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Abstract

This thesis considers the modulation division based on the concept of uniquely
factorable constellation pair (UFCP) and uniquely decodable constellation group
(UDCG) in multiuser wireless communication networks.

We first consider a two-hop relay network consisting of two single-antenna users
and a two-antenna relay node, for which a novel distributed concatenated Alamouti
code is devised. This new design allows the source and relay nodes to transmit their
own information to the destination node concurrently at the symbol level with the
aid of the UFCP generated from both PSK and square QAM constellations as well
as by jointly processing the noisy signals received at the relay node. Moreover, an
asymptotic symbol error probability (SEP) formula is derived for the ML receiver,
showing that the maximum diversity gain function is achieved, which is proportional
to In SNR/SNR?.

Then, we concentrate on the point-to-point correlated multiple-input and
multiple-output (MIMO) communication systems where full knowledge of channel
state information (CSI) is available at the receiver and only the first- and second-
order statistics of the channels are available at the transmitter. When the number
of antenna elements of both ends goes to infinity while keeping their ratio constant,

the asymptotic SEP analysis is carried out for either optimally precoded or uniformly

v



precoded correlated large MIMO fading channels using the zero-forcing (ZF) detector
with equally likely PAM, PSK or square QAM constellations. For such systems, we
reveal some very nice structures which inspire us to explore two very useful math-
ematical tools (i.e., the Szegd’s theorem on large Hermitian Toeplitz matrices and
the well-known limit: lim, (1 + 1/2)® = e), for the systematic study of asymp-
totic behaviors on their error performance. This new approach enables us to attain
a very simple expression for the SEP limit as the number of the available antenna
elements goes to infinity. In what follows, the problem of precoder design using a
zero-forcing decision-feedback (ZF-DF) detector is also addressed. For such a MIMO
system, our principal goal is to efficiently design an optimal precoder that minimizes
the asymptotic SEP of the ZF-DF detector under a perfect decision feedback. By
fully taking advantage of the product majorization relationship among eigenvalues,
singular-values and Cholesky values of the precoded channel matrix parameters, a
necessary condition for the optimal solution to satisfy is first developed and then the
structure of the optimal solution is characterized. With these results, the original
non-convex problem is reformulated into a convex one that can be efficiently solved
by using an interior-point method. In addition, by scaling up the antenna array size
of both terminals without bound for such a network, we propose a novel method as
we did for the ZF receiver scenario to analyze the asymptotic SEP performance of
an equal-diagonal QRS precoded large MIMO system when employing an abstract
Toeplitz correlation model for the transmitter antenna array. This new approach has
a simple expression with a fast convergence rate and thus, is efficient and effective for

error performance evaluation.



For multiuser communication networks, we first consider a discrete-time multiple-
input single-output (MISO) Gaussian broadcast channel (BC) where perfect CSI is
available at both the transmitter and all the receivers. We propose a flexible and
explicit design of a uniquely decomposable constellation group (UDCG) based on
PAM and rectangular QAM constellations. With this new concept, a modulation
division (MD) transmission scheme is developed for the considered MISO BC. The
proposed MD scheme enables each receiver to uniquely and efficiently recover their
desired signals from the superposition of mutually interfering cochannel signals in the
absence of noise. Using max-min fairness as a design criterion, the optimal transmitter
beamforming problem is solved in a closed-form for two-user MISO BC. Then, for
a general case with more than two receivers, a user-grouping based beamforming
scheme is developed, where the grouping method, beamforming vector design and
power allocation problems are addressed by employing weighted max-min fairness.

Then, we consider an uplink massive single-input and multiple-output (SIMO) net-
work consisting of a base station (BS) and several single-antenna users. To recover
the transmitted signal matrix of all the users when the antenna array size is large, a
novel multi-user space-time modulation (MUSTM) scheme is proposed for the con-
sidered network based on the explicit construction of QAM uniquely-decomposable
constellation groups (QAM-UDCGsS). In addition, we also develop a sub-constellation
allocation method at the transmitter side to ensure the signal matrix is always invert-
ible. In the meanwhile, an efficient training correlation receiver (TCR) is proposed
which calculates the correlation between the received sum training signal vector and
the sum information carrying vector. Moreover, the optimal power allocation prob-

lems are addressed by maximizing the coding gain or minimizing the average SEP

vi



of the received sum signal under both average and peak power constraints on each
user. The proposed transmission scheme not only allows the transmitted signals with
strong mutual interference to be decoded by a simple TCR but it also enables the
CSI of all the users to be estimated within a minimum number of time slots equal to
that of the users.

Comprehensive computer simulations are carried out to verify the effectiveness
of the proposed uniquely decomposable space-time modulation method in various
network topologies and configurations. Our modulation division method will be one

of the promising technologies for the fifth generation (5G) communication systems.
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Notations and Abbreviations

e.g.,a column vectors are denoted by lowercase boldface characters
eg., A matrices are denoted by uppercase boldface characters

AT transpose of matrix A

A complex conjugate of matrix A

A Hermitian (conjugate transpose) of matrix A

tr(A) trace of square matrix A

A1 inverse of square matrix A

[A]g e or ape the (k,£)-th element of matrix A

(A the k-th diagonal entry of matrix A

det(A) determinant of matrix A

diag(-) diagonal matrix

Ib| the Euclidean norm of b

|A| F Frobenius norm of matrix A

In N x N identity matrix

A<B A and B are positive semidefinite, B — A is also positive semidefinite
® Kronecker product

E[] expectation operator

vec(+) the operator stacking the columns of a matrix on top of one another
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a=b modm

f(x) = o(g(x))

approximately equal to

the real part of a vector or a matrix

the imaginary part of a vector or a matrix

empty set

ring of integers

field of complex numbers

natural logarithm

V-1

the binomial coefficient

the floor function which represents the largest integer not larger than a
the ceiling function that returns the smallest integer not smaller than b
the greatest common divisor of a and b

a divides b

a does not divide b

ml(a —b)
lim, oo % =0

There exists a positive real number M and a real number x,

such that |f(z)| < M|g(z)| for all z > zq



AWGN additive white Gaussian noise

BC broadcast channel

BER bit error rate

BS base station

CLT central limit theorem

CSCG circularly symmetric complex Gaussian
CSI channel state information

CSIR CSI at the receiver

CSIT CSI at the transmitter

DFE decision-feedback equalization
DFT discrete Fourier transform
DPC dirty paper coding

DPSK differential phase shift keying
LoS line of sight

MD modulation division

MIMO multiple-input and multiple-output
MISO multiple-input and single-output
ML maximum likelihood

MMSE minimum mean square error
MRC maximum-ratio combining
MUSTM  multi-user space-time modulation
NOMA  non-orthogonal multiple access
PAM pulse amplitude modulation

PEP pairwise error probability
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PSD power spectral density

PSK phase-shift keying

QAM  quadrature amplitude modulation
QoS quality of service

SEP symbol error probability

SIMO  single-input and multiple-output
SINR  signal-to-interference-plus-noise ratio
SLNR  signal-to-leakage-and-noise ratio
SNR signal-to-noise ratio

STBC  space-time block code

TCR training correlation receiver

TD time division

UDCG uniquely decomposable constellation group
UFCP  uniquely factorable constellation pair

ZF zero-forcing
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Chapter 1

Introduction

In the past decade, we have witnessed tremendous advances and a shifted research
paradigm in physical-layer technology and theory of wireless communications. The in-
formation theoretical research has brought about new perspectives on communication
system design (e.g., the effect of channel fading, the tradeoff between energy efficiency
and spectral efficiency, the method of interference management), and meanwhile, the
rapid evolution of wireless communication systems driven by breakthrough in radio
frequency and computer science removes many obstacles of the original technologies
(e.g., the emergence of machine-to-machine communication, millimeter wave commu-
nication, massive multiple-input and multiple-output (MIMO)). However, there are
still many technical challenges which must be addressed to meet the ever-increasing
rate requirement and network connectivity demand. Among all the promising tech-
nologies, multi-antenna technology and ad-hoc network receive intensive attention
in the past decade. In this thesis, we concentrate on the uniquely decomposable
space-time modulation and its application in multi-hop relay networks and single-

hop multi-antenna networks. Based on the difference in modulation division method
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and system model, this thesis can be basically divided into two main parts.

The first part of this thesis considers the modulation division by employing the
uniquely factorable constellation pair (UFCP) in two-hop relay networks. The wireless
ad-hoc network that does not rely on the existing infrastructure is highly appealing for
its robustness to node failure and flexibility in network topology. As signal processing
tends to be performed by network nodes in a distributed manner, making energy
efficiency and computational complexity challenging design constraints. In an ad-
hoc networks, the communication between different nodes typically takes place over
several hops by adopting amplify-and-forward, compress-and-forward or decode-and-
forward protocols in a half duplex mode. In this thesis, a new relay protocol based on
the concept of UFCP is proposed that allows the source and relay nodes to transmit
their individual messages to the destination node concurrently at the symbol level.
This new method has a low average delay compared to the conventional relay strategy
where different users are scheduled in the packet level.

The second part of this thesis focuses on the modulation division by using the
uniquely decomposable constellation group (UDCG) and signal processing technolo-
gies in modern multi-antenna systems where the additional spatial dimension en-
ables much higher data rates and reliability in fading channels. We will consider
the precoder design problem when employing both zero-forcing (ZF) and zero-forcing
decision-feedback (ZF-DF) receivers in the point-to-point correlated fading MIMO
channels where full channel state information (CSI) is known to the receiver. In
particular, new mathematical tools are developed for the systematical analysis of the
symbol error probability (SEP) when the number of available antennas is unbounded.

Then, for the multiuser multiple-input and single-output (MISO) broadcast channel
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in the downlink with full CSI at both the transmitter and all the receivers, a mod-
ulation division (MD) transmission scheme is developed by the flexible and explicit
design of a UDCG, which outperforms the ZF method significantly when the number
of users is very close to that of transmitter antennas. The last chapter deals with
the multiuser massive single-input and multiple-output (SIMO) channel in the uplink
with no CSI known to both the transmitters and the base station (BS) where a QAM
division method is proposed that allows all the users to transmit their messages to
the BS concurrently at the same frequency band. In our design, only one time slot
is needed for the training process and hence the pilot contamination can be greatly
mitigated or even be eliminated.

In the following part of this chapter, comprehensive introduction to the design

motivation, system model and technical contributions of the thesis is given as follows.

1.1 UFCG in Relay Networks

Cooperative diversity is widely recognized as a promising tool which can be used
for enhancing network connectivity and improving reliability beyond physical size
and complexity constraint of wireless communication terminals [1-11]. The in-cell
mobile users are allowed to share the use of their antennas to form a virtual array
through collaborative transmission and distributed signal processing. Therefore, the
existing diversity techniques for the conventional MIMO systems have been modified
and generalized to such relay networks for the design of the distributed space-time
block coding (STBC) [7,9,[12-16]. In practical wireless relay network communication
systems, it is desirable to allow relay nodes to send their own information to terminal

nodes (e.g., transmitting CSI or control signaling) which helps to build the network
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topology or to manage connectivity. However, the relay nodes in currently-available
relay networks with distributed STBCs just passively forward whatever they have
received from the source node to the destination without being able to transmit
their own information. The conventional strategy to realize information sharing is
accomplished by allocating orthogonal subchannels to relay such as time slots or
frequency bands, operating virtually at a packet level and this leads to significant
delay. Despite the fact that this method may work well for some networks with long
coherence time, it will not be applicable to certain strictly-constrained relay systems.
Motivated by all the aforementioned facts, in Chapter |3| of this thesis, we consider
a one-way relay network consisting of two single-antenna terminals and one relay
node having two antennas. Our main objective is to design a new distributed STBC
for the network that allows the source node and relay node to transmit information
simultaneously at the symbol level. The primary idea of achieving this goal is to
properly make use of the recently developed concept of UFCP [17,/18] defined in
Chapter [2| generated from both square-QAM and PSK constellations, as well as the
Alamouti coding scheme at the relay node. In particular, it should be mentioned
that the unique factorization based on PSK constellation is closely related to that of
coprime PSK constellations, which was originally proposed in [19-21] for the design
of full diversity noncoherent STBC. Our code design is also closely related to those
in [22,23]. Two significant advantages of this novel code design will be revealed:
(a) The optimal ML detector is equivalent to a symbol-by-symbol detector; (b) The

maximum diversity gain function is achieved.
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1.2 Point-to-Point MIMO with ZF and ZF-DF Re-
ceivers

Multiple antenna systems have been proved to be a very promising technology in
wireless communications, where the channel capacity and reliability can be substan-
tially improved by exploiting multi-path scattering from antenna arrays equipped at
both the transmitter and the receiver [24-26]. With recent advances in radio fre-
quency (RF) chains and integrated circuit designs, MIMO systems with a large num-
ber of antennas (commonly known as Large/Massive MIMO systems) have emerged
as an important breakthrough, drawing tremendous attention from both academia
and industry [27H31]. In recent years, information-theoretic research has shown that
many significant advantages are brought about in the large MIMO architectures by
arguably unbounded number (typically tens or hundreds) of available antennas, such
as even higher data rate, increased diversity, and better energy efficiency than con-
ventional MIMO systems [28,131-36].

Unfortunately, several significant issues arise meanwhile in the large MIMO fad-
ing channels. Thus far, it has been well understood that channel correlation between
neighboring antennas, which is mainly determined by antenna spacing and the loca-
tion of scatterers, is a major factor to affect information rate and reliability in a gen-
eral MIMO system [37]. However, the effect of fading correlation on the large MIMO
systems still needs to be better understood, in which, to accommodate a large number
of antennas within affordable size and cost, fading correlation is virtually inevitable.
In Chapter [ to show the effect of fading correlation explicitly, we specifically con-

sider an exponential correlation model [33,38]. This is a simplified one-parameter
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model in practical environment which can capture the main phenomenon of spatial
correlation between antennas, especially for a uniform linear array. Another impor-
tant issue arising in the large MIMO fading channels is that the drastically increased
detection complexity restricts the widespread deployment of a large MIMO array in
realistic application. Despite the fact that the maximum likelihood (ML) detector is
universally optimal, its complexity is prohibitively high even for a moderate size of
linear array. The ML receiver for the large MIMO systems is arguably impractical.
Therefore, for the sake of practicality, in Chapter |4/ we consider the use of the simple
linear ZF detector [39] at the receiver side.

In general, for a MIMO system in which the first- and second-order statistics
are completely available at the transmitter, it is known that linear precoding is a
very efficient and effective scheme to significantly alleviate performance loss suffering
from the channel fading correlation [40-43]. Presently, for the large MIMO channels,
the most existing works mainly concentrate on the information-theoretical capacity
analysis of un-precoded transmission models [33,35] (generally assuming a uniform
power allocation strategy). In Chapter , we are interested in the systematic analysis
on asymptotic error performance for either optimally precoded or uniformly precoded
large correlated MIMO fading channels using the ZF detector. Our primary goal is to
attain a simple expression with a very fast convergence rate for the SEP limit for PAM,
PSK and square QAM constellations when the number of the transmitter antennas
goes to infinity. The main technical approach proposed in this chapter to reaching
our goal is to fully take advantage of the characteristic of the MIMO channels, the
structure of the transmitter as well as of the ZF receiver, the Szegd’s theorem [44] on

large Hermitian Toeplitz matrices, and the well known limit: lim, ,,(1 + 1/z)* = e.
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On the other hand, in terms of a trade-off between system performance and im-
plementation complexity, it is known that the decision-feedback (DF) receiver is an
attractive alternative detection scheme [45] to linear ZF and minimum mean square er-
ror (MMSE) receivers [40]. Recently, the authors in [46] proposed an optimal precoder
design minimizing the average arithmetic mean-squared error (MSE) for correlated
MIMO channels using the ZF-DF detector. In spite of the fact that its performance
is better than that of the optimal linear receivers [40], the design is restricted to the
case when N > M for a MIMO system equipped with M transmitter antennas and
N receiver antennas. In addition, minimizing the MSE does not necessarily minimize
detection error probability. It is known that the ultimate goal in the transmitter
design from the viewpoint of detection theory for communication systems is to op-
timize error performance with a maximum reliable transmission rate. Therefore, in
Chapter 5| we are interested in the design of an optimal transmitter for the corre-
lated MIMO communication system using the DF receiver, but instead of minimizing
the MSE, our purpose here is to minimize the average SEP over all random chan-
nel coefficients under a perfect decision feedback. However, it should be explicitly
pointed out that despite the fact that our design problem is actually an extension of
the design problem in [40], we need to confront more technical difficulties in solving
this problem due to the following two major factors: 1) Unlike the problem in [40] in
which each subchannel for the ZF receiver has the same diversity gain (N — M + 1)
and thus, a closed-form optimal solution in a high signal-noise ratio (SNR) region
can be derived using the Jessen’s inequality, each subchannel for the ZF-DF receiver
in our problem has different diversity gains, making the problem more difficult to

be handled. 2) The linear ZF receiver does not depend on with the detection order.
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However, the detection order for the ZF-DF receiver substantially affects the error
performance, resulting in a major hurdle for us to transform our original non-convex
design problem into a convex one.

In order to overcome these two technical difficulties, in Chapter 5, we first develop
a necessary condition for the optimal solution to satisfy and then, characterize the
structure of the optimal solution by carefully utilizing the product majorization rela-
tionship among eigenvalues, singular-values and Cholesky values of the design matrix
parameters. Therefore, our original non-convex problem is reformulated into a convex
one which can be efficiently solved using an interior-point method [47]. Computer
simulations show that the error performance of our optimal precoder proposed in this
chapter outperforms those of all existing designs. Particularly, our design obtains
a significant SNR gain over the MIMO system with the V-BALST detector when
N = M. In the following part of Chapter [5 we are also interested in the asymp-
totic SEP analysis for a specific transmitter using the QRS decomposition [48] for
the correlated large MIMO fading channels using the ZF-DF receiver. Normally, the
exact SEP analysis for the large MIMO systems results in enormously computational
complexity. Fortunately, a careful observation on the average SEP expression for such
QRS precoder reveals a nice structure which naturally leads us to propose the use of
two useful mathematical tools for the asymptotic analysis on the error performance of
the large MIMO systems as we did for the ZF case. Likewise, the first is the Szego’s
theorem on large Hermitian Toeplitz matrices and the second is the well-known limit:
lim, ,o(1+ 1/2)* = e in real analysis. It is these two powerful tools that also enable
us to successfully attain a simple expression for the SEP limit when the number of

the transmitter antennas goes to infinity. This new approach enjoys a fast rate of
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convergence and hence, is effective and efficient for error performance evaluation for

the large MIMO systems.

1.3 QAM Division for Multiuser MISO Broadcast
Channels

Multiuser systems in a downlink, also known as broadcast channels, have long been
the main building block of modern wireless communication systems such as cellular
system, telephone conference and digital TV broadcasting. In Chapter [0, we concen-
trate on MISO BC, where one multi-antenna access point serves several single-antenna
receivers at the same time. Hence, the design of the receiver can be significantly sim-
plified, since it has only one antenna and the system still enjoys the multi-antenna
diversity and multiuser diversity. BC was first introduced by Cover [49], who demon-
strated the idea of superposition coding for both binary-symmetric and Gaussian
BC. Since then, great efforts have been devoted to obtaining the capacity regions of
different BCs and to seeking for the optimal transmission strategies under various
constraints. Although the capacity region for the general discrete memoryless broad-
cast channel (DM-BC) is still unknown, much progress has been made since [49).
In particular, the achievability and converse of the capacity region for the degraded
DM-BC were proved by Bergmans [50] and Gallager [51], respectively. Surveys of the
literature on the BC can be found in [52-54]. On the other hand, if the transmitter
and/or receiver nodes are allowed to have more than a single antenna, there will be
a Gaussian vector channel in which much higher spectral efficiency (through spatial

multiplexing) and reliability (by multi-path diversity) can be achieved by exploiting
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the scattering medium between the transmitter and receiver antenna arrays [24}55].
Specifically for the MISO BCs, the achievable throughput was developed in [56] based
on Costa’s dirty paper coding approach [57] that achieves the sum-capacity for a two-
user case with a single transmitting antenna. Then, the sum-capacity for a general
multiuser MISO BC was established in [58-61] by exploiting the uplink-downlink du-
ality between the multiaccess channel (MAC) and the corresponding BC. By using
more practical finite-alphabet constellations rather than Gaussian input signals, the
transmission schemes that maximize the mutual information between the BS and all
the receivers of the multi-user BC are considered in [62-65].

The aforementioned information-theoretic analyses serve as a guideline for a gen-
eral system design. For transmitter design, non-linear precoding techniques such as
the dirty paper coding (DPC) method can be used to approach the sum rate of the
MISO BC [59,/60]. It was shown in [56] that a successive interference cancellation pro-
cedure, namely the ZF-DPC, can be performed at the transmitter side to completely
remove mutual interference between receivers. Given the complexity of DPC, the
Tomlinson-Harashima precoding (THP) method [66-69] serves as a suboptimal but
practical approximation of DPC by introducing a modulo operation to transmitted
symbols. Despite the fact that there is a modulo loss [70], the transmitted symbols
are guaranteed to have a finite dynamic range. All these precoding methods were
primarily devoted to improving the sum rate of multiuser MISO BCs. On the other
hand, practical transmitter designs may also aim to improve signal quality at the
receiver side. Among such transmitter designs, linear precoding techniques receive
tremendous attention because of their potential and simplicity. Using signal-to-noise

ratio (SNR) as a design criterion, it was shown that transmitter beamforming can
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increase the received SNR in the multiuser MISO channel by performing optimiza-
tion on the beamformer design and the power allocation scheme [71-73]. In addition,
by employing MMSE as a performance measure, an optimal precoder was proposed
in [74] with regularized channel inversion, which outperforms the ZF scheme when
the channel condition number is large. By maximizing SLNR for all users simulta-
neously, a closed-form beamforming method was given in |75]. Even so, however,
it was demonstrated that the ZF beamforming technique, which is simple to imple-
ment, can achieve most of the capacity in moderdate and high SNR regimes [76,|77].
Comprehensive comparisons of these schemes can be found in [78].

As we can see, interference has long been the central focus for meeting the ever
increasing requirements on quality of service (QoS) in modern and future wireless
communication systems. The key to the understanding of multiuser communications
is the understanding of interference. Traditional approaches, which treat interference
as a detrimental phenomenon are, therefore, to suppress or eliminate it. The clas-
sical information-theoretic study on the two-user Gaussian interference channel [79]
suggests us that we should treat the interference as noise when it is weak and that
the optimal strategy is to decode the interference when it is very strong. In addition,
when the level of interference is of the same order of the power of a desired signal,
one good strategy is to suppress all the undesired interferences into a smaller space
that has no overlap with the signal space [80-82]. However, some recent innovative
approaches, which consider interference as a useful resource, are, thus, to make use
of it for developing energy efficient and secure 5G communication systems [83-85].
For example, interference can be used for boosting up the desired signal [86-88| for

energy harvesting [89-96] or to deteriorate the signal of the eavesdropper for secure

11
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communication [97].

Inspired by [81,[98], in Chapter [6, we consider the management of interference
for BC by carefully designing communication signals. To better elaborate on our
idea, we would like to revisit some early seminal work [99,100] of how to strategically
take advantage of the finite alphabet properties of digital communication signals for
managing interference for a two-user access binary channel. Essentially, the Kasami
and Lin’s main idea is to carefully design such two finite-length codes for the two
users that when any sum binary signal of the two user codewords is received in a
noiseless environment, each individual user codeword can be uniquely decoded, as
well as in a noisy case, the resulting error is able to be correctable. Specifically, such
uniquely decodable code (UDC) was explicitly constructed for a two-user binary en-
sure channel [101,|102]. Then, this important concept was extended to the design of
UDC based on trellis modulation for a multiuser binary multi-access channel |103],
which allows a number of users to access a common receiver simultaneously and out-
performs the time sharing method in terms of the probability of error. Furthermore,
the design of trellis-coded UDC was investigated in a complex number domain to
extract the desired signal from the superposition of the signal and cochannel inter-
ferences [104-106]. In addition, the concept of UDC was also exploited to design
varieties of multi-resolution modulation schemes for BC and it was shown that they
not only outperform the frequency division scheme by properly designing the result-
ing constellation [107-110], but also reduce the transmission delay of the network at
the cost of increased transmitting power for fading channels |109]. Recently, a pair of
uniquely decodable constellations was designed to study the capacity region of a two

user Gaussian multi-access channel [111].

12
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Indeed, it is the above aforementioned factors that greatly motivate and enlighten
us to look into interference from the perspective of signal processing. In Chapter|[6], we
are interested in exploring a novel signal processing technique to manage interference
for BC, which allows strongly interfered user signals to cooperate each other as a
common desired sum signal from which each individual user signal is able to be
uniquely and efficiently decoded. Specifically, our main contributions of Chapter [0]

can be summarized as follows:

1. An explicit construction of UDCG, which can be considered as a UDC in the
complex domain for a multiuser case, for general PAM and rectangular QAM
constellations for any number of users is proposed. The main difference between
our UDCG design and all currently available UFC designs in literature is that
in our UDCG design, the sum-constellation and all the user constellations are
PAM and QAM constellations with different scales. It is because of this nice
geometric structure that once the sum signal is received, each individual user

signal can be efficiently and uniquely decoded (see Algorithms 1 and 2).

2. Using the newly developed UDCG, we propose a novel non-orthogonal multiple
access (NOMA) transmission scheme called QAM-modulation division for the
multiuser MISO BC. First, an optimal beamformer that maximizes the mini-
mum SNR between the two receivers is obtained in a closed-form for a two-user
case. Then, for a general network topology with more than two receivers, a
grouping-based transmitter design problem is also investigated, with ZF elimi-
nating the inter-group interference, where the grouping policy, the beamformer
design and power allocation strategy are addressed. It is demonstrated that

when the Hermitian angle of the two channel vectors is small, our proposed

13
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division method has a much lower probability of error, which confirms that the
NOMA method with proper interference control is a promising technology for

5G communications.

Our work in Chapter [6] can be considered as a concrete, simple and systematic design
of the constellation for NOMA [112}|113], serving different users with different power

levels, and it has a considerable spectral gain over the traditional methods.

1.4 Additive UDCG in the Uplink Multiuser Mas-

sive SIMO

As we have mentioned above, as one of the most promising technologies to meet
the ever-increasing bandwidth requirement and connectivity of 5G communications,
massive MIMO technique receives considerable attention recently [27}[28}[114H118].
Due to the large number of available antennas, extremely high energy efficiency and
spectral efficiency can be achieved compared with most of the available systems off-
the-shelf [115]. More importantly, for the uplink multiuser massive single-input and
multiple-output (SIMO) network considered in this thesis, as the number of BS an-
tennas tends to infinity, the cross-correlation between the channel vectors of different
users vanishes in rich scattering environment (and it is also true for line-of-sight
channel with enough angular separation) which will result in negligible mutual inter-
ference if the CSI is perfectly known at the BS. Meanwhile, the overall system design
for massive MIMO systems can be greatly simplified [27,(114] (e.g., the maximum-ratio
combining (MRC) receiver would be sufficient to approach the sum-capacity).

In Chapter [7] we consider an uplink multiuser massive SIMO system where a

14



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

multi-antenna BS serves several single-antenna users simultaneously in the same time-
frequency band and we attempt to minimize the training overhead. This is motivated
by the fact that, with the rise of machine-to-machine (M2M) communications and
internet of things (IoT), the number of users needed to be supported by a macrocell
BS increases dramatically nowadays [119-121]. To accommodate more terminals,
spatial multiplexing technique that allows time and frequency reuse must be adopted
which relies on the availability of the CSI and it is commonly acquired by training
methods [122,/123]. In general, the minimum number of time slots needed for the
training process is equal to the number of users in our model |124] while it is further
limited by the channel coherence time and delay spread of wireless channels. As a
consequence, the pilot contamination due to using non-orthogonal pilot sequences
arises as a key-limiting factor that will introduce a non-vanishing interference term
for the intended signal [114}/117,/125]. To alleviate such constraint and to save the
overhead caused by channel estimation in massive MIMO systems, in Chapter |7 a
new transmission scheme is proposed which can be used to estimate the CSI for all
the users in a short coherence time. The proposed new transmission framework is
based on the concept of quadrature amplitude modulation division (QAMD).

Now, let us review some conventional resource division methods in wireless com-
munications. It is widely accepted that dividing scarce spectral resources among
multiple users to allow them to access the wireless media simultaneously is one of the
core issues in wireless communications. The multiple access methods can be divided
into two basic categories [126], i.e., reservation-based multiple access by using time,
frequency, code and space dimensions of the physical channels (e.g., TDMA, FDMA,

CDMA and SDMA) and random multiple access through competition on the virtual
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channels (e.g., ALOHA and CSMA). The later case actually builds on the former
case to further increase the number of terminals that can be served. Here, we con-
centrate on the reservation-based multiple access where the main idea is to allocate
different users into orthogonal channel subspaces causing no mutual interference to
each other and different signal scales picked from a finite alphabet can be sent to
convey information in the absence of interference in every dimension. These methods
are relatively simple to realize and are able to approach the capacity [127], especially
when the number of users is smaller than the available degrees of freedom (DoF') of
the channel, orthogonality between all the sub-channels can be maintained. However,
one drawback of these schemes is that the maximum number of terminals that can
be served simultaneously is limited by the available subspaces (i.e., the DoF) of the
physical channels. Moreover, in low and moderate SNR regimes, some sub-channels
are too poor to be of practical use (e.g., the multiplexing gain should be traded for
increased diversity gain and power gain). In addition, these methods typically require
global CSI over all the terminals which is a rather strong assumption and might be
too complicated to implement in practice [80,128].

In Chapter [7], we propose a novel multiple access method, namely the multi-user
space-time modulation (MUSTM) scheme which can support multiple access in the
modulation level by explicit factorization of QAM constellations into a uniquely-
decomposable constellation group (UDCG) with predetermined data rate as defined
in Chapter 2] The minimum training time required is as short as one time slot. As
we have mentioned above, interference is the central topic of multiuser network infor-
mation theory [54[129] where conventional approaches are to suppress or to eliminate

interference. Multiple access is, essentially, a way to manage interference to maintain
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the decodability of the transmitted signals at the intended terminals. In the consid-
ered multiuser massive SIMO systems, to improve the spectral efficiency and alleviate
the pilot contamination, all the training signals and the information for all the users
are transmitted concurrently, which therefore will cause strong interference to each
other. Inspired by the classic works on interference channels [81,98], in Chapter , we
consider the management of interference for multiple access channel (MAC) by care-
fully designing communication signals. To enable the receiver to recover the desired
transmitted signal from the received signal mixture, we consider a new interference
management scheme through interference collaboration, or more specifically, QAMD
method by letting some smaller constellations to form a QAM-UDCG. The main idea
is to take advantage of channel statistics of massive MIMO networks and the finite
alphabet of digital signals. More specifically, in massive MIMO communications,
the fluctuation caused by the local scattering vanishes and then we can let multiple
transmitters to transmit at proper power levels to form a constellation with a good
geometric structure that would be uniquely decodable at the receiver side.

The above factors motivate and enlighten us to perform interference management
from the perspective of signal processing. Our contributions in Chapter [7| can be

stated as follows:

1. For our proposed method with N single-antenna users, the minimum number
of training slots is as short as one while it equals to N for conventional training
method such as [124]. Our scheme is especially suited for the 5G communication
systems with a extremely short coherence time where the mobility support
at speed >500 km/h for ground transportation [130]. Also, the overhead for

the training procedure is 1/N the length of conventional method and thus the

17
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average delay is also reduced considerably.

