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Abstract

In this thesis, we use the self-consistent field theory (SCFT) to study neutral and charged block copolymer

melts and blends in thin films and bulk. We showcase the utility of the SCFT by applying it to a number of

different model systems.

In our first study, we examined the elastic properties of multi-component bilayer membranes composed

of amphiphilic AB/ED diblock copolymers. We focused on the effects of chain architecture and interactions

between the amphiphilic molecules on the line tension or edge energy of a membrane pore. We discovered

a direct relationship between the effective volume of the amphiphilic molecules, which is dictated by their

architecture, and the line tension. We found that the addition of cone-shaped molecules to the membrane

results in a decrease in the line tension. The opposite effect is seen for inverse cone-shaped amphiphiles,

where an increase in their concentration results in an increase of the line tension.

Studies two and three fall under the theme of directed self assembly of block copolymer thin films. First

we examined the effects of ion concentration on the strength of the external electric field required to reori-

ent lamellar domains from the parallel to the perpendicular orientation. The change in the critical electric

field is found to be dependent on whether the neutral or charged polymer species is favoured by the top and

bottom surfaces. In the second study, we examined the mechanism of using the entropic effect to direct the

self assembly of micro domains in star block copolymer thin films. We control the architecture of star block

copolymers by varying the number of arms, ranging from a linear chain with 1-arm to 4-arm star block

copolymers. Using both experiments and SCFT, we showed that the entropic effect is enhanced in star block

copolymer blends with greater number of arms. Furthermore, we showed that the entropic effect can be used

to direct the self assembly of micro domains perpendicular to the substrate.

In our last study, we examined the unbinding transition of the α-BN phase in pentablock terpolymer/

homopolymer blends. We constructed a phase diagram of the system as a function of homopolymer con-

centration. We discovered that the unbinding transition is preempted by the macrophase separation of the
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blends into block copolymer rich/ homopolymer rich domains.

The results presented in this thesis help advance our understanding of various properties of polymeric

systems, such as the elastic properties of multi-component membranes, directed self assembly in block

copolymer thin films and the phase behaviour of block copolymers in bulk.
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1 | Introduction

1.1 P RO P E RT I E S O F P O LY M E R S

Polymers are a remarkable class of materials with wide applications in nanotechnology, material engineer-

ing and medicine (1–4). They also form a major component of many biological systems. Natural polymers

such as proteins, DNA and RNA molecules are abundant in biological systems and they play a crucial role

in many biological processes (5). Synthetic polymers such as polystyrene and polyethylene are used ex-

tensively in material engineering, and form the major component of many widely used materials such as

glue and plastics (6). Given their ubiquitous presence in daily life and advanced technology, the study of

polymers has branches in physics, chemistry, engineering and biology. The focus of this thesis is to present

results from our theoretical studies of equilibrium properties of inhomogeneous polymeric systems. We

begin by defining what a polymer is, and describe in detail some of their fundamental properties.

Polymers are long string-like macromolecules composed of repeating units called monomers (7, 8). They

can have simple or complex chemical and architectural structures. Figure 1 presents a selection of polymers

with different types of architecture and chemical composition. In Figure 1.a we show a simple linear diblock

copolymer composed of two chemically distinct types of monomers, shown in red and blue. Polymers could

have complex architectures, such as branched, star or multiblock copolymers, as shown in Figures 1.b, 1.c

and 1.e.

Furthermore, polymeric species could be neutral or charged. A schematics of a charged diblock copoly-

mer is shown in Figure 1.d. In this picture, negative charges are fixed to the backbone of the chain, whereas

the dissociated positive ions are free. Lastly, the chemistry of the monomers often dictates the flexibility

of the polymer chain. Although most polymer species with high degree of polymerization are flexible in

nature, the degree of flexibility could depend on the chemistry of the monomers. For example poly(styrene-
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Figure 1: Schematics of a selection of polymer architectures. In figures (a)-(f) we show examples of linear,

branched, multi, charged, star and rigid block copolymers. The inset in Figure (a) shows the molecular

structure of a polymer chain. As an example, the monomers are considered to be styrene molecules.

block-(2,5-bis[4-methoxyphenyl]oxycarbonyl)styrene) (PS-b-PMPCS) is composed of a flexible PS block

and rigid rod-like PMPCS block (9). The flexibility of the polymer chains, dictated by the chemistry of the

monomers, could effect the phase behaviour and mechanical properties of the polymer melts or solutions

(9). Figure 1.f presents a schematic example of a rod-coil diblock copolymer chain with rigid and flexible

blocks.

There is an endless variety of polymer architectures and chemical compositions, each with unique phys-
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ical and chemical properties. The complexity of the polymer chains results in a very large parameter space,

within which one could ideally find a system with properties desirable for particular applications. However,

a comprehensive study of the entire parameter space for a polymeric system is often difficult due to the multi

dimensional nature of the phase space. Modern theoretical techniques, together with robust and efficient nu-

merical methods, makes it possible to explore this multi dimensional phase space. To construct a theoretical

framework for studying the equilibrium behaviour of polymeric systems, one has to construct a model for

describing the statistics of a single polymer chain, in addition to capturing the statistics of the many-body

system of polymer melts or solutions (10). Although the sheer complexity of polymer chains and polymeric

systems makes this a daunting task, there are several properties of the polymers which help simplify the

problem.

Despite the fact that the chemistry of the monomers plays an important role in defining the proper-

ties of polymers at the microscopic level, at length scales comparable to the size of the polymer chain

(∼ 10− 100nm) certain universal properties emerge. These universal properties are independent of the de-

tails at the microscopic level (1, 10). Among such properties is the dependence of the size of the polymer

chain, measured in terms of the radius of gyration Rg, or the degree of polymerization N (11). The scaling

relationship between the size of the polymers and their degree of polymerization is often written as Rg ∼Nν ,

where the scaling exponent ν = 1
2 for ideal polymers (7). In general, the conformation of a polymer chain,

or its three dimensional structure, depends on three factors; the flexibility of the chain, the interaction of the

monomers on the chain with one another and the interaction of the monomers with their surroundings (7).

For polymer chains with high degree of polymerization, the conformation of the chains can be described us-

ing the ideal chain model (7, 10). In this model, we ignore the long range interactions between the monomers

and describe the chain as a random walk. The ideal chain model is valid for polymers in dense polymer melts

or blends (7, 10). The statistics of an ideal polymer chain can be described using the Gaussian chain model.

