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Manufacturing processes such as cold-bending flat
sheet todsmall radius produces a rather complex residgal
stress state through the thickness of light gauge structural
steel sections. When the load-application device is released
the sheet exhibits a phenomenon called "spring-back".

The purpose of this research was to develop an
exact method of computing the residual stresses in a wide
sheet of ideal plastic metal after spring back and subsequently
to study their effect on the behaviour of cold-formed sections.
An approximate analysis based on the assumption of elastic
spring back is presented for comparison purposes. It is
demonstrated that plastic flow occurs within a thin core of
sheet below the neutral axis and that the spring back is not
completely elastic beyond a certain curvature. Such behaviour
is particularly significant in cases where the radius of bend

is of the same orderi:as the thickness. An exact analysis based
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Oon a more realistic approach is then performed considering the
adjustments in the stress components due to the plastic core.
Computer programs have been deveioped to calculate the
residual stresses associated with any given radius of bend.
It is found that the choice of one yield criterion rather
than the other does not have any effect on the present
analysis and the stress components for Von Mises' material
are (2/v3) times the components for Tresca's material.
Furthermore, the effect of lateral stretching on the behaviour
of cold-formed sections is briefly viewed. |

The purpose of the experimental work in this thesis
was to verify the validity of some of the assumptions made
in the analysis.

Conclusions are drawn and suggestions made for

further research.
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CHAPTER ¥
INTRODUCTION

1.1 Preliminaries

An elastic perfectly plastic material responds
differently in the plastic and elastic states of behaviour.
These distinct states are separated by the elastic limit
of the material. The behaviour of a metal and the related
laws are simple and well defined in the elastic range but
are rather complex and sometimes misunderstood in the plastic
range.

In the design of structures and machines the yield
point may be used as the criterion of failure of a structural
or mechanical member. However, as is known, the material
retains carrying capacity and ié not destroyed, even if
it has been stressed beyond its yield point. On the
contrary, most metals after once having been stressed
beyond their yield points have .a greater resistance to defor-
mation than they had prior to such treatmentfl’z’3'4’8’22’30)
The plastic phenomenon makes it possible to fabricate a
variety of structural shapes by a vast numbgr of methods.

Since the very beginning of the structural use of
the ferrous metals, desired shaping has been achieved either
in the hot state (hot rolling, casting etc.) or by cold-

forming of plate, sheet or strip. The development of both



methods started around the middle of the last century,
with cold-fotmed steel construction héving developed rather
more rapidly during the last 30-35 years.

The structural members used in light-gage steel con-
struction are produced by various cold-forming processes.
Closed shapes such as rectangular and square, hollow struc-
tural steel sections are cold-formed from the round pipes

in some steel millsf3)

During fabrication, metal plates

are often cold formed to small radii—a‘fabrication procedure
that may plastically strain the plates large amounts. The
"minimum bend radius" or maximum curvature, to which a given
metal can be formed without failure varies within wide limits,
depending upon the "breadth-to-height ratio" of the cross-

(5)
section. Sangdahl, Aul and Sachs5

reported that for
sections whose breadth is greater than their height, minimum
bend radius generally increases with increasing breadth-to-
height ratio.

During the fabrication process, initially flat sheets
are permanently deformed into desired shapes by different
cold forming methods (to be discussed later) and the sheets
are subjected to a complex history of loading. When the |
load~-application device is released, the sheet tries to

return to its initial flat shape and exhibits a phenomenon

called "spring back".



The analysis and determination, of residual stresses
and strains after spring back, is desirable and would be
helpful if such sections are to be used for structural

purposes.

1.2 Cold-Forming

Various authorél’2'3’4)have reported the change in
the mechanical properties of the metal sheets after such
sheets were cold-formed to structural shapes for light gage
steel construction. The cold working usually increases the
yield and ultimate strengths and decreases ductility.
These changes in the mechanical properties depends upon the
chemical composition of steel or any other ductile metal,
its prior cold work and metallurgical histories and the
magnitude of the plastic strains. Karreéz)reported that the
yield strength of corners cold formed by roll-form or press
brake, was up to 102% larger than the virgin yield strength
of the metal. The increase in ultimate tensile strehgth
was reported to be up to 47%. Alexander Chajes, S.J.
Britvec and George Winteél)attributed these changes to:
strain hardening, strain aging and Bauschinger effect.

Cold forming can be carried out with steels previously
furnished with a variety of surface coatings, metallic

(galvanized, aluminized etc) as well as plastic without



damaging the surface to give better aesthetic and archi-
tectural appearance as well as to provide improved corrosion
prOtectidn. Cold forming permits the fabrication of a

vast number of shapes, the majority of which could not be
produced by hot-rolling. Cold forming has been responsible
for the "light gauge steel construction£4)in which the
thickness of cold-formed members is generally smaller than
that of hot-rolled members.

The hot-rolled steels are sharp yielding whereas
cold-worked steels are "gradual yielding" due to the residual
stresses induced and by cold-working itself. KarreAZ)
pointed out that the stress-strain curves of corner specimens
are gradual yielding because of the varying amounts of plastic
strain throughout the corner. He added that the effect of
the residual stresses from cold working and that of residual
cooling stresses in hot-rolled sections, are the same though
their origin and distribution are quite different. The
effect is to round the stress-strain curve at the "knee"
and produce a reduced effective proportional limit.

Cold-formed members are used as: girders, joists,
studs, columns, floor and wall panels and as roof decks, in

many standardized steel buildings. Improved shapes are

continually being developed for use.



The various cold-forming methods have been reported

éZ;15,16,17,18,20,21,24,262 These methods

by many author
as used in the fabrications of lightgaugestructural
members and could be divided into two main groups

(1) roll-forming and

(2) brake-forming.

Roll-forming is a mass-production process and requires
a number of roll stands. As the section passes successive
stations in the rolling assembly, it is changed gradually
from a flat sheet to the required shape. Roll design is
still not a fully developed field and often the number of
rolls required for a particular shape depends upon the skill
and experience of the designer.

Brake forming is rather a straight bending, semi-
manually operated process. It requires a standard set qf
tools, dies and punches for almost any shape which can be
brake-formed. The process is slow and can only be used for
a limited production rate. The précess is subdivided into
"air-press-braked" and "coin-press-braked". In the latter,
both the punch and die match the final desired shape and to
eliminate spring-back the sheet is "coined" or "bottomed"
in the die. The variety of shapes that can be used for dies
in "air" press-braking is somewhat limited since the corners

are bent sharper than the final desired angle to allow for

spring-back, Considerable pressure is developed on the
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inside surface at the point of bending. However, this
radial pressure is smaller than that developed in the case
of either roll-forming or coin-press braking. Fig. 1.1

shows a simple air press application.

1.3 Literature Survey

Although tHe art of sheet bending and cold forming of
structural seétions is fully developed, the mathematical
analysis of predicting residual stresses and strains is
fairly complex and tedious. A number of investigatoréz'G’lg’
20’25’26’35’38’39)have studied the behaviour of sheet metals
bent to a circular profile by end couples however. In
actual cold-working processes the loading system required
to bend the sheet to the required shape is complex. 1In
1943, Schroedeélg)investigated the basic mechanical phenomenon
occuring during the bending and spring back of sheet metals.
Schroedeélg)and Gardineé392 in their analysis of spring back
assumed the neutral axis to coincide with the centroidal axis
of the sheet and they took only circumferential stresses
| into consideration. Junkeé262 in 1965, studied the surface
strains developed in the bending of thick steel plates.

In 1950, Lubahn and Saché35)and HilfG)

analysed the stresses
and strains in plastically bent parts under conditions of

plane strain as well as plane stress. In their analysis



they assumed "ideal plastic metal” i.e. metal with no strain-
hardening. Their solutions show the movemeht~ of the

neutral plane towards the compression side with curvature.
Alexandeésez in 1959, studied the plain strain bending of

wide plates. His analysis, true for'ﬁoderate bending, neglects
the stresses in the radial direction. He also ..investigated
a_geometric solution of the problem as described by Hill also.
These computations are based on the classical theories of
Prandtl—-Reuss, Tresca and Von Mises.

Shaffer and Housé36’37)gave the solution to the problem
of the élastic-plastic~bending of a wide curved bar of
incompressible, pé¢rfectly plastic material under conditions
of plane-strain. The corresponding problem under the
conditions of plane-stress was investigated by Easo£33{
who obtained solutions both for Tresca and Von Mises yield
criteria and the associated flow rules. These investigations
reported the shift of the neutral axis, in the elastic-
plastic range of bending.

Kérreéz’32 in 1967 and othergl'3’42 in their study of
cold=-forming of the structural steel shapes reported that a
certain amount of radial pressure exists in die bending in
addition to bending moment. The metal in a corner is even

more highly compressed in the radial direction if it is

coin pressed or roll-formed.
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Saﬁgdahl, Aul and Sachés)discovered that the ductility
(defined as the maximum circumferential strain at fracture)
is dependent upon the rectangﬁlar dimensions of the sheet.
It decreases with increased lateral dimension to
thickness ratio and vice-versa. Ductility was reported to
decrease with an increasing ratio of longitudinal to cir-
cumferential stress i:.e. if the stress-state changes from
uniaxial tension to biaxial tension, until the plane strain
state is reached.

The maximum-shearing-stress yield criterion derived
by Tresca (1864) and the energy-distortion yield criterioh
by Von Mises (1913), are the two most commonly accepted

(32) gives an account of the

conditions of yielding. Eason
different problems which have been solved by using Tresca
and/or Von Mises criteria. He concludes that the distri-
bution of stress for any given problem is relatively
insensitive to the yield condition.

Rolfe(s) and Rolfe, Haak and Gross(3o)

reported that
specimens taken from locations of high plastic deformation
in HY-80 (United States Navy specification for all 80,000
psi minimum yield strength quenched and tempered alloy steel)
steel plates cold-formed to different radii exhibited no
Bauschinger effect (a phenomenon that results in an increase
in the proportional limit and yield strength by reloading a

plastically deformed specimen in the same direction, but in

a decrease by reloading in the opposite direction) when



11

tested in the longitudinal direction. An increase in both
tensile and compressive yield strength was observed as a
result of strain hardening. 1In the structural components,
which are usually cold-formed under plane-strain conditions
the results of tests showed that regardless of the direction
of cold-deformation (tension or compression) both the tensile
and _compfessive yield strengths of specimens cut in the
direction transverse to the direction ©of cold deformation
were increased. Similar conclusions were drawn by Karren(z).
Cold forming of structural components may reduce the
yield strength of a component if it is loaded in a direction
opposite to that of cold forming. This reduction in yield
strength is greatest for small amounts of cold deformation
and is progressively decreased by strain hardeningfat large
amounts. The Bauschinger effect is affected by the state-of-
stress during forming (plane stress or plane strain) - more
for plane stress axial deformation than for plane-strain
bending deformation. The increase in tensile yield strength
in the longitudinal direction from a compressive plastic
strain in the tangential direction is offset by the reduction

from the equal tensile plastic strain in the radial direction?

* The condetion Lhat Lhe volume remains consdlank
duning the plastic fLow, can mathematically be
expressed as: c + e +e =0

whene eg, €,, €, are ﬁonmaﬁ stndins in the cin-
cumﬁenentiaﬁ, rddial and Lateral dirnections.

For plane stnrnain bendding, €,=0, hence, €g==Ey .
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The significance of these results to cold-formed
structural members is that, the apparent loss in yield
strength in most structural members due‘to the Bauschinger
effect should not be as great as the loss indicated by tests
of uniaxially prestrained material.

Hill(GP showed that the neutral surface (i.e. the
surface where the sign of circumferential stress reverses)
and the fibre of zero strain are not the same. The neutral
surface moves towards the centre of curvature and an area
that was under compression, thus becomes stretched. Due to
this shift of neutral axis tensile surface strains are greater
than the compressive surface strains. Measurements by Rolfe,
(30)

Haak and Gross showed that the strain varies linearly

through the thickness of the plate.

1.4 Current Work

The literature survey indicates that considerable work
has been done to determine residual stresses in cold forming
processes, but few investigators have computed the

residual stress and strain components for a general
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case. The residual stresses in the lateral direction (i.e.
along the axis of bending) in a cold—férmed structural section
should be evaluated'to determine the load carrying capacity

of such a structural member. Since the radial stresses in

the sharp bent sheets reach significantylevels and also

the position?of the neutral axis does not, at all times,
coincide with the centroidal axis, it is proposed to
reinvestigate and extend the problem to improve understanding
of behaviour of some cold formed structural shapes.

The first part of this research is devoted to the
analysis of circumferential, radial and lateral (longitudinal)
stresses in a wide sheet bent to such an extent that the
elastic core is negligible in comparison with the thickness.
Because of the condition of plane strain it was assumed that
the Bauschinger effect is not significant in the lateral
direction 6f a plastically bent sheet.

In the theory of plasticity there are two commonly
accepted conditions of yielding--those due to Tresca and
Von Mises. Mathematically, the Tresca yield condition is
more tractable, and as a result has received more attention
in recent years than the more mathematically acceptable Von
Mises yield condition. Few problems have been solved for both
the Tresca and Von Mises yield criteria and as a result
there is little evidence of the effect of choosing one

yield criterion rather than the other in a particular
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problem for which the SOIutions differ. However, the
analysis and calculations based on both criteria are
presented in this work.

The next part of the thesis consists of a"spring-back"
analysis of the bent sheet and an analysis of the "spring-
back" or unloading stresses in the circumferential, radial
and lateral directionS. At first it is assumed that the
spring-back is completely elastic and that the eléstic
unloading stress components are evaluated using the Airy
stress function. The results of the two analyses are super-
imposed to obtain the residual stresses. However, the
assumption that unloading is completely elastic is violated
within a thin core of sheet below the neutral axis and plastic
flow occurs in this zone. The thickness of this plastic
core increases as the radius of curvature decreases.

An analysis is presented to evaluate the residual
stress components considering the plastic core. For this
purpose the thickness of sheet is divided into three zones—
two zones near the concave and convex . boundaries where spring
back is elastic and separated by a plastic core. Equations
are developed to evaluate elastic spring back stresses and
subsequently the equations of residual stress components for
the three zones are worked out. Unfortunately, the equations
for spring back stresses are in incremental form and quite

complicated, however, the stress distribution can be calculated
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for any numerical problem.

Computer programs have been developed to calculate the
bending, spring back, residual and deviatoric stress |
components in radiat, cifcumferential and lateral directions
both by an approximate analysis (neglecting plastic core)
as well as by an exact analysis (considering plastic core).
In these proérams one needs to change only one parameter
(ratio of inner fibre radius to sheet thickness, a/t) to
get the stress components associated with a given radius of
bend.

