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SCOPE AND CONTENT: 

Three different displa~ement functions are used in 

the theoretical analysis of shells of_ general nature. 

An oblique truncated pyramid like structure, made 

of aluminum pla·tes is used for illustration and experimental 

verification. 

Theoretical values of deflections obtained from three 

diffe~ent displacement functions and stresses ar~ dompared 

with the experimental results. 
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- -ABSTRACT 

The finite element dispiacement method with triangular 

plate elements, is used in the present research program to 

establish an analytical approach for the analysis of shells 

and folded plate structures. The Tocher, Rawtani and Cowper 

displacement func~ions are used in this analysis and the 

theoretical displections u, v and w are found to compare 

satisfactorily with the experimental results. 

Owing to the limited stor~ge capacity of the computer, 

the method of tridi~gonalization is used, rather than the 

method of direct stiffness assembly. 

Special considerations for stiffnes·s assembly are 

necessary; (a) all the elements meeting at a node lie in the 

same plane and (b) the nodal points lie on the fixed boundary. 

Experimental value~ obtained from experiments on ari 

' oblique, truncated, pyramid made of aluminum compared well 

with the theoretical results based on the same structure. 
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NOMENCLATURE 

DEFINITION 

Global or system coordinates 

Local.or member coordinates 

Displacements along global axes 

Displacements along local axes 

Rotational displacements about global axes 

Rotational displacements about local axes 

Displacement vector of any point within the 

element . 

Nodal displacement vector due to in-~lane forces 

Nodal displacement vector due to bending. 

Shape function of the element 

Strain vector 

Stress vector 

Elasticity matrix 

In-plane Stiffness matrix of ele~ent (6x6) 

Bending Stiffness matrix of element (9x9)or(l8xl8) 

Element Stiffness matrix with respect to local 

coordinates (18xl8) or (27x27) 

Element stiffness matrix with re~pect to global 

coordinates (18xl8) or (27x27) 

Transformation matrix (18xl8) or (27x27) 

Rotational matrix (9x9) 
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Symbol 

l,m,n 

t 

E 

a,b,c 

a. 
l. 

D 

F(m,n) 

m. ,n. 
l. l. 

wxx'wxy'wyy 

Definition 

Direction cosines of local axes 

Thickness of plate element 

Poisson's ratio 

Young 1 s modu~us of plate material 

External force vector 

Triangular element dimensions, Figure-22 

Coefficients of polynomial expression 

Et3 
Flexural rigidity of isotropic plate == --·-----:=--

12(1-~2) 
Modified Euler's beta function 

E t f I I ·J.·n J..th t f 1 · 1 xponen -s o x ,y -erm o po ynom1a. 

expression for We 

Angle between global x and local x' axes. 

Function of coordinates of finite element (18x20) 

Function of coordinates of finite element (20x20) 

Matrix consists of the·first 18 columns of [T ]..,..]_ 
2 

Strain energy of plate bending 

Second derivatives of w about_ global axes 

w, ,,w , ,,w , , Second derivatives of w about local axe~ 
X X X y y y . 

[K.] Stiffness matrix of each partition on th~ 
l. 

diagonal of tridiagonalized matrix 

[C.] 
l. 

Stiffness matrix of the coupli~g term on off 

diagonal of tridi~gonalized matrix 

[K.] 
l. 

Modified stiffness matrix 

. {p.} 
l. 

Modified load vector 
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S~bol ne·finition 

{F. } F'orce vector at node i due to in-plane 
l.P 

forces 

Fib} Force vector at node i due to bending 

forces 
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1.0 INTRODUCTION 

The· finite element method has proved to be a11~~ e:xt_~emely 

powerful tool in the analysis of discrete and continuous 

structures consisting of one, two and three dimensional.continua. 
-

The basic concept of the finite element method states that 

every structure may be considered to be an assemblage of 

individual structural components or elements. The structure 

must consist of a finite number of joints or nodal points. 

The finite element analysis may be classified into three phases, 

namely structural idealization, evaluation of element pro-

perties, and analysis of element assemblage. Careful judge-

ment is necessary in making the structural idealization 

because the analysis is actually performed on this substitute 

structure and the results can be valid only when the behaviour 

of the substitute structure simulates the actual structure. 

The finite element method provides a unified approach 

to the analysis of any type of struct-ure, and any combination 
- I 

of one, two and three dimensional elements of different char-

acteristics. Problems consisting of openings, anisotropy and 

variation of thickness are no longer of consequence, once 

* general programs are written [1]. This method was developed 

originally by the aircraft industry [2] in response to a 

procedure which could provide a solution for extremely complex 

air frame configurations. 

* Number in square brackets 1ndicates references -in Bibliography 
p. 77 a. 
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It was observed that analysis of mechanical engineering 
-

structures has lagged to some extent, because they are much 

more difficult to categorise, and the unified approach to 

the analysis is not available. Only with the advent of the 

finite element .method and high speed digital computers, has it 

become feasible to analyse such complex structures. 

The present project has the general objective of offering 

a wide scope for the finite element method in its application 

to shells and folded plate structures. The solutions to these 

structures may be obtained by usi~g different displacement 

functions such as those given by Tocher, Rawtani, Cowper etc. 

Previous work in this area on spatial frames (one 

dimenstional beam like structure) was done by Tiwari [3] and 

Raghava [4]; an optimization study was done by Garunathan [5]; 

and the static analysis of folded plate structures was done 

by Bhat [6]. 

The present work is to study the deformation and the 

stress distribution of a folded plate structure by using 
I 

different displacement functions of Tocher, Rawtani and Cowper, 

within the triangular element. Although many finite elements 

for plate bending have been developed in recent years, only 

rectangular elements have so far met the--requirement with 

high accuracy and good convergence. But rectangular elements 

are, however, not suitable for a great variety of boundary 

conditions, and there is a need ·for a general triangular ele-

ment having adequate accuracy and convergence properties [7]. 



If the force-displacement relations at the nodes of 

the finite elements can be found and expressed in a matrix 

form, the overall stiffness matrix can be obtained by super-

position of th~ element stiffness matrices. If the assumed 

displacement ~unction (s) ensures certain criteria; namely, 

continuity of deflection along the common edges between 

adjacent elements, continuity of transverse slopes and the 

size of subdivision of element decreases, then the deforma-

tional behaviour of ~he idealised structure converges to 

that of the continuous structure. 

The idealization concept was first introduced by 

Turner et al [8] in 1956 .. This method is applicable to 

non-structural problems such as heat flow, fluid flow, and 

distribution of electric and magnetic potential. A book 

written by Zienkiewicz and Cheung [1] is comprehensive and 

very useful in these respects. 

For any arbitrary boundary condition, triangular 
l 

elements are the most suitable for structural idealization. 

This concept·was originally suggested by Greene et al [9] 

in 1961, but the approach was not completely successful 

owing to the lack of good bending stiffness matrix for tri-

angular element. A discussion of the present method using 

different displacement. functions is given in section 3.0. 

3 

A shell structure may be considered to be made up of 

small flat elements interconnected at a finite nUmber of nodal 

points. The elements in a shell will be subjected to both in-

plane and bending forces. For a flat element these forces 
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cause independent deformations, provided that these defor­

mations are small. Hence, the stiffness matrix of the element 

can be evaluated separately for in-plane and bending forces, 

and combined together to establish the stiffness matrix for 

the general case. 

A good convergence to the tru~ solution depends on a 

reasonably refined mesh size. Accordingly, the number of 

equations to be solved and hence the stiffness matrix of the 

entire structure, becomes very laFge. This fact is especially 

true for shell problems when both in-plane and bending degrees 

of freedom are assigned.to each node, but then the limited 

·storage capacity of CDC 6400 computer does not permit the 

use of as fine a mesh as can be used for such problems. Hence 

special_ techniques ~sing the sparse nature and symmetry of 

the o~erall stiffness matrix must be introduded. The compu­

tation is based on a partitioni~g technique and the solution 

of the equations is achieved by a method of recursion [1] . 

When all the elements joining at a particular node are 

in one plane, as often happens ~n a folded plate structure, 

a difficulty arises [1]. In this case, the equations corr­

esponding to the particular node become ·linearly dependent, 

and the stiffness matrix becomes singular due to the omission 

of the rotation perpendicular to the plane. This difficulty 

is overcome by assembling part of the stiffness matrix corr­

esponding to such nodes in local coordinates.· 

It is noticed that no contribution to the stiffness 

matrix is made for the nodal points on fixed boundaries by the 
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Tocher and Rawtani displacement functions; however, special 

care must be taken for the. Cowper displacement function be-

cause normal curvatures will not be always zero at such nodes. 

I 
In order to verify the validity of the finite element 

t 

! method for shell problems, an oblique, four sided, truncated 

pyramid was made of aluminum plate. Deflections at certain 

nodal points were measured experimentally and these compared 

well with the theoretical values obtained by the three given 

displacement functions. Similarly the theoretical stresses 

at the centroid of any arbitrarily chosen element compared 

satisfactorily with the experimental stresses~ 



2.0 PHYSICAL MODEL 

The results obtained theoretically need to be checked 

for validity. For this purpose, an oblique four faced trun­

cated pyramid, made of aluminum was built and tested as men­

tioned earlier. Figures 14, 15 and 16 show the overall 

picture of the structure from two different angles and Figure 

13 illustrates the details and dimensions in the orthographic 

projections. The obliquity of the structure ensures assymmetry 

of static and dynamib response. The faces are 1/8 inch thick 

and are welded together at the edgeso A top plane 4 1/2" x 

4 1/2 11 x 1/2" thick plate was welded at the top of the 

structure. 

The base of the structure was assumed to be r~gidly 

fixed to the foundation in the theoretical analysis. It is 

extremely important to the accuracy of the results that the 

deflections at the base are small compared to the relative 

displacements between nodal points or structure due to applied 

load. Considerable rigidity was achieved by bolting down the 

base of the structure to 1" thick steel plate, and four heavy 

CaSt iron bloCkS 6 11 .X 6 11 in CrOSS-SeCtion • )." thick Steel 

cover straps with lock washers were used to hold the base of 

the structure on the heavy cast iron blocks. Before con­

ducting the experiment, the base rigidity was checked by a 

dial_ gauge and found to be satisfactory. The structure-was 

loaded on the top plate in each of the three orthogonal x,y 

and z directions respectively. 

6 



3.0 THEORETICAL ANALYSIS 

3.1 INTRODUCTION 

The basic concept of the finite element method is that 

conventional engineering structures can be-visualized as an 

assemblage of· structural e_l.em.ents interconnected- at-a discrete 

number of nodal points. If the force-displacement relation­

ships for each individual element are known, "it is possible 

to analyse the behaviour of the assembled structure by avail-

able techniques in the structural analysis. It is important 

to obtain element stiffness matrix and it was discussed in 

detail in references [1] and [10]. 

The procedure for deriving the element stiffness matrix 

is given by the following steps. 

(a) The continuum is separated by imaginary lines or surfaces 

into a number of 'finite· elements•. 

(b) the elements are assumed to be in-terconnected at a discrete · 

number of nodal points situated on their boundaries .. , 

(c) A function(s) is chosen to define uniquely the state of 

displacement within each finite element in terms of its nodal 

displacements. {o ) 
{d} = [NiNjNk--]. ~,..t 

· { d} = [N] { o} e 

(3.1.1) 
} 

(d) The displacement function defines the state of strain in 

terms of nodal displacements, which again define the state of 

7 
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stress within the element and on its boundaries. 

When displacemen~ within the element are known, it is 

easy to find strain at any point on the element by the 

relation, 

· { E:} = [B] { o} e 

(e) The .st-r~sses can be calculated accordi~gly, using the linear 

elastic relation between stresses and strains i.e. 

· {o} = [D] [B] {o}e 

··(f) The stiffness matrix [Ke] of the ·finite ·element is ob­

tained by equating the internal work done and the external 

work done. 

-J = [3.1.41 
v 

= stiffness matrix of the element, 

taking integration over the whole 

volume, of the element. 

The characteristics of an individual element can be 

conveniently established.in a coordinate system [1] which is 

different from the system in which external forces and displace-

ments of the structure will be measured. Hence local or 

member coordinates will be used for every element, and trans-

formation of the force and displacement components to global 

or common coordinates is necessary before an assembly of the 

stiffness matrix of the structure is made. 

It can be shown that the element stiffness matrix in 

global coordinates is related to the element st~ffness matrix 

in local coordinates as follows 
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[K ] = [T]T[K 1 
] [T] e · e (__3.1.51 

Once all the element stiffness matrices are derived in 

the global coordinates, the general procedure of the assembly 

of the overall stiffness matrix of the structure, and the sol-

ution of the equations will follow a standard structural 

routine. 

3.2· DISPLACEMENT FUNCTIONS 

The accuracy of the solution by the finite element 

method depends mainly on the physical approximation or ideal­

ization, and the type of di~placement function used within 

the finite elements. It is rather difficult to assume the 

displacement function which should be able to represent the. 

true displacement distribution as closely as possible. The 

result will tend to the correct one, provided the following 

conditions as given by Bazeley et al Ill] are satisfied. 

(a) The displacement function should be such that it does 

not permit straining of an element when the ·nodal displace-

ments are caused by 'rigid'. body displacements. Otherwise, 

·constant strain conditions will not prevail as element gets 

smaller in size. 

(b) The assumed displacement function should ensure continuity 

of deflec-tion and transverse slope along common boundaries· 

between adjacent elements. 

At present, various conforming and non-·conformi!lg 

expressions for triangular elements have been in use. The 
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non-conforming shape function ensures continuity of transverse 

deflection along common edges between adjacent elements, but 

not of transverse slope, whereas the conforming shape functions 

satisfy the continuity of transverse slope and deflection 

along common boundaries [12.]. 

In general, the finer the mesh, the more realistic 

will be the results, but the deformations will not necessarily 

converge to the correct values even with an infinitesimal 

mesh size, unless the deformation pat·terns within the element 

are properly chosen [13). 

The most cowmonly used cubic polynomial expression for 

transverse deflection in x and y is as follows 

The expression in x and y involves ten arbitrary co-

efficients and since only nine degrees of freedom are assigned 

to each element (three to each node), a certain assumption, 

regarding one of the coefficients must be established. 

Adini [14) assumed the coefficient of the twisting 

term xy to be zero, hence the expression for transverse deflection 

becomes, 

w' (x 1 
, y 1 

) == a + a x' + a y ' + a x ' 2 + a y 1 2 + a x '
3 + a x 1 2y' 1 2 3 4. 5 6 7 

2 3 + a X
1 

' + a y 1 

8 y 9 



2 Tocher [15] suggested that the twisting terms x y 

11 

and xy2 be combined and assigned the same ~oefficient, so that 

nine coefficients which correspond to nine degrees of freedom 

in the displacement function becomes, 

w' (x' ,y') = a
1 

+ a 2x• + a 3y• + a
4

x• 2 + a
5
x•y• + a

6
y• 2 

. 3 2 2 . 3 
+ a x' + ci (x' y' + x'y' ) + a y' 

7 8 9 

Rawtani [12], after carefully selecting the local co-

ordinates of the finite element which satisfies transverse 

slope continuity along one ~dge of the element, suggested that 

2 the coefficient of the twisting terms xy could be zero. Thus 

his expression for the displacement function is 

Full slope and deflection compatibility can be achieved 

by dividing the triangular el~ment into three subtraingles and 

choosing the subelement local coordinates as suggested by 

Tocher and Clough [13]. Monotonic convergence to the true re-

sults is obtained by this procedure as the elements are refined, 

but for coarse >subdivisions of structure the results obtained 

will be much inferior to that of non conforming shape functions 

mentioned earlier. 

Cowper et 2.1 [16] recently introduced a co:t?-forming shape 

function based on a fifth degree polynomial e~pre~sion for w' 

which. gives the best convergence. 
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w' (~ 'y') a x' a3yl 
,2 

asx'y' 
2 xl3 = al + + + a 4x + + a y' + a7 2 6 

2 2 I 3 ,4 3 + aax' y' + a x•y• + aloY + allx + a x' y' 
9 12 

2 2 a x•y• 3 ,4 I 5 3 2 
+ a x' y' + + alsY + al6x + a x' y' . 13 14 17 

2 3 a x•y• 4 ,5 
+ a x' y' + + a20Y 18 19 

Th{s was developed for a right angled triangular element and 

it requires, six degrees of freedom {transverse deflection w' 1 

two first deri va·ti ves 1 and three second derivatives of w 1
) 1 

at each node. 

Cowper et al [ 7] ·again introduced the same fifth deg·ree 

expression applicable to any general triangular element and 

it satisfies the conditions of the conforming shape function. 

Monotonic convergence to the true result is ensured and it 

gives best convergence to the solution. When a triangular 

element is considered as part of a shell, in-plane forces 

also come into play, bringing three more degrees of freedom 

at each node. Hence nine degrees of freedom are required for 

this displacement function at each node and obviously only 

coarse mesh can be used which results in poor representation 

of a shell. 

3.3 TRIANGULAR PLATE ELEMENT SUBJECTED TO IN-PLANE FORCES 

In the triangular element, the displacements due to 

in-plane forces at the nodal points i,j,k can be written in 

matrix notation as follows 



13 

(3.3.1) 

The in-plane forces produce two linear displacement 

components at each node, one in the x-direction and the other 

in the y-direction. Hence the displacements at a particular 

node i are 
. {' . )_ u. . ' .· 1 

{ 0.} =· . j 
1 p v . 

. l. 

Similarly the six components of element displacement 

at three nodes in matrix form are as follows 

u. 
l. 

v. 
l. 

u. 
J 

v. 
J 

uk 

vk 

( 3. 3 • 3) 

The corresponding in-plane force vector acting at the 

.nodal ·points in the x and y direction in matrix form is as 

follo\.Vs: 
p· .· 

·- ·· .Xl· 
··p . 

- .. Yl.. 
p . 

X] 
.p ·, 

YJ 

·Pxk 

The linear dispalcements within the triangular element 

can be expressed by two linear polynomials. 

u = al + a
2

x + a3y 
( 3. 3. 5) 

v = a4 + asx + a6y 

The strain vector .at any point within the element 

which contributes to internal work can be written in matrix 

notation~ 
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au 
ax 

{cb { :~~ ) 

av 
= ay (3.3.6) 

au I av ay , ax 

As mentioned earlier in the general procedure, the 

strain matrix can be written as 

· {£} = [Bj {o}e 
p 

(3. 3 • 7) 

where [B] is independent of coordinates of a point within 

the element, since the polynomials are of first degrees Hence 

strains are constant .throughout the element which is the re-

quired criterion satisfied by the shape function [1]. 

Once the strains are known, the stresses can be found 

by the following relation 

= [DJ {£} 

= [D] [B] {a }e 
p 

(3. 3. 8 ) 

(3. 3. 9 ) 

From the principle of virtual work, the stiffness 

matrix due to in-plane forces can be worked out explicity in 

terms of element properties and the nodal coordinates as follows. 

. [ K ] = 1 [ B] T [D] [ B] dv (3. 3 . 10 ) 
e p 

v 
The size of this stiffness matrix is 6x6, as two degrees 

of freedom are assigned at each node for the triangular element. 

Since the displacement function is linear, the displace-

ment variation along the boundaries will also be linear: 
·"Po· 

hence, the displacement of any point .along the boundary will 

therefore depend on the displace~ent variatio~ of the two nodes 

at the end of each edge, thereby ensuring displacement 
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compatibility along the common boundary of two adjacent tri-

ang~lar elements. 

The two-dimensional elastic problems by the finite 

element method were the first successful examples and the re-

sults were found to be quite satisfactory even with coarse 

subdivisions of the structure {1]. 

3.4 TRIANGULAR PLATE ELEMENT SUBJECTED TO BENDING FORCES 

According to Kirchhoff's hypothesis, the displacements 

u and v parallel to the x-y plane of the plate, for plate 

bending, are related·to the normal displacement w by [17] 

aw 
u :::.:: -z ax 

Y = -z aw 
ay 

} (3. 4 .1) 

It is assmued that the midplane of the plate is unde-

formed. Compatibility conditions between elements require 

both continuity of displacement w and continuity of transverse 

slope. The required continuity.between elements can be ob-

tained if second derivatives of w are considered as degrees of 

freedom [18]. 

Determination of the shape function for bending is much 

more complex. It is rather difficult to maintain both continuity 

of w and continuity of the transverse slope between elements, 

because computational difficulties often arise disproportionately 

fast [1]. Convergence to the results may still be found, if 

the shape function satisfies the constant strain criterion [1]. 
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For bending, each nodal point is usually assigned 

three degrees of freedom; namely w, w , and w . When cur-x y 

vatures or second derivatives are considered as degrees of 

freedom, the number of degrees of freedom at each node be-

comes-six; namely w, w, w, w , w , and w 
I _ x y xx xy yy 

Thus the deflections and ge~eralized forces due to 

bending at a particular node i of a triangular element in 

matrix notation are respectively 

{
wi l · {wi l -{ 8 } e . w. 

i b = ex~ = wx~ (3.4.2) 

or 

or 

yl.· Yl. 

r:~i 1 
8 .. 
Yl 

e . 
XXJ. 

8 . 
Xyl 

e . yy1 

= 

p . 
Zl 

M. 
Xl. 

M . 
YJ.. 

M . 
XXl. 

M • xyl. 
M • 

YY1 

¥7 • 
Xl. 

w. 
Yl 

w . 
XX1 

w . J wxy~ 
yy1 

(3. 4. 3) 

(3.4.4) 

(3.4.5) 

if a right handed system of axes is assumed. Similarly element 
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displac~ments at three nodal points in matrix notation are 

= [A){a} (3. 4. 6 ) 

where [A] is function of coordin~tes of.nodal points. The 

strain vector can be expressed as 

( dU 

={::: l ax 
·av 

·{e} = ay 
au +. ·av 

~y ay· 
ax 

= (3 • 4 • 7) 

· {e} = [H] {~} (3.4.8) 

(3 .. 4.9) 

Similarly the stress vector becomes 

. { a } = ,[ D j { E: } · = .£ D [ [ B ] { 8 } ~ (3.4.10) 

Using the principle of virtual work and equating the internal 

and external work done, th~ bending stiffness matrix of the 

triangular element can.be worked out as follows 

. [Ke]b = [A-l]T t [H]T(D] [H]dv[A-l] (3.4.11) 

The inverse of [A] rtnist be obtained numerically for 

each element.. The matrix product inside the volume integral 

can be explicitly carried out. It contains second d~gree terms 

in x and y and can be easily integrated over the area of the 

triangle. Appendices I to IV give the expressions necessary 

for the Tocher, Rawtani and Cowper displacement functions. 
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3.5 GROUPTNG OF' ·rN~PLANE AND BENDING STIFFNESS MATRICES 

An element in shell structure is subjected both to in-

plane·and bending forces. If the element is assumed flat, 

deformations caused by these forces are independent of one 

another. Hence the stiffness matrices of the element due to 

in-plane and bending can be evaluated separately, and the com-

bined stiffness matrix of the element due to the combined in-

plane and bending forces can be grouped when proper order 

is maintained. 

The forces and deflections of an element in in-plane 

deformation are related in matrix notation as follows. 

· {F} e = [K ] · { 8} e 
p e P p 

At a particular node i 

. {F.} 
1 p 

. {o.} 
1 p 

(3 .. 5 .1) 

(3. 5. 2 ) 

(3. 5. 3 ) 

Similarly the forces and deflections of an element in bending 

are related in matrix notation as follows. 

At a particular node i 

w. 
1 

e . 
XJ.. 

e . Y1 

(3. 5" 4 ) 

(3.5.5) 

(3.5.6) 
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When the curvatures are considered as degrees of freedom, the 

deflection and force vector are respectively, 

. r:i. 1 

X1 

e . 
== Y1 

e . 
XX1 

e . 
XY1 

e . 
YY1 

p "] 

· Zl 

M . 
X1 

M .. 
== Y1 

M . 
XX1 

M . 
XY1 

M . 
YY1 

(3.5. 7.) 

(3.5.8) 

The rotation 8 is not present in either mode. However z 

it is necessary to consider 8
2 

and the fictitious couple M
2

, 

before transformation of the stiffness matrix to the. global 

system. Since they do not enter the minimization procedure, 

appropriate zeros are inserted into the _rows and coiumns of 

the combined stiffness matrix of the element corresponding to 

·ez .. 

Hence at a particular node i 

{a.} -
1 

u. ) 
1 

v. 
1 

w. 
l 

e 
xi 

eyi 

·8zi 
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When the curvatures are considered as degrees of freedom, 

the deflection vector becomes 

rui 
v. 

l 

w. 
1 

. { cS • } = e 
l xi 

e yi 

e . 
· Zl l exXi 
e . 

Xy1 

e . 
YYl 

or 

0. l lp 

.{cS.} = ~;;J l 

e . 
Zl 

(3. 5. 11 ) 

The corresponding generalized forces are 

r p . Xl 
p . 
. yl 
p . 

Zl 
M . 

Xl 

M . f . {F.} = Yl 
l I\f • 

Zl 

M . J · XXl 
M . 

XYl 
M . 

YYl 

(3. 5 .12 ) 
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or 

·.r F. 
l.p 

. {I?.} ~j Fib 
(3.5.13) 

l. 

M zi 

Hence the combined stiffness matrix of a particular member m 

at a particular node n, wi-ll be made up of the following 

·submatrices. 
[Kmn] P I 0 0 .o 0 0 o I 0 

JfK ] I 0 0 ol 0 I 0 0 0 0 0 0 ·I 0 
. mn p 

o . o I ----t- -· ~ -t--lo 0 o o I I o -- --t--- -+-
0 0 I ·

1 
0 0 0 f I o 

. o o rr K . 1 b 1 o 0 0 I [Kmn 1b I 
0 

[i< ]=~ mn or 

mn ~-~L---~~-
0 0 I 

I 
0 

0 0 I 0 0 0 I 0 0 0 1 0 
I I 

[6x6] 0 0 I 0 ---+ - - --+-
0 0 I 0 0 0 0 0 o, ~ 

[9x9] (3e5.14) 

3. 6- TRANSFOR.i'iATION TO GLOBAL COORDINATE SYSTEM 

The in-plane and bending stiffness matrices are derived 

in local coordinates with the x-y plane coinciding with the 

plane of the element. This coordinate system, in general, 

is different from the global coordinate system of structure. 