The model systems studied in this thesis are composed of dense blends or melts of block copolymers with

high degree of polymerization. We therefore describe the statistics of the polymer chains using the Gaussian

chain model. A more detailed description of the Gaussian chain model is presented in later chapters.

The second challenge in constructing a theoretical framework for studying the equilibrium properties

of polymers is to implement a statistical model for describing the many-body nature of polymeric systems.

12
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Fortunately, in dense polymer melts and blends, the large effective coordination number ensures the validity

of the mean field approximation (10), therefore allowing us to implement mean field techniques, such as

self-consistent field theory to study the equilibrium properties of polymeric systems. In chapter two, we out-

line in detail the self-consistent field theory framework for neutral and charged block copolymers. Before

delving into the mathematical description of the self-consistent field theory, we present a brief historical

overview of the SCFT framework.

1.2 S E L F - C O N S I S T E N T F I E L D T H E O RY

One of the most powerful theoretical tools for studying the equilibrium properties of dense polymeric sys-

tems is the self-consistent field theory or SCFT for short. The pioneering work of Edwards, de Gennes,

Helfand and others, laid the foundation for the modern self-consistent field theories (12–14). Over the years,

a number of different analytical techniques have been developed for solving the SCFT equations. Most

notably are weak segregation theory by Leibler and the strong segregation theory by Semenov (15, 16). The

pioneering work of Leibler, Semenov and others provided useful methods for investigating the equilibrium

phase behaviour of polymeric systems at the strong and weak segregation limits. Increase in the availability

and power of modern computers in the early 2000s accelerated the study of polymer physics and helped

bridge the gap between previously proposed analytical techniques.

Perhaps one of the most important breakthroughs was the introduction of the spectral method for solv-

ing the SCFT equations by Matsen, Schick (17, 18). Using this technique, the authors investigated the phase

behaviour of diblock copolymers, and obtained a phase diagram as a function of block composition and the

product of the Flory-Huggins parameter and degree of polymerization (17, 18). Other important contribu-

tions to the development of methods for solving the SCFT equations are due to pioneering work by Helfand,

Whitmore, Shi and others (19–22). Another powerful tool, in the family of spectral techniques, is the pseudo

spectral method which leverages the best of real space and reciprocal space for solving the SCFT equations

(23, 24). In recent years, advances in efficient numerical algorithms and computers have allowed polymer

physicists to tackle more complex and interesting problems. For example, the study of weakly charged

polymeric systems (25, 26), polymers in confined geometries (27–29) and polymers as a mean to model
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biological systems (30, 31) are just a handful of examples highlighting the utility of the self-consistent field

theory.

1.3 O B J E C T I V E A N D O U T L I N E

We use self-consistent field theory as a tool to study the equilibrium properties of neutral and charged block

copolymers. The objective is to highlight the utility of the SCFT as a powerful tool to obtain solutions

of model systems and to gain understanding of these systems from the results. In chapter 2, we present a

detailed description of the self-consistent field theory framework, where we develop models for neutral and

charged systems in bulk and thin film geometries. In chapter 3, we introduce numerical techniques for solv-

ing the SCFT equations. We focus on two techniques in particular, the pseudo-spectral and a finite-difference

method known as alternating direction implicit technique. Having built the appropriate foundation for model

building using the SCFT framework, we examine three main topics: elastic properties of bilayer membranes,

directed self-assembly in polymer thin films and the phase behaviour of multiblock copolymers in bulk.

In the first study we use self-consistent field theory to investigate the elastic properties of multi-component

bilayer membranes. In particular, we examine the line tension or edge energy as a function of lipid archi-

tecture and molecular interactions. We model lipid molecules as amphiphilic diblock copolymers, forming

a membrane in a solvent modelled as homopolymers. The architecture of the molecules is controlled by ad-

justing the volume factions of the hydrophilic and hydrophobic groups. With this, we examine two scenarios.

One, in which the hydrophilic head groups are larger than the hydrophobic tails, resulting in a cone-shaped

molecular structure. Second, in which the hydrophobic tails are larger than the hydrophilic heads, result-

ing in an inverse cone-shaped structure. By studying the density distribution of the amphiphilic molecules

throughout the membrane, we try to understand the effects of chain architecture on the line tension. Lastly,

we examine the effects of interactions between the head groups of the amphiphilic molecules on the pore

line tension.

In the second and third study, we use SCFT to investigate the self-assembly of block copolymers in

confined geometries. We explore two novel mechanisms for directing the self-assembly of micro domains

perpendicular to the thin film surfaces. In the first study, we use an external electric field to align micro

14
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domains in lamellae forming charged block copolymers perpendicular to the substrate. In the study follow-

ing that, the entropic effect of polymers is used as a mechanism to direct the self-assembly of star block

copolymers in a thin film geometry.

We first investigate the effects of ion concentration on the strength of the electric field required to reori-

ent lamellar domains from the parallel alignment, preferred by the surface interactions, to the perpendicular

orientation. We focus on two main scenarios. In the first case, we consider melts in which the neutral

blocks interact favourably with the surfaces. In the second scenario, we examine thin films in which the

charged species interact favourably with the surfaces. In both cases, we control the mobility of the free ions

by adjusting χBI , the strength of interaction between the ions and the B polymer species. Furthermore, we

calculate the phase behaviour of the system as a function of the surface interactions, focusing the parallel,

perpendicular and mixed morphologies.

In the second study of this unit, we explore the effects of entropy on the orientation of lamellae and

cylinder forming (PS-PDMS)n star block copolymer thin films. The entropic effect is examined using both

experiments and self-consistent field theory. Using SCFT, we model the (PS-PDMS)n polymers as (AB)n

star block copolymers. We control the strength of the entropic effect by adjusting the number of arms from

n=1 to n=4. We consider lamellae and cylinder forming (AB)n star block copolymers in which the (PDMS)

or A species interact favourably with the air surface. Using SCFT, we calculate the free energies of the

parallel, perpendicular and mixed morphologies as a function of n, the number of arms in the (AB)n system.

In this work, we explore the phase behaviour of the (AB)n star block copolymer thin films and make direct

comparison between the experiments and the SCFT results.

In the last study, we examine the unbinding transition of the α-BN phase in the B1AB2CB3 pentablock

terpolymer / homopolymer blends. We investigate the phase behaviour of the pentablock terpolymers as a

function of homopolymer concentration, constructing a phase diagram in the φH- f B2 plane. We compare the

free energies of the α-BN, single-domain α-BN and the homogenous phases to study the unbinding transi-

tion in the α-BN structure. The key question we aim to answer is whether the increase in the homopolymer

concentration results in an unbinding transition at a finite φH , or if the unbinding transition is preempted by

a macrophase separation of the blends into a homopolymer rich/ block copolymer rich macro domains.
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2 | Theoretical Methods

In this chapter, we present a theoretical framework to describe the equilibrium thermodynamic properties

of polymeric systems. More specifically, we present a field-theoretic model, where the complex many-body

interactions between polymer chains are replaced with the interaction between a single polymer chain and

an effective field, as shown schematically in Figure 2 (10, 32).