The calculations have been done for a/t = 1.5, 2, 3,
4, 5, 6 and 25 and a sheet thickness t of 1/4". The residual
stresses are plotted and a comparisbn is made between the
values given by the approximate and exact analyses. Except
for one calculation in which Poisson's ratio v is taken to
be 0.5 a value of 0.3 has been assumed throughout this work.
Comparison is also made between the stress components for
a/t = 25 ( a case of moderate bending i.e. an outer fibre
strain of 2 per cent maximum) and those for the case of
severe beﬁding, a/t = 1.5.

The fourth part of the work is the geometric represen-
tation of the stress path and residual stress distribution
on the plane of deviatoric states of stress (a plane passing
through the origin and normal to the line which is inclined

at equal angles with the axes). The stress paths are plotted
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during bending and spring back. In addition the effect of
subsequent uniaxial'tensile loading is studied.

Primary tests were carried out on the 1/16" thick
Alcdn 2S-H14 aluminum sheets to determine its basic material
properties. The yield point and the value for Young's
modulus of elasticity were determined by A.S.T.M. standard
tension tests. A few approximate calculations have been done
to verify the validity of some of the assumptions made in
the analysis.7" x 7" x 1/16" thick aluminum sheets were bent
to 1/16" internal radius i.e. a/t = 1 and the lateral strains
were measured. A calculation based on these readings proved
the existence of plane-strain conditions during the bending
of wide sheets. Furthermore, the assumption of virtual
constancy of physical dimensions of the sheet during spring-

back was verified.



CHAPTER II

SHEET BENDING ANALYSIS

The analysis outlined in this chapter shows a method
of calculating the stresses in the circumferential, radial
and lateral directions in a wide metal sheet, plastically
bent, by cold-forming in one direction.

To attempt an analysis of stresses in bent sheet,
caused by cold work it is helpful to choose a model with
a somewhat simpler force system acting than actually exists
in any of the common methods of cold-forming. Despite the
complex force system existing in actual cold-working processes,
it is instructive and worthwhile to begin by investigating
the simplified model(s’lo). Such a model in which the
application of a pure bending moment to a wide flat sheet
produces a uniform curvature and uniform tangen-tial (cir-
cumferential) strain, is shown in Fig. 2.1.

The following set of assumptions is made to simplify
the mathematical treatment of the problem.

(1) The metal is assumed to be "elastic-perfectly plastic”
i.e. an ideal plastic metal which means that the metal obeys
Hooke's law up to the yield point, and does not work-harden
within the plastic range. For an actual metal with a
specific stress-strain curve, the solution ~ would be but

little more complex than that presented here.

17
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Lateral Direction (z)

Circumferential Direction (6)

4 Neutral Surface

Radial Direction (r)

al _____ Centroidal Surface

FIG. 2.1 GEOMETRY OF THE BENT SHEET SHOWING THE SYSTEM OF AXES USED
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(2) The sheet is externally loaded by end moments only,
which ensures that except at the ends of the bent sheet,
there exists no pressure against inner or outer surfaces

of the sheet. The bend is assumed to be sufficiently long
in the circumferential direction so that the end effects

de not interfere with the behaviour of the central portion.
(3) It is furthermore assumed that the bending moment
applied to the edges of the sheet is sufficiently intense

to cause the elastic core to¥irtually disappear so that the
sheet is entirely plastic. During initial bending of a
metal sheet behaviour is purely elastic; further bending
causes yielding of outer fibres resulting in permanent
strains. At subsequent stages of bending the centre core of
the cross section remains elastic, and the outer fibres are
plastic. As bending continues, the thickness of this
elastic core diminishes. The complete elimination of this
elastic core is, theoretically possible only with infinitely
large displacements(36). Practically, however, real mater-
ials exhibit a certain amount of strain-hardening so that the
so-called fully plastic moment is attained with finite
displacements, and the assumption 6f complete plastification
during severe bending seems to be a reasonable one.

(4) Transverse planes are assumed to remain plane and

Bauschinger effect is considered negligible.



(5) Further it is assumed that the sheet is wide enough so
that except near the endé, the anticClastic curvature is
negligible and the sheet may be analysed as a problem of
plane-strain.

If a long narrow rectangular plate is loaded by end
couples with axes parallel to long sides, the anticlastic
curvature develops and the surface of the plate no longer

111) " on the other hand, if a wide

remains cylinderica
plate is bent, anticlastic curvature is prevented by
membrane stresses which are developed at the ends where a
so~called boundary layer effect is created(40). The result
is that the lateral strain €, is zero at every section
except at the very ends of the sheet.

(6) It may be shown that the thickness of the sheet does
not change during the plastic deformation(e’lo). This does
not mean that the thickness of an elementary volume inside

the bent sheet does not change however. It simply means

that the overall thickness t=b-a remains constant.

2.1 Mathematical Formulation of the Problem

It can be readily seen that there exists no shear
on the circumferential, radial and lateral planes, due
to symmetry and hence these define the three principal

stress directions.

20
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During plastic flow the behaviour of the metal is
supposed to be governed by the following "law of plastic

flow" which is equivalent to an expression of incompressibility.
P P P |

(1) ‘ € nax + €int + €nin = 0 [2.1.1]
P P P
.= 1.2
or demax + deint + demln 0 [2.1.2]
where P eP eP denote the maximum, minimum
max’ “min’ int ’

in
and intermediate principal strains respectively

and de is the increment in €.
(ii) The stresses and strains in the plastic range are related

by the Prandtl-Reuss equations

P |}
de.. = dAx o,.
1] ij
where dezj = Plastic strain increment tensor
d)X = A nonnegative scalar factor of
proportionality (it may vary
throughout the loading history)
[}
Oij = Deviatoric stress tensor

The above equation is equivalent to saying that the
plastic strain increment (and not the total strain) is at
any stage of loading history proportional to the instantaneous
stress deviatidn. It also implies that the principal axes of
stress and of plastic strain increment tensors coincide and
that the increments of plastic strain depend on the current

values of the deviatoric stress state (and not on the stress
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increment required to reach this state).

In principal directions, the eqﬂations assume the

form
P_.l P__' .P__'.
demax - dxcmax' deint - dxcint ! demin - dxamin
where
deP ae¥ deP. are the increments in the
max’ int’ min
maximum, intermediate and minimum principal strains
(plastic) respectively.
| I I |
and %max’ %int’ %min 2F€ the deviatoric components of
maximum, intermediate and minimum principal stresses.
The equations can now be written as
L t v
max _ 9int _ min _ lx
P~ T P ~ P T dan
demax d€int demin
.  x  r  r
‘max ~ %int _ %int T %min _ %min "max _ if
or P __ P P P P . P =
d€nax"9€int deint denin A€ nin"%max
Substituting
1 ]
“max = “max ~ ©
"—-
9int = %int *°
' —
min = min T ©
where 0 = Mean or hydrostatic stress component
1
= 300nax * Oint ¥ %min’
Therefore
max  %int %int T %min _ Y9min ~ %max _ 1
P . P - TP P L P _. P _ a [2.2]
depax~d€int a8 nt=9%nin demin~9Cmax
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FIG. 2.2 STRESSES ON A TYPICAL VOLUME ELEMENT
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(iii) As afore-said, both Tresca and Von Mises yield criteria
will be used in the analysis. They mathematically, are

represented as:

Tresca: O . _ Op . = Iy | [2.3.1]

. 2 2 2 .2

Von Mises: (Omax_oint) +(0int-0min) +(0min Omax) —Zoy
| [2.3.2]

where oy = Uniaxial stress necessary to cause plastic
flow.
(iv) The equilibrium condition requires that there be no
radial stress at concave and convex surfaces as they are
free from external loading

0 when r=a [2.4.1]

i.e. o
r

o, = 0 when r=b [2.4.2]
where O, = Normal stress in radial direction
and a andb are the radii of inner (concave) and outer
(convex) boundaries respectively.

(v) Equilibrium of forces, on a volume €lement such as shown

in Fig. 2.2, in the radial direction, gives:

do O,—-0

r _ 8 'r
T - = - [2.5]

where Og = Circumferential stress component
(vi) Lateral strain €, being zero at all points, the constant
volume condition requires, this to be the intermediate
principal strain Eint and lateral stress will be intermediate

principal stress.
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. - P —

i.e. €2 = €int = 0 [2.6.1]
= p —

or dez = deint =0 [2.6.2]

(vii) In the bent sheet under load, Og is the tensile stress
and o is zero, at the convex surface and Og is compressive
while 0. is zero, at the concave surface. Hence, at the

convex = =0_. 7.
onvex surface, Og =0nax and 0,=0_in [2 1]

and at the concave surface 06=omin and 0r=0max [2.7.2]

Substituting equation [2.6.2] in [2.1.2] and then

substituting the results in equation [2.2] yields

O'm % +0_ .
G - a min [2.8]

int 2

2.2 Von Mises Criterion

Substituting [2.8] in [2.3.2] gives

Omax ~ %min = 2--0 ‘ [2.9]
/3 Yy

Using [2.7.1] at the convex surface, equation [2.9] becomes

dor _ 2%
dr /-3 r
o, r
do dr
l.e. r 2 -
o = r
o y Y3 |b
Gr 2 r
or = = = 1n 5 [2.10.1]
y V3

Using [2.7.2] at the concave surface, equation [2.9] becomes
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2
0. — 0, = =—0
r 6 /§Y
Substituting in [2.5]

do o
_r._2 ¥
dr /3 T
Integrating as before,
9 2 r
y V3 a

Equation [2.10.1] shows that 0. is negative for r<b
and equation [2.10.2] shows that 0. is negative for r>a.

As r becomes greater than a or smaller than b equations
[2.10.2] and [2.10.1] respectively, are applicable, iff,

0. and 0, are continuous. Both these equations will yield

r S
the same solution at a particular value of r, where the
tangential stress 04 Cchanges its sign and this point lies
on the neutral plane.

Equation [2.10.1] is applicable for rnirib and equation
[2.10.2] is applicable for r, 2r>a
where r = Radius to neutral surface.

Equating the two equations

i.e. r, = vab [2.11]

Now, for rnixib, equation [2.9] gives
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o o
l-eo a_e' =_2— + '0£
y V3 y
9% _ 2 r
i.e. — = (l+ln5) for r.<r<b [2.12.1]
(o] /— n— —
v 3
Similaril Ge 2
imi Y, —_—= - 2 (1+ln£) for r_>r>a [2.12.2]
(0 /3 a n— —
vy 3

Equation [2.8] yields the value of o, at any value of r

and the resulting expression is

oe+0
z 2
Oz 2 ,1 r
i.e. — = =—(=+1lns-) for r_<r<b [2.13.1]
(0} /— 2 b n— —
y 3
Oz 2 ,1 r
and = = = Z_(z+1ln=) for r_>r>a [2.13.2]
5] 2 a n——
y /3

Thus using Von Mises yield condition equations [2.10.1],
[2.12.1] and [2.13.1] give the valuesof radial, circumfer-
ential and lateral stresses respectively for rnirib. The
values of radial, circumferential and lateral stresses
for the region r. >r>a, are given by the equations [2.10.2],
[2.12.2] and [2.13.2]. The position of the neutral surface

is given by equation [2.11].

2.3 Tresca Criterion

Equations [2.7.1] and [2.3.1] yield,
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Equation [2.5] now yields
do o]
__r=_l
dr r
Integrating as in the Von Mises case

o

' r _ 1.&
for rnirib 5 = lnE [2.14.1]
y
Similarily for r >r>a
g :
= - 1nt
E;— lna [2.14.2]

A similar approach as before gives for Tresca material

r, = vab [2.11]

06 r

— = (l+1n5) for rnirib [2.15.1]
y N

06 r

s~ = —(1+lnz) for r >r>a [2.15.2]
Yy

0z 1 r

= (7 + lnE) for rnirib [2.16.1]
y

and 0z 1 r
3; = —(§+lng) for ranza [2.16.2]

The expressions deduced show that all the stresses
based on Von Mises yield criterion are %: times the stresses
computed by using Tresca's yield criterign. However, the
position of the neutral surface is inaependent of the choice

of yield criterion and the external loading and is purely a

function of the geometry of the problem.
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2.4 Moment Required to Bend the Sheet

The bending moment per unit width required to produce
the foregoing stress distribution, in the plastically
bent sheet is calculated by taking the moment of circum-
ferential stress distribution about the céntre of curvature.
Mp = ° r oedr
a

Using stress distribution of equations [2.12.1] and [2.12.2]

or b Frn
M= 2 5 (1+1n§)r dr— 2 5 (1+1n§)r dr
P r, V3 Y Ja v3 ¥
M b rn (b rn
i.e. fg:gﬂ = r dr - r dr + r ln% dr - r 1nL ar
Yy
r, a Jrn a
b2+a2—2r 2 b2+a =2r 2 r 2 r 2
_ n __n ;,._n
2 4 2 ab
[2.17.1]

Substitution for r, = vab into [2.17.1] yields

M 2
S I -
4

(V/3/2)0
y
Hence the moment expression based upon Von Mises

yield condition is
t2

M = = 9, [2.18.1]

2.
P /3
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The corresponding relation for Tresca's yield criterion
is found to be
t2
M = 40 [2.18.2]
p y

Hence fully plastic moment Mp is constant for a particular
material and sheet thickness. It does not depend upon
the curvature of the bend.

Expression [2.17.1] may be re-written for Tresca's

yield criterion

r
1n 3 [2.17.2]

If radial stress is neglected (true in moderate bending
cases), the circumferential stress distribution consists of
two rectangular blocks of width Oy and height % (Fig. 2.3).
One of which represents tensile stress and the other com-

pressive stress. The moment expression for this case is

r b
Mp = - g 'r dr+ g r dr
Yy Y
a r
n
p2-a2-2r 2
= g n
2
. M 2__2_ 2
i.e. “p - b®-a 2rn [2.19]
oy 2

Equilibrium of forces requires that

_ t
rn—a+§-
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- bfa
T2
Equation [2.19] yields
2, b+a, 2
M b _2__.._
62:: (
y 2
t
or p Z_O

This expression is the same as [2.18.2] and yet both
have been derived under different assumptions. Expression
[2.18.2] has been derived under more general conditions of
bending.

The first term in [2.17.2] is a contribution due to
the rectangular hoop stress blocks. Whereas the second
and third terms in the same moment expression are the
contributions of 9 distribution. Furthermore the first
term is similar to the right-hand side of [2.19] and yet
both are not the same. The shift of neutral-axis, necessary
to satisfy equilibrium in the first case, changes the
value of r_ from T =242 in [2.19] to r =/ab in [2.17.2]
and yet the end result of the two different approaches lead
to the same expression for moment.