2. A sub-constellation allocation method is developed which ensures the trans-
mitted signal matrix to be invertible. As a result, the channel vector can be
uniquely determined in the absence of noise, which can be used for the downlink
precoding. In addition, the coding gain for the received sum signal in each time
slot is derived and the optimal power allocation methods are also addressed

under both peak and average power constraints.

In this chapter, we have discussed the motivations and technical contributions
of this thesis. Also the literature related to the thesis is surveyed. In the following
part of this thesis, the system models and technical details of our work will be given

explicitly.

18



Chapter 2

Uniquely Factorable Constellation
Pair (UFCP) and Uniquely
Decomposable Constellation Group

(UDCG)

In this chapter, we first briefly review the concept of uniquely factorable constellation
pair (UFCP) proposed in [17,/18] and then introduce the definition of a novel concept

called uniquely decomposable constellation group (UDCG) devised in [131].
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2.1 Uniquely Factorable Constellation Pair
(UFCP)

As one of the key concepts in this thesis, the formal definition of UFCP is given as

follows:

Definition 1 (UFCP) [18] A pair of constellations X and Y is said to form a
UFCP, which is denoted by Y ~ X, if for any x,& € X and y,y € Y such that

xy =2y, then x =2,y = 7. [ |
By the definition, the following example provides us with a trivial UFCP.
Example 1 For any set Y, if we take X = {1}, then, X and Y form a UFCP.

The above Example (1| actually shows that if A contains only a non-zero element,
then it will form a UFCP with any set ). However, constellation X in Example (1| can
not be used for information transmission since there is only one element in it. The

following example provides us a non-trivial UFCP.

Example 2 If we let X = {1,j} and Y = {1,—1}, then, such a pair of X and Y

constitutes a UFCP.

In this thesis, we are interested in the design of non-trival UFCPs each element of
which is a Gaussian integer. To that end, the necessary condition which a UFCP

must satisfy is developed.

Definition 2 [18/ Given a UFCPY ~ X, 0¢ X and a fivzed x € X, a set generated

from x, denoted by Z,,

Zx:{z:ZZQ,yGy}7
T
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1s called a Group-x. [ |
Proposition 1 1§/

o Let X and Y form a UFCP. If |Y| > 2, then, 0 ¢ X.

e For a pair of given constellations X and Y with each having finite size and

0¢ X, if a new constellation Z is defined as

Z:{z:z:g,xeé\f,yey}, (2.1)
x

then such a pair of X and Y constitutes a UFCP if and only if

2] = XY] (2:2)

2.1.1 Unique Factorization of PSK Constellation

We first consider the UFCP constructed based on the commonly used PSK conste-

laltion as follows.

Proposition 2 (PSK-UFCP) If we let two sets X and Y be

X = j2rm\ |7 923
- {e ()} (2:30)

y - {exp (%#”)}QH, (2.3b)

n=0

where r = p + q in which p and q are positive integers, then such a pair of X and Y

constitutes a UFCP. [ |

21



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

- 2mm - 2mm

Proof: Let ©z = exp(] o ), T = exp(jQ—p), Yy = exp (j%), and § =

exp (j%), where 0 < m,m < 2P — 1,0 < n,n < 29 — 1. By the property
of the PSK constellation, xy = Z7 is equivalent to m2?+n(2P — 1) = m294n(2P — 1)

mod 2", or equivalently
(m—m)2+ (n—n)(2» —=1)=0 mod 2". (2.4)

Since 272", we attain that (n —7n)(2P — 1) =0 mod 29. Notice that (2P —1,29) = 1.
Hence, we have 29|(n — 7). Since 0 < n,n < 27— 1, we obtain n = f and as a result,

reduces to
(m—m)2?=0 mod 2". (2.5)
Dividing both sides by 29 yields
m—m=0 mod 2”. (2.6)

In other words, 2P|(m—m). Once noticing that 0 < m,m < 2P—1, we can immediately
deduce that m = m. Therefore, v = ¥ and y = g, such a pair of X and ) constitutes

a UFCP. This completes the proof of Proposition OJ

2.1.2 Fast Factorization of PSK Constellation

Now consider a PSK-UFCP Y ~ X defined in Proposition [2| where z € X, y € Y
and z € Z. By the definition of UFCP, once z has been observed, x,y can be

uniquely determined by resorting to an exhaustive search. However, when the size of
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constellation Z is large, it is not computationally efficient. To resolve this problem,

we develop a closed-form solution for the fast factorization of the PSK constellation.

Proposition 3 (PSK-Factorization) Let p,q and r be positive integers such that

r=p+q, and Z denote a 2"-PSK constellation, i.e.,

- fm(a)

Then, for any z € Z, there exists a pair of x € X and y € Y such that xy = z.

Furthermore, x© and y are uniquely and explicitly determined by x = exp (j 27;”),

y = exp <j%>, where n = k(22 —1)* =1 mod 2¢ and m = =& =" mod 2v,

Proof: Let x = exp (j 2’22?"”) Y = exp <j%) and z = exp (j 2272"3) Then, equation

xy = z is equivalent to
m2?9+n(2P —1) =k mod 2". (2.8)
Since 29|2", we have
n(2? —1) =k mod 29, (2.9)
With the help of the Euler theorem in [132], we can attain

(2 = 1)* ' =1 mod 27, (2.10)
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Now, combining (2.9)) with (2.10) results in
n=k2 —-1)>"""" mod 2. (2.11)

There is only one solution to (2.11)) such that 0 < n < 29 — 1. In other words, the
solution to n is unique. On the other hand, from (2.9)), we know that 27| (k—n(2r —1)).
Then, according to (2.8) and noticing that 29/2", we can arrive at

k— (2" — 1)n
2q

m mod 2°. (2.12)

Hence, m can also be uniquely determined for 0 < m < 2P — 1. This completes the
proof of Proposition [3} d
Proposition |3] tells us that any 2"-PSK symbol can be efficiently factorized into

the product of a 2P-PSK symbol and a 29-PSK symbol with r = p + q.

2.1.3 Unique Factorizations of Square-QAM Constellation

Now, we consider factorizing a 25-QAM constellation rather than PSK constellation.
For a given constellation Z, a UFCP Y ~ X is said to be generated from Z, which is
denoted by Z =X xV, if Z={z:z2=uay,x € X,y € Y} and |Z| = |X| x|)|. Here,
we are particularly interested in the case when constellation ) has unit energy, i.e.,
Y =A{1,5},{1,4,—1,—j}. For the sake of completeness, we recast the result of |1§]

in Proposition [4

Proposition 4 (Square-QAM UFCP) Let Z be a given square 25X -QAM constel-

lation such that, where K > 4 is even. Then, for any Y C {1,—1,7, —j} with a fized
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size of Y greater than one, one of the solutions to the following optimization problem

{Aopts Vopt} = arg max | min [z, — | (2.13)

s given as follows:

1 If|Y| =2 and K > 4, then, Y& = {1,5} and, X)) = {(2% —1—4m) + (2% —
1—4n)j: 0 <mn <25 —1}UJ{(2% —3—4m)+ (2> =3 —4n)j : 0 <

m,n§2¥ —1}.

2. If |V| = 4 and K > 4, then, Y5 = {1,-1,j,—j} and, X2 = {(4m — 2% +

3)+ (27 —1—4n)j:0<mn<27 —1}

As a direct application of Proposition [d], we give the following example.

Example 3 Let Z be the 16-QAM constellation. By Proposition|f, a« UFCP Y ~ X

can be obtained by factorizing Z:

Y ={Lj},

X={3+34,3+751+3j,1+4j,-1—45-3-3j,-3—7j,—1—35}.

Example 4 Likewise, by Proposition|fl, a UFCP Y ~ X can be obtained by factoriz-

ing 16-QAM constellation Z in the following way:

y = {17 _17.j> _]}7

X ={3+4+35,34+7,1+35,1+j}.
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2.1.4 Fast Factorization of Square-QAM Constellation

Similar to the PSK-UFCP, a closed-form solution is provided for the factorization
procedure of the Square-QAM-UFCP.

Proposition 5 Letx € X, y € Y and z € Z be such that xy = z where X,), Z are
defined in Proposition[f Also we denote z = p+ qj and then, x,y can be determined

as follows:

LIV =2 and K > 4, then y = 1 — 2odi=ed) 4 modioed)j o — b 4 45

2. If [¥| =4 and K > 4, then y = —2 + mOd(pA);rmOd(qA) + mOd(q’A‘);mOd(pA)j,m =

p a5
y+y]'
[ |

z

Proof: We first notice that after y has been obatined, we have x = z since z = x y.
Hence, we only need to show how to determine y based on z. We consider the following

two cases.

1. If |Y| = 2, then, from Proposition , we know that, if z € x ) ie., y =

opt»

1, we have mod(p — ¢,4) = 0, and that if z € on(Sz, ie., y = 7, we have

mod(p — q,4) = 2.

2. If |Y| =4 and K > 4, then, we have the following observations summarized in

Table 2] This completes the proof of Statement 2 of Proposition [5]
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Estimated signals | y | mod(p,4) | mod(q,4)
ze X2 1 3 3
e X2 -1 1 1
2 X% ] 1 3
ze —jxC) E 3 1

Table 2.1: The numerical relationship of the UFCP

2.2 Uniquely Decomposable Constellation Group

In this section, we will introduce the definition of the UDCG and then, provide the
flexible and the explicit construction of the UDCG using commonly-used PAM and

QAM constellations and the corresponding efficient decoding algorithms.

Definition 3 (UDCG) A group of constellations {X;}, is said to form a UDCG,
denoted by {0 @ a; € X} = wN X = XWX W W Xy, for any groups of
x4 € X; fori=1,2,--- | N such that Zf\il T = Zfil Z;, then, we have x; = &; for

i=1,2---,N. ]

For presentation convenience, constellation WY | X; in Definition [3|is called the sum-
constellation of all X; and each X; is called the i-th sub-constellation of WY X, or
i-th user constellation. The concept of UDCG can be considered as an extension
of UDC in binary field to the complex number domain for N-users [99-111]. How-
ever, we would like to emphasize a major difference between the definition of UDCG
and the traditional concept of UDC. In our Definition [3, we are interested in each
analysis component of the decomposition, i.e., the geometrical structure of each user-
constellation, as well as in the synthesis component of the decomposition, i.e., the
geometrical structure of the sum constellation.

The following property reveals such a fact that checking whether or not a group of
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constellations forms a UDCG is equivalent to checking whether or not the cardinality
of the sum constellation is equal to the product of the cardinalities of the user-

constellations.

Property 1 (Unambiguity) Given a group of constellations {X;}Y., with each hav-
ing a finite size, if we let G = {Zfil z; : x; € X}, then, G = WY X, if and only if

6] =TT 1. u

Proof: Let Y denote a set of N-tuples YV = {(z1,22,...,2n) : x; € X;}. Then,
V| =TI, |X| by the combinatorial rule of product and Y is a finite set, since each
X; is a finite set.

If |G| =[], |X], then, we have |G| = |V|. Since G and Y are finite sets, there
exists a bijection map between these two sets, which is denoted by f; : G — Y [133].
Without loss of generality, we let fbij(2£1 x;) = (z1,%2,...,2N). As fr5: G =Y
is a bijective map, then, if Zf\il T, = Zfil Z;, we must have (z1,x9,...,2y5) =
(Z1,@,...,2y) and hence, z; = &; for ¢ = 1,2,--- ,N. Then, by Definition [3, we
have G = WY | X;.

If G = WY A, by Definition , for any (zq,x9,...,2Nn), (Z1,%2,...,Zn) € YV
satisfying Zfil T, = Zfil Z;, we have z; = x; for 1+ = 1,2,---, N, or equiva-
lently (z1,9,...,2x5) = (Z1,Z2,...,Zy). Therefore, there exists an injective func-
tion finj : YV — G such that finj((xl,asg,...,x]v)) = Zfil z;. Hence, |G| > |Y| =
1Y, |&i]. From the construction of G, we know that |G| < [[Y, |Xi|. As a result,
G| =TIV, |Xi|. This completes the proof of the property. O

Since PAM and QAM constellations are commonly used in modern digital com-
munication systems, in this chapter we are interested in uniquely decomposing them

into the sum of a group of scaled PAM or QAM constellations.
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Theorem 1 (PAM) Given two positive integers K and N, let K; be any N non-
negative integers satisfying Zf\il K; = K. Then, 25-ary PAM constellation G =
{£(m — %) :m = 1,2,...,2571} can be uniquely decomposed into the sum of N

2

sub-constellations X; fori=1,2,--- N, i.e., G =WN X, where

{0} Ki=0
X =
{x(m—-1):m=1,2,...21} K, >1
and for i > 2,
{0} K;=0
X, =

{£(m — L)y x 25K s = 1,2, 281} K > 1
u

Proof: On one hand, we notice that Zf\il x; € G, for any z; € X;,Vi € {1,2,...,N}.

On the other hand, we also note that |X;| = ,Vie {1,2,...,N} and

2k K> 1
G| = 2%, Since K = Y.~ | K;, we have |G| = [[Y, |Xi|. By Property [1, we attain
G = WY X;. This completes the proof of Theorem . 0
Theorem [I| reveals a significant property on the PAM constellation that any PAM
constellation of large size can be uniquely decomposed into the sum of a group of
the scaled version of the PAM constellations of variety of small sizes. Furthermore,
the following algorithm proceeds to uncover an important advantage of such unique

decomposition.
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Algorithm 1 (Fast detection of PAM UDCGs) Given a UDCG G = W) X,

generated from a PAM constellation by Theorem[1l For an observed noisy real signal

Y= Zfil x; + &, where z; € X; and &€ ~ N(0,02/2) is a real additive white Gaussian

noise. Then, we have a fast detection method for estimating all user-signals stated as

follows:

N

1. Quantization of the sum signal: Given y, the optimal estimate of g = > . | x;

s given as follows:

g = arg g min |y — g|

oK _1 2K |
— 5 Y= =%
K K_ K K
=y Wt5I -5 -5 <y (2.14)
2K _1 2K
7 y=>5

2. Decoding of the user-signals: Let g be defined by (2.14). Then, the estimates of

all the original user-signals T;, satisfying Zfil T; = g, are uniquely determined

as
0 K1 == O
(§+251) mod 281 — 2= K > 1
and for i > 2,
0 K;=0
HAZ'Z' -

K K i—1

G+21 —(5+2571) mod 22e=1 "¢ oK i—1

(g 2 (0 221._1)]{ mod 2K — =122 Ke | > 1
2~0=1 ¥4

(2.16)
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The proof of Algorithm[] is given in Appendix [A.1 As we know, a rectangu-
lar QAM constellation is generated from a pair of the PAM constellations. Hence,
Theorem [I| can be extended to the PAM and QAM mixed case in a straightforward

manner, whose proof, therefore, is omitted.

Theorem 2 (QAM) For two positive integers N and K = K© + K®  with K©
and K being nonnegative integers, let Ki(c) and Ki(s) for v = 1,2,--- /N de-
note any two given nonnegative integer sequences satisfying K(©) = Zf\; KZ-(C) and
K® = SN K® with K + K > 0. Then, there exists a PAM and QAM
mized constellation Q such that Q@ = WN,X;, where X; = Xi(c) W in(S), with
G = {jz : 2 € XY, In addition, Q© = W, X9 and QW = wN, X" are

two PAM UDCGSs given in Theorem according to the rate-allocation Ki(c) and Ki(s),

respectively. [ |
o ° A A x x A A x x
A A A A
A x
* * - - * * - L}
o o
* * n |} * * |} n
A A x x A A x x
o o
A A A A
* o
* * ] |} * * L L]
° ° * * | ] ] * * L} [ ]

(a) Three 4-QAM constellation &;, X3 and  (b) The sum-constellation G = X W Xy W Xs.
Xs.

Figure 2.1: An example of the UDCG with three sub-constellations.

Similar to Algorithm [I} we also have an efficient detection method for a UDCG

based on the QAM constellation below:
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Algorithm 2 (Fast detection of QAM UDCG) Let a UDCG G = WM, X, be
generated from the QAM constellation by Theorem [3  Then, for an observed noisy
complex signal y = Zfil z; + &, where z; € X; and & ~ CN(0,0?) is an additive
circularly-symmetric complex Gaussian noise, all the user-signals are efficiently esti-

mated using the following two successive steps:

1. Quantization of the sum signal: Let y = y\© + jy). Find the quantized PAM
signal 99 € Q) and ¢ € QB of ¥ and y), respectively by solving the
following optimization problems

(c)

9" = arg e o0 min |y — g,

(s) = arg e g(s) Min |y(5) —g|.

g
2. Decoding of the user-signals: By Algorithm[1], the estimates of all the user real
signals £\ € X9 and ) € X% fori=1,2,--- | N can be efficiently obtained

such that ¢ = 5%, 27 and g = 55, 27 and thus, i = 2,7 + j2;7. W

) %

Example 5 Consider a UDCG such that Xy = {5 + %,4 — %,—% + %,—% - %},
Xo={14+41—4,—-1445,-1—73} and X5 = {2 + 25,2 — 25, -2 + 25, -2 — 25}
as illustrated in Fig. and the sum-constellation G = X)W Ao W X5 as depicted
m Fz'g.. For example, once a red triangle constellation point in the northwest

corner of G is observed, then we can claim that —% + % e X, —-1+7 € X, and

—2 425 € X are transmitted in the absence of noise.
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Chapter 3

Distributed Concatenated

Alamouti Code Design for Relay
Networks with PSK/QAM UFCP

In this chapter, a novel distributed concatenated Alamouti code is devised for a
one-way relay network consisting of two end nodes each with a single antenna, and
one relay node equipped with two antennas. With the aid of the newly developed
uniquely-factorable constellation pair (UFCP) generated from both phase-shift key-
ing (PSK) and square quadrature amplitude modulation (QAM) constellations as
well as by jointly processing the noisy signals received at the relay node, such a de-
sign allows the terminal nodes and the relay node to transmit their own information
concurrently at the symbol level, and turns the equivalent channel between the two
end nodes into a product of two Alamouti channels, thus, called UFCP concatenated
Alamouti space-time block code (STBC) while maintaining the equivalent noise be-

ing still white Gaussian, thereby, leading to a symbol-by-symbol decodable optimal

33



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

maximum-likelihood (ML) receiver. In addition, an asymptotic symbol error prob-
ability (SEP) formula is derived with the ML detector, showing that the maximum

diversity gain function is achieved, which is proportional to In SNR/SNR?,

3.1 System Model

Figure 3.2: One-way dual-hop relay networks with uniquely-factorable distributed
concatenated Alamouti codes

Let us consider a one-way dual-hop relay network as depicted in Fig. 3.2 where
the communication between the two single-antenna terminals S and D is assisted by a
relay node R equipped with two antennas. Our transmission scheme for such network
is briefly described as follows. There are two different phases with each covering two
consecutive time slots. The channel gain of the i-th phase of each communication
associated with the j-th antenna of the relay R is denoted by h;; for 7,5 = 1,2, which
are assumed to be independent and circularly symmetric complex Gaussian (CSCG)
distributed with each having zero mean and the variances of which are assumed to be
Qi, i.e., E[|hy)?] = Q. Let x, € X, y, € Y, £ = 1,2 be symbols to be transmitted from
the source and relay, respectively, which are randomly, independently and equally
likely chosen from the UFCP X ~ ) generated from PSK or QAM constellations
mentioned in Chapter 2] (see Propositions [2] and [4)).
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During the first and second time slots in the first communication phase, source
node S transmits its message z7 and 25 to R respectively, all along the channel link
h; = [hy1, hia)?. Therefore, within these two time slots, the relay R receives two

signal vectors ry for £ = 1,2, given by

r = Plhll'l + ng, (317&)
o = v/ Plhll'; + o, (31713)
where P; is the transmission power of S in each time slot, r, = [rgl,rgg]T, n, =

[n41,42]" denotes complex Gaussian noise vectors with each having zero mean and
covariance matrix o2I.

In the second phase, in order to enable the relay to transmit its own information
together with S, the received signals r; and ry are multiplied by y; and y3 , respec-

tively, to generate the composite signal z,, where z, = z,yp, ¢ = 1,2, which are given

by
S1 = vV P1h121 + Yyiny, (318&)
So = 1/ Plhlz;‘ + y;ng. (318b)

In what follows, R first properly combines these four received signals using the Alam-
outi coding scheme, i.e., t; = s11 + 55, and ty = S12 — s5;, which can be re-expressed

in a two-by-one vector,

t=+PHz+p (3.19)

35



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

with t = [tl,tQ]T, VARS [217 22]T7 and

hir  hio Y1n11 + Yansy
Hl = ) =

hiy —hi Yiniz — Yany
It is worth noticing that p is a two-by-one complex Gaussian noise vector with zero
mean and covariance matrix 2021 for given 1y, £ = 1, 2.

Then, R spends another consecutive two time slots on broadcasting the scaled
versions of ¢; and to through the two antennas to D also using the Alamouti coding
scheme, or more specifically, during the following two time slots, it transmits two
signal vectors u; = B[t;, —t5]7 and uy = Bts, t;]* to D. The scale 3 is a fixed
value and determined to satisfy the average power constraint at the relay, i.e., 32 =

4(P1911+g2) ~ 4P1191 in high SNR regime.

Hence, the signal received at D is represented by

V =/ PQthul + vV P2h22u2 + n, (320)

where P; is the transmission power of R in each time slot. Equation (3.20)) is equiv-

alent to

vV = ﬂ\/ P2H2t + ’f], (321)

where v = [vy,v5]7 and ) = [y, 75]7 denotes the two by one complex Gaussian noise

vector with zero mean and covariance matrix o%I,, and H, is an Alamouti matrix,
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ie.,

H2 _ h21 h22

hyy  —hy
Now, substituting (3.19)) into (3.21)) yields

v = 8PP \HHTz + ¢, (3.22)
where & = [¢, &7, in which

& = B Py [hot (y1ina1 + yangs) + hoo (yanie — yany, )] + m,

& = BV Pa[hay (yina1 + yandy) — hiyy (y1ma2 — yans,)] + 5.

We can now clearly see that, by carefully using the Alamouti scheme twice at the
relay, the equivalent channel between S and D, i.e., HoHT in (3.22) is essentially a
product of two Alamouti matrices, thereby, still being Alamouti matrices. This is
the reason why our code can be called distributed concatenated Alamouti STBC. In

addition, it would be important to make the following remark:

Remark 1 Ify € Y all have unit energy (e.g., Y € {1,—1,j,—j} or Y taking PSK
constellations), then for given h;;, the noise vector & in (3.22)) is Gaussian distributed

with zero mean and covariance o%[1 + 232 Py(|ho1|* + |haa|?)|I2. [ |

Therefore, when the transmitted signals are randomly, independently and equally
likely chosen from the constellation and channel state information is perfectly avail-

able at D, the optimal detector for estimation is the ML detector, which aims to solve
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the following optimization problem,
z = argmin||v — 8y/ PP HH] z|. (3.23)

After z has been obtained, x and y can be uniquely determined by the property of
unique factorization. The factorization process can be efficiently performed with the

help of Proposition [3] and [5

3.2 SEP Analysis for Distributed Concatenated
Alamouti Codes

The primary goal of this section is to derive the asymptotic formulas of SEP in
high SNR regime for the distributed concatenated Alamouti coded relay networks
with UFCP generated from PSK and square QAM constellations and using the ML
receiver proposed in the previous section.

For notational simplicity, we assume that H; = O Hy, Hy = +/QyH,, where
all the entries of H;, Hy are normalized CSCG random variables (or say Rayleigh
fading). Let us recall that, the channel matrices HoH? in are unitary up to
some scale, i.e., (HoHD)7 (HoHT) = Q001 (Jh11]? + |h12|?) (Jhor|* + |hoa|?)I, and each
noise vector & is white Gaussian for the given h;;, with the covariance matrix given
by 02[1 4 262 PyQs(|ha1|> + |hae|?]I. Notice that the received SNR at the terminal D
is

Qo (|haa]* + [hnal*) (han |* + | haa*)p

Y= _ _ ’ (3.24)
1+ 282P,Q(|ho1|? + |hoz|?)
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where p = @. Hence, the optimal ML detection for (3.23)) is equivalently reduced
to a symbol-by-symbol detection and its arithmetic average SEP for the composite
received signal with the given channel realization for PSK constellation and square-

QAM constellation are:

e PSK constellation

(M—1)= x

1 M vsin®
Pepsk\(ﬁu,flmﬁm,ﬁm) = ;/0 exp ( - m) do. (3.25)

e QAM constellation

P e quml(has iz hon hoz) = 4<1 - ﬁ)@( M3z 1) — 4(1 - JLMYQQ( M3Z 1>‘
(3.26)

The average SEP can be calculated by averaging over all the channel realizations,

that is P, = E[Pem“ﬁlzﬁ%hm], or equivalently:

e PSK constellation

(M—-1)=
M

_ 1
R / 11(0)d6. (3.27)
0

™

s 2T
v sin® 17

where Jl(‘g) = Eilu,ﬁm,fzm,ilzz [exp ( T T sin%0 )]

e QAM constellation

P,. = 4(1 - \/LM) % /0 Jo(0)df — 4(1 - \/LM)Q% /OZ To(0)d9,  (3.28)

where J5(0) = Ej, i) o s | €XP (2(1\4:1—3)1,11129)}
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Let us consider the error performance analysis of the PSK constellation and the
case using QAM constellation is similar and hence the derivation process is omitted.
Based on the assumption that the channel coefficients are independent, if we let
t;, = |BZ~1|2 + |ﬁi2|2, then ¢; and ¢, are independent, with each being x3-distributed,
i.e., the probabilistic density function of ¢; is t;e™" ¢ = 1,2. Thus, J;1(0) can be

simply calculated by first taking the expectation over ¢; and then, ¢, such that

J,(0) = B, {Etl{exp( T(6)phts )} (3.200)

14 2B82P Ot

_ / h (1 LTt )_2t26_t2dt2 (3.29b)
0 1+ 232 Pty '

where 7(8) = 222951 Ty further simplify (B205), let a = 282 PyQy, b = 282 Qs +

sin? 6

7(0)p and rewrite it as

a2 o] (tQ + a*l)Z B
J1<9) = ﬁ/o' m X toe t2 dtg (330)

Following a strategy similar to that in [23], now performing a partial fraction expan-

2+a71)2t2

. t .
sion of aip-z gives

-1 _ b‘l)(a_l _ 3b_1) (a—l _ b—1)2b—1
=ty+2(at—bt (a —
2+ 2(a )+ ty + b7 (ta +b71)?

(3.31)

(to +a™1)%t,
(tg + 571)2
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Substituting (3.31]) into (3.30)) and using a partial integral, we have

Ji1(0) = —{1 +@'=bH2-—at+b )= [a'=b)

(@' =307 — (a7 b‘1)2b‘1]eb_1Ei(—b‘1)}, (3.32)

where we have used the fact [134] that [;° t;:%dtg = —e" 'Ei(—b") with Ei(¢) is

the exponential integral function. Notice b~ = T(é)p +0(p72),e" =14+0(p") and

Ei(-=b')=E—Inb+ Zzozl(—l)k% =E—In(7(0)p) + O(p~?), where E is the Euler

we can attain

constant. Combining these with (3.32), and noticing that 3% ~

.
4Py

the following asymptotic formula for J;(6):

a’?+2a—1—E+1In(7(0)p)

Ji(0) = 72(0) p? +0(™),
_ 21, -2 Inp
where K1(0) = 772(0) = ;300 K,(0) = 72(0)(a® +2a — 1 — E + In7(0)) =

202 qin4
Q5Q7 sin M

Kl(e)(PQQQ(ZQI%QS?PlQl) —1-E+InQ +1nQ; + 2Insin & — 2Insinf) in which E is

the Euler constant. Now, with the help of [134] and substituting (3.33) into ((3.28))

yields Theorem [3] below.

Theorem 3 (PSK-SEP) The average SEP for the one way relay network with the

PSK distributed concatenated Alamouti code has the following asymptotic formula:

, 1
P, =Cip2Inp+Cop2+0 (%) : (3.34)
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where
1 3(M—1)r 1, 2(M—-1)r 1 . 4M—-1)rm
) = ( — gsin = sin =)
LT a02%sin =\ 8M S V S L 7
PyQs(Po + 4P Q2 LT
Cy :C’l[ 22 iP;Q% 1§h) — 1—E—|—ang—|—anl—|—21nsmM}
2 (M-1)=
T T 00 A Sin40hl SiH@d@,
w30 sin” 7 Jo
T
in which
o BM-)r 1 2M—-1)m 1 . 4M-1)7 . (M —=1Dm
1= <8T i VAR Ui T) L VA
+3 _ 2(M—1)7T+3(M—1)7T 1 4M -1 +(M—1)7r
— sin — —sin ——— —_—
32" M 16M 128" M 32M
3 — 2% B M — 1)\ 1+2k
— 22 (=1f 2 (( )”)
8 (1 + 2k)(2k)! M
with B, being the Bernoulli numbers. [

Following a similar strategy, the average SEP for QAM constellation is given by:

Theorem 4 (QAM-SEP) The average SEP for the proposed one way relay network

with the QAM distributed concatenated Alamouti codes has the following asymptotic

formula:

P

€gam

1
— Dip2lnp+ Dyp 24+ 0O (%) , (3.35)
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where
8(vVM —1)(M —1)?
D, = VM + 8V M —
8(vVM —1)(M —1)?
Dy = VM +8VvM —
9 VIR [(37T +38 + 37 —8)
P2Q2 P,
X (4;1292% TR +InP4+InQy —In(M—1)+In3—-3mn2-E—1)
7
+ (6 In2 — Zm) (VA 4 1) + (812 + 6 — 12G)(VAL — 1)]
with G being the Catalan’s constant. [ |

From Theorem [3] and [4] we can see that when SNR is large, the SEP for the
one-way relay network with the proposed distributed concatenated Alamouti STBC

decays as fast as In p/p?.

107 ¢ : E|

4-PSK, p=g=1

~4L | = = = Theoretical asymptotic SER
f:| —©— Simulated SER

i
10 15 20 25 30 35 40 45 50
SNR (dB)

Figure 3.3: SER performance of the relay networks with uniquely-factorable dis-
tributed concatenated Alamouti codes.
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—©— Simulated SER
= # = Theoretical asymptotic SER

SER

10 15 20 25 30 35 40 45 50

Figure 3.4: SER performance of the relay networks with uniquely-factorable dis-
tributed concatenated Alamouti codes.

3.3 Numerical Simulations

In this section, computer simulations are carried out to verify the error performance
of our relay scheme. Throughout the simulation, we assume that the destination node
D knows the perfect channel state information, whereas only first- and second-order
channel statistics are available at the relay node. The distances between S and R,
and between R and D are denoted by ds_r and dg_p, respectively. Therefore, the
pathloss is € = dg%, and Qy = dgz% ), where o € [2,6] in most practical wireless
communication systems [135].

Fig.[3.3|shows the simulated symbol error rate (SER) and the dominant theoretical
SEP of the proposed relay network against the total SNR of the network with a

equal power distribution between source and relay. Without loss of generality, we
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set p = ¢ = 1,2,3, which implies that 4,16,64-PSK constellation are received at
destination node. It can be observed that asymptotic and simulated error performance
curves match very well when SNR is relatively high, which verifies the accuracy of
our asymptotic SEP expression given by . In addition, the slopes of the SER
curves for different PSK constellations are identical in the high SNR regime, which
further affirms the conclusion that the full diversity gain function for the network is
proportional to p=21n? p.