Figure 2: A schematic diagram showing the concept of particle to field transformation. Figure a) shows a

complex system of many polymer chains interacting with each other and b) shows the same system where a

single polymer chain is interacting with an effective field.

As described earlier, Edwards was the first to work out the statistics of a polymeric system in a field

theoretic framework (14). Since then, field theory models have been extended to explore a wide spectrum of

diverse and interesting problems. The modern version of the field theoretic model of polymers is commonly

referred to as self-consistent field theory (SCFT) (1, 10). In this chapter, we present self-consistent field

theory models for neutral and charged polymeric systems in bulk and confined geometries. The result of

applying the SCFT formalism is a set of mean field equations, which could be solved self-consistently to

determine the equilibrium properties of a polymeric system.
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2.1 N E U T R A L B L O C K C O P O LY M E R S

In this section, we consider a system of nAB neutral diblock copolymers in volume Ω. The AB diblock

copolymers, as shown in Figure 3, have degree of polymerization NAB.

Figure 3: A schematic diagram of a simple neutral diblock copolymer, with two chemically distinct blocks,

denoted by A and B.

The fraction of A block is denoted by f and the fraction of B block by 1− f . The hardcore volume per

monomer is defined as vα = 1
ρ◦α

, where α = A,B. We define the densities for the A and B species using,

ρ̂A(r) =
nAB

∑
i=1

∫ f

0
ds δ (r−RA

i (s)),

ρ̂B(r) =
nAB

∑
i=1

∫ 1

f
ds δ (r−RB

i (s)), (1)

where theˆsymbol indicates that the densities are functions of the molecular configuration (1). In the above

equation, RA
i (s) and RB

i (s) are the space curves specifying the position of the segment s along the A

and B blocks respectively. In our model, we consider the system to be incompressible and thus require

∑α=A,B
ρα (r)

ρ◦α
= 1 at every point in space, where ρ◦α is the monomer reference density for the α species (1,

10).
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The thermodynamic properties of the system are most conveniently described using the canonical en-

semble, with the partition function written as,

Z =
(

ξ
nAB
AB

nAB!

) nAB

∏
i=1

∫
D[RA

i (s)]D[RB
i (s)]PA[RA

i (s)]PB[RB
i (s)]δ [R

A
i ( f )−RB

i (1− f )]

∏
r

δ

(
∑

α=A,B

ρ̂α(r)
ρ◦α

−1
)

exp
[
−U[ρ̂(r)]

]
. (2)

The functional integrals in the above equation are over all possible chain configurations (1, 10). Here,

ξ
nAB
AB is the single chain partition function due to the kinetic energy, and nAB! is introduced due to the fact that

the polymer chains are indistinguishable (1, 10). The delta function δ [RA
i ( f )−RB

i (1− f )] in Eq.2 ensures

that the A and B blocks are connected. Furthermore, δ

(
∑α=A,B

ρ̂α (r)
ρ◦α
− 1
)

enforces the incompressibility

condition. We consider the polymer chains to be flexible and monodisperse, where their statistics can be

described using the continuous Gaussian chain model (33). We write the Boltzmann distributions PA[RA
i (s)]

and PB[RB
i (s)] for the polymer chains as,

PA[RA
i (s)] =C exp

[
− 3

2b2

∫ f

0
ds
(dRA

i (s)
ds

)2]
,

PB[RB
i (s)] =C exp

[
− 3

2b2

∫ 1

f
ds
(dRB

i (s)
ds

)2]
, (3)

where C is a normalization constant. In the above equations, we assumed that the Kuhn length b is the same

for both A and B species.

The energy of the system U[ρ̂(r)] is a functional of the polymer density, where for neutral polymers,

it accounts for the contribution from the short range interactions between the polymer segments (33). The

energy due to the short range interactions can be written as,

U[ρ̂(r)] =
1
2 ∑

αβ=A,B

∫
drρ̂α(r)χαβ ρ̂β (r), (4)

where χαβ is the Flory-Huggins parameter between the α and β species. χ is a dimensionless phenomeno-

logical parameter that is a measure of the difference in the interaction between the like and unlike segments

(7, 34). The 1
2 factor in Eq.4 is introduced to correct for double counting.
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Using the definitions for the stretching energy of the polymer chains Eq.3 and the short range interactions

between the segments Eq.4, we rewrite the partition function as,

Z =
(

ξ
nAB
AB

nAB!

) nAB

∏
i=1

∫
D[RA

i (s)]D[RB
i (s)]∏

r
δ

(
∑

α=A,B

ρ̂α(r)
ρ◦α

−1
)

exp
[
− 1

2 ∑
αβ=A,B

∫
drρ̂α(r)χαβ ρ̂β (r)−

3
2b2 ∑

α=A,B

∫
ds
(dRα

i (s)
ds

)2]
, (5)

where the normalization constants from Eq.3 are absorbed into the definition of ξ
nAB
AB (1). The above partition

function is written in terms of the functional integral over the configuration of the polymer chains. A

standard approach in polymer physics is to perform a particle (or polymer segment) to field transformation,

which replaces the polymer-polymer interactions with a polymer-field interaction (1, 10). The first step in

this formalism is to introduce the auxiliary fields ρα(r) and ωα(r), through the following identity (35),∫
D[ρα(r)]∏

r
δ

[
ρα(r)− ρ̂α(r)

]
=
∫

D[ρα(r)]D[ωα(r)]exp
[∫

drωα(r)[ρα(r)− ρ̂α(r)]
]
= 1. (6)

Here, ρα(r) can be interpreted as the polymer segment number density, and ωα(r) as the inhomogeneous

chemical potential. It is important to note that the range of the integral for ωα(r) is over a line in the complex

plane from −i∞ to i∞ (10). Using the above identity, we can rewrite the partition function in the following

form,

Z =
(

ξ
nAB
AB

nAB!