The neutral surface initially coincides with the cen-
troidal surface. As bending progressés it moves towards the

inner fibres thus causing an extension in the fibres situated

between the centroidal plane and the neutral plane (these
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fibres were under compression before the shift). It can,
therefore, be concluded that at each stage of bending there
exists one fibre which has been compressed and then stretched

by equal amounts such that the net change in length is zero.



CHAPTER III

SPRING-BACK ANALYSIS

This chapter deals with the analysis of stresses pro-
duced by spring back and the resulting residual stresses
in a wide metal sheet subjected to cold bending in one
direction. To start with the assumption is made that
spring back is completely elastic and as a result the analysis
is based upon the use of Airy's stress function(36’37’39).
Subsequently it is demonstrated that the resulting residual
stresses calculated by assuming spring-back completely elastic
violate yield and plastic flow is shown to occﬁr in a thin core
of sheet, just below the neutral axis. However this analysis
serves as an approximate method to calculate residual stress
components.

An exact analysis is then performed considering the
plastic core and a method to calculate residual stresses is
demonstrated.

It was noted in Chapter II that the neutral axis shifts
towards the concave or inner fibres during bending of sheet.
Its position was found to be at the geometric mean of the
inner and outer fibres radii when the sheet is completely
plastic. During elastic spring-back (approximate analysis)
the neutral axis shifts towards the convex or outer fibres

but remains below the centroidal axis of the sheet.

34
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The moment Mp required to bend the wide sheet to its
fully plastic stage was evaluated in Chapter II. The
spring-back of the sheet, after the bending moment Mp has
been removed, can analytically be treated by a simple model
in which an initially curved sheet is subjected to the
unloading edge couples MS, which are equal in magnitude but

opposite in sign to the fully plastic moments Mp.

The simple model discussed above makes it possible to
use the classical theory of 'Wide Curved Bar Bending'(36’37'39)
in analysing spring-back. In addition to the assumptions of
Chapter II, the following are made:

(1) Spring-back (unloading) is caused by uniform edge
moments, M®, (equal but opposite to Mp) per unit width.

(2) The physical dimensions of the sheet are assumed
to remain constant during spring-back . The validity of this
assumption is discussed in Chapter IV.

(3) Spring-back is completely elastic for bends of
quite sharp radius. Beyond a certain cruvature this assumption
no longer holds and is considered more fully in section 3.3.

Although the total deformations of the fibres in the
curved sheet are proportional to the distances of the fibres

from the neutral surface, the strains (deformations per unit

length) of the fibres are not proportional to these distances
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because the fibres are not of equal length. But for bending
stresses that do not exceed the elastic strength of the
material the stress on any fibre in the sheet is proportional
to the strain of the fibre, and hence the elastic stresses in
the fibres of a curved sheet are not proportional to the
distances of the fibres from the neutral surface.

For unloading.by end moments only, i.e. no external
radial forces inthe region considered, the equilibrium-of-
force condition applied a£ the concave and convex surfaces
of the bent part requires that the radial stresses at these
surfaces be zero.

Fig. 3.1 shows the geometry of the sheet bent to inner
and outer radii, a and b respectively. An elementary volume
element taken from the sheet and the forceé acting on this
element are shown in Fig. 3.2.

The stress distribution is symmetrical with respect to
any radial section because bending moment is the same in all
radial cross sections. Therefore; it is concluded that the
stress components do not depend on 6 and are functions of r only.

From symmetrybit follows also that the shearing stresses
must vanish on the planes determined by the radial, lateral
and circumferential directions, and consequently these are

the principal directions.
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Under such circumstances, the only non-trivial
equation of equilibrium which the stress components must

satisfy is

= r [3.1]

where ci and cg = Radial and hoop spring-back stresses.

The above equation of equilibrium is satisfied

by substituting

s _ £ do
Op = F I [3.2]
and 2
s a“¢
0y = —% [3.3]
0 dr

where ¢ is the Airy stress function as a function of
r only.
When ¢ depends only on r, the equation of com-

(39)

patibility , which must be satisfied by the stress com-

ponents defined by equations [3.2] and [3.3], becomes

2

1N
W
V)

2

d 14, .,4 g d 2 a "1 d ¢ 1l d¢

(——7 + = ——)(——% = + = - = + = = 0

dr r dr dr r dr dr ¥ dr r2 dr2 r3 dr
[3.4]

The above differential equation can be reduced to
a linear differential equation with constant coefficients, by
a substitution such as r=ew, where w is a variable. The

general solution of equation [3.4] is

¢ = A 1n r+ Br2 In r+ Cr2 + D [3.5]

where A,B,C and D are the constants of integration,
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which can be determined from the boundary conditions. This
solution can, of course, be checked by direct substitution.
The stress components from equations [3.2] and

[3.3], now, become

s _1d4% _ A _

Cr = -r— d? = -;2- + B(1l+2 1n r)+ 2C [3.6]
s _ a%¢ A

O'6 = -Tdr = - Tr + B(3+2 1n r)+ 2C [3.7]

The boundary conditions, for the problem under
consideration, are
(1) The concave and convex boundaries of the
sheet are free from normal forces
i.e., ci =0 for r=a and r=b
(2) The normal stresses at the end of the sheet,

give rise to the unloading moment mS only.

b s b s s

i.e. 0y dr = 0 and 0g T dr= -M
a a

Under these boundary conditions, it can be shown(39)

that the constants A, B and C in equations [3.6] and [3.7]

assume the wvalues
amM® 2 2 b

A=~ — a"b” 1In =
NS a
B = - 2%_ (b2 - az)
8
and, C = %—[bz-a2+2(b2 1n b-a2 1n a)l
where, N = (bz-a2)2-4a2b2(1‘n§ 2 [3.10]

Substituting the values of these constants into
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equations [3.6] and [3.7], the expressions for stress com-
s

ponents og and 0. become
s _2 2 _
s _ _4M" a™b” . b 2 r 2 a
Cr = ———N (-—-;2—- lna + b lnB + a 1nr) [3.8]
2,2

s _ _ 4m° _a’b b 2 r 2 a 2__2
Ue = T( ——I—-r lng + b lnB + a 1n—l; + b a )

[3.9]

where N, as expressed before, is given by

N = (b%-a®)?-4a%b? (1n2) 2 [3.10]

and the magnitude of M® is given by equations [2.18.1] and
[2.18.2].

From equations [3.8] and [3.9] it can be shown that
for the direction of bending as indicated in Fig. 3.1, the
radial stress oi is always positive (tensile) whereas the
circumferential stress og is compressive near the convex
boundary but tensile near the concave boundary.

The position of the neutral surface (or axis) ri
may be calculated by equating the circumferential stress
component to zero and it can be seen from expression [3.9]

that the position of the neutral axis, again, depends only

on the geometry of the sheet, not on the unloading moment,

s (39)

M~. It has been shown that the point of maximum released
stress Oi is somewhat displaced from the neutral axis in the
direction of the center of curvature.

To obtain an expression for the stress component

O'S

ey in the lateral direction, the condition that the released
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strain e; is zero for the present case of plane strain unloading,
is substituted in the stress-strain relation in the elastic

case

oS
S _. _2 _ )V 5y =
i.e. €, = F & (o2 + oe) 0
s _ s s
i.e. o, = v(or + 06) [3.10.1]
. s _ _ 4M° 2 2 a 2__2
i.e. o, = v———(2b lnB + 2a 1n; + b -a")

[3.10.2)

3.1.1 Residual Stresses

. . R
The expressions for the residual stresses ci, Oq

and 05 are obtained by superimposing (adding algebrically)

bending stresses 0.1 © and o, and unloading or spring-back

8
stresses oi, og and oi. They are given below for the
appropriate regions indicated.

Von Mises Material

R _ s
o, =0+ 0/
. .2. 2 2
=7%qy[ln% (~—7— 1n§ + b2 Inf + a2 1nd)]
for rnirib [3.11.1]
R [-1nE - (azb2 1n9 + b2 1nE + a2 1nd)]
Op = 7§° n N 2 b r
for rﬂirza [3.11.2]
2 2 2
R _ s 2 _ t b b 2 r
Og = 0y + O = 7§0y[l + lns ——( ——7— ln + b lnb

+ a® 1n2 + p?-a?)] for r_<r<b  [3.12.1]
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2 2,2
R _ 2 q_1.r _ 7, a’b b 2 r 2 a
Oe -——-3—0‘y[ 1 lna " —;Z——In-5+b lnB-+a lni-
2 2
+ b“=-a“)] for r >r>a [3.12.2]
R=o +0%5=2g.%4+ 1nE - Y-ﬁ(zbz 1nE + 2a2 1n2
2 z z Oyi3 b N b r
2 2
+ b“-a”)] for rnirib [3.13.1]
oR = 2 5 [-i1nf - Y7 (0p2 1nf +2a2 1n2 + b2-a?)]
z /§ y 2 N b r
for r >r>a [3.13.2]

where N and r, are given by equations [3.10] and [2.11]

respectively.

Tresca Material

It can be readily seen that the above expressions
for the residual stresses are true for the Tresca criteria

also, if the factor 7% is opmitted. It can, therefore, be
3
concluded that the residual stresses based on Von Mises

yvield criterion are 2 times the stresses based on Tresca's

yield criterion and as such the general distribution of the

R R

s s S R .,
Opr Opr Ogr Oy and o, is

el
the same for either criterion of yielding.

stress components ce, Or’ oz, o]
A computer program has been developed to compute
residual stress components for any given problem and is

presented in Appendix A.

3.2 validity of the Assumption of Elastic Spring-Back

Equations [3.11.1], [3.11l.2], [3.12.1], [3.12.2],

[3.13.1] and [3.13.2] give the residual stress components if
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the spring back is completely elastic. However, as will be
shown, this assumption is violated within a thin core of
sheet below the neutral axis of bending (rh)

The unldading is elastic if the residual stresses

(cg and c?) satisfy the yield criterion

2 .
Omax ~ %min = ngy (Von Mises) [2.9]
where cmax = Maximum principal stress
Omin = Minhimum principal stress
Now,
L2 2,2
cg -2 [1 t ( 23 g 1n2 + b2-a2)]
/5 Yy N r a
for rhjxib [3.14.1]
and,
el a2
of - oF = —/% o [-1-5—(-28,2_ 102 4 p2-a?%)]
3 - r
for r >r>a [3.14.2]

Comparing equations [3.14.1] and [3.14.2] with

equation [2.9], it is evident that the unloading is elastic if
V = =—(- In— + b2—a2) is positive
N 2 a

in the domain r <r<b and negative in the domain r >r>a.

N is positive for any value of a and b and t2 is
31ways positive, hence, the expression V increases as r
increases from a negative value 8t r=a to a positive value

at r=b and becomes zero at r=p such that
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2, 2

or 2,2
p? = za—zb—z— 1n2 [3.14.3]
(b™-a")

This value is less than ri = ab for any value of

a and b (as long as b>a)
i.e. p<r,

Therefore V is postive in the domain r 2r>p and
therefore this is the region in which equation [3.14.2]
violates the yield criterion of equation [2.9]. Obviously,
the assumption that unloading is entirely elastic is not
valid and plastic flow occurs in the region r,2r>p.

For the cases of moderate bending p approaches
r, and the region of plastic flow diminishes. In such cases,
the residual stresses given in section 3.1.1 will not be
far from the actual stress components. This, however, is not
true for sharp bends and as will be shown later (Chapter V)

a significant difference in stress components is obtained

if the zone of plastic flow is considered.

3.3 Exact Anaiysis — Plastic Core

As discussed in the previous section, the entire
thickness of the sheet could be divided into three zoges—two
elastic zones near the concave and convex boundaries separated

by a plastic core. The residual stresses in the elastic zones
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Elastic Zones

Plastic Core

FIG. 3.3 ELASTIC AND PLASTIC RESIDUAL STRESS ZONES .
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are not determined by simply superimposing the bending stresses
(given in Chapter II) on the elastic unloading stresses

(found in section 3.1) since adjustments in the stresses of
the plastic core and its thickness reflect in the elastic

core regions through the equations of equilibrium and com-
patibility. This adjustment in the elastic stresses is con-
sidered in section 3.3.2. The stresses in the plastic core
are found by using appropriate plastic flow laws and the
equation of equilibrium. Fig. 3.3 shows the elastic and
plastic zones of residual stresses. The outer elastic-plastic
_boundary is at a known radius r=rn=/55, whereas, the inner

elastic~plastic boundary is at a yet unknown radius r=p.

3.3.1 Stresses in Plastic Zone

The residual stress components og, oi and 05, in

this zone must satisfy the yield criterion
R R

- = Y kk .
ay Oq oy (Tresca) [3.15]
and the equation of equilibrium
R R R
do 0, = O
r_. 9 r [3.16]

dr r
Substituting equation [3.15] in [3.16] and

rearranging

k%
Forn convendience Tresca yield crniternion has been considened
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Integrating

o
O,—— = = ln(rk)

=

where 1ln(k) is the constant of integration.

Therefore,

>
bl

= - 0 1In(rk) - o
y y

= - oy[l + 1ln(rk)]

Hence, for the plastic region pirirn

o, = = OY 1n(rk) [3.17]
and olg = - 0, [L + In(xk)] [3.18]

where p and k are unknowns.

Fig. 3.4 shows the curved sheet subjected to
unloading edge couples, Mp' The assumption is made that
there is one fibre in the sheet which does not change in
length. The position of such a fibre will be different at
different stages of unloading but at each stage of unloading
there is only one fibre where circumferential displacement
is zero. The position of this surface, when the sheet has
been completely unloaded, is shown by NN. Total deformations
of the fibres between two normal sectiohs such as AB and AlBl
are assumed to vary directly with the distances of the fibres

from NN, shortening above NN and stretching below it; i.e.



FIG. 3.4 UNLOADING STRAINS IN SHEET
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4

FIG. 3.5 ENLARGED VIEW OF FIG. 3.4
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plane sections are assumed to remain plane during and after
unloading. In Fig. 3,4 A.By is a section of symmetry which
remains vertical. After the sheet is completely unloaded
section AB rotates by an angle 8d0 and occupies a new position
represented by A'B'. The centre of curvature changes from ¢4
to Ci.

Fig. 3.5 shows the enlarged part AlABB1 of the
sheet. The initial lengths of the fibres of a curved sheet
are not equal; hence the strains of the fibrés are not pro-
portional to the distances of the fibres from NN, eventhough
the total deformations of the fibres are proportional to
these distances. Hence; the elastic stresses in the fibres
of a curved sheet are not proportional to distance from NN
(the fibre, where circumferential strain, eg, is zero). It
is found convenient to express the spring-back circumferential
strain, eg, of any fibre such as PlP in terms of the spring back
circumferential strain eg' of the innermost fibre B,B, radius
r of the fibre (or distan:e y from NN) and the distance x

from the innermost fibre which defines its position.