Similarly, Fig. shows the simulated SER and the dominant theoretical SEP of
the proposed relay network versus the aggregate SNR of the network, with a equal
power allocation between the source and relay node. For simulation simplicity, we
choose (|X],|V]) = (2,2),(4,4), (16,4), which corresponds to 4,16, 64-QAM constel-
lations. It can be observed that asymptotic and simulated error performance curves
match perfectly when SNR is relatively high, which verifies the correctness of our
asymptotic SEP expression given by . In addition, the slopes of the SER
curves for different QAM constellations are identical in the high SNR regime, which
also affirms the conclusion that the full diversity gain function for the proposed net-

work is proportional to p=21n p.

3.4 Conclusion

In this chapter, by using the novel concept called UFCP for both PSK and QAM
constellations, we have developed a new distributed concatenated Alamouti code
for a relay network consisting of two single-antenna terminals and one relay node
having two antennas. This newly-designed code allows the relay to transmit its own

information. By taking advantage of the Alamouti coding scheme twice and jointly
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processing the signals from the two antennas at the relay node, the equivalent channel
between source and destination becomes a product of the two Alamouti channels,
thus, called distributed concatenated Alamouti STBC. In addition, the asymptotic
symbol error probability (SEP) formula is attained for the maximum likelihood (ML),

showing that the maximum diversity gain is achieved and proportional to In SNR/SNR2.
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Chapter 4

Optimally Precoded Large MIMO
Fading Channels and Asymptotic
SEP Analysis with Zero-Forcing

Detection

This chapter considers the asymptotic analysis of symbol error probability (SEP)
for either optimally precoded or uniformly precoded large correlated MIMO fading
channels using the zero-forcing (ZF) detector and equally likely PAM, PSK or square
QAM signalling points. For such systems, we reveal some very nice structures which
naturally lead us to the exploration of two very strong and very useful mathematical
tools for the systematic study of asymptotic behaviors on their error performance.
The first tool is the Szegd’s theorem on large Hermitian Toeplitz matrices and the

second tool is the well known limit: lim, ,,(1 + 1/2)* = e. This new approach
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enables us to attain a very simple expression for the SEP limit as the number of the
transmitter antennas goes to infinity. One of the major advantages for this method
is that its convergence rate is very fast. Hence, this expression is very efficient and
effective SEP approximation for the large MIMO systems. Due to the constraint on
allowable space and limited (sparse) multi-path scattering, fading correlation between
neighbouring antenna elements is almost inevitable in a large MIMO architecture.
By specifically examining an exponential correlation matrix model, we show that the
optimal precoding technique can yield substantial power gain over the uniform power

allocation strategy.

4.1 Precoded Transmission Model with Zero-

Forcing Detection

4.1.1 System Model

Consider the complex baseband-equivalent model of a narrow-band MIMO commu-
nication system, with N, transmitting antennas and N, receiving antennas. The
receiver is assumed to have more antennas than the transmitter (N, > N;) just like
that in the V-BLAST system [136]. The sequence of serially transmitted symbols is
first de-multiplexed into a vector signal s = [s1, 8, ,sn,|7, and then this vector
signal s is transformed by an N; x N, full-rank square precoding matrix F into an-
other vector signal x = [z1, 79, -+ ,zn,]7 = Fs. Then, each element x; of x is fed
to the k-th transmitter antenna for transmission. In the space-time communication,

N; transmitter each can transmit uncoded M-ary PAM, PSK or QAM symbols using
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the same waveform during the same time interval, but we assume that the same con-
stellation is used for each antenna. At the receiver array, the discrete received N, x 1

signal vector r can be written as
r =HFs + €, (4.36)
where H is the N, x N; complex channel matrix and £ is the N, x 1 additive complex

noise vector. Throughout this chapter, we adopt the following assumptions:

1. The perfect channel estimates are available at the receiver to allow coherent

detection;

2. The channel H is complex Gaussian distributed, with zero-mean, and covariance

matriz I ® 33;
3. & is circularly-symmetric complex Gaussian noise with covariance oI,

4. Fach element of s is independently and equally likely chosen from PAM, PSK

or QAM constellations of the same size with the covariance matriz of s being I;

5. The total power budget of the transmitter array is unified to one, and as a

consequence the system SNR is defined asn = 1/02.

4.1.2 Zero-Forcing Equalization

Suppose that we use zero-forcing equalization to recover the information symbols. To

this end, first we obtain the pseudo inverse of the super-channel matrix HF; i.e.

(HF)* = (F'HHF) ' F"H". (4.37)
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Here we need to explain why the inverse in exists. Under Assumption 2 above,
the matrix H?H is the Wishart distribution and as result, FYH?HF is also subject
to the Wishart distribution [137,138]. Therefore, the inverse exists with prob-
ability one if the number of receiving antennas is not less than that of transmitting
antennas [137,[138].

The ZF detection is captured by the following two steps:

1. Perform ZF equalization. Multiplying both sides of equation (4.36]) by the

pseudo-inverse (HF)" of HF, we get
r=s+¢, (4.38)

where r' = (HF)*r and ¢ = (HF)"¢. Under Assumption 3, £’ is the circularly-

symmetric complex Gaussian noise with covariance o*(FPH”HF)™!;

2. Perform a hard decision to obtain an estimate §; of s, i.e.,
5, = arg min |1}, — si|?
SKES k

Since ZF equalizer performs a memoryless detection, i.e., the decision on the
current symbol does not affect the decision on the next symbol. Therefore, the average

SEP over one vector signal s just is the arithmetic mean of all SEPs.
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4.2 Optimal Precoders Minimizing the Average

Symbol Error Probability

Our primary purpose of this section is to first give an explicit convex region for which
the optimally precoding matrix F that minimizes the average SEP of the ZF detector
can be obtained and then, to uncover some nice structures for the optimally precoded
system, which naturally leads us to taking full advantage of the Szegd’s theorem
for the systematic study of the asymptotic behaviour on the resulting large MIMO

systems.

4.2.1 SEP Expressions for M-ary PAM, PSK and QAM sig-

nals
PAM signals

The SEP for M-ary PAM signal s is

_ M=) 00
Ppam(H, F, 55) = Vi Q (\/(Mz _ 1)[(FHHHHF)1]k) .

Therefore, the arithmetic average of all SEPs in one block is

_2AM 1) 6n
PealELE) =T, ZQ<\/(M2_1)[(FHHHHF)-1])- Y
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For our purpose, we now prefer to use another expression for the Gaussian -

function [139,|140] i.e.,
1 w/2 2
Q(t) = —/ exp | ———— | d0, t > 0. (4.40)
0 2sin“ 6

Substituting (4.40)) into ( - 41.39) yields

31
P H F) ex de.
pan( MNt Z/ P ( — 1)[(FFHHHF) '], sin? 0)
(4.41)
(FISF) ),
It is known [137,/138] that = PAEAEF T, is subject to X2 5(Ny—Nyt1) 1€, 1ts density
function is
f(y) = ! 677’VNT7Nt for v >0
T(N, — N, +1) ’

where I'(t) denotes the gamma function. Now, taking the expectation in (4.41)) over

random channel H yields

Ppam(F) = MNﬂr Z/ Erexp ( (M2 — 1)[(FI‘II?ITIZ’HF)_1];C sin29) d9

= MNt Z/ EexP( M2—1)[(Fin;F)_1]ksin29> "

N, —(Ny—Ne+1
UM —1 t /2 (N t+1)
— gZ/ <1+ EU R ) o
MNyw = J, (M? - 1)[(FEXF) |gsin® 0

— Nit > Gran ([(FHEF)’I]k) : (4.42)
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where function Gpan(t) is defined as

2<M - 1) 71'/2 377 *(Nr*Nt+1)
G t) = —77—> 1 de.
pan(t) Mn /0 * (M2 — 1)tsin® 60

PSK signals

The SEP for M-ary PSK signal sy is

1 [M=Dm/M sin?(7w /M
Ppsk(H, F, s) = —/ exp (— il ( {1 ) — ) do.
T Jo (FPHYHF) ']; sin“ 6

Therefore, the arithmetic mean of all SEPs is

N _ :
1 oa MM nsin®(r/M)
P HF)=— — de. 4.43
PSK( ) Ntﬂ' ; /0‘ €xXp ( [(FHHHHF)_I}]C Sin2 9) ( )

Similarly, taking the expectation of (4.43) over random channel H produces

N, D . —(Np.—N¢+1
Posk(F) = —— /(M o (1+ nsin”(n/M) ) D
0 [(FEXF) '], sin?6

where function Gpgk () is defined as

1 M=Dm/M (/M —(Nr—Ni+1)
Grsc(t) = - / (1 N w) "
0

T tsin’ 6
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QAM signals

The SEP for M-ary QAM signal sy is

(M — D[(FFHHHF) '],
2 9 3n
4 (1 - 1/\/M> Q <\/(M - 1)[(FHHHHF)1]k> (4.44)

The first term in (4.44)) can be replaced by (4.40)). Similarly, Q?(-) function also has

Poam(H,F, s;) =4 (1 — 1/\/M> Q (\/ 3n )

a very nice formula |140],

Q*(t) = l/ﬂﬂ/4 exp (—2 c ) d. (4.45)

T sin? 6

Substituting (4.40) and (4.45) into (4.44) and then, taking the expectation over the

random channel matrix, we can obtain

Nt T - r— iVt
Poan(F) = @Z//Q (1+ 3n ) (N, N+1)d0
“ VMNx = Jy 2(M — 1)[(FHXF) '], sin? 0
AV - 1) i /”/4 (1 . 31 )‘(N*‘N’f“) »
—1 -2
MN,w —~ Jo 2(M — 1)[(FEXF) '] sin” 6
_AVM -1 i /“/2 (1 . 31 )‘(NT‘N”” »
VMNw = e 2(M — 1D[(FEEF) '], sin®6
MNgm = J, 2(M — 1)[(FEXF) '], sin?60
1 1
. H -
= Nt;GQAM <[(F XF) ]k>, (4.46)
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where function Ggam(t) is defined as

4(VM —1) [ 3 A
Goan(t) = Q/ (1+2(M d ) do

vVMn /4 — 1)tsin?0
4 M _ 1 7r/4 3 *(Nr*Nt+1)
LAVM 1) ”>/ 1+ n o,
M 0 2(M — 1)tsin” 6

4.2.2 Convexity of Objective Functions

In order to obtain the optimal precoder, let us discuss the convexity of function G(t).

1. For PAM signals, the second-order derivative of Gpan(t) is given by

*Gpam(t)  2(M —1) /7r/2 . 3 —(Nyp—Ni+3)
> Mr (M2 —1)tsin® 0

BN =N+ 1) BN =N N

(M? —1)ot4sin® 6 \ (M2 — 1)sin* 0 ‘

Since 3n(N, — N,)/((M? — 1) sin®0) — 2t > 3n(N, — N;)/((M?* — 1)) — 2t, then

if the following condition is satisfied, i.e.,

377(Nr - Nt)

0<t<
- 2(M?-1)

- TPAM7

we have d®Gpan (t)/dt?> > 0. This implies that Gpan (1) is convex in this interval.

2. For PSK signals, we have

A2 T tsin® 6
pR— 1 2 - ‘ 2
1N, = Ny + 1) sin? (/M) (n(Nr Ny sin” (x/M) Qt) o).

t4sin? 6 sin® 6

d*Gpsi (1) 1 /(M_l)w/M (1 . 1 sin® (W/M>)—(NT—N,5+3)
0
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Since n(N, — Ny) sin (7/M)/(sin® §) — 2t > n(N, — N;) sin® (7 /M) — 2t > 0, we
have that if

n(N, — N;)sin? (7 /M)

O0<t<
- 2

= Tpsk,

then, in this interval, d*Gpgk (t)/dt* > 0. This shows that Gpgk () is convex in

this range.

3. For QAM signals, we have

w/2

d>Goam(t) 3n ~(m )
— s =41 - 1/VM 1
dt? ( / )/7T/7r/4 ( i 2(M — 1)tsin29)

N, — N +1 N, — N,
(SN Z N D) (30N = N gy g
2(M — 1)t*sin® 0 \ 2(M — 1) sin“ 0

/4 —(Nr—N¢+3)
+4(1 — 1/\/@/(\/@?)/0 (1 NPT —3177)tsin29)

N, — N, +1 N, — N,
X377( T t_'}'Z) 377( T 't2) — 92t ) db.
2(M — 1)t*sin® 6 \ 2(M — 1) sin“ 0

Since 3n(N, — N;)/(2(M — 1)sin® ) — 2t > 3n(N, — N;)/(2(M — 1)) — 2t > 0, if the
following condition meets,

377<Nr - Nt)

0<t<
SPS T —

= Toawm,

then, d*Gqanm(t)/dt? > 0 and as a result, Goam(t) is a convex function in this interval.
To obtain a unified expression, we drop the subscripts of both G(¢) and T". Hence,

G(t) is convex if 0 < t < T. Correspondingly, the noise power associated with F
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satisfies the following condition,

(FESF) ™Y, < T fork=1,2---,N,. (4.47)

4.2.3 Explicit Convex Regions and Optimal Precoders

To develop an explicit constraint from (4.47]), we need to introduce the following two

lemmas.

Lemma 1 (Rayleigh-Ritz) [141] Let A € CE*EK be Hermitian and let (;(A) <
G(A) < ... < (k(A) be the eigenvalues of A. Then

H H
x? Ax (K(A):maxx Ax

A) = mi .
G(A) = min Il xHx

Ixl#0 xfx '

Since (FAXF)™! is Hermitian and the k-th diagonal value [(FAXF)7!], =
e (FEXF) te;, where e, = [0,---,0,1,0,---,0]* has 1 only in the k-th entry, by

Lemma [I] we have
G(FSF)™) < [(FPSF) ', < v (FPEF) Y, for k=1,2,..., N,

where ¢ (FZ2F)™!) and Cy, (F¥XF)™!) are the minimum and maximum eigenval-
ues of (FIXF)™1 respectively and the equality is attainable when F diagonalizes X.

Therefore, if F satisfies

(v ((FPSF) ™) < T, (4.48)
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then, such F also satisfies (4.47)). To further simplify the constraint, we need another

lemma.

Lemma 2 (Ostrowski) Let A € CE*K be Hermitian and S € CK*K be nonsingu-
lar. If we let the eigenvalues of A and SST be given by (1(A) < ((A) < ... < (x(A)
and (1 (SSH) < ((SSH) < ... < (k(SSH), respectively, then, for eachi =1,2,..., K,
there exists a positive real mumber r; such that (((SS?) < k; < (x(SST) and

Q(SASH) = riG(A). [ |

Let the eigenvalue decomposition of ¥ be ¥ = WAW?X, where W is a unitary
matrix, and A = diag(A1, Ag, -+, Ay,) with 0 < A\ < Ay < --- < Ap,. Let the singular
value decomposition (SVD) of F be F = UDV, and D = diag(v/d1, Vda, - - , \/ﬂ),
where 0 < d; < dy < --- < dy,, since F is assumed to be of full-rank (nonsingular).

Then, by Lemmawith K=N,,S=F'1'and A =X we have

Cn (FTSF)) = ¢y, (FS71F ) < Gy, (700 (FPF) ) = Ai (4.49)

where the equality is also attainable when U = W. Therefore, if

1
dy > —— 4.50
1 = )\1T’ ( )

then, F satisfies constraint (£.47)). Constraint requires that the minimal aver-
age transmitting power of the subchannels, d; must be larger than certain predefined
threshold that is related to the modulation signals, system SNR 7 and channel statis-
tics. Since T is proportional to system SNR 7, constraint (4.50) is valid in slightly

high SNR regime. Now, following the same way as [40,142/[143] and applying Jensen’s
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inequality |144] to function G(t) under the constraint (4.50]) result in

Nit Z G((F'SF)) 2 G (Ni 2[(FH2F)—1]k> , (4.51)
k:l,dlzﬁ

b =1

where the equality in holds if and only if

(FSF) ]y = [(FTSF) ), = - = [(FYSF) ]y, (4.52)
On the other hand, by a well known trace-inequality [145], we have

tr (FYSF)™') = tr((FF7)™! Z Ay (4.53)

where the equality in (4.53]) holds if U = WP, where P is an anti-diagonal permuta-

tion matrix given by

0 01

0 1 0
P-

1 0 0

Then, using the Cauchy-Schwarz inequality, we can attain

Nt

—_— 1
Z A1k VAN 41—k Ak = ng Z sz+1 ANk

k=1 (=1
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Combining this with the power constraint tr(FZF) = 1 gives us

Nt Nt 2
Yo dnaoN ' 2 (Z N 2) : (4.54)
k=1 k=1

The equality in (4.54)) holds if and only if

)\71/2
dNt-i-l—k - ﬁ, k’ - 172a'~->Nt- (455)
A

Since G(t) monotonically increases, combining (4.55)) with (4.51]) leads to

Nt Nt
1 " . —1/2\ 2
X cwrse = o((Ta) ).
k:l,dlzﬁ k=1
where the equality holds if U = WP, the square of the singularvalues of F
meets (4.55)) and V is chosen as the normalized DFT matrix. For presentation clarity,

all the above discussions can be summarized as the following theorem.

Theorem 5 Let the eigenvalue decomposition of ¥ be ¥ = WAWZH, where W is
a unitary matriz, and A = diag(Ay, A, -+, An,) with Ay < Ay < -+ An,. IfF s
restricted to be in set {F : G (FEF) > )\%T}, where T" is the threshold in and
G (FHF) is the minimum eigenvalues of F'F. Then, the optimal precoder minimizing

the average SEP is given by

- 1
tr(A-172)

i
Il

WA~V4V,, (4.56)

where {72 15 the Ny X Ny normalized DF'T matrix, and the resulting minimum average
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SEP is determined by

Pin(F) = G( (gkaf /Nt). (4.57)

We would like to make the following two comments on Theorem

1. The optimal precoder design problems with ZF detection were also considered
in [40//142]. However, our Theorem [5| provides an explicitly sufficient condition

that guarantees the optimality of the proposed precoder.

2. Here, it is highly worth pointing out that the resulting SEP for the optimal pre-
coder exposes a very interesting structure which motivates us to systematically

study the asymptotic SEP performance in large MIMO systems.

4.3 Asymptotic SEP Analysis for Optimally Pre-

coded Large MIMO Systems

In this section, our main purpose is to investigate the asymptotic behavior of SEP
for the optimally precoded correlated large MIMO systems equipped with the ZF
receiver. The array size of both the transmitter and the receiver is assumed to go

unbounded while maintaining a constant ratio between them.

4.3.1 Array Correlation Model

In general, MIMO techniques can yield linear increasing in the data rate against

the minimum number of the transmitter and the receiver antennas in rich scattering
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environment, particularly when the array elements are uncorrelated [24]. However, in
a practical radio propagation process, correlation is almost inevitable, especially for
a large MIMO architecture. In this chapter, we assume that the transmitter array is
arbitrarily correlated and that the correlation between each element of the receiver
array is negligible. This case can be considered as a MIMO system in the up-link
where the transmitter is a mobile terminal with correlated array and the receiver is a
base station, where the distance between adjacent antenna elements can be made as
large as desired to eliminate correlation. To facilitate our analysis, we also assume that
the correlation matrix is a Hermitian Toeplitz matrix [38]. This is a simplified model
of measurement in practical environment, but it can capture the main phenomenon
of spatial correlation between antennas (see, e.g., [37] for other models). This model
enables us to completely take advantage of the structure provided by the optimal
system as well as of the Szegt’s theorem on large Hermitian Toeplitz matrices so that
we can attain a simple closed-form solution in terms of the correlation coefficients,
from which some important insightful information on the effect of correlation can be

extracted.

4.3.2 Asymptotic Behaviour of Large Toeplitz Matrices

To fully make use of the optimal structure provided by (4.57) for our analysis on
the asymptotic behavior of the statistical average SEP, let us review an important

property on a sequence of large Hermitian Toeplitz matrices { Tk }%_,. Without loss
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of generality, we let

t(0) t(-1) H(=(K —1))
reo| 01O <o) .
HE —1) HE~2) - Ho) |

where t(k) = t*(—k) and t(k) are assumed to be absolutely square-summable, i.e.,
Sore o t(k)]? < co. Thus, the following pair of discrete-time Fourier transforms

exists,

sp(w) = ) tk)e ™,
k=—0o0
1 2w )
t(k) = o /. sp(w)e™ dw.

It is worth noting that the function st (w) is real, since T is Hermitian and sp(w) is
also known as the power spectral density (PSD) function. The above relationship is

also known as the Wiener-Khinchin theorem of a discrete-time process.

Lemma 3 (Szego’s theorem) [/4] Let {Tg}3_be a sequence of Hermitian
Toeplitz matrices with K eigenvalues of Tk given by pr1 < pro < - < Uk K,
and Y52, [t(k)|? being convergent. Then for any function F(x) that is continuous on

[Lsy, Usy], we have

ST

lim — Z [k.0) 1/07TF(ST(W))dw, (4.59)

K—oo K
/=1

where L, = ess inf st(w) is the essential infimum of st(w) and defined to be the
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largest value of ¢ for which st(w) > ¢ except on a set of measure 0, and U, =
ess sup st(w) is the smallest number d for which st(w) < d except for a set of

measure 0 [ |

This lemma plays a vital role in our chapter. From now on, we assume that the ratio
of the number of the receiver antennas to that of the transmitter antennas is fixed,
i.e., N,/N;, = > 1 is constant. Now, our main result of this chapter can be formally

stated as the following theorem.

Theorem 6 Let us consider large MIMO systems wusing the optimal precoder
in (4.56), the ZF detector and the M-ary PAM, PSK or QAM constellations. If

the entries of the channel covariance matrix X are absolutely square-summable and

the resulting Ls, > 0, then, limpy, o Py, (F) = Py exists and

b 15opt,F’AM = 2(1\1{/[_1)Q < (](\;/7[72(31)1K2> ;

o Popipsk = %fo(M_l)ﬂ/M exp <_M> do;

A2sin2 60
S _ 4(VM-1) 3n(B—1) 4(vVM—-1)2 2 / 3n(8-1)
[} Popt,QAM - WQ ( (]\74771)/\2) - M Q ( (]\Z*l)/p) .
where A is defined by A = = OQW dw( ) with ss(w) = Y2 o(k)e /™, [
sy (w

Before proving this theorem, we would like to make the following two comments:

1. From Theorem [5| we can see that the diversity gain for the optimally precoded
MIMO system for a fixed N; with the ZF receiver is N, — N;+ 1. However, when
N, tends to infinity, Theorem [6] reveals that the limiting SEP of the optimally

precoded MIMO system equipped with the ZF detector decays exponentially.
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2. Despite the fact that the assumption of Theorem [0 requires that the correlation
matrix is Toeplitz so that we can make use of the Szegd’s theorem, we can infer
from the following proof that the assumption can be actually relaxed to any

N )\—1/2

invertible correlation matrix 3 with the condition that limy, o 7~ LS

exists, where \; < Ay < --- < Ay, are the eigenvalues of 3.

Proof: Using Lemma 3| with K = N,, Ty, = £ and F(z) = 1/,/z, we have

Ny y—1/2
A= lim Zk—/\

Ni¢—o0 t 27'(' / \/S

are the eigenvalues of . For notational simplicity, let Ay, =

(4.60)

where Al, /\2 ce /\Nt
( S )\,;1/ 2) /N;. Now, using the optimal precoder given in Theorem , the resulting
minimum average SEP is

lim Pmin(f‘) = lim G((i)\kl/z)Q/Nt) (4.61)

Ni—o0 N¢—o00

Correspondingly, for PAM signal, we obtain

Popnran = 2(%; . /Oﬂ/2 N (1 Tor- 1)?\2)\§W sin? 9>_(B_1)Nt_1d0
. 2<MM—;1) /0”/2 P ( - (Mfi(f)/_\?ls)inQ 9>d9
_ 2(MM— 1)Q< (?7472(5_—1)122)’ (4.62)
—(B-1)Ne—1
where equality (a) follows from the fact that (1 + oD 1\?;:];\% t Sin20> <1

for all Ny > 1 and 6 € [0,7/2] and thus, by the Lebesgue’s Dominated Convergence

Theorem [146], we can change the order of the limit and integration. The equality (b)

65



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

is due to the well-known limit of the Euler’s number. Following a similar argument,

for PSK signal, we have

_ (M-1)r/M .92 —(B-1)Ny—1
1 / lim (1 | nsin (W/M)) "
0

P, = — —
pt,PSK T Ni—o00 N A, sin? 6
1/ (6 — 1) sin®(x/M)
= — — do. 4.63
T /0 b ( A2sin%6 ) ( )

and for QAM signal, we can attain

_ 4(vM — 1 /2 —(B—1)N;—1
Popt.am = (—)/ lim |1+ 3777 —5 do
7 VM 0 Mmoo 2(M — 1) N A%, sin” 0
AWM -1 Tt 31 ~-DNe-l
_— lim 1+ - do
Mm 0 Niooo 2(M — 1) N A%, sin” 0

:4<\/M—1)Q( 3n<5—1>)_4<m—1>2Q2< 3n(5—1))
VM (M —1)A2 M (M —1)A% )
(4.64)

This completes the proof of Theorem 2. 0J

In particular, when the channel covariance matrix 3 is the commonly-used non-

symmetric Kac-Murdock-Szegd (KMS) matrix [147,/148], i.e.,

(2] = N (4.65)
(X, m>n,

nm

where 0 < |p| < 1 indicates the degree of correlation, we have the following corollary.

Corollary 1 Consider large MIMO systems with the optimal precoder (4.56), ZF
detector and the M-ary PAM, PSK and QAM constellation. If 0 < |p| < 1, then,
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limy, o0 Py, (F) = Pxung ezists and

3mn(1 —[p)(B = 1)

Pronvs pant = Q ;
2 g2 (2
2(1+ |p|)(M? —1)E (1+|p|>
- 1 (M= 1“/M 7T n(1 — |p))(B — 1) sin®(7/M)
Prnis,psk = ds,
W 41+ |p |E2<1\+/p7||)sin29

Pus i = @@( 3= [P~ D )
| vat AL+ )0 - DE2(3)

C4(VM - 1)? Q2< 3r2n(1 — [p]) (B — )
M . 2 ol ’
AL+ [pl) (M — 12 (242

1|
1)

where E(k) = 7r/2 V1 — k2sin? 0 df denotes the complete elliptic integral of the second
kind [13]). n

Proof: Since
sp(w) = i o(k)e i = L— |p” —
L+ [p|* — 2Re[per]

k=—oc0

for 0 < |p| < 1, we have sy(w) > % and as a result, Ly, > i—}ﬁ: > 0. Now by
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Lemma (3| with F(x) = 1//x, we attain

1 T
A :—/ 14+ |p|?2 — 2|p| cos wdw
KMS o ’PP . \/ ’P’ |P|
_ 2 [14lplc (2V]p]
T\ 1—=1lp| \1+p|

Combining this with Theorem 1 completes the proof of Corollary 1. U

Theorem [6] requires that the first-order and second-order channel statistics are
known at the transmitter. However, in practice, it is not easy to obtain the perfect

channel estimate at the transmitter. In this case, we can consider asymptotic SEP

for uniformly precoded large MIMO channels, i.e., F = J%I.

Theorem 7 Consider large MIMO systems using the uniform precoder, ZF detector
and the M-ary square QAM constellation. If the channel covariance matriz 3 is the

KMS matriz in (6.139), then, limy, o P(F) = Py emists and

= — — — 2
e Pypam = Q(M—MI)Q ( %»’

D —1)m — —p?)sin?(w
° PU,PSK = %r O(M /M exp (_77(/3 1()fipg))sin2 9( /M)> d&;

5 _ 4WM-1) 3n(B—1)(1—|p[2) 4(VM-1)% A2 3n(B—1)(1—|p[2)
* Puqan = /37 Q( (M—1><1+\p\2>>_ M Q( (M—1>(1+|p\2>)'

Proof: Note that in this case, matrix ¥ has a simple tridiagonal inverse [148], given
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by
1 —p 0 0
—p* 1+ pf —p 0
1 1
1—1pf?
0 - =p" I+ —p
i O 0 _p* 1 ]

Combining this with (4.46|) and the uniform precoder yields

_ 9
Poam(F) = EGQAM(

Nt ) Nt_2

Ny(1 + |P|2)>
1—{pf? Ny

Game (1=

Since

i (1 = el?) TR 8008 = 1)~ JoP?)
Ni—00 2(M —1)N;®sin” ¢ 2(M —1)®sin?6 )’

where ® =1 or 1+ |p|?, we have

N(1 + |p|2)>
1—|p|?

AWM -, ( \/377(6— (1 - |p|2>> EECATERVEp ( \/377(6— (1 - |p|2>> |

P = lim G (
vQam = Jim Goam

VM (M =1)(1 +[p[?) M (M = 1)(1 +[p[?)

Similarly, we can have PUPAM and PU7PSK as desired. This completes the proof of

Theorem [71 O
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4.3.3 Convex Region for KMS Matrices

Let (1(2) < ((X) < ... < (N, (X) be the eigenvalues of the KMS matrix and then

from [149], we have

_ 1—|p”
1+ |pl? + 2|p| cos Oy’

G(X) for k=1,2,..., N,

where cosf; > cosfly > ... > cosfy,, in which 6y is the solution to
|p|2<sin(]Vt +1)0, + 2|p| sin Ny, + |p|? sin(NV, — 1)ek) ~0.

Since |cosfy| <1 and 0 < |p| < 1, then for the KMS matrix,

1—]p2  1-
ol . ol o
(T4 1p)? 1+l

G(%) >

Recall that the optimality condition for the precoder is

G(FPF) >

LT (4.66)

where (;(FEF) is the minimum eigenvalue of FZF. Finally, for KMS covariance

matrix, the constraint (4.50) have the following simple sufficient form

1+ |p|
1 FAF >
WETE) 2 F D
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4.3.4 Asymptotic Behaviour on Individual SNR for Each

Subchannel

To deeply appreciate the asymptotic SEP properties derived for the optimally pre-
coded large MIMO systems in the previous subsection, we would like here to also
study the asymptotic distribution of the SNR for each sub-channel when the array
size is large. Notice that at the output of the ZF receiver for each sub-channel,
the average signal power is E[|sx|?] = 1, and the power of the equalized noise is

o? [(f‘H HY Hf‘)_l] . Therefore, the instantaneous SNR of each sub-channel as a
k

function of random channel realization is

N
Tk = T = ! — = tn%/ 5, fork=1,2,... N,
HHJH — N —1/2
(FHHAHF) 1L (Zm:1 A )
(FFSF) )

where 7, = and F is the optimal precoder given in (4.56)). Therefore,

[(FHHHHF) ],

the mean and variance of 75, can be determined as follows:

_ N(Ne = Ne+ 1)y varfry] = NZ(N, — N, + 1)n?

o (o) (TN )’

When scaling up the array size, and with the help of (4.60)), we have limy, . E[7] =

"(i—;” and limy, o var[rg] = 0. Then, by the law of large numbers (LLN), we have

limpy, oo Tk 22y % for k = 1,2,..., N;. This suggests that when the size of the
antenna array goes to infinity, the instantaneous SNR of each sub-channel becomes

stable, i.e., it converges to a fixed value. This verifies Theorem [6]

Here, it should be pointed out that in the above discussion, the exact convergence
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requires that the array size goes to infinity and it does not necessarily work well when
the array size is small. In what follows, we give an intuitive approximation to the
distribution of the SNR for each receiver branch, which is very accurate when the

array size is moderately large. From the convergence of (4.60)), we know that

N~ ~
Nlim Tk = Nlim i e ~ ]\77}\]@2 (4.67)
t—>00 t—>00 N, —1/2
()
for a large N;. Now letting 7, = ]\T,’jKQ and, as the Szego’s theorem converges very

fast for the considered correlation matrix, 7, & 7, when N, is reasonably large. Since

—N;

f() = me_%ﬁé\“ , T is subject to the Gamma distribution with mean

(Nr—Ne+Dn ., n(B=1)
N A2 ~ A2

(Ne=NetD)n®  n?(B=1)
NZAT NiAZ

and variance when N, is large. Now, by the

well-known central limit theorem, we have

ﬁ&N(Mij{n%LU) (4.68)

where ~ means approximately with the same distribution when the array size is large.