The forces and displacements in the two systems are 

related in matrix notation as follows. 

. {F ~} 
J... 

.{o!} 
l. 

= [T] {F. } 
l. 

= [T J { o . } 
l. 

(3.6.1) 

(3.6.2) 
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I 

Hence the combined stiffness matrix of the element in 

the global system is 

[K.] = [T)T[K'] [T] 
e e (3.6.3) 

Similarly all the stiffness matrices of the individual 

elements must each be transformed to the global system. When 

all the elements joi~ing at a particular node are in the same 

plane, transformation to global system will make six or nine 

equations singular because only five or e~ght equations are 

linearly independent since the rotations 8 is omitted. Such z 

nodes must be assigned five or. eight degrees of freedom, 

depending on the displacement function· used, and forces and 

displacements should be considered in local coordinates. 

Consider a triangular element 1~2...,.·3 in which 2 ·is such 

a node~ e is not considered and the submatrix at node 2 is z 

[5x5] or [ 8x8] , depending on the aisplacernent function used. 
. ( 0 0 

~l 
K • 1 I 0 0 0 0 

[K22]P I O 
0 

22 p + 0 0 0 0 -- - - ----- +- 0 0 
0 0 I 0 0 I 

[K22J = 0 0 [K22]b 

J 
or 0 0 I [K2 2 ]b 

0 0 I 
0 0 

0 0 I 

(5x5) 0 0 I 
(8x8) (3.6.4) 

Again 

(6x5) or (9x8) = (Sx6)T or (8x9)T 

0 

0 

0 

0 
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[Ki21pf 0 0 0 0 0 ~l [Ki2Jpf 0 0 0 --+ 0 0 0 0 0 

-- + 0 0 0 ---- 0 o I 
0 0 t 0 0 I [K' ] = o I 12 0 [Ki2Jb or 0 0 I [Ki2Jb 
0 o I 

~ ~I - +----0 0 I 0 0 0 

(6x5) o o I 
0 -ot ---

0 0 0 0 0 0 

(9x8) 

(3 ... 6. 5} 

[K2 2 J is retained in local coordinates while [Ki 2 J and [K2 1 1 

are transformed as follows 

[Kl2] = [T]T(KI ] 
12 

= (6x6)T (6x5) or (9x9) T (9x8) 

[K21] 
T 

[[T]T[Kl2]]T = [K · ]T.[T] = [Kl2] = 12 

-- [K_2
1

] [T] ( 3" 6. 7) 

= (Sx6) (6x6) or (8x9) (9x9) 

3.7 ASSEMBLY OF OVERALL STIFFNESS MATRIX 

Once the transfol.l!1atioh of the combined stiffness matrix 

of individual element to the global system has been made, the 

overall stiffness matrix of the entire assembly can·be found 

using equilibrium conditions at the node of the structure. If 

.{Ri} are the external forces 'acting at node i and maintaining 

equilibrium conditions, then each component of.{R.} is equal 
l. 

to the sum of the component forces.{F.} contributed by the 
l. 

elements meeting at that .node. Hence 

(3.7.1). 

= .summation bei!lg taken over all the 

elements. 
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. {R.} :::: 
1 

n N M 
I: I: [K. ] {oM} 

m=l M=l 1 m 

ignoring distributed.loads and initial strains. 

N = number of elements 

n = number of nodes 

If a particular element does not infact include the node in 

question, it will not contain submatrices with an i suffix 

and therefore, its contribution will simply be zero. 

Hence the subma.trices of an assembled stiffness 

matrices are 
n N" M 

[ K . ] = I: ML l [ K1. m. ] • 1m m=l - ..... (3.7.3) 

3.8 SOLUTION OF EQUATIONS, 

If the overall stiffness matrix of the entire structure 

can be stored in the computer memory, nodal deflections can 

easily be evaluated by inverting the overall stiffness matrix 

and then multiplying by the load-vector. Since stresses are 

a function of nodal displacements, the stresses at any point 

within the element can be calculated accordingly. In analysing 

shell structure, convergence to the true results can be 

achieved only when the mesh ·size is refined, resulting in an 

increase in the number of nodal points. If six or nine degrees 

of freedom are·assigned to each node, the total number of 

degrees of freedom will be six or nine times the total number 

of nodes. Obviously as the number of nodes increases, the 

size of the overall stiffness matrix increases rapidly. Hence 

a direct st~ffness assembly and inversion of the stiffness matrix 
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is limited by the available compu-ter central memory. By this 

method, variation of results are quite high and obviously 

more refined mesh are required [6] for this particular problem. 

Refinement can not be accomplished with the present CDC 6400 

computer central memory. 

3.9 FOill4ATION OF THE OVERALL STIFFNESS MATRIX IN TRIDIAGONALIZED 

PARTITIONS 

The method of tridagonalization which makes use of 

symmetry and sparseness of the stiffness matrix, is most 

applicable to solve the large number of equations that fre­

quently occur in analyzing multistorey buildings [19]. The 

structure is divided into a number of partitions and by 

properly numbering the nodal points and elements, the ·stiff..­

ness matrix of these elements in that particular partition 

can be arra~ged in the form of a tridiagonal set of submatrices 

which can be evaluated and stored on m?-gnetic tape. The solu~ 

tion is obtained by a method of recursion. A computer pr~gram 

to analyse in-plane problem by this method is given in refer­

ence [l]e 

.After dividing the structure into a number· of partitions, 

the nodal points as well as the elements are nmnbered in 

consecutive order. The partitioning technique is explained in 

detail in reference [1] . The assembled stiffness matrix of the 

structure is arranged in tridi?-gonalized form as follov-rs. 



rl 
CT 

1 

0 

0 

The 

c1 0 0 01 

Kl1 ell - 0 0 0
11 

T 
ell K111c111- 0

111 
T 

clv -- ClllKlV 
T 

clv Kv 

- ~-2CN-2 0
N-2 

0 CT ~ C N-2 -1 N-1 
0
N-1 

0 
T 

oN - CN-1~ 

first two matrix equations can·be written as 

[Kl]{ol}: rclJ{olll = {Pll 

[Cl]T{ol} + [Kll){oll} + [Cll]{ol11} = {pll} 

From equation{3.9.2) 

-1 -1· 
{ 0 1} = [ Kl] { p 1} - . [ Kl] [ C 1] { 011} 

Substituting for {8 1 } in equation{3.9.3),yields 
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pl 

p11 

p 
111 

PN-2 

PN-1 

PN 

{3.9.1) 

{3.9.2) 

{3.9.3) 

{[Kll]-[Cl]T[Kl]-l{Cl]{oll}+(Cll]{olll}~{Pl1}-[Cl)T[Kl]-l{pl} 
(3m9.4) 

Finally defining new symbols 

T -1 · 
[K11] = . ( [K11] - [C1] [K1] [C1]) 

T -1 · 
. {p11} =· {P11} - [Cl] [Kl] {pl} 

Hence equation(3.9.4)becomes 

{3.9.5) 

(3.9.6) 

£K11 1{811 1 + rclll{ollll =·{Pll} <3 · 9 · 7 ) 

From which.{o
11

} can be obtained and substituted into the next 
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row of equations to give a modified [K
111

l and.{P
111

}. Such 

processes of substitution and elimination can go on until 

the second last row equation is reached. 

(3.9.8) 

Final equation is 

T 
[CN-1] {oN-1} + [KN]{oN} =·{PN} (3.9.9) 

From equation(3.9.8) 

. . - -1 - - -1 . 
{ 0N-l} = [~-1] {PN-1} - [~-1 1 [CN-1 1 { 0N} (3.9.10) 

Substituting for· {oN-l} in equation(3.9.9) 

( [~1- [CN-11 T [KN-11-1.[CN-1]) { ONF:{PN}- [CN-1] T [~-11-1 {PN-1} 

or 

(3.9.11) 

when a direct inversion will yield.{oN}, the other deflections 

can be obtained by back substitution in the equations concerned. 

The significant points in the computer program are as 

follows., 

(1) The zero elements outside the tridiagonal band are not 

stored. 

(2) Due to symmetry, it is necessary to store only [Ci] and 

T [K.], bu·t not [C.] • 
l. J. 

.. 

(3) Very little additional computer time is required for 

solution of more than one load conditions. 

(4) The [K.]-l and {P.} are stored on magnetic tapes as soon 
J. . ' l. 

as they are generated in the forward elimination process, 

and they are used subsequently in the backward substitution. 
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(5) Only two submatrices [K.] and [C.] are required at a 
J.. J.. 

time in the.memory of the computer. 

A computer program, using the above method to analyse 

shells and folded plate structures was obtained [6] and modi-

fied and new subprograms were written wherever necessary for 

different displacement functions (~ppen~ices. V and VI). 

The partitioning technique is shown in Figure 20 and 

computation are carried out from five to ten partitions. It 

is possible to divide the structure into more than ten parti-

tions, but the height of each partition becomes decreased, 

making the triangular element long and narrow [1] . 

There is no limit to the number of partitions into 

which the structure can be divided as the matrices [K.] and 
J.. . 

[C.] are eliminated in blocks. A considerable storage is 
J.. 

required for [K.] and [C.] for intermediate computations. 
J.. J.. 

Hence the tridiagonal band or the number of nodes in each 

partition is limited by the available storage capacity of the 

computer. It is also noticed that a matrix with a narrower 

band requires less soluti9n time, hence the band width de-

pends on the way the nodal points are numbered and is numeri-

cally equal to the product of the number of degrees of 

freedom per node and the maximum difference in numbering of 

adjoining nodes. 



4. OEXPERIMENTAL AN.ALYSIS 

4.1 INTRODUCTION 
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The object of the experimental analysis was to confirm 

the validity of the theoretical results obtained.. Some 

nodal voints and triangular elements were chosen arbitrarily 

to verify deflections and stresses developed under a particular 

external load. The structure was loaded by means of a combin­

ation of load cell and turnbuckle connected by wire cord 

to one of the nodes qt the top of the structure. 

4.2 LOADING DEVICE 

The load cell was calibrated against a Tinius Olsen 

Machine up to 1500 pounds. The load could be applied di­

rectly to the structure by turning the turnbuckle '\vhich was· 

connected to the load cell axially through a wire cord and the 

amount of load could be read directly from the strain indi­

cator unit. 

4.3 DISPLACEMENT TRANSDUCER 

A capacitance type pioximity transducer coupied through 

an oscillator and reactance converter to a cathode ray oscillo­

scope was adopted as the linear measuring device. The trans­

ducer consisted of a fixed electrode. Any flat conducting 

surface parallel to the fixed electrode can act as the movi~g 

electrode. Normally the moving electrode is fasteried to the 

component whose displacemerit is to be measured. In the present 
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application the structure had both linear and angular 

displacements whereas the proximity transducer is designed 

to work when electrodes remain parallel while moving towards 

or aw~y from each other. 

To eliminate a~gular displacement, the movi~g electrode 

was mounted on the transducer itself. The spindle of the 

moving electrode was supported jointly by tv1o 2 1/2 n x 1/2" 

x 5/1000" thick stainless steel strips, parallel to each other, 

which forced the electrode surfaces to remain parallel during 

relative motion. This is illustrated in Figure 24~ 

The transducer system is based on frequency modulation 

of a carrier wave. The capacitance of the electrode is in 

parallel with another fixed capacitance. The ·c·ombination forms 

a series resonant circuit with an inductance~· Th~ cha~ge in 

distance between the electrodes, due to the loadi~g of th~ 

structure caused a cha~ge in reactance in the ~esonant circuit 

which is used to cha~ge the frequency of the signal delive.red 

by the oscillator. The signal is amplified and detected to 

provide a proportional DoC. voltage which is metered on the 

oscilloscopeo Unloading the structure restores initial gap 

between the electrodese The transducer can then be calibrated 

by the integral miqrometer producing a deflection on the 

oscilloscope of the same order as that obtained due to the 

load. The calibration enables the displacement to be evaluated. 

One subdivision on the micrometer thimble is 0.01 mrn which 

could be further divided by the oscilloscopeo An initial gap 

of 0.5 to 1.5 em between the electrodes is used. 
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4.4 STRESS CALCULATION 

The stresses obtained theoretically need to be com­

pared with those from the experiment. Electrical resistance 

strain gauges were used to measure strains at a point on the 

surface of the shell. Delta rosette type strain gauges were 

fixed at arbitrary points on the outer surface of the structure 

and strains in the directions of gauges were measured to calcu­

late five components of stresses (normal stress in the x-direc­

tion, normal stress in the y-direction, shear stress in the 

x-y plane, maximum and minimlnn principal stresses) at a point. 

Four sets of delta rosette strain gauges were fixed on four 

arbitrarily chosen elements near the base of the structure 

where maximum effect of external load occurred. These strain 

gauges were connected to the strain indicator through switch 

-and balance unit, so that readings can be taken one at a time. 

A dummy strain gauge fixed on an unloaded plate, the material 

of which is the same as that of the struc·ture, :was used for 

temperature compensation .. Having obtained strain ga~ge read­

ings, stresses can be calculated. The techniques of using 

strain gauges and theory can· be found in references [20] and 

[21] in de·tail. 



5.0RESULTS AND CONCLUSIONS 

Tables la to 3d show the computed values of deflections 

u, v and w obtained from the three displacement functions used 
I 

~n the anlysis for a different number of partitions, ranging 
I 
I 

from five to ten. As the partitions increase in nt~bers, it 

can be assumed that each deflection in the x,y,z directions 

converges to a constant value for each direction. This 

assumption is valid since there is negligible change in values 

of deflections between parti~ions nine and ten. Thus ten 

partitions are assumed enough for accuracy and the value of 

deflections for ten partitions are accepted as true values for 

experimental verification. 
( -

The graphs, in Figures 1 to 8, are curves of deflections 

u, v and w obtained from different functions versus the number 

of partitions, illustrating the convergence of the results~ 

It is also seen from Tables 4a to 4f· that the computed results 

obtained by three displacement functions agree with one another 

within 5 percent. Much higher fineness is achieved and improve-

ment in results is observed by the method of tridiagonalization. 

Although it is possible to divide the structure into more than 

ten partitions, the results may not be expected to be better, 

since, as the partition height decreases, the triangular elements 

become narrow and long. 

The_ graphs in Figures 9 to 12 show the deflections v · 

and w against the nodal numbers along the centre-line of the 
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plates cc and DD respectively. The nature of deflections is 

again found to be consistent with three displacement functions. 

Tables 7a and 7c show the rotations e I e and e at nodal 
X y Z 

points A, B, C and D by three different displacement functions. 

As these functions are non-conforming, partial conforming and 

full conforming, the above rotations are not consistent with 

one another. 

In Tables Sa and Sb, a comparative study is presented of 

analytically calculated and experimentally measured deflections, 

for different directions of load system (Figures 21 to 23). 

It can be seen that the theoretical deflection u, v and w are 

in agreement within 20.0 to 26.8 percent of the measured 

deflections for a.particular loading. 

A comparison of theoretical and experimental values of 

stresses is given in Table 6. Although the available laboratory 

set up made it possible to load the structure to develop 

sufficiently high stresses, the measured stresses are found to 

differ from the the theoretical stresses. 

It can be seen that the relatively h~gher· calculated and 

experimental stress values are in fairly_ good agreement with 

each other, whereas the low stress values have very poor agree-

ment. This maybe attributed to the following factors 

(a) Measurements of very small stress, using strain gauges are 

not. reliable. 

(b)a sl~ght al.terationmade at the base for rigidity after fixing 

the strain gauges to the structure 
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(c) displacement method gives good agreement in deflections but 

not in stress distribution 

(d) elastic properties of the material used were not actually 

determined before and after the structure was built, but simply 

accepted at the value· which was suggested by the manufacturer 

It is interesting to note that the line and the central 

memory storage taken by the CDC 6400 computer for each of three 

different cases for the same idealization is very much different 

{Table 8). The solution to the Tocher displacement function 

takes 1.67 minutes whereas the solution to the Rawtani and 

Cowper displacement functions takes 2.962 and 14.8 minutes 

respectively for ten partitions of the structure for the same 

idealization. 

It can be seen that the time required is minimum for the 

Tocher displacement function because of the simplicity of the 

computation involved. The difference in the deflections u, v 

and w obtained from.the Tocher and Rawtani displacement functions 

are n~gligibly small (0.00679 to 0.8045%) while the deflections 

u, v and w obtained by the Cowper displacement function differ 

by 2.073 to 4.35% (Tables 4a to 4f). 

It has been shown by Cowper et al [7] that their conform­

ing shape function gives the best convergence to the results. 

It is important that the computer time, the central memory storage 

and the accuracy required should be considered in choosi~g the 

displacement function for the solution of a particular problem~ 
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At present the finite element displacement method using 

general triangular flat e.lements for analysis of shells and 

folded plate structures is powerful and the most suitable for 

any arbitrary shape. Out of the three displacement functions, 

it.is found that the Tocher displacement functions requires the 

lea~t computer time and the least central memory f0r this 

problem which i's very important.for practical applications that 

require a large number of solutions. 
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Deflection w Along the Centre line of 
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AT== 56.75° 
BT == 85.25° 
CT == 104.7° 
DT == 72.2° 
AA == 4.5" 
BB == 24" 

H == 48" 
I . E == 10.4 x 10

6 
psi 

1 - -- .

1
. ll = o • 3 1 6 

f Thickness of 4 faces=.l25" 

!?.Thickness of_ top plate=O.S" 

==~==~==~=-=mt ~ X 
BB-~ 

Top View 1 

SCALE 1:12 

FRONT VIEW Fig. 13 SIDE VIEW 
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F?-g. 14 
{Not Drawn to Scale) 

AA, BB, CC, DD 4 Faces of the Structure 

ISOMETRIC VIEW OF THE FOLDED PLATE STRUCTURE 
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y 

XYZ - The Global Coordinate System 
A 

Fig. 15 
(Not Drawn to Scale) 

DIVISION OF TRIANGULAR ELEMENTS AS SEEN FROM THE 
DIRECTION A(Fig. 14) 
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XYZ - The Global Coordinate 
System 

Fig. 16 
(Not Drawn to Scale) 

DIVISION OF TRIANGULAR ELEMENTS AS SEEN FROM 
THE DIRECTION B (Fig. 14) 
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THE COORDINATE SYSTEMS USED FOR THE 
RAWTANI DISPLACEMENT FUNCTION 

- The Global CQordinate 
System 

X'Y'Z' -The Plate Coordinate 
System 

X''Y''Z''- The Local Coordinate 
Svstem 

~ 
Ul 



/x 

- The Global Coordinate 
Svstem 

- Th~ Plate Coordinate 
Svstem 

_ X''Y' 'Z''- The Local Coordinate 
Fig. 18 System 

THE COORDINATE SYSTEMS USED FOR THE CO~~ER DISPLACEMENT FUNCTION 
.t:a. 
0"1 



Fig. 19 

DEVELOPMENT OF THE STRUCTURE AT ANY ONE OF THE 

PARTITIONS, SHOWING THE ARRANGEMENT OF THE ELEMENTS IN EACH PARTITION. 
. tfS. 

.......] 
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·~~~-~--~-~------------------~-----'!!-

Fig. 20 
(Not Drawn to Scale} 
·J?arti tion Lines 

PARTITIONING OF THE FOLDED PLATE STRUCTURE 



Fig. 21 
LOADING THE STRUCTURE IN TFE ~LOBAL X-DIRECT ION AT NODE B 



Fig . 22 
LOADI G THE ST RUCTURE I N THE GLOBJI.L Y-DIPECT ION AT NODE B 

Ul 
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Fig . 2 3 
LOADI NG THE STRUCT URE I TBE GLOBAL Z- DI RECT ION AT NODE B 



Fi g . 24 
INSTALLATION OF DEVICE TO ELIMINATE ROTATION ERROR IN LINEAR DISPLACEMENT MEASUREMENT 
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TABLES 



NUMBER 

OF 

PARTITIONS 

5 

6 

7 

8 
-

9 

10 

TABLE la 

DISPLACEMENT FUNCTION 
\ 

-3 TOCHER x 10 IN. 
_., 

RAWTANI X 10 .:; IN. COWPER x 10- 3 IN. 
I J 5.74571 " 5.74554 5.41974 I 

~ -
5.92644 i 5 .. 92607 5.81869 ~ 

6.07618 
~ 
I 
I 

6.07583 5.96346 

6.11979 I 6.11942 6.00359 ! 
I 

6.16224 6.16179 6 .. 03970 . 
6.18404· 6.18350· 6.05586 

DEFLECTION u AT NODAL POINT A FOR DIFFERENT 

PARTITIONS UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION 

I 

tn 
lv 



TABLE lb 
I 

I NUMBER DISPLACEMENT FUNCTION 
I 

OF 

PARTITIONS TOCHER x 10- 3 IN. RAWTANI x 10-3 IN. COWPER x l0-3 IN. 
i 

5 5.89198 5.89165 5.55223 

6 6.07963 6.07929 5.96193 

7 6.22992 6.22959 6.,10637 

8 6.27479 6.27446 6.14820 

9 . 6.31953 6.31915. 6.1875 

10 6.34341 6.34298 6.20729 

DEFLECTION u AT NODAL POINT B FOR DIFFERENT 

PARTITIONS UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION 

I 

i 

I 

I 

I 

I 

I 

Vl 
~ 



TABLE 1c 

NUMBER DISPLACEMENT FUNCTION 

OF 

TOCHER x 10-
3 

IN.\ PARTITIONS RAWTANI x 10- 3 INa COWPER x 10- 3 IN. 

5 5.84844 ~ 5.84782 .5.50665 ! 
6 6.02496 

i 6 .. 03741 5.91337 ~ 
I 
l 
) -

7 6.19015 r 6.18938 6 .. 05876 i 

8 6.23502 I 6 ... 23420 6.10094 1 
! 

9 6.27943 I $.27850 6.14067 
. 

I I 10 I 6 .. 30241 6.30135 6.16069 
I 

DEFLECTION u AT NODAL POINT C FOR DIFFERENT 

PARTITIONS UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION 

Ul 
Ul 



NUMBER 

OF 

I PARTITIONS 

5 

6 

7 

8 

9 

10 

TABLE ld 

DISPLACEMENT FUNCTION 

TOCHER x 10-3 IN. RAWTANI x 10-3 IN. -3 COWPER x 10 IN. 

5.80340 5.80306 5.49637 

5.98983 5.98952 5.87603 

6.13996 6.13965 6.02024 

6.18496 6.18465 6.06238 

6.23011 6.22974 6.10234 

6.25475 . 6.25431 6.12292 
---- - - - - - - ---· --- -- -- _______ , ___ ----- --------------~ 

,DEFLECTION u AT NODAL POINT D FOR DIFFERENT PARTITIONS 

UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTIONS. 

U1 

"' 



TABLE 2a 

NUMBER DISPLACEMENT FUNCTION 

OF 
l 

TOCHER X 10-3 IN. I RAWTANI x 10-3 IN. -3 PARTITIONS CO'WPER x 10 IN. 
l 

5 6.00298 i 5.74554 6.04780 
I 

6 6.20924 ! 5.92607 6.21040 I 
! 

7 6.50159 
! 
I 6 .. 07583 6.40282 
! 

8 6.62038 I 6.11942 6.48533 I 
9 6.712~7 6.16179 6.53519 

10 6.73920 6.18350 6.55384 

DEFLECTION v AT NODAL POINT A FOR DIFFERENT 

PARTITIONS UNDER LOAD P = 450 POUNDS AT NODE B IN Y-DIRECTIONa 

I 

i 

I 
I 

Ul 
-....] 



TABLE 2b 

NUMBER DISPLACEMENT FUNCTION 

OF 

PARTITIONS TOCHER x 10-3 IN. RAWTANI x 10-3 IN. COWPER x 10- 3 IN. 

5 6.02917 I 5.89165 6.08143 

6 6.23676 l 6.07929 6.24788 

7 6.53764 6.22959 6.43974 

8 6.65782 6.27446 6.52282 

9 6.75296' "6. 31915 6.57350 
-

10 6. 779·16 6.34298 6.56637 

DEFLECTION v AT NODAL POINT B FOR "DIFFERENT 

PARTITIONS UNDER LOAD P =·450 POUNDS AT NODE BIN Y-DIRECTION 

U1 
OJ 



TABLE 2c 

NUMBER i DISPLACEMENT FUNCTION 
I 

OF ! 

PARTITIONS TOCHER X 10-3 IN. RAWTANI x 10-J IN. COWPER x 10-J IN. 

5 6.01911 5.84782 6;.06288 

6 6.21985 6.03741 6.22434 

7 6.51872 6.18938 6.41724 

8 6.64926 6.23420 6.49940 

9 6.73256 6.27850 6.54863 

- 10 6.75260 6.30135 6.56637 
~ 

DEFLECTION v AT NODAL POINT C FOR DIFFERENT 

PARTITIONS UNDER LOAD P = 450 POUNDS AT NODE B IN Y-DIRECTION 

_:a 

I 

I 

i 

01 
1..0 



TABLE 2d 

NUMBER DISPLACEMENT FUNCTION 

OF f 

TOCHER x 10-J IN. l -3 COWPER x 10-3 IN. PARTITIONS RAWTANI x 10 IN. 

5 5.04234 
\ 

5.80306 5.09061 

5.20582 5.98952 5.21156 6 l I 7 5.46921 6.13965 5.39197 

8 5.59522 6.18465 5.46681 

9 5.66721 6.22974 5.50598 

10 5.67335 6.25431 5.51721 

DEFLECTION v AT NODAL POINT D FOR DIFFERENT 

PARTITIONS UNDER LOAD P = 450 POUNDS AT NODE B IN Y-DIRECTION 

I 

O't 
0 



NUMBER 

OF 

PARTITIONS 

5 

6 

7 

8 

9 

- 10 
-· -~--------~--

TABLE 3a 

I 
DISPLACEMENT FUNCTION 

I 
TOCHER x 10- 3 IN. RAWTANI x 10-3 IN. 