The strain of any fibre P1P is given by

s _ Pp'

6 PlP
BB!®
(—;—)Y

r dé6

€

__(BB")y
x r dé
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Now, the strain at the inner fibre BB is

Es = BB'
Gi BlB
_ BB'
a dé
' )
ioe. %?f- = a ES
i
Therefore,
ae y
eg - ..ei
X r
Substituting
y = a+x~-r
acs (a+x-r)
s 6., . 7
€y = i
Xr

[3.19]

For the direction of moment as shown in Fig. 3.4 eg is

positive (tensile) if r<(a+x) and negative if r> (a+x)

The relations between the

stress and the components of strains

law

S

) E E
s

S =‘ ‘cr _' VM

€& T E T E
S

z E E

i<

S
(or +

5 4

(0"

(0F +

plane strain, eS

s s
v(ae + or)

s
[crr

components of elastic

are given by Hooke's

.8
cz)

S
0'6)

a5)

r

z 0 gives

s s
+ v(ce + cr)]
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1+v s [
(—irﬁl(l‘v)ce - VGr]
or,
s E s \Y s
o, = ( ) €5 + (=)o
0 1-v 6 v Tr
Subtracting oi from both sides
S s E s 2v-=1 s
oy - 0 = | ) + (s—=) ¢
0 r 1-v 6 1-v r
or
s s _ s s
Og = 0. = agg + Bor [3.21]

where o and B are constants for a metal and are given by

a = E2 [3.21.1]
1-v
_ 2v-1
R [3.21.2]

Now, the stress components og and oi must satisfy the

equilibrium condition
s
o TN -
d r c gt

dr r
Substituting the value of (cg—ci) from equation [3.21]

s s s
lof -7+
d r aE g Bor

dr r

= sy Ar
or Ac® = [aee + Bcr]‘ =

in incremental form.

The value of ES is sybstituted from equation [3.19]
atg (a+x-r)
AOS = 31': S A_I_..
r @ X r + Bcr r
s L]
olg S
1. ane e
) a+x-r _r
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oa EZ
Putting vy = (_T_i) [3.21.3]
and c = (a+x) (=radius to NN) 13.21.4}
GS
s _ _(C-r r
AO’r = [ Y(—;_Z-) + B—r] Ar [3.22]
Now, from equation [3.21]
s _ s S .
Oy = aeg +7(B+l)or,

substituting the value of eg from equation [3.19]

8 _ i s
oe = q — + (B+1) Or
_ c~x ]
= Y(_E_) + (B+1) 0. [3.23]

where y and ¢ are defined in [3.21.3] and [3.21.4].
Equations [3.22] and [3.23] contain two unknowns,
namely, vy and ¢, which can be found by using the boundary

conditions described below.

3.3.3 Residual Stresses

Residual stress components in the two elastic zones
are found by superimposing the bending stresses given by
equations [2.14.1], [2.14.2], [2.15.1l] and [2.15.2] with the
elastic unloading stresses given by equations [3.22] and
[3.23]. 1In the plastic zone these components are given by

equations [3.17] and [3.18].
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Boundary Conditions

Equilibrium demands that

R _ _ s . _
(1) or = 0 at r=a (cr is also zero as or—O)
R _ _ s . _
(2) O, = 0 at r=b (cr is also zero as or—O)
and (3) 05 should be continuous at the elastic-

plastic boundaries r=p and r=r_.

(4) To satisfy the yield criterion at the

R

5 should

elastic-plastic boundary r=p , ©
be continuous at r =p.
(5) When all the moment has been released
b
R

6rdr= 0

(o]
a

(6) Equilibrium of residual stress system

demands that the resultant circumferential

force (area of stress distribution across

the thickness) should be zero, i.e.
J: og dr = 0

Apparently there are only four unknowns, namely

Y, ¢, p and k, involved in the expressions for residual stress
components, however, since equation [3.22] is in incremental
form, another unknown becomes involved making the total
number of unknowns five. Conditions (1) to (5) are sufficient
to determine all the constants and it is found that the
sixth condition is identically satisfied by the stress distri-

bution found from the earlier boundary conditions.
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Using earlier equations condition (4) gives

R__ 2 s _ _
Oy = oy(1+1na) + 0, = 0y[1+1n(pk)]
p P
i.e. 0% = - o [14ln(pk) - 1 - 1n2]
* ep Yy a
= - oy 1n(ak) : [3.24]

where the second subscript refers to circumferential stress

at r=p.Condition (3) gives

R _ _ nf s _ _
or = oylna + or = oy In(pk)
P P
. s _ _

where the second subscript refers to radial stress at r=p.

Also,
R : 'rn s
or = - oy ln(rnk) = oy ln—B +_or
r r
n n
s _rﬁk
r
n
substituting r, = vab [2.11]
s s
orr = oy In(ak) [3.26]

n

where the second subscript refers to radial stress at r=r..

At r=p equation [3.23] becomes

s _ c-p S
o = Y(=7) + (B+l)o

Y p

g
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Substituting values of og and oi from equations [3.24] and

p p
[3.25] respectively

- = v (EZP -
cy 1n(ak) v ( 5 ) + (B+1) ] oyln(ak)]

or 0 = y(S%R - B0, ln(ak) [3.27]
Substituting from equation [3.26]

= (Czp S
0 = ¥( 5 ) + Bcr

n
p:—g-%__
Y-Bo..
n
or p = — [3.28]
o
Ty
n
1_
B ( v )
Rearranging ci
r
n 1 c-p
- = = =k 3.29
(> =7z (&) [3.29]

P R n R b g
or o, dr + n oe dr + 06 dr = 0
a

Putting the values of OR

9 from earlier equations

for the appropriate zones

P r P s n
[ - cy(l+ln5)dr + oedr + - oy[1+1n(rk)]dr
a a P
b . b
+ o (1+ln=)dr + 2 dar =0
r Y b r 0
n n
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Putting Jln(rk)dr =»ln(rk)-r + Constant, etc.

‘ P
- 23 S - -
oy(p lna) + f O dr + oy[rn 1n(rnk) p 1n(pk)]

a

n b s
+ oy(-rn ln—B) + . Te dr = 0
n
Pog b s rﬁk
or . % dr + 3 9y dr - oy[-p In(ak) + r, ln(—ErJ]
n
=0
substituting for r
o (b n
o3 ar + oS dar - ¢ [-p 1In(ak) + r_ 1ln(ak)] =0
0 0 Yy n
a ‘r
n
P o (b <
or o, dr + o) dr - o ln(ak)(r_-p) =0
8 ¢ y n
a ‘r
n
or IF = F1 + F2 + Fy = 0 [3.30]
where P g
F, = c” dr [3.31]
0
a
b s
E2 = Og dr [3.32]
n
Fy = = cy ln(ak)(rn-p) [3.32.1]

As afore-said equation [3.30] is not needed in
calculating the constants. It however provides a check and
it is seen that the stress components found by using other
boundary conditions satisfy [3.30] identically.

Condition (5) gives
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p r b
J og r dr+ [ n cg r dr+ ( og r dr= 0
a J r
n
p r P s Tn
or - 0 (14+1n=)r dr + o) r dr+ - ¢-[1+1n(xk)ldr

b . b
r s -
+ f cy(1+ln5)r dr + [r o6 r dr= 0

Tn n
Putting

P s

Ml = oe r dr [3.33]
a
b s

M2 = . oe r dr | [3.34]
n 2 2

- and Ir In(rk)dr = - In(rk) - T + Constant etc.

and simplifying.

2 .2 .2
- P P b _a_
ri ‘rﬁ o 2 o2
- Gy[‘Z + i ln(rn ) - = - 3 In(pk)]
‘b2 .ri ,ri rn
to, g ——7 -3 1In-p =0
or
b*+a’-2rZ 2 r2  rlx
Ml + M2 - Oy [-——-—T———-— - —-2- ln(ak) + 7 ln(T)]=0
2 1,2 2 |
or Ml + M2 - cy[-z—-+ f(rn - p“)ln(ak)] =0
or EM=M +M, +M; =0 [3.35]
where L2

(r2-p%)1n(ak)1  [3.34.1]

Nf =

_ _t
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FIG. 3.6 SHEET THICKNESS DIVIDED IN m PARTS
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j=m,r=b
J=m-1 3
j=m—-2

1a

J:=

J=
j=0,r=a A &
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Because the problem is set up in incremental

form, the totai sheet thickness t is divided into‘m parts,

each of thickness d(éi).

Equation [3.22] can be written as

oS
j (a+34d)
where,
j Boundary of any’general division such
that j=0 at r=a and j=m at r=b (Fig. 3.6).
r a+jd at jth boundary
Ar d
Aci' Differential increment in unloading
) radial stress at jth boundary
and ci. Unloading radial stress at jth boundary
J
Now oi 0 at r=a, j=0
o
cil Aoio + cio at r=a+d, j=1
oiz Aoil + of_l at r=a+2d, j=2 etc
Similarily



and AGS = |4 {a+(j‘1)d}
ri-1 {a+(5-1)a)° a+%3'153

Therefore:

s
a+(3-0d r.

s Yd(c-fa+<j-1)a}) , at(j-148}d
J

o =
{a+(5-1)a}?

Similarily, the expression for cr _1 shall contain a term
_2, and the expression foi or i will contain a
term w1%h or 3 and so on, till the tgrm ci will contain

c which is ;ero. Substituting this serieslof values

O
{a+(4-1)d} g% 1+8)d (c {a+(3=~2)d}
= Yd c -~
({a+(3-1)d} a+ { {a+(3-2)a}°
a+ (§=-2+8)d c={a+(§=3)d} a+(j=-3+8)d
e a g ( U] erlingad.
{a+(j 3)d}?
_ ., a+(3+8)d[ (c-(a+2d))
(a+2d)
a+(2+B)d{ (c (a+d)) a+(1+8)d [Yd(c—a)
a+ (a+d) a+d -2
+ a+8d[c ]}]..... .....

Gi being zero (boundary condition (1)), yd can
o

with oS

L

3

be taken out as a common factor and oi can be expressed as

: =yd [c {a+ (- 1)d} +
3 {a+(3~l)d}

61
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+ {a+(j-1+B)d} {a+(3-2+B)d} {c—[a+(3 3)d]} .....

{a+(j-1)a}l {a+(j3-2)a}l {a+(j- 3)d}

ooooooooooooooooooooo +oc¢o...-...oo.coooo‘coooouo

+ {a+ (3-1+8)a} {a+(3=2+8)d}...... e e ee e '..
Ta+l%—I$3T N G AL Y

. {a+(2+8)d} {a+(1+B)4a} (c~a)

- (a+2d) (a+d) Y ]
I }
or (_71) = dle { .1 -+ a+(J—1+B?d ‘ ,
a+(j-1)d} {a+(5-1)a} {a+(3-2)a}

, {a*(3-1+8)d} ~ {a+(j-2+8)d}

+ ceecaes
{a+(j-1)d} {a+(j-2)d} {a+(5-3)a}?

' C,fer(i-aegdad.i.ee.. ... a+(1+8)d )

{a+(5-1)d}.eeieennnnn.. fat+d}a’

_ 1 , las(3-14+8)d} N

ar-Dar F Tar(3-Ddras@3=nar_ " -+

R C Ao e Ry L) PP {a+(li_1gi

R Y & T3 I - ) 2 “(a+¥
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At r=b, j=m and the radial stress, Oi , which should be zero

m
according to boundary condition number (2), is given by

1 {a+ (m-1+8)d}
o = ydj|c +
m Y |:({a+(m—~lldl‘z {a+(m-1)a} {a+ (m-2)a}

{a+(m 1+8) at{a+ (m-2+g)al

I
{a+(m—l)d}{a+(m—2)d}{a+(m-3)d}
..... . {a+(m-1+s)d}.......;..{a+(1+s)d},
{a+(mM=1)A}.eeeeeeecenn (a+d)a2
1 + {at(m-1+8)d} +
{a+(m-1)d} G+ (m-Ddy{a+(m-2)ydy = """
+ {a+(m=14B)d}..ecuenncnn {a+(1+8)d}J
""" {at(m-1)d}..cccvvvee...lat+td)a

Yd#0, hence the coefficient of yd must be equal to zero.

This givés an expression for the value of the constant c.

_ 1 + {a+ (m-1+8)ad} +
¢ = [{a+(m—l)d} {at+(m-1)4d) (a+ (m-2)af = ~*°~°°*°~°*"
+ {a+(m-1+B8)d}..cveeunnn. {a+(l+B)dU
""" {at(m=-1)d}.eeeeeeeesee. (@a+td)a '
[ , Latm-1tg) ) R
{a+(m-1)d} {a+(m—l)d)(a+(m 2)d}
....... +’{a+(m-1+6)d}..........{a+(1+8)d}]
{a+(m—l)d'}............'{a+d}a2

[3.37]
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Now,
s _ c-r S
Oy = Y(—;—) + (B+1)or [3.23]
Therefore,
s _ c-(a+jd) s
O'Gj = Y{-(m}—} + (B+1) O'rj
s s
o} o
i.e () = relagdly . (8+1) (=) [3.38]
T Y a+] Y )
where 02 = Unloading circumferential stress
] th
at the j boundary.
%
(—71) is given by equation [3.36]

c is given by equation [3.37]
and B8 is given by equation [3.21.2]

Now from [3.28]

S
Ty
1-8 (—2)
while at r=r _ (rn—a)
n ’ J = —3—
s
Op
or

n

therefore, ( 7 ) can be found by using equation [3.36].
When this value is put into equation [3.28] along with the
values of ¢ and B from equations [3.37] and [3.12.2]
respectively, the value of p is found. As will be shown in
Chapter V, even for a/t=1.5, this value of p does not differ
very much from that given by equation [3.14.3].