Hence,

. o nB-1) . n(B-1)
Jim = g g (PO T
as. N(B—1)
=

It is worth pointing out that the approximation in (4.68]) is pretty accurate when the

array size is relatively small, say, N; = 10, as can be seen in Fig.
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N=50, N, =100, p=0.1*exp(0.5])

—%— 64 PAM d
—+— 64 PSK 1
—3¥— 64 QAM
- % =16 PAM
=<4 =16 PSK
= ¥ =16 QAM

Average symbol error probability (SEP)
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4 I
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10
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Figure 4.5: Average SEP performance against SNR 7, where the correlation coefficient
p = 0.1x%exp(0.55). All the lines represent the theoretical values while the squares,
circles and triangles denote the corresponding simulated SEP.

4.4 Numerical Simulations

In this section, we verify our theoretical results through computer simulations. In
order to validate the theoretical SEP expression, Monte Carlo simulations are carried
out. Let us first consider a uniform linear array with N, = 50 transmitting antennas
and N, = 100 receiving antennas, where the receiver knows the CSI perfectly and
the transmitter knows only the correlation matrix 3. In this simulation, the corre-

lation matrix 3 is taken as the Kac-Murdock-Szegé matrix. The theoretical and the
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16-QAM, SNR=20 dB
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Figure 4.6: Average SEP performance against the number of transmitter antennas,
with 16-QAM, 5 = 2, and SNR = 20dB.
simulated SEP results for the optimal precoder are plotted in Fig. 4.5 against the
SNR 7 with the PAM, PSK and square QAM constellations. It can be observed that
the simulated result matches with the theoretical expression very well, which verifies
the correctness of our analysis. Therefore, in the following, we would like to use the
theoretical result to examine some asymptotic properties.

To demonstrate the convergence rate in terms of the number of the transmitter
antennas, the exact theoretical SEP and its limit are depicted versus the number of
transmitting antennas in Fig. [£.6] Without loss of generality, 16-QAM constellation

is adopted and the theoretical SEP is in solid line while its limit is represented by
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16-QAM, p=0.75*exp(0.5j)

SNR=22'dB

Exact SEP
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S—[\/
107 M.

SNRZ24 dB "

Average symbol error probability (SEP)

SNR=26 dB

0 50 100 150 200 250 300 350 400 450 500
Number of transmitter antennas, Nt

Figure 4.7: Average SEP performance against the number of transmitter antennas
Ny, with 16-QAM, § = 2, and p = 0.75 % exp(0.57).

dash line. Three different correlation matrices are generated according to p. It can be
noticed that as the magnitude of the correlation coefficient p decreases, the correlation
between the adjacent antennas reduces, and as a consequence, the corresponding
SEP reduces substantially. In Fig. [£.7] the limiting SEP is also plotted against N,
but for different SNRs. It is expected that the SEPs drop as SNR increases. In
both figures, it can be seen clearly that for given SNR, as the array size is scaled
up, the theoretical SEP and the asymptotic result gradually meet together. The
approximation is accurate for moderate and large number of antennas. Note that the

mean of SNR for each sub-channel is a decreasing function of |p| and an increasing
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SNR=20dB, p=0.1*exp(0.5])
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Figure 4.8: The distribution of the equivalent SNRs of each sub-channel with g = 2,
and p = 0.1 x exp(0.55), SNR= 20dB.

function of system SNR 7. Hence, either decreasing |p| or increasing n will eventually
increase the mean of SNR for each sub-channel, and thus, result in a lower convergence
rate for theoretic SEP approach to its limit expression against /NV;. This phenomenon
is also observed in [38] in the scenario of the approximation of channel capacity.

In addition, we would also like to show the convergence characteristic of the ap-
proximated distribution of individual SNR in each receiver branch for the optimally
precoded large MIMO systems. Both the approximated PDF and the simulated PDF
are given in Fig. [4.8] from which it can be seen clearly that the Gaussian approxima-

tion is very accurate even when we only have a very small number of antennas, say,
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16QAM, N,=500
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=== Optimal precoder
= © = Uniform power loading

Average symbol error probability (SEP)
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Figure 4.9: Average SEP performance against SNR, with 16-QAM, N, = 500, § = 2
and different p.
10 transmitter antennas.

On the other hand, we also would like to compare the error performance of the
optimal precoder with a uniform power allocation scheme. Consider the case where
N; =500, f = 2, and using a 16-QAM constellation. The average SEPs are given for
different correlation coefficient p in Fig. . Again, we can find that as |p| increases,
the SEP is becoming significantly worse. The optimal precoder always leads to better
error performance. The gap between the optimal precoder and the uniform power
allocation strategy becomes larger when |p| increases. The reason is that when |p| is

very small, 3 is very close to a diagonal matrix with equal diagonal entries. Then, the
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Figure 4.10: The precoding gain compared with uniform power allocation versus |p|.

optimal precoder will degrade into the uniform power allocation case. However, for
general ¥, the performance gap is non-negligible. To show this phenomenon clearly,
the ratio of the SNR of individual sub-channel between optimal precoder and uniform
power allocation transmitter are given in Fig. [4.10f, The SNR ratio is a monotonic
increasing function of |p|, which verifies the results in Fig. 4.9, Therefore, precoding
at the transmitter side can yields much better performance over the uniform power

allocation strategy.
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4.5 Conclusion

In this chapter, we have derived an explicit convex region in terms of the modulated
signals, system SNR and channel statistics for the optimal precoder minimizing the
average SEP of the ZF detector. A simple expression with a very fast convergence
rate for the SEP limit of the large MIMO systems with the PAM, PSK and square
QAM constellations and the ZF receiver is obtained. An intuitive understanding
of this convergent process has also been provided in terms of the approximation to
the distribution of the individual SNR for each sub-channel. The main technical
approach proposed in this chapter to deriving our results is to fully take advantage
of the characteristic of the MIMO channels, the structure of the transmitter as well
as of the ZF receiver, the Szegd’s theorem [44] on large Hermitian Toeplitz matrices,
and the well known limit: lim, ,.(1 + 1/2)* = e.

Here, we would like to emphasize the fact that the Szegd’s theorem [44] is a
right and strong mathematical tool for the deep and systematic study of asymptotic
behaviors on the large MIMO systems from both information-theoretic and detection

viewpoints.
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Chapter 5

Optimal Precoder Design and
Asymptotic SEP Analysis for
Correlated MIMO Channels using
ZF-DF Detection

In this chapter, the problem of designing a precoder using a zero-forcing (ZF') decision-
feedback (DF) detector is addressed for correlated multiple-input multiple-output
(MIMO) communication systems having M transmitter antennas and N receiver an-
tennas (M < N). It is assumed that full knowledge of channel state information
(CSI) is available at the receiver and only the zero-mean and second-order statistics
of the channels are available at the transmitter. For such a MIMO system, the prin-
cipal goal of this chapter is to efficiently design an optimal precoder that minimizes

asymptotic symbol error rate (SER) of the ZF-DF detector under a perfect decision
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feedback. By fully taking advantage of the product majorization relationship among
eigenvalues, singular-values and Cholesky values of the design matrix parameters, a
necessary condition for the optimal solution to satisfy is first developed and then,
the structure of the optimal solution is characterized. With these results, the orig-
inal non-convex problem is reformulated into a convex one that can be efficiently
solved using an interior-point method. Computer simulations show that the error
performance of the optimal precoder proposed in this chapter outperforms those of
all existing designs. Particularly, the optimal system obtains a significant SNR gain
over the unprecoded MIMO system with the V-BLAST detector when N = M.

On the other hand, by scaling up the antenna array size of both terminals without
bound for such network to form a large MIMO system, we propose a novel method
based on the Szegd’s theorem and the well-known limit lim, ,..(1 + 1/2)* = e to
analyze the asymptotic behavior on the error performance of an equal-diagonal QRS
precoded large MIMO system when employing an abstract Toeplitz correlation model.
This new approach bears a simple expression with a fast convergence rate and thus, is
efficient and effective for error performance evaluation. Then, the impact of channel
correlation on the error performance is studied for different correlation coefficients. In
addition, an explanation of this approach in terms of the entropy power of the channel
is also provided. Finally, computer simulations are also carried out for the considered
large MIMO case to verify our analysis in comparison with a uniform power allocation

strategy.
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5.1 System Description and Design Problem

5.1.1 Precoded MIMO Channel Model

In this chapter, we are interested in a precoded MIMO [150] communication system
with M transmitter antennas and N receiver antennas (N > M). The channel model

can be described by
y = HFx + z, (5.69)

where y is an N X 1 received signal vector, H is an N x M channel matrix, F is
an M x M precoding matrix, x is an M x 1 transmitting signal vector and z is an
N x 1 complex noise vector. We assume that the channel noise is circularly-symmetric
complex Gaussian distributed with the covariance matrix being R,, = 20°Iy, and
the transmitted symbols in x are uncorrelated with each other and uncorrelated with
the channel noise. The channel matrix H includes the subchannels h,,, connecting
the m-th transmitter antenna with the n-th receiver antenna. Each of the h,,, is a
zero-mean, circularly-symmetric complex Gaussian distributed random variable with
unit variance. Let h? = [h, - - - h,p] denote the n-th row of H. We assume that the
channels linking to the same receiver antenna are correlated among themselves, but
are uncorrelated with the channel linking to the different receiver antenna. That is

to say,

E[m) ) = (570
0 (#n.
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It is well-known [138] that HYH follows the Wishart distribution denoted by
Wy (N,3X). If we consider the precoder matrix F as a part of the channel such

that C = HF, then we have

FAYF l=n
E[(c})"cl] = (5.71)
0 {#n
and CHC = (HF)”HF is also of Wishart distribution denoted by Wy (N, FEXF).

The quantity FZXF is of fundamental importance in our application and we will

examine its properties in greater detail in the ensuing sections.

5.1.2 The ZF-DF Receiver using QR Decomposition

In this subsection, we briefly review the implementation of the ZF-DF detector for
our channel model using the QR decomposition [4§]. Particularly for block
data transmission, presenting the ZF-DF receiver in the way of backward successive
symbol-by-symbol cancellation detection based on the QR decomposition, helps us
more naturally understand this detection procedure itself, as well as more easily and
clearly formulate and state our design problem. Let each symbol z,,, of the transmitted
signal vector x in be independently and equally likely chosen from a finite-size
alphabet set X. We denote the estimate of x by X = [#1, 2o, ,2x]7. Then, the

QR~decomposition-based ZF-DF detector is described by the following three steps.
Algorithm 1 (The QR-decomposition-based ZF-DF' detector)

1. QR-decomposition. Perform the QR decomposition [151], C = HF = QR,

where Q is an N X M conlumn-wise orthonormal matriz and R is an M x M
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upper triangular matrix

1 Tz o Tim

0 ree -+ Tom
R =

0 0 - Tyum

with ry; > 0. Then, left-multiplying by QT yields
y=Q'y =Rx+7z (5.72)

where y = Qfy and z = Qfz. Fquation can be equivalently rewritten
as
M
gm = TymmTm + Z ka$k+zm, m = ]-7 7M' (573)
k=m+1
2. Hard decision. Now, we employ to first estimate the M-th transmitted
symbol xy; by making the hard decision, i.e., Ty = Q[%] , where the function

q = Qlu] is the quantization operation that sets q to the element of X closest to

u wn terms of the Fuclidean distance measure.

3. Backward successive cancellation. Assume that the estimate of xy; is perfect,
i.e., &y = xp. Plug Ty back into the (M — 1)-th row in s0 as to
completely cancel the interference term involving in xy; in yy—1 and then ready
to detect xp;_1. Proceed this process until the first symbol x1 is already detected.

The above whole procedure can be simply summarized as the following backward
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recursive algorithm:

MM

Tmm

gm_zii\{ 1rmki’k
v Q =t form =DM, - 1.

5.1.3 Statement of the Design Problem

Suppose that the transmitter and receiver antennas transmit symbols from a K-
ary Quadrature Amplitude Modulation (K-QAM) square constellation. Then, under
the assumption that the previous symbols have been perfectly detected, the average

symbol error probability of the ZF-DF detector is given by

R - Ly ( oy N o Y
) = 3 (4= )oY g o) 900 - ) @ Ere)
M= VK K—1 NI K—1
(5.74)
where the Q-function is defined by Q(z) = \/LZ? fzoo e‘édt and p is signal to noise
ratio per QAM symbol. Our goal in this chapter is to propose an efficient technique

for designing a precoder matrix F that minimizes the probability of symbol error of

the ZF-DF receiver. Our problem can be formally stated as:

Problem 1 Design a precoding matrix F such that
F.p = arg mFin En [P.(H)] (5.75)
subject to the total transmitting power constraint
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tr(FF) < po

where py is the total transmitting power and the notation Eg(-) denotes the expec-

tation taken over all random channel realizations. [ |

5.2 Reformulations of the Design Problem

The main purpose of this section is to reformulate Problem [I] stated in Section [5.1.3]
into a convex problem that can be more efficiently solved using an interior-point

method.

5.2.1 Simplification of the Objective Function

Let us first simplify the objection function. To do that, we need to know the prob-
ability density function (PDF) of the diagonal entries of the R-factor in the QR
decomposition of the precoded channel matrix. Let C = HF = QR. In order to
represent 72, form =1,2,--- , M in terms of the determinants of the submatrices of
C, we use notation Ay to denote the N x k matrix consisting of the first £ columns of
an N x M matrix A, while A, denotes the k x k matrix consisting of the first k£ rows
and columns of A. Now, extracting the diagonal elements r,,,, form =1,2,--- /M

as a diagonal matrix such that

i 1 2 ... Tim |
O 1 T2M
R: dlag (7*117... 7TMM) 22 é diag(r11,~~~ ,T’MM)LH (576)
0 O 1

36



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

with L# being the upper triangular matrix defined in (5.76), we obtain C,, =

Qdiag(ry1, 792, -+, rasar) [L ], and thus,

Clc, = [HF|[HF] = [FTHHF] = (L], diag(r}, - r3n,) L7,

= [L]mm diag(rfl’ e 7T3nm> [LH]mm’ (577)
from which we can derive

det CHC ﬁr

=1

(5.78)

[
Therefore, a general formula for the evaluation of r2,  in terms of the determinants
of the submatrices of C is given by

, det(CHC,,)
r =
mm det(CTHn_lcm_l)

(5.79)

form=1,2,--- , M, where we make the stipulation that Coy = 1. Now, let us define
Cc2 E%F, where ¥ is the covariance matrix of the Wishart distributed H?H. If we
apply the QR-decomposition to C and then, follow similar steps leading to Eq. |D

we can derive

-
P = Act(CnCi) _ (5.80)
det(CH#_,C,, 1)

Since FEXF is a positive definite matrix, we can apply the Cholesky decomposi-

tion [151] such that

CC = F'SF = LDL” (5.81)

87



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

where L is a lower triangular matrix having unity diagonal elements, and D =

diag(dy, da, -+ ,dpr). On the other hand, we know that

CH”C = R"R = Ldiag(¥3,,--- , 72, ) L.

mm

Therefore, we have

p - det(égém) (5.82)
m = Tmm = ~ ~ .
det(CH_,C,, 1)

for m = 1,2,--- , M. The sequence {d,,} is called the Cholesky values. Now, we
are ready to state the probability density function of the scaled version of random

variables 12,

Property 2 If we let

B det([FPHTHF,,,,) det( [FHEF](m—l)(m—l))
" det([FEHEHF] (- 1)(m-1)) det([FEXF], )

T =72 [dm, (5.83)

then, the probability density function of T, is given by [138]

1 N
me=Tm >0, 1, M, (584
T(N—m+1 ™ ¢ 7 " (5:84)

p(Tm) =

i.e., T1, T, -+ , T are independent y*-distributed with 2(N —m + 1) degrees of free-
dom. [ |

By Property [2| we can significantly simplify the objective function of Problem [}
To this end, we use two alternative formulae of the @Q-function in Eq. (4.40) and
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Eq. (4.45)), to represent our objective function such that

M s 3,2 ™ 2

1 4 1 2 3mm 4 1 \2 f1 __3"mm

P.(H) = — (1 — ) / e 2(K-1)sin26 Jf — f(l — ) / e 2(K-1)sin20 Jf
e(H) Mmzl (77 VE/’ Jo T VE/ Jo

M s 2 us 2

1 4 ( 1 1 /4 ___3PTmm 4 1 2 ___3PTmm

—_ —(1 — 7)7 e 2(K—1)sln29d9 + — <1 _ 7) / e 2(K—1)sln29d0 .
M mzl (w VE/VE Jo T\ VK/Jx

(5.85)

Using Property [2| and taking the expectation on both sides of (5.85)) yields

M
1 L4 1y 1 1 Ao gy,
E Pe H = — —(1— ) / / —Tm 3(K71)sin29 m__N—m
alnm) = L3 (1) [T [T A

4 1 1 /2 oo e
— 1 — > de —Tm 2(K—1) sin2 g ™M N,md -
7T< VK W(N—m—l—l) /7;/4 /0 € € Tm T,

Il
—_

M ]
M
1 4 1 1 [ 1
M P L= K) K/ 3pdm N—m+1 o+
mzzl VEIVE Joo (14 552555%75)
M 2
1 4 ( 1 /“/ 1
=3 (1~ —> db. (5.86)
3pdom N—m+1
Mg K7 Jria (1 + gtiyses)

When SNR is high, by replacing sin 6 in ((5.86|) by one, it can be approximated by

Eyq [P.(H)] ~ %(1 . %) i ! )N—m—i—l' (5.87)

Hence, the original design Problem [1| becomes:

Formulation 1 Find a precoder matriz F such that

1

F,: = argming — (5.88a)
. mz_l (1+Cd,)~ "

st.  tr(FPF) < po, (5.88b)
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where C' = 2(2”_1). [ |

5.2.2 Structure of the Optimal Solution

In order to further simplify the objective function, we need to characterize the struc-
ture of the optimal solution. Therefore, we introduce the mathematical concept of
majorization [145,|152], which now becomes a powerful tool in the optimal design of
precoders for communication systems in which both the transmitter and the receiver
know perfect channel state information [143,153-156].

Let a = [a1,as, - ,ay]T and b = [by, by, -+ ,by]T be two M-dimensional real-

valued sequences satisfying aj;) > ap) > -+ > apyp and by > by > -+ > by

Definition 4 A sequence a is said to be additively majorized by a sequence b, de-

noted by a <, b, if

K K
> apm <) b,  1<K<M (5.89a)
m=1 m=1

M M
D m = D b (5.89b)
m=1 m=1
[ |
Definition 5 Ifaqi,as, -+ ,ay and by, ba, - -+ , by are positive numbers. The sequence
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a is said to be multiplicatively majorized by sequence b, denoted by a <4 b, if

K K
H Afm) < H b[m], 1I<K<M (5.90a)
m=1 m=1
M M
H a[m] = H b[m]. (5.90b)
m=1 m=1
[ |

We now present three important properties of the Cholesky values of F#XF:

Property 3 [145,(152] Let {a,,}, m = 1,2,--- M be the eigenvalues of FEXF.
Then,
d =<y o (5.91)

where o = oy, -+, ay]” and d = [dy, - -+, dy]T is defined in Eq. (5.82)). Conversely,
if {a ¥M_ majorizes {d,,}M_, multiplicatively as described in Eq. , then, for
an arbitrarily given desired permutation, {d;,,dj,,- -+ ,d;,, }, of the sequence {d,, }M,,,

there exists a positive definite matriz FEXF such that {a,}X,, and {d;, }M_, are

the eigenvalues and the Cholesky values of FTXF, respectively. [ |

The following theorem and its corollaries on the parameters of the matrix FZXF
plays a crucial role in characterizing the structure of the optimal solution as well as
in transforming the original non-convex optimization problem in Formulation [I] into

a convex one.

Theorem 8/H.1.a] [145] Let{an}, {Bm}, and {yn}, wherem =1,2,--- M, be the
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eigenvalues of the positive-definite matrices FEXF, FHF and ¥ respectively. Then

k k

[[ewm < T[Bmem. for 1<k<M (5.92a)
m=1 i=1

M M

ITow =TI Bwrm (5.92b)
m=1 m=1

|
Now, combining Property [3| with Theorem [§| by transitivity, we have the following

corollary.

Corollary 2

k k
[Tdm < [1Bmrm, for 1<k<M (5.93a)
m=1 i=1
M M
[T dw = 11 B (5.93b)
m=1 m=1
m

As a direct consequence of Property [3| and Corollary [2| we have

Corollary 3 For any arbitrarily given desired permutation, {dj,d;,, - ,d;,}, of
{d,,}M_, | there exists a positive definite matriz (F*XF) such that {(Bmym) Y, and

{d YM_, are the eigenvalues and the Cholesky values of FEXF, respectively. |

Since the objective function in the Formulation [I] depends only on the Cholesky values
of F'XF. Tt can be inferred from Corollary [3] that there exists another matrix F such

that
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1. it diagonalizes the covariance matrix 3, i.e., if we let the eigenvalue de-
composition of X be X = Udiag(yu), V.- -+ »Ymy) U, then, the singu-
lar value decomposition of F is can be written in the form of F =

Udiag(+/Bu)s /B2y -+ + v/ By) VL, where U and V are M x M unitary ma-

trices, and
2. the Cholesky values of FZXF are equal to those given by FZ/XF.

In other words, if the feasible set of the optimization problem in Formulation [1] is
constrained on a family of all such F, we will not lose its optimality. Therefore, in the
following we maintain this kind of the optimal structure and only need to consider
how to jointly and optimally distribute two power sequences {f,,} and {d,,} into each
eigen-channel and Cholesky-channel, respectively, and then, to optimize the unitary

matrix V.

5.2.3 Optimal Order of the Cholesky Values

As we have discussed in Subsection [5.2.2] the optimization problem in Formulation
is reduced to finding the optimum f,, and d,,. To this end, we must solve the optimal
order issue on the Cholesky values of F#3F required in Corollary 3| for the product
majorization. Now, a deep investigation of the objective function in reveals

the following two features:

M
m=1

am

1. The objective function in (5.88a) is of the form s = > ), where a,, =

1+ Cd,y,, and {by,)} is a decreasing sequence.

2. If we make an arrangement of the sequence {d,,} in ascending order {d(,)} such

that dy < dp) < --- < dowy, then {d()} is an increasing sequence, and {a(m)}
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is also an increasing sequence.

The above observations lead us to find the optimal order of the Colesky values in
the objective function in ([5.88a)), which will play an essential role in developing a

numerical optimization algorithm for our design problem.

Lemma 4 Let s = a(ll;[ll + a(;l;[z] +-- 4 a&&%‘“. If we interchange the position of a

, , —b —bp; ~b; —bp,
with agjy in s to form s;; = a(l)m +--- +a(j)” +-- —{—a(i)m +- —|—a(M[§\”, then, s < s;;

for j > if the following condition is satisfied:

>1/<Mk>
for 1<k<M (5.94)

C

Proof: Lemma @ can be shown by simply taking the difference between s and s;; such

that

by by b by
e — [4] bl [l [4]
§ =85 =G T agT —ag — a4

1 1 1 1
= 4 __ __ :
(1+cC d(i))&i“ (1+C d(j))ij'+1 (1+Cdg)" ™ (14 Cd)™
(1 + Cd(j))J_Z -1 (1 + Cd(i))]_l —1

_ —- , 5.95
(1+Cdy)" ™ (14 Cde) (599

(14x)7 " —1

W . Notice

This leads us to considering the monotonicity of a function f(x) =

that the first-order derivative of f(x) is given by

fll@)=(N—j+ 1)<H%)N_j+2(]]\\[[:; j; 1 (1 i x>j_i — 1). (5.96)
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. 1/(G—1)
When © = zy = (%:;jﬁ) — 1, f'(xo) = 0. Since f'(z) <0 for x >z, f(z) is a

decreasing function if x > xy. Therefore, if we are able to prove that

N—i+1 >1/(mi)

dimw > ([—— "~
¢ (’)—<N—m+1

-1, m=i+1,i+2,---,M, (5.97)
then, for j > ¢ and m = j we have

N — i+ 131G
L ) T (5.98)

Cdg) = Cdgy 2 <N——m

Now, utilizing the monotonic deceasing property of f(z) for z > x we can obtain that
s —s;; < 0. In the following we will show that the inequality (5.97)) is indeed true for
i=1,2,--- ;M — 1 when the condition (5.94)) is satisfied. To do that, let a function

A 1/(z—1)
g(x) be defined as g(z) = (ﬁ:;fl) fori <o < M. Since N > M > x > i,

N—i+1
N—z+1

> 1 and g(z) > 1. In addition, the first order derivative of g(z) is given by

§(z) = — ,(N L ! ,1n<N_”1))g(I). (5.99)

—x—i—l_x—@ N—-—xz+1

On the other hand, using the fact that Inx < x — 1 for z > 1 and ]]\\,[:—;fl > 1, we

NfiJrl) < N—i+1
N—x+1 N—z+1

Eq. (5.99) yields

1 1 1 N—i+1
/ . —1) —0. 5.100
g(m)>x—i(]\f—x+1 x—z'(N—x+1 >g(m) ( )

have In ( — 1. Now, applying this inequality to the left hand side of

Hence, g(x) is a increasing function for i < x < M. As a result, for any m = i +

V(M=)
) s

, 1/(m—i) 4
1,i+2,---, M, we have (]f,vjr;ll) —1=g(m) <g(M)= (1{7\]:1\24111
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Therefore, if the condition (5.94]) is met, then,

N —i+1 VM=) N —i+1\1/(m=9)
Gl = (LY (N Ly
O=\N-M+1 “\N-—m+1 (5.101)
form=1i+41,i+2,---, M. This completes the proof of Lemma [4] |

Lemma {4] tells us that for any sum of sequence of the form s = an‘il ar_nb[m], the
minimum value s is attained if {d,,} is arranged in an ascending order and ([5.94) is
satisfied. Thus, to achieve the minimum of the objective in Problem [, we must keep

the sequence {d,} in an ascending order of {dg} such that dy < dy < -+ < d,

1/(M—k)
((N—k+1)/(N-M+1))

= _1, 1 <k < M. It is this lemma that helps us

and  dy) >

successfully transform the origonal non-convex optimization problem in Fomulation

into a convex problem, whose detail will be developed in the ensuing subsection.

5.2.4 Reformulations

We now transform Formulation (1] into a convex optimization problem. First, let the

eigenvalue decomposition of X be ¥ = U diag(yny, -+, Yar) U™ and then, let
Uy = In d[m] =In d(M—m—H)
such that "Mt = diy, (5.102a)
Uy = 1n By, (5.102b)
Wey, = 1IN Yy, (5.102¢)
form =1,2,..., M, where () and 7y, are the m-th largest eigenvalues of F7F and

3 respectively. Applying Theorem [8, Corollaries [2] and [3] to Formulation [T} we can
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now reformulate the design problem as the following optimization problem:
Formulation 2 Find two sequences {u,,} and {v,,} such that

M
{qut7 vopt} = arg min Z (1 + OeuMierl)_(N_erl) (5103&)

Um } —

k k
EDBEDY
m=1 m=1
M M
=2 vnt D

s.t. Wy, 1<k<M, (5.103b)

m=1 m=1
2> > vy, (5.103d)
N D/(IN—M+1)—1
>ln< m+1)/( +1) ) 1<m<M
C

(5.103¢)

M
Z e’ < py (power constraint). (5.103f)

m=1
[

Equation ([5.103a)) is the objective function in terms of w,,. Constraints
and result from applying logarithm to (5.93). Constraint follows
the order of B for majorization, the constraint is required by Lemma 4| in
the equivalent logarithm domain, which can be satisfied when SNR is slightly large,

and constraint ([5.103f)) is the power constraint represented in terms of v,,. All these

constraints ([5.103b))-(5.103f) are convex constraints. Now, we need to check whether

or not the objective function in Formulation [2is convex. Let f(z) = (1+ Ce”) ",
where 7 is a given positive number. Then, the first order and second order derivatives
of f(x) with respect to x is given, respectively, by f'(z) = —7(1 + Ce*)"""'Ce* and
f'(x) = =7Ce"(1+ Ce”) ™ (=7 —1)(1 + Ce”)7*Ce” + 1). Now, we can see that if
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x> In =5, then, f”(x) > 0 and thus, f(z) is a convex function. Therefore, in order to
make the optimization problem in Formulation 2| is a convex optimization problem,

we must add M extra constraints: up; 41 > In ( form=1,2,---, M, which

1
N—-m+1)C

is equivalent to the fact that u,, > In form=1,2,---, M. The resulting

1
(N—-M+m)C

convex problem is stated as follows:

Formulation 3 Find two sequences {u,,} and {v,,} such that

M
{Uopt, Vopt } = arg {nin Z (1 + C’e“M‘m“)*(meﬂ) (5.104a)
Um, f—
k k k
s.t Z SZ +Y w, 1<k<M (5.104b)
m=1 m=1 m=1
M M M
ST SIS 3% 1000
m=1 m=1 m=1
V> Uy > > Uy (5.104d)
M=/(N — )/ (N-M+1) -1
um21n< VIN = m+ >C/< ) ) 1<m<M (5.104e)
1
> 1<m<M 5.104f
=N -—Mrmec " (5-1040)
M
Z e’ <py  (power constraint) (5.104g)
m=1

The optimization problem in Formulation [3| is now convex and can be efficiently
solved using the interior point method [47]. Here, we should point out the fact that
the problem in Formulation |3|is not theoretically equivalent to that in Formulation

because of the extra constraints ([5.104e)) and ([5.104f). However, they are practically

equivalent when SNR is large.
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5.3 Optimum Precoder Designs

As we have shown in Section [5.2] the optimization problem in Formulation [3]is convex
and its solution can be efficiently found employing interior point methods. The so-
lution produces numerically the optimum values of {u,,} and {v,,}. Therefore, from
the optimum values of {u,,}, utilizing , we can attain the optimum {d(n)},
the Cholesky values of F”XF and thus, {7}, since {dm)} = {77, }. In addition,
from the optimum values of {v,, }, we can attain the optimum {0y, }, the eigenvalues
of FF. Our algorithm for obtaining an optimum precoder based on the optimum

values of {d(;,)} and {fy,} is now summarized in the following three successive steps:

1. Perform an eigen-decomposition on the given channel covariance, i.e., 3 =
UAyU”, where U is the eigenvector matrix of ¥ and Ay, = diag(yp), -+, )

is its eigenvalue matrix.