-2.62369 ~2.62367 

-2.73686 

l 
-2.73678 

-2.81224 -2.81219 

-2.83594 -2.83586 

-2.86044 -2.86030 

-2.87217 -2. 87193• 

DEFLECTION w AT NODE A FOR DIFFERENT ~ARTITJONS 

UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION 

COWPER x 10-3 IN. 

-2.45768 

-2.61391 

-2.73643 . 

-2.75810 

·-2. 77899 

-2.78779 
-- ---- --·-- - ------

0"1 
1--' 



NUMBER 

OF 

PARTITIONS 
-

5 

6 

7 

8 

9 

lO 

TABLE 3b 

DISPLACEMENT FUNCTION 
-

-3 TOCHER x 10 IN. RAWTANI x 10- 3 INe 

-2.66484 -2.66470 

-2.77632 -2.77629 

-2.85243 -2.85239 

-2.87601 -2.87600 

-2.90058 -2.90061 

-2.91285 -2.91290 

DEFLECTION w AT NODE B FOR DIFFERENT PARTITIONS 

UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION 

. 

COWPER x 10-3 IN. 

-2.47168 

-2.66806 

-2.74130 

-2.76169 

-2.78107 

-2.78959 

I 

! 

j 

0'1 
[\.) 



: 

NUMBER 

OF 

PARTITIONS 

5 

6 

7 

8 

9 

10 

TABLE 3c 

DISPLACEMENT FUNCTION 

TOCHER x 10-3 IN. RAWTANI x 10~ 3 IN. 

-2.69571 -2.69431 

-2.81629 -2.81413 

-2.89281 -2.89079 

-2.91735 -2.91518 

-2.94335 -2.94092 

-2.95588 -2.95324 
; 

DEFLECTION w AT NODE C FOR DIFFERENT PARTITIONS 

UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION 

-3 COWPER X 10 IN. I 

-2.51334 

-2.72641 
I 

i 

-2.79910 
I 

-2.82164 

-2.84435 

-2.85497 

0'\ 
w 



I NUMBER 

OF 

PARTITIONS 

5 

6 

7 

8 

.9 

10 

TABLE 3d 

DISPLACEMENT FUNCTION 

-1 
TOCHER x 10 - :~. RAWTANI x 10-3 IN. 

-1.72717 -1.72695 

-1.78673 -1.78678 

-1 .. 83863 -1.83868 

-1.85510 -1.85515 

-1.87247 -1.87244 
i 

-1.88534 -1.88519 
il 

DEFLECTION w AT NODE D FOR DIFFERENT PARTITIONS 

UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION 

COWPER x 10-3 IN. 

-1.70237 

-1.78942 

-1.83847 

-1 .. 85589 

-1,87446 

-1.88814 

I 

i 

0"\ 
~ 



TABLE 4a 

DISPLACEMENT DEFLECTION u AT PERCENTAGE DEFLECTION u AT PERCENTAGE 

FUNCTION NODAL POINT A DEVIATION NODAL POINT B DEVIATION 

-3 x 10 IN. FROM TOCHER -3 x 10 IN. FROM TOCHER 
I 

TOCHER 6.18404 - 6.34341 -

RAWTANI 6.1835 0.008732 6.34298 0.00679 

COWPER 6.05586 2. 07 3· 6.20729 2.1460 

Percentage Deviation of Deflection for 10 Partitions at Different Nodal Points 

Under Load P = 450 pounds in X-Direction from the Tocher Displacement Function 

i 

0'\ 
Vl 



TABLE 4b 

DISPLACEMENT DEFLECTION u AT PERCENTAGE DEFLECTION u AT PERCENTAGE 

FUNCTION NODAL POINT C DEVIATION NODAL POINT D DEVIATION 

-3 x 10 IN. FROM TOCHER FROM TOCHER 

TOCHER 6.30241 - 6.2547'5 -
RAWTANI 6.30135 0.0168 6.25431 0.00703 

COWPER 6.16069 2.249 I 6.12293 2.108 
'-------- ---------- --~ ------ ------ -- -- -- -- ---- - l - - - ------------------ --~-

Percentage Deviation of Deflection for 10 Partitions at Different Nodal Points 

under Load P = 450 pounds in·x-Direction from the Tocher Displacement Function 

I 

0'\ 
0'\ 



i 

f 

f 

TABLE 4c 

DISPLACEMENT DEFLECTION v AT PERCENTAGE DEFLECTION v AT PERCENTAGE I 

FUNCTION NODAL POINT A DEVIATION NODAL POINT B DEVIATION 

-3 
X 10 IN. FROM TOCHER 

-3 
X 10 IN. FROM TOCHER 

I 

TOCHER 6.73920 - 6.77916 -
RAWTANI 6.73854 0.8045 6.77846 0.0103 

COWPER 6.55381 '2. 751 6.59278 2.749 
-·-- ~------ --- - -- --- -- ---- --- -- --· ----- ------- ----- -- ---- - ------------~-

Percentage Deviation of.Deflection for 10 Partitions at Different Nodal Points 

under Load P = 450 pounds in Y-Direction from the Tocher Displacement Function 

m 
....,J 
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TABLE 4d 

DISPLACEMENT DEFLECTION v AT PERCENTAGE DEFLECTION v AT PERCENTAGE I 

FUNCTION NODAL POINT C DEVIATION NODAL POINT D DEVIATION 

-3 
X 10 IN .. FROM TOCHER -3 x 10 IN. FROM TOCHER 

I 

TOCHER 6.75260 
j 

5.67335 I - -

RA'WTANI 6.75192 0.098 5.67265 Oo0l23 I 

I 

COWPER 6.56634 2.758 5.51718 2.750 I 

i 

Percentage Deviation of Deflection for 10 Partitions at Different Nodal Points 

under Load P = 450 pounds in Y-Direction from the Tocher Displacement Function 

0"1 
co 



TABLE 4e 
r" 

DISPLACEMENT DEFLECTION w AT PERCENTAGE DEFLECTION w AT PERCENTAGE · 

FUNCTION NODAL POINT A DEVIATION NODAL POINT B DEVIATION 

-3 
X 10 IN .. I FROM TOCHER -3 

X 10 IN. FROM TOCHER 

TOCHER 1.97708 - 2.30833 -
RAWTANI 1.96885 I 0.416 2.32398 0.678 

COWPER 1 .. 89116 4.35 2.21765 3.93 

Percentage Deviation of Deflection for 10 Partitions at Different Nodal Points 

under Load ·p = 450 pounds in Z-Direction from ·the Tocher Displacement Function 

i 

0'\ 
1..0 



TABLE 4f 
! I DEFLECTION w AT DISPLACEMENT DEFLECTION w AT I PERCENTAGE PERCENTAGE 

FUNCTION NODAL POINT C DEVIATION NODAL POINT D DEVIATION 

-3 
X 10 · IN. FROM TOCHER ! -3 

X 10 IN. FROM TOCHER 

TOCHER 2.13902 
I 

1.27292 - -
RAWTANI 2.13772 0.061 1.27072 0.251 

COWPER 2.03268 4.97 1.25935 1.144 
--

Percentage Deviation of Deflection for 10 Partitions at Different Nodal Points 

under Load P.= 450 pounds in Z-Direction from the Tocher Displacement Function 

I 
I 

I 
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TABLE Sa 

DEFLECTIONS I THEORETICAL VALUES EXPERIMENTAL PERCENTAGE 

AT NODAL BY TOCHER VALUES DEVIATION·FROM 

POINT A -3 
X 10 IN. -3 

X 10 IN. THEORETICAL VALUES 

u 6.18404 7.62000 23.30 
X 

v 6.73920 8.3000 23.20 y 

wz 1 .. 97708 2.4550 . 24.20 
i 

I 

Comparison of Theoretical and Experimental Deflection at Nodal 

Point A for Different Load Applications (Px' Py' Pz = 450 pounds) a~ Nodal 

Point B. 

....... ,_, 



TABLE Sb 

DEFLECTIONS THEQRETICAL VALUES EXPERIMENTAL PERCENTAGE 
i I 

AT NODAL BY TOCHER VALUES DEVIATION FROM 
; -3 -3 i 

POINT C X 10 IN. X 10 IN. THEORETICAL VALUES 

u 6.30241 7.87000 25.00 X 

v .6.75260 y 8.26000 22.40 

wz ·: 2.13902 2.71000 26.80 

i 

Comp~rison of Theoretical and Experimental Deflection at Nodal 
i 

Point C for Different Leal Application {Px' Py' Pz = 450 pounds) at N6dal 

Point B. 

-..J 
r-.J 



TABLE 6 
i 

STRAIN GAGE THEORETICAL crxx cr a· 
LOCATION O~J OR 

yy xy 

ELEMENT EXPERIMENTAL 
NUMBER STRESSES 

I 3 
THEORETICAL I 5.5 2 4 3 .13 1 12. s 9 9 

I EXPERIMENTAL -20.9 220.9 17.45 

THEORETICAL 39.77 85.01 I 42.46 
6 .. I 

EXPERIMENTAL "87.92 .12 3 ~ 19 6 5 . 4 6 

THEORET'! CAL -12.26 -243.35 23.99 
10 

EXPERIMENTAL -22 .. 997 -254.78" 34.91 

; 

THEORETICAL -45.80 -246.17 9.32 
13 

EXPERIMENTAL \-85.01 -226.09 17.45 
_____j 

2 Stresses (IN lbs/IN ) due to P = 450 lb. 
X 

a MAX 

243.83 

222.18 

103.187 

173 .. 34 

-9.8 

-17.85 

-45.36 

-82.89 

a MIN 

4.8 

·-22.18 

-14.197 

37.76 

-245.8 

-259.9 

-246.6 

-228.23 

I 

I 

I 

-....} 

w 



NODE 

NUMBERS 

A 

B 

c 

D 

TABLE 7a 

DISPLACEMENT FUNCTIONS 

TOCHER RAWTANI COWPER 

f ' 

-6 I -6 1 -s 
5 ~ 18892 X 10 I -3.10531 X 10 ! -3.22563 X 10 

4.20190 X 10-5 I 1.17961 X 10-5 
I 4.93179 X 10-4 

-6.40242 X 10-s. I 1.02841 X 10-5 -2.75839 X 10-5 

2.51083 X 10- 6 I -2.95351 X 10-5 1-2.3182;! X 10-4 ! 

ROTATION 8 AT NODAL POINTS A, B, C AND D FOR PARTITION 10 
X 

UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIP~CTION. 

......., 
~ 
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TABLE 7b 
-

NODE DISPLACEMENT FUNCTIONS 

NUMBER TOCHER I RAWTANI I COWPER 

A 12.48585 X 10-
4 2.47152 X 10-4 I 1. 60388 X 10-

4 

B 2.64275 X 10= 4 2.39451 X 10-4 -8.84948 X 10-6 

c 2.96880 X 10-4 2.78753 X 10-4 -1.51542 X 10-4 

D 2.30831 X 10-4 
2.13060 X 10-

4 ~-9.80626 X 10-6 

---------~----~---~ -··--~- ~----

ROTATION 9 AT NODAL POINTS A, B, C AND D FOR PARTITION 10 y 

UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION 

-......] 

U1 



TABLE 7c 
·-

NODE DISPLACEMENT FUNCTIONS 

NUHBERS. TOCHER RAWTANI COWPER 

A 7.65590 X 10-5 8.62546 X 10-S 6.796622 X 10-5 

B 1.01319 X 10-5 2.25062 x lO-S 1.57661 X 10-5 

c 7.47683 X 10-6 -4.41706 X 10·-S 9.02398 X 10-5 

D 1.83419 X 10-S 1.58114 X 10-5 7.58379 X 10-5 

ROTATION 8z AT NODAL POINTS A,B, C AND D FOR PARTITION 10 

UNDER LOAD P = 450 POUNDS AT NODE B IN X-DIRECTION. 

I 

...J 

"" 



TABLE 8 

DISPLACEMENT FUNCTIONS TIME SECONDS CENTRAL MEMORY 

TOCHER I 100 .. 2 66300 

RAWTANI 177.7 71600 

COWPER I 888.2 113700 

TIME AND CENTRAL MEMORY TAKEN BY CDC 6400 COMPUTER FOR 10 

PARTITIONS FOR DIFFERENT DISPLACEMENT FUNCTIONS. 

--..1 
--..1 
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APPENDIX I 

STIFFNESS MATRIX OF A TRIANGULAR ELEMENT IN PLANE STRESS 

Let a triangle be defined in the x-y plane by three 

points (x
1

,y
1
), (x2 ,y2 ) and (x3 ,y3 ) 

Let ~ = area of the triangle 

X •. =X. -X. 
l.J 1 J 

and 
yij = yi- yi, (i,j = 1,2 or 3) 

1 1 

The in-plane stiffness matrix is made up of two parts which 

can be wri·tten as follows. 

= [K] + [K]
5

p np 

where 

[K]np = stiffness due to normal s·tress 

[K]sp = stiffness due to shear stress 

2 
SY~1METRIC y32 

-Jly32x32 
2 

x32 
.,'f" 

-y32y31 llX32Y 31 
2 

y31 

[K] =C
1 np 11Y32x31 -x32x31 -l.ly3lx31 

2 
_X31 

y32y21 -1.1x32Y21 -y3l.Y21 lJX31~21 
2 

y21 
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-1ly32x21 x32x21 11 Y31x21 -x3lx21 -lly2lx21 
2 

x21 
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where 

cl = Et 

4~(1-v 2 > 
2 

x32 SYMMETRIC 

2 
-y32x32 y32 

Y32x31 
2 

-x32x31 x31 

[K] =C
2 sp x32Y31 -y32y31 -x31Y31 

2 
y31 

2 
x32x21 -y32x21 -x3lx2l Y31x21 x21 

2 
-x32Y21 y32~21 ·x31Y21 -y31y21 ;...x21Y21 y21 

where 

Et 

8h(l+ll) 



APPENDIX II 

STIFFNESS MATRIX OF A TRIANGULAR PLATE ELEMENT IN BENDING 

1 

0 1 

0 -1 0 

1 

0 0 -1 

[A] = 
0 -1 0 

1 

0 0 1 

0 -1 0 

0 

-2x 
1 
2 

x2 

-0 

0 

-2x 
. 3 

·x 
1 

-y 
1 

-y 
3 

0 

2y3 

0 

2 0 2x2y 2+x 2 

2 2 
-3x2 -(y2+2x2y2) 

3 2 2 
x3 x3y3+y3x3 

0 -2 2 
x3y3+x3 

-3x; - (y~+2x3y 3 ) 

The inverse of [A] must be obtained numerically for each 

0 

triangular element. The matrix product inside the integral 

can be multiplied and written as 

[H]T[D] [H)dv = 

0 SYMMETRIX 

0 0 

0 0 0 

0 0 0 4 

zJJ 0 0 0 0 2 (1-}1) 

0 0 0 4}1 0 4 

0 0 0 12x 0 12l.lX 36x 2 
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0 0 0 4(}1x+y) 4 (1-}1) (x+y} 4(X+}1y) 12X(}1X+y} (12...-8}1) (x+y} 2 

-(1..-}1) 8xy . 

0 0 0 12lly 0 12y 36}1Xy 12(X+lly)y 36y2 

l 
l 
~ 
! 

I 
l 

t 
j, 

dxd' ~ 
~ 

t 
t 
f 
! 
I 

I 
.j· 

f 

I 
i 
t 
l 
1 



where z = 

SOME INTEGRATION FORMULAE FOR A TRIANGLE 

Let a triangle be defined by three points (x1 ,y1 ), 

(x2 ,y2 ), and (x 3 ,y2 ). Let fi be the area and x,y be the 

coordinates of the centroid of the triangle. Let x1 = x -x; 1 

yl = yl-y; X = X -x· 2 2 I y2 = y2-y; x 3=x3-x; y3 = y3-y. 

Then the integrals 

f/xdxdy == fix 

f/ydxdy = !1y 

fJx
2

dxdy fi (-2 -2 ~2 fi.:......2 
= 12: xl + x2 + x3 )' + X 

fJ 2 11 ~2 -2 -2 -2 y dxdy = 12(yl .+ y2·+ y3) + fiy 

JJ xydxdy 
h.--

x3y3> fixy = l2(xlyl + x2y2 + + 
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APPENDIX III - DERIVATION OF ELASTIC PROPERTIES OF 

TRIANGULAR ELEMENT IN BENDING USING 

THE RAW'rANI DISPLACEMENT FUNCTION. 
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DERIVATION OF ELASTIC" PROPERTIES op- TRTANGULA'R EL'EMENT' IN 

BENDING USING THE RAWTANI DISPLACEMENT FUNCTION. 

The method o~ approach, using the above displacement 

function is given in reference [12] in detail. 

The idealized structural element is the tria~gtilar 

element, using the rectangular coordinate system, is shown 

in Figure 17· 

The most commonly used cubic polynomial expresssion 

for transverse deflection in x' and y' is 

w' (x',y') = a
1

·+ a 2x• + a 3y• +.a4x• 2+ a 5x'y' + .a6y•
2 

86 

which involves te~ arbitrary coefficients and since only nine 

degrees of freedom are assigned to triangular element in bend-

ing, a certain assumption must be made, regarding one of the 

coefficients. In this. case, ~he extra coefficient is chosen 

in such a way that transverse slope continuity exists along 

one of the side of the element, making the displacement function 

partially conforming [12]. This is achieved by selecting the 

local coordinates for the element in such a way that the 

equation to th~ line along which transverse slope continuity 

is to be satisfied becomes x'=O and making the coefficient of 

twisting term x•y• 2 to be zero. Thus the displacement function 

within the triangular element becomes 
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Once the displacement function is selected, the deriva-

tion of the element bending stiffness matrix follows the 

standard procedure. The bending stiffness matrix for the 

triangular element is as follows. 

where 
~-

1 a a a a a a 0 0 l 
0 a 1 0 a a a a a 

a -1 a 0 a 0 0 a . o. 

1 a y• ·a ·a ,2 0 ·o ,3 
y J YJ . 

[A] - J 
3 ,2 ·a 0 1 ·o ·a 2y' ·a 0 YJ. 

J 
a -1 ·o ·a ....... y• 

J 
0 ·a 0 ·a 

1 x' y' I 2 x'y' ,2 '3 X ,.2y' ' 3 
K K XK K K YK X}( K K 

y 
K 

0 a 1 0 x'. 2y' 0 I 2 3 ,2 
K K XK YK 

0 -1 0 -2x' -y' 0 
2 a -3x' -2x'y' 

K K K · K K 

b SY:M...METRIC 

0 0 

0 a 0 

0 0 0 4Cll 
IBJ ::: 

a a a .. a 2(1-l.l)Cll 

a a 0 411Cll a 4Cll 

a a a 12c21 a 1211c21 36c31 

a a 0 4Cl2 4 (l~f.l) c 21 4l.lC12 12c32 4c13+8{1-l.l)C31 

a 0 a 1211c12 a 12c12 361JC22 1211c13 36c13 



and 

ell = 1 ' ' 2 xKyJ· 

c21 
1 x' 2Y' = 6 K J 

1 3 I 

c31 = 12 XK YJ 

cl2 
1 ' ' ( ' + y') = 6 xKy J .y J K 

1 . 2 
y'y' ,2) 

cl3 = 12 x'y' (y' + + YK K J ·J J K 

c22 
1 X ,2y I (y I + 2y'} = 24 K J J K. 

TRANSFORMATION MPJ.TRIX 

Referring to Figure 21 1 the coordinates of vertices 

i1 j 1 k are (010,0} ,· (O,yJ-,Ol and (xK_,yK_ 10). It can be 

shown that 

Y ' = /a
1 J 

x' = /a - y•
2 

K 3 K 
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Where a]_, a
2 

1 a 3 are the squares of the leng-ths of-~ the sides ij 1 

jk 1 and ki respectively. 

If .(1 :,m In ) I (1 lm ,n ) and (1 ,m ,n ) denote the 
X X X y y y Z Z Z 

direction cosines of the x',y',z' axes respectively with the 

global axes, the equations for calculating them for the parti-

cu1ar system of local coordinate axes chosen are:-
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A ::: y .. zk. - yk .z .. 
]~ l l ]~ 

.B = xk.z .. 
1 ]~ 

- xji 2 ki 

c ::: x .. yk. - xk.y .. 
]1 1 l Jl 

F rx~. + 
2 + 2 

::: y .. z .. 
Jl ]1 Jl 

G = - /A2 + B2 + c2 

lz ::: A/G .m ::: B/G nz ::: C/G z 

1 = X . • jF m = y .. /F n = z .. /F y Jl y ]1 y ]~ 

1 ::: m n - m n 
X y z z y 

mx = 1 n - n 1 z y z y 

n = 1 m - m 1 
X y z y z 

where y .. = y. - yi etc 
]1 J 

y' 

Fig. 21 



APPENDIX IV - DERIVATION OF ELA.STIC PROPERTIES OF 

TRIANGULAR ELEMENT IN BENDING USING 

THE COWPER DISPLACEMENT FUNCTION 
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DERIVATION OF ELASTIC PROPERTIES OF TRIANGULAR ELEMENT 'IN 

BENDING, USING THE COWPER DISPLACEMENT "FUNCTION. 

The method of approach using the above displacement 

function is given in reference [ 7] in detail. 

DISPLACEMENT FUNCTION 

The transverse deflection w' (x',y') within a triangular 

element is taken as a quintic .polynomial. 

WI (X I 1 Y I ) 
2 2 

= a 1 + a 2x• + ci 3y• + a 4x' + a 5x•y• + a 6y' 

+ a7x'3 + asx'2y• + agx'y'2 + aloY'3 + allx,4 

3 2 . 2 3 4 +a x' y' + a x' y' + a x'y' + y' 12 13 14 al5 

+ 5 3 2 4 5 a x' + a 17~· y' + a x'y' + a 20y• 1& 19 -. 
(A. 4 .1) 

COORDINATE SYSTEM 

The rectangular cbordinate system is exclusively used as 

they are completely adequate and have the merit of great 

simplicity. 
y 

X 

Fig. 22 
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cose ::::: (x2 -·x
1
)/r 

} 
sinS == (y2 - yl)/r 

where r. =/(x2 
2 

(y2 -
2 

- X ) + yl) 1 

The dimension 

a = (x2 - x 3 )cos8 - (y3 - y 2 )sin8 

=·{(x2- x3) (x2- xl) + (y2- Y3) (y2- yl)}/r 

Similarly 

NUMBER OF DEGREES OF FP~EDOM 

The eighteen generalized displacement for the finite 

element (six at each node) are t~e transve~se deflection and 

its first and second derivati~es at each node. They may be 

expressed in a column vector in local coordinates as.{We} and 

whose transpose is 

{We}T [ I . ' = W 1 I W ~~ W t' W x'x'' W X I y I I W y I y I I W 2 e • • • • • • • I W 3 • • o • • • • l 

(A. 4. 2) 

(A. 4. 3} 

(A. 4. 4) 

(A. 4. 5) 

(A. 2. 7) 

It can also be writt~n as a function of nodal coordinates 

in matrix form 

·{we} = [T
1
){a} 

When equation (A.4.8} is augmented by the condition of cubic 

variation of nodal slope along the edge P
1

P
3 

and P
2

P
3

, it can 

be written as 

(A. 4. 8) 

(A. 4. 9} 



= [T ]-1 
2 0 

0 
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(A. 4 .1 0) 

which is equivalent to 

· { a} = [ T 
3 

] { we } (A.4 .11) 

BENDING STIFFNESS MATRIX 

The stiffness matrix of the finite element may be de-· 

drived from strain energy which is given as 

ue =· ~ nJJ {w
2

, , + w2
, 1 + 211w, ,w, , + 2(1-l.l)w

2
, ,} 

X X Y.Y X X y y X y 

dx'dy' (A.4.12) 

for classical .bending of uniform isotropic plate. When equation 

(Aa4.1) is substitut~d in equation (Ao4.12} and carried out the 

necessary integrations, the strain-energy becomes 

ue = ~ D{a} T[K]{a} (A.4.13) 

Consider a typical term from equation (A.4~12), let 

u~ = ~ D Jf.w~'x' dx'dy' (A.4.14l 

Writing equation (A.4.1) in abbreviated form again 

Thus 

20 m. n:. 
W = E a.x' 1 y' 1 

'1. 
i=l 

(A.4.15) 

{A. 4 .16') 

mi+mj-4 n:t+nj 
E · E a. . a . m . m . (m . -1 ) (m . -1 ) x ' y 1 

i j 1 J 1 J 1 J (A.4.17) 

Integrating equation {A.4.17) w.r.t. x' and y' 

ff 
2 JJ m.+m.-4 n.+n. 

W dx'dy' = E Ea.a.m.m. (m.~l) (m.-1) x' 1 J y' 1 Jdx'dy 1 

x'x' . 1 J 1 J 1 J 
i J 

. (A.4.18) 
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Using Euler's beta function [22],_it can be ·shown that 

JJx~ y~ dx'dy' = F(m,n) (A.4.19) 

where 

= cm+l{am+l _ (-b)m+l} m!n! 
F(m,n) (m+n+2)! 

1Thus equation (A .. 4.18) becomes 

JJ 
w2 , , dx' dy 1 = I: I: a. a·. {m. m. (m. -1) {m. -1) F (m. +m. -4 ,n. +n.)} 

X X ~ J 1 J ~ ] 1 J l J i j 

{A. 4 ~ 21) 

Other terms in equation (A.·4 .. 12) can be evaluated similarly and 

the element matrix [k] can be deduced as follows 

k. . = m. m. (m. -1) {m. -1) F (m. +m. -4, n. +n.) + n. n. (n. -1) (n. -1) 
1] ~ J 1 J . 1 J . 1 J 1 J 1 J 

F(m.+m.,n.+n.-4)+{2(1-~)m.rn.n.n.+~m.n. (m.-1) (n.-1) 
1 J l J 1 J 1 J 1 J 1 J 

+11m . n . (m . -1) (N . -1) } F (m . +m . -2 , n . +n . -2 ) 
]:!; J. 1 l J ~ J 

(A. 4. 2 2) 

Substituting equation (A.4.11) in equation (A.4.13), the strain 

energy can be expressed in.{We} 

u =· !. n · {"we } T r K 1 ) {we} 
e 2 e (A.4.23) 

where (A. 4. 2 4) 

let.{W} be the generalized displacements in global coordinates .. 