)∫
D[ρα(r)]D[ωα(r)]D[RA

i (s)]D[RB
i (s)]∏

r
δ

(
∑

α=A,B

ρα(r)
ρ◦α

−1
)

exp
[
− 1

2 ∑
αβ=A,B

∫
drρα(r)χαβ ρβ (r)−

3
2b2 ∑

α=A,B

∫
ds
(dRα

i (s)
ds

)2

+ ∑
α=A,B

∫
drωα(r)[ρα(r)− ρ̂α(r)]

]
. (7)

The chain-conformation dependent contribution to the partition function can be expressed in the follow-

ing way,

QAB =
1
Ω

∫
D[RA

i (s)]
∫

D[RB
i (s)]δ [R

A
i ( f )−RB

i (1− f )]

exp
[
− 3

2b2 ∑
α=A,B

∫
ds
(dRα

i (s)
ds

)2
− ∑

α=A,B

∫
drωα(r)ρ̂α(r)

]
, (8)
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where QAB is referred to as the single chain partition function (36). The single chain partition function

contains the contribution from the chain stretching energy and the coupling of the local densities to the inho-

mogeneous chemical potential ωα(r). We further simplify the partition function by introducing a Lagrange

multiplier η(r), which enforces the incompressibility (1),

∏
r

δ

(
∑

α=A,B

ρα(r)
ρ◦α

−1
)
=
∫

D[η ]exp
[∫

drη(r)( ∑
α=A,B

ρα(r)
ρ◦α

−1)
]
. (9)

where the range of the integral is over a line in the complex plane from −i∞ to i∞ (10).

Using the above definition for η(r) and QAB, the canonical partition function for the neutral AB diblock

copolymers can be written as,

Z =
∫

D[ρα(r)]D[ωα(r)]D[η(r)]exp
[
−F [ωα(r),ρα(r),η(r)]

]
, (10)

where Stirling approximation n! ≈ ( n
e )

n is used. The functional free energy F [ωα(r),ρα(r),η(r)] of the

system can be defined as,

F [ωα(r),ρα(r),η(r)] =
∫

dr
{1

2 ∑
αβ=A,B

ρα(r)χαβ ρβ (r)− ∑
α=A,B

ωα(r)ρα(r)

+η(r)( ∑
α=A,B

ρα(r)
ρ◦α

−1)
}
−nAB ln(

ξABQABΩ
nAB

). (11)

It is convenient to express our formulation in terms of the volume fraction of the polymer segments. The

volume fraction for the polymer species are defined as, φα(r) =
ρα (r)

ρ◦ , where we assume that all species

have the same reference segment density ρ◦α = ρ◦. We can also define the average volume fraction for the

AB diblock copolymers as φ̄AB = nABNAB
ρ◦Ω (1).

Using the above definitions, we define the free energy density per chain as f [ωα(r),φα(r),η(r)] =
NAB
ρ◦Ω F [ωα(r),φα(r),η(r)], and write,

f [ωα(r),φα(r),η(r)] =
1
Ω

∫
dr
{1

2 ∑
αβ=A,B

φα(r)χαβ NABφβ (r)− ∑
α=A,B

ωα(r)φα(r)

η(r)( ∑
α=A,B

φα(r)−1)
}
− φ̄AB ln(

ξABQABΩ
nAB

). (12)

We scale the auxiliary fields ωα(r) and η(r) such that; ωα(r)NAB→ ωα(r) and η(r)NAB→ η(r) (1).

The field theoretic partition function in Eq.10 is written in terms of the φα(r), ωα(r) and η(r) auxiliary
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fields. Evaluating the free energy of the system, or any observable, requires the evaluation of the functional

integrals in Eq.10. Aside from a handful of simple cases, evaluating the partition function in closed form is

not possible (1, 10). To evaluate the partition function Eq.10, we use the mean field approximation.

The functional integrals in equation 10 run over an infinite number of configurations. The mean field

(saddle point) approximation assumes that the dominant contribution to the partition function is from a single

field configuration (10). To evaluate the mean field solutions, we determine the extremum of the functional

f [ωα(r),φα(r),η(r)] with respect to the ωα(r) , φα(r) and η(r) auxiliary fields,

δ f [ωα(r),φα(r),η(r)]
δωα(r)

= 0,

δ f [ωα(r),φα(r),η(r)]
δφα(r)

= 0,

δ f [ωα(r),φα(r),η(r)]
δη(r)

= 0. (13)

The first functional derivative with respect to the ωα(r) auxiliary fields results in,

δ f [ωα(r),φα(r),η(r)]
δωα(r)

=
δ

δωα(r)

{
−
∫

dr ∑
α=A,B

ωα(r)φα(r)− φ̄AB ln(
ξABQABΩ

nAB
)
}

. (14)

The single chain partition function QAB is a functional of the auxiliary field ωα(r), as given in Eq.8. By

evaluating the above functional derivative we arrive at (10),

δ f [ωα(r),φα(r),η(r)]
δωα(r)

= −φα(r)−
φ̄AB

QAB

δ

δωα(r)
QAB

= −φα(r)−
φ̄AB

QAB

∫
ds qα(r,s)q†

α(r,s), (15)

where, qα(r,s) and q†
α(r,s) are the end-integrated forward and complementary propagators, respectively.

The propagators describe the statistical weight of the chain segment s at position r in space (37). The

propagators in equation 15 are determine by solving the following differential equations,

∂

∂ s
qα(r,s) = [∇2−ωα(r)]qα(r,s),

∂

∂ s
q†

α(r,s) = −[∇2−ωα(r)]q†
α(r,s). (16)

The above differential equations are known in the polymer physics community as the modified diffusion

equations (10). The modified diffusion equations are solved using the following initial conditions: qA(r,0) =
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1 and q†
A(r,0) = qB(r,1− f ) for the A species and, qB(r,0) = 1 and q†

B(r,0) = qA(r, f ) for the B species.

By evaluating the second and third functional derivatives in Eq.13 and combining them with results from

Eq.15, we arrive at the following set of mean field equations,

φA(r) =
φ̄AB

QAB

∫ f

0
dsqA(r,s)q†

A(r, f − s),

φB(r) =
φ̄AB

QAB

∫ 1

f
dsqB(r,s)q†

B(r,1− s),

ωA(r) = χABNABφB(r)+η(r),

ωB(r) = χABNABφA(r)+η(r),

∑
α=A,B

φα(r) = 1. (17)

Equations 16 and 17 are solved self-consistently to determine the mean field solutions to the SCFT

equations. Using the solutions to Eq.13, we can write the mean field free energy for the neutral diblock

copolymer system as,

fMF =
1
Ω

∫
dr
{1

2 ∑
αβ=A,B

φα(r)χαβ NABφβ (r)− ∑
α=A,B

ωα(r)φα(r)
}
− φ̄AB ln(QAB). (18)

2.2 C H A R G E D B L O C K C O P O LY M E R S

We extend the theoretical model for neutral polymers to a system of charged AB diblock copolymers com-

posed of negatively charged A blocks and neutral B blocks. The theoretical model presented here for the

charged system is an extension of the neutral AB diblock copolymers and will have a similar overall struc-

ture. Therefore, we reference any previously defined equations and notations and only focus on concepts

specific to the charged AB system.