2. Using the eigenvector matrix U and the optimum eigenvalues {3} }, constitute

the optimum precoder:

Fop = U diag(y/ B+ > 1/Bian) Sopt = U A Sop (5.105)

where S, is to be determined, and A;/Q = diag(\/Bp), -+ s +/By).  This

results in

FI SF,,. =SI

opt opt

AL ASALS,, = SEOS,, (5.106)

where © = AYPAg A}

3. To obtain S, we apply the closed-form QRS decomposition algorithm ( [46,
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152}/157,(158]) to ©'Y2 with rpm = V/dm and 7y, being in ascending order (so
that {d(_ri)} is in descending order to minimize the objective function as shown
in Lemma . This optimal Sy, together with the eigenvector matrix U of 3,

and the optimum eigenvalue matrix Ay of FF, forms the optimum precoder

F,pt determined by ([5.109)).

It is known from [48,159] that for a system employing the ZF-DF detector, when CSI
is perfectly available at both the transmitter and receiver, the optimal precoder is a
QRS decomposition of HF having equal diagonal elements in the R-factor. However,
in the case where CSI is attainable only at the receiver and channel statistics known
at the transmitter, the above design tells us that the optimal precoder structure is
the QRS decomposition of ¥:F in which the diagonal entries of the R-factor form
an increasing sequence. This optimal structure roots essentially in the fact that
Ton =12, /dy for m =1,--- M, are x* distributed with decreasing values of degrees
of freedoms. As a result, estimation of z,,,_; turns out more reliable than that of x,, for
1 <m < M. Therefore, when the ZF-DF receiver is employed with a given detection
order, to attain a good average error performance, more power ought be distributed
to x,, than to x,, 1 and increasingly so to x,;, leading to this non-decreasing diagonal

of the R-factor in the QRS decomposition.

100



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

5.4 Asymptotic Error Performance in Large

MIMO Systems

In this section, we will scale up the array size of both the transmitter and the receiver
sides to form a large MIMO system. Then, we propose a novel asymptotic SEP anal-
ysis approach to a specific precoder F = \/LMS based on the QRS decomposition [48],
where S is a unitary matrix such that /28 = QR, with each diagonal entry of R
being det(X)Y/ M),

Suppose that the ratio of the number of the receiver antennas to that of the
transmitter antennas is a constant, i.e., N/M = 3 is fixed. Then, our main results

can be formally stated as the following theorem.

Theorem 9 Consider the QRS-precoded large MIMO system. If the entries of the
channel covariance matriz X are absolutely square summable, i.e., >, |a(0)]* is

convergent, and 0 < Lg,, < Ug, < 00, then, we have

Jim p(F) = VD [ v+ ‘“*f/%” / * w(0)ao,

3p(B—1)y 3pBy

i 2 — — 27
whe/,ﬂe \I](Q) — QU(EI’% (e 2(K—1)sin26 _ e 2(K-1) sin26> and ,}/ — ei fO 1n(sz(w))dw. .

Proof- First, we notice that for the QRS precoder, all the diagonal entries of R are

equal to each other, i.e.,

1
Frm = Foum = —— (det )M 5.107
\/M( ) ( )

IA

for m = 1,2,..., M. Let F(x) £ In(x) which is continuous on (0,00) and ps;

parz < -+ < para be the eigenvalues of X. Since o |a(f)]?* < oo and 0 < Ly, <

101



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

U, < 00, by Lemma [3] in Chapter {4, we have

3 1/M i 1 M
lim (det ) /M limassoo g7 3002 In g e
M—o0

_ ei 027l' ln(SE(W))dw — fy (5108)

On the other hand, under the equal diagonal QRS precoder, equation ([5.86) can now

be formulated by

, N VK —1) N -7 )
]\/}gnoo PE(F) / M~>oo (1 — T)
N(l—T )
where 7 = 1 + 2(1?5?2315&0' Since
N1 - 2(K —1)sin® 0
lim # = lim — ( ) sin

M—r00 M(I—T) M—o00 3pM7:72nm
~2

Spi;?nm _N_ 3prmm —(N—M)
<(1+2(K—1)sin29) (1+2(K—1)sin29) )

in? p(B=1)y pBy
_ 2(K — 1) sin” ¢ <6_2(§((B1):i)1129 _ 6_2“{31[;5“‘2‘9). (5.110)
3pY
Substituting Eq. ((5.110)) into Eq. (5.109) completes the proof of Theorem @ O

We would like to make the following two comments on Theorem [9]

1. If 8 =1, ie., M = N, then, the diversity gain of the limiting SEP is one with

respect to SNR p.

2. If 3> 1,1ie, N> M, the limiting SEP lim;_,. P.(F) decays exponentially in
terms of SNR p.
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5.4.1 A Case Study on Exponential Correlation Model

As an important application of Theorem [J] we consider an exponential correlation

model [38], where the (m,n)-th entry of ¥ = ¥ /¢ is given by
a(m—n) = (5.111)

with 7 being the (complex) correlation coefficients of two adjacent antennas. This
matrix is sometimes known as (non-symmetric) Kac-Murdock-Szegd matrix. In this

case, we have

[e.9]

_ 1 —|n?
— E Jlw
sicas () ald)e L+ [n]? — 2Re[pe]

{=—o00

and thus,
B =\
Y =VKMS = e<2“ S (1+|'7‘2—2Re["ejw]>d ) =1- ‘77|2.
Then we can evaluate the limiting SEP by Theorem [9]

5.4.2 Entropy Power of Channel

From Theorem [9, we know that the asymptotic error performance of our considered
system is determined by 7, which is the geometric mean of the eigenvalues of the
channel covariance matrix 3. This relationship is also known in estimation and
information theory, but with different application, e.g., see [144}/160] and references

therein.
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Consider a stationary Gaussian process { X, }/2, with a M x M Toeplitz covariance

matrix equal to 3. As M — oo, the differential entropy rate can be expressed by

h(X1, Xs,..., X
h(X) _ ]\/1[15)1100 ( 1, 1\74 ) M)
_ log(2me)™ det

1 1 "
=35 log 2me + 5 ]\/llgnoo log (det X2) (5.112)

For the Gaussian process [144], Kolmogorov showed that

1 1 2m
h(X) = 3 log 2me + E/ log 5 (w)dw (5.113)
0

where sy (w) is given in (4.59). Substituting Eq. (5.113)) into Eq. (5.112)), we have

lim (det 2)1/M — 2% ‘I‘OQT" 10g32(w)dw — e% 027r lnsg(w)dw — P)/.

M—oo

This verifies Eq. ((5.108]).

5.5 Numerical Simulations

In this section, computer simulations are carried out to verify our method for both

MIMO system with finite and a large number of available antennas.

5.5.1 MIMO with Finite Number of Antennas

In this subsection, we examine the performance of the optimally precoded system

equipped with the ZF-DF detector with finite number of antennas. We compare its
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Figure 5.11: Simulation results when 7 = 0.5¢%% (N = M)
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Figure 5.12: Simulation results when 7 = 0.9¢%% (N = M)
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performance with other schemes in the literatures which can be used in the scenario
where channel state information is not completely available at the transmitter. The
first scheme that we would like to compare is the optimally precoded system with
the linear ZF receiver developed in [40], which first employed majorization theory as
a major mathematical tool in the precoder design. With help of the same method,
we actually extend the problem with the linear receiver to that with the non-linear
ZF-DF receiver in this chapter. The comparison also covers the precoded system
minimizing the average arithmetic mean-squared error (MSE) using the same ZF-
DF receiver [46]. What is more, our main focus here is on the comparison with
the celebrated V-BLAST scheme based on the ZF receiver [150]. In particular, we
compare the scheme which combines our proposed optimal precoder for the ZF-DF
receiver with the optimally ordered ZF-DF detector.

In the following examples, simulations are carried out for one MIMO system with
6 transmitter antennas and 10 receiver antennas (N > M) and another MIMO system
with 6 transmitter antennas and 6 receiver antennas (N = M) transmitting symbols
from a 4-QAM constellation.

Random realizations of correlated channels are generated following the exponential

correlation model given in ((5.111)).

Examplel N=M

We first investigate the symbol error rate (SER) performances of two MIMO systems
where N = M = 6 under a moderately correlated channel fading environment with

0.55

n = 0.5e%% and a highly correlated channel fading environment with 1 = 0.9¢%%7. In

this case, the precoded system [46] minimizing the average arithmetic MSE cannot
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Figure 5.13: Simulation results when 7 = 0.5¢%% (N > M)
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Figure 5.14: Simulation results when 7 = 0.7¢%% (N > M)
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Figure 5.15: Simulation results when 1 = 0.9e%-% (N > M)

be used anymore, since it requires that the number of the receiver antennas is larger
than that of the transmitter antennas, i.e., N > M.

The SER performances are shown in Fig. and Fig. [5.12 including our pro-
posed optimally precoded system employing the ZF-DF detector, denoted by the star
and the V-BLAST detector, denoted by the circle, the originally unprecoded system
with the V-BLAST receiver, denoted by the dot, and the optimally precoded system
using the linear ZF receiver [40], denoted by the solid line. It can be observed that
there is a considerable deterioration of performance in the unprecoded ZF V-BLAST
system and the optimally precoded system using the linear ZF receiver when the
amplitude of correlation coefficient || increases. However, the performances of the
scheme equipped with the optimum precoder design developed in this chapter are

both less sensitive to the correlation of the channels, especially when SNR is high.
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What surprises us most is that the performance of our optimal scheme with the cor-
relation coefficient n = 0.9¢%% using the ZF-DF receiver is significantly better than
that of the unprecoded ZF V-BLAST scheme. In particular, our system obtains about
10 dB SNR gain at the SER of 10~ over the unprecoded V-BLAST system and even
more than 15 dB gain over the optimal system using the linear ZF receiver [40]. In
addition, our optimal system designed for the fixed detection order with the ZF-DF
receiver has almost the same error performance as that of same scheme with the
optimally ordered ZF-DF receiver, i.e., the ZF V-BLAST receiver. In other words,
optimal ordering does not significantly affect the SER performance on our optimal
system when the number of the transmitter antennas is equal to that of the receiver

antennas.

Example 2 N > M

To make our investigation fair and complete, in this example we examine the case
of N > M. Here, N = 10, M = 6, and the channel correlation coefficients are set
to n = 0.5, n = 0.7¢"% and n = 0.9¢"% respectively. Figs. [5.13}[5.15] show the
performances of the various schemes with these correlation coefficients, from which
we can see that there is severe error performance deterioration as the correlation coef-
ficient becomes large. However, the system utilizing the proposed optimum precoder
in this chapter outperforms all the other systems as the correlation coefficient is in-
creasing. Specifically, at the SER of 1077, our scheme obtains a SNR gain of about
1.5 dB over the scheme equipped with the optimum precoder in [46]. We also observe
from the Fig. that when n = 0.5¢%%, our optimally precoded system and the

original unprecoded system with the same ZF-VBLAST detector has almost the same
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performance. However, as n increases, our scheme has the best performance among

the other schemes. The larger |n|, the much better SER performance our scheme will

obtain.

5.5.2 MIMO with A Large Number of Antennas

Average symbol error rate (SER)

=—— Proposed precoder
= @ = Uniform power allocation

0 2 4 6 8 10 12 14 16 18 20

Figure 5.16: Simulated average SER against SNR n with M = 50 transmitter anten-
nas and N = 100 receiver antennas.

In this subsection, computer simulations are carried out to verify our theoretical
analysis with a large number of antennas. The error performance of the proposed
precoder is plotted in Fig. [5.16| compared with a uniform power allocation method
given by Fy = \/LMIMX u for different n. We can observe that the proposed precoder
outperforms the uniform one, especially in a strong correlation case. In addition,
when the channel is nearly uncorrelated (i.e., the curve where n = 0.1 exp(0.57)), the

error performance of the proposed approach is almost the same as that the uniform
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—©— Proposed precoder
= = = Uniform power allocation

—E— Theoretical (no error propagation)
= ¥ = Asymptotic (no error propagation)

Average symbol error rate (SER)

Figure 5.17: Comparison of simulated average SER to theoretical SEP against SNR,
n = 0.75exp(0.55) and M = 50 transmitter antennas and N = 100 receiver antennas.
power allocation precoder.

The theoretical SEP with no error propagation and the asymptotic SEP are illus-
trated in Fig. |5.17| along with the simulated symbol error rate (SER) of the proposed
precoder and the uniform precoding strategy with M = 50 transmitter antennas and
N = 100 receiver antennas. It can be seen that the asymptotic SEP is very close to
the theoretical SEP, which verifies the accuracy of Theorem[J] It can be also expected
that the simulated SER is larger than the theoretical one due to error propagation in
practice.

To further show the asymptotic property of Theorem [9 we plot the theoretical
and the asymptotic SEP against the number of transmitter antennas under various
correlation coefficients and SNR in both Fig. [5.1§ and Fig. [5.19] We can see that

as the number of antennas increases, the asymptotic SEP and the theoretical SEP
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Figure 5.18: Average SEP against number of transmitter antennas, M, with different
SNR.

gradually coincide with each other in both figures, which verifies our limiting results.
It can be also observed that increasing the SNR or decreasing the channel correlation
will improve the error performance, since in both cases, the received SNR will be
increased [38]. However, this will results in a lower convergence rate for the limit of

Euler’s number lim, (1 + 1/2)* = e in Eq. (5.110) with the moderate number of

antennas.

5.6 Conclusion

In this chapter we developed an efficient technique for the design of an optimal pre-
coder that minimizes the SER of the ZF-DF receiver for the correlated MIMO sys-
tem in which channel state information is fully available at the receiver, but only the

zero-mean and the covariance matrix is available at the transmitter. By a careful and
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Figure 5.19: Average SEP against number of transmitter antennas, M, with different
antenna correlation coefficients 7.

thorough investigation of the product majorization relationship among the eigenval-
ues, singular-values and Cholesky values of the design matrix parameters, we derived
a necessary condition for the optimal solution to satisfy and hence, characterized the
structure of the optimal solution. With the aid of these results, we converted the
original non-convex optimization problem into a convex geometrical programming
problem which was efficiently solved using an interior point method. Our computer
simulations showed that the error performance of our scheme outperformed those
in [40,46]. In addition, with channel correlation increasing and N > M, the SER
performance of our optimally precoded system with the V-BLAST detector catches
up with and surpasses that of the unprecoded system with the same detector. How-
ever, when N = M, the ZF-DF receiver for our optimal system has almost the same
error performance as the V-BLAST receiver, but achieves substantial SNR gains over

the unprecoded system with the V-BALST detector.
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In addition, we have investigated the asymptotic behavior for the QRS precoded
correlated MIMO communication systems with the ZF-DF detector. By fully making
use of the characteristic of the large MIMO channels, the structure of the QRS trans-
mitter as well as of the ZF-DF receiver, the Szegd’s theorem [44] on large Hermitian
Toeplitz matrices, and the well known limit: lim, ,,(1+1/x)* = e, we have attained
a simple expression for the SEP limit with a fast convergence rate, which, therefore,
is effective and efficient for error performance evaluation for the large MIMO systems.
In addition, an explanation of this approach related to the entropy power of the chan-
nel was provided. The effect of channel correlation on error performance has been
also studied for an abstract one-parameter exponential correlation model, where the
covariance matrix is (non-symmetric) Kac-Murdock-Szegé matrix. Simulation results

have verified the effectiveness of our analysis.
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Chapter 6

Quadrature Amplitude Modulation
Division for Multiuser MISO

Broadcast Channels

This chapter considers a discrete-time multiuser multiple-input single-output (MISO)
Gaussian broadcast channel (BC), in which channel state information (CSI) is avail-
able at both the transmitter and the receivers. The flexible and explicit design of a
uniquely decomposable constellation group (UDCGQG) is provided based on pulse ampli-
tude modulation (PAM) and rectangular quadrature amplitude modulation (QAM)
constellations. With this, a modulation division (MD) transmission scheme is devel-
oped for the MISO BC. The proposed MD scheme enables each receiver to uniquely
and efficiently detect their desired signals from the superposition of mutually interfer-
ing cochannel signals in the absence of noise. In our design, the optimal transmitter
beamforming problem is solved in a closed-form for two-user MISO BC using max-

min fairness as a design criterion. Then, for a general case with more than two
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receivers, we develop a user-grouping-based beamforming scheme, where the group-
ing method, beamforming vector design and power allocation problems are addressed
by using weighted max-min fairness. It is shown that our proposed approach has
a lower probability of error compared with the zero-forcing (ZF) method when the
Hermitian angle between the two channel vectors is small in a two-user case. In addi-
tion, simulation results also reveal that for the general channel model with more than
two users, our user-grouping-based scheme significantly outperforms the ZF, time di-
vision (TD), minimum mean-square error (MMSE) and signal-to-leakage-and-noise
ratio (SLNR) based techniques in moderate and high SNR regimes when the number
of users approaches to the number of base station (BS) antennas and it degrades into
the ZF scheme when the number of users is far less than the number of BS antennas

in Rayleigh fading channels.

6.1 Modulation Division for Two-User MISO BC

Our primary purpose in this section is to apply the UDCG based on the QAM con-
stellation to the design of an optimal beamformer for a two-user BC. Toward this
goal, let us specifically consider a MISO BC having two single-antenna receivers and
a BS equipped with M antennas which transmits independent and identically dis-
tributed (i.i.d.) signals s; and sy simultaneously to the two receivers. The channel

is assumed to be flat fading and quasi-static. Let hy = [hy1, hoy,.. .,hMjl]H and
hy = [hi2,ha2,. .., haro) denote, respectively, the channel links between BS and
user 1 and 2, which are perfectly available at the transmitter. Here, our main idea
is that BS treats the two channels to be strongly interfered each other and hence,

in order to serve the two receivers at the same time, the BS transmits a sum signal
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s = 81 + 89, with one common beamforming vector w € CM*! to be designed, where
s1 and sg are randomly chosen from an aforementioned UDCG Q = A} W X5 such
that s; € X} and sy € &5, Then, the signal intended for each receiver can be decoded

separately by using our fast detection method described in Algorithm [1] or 2]

6.1.1 Modulation Division for Two-User Case

The equivalent complex-baseband channel model for the received signals at the two

receivers is given by

= h{{vvs + &4,

yy = hi'ws + &,

where s is the information carrying symbol for both users with E[|s|?] = 1 and hence
the total transmitted power is P = E[|s|?|lwfw=wfw. Also, &,& ~ CN(0,0?) are
additive circularly-symmetric complex Gaussian noise arising at each receiver. It is
worth noting that the case where different receivers have different noise levels can
be incorporated into our model by performing a scaling operation on the channel
coefficients. Hence, the noises are assumed to be of equal variance. The SNRs for the

sum signal s at each receiver are expressed by

_ |hf'wp? _ [hy'wp?

SNRyng, = . SNRupa, = -

o2

By using a max-min fairness on the received SNR, we aim to solve the following

optimization problem:
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Problem 2 Find the beamforming vector w such that

maxmin {w”h;hw, w”h,hfw}, (6.114a)
st. wilw=P. (6.114b)
|

Without loss of generality, we assume that ||hi||,|hs|| # 0, since otherwise, the
solution is trivial and in fact we can not achieve reliable communication to both users

simultaneously in this case. Now, let

A = hh — hyh!. (6.115)

1. If hy and hy are linearly dependent (or equivalently, hy = Thy for some 7 € C),
then A = (|7|> — 1)hoh¥. Hence, if |7| = 1, we have A = 0. Otherwise, A has

rank one.

2. If h; and hy are linearly independent (i.e., h; # 7hy, V7 € C), then, the rank

of A is 2. Let the eigenvalue decomposition of A be given by

A=VZVH (6.116)

where V is a unitary matrix and X = diag(A1, —X2,0,...,0) with A; > 0 and
A2 > 0. From (|6.116]), we can obtain

Y = V#(h;hf! — h,h?)V = hyhf’ — h,h? (6.117)
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where fll = Vth = [ill,ly iLLQ, 0, N ,O]T and flg

[ho1, 22,0, ...,0]T. We also denote W = V7w = [y, s, . ..

H = V7 H = [h; hy).
Equation (6.117]) is equivalent to

|}~ll,1|2 - |B2,1|2 = )‘17
[y o]? = [hool® = =Xa,

iL1717jLT72 — E2,1B§72.
The above relationships can be characterized by

51,1 Bz,1 Vg sec el /A tan Bed (V)

711’2 71272 \/A_gtan Gej(ﬁ_a) \//\_2 sec er“*

Vin, =

s IDM]T and

(6.118)

(6.119a)
(6.119b)

(6.119c¢)

(6.120)

where 6 = arccos XL 0 < 0 < 7/2 and 5 = arg(hy1), v = arg(hy,) and

511|
a = arg(ﬁg,l) — arg(izg

Y
72)'

Now, we are ready to state one of our main results in this chapter, i.e., the optimal

solution to the two-user beamforming problem in (6.114]).

Theorem 10 (Optimal beamforming for two-user cases) Let

min{w”h;hi'w, wihohiw}. Then, the optimal solution w° to Problem [4

1s determined as follows:
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Scenario 1: hy = 7hy, 7 € C.

max  f(w) = min{P|[hy |*, P|/ho*},

wHw=P
where woPt = YPh1 _ VPh
[[hy]] [[ha]]

Scenario 2: hy # 7hy, V7 € C. The solution is given below:
1. /\1 S )\2. Then

(a) for 0 <sinf < i—;, we have

- P>\1>\2 (]. +Sin6)2
||gﬁ§iip Flw) = A+ Ay cos26

) ) T
where w°P* = VWPt with woPt = [w / %€Jﬁ7 \/%63(570‘), 0,...,0[ .

(b) for i—; <sinf < 1, we have

N P()\l + )\2 sin2 0)
IIVIVIﬁng fw) = cos? 6

)

where woPt = Vwopt with wopt =
T
PX 6]6 Plosin? ej(ﬂ—a) 0 0
A1t+A2 Sin2 0 ) A1+ A2 Sirl2 0 YRyttt :

2. /\1 > /\2. Then,

(a) for 0 <sinf < i—f, we have

- P)\l)\g (1 +Sin9)2
||‘¥VrﬁgliSD fw) = A+ A cos?d

T
opt __ ~_opt : ~ opt __ PXa j(v+a) PX\1 iy
where wP' = VWP with woP* = |:1/—)\1+>\26 A g5 0,..,0]
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(b) and for ’A\—f <sinf < 1, we have

P(A\sin® 6 + \p)
IIVIvIﬁ"’ai(P fw) = cos? 6 ’
where woPt = Vwopt with wopt =

[ P\ j(yta) [ Pl gy T
|: )\1+)\2c30206 ) Alsin20+>\26 ’07' e 70] .
[

The proof of Theorem [10] can be found in Appendix We would like to make the

following comments on Theorem [I0}

1. The problem dealt with in Theorem [10|is different from the physical-layer mul-
ticasting problem discussed in [161], where a group of users are interested in a
common message. However, in our model, the information symbols intended for
separate users are different and form a UDCG. In addition, despite the fact that
the optimization problem in |161] is more general, its solution is numerical and
not necessarily global. Our Theorem (10| gives the global solution in the closed

form for the two-user case.

2. Here, it should be mentioned clearly that work [162] deals with the same opti-
mization problem as ours for the optimal design of a multicast beamformer with
superposition coding. Unfortunately, the optimal solution given in [162] holds
only when the condition 0 < sinf < % in Theorem is satisfied. In
other words, under that condition, the optimal solution is achieved in bound-
ary w'hih;w = whyh,w, which, however, is not true in general. In fact,

the condition under which the solution to the max-min optimization problem

is reached in the boundary is thoroughly studied in [163].
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6.1.2 The Comparison between MD and ZF Method

In this section, we compare the error performance of our proposed MD beamforming
with that of ZF beamforming [76]. For simplicity, we assume that the information
rates of the two receivers are the same and that the channel matrix H = [h; hy] has
full column rank, whose singular values are /p; and \/ug with gy, e > 0. Then, the
received SNR for ZF beamforming with the max-min fairness criterion is determined

by

r _ Py piz
o? Z?:l[(HHH)il]i,i o2(py + p12)

SNR,¢ = (6.121)

On the other hand, for the MD method, by Theorem [I0} the minimum received SNR

between the two users for the sum signal is given by

max”sz:p f(W) .

SNRng = = (6.122)
Jointly considering and , we can obtain
1+ p = tr(HPH) = (A, + )\2)11—02—31;9, (6.123a)
piifiz = det(HTH) = A\, (6.123b)
Hence, can be further represented in terms of A\; and A\ as
SNR, = _LAhe _cosO (6.124)

0'2()\1 -+ /\2) 1+ sin29'

For discussion convenience, we define k = A\;/Ay and the SNR gain as n(k,0) =
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10logyq S;;LLP:;. Then, by Theorem , the SNR gain as a function of x and @ is given

by
Corollary 4 (SNR Gain in terms of «,0) The following statements are true:

1. If0 <k <1 and 0 <sinf < k, then n(k,0) = 10log,, %;

2. If0 <k <1 and k <sinf < 1, then n(k,0) = 10log,, (Ltsin® )(otsin 6)(1+1/k) .

cos? 6 ’

3. If1 <k, 0<sinf <1/k, then n(x,0) = 10log,, (}j:;gi,gg ;

4. If 1 <k and 1/k <sinf < 1, then n(k,0) = 10log,, (Lsin? O)(1/ retsin® 9)(1+#)

cos? 6

By Corollary [4, the SNR gain can be evaluated once H is obtained. To further

appreciate the physical meaning of the SNR gain, we have the following lemma.

Lemma 5 Given channel H = [hy hy], let Vi and (/i denote its two singular
values, ||hy]|? = a and |hy||* = b, and |hiThy| = c. Also we let Ay and Ay be defined

a a—b)2+44c? a+b—+/(a—b)2+4c?
in (6.116)). Then, we have py = ot (2 D y M2 = o (2 D" ind AL =

a—b++/(a+b)2—4c? —a+b++/(a+b)2—4c?
y/ (a+b) Ay — (a+b) ' u

2 » N2 2

The proof of Lemma [5] can be found in Appendix{A.3] By Lemma 5 we can imme-
diately have the following corollary:

Corollary 5 Let 6 be defined in (6.120), and a,b and c be defined in Lemma @ Then,

2c
a+b+ \/(a+b)27402 '

we have sin 6 =

To gain more physical meaning of the SNR gain, we now define p = a/b and

cosp = HL}?IT%!II’ where ¢ € [0,7/2] is called the Hermitian angle [164] between
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SNR gain of our method compared with ZF
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Figure 6.20: SNR Gain in terms of p, ¢ in dB

two channel vectors h; and h,. The SNR gain as a function of p and ¢ is defined

by v(p, ) = 10log, %. Inserting # in  Corollary |5/ into Corollary 4| and using

Lemma[5]and Corollary 5] we can have the following corollary, whose proof is omitted.

Corollary 6 (SNR Gain in terms of p,¢) The following statements are true.

LIfO<p<1land0 < cosp < \/p (ie, 0 <k < 1,0 < sinf < k), then

V(/)a 90) =10 10g10 ]_—|—p—12—\i_/ﬁCOSSO;

2.If0 <p<1land /p <cosp <1 (ie., 0 <k <1, kK <sinf < 1) then

v(p, o) = 10108, sl
3. Ifl<pand0 <cosp <1/\/p (ie., 1 <k, 0 <sind < 1/k), then v(p,p) =
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1+ .
1010g10m’
4. If1 < pand 1/\/p < cosp <1 (ie, 1 <k, 1/k < sinb < 1), v(p,p) =

1+1/p
1—cos2 ¢ ”

10logyq
[

From Corrollary [f] it is not hard to obtain v(p,¢) > 0 for all p > 0,0 < ¢ < 7/2.
Hence, The SNR gain of our proposed MD beamforming is at least as good as that
of ZF beamforming. To see it more clearly, the SNR gain in terms of p and ¢ are
plotted in Fig. for 0<p<2and 0 <6 < 7. It can be observed that for given p,
the SNR gain is determined by the Hermitian angle ¢ between two channel vectors.
When ¢ approaches zero, i.e., h; and hy are approximately aligned with each other,
the SNR gain is extremely large. For more clarity, the SNR gains for some specific

cases are shown in Table [6.2] .

p(rad) [ & & & mBr
p=1/16 | 35.43 21.46 12.00 6.28 3.27 0

p=1/8 | 35.67 21.71 12.25 6.53 3.52
p=1/4 |36.13 22.16 12.71 6.99 3.98
p=1/2 |36.92 2296 1350 7.78 4.77

p=1 38.17 2420 14.68 8.73 5.33

(e} New) New) Raw]

Table 6.2: SNR gain in term of p and ¢ in dB

Corollary [6] is very convenient for the SNR gain evaluation for the two-user case,
since ||hy|?, ||hs||?, and |hi'hy| are very easy to compute. As an example, we show

how the SNR gain can be evaluated for line-of-sight (LoS) channels.

Example 6 The channel coefficients for a LoS channel [127] with two users are given
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hl _ [1 e—]271'AQl e—j271'2AQl L. 6—]2W(M—1)A91]T
v M

h2 o [1 6—]27rAQQ 6—j27r2AQg .

VM

Y

6—]27r(M—1)AQQ]T’

where a,b are the channel gain, 21,y are called the directional cosine with respect
to the transmitting antenna array and A is the normalized transmitting antenna dis-
tance, normalized to the unit wavelength of carrier. Then, we have pros = § and

the Hermitian angle between two channel vectors ¢, € (0,7/2) is determined by

hi’h sin(r MA(Q -0 ;
COS PLos = HL11||||£2||| = 31 Si‘g(ﬂA(s(zligg)Q))) . By Corollaryﬁ the SNR gain can be com-

puted against the directional cosine €11, €y and the normalized antenna length A. R

6.2 Grouped Modulation Division Transmission

for Multiuser MISO BC

Suruoyweag

Figure 6.21: Illustration of Precoded MISO BC Model
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In this section, a novel grouped modulation division transmission method is pro-
posed for the multiuser MISO BC. The grouping algorithm is developed for cases
where each group has at most two users. Then, the optimal beamforming vector and

power allocation are all given in a closed-form.

6.2.1 System Model

We consider a communication system with a BS equipped with a set of M trans-
mitting antennas communicating with N single antenna users U = {Uy, Us, ..., Uy}
simultaneously in the downlink as illustrated in Fig. [6.21] The channel links from BS
to all the receivers can be stacked together into a matrix H € CM*¥ | the k-th column
of which is denoted by hy, = [h1 g, hog, -, h M,k]H , representing the channel link from
BS to the k-th receiver. The N different receiver nodes can be further divided into
G < N groups, with k-th group containing Nj users, say, Uy,,Uy,, - ,Uka, such
that N = Zgzl Ny. For clarity, all the users are relabelled to represent the grouping
results. If we let S denote a set consisting of all the users, then, it can be partitioned
into § =S USHU...USg, S NS = @,k # {, where S = {Uy,, Uy, ..., Uy, }-
Correspondingly, the channel vector from BS to U, is now denoted by hy, for
ke{l,2,--- ,G}and £ € {1,2,--- | N}.} and in turn, the channel matrix between BS

and all the users in Sy, is represented by

H,, = [hy,, by, by ). (6.126)
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Meanwhile, the matrix containing channel links from BS to all the other users in

S\ Sk is represented by
I:Ik: [H17~Hqu—laHk-&-l’-'wHG]‘ (6-127)

The grouping strategy of dividing the original user set U/ into G mutually disjoint
subsets S of § will be discussed later. For now, let us suppose that the grouping
method has been given. Then, the communication process is carried out in the
following two steps.