Furthermore, putting values of M1 and M2 from
equations [3.33] and [3.34] respectively into equation [3.35]

results in
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P g s £2 1,2 2
[a oe r dr + [i g r dr + gy — " 3 (rn -p )
n
6 1n(ak) = 0
P .S S
g b &°
9 . o 1n(ak)
or [4[—rdr+4f 6 2 2
Y — r dr - 2(r pT) 1y
a rn Y n Y
=—O't2

y 2
() = - =
y : cr p.og b Og
2(r2-0%) (_Tmy+al| (=) rar + | (=) r ar)
Y a ' r
[3.39]
%
n (r -a)
where ( Y ) is found by using equation [3.36] at j=———a——

P og b _og
Integrals (=)r dr and (—) r dr
a [ r. [

n
are determined as explained below:
j =0 at r = a
= Pp-a =
=3 at r o]
_ fn™@ at r =r
= b-a _ =
=g =N at rs— b
Now, the moment caused by stress (2g)over the area bounded by

Y
the jth and (j+l)th boundaries
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S
(o O's

0. 0.
- % d{(—Vl) + (__%il)}{a+(j+.5)d}

Therefore ._P-a s s
s = ( 1) ok o]
p O d 0. 0.
-2y rdr=i L g{ 3y + ity
a Y B 2 Y Y
J=
{a+(j+.5)a}
s s
b oS (m-1) %. 9.
and { (%) r dr =§: % af (—L)+( —1*1)}
r Y r_-a Y Y
“ -
{a+(j+.5)d}
i 2
Now,
= v(S2Py _
0 = v( 5 Boy 1n(ak) [3.29.1]
i.e. 1n(ak) = (Z—;) % (9%‘1) [3.40]

Therefore, all the unknowns can be computed by
using equations [3.37], [3.28], [3.39] and [3.40], in the
order they are written. Of course, these equations involve

the use of equations [3.36] and [3.38].

Once all the constants are known, the distance, X,

Fig. 3.5 and strain eg may be determined, if desired.

i
X = c-a [3.41]
s
aa gei
= — [3.21.3]
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Therefore,

e = XX
ei aga
o X
= () Y
(o E
y 7 a
1-v
2 o
Y, x{(1-v°)
(0—5) — ()
2
= (E,-g-)il—;m (ey) [3.42]
OS c),S

. 0.
The quantities (—71) and (—71) can be found by
equations [3.36] and [3.38] at any desired value of r for

large m. Since r=a+jd and (;l) is given by equation [3.39]

s s Y
therefore, 0r 06 . o
() and (z—)can be computed at any specified r.
Yy Y

When these values are substituted in the earlier given
equations the residual stress components in the circumferential
and radial directions can be computed. Stress in the lateral
direction is given by

R

_ 1 s s
, = 5(0g+ 0 ) +V(og + o) [3.43.1]
for a<r<p and r <r<b
R_1,R R
o, = 5 (0g + 0.,) for p<r<r [3.43.2]

Unfortunately, the equations involved are so
complex that it is not possible to write down explicit
relations for the residual stress components. However, it
is possible to obtain stress components for any given problem

where radius of bend, sheet thickness and material properties
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are known. A computer program has been developed for
determining the various unknowns and ultimately to determine
the stress distribution in all the three principal directions
(radial, cifcumferential and lateral). The program is
discussed and presented in Appendix A. This program can be
used for any numerical problem. The ahalysis becomes very
much simplifiéd‘and explicit relations:for stress components
can be written if V is taken as'O.S;

It can be readily seen that each stress component
gets multiplied by a factor; M =_(2//§), if Von Mises yield

criterion is used instead of Tresca.



CHAPTER IV
VALIDITY OF ASSUMPTIONS

AND EXPERIMENTAIL WORK

The experimental work and the calculations presented
in this chapter, are to verify some of the basic assumptions,
made in the analysis of stresses during cold-bending of a
wide sheet and subsequent spring back. Two types of tests,
carried out for this purpose were

(a) Investigation of the stress-strain characteristics
of the material used subsequently to determine its yield
stress 0y, and Young's modulus of elasticity E, and the degree
of strain hardening.

(b) Bending the sheet material about the z-axis to a
known radius and measuring the lateral strain €, occuring in
the outer fibres (convex boundary) of the sheet during the
bending operation.

The results of these tests were, subsequently, used
to verify that

(i) the plane strain conditions exist during the bending
of wide sheets.

(ii) the dimensions of the bent sheet do not change

significantly during spring back.
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FIG. 4.1 DIMENSIONS OF THE TENSION SPECIMEN
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Two types of aluminium alloys, Alcon 2S-H1l4 and 65S-0,
were available in the Applied Dynamics Laboratory. Alloy
2S-H14 has less strain hardening as compared to alloy 65S-0
and as such that material 1/16 inch in thickness was used

in the experiments.

4.1 Stress-Strain Curves

The stress-strain characteristics of the sheet metal
were determined by ASTM standard tension tests. Sheet
strips of 10" x 3/4" width were taken out in three directions,
namely; parallel, at 45° and at 135° to the direction of
rolling; These were, then, shaped to a tension test specimen
as specified by ASTM on a Tensile Cutter employing a template
accessory. Fig. 4.1 shows the final dimensions of the tension
specimen .

Budd Foil high elongation strain gauges, type EP~08~500BH,
with 120 ohm resistance were used to measure the strains of
specimens under tension. To nullify the effect of bending
strains which might be present in the test specimens prior
to their testing, two strain gauges were mounted along the
longitudinal centre-line on each specimen, one being on each
face at the centre of the narrow section. The tests were
carried out on a "Tinius Olsen" screw type testing machine,
and the specimens were all tensioned at a constant strain

rate of 0.005 inch/inch/minute. A multiple switching and



Table 4.1

Test Data for Tension Test

(Specimen in the Direction of Rolling)

Load Stress Strain Strain Average
Face One Face Two Strain
(1bs.) (ksi) (p-in/in) (u-in/in) (u=in/in)

0 0 0 0 0

50 1.754 593 -201* 196
100 3.508 1126 -242% 442
150 5.263 1536 -208%* 664
200 7.017 1994 -116%* 939
250 8.772 2380 12 1196
300 10.526 2778 190 1484
350 12.281 3250 422 1836
400 14.035 3810 734 2272
450  15.789 4520 1206 2863
475 16.667 5000 1510 3255
500 17.544 5712 2060 3886
525 18.421 8190 3818 6004

531 18.632 8860 4820 6840

Area = 0.0285 sg. in
*Probably specimen was not perfectly
straight and stretching caused com-
pressive strains onthe convex surface
till the specimen became straight.



Table 4.2

Test Data for Tension Test

(Specimen at 45° to the Direction of Rolling)

Load Stress Strain Strain Average
Face One Face Two Strain
(1bs) (ksi) (u-in/in) (u-in/in) (p=-in/in)

0 0 0 0 0
50 1.754 166 192 179
100 3.508 344 384 364
150 5.263 532 570 551
200 7.017 718 764 741
250 8.772 926 972 9249
300 10.526 1172 1216 1194
350 12.281 1421 1493 1457
375 13.158 1604 1650 1627
400 14.035 1792 1842 1817
425 14.912 2064 2080 2072
450 15.789 2411 2477 2444
475 16.667 2884 2916 2900
500 17.544 3753 4001 3877
517 18.140 5680 6110 5895
520 18.246 6737 7101 6919 .

Area = 0.0285 sg. in.



Table 4.3

Test Data for Tension Test

(Specimen at 135° to the Direction of Rolling)

Load Stress Strain Strain Average
Face One Face Two Strain
(lbs) (ksi) (u=in/in) (u=-in/in) (u-in/in)

0 0 0 0 0

50 1.754 252 114 183
100 3.508 474 244 359
150 5.263 695 389 542
200 7.017 912 558 735
250 8.772 1158 746 952
300 10.526 1420 968 1194
350 12.281 1737 1245 1491
375 13.158 1940 1392 1666
400 14,035 2133 1607 1870
450 15.789 2764 2084 2424
475 16.667 3211 2621 2916
500 17.544 4193 3435 3814
510 17.895 4820 4350 4585
518 18,175 5970 5400 5685
520 18.246 6460 5940 6200

Area = 0.0285 sg. in.
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bridge unit with a galvanometer strain indicator was used
to balance the gauges and to measure the strains.

The experimental data for this test are shown in
Tables 4.1, 4.2 and 4.3. The stress-strain relationships
obtained are as plotted in Fig. 4.2. It was observed that
the stress-strain curves for the specimens cut at 45° and
135° to the direction of rolling were practically identical.
However, they varied considerably from the stress-strain
curve for the specimen cut in a direction parallel to the
direction of rolling.

An idealized stress-strain curve is also shown in

Fig. 4.2 and the results obtained are shown in Table 4.4.

Table 4.4

Results of Tensile Test

vield Stress, o 18.245 x 10° psi
Young's Modulus of 6
Elasticity, E 10.136 x 10" psi

4.2 Measurement of Lateral Strains During Bending Operation

The aim of this section of the experimental work was
to verify the theoretical prediction that the lateral strains
are zero during the bending of a wide metal sheet. This

condition of zero lateral strain is called the plane strain
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condition and was used in the analysis of the stresses
occurring during the bending of a wide sheet. The bending
press used is shown in Fig. 4.3, and consisted of a die
and aipunch. Contrary to usual conventions, the punch was
held stationary and the die was forced to move downward
over the punch.

The punch was made from an I section available in the
Applied Dynamics Laboratory. The top flange was cut to
get an inverted tee section and a V-groove was cut in the
web of this inverted tee section. The groove was so dimensioned
as to accomodate a 1/8" giameter steel bar, at a level just
below the horizontal diameter of the bar. This was to ensure
that at least half the cross-section of the bar be clear
above the inverted tee section. The top 3/4" of the web was
tapered as shown in Fig. 4.3. A 1/8" diameter tough steel
rod was put in the groove and the ends were welded to ensure
full contact of rod with the inverted tee section, at all
times.

A 4" x 6" hollow steel beam section, available in the
laboratory was selected to make a movable die. A 7/8" wide
groove was cut at the centre of one of the short sides
(4" side) of the section. Two steel plates, each of 8 x 1 x
x 1/2 inch thick were chosen to vary the clearance between the
die faces. The plates were rounded along one of their long

edges and bolted to the hollow section along the groove, one
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plate being on each side of it. The distance between the
plates could be changed and adjusted at any desired value
between 0 and 7/8". This adjustment was necessary to get the
proper radius of curvature. If the clearance were greater
the sheet might have resisted bending along and around the
steel rod; if the clearance were too small the punch might
have sheared through the sheet. A one inch diameter threaded
steel rod was fitted at the centre of the face opposite to
grooved face, to screw the die with the loading head of the
"Tinius Olsen" screw type testing machine.

As aforesaid, the stress-strain curves were practically
identical for the specimens cut in the directions at 45°
and 135° to the direction of rolling. As the theory assumes
éhat the material is initially isotropic, it was desirable
to have the stress-strain characteristics in two perpendicular
directions the same. Hence, for this test square pieces,
7" x 7", were cut out from the sheets at 45° to the direction
of rolling. The strain gauge was mounted on the sheet as
shown in Fig. 4.4, so that the strain could be measured in
the lateral (longitudinal) direction on the outside fibres
of the bend. As the object of measuring the strain in
this direction was to verify the assumed value of zero strain,
wire strain gauges of lengths 1 inch, type SR4-Al2, with 120

ohm resistance and a gauge factor of 2.05 were used to measure
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any small strain in this direction. The strain gauges were
mounted exactly at the centre of the sheets, along the_z—axis,
the axis about which the sheet was bent.

The die was fitted to the loading head of the "Tinius
Olsen" screw type testing machine and the sheet was put
below it, over the punch in such a way that the centre of
the die's goove, wire strain gauge ( on the centre of the sheet)
and the centroidal axis of the steel rod on the punch were
all in one vertical plane. Dial gauges were fixed to measure
the travel of the die and the vertical travel of the corners
of the sheet. The travel of the die was measured from the
instant it just touched the sheet, without bending it, to
the final bending position of the sheet. The die was slowly
moved down and strains in the lateral direction z were measured
using a strain indicator and a multiple switch and balance
unit. Unfortunately, the strains after unloading could not
be measured as the strain gauges slipped from the sheet
surface by the time the bending operation was completed.
Nevertheless, the aim of the experiment was to measure the
lateral strains during bending so as to verify the assumed

zero value of these lateral strains.

4.3 Verification of Plane Strain Condition

The maximum lateral strain ez recorded in the outside

fibres of the sheet bent in the experiment described above
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was 1562 micro inch/inch. Since the sheet thickness was
1/16" and it was bent around a 1/8" diameter rod, the

radius of curvature of the inside fibres was reduced to a
minimum of 1/16". This sharp bending results in an a/t
ratio equal to 1, where a is the radius to inside fibres and
t, the thickness of the sheet.

Now, the circumferential strain €g can be calculated
for this bend simply. Fig. 4.5(a) shows the geometry of
the sheet bent around the rod and Fig. 4.5(b) shows an ele-
ment taken out from the bend.

If rn is the radius to the neutral axis, then the
original length of the outside fibre

= length of fibre at neutral axis
=r, de
where d6 = Angle between two adjacent elements.

The stretched 1length of the outside fibre

= b d6
Therefore, ' b de-rnde
o =TT a9
—_ b—rn
= -

For the case under consideration
t = 1/16 inch
vab
1/1 1/8

r
n

0.0884
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_0.125 - 0.0884

Therefore ae = 00884

0.414 in/in

414,000 u-in/in
Now, the maximum lateral strain €, recorded in the test was
1562 py-in/in, which is only 0.377 percent of the circumfer-
ential strain €qe Even this small lateral strain seems to
be a component of the circumferential strain in the dir-
ection of the wire strain gauge, which was not exactly
aligned with the axis of bending. It can be shown that
even a very small non-alignment of the strain gauge from
the axis of bending is enough to give the strain recorded
in the lateral direction.

If the angle between the strain gauge and the axis
of bending be § as shown in Fig. 4.6, then the component
of the circumferential strain €q in the direction of the

strain gauge = eesinﬁ. This component of €, is recorded

0

by the strain gauge and the value recorded is 1562 u-in/in.

Therefore, 1562 = eesiné
i.e Sing = gryoo2
Tt 414,000
or §= 0.00377 degrees.

Hence, it is concluded that the lateral strain recorded in
the test was due to small non alignmeﬁt of the strain gauge
and the assumption of zero lateral strain (plane strain

condition) is valid for the wide sheet bending.
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cation of Virtual Constancy of Physical

Dimens

ions During Spring-Back.

The

calculations performed in this part are somewhat

simplified employing the worst bending conditions to verify

that the s
back.
The
(1)
(2)
(3)
(4)

Fig.

heet dimensions change negligibly during spring

following data and assumption are used:

a/t = 1 (the bending done in actual experiment)
E = 10.136 x 106 psi (found by experiment)

OY = 18.245 x 103 psi (found by experiment)
that the neutral axis, at all times, coincides
with the centroidal axis of the sheet for
simplicity.

4.7 (a) shows a typical element, taken from the

bent sheet and it is assumed that the length of the fibre

at the neutral axis is 3 units.