Figure 4 presents a schematic diagram of a charged AB diblock copolymer with a negatively charged A

block and a neutral B block. As before, NA and NB represent the degree of polymerization of the A and B

blocks, respectively. We assume that there are nI positive counter ions dissociated within the system, such
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Figure 4: A schematic diagram of a charged diblock copolymer with negatively charged A block, neutral B

block and positive counter ions.

that global charge neutrality is satisfied (25). The dimensionless densities for the A and B polymer segments

are defined in Eq.1, and similarly we define the density for the positive counter ions as,

ρ̂I(r) =
nI

∑
i=1

δ (r− rI
i ), (19)

where as before, the symbol ˆ indicates that the counter ion density is a function of the molecular configu-

ration (1). In the above equation, rI
i is the position of the ith ion in the volume Ω. We also define a charge

density ρ̂e(r), which corresponds to the total amount of charge per volume at position r and write,

ρ̂e(r) = ρ̂
A
e (r)+ ρ̂

I
e(r), (20)

where,

ρ̂
A
e (r) =

nAB

∑
i=1

∫ f

0
dsPAzAeδ (r−RA

i (s)),

ρ̂
I
e(r) =

nI

∑
i=1

zIeδ (r− rI
i ). (21)

Here, zA and zI are the valence charges for the A and I species, and e is the elementary unit of charge

(25). The parameter PA represents the fraction of negative charge on the A blocks, where it assumes a value

between 0 and 1. The global electroneutrality implies that,∫
drρ̂e(r) = 0, (22)
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where the integral is over the volume of the system. As before, we enforce incompressibility by demanding

∑α=I,A,B
ρ̂α (r)

ρ◦α
= 1. We describe the thermodynamic properties of the system using the canonical ensemble

and write the canonical partition function as,

Z =
(

ξ
nAB
AB

nAB!

)(
ξ

nI
I

nI !

)[ nAB

∏
i=1

∑
cA,i(s)

P[cA,i(s)]
][ nAB

∏
i=1

∫
D[RA

i (s)]D[RB
i (s)]PA[RA

i (s)]PB[RB
i (s)]

]
δ [RA

i ( f )−RB
i (1− f )]

[
∏

r

∫
drI

i

]
δ

(
∑

α=A,B

ρ̂α(r)
ρ◦α

−1
)

exp
[
−U[ρ̂(r),V (r)]

]
, (23)

where V (r) is the electrostatic potential and ∑cA,i(s) is the sum over all possible charge distributions on the

A blocks, each with probability P[cA,i(s)] (25, 26). As before, ξAB and ξI are the single molecule partition

functions due to the kinetic energy. The statistics of the AB diblock copolymer chains are described using

the Gaussian chain model, as given in Eq.3. The energy of the system contains two parts, one due to the

short range interactions between the polymer segments and counter ions, as described by Eq.4. The other

is due to the electrostatic interactions between the charged species. We write the energy contribution due to

the electrostatics as,

Ue[ρ̂e(r),V (r)] =
∫

dr
[
ρ̂e(r)V (r)− ε(r)

2
|∇V (r)|2

]
, (24)

where ε(r) is the position dependent dielectric constant (38). Similar to the neutral polymer model, it is

convenient to introduce volume fractions φα(r) =
ρα (r)

ρ◦
for the polymers and counter ions. Here, ρ◦ is

the reference density and α = A, B and I. Also, we define the volume fraction for the charged species as

φe(r) =
ρe(r)
eρ◦

. The average volume fraction for the polymers and counter ions are defined as φ̄AB = nABNAB
ρ◦Ω

and φ̄I =
nI

ρ◦Ω
, respectively. Furthermore, we define a dimensionless electrostatic potential Ṽ (r) = eV (r)

kBT and

a dimensionless dielectric constant ε̃(r) = ε(r)
ε◦

. We assume that the position dependent dielectric constant

ε̃(r) is a function of polymer densities and can be written as ε̃(r) = κAφA(r)+κBφB(r), where κA and κB

are the dielectric constants of the A and B polymer species (25, 38).

The particle to field transformation follows a similar procedure to that described in Eq.6, where we

introduce auxiliary fields that couple to the configuration dependent densities. Using the definition for the

polymer and counter ion volume fractions and the dimensionless electrostatic potential, the particle to field

transformation results in,

Z =
∫

D[φα(r)]D[ωα(r)]D[Ṽ (r)]D[η(r)]exp
[
−F [ωα(r),φα(r),Ṽ (r),η(r)]

]
, (25)
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where F [ωα(r),φα(r),Ṽ (r),η(r)] is the free energy functional of the system. Similar to the neutral polymer

model, it is convenient to define a free energy density functional per chain f [ωα(r),φα(r),Ṽ (r),η(r)] =
NAB

ρ◦kBT Ω F [ωα(r),φα(r),Ṽ (r),η(r)], such that,

f [ωα(r),φα(r),η(r)] =
1
Ω

∫
dr
{1

2 ∑
αβ=A,B,I

φα(r)χαβ NABφβ (r)− ∑
α=A,B,I

ωα(r)φα(r)

− eωe(r)φe(r)+φe(r)NABṼ (r)− 2πNABb2ε̃(r)
τ

|∇Ṽ (r)|2

+η(r)( ∑
α=A,B,I

φα(r)−1)
}
− φ̄AB ln(

QAB

φ̄AB
)−NABφ̄Iln(

QI

φ̄
). (26)

In the above equation, the following scaling is performed; NABωα(r)→ ωα(r) for α = A, B and I, and

NABeωe(r)→ eωe(r). We have also introduced a new parameter τ , which takes into account the fact that

there are two length scales in play (25). First is the length scale associated with the size of the monomer

segments, set by the Kuhn length, b. The second is due to the electrostatic interactions between the charged

species. This length scale can be characterized using the Bjerrum length lB, which is the length at which the

electrostatic interactions are the same strength as the thermal fluctuations (5, 25). The τ parameter can be

written as,

τ =
4πρ◦b2e2

kBT ε◦
. (27)

If we define the the Bjerrum length as lB = e2

ε◦kBT and assume ρ◦ = 1
4πb3 , then τ is the ratio between the

Bjerrum length and the Kuhn length of the polymers, τ = lB
b .