Firstly, we assume that all the users in the group Sy use one UDCG Q,, = Lﬂévzleké,
with each sub-constellation &}, adopted by user Uy,. The rate allocation of group S
is based on the sum decomposition K = Zévzkl Ky, ,Vk € {1,2,...,G}, where K} is
the sum rate for all the users in group Sy and Kj, = logy(|X},|) is the rate of user
Uy,

Secondly, a normalized information carrying signal s; intended for all the users in
Sy is generated by using the UDCG Qj = Lﬂévz’“lz‘(kw ie.,

Ni

1
D s, Vke{l,2,....G},

where sy, is assumed to be independently and uniformly drawn from the corresponding

S =

sub-constellation &Xj,. It can be showed that the sum signal s; is also uniformly
distributed over the scaled sum-constellation m@k such that E[|si|?] =
1,Vk. It is worth pointing out that due to the powe; nérmalization, the minimum
Euclidean distance of the constellation points of s for different user group S might

be different. Since the probability of error for the sum signal s; is dominated by
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the minimum Euclidean distance in high SNR regimes, it is anticipated that more
transmitting power is required for sp when the sum-constellation is large with the
same target error performance.

Then, all users in the same group Sy adopt the same precoding vector wj and
the weighted signals are fed into M transmitter antennas at BS. Hence, the received

signal at user Uy, can be expressed by

G
H H
Uk, = hywrse + hy, E WinSm + &k, (6.128)
. N . m=1,m#k !
intra—group signal noise
-~

out of group interference

in which &, ~ CN(0,0?) is the circularly-symmetric complex Gaussian noise arising
at Uy,. Here, the noise variance is assumed to be the same for all the users. The case
with different receiver noise level can be incorporated into our model by performing
a scaling operation on the channel coefficient hy, .

In the receiver side, all users Uy, can detect the information intended for themselves
from the uniquely decomposable signal s, by using our fast detection method, i.e.,
Algorithms [I] and [2] while treating the out of group interference as additive noise.
However, in high SNR regimes, the out of group interference is the dominant term
that limites the error performance of our system. In what follows, a novel transmission
scheme is proposed so that the out of group interference is completely cancelled out
by using the ZF philosophy while the intra-group interference contained in s, can
be eliminated by taking advantage of the uniquely decomposable property of the

sum-constellation.
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6.2.2 Weighted Max-Min Fairness Grouped Transmission

with ZF and Modulation Division

From (6.128]), we know that the cochannel interference for Uy, consists of two parts:
1) the inter-group interference (i.e., interference originated from users in S \ Sy) and
2) the intra-group interference (i.e., interference due to users in S \ {Ug,}). In our

scheme, we use a ZF method to cancel the inter-group interference, i.e.,

Hfw;, =0,vk € {1,2,...,G}, (6.129)

where Hy, is defined in (6.127). Now, user Uy, only suffers from intra-group inter-
ference which can be also eliminated later by utilizing the uniquely decomposable

property. Under the ZF constraint ((6.129)), the SNR for the sum signal s; at user
by, wi|?

o2

Uy, can be expressed by SNRy, = VEk, (. Let us denote the total transmitted

24

power for all the users in S at BS as

P, = E[|wse|’] = wiwy, Vke{1,2,...,G}. (6.130)

Therefore, we aim to solve the following weighted max-min grouped beamforming

optimization problem:
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Problem 3 Find the beamforming vectors wy, such that the worst case weighted re-

ceted signal power is mazrimized, i.e.,

: H 2
max min ok |hy, wi| (6.131a)
G
st. (6129 and > wi'w, =P, (6.131b)

k=1

The quantity lethZ wy|? in Problem 3] is usually called the weighted received signal
power for s; at Uy,. Using weighted SNR is a common method to balance the QoS
among different users [165]/166]. The resulting SNRy, is anticipated to increase with gy
decrease. Since the error performance for each user is mainly determined by the SNR
of the sum signal s; and the minimum FEuclidean distance of the sum-constellation of

user groups Sy, in this chapter we choose g, to be

1

O = ————) (6.132)
E[| 320 sk 2]

which reasonably balances the minimum Euclidean distance for the sum signal sj in
different user groups. Other choices of g5 are possible based on different application
requirements.

In order to solve Problem [3| we first examine whether or not its feasible do-
main, W = {w = (wi,wl ... wh)T : Hfw, = Oand Zkazl whw, = P}
is empty, i.e., Problem [3| is feasible. This essentially checks whether constraint
Hiw;, = 0,k € {1,2,...,G}, can be satisfied. Since H, € CM*(N=N&) has a rank

of N — Ny, where N > 1, the constraint can be satisfied if M > N — Ny, Vk. This
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condition is indeed satisfied, since we assume N < M + 1 in this chapter. There-
fore, Problem [3| is always feasible. On the other hand, we observe an important
fact on the feasible domain. For any fixed P, 0 < P, < P for k = 1,2,--- |G, if
we let W(Py, Py, -+, Pg) = {(wE,wl, ... wb)T : Hyw, = Oand wilwy, = Py, k =
1,2, .-+, G}. Since W can be decomposed into a union of all such W(Py, Py, -+ , Pg),
ie., W= UEk:1 P—p W(Py, Py, -+, Pg). Therefore, the original optimization Prob-
lem [3| can be equivalently split into the following two kinds of sub-optimization prob-
lems:

Sub-problem 2.1: For any fixed Py, 0 < P, < P, find the beamforming vectors

wy, Vk € {1,2,...,G} such that

((Py) = max %%n Ihylwy | (6.133a)
Wi

st. Hwy, = 0 and wilwy, = Py, (6.133Db)

|

Sub-problem 2.2: Once sub-problem 2.1 has been solved, find an optimal power

allocation strategy for all user groups & such that

max min 0kC(Pr) s.t. ZPk =P (6.134)

[ |

In general, the optimization problem for arbitrary Ny > 3,Vk is hard to
solve. However, since the power required for using a large sum-constellation Q; =
Lﬂévz’“l X, with certain error target is huge if Ny, is too large, in this chapter we primarily

restrict ourself in the case with N, < 2. In this case, we assume that N < M + 1.

132



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

Let us consider (6.133)) first, where P is temporarily regarded as a fixed number. For
group S with N = 1, by the Cauchy-Swarz inequality we have w; = \/PkH:ﬁ. For
1

user group S with N = 2, the sub-optimization problem 2.1 can be reformulated as

C(Py) :” Irhax min {thklhgwk,wfhbhgwk}
wi|[2=P
st. Hi'w, =0, Vke{l,2,...G}. (6.135)

Let us consider the constraint of first. For N, = 2, we have H;, € CM*x(N=2),
which is a tall matrix of full column rank, since N < M+1. This constraint essentially
requires that wy, lies in the orthogonal complement subspace of span(Hy). Since Hy
has full column rank, the orthogonal complement projector for span(Hy) is determined
by P, =1 — H,(HIH,)'HZ € C™*M  where HYP), = 0. We know that the rank
of Py is (M — N 4+ 2). Now we want to find an orthonormal basis for wy. To do
that, let the QR-decomposition of Pj, be P, = Q,Ry, where Q; € CM*(M=N+2) ig o
column-wise unitary matrix. If we let wp = QgWy, then, problem (|6.135)) is equivalent
to
C(Py) = ”Wr:ﬁgpipk min {W{ hy, hi! W, wi'hy,h w},

where flke = Q¥hy,,Vk,¢. The above optimization problem can be solved by using

Theorem , with the optimal value, i.e., ((Py), being linear in terms of Py, i.e.,

C(Py) = Prsr, (6.136)

133



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

in which ¢ is determined by channel coefficients and is independent of Py. Our next

goal is to solve sub-problem 2.2 in this case. Substituting (|6.136]) into (6.134]) yields

G
g}:’&% n%n PLows s.t. ;Pk = P. (6.137)
Its optimal value is attained when all P,o.¢, for k = 1,2,--- ,G are equal to each

other, hence, leading to

G
P H@gk QeSe

t
Pxfp = G G
Zm:l Hn;&m Qngn

, Vke{l,2,...,G).

Thus far, we have solved the problem (|6.131)) for given grouping method & with
Ny, <2,Vke€{1,2,...,G}.

6.2.3 User Grouping for N, < 2. Vk € {1,2,...,G}

As we have mentioned before, the performance of our proposed transmission method
is closely related to the user grouping strategy. In this subsection, we consider the user
grouping method for cases with N, < 2,Vk € {1,2,...,G}. In these cases, we require
that G < N < 2G and as a consequence, there are N — G groups with each having
2 users and 2G — N groups with each having one user. For example, if G = N, each

group has only one user. If G = N/2, each group has exactly two users. Since S and
fCV:—OG—l (Ng2k)

Sy are all unordered sets, for the given number of groups G, we have e

different grouping methods if G < N — 1 and only one method if G = N. Since

N—-m—1 (N-2k
for N, <2, [N/2] < G < N, we have in total 1 + Zﬁ;}]\,m ’“z‘zN_nS)!Q ) different
grouping ways. For small N, the optimal grouping method can be found by brute-force

search. However, it would be prohibitively complicated for large N, which makes our
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design hard to implement in practice. Therefore, we now propose a suboptimal user-
grouping method to make trade-off between performance and complexity by setting
a threshold ~yr, which is a predefined level to balance the error performance among

different groups.

Example 7 Consider a two-user MISO BC with ZF beamforming, where each user
employs a square K-ary QAM constellation and hence, the sum-rate of this network is
2log, K. In contrast, for the modulation division method, the sum-constellation is set
to be a K?-ary QAM constellation such that the sum-rate is logy K* = 2log, K, which
s the same as ZF method. Assume that the average power of the transmitted symbol
xy for the ZF method and that of sy for the sum-constellation are all normalized to 1.

Then the minimum Euclidean distance of the constellation points of xy is d(K) =

% and that of s is dmd(KQ) = ,/%. As a consequence we can set yp =

10logyq C?L(KK)) = 10logo(K + 1) to compensate the SNR loss due to using a larger
md

constellation. For example, every user is using a 4-QAM, we would expect yp =

6.99dB, vy = 12.30dB for 16-QAM, vr = 18.13dB for 64-QAM and vy = 24.10dB
for 256-QAM. ]

Algorithm 3 (Grouping method) The grouping method for Ny, < 2 Vk €

{1,2,...,G} is given as follows for N receivers such that N = 2521 Ny. There

N) _ N(]\fol)

N possible grouping methods for one group with exactly two users.

are (

1. Enumeration: Find all the possible groups with two users and generate the

grouping index.

2. Grouping gain calculation: For all the grouping indezes, calculate the cod-

ing gain. For example, suppose that users m and n (m < n) are grouped
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together with channel matriz IZIm,n = [hy,, h,] and another matriz con-
taining all the channel links of users in U \ {Un,U,}, which is denoted

by Hyp = [hy, ... by g hyy, .. hy g hyyy, .. hy]. Let P, = I —

9

ﬁmn(ﬂﬁnﬂmn)*lﬁgn and its QR-decomposition be f’m,n = anf{mn Com-

v

B 2 h —
- where h,, = Q h, and

pute Pmn = N and cos @,y =
n

by b,
[ [ 7

h, = G THmnhn. Then, by CO’I“OHCLTy@ calculate the grouping gain Vi, , = v(pm.n,

COS Pimn) GS @ function of ppp, COS Py if users m and n are grouped together.

3. Sorting: Now the w grouping gains UV, , are sorted in descending order,

T

forming a vector [V, nys Vimsinas + -+ s Vin w1y monin-ny |- -
N@-1) MN@-1)

4. Grouping: If Vp, n, > 71, then, users my and ny are grouped together. Other-
wise, go to the next step and no users are grouped together E Then, consider
Vmama- Again, if Vm,n, < 1, go to the next step and terminate the grouping
procedure. Otherwise, if Vp, n, > Yr and either ms or ny has not been grouped
yet, then, mqy and ny are grouped together. Repeat this process until all the vy,

have already been considered. The remaining users is left ungrouped.

5. Stop and output the grouping indez. [ |

In our model, the grouping operation is carried out at the BS and then, the grouping
indexes are informed to all the receivers. In fact, each receiver Uy, only needs to
know the grouping index k, to obtain the sum-constellation used by the group and

the corresponding sub-constellation of itself.

IThen our method essentially degrade into the ZF method.
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- © =ZF, M=2, N=2
= B =TD, M=2, N=2
= ®# =MD, M=2, N=2
—d— 7F, M=4, N=2
== TD, M=4, N=2
—a— MD, M=4, N=2
== MD, M=6, N=2
== TD, M=6, N=2
| =@= ZF, M=6, N=2

Figure 6.22:

BER performance against SNR with M = 2,4,6, N = 2 for i.i.d.

Rayleigh channel, i.e., no transmitter correlation (p = 0); Each user uses a 4-QAM.

6.3 Computer Simulations and Discussions

In this section, computer simulations are carried out to verify our theoretical analy-

sis and to assess the effectiveness of our proposed modulation division transmission

method in a multiuser MISO BC. Throughout our simulations, we assume that the

channel links from the BS are potentially correlated, but are uncorrelated between

different users, i.e.,

E[h;h] =

0 Vk#£!,

(6.138)

Y  otherwise
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w" S o o | = B = ZF, p=0.9exp(0.5j) |
B ~ MD, p=0.9exp(0.5j)
N - B - ZF p=0.6exp(0.5))
> —#— MD, p=0.6exp(0.5])
= % = ZF, p=0.3exp(0.5j)
. » | MD, p=0.3exp(0.5j)
N| =—t— ZF,p=0
= © =MD, p=0

BER

Figure 6.23: Average BER performance against SNR with M = 6, N = 2 with
different p. Each user uses a 4-QAM.
In addition, to help with our simulation, we assume that the channel covari-

ance matrix X is the commonly-used non-symmetric Kac-Murdock-Szegé (KMS) ma-

trix [38], the (m,n)-th entry of which is denoted by o(m — n), i.e.,

o(m —n) =[Sl = (6.139)

where 0 < |p| < 1 indicates the degree of correlation. In particular, if p = 0, then
3 =1, i.e., all the entries of H are i.i.d. Gaussian. Under all these assumptions, we
perform five kinds of simulations to test our proposed MD transmission scheme in

terms of uncoded BER.
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T

- © = ZF, M=10, N=10
—+— MD, M=10, N=10
- B - ZF, M=10, N=9

MD, M=10, N=9 J
- @ - ZF, M=10, N=8 ]
—tt— D, M=10,N=8
- W = ZF, M=10, N=7
—— MD, M=10, N=7

35 40 45 50

Figure 6.24: Average BER among all users against SNR, M = 10, N = 7,8,9,10
with p = 0.

The first kind of simulations is to test our MD method for the two user case. Its
error performance comparison with the ZF beamforming method and the time division
(TD) method is plotted in Fig. , where our grouping method for two-user case
is examined, with p = 0 and M = 2,4,6 transmitting antennas, N = 2 receivers.
For the ZF method, each user uses 4-QAM and for the MD and TD methods, the
sum-constellation is 16-QAM. It can be observed that the BER performance of the
proposed MD method is always better than those of the ZF beamforming and the TD
methods. Specifically, the SNR gain at BER 10~* is approximately 15dB for M = 2
and N = 2. However, as the number of transmitter antennas is increased to M = 4,
the BER performance of MD is still better than that of ZF, but the gap between the

two methods decreases. Particularly when M = 6, the performance of our proposed
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T

- © = ZF, M=20, N=20
—#— MD, M=20, N=20
- B = ZF, M=20, N=19
—— MD, M=20, N=19
- & = ZF, M=20, N=17
MD, M=20, N=17
- @ = ZF, M=20, N=14
—%— MD, M=20, N=14

Figure 6.25: Average BER among all users against SNR, M = 20, N = 14,17,19,20
with p = 0.
method is almost the same as that of ZF.

The second kind of simulations is to examine that how the correlations among
the transmitter antennas affect the error performance of our MD method in the two
user situation. The simulation results are shown in Fig. [6.23] It can be seen that the
error performance gap between the MD and the ZF method becomes large with |p|
increasing. In this case with mild correlation, e.g., p = 0.3 exp(0.57), the performance
gain of our method is not observable. However, when the transmitter antennas are
severely correlated, e.g., p = 0.9 exp(0.57), our method attains at least 1.5dB gain at
BER 10~ over the ZF scheme.

The third kind of simulations is to test our proposed suboptimal grouping method

for the multi-user (N > 3) MISO BC, as shown in Fig. [6.24) where M = 10, N =
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T T
= © = ZF, p=0.6exp(0.5))
=—4#— MD, p=0.6exp(0.5j)
= B = ZF, p=0.3exp(0.5j)
=+ MD, p=0.3exp(0.5j)
-V = ZF,p=0
—&— MD, p=0

40 50 60

SNR, dB

Figure 6.26: Average BER among all users against SNR, M = 20, N = 20 with
p=10,0.3exp(0.55) and 0.6 exp(0.57).
7,8,9,10 and the channels are i.i.d. Rayleigh fading. It can be observed that the MD
method with user grouping always outperforms the ZF method. Specifically for the
case of M = N = 10, the SNR gain is approximately 20dB at BER 10~*. We find
that the closer the number of users N is to the number of transmitters M, the larger
the performance gap between the proposed MD strategy and ZF method becomes,
since when M is close to N, there is a higher probability that the Hermitian angle
between the channel vector of two users is small and as a consequence, the grouping
gain becomes large. A similar conclusion can be drawn from the case with M = 20,
N =14,17,19, 20, as shown in Fig. [6.25]

Similar to the second kind of simulations, the fourth kind of simulations is to

investigate how the channel correlations among the transmitter antennas affect the
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= © = ZF, p=0.9exp(0.5j)
=— MD, p=0.9exp(0.5j)
4| | = B = ZF,p=0.6exp(0.5])
i MD, p=0.6exp(0.5])
= & = ZF,p=0.3exp(0.5))
- =+ MD, p=0.3exp(0.5j)
107k o WV = ZF,p=0
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Figure 6.27: Average BER among all users against SNR, M = 20, N = 18 with
p =0,0.3exp(0.55), 0.6 exp(0.55) and 0.9 exp(0.55) .

error performance of our proposed MD-based grouping scheme. The simulation results
are shown in Figs. and In Fig.[6.26] we consider the case with M = N = 20
and different correlation coefficients. It can be expected that the BER performance
of our proposed method is much better than that of ZF method. In addition, it is not
surprising that the BER performance becomes worse when the channel links from the
BS becomes more correlated. Similar observations are also verified for the case with
M =20 and N = 18, as shown in Fig. [6.27

The last kind of simulation is to compare our proposed MD method with other
existing precoding methods in Figs. and [6.29] Toward this end, in Fig. [6.28] we
compare the average BER of the MD approach with SLNR based scheme in [75] and
MMSE method with equal power allocation as well as TD and ZF methods when
M = 4, N = 4. For the MD method, we consider both the proposed suboptimal

grouping method described in Algorithm[3]and an exhaustive search grouping scheme
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10 T T T T
—O— TD, M=4, N=4

—8— ZF, M=4, N=4

—&— SLNR, M=4, N=4

—4— MMSE, M=4, N=4

—&— MD, proposed, M=4, N=4
S —&— MD, exhaustive, M=4, N=4

BER

0 5 10 15 20 25 30
SNR, dB

Figure 6.28: Comparison of the proposed MD method, the exhaustive MD method,
ZF, TD, MMSE and SLNR methods with M =4 and N = 4.

that enumerates all the possible grouping methods for seeking the best possible max-
min weighted SNR in Problem [3] It can be observed that the TD method has the
worst BER in low and moderate SNR regimes. It can also be noticed that the SLNR
and MMSE methods with equal power allocation have the same BER performance
as proved by [167] and both of them outperform the ZF method. In addition, we
can see that in a low SNR regime, the MMSE and SLNR methods have a lower BER
than the MD method. However, in a moderate and high SNR regime, the MD method
outperforms all the other methods in terms of BER. Despite the fact that it has better

error performance than the proposed MD approach with the suboptimal grouping
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—0— TD, M=5, N=4

—8— ZF, M=5, N=4

—&— SLNR, M=5, N=4
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——&— MD, proposed, M=5, N=4

BER
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SNR, dB
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Figure 6.29: Comparison of the proposed MD method, the exhaustive MD method,
ZF, TD, MMSE and SLNR methods with M =5 and N = 4.

method, the exhaustive grouping MD method obtains the marginal BER gain and

costs much higher computational complexity. Therefore, the proposed suboptimal

grouping method is greatly desirable in practice. To further demonstrate the error

performance comparison of our proposed MD method with other precoding schemes,

the scenario with M = 5, N = 4 is given in Fig. [6.29] where similar conclusion can

be drawn.

Here, it should be pointed out clearly that our optimal beamformer design, the

optimal grouping scheme and all the resulting simulations are based on the prior

assumption that the BS has the knowledge of the perfect CSI. However, in practice,

it is difficult to obtain the perfect knowledge of the CSI at BS. Therefore, it would be
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very necessary to analyze the error performance of our proposed algorithm with the
imperfect CSI, especially for the case of multiuser massive MIMO BC. Unfortunately,
this problem is too big and too important to have space for any investigation in this
chapter, but will be further studied in our future research.

In addition, it also should be mentioned explicitly that in terms of computational
complexity, channel state information required and other overheads, there are some

drawbacks in our proposed MD scheme when compared with the ZF scheme, as listed

in Table [6.3]
Table 6.3: Comparison of MD and ZF Method
’ Aspects H MD \ 7ZF ‘
Complexity O(M>) O(M?)
CSI CSIT and CSIR CSIT

Overhead | Grouping Index needed | No additional overhead

6.4 Conclusion

In this chapter, we have revealed an important property on PAM and QAM constella-
tions for multiuser communications that any PAM constellation or QAM constellation
of large size can be uniquely decomposed into the sum of a group of the scaled version
of the PAM or QAM constellations of varieties of small flexible sizes. In addition, we
have developed two detection algorithms, showing that one of significant advantages
of such unique decomposition is that once the sum signal is detected, each individual
user signal can be efficiently decoded. Then, we consider a MISO BC with two users.

For the special case with two receivers, the optimal beamforming vector is given in
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a closed-form based on a max-min criterion on the received SNR for the sum-signal.
In addition, the SNR gain compared with ZF method is also given explicitly, which
can be used to evaluate the effectiveness of our MD method in different channel co-
efficients. In the case with more than two receivers, a novel low-complexity grouping
transmission scheme based on MD, which aims at improving the condition number of
the channel matrix, is proposed, with each group having one or two users.

Finally, the simulation results have demonstrated that for the Rayleigh channel,
if the number of the receivers is far less than the number of BS antennas, our method
has the same error performance as the ZF method. However, when the number of
users is very close to that of the BS antennas, the error performance of our proposed
MD scheme is substantially better than ZF. Moreover, our computer simulations have
also shown that when the transmitter antennas are correlated, our presented method
is still better than ZF, even if the number of transmitter antennas is larger than that
of the receivers.

In conclusion, our QAM MD transmission scheme can be considered as a feasible
and concrete approach to the general NOMA method that introduces interference
with proper power level superimposed on the desired signal and is possible to be
applied to multiuser networks, which would enable a new promising multiple access

method.
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Chapter 7

QAM Division for Multiuser
Uplink Massive SIMO

Communications

In this chapter, we consider the design of multiuser space-time modulation (MUSTM)
for an uplink massive single-input and multiple-output (SIMO) system, where the base
station (BS) and all users know the large scale channel coefficients. For such system, a
novel concept called uniquely factorable (UF)-MUSTM is invented. In order to assure
that each transmitted signal matrix is able to be uniquely determined in a noise-free
case when the number of the BS antennas goes to infinity, an important constraint
of full row rank on each transmitted matrix is found to assure that the channel is
able to be uniquely identified in the noise-free case as well as reliably estimated in
the noisy case with the least square error criterion if the transmitted signal matrix is
perfectly estimated. A new definition of full receiver diversity gain and coding gain

exponent in terms of the number of the BS antennas is introduced. Then, using our
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recently developed framework on uniquely decomposable constellation group (UDCG)
with quadrature amplitude modulation (QAM) constellations and properly and timely
assigning each sub-constellation to each user at each time slot, we develop a machinery
method for systematically designing a family of invertible UF-MUSTM with flexible
data rates in order to assure the reliable estimation of the transmitted signal as well
as of the channel for the multiuser massive SIMO system. In addition, a simple
training correlation receiver (TCR) is proposed to efficiently and effectively detect
such UF-MUSTM and its pair-wise error probability (PEP) is derived, showing that
our proposed UF-MUSTM enables full receiver diversity. Furthermore, the optimal
closed-form power allocation and user constellation assignment are found to maximize

the worst-case coding gain exponent under a peak power constraint on each user.

7.1 System Model with MUSTM for Multiuser
Massive SIMO Communications

Consider an uplink massive SIMO multiple access channel (MAC), where the BS
with M antennas serves N single-antenna users on the same time-frequency band
(M > N). In this chapter, the channel links between the BS and all the users are
assumed to be in block fading, i.e., the channel coefficients are quasi-static in the
current block and change independently to other values in next consecutive block.
For such a network, at the ¢-th time slot, a relationship between transmitted signals

from all the users and a received signal in a discrete-time complex baseband-equivalent
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model can be expressed by

y: = Hx; + 1y,
where yi = [y1.4, Yo, - Yare) € CM*1is the M x 1 received signal vector at the
BS, x; = |14, T2y, ..., 2nT € CV*! denotes an N x 1 signal vector from all the

N different users and n; ~ CA(0,0%I) is an M x 1 circularly-symmetric complex
Gaussian (CSCG) distributed noise vector, and H denotes an M x N channel matrix
consisting of small and large scale fading coefficients, i.e., H = GD'/? ¢ CM*V  with
the n-th column vector h,, = [hy,, hon, -+, hars]’ representing the channel links
connecting User-n to all the M antennas of BS. We assume that all the entries of G are
i.i.d. CSCG random variables with each having zero mean and unit variance (Rayleigh
fading), characterizing the local scattering fading, and that D = diag{g1, 52, -+ , An}
is a diagonal matrix capturing the propagation loss due to near-far distances and
shadowing. Throughout this chapter, we assume that D is available to the BS and
all the N users, since it changes much slower than the first-order channel statistics
and can be estimated by using training sequences such as in [168].

Now, we consider a transmission block with 7" time slots and thus, all 7" received

signal vectors can be stacked together into a matrix written by

Yr = HX7 + Ny, (7.140)

where YT = [yl7YQ, R 7YTL XT = [Xl,XQ, R ,XT] and NT = [nl,ng, . ,HT].
Let us now consider what is the best way for the design of space-time signals in a

noise-free case for the multiuser massive SIMO communication system.
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Unique identification of transmitted signals: For the purpose on the estimation of

space-time signals, let us reveal what is a necessary ability for the reliable massive

. . .. . H

communication system must have. By central limit theorem, we have limp; ., % =

NENp
M

_ 2 _ YPYr : _
=c°l. If welet Ry, = , we must have lim;_,.. Ry; = R,

I and lim;—oo i

where R is an N x N positive semidefinite matrix satisfying R = X#DX7. Now, a
necessary condition becomes more clear: any reliable communication for the massive
SIMO system must have the ability to uniquely determine each transmitted signal
matrix X, once R has been received. In other words, any reliable communication for
the massive SIMO system requires that the transmitter should carefully design such
finite transmitted matrix signal set, Xp C C¥*T| that if there exist any two matrices
XT,SCT € Xr satisfying X¥ DXt = )~C¥ D}N(T, then, we must have X = }~(T. This

leads us to formally introducing the following concept:

Definition 6 (UF-MUSTM) A MUSTM S C CN*T is said to form a uniquely
factorable (UF)-MUSTM if there exists a pair of codewords S, S € S such that S7S =
SHS, then, we have S = S. [ |

Unique identification of channels: For the purpose on the estimation of the chan-

nel, let us reveal another necessary condition for the channel to be uniquely deter-
mined if the transmitted signal matrix is perfectly estimated. In other words, can we
uniquely solve the equation Y7 = HX for the channel matrix H if both Y, and X
are known? The answer comes up to us immediately: the unique solution for H re-
quires that X, must have full row rank, implying coherence time T, > T > N. Under
this condition and even in a noisy case, we can still use the least square error criterion
to reliably obtain the estimate of the channel matrix as H = Y, X (X XH)~1,

Therefore, the reliable estimation of the transmitted signal as well as of the channel
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for the massive MIMO communication system require that the transmitter should
design UF-MUSTM with each codeword matrix having full row rank, i.e., full row rank
UF-MUSTM. The following property, which can be directly verified by Definition [6]

provides us with another strong evidence to further support our argument.

Proposition 6 Let T, > T > N and X¢ = [Xy, Xy] satisfying

H Rll R12
X¥DX; =R = :
R21 R22

where R is known. If Xy is invertible and can be uniquely determined from Rqi; =
XﬁDXN, then, X can be uniquely determined from Rqp = X%DXN, [ |

Proposition [6] reduces the design of UF-MUSTM X7 to the design of invertible UF-
MUSTM X. Therefore, our primary task in the rest of this chapter is to propose a

new method for the systematic design of such invertible UF-MUSTM with T'= N.

7.2 Design of UF-MUSTM using QAM Division

In order to fulfill our task, in this section we will develop a novel machinery method
for systematically designing a family of invertible UF-MUSTM by making use of our

recently developed framework on UDCG with QAM constellations [169].

7.2.1 QAM Division-based Multiuser Space-Time Modula-
tion

Our goal in this subsection is to propose a novel QAMD transmission method for

the multiuser uplink massive SIMO systems by taking advantage of UDCG with the
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commonly used energy efficient QAM signalling. To this end, each transmitted signal

matrix X has the following structure:

X1,2 r13 ... T1,N 1 51,2 513 ... SI,N

_ 1—1/2 1/2
32 X33 ... T3N| — D 1 832 833 ... S3N P

Vi
\/q_g T2.2 ZT23 ... T2 N 1 522 $23 ... S2N
V3

| vVAN IN2 XIN3 ... TN,N | _1 SN2 SN3 ... SNN|
S
= D /2SP'/?, (7.141)

where the (k,t)-th entry of X is transmitted from the k-th user at the ¢-th time slot
and P = diag{p1,p2, -+ ,pn},pn > 0forn=1,2,--- /N is a diagonal power loading
matrix to be optimized. We assume that the constellations used in each time slot can
be permuted, i.e., sp; € Ax, ), Wwhere m, = (m(l),m(Q), e ,’/Tt(N)),t =23,---,N
is a permutation on N-tuple (1,2,..., N) and A, Vk constitute a UDCG with sum-
QAM constellation A, i.e., A = WY, A;. The rate allocation between the N users are
based on the sum-decomposition such that S~  K; = K, with K; = log, |A;| being
the rate of the user constellation A;. All such transmitted matrices form a set X,

which enjoys the following very interesting and important property.

Proposition 7 The following statements are true:

1. If there exists a pair of X and X belonging to X such that XADX = )N(HD)NC,
then, we have X = X.

2. Forany X € X, if mp(k—1) =1 for k=2,3,--- | N, then, X is invertible.
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3. For the channel model described in (7.140|), if the transmitted signal matrix
X € X is perfectly estimated, then, the channel matrix H can be uniquely

determined in the absence of noise. [ |

Proof of Statement 1: Let X = D~Y/2SPY2 and X = D~V/2SP1/2, Then, if

XHDX = X#DX, we have SS = SHS. As a consequence, SN Sk = S B
where s;¢, 8,0 € A, for t = 2,3,--- ,N. Since all A for k =1,2,--- N form a
UDCG, we attain s;; = 5k, VK, ¢, or equivalently, S = S. This completes the proof
of Statement 1.