Now,

for this element

and r =

Njw o
+
Nt

t

Therefore, the length of the inner fibre before spring back

= a déo

]
N
[
o
-
o
0]
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Neutral Fibre
Length 3 Units

(b) After Spring-Back

FIG. 4.7 GEOMETRY OF ELEMENT FOR a/t=1.0
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The same element after spring back is shown in Fig.
4.7 (b). If the radius to neutral axis after spring back

. s . . . . . .
is fn and the circumferential strain in the inner fibres,

87

for the worst case, after spring back is assumed to change

by 2 £, where
Y v’

Then

€. = yield strain
Y o
€ = _Z
Y E 3
_ 18.245 x 10
10.136 x 10°

= 1.8 x 10'-3 in/in

The length of inner fibres, after spring back

Therefore

where a° =

a

=2+ 2 x(1.8 x 1073

2.0072 units

S 30%= 2.0072

X 2)

Radius of inner fibres after spring back.

and des= Angle subtended at the centre of curvature by the

element aft

i.e.,

Rearranging

er spring

2.0072 =

e

back.

3

a® =
rs

n

3 aS

a®+0.5¢t

.5 x 2.0072

(3-2.0093)
1.0108.
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Thus, the spring back altered a/t from an initial
value before spring back of 1 to 1.0108, the final value
after spring back. The change in a/t ratio is therefore
only 1.08%. Hence, it seems quite logical to assume that
the physical dimensions of the sheet do not change appreciably
during and after spring back in spite of the rather crude

assumptionS concerningneutral surface location.
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CHAPTER V

RESULTS AND DISCUSSIONS

5.1 Plots of Residual Stress Components

Residual stress components in the circumferential,
radial and lateral directions have been calculated for
a/t = 1.5, 2, 3, 4, 5, 6 and 25. A bending ratio a/t=25
refers‘to the case of moderate bending* and is included
to compare with a simple theory. For computer calculation

purposes a sheet thickness t of %" was assumed. Only the
a/t ratio is important however since the results are
independent of t. Further, the value of Poisson's ratio
v has been assumed to be 0.3 where compressible material
is involved. The results for a value of 0.5 ére also
examined. The computer programs can be used for any value
of t and v.

The distributions of the residual stress components
are shown graphically in Fig. 5.1 to 5.7. The results of
the approximate method, as outlined in section 3.1, are also

plotted for two extreme cases of a/t=1.5 and 6.

¥*X maximum of 2% ouler fibre sinain has been
assumed forn modenate bending

L.e. t/2 2
a + /7 ~ Y00
on a/t = 25
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It may be observed that the discrepancy, in the stress
distribution, between the curves based upon the approximate
analysis and those upon the exact analysis as described in
section 3.3 is éonsiderable for a/t=l.5. For a/t=6 (a case
of less severe bending) the two curves are almost identical.
Tables 5.1 to 5.3 show the maximum percentage errors in the
residual circumferential, radial and lateral stresses if
they are calculated by the approximate analysis.

At the inner fibres, og (tensile) increases with
decreasing a/t (i.e. as bending becomes more and more severe).
At the outer fibres og (compressive) increases in magnitude
as the a/t ratio is increased. However, a drop in og is
observed at a/t=25 (moderate bending).

It is observed that the maximum positive and maximum
negative values of cg occur, just above the neutrallaxis
and just below it. The maximum positive value decreases
while maximum negative value increases as bending continues.
It can be seen that the error in the maximum positive og, if
it is calculated by approximate method increases from -.12%
at a/t=25 to -3.14% at a/t=1.5. For maximum negative Og, the
error increases from -.80% at a/t=25 to -12.00% at a/t=1.5.
For the case of moderate bending the error may be neglected

. R
so far as maximum values of 06 are concerned.



Residual Circumferential\strESS'(cg)\at'Critical‘FibreS‘(Exact'Method;'v=0.3)

Table 5.1

o

........

At Inner Fibre Maximum Negative|Maximum Positive At Outer Fibre
a/t : ‘1 (Below N.A.) {Above N.A.)
*#gR «piff’ | *oR *Diff  |*on *Diff #gR *Di
6 6 P i Og Diff
1.5 |+.74267 | +.06170 -1.06081)-.12733 |+.83681 | -.02629 -.33459 | +.04766
(8.31%) (12.00%) (3.14%) (14.24%)
2.0 |+.68316 | +.05000 -1.04933}|-.09675 ]+.87045 | ~.02091 ~.36218 | +.03780
(7.32%) (9.22%) | (2.40%) (10.43%)
3.0 {+.61970} +.03922 -1.03576}~.07149 {+.90728 | -.01460 -.39425 | +.02420
(6.33%) (6.90%) (1.61%) " (6.14%)
4.0 |+.58409 | +.03647 -1.02819]-.05494% }+.92790 | -.01106 -.41048 ] +.01362
(6.24%) (5.34%) (1.19%) (3.32%)
5.0 {+.56064 | +.03649 -1.,023321-.04128 {+.94062 | -.00886 -.41963 } +.00513
(6.51%) (4.03%) (.94%) (1.22%)
6.0 |+.54485 ] +.03648 -1.01987}-.03566 |+.95053 | ~-.00733 ~.42616 | +.00083
‘ (6.69%) (3.459%) (.77%) (.19%)
25.0]+.42876 | +.09112 ~1.005771-.00803 }j+.98726 | ~.00109 | -.40082}| -.07984
(21.25%) (.80%) (.12%) (19.92%)

*Coefficients of Oy [Trescal] and that of (2//§)Oy [Von Mises]

Thiff =

Stress by approximate method -~ stress by exact method

20T



Table 5.2

Residual Radial Stress (OE) at Critical Fibres

(Exact Method,

v=0,.

3)

Maximum Negative Maximum Positive | Stress at
(at Neutral axis) Maximum Diff
R s et R . R .

* * * *

0. Diff o, *Diff o *Diff

-.06081§ -.00111 +.03289 | +.00221 | +.00660 | =.00311
(1.82%) (6.72%) (47.12%)

-.04933}1 -.00047 +.02386 | +.00158 | +.00848 | -.00179
(.95%) (6.62%) (21.11%)

-.03576 | +.00013 +.01517 | +.00101 | +.01387 | +.00102
(.36%) (6.66%) (7.35%)

-.02819 | +.00044 +.01097 |} +.00081 | +.00790 | +.00088
(1.56%) (7.38%) (11.14%)

-.02332 | +.00062 +.00852 | +.0071 +.00348 | +.00083
(2.66%) (8.33%) (23.85%)

-.01987 | +.00066 +.00695 | +.00063 | -.00016 | +.00079
(3.32%) (9.06%) (493.75%)

-.00577 | +.00090 +.00123 | +.00047 | -.00577 | +.00090
(15.60%) (38.21%) (15.60%)

*Coefficients of Oy
.t.

[Trescal and that of (2//§)0Y [Von Mises!

Diff = Stress by approximate method - stress by exact method



Table 5.3

Residual Lateral Stress (OS) at Critical Fibres (Exact Method, v=0.3)

At Inner Fibre

Maximum Negative

Maximum Positive

At Outer Fibre

a/t (Below N.A.) (Above N.A.)
*gR *Diff *gR *Diff *gR *Diff | %ok *Diff
z z z z
1.5 }+.02280} +.01851 -.56081} -.11627 | +.33059} -.00833 +.099621 +.01430
(81.18%) (20.73%) (2.51%) (14.35%)
2.0 1+.00495} +.01500 -.54933 | -.90910 | +.36516 | -.00643 +.09135| +.01134
(303.03%) (16.40%) (1.76%) (12.41%)
3.0 | -.01409 | +.01177 -.53576 | -.06463 | +,40389 ] -.00434 +.08173| +.00726
(83.53%) (12.06%) (1.07%) (8.88%)
4.0 | -.024771 +.01094 -.52819| -.04970 | +.42526 | -.00319 +.07686 | +.00408
(44.16%) (9.41%) (.75%) (5.31%)
5.0 |-.03181] +.01095 -.52332 | -.03933 | +.43872 | -.00247 +.07411}| +.00154
‘ (34.42%) (7.51%) (.56%) (2.08%)
6.0 }-.03655] +.01095 -.51987 | -.03338 | +.44833} -.00201 +.07215} -.00025
(29.96%) (6.42%) (.45%) (.34%)
25.01-.07137 ] +.02733 -.50577 | -.00768 | +.48660 | -.00005 +.07975| -.02395
(38.29%) (1.52%) (.01%) (30.03%)

*Coefficients of oy

T,
Diff

[Tresca] and that of (2//'5)0y

[Von Mises]

Stress by approximate method - stress by exact method

vO0T



Table

5.4

P051tloh of Neutral Ax1s and ThlckneSS'of'Plast1C‘Cbre

.................................................

TTssing equation [3.14.3]
Tt = 1/4"

SOT

Neutral Axis Inner Elastic— - Thickness of .
ot (Inch) Plastic Boun~ Plastic Core s

a/t' | a C dary (inch) X €y /€

] Distance Dlstanqe + %age 1 (Inch)’i Y

(Inch)| (Inch)] From ! £, From p p Inch of Inch
Inner : Inner total

" Fibre Fibre thickness.
1.5 |0.375 |0.625| 0.1091 | 0.4841 | 0.1009 | 0.4759| 0.4738 | .0082{3.28%}|.0103| .1098}1.58
2.0 0.50 0.75 0.1124 | 0.6124| 0.1058 | 0.6058]| 0.6041 | .0066}2.64%].0083| .1129{1.53
3.0 {.075 {1.00 | o0.1160| 0.8660] 0.1113 | 0.8613| 0.8601 | .0047|1.88%|.0059| .1164[1.47
4.0 j1.00 }1.25 0.118041.1180} 0.1143}11.1143} 1.1134} .0037}1.48%}.0046] .1183}1.44
5.0 ]1.25 1.50 0.1193]1.3693 | 0.1163 | 1.3663| 1.3655] .0030{1.20%).0038} .1195]1.42
6.0 {1.50 1.75 0.1202)1.6202 ) 0.1176 | 1.6176| 1.6170 | .0026|1.04%].0032 | .1203}1.40
35.0 6.25 16.50 '0.1238 | 6.3738 | 0.1231 | 6.3731] 6.3729 | .0007]0.288|.0009 | .1238]1.30

Moderate bending
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Table 5.3 shows the residual stresses in the lateral
direction 05 at critical fibres. The residual stresses
which are of primary importance when considering their effect
on the external load carrying capacity of hollow structural
sections for example, are those occurring in this direction
(lateral). It is seen that the maximum negative 05 increases
and maximum positive 05 decreases as the bending ratio (a/t)
decreases. The difference between the two methods for the
maximum positive 05 varies from -.01% to -2.51% and for the
maximum negative 05 from -1.52% to 20.73%.

At the elastic-plastic boundary r=p, 05 becomes dis-

continuous, due to the fact that in the elastic zone

R _ s
g = 0.5(0e +or) + v(oe + 0

s
2 )

r
when v=0.3 for example

whereas, in the plastic 2zone

S

)

R s
o, 0.5(0e + or) + 0.5(0e + 0

R
RS

0.5(cf + o©
Therefore, an average value of 05 was calculated near the
elastic~plastic boundary, so that the distribution is contin-
uous at r=p. It is seén that 05 comes out to be continuous if
v is assumed as 0.5. The distribution of stress for v=0.5 is

shown in Fig. 5.1.
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Fig. 5.7 shows the residual stresses for a/t=25 and
it is seen that 05 is negligibly small for this case. This
leads to the conclusion that radial stress may be neglected
for moderate bending.

Table 5.4 shows that the position of the neutral axis
shifts towards the concave (inner) surface as bending continues
and so does the elastic-plastic boundary r=p. The thickness
of the plastic core increases as the bending ratio (a/t)
decreases. The position of the neutral surface (upper elastic-
plastic boundary) r=r is independent of the adjustments in
stresses due to plastic core. Lower elastic-plastic boundary
r=p shifts towards the neutral plane (thus decreasing the
thickness of the plastic core) due to the adjustments in
stress components. It can, however, be seen that even for
a/t=1.5 the value of p given by equation [3.14.3] does not
differ appreciably from that obtained by exact analysis (using

equation [3.28]). Furthermore, it is observed that eg for

i
a/t=1.5 after gpring back changes only by 1.58 ey.

5.2 Geometric Representation of Stress Path and Residual Stress

Distribution.

The analysis outlined in this section shows a method of
geometric representation of stresses on the plane of deviatoric
states of stress. A comparison is made between the residual
stress distribution for severe bending (a/t=1.5) and that for

moderate bending (a/t=25). The stresses are also plotted for a
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case where the value of Poisson's ratio v is assumed to be
0.5 to be compared with the distribution for v=0.3. In both
the above cases the value of a/t is 1.5.

(6) (11) and Alexander(38) have

Hill , Mendelson
described a method of vectorial representation of stress in
a rectangular cartesian co-ordinate system. If the principal
stresses are plotted in the direction of the axes, the
projection of a vector, representing the state of stress at
a point in the sheet (or any other body), on the line of
hydrostatic states of stress(a line inclined at equal angles
with the axes) represents the vectorial sum of the mean or
hydrostatic components (¢,0,0), where o =(0y + 0, + 0,)/3.
The component perpendicular to the line of hydrostatic states
of stress represents the vectorial sum of the deviatoric
components (oé, oL, 0)), where o' = o4~ g, o! = or—g, oy = 0,70.
This vector may be regarded as the projection of the total
stress vector (vector representing the state of stress at the
point under consideration) on a plane passing through the
origin and normal to the line of hydrostatic states 6f stress.
This plane represented by ce+or+oz = 0 is called the plane of
deviatoric states of stress (m plane). The hydrostatic com-
ponent of the stress is assumed not to influence plastic flow.
Looking in the direction of the line of hydrostatic

states of stress, the axes seem to project on the plane of

deviatoric states of stress at equal angles of 120° and any
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T Plane
FIG. 5.8(a) PROJECTION OF oé ON 7 PLANE
[}
Ty
M
KJ=1/3 MJ ;
| -
Ge—IU
0£=UK 2 Parts

FIG. 5.8(b) REPRESENTATION OF STRESS COMPONENTS ON T PLANE
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vector 0y projects on to this plane with a length of /57?06'.
Fig. 5.8(a) shows the plane containing oé; IT - normal to the

T plane and the projection of oé on the wplane. It is obvious
from the figure that the projection of oé on the m plane is
V273 og. Fig. 5.8(b) shows the m plane as the plane of the
paper and the projections upon this plane of the coordinate
axes oé, O%, oé. Because of the fact that the sum. of the
deviatoric stress components (oé + oé + oé) of any point M,

for instance, is zero a simple construction such as shown in
Fig. 5.8(b) makes it possible to determine the deviatoric stress
components uniquely.In this figure MJ is parallel to Ioé and

IJ is perpendicular to it; KJ = %MJ and KU is parallel to IOL.
Under these conditions IU=UV, VK=KM and o/}, oé, oé are
represented by IU, UK and KM respectively. It can be seen that
o£ = UV + VK is negative and cé + cé = IU + KM is positive.
Thus oé is numerically equal to o} + oé and the algebraic sum

0

] ] 1 —
Og + Or + o, = 0. |
If one of the stress components, say Or is zero, then

0 = - 0! is represented by the length UK which is equal to UN

1]
r
and NK. Therefore, lengths IN and MN represent 06(=0é+5) and
OZ(=Oé+6) respectively. This is, therefore, possible to deter-
mine the actual magnitudes of two stress components, if the
third component is zero. This fact has been used in plotting

the elastic loading (or is assumed to be zero) paths of top

and bottom fibres of the sheet.
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Fig. 5.9 shows the stress paths of extreme fibres
during bending and spring back for a/t=1.5 and v=0.3. For
convenience the actual values of the deviatoric stress com-
ponents have been plotted which is the same as saying that
the actual diagram has been enlarged by a scale factor of
v3/2. Under these conditions the Von Mises yield criterion
which is regarded as a circular cylinder of radius /77§Oy
and its axis coinciding with the line of hydrostatic states
of stress, appears as a circle of radius Oy on the 7 plane.
The yield locus for the Tresca maximum shear criterion is a
regular hexagon inscribed in the Von Mises circle.