(A • 4 e 2 5) 

Hence 

(A. 4. 2 6) 

where 

[K ] = [R] T [K I] [R] 
e e 

= [R]T [T
3

] [k] [T
3

J [R] (A. 4. 2 7) 
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'where 

1 0 0 0 0 0 

0 cose sinS 0 0 0 

0 -sinS cosO 0 0 0 
[R] = 2 

0 0 0 cos 8 2sin8cose sine 

0 0 0 -sinecose 2e . 2e cos -s1n sin8cos9 

0 0 0 . 2e s1n -2sin8cose case 



1 -b 0 b 2 0 0 

0 1 0 -2b 0 0 

0 0 1 0 -b 0 

-b3 0 

3b2 0 

0 

0 

0 b 2 0 

0 

0 

0 

0 0 0 2 0 0 -6b 0 0 0 

0 0 0 0 1 .0 

0 0 0 0 0 2 

1 a 0 a 2 0 0 

0 1 0 2a 0· 0 

0. 0 1 0 a 0 

0 0 0 2 0 0 

0 0 0 0 1 . 0 

0 -2b 0 0 

0 0· -2b 0 

a 3 0 0 0 

3a2 0 

0 
2 a 

6a 0 

0 

0 

0 

0 2a 0 

0 

0 

0 

0 

0 0 0 0 0 2 0 0 2a 0 

c3 1 0 c 

0 1 0 

o ·o 1 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 c 2 0 0 0 

0 c . 0 0 0 c 2 0 

0 0 . 2c 0 0 0 3c2 

2 0 0 0 2c 0 0 . 

0 1 0 0 0 2c 0 

0 0 2 0 0 0 6c 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

TRANSFORMATION MATRIX [T2 J 

b4 

-4b 3 

o o o o -b5 o 

0 0 0 0 Sb 4 0 

0 -b3 0 0 

12b2 0 0 

0 3b2 0 

0 

0 

0 0 2b2 0 

a
4 0 0 0 

4a3 0 

0 a 3 

12a2 0 

0 

0 

0 

0 

0 . 0 

0 3a2 0 0 

0 0 
2 2a .Q 

0 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

c4 0 

0 

0 

0 

0 

0 

0 

0 

c
3 0 

0 4c 3 

0 o 2c 2 ·o 0 

0 0 0 3c2 0 

0 0 0 0 12c2 

0 

-2ob3 

0 

0 

as 

sa4 

0 

20~ 3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-2b3 

0 

0 

0 

0 

0 

2a3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

2c
3 

0 

0 

0 : 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

c4 

0 

0 

4c 3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

cs 

0 

sc4 

0 

0 

20c3 

0 0 0 0 0 

0 

Sa4c 

Sb4
c 

3a2c 3-za4c -2ac4+3a3c 2 c 5-4a2c 3 Sac4 

0 0 0 0 0 3b2 c 3-2b4c 2bc4-3b3c 2 c 5-4b2 c 3 -5bc4 
~ 
~ 
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APPENDIX V - COMPUTER PROGRAM DOCUMENTATION 
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COMPUTER PROGRAM'DOCUMENTATION 

The following data are required for a general arbitrary 

shell structure. 

1. The total number of elements representing the structure 

and the total number of nodal points interconnected between 

elements. 

2. Number of d~grees of freedom for each node. For example, 

zero if the node is fixed, otherwise 5 or 6 for the Tocher 

and Rawtani displacement functions~ appropriate curvatures if 

the node is fixed, qtherwise 8 or 9 for the Cowper displace­

ment function. 

3. Material properties of the structure; You~g's modulus 

and Poisson's ratio. 

4. Thickness of each finite element.· 

5. The coordinate of the nodal points of each finite element 

in local coordinate system. 

6. Transformation matri~ for each finite element. 

7. External loads (load-vector). 

It is important to determine the material properties 

before the actual computation. The above items 5 and 6 con­

stitute enormous amount of data to be supplied, thus it is 

easy to make errors in punching the data cards. This kind of 

error can be avoided for this particular structure under con­

sideration by writing a ,subroutine to generate the data 

automatically. Also it is possible to use the same- ·prograrrrrne 

repeatedly for any numbers of times when t.he.structure is 
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ideal~sed into more and more refined subdivisions. If the 

plate coordinate system ·is employed in this particular case . 
for the Tocher displacement function, only four different 

types of transformation matrices will be required. Simi-

larly a different local coordinate system is used for each 

finite element (as in the Rawtani and Cowper displacement 

functions (Figs. 17 and 18) it is possible to generate the 

necessary transformation matrices as the coordinates of the 

nodal points are known. 

As the solution by di~ect ~tiffness assembly is 

limited to about forty nodes for CDC 6400 computer I6], 

convergence to the true results is not likely. Hence method 

of recl.rrsion,. taki~~g advantage of sparse nature of stiffness 

matrix, is adopted.. ~".f.lhe structure is divided into a number 

of partitions. The section in each face is again subdivided 

into triangular elements into three different patterns, namely 

two triangles, three triangles and four triangles. As the 

four triangular pattern (Fig. 19) gives_better results than 

the other two, the former pattern is used throughout the 

analysis for all three displacement functions. In this case, 

the structure is completely defined by the inclinations of 

the four faces, the height, the thickness and the base width. 

Hence they are the necessary parameters for the computation. 

SUBROUTINE FORT 

This subroutine generates coordinates of f.inite elements 

(with respect to local plate coordinate system for the Tocher 

and Cowper displacement functions and with respect to global 
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coordinate system for the Rawtani displacement funct.ion) for 

this particular prqblem. 

SUBROUTINE PLAN 

Thissubroutinecalculates in-p~ane stiffness matrix 

(6x6) for each triangular. element in terms of nodal coordin­

ates and material properties. Expressions for the in-plane 

stiffness matrix are obtained from reference [10]. 

SUBROUTINE BEND 

This subroutine calculates the bending stiffness 

matrix (9x9) for each triangular element for the Tocher and 

Rawtani displacemerit functions. For the Cowper displacement 

function this subroutine'calculates the bending stiffness 

matrix (18xl8} for-each triangular element, using quintic 

displacement function. 

SUBROUTINE GROUP 

For shell problems, both in-plane and bending forces 

have to be considered. Hence .in-plane stiffness and bending 

stiffness matrices are grouped before solving the problem~ 

This subroutine combines in-plane stiffness matrix (6x6) and 

bending stiffness matrix (.9x9) to form the combined element 

stiffness matrix (18xl8) of the triangular element for the 

Tocher and Rawtani displacement functions. When the Cowper 

displacement function is used, in-plane stiffness matrix 

(6x6) and bending stiffness matrix .(18xl8) are combined to 

form the combined element stiffness matrix {27x27) of the 

triangular element. 
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SUBROUTINE ASSEBL 

The combined stiffness matrix (18xl8) or (27x27) is 

divided into nine submatrices corresponding to the three 

vertices. Since a partitioning technique is employed, only 

the elements involved in a particular partition are considered 

at a time. The submatrices are taken up one by one and 

transformed to global coordinates as described previously, 

taking special care of the nodal points where ez is missing. 

The submatrices [K.] and [C.] of the assembled stiffness 
~ ~ 

matrix are written on magnetic tape 2 as soon as they are 

generated. Partitions are taken up one by one in DO 36. 

SUBROUTINE PRDMAT · 

This subroutine finds the multiplication of two 

matricese 

SUBROUTINE PRTMAT 

This subroutine finds the multiplication of·transposed 

and ordinary matrices. 

SUBROUTINE ALMD 

This subroutine calculates the transformation matrix 

of each triangular element in its local coordinate system. 

SUBROUTINE TRANPl 

This subroutine brings back the stiffness matrix 

calculated in local coordinates to plate coordinates before 

assembly of overall stiffness matrix in each partition. 

SUBROUTINE TRANF2 

This subroutine transforms (9x9) subra·!atrix of each 

node from plate coordinate to global coordinate system. 
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SUBROUTINE DEFL 

This subroutine separates element nodal displacements 

from system displacements, obtained in global coordinates 

and transforms them back to element or local coordinate 

system. 

SUBROUTINE STRESS 

This subroutine calculates the stress matrices for 

each element. The element nodal displacements obtained from 

DEFL are used to calculate-the stresses. There are two 

stagcis in calculation corresponding to in-plane and bending 

deformatione Stresses are calculated at the centroid of each 

triangular element. 

SUBROUTINE INVMAT 

This is a library subroutine used for the· inversLon 

of any matrix. 

FUNCTION FACT 

This function calculates the product of th~ ~factorial 

of an integer. 

FUNCTION G 

This function calculates· the ·function value ·of the 

double integral JJxmyndxdy by Euler's beta function. 

FUNCTTON NSUM 

This function calculates the tot.al number of degrees 

of freedom from the beginning of the node--system to a particular 

node. 
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MAIN P.ROGRAM 

·The main program utilises the above subprograms suitable 

for different displacement func·tions namely FJ;ocher, Rawtani and 

·Cowper .. The subroutines PLAN, BEND, GROUP and ASSEBL are 

called in a do-loop for each element one by one. Since 

a partitioning technique is employed only the elements 

involved in a particular partition are considered at a time. 

The elements are taken up one by one in DO 36. The submatrices 

[K.] and [C.] of the assembled stiffness matrix are written 
1 l. 

on magnetic tape 2 as soon as they are generated~ Partitions 

are taken up one by one in DO 35. 

SOLUTION OF EQUATIONS 

The met~od Qf solution of tridiagonalization is ~ut­

lined in section 3.9 and in reference [1] in detail. The · 

solution of equation is obtained from subroutine RECUR. The 

submatrices [K.] and [C.] are read from tape 2 and forward 
1 1 

elimination is done in DO 40. The process is reversed for 

backward substitution in DO 350. 

The residuals are calculated in order to check the 

errors introduced in the solutions due to rounding off and 

truncation as follows. 

{R} = {p} - [K){a} 

The residuals.{R} are compared with. {p} which serves as a 

check for the accuracy of the method of solution. 

CALCULATION OF STRESSES 

Subroutine RECUR calculates the nodal displacements 

of the triangular elements-in global coordinates~ These 

• 0 
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nodal displacements are written on magnetic tape 1, partition 

by partition, the order of sequence rever~ed. They are 

now read in the proper order and subroutine DEFL calculates 

the element nodal displacements and transforms them back to 

local coordinates. Once all the nodal displacements in their 

respective local coordin~tes are known, the stresses at the 

centroid of the element are calculated in subroutine STRESS. 
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APPENDIX VI - COMPUTER PROGRAMS -



A4463,LC7000,T2000,CM750UOo 
RUN(S} 
SET I NDF·. 
LO/\DER<PPLOADR) 

f~FDUC E" 
LGO. 

6400 END OF RECORD 
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P R 0 G I~ A ~!J T S T ( I N P U T , 0 U T P U T , T APE 5 = I N P U T , T A P l6 = 0 U T P U T , T A P E 1 , T A P i:. ~ ' 
1TAPE4} 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C PROGRAfvi TO C/\LCULATE OEFLECTIONS /\ND STRESSES IN A SHELL BY 
C THE METHOD TRIDIAGONALIZATION 
C Rl-\\tJT!\1\JI POLYUO;viJt-.L IS USED AS THE UISPLf,CEf~ENT FUf\JCTIONc 
C r-.1!\ I 1\l PROGRt~r·-" 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

c 
c 
c 

c 
9 

c 
10 

c 

D I f\1 ENS I 0 i·~ N S T /, R T ( 1 5 ) , i~ EN 0 ( 1 5 J , N F I R S T C 1 5 l , N L /\ S T ( 1 5 J ' N F R E E. < 1 0 0 ) 
Dli'1lENSION TtiiCrZ(200) ,f'>JI (20:J,3) ,X{2Q0,3) ,Y(20Q,3) 
D I i• i EN S I 0 N P P { 5 0 0 , 2 ) , T i·~ F ( 2 0 0 ~ ·3 , 3 } 
DP•1ENSION HH ( 15) 

DlMENSidN Zf20u,3~,ALMU(3,3l 
D I f'·1 ENS I 0 N A ( 5 5 , 5 5 ) ., C { 5 5 , 5 5 ) , X E L ( 18 , 2 ) 
D lfvi E N S I 0 i·.J P K ( 6 , 6 ) , B K C 9 , Q ) , S T ( 1 8 , 1 8 ) 
C 0 i'"L''i 0 l'~ N 0 l) , N E L E I··~ , E i'·: , V , t·4 S T I~V. T , t~ E 1\ 0 , l'i F 1-~ t: C. , T N F , P P , X , Y , Z , A L ivi lJ 

READ ( 5,14 > NPI~OB 

* * * ~- * ~- {..!. -* -X- ~'- * {t v ~- * .. X- -X- ~~ * -* ~- * .. * -~- * -~ * ~~ ~'t ..,_-

READ I NG DATA 
-~ ~rr 

-X- * * -x~ * -~ -X- -n· -X- -X- * ~;- -~- * ~- ~- -:f ~- * ·!.(- -~ * * ~- * ~- * -X- * * -it . 

DO 1500 NTL=l ,NPRO~"' 
v!f~ I TE ( 6 ,9 ) NTL 
FOR>1A T ( 1H1 ' lOX , -~ P R 0 8 L E i··1 NO.-~, I 5 ,// ) 
~- * 

v ,, -h- * ~~ ~- ~· ~~ ~- ~- 1{- ~~ -~- * -~ ->r * * ~- * * -~- * -X- -~- * ~- * -jf ~-

READ ( 5,10) NP/l.f~T, f~OlJ, NELli·':, NCCLi·~, N6, nXL 

* * * * * * *·* * ~- ~- * -*· -X- .;~ ~-

FORf··~AT { 20 I 4) 
NR IS THE TOTJ\L NU~iBEf~ OF DEGREES OF FREEDOH FOR THE STRUCTUf~C: 
NR=~!6~·6+ ( NOD-N6) ~;-~5 

* 
..)k 

* 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
READ ( 5,13) Eivi, V 

13 FORMAT<2El5e3) 
R t J..\ lJ { 5 , 1 0 I { ( N S T .i\ 1"\ T ( I J , N t N u C 1 J , I~J F l K S T ( 1 J , !'H. i\ S T ( I ) J , I = 1 , N P /\ i~ T ) 
READ(5,14) (NFREECI>,I=1,NOD) 

14 FORMAT(40!2> 
D 0 1 2 I = 1 , i'·l R 
DO 12 J= 1 ,f'<COL;\} 

12 PP( I ,J)=O. 
D 0 8 I I = 1 , t·! X L 
READ(5,11J (l,{~P(I,J)~J=l,NGOLN)J 

11 FORMAT{l4,5Flu~u> 

8 CONTINUE 

~-

-}!-

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
INPUT SIMPLIFIED FOR TrliS STRUCTURE 
IJ\i THE c;ENER1\L CI\SE THe ,'·JOJE 1\U;"'lUERS f,ii AND THE TRAf~SFOf-U·:ATION 

~iATRICES HUST UE Dlf:ECTLY ReAD IN 
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c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
NLI\l=NPAI\T-;;.16 

C N L N I S T H E T 0 TAL N U f< i:3 E J < 0 F C. L u•; E NT S 0 N T h C. L t\ T E f\ A L S U R F A C !:. 0 F T H E 
C PYRAMIDo 

NLNN=NLt-1+1 
C READ THE NODE NUMBERS FOR THE ELEMENTS IN THE FIRST TWO PARTITIONS 
C FROM BOTTOMQ 

RtAD{5,16)((NI(I,Jl,J=l,3),I=l,32) 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C RAWTANI POLYNOMIAL IS USEU AS DlfLLCTION FUNCTIONe 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
16 FORMAT(40I2) 

C CAlCULJ\TE THE NODE NU:'-'lBtf~S FOH THE REI'·iAINING ELEfv\ENTS ON THE 
C OUTER SURFACE 

DO 17 NPT=3,NPART 
DO 17 I= 1, 3 
DO 17 J=1!)16 
KK=J+(NPT-2)*16 
K=J+ C NPT-1) ~-16 

17 NI (K,I >=NI (KK,J )+8 
C READ THE NODE NUMBERS FOR.THE LAST SIX ELEMENTS· 

R E .4 D ( 5 , 1 6 > < ( N I ( I , J } , J = 1 , 3 > , I = N L f\ N , N E L E ;vl } 
DO 18 I=l,NLN 
THICK<I>=Oel25 

18 CONTINUE 
C T H I C K N E S S 0 F T H C: LAS T S I X E L C. iVi E f'i T S I S 0 c 5 I N C H E S 

DO 19 I=NLNN,NELEM 
THICK(!}=OQ5 

19 CONTINUE 
C READ ThE ANGLES OF INCLINATIONS OF THE FOUR FACES, THE BASE WlUTH 
C AND THE TOTAL HEIGHT 

READ(5,2UlAT,bT,CT,DT,H,AA 
20 FORMAT(6FlO~O> 

C CONVERT ANGLES INTO RADIANS 
ATR=AT*3ol415926/l80e 
BTR=BT*3cl415926/lAOe 
CTR=CT*3ol415926/18Q. 
DTR=DT*3el415926/l80e 
ATR=ATAN{48~/31.5} 

8 T I~= AT AN ( 4 8 ~ I 4 "' ) 
CTR=3Gl416-ATANC48e/l2.> 
DTR=ATAN(48./l5c5) 

C READ THE HE l ()HT S OF THE PAF~T IT I Of~S 
READ( 5 ,zo) (HH( I), I =1 ,NPAF<T} 

C CALCULATION OF ELE~ENT COO~DINATES· 
P.B=AA 
DO 21 NPT=l,NPART 

C NST IS THE FIRST ELEMENT IN EACH PARTITION 
NST=l+CNPT-1 )-X-16 

NN=NST+l5 
HI=OoO 

HHH=HH(NPT} 
IF{NPToEOoll GO TO 22 
HP=HH(NPT-1) 
AA=AA-HP*COS(DTR)/SIN<DTR)-HP*CUS(~TR)/SIN<BTR) 
B B = 3 8-H P -x- C 0 S ( AT!-=( } IS I f\! { AT f\ 1 - H P -:f C 0 S ( C T F~ ) I S I N ( C T R ) 

C CALL SUBROUTINE TO CALCULATE THE NODAL CO-ORDINATES FO~ EACH TRIANGLE 
2 2 C A L L F 0 R T ( I\ r, , t3 tJ , A T f~ , b T R ~ C T I~ , U T f-< ~ H 1-1 H 5' N S T } 



IF<NPTeEOel} GO TO 21 
HI=HI+HHCNPT-1) 108 
DO 112 I=NST,NN 
DO 11? J=l,3 
XN=~(I,J)+HI*COS<ATRl/SIN<ATRI 
YN=Y(!,J)+HI*COS(GTRJ/SIN<8TRl 
ZN=l(J,J)+HI 
X( I ,J)=XN 

. Y ( I , J} = YN 
Z(I,...Jl=ZN 

112 COt-.!TINUE 
21 COf'lT I NUE 

DO 118 I=NLNN,NELEM 
DO 118 J=l,3 

118 Z< I ,J)=O"O 
C READ THE NODAL CO-ORDINAtES FOR THE LAST SIX ELEMENTS 

READ { 5 , 2 5 ) ( ( X < I , J ) , J = 1 , 3 ) , I = N L N N , l'i E L E j·:i J 

R E A D ( 5 , 2 5 > < ( Y ( I , J ) , J = 1 , 3 ) , I = N L N N , N E L E r ... i ) 
25 FOR~ATCBF1n50) 

DO 119 I=NLNN,NELEM 
DO 119 J=1,3 
XN=X{J,J)+(HI+HH(NPART)J*COS(ATR)/SIN<ATRJ 
Y N = Y ( I , J J + ( H I + H H ( N PI~ ri: T J J -~ C 0 S ( b T f-< J IS I l'l ( 8 T !-< ) 

ZN=Z(J,Jl+(HI+HHCNPARTJJ 
X(J,J}=XN 
Y(I,J)=YN 
Z( I ,J)=Z:-.1 

119 CONTINUE 
C INITIALIZE THE ARRAY 

D 0 3 1 N M = 1 , ~-1 E L E;v; 
DO 31 1=1,3 
DO 31 J::::J~3 

·31 TNFCNM~I,J)=Oe 
C TRANSFORMATION MATRIX FOR FACE"l 

DO 2 7 I= 1, 4 
DO 27 Nl'<:::: I ,NLN, 16 
TN F ( N jv;, 1 , 2 l =-1 o 

TNF(N~,2,1l~COSCATR> 
TNFCNM,z,3J=SIN(ATR> 

27 COt',JTINUE 
C TRANSFORMATION MATRIX FOR FACE 2 

DO 2 8 I= 5, 8 
DO 28 NM=I,NLN,16 
T N F ( N !-•1 , 1 , 1 > = 1 c 

TNFCNM,2,2)::::CQS(BTR) 
28 TNF(N~s2,3l=SIN(8TR} 

C TRANSFORMATION MATRIX FOR FACE 3 
DO 29 1=9,12 
DO 29 N~=IsNLN,16 
T NF < Nt·•J, 1, 2) = 1 e 

TNFCNM,2,1)=-CQS(CTR) 
29 TNF(NM,?,3l=SIN(CTR) 

C TRANSFORMATION-~ATRIX FOR FACE 4 
DO 30 1=13,16 
DO 30 NM=I,NLN,16 
TNFCNH,1s1l=-1G 
TNFCNM,2,2>=-COSCDTR) 

30 TNF£NM,2,3>=SIN(DTR) 



DO 3 2 Nr,.l = f··! L rJ \! ~ n E L [ f·.t,. 

DO 3 2 I= 1, 3 
DO 32 J=l,3 

TNF ( Nf\1, I "J) :::QoO 
IFCloEU.JJ TNFCNMti,Jl~1eO 
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32 CONTINUE 
c 
c 

33 
c 
c 
c 

400 

401 

403 

402 

443 

446 
442 

410 

430 

425 

437 
4-36 

c 
c 
c 
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CALCULATE THE THIF~D ROvJ OF EACH T l< AN SF 0 f-\ i'-'l AT I 0 f\J H /\ T f~ I X I N T E f< I'<', S 
0 F T HE E L E tit EN T S 0 F THE F I R S T . _T ''-' 0 R C \1·1 S 
D 0 3 3 N :',1 = 1 , N E L E >1 
TNFCNM,3,ll=TNFCNMtl,Zl*TNFCNM,2,31-TNF<NMt2,2l*TNFCNi~,l'31 
TNFCNM,3,2l=TNFCN~'2"ll*TNFC~M~1,31-TNFCNM,l,1J*TNF(Ni~92,3l 
T N F C 1\! 1"1 , 3 , 3 ) = TN F ( f'i jvi , 1 , 1 ) -:~ T N F ( h i··i , 2 , 2 ) - T ,.~ F ( N jv-1 , 2 , 1 l ~x- T N F ( f'l l' .. , , 1 ' 2 ) 

* * * -X- ~t -X- ~: * -X· * -,.;- -X- .. ~- ~- ~~ i(- ~- -~\ ;;- * -x~ 

PR I NT I NG Dt'\ T J\ 
v 

'' * ~- -X- -~ * ~; * -X- -"- * -~!. ~f. ~~ -):\- ")(- -~ ~t -* -'* ~~ 

\\iRITE(6,40U) H 
F 0 R '-·1 AT ( 1 0 X , 2 U H HE I G H T 0 F S T R U C T U l~ E = , F 1 0 ." 3 l 
WRITEC6,40ll EM'V 

* -h- -):\- -~ -~- -~ ~r ~· ;.- * "" 

~( * -* * ~~ " -~ ~ ~-.,, 
* 
~-

F 0 1-< I'~~/\ T ( I , l 0 X ~ 1 9 H ;·, U\ T E R I J\ L P ! ~ 0 P C. R T I l S , I I , l 0 X , 2 H E = ~ I: l 2 s t1- ' ? X , 2 H V::: ' 
lt:l2fJ'+) . 

vJ f~ I T i:: ( 6 , 4 u 3 J (\:PART , N 0 u , N!: L E i··l , i"J C u Li\ ~ H XL 
F 0 R /vi A T ( I I , 1 (; 1. , 2 5 H N P A f~ T , N G D , N E L E f'•1 , H C 0 L f,l , N X L , I , 5 I 2 0 ) 
It·/ R I T E C 6 , '1· 0 2 ) ( H H ( I ) , I = 1 9 N P ;\ R T ) 
FORMAT(I,lJX,25HHEIGHTS OF PARTITIONS ARE,I,(6Fl5o31) 
DO 442 J= 1 ,NCOLf'-J 
DO 442 NL=l ,~<R 
IFCPP<NL,J)0LEoleOE-8' GO TO 442 
tv R I T E ( 6 , 4 4 3 ) '"J 
FORMAT(/,5X,*EXTERNAL LOAD VECTOR NO~*,I6J 
WRITEC6,446) PPCNL,J),~L 

FORMATC5X,Fl5G4,*LBS AT*,I6) 
CONTINUE 
IF<NTLeNEell GO TO 8888 
ltJ R I T E ( 6 , 6, 1 0 ) 

-x~ ~-

-~ * 

FORMATC1Hl95X,29HNODAL PATTERN ANU COORDINATtS,II,5X,llHELfMENT NO 
lo,lUX,2HNI,32X,lHX,45X,lHY,IIJ 

DO 4 0 6 I = 1 , ~·J E L E >1 
~'i R I T E ( 6 ' 4 0 5 J I , ( N I ( I , J ) ~ J = 1 , 3 ) , ( X ( I , J ) , J = 1 , 3 J , C Y { I ~ J J , J ::: 1 9 3 i 
C 0 r,1 T I r~ U F 
FORMAT(l6,1UX,3IS,6Fl5e3J 
\-v'f~ITE(6,43ul <NFREE< I i ,I=l,NODJ 
FOR;v1J1.T {I I ,2015). 
V·! i-< I T E ( 6 , 4 3 l J C ( N S T A R T ( I ) , N E N U ( I l ., N F I R S T ( ! J , N L A S T ( ,I ) ) ~ I = 1 ~ N P A f,~ T J 