Proof of Statement 2: Recall that X = D~'/2SP'/2 in (7.141]). Hence, we have

det(X) = det(D~1/2)det(S) det(P'/?). Since det(D~'/2) > 0 and det(PY?) > 0,
proving that X is invertible is equivalent to proving that S is invertible. In what
follows, we will prove that det(S) # 0. We know from the construction of all the
sub-constellations that the real and imaginary part of sy_1 5 € A1,k =2,3,--- N are
odd numbers over two and all the other information carrying signals are Gaussian

integers. By using the Laplace expansion, the determinant of S can be represented

by

det(S) =g +2 'y + -+ 27V Dy, (7.142)

where «ay, are the product of (N — 1) Gaussian integers whose real part and imaginary
part are both odd numbers or odd numbers time a power of two. As a result, we have

that oy, is dividable by (1 + j)V~! for k = 0,1,--- , N — 1. Multiplying both sides
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of (7.142)) by 2V~ we have
2V det(S) = 2V tag + 2V 2y + -+ 2an o +an . (7.143)

Since ay, is dividable by (1 4 j)®~Y and 2 is dividable by (1 + j5), then, 28 1aq +
2N=20 + ...+ 2an_o must be dividable by (1+ j)". Now, we can finish the proof by
contradiction. Suppose that det(S) = 0. Then, we would have (1 + j)™|ay_;. Since
ay_p = (=2)N! HkN:2 Sk—1,k, there exists some s;_; j such that 2s;_4 j is dividable by
(1+7)? = 24, which is impossible, since 2s;,_ ; are Gaussian integers whose real and
imaginary parts are odd numbers. This contradicts the assumption that det(S) = 0.
Therefore, we must have det(S) # 0. This completes the proof of Statement 2.

Proof of Statement 3: In the noise-free case, Y = HX. If X! exists, then we

have H = YX~! = H. Hence, H can be uniquely identified and this completes the

proof of Statement 3 and hence, Proposition 2. [l

7.3 Training Correlation Receiver, Error Perfor-
mance Analysis and Optimal Signalling

Our primary purpose in this section is to first propose a training correlation receiver
(TCR) for the QAMD MUSTM designed in Section [7.2]and then, analyze its pair-wise
error probability (PEP). Particularly when each user constellation is either BPSK or
QPSK, a symbol error probability formula will be derived. With all these error perfor-
mance results, an new power loading scheme is finally developed that either maximizes

the worst-case coding gain or minimizes the average symbol error probability subject
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to average power and peak power constraints.

7.3.1 Training Correlation Receiver for UF-MUSTM

Here, by taking advantage of each coding matrix structure in the design of QAMD
MUSTM, we consider a simple receiver. Since X1 = [\/q1,/Q2,-- - Van|', the re-

ceived noisy training signal at BS in the first time slot can be written as

N
yi= hp/ge+mn. (7.144)
k=1

Then, the information-carrying signals from all the users are transmitted concurrently.

Hence, the received signal at the ¢-th time slot can be represented by

N
ye= 3 hpze, +n (7.145)

k=1
for t =2,3,---,N. Now, we attempt to extract the transmitted signals for all the

users from R, using a so called training correlation receiver (TCR). That being
said, we first calculate the correlation between the received training signal y; and
information carrying signal y;, i.e., the off-diagonal values of matrix R, in the first
row, r; = ﬁy{iyt, t=2,3,---,N. In order to make a reasonable decision on r; for

estimating all the transmitted signals, we need to establish the following lemma.

Lemma 6 Let S; = fo:l ske- If all the entries of G and N are i.i.d. CSCG random

2

variables and independent to each other, then, we have Elry] = \/p1pSt, var(r;) = %,
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where

N
0 = | (Np1+02)(p: Z |sk.e]? + 02). (7.146)

k=1

Moreover, as M goes to inﬁnit@ﬂ ry converges in distribution to a complex Gaussian

random variable, i.e., ry CN (\/P1piSt, %) -

The proof of Lemma [f] is given in Appendix Therefore, by Lemmal[f] the proba-

bility density function (PDF) of r; conditioned on S; can be approximated by

Flre]S0)= exp ( -

o7

Mlry — / S|
|7“t 52]71]% t| ) (7'147)
t

Therefore, TCR is to solve the following optimization problem: {8},

arg min,, , |”_‘/Tst‘2 + h}f for any fixed t. Here, it should be pointed out that TCR
has to be implemented by performing an exhaustive search over all the possible values
of si4, or, equivalently, S;. However, when each point s, is either binary or QPSK
constellation point, TCR is significantly reduced to S; = arg ming, |1y — \/P1peSt| for
t =2,3,--+,N. Then, using Algorithm [2| we can quickly obtain all the estimates of

user signals sy .

7.3.2 Error Performance Analysis of TCR

Let us now consider the error performance analysis of TCR. From ([7.146]), it can be
observed that the equivalent noise variance term 67 depends on the transmitted sum

signal S; and as a result, the exact symbol error probability is hard to be derived.

'We are interested in the massive MIMO systems, in which there are typically several hundreds
or even thousands of available antennas and hence, the above assumption can be justified.
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Instead, we aim to derive PEP for the received sum signal. We know that .S; is
taken from a 25-QAM constellation and the 2% possible values of S; are denoted by
St(k), ke {1,2,...,25}, respectively. Then, the PEP of sending St(k) and detecting it

as Sf@ is given by

_ S(Z) 2 ] (5(@) 2
PS8 — 5y = pr<|rt VPP, |” | In(d,”)

(6" M
e = eSO P In(aM)?
< (502 + 7 : (7.148)

To further evaluate this probability, we need the following lemma.

v

Figure 7.30: Case 1 with a > c. Figure 7.31: Case 2 with a < c.

Lemma 7 Let a random variable r ~ CN (e, v?), where y. is the coordinate of point
C in the complex plane. If we let P, denote the probability of r falling into the circle
(a > ¢) as illustrated in Fig. or that of r falling outside the circle (a < c) as

depicted in Fig.|7.31, Then, we have P, < exp (— (a;)g), where a and ¢ are constant
as given in Fig. and respectively. |

The proof of Lemma[7]is given in Appendix[A.5] With the aid of Lemma(7] the PEP
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expression ([7.148)) can be significantly simplified as the following theorem:

Theorem 11 Let St(k) = ZN s St(é) = ZN s\ (515(k))2 = (Npo +

m=1 “m,t» m=1 °m,t»

k l l
) N _ 8B 2 4 02) and (87)? = (Npi + 02)(pe N, [s5> + %), If M >
262 (6" / 1n 69

), then, PEP can be upper bounded by PT(St(k) — St(g)) <

max, ,(k L
vsi#s ) T pip as O]
M prps|ASFO) |2 k0 k ¢
exp (— MeeddS 1) yppere ASHY = g g0, |
(6" +5(")? ! ! !

Theorem [11], whose proof is postponed into Appendix [A.6] reveals that TCR achieves
full receiver diversity M E| In addition, it also tells us that the upper bound for PEP

at the ¢-th time slot is dominated by the following important quantity:
Definition 7 The coding gain index at the t-th time slot is defined as

k.t
pip |ASYP2

G(pi,pr) = min = ——-.
ws® s (61 + 01)2

(7.149)

On one hand, we notice that the minimum value of |ASt(k’€)|2 in the numerator of
the objective coding gain index function is one from the construction of our QAMD
MUSTM. On the other hand, we note that (51@ + 5t(€))2 in the denominator of the
objective coding gain index function is maximized when one of St(k) and St(e) is the
corner point and the other is the nearest edge point. Specifically, we denote these two
sum signal points as St = Z%:l Sm, and St = Zgzl Sm.t, respectively. Correspond-

ingly, we let 02 = (Npy 4 02)(pFsy + 02) and 62 = (Npy + 02)(piEsy + 02), where

By = fo:l |$me|? and E,, = fo:l |8.¢|*. Hence, the coding gain index (7.149))

2Tt is said that a detector Det achieves full receiver diversity M if there exist two positive constants
C and p < 1 independent of M such that Ppe(Xy — Xy) < CpM for large M.
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can be significantly simplified into

1

A = 2 (7.150)
(B )

G(pbpt) =

7.3.3 Power Loading under Average Power Constraint

In this subsection, we consider an optimal power loading scheme under an average
power constraint where the user constellation permutation is given. As all the N
users are geographically separated, an average power constraint can be imposed on

each user over N time slots in each block, i.e.,
o+ Y Elw) < B, k=12 N, (7.151)

where P is a predefined average power constraint for User k. From (7.141]), we know

that w, = YEsi,. Hence, if we let B[|si|?] = Enr, then Ellag[?] = 2-Br, g

Consequently, the average power constraint can be reformulated as

N
i(&Jrprt)gk, k=12 N (7.152)
NG = bk
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Inequality (7.152) can be rewritten in a more compact matrix form as

1 Era) Erna - Ery P1 NP, B
1 Em(?) EW3(2) e EwN(Q) D2 szﬁ2
1 Ern@ Erne - Bowe | |ps| < | NP3Bs | - (7.153)
_1 E7r2(N) Em(N) RN ET('N(N)_ | PN | _NpNBN_
X —— \—b,_/
P

That is Ap < b, where A, p and b are given in (7.153]). It can be observed that the

feasible region of p is a polyhedron, which is a convex set.

Power allocation maximizing the worst-case coding gain

As we have seen from Theorem [L1] that PEP is controlled by the coding gain index.
Therefore, we now aim to maximize the worst-case coding gain index subject to the

average power constraint on each user, i.e.,

Problem 4 Find a power loading that mazimizes the minimum coding gain index

over N time slots subject to the average power constraint, i.e.,

pg(lcejxv)il min {G(p1,pt)} (7.154a)
s.t. p>0and Ap <b. (7.154b)
|

In order to efficiently solve this problem, we first establish the following lemma.
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Lemma 8 Let p, = min{ NP3} ,. Then, for any given p; with 0 < p; < p,, the

solution to the following optimization problem:

o omax i {p (7.155a)

s.t. I_)l Z 0 and Alpl S Bl, (7155b)

_ N
is given by p7 = ply_1 with p* = f(p1) = min{%} , where p; =
2=z Bry ) J k=1

(p27p37” : 7pN>TaBl =b _pl]-N and

Er)  Em) Ery)

E7l'2(2) EW3(2) N EWN(Q)

Al - Eﬂ-2(3) E,r3(3) Eﬂ-N(g)
_E7r2(N) E7r3(N) . ET('N(N)_

Proof: First, we prove that py is achievable, i.e., it is in the feasible domain. Since
0 < p1 < py, we have p; > 0. In addition, substituting pj into and
using the fact that all the entries of A; are positive yield Alf){ =p*A11n_1 < by.
Hence, pj is a feasible solution. In what follows, we will show that any point p;
for maxp, min{p;};¥, > p* is not achievable. Suppose that there exists some pf =
[p3,px,...,pp]" in the feasible domain such that min{p;}~, > p*. Then, there
must exist some € > 0 such that min{p}}¥, = p* + €. Therefore, we have p; > p* + ¢

for t =2,3,--- )N, ie., (p* 4+ ¢)I < p*. Combining this with the fact that all the

entries of A, are positive results in p*A11y_; < (p* + €)A11x_1<A;pF<b;, which
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contradicts with the definition of p*. This completes the proof of Lemma [§] 0J

Theorem 12 Let p, and function f(p1) be defined in Lemma[8 Then, the optimal
solution to Problem |4| is determined by p, where py = argmaxo<p,<p, G(p1, f(p1))
Gndﬁt:f(ﬁl)fOTtIQ,B,"',N. u

Proof: First, from the constraint we know p; < NP3, for k =1,2,--- , N. Hence.
we have p; < min{N P83, }Y_, = p,. On the other hand, we notice that for any given
p1 with 0 < p; < p,,, the coding gain index function in terms of p; is nondecreasing.
Hence, ming<i<y G(p1,p:) = G(p1, ming<i<y pr) and as a consequence, for any given
p1 with 0 < p; < p,,, we have maxp, mino<;<y G(p1, pr) = G(p1, maxp, Ming<i<y Pr).
Now, by Lemma [8| we obtain maxp, ming<i<y G(p1,p1) = G(p1, f(p1)). There-
fore, we attain maxpmine<;<y G(p1,p1) = max,, maxp, Ming <y G(p1,pr) =

max,, G(p1, f(p1)). This completes the proof of Theorem [12]

The Special Case where A; are BPSK or 4-QAM with Different Scales

In this subsection, we will restrict our sub-constellations for each user to be BPSK
or 4-QAM with different scales. In this case, |sp4|* = E[|sg|*] = Er, ) and (7.146)

becomes
02 = (Npy + o) (pE, + 02), (7.156)

where E; = Zivzl E;. It can be observed that 5,52 keeps constant for different

transmitted signal S;. For the considered large SIMO system, if S; is transmitted,
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ri~CN (\/P1P: St %) and the PDF conditioned on S; can be approximated by

M|, — /PiBiSi?
f(rt\st);%exp<— Ire = V/PipeSi| ) (7.157)

52
t 5t

As a result, the sum signal S; can be estimated based on the approximated f(r|S;)

above in massive MIMO systems,

S, = arg max In (f(rt|5t)) = arg n%in 7 — /P1peSe|?.

Once 5} has been detected, 5+ can be determined for each user. Due to the decision
region is the same as QAM constellations, the performance measure can be based on
the average symbol error rate (SER) for the sum signal. In particular, for the IV users
each using A;, that are all 4-QAM constellations with different scales, the received
sum signal S; is taken from a 4"-square QAM constellation. The SER over the t-th

time slot for the sum signal S; can be approximated by

Y VT (1) =
Poprp) =4(1 2N>Q(2\/(N+;f)(Es+;f)> 4(1- ) QQ(Q\/(N+§)(ES+§)).

The case when all the users are using BPSK is similar and hence omitted. As a

consequence, the approximated average probability of error

P.(p) = Y _ Pelp1,p1), (7.158)

where p = [p1, po, . . . JUN]T-

Problem 5 (Minimize the average SER) We aim to minimize the average SER

of Sy in one frame by performing optimization on p, i.e., we aim to solve the following
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optimization problem

min P,(p) (7.159a)

P
s.t. p>0and Ap <b. (7.159Db)
|

The above problem is a convex optimization problem, and the proof is given in Ap-
pendix[A.7 As a result, the above problem can be solved efficiently by using an

interior-point method [47].

7.3.4 Optimal Signalling under Peak Power Constraints

In this subsection, we consider an optimal power loading scheme that maximizes
the worst-case coding gain index when each user has a respective peak power con-
straint [170] over each time slot (e.g., due to the limited linear region of the radio
frequency power amplifier), i.e., MaXs, e A, |zke]? < Pkt =1,2,--- N, where
Pk,Vk are predefined peak power upper bound. If we denote the maximum instan-
taneous power (i.e., the power of the corner point) of sub-constellation A; by D;,
then, the peak power constraint is equivalent to % < pk, and % < P, for
k,t=1,2,---,N. From Theorem [1| and 7 we have D; = (25 — %)2 x 2%n=12Kn for
PAM-UDCG and D; = (25" —1)% x 25i2h 267 4 (K7 1) 5 oS 2657 for QAM-
UDCG for i = 1,2,--- , N. Without loss of generality and for discussion simplicity,

we assume that all the users are labelled such that 15161 < ]5262 <... < PNBN.
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Power allocation maximizing the worst-case coding gain index

Now, our optimal power allocation and sub-constellation assignment method under

the peak power constraint is formally stated as follows:

Problem 6 Find a power and sub-constellation assignment with m(t — 1) = 1 for

t=2,3,---, N that mazrimizes the worst-case coding gain index under the peak power

constraint, i.e., MaxXpecnx1 Minge {G(p1,pe)} st p1 < BB, pr < ’%ﬁ:) for k =

1,2, N andm(t—1)=1 fort=2,3,--- | N. -
In order to obtain the solution to Problem [6] we need the following lemma.

Lemma 9 Suppose that two positive sequences {a,}N_, and {b,})_, are arranged

both in a nondecreasing order. If we let U denote the set containing all the pos-

sible permutations of 1,2,--- N, then, the solution to the optimization problem,
N
maXycy min{bafk)} , s given by m (k) =k for k=1,2,---  N. u
w(k) J p=1

We are now in a position to formally state our main result in this chapter.

Theorem 13 The optimal solution to Problem [f is given as follows: p; =

. . A N
min{ PG}, = Pif,pf = min{ FiBr }k—l fort = 2,3,--- /N, and is ©f =

Do (k)

(2,3,...,t—1,1,t,--- ,N) fort =2,3,--- | N. -

Proof: For any fixed sub-constellation assignment m = (m(1),m(2),...,m(N)),

since G(p1,p;) is a monotonically increasing function of p; and p; for t = 2,--- | N,
. . . N
we have pf = min{Pfc}h, = P/ and p; = min {DP’“—ﬁ(i)} . Now, we
me (k) ) =1
need to find an optimal permutation with m(t — 1) = 1 to further maximize pj.

Again, since G(pi,p;) is monotonically increasing with respect to p;, such optimal

sub-constellation permutation can be attained by solving such max-min problem:
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maxmmink{ﬁ"“—f:)} st.m(t—1) = 1for t = 2,3,---,N. As Pt%f’“ is fixed

D,
for m(t — 1) = 1, the overall optimal permutation can be found by just solving
. P Piofis P P : > >
max,, min {ﬁ, e %, ﬁ, e #’fﬁ)}, Notice P11 < ... < P30 <

]A%ﬂt <...< pNﬁN. Hence, by Lemma |§|7 the optimal solution to the above max-min
optimization problem is achieved by seeking for m; such that D,y < ... < Dy, -2y <
Dryy < ... < Dryn). From the definition of D;, we know D; < Dy < ... < Dy, and
hence, the optimal sub-constellation assigment is ©7 = (2,3,...,t — 1,1,¢,...,N).

This completes the proof. O

The Special Case where A; are BPSK or 4-QAM with Different Scales

In this case, the average SER for the sum signal in the N — 1 time slots can be

expressed by

Pe(p) = - > Pupi.p)- (7.160)

Now, we aim to solve the following optimization problem:

Problem 7 (Minimize the Average SER) We aim to minimize the average SER

subject to the peak power constraint, i.e.,

min P.(p) (7.161a)
) P
s.t. p1 < P8y and p, < E’“B’“ . k,t=23,...,N. (7.161Db)
7Tt(k‘)
]

Again, we find that P.(p) is a monotonically decreasing function of p; and p;, hence
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P = mink{lf’kﬂk} = P, and Py = miny {%},t =2,3,...,N.

In conclusion, for both the general case and the special case, the optimal solution
to the power allocation problem takes the same form. For the peak power constraint,
since the solution has the above special form, we can have the above optimal sub-

constellation assignment method.

7.4 Comparison with Other Receivers

In this section, we briefly discuss Riemannian distance receiver, non-coherent maxi-
mum likelihood receiver and orthogonal pilot training receiver with zero-forcing equal-
ization for our UF-MUST modulation scheme. Then, we compare their error perfor-

mances with that of TCR by computer simulations.

7.4.1 The Minimum Riemannian Distance Detector

As we have discussed in Sections and [7.3] each transmitted signal matrix in the
UF-MUST modulation scheme can be uniquely identified in the absence of noise
when M — oo. Furthermore, the channel matrix can be also uniquely identified in
the noise-free case if the transmitted signal matrix is perfectly estimated.

Now, we aim to estimate the transmitted signal matrix and the channel matrix
jointly in a noisy environment with a Riemannian distance based receiver when the
noise statistic is unknown. In this scenario, it is known from noncoherent com-
munication theory that a simple receiver is the least square error receiver, which
is to solve the following optimization problem: {X,H} = argminx g |[Y — HX]2.

Its solution, in general, is given by H = YX*(XX#)~! if X has full row rank,
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where X = arg max tr (YXH (XXH)-1XY# ) It, however, fails if X is square, since
X7 (XXH)™1X = 1. This is a motivation for us to study the Riemannian distance

receiver. Note that

IY - HX|[z = [[Y - GT|[%

=tr(Y?Y) - 2R tr(TY?G) + tr(T"G" GT), (7.162)

where T = SP!Y2. On the other hand, we observe that when M is very large,
\/LMG approaches to a unitary matrix, i.e., lim/_,o %GHG =1. Hence, for a
fixed T, we attempt to find G by solving the following optimization problem,

G = arg Maxg, L gHG=1 R (tr(TY”G)). Its solution can be obtained by using the

following property.

Property 4 (7.4.9, [141]) Let A € CN*M(N < M) be a given matriz of rank-
N, and also, let the singular value decomposition of A be A = VS WH  where
V4 is an N x N unitary matriz, Wy s an N x M row-wise unitary matriz and
Y4 = diag(o1(A),02(A), - ,on(A)) with 0,(A) forn=1,2,--- | N be the singular
values of A. Then, the problem maxyuy—_g R (tr{AU}) has the solution U = W,V

and the mazimum is o1(A) + -+ - + 0,(A). |

Now using Property 4| yields G = VMWVH , where the singular value decompo-
sition of TY? is TY” = VXW?!. Therefore, minimizing can be sim-
plified as a so called the Remannian distance receiver into ming tr(YZY /M) —
2tr (TYHYTH /M) Y L (THT) = ming &, (THT, YHY /M), where dp, is defined

as the first kind of the Riemannian distances [171] and thus, we have X = D~/2T.
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7.4.2 The Non-coherent ML Detector

Recall that the system model is given by Y = GT 4+ N, The conditional
PDF of the received signal at the BS for any given T is given by p(y|T) =
meexp(—yb{f{;ﬁrw, where Ryjp = I ® (THT + o”I). Note det(Ryr) =
(det(THT + 021))M and yHR;llry = tr(Y(THT + o*I)~'Y ). Therefore, the non-
coherent maximum likelihood detector aims to estimate the transmitted information
carrying matrix by solving the following optimization problem, miny tr (Y(TH T +

o’TI)'Y ) + Mlog det(THT + o1).

7.4.3 Orthogonal Pilot Training Receiver with Zero-Forcing

Equalization

This method basically uses an orthogonal pilot signal for training. The system model
is given by Y = HX + N. In the training phase, the k-th user uses its peak power
B, ie., Xip = diag{]sl, B, ..., PN} The estimated channel is given by H = YX;}.
In the information communication phase, we have yy,1 = Hxpyy; + nyyq, Then
a zero-forcing (ZF) receiver can be used so that Xy = (HPH) 'Hfyy,, =

(X YHYX) X Yy 1 = X (YHY) Yy

7.5 Simulation Results and Discussions

In this section, computer simulations are performed to verify the theoretical anal-
ysis in this chapter. We first consider the channel model and then compare the

error performance of the TCR, the modified Riemannian distance receiver and the
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non-coherent ML receiver under both average and peak power constraints. The per-
formance of the TCR against the conventional training based method is studied as

well.

7.5.1 The Combined Path-loss and Shadowing Model

To achieve a tradeoff between accuracy and simplicity, we consider a combined path-
loss and shadowing model [135] in which the power fall-off due to distance and random
attenuation are both captured. We assume that the transmitted and the received
power at each antenna element are denoted by P, and P,, respectively. Then, the
pathloss as a function of transmission distance d at antenna far-field can be approxi-

mated by

5 (@y% d > dp,

where k is a unit-less constant that depends on the antenna characteristics and free-
space pathloss up to far-filed close-in reference distance dy, 7 is the path-loss exponent
and 1 is the random shadowing attenuation. The detailed explanation of these pa-

rameters are given as follows.

e The value of k is sometimes set to the free-space path gain at distance d

assuming omni-directional antenna:

e <47;\d0)2’

is the wavelength of the carrier while f. is the carrier

3x10% m/s

where A\ = 7

frequency.
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e The pathloss exponent v depends on the propagation environment and it typ-
ically takes values in the range of [2,6] for most wireless environment. In this

simulation, we set v = 3.71.

e In this model, ¢ captures the shadowing fading resulting from blockage of ob-
jects in the signal path which gives rise to random variations of the received
power at given distance. Here, v is assumed to be random with a log-normal

distribution given by

_ exp < _ (10 10%101?2 — /Lde)2
\ QWdeB,{?Z) 20¢d3

p(v) ). w>0,

where £ = 10/1n10, 1y, = E[10log,, 9] and o4 is the standard deviation of
Ygp in decibels. Assuming that ¥, = 10log,, 1, it is Gaussian distributed

with mean p,, and standard deviation oy, given by

(Yap — deg)z) ‘

2
20_111013

p(d&iB) = ﬁexp (—

In our simulation, we assume that p,,, = 0 and oy, = 3.16dB.

From the above discussion, the dB attenuation is given by
P. d
10log,y —= = 10logyq k — 10vlog,y — + YaB-
P, dy

For the receiver, the power of noise is P, = NyB,,, where Ny is the power spectral
density of noise and B,, is the channel bandwidth. For the thermal noise, it is assumed
that Ny = koTp107/1° where ko = 1.38 x 1072 J/K is the Boltzman’s constant, T}

is a reference temperature and Fj is the noise figure.
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7.5.2 System Setup

Table 7.4: Simulation Parameters

Cell radius dpax 1000 m
Reference distance dj 100 m
Carrier frequency f,. 3 GHz
Channel bandwidth B,, 20 MHz
Pathloss exponent y 3.71
Reference temperature / Noise figure 290K / 6dB
Standard deviation of shadow fading oy, 3.16 dB

In our simulation, we set set Tj to 290 K (“room temperature”) and noise figure
Fy=6dB. The channel bandwidth is assumed to be B,,=20 MHz and hence, the noise

power is P, = 3.2 x 107 W, or equivalently,
10log,, P, = 10log;( 3.2 x 107w = —124.95 dBW.

The distance dependent pathloss, we assume that v = 3.71, dy = 100 m, the

carrier frequency is assumed to be f. =3 GHz. Hence, the pathloss is
A d d

The small-scale fading is assumed to be the normalized Rayleigh fading. As a

result, the end-to-end SNR is

P, d
0

n

For example, if d=100 m, then 10log;, % = 10log,o P; + 42.97dB and if d=1000 m,
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Figure 7.32: Average BER of all users versus M, for different d, N = 3 and 4-QAM
are used by all the users with average power constraint.

we have 10log,, £= = 10log,, P; + 5.87. For clarity, all the simulation parameters are
10 p, 10

summarized in Table [T.4]

7.5.3 Simulation Results

We first examine the error performance of all the different receivers under the average

power constraint as illustrated in Fig.[7.32 It is assumed that the average power upper

bound is P,=316mW (25dBm), Vk. All the N users are assumed to be uniformly

distributed on the circle with radius d to the cell centre. It can be observed that the
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Peak power constraint
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Figure 7.33: Average BER among all users against M, with different d, N = 3 and
all users use 4-QAM with peak power constraint.

non-coherent ML receiver (denoted by ML) have the best error performance while
the BER of the modified Riemannian distance receiver (labelled by Riemannian) is
higher than the ML receiver but it has a better error performance than the TCR
(represented by TC). For all the three different receivers, with the increased distance,
the simulated BER increases as expected. It can also be observed that, to have
an average BER 1073, the TCR needs roughly four times more antennas compared
with the ML receiver and three times more antennas than the Riemannian distance
receiver.

The error performance of all the three receivers against the number of BS antenna
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Figure 7.34: Average BER of all users against M, with different d, N = 3 and all
users use 4-QAM with peak power constraint.

number M under the peak power constraint is plotted in Fig.[7.33] Likewise, the
ML receiver has the best error performance while the average BER of the TCR is

highest. From both Fig.[7.32] and [7.33] we argue that the proposed receiver works

in an efficient symbol-by-symbol detection mode for the sum-signal in each time slot
while the computational complexity of the ML receiver is prohibitively high when
there are a lot of users. As a result, when the antenna number is large (e.g., in large
MIMO system with hundreds or even thousands of available antennas), the proposed

receiver is a good candidate compared with the ML and the Riemannian distance

175



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

Peak power constraint, TC receiver, BPSK
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Figure 7.35: Average BER of all users against M for different N, BPSK

receiver.

Next, we study the error performance of all the three receivers under different
power constraints in Fig.[7.34 In our simulation, all the users are assumed to be
uniformly distributed over the cell disk with radius from 100m to 1000m and P, and
P, are all set to 316mW. It can also be observed that, given the same total transmitted
power, the average power constraint case always have a better error performance since
it can allocate transmitting power more flexibly among all the users which results in

larger feasible regions. On the other hand, the gain of the average power constraint
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Peak power constraint, TC receiver, 4—-QAM
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Figure 7.36: Average BER of all users against M, for different N, 4-QAM.

case against the peak power constraint case is marginal. Thus, in what follows, we
will mainly concentrate on the peak power constraint case due to its simplicity.

The effectiveness of our proposed TCR with different number of users N is stud-
ied in Fig.[7.35] To guarantee that X is invertible and the sum-constellation is a
rectangular QAM constellation, we assume that X; is 4-QAM and all the other con-
stellations are BPSK. Again, all the users are assumed to be uniformly distributed
over the cell disk with radius from 100m to 1000m. It can be observed that as the
number of users increase, the required number of antennas M to achieves the same

error performance increases. The case where each user is using a 4-QAM constellation
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Figure 7.37: The comparison between the TC receiver and the orthogonal training
method with N = 3 users and 4 time slot.

is given in Fig.[7.36]

Finally, we compare the performance of the TCR with the conventional training
sequence based receiver in Fig.[7.37 It can be observed that, when the antenna num-
ber M is small, the training based outperforms the TCR in term of BER. However,
when the antenna number is extremely large, the TCR has a better error performance
compared with the training based receiver, especially at the cell edge.

Here, it should be mentioned that a related non-coherent multiuser massive SIMO
system is considered by using DPSK constellation in [172] with correlation based re-

ceiver. The transmitted information of all the users is modulated on the phase offset
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Figure 7.38: The comparison between the TC receiver and the non-coherent receiver
with 8-QAM and 8-DPSK, respectively.

between successive symbols. In fact, the DBPSK and the DQPSK constellations with
optimal scale between every sub-constellation are the special case of our QAMD.
However, for larger constellations such as 8-DPSK, our QAMD has greater normal-
ized minimal Euclidean distance. The resulting sum-constellation of two 8-DQPSK
is not a regular constellation anymore, just as studied in [111]. Also, in [172], the
actual transmitted power of each user is not given explicitly, and hence, the optimal
power allocation under both the average and the peak power constraint case is hard
to evaluate. To make a comparison, especially when the constellation size is large,

we compare the 8-DPSK constellation suggested in [172] with the optimal scale 1.765
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between the two sub-constellations with the rectangular 8-QAM constellation in our
case. The constellation of the 8-DPSK with the optimal scale is plotted in Fig.[7.39
The error performance of [172] and our TCR with two users, each using 8-DPSK and
8-QAM, is studied in Fig.[7.38] It can be observed that our scheme with 8-QAM
sub-constellation has a better error performance than |172] with 8-DPSK constella-
tion, since the normalized minimal distance for our constellation is larger. Also, it
should be pointed out that the resulting sum-constellation in |172] is not a regular
constellation and it must be either computed or stored in advance. The detection of
the sum-constellation typically requires a exhaustive search over the whole constella-
tion. In addition, the optimal power scale for general DPSK needs to be optimized

by numerical methods.

8-PSK Sum of two 8-PSK

(a) 8-PSK (b) Sum-constellation

Figure 7.39: The sum constellation of two 8-PSK with scale 1.765 between them.

