the measuring cylin­

der becomes: 

0.15 0 8L = fJ

"" - 2 + • 

1 = 356.239 - 0.075 + 0.8 :::: 356.96 mm. 
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Design recommendations 

Plating of the cylinders with Rhodium 

The dielectric absorption on the surface of the electrodes 

must be as low as possible. Investigations made .at N .P. L. indicate 

that the minimum value is obtained with rhodium-plated surfaces. ,.. 
It is not possible to purchase Invar pipe from which the cylin­

der could be machined. The electrodes will be made from rolled sheets. 

The welded seam must be made according to the recommendations of the 

manufacturer of Invar. 

In order to ensure good dimensional stability, electrodes will 

·be annealed prior to finished machining. 

tastly a thin film of rhodium will go on the cylinders to mini­

mize the dielectric absorption. 

It has been seen that the value of capacitance is highly sensi­

tive to deviations from the geometrical dimensions, especially on the 

radii. The cylinders should be machined keeping in mind that a thin 

film of rhodium goes on the surface •. Rhodium has a coefficient of 

thermal expansion which is much larger than that of Invar. The film 

must be thin so that the thermal expansion of the cylinders will not 

be disturbed. 

The eccentric drives 

Coarse adjustment 

.The set of four voltage cylinders rotates in order to adjust 

its eccentricity with respect to the measuring electrode .. system. 
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A leakproof means of connecting the inside of the pressure 

vessel to the outside is called the "cats tail" drive and is shown 

on the general assembly drawing. The shaft is connected to an ex­

ternal gear drive composed of one spur gear of one hundred teeth 

driven by a worm gear. The drive must be made with a spring loaded 

worm gear in order to avoid any play. 

Fine adjustment 

The "cats tail" drive is also used here. Unlike the coarse 

adjustment, the drive of the fine adjustment is internal. As shown 

on the general assembly drawing, spur gears are used. The number 

of teeth satisfies the ratio 1 to 2. 

When the coarse adjustment is in operation, the auxiliary 

electrode may or may not rotate, depending on the fits of the fine 

adjustment. But, when the fine adjustment takes over the trimming, 

it is clear that the coarse adjustment cannot rotate since it is 

driven with a worm gear. 

Dimensioning of the pressure vessel 

'I'he '\:ressel containing the ca.paci.tor is filled \dth nitrogen 

at a pressure of 14 atmospheres, which produces mechanical forces· on 

the \~a.lls. 

The dimensions of the top and bottom pl~tes as well as the 

cylindrical part of the vessel ~re calculated in order to stay within 

suitable limits of stress and deformat:i.on. 

http:deformat:i.on
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The top and bottom plates of the vessel 

The inner diameter of the vessel is 31 em; however, to calculate 

the force produced by the pressure on the plates, the inner diameter of 

the pressure gasket, which is }2 em., has to be used. 

The thickness of the plate is not given from the maximum per­

missible stress but rather from the maximum deflection d which can max 

be toleroted to avoid any change in the position of the electrodes. 

The theory of flexure of plates yields two relations to cal­

culate the maximum stress u and the maximum deflection J for a max max 

fixed-edge circular pla.te under uniform load. They are called Grashof's 

formulas. 

The maximum deflection d is given by:max 

J = max 

where 
t = 3.8 em thickness of the plate 


r = 16 em inner radius of pressure gasket 


ll ::: 0.29 Poisso.n' s ratio 


'· -2
p = l"t kg em : evenly distributed load 


-6 -2
2.1 10 kg em : modulus of elasticity of steel 

2
14 44] rt 14 256d [1 + 5.?2 ~2·5· 1· (1 - 0.084) 6max = 
~':)O 2.1 10- 55 

-3= 1.323 1.365 10 = 

J = l.J~l 10-2 mm 
max 
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This value of J is acceptable. Actually this deflection max 

will be smaller because tl}e thickness t will be at some places larger 

in order· to allow the ma.chining of the grooves into which the guard 

rings are inserted. 

The maximum stress for a fixed-edge circular plate is at the 

edges. It is given by the relation: 

3 256 2186 kg cm­(!""max = ~ P~ = 4 14 1.4':1+4 = 

The maximum stress is rather low. · The stress will, however, be larger 

around the clamping bolts because of the holes. 

The wall of the vessel 

As shown on figure 15, a small element of the wall is strained 

in three different directions. 