In Eq.26, QAB and QI are the single chain and single molecule partition functions which can be written

as,

QAB =
1
Ω

∫
D[RA

i (s)]
∫

D[RB
i (s)]δ [R

A
i ( f )−RB

i (1− f )]

exp
[
− 3

2b2 ∑
α=A,B

∫
ds
(dRα

i (s)
ds

)2
−
∫ f

0
dsω

eff
A (RA

i (s),s)−
∫ 1

f
dsωB(RB

i (s))
]
, (28)

QI =
1
Ω

∫
drexp

[
−ω

eff
I (r)

]
. (29)
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Here, ωeff
A (RA

i (s),s) and ωeff
I (r) are the effective auxiliary fields for the A and I species (25). We define

the effective auxiliary fields as,

ω
eff
A (r,s) = ωA(r)− ln

[
∑

cA(s)

PA(cA(s),s)exp
(
− cA(s)zAeωe(r)

)]
,

ω
eff
I (r) = ωI(r)+ zIeωe(r), (30)

where ∑cA(s) PA(cA(s),s) sums over all possible charge distributions cA(s) each with a probability PA(cA(s),s)

(25). In the model presented here, we consider the case where the negative charges are smeared on the A

blocks, such that the amount of charge on the sth monomer of the ith chain is given by cA,i(s)zAe (25, 26).

In general, the probability of a particular charge distribution is given by P(cA,i(s)) = ∏s p(cA,i(s),s). If we

assume that charges are fixed and smeared on the A blocks, then we can write p(cA,i(s)) = δ (cA,i(s)−PA),

where PA assumes a value between 0 and 1. Using the above description, we can write ωeff
A (r,s) as,

ω
eff
A (r) = ωA(r)+PAzAeωe(r). (31)

Given the above definition for the ωeff
A (r) fields, we write the single chain partition function for the AB

diblock copolymers as,

QAB =
1
Ω

∫
D[RA

i (s)]
∫

D[RB
i (s)]δ [R

A
i ( f )−RB

i (1− f )]exp
[
− 3

2b2 ∑
α=A,B

∫
ds
(dRα

i (s)
ds

)2

−
∫ f

0
ds(ωA(r)+PAzAeωe(r))−

∫ 1

f
dsωB(RB

i (s))
]
. (32)

Similar to the SCFT model for neutral polymers, the solutions to the partition function are determined

using the mean field (saddle point) approximation, where we minimize the free energy functional density

f [ωα(r),φα(r),Ṽ (r),η(r)] with respect to the φα(r), ωα(r), Ṽ (r) and η(r) auxiliary fields. Evaluating

the functional derivatives with respect to the ωα(r) fields results in the mean field equations for the polymer

and counter ion densities,

φA(r) =
φ̄AB

QAB

∫ f

0
dsqA(r)q†

A(r, f − s),

φB(r) =
φ̄AB

QAB

∫ 1

f
dsqB(r)q†

B(r,1− s),

φI(r) =
φ̄I

QI
exp
[
− 1

NAB
ω

eff
I (r)

]
. (33)
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The forward and complementary propagators satisfy the modified diffusion equations similar to those

in Eq.16. For the A species however, the modified diffusion equations are slightly different and contain the

effective ωeff
A (r) auxiliary fields,

∂

∂ s
qA(r,s) =

[
∇

2−ω
eff
A (r)

]
qA(r,s),

∂

∂ s
q†

A(r,s) = −
[
∇

2−ω
eff
A (r)

]
q†

A(r,s), (34)

where the effective auxiliary fields are given by Eq.31. Calculating the functional derivatives δ f
δφα

results in

the following mean field equations for the ωα(r) fields,

ωA(r) = χABNABφB(r)+ χAINABφI(r)+η(r)− 12πκA

τ
|∇Ṽ (r)|2,

ωB(r) = χABNABφA(r)+ χBINABφI(r)+η(r)− 12πκB

τ
|∇Ṽ (r)|2,

ωI(r) = χAINABφA(r)+ χBINABφB(r),

eωe(r) = NABṼ (r). (35)

And lastly, evaluating the functional derivative of Eq.26 with respect to the electrostatic potential Ṽ (r)

results in the Poisson equation,

∇.
[
ε̃(r)∇Ṽ (r)

]
= −NABτ

24π
φe(r), (36)

which is solved for a given charge distribution φe(r) to determine the electrostatic potential Ṽ (r). Using the

mean field solutions to equations 33-36, we write free energy of the charged AB diblock copolymers as,

fMF [ωα(r),φα(r),Ṽ (r)] =
1
Ω

∫
dr
{1

2 ∑
αβ=A,B,I

φα(r)χαβ φβ (r)− ∑
α=A,B,I

ωα(r)φα(r)

− eωe(r)φe(r)+φe(r)NABṼ (r)− 2πNABb2ε̃(r)
τ

|∇Ṽ (r)|2
}

− φ̄AB ln(
QAB

φ̄AB
)−NABφ̄Iln(

QI

φ̄
). (37)

2.3 B L O C K C O P O LY M E R S I N C O N F I N E M E N T

In confined geometries, such as polymer thin films and polymers near surfaces, one must consider the

boundary effects on the properties of the system (10, 39–41). Based on our description of the polymer melts
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for both neutral and charged polymers, the properties of the polymer densities are dictated according to the

incompressibility condition (42). However, the incompressibility condition, ∑α φα(r) = 1, does not hold

near the boundaries. At the boundaries, the density of polymers must fall to zero (42). To take into account

the boundary effects, we redefine the incompressibility condition such that,

∑
α

φα(r) = Φ(r), (38)

where Φ(r) is written as,

Φ(r) =


1
2 [1− cos( πx

∆ )] 0≤ x≤ ∆

1 ∆ ≤ x≤ L−∆

1
2 [1− cos( π(L−x)

∆ )] L−∆ ≤ x≤ L

Here, we assume that the system is confined in the x direction, and the distance between the two plates

confining the polymers is L. Furthermore, ∆ describes the distance from the wall where the polymer densities

will rise to the bulk value of 1. This distance is much smaller than the radius of gyration of the polymers,

∆ << bN1/2. The boundary effects are shown schematically in Figure 5. In Figure 5.b we can see that the

density of polymers falls sharply to zero at the boundaries.

Figure 5: Figure a) shows a schematic diagram of a polymeric system in confinement, and b) shows the

effect of confinement on the density of polymers near the surfaces.