F 0 FU'vl /\ T ( I I , 4 I 2 5 ) 
vJ R I T E ( 6 9 4 2 5 l ,\ T R ~ d T R , C T f.~ , D T R 
FORMAT(II,5X~lOHTHE ANGLES,/I94E20~3l 

DO 436 N~=l~NELEM 
ltJ R I T E ( 6 , 4 3 7 l C ( T N F ( f,~ f\·1 9 1 , J ) , J = 1 , 3 } , I = 1 , 3 ) 
FORMATC9Fl3o3JI)" 
CONTINUE 
-~- ~- -X- -~- ~- i\ ~~ ·~ -X- * ~-

FORi''iA T I OI'l .l\ND /1_SSEi':ibl Y 
-'* ~~ * .. ~ 

REwif-JD 1 
RE\diND 2 
R E':! I ~.JD 4 

~- t~ * * ~L 

DO 35 NPT=l~NPART 
N A = N S T t, F< T ( N P T } 

-~- 1~ 

~~ -j~ ~~· -* -~ ~~- -~ ~- ~-

or l''lATf~ I CES 
7~ ~~- -~- ..:;::- -h- ~~ * -~ ·x-

* -~- -~- -~ -~ ~- -~-- -!t -~t '' ~- ~-

~.::.. -~ -,, -x~ -~- -~- * * -~ ~- .),f * 
* 
.;(-



c 
c 
c 

NB=NEND(NPTJ 
[v'1 A= N S lF· 1 ( N F R E E , 1\l /, - 1 ) 
MB=NSUM<NFREE,NB> 
f'-1 I =tv1A+ 1 
rvl 1 =: tvi p. - ~.A .A 
IF (NPT~GEcNPART> GO TO 39 
NC=NEND{NPT+l) 
MC=NSUM(NFREE,NC> 
r-1 2 = r-1 c - i'-'1 B 
GO TO 5 

39 ~i2=Ml 

5 DO 37 I=1,M1 
D 0 3 8 J = 1 , ~.ll 1 

38 A(I,J)=Oo 
DO 3 7 J= 1, fv12 
((l,J)=~o 

37 CONTINUE 
LA=NF I F<S T ( NPT} 
LB=NL/I.ST { NPT} 
DO 36 ~·H·1=L/\, LR 
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P = SCJ R T ( ( X ( N i''i , 2 > -X ( N ivl , 1 ) > -~~ * 2 + < Y { N fv\ 9 2 } - Y C I·Uv; , 1 ) > ~~ ~- 2 + ( Z ( i'H:i , 2 I - Z ( N ;.:; , 1 ) ) 
1-~--~2) 

u = SU ~~ T ( ( X ( N1V:, 3 J- X (Ni''i, 2) l -~~ * £: + ( Y ( l'•i'"i' 5 J- Y ( i'-!1'', 2 1 i ~f- ~~ L + ( Z Cr~ ;·.·: '3 J- Z { N r'i 9!..) l 
l?H{-2) 

R = S (~ i~ T { ( X ( N i .... i , l ) - X ( N H , 3 ) ) ~f- -:~ 2 + ( Y ( d i'-'i , l J -- Y ( f'·l i"~i , 3 ) J -r.- -:~ 2 + ( Z ( N ,v, , 1 i - Z ( N i I, , 3 J } 

1-X--~2) 

S=<P**2+R**2-Q**2l!<2~0*P} 
Y2=P 
Y3=S 
X3=S0RT<R**2-S**2> 

X l :.: U e () 

X2=0c0 
Yl=O~O 

CALL LJ\i'•~ l);.\ ( r·~···l ) 
T:::THICK(f\lr!J) 
CALL PLAN<XJ ,xz,x3,Yl,Y2,Y3,EM,V,PK,T) 
T = T H I C K ( N rv; ) 
CALL bEND<Xl,X2,X3,Yl,Y2,Y3,EM,V,T,SKl 
CALL GROUP(ST,PK,BK) 