The theory of the thick wall cylinder gives t"10 formulas to ca.l­

<lr = p 

The tensile stress a-2 , due to the fact that the cylin­

der is not infinitely long but has two end plates, is given by: 

(J 
l 



---

75 

Stresses in the wall of the vessel. 


Fig. IS 




--· 
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crt and a;. are maximum for p = r l: 

u = pr 
2 2 

r2 + rl 

crt = p 
 2 2 

r2 - rl 

The thickness of the wall tw = r - r is assumed to be 1 em. The2 1 
2pressure is 14 kg cm- • The radii are r = lS,.? em and r = 16.5 em.

1 2 

u = 14 kg cm-2 
r ­

14 272.25 + 240.25 -2224 kgcrt = = em
2'72.25 - 240.25 

lL~ .160 -2<T = = 112 kg eml 2.1 

These stresses are very low. Even their combination within 

the plane of maximum stress is fairly low. 

So much for the cylindrical portion of the vessel. The ends 

of the cylinder still remain to be calculated, in order to hold the 

top and the bottom plates. 

It is assumed 9 as shown in figure 16, that the force caused 

by the pressure p ia transmitted to the cylinder at several points P. 

This is true when the elastic line of the plate follow~ tbe:line -- ­

(figure 16 a ) ; that is to say, is flat as f~r as the axis of the bolt. 

The cylinder is considered to be developed and put flat on a 

plane as represented in figure 16 b. 

To clamp the plate to the cylinder, twelve bolts are usede The 

force in each bolt, caused by the.pressure is called P. 
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Development of fhe wall on a plane. 


a 

___ 	elastic line after 

deformation 

b 

Fig. 	 16 




?8 


- 2
18 p =LP* = pnrc 

214n 16
p = = 630 kg.18 

The cross section of bolts M16, measured at the inside of the thread 

is: 

2 
s =1.37 em 

Consequently, the tensile stress in the bolts is 

p 630 -2crmax -; =l.}? =460·kg em 

According to Bach (Hutte II, page 13) the tensile stress should not 

-2exceed 800 kg em for steel Ac.60.11 when neither stress concentration 

factor nor stress due to tightening of the bol.ts are taken int.o 

consideration.- The bolts are made of steel Ac. 60:11 

Thickness of the wall of the cylinder at the flange 

The stress will be calculated using the standard relation: 

cr- ~ Mr1 -~· _ 62p•
fl - w - 2 - b 

bh 
T 

where 

b = 2nr developed circumference of the inside of the cylinder. 

,e = 1. 6 + h as shown on figure- 16 b. 

The figure 1~6 em represents half the diameter of the washer 

for bolts M 16. 

Let h =1.9 em. 
2 u = 6 14 1t 15.5 -~·g

f1 2n 15~5 ). 1 

http:Ac.60.11
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_, 
The tensile stress found earlier = 112 kg em ~ must be 

combined with G£1 5 

2
(J of steel Ac60.ll is 3000 kg em- The combination of 

s 

0£ and Gf1 gives a stress which is less than 30% of u of steel Ac.60.llo
5 

These calculations give the main dimensions of the pressure 


vessel represented on the general assembly drawing. 


a- is the stress corresponding to the elastic limit of the 
s 


material. 




CONCLUS!O,N 

In chapter II the method has been presented" General considera­

tions on the design of the high voltage and the low voltage capacitors, 

composing the capacitive divider, \-Jere given. 

Although no word has been said about the switching device, it 

has already been studied far enough to be sure ~hat it· will not present 

unsolvable problems. It will, however, require special techniques and 
i. 
', 

careful examination will be made which will lead to the final design. 

The high voltage capacitor has been designed and it is now cer­

tain that its accuracy will be within the desired limits. 

It is shown in chapter III that the error, is only composed£ 6 

of the error £ 1 and E"., Furthermore, it is proved that E' can be 

sufficiently minimized by means of eccentric adjustment to become 

negligible. 

The error EcS is therefore equal toE". Figure 17 shows the 

error Elc in ppm as a function of temperature variations. The parame­
cx,l 

ter is --= which represents the deviation of the value a according1 ~ 0:1 
to the ratio -- o 

. a.2 
It is clear that ~he requirement for capacitor c are fulfilledo2 

Figure A represent a the general assembly drawing of the c apaci­

8o 
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THEREOF MUST NOT BE DUP· 
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