It is also important to consider and take into account the interactions of polymers with various surfaces.
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For example, in an AB diblock copolymer system, the A and B blocks could interact differently with the

substrate or air surfaces (43). To model the polymer surface interactions, we introduce a function h(r) which

describes the strength of the interactions between polymers and surfaces. We define h(r) such that,

h(r) =



4Rgσ1
∆ [1+ cos( πx

∆ )] 0≤ x≤ ∆

0 ∆ ≤ x≤ L−∆

4Rgσ2
∆ [1+ cos( π(L−x)

∆ )] L−∆ ≤ x≤ L

where, σ1 and σ2 control the strength of the interactions of polymers with the two surfaces (42, 44). To

capture the confinement effect in the SCFT model, we rewrite the free energy density functional of the

neutral block copolymer system as,

f [ωα(r),φα(r),η(r)] =
∫

dr
{1

2 ∑
αβ=A,B

φα(r)χαβ NABφβ (r)− ∑
α=A,B

ωα(r)φα(r)

η(r)( ∑
α=A,B

φα(r)−Φ(r))−h(r)[φA(r)−φB(r)]
}
− φ̄AB ln(

ξABQABΩ
nAB

). (39)

Using the above free energy, we formulate the mean field solutions to partition function and write,

φA(r) =
φ̄AB

QAB

∫ f

0
dsqA(r,s)q†

A(r, f − s),

φB(r) =
φ̄AB

QAB

∫ 1

f
dsqB(r,s)q†

B(r,1− s),

ωA(r) = χABNABφB(r)−h(r)+η(r),

ωB(r) = χABNABφA(r)+ h(r)+η(r),

∑
α=A,B

φα(r) = Φ(r), (40)

where the confinement effect is captured in the expression for the auxiliary fields ωA(r) and ωB(r) and the

incompressibility condition η(r).
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3 | Numerical Methods

In the previous chapter, we presented a field theoretic framework for studying the equilibrium properties

of polymeric systems. Although statistical field theories have been used extensively to study the thermody-

namic properties of polymeric systems, analytical solutions to the partition functions of non-trivial models

of polymeric systems are difficult to obtain (10, 45, 46). The most fruitful approach for extracting useful

information about the thermodynamic properties of polymeric systems is a combination of analytical ap-

proximations and numerical techniques. As described previously, a powerful method for determining the

solutions to the field theoretic partition function is the mean-field (saddle point) approximation (10).

The result of the mean-field approximation is a set of non-linear equations, which must be solved self-

consistently to determine the equilibrium solutions. At the heart of the self-consistent field theory algorithm,

lies the process of generating solutions to the modified diffusion equations (1). The solutions to the modi-

fied diffusion equations are the forward and complementary propagators, used to determine the mean-field

densities of the polymers. A general algorithm for solving the mean fields equations, presented in Eq.16 and

17 in the previous chapter, can be described in the following way:

1. The first step is to initialize the ωα(r) fields. As a rule of thumb, the initial guess should resemble the

morphology of the desired phase. For example, for the lamellae phase, a sine or cosine function can

be used as the initial guess.

2. The ωα(r) fields are then used to solve the modified diffusion equations, with appropriate initial and

boundary conditions.

∂

∂ s
qα(r,s) = [∇2−ωα(r)]qα(r,s)

∂

∂ s
q†

α(r,s) = −[∇2−ωα(r)]q†
α(r,s) (41)
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3. The solutions to the above modified diffusion equations are used to evaluate the density field, φα(r).

For example, for the AB diblock copolymers we calculate φA(r) and φB(r) using the following equa-

tions,

φA(r) =
φ̄AB

QAB

∫ f

0
dsqA(r,s)q†

A(r, f − s)

φB(r) =
φ̄AB

QAB

∫ 1

f
dsqB(r,s)q†

B(r,1− s) (42)

4. Using φα(r), the incompressibility condition (∑α=A,B φα(r) = 1) is evaluated and η(r) is updated.

5. For a given set of χαβ , φα(r) and η(r), the ωα(r) fields are calculated.

ωA(r) = χABNABφB(r)+η(r)

ωB(r) = χABNABφA(r)+η(r) (43)

6. The convergence condition δθ ≡ |θ i − θ i−1| is calculated at every iteration step i. Here, δθ =

{δφ ,δω ,δF}. If δθ < ε , where ε is a convergence criteria, then the mean field solutions are found.

If not, we proceed with step 2 and repeat this process until the convergence criteria are met.

There are numerous classes of numerical techniques which can be used to implement the above algo-

rithm (47–50). The choice for the appropriate technique relies on a number of different factors such as

accuracy, computational efficiency and the ease of use based on the properties of the specific model (47).

In this chapter, we will examine in detail two numerical methods; the pseudo spectral method and a finite

difference technique known as the alternating direction implicit (ADI) method.

3.1 P S E U D O S P E C T R A L M E T H O D

In this section, we will examine in detail the pseudo spectral method for solving the modified diffusion

equations. The pseudo spectral technique is a powerful and accurate numerical method for solving partial

differential equations (51–53). It takes advantage of the best aspects of the real and reciprocal space, allow-

ing for a robust and flexible approach for solving the modified diffusion equations. The pseudo spectral

technique is most useful for models which are periodic in nature and thus plays an important role in the
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study of inhomogeneous polymeric systems (10).

For the purpose of our discussion, we will focus on the application of the pseudo spectral technique for

solving a one dimensional modified diffusion equation. The extension of our description to two and three

dimensions is straight forward. The modified diffusion equation as described in chapter 2 can be written as,

∂q(x,s)
∂ s

=
[

∂ 2

∂x2 −ω(x)
]
q(x,s), (44)

where q(x,s) is the forward propagator and ω(x) is the chemical potential field. The numerical recipe

presented here will also apply to the modified diffusion equation for the complementary propagators q†(x,s).