CALL TRA~F(N~')ST> 
CAL L ASS 1:::. G L ( N ~~i ') 1-\ , C , S T , N I , f\ P T , N P A I~ T 1 

36 CONTINUE 
~~~I~ I T E ( 2 ) i·i\ l , 1-'12 , < ( A ( I , J ' , I = l , !--11 ) , J = 1 , i·:\ 1 J , C ( C ( I , J i , I ::: 1 , ,.,11 ) , J = 1 , fvi 2 } , 

l ( ( P P ( I , J ) , I = i'·1I , i'-4 R ) , .J = 1 , f'.l C 0 L r .. j J 
3 5 CONTI i'IJUE 

Ji~- *• ~- * 
THE t'll\ T R 

* ~- ;~ * 
R E~,JI ND 1 
RE'v·Jl ND 2 
REI/JIND 4 

* -}f -;~ 

I CES 
-~- * -~ 

* ~- -~- " -1\- ~-x- ~~ ~~~ .X-

ARE FORiv1FD 1\ND h'R 
~- -X· -~- ~- -x- ~~ "' -x-

* -,; 1:;- ~~ * ~~ --h~ .lk -j( -~ -}t ~- * -~ -X- * -X-

I TTC:N I ;-~ T f..P E 2 
-h- ~- * -~ -~ -~ ~~- ~- * ~- ~~ v ..z~ -;;: * ~}{- ~-" 

1(-

~-

C CALL SUBROUTINE TO SOLVE THE TRIDIAGONAL EQUATIONS 
CALL RECUR(A,C,NPART,NCOLN} 

1500 CONTINUE 
STOP 
END 

t 

l 
I 
I 

' 
I 
I 
I 
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SUBROUTINE RECUR<NPART,NCOLNJ 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C ~UBROUTINE FOR SOLUTION· OF EOUATIONSG CALCULATION ANU PRINTING 
C OF RESIDUALS 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * DIMENSION A<72,72>,CC72,721,bb(72,72),RS(72,2J ,F(72,2l,TF(72,2> 

DIMENSION X{l66,3l,YC166,3J 
DIMENSION PPC688,2) 

D If·1 ENS I 0 N I'~ T < 7 2 ) , ,,~ I < 16 6 , 3 J , RTF C 9 , 9 } 
DIMENSION DIS(72,2l,NSTART<l5l,NEND<l5),NFREE<lOOl,TNF(l66,3,3l 
COMMON NOD,NELE~,EM,V,NSTART9NEND,NFREE,TNF,PP 
COMMON A,c,NI,RTF,X,Y 
i:.QUIVALli'~Cl(f(l,ll ,pp(l,l)) ~culS(l,l) ,pp(l,Z)} 
DO 140 1=1 ,72 
D 0 1 Lf 1 J -== 1 , N C 0 L N 
TF(I,J>=O" 

l'fl RS(l,J)=O. 
DO 140 J=1,72 

140 8[3(l,J)=Oe 
DO 40 NPT=l,NPART 
R E AD ( 2 ) i'i 1 , fv12 , ( ( ;\ (. I , J ) , . I = 1 , fv1 1 ) , J = 1 , f·~ 1 ) , { ( C ( I , J ) , I = 1 , >'11 ) , J = 1 , i!J 2 ) , 

1 ( ( F ( I , J ) , I = l , ~~1 l > , J = 1 , N C 0 L N ) 
150 DO 44 I=l~Ml 

DO Lr5 J=l,NCOLN 
F(I,J)=F(I,J)-TF(I,J) 

45 CONTINUE . 
DO 4 '• J = 1 , r< J 

44 A(I,J)=.t\(J,J)-88(!,J) 
CALL 1NV~AT(A,72,~l,l·Ol~8,IERR,NT) 
I F { I t R R. N E .. 0 ) 1,-J I~ I T E ( 6 , 3 8 5 ) ·I E R F< , N P T 

3 8 5 F U !~ f·•l J\ T ( 5 X , 5 H I f::. R f~ = , I S , S X , t.~ H N P T = , I 5 , I I I i 
WRITE(4) Ml,M2,( CA(I,Jl,I=l,Mll ,J=l,Ml)~((C(I,Jl,I=l,Ml),J=l,M2}, 

l C ( F ( I , J ) , I = l , r·.11 ) , J = 1 ' N C 0 L ~·! ) 
IFCNPT .. EQ"NPART) GO TO 50 
D 0 4 6 I = l , t~ 1 
DO '~6 J= 1, NCOLN 
DISC I ,Jl=Oo 
DO Lt6 K::::: 1 'f'/ 1 

4 6 D I S { I , J ) = D I S C I , J -) + /, < I , r<. ) ~t F. ( K , J J 

D 0 4 7 I = 1 , i-·12 
DO 4 7 J= 1, ~.JCOLN 
TF( I ,J)::::O., 
D 0 4 7 K = 1 , ~,11 

47 TF<I,Jl=TF(I,J)+C(K,IJ*UISCK,Jl 
DO 48 I= 1 d 11l 
DO '~8 J= 1,11112 
BB(I,Jl=Oo 
DO 4 8 K = 1 , fvil 

4 8 R B ( I , J ) = B 8 C I , J } +A ( I , K ) •'tC ( K , J l 
DO 4 9 I= l , t-12 
DO 49 J=l ,~"2 
A(I,J)=Ofl 
D 0 4- 9 K = 1 , ~~11 



1+9 

51 
40 
50 

A(I,Jl=ACI,Jl+C(K~Il*B~<K~J' 
D 0 5 1 I = 1 , f·12 
DO 51 . J= 1 , ~12 
RB< I ,J)=ft.( I ,J) 
CONTINUE 
REvJl ND 2 
DO 55 I= 1 , f'.i 1 
DO 55 J=l,NCOLN 
DIS( I ,J>=Ue 
DO 55 K = 1, i'-11 
DIS(J,J)=DISCI,J}+A{I,Kl*F{K,J} 
WRITEC6,325) NPART 
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32 FORMAT(10X,l3HPARTITION NO=,I6,//,5X,l9HTHE DEFLECTIONS ARE,//) 
rv1 A = N S T A R T ( r~ PART ) 
t·i B = N E N D < N P A R T ) 
DO 32U J= 1 ""lCOLN 
WRITE(6,322) J 
K=l 
D 0 3 2 0 I == ~1 A , f\1 n 
KK=NFREE<Il 
KK=KK+!(-1 
WRITE(6,32ll I, (D!SCII,JJ,II=K,KKJ 

462 K=KK+l 
320 CONTINUE 

321 FORMAT<I3,9El4.6> 
322 FORMAT(/,5X,l6HLOAD VECTOR NOe=,I6,/) 

h'R IT E ( 1) ( (DIS ( I , J) , I== 1 't-.11) , J=.l, f\lCOLN) 
NA=N?ART-1 
DO 350 LL=l,NA 
BACKSPACE 4 
BACKSPACE 4 

I ···-

READ ( 4 ) ;.·i l , fl, 2 , ( { I\ ( I , J J , I = l , ;·111 ) , J = l , 1•ll J , ( ( C ( I , J i , I = l , fltl J , J = 1 , 1·1. 2 } , 
l((F{I,J),I=l,Mll ,J=l,NCOLN) 

DO 11 0 I = 1 , f-'i 1 
DO 110 J=l,NCOLN 
TF(I,J>=Oo 
IJO 11 J K = 1 , i< 2 

110 TF(I,J)=TF<I,J)+C(l9KI*DIS(K~JJ 
lJO 14 4 I= 1, 1'-H 
DO li!-4 J=l ,NCOLi\l 

1'+ 4 F ( I , J } = F ( I , J ) - T F ( I ~ J ) 
DO 6 0 I = 1 , t~ l 
DO 60 J=l,NC0LN 
DIS( I ,J)=O. 
D 0 6 U K = 1 , i·IJ 1 

60 DlS(l,J}=DlS(J,J}+A( I,K)*FCK,JJ 
NPT=NPART-LL 
viR I T E ( 6, 3 2 5 ) N P T 

IFtNPT.EOell Go· to 500 
r·-1 A. = ('l S T A r~ T ( N P T } 
~1B=NEND ( NPT) 

·500 DO 326 J=l,NCOLN 
It! R I T E ( 6 , 3 2 2 ) J . 

IFCNPTeNE.l> GO TO 501 
WRITE(6,502J (DISCII,J) ~II=l,4J 
GO TO 326 

501 K=l 
DO 3 2 6 I = fv1 A ~ t~ B 



lF(NPToEOol) GO TO 326 
KK=NFREE (I} 
KK::-KK.+K-1 
WRITEC6,32ll !,(01S(II,J) ,II=K,KKJ 

442 K=KK+l 
502 FOR~AT(5X,6El5.5} 
326 CONT r"NUE 
3 :) 0 ~~i R 1 T E < 1 ) < C D I S ( I , J ) , I ::: 1. , J'v'1l l , J = 1 , N C 0 L N ) 

WRITE(6,115) 
115 FORMAT<lhl,l7HTHE RESIDUALS ARE~;;J 

DO 200 NPT=l,NPART 

113 

R E /1.. D ( 2 J f' 11 , r~~ 2 , ( ( 1\ ( I , J i , I = 1 , l ·• l1 ) , J = 1 , lvi 1 ) , < ( C < I , J ) , I = 1 , ;._~ l ) , J = 1 ' i¥1 2 ) ' 
1 ( ( F { 1 , J ) , I = ·l , 1"11 ) , J = 1 , N C 0 L N ) 

8ACK.SPA.CE 1 
READ( 1) {<DISC I ,J), 1=1 dv11) ~J=l ,NCOLN) 
BACf(SPA.CE 1 
BACKSPACE 1 
R E J\ D ( 1 > < ( T F ( I , J } , I = 1 , f\i 2 } , J = 1 , N C 0 L N l 
00 2 50 I= 1 , iV\ 1 
DO 250 J=l,NCOLN 
FCI,J)=F<I~J>-RS(I,J) 

D 0 ?. 6 0 K = 1 , ~~11 
260 FC 1 ,J}=F( I ,J}-A( I ,K)~-DIS(K,J) 

D 0 2 5 U L = 1 , f'.i 2 
250 f(I,JJ=F(J,J)-C(J,L)*TF(L,Jl 

[)0 265 I=1,f'~2 

DO 265 J=l,NCOLN 
RSC I ,J)=Oo 
DO 2 6 5 K = 1 , !vi 1 

265 RS(I,J>=RS(I,Jl+C(K,II*OlS(K,J} 
WRITE ( 6, 3 0 U ) ( ( F ( I' , J ) , I= 1 , iVi 1 ) , J = 1, ~~l C OLN) 

.300 FOF~HAT(8El5e3) 

2GO CONTI r~UE 
RETUl~N 

END 

SUBROUTINE TRANF2(NM,TLJ 
C Tf-\ANSFOf~l·'lATIOi'··J OF ELEi'-·iEf·.JT STIFFNeSS fviATHIX Ff~Oi\•i PLI\TE COOf-\UIN/-\TE 
C TO GLOBAL COORDINATl SYSTLMS. 

DI~ENSION TL(9,9),RTF(9,9) 
DI~ENSION AC72,72},((72,72>,NI(l66,3} 
DIMENSION PP{688,2),NSTART{l5),NENu(l5l,NFREE(l00l,TNF<l66,3,3l 
DI~ENSION X(l66,3),Y{l66,3l 

COMMON A,C,NI,RTF,x,y 
DO 11 I= 1, 9 
DO 11 J=l,9 
TL(!,J)=O&() 

11 CONTINUE 
DO 12 I= 1, 3 
DO 12 J=1,3 
TL(J,J)=TNF<NM,I,J) 
IA=I+6 
J/1,=J+6 



12 
TLCIA,JA)=TNFCNM,J,J) 
CONTINUE 
TL(4,4)=TNFCNM,1,1)**2*TNFCN~,3,3l 114 
TL(4,5)=2oO*TNFCNM,l,l)~TNFCNM,l,2l*TNFCNM,3,3l 
TL(4,6)=TNFCNM,3,3l*TNFCNM,l,2>**2 
T L ( 5 , '+ ) = T N F ( N j·,1 , 1 , 1 ) -k T N F ( N 1 •'i , 2 , 1 ) -:<- T i-.J F ( N !vt , 3 , 3 J 

TL(~,5}=(TNFCNM,l,zl*TNF(NM,2,1)+TNFCNM,2,2l*TNF(NM,1,1lJ*TNF(NM, 
1 3,3) . 

·TL(5,6l=TNFCNM,3,.3)*TNFCNM,l,2)*TNF(NM,2,2J 
TL(6,4l=TNFCNM,3,3)*TNFCNM,2,ll**2 
TL(6,5l=2~G*TNF<NM,3,3l*TNFCNM,2,ll*TNFCNM,2,2l 
TL(6,6)=TNFCNM,3,3l*TNF(NM,2,2l**2 
RETURN 
END 

SU8ROUTINE TRANFlCALPHA,ST) 
C T~ANSFOR~ATION OF ELEMENT STIFFNESS MATRIX FROM ELEMENT COORDINATE 
C T 0 P L f.\ T E C 0 0 R D I NAT E S Y S T E ivi S e . 

DIMENSION TEDC27,27l,STC27,27l ,TSTC27,27l,RTFC9,9l 
DI~ENSION X(166,3l,Y(l66,3l 

IJ lfJI EN S I 0 N P P ( 6 b B , 2 ) , N S T A 1-< T ( 1 :> J , N E i''l u ( l 5 J , f\l F R E l ( 1 0 0 J , T 1\l F ( 1 6 6 ' 3 9 3 ) 
DIMENSION AC72,72),((72,72l,NI(l66,3) 
C 0 fv; i·~ 0 N N 0 D , N E L E f':l , E.;..: , V , /~ S T 1\ R T , N E N D , f'~ F r~ E E , TN F , P P 
COMMON A,C,NI,RTF~x,y 

DO 11=1,27 
DO 1J=15127 

1 T E D ( I , .J ) = 0 (l 0 
CALL ROTH/\ T ( ~~.LPH!\) 
DO 2 I::: 1, 9 
DO 2 J=l,9 
DO 2 K=l,3 
N= ( K-1) ·~H) 
TED(J+N,J+N)=RTF<I,JJ 

2 CONTINUE 
CALL PRTMAT<TED,ST,TSTt27,27t27> 
CALL PRuMATCTST,TEU,ST,27s27t27l 
RETUf~N 

END 

SUBROUTINE ROTMATCTHITAI 
C THE ROT ATOb!Y i·iATR I X FOt< ROT 1\ T I U1\l OF ELtt"icNT ~ 

Dif·iENSJON RTFC9,9) 
DIMENSION XC166,3),Y(l66,3J 
DIMENSION PPC688t2) 

DIMENSION NSTARTC15l,NENU(l5),NFREEClUOl,TNF<l66,3931 
D I j\1 E N S I 0 N !\ { 7 2 ' 7 2 ) , C ( 7 2 , 7 2 I , N I ( 1 6 6 , 3 ) 

COMMON NCDtNELEM,E~,v,NSTARTtNEND~NFREltTkf,pp 
C 0 1-'t i·-1 0 N A , C , f ·~ I , f-< T F , X , Y 
DO 1 I::: 1 , 9 
DO l J= 1, 9 



1 RTF< I ~J)::::OoU 
IF(.l\RSCTHIT.Al,LToleOF-6) GO TO 11 

R T F ( 1 ~ 1 ) :::: C 0 S C T H I T 1\ ) 
RTF(l,2>=SINCTHITA) 
RTF(2,l>=-SINCTHITA> 
RTFC2r;2}=COS(THITAl 
RTFC3s3l=lo0 

RTF{4,4)=COSCTHITAl**2 
R T F ( '+ , 5 ) = 2 o 0 -n- C 0 S C T H I T A ) -* S I N ( T H I T 1\ ) 
RTF ( t1- , 6 ) = S I N { T H I T t ... ) -~--x- 2 
RTF(5,4)=-SINCTHITAJ*COSCTHITAJ 
RTF(5,5l=COS(THITA>**2~SIN(Th!TAl**2 
RTFC5~6>=-RTFC5,4l 
RTF(6,4)=RTF(4,6l 
RTF(6,5)=-RTFC4,5) 
RTF(6,6)=RTF(4,4) 
DO 2 . I= 1, 3 
DO 2 J=lr;3 

2 RTFCI+6,J+6>=RTF<I~JJ 
RETur~N 

11 DO 10 1=1,9 
DO lU J=l,9 

RTF(I,Jl=OoO 
IFCI.EOcJ) RTF(I9J>=lo0 

10 CONTINUE 
RETURN 

END 

SUBROUTINE GROUP(STIFF9PSTI~F,HSTIFF) 
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c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C SUBROUTINE TO COBINE ELEMENT STIFFNESS MATRICES IN PLANE FORCES 
C AND IN bENDING TO GET 27s27 STIFFNESS MATRIX FOR THE 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
lJ I fij l N S I UN S T I F F ( 2 7 , 2 7 ) _, P S T I f- F ( 6 , 6·) , b S T I F F ( 1 8 9 l cl J 

C ASS t:i''i t3 L E T H E E L E i'·t\ EN T S T I F F NESS t"vi A T f-~ I X 
C CLEAR ARRAY 

DO 134 I=l,27 
DO 134 J=1527 

134 STIFF(IsJ}=UeO 
DO 6U Kl=1,3 
DO 60 KJ=l,3 
DO 6 CJ I= 1, 2 
DO 60 J=l~2 
I I=I+{KI-1 }~~9 
JJ=J+ ( KJ-1) -~-9 
III=l+(K.I-1}*2 
JJJ=J+ < KJ-1 >·-r.z 

60 STIFF<II~JJ)=PSTIFF(III,JJJJ 

DO 65 Kl=l93 
DO 65 KJ==l93 

DO 65 I= 1, 6 
DO 65 J=l.,6 

I I=2+I+CKI-1)~~9 
JJ=2+J+ ( KJ-1) ~~9 



c 
c 

I I I=l+CKI-1 )·*6 
JJJ=J+( KJ-1 )-~-6 

STIFF< I I SJJJ)=BSTIFF( I I I ,JJ..Jl 
65 CONTINUE 

RETURN 
FND 

SU8ROUT1NE 8ENU(A,B,C,MtNtVtEtTtUGl l 
CALCULATION OF BENDING STIFFNESS MATRIX OF EACH ELEM~NT, 
IN TERMS OF SIDES ,POWER OF X AND Y VARIBLESo 
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D lf/t EN S I 0 N B I G ( 2 0 9 2 0 l , ;vJ ( 2 0 J , N ( 2 0 J , T f t, ( 2 0 9 2 0 l , N 1 ( 2 0 l , T £:3 I G ( 18 ' 2 0 l 

299 

QIMENSION TNC20tl8},A8(2,18>,BGC18t18l 
DIMENSION bA(l8,2l 
DO 299 I=lt20 
DO 299 J=l,20 
B!G(J,J}=UoO 

DO 3 0 0 I= 1, 2 0 
DO 300 J=l,20 
I l =1\11 ( I ) 
Jl=~~(j) 

I2=N<I> 
J2=N(J) 
BIGC!tJ>=Il*Jl*Cil-lJ*(Jl-lj*GCCll+Jl-4>,(12+J2l,A,BtCJ+I2*J~*(I2 

l-l)*(J2-ll*GCCil+Jl),{l2+J2-4J,A,btCl+C2o0*(le-Vl*Il*Jl*I2*J2+V*Il 
2*J2*(ll-l)*(J2-l)+V*Jl*I2*(Jl-l>*<I2-lll*G((ll+Jl-2l,(I2+J2-2J,A,d 
3,C) 

300 CONTI i~UE 
F r:1 = < E ~~ T -x- -;~ 3 J 1 ( 1 2 " o -;~ c 1 " -· v -~: -::- 2 J i 

DO 2 8 8 I= 1 '2 U 
DO 288 J=;1,2G 

288 BIG( I ,J)=Frvi*BIGC I ,J) 
CALL TMAT(A,s,c,TM) 
CALL INV~AT<TM,20,20sle0E-12,IERR,N1> 

IF(IERRcNEeO} GO TO 21 
DO 1 9 I= l , 2G 
DO 19 J:.::1,18 
TN< l ,J>=Tfvl( I sJ) 

19 CONTINUE 
CALL PRTMAT(TN,6IG,TUIG,le,zo,20J 
CALL PROMATCT8IG,TN,dG,l8,20,18) 
DO 306 K=1,3 
L={K-1)~-6 

DO 3 0 I = 1 , 18 
DO 30 ... J=1t2 

30 8/\(I,Jl=PG{I,J+L+J.) 
DO 31 !=1,18 
DO 31 J=4,6 

31 BG(l,J+L-2>=RG(I,J+Ll 
DO 3 2 I= l , 18 
DO 32 J=l,2 

32 8G(I,J+L+4l=BACi,JJ 
306 CONTINUE 

DO 305 K=ls3 
L=(K-1)-¥,6 



DO 2 8 I= 1, 2 
DO 28 J=l,J.8 

28 A8(l,J)=8G(I+L+1,J) 
DO l 0 I= 4, 6 
DO 10 J=1,18 

10 HG(l+L-2,J)=8GCI+L,J' 
DO 11 I=l,Z 
00 ll .)=1,18 

11 BG(l+L+4,J)=A8(J,J) 
305 ,CONTINUE 

RETURN 
2 1 vJ R I T E ( 6 , 2 2 ) I E R R 
22 FOR~AT(/,zX,*IFRR=*,f5,/J 
25 RETl,JRN 

END 
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c * * * * * * * * * * * * * * * * * * * * * * * * * * * * ~ * * * * 
C SUBROUTINE FOR THE ASSEMBLY OF ELEMENT STIFFNESS MATRICES 
C PARTITION BY PARTITION 
c * * * * * * * * * * * * * *·* * * * * * * * * * * * * * * * * * * 

50 
60 

DIMENSION ST(27,27) 
DlHENSION SX(9,9) ,TL(S?,9J ~SXTC9So9J ,F~TF(9,91 

D Ji'·;J ENS I 0 N X ( 16 6 , 3·) , Y ( l 6 6 , 3 J 
D I lv1 ENS I 0 i'J N S T 1\ F< T ( l 5 } , N EN t) ( 15 J , f\l F r~ E E:. C 1 C 0 ) , TN F C 16 6 , 3 , 3 > 

D I 1··1 E N S I 0 N 1':.. C 7 2 , 7 2 ) , C ( 7 2 ', 7 2 ) , N I ( 1 6 6 , 3 ) 
DIMENSION PPC68B,z> 

~OMMON NOD,NELE~,EM,V,NSTART,NEND,NFREE,TNF,PP 
C 0 ~~··P•1 0 N J\ , C , ~·l I , r~ T F , X , Y 
N A= N S T ART ( i'-1 P T ) 
NE.=NENDCf\JPT) 
IFCNPTe~E&NPART> GO TU 50 
ND=NEND ( i'lPT+l) 
GO TO 60 a 

(\!D=NH 
MINUS=NSUMCNFREE,NA-1,NPT) 
MIN=NSUM(NFREE,NbsNPT> 

DO 10 u I= 1, 3 
LL=NI (f\!:v1, I) 
IFCLL~EO~OJ GO TO 100 
IF(LL·LTeNA) GO TO 100 
IF(LLeGTeNB) GO TO 100 
DO 110 J==l,3 

IF(MMoEUoO) GO TO 110 
IF(MM.GT.ND) GO TO 110 
IFCM~QLToNA) GO TO 110 
NFl==NFREECLL) 
N F 2 = N F R E E { rv;rl ) 
DO 1 0 I I== 1 , ~l F 1 
DO 10 JJ=l,NFZ 
IN=Il+(l-lJ-~9 

JN=JJ+ ( J-1) -~9 
1U SX(Il,JJ)=ST(IN~Jf'J} 

CALL TRANF2CNMtTL) 



51 IL=NSUM(NFREE~LL-l,NPl·) 
JL=NSU~CNFREE~MM-l,~PTJ 
IF<NFlvEOo9~ANDoNF2vEOo9l NC=l 
IFCNFloEQ$8aANDoNF2~EQ~9J NC=2 
IFCNFloEOc9oANUoNf2uEO~Sl NC=3 
IFCNFlvEOo8vANDaNF2cEUo8) NC=4 
GO ro czo,zl~22,24l,NC 

20 CALL PRTMATCTL,SX,SXT,9,9,9J 
CALL PRDMATCSXT,TL,SX,9,9,9l 

GO TO 24 
21 DO 27 11=1,8 

DO 27 JJ=l,9 
SXT-( I I ,JJ}=Oo 
JO 27 KK=l,9 
SXTCII9JJJ=SXTCII,JJ}+SXCII,KKJ*TL<KK,JJl 

27 CONTINUE 
DO 2 8 I I= 1, 8 
D 0 ? 8 .J J = 1 , 9 
SX( I I ,JJ)=SXTC I I ,JJ) 

28 CONTINUE 
GO TO 24 

22 DO 29 11=1,9 
DO 29 JJ=1,8 
SXTCII,JJ)=O-. 
DO 29 KK=l,9 
SXTCII,JJ}=SXTCII,JJ)+TL(KK,II)*SXCKK,JJl 

29 CONTINUE 
DO 30 11=1,9 
DO 30 JJ=1,8 
SX C I I, J..J l =SX T (I I , JJ) 

30 CONTINUE 
24 DO 25 II=l,NFl 

DO 25 JJ=ld\JFZ 
ILL=IL+II 
JLL =JL+ .. JJ 
I Li\1= ILL-HI 1\lUS 
Jlf'."=JLL-~'1: I NUS 
J L N = J L L- tvi I N 
IFCJLLoGTvMIN) GO TO 26 
A ( I L i''i , J L jv·i ) = !\ < I L I'< , J L rvl } + S X ( I I. , J J J 

GO TO 25 
26 CCILM,JLNl=CCILM,JLN)+SXCil,JJ) 
2 5 CO~JT I NUE 
1 1 tJ C 0 N T I i\l U E 
100 CONTINUE 

RETURN 
END 

FUN C T I 0 N N S U :vi . < N FREE 9 N N , N P A f-\ D ) 
DIMENSION NFREE(lOO) 
Nsu;vi=O 
IFCNPARD~NE~ll GO TO 20 
IFCNNoEOcOl RETURN 
DO 10 I=l,NN 
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N S U 1\1 = N S U ~ + N F R E E { I ) 
1 U COi'JT I NUE 

RETUI~N 
2U DO 3u I=l,NN 

NSUM=NSUM+NFREE<I> 
30 CONTINUE 

NSUI\·i=NSUfJi-64 
RETURI'l 
END 

SUBROUTINE ELIM (Ml,M2J 
D I ~·1 E N S I 0 i-.J A ( 7 2 , 7 2 ) , ·c { 7 2 , 7 2 l , N I ( 1 6 6 , 3 ) , 1-< T F ( 9 , 9 ) 

DIMENSION X{166,3l,YC166,3l 
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DIMENSION PP(688,2l,NSTART(15l,NEND(l5>,NFREE(lOO>,TNFC166,3,3) 
CO~MON NOD,NELEM,EM,V,NSTART,NENO,NFRE~,TNF,PP 

COMMON A,C,NI,RTF,X,Y 
( T H I 5 S U B I~ 0 U T I N E l L I i'.'l I r-~ A T E S /, L L D l::. G !~ c C: S 0 F F f-< E E 0 0 H EX C E P T 
C FOUR CURVATURES AT THE BA~Ee 

D 0 1 I = 1 ' 1 Lf. 

DO 2 J = 1 s ~·" 1 
2 A( I ,J)=OoO 

DO 1 J=l,t.,i2 
CCI ,J)=OoO 

1 CONTINUE 
I\ ( 1, l) =A ( 15 915) 

fl.< 1,?. >=A.< 15, :,n > 

A ( 1 ' 3 ) = A ( 1 5 ' L~ 9 ) 
A { 1 , 4 > = f... ( l 5 , 6 t, ) 

DO 3 J= 1 , r .. ~ 2 
3 C(l,Jl=CC15,Jl 

DO 4 1=15,29 
DO 5 J=19~·1l 

5 f\(J,j)=0()0 
DO t+ J = 1 , ~·1 2 
C( I ,J)=OoO 

t1- CONTINUE 
A(?,l>=A(30,]~J) 

A(2,2l=AC3u,30) 
A(2,3l=A(3u,49) 
AC294l=AC30,64) 
D 0 6 J = 1 ' fv'! 2 

6 ((29J):::((30,J) 
DO 7 I=30 9 L~8 

D 0 8 J = 1 ~ t,~ 1 
8 f:..(!,J)=Ooll 

DO 7 .J=-=l!lfv;2 
((I ,J)=OGO 

7 CONTINUE 
A<3~l)=A(49st5l 
A ( 3 ~ 2 ) = ;\ < 4 9 , 3 0 ) 
A ( 3 !) 3 ) = A ( 4 9 9 It- 9 ) 
A ( 3 9 I.J.- ) = J.\ ( '1 9 9 6 l~ ) 

DO 9 J= 1, ~-~2 
9 C(3,J)=C(499J) 



DO 10 1=49,63 
DO ll J= 1 ~ tv1} 

ll A( I ,J)=OoO l20 
DO 10 J=l,t·.-12 
C(J,J)=OoO 

10 CONTINUE 
A { 4, 1) =I\ ( 64,15 > 

A(492)=/-\(6Lt,30) . A ( '~ 9 3 ) = f\ ( 6 Lt 5l lt 9 ) 
J-\(4,4l=A(64,64) 
DO 12 J=l ,~1i2 

12 C(4,J)=C(64,Jl 
DO 13 1=64,1./il 
DO 1'-1· J= 1 , H 1 

14 A( I ,J)=OeO 
DO 13 J=1,1V:2 
C(l,J)=OoO 

13 COf\!T I NUE 
RETURN 
Ef'JD 

c * * * * * * * * * * *- * * * * * * * * * * * * * * * * * * * * * * 
C. SUBROUTINE FOR CALCULATING ELEMENT STIFFNESS MATRIX IN PLANE FORCES 
c * * * * * * * * * * * ~ * * * * * * * * * * * * * * * * * * * * * 

DIMENSION PK(6,6) 
AREA=0~5*<X2*Y3-Y2*X3-Xl*Y3+Yl*X3+Xl*Y2-Yl*X2l 
AREJ\=/\f3S ( J\REf, > 

C=EM*THICK/{4e*AREA*(leG-V**Zl> 
D=EM*THICK/(8oO*AREA*(l~O+VIl 
Y32=Y3-Y2 
X32=X3-X2 
Y3l=Y3-Yl 
X3l=X3-Xl 
Y2l=Y?.-Yl 
X2l=X2-Xl 
PK(l,l}=C*Y32**2+D*X32**2 
PK(2,ll=-C*V*Y32*X32-D*X32*Y32 
PK(3,1)=-C*Y32*Y3l-D*X32*X3l 
PK(4,l)=C*V*Y32*X3l+D*X32*Y31 
PK<5~ll=C*Y32*Y2l+D*X32*X21 
PK(6,1)=-C*V*Y32*X2l-D*X32*Y21 
PK(2,2l=C*X32**2+D*Y32**2 
PK(3,2l=C*V*X32*Y3l+O*Y32*X31 
PK{4,2)=-C*X32*X31-D*Y32*Y31 
PK(5,2)=-C*V*X32*Y21-D*Y32*X21 
PK(6,2l=C*X32*X2l+D*Y32*Y21 
PK<3~3}=Y3l**~*C+D*X31**2 

PK(4;3l=-C*V*Y3l*X31-D*X3l*Y31 
PK(5,3)=-C*Y3l*Y21-D*X3l*X21 
PK(6,3)=C*V*Y3l*X2l+D*X3l*Y21 
PK(4,4>=C*X31**2+D*Y31**2 
PK(5,4l=C*V*X3l*Y2l+D*Y3l*X21 
PK(6,4)=-C*X3l*X2l-D*Y3l*Y21 



c 

10 

PK(5,5l=C*Y21**2+D*X21**2 
PK(6,5)=-C*V*Y2l*X21-D*X2l*Y21 
PK<6~6)=C*X2l**2+D*Y21**2 
DO 10 I= 1, 5 
IP=I+1 
DO 10 J=IP,6 
PK( I ,J}=PK<J~I) 
RETURf\i 
END 

SUBROUTINE PR0~AT(A,u,c,~,N,LJ 
SUBROUTINE TWO MULTIPLY TWO MATRICES 
DIMENSION ACM,N),8{N,L>,ccM,L) 
D 0 1 0 I = 1 , f\1 
DO 10 J=l,L 
((I,J)=Oc 
DO 10 K=l,N _ 
C ( I , J ) = C ( I , J ) + ;\ ( I , K. ) * 8 { K , J ) 

10 CONT!f'~UE 

RETURN 
END 

S U e R 0 U T I N E P I~ T jv];~ T { A , tJ , C , f'. i , i'-J , L J 

C=A*B 

C SU8ROUTINE TO MULTIPY TW0 MATRICES C=<TRANSPOSE AJ*G 
DIMENSION ACN,M),8(N,L),({M,L> 

c 

D 0 1 0 I = l , 1\·i 

DO 10 J=l,L 
((JgJ)=~)o 

DO 1 u K= l d~ 
C(l,J)=C{I,J)+A(K,I)*OCK9JJ 

10 CONTINUE 
RETURN 
END 

FUNCTION G(~,N,A,G,C) 

EVALUATING THE FUNCTION VALUE OF TH~ INTEGRALe. 
G=FACT C r··1+N+2) 
IF(GeEOoO.U) RETURN 
JF(AES(B)QlLTcloOE-6)C:iO TO l 
JF(A8SCA>aLTol~OE-6)GO TO 2 
Gl=G 
G = c 1H~ C f"l + 1 1 ~~ ( A -r: * < .r-.. , + 1 J - ( - d j 1H~ < 1•d·l 1 J 1q.: f\ c T f J11, J ~+ AcT ( J\J J I G 1 
RETURN 

l Gl=G 
G = C -x. -x. ( N + 1 ) -~- .r:,. * +~ ( ;\i + ] ) ~~ F A C T ( ~-...1 ) -:t F /\ C T ( N ) I G 1 
RETURN 

2 Gl=G 

~-I • ··' 
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G::: -C 1H~- ( i~ + l J * (- b ) -~;- * ( i·1+ l ) ~-fACT ( i,i J -~- t·· i'l C T ( N J I G l 
I~ [TUf~N 