In Fig. 5.9 point I represents the state of zero stress
at the fibres of the sheet before bending starts. As bending
progresses and whilst the material is still elastic the points
representing the state of stresswill lie within the hexagon
(Tresca) or circle (Von Mises). Under elastic conditions the

radial stress component o, may be neglected. Therefore, for

plane strain bending (€z=0), the relation

o
=2 _ 2 i
€, = % B (Ue+0r) gives

o, = VOg

IP and IR represent the elastic loading paths for top and
bottom fibres during bending operation. Due to the reasons
mentioned earlier a point M, for instance, on IP or IR is such
that MN = vxIN. Primed points represent the corresponding

positions for the Von Mises yield criterion. Points Q and S
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represent the fully plastic states of stress for top and
bottom fibres respectively. During spring back top fibre
follows the path represented by QH aﬁd bottom fibre follows
the one represented by SA. Bottom fibre produces paths which
would be a mirror image of the paths produced by top fibre
if neutral plane were at mid plane.

Fig. 5.10 shows the state of stress at any point of
the sheet, during spring back for a/t=1.5. ABCDEFGH represents
the residual stress distribution across the thickness of the
sheet, ABCD being that portion below neutral surface and FGH
for the fibres above it. Point D represents the fully pléstic
state of stress for the fibres laying in the plastic core
(r=pto rn). During spring back or unloading the stress paths
for various fibres, say represented by points A, B, C and D,
follow the lines joining S to these points. Similarily for
the fibres laying above the neutral surface the unloading
stress state paths are those represented by the lines joining
Q to the points such as F, G and H. S. and Q represent the
fully plastic states of stress after bending operation is
complete (before spring back starts), for fibres below the
neutral surface and those above the neutral surface respectively.
For fibres in the plastic core the stress path follows the

yield surface.
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To compare the stress paths and residual stress distri-
butions for the case of severe bending (a/t=1.5) with those
of moderate bending (a/t=25), the residual stress distribution
for the later case has been plotted in Fig. 5.11. 1In this |
case the distribution curve FH is almost a straight line. It
is to be noted that in this case radial stresses are very
small as compared to those for any other case of severe
bending. If radial stresses were neglected altogether, the
shape of the residual stress distribution as obtained by

Alexander(38)

appears to be convex. It may therefore be con-
cluded that the concave shape of curve FGH in Fig. 5.10 is
due to the radial stresses of considerable magnitude.
R _ R R

For v=0.5, o, = 0.5 (0e + or)
which gives cé = -oé and oé = 0. Therefore the residual stress
distribution is a straight line bisecting the angle between

T ! . '

the axes oe/oy and or/oy and between oe/oy and or/oy.
The residual stress distribution is as indicated by AD for

the fibres below the neutral surface and by FH for the fibres

above it as shown in Fig. 5.12.

5.3 Effect of Longitudinal Stretching on the Behaviour of

Cold-Formed Sections

The residual stress distribution such as is illustrated
by Fig. 5.10 may be usefully employed to study the behaviour

of cold-formed sections loaded axially in tension. When the
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cross section of a member, containing this type of residual
stress distribution is loaded axially (in the lateral dir-
ection, z) in tension, each fibre remains elastic till it
reaches the Tresca's hexagon (or Von Mises' circle). Pure
tension in the z-direction produces no change in the
stresses in 9 and r directions in the elastic range.
Therefore, an increment of +Aoz in o, causes a change of
+%AOZ in the mean value 0 which in turn produces a change

of —%Aoz in the values of o} and 0£ plus a change of +§Acz

6
in the value of oé. It can now be shown graphically that to
satisfy these increments the points A, B, C etc. should follow
vertical paths ( in the direction of cé/oy axis) in the

elastic range, as shown by vertical dotted lines, Fig. 5.10.

If it is assumed that all fibres are equally strained
at the same rate during the loading of the member, the
vertical ordinates will be of equal lengths and the basic
form or shape of the residual stress distribution curve will
not change until some fibre yields (i.e. until some point
reaches the hexagon or circle).

In the case of Tresca the least ordinate is DDl and all
the stress paths move in vertical straight lines till D reaches
D, - Point Dy indicates the limit of proportionality of the
cold bend member. If the member is stretched further, point
D will move along DI the side of the hexagon and other

points will be deviated from vertical paths. In the case of
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Von Mises' yield criterion point D' is already on the circle
and stretching of the member will cause D' to move along the
circle (not along vertical lines) and as such other points
will also not move along vertical Yimes in order that force and
moment equilibrium in the circumferential direction be
satisfied. Therefore, theoretically the proportional limit

for the Von Mises case is at zero stress level.



CHAPTER VI
CONCLUSIONS AND
RECOMMENDATIONS FOR FURTHER RESEARCH

The object of this investigation was to find a method
of computing the residual stress components in a wide sheet
of elastic - perfectly plastic metal after spring-back.

The spring-back occurs after a cold-forming process and it
generates a rather complex stress and strain residuals‘in the
cold-formed section. The analysis given herein takes into
account the zone of plastic flow near the neutral surface.

An approximate analysis which is much more simplified neglects
the zone of plastic flow (i.e. assumes that the spring-back

is completely eldstic) and is also presented to provide a
comparison between the two methods.

It is observed that the approximate analysis gives
results which are comparable with those given by exact analysis
for the cases of moderate and less severe bending. The
differences in maximum positive and maximum negative values of
circumferential stresseszog computed by the two.analyses are
.12% and .80% respectively for a/t=25. The same values for
‘a/t=1.5 are 3.14% and 12.00%. The equivalent values for o:
are .01% and 1.52% for a/t=25 and 2.51% and 20.73% for a/t=1.5.

Therefore it is suggested that the approximate analysis
can only be used for bending slightly more severe than

moderate bending and the difference in stress components is

120
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quite appreciable for severe bends of a/t 3.0 and less. Radial
stress components can be neglected for moderate bending cases.

It is found that spring-back is not completely elastic
and plastification occurs in a small zone of thickness just
below the neutral surface. The thickness of this plastic
zone decreases as the a/t ratio increases. The thickness of
the plastic core is only 0.24% of the total sheet thickness
for a/t=25. The thickness of this core increases to 3.28%
for a/t=1.5.

Further it is found that all the stress components for
Von Mises yield criterion are (2/V3) times the components
for Tresca yield criterion. As such it is concluded that the
yield criterion does not have any effect whatsoever on the
present analysis and the stresses simply differ by a constant
factor (2/v3). It should be noted however that the Prandtl-
Reuss equations relating increments of stress and strain with
stresses are based on the normality requirement of Von Mises
material but were nevertheless used with Tresca as well.

The condition of plane strain in the wide sheet bending
is confirmed by a simple bending test. Furthermore it is
deduced that the dimensions of the sheet do not change
appreciably during spring-back.

The difference in the stress paths for the current
analysis (severe bending) and the analysis for moderate

bending (neglecting radial stresses) is observed to have the
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same basic form but a direct comparison is not possible since
a significant elastic core was employed in Alexander's work(38).
The study of the effect of lateral stretching on the behaviour
of cold-formed sections shows that severe bending lowers the
proportional limit considerably below that computed for

moderate bending. In fact it becomes zero for Von Mises

criterion.

Recommendations for Further Research

1. It might be worthwhile to reinvestigate the problem
as stated herein and to modify the analysis by taking into
account the influence of work hardening on spring-back.

2. Theoretically it is found that the proportional limit
is at a zero stress level for Von Mises yield c¢riterion, i.e.
no apparent elastic behaviour even initially. It is expected
that conventional eperiments will not confirm this analytical
prediction as the zone of plastic flow is very small. Some
very sophisticated experiments with a high level of stress and
strain control would need to be conducted to show a propor-
tional limit that tends toward a zero stress state since most
of the sheet is still elastic.

3. It is recommended that an analysis be performed on
the stretching characteristics of a severely bent sheet to
simulate behaviour of the corners of square and rectangular
hollow structural sections acting as beams or columns as well

as for decking material such as is used in roofing.
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APPENDIX A
COMPUTER PROGRAMS FOR CALCULATING BENDING, SPRING-BACK

RESIDUAL AND DEVIATORIC STRESS COMPONENTS

Two programs were developed, one for approximate

method and the other for exact method outlined in Chapter III.

A.l Designations

The meaning of the variables used in the Fortran
Programs are as given below. The different constants, variables
and stress components were calculated in the order they are
written and by using the equations indicated in [ ]. The
details of operation and how the stress components were cal-
culated are shown in the programs by comment cards and by
flow charts drawn in Appendices A.2 and A.3.

BRATIO

= a/t
T =t
PR = v
A = a
RN = r [2.11]
M=m
D=4d

VM = 2//3, a factor which when multiplied by
stresses by Tregca Criterion gives

stresses by Von Mises Criterion
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RO
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AM2
AZ
ALK

STR

F3
AM3
SUMF
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Y where J=j+1
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[3.
[3.
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[3.

[3.

[3
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[3.
[3.
[3.
[3.
[3.
[3.
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21.2]
37}

.21.4]

361

38]

.36]1

29]

28]
31]
32]
33]
34]
39]
40]
42]

32.1]
34.1]
30]
35]



SSR(J) ,SIGR2,STR

SsT(J) ,SIGT2,STT
S8%(J) ,SIGZ2,STZ
BSR, SIGR1
BST,SIGT1
BSZ,SIGZ1

~ RESR

REST

RESZ

SIGMN

DEVR

DEVT

DEVZ

MOM

C.

N

Other are

work variables only

[2.18.2]

[3.10]
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A.2 Flow Chart for Approximate Analysis' Program 126

Y

COMPUTE o©,,0_,0_ BY USING
8’ r'z

EQUATIONS [2.14.2],
[2.15.2],[2.16.2]

COMPUTE 0,,0_,0_ BY USING
6''r' "z

EQUATIONS [2.14.1]
[2.15.1],[2.16.1]

4

Y

COMPUTE STRESS COMPONENTS

INCREASE r




A.3 Flow Chart for Exact Analysis' Program

o= )
| Y
\ READ a/t,t,v,m /

1
CQMPUIE a,r, ,B8,d,VM

V

COMPUTE c,Xx,SR(J),S(J),
o,F,AZ ALK, IF,IM

Y
PRINT THE VARIABLES
CALCULATED ABOVE
!

Y/

Y

r=a

)

\

COMPUTE STRESS COMPONENTS IN THE
IOWER ELASTIC ZONE (r=a to p)

&RINT STRESS comom\rrs/

YES

r<p e
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COMPUTE STRESS COMPONENTS AT LOWER
ELASTIC-PLASTIC BOUNDARY ,P#p TAKING

IT AS EIASTIC

{
N e e/
i

COMPUTE STRESS COMPONENTS AT LOWER
ELASTIC-PLASTIC BOUNDARY,r=p TAKING

IT AS PLASTIC

Y

\PRINT STRESS COMPONENTS /

P

.

r

QOMPUTE. STRESS COMPONENTS IN
THE PLASTIC CORE (r=pto rn)

i
ey

r<r_ YES - INCREASE r

NO

r=r

YES

COMPUTE STRESS COMPONENTS AT UPPER

ELASTIC-PLASTIC BOUNDARY,r=r
TAKING IT AS ELASTIC n

e ———



"\ PRINT STRESS COMPONENTS /

‘I

COMPUTE STRESS COMPONENTS IN THE
UPPER ELASTIC ZONE r=r, to b

\PRINT STRESS OOMPONENTS /

INCREASE r
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HRK4 . TYAGI DEV

RUNI(S)

SETINDF .

REDUCE »

LGOe

' 6400 END OF RECORD

PROGRAM TST (INPUTsQUTPUTsTAPES=INPUTs TAPE6=0UTPUT)

C TO CALCULATE THE STRESS (OMPONENTS BY APPROXIMATE ANALYSIS
C SPRING~BACK IS COMPLETELY ELASTIC

C VARIABLES NOTATIONS AS DEFINED IN APPENDIX Ael

C | CHANGING THE VALUE OF BRATIO(OR A/T) IN THE DATA STATEMENT

#WOULD ENABLE TO GET THE STRESSES FOR ANY RATIO OF A/T
C STRESS COMPONENTS ARE THE COEFFICIENTS OF YIELD STRESS
C STRESSES GIVEN BY TRESCA YIELD CRITERIONsWHEN MULTIPLIED BY A
#*COEFFICIENT (24/SQRT(34)) GIVE STRESSES FOR VON~MISES CRITERION
REAL MOMsN
WRITE(64+100)

100 FORMAT(8Xs#R*96Xs%RES R¥ 95X s*¥RES T*#9s5X s ¥RES Z#95Xs%DEV R¥s5X 9 *DEV
1T# 95X 9 %DEV Z# 95X s #SIGR1*95Xs*¥SIGT1#95X s *¥SIGZ1%#95X s #SIGR2*s5Xe%SIGT
12%95Xs%S1GL2%s// /)

10 FORMAT(1X913F10459/)

20 FORMAT(3F10.0)

READ(5920)BRATIOs TsPR
A= (BRATIO)*T

C=A+T

MOM=(T#*%2)/4,

RN=SQRT (A*C)
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22

33

131
COMPUTE BENDING STRESSES FOR FIBRES BELOW NEUTRAL AXIS

R=A
IF(R.GTRN)IGO TO 22

BSR=-ALOG(R/A)

BST=BSR-1.

BSZ=0.5%(BSR+BST)

GO TO 33

COMPUTE BENDING STRESSES FOR FIBRES ABOVE NEUTRAL AXIS
BSR=ALOG(R/C)

BST=BSR+1.