7.6 Conclusion

In this chapter, a QAMD multiple access framework is proposed for the uplink mul-
tiuser massive SIMO systems based on the MUSTM scheme. For the MUSTM code

180



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

design, a simple and systematic construction method based on the concept of QAM-
UDCG is devised. Assuming that the large scale fading coefficients are known to all
the terminals, the detailed transmission scheme is proposed followed by an efficient
TCR. To enable that the channel coefficients of all the users can be estimated, a
sub-constellation allocation method is also proposed. The optimal power allocation
problem under the average and the peak power constraint cases are both considered.
In particular, for the peak power constraint scenario, the optimal sub-constellation
allocation method is given in closed-form. Then, a Riemannian distance receiver, a
non-coherent ML receiver are also proposed for our transmission scheme. Computer
simulations reveal that, in general, the ML receiver has the best error performance.
Although the TCR requires more antennas than the ML, and the Riemannian distance
receiver for the same error performance, it is much simpler and easier to implement
which is especially suitable for the massive MIMO systems with arguably unlimited
number of antennas.

Most importantly, in our design, the minimum number of required training se-
quences is exactly one and it is considerably smaller than the conventional training
sequence based method. Therefore, the training overhead can be reduced significantly.
Also, more terminals can be supported in fast fading environment where the number
of users is limited by the channel coherent time and delay spread for the conventional
training based method.

In conclusion, by fully taking advantage of the finite-alphabet property of the
digital communication signals to let them cooperate with each other to form a sum-
constellation with good geometric structures as well as unlimited number of available

antennas at the BS, the design of massive SIMO systems can be greatly simplified
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and much more terminals can be supported simultaneously even in the fast fading

environment.
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Chapter 8

Conclusion and Future Work

In this thesis, we concentrate on the modulation division for multiuser single-hop and
multihop wireless communication networks.

In Chapter |1}, we first introduce the research motivations and major contributions
of this thesis. Then, in Chapter [, the definition of uniquely factorable constellation
pair (UFCP) based on PSK and square-QAM constellations and uniquely decodable
constellation group (UDCG) generated from square-QQAM constellation are given ex-
plicitly.

In Chapter |3, we consider a two-hop relaying network consisting of two single-
antenna terminal nodes and a relay node equipped with two antennas. By jointly
processing the signals from the two antennas and taking advantage of the Alamouti
coding structure twice at the relay node, the proposed code design made the equivalent
channel between source and destination be a product of the two Alamouti channels,
which is called distributed concatenated Alamouti STBC. The SEP analysis shows
that the optimal diversity function is achieved for the maximum likelihood (ML)

detector.
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In Chapter[4], a single-hop point-to-point correlated MIMO channel is considered in
which fully CSI is available at the receiver, but only the zero-mean and the covariance
matrix is available at the transmitter. The optimal precoder is first developed for the
ZF receiver which minimizes the average SEP over the Rayleigh fading channels.
Then, by scaling up the antenna array size of both sides while keeping their ratio
constant, simple asymptotic SEP formulas with the PAM, PSK and square QAM
constellations are derived when the the correlation matrix is Hermitian Toeplitz with
the aid of Szego’s theorem. This new results has a simple expression and can be used
to evaluate the SEP performance conveniently and efficiently. It should be emphasized
that the Szegd’s theorem [44] is power mathematical tool for the systematic study of
asymptotic behaviors on the large MIMO systems from both information-theoretic
and detection viewpoints.

In Chapter [5, we also consider a point-to-point correlated MIMO channel where
the optimal precoder is developed for the ZF-DF detector. By a thorough investiga-
tion on the product majorization relationship among the eigenvalues, singular-values
and Cholesky values of the design matrix parameters, the original non-convex pre-
coder design problem is converted into a convex geometrical programming problem
which can be efficiently solved by using interior-point method. In addition, the asymp-
totic SEP analysis is also proposed for a QRS based precoder when the number of
both transmitter and receiver antenna elements go unbounded. By making use of the
characteristic of the large MIMO channels, the structure of the QRS transmitter as
well as of the ZF-DF receiver, the Szegd’s theorem [44] on large Hermitian Toeplitz
matrices, we have attained a simple expression for the SEP limit with a fast conver-

gence rate. In addition, an explanation of this approach related to the entropy power

184



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

of the channel is provided.

In Chapter [6] we first show the important fact that PAM or QAM constellations
of large size can be uniquely decomposed into the sum of a group of the scaled
version of the PAM or QAM constellations of variety of small flexible sizes. Then the
application of such a design in multi-antenna MISO BCs is provided. For the special
case with two receivers, the optimal beamforming vector is given in a closed-form by
adopting a max-min criterion on the received SNR for the sum-signal. In addition,
the SNR gain compared with ZF method is also given explicitly, which can be used
to evaluate the effectiveness of our MD method in different channel coefficients. For
the more general case with more than two receivers, a novel low-complexity grouping
transmission scheme based on MD, which aims at improving the condition number of
the channel matrix, is proposed, with each group having one or two users. Computer
simulation results have revealed that for the Rayleigh channel, if the number of the
receivers is far less than the number of BS antennas, our method degrade into the
ZF method. However, when the number of users is very close to that of the BS
antennas, the error performance of our proposed MD scheme is substantially better
than ZF. Moreover, when the transmitter antennas are correlated, our presented
method is still better than ZF, even if the number of transmitter antennas is larger
than that of the receivers. In conclusion, our QAM MD transmission scheme can be
considered as a feasible and concrete approach to the general NOMA method that
introduces interference with proper power level superimposed on the desired signal
and is potential and applicable to multiuser networks, which would enable a new
promising multiple access method.

In Chapter[7], we concentrate on the uplink SIMO channel where a QAMD multiple
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access framework is proposed on the MUSTM scheme. First, a simple and systematic
construction of the MUSTM scheme based on the concept of QAM-UDCG is devised.
Then, the detailed transmission scheme for the SIMO channel proposed followed by
an efficient TCR by assuming that the large scale fading coefficients are known to
all the terminals. We have developed a sub-constellation allocation method which
enables the estimation of the channel coefficients of all the users. The optimal power
allocation problem under the average and the peak power constraint cases are both
considered where the optimal sub-constellation allocation method is given in closed-
form. In addition, a Riemannian distance receiver and a non-coherent ML receiver
are also proposed for our transmission scheme. Computer simulations reveal that in
general, the ML receiver has the best error performance. It is shown that although
the TCR requires more antennas than the ML and the Riemannian distance receiver
for the same error performance, it is much simpler and easier to implement and is
suitable for the massive MIMO systems with arguably unlimited number of antennas.
It should be pointed out that in our design, the minimum number of required training
sequences is exactly one and it is considerably smaller than the conventional training
sequence based method. Therefore, the training overhead can be reduced significantly.
Also, more terminals can be supported in fast fading environment where the number
of users is limited by the channel coherent time and delay spread for the conventional
training based method.

We will generalize our design to more complicated network topologies such as
multi-hop networks with at least three hops or multiuser MIMO systems where each
user has multiple antennas. In particular, in large MIMO systems, the transmission

scheme when the large scale fading coefficients are unkown to all the terminals should
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be addressed. Moreover, the application of modulation divison method in interference
channels such as the Z-channel and the X-channel will be very promising. Also, the
performace analysis for the considered networks with modualtion division should be

performed in the future.
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Appendix A

A.1 Proof of Algorithml(]

For any given y = g + &, the ML detection of ¢ is exactly equivalent to that of

p=g-+ 2K2*1 € {k}iial from p + &, which is given by

oK1 .
07 Yy + 2 S 07

ly+ 22 41 0<y+ EL <ok 1

ST
I

2K —1, y+ 2>k

leading us to ([2.14)).
For K; = 0, (2.15)) and (2.16) indeed hold. Therefore, we only consider the case

K; # 0. For presentation simplicity, we define p; as follows: 1) for any z; € A7,

2K1-1 2Ki_1

p1 = o1+ =5—; and 2) for any z; € X}, p; = x; X 9~ Yisi K + =5—. From the

definitions of X;, we can attain that p; € {k}izg&’l. In addition, Theorem [1] tells us

that given g € G defined by (2.14)), § can be uniquely decomposed into § = Zf\il T,
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where z; € A; and thus, be equivalently rewritten into

N

b= i +Zﬁi % 9 -1 Ke
=2

2K —1
2

(A.1)

|
I[]=
5

where p; € {k}i=2 2%i-1 Tt is noticed that for any § € G = {i(k‘ -3 F=2571 e have

{g+2 2’1 gegGt= {k}QK !, Then, letting p = § + 5= produces an equivalent
form of (A.1)) as p=p; + Ziz? Di X x 2%z 1Kf where p; € {k}k 2%i-1 Now, we notice
that p; = p mod 251 because of the fact that ziZQﬁi x 2221 Ke mod 251 = 0.

2 71) mod 251 — 281 proving . Also,
2+ SN P x 282 K6 and thus, attain that p, — =

This result gives us that z; = (A

mod 252, leading to &y = ( _ 2o 1) x 251 Following this process, we can obtain

Sho K

that for 2 < i < N, p; = (p—P m;f_f;* Z) mod 2%, In addition, our notation
244=1 "¢

Py = & x 2 i Ke 4 %T_l allows us to arrive at the desired ([2.16]).

Therefore, this verifies Algorithm [I] [

A.2 Proof of Theorem 10

Scenario 1: hy = thy,7 € C. If || > 1, then, we have wZh hffw — wih,hfw =
(|72 = 1))wHhyhiw > 0 for any wiw = P and as a result, the original optimization

problem degrades into maxjy2—p wihyhfw. Using Cauchy-Schwarz inequality,

v/ Phy v Ph;
[Iha|| (b |

Scenario 2: hy # Thy, V1 € C. In this case, the overall optimization problem can

woPt = (or woPt = ). The case when |7] < 1 is similar and we omit it here.

be divided into the following two problems by introducing restrictions on the original

feasible region and the global optimum is the maximum of the two.
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e (Case 1: SNR of user 1 is not worse than that of user 2

max w' hyh¥w (A.2a)

st. wlAw >0 and wlw = P. (A.2Db)

e Case 2: SNR of user 2 is better than that of user 1

max w’h;hfw (A.3a)
st. wlAw <0 and ww = P. (A.3Db)

Let us consider Case 1 first. Using the notation in (6.117]), the optimization problem

can be reformulated as

max w7 hyhf'w (A.4a)
M

s.t. >\1|U~}1|2 Z )\2|’IIJ2|2 and Z ’ﬁ)g|2 =P <A4b)
=1

We have the following two observations on the above optimization problem:

1. From the objective function whohiw = |37, w;hs,|? and the constraint,

one optimal choice of the angle of 1, is arg(iw,) = arg(ha.), VL.

2. Since hy = [ﬁgl,ﬁgg,o,...,O]T, we should let |w,| = 0,¥¢ > 3. Otherwise we
could let |wy| = 0,V¢ > 3 and increase || and |ws| slightly without violating

the constraint, resulting in an increased objective function.
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Hence, the optimization problem can be simplified into

I%aX |’LTJlHi~1271| + \/ P— ‘1171|2‘il272| (A5a)

P)\z
A+

s.t. - < @] < VP. (A.5b)

With the help of (6.120]), we can denote the objective function as

g1([@1]) = 1|/ Ar tan 8 4 /P — [y [21/ Az sec 0

whose derivative is ¢ (|w1|)=+/A1 tan 6 — \/%W 2 sec 6

(

B - P

=0 \wﬂ—ma

(o)) = 7 pvE ST
g1 1 >0 0L |’LU1| < A1+A2csc2 6
<0 ot <l < VP

Therefore, the solution to problem ({A.5)) is given below:

[ PM\ [ _PXo
A+ CSC2 0 A1+A2 ) ) then

0
) = Py \ _  /PM\Ag 14sing
maX\/Wﬂw |<VvP gl(|w1‘) - gl( )\14_,\2) - A1+X2 cosf -

Ao : : Ry [P [ _Px
2.2 < sind < 1 (ie, YR S YES vy o) then

max g <Vu7 \) =9 (\/ o ) PR,
PX ~ 1 1 1 v
/ﬁgwﬂg\/p A1+A2 csc2 6 cos 0

For Case 2, by a similar argument on the objective function w Hp fl{{ =

L0 < sinf < 32 (ie,
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|Zé\i1 Wihygf?, we have arg(iy) = arg(hyy), V¢, and |, = 0,¥¢ > 3. The result-

ing optimization problem can be reformulated as

max |U~Jl||]~11’1| + \/ P — |'II)1|2|BLQ| (AG&)
w1

P,

s.t. 0 < || < .
< linf < A+ o

(A.6b)

With the aid of (6.120), we can represent the objective function as go(|ws]) =
|1 [V A1 sec + /P — |12/ Az tan 6. Since its first order derivative is g5(|wy|) =

VA sec — — L@ /X, tan 6, we have
\/ P _I ‘2

;

= D] = P

=0l =\ 5k

g(wi]) =4 >0 0§|w1|<\/%’
PA N

\<0 \/%<\w1]§1,

Therefore, the solution to (A.6) can be determined as follows:

. A Py Py
1.0 < sinf < a (i.e., s < TeaTs S VP), then
21 = Pry ) _  [Prds Lising
maxogmug,/% 92<|w1|) - gQ(\/A1+>\2) - \/)\1+)\2 cosf
AL . : Py Py
2. 8 < sinf < 1 (e, 0 < e S ) then

2
7 — / P)\ P(A1+A2sin 9)
max w = - —
0<|w1|< % g2(| 1‘) g2< )\1+)\251n20> cos 0

The overall maximum value of the original problem is the maximum of the two cases.
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A.3 Proof of Lemma [5

Let the singular value decomposition (SVD) of H be H = U; X,V where U, €

. . . . V1,1 V1,2
CM*2 is a tall column-wise unitary matrix, V, = [v; vy] =

] c (C2><2

V21 V22

is a unitary matrix, and 3, = diag(,/it;,//t,).- Then, we have [h; — hy] =

* *
V11 —U1

U, 3, , and thus, equation (6.115) can be represented by A = [h; —

* *
Uig —Ugo

hg][hl h2]H = UlBU{I, where

lvia]® = 21| v} v12 — V5 V20

B=3, N (A.7)

Ul gU11 — UsgU21 Uil — Jugal?

Notice that matrix A and B have the same non-zero eigenvalues, i.e., diag(A, —Ag) =
eig(B). Hence, in order to use a,b and ¢ to represent Aj, A, 1 and ps, we need to
calculate Vy. Since ||hy||* = a, [|hy||*> = b and |hhy| = ¢, if we let arg(hf'hy) = ¢,

then, we have

H'H =V, 2V = : (A.8)
ce % b

Hence, V; is the eigenvector matrix of H¥H and j; and ps are its eigenvalues, which

a—p; cel?

must satisfy the following characteristic equation, =0, forv=1,2.

ce % b — u,

a+b++/(a—b)2+4c? a+b—+/ (a—b)2+4c?

Therefore, we have p; = 5 , o = .

Correspondingly, the two column vectors of Vi = [v; vo| must satisfy the following
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equations:

Vl - 0) V2 - 0

Let d = \/(a — b)? 4 4c%. Then, we have

_ —2cel®e a—b—d T
b L/Qd? —2(a—b)d /2 — 2(a — b)d] ’
B —2celte a—b+d T
° L/zcz? +2(a—b)d 22 +2(a — b)d] ’

and 1 = %Hd, fo = %b_d and /1 = vab — ¢. Hence, (A.7)) can be expressed
by

B_ 1 [(@a=b)u  2¢\/tjiz

2e\/linpy —(a —b)us

1 (a—0b)(a+b+d) devab — 2
2d devab — 2 —(a—"b)(a+b—d)

On the other hand, the eigenvalues of A, i.e., A\;, —Ay must satisfy the following

characteristic equation:

(a—b)(a+b+d) A 4cvab—c2
2 2 = 0. (A.9)
Aev/ ab—c? —(a—b)(at+b—d) A
2d 2d

Solving this equation and after some algebraic manipulations, we attain A\; =
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a—b++4/ (a+b)2—4c? —a+b++/ (a+b)2—4c?
Ay = .

2 » A2 2

This completes the proof of Lemma O

A.4 Proof of Lemma

We first calculate the expectation E[r;] and variance var(ry) of ;. Recall that y; =

[?Jl,h Y2,1,--- ayM,t]Ta where Ym,1 = Zé\;l Im,kV Brar + Nm,1 = CHfm + N1 and Ymit =
SN Gk Brrs + My = AP E + npyym = 1,2,...,M,t = 2,3,..., N, in which
frn = [Gm1s Gm2, - Gmn]” . Let us denote zy,; = 4, 1Ym,¢. Then, we have

Zmit = (cff,, + nm,l)H(dtHfm + Npt) = fﬁcdffm + n’:mdffm + nm7tfgc + N1 et
Hence, the mean value of z,,; is given by

Elzms) = tr(edy Elfnf,,]) + 5, i Elfn] + o Bl ]e + Eln;, 1 JE[nn,] = dfc,

Meanwhile, the variance of z,,, is calculated by taking the expectation over f,, and

Ny, again,

var(zm,) = E[z:mtzm,t] — ]E[z;‘nt]E[zmt] (A.12)

195



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

We first calculate the first term on the right hand side of (A.12)) as follows:

Bz, 12m,] = E[(tcd{',, + n}, 1A T, + npfic + n;%lnm,t)H
x (Ecd{"t,, + ny, 1A} £, + no e+ 0l nm )]

= K[|t cd/"f,[’] + E[n}, £ dic”£,d]E,] + Elng, L8 dic™E,£ ¢] + Elng, jnp £ dyc ]
+ Elnpa £ difl ed['f,] + Elnl, jnp £ d,df ] + Bl n £ difl ] + Elng, 1n), jnm £ dy]
+Efn}, "0 cd] f,] + E[ng, 0t < ,d] ] + Elng, e £ ] + Elng, nk, i n )
+ Elnmans, £ ed!'f,] + Elnmng, ;i 1d{ 0] + Elngang, £ el + Elng ing, nl, ]

W B[ cd! £,)%] + [0k, n £ did ] + B[, i £, £ ¢ + Elnpinfy 10 1 1om ]

= E[tr(d,c” £, £ cd{ £, £1)] + E[n}, ;nm1]tr(d d E[f,£1])

+ E[n*minm,t]tr(ccHE[fmfg]) + Eny, 10m 1 JE[1, M g

—

O tr(dyet (ed + tr(ed)D)) + o2d7d, + o2ctc + o

= llelPldell* + [e"de|* + o?(|de|* + o?[|e]* + o,

where (a) holds since the channel coefficients and noise are assumed to be with zero

mean and independent to each other, and (b) results from the following lemma.

Lemma 10 [173] In general for W ~ CWx (2, m) € CN*N which follows the com-

plex Wishart distribution of m degree of freedom, we have

E[W] =mX, E[WRW]=m’ERY + mtr(RX)X.
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Let W,,, = f,,fZ. Then, W,, follows the complex Wishart distribution with 1 degree
of freedom and covariance I, i.e., W,,, ~ CWy(I,1) and (b) holds. Now, the variance

of z,,+ can be calculated by

5t2 = Var(zm,t) - E[Z;,tzm,t] - E[z:n,t]E[vat]

= llel®lldell* + o*(llde]l* + lle]]*) + o

In what follows, we will consider the distribution of r;. Recall that the random

variable z,,, is defined by z,,, = £ cdf f,, +n}, ,dF £, + np £ c+nk, n, and also

1 1 Y 1 &
H *
r= VPV = = Y YnUme = 17 Y Fme
M M m=1 M m=1

From the assumption above, we know that f,, and n,, 1 and n,,, are i.i.d. for different

m. As a consequence, 2z, are also i.i.d. for different m and hence,

Elr = — Y Elzn,] = df'c,
M m=1
M
1 52
var(r;) = —=var Z Zmit) = =
p(Se) =

By using the CLT and noticing that z,,, are i.i.d. for different m, when M is large

enough, we have r,~CN (dfl c, %) This completes the proof. O

A.5 Proof of Lemma [7]

In Fig.[7.30, a = |OC| and ¢ = |OA] is the radius of the circle where a > c¢. Also,

b() is the length of the line segment in the secant line with b,() = |AC| and
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by (0) = |BC|. According to the law of cosines and note that [OB| = |OA| = ¢, we

have a? + b*(0) — 2ab(0) cos § = ¢*. As a result, we have

b () = acosf — /a2 cos?  — (a2 — ¢2),

by(0) = acos@ + /a2 cos2 0 — (a? — c2).

We know that 0.« = arcsin(g), and note that ¢ < a. Thus, 0. < 5. For a random
variable r ~ CN (u., v?), where p, is the coordinate of point C', the probability of r

falling into the circle is given by

max bU(9 b2(9)
/ / 22 b(6) db(6) do
b (0

Omax b2 ) bv2.(0)
L M OASES
= — (e 2 — e 2 )d@
™ Jo

1 elnax b2 (g) (a—0)?
< = Tl <e .
0

™

Similarly for Fig. [7.31, @ = |OC| and ¢ = |OA] is the radius of the circle and

b = |AC|. By using the law of cosines again, a? + ¢® — 2accos§ = b*(#). As a result,

b(#) = Va?+ 2 — 2accosf, where 6 € [0, 7). Note that ¢ > a and byi,() = ¢ — a.

For a random variable 7 ~ CAN (u., v?), the probability of r falling outside the circle

is given by
b2(a)
P, = 2/ / e 0) db(6) do
1 / ( 0 <c;;>2.
T Jo
(c=a)?
Hence, in both cases, we can attain P, < e +Z . This completes the proof. 0
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A.6 Proof of Theorem [11]

We know that 7, St(k) and St(é) are complex numbers and ,/p1py, 5§k), 5,/@ are posi-

tive real numbers. Then, (7.148) is equivalent to P.(S% — 51) = P,,((é,gk))2|rt —
2(5(k)5(4))2 ln(é(k)/6(€))

./plptSt(g)]2—((59)2]7}—,/plptSt(k)P< R ).Nowletft:rt—ﬂ/plptSt(k)

. (k) (5(k>)2 . (5(k))2
and note that r~CN (\/p1p:S;, “57—). Hence, we have 7,~CN (0, *47~) and as a

result,

OV < 2(65“55”)21n<5§’“>/6£‘>>)

PSP = 89 = (00217 + Vpmias ) o

= B (0172 = GO 72 + 2/pime(07)? (7 A8 )

2652 1 (s /5
+p1pt(6§k))2|ASt(kl)|2_ (t t )M(t /t )) <O>.

Now, we consider the following cases:

1. 1f 6 = 69 then

P (s® 5 59y :Pr(z/—plpt(a( 2R(7ASE0) + pipy (602 ASEO 2 <o)

=P, (2/74] cosd + ViplASH] < 0)),

where ¥ = arg(,) — arg(AS"™).

o If ¥ €[0,Z] U [%,2n), then cosd > 0, and we have

P.(S™ = 8 < P.(pipi|ASHY| < 0) = 0.
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e Else if ¥ € (%,2F), then cos? < 0, and we have

AS(W)\
p(g® Oy _ PT<~ VP1pe|AS; )
(S = 5) 7ol > 5

M|7|?
/ /ms< oo (- oy ) PR
; J )? (572

—2cos

( Mplptms“ |2) 9

L 4(5(k)) cos? ¥
Mp1pt|AStM)|2
<o (ISP

Hence, regardless of the angle between 7, and ASt(k’Z), we can always attain that

(k) () Mpipe ASO2Y _ Mpipi|AS{HYP2
P’/‘(St — St ) < exXp (— 4(6t(k))t2 = exp (6§k)+6£2))2 ‘

2. If 5t(k) > 5156), then

(S = 819) = P (((007)2 = 01)) 17l + 2y/mime(0f) 2 w7 a7 )

(k) (027, ¢ s(k) / <(£)
(k,6) 2(0;0; ") In(6; /0, )
+pipe(07)?| S 2 — M )<o).

(k)
_pT<mﬁ< ’“j r (o) AS(H
(0/)? = (5) (672 = (5"12)

pipe(3)2ASHOP 2<6§’“>5§“>21n<6§’”/5§”)> <0)
G2 =@ M2 - @)

~p(fr+ \/M(éﬁk))QASt(’“’@F pipe (602502 ms”W
_p : :
@0y @0 (692 - @)’
k) (¢ k), ot
L 20080 5 /5, >>).

M6 - (81)2)

6{9)2 (3" /1 5%
pipe|AS{EY2

Note that M > Max, ¢k o) ( and by our assumption, we have
t &t
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i VPP PIASEO) (20 21AS R 20 62l /51)
k L 2 k L
Moo (372 - (51)? (692 — (5)2) M0~ (57)2)

_ s As e - 51 i astY)

= > 0.
(67)2 = (51772 5"+

Now, using lemma [7] for case 1 produces

(k)\2 (k,0) |2 (k,0) 12
P.(S™ = 8 < exp (-plpt(ét J1A5 "] ) = ex (_Mp1pt|ASt ) | >

(k) k )\ 2
(60 1 6026 OREE

3. 5t(k) < 5t(£). In this case, we have

s = 5 = P ()2 = 0117l — 2/ P R(7AS; )
(k) s(€6)y2 (k)
i (0250 4 20 )]\1411(515 /o1 )>0)

~ P ([ - YO oi)PAS" " o (5201 AsH0P?
A 6y - (e (692 = 6y2)”

2(81"8{")2 m(a" /6" >>
(P2 - )

2(5;”)2n(6{" /1n 6"
(k) o(0)
VS, .S, plpt\AStUC’z) |2

Again for M > max , we have

pipe(6)2(81))2 A8 2(6?“)65”)21n<6§’f>/5§“>) VB (02| As|

lim

2 0 -
N (@060 (6 - (61772) o)z — (092
oA 60 — o) ymmog?|ast|

> 0.

R TS N A

201



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

Now, using lemma [7] for case 2 results in

- plpt(§§k))2]AS£k’£)|2> e (_ Mplptmst(’f’%?)

o 5 40 (o + 7"

Pr(St(k) — St(g)) < exp (

Therefore, summing up the above all cases, we obtain Pr(St(k) — St(g)) < exp| —

(k,0)
%). This completes the proof of theorem O
5 4-6¢

A.7 Proof of the Convexity of Problem

The Hessian matrix of P.(p) is given as

[0°P.(p)  9*Pe(p) 9°Pe(p) 9*P.(p) |
op? Op10p2 Op1dps "' Op10pN
9°P.(p) OP.(p) 0 0
Op20p1 8p% T
2 _ | 8%P.(p) 9% P.(p)
P — e\P e\P
VP(P) = | G 0 L
0
32Pe(p) 0 0 9P (p)
| OpNOp1 o op%

We know that P.(p) is a convex function of p iff 72P.(p) = 0 for p > 0 by the
second-order conditions [47].
For our purpose, we now prefer to use another expression for Gaussian Q-

function [139,|140] i.e.,
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As aresult, fort =2,..., N

o2 E, +02)

Pe(pl’p”ﬂvlqi“( ; >Q< \/N+m >

E
N 4(1—1/2Y) r/2
1 M
= Z ( ) / exp | — 3 — | db
N-—1 ™ /4 8sin? (N + 2)(Es + %)

4(1=1/2%) s v
+ N/ exp | — 9 o2 2 do.
287 0 8sin® (N + p—l)(Es + )

bt

Then, we have

— N -
orp)  H(1-172 )//2exp(_ M )
op? (N=Dm Jra 8sin® O(N + 2)(E, + 2)
Mo? Mo? 2N
X 5 — + 5 | do
8sin® O(p N + 02)2(E; + ) 8sin? O(p N + 02)2(Es + ) mN+o

1(1=1/2%) s v
T oNT T / exp < P o2 ) )
2V(N =17 Jo 8sin“ O(N + p—l)(ES + E)

Mo? Mo?
— 5 = — =  + 2 ) do>o.
8sin”0(p1N +02)*(Es + 7-)/ \8sin0(p1 N + 0%)*(Es + 77) miN+o

203



Doctor of Philosophy - Zheng Dong McMaster - Electrical Engineering

Fort =2,..., N, we also have
N
OP.(p) _ a(1-1/2Y) /W/2exp<— o >
op} (N=Dm Jea 8sin? (N + 2 )(Es + )

< Mo? ) ( Mo? L 2B ) ”
8sin® (N + g—f)(ptES +02)2 ) \8sin? (N + g—f)(ptEs +02)2  pils+ o2

4(1=1/2%) s M
+ N / exp ( o i 02 o2 o? )
2NN =) Jo 8sin” (N + 2-)(Es + 7-)

Mo? Mo? 2F
— = — — + 5 | df > 0.
8sin” O(N + 2-) (peEs + 02)? / \8sin” O(N + Z-)(pe Es + 02)? pebs+o

Also, we have

— N -
or(p) _1(1-12 )/”exp(_ M )
Op10pt (N=D7  Jap 8sin? (N + g—f)(ES +2)

(s s ) s o )
8sin? O(Npy + 02)2(Es + 27) ) \8sin? (N + Z)(Eepr + 02)®  Espi + 0”py

bt

4(1=1/2%) s v
+ N / €xXp < - 102 o2 o2 )
2M(N =) Jo 8sin” O(N + 7-)(Es + 7-)
2

Mo? Mo? o
8sin? (N 22(Ey+ <)) \8sin? (N + 2 )(E e T B ot ) Y70
sin” O(Npy + 02)%(Es + 55) / \8sin” 0(N + 70)(Espy + 02) sPi T 7D

Clearly, \72P.(p) = 0 for Vp > 0. This proves that P.(p) is a convex function of
p > 0. The constraint p > 0 is a cone and Ap < b defines a polyhedron which are

both convex feasible regions. Hence the overall optimization problem is convex. This

completes the proof. 0
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A.8 Lemma on the Quotient of Ordered Sequences

Let m = argmink:1,27---71\f{b,ﬁik)} = argmink{‘;—:}. In other words, m is the
index such that ¢, = = = minkzl,ng{‘;—:}. Now, we want to show that
Gm = MAX(r(1),7(2),...,m(N))eU mink:Lg’...,N{ba(’“k)}. To that end, we divide U into

two mutually exclusive subsets, i.e., P = {(7(1),7(2),...,7(N))|m(m) # m} and

U\P ={(r(1),7(2),...,m(N))|r(m) = m}. Consider the following cases:

o (7'(1),7'(2),...,7'(IN)) € P. In this case, there exists an ¢ # m such that

7' (¢) = m and hence br/(y) = by,. If £ < m, then, we have b“fiz) = ;—:L < 8 = G

If ¢ > m, there exits an n < m such that 7’(n) > m by the property of

an < _am

permutation. Then, we have < 2 = ¢y Therefore, we conclude

brt(my = bpry =
ming—q12 N {b:’(“k) } < g for any (7'(1),7'(2), ..., 7 (N)) € P. Or equivalently,

MaX(r(1),7(2),....7(N))eP Milg=12 ... N {b:(kk) } < -

o (7'(1),7'(2),...,7"(N)) € U\ P. In this case, 7'(m) = m and
3 Ak am — am
hence, we have mlnk:LQ’...’N{bﬂ—l(k)} < e Gm. Therefore,

MAX (r(1),7(2) - (V) et\P MiNk=12,. v {52} < G-

In conclusion, we have max,cy ming—i ... N{ “(kk)} < @m. In the following, we aim

b
to prove that the equality is achievable for certain (7 (1), 7(2),...,7(K)). By setting
(m(1),m(2),--- ,7(N)) = (7*(1),7*(2),...,7*(N)) and then, from the construction

process above, we can find that for the given sequences a1 < ay < --- < ay and b; <

by < -+ < by, mink:m,,,,w{ “IZM} = 4m — g . Hence, the equality is achievable for

b bn

(m*(1),7*(2),- -+ ,7*(N)). This completes the proof. O
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