END 

FUNCTION FACT(N) 
C EVI\LUi\Tif\G TI-lt F/\CTORU\L OF AN INTt.Gt:f~o 

lF(NoLToll GO TO 601 
fv1= 1 
DO 600 I=l,N 
tiJ:::: ~~1 ~- I 

600 CONTINUE 
FACT=iv1 
RETUf<N 

601 IF{NoEQoOJ FACT=lGO 
IFCNoLToOl FACT=OeO 
RETURN 

FND 

SUBROUTINE TMAT(A9~sC,TM 1 

DH·'1ENSION .Ti··/1(2U,2U) 
DO 1 I= 1, 2 0 
DO 1 J=l~20 
T~H I gJ)=uGu 

1 COf\IT I NUE 
T i·i ( 1 ~ 1 l = l ~ 0 
TM(1,2}=-t-3 
T ~~ ( 1 ~Jt ) = 8 * -~~ 2 
Tf-.~ ( 1, 7 l =-b~h~-3 
TM(l,ll)=e**4 
T~·~ ( 1 '16) =-8-:H~5 
Tfv1(2,2J=loU 
T /'vJ ( 2 !i 4) =- 2 c 0~\-8 
T iVJ ( 2 , 7 ) = 3 o () 1i- 6 * -x~ 2 
TMC2,11J=-4oO*d**3 
TMC2,16)=5o0*B**4 
T~'](3,3)=l.u0 

T~Jl< 3, 5) =-F~ 
TM { 3 '8) == f3-.'H~ 2 
T 1\1 ( 3 , 1 2 ) = - B ~H~ 3 

Tr·~(4,4)=2o0 

r iVJ c 4 , 7 J =- 6 o u-~~ o 
T 1\i < '-t , 11 J = 12 o 0 * t3 -x- * 2 
TMC4916)=-20o0*8**3 
T/VJ(5,5)=lo0 
T ~~ ( 5 9 8 ) = - 2 " 0 -r-- B _ 
TM(~!l2)=?o0*S**2 
Tf\1C696)=2fi)Cl 
TM ( 6 9 9) =--2 0 (

1 -X-B 
TMC6!il3l=2oU*B**2 
TM<6~17l=-2~0*H**3 
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T~lt(7,1)=l~O 

Ti'v1(7,2 )=A 
T r\·1 ( 7 ~ 4 ) = A.-~- * 2 
T ~H 7 , 7 ) =A*-~~ 3 
T~·1C 7,11) =A~I-*4 
T [\-'; ( 7 "r; 16 ) = 1\ -X--* 5 
T~~(8,2}=lo0 

·T t•'1 { 8 9 L+ ) = 2 0 0 -;"{.-A 
T f'v1 { 8 , 7 ) = 3 o U -~A-~ ~x- 2 
TMCB,l1)=4oU*A**3 
TM(8,16)=5oO*A**4 
Tf'vH9s3)=1oU 
T ~·J ( 9 , 5 ) = A 
TM(9,8)=A*-K-2 
TIVI ( 9' 12 i =/',-'**3 
TM(l0,4)=2m0 
T f\1 ( 1 0 ~ 7 ) = 6 0 0 * A 
TMC10,1l)=l2oO*A**2 
TMClO,J.6)=20oO*A**3 
·,- M { 11 , 5 ) = 1 v \J 
T /Vi { 11,8) = 2 o O*A 
TMC11,12)=3~0*A**2 
Tfi1(12t61=2e0 
T 1\1 ( 12,9) = 2 "'0~-A 
TMC12tl3>=2~0*A**2 
T~(l2,17)=2oJ*A**3 
TJY(l3!!l)~J.c0 

Tt·Hl3,3)=C 
T tl1 < 1 3 , 6 ) = C ~-.:- * 2 
TMCl3r;lO)=C-lH~-3 

T t•i ( l 3 ~ 1 5 } ::; C -lr -:U;. 

T ~·1 ( l 3 ' 2 0 ) = c -lH~- 5 
Ti'11(14,2)=1c0 
THC14,5}=C 
T f\1 < 1 4 , 9 ) = C ~- "*· 2 
T ~1 ( 1 4 , 1 4 ) = C .!'* -~ 3 
Ttvi < 14 919 > ==c-~-r--4 

TMC15t3>=1e0 
T 1'-'l ( 15, 6) = 2 "U-l~C 
TMC15,10)=3GO*C**2 
TMC15,15)=4cU*C**3 
TMC15t2u)::;5oL*C**4 
Trv':( 16,4 )=2c:rC 
T rv·J < 16, s > = 2 o u~-c 
TMC16t13)=2QO*C**2 
TMCl6tl8)=2oU*C**3 
T r./, < 1 7 , 5 > = 1 " o 
T ;"1 ( 1 7 , 9 ) = 2 " rJ -li- C 
TMC17,14)=3oO*C**2 
TMC17t19)=4cO*C**3 
T t·'i ( 1 8 , 6 ) = 2 o 0 
T ~~ ( 1 8 , 1 0 J = 6 e~ 0 *( 
TM{l8,15J=l2oO*C**2 
lM(l8,20)=20oO*C*~3 

TM(l99l6)=5cU*A**4*C 
T~{l9917)=3aO*A**2*C**3-2oO*A**4*C 
T ~/; ( 1 9 9 1 8 ) = - 2 !:> 0 -h- A i~ c .!,HUJ. + 3 ~ c -~- A ~--~- 3 -~~ c ~.H:~ 2 

TMC19,19J=C**5-4cC*A**2*C**3 
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T r•1 ( l 9 , 2 0 ) ::: 5 e 0 -~A~-C it -f,~ '+ 
TM(20~16>=5~0*B**4*C 
TM(20tl7)=300*b**2*C**3-2eO*b**4*C 
TM(20,18)=2o0*B*C**4-3~U*~**3*C**2 
T~(20tl9)=C**5-4v*b**2*C**3 

TM(20,20)=-5oO*B*C**4 
RETURN 
END 

SUBROUTINE FORT (Af\,bb,ATR,oTR,CTR·,iJTR,H,NST) 
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c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C SUBROUTINE FOR CALCULATtNG THE ELEMENT NODE COORDINATES 
C 0 F EACH P 1-\ R T I T I 0 N I N T E f\ f·'i S 0 F T HE P J\ R T I T I 0 N H E I G H T A;\! D T H E F A C E 

·c INCLINATIONS 
c 
c 

-X- * -X- * -¥.- {~ * -" -}(- {~ ·K * ,(- -~- ~- ~!_ * ;~ * -x- ~~ * * ~- * ~- v 

'' i~ ~ * -h- -* 
-~-. ~~ 1r ~- ;~ -X- -X- * .. * ~- ~- -X- ~} ~~ -~- -)~ -X- -r:- * ~- -X- ~~ * -;::- --~ -"- * * -~ * * * 

DIMENSION XC166,3l~Yll66,3J 
D I tJi E N s I 0 1''>1 11

• ( 7 2 ' 7 2 ) ' c ( 7 2 9 7 2 J ' i'\ I ( 1 6 6 ' 3 ) ' k T F ( 9 9 9 ) . 
DIMENSION NS T ~.R T ( 15 ) , N END ( 15 J , N FREE ( 10 :j ) , TN F { 16 6 , 3 '3 ) , P P ( 6 8 8 , 2 l 

CO~MON NOO,NELEM,EM,V,NSTART,NENO,NFRlE,TNF~PP 

C 0 ~\ H< 0 N t. , C , N I 9 R T F ~ X ~ Y 

* 
* 

( -~ -X- -* -~ -~- -~ -* -X- -~ -~ ~- -~ * ~- ~- * -* *' ~- * ~- * -h- -~- * -~ -~!.. * ~J -* -~ -rl- -X-

N=NST 
NN=N+l5 

DO 10 I=N,NN 
DO 10 J=l~3 
X(I!;>J)=Oo 

10 Y(J,J)=Oe 
AU=AA-H*COS(DTRl/SINCUTRl-H*COS(dTRIISIN<~TRl 
A C = B b-H -~- C 0 S ( /', T R ) I S I N ( t, T h: J - r i -~ C 0 S { C T I~ } I S I N ( C T !~ J 

C NE 1.'/ COORDINATE SYSTEt·:\ SUl.TAolt. FOR ((J',•JPC.k PULYNOHIALo 
X ( f\J 9 1 l =ft. A I 2 e 0 
XCN,2)=H*COSCDTR)ISINCDTRJ 
YCN,2l=H/SINCATRl 
X ( /'.! + 1 ., 1 ) = X ( /'1 , 2 ) 
XCN+l,2)=X(N,l) 
XCN+l,3)=XCN+l~l)+A812~0 

YCN+l9l)=Y(N92) 
Y ( N+ l ., 3 ) == Y ({'~ ~ 2 ) 
X ( N + 2 , 2 } = 1\ A I 2 (J CJ - H .;~ C 0 S ( t:l T 1~ ) I S I i'J ( l 1 T i-< ) 

X<N+2,3):::X(N,2l+A812~0-AAI2o0 

YCN+Z.,Zl=Y(N,z> 
YCN+2,3)=Y(i\!~2) 

X(N+3,l)=XCN+2,2) 
XCN+3,3)=AAI2r..O 
y ( ['J+ 3 !I 1 ) = y { [\j '2 ) 
X < N + 't , 1 } = l-H:3 I 2 " 0 
X ( N+4, 2) =H-:-:-c.os (I\ Tf..:) I.:, IN ( 1-\ TR i 

YCN+4,2l=HISIN<bTRl 
XCN+5,ll :::X(N+4,Zl 
XCN+5s2):::X(N+4,1) 
X(N+5,3l=X{N+5,ll+ACI2a0 
Y{N+5,1l=YCN+4,2) 
Y(N+5,3)=YCN+4t2l 



XCN+6,l)=RR/2o0 
X<N+6,2l=X<N+5,ll+AC/2o0-GB/2~0 
YCN+6,2l=Y<N+4,2l 
X{N+7,l>=XCN+6,2) 
XCN+7,2}=XCN+6,1) 
X{N+7,3}=XCN+7,l}+AC/2oU 
YCN+7,ll=YCN+4,21 
Y(N+7,3)=Y{N+4,2) 
X(N+B,l)=AA/~eO 
X(N+8,2)=H*COSC8TRl/SINCbTRJ 
YCN+8,2)=rl/SINCCTR) 
X(N+9,ll=XCN+8,2) 
XCN+9,2l=XCN+S,ll 
XCN+9,3)=X(N+9,ll+A8/2c0 
Y<N+9,l)=YCN+8,21 
YCN+9,3l=YCN+8,2) 
XCN+lQ,~l=AA/2o0-H*COSCDTR)/SINCDTRl 

XCN+l0,31=XCN+9,l)+AB/2Q-AA/2v 
YCN+l0,21=YCN+8,2) 
YCN+l093>=YCN+8,2J 
XCN+ll,ll=XCN+l0,2> 
XCN+ll,3>=AA/2e0 
YCN+ll,l>=Y<N+8,2) 
XCN+l2,2l=H*COSCCTR)/SINCCTRl+AC/2oO 
XCN+l2,3l=H*COSCCTRl/SINCCTRJ 
YCN+l2,2l=H/SINCJTR1 
Y(N+l2,3l=YCN+l2,2> 
XCN+l3,ll=XCN+l2,2~ 
XCN+l3,3l=bd/2cU 
Y(N+l3,ll=Y{N+l2~2) 

XCN+l4,2l=BB/2~U-H*COSCATRJ/SINCATRl 
XCN+l4,3)=X{N+l3,l)-8G/2GO 
YCN+l4,21=YCN+l292) 
YCN+l4,3l=Y(N+l2,2) 
XCN+l5,ll=X(N+l4,2} 
X(N+l5,3l=BB/2~0 
YCN+l5~ll=Y(N+l2,2) 

RETURN 
END 

SUBROUTINE CNC (CC~X3,Y2~Y3l 
DIMENSION CC(9,9) 
DIMENSION XX(3),YY(3l 

C SUBROUTINE FOR CALCULATING C NATRIXo 
XX(l)=OoO 
YY(l)=OoO 
XX(2)=0ou 
YYC2l=Y2 
XX(3)=X3 
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YY(3)=Y3 
DO 10 I= 1, 9 
DO JO J=l,9 

10 CC(I,J)=G.u 
DO 1 5 J = 1 , 3 
J=l+ C I -1 l -~-3 
CC(J,1l"=lc.U 
CC(J,Zl=XX(!} 
(((J,3J=YY(I} 
c c ( j ' Lt ) = X X ( I ) ~{r ~i- 2 

'CC(J,S)=XXCI}-~-YYCI) 
CCC J, 6 l = YY C I ) ~:.~- 2 
CC ( J, 7) =XX (I) -~*3 
CC(J,Bl=XX<I>**2*YY(Il 
CC(J,9J:::yy (I )~-~:r3 
K=2+CI-ll~-3 

cccK,3)=l.u 
CC(.<,5l=XX(I) 

. CC{K,6>=2e0*YYCI> 
CC(K,Sl=XX< I )-x--x-z 
CC{K,9l=3eO*YYCil**2 
L=3+ (I -1) -X-3 
cccL,zl=-l.o 
CC(L,4>=-2.0*XXCil 
CC{L,5l=-YYCI} 
CCCL, 7) =-3 cillJ-}tXX (I J *-x-2 
CC ( L, 8} :::-2. fJ~~-XX (I) *YY (I ) 

1 5 C 0 N T I l"·l U E 
RETUf\,"J 
END 

SUBROUTINE LAMDACNMJ 
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DI~ENSION NEND(l5l,NSTART{l5},pp(500,2) 
U I ;-,1 t i'! S I 0 i\J X ( 2 0 :J , 3 l , Y ( 2 L- u , 3 J , L ( ~~ i.J U , 3 ) !ll ~ ~ i-<. c t:. ( l 0 0 J , T 1\i r-· ( 2 U 0 , 3 ,. 3 } 
U I 1··1 E h S 1 0 f-.j A L i-1 U ( 3 , 3 .l 

C 0 l'i rv; 0 N f\l 0 D ' N E L E 1"1 , E I< , V , f'l S T A F~ T ; r\ E j-.J D , 1'~ FREE , TN F , P P , X , Y , Z !I 1\ Lf< 0 
C T H 1 S S LJ LH~ 0 U T Ii'·H:. F I ~~ LJ S T n t: u II~ t C T I 0 l\ C 0 S 1 r\j t S 0 F L 0 C 1\ L J\ X t. S • 
C x,y,z-1\l~zE THE GL08;~L CODf~UIN1\TC:So 
C ALMD-~ATRIX OF DIRECTION COSINES RETURNED. 

YJI=Y<N>l,zl-Y(N;·.r;,l) 
XJI=XCN~,z>-X(NM,l) 
l.J 1 :::.L ( i\Jiv!' 2 J -z ( j\j;-!, J j 

Y fvj I = Y ( i'·l ;·.·i , 3 J - Y ( N l"i , l ) 
XMI=XCNM,3l-X(N~,l) 
Z:VJI=ZCNf··1,3l-Z(I\l!'v';,1) 
1\ = Y J I -x- Z '-11 - 'O.-; I -~- Z J I 
R=-XJI*ZMI+X~I*lJI 
C =XJ I ~-Yi-', I -Xi"·'i I ~-y J I 
F=S9RTCXJI**2+YJI**2+ZJI**2l 
G=-SURTCA**2+8**2+C**2l 

ALiviD ( 2, 1} =XJ I IF 
A L f··~D ( 2, 2 } = Y J I IF 
A L l'·i D { 2 , 3 ) = Z J I I F 
ALr<D(3,1 )=AIG 



c 

A L ~-': lJ ( 3 , 2 ) = G I G 
ALH(){3,3)=C/G 
Alt·'IU ( 1 ' 1 j = t ... Lfv'iO ( 2 '~ J -Y--;\ L i''i u ( 3 ':-3 j -A Ll·IU ( j 'L j -* ALI'I L) ( L ' 3 J 12 7 
A L i"lD ( 1 , 2 ) =A L i''l [) ( 5 , 1 ) ~~A L r•1 u ( t."!) 3 i -/l, L, ·'ILJ ( 3 , 3 ) {i- A L H u ( 2 , l ) 
A L r·.·HJ ( 1 ' 3 ) =A U··l L) ( 2 ' 1 ) -)} ~~ Livi t) { 3 ' 2 ) --A L ,·.,.-,I) { 3 ' 1 ) ~-ALI ·i LJ ( 2 ' 2 ) 

RETURN 
END 

~UGROUTINE UEN0(X3,YZ,y3,EM,V,THICK,oKl 
D I r~1 E N S I 0 N S I G ( 9 , 9 ) , C C { 9 , 9 J , C [) ( 9 , 9 . ) , r'J l ( 9 J , b K { 9 , 9 ) 

C S U 8 R 0 U T I (\! E F 0 R C A L C U L /, T I N G T H E E L E ;.,1 E N T S T I F F N E S S tv1 t\ T R I X 
C IN BENDING OF PLATEo 
c 

Cll=1~U/2eO*X3*Y2 

C2l=l./6e*X3**2*Y2 
C3l=le/l2·*X3**3*Y2 
Cl2=1./6o*X3*Y2*(Y2+Y3) 
Cl3=le/l2o*X3*Y2~(Y2**2+Y~*Y3+Y3**2) 
C22=le/24o*X3**2*Y2*CY2+2.*Y3) 
D015 1=1,9 
D015 J~ 1,9 

15 GIG(I,JJ=U.O 
tJ I G ( 4, 4) =4 o -:~-:: 11 
BIG(6,4l=4e*V*Cl1 
BIG ( 7, 4) = 12., ~-C21 
b I (j ( 8 ' Lf ) = 4 il -~- ·= 1 ? 
BIG(9,4)=12&·*V*C12 
BIG(5,5)=2o*(l.-V)*C]l 
HlG(8,5l=4e*(l~-V)*C2l 

BIG(6,6)=4o~-(11 

e I G ( 7 , 6 l = 1 2 • ·* V -v.- C 2 l 
BIG(8,Gl=4c*V*C12 
8 I G ( 9 , 6 ) = 1 2 • ·t C 1 2 
8 I G { 7 , 7 ) = 3 6 • '~'~ C 3 l 
8 I G { 8 , 7 ) = 1 2 (I ·* C 2 2 
BIG ( 9, 7) = 3 6 ... -~V-* C 2 2 
8!G(8,8)=4e*Cl3+3o*(lo-VJ*C3l 
1::1 I G { 9, o ) = 12 o -~-v-* C 13 
d I G ( 9 , 9 ) = 3 6 e '~- C l 3 

C FILLING THE. \fALlJt THt;.T Rr.:Pt.:;\T IN Tt·tt: , .. iATklXo 
DO 7 7 I= 1, E:: 

IP=I+1 
DO 77 J=IP,9 

77 BIG( I ,J)=SIG<J,I} 
F f':'i = E fvi ·* T H I C K ~.:- ~r 3 I { l 2 " ~- ( 1 o - V ,~- -~~ 2 J J 

DO 16 1=1,9 
DO 16 J=J.,9 

16 t)!G( I ,J)==Fi'-li·~-LilG( I ,J) 
CAL L C f\ C ( C C ~· X 3 , Y 2 , Y 3 ) 
C/\ L L IN v;·-.1/-:, T ( C C, 9 ~ 9, 1 o 0 t: -12 , IE R r-\, N 1 } 

1 0 0 F 0 f' :-1 AT ( 9 E 1 2 @ :; ) 

IF(IERR.,NEoOl GO TO 20 
CALL P f-~ T ,\·);\ 1 ( C C ~ l5 I l;, l.J v , 9 , Y , )I J 



CALL PRUMATCDD,CC,GK,9,9~9J 

C G K I .S T rl E 8 l: N U I N G S T l F F l'l t:_ S S i"i .1\ T I~ I X " 
GO TO 25 
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20 WRITEC6,30l IERR 
3 0 F 0 R i;~ AT ( I , 2 X , 5 H I _ERR= , I 5 , I l 
25 RETUr~N 

ENn 

SUBROUTINE STRESS<NCOLN,XEL,T,NM) 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C SUBROUTINE FOR CALCULATING THE STktSSES AT THE CENTROID OF 
C EACH TRIANGLE 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
D If.:J ENS I 0 N S X X ( 2 ) , S Y Y ( 2 ) , S X Y ( 2 ) , S jviJ" X ( 2 J , S l~d N ( i ) 
D I1vi E N S I 0 r·~ X ( 2 v 0 , 3 } , Y ( 2 0 u , 3 J 

DI~ENSION XP(9~2),XELC18,21 
Dl;'•1ENSION BP(3,6) ,(P(3,61 ,[)E{3,3J ,CC(9,9i ,Db(3,9J ,DC(3,9i ,i'Jl(9l 
D I r-1 EN S I 0 f\l i'·l S T A I~ T ( 1 5 } , N EN U ( 1 5 J , N F I~ E E ( 1 () 0 ) , TN F ( 2 0 0 , · 3 ' 3 J ' P P ( 5 0 0 ' 2 ) 
C 0 r•l t·~ 0 1\~ N 0 D , N E L E i·:1 , E j·/1 , V , f\ S T A H T , 1'~ E i'J U ' i-..; t-=. R E E , T ~·~ F , P P ' X , Y 
Xl=X(N~,l) . 
x 2 == x < r< rvJ , 2 l 
X3=X<NH,::·l 
Yl=Y (Nf'vh 1) 
Y2=Y(Ni·i1,2) 
Y 3 = Y < N r·~ , 3 l 
AREA=G~5*(X2*Y3-Y2*X3-Xl*Y3+Yl*X3+Xl*Y2-Yl*X2l 
DO 10 I=l,3 
DO 31 J=1,3 

31 Dt( I ,J)=U.., 
00.32 J=1,6 
E3P( I ,J)=O., 

32 CPC I ,J)=O$ 
DO 10 J=1,9 
DB{ I ,J}=Ot> 

10 DCCI,Jl=Oo 
8P(1,1):;::Y2-Y3 
oP(l~j)=Y3-Yl 

BP(l,5l=Yl-Y2 
8P(2,2>=X3-X2 
BP(2~4>==Xl-X3 

8P(2,6l=X?-Xl 
BP(3,l)=X3-X2 
B P ( 3 , 2 > = Y 2 -· Y 3 
i:3P(3,3}=Xl-X3 
l:3P(J,l~)=Y3-Y1 

BPC3,5}=X2-Xl 
BP(3,6l=Yl-Y2 
DO 41 !=1~3 

DO 41 J=l,6 
BP< I ~J>=BP( I ,._J)I(2e~-,'\REAJ 

41_ CONTINUE 
DECl,l)=lt~ 

DE(J.,2)=V 
DE(2,ll=V 



0E(2,2)=1., 
DE(3,3)=(lc-V)/2Q 
F f\1 = E ,'•i I ( 1 • - V * ~~ 2 J . 12 9 
DO 3 s· I= 1 '3 
DO 35 J=l,3 

35 ~~(J,Jl=F~*DE{l,J) 
CALL PRDi·i!\T(UE,bP,CP,3,3,6> 
DO 11 KI=1,3 
DO 11 11=1,2 
K=II+(Kl-1)*6 
III=II+CKI-1)*2 
DO 11 JJ=l,NCOLN 

11 XPCIII,JJ)=XEL(K,JJ) 
00.12 J=l,NCOLN 
SXX(J)=O. 
SYYCJ)=O. 
SXY(J)=O. 
DO 12 K=l,6 
SXXCJl=SXX(J)+CPC1,Kl*XP(K,Jl 
SYY(J}=SYY(J)+CPC2,K)*XP(K,J) 

12 SXY(J)=SXYCJ)+CP.(3,Kl*XP(K,J) 
C STRESSES COf~l~ESPONDI1·~G TO li\l PL.~f'~f: uEFLECTIOI"lS CALCUL;,.TELJ 
C CALCULATE STRf:.S.S!:_~ C01-< OUT UF PLA111t. LJISPLJ\C~r~it:i.,!TS 

DO 13 KI=l,3 
DO 13 1=1,3 
II=l+(K!-l)-*3 
IL=2+I+<KI-1)*6 
DO 13 JJ=l,~~COLN 

l3 XPC I I ,JJ}=XEL( IL,JJ) 
C CALCULATE THE COORD OF CENTROIU 

XX:::{X1+X2+X3l/3o 
YY-==(Yl+Y2+Y3)/3r. 
D B ( 1 ' L+ ) = 2 0 

08( 1 ,7}=6.-*XX 
DU < 1 s 8 ) = 2. ~~yy 
Db(2,6)=2. 
DEd2,8)=2.*XX 
Dl)( 2 9 9) =6 e ~{-YY 

08(3,5)=2., 
D8(3,8)=4.*(XX+YYl 
CALL CNC(CC,Xl,X2,X3,Yl,Y2,Y3l 
C I\ L L I N Vr·i /\ T ( C C , 9 , 9 , l • 0 t.- 12 , I ERR. , (\J l J 

CALL PRDMAT{Dd,CC,DC,3~9,9J 
DO 14 I= l, 3 
DO 14· J=l,9 

14 DC(I,Jl=-DC(l,J)*T/2• 
CALL PRDMAT(DE,GC,OG,J,j,9J 
DO 4 3 I= 1 , 3 
DO 43 J=1,9 

43 DC( I ,J)=DBC I ,J) 
C DC I S THE S T R E S S f'/1 AT r~ I X 

DO 15 J= 1, NCOL;'J 
DO 15. K= 1, 9 
SXX(J}=SXX(Jl+UC(1,Kl*XP(~,jJ 

SYY(Jl=SYY(J)+DC(2,Kl*XP<K,Jl 
15 SXYCJ)=SXY(J)+DC(3,K)*XP(K,Jl 

C THE x,y NOR~AL STRESSES AND THE SHEAR STRESS CALCULATEU 
C Cfi.LCULATE TtlE PRif--:CIP/"'L STRESSES 



16 

40 

30 
20 

DO 16 J=l,NCOLN 
P/\=CSXX(JJ+SYY(J} J/2e _ 
Pb=SURT(CSXX(J)-SYY(JJ )**~/4o+SXY(JJ**2) 
S~·1AX ( J l = PA+PB 
S~·H N ( J} =PA-PB 
vJ R I T E ( 6 '; t+ 0 ) N f.: 
FORMATC//,5XtllHELE~ENT NO=,I5l 
DO 20 J=l,NCOLN 
WRIT~(6,30J J,SXX(Jl,SYY(Jl,SXY(JJ,SMAX(Jl,SMIN(J) 
FORMATC//,5Xti5,5E22~5> 
CONTINUE 
RET Uf~N 
END 
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c * * * * * * * * * * * * * * * * * * * * * * * * * * * * ~ * * * * 
C S U b R 0 U T I 1'-i t~ F 0 H C A L C U L AT I N G T M l:: t: L i::. t"t E N T l\l U U c u E F L t: C T I 0 r~ S I N E L E r,:; C. 1"4 T 
C COORDINATES FROM THE SYST~M DEFLECTIONS 
c * * * * * * * * * * * * * *-* * * * * * * * -* * * * * * * * * * * 

D I :v·, E. t~ S I 0 ; ... J N I ( 2 0 U , 3 } , X E L ( 1 8 , 2 J , T L ( 6 , 6 ) , [) X ( 6 , 2 ) , tJ X T ( 6 ' 2 J 
D 1 fvi E N S I 0 1\J 1\ S T A f-< T ( l 5 ) , i'~ E f'~ lJ ( 1 5 J , i 'i F R l:: c ( 1 0 0 ) , T N F ( 2 0 0 ~ 3 , 3 1 ' P P ( 5 6 0 ' ;_ j 

D P•1 EN S I 0 N X ( 2 U U ' 3 ) ") Y < 2 C· v , :j J 

C U i"'if'< 0 h r~ (J D ~ i ·~ E L E ~"~ , E i-'i , V , 1\~. ~ T A i ~ T , r-d::: 1 \j U , J·~ F ~~ t: t. , T t~ F , P P , X , Y 
DO 5 I= 1, 18 
DO 5 J:::l,NCOLN 

5 XEL(I,Jl=C" 
DO 1 5 I= l , 6 
DO 15 J=19rJCOLN 

15 DX{ I ,J}=UQ 
DO 2 0 I= l, 6 
DO 20 J=l,G 

20 TLCI9J)=Oc 
DO 2 6 I I= 1, 3 
DO 26 JJ=l,3 
T L ( I I 9 J J ) = T t·l F ( N i'v'. , I I , J J ) 
IA==I 1+3 
J/\=JJ+3 

26 TL( IA,JA)=TNF<NH, I I !>JJi 
DO 2 5 I== l, 3 
L L = f\l I ( N i'-'1 , I > 

IF(LL~EOQO) GO TO 25 
NFl==NFREE<LL) 
MA=NSUM<NFRFF,LL-1) 
DO 27 II=l,NFl 
I L== I I +;·,.lA 
DO 2 7 KK= 1 ~ "·~COLN 

27 DX( I I ,KKl=PP( IL,~<,( .. i 
IF<NFloEOa5l GO TO 30 
DO 28 II=l,NFl 
DO 2 8 JJ== 1, NCOLi"·~ 
DXT(II,JJ)=O"' 
DO 28 KK=l,NFl _ 

28 DXT<II,JJ}=~XT<II,JJ)+TL(Il,KKJ*OX(KK,JJ 1 

DO 29 II=l,NFl 



DO 2 9 JJ:::: 1 '~"·~COLN 
29 DX(ll9JJ)=DXT(ll~JJ) 

30 

31 
25 

DO 31 II=1,NF1 
11\J=I I+( I-1 )1~6 
DO 31 JJ=l,NCOLN 
XEL( IN,JJl===DX( I I ,JJ) 
CONTINUE 
RETURN 
END 

SUBROUTINF TRANFCNM,STl 
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D l1Vi E I'J S I ON S T ( 18, 18 l , TED ( 18 9 1 <3 ) , T S T ( 18 , 18 ) , TN ( 3 , 3 } , A L ( 3 , 3) , T i\ ( 3, 3 } 
·D l i'·l E 1\l S I 0 N N S T A f~ T ( 1 5 ) , N C N U ( 15 ) , N F R t t { 1 U 0 ) , TN F ( 2 0 0 , 3 , 3 J , P P ( 50 0 , 2 ) 

D IJ .. H:: f,l S I 0 I'J X ( 2 G 0 , 3 l ~ Y { 2 L· C ., 3 J , Z ( 2 0 0 , 3 ) , .t\ L i•i D ( 3 , 3 ) 
C U f'f; fv1 C i•J N 0 D , {\ E L E.'-l , E f'/[ 9 V , i'~ S T ;:d< T , r\ E i,l Lh j··.J F ~~ t-= [ , TN F , P P , X , Y ') Z ' J\ L H D 

C TRt-\NSFOFU·L\TIUi\J UF ELEi,il::.NT STIFFNESS i'1i/,Tf<IX t;t·~Ui·l LOCl\L 
C T 0 P L f'.. T E C 0 0 F\ D I f.i A T E S Y S T i.: !··IS o 

DO l 1=1,18 
DO 1 J=l,18 

1 TED(I,Jl=:.Jou 
DO 2 1=1,3 
DO 2 J=l~3 
TN(l,Jl=ul!>v 
AL{l,J)::::UoO 

· 2 CONTINUt 
DO 3 1=1,3 
DO 1 J=l,3 
AL(J,J)=ALMD[J,I} 

TN ( ! , J ) =TN F ( r-.J >; 9 I , J ). 
3 CONTINUE 

CP.LL Pf~u~··iAT (Ti~,hL,TA,3,3,JJ 

lJO 4 I= 1 9 3 
[)() 4 J=l93 

00 '" K=l,6 
N={K-1}~*-3 

TED( I+N,J+N}=TI\.( I ,J) 
4· CONTINUE 

CALL PRDMAT(TED,sT,TST,l8,l8,181 
UO 7 I= 1, 18 
DO 7 J=l9lb 
STCI,J}=Gf)u 
DO 7 K=l,lB 
Sl(l ,J)=ST( J,J)+TST{ I CJK)-~TFD<J~K) 

RETURf,~ 

Ei'·!D 

CO TOT 0050 



A4463,LC60009T300,CM75000c 
RUN(S) 
SETINDFG 
LOADER<PPLOADR) 
REDUCE. 
LGOo 

6400 END RECORD 
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PROGRAM TST (INPUT,QUTPUT,TAPE5=1NPUT,TAPE6=0UTPUT9TAPEl,TAPE2~ 

1TAPE4> 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C PROGRAM TO CALCULATE DEFLECTIONS AND STRESSES IN A SHELL BY 
C THE METHOD TRIDIAGONALIZATION 
C MAIN PROGRAM 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
DIMENSION NSTART(l5),NEND(l5>,NFIRSTC15>,NLASTC15l,NFREE(lOO> 
DIMENSION PKC696>sBK(9,9}~STC18,18) 

DIMENSION XEL(l8,2) 
DIMENSION AC55,55),((55,55J 
DIMENSION THICK(20Ql,NIC20093),X(200,3l9y(200,~) 
DIMENSION PPC5o6,2>,TNFC200,3,3) 
DIMENSION HHC15) 
COMMON NOD,NELEM9EM,v,NSTART,NEND,NFREE,TNF,PP,X,Y 
READ(5,14) NPROB 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C TOCHER POLYNOMIAL IS USED AS THE DISPLACEMENT FUNCTIONe 
C READING DATA 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

DO 1500 NTL=l,NPROB 
WRITE(6,9) NTL 

9 FORMATClHltlOX,*PROBLEM NOc*,l5,//) 
READC5,10) NPART,NOD,NELEM,NCOLN9N6,NXL. 

10 FORMAT(20I4) 
C NR IS THE TOTAL NUM~ER OF DEGREES OF FREEDOM FOR THE STRUCTURE 

NR~N6*6+CNOD-N6)*5 

READC5913) EM,V 
13 FORMATC2El5o3) 

READ(5,10> <<NSTARTCI>9NENDCI>,NFIRST(Il,NLASTCill,l=l,NPART> 
READ(5914) <NFREE(I),I=l,NOD> 

14 FORMATC40I2} 
DO 12 I=l,NR 
DO 12 J~1,NCOLN 

12 PP(l9J)=Oe 
DO 8 II=l,NXL 
READ(5,11> (l~CPP(I,Jl9J=l,NCOLN)} 

11 FORMAT{I495Fl0o0) 
8 CONTINUE 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C INPUT SIMPLIFIED FOR THIS STRUCTURE 
C IN THE GENE~AL CASE THE NODE NUMBERS NI AND THE TRANSFORMATION 
C MATRICES MUST BE DIRECTLY READ. IN 

c * * * * * * * * * * * * * * * * * * * * * ~ * * * * * * * * * * * 
NLN=NPART*l6 

C NLN IS THE TOTAL NUMBER OF ELEMENTS ON THE LATERAL SURFAE OF THE 
C PYRAMID 