BSZ=045% (BSR+BST)

CONTINUE

COMPUTE SPRING-BACK STRESSES

N=((CHC-A%A) %% ) =4 ¢ ¥ ARAR(¥CH ((ALOG(C/A) ) ¥%2)

STR =={(4*MOM/N) ¥ ( ( (AXA®CHCI/(R¥R) I¥ALOG(C/AI+CHCHXALOG(R/CI+A¥ARAL
1 OG(A/R})
STT z==(44#*MOM/N)* [~ (A*XAXRCH*C)/(R*¥R) ) *¥ALOG(C/A)+C*¥C*ALOG(R/C)

1 +A*A*¥ALOG(A/R)+C*C~A*A)

STZ=PR*(STR+STT)

COMPUTE RESIDUAL AND DEVIATORIC STRESS COMPONENTS
RESR=STR+BSR

REST=STT+BST

RESZ=STZ+RBSZ

SIGMN=(RESR+REST+RESZ) /3,

DEVR=RESR-SIGMN

DEVT=REST-SIGMN

DEVZ=RESZ~SIGMN

WRITE(69JUIRIRESRIRESTIRESZIDEVRIDEVT sDEVZIBSRIBSTsBSZ9sSTReSTT ST 2



44

IF(ReGE«C) GO TO 44
R=R+.01
GO TO 11
SToP
END
END OF RECORD

1«5 0025 Ue3

END OF FILE

cD TOT

U065
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Ae5 COMPUTER PROGRAM——EXACT ANALYSIS
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HRK 4 sCM60L00sT50U, TYAGI DEV
RUN(S) |
SETINDF.
REDUCE .
LGO.
' 6400 END OF RECORD
PROGRAM TST (INPUT»OQUTPUTsTAPES=INPUTsTAPE6=0UTPUT)

C TO CALCULATE THE STRESS COMPONENTS BY EXACT ANALYSIS
C PLASTIC CORE 1S CONSIDERED
C VARIABLE NOTATIONS AS DEFINED IN APPENDIX All
C SHEET HAS BEEN DIVIDED IN TO 2500 PARTS
C CHANGING THE VALUE OF BRATIO(OR A/T) IN THE DATA STATEMENT

*WOULD ENABLE TO GET THE STRESSES FOR ANY RATIO OF A/T
C STRESS COMPONENTS ARE THE COEFFICIENTS OF YIELD STRESS
C STRESSES GIVEN BY TRESCA YRELD CRITERIONsWHEN MULTIPLIED BY A

*COEFFICIENT (24/SQRT(3,)) GIVE STRESSES FOR VON-MISES CRITERION
C STRESS COMPONENTS IN FIRST ROW AGAINST ANY VALUE OF R ARE FOR

*TRESCA YIELD CRITERION AND THOSE IN THE SECOND ROW ARE FOR
#VON-MISES YIELD CRITERION

DIMENSION S(2501)sSR(25U1)9SSR(2501)555T(2501)+552(25071)
READ(5580)BRATIOsTsPRM |

A=(BRATIO)*T

RN=SQRT(A*(A+T))

BETA=(2+%PR~14)/(1e-PR)

MM=M+1

D=T/FLOAT (M)

VM=24/SQRT(3,)
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AN=M
FORMAT(6Xs5F16e69/////7)

FORMAT (6Xs6E16e63/7/7)

FORMAT (6X+5E1646)

FORMAT (1H1)

FORMATfSXa*R*96Xo*RES R¥9sSXI*¥RES THs5X 9 ¥RES Z* 95X 9 %¥DEV R* 95X s #DEV
1T%#95Xs#DEV Z#%95X s #SIGR1* 95X s #SIGT1%#95X e #SIGZ1%#95X e ¥SIGR2*#95Xs%#SIGT
12% 95X s #S1GL2%9// /)

FORMAT(1Xs13F1045s/)

FORMAT(11X912F1Ue59//)

FORMAT (3F10,0s15)

COMPUTE B AND X

PROD1=1e/(A+(AN=14)%D)

PROD2=PROD1/ (A+(AN=14)*D)

SUM1=PROD1

SUM2=PROD2

DO 1 I=2+M

Al=M=-1+1

PROD1=PROD1* (A+(AI+BETA)*®D)/ (A+(Al=1,)%#D)

PROD2=PROD1/ (A+(Al=14)%*D)

SUM1=SUM1+PROD1

SUM2=SUM2+PROD2

B=SUM1/5UM2

X=B=-A

COMPUTE S(J)sSR(J)9sSTRRN9RO AND F

DO 3 J=2sM

AN=J-1

PROD1=1+/(A+(AN=1,)%D)
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PROD2=PROD1/ (A+(AN=-14)%*D)

SUM1=PROD1

SUM2=PROD2

IF(J.EQe2) GO TO 11

DO 2 I=3»J

Al=J-1+1

PROD1=PROD1* (A+(AI+BETA)*D)/ (A+(Al~1.)%D)
PRODZ=PRODI/(A+(AI—1.)*D)
SUM1=SUM1+PROD1
SUM2=SUM2+PROD?2
SR{J)=D*(B*SUM2~SUM1)
S{I)=(B=(A+AN%*D) )/ (A+AN*D I+ (BETA+1 ) %*SR ()
SR{1)=0.0

SR{MM)=0,0

S(1)=B/A-1.
S(MM)=B/(A+T)~=1,
AK=(RN-A)/D

K=AK+1.

STRRN=SR(K)
RO=B/{1.~BETAX*STRRN)
F=(1,/BETA)*(B/RO~1.)
WRITE(6910)BsXsSTRRNROF
COMPUTE AZ AND ALK

F2=0,0

AM2=0,0

DO 4 I=KsM
F2=F2+D*(5(I)+S(I+1))/2.

AM2 =AM +D#(S(T)+S({141))/2%{A+(FLOAT(I)-e5)%D)
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Fl:O.U

AM1=0.0

AK=(RO-A)Y/D

K=AK

DO 5 I=1sK

Fl1=F1+4D*(S(1)+S(1+1))/2.
AMI=AM1+D*¥(SC(II+S(I+1) )} /2% (A+{FLOAT(I)-6e5)#D)
AZ:(T*T)/(2.*F*(RN*RN-RO¥RO)—4.*(AM1+AM2))
ALK=AZ*F

COMPUTE THE SUM OF FORCE AND MOMENT TO SEE WHETHER THEY ARE ZERO
*0OR VERY SMALL TO SATISFY EQUILIBRiUM
F3=ALK#*(RN=-RO)

AM3=(RN*RN-RO*¥RO ) ¥ALK/2.~T*T/4,
SUMF=AZ*(F1+F2)=F3

SUMM=AZ*( AM1+AM2)-AM3
STR=AZ* (1 .,~PR*¥PR)*(B~A)/A
WRITE(6920)F19AMLlsF29AM2sF39AM3
WRITE(6930)SUMF+SUMMIAZsALKsSTR

WRITE(6940)

WRITE(6+50)

COMPUTE STRESS COMPONENTS IN THE LOWER ELASTIC ZONE FOR TRESCA
L=IFIX{(RO-A)*100,) |

L=L*100+1

DO 6 J=1sL91u0

AK=J-1

R=A+AK¥*D

SSR(J)=SRIJ)*AZ

SST(J)y=S(J)*AZ
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SSZ(J)y=(PRI®(ISSR{J)I+SST(Y))

BSR==ALOG(R/A)

BST=BSR-1.

BSZ=(BSR+BST /2.

RESR=SSR(J)+BSR

REST=SST(J)+BST

RESZ=SSZ(J)+BSZ

SIGMN=(RESR+REST+RESZ) /3,

DEVR=RESR-SIGMN

DEVT=REST~SIGMN

DEVZ=RESZ~SIGMN

WRITE(696UIRIRESRIRESTIRESZ sDEVRIDEVTsDEVZIBSRIBSTBSZ9SSRIJ)
1SST(J)»5S52())

COMPUTE STRESSES FOR VON-MISES YIELD CRITERION
BSR=(VM)*(BSR)

BST=(VM)*(BST)

BSZ=(VM)#(BSZ)

SSRJ)Y=(VM)*(SSR(J))

SST(U)=(VM)*(SST(J))

SSZ(J)y=(VM)*®(552(J))

RESR=(VM)*{RESR)

REST=(VM)*(REST)

RESZ=(VM)*(RESZ)

DEVR=(VM)*(DEVR)

DEVT=(VM)®{DEVT)

DEVZ=(VM)*#(DEVZ)

WRITE(g970) RESRIRESTIRESZSDEVRIDEVTIDEVLIRSRIBSTIBSLsSSRI(J)

1SST(J) +SSZ( )
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44

COMPUTE STRESS COMPONENTS AT LOWER
L=IFIX((RO-A)/D+1l.)
IF(J.EQeL) GO TO 33

J=L

GO TO 22

R=RO

RESR==ALOG(R/A)~-ALK
REST=RESR~-1.
RESZ=(RESR+REST) /2,
SIGMN=(RESR+REST+RESZ) /3.
DEVR=RESR-SIGMN
DEVT=REST~-SIGMN
DEVZ=RESZ-SIGMN
BSR==ALOG(R/A)

BST=BSR~1.
BSZ=(BSR+BST)/2,
STR=RESR-BSR

STT=REST-BST

STZ=RESZ-BSZ

138
ELASTIC-PLASTIC BOUNDRY~-TRESCA

WRITE(696U)R9RE5R9REST9RESZ9DEVR9DEVTaDEVZ$BSR985T9BSZ9STR95TT9bTL

COMPUTE STRESSES FOR VON-MISES YIELD CRITERION

BSR=(VM)*(BSR)
BST=(VM)*(BST)
BSZ=(VM)#(BSZ)
STR=(VM)*(STR)
STT=(VM)*(STT)
STZ={(VM)*(S5T2Z)

RESR=(VM) *(RESR)
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REST=(VM)y*(REST)

RESZ=(VM)*(RESZ)

DEVR= (VM) *(DEVR)

DEVT=(VM)#(DEVT)

DEVZ=(VM)*{(DEVZ)

WRITE(gs7U) RESR9REST9RESZ,DEVR,DEVT9bEVZsBSR9BST9BSZ,STR'5TT’5TZ
COMPUTE STRESS COMPONENTS AT LOWER PLASTIC~ELASTIC BCUNDRY-TRESCA
COMPUTE STRESSES FOR VON-MISES YIELD CRITERION
L=IFIX({(RO¥1UU0,)+1,4)

AL=L

AL=AL/1000.

IF(R«GE«AL) GO TO 55

R=AL

K=0

GO TO 44

COMPUTE STRESS COMPONENTS IN THE PLASTIC CORE FOR TRESCA

COMPUTE STRESSES FOR VON-MISES YIELD CRITERION
L=IFIX(RN#1UO0,)~IFIX(RO%¥10004+1,)

IF(KeGEsL) GO TO 66

R=R+0,0010

K=K+1

GO TO 44

IF(R«GERN) GO TO 77

COMPUTE STRESS COMPONENTS AT UPPER PLASTIC-ELASTIC BOUNDRY-TRESCA
COMPUTE STRESSES FOR VON-MISES YIELD CRITERION

R=RN

GO TO 44

COMPUTE STRESS COMPONENTS AT UPPER ELASTIC-PLASTIC BOUNDRY-TRESCA
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L=IFIX({(RN=-A)/D+1le)

J=L

AK=J-1

R=A+AK*D

SSR(J)=SR(J)*AZ
SST(U)Y=S(J)*AZ
SSZ(JY)=(PR)*(SSR(JI+SST())
BSR=ALOG(R/ (A+T))
BST=BSR+1.
BSZ=(BSR+BST)/2.
RESR=SSR(J)+BSR
REST=SST(J)+BST
RESZ=S5Z2(J)+BSZ
SIGMN=(RESR+REST+RESZ) /3,
DEVR=RESR~-SIGMN
DEVT=REST-SIGMN

DEVZ=RESZ-SIGMN

140

WRITE(696UIRIRESRIRESTIRESZIsDEVRSDEVT sDEVLIBSRIBOTIBSLsSOSR(U) s

1SST(J)YsSSZLY)

COMPUTE STRESSES FOR VON-MISES YIELD CRITERION

BSR=(VM)*(BSR)
BST=(VM)*(BST)
BSZ=(VM)*(BSZ)
SSR(J)=(VM)*(SSR(J))
SST(U)=(VM)*(SST(J))
SSZ(J)=(VM)*(SSZ2(J))

RESR=(VM)*(RESR)
REST=(VM)*(REST)
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RESZ=(VM)*(RESZ)

DEVR=(VM)*(DEVR)

DEVT=(VM)*(DEVT)

DEVZ=(VM)*(DEVZ)

WRITE(gs7U) RESRIRESTIRESZIDEVRIDEVTSDEVZIBSRsBSTIBOZsSSRIU) s
1SST(J)+SSZ{Y)

COMPUTE STRESS COMPONENTS IN THE UPPER ELASTIC ZONE FOR TRESCA
L=IFIX((RN=-A)*100s4+14)

L=L%100+1

DO 7 J=L»s25U19100

AK=J=-1

R=A+AK*D

SSR(J)=SR(J)*AZ

SST(U)=S(J)*AL

SSZ(J)=(PRI*¥(SSR(J)+SST(Y))

BSR=ALOG(R/ (A+T))

BST=BSR+1.

BSZ=(BSR+BST)/2.

RESR=SSR(J)+BSR

REST=SST(J)+BST

RESZ=SSZ(J)+BSZ

SIGMN=(RESR+REST+RESZ) /3,

DEVR=RESR~SIGMN

DEVT=REST~SIGMN

DEVZ=RESZ~SIGMN
WRITE(596U)IRIRESRIRESTIRESZIDEVRSDEVTIDEVZsBSRIBSTsBSZL9SSR(U) s
15ST(J)sSSZ(J)

COMPUTE STRESSES FOR VON-MISES YIELD CRITERION
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BSR=(VM)*(BSR)

BST=(VM)*(BST)
BSZ=(VM)*(BSZ)
SSRJ)Y=(VM)*(SSR(J))
SST(J)=(VMI*(SST(J))
SSZ(J)=(VM)I*(SSZ(J))
RESR={VM)*(RESR)
REST=(VM)*(REST)
RESZ=(VM)*(RESZ)
DEVR=(VM)*(DEVR)
DEVT=(VM)*(DEVT)
DEVZ=(VM)*(DEVZ)
7 WRITE(g970) RESRIRESTIRESZIDEVRIDEVTsDEVLIBSRsBSTsBSLsSSRIU) s
155T(J)sS552(Y)
STOP
END
6400 END OF RECORD
145 0.25 0.3 2500

END OF FILE

cD TOT 0272
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