NLNN=NLN+l 
C READ THE NODE NUMBERS FOR THE ELEMENTS IN THE FIRST TWO PARTITIO~ 
C FROM BOTTOM 

READ(5,16l((NI(l~J>~J=l,3>,J=l,32l 
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16 FORMAT(4012) 
C CALCULATE THE NODE NUMBERS FOR THE REMAINING ELEMENTS ON T~IE 
C OUTER SURFACE 

DO 17 NPT=3,NPART 
DO . 1 7 ·I= 1 , 3 
DO 17 J=l,l6 
KK=J+(NPT-2)*16 
K=J+ ( NPT-1) -~16 

17 NI(K9Il=NICKK,I)+8 
C READ THE NODE NUMGERS FOR THE LAST· E SIX ELEMENTS 

R E A D ( 5 s 1 6 ) ( < N I ( I , J ) , J = 1 , 3 ) , I ~; N L N N ~ N E L E fvl ) 
C T H I C KNESS 0 F ALL THE E L E f•'l EN T S EX C E P T THE L /, S T S I X E L E f\'1 EN T S • 12 rz; 

DO 18 I= 1 ~ NCN 
THICKC I )=Ool25 

18 CONTINUE 
C THICKNESS OF THE LAST ·siX ELEMENTS IS 005 INCHES 

DO 19 I =NLi~N ,NELEt\1 
THICKCil=Oo5 

19 CONTINUE 
C READ THE ANGLES OF INCLIN,AT IONS OF THE FOUR FACES, T.HE BASE ~·JIDT' 
C AND THE TOTAL HEIGHT . 

. READ(5,ZOJAT,BT,CT,DT,H~AA 
20 ·FORMAT<BF10o0) · .. 

C CONVERT ANGLES INTO RADIANS 
ATR=AT~3~14159261180~ 
BTR=8T*3~14159261180o 

22 
21 

·CTR=CT*3c14159261180o 
DTR=DT*3ol41592~1180o 
ATR=ATANC48~13lo5> 
8 T R =AT AN ( '~ 8 " I 4 ., ) 
CTf<==3., 1'& 16-ATAN.{ 48 "I 12., J 
DTR=ATANC48oll5o5) 
READ THE HEIGHTS OF THE PARTITIONS 
READ C 5, 2 C ) ( HH C I ) , I = 1 , NP ART) 
CALCULATION OF ELEMENT COORDINATES 
BB=AA 

·oo 21 NPT=1,NPART 
N S T I S T HE F I R S T E L E ~·1 EN T I N EACH P f:d~ T I T I 0 N 
NST=l+CNPT~-1 )*16 
HHH=HHCNPT) 
IFCNPTeEQol) GO TO 22 
HP=HHCNPT-1) 
AA=AA-HP-~COS C DTR) IS INC DTR l -HP-~-(OS (f3 TR) IS INC() TR} 
BU=B8-HP*COSCATRJISINCATRl-HP*COSCCTRl/SINCCTRl 
CAL L SUB f-< 0 U T I N E T 0 C 1\ L C U L 1\ T E T H L: N 0 D A L C C-0 I-< U I N J\ T E S 

CALL FORT <AA ,13B ~ATR ,BTR ,~Tf~ ,.DTR ,HHH ~NST j 

CONTINUE 

FOf~ EJ\CH TR 1, 

R E AD THE N 0 D A l C 0--0 R D I N A T E S F 0 R THE LAST S I X E L E ~'i EN T S o 

READ{ 5,25) < C XC I ,J) ,J=l ~3), I =NLNN ,NELEr\1> 
READC5~25) ( CYC J,J) ,J=1,3)',I=NLNN,NELEM) 

25 FORMATC8Fl0o0) 
ROTATE THE TOP PLANE BY 30 DEGo 

TT=3Ql41529616o0 
DO 26 NM=NLNN,NELEM 
DO 2 6 I= 1, 3 
X N =X C N l"··h I ) * C 0 S C · T T ) + Y ( N i'-1 9 I i * S I 1'1 ( T T ) 
YN=-XCNM5I)*SIN<TT>+YCNM,Il*COSCTTJ 
X ( N ~·1 , I ) =. X N -, 



Y (NM' I) =YN 
26 CONTINUE 

C INITIALIZE THE ARRAY 
DO 31 NM=1,NELEM 
DO 31 I= 1, 3 
DO 31 J=l~3 

31 TNF(NM,I,J)=O~ 
C TRANSFORMATION MATRIX FOR FACE 1 

po 21 1 = 1, 4 
DO 27 NM=I,NLN,16 
T NF ( Nivt, l , 2} =-1" 
TNF<NM,z,l>=COS<ATR) 
TNFCNM,2,3)=SINCATR) 

27 CONTINUE 
C TRANSFORMATION MATRIX FOR FACE 2 

DO 28 1=5,8 
DO 28 NM=I,NLN,16 
T NF ( Nt-'1' 1' 1} = 1 II 
TNFCNM,z,2>=COS(BTR> 

28 TNF(NM,2,3>=SINCaTR) 
C TRANSFORMATION MATRIX FDR FACE 3 

DO 29 1=9,12 
DO 29 NM=I,NLN,16 
TNF<NM,1,2)=1. 
TNF<NM,z,l>=-COSCCTR) 

29 TNF<NM,z,3>=SINCCTRl 
C TRANSFORMATION MATRIX FOR FACE 4 

DO 30 1=13,16 
DO 30 NM= I ,NLN, 16. 
TNFCNM,1,1>=-1" 
TNF<NM,z,z>=-COSCDTR) 

30 TNFCNM,2,3)=SINCDTR) 
C TRANSFORMATION MATRIX FOR THE LAST SIX ELEMENTS 

DO 32 NM=NLNN,NELEM 
TNFCNM,l,ll=COSCTT> 
TNFCNM,l,2)=SINCTT> 
TNFCNM,2,1>=-SINCTT) 
TNFCNM,2s2l=COSCTT) 

32 TNFCNM,3,3)=1G 
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C CALCULATE THE THIRD ROW OF EACH TRANSFORMATION MATRIX IN TERMS 
C OF THE ELEMENTS OF THE FIRST TWO ROWS 

DO 33 Nlvj= 1 ,NELEM 
TNFCNM'3'1J=TNFCNM'1'2l*TNFCNM,2,3l-TNF(NMs2,2)*TNFCNM,1,3) 
TNF<NM,3s2>=TNFCNM,z,1>*TNF(NM,l,3)-TNF(NM,l~l>*T~F(NM,2,3> 

33 TNFCNM~3,3l=TNF<NM;1,1)*TNFCNM,2,2)-TNF(NM,29l}*TNFCNM,1,2> 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C PRINTING DATA 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * ~ * * * * 

WRITEC6!i400) H 
400 FORMATC10X,20H~EIGHT OF STRUCTURE=,FlOe3) 

WRITE(654Cl) EM,V 
401 FORMAT(/~1QX,l9HMATERIAL PROPERTIES,//,lQX,2HE=,El2•4,5X,~HV=, 

1E12"lt-) 
WRITE(6,403} NPART,NOD,NELEM,NCOLN,NXL 

403 FORMAT(//,18X,25HNPART,NOD,NELEM,NCOLN,NXL,/,5120} 
WRITE(6,'+02) C~iH( I} ,I=l,NPART> 

402 FORMAT(/,lOX,25HHEIGHTS OF PARTITIONS ARE,/,{6Fl5e3l) 
DO 442 J=1,NCOLN 



c 
c 
c 

443 

446 
442 

410 

406 
405 

430 

431 

425 

437 
lf36 

8888 

39 
5 

38 

37 

DO 442 NL=l,NR 
IFCPPCNL,JleLEeloOE-8) GO TO 442 
WRITE(6,443) ..J 
FORMAT(/,5X,*EXTERNAL LOAD VECTOR NOe*ti6l 
WRITEC6t446) PPCNLtJ},NL 
FORMATC5X,Fl5e4t*LBS AT*ti6> 
CONTINUE 
IFCNTLoNEclJ GO TO 8888 
WRITEC6t410l 
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"FORMATC1Hlt5Xt29HNODAL PATTERN AND COORDINATES,//,5X,llHELEMENT N I 

letlOX,2HNI,32X,lHX,45X,lHY,;/> 
DO 406 I=l,NELEM 
WRITEC6t405> I,CNICI,Jl,..J=l,3l,(XCI,..Jl,J=l,3l,(y(I,Jl,J=l,3> 
CONTINUE 
FORMATCI6,10X,3I8,6Fl5e3> 
WRITEC6,43o> (NFREEC I J ,I=l,NOD) 
FORMATC//,2015> 
WRITEC6,431 > C CNSTA.RTC I) tNENDC I) ,NFIRSTC I l ,NLASTC I)) ti=ltNPARTl 
FORMATC//,4125) 
WRITEC6t425) ATR.,BTR,CTRtDTR 
FORMATC//t5X,lOHTHE ANGLES,;/,4E20.3) 
DO 436 NM=l,NELEM 
W R I T E C 6 , 4 3 7 l C ( T N F C N fV1 , I , J l , J = 1 , 3 l , I = 1 , 3 ) 
FORMATC9Fl3o3,/) 
CONTINUE 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
FORMATION AND ASSEMBLY OF MATRICES 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
REWIND 1 
REWIND 2 
REWIND 4 
DO 35 NPT=l,NPART 
NA=NSTARTCNPT> 
NB=NENDCNPTl 
MA=NSUMCNFREE,NA-1> 
MB=NSUMCNFREE,NB) 
t"ll=MA+l 
~11 =MB-MA 
IF CNPToGE.NPART> GO TO 39 
NC=NENDCNPT+1> 
MC=NSUMCNFREE,NCl 
M2==MC-MB 
GO TO 5 
M2=M1 
DO 37 I=l,Ml 
DO 38 ..J=l,Ml 
A(!,J)=Oc 
DO 37 J=l,M2 
CCI9J)=OQ 
CONTINUE 
LA=NFIRSTCNPT} 
LB=NLASTCNPT> 
DO 36 Ni'-1== LA 9 LB 
Xl=X C N/vh 1) 
X2=XCNM,2) 
X3=XCNM!l3) 
Yl=YCNfvi,l) 
Y2=YCNM!l2) 



Y3=YCNf'.1,3) 
T=THICKCNM) 
CALL PLANCXl,X2tX39Y1,Y2tY3,EM9VtPK,T> 
T = T H I C K C N t~ ) 
CALL BENDCXl,X2tX3,y1,Y2,Y3,EM,V,TtBKl 
CALL GROUPCST,PK,BK) 
CALL ASSEBLCNM,A,C,sT,NI,NPT,NPART) 

36 CONTINUE 
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-W R I T E ( 2 } M 1 , M 2 , C ( A C I , J ) , I = l , f\11 ) , J = 1 , ~'i 1 ) , C C C C I , J ) , I = 1 , M 1 ) , J = 1 , 1'1 2 ) t 

1 C C P P ( I , J ) , I = ~11 , M 8 ) , J = 1 , N C 0 L N ) 
35 CONTINUE 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C THE MATRICES ARE FORMED AND WRITTEN IN TAPE 2 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

REWIND 1 
R EvJ IN D 2 
REWIND 4 

C CALL SUBROUTINE TO SOLVE THE TRIDIAGONAL EQUATIONS 
CALL RECUR{A,C,NPART,NCOL~} 
REWIND 1 . 
DO 200 MM=1,NPART 
NP T =N PART+ l-rvJfv1 
NA=NSTART{NPT) 
NB=NENDCNPT> 
MA=NSUMCNFREE,NA-1) 
MB=NSUMCNFREE,NB> 
MA=MA+l 

C READ SYSTEM DISPLACEMENTS FROM TAPE 1 
READ( 1) ( (PP( I ,j}, I=fvjA,I''iBJ ,J=l,NCOLN) 

200 CONTINUE 
WRITE(6,415) 

415 FORMATC1Hl,5X,38HTHE STRESSES SXX,SYY,SXY,SMAX,SMI ARE,//) 
c *************************~****************************************** 
C CALL SUBROUTINE TO CALCULATE ELEMENT DISPLACEMENTS AND STRESSES 
c ******************************************************************** 

DO 215 NM=l,NELEM 
CALL DEFLCNI,NCOLN,XEL,NM) 
T=THICK<NMl 
CALL STRESS(NCOLN,XEL,T,NM> 

215 CONTINUE 
1500 CONTINUE 

STOP 
END 

FUNCTION NSUM(NFREE,NN) 
C SUBPROGRAM TO FOR CALCULATING THE TOTAL NO. OF DlGREES OF FREEDOM 
C UPTO A PARTICULAR NODE 

DIMENSION NFREE(l00) 
( 

NSUM=O 
IF (NNoEQoO> RETURN 
DO 10 I=1,NN 
NSUM=NSUM+NFREECI) 

10 CONTINUE 
RETURN 
END 



A4463,CMl2UvuU,T2vu0~ 
RUN(S) _ 

SETINDF. 
LOADERCPPLOAOR) 
REDUCE. 

6400 END OF RECORD 
1TAPE4) 
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W I N fvj c fvj o 

PROGRAM TST <INPUT,Q0TPUT,TAPE5=INPUT,TAPE6=0UTPUT,TAPE1,TAPE2, 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C COWPER POLYNOMIAL IS USED AS THE DEFLECTION FUNCTION. 
C PROGRAM TO CALCULATE DEFLECTIONS IN A SHELL BY 
C THE METHOD TRIDIAGONALIZATION 
C MAIN PROGRAM 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * DIMENSION NSTART<l5),NENDCl5),NFIRST<l5),NLASTC15),NFREE<l00l 

D Ir-1 EN S I 0 N P K ( 6 , 6 l ., B K ( 1 8 , 1 8 ) , S T ( 2 7 , 2 7 J , 1'-1 C 2 0 l , r H 2 0 l , R T F { 9 , 9 ) 
Dif'.lENSION Hi-1 ( 15 l 

DIMENSION PP(685,2),TNFC166,3,3),THICK<l66),NIC166,3),X(l66,3} 
DIMENSION YC166,3l 
DIMENSION AC72,72l,CC72,72),THITAC166) 
COMMON NQD,NELEM,EM,V,NSTART,NEND,NFREE,TNF,PP 
COMMON A,C,NI,RTF,x,y 
READ(5,14) NPROiJ 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C THE [)[FLECTION OF THE FOLO~D PLATE ~TRUCT~~E I~ FOUND 

PI=3.1415926 
C BY THE COWPER POLYNOMIAL ~ 

C READING DATA 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

DO l50U NTL=l,NPROb 
WRITEC61)9) NTL 

9 FORMAT<lHI,luX,*PROBLEM NO•*'I5,//) 
READ(5,14l {M(I),I=l,20),(N(l),J=l,20) 
READ(~,l0) NPART,NOD,NELEM,NCOLN,N9,NXL 

lU FQR;V\ATC2ul4) 
C NR IS THE TOTAL NUMBER OF DEGREES OF FREEUOM FOR THE STRUCT~RE 

NODE=NOD-8 
C NOe OF EFFECTIVE NODES,EXtLUDING THE ORIGINAL ASSUMED NODES 
C AT THE BASE, MAKING THE bASE RIGIDLY FIXED. 

NE9=N9-4 
NR=NE9*9+CNODE-NE9)*8+4 
NPAI~IJ=NPAi~ T + 1 

C NO. OF PARTITIONS, STARTING FROM THE BAS~ WHICH IS ASSUMED 
C NOT FIXEDo 

13 ~b~~Arr~~ls~~rv 
REA0(5,1u) < <NSTI\Rl( I} ,NENDC I) ,NfiR~T( I J~NLAST{ I)} tl=l,NPARD) 

R E AD ( 5 , 1 4 ) { N F R E E ( I ) , I .:::: 1 , N 0 D ) 
14 FORMATC4012} 

DO 12 I=l,Nk 
DO 12 J=l,NCOLN 

12 PP(I,J)=Oo 
DO 8 I 1=1 ,NXL 
READ ( 5, 11) ( I 9 ( PP ( I , J} , J= 1, NCOLN} ) 

11 FORMATCI4,5FlUoU) 
8 CONTINUE 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C INPUT SIMPLIFIED FOR THIS STRUCTURE 
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C IN THE GENERAL CASE TrlE NUDE NUM8ERS NI AND THE TRANSFORMATION 
C MATRI(ES MUST BE "DIRECTLY READ IN 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

NLN=NPART*16 
C NLN IS THE TOTAL NUMSER OF ELEMENTS ON THE LATERAL SURFAE OF THE 
C PYHA!Vd D 

NLNN=NLN+1 
C READ THE NODE NUMBERS FOR THE ELEMENTS IN. THE FIRST TWO PARTITIONS 
C FROM BOTTOM 

READ(5,16) <<Nl(l,J)~J=l,3),!=1,16) 

16 FORMAT(4012) 
C CALCULATE THE NODE NUMBERS FOR THE REMAINING ELEMENlS ON THE 
C OUTER SURFACE 

DO 17 NPT=L,NPART 
DO 17 I= 1, 3 
DO 17 J=l,l6 
KK==J+<NPT-2)*16 
K==J+(NPT-1>-*16 

17 NI (K, I )=NI (KK,I )+8 
C READ THE NODE NUMBERS FOR THE LAST SIX ELEMENTS 

READ(5,16) ( (Nl(l~J)~J==1,3)~l=NLNN,NELEMl 
C THICKNESS OF ALL THE ELEMENTS EXCEPT THE LAST SIX ELEMENTS IS el25 

DO 18 I=l,NLN 
THICK(l)==iJ(/125 

18 CONTINUE 
C THICKNESS OF THE LAST SIX ELEMENTS IS Oo5 INCHES 

DO 19 I=NLNN,NELEM 
THICK(l}==u.5 

19 CONTINUE 
C READ THE ANGLES OF INCLINATiONS OF THE FOuR FACES, TH~ ~A~E WIDTH 
C AND THE TOTAL HEIGHT 

READC5,20)AT,BT,cT,DT,H,AA 
20 FORMATC8Fl0o0) 

DO 1115 NM=ltNELEM 
1115 THITACNM)=0eU 

C CONVERT ANGLES INTO RADIANS 
ATR=AT*3e1415926/180~ 

BTR=BT*3o1415926/18Uo 
CTR=CT*3ol415926/l80~ 

DTR=DT*3Gl415926/l8Uo 
ATR=ATANC48o/31o5) 
BTR=ATANC48c/4c). 
CTR=3~1416-ATANC48~/l2o) 

DTR=ATAN(48c/l5e5) 
C READ THE HEIGHTS 0~ THE PARTITIONS 

READ(5,20}{HH{I),I=l,NPART) 
C CALCULATION OF ELEMENT COORDINATES 

BB=AA 
DO 21 NPT=l,NPART 

C NST IS THE FIRST ELEMENT IN EACH PARTITION 
NST==1+CNPT-1)*16 
HHH=HHCNPT) 
IF<NPTeEGol) GO TO 22 
HP=HHCNPT-1} 
AA=AA-HP*COS<DTRl/SIN<DTR)-HP*COS(bTR)/SIN<BTR> 
BB=Hb-HP*CO~(ATR)/~IN<ATR>-HP*COSCCTR)/~INCCTR} 

C CALL SUBROUTINE TO CALCULATE THE NODAL CO-ORDINATES FOR EACH TRIANGLE 
22 CALL FORT<AA,Btl~ATR,~TR,(TR,DTR,HHH,NST> 

21 CONTINUE 
C READ THE NOUAL CO-ORUINATES FOR THE LAST SIX ELEMENTS 



25 
c 

R E A D < 5 , 2 S ) ( { X ( I , J ) , J = 1 , 3 > , I = N L N N , i'l E L E t'~l ) 
R E AD C ~ , 2 5 ) ( ( Y < I , J l , J = 1 , J > , I = N u\1 f'-1 , N t: l. t:: jvi J 
F ORtvlA T < 8 Flu I) v) 

INITIALIZE THE ARRAY 

c 
31 

DO 31 NM=l,NELEM 
DO 31· I= 1 '3 
DO 31 J=l,3 
T.N F ( Nf'•h I , J > = u o 

TRANSFORMATION MATRIX FOR FACE 1 
DO 27 I= 1,4 
DO 27 NM=I,NLNsl6 
T N F C N rv1 , 1 , 2 ) = - 1 o 

t~~t~~:~:~J~~9~i~t~) 
27 CONTINUE 

C TRANSFORMATION ~ATRIX FOR FACE 2 
DO 28 I=5,8 
DO 28 NM=I,NLN,l6 
TNFCNM,l,l)=lQ 
TNF<NM,2,2)=COSCBTR> 

28 TNFCNM,2,3)=SIN<STR) 
C TRANSFORMATION MATRIX FOR FACE 3 

DO 29 I=9"12 
DO 29 NM=I,NLN,l6 
T N F ( 1\1 fvJ , l , 2 ) = 1 o 
TNFCNM,z,IJ=-COS{CTR> 

29 TNF(NM,293)=S1NCCTR) 
C TRANSFORMATION MATRIX F6R -FACE 4 

DO 3U 1=13,16 
DO 30 NM=I,NLN,16 . 
T N F C N ;,1 , 1 ~ l ) ;-.: - 1 o 

TNFCNM,Z,2>=-COS{DTR) 
3U TNFCNM,2,3)=SINCDTR) 

C TRANSFORMATION MATRIX FOR THE LAST EIGHT ELEMENTS 
DO 32 NM=NLNN,NELEM 

D032 1=1~3 

0032 J=l 3 
TNFTNIV\' I :J) =Ue 0 
IF(lcEQ~Jl TNFCNM,J,J)=laU 

32 CONTINUE 
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C CALCULATE lHL THIRD ROW 0~ EACH TRA~5FORMATION MATRIX IN TEkMS 
C OF THE ELEM~NTS OF THE FlkST TWO ROWS 

DO 33 NM=l,NELEM 
TNF(NM,3,1J=TNFCNM'1'2>*TNFCNM,z,3)-TNF{NM,2,2)*TNF(NM,l,3) 
TNF(NM,3,2)=TNF(NM'2'1l*TNFCNM'l'3>-TNF(NM,l,l}*TNFCNM,2,3) 

33 TNF(NM,3,3}=TNFCNM,l,ll*TNF(NM,2,2)-TNFCNM,2,1J*TNF(NM,1,2) 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
C PRINTING DATA 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

WRITEC6,4uu) H 
40U FORMAT(lUX,2UHHEIGHT OF STR~CTURE=,fl0Q3) 

WRITE(6,401} Elv1,V , 
401 FORMAT(/,l0X,l9HMATERIAL PROPERTIES,//,IUX,2~E=,El2g4,5X,2HV=, 

1El2o4) 
WRITE(6,4U3) NPART,NOD,NELEM,NCOLN,NXL 

403 FORMAT(//,l~X,25HNPART,NOU,~ELEM,NCOLN,NXL,;,5I20) 

vJRITE(6,4U2) (HH( 1), I=l,NPART> 
402 FORMAl(/,luX,Z5HHEIGHlS UF PARTITIONS ARt,/,(6Fl5ej)) 

DO ~-42 J=1 ,NCOLN 
o·o 4 4 2 N L = 1 , N R 



c 
c 
c 

IF(PP<NL,J)oLEe1oOE-8) GO TO 442 
WRITE(6,443) J 

443 FORMAl(/,5X,*EXTERNAL LOAU VECTOR ~Oo*,I6} 140 
WRITE(6,446) PP(NL,J),NL 

446 FORMAT<~X,fl~e4,*LGS AT*,I6) 
442 CONTINUE 

IFCNTLoNEo1) GO TO 8888 
WRITE(6,41U} 

41U FORMAT<lH1,5X,29HNODAL PATTERN AN0 COORDINATES,//,5X,11HELEMENT NO 
l.,lOX,zHNI,32X,lHX,45X,lHY,//) 

DO 4u6 I=1,NELEt'l 
WRITE(6,405) I,(Nl(l,J),J=lt3},(X(l,J),J=lt3),(Y(l,J),J=i,3l 

406 CONTINUE 
405 FORMAT<I6,10X,3I8,6F15~3> 

WRITE(6,43u) (NFREE(l),I=l,NODl 
WRITE(6,43Ul (NFREE(l),J=1,NODEl 

430 FORMAT(/1,2Ul5) 
WF~ IT E { 6, 431 ) < < NS TART ( I ) , N END ( I } , NF IRS T ( I > , NLAS T (I ) ) , I= 1, NPARD l 

431 FORMAT<I/,4Il5} 
WRITE(6,425) ATR,BTR,CTR~uTR 

425 FORMAT<II,5X,luHTHE ANGL~S,/1,4EZ0.3) 

* -* -X- * -* * -* * * -x- * -* * 
FORMATION AND ASSEM8LY OF 
~- * * * 

8888 REWIND 1 
REWIND 2 
REWIND LI-

* * * -* -~ 

DO 3~ NPT=l,NPARD 

-* * -X-

NA=NSTART<NPT) 
NB=NEND<NPT> 

MA=NSUM<NFREE,NA-1,NPT> 
MB=N~lJrld NF I< E E ~d'-!8, NP l l 

MI=MA+1 
Ml=MB-rv~A 

* 

IF<NPloGEoNPARDl GO TO 39 
NC=NEND<NPT+1) 

MC=NSUM(NFREE,NC,NPT> 
l"'2 ::::Jv\( -t-1\b 
GO TO 5 

39 M2=t'l1l 
5 DO 37 I=l,M1 

DO 38 J=1~Ml 
38 A( I ,J)=Go 

DO 37 J=l,1"12 
(( l ,j}=U0 

37 CONTINUE 
LA=NFIRST<NPT> 
LB=NLASTCNPT) 
DO 36 Nf'.i= LA' LB 

* * * -x- * -* 
MATI~ICES 

* -* -* -* -x- * 

* -* * * 

* * * * 

IFCAbS(Y(NM,2)-Y{NM,lll~LTmloUE-8l GO TO 1113 
IF<ABS(X(NM,2)-X(NM,1))oLT~loOE-8) GO TO 1112 

* -~ :-X-

* * -X-

T H I T A ( N i'-~1 ) = 1\ T A N ( ( Y ( N M , 2 l - Y ( N i""l ' 1 ) ) I ( X .( N iv'l , 2 l -X ( N jv, , 1 ) ) ) 
S=SQRTC(X(NM,2l~XCNM,l)l**2+(Y{NM,zl-Y(NM,l))**2) 

-:(- * * -x- * * 

* * * * * * 

* 
-* 

P :::: ( ( X ( N j'vl ' 2 ) - X ( N M ' 3 ) } ~- ( X ( N f .r1 ' 2 ) - X ( N 1v1·' 1 ) ) + ( Y ( N tvl. , 2 ) - Y ( f"J 1>~1 ' 3 ) ) * ( Y . ( N fvi ' 2 ) -
1 Y ( NM, 1 ) ) ) IS . 

P=ABS<Pl 
Q = ( ( X { N fv' , 3 ) - X ( N i'il , 1 ) } -* ( X { N l'"l , 2 ) -X ( N f•h 1 ) ) + ( Y ( i'-J l•h 3 ) - Y ( N jvh l ) ) -* ( Y ( f'h"\ ' 2 ) -

1 Y ( Nfvl , 1 l l ) IS 
Q=ABS(Q) 

R = ( ( X ( N f'/1 ' 2 ) - X ( 1\J 1'1 , 1 ) } -* ( Y { N 1"'1 , 3 ) - Y ( f"l! iVI ' 1 ) ) - ( X ( ~'~!Vi , 3 ) - X ( f'J fvl , 1 ) ) * ( Y ( N f"l , 2 ) -
1 Y ( Nfvl, 1 ) ) > IS 
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R=ABS ( f-<) 

C p,Q,R-THE MAGNITUTE OF THE ELEMENT,HENCE THE.AbS~ VALUES ARE 
C CONSIDERC:Do 

GO TO 1114 
1113 P=X(NM,2l-X<NM,3) 

P=AIJS(P) 
Q=XCNM~3>-X<NM,l) 

Q=ABS(Q) 
R=YCNM,3> 
R=ABSCR> 
S=AbS(P+Q) 
GO TO 1114 

1112 P=Y<NM,2)-Y(NM,3) 
P=ABSCP) 
Q=Y(NMs3l-YCNM,1} 

Q=ABS(Q) 
R=XCNMs1}-X(NM,3) 
R=A!:3S(R) 
S=AHS(P+Q) 

C TRANSLATION AND ROTATION OF AXES ARE CONSIDEREDo 
C STIFFN~SS MATRIX OF THE ELEMENT IS TkANSFERREO TO TH~ PLAT~ COORDINkT 
C SYSTEM BEFORl ASSEMbLYo 
C THE COUROINATE~ OF TH~ LOCAL SYSlEM ARE oeTAINED bY TAKING THE APPRO 
C VALUES OF THe VARI8~ES p,Q, AND Rv 

1114 X1=-Q 

36 

X2=P 
X3=Uo 
Yl=Uii> 
Y2=Uo 
Y3=R 

T = T H I C K ( N jvJ ) 
CALL PLAN<Xl ,X2sX3,Yl·,yz,y3,E!'"hV,pK,T) 
T = T H I C K ( N ivl ) 

CALL bE~D(P,Q,R,M,N,v,EM,T,!:3K) 

CALL GROUP<ST,PK,BKl . 
ALPHA= T HIT 1-\ ( f\J_fll) 

CALL TRANFl{ALPHA,ST> 
CALL A~SEbL{NM,STsNPT,~PARDl 

COi\JTINJE 
IF<NPT~NEcl) GO TO 565 
CALL ELIM<Ml,M2 ) 
tv\l = 4-

565 
MB=4 

WRITE(2}Ml,M2,{(A(I,J),I=l,M1),J=l,Ml),{(C(l,J),I=l,Ml),J=l,M2), 

35 
c 

·C 
c 

c 

1500 

1 ( ( P P { I ' J } ' I = iVd ' jvt t3 ) ' J = l ' N l G L N ) 
CONTINUE 

* * * * * * * * * * * * * * * * * * 
THE MATRICES ARE FORMED AND WRITTEN 

* * * * * * * * * * * * * * * * * * REWIND 1 
REWIND 2 
REWIND 4 

* * 
IN 

* * 

* * * * * 
TAPE 2 

* * -~ * * 

CALL SU~ROUTINE TO SOLVE THE TRIDIAGONAL E~UATIONS 
CALL RECUR <NPARD,NCOLN) 

CONTINUE 
STOP 
END 

CD TOT U3JO 

* * -~ -~ * * * 

* * ~- * * * * 

* 

* 

I 
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APPENDIX VII ., . .- LIST. OF EQUIPMENT 



LIST OF EQUIPMENTS 

lo OBLIQUE TRUNCATED PYRAMID LIKE STRUCTUREo 

2o STORAGE OSCILLOSCOPE (TYPE 564). 

3o OSCILLATOR (TYPE DISA 51E02 555). 

4a REACTANCE CONVERTER (TYPE DISA SlEOl)o 

5o STRAIN INDICATOR (TYPE BUDD MODEL P-350)o 

6e MICROMETER PROXIMITY TRANSDUCER (TYPE DISA 51Dll)a 

7e ST~~IN GAGES AND ALLIED EQUIPMENTSe 

9& SWITCH AND BALANCE UNITS (SERIA~ NO~ 005520) & 

9. TURNBUCKLE. 

10~ LOAD CELL WITH WIRE CORDa 

11. TINIUS OLSEN TESTING MACHINE (NOe 66712)o 

12o CDC 6400 DIGITAL COMPUTERe 
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