The challenge here is to determine the solution to the above differential equation for given ω(x). The

general idea is to approximate the solution to the differential equation using a finite sum of basis functions

(51). The pseudo spectral method assumes that a continuous well-behaved function f (x) can be written in

terms of set of orthogonal basis functions g(x) in the following form (51),

f (x) ≈ fM(x) =
M−1

∑
n=0

angn(x). (45)

Here, fM(x) is the approximated solution and an are the expansion coefficients. Furthermore, we enforce

the condition such that the approximate solution fM(x) agrees with the exact solution f (x) at a set of M

collocation points xn with n=0,1, 2, ..., M-1 (51). In the case of the propagators, we write,

qM(x,s) =
M−1

∑
n=0

an(s)ψn(x), (46)

where we enforce the condition qM(xn,s) = q(xn,s) for xn with n=0,1, 2, ..., M-1 (10). In the above expres-

sion, ψ(x) are the basis functions, which satisfy the same boundary condition as q(x,s). For linear Gaussian

homopolymers, the modified diffusion equation Eq.44 is solved using the initial condition q(x,0) = 1. The

boundary conditions however depend on the specifics of the model system. For example, in the case of con-

fined or grafted polymers, one might demand specific restrictions on one or more boundaries. The choice

for the boundary conditions determines the basis functions used in equation 46.

In the case of periodic boundary condition, the basis functions are planes waves,

qM(x,s) =
M−1

∑
n=0

an(s)exp
[ i2πx

L

]
, (47)
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where, L is the length of the computational box (10). In scenarios where we require qM(x = 0,s) = 0 and

qM(x = M−1,s) = 0, Dirichlet boundary condition is used, leading to the expansion,

qM(x,s) =
n=M−1

∑
n=0

an(s)sin
[

πnx
L

]
, (48)

where the basis functions ψn(x) are the sine series expansion (10). Furthermore, in scenarios where one

requires dq(x,s)
dx |x=0 = 0 and dq(x,s)

dx |x=M−1 = 0, Neumann boundary condition is used, leading to,

qM(x,s) =
n=M−1

∑
n=0

an(s)cos
[

πnx
L

]
. (49)

In this case, the basis functions ψn(x) are the cosine series expansion (10). To solve the modified diffusion

equations, we introduce a linear operator L , defined as,

L ≡ ∂ 2

∂x2 −ω(x), (50)

where L is non-local in both real and reciprocal space (51). Using the above operator, the value of the

propagator at any point along the contour of the chain can be determined using,

q(x,s+∆s) = eL ∆sq(x,s), (51)

where ∆s is a small contour step along the backbone of the chain. Using the Taylor expansion in ∆s, we can

split the operator in terms of its diffusive and potential contribution; L = L D +L ω , and write,

exp
[
L ∆s

]
= exp

[
− ω(x)∆s

2

]
exp
[

∂ 2

∂x2 ∆s
]
exp
[
− ω(x)∆s

2

]
+O

(
∆s3
)

. (52)

The solution to the modified diffusion equation, based on the above expansion, can be written as,

q(x,s+∆s) =
{

exp
[
− ω(x)∆s

2

]
exp
[

∂ 2

∂x2 ∆s
]
exp
[
− ω(x)∆s

2

]}
q(x,s). (53)

For our one dimensional model, we can discretize the spatial domain and contour-length of the polymer

chains such that,

q(x,s)→ q[m,n], (54)
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where,

n = 0,1,2, . . .Ns−1 s ∈ [0,N] sn = n∆s ∆s =
N

Ns−1
,

m = 0,1,2, . . .Nx−1 x ∈ [0,L] xm = m∆x ∆x =
L

Nx−1
. (55)

Using the discrete representation of the propagator q[m,n], we can rewrite Eq.53 in the matrix form such

that,

q[0,n+ 1]

q[1,n+ 1]

.

.

.

q[Nx−1,n+ 1]


=



W0,0 0 . . . 0

0 W1,1 . . . .

. . . . . .

. . . . . .

. . . . . 0

0 . . . 0 WNx−1,Nx−1





D0,0 . . . . DNx−1,0

. . . . . .

. . . . . .

. . . . . .

. . . . . .

D0,Nx−1 . . . . DNx−1,Nx−1


(56)

W0,0 0 . . . 0

0 W1,1 . . . .

. . . . . .

. . . . . .

. . . . . 0

0 . . . 0 WNx−1,Nx−1





q[0,n]

q[1,n]

.

.

.

q[Nx−1,n]


The elements of the above matrices are written based on the definition of the diffusive and potential

operators. For simplicity, we write the above matrices in the following form,

qn+1
m = WDWqn

m, (57)

where qn+1
m and qn

m are vectors and W and D are matrices. It is important to note that the W matrices are

diagonal and thus would only require Nx− 1 multiplication (10). The D matrix however is not diagonal in

real space. The unique feature of the pseudo spectral method is that it takes advantage of the reciprocal
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representation of the diffusion operator. In the reciprocal space, the D matrix is diagonal. To take advantage

of this property, we leverage the Fourier transform and inverse transform pairs (F ,F †) and write,

qn+1
m = WFF †DFF †Wqn

m. (58)

By performing the operations in the above expression in the correct order, one could solve the modified

diffusion equation for a single contour step. Based on Eq.58, the pseudo spectral algorithm can written as:

1. The first step is to perform the Nx−1 multiplication between the diagonal W matrix and the qn
m vector,

resulting in: pn
m = Wqn

m, where pn
m is a Nx−1×1 dimensional vector.

2. Then, Fourier transform of the pn
m vector is computed, resulting in: p̄n

m = F † pn
m.

3. The Fourier representation of the diffusion operator matrix, D, is computed. This step results in:

D̄ = F †DF . In the reciprocal space, the D̄ matrix is diagonal.

4. The next step is to compute the product of the D̄ matrix and p̄n
m vector, which in the reciprocal space

would only require Nx−1 multiplications. For simplicity we write this as: d̄n
m = D̄ p̄n

m.

5. The next step is to perform the inverse Fourier transform on the vector d̄n
m. This step, transforms the

d̄n
m vector into its real space representation.

6. The final step is to perform the Nx−1 multiplication between the W matrix and the F d̄n
m vector.

The above algorithm advances q(x,s) one contour step ∆s along the backbone of the polymer chain.

Repeating the above algorithm Ns−1 times, computes the solution to the modified diffusion equation Eq.44.

The pseudo spectral method described here is performed in step 2 of the general algorithm defined at the

beginning of this chapter.

3.2 A LT E R N AT I N G D I R E C T I O N I M P L I C I T M E T H O D

In this section, we present a detailed description of the alternating direction implicit (ADI) method. The ADI

method is in the family of finite difference (FD) techniques, similar to the Crank-Nicolson and the simple
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implicit methods (10, 54, 55). The advantage of the ADI technique in comparison with other FD methods

is that it provides a simpler method for solving two and three dimensional differential equations (56). In

this section, we use the ADI method to solve the modified diffusion equation Eq 59. Similar to other Finite-

Difference techniques, the differential equation is sampled at discrete points inside the computational box

(10, 55). The advantage of using Finite Difference techniques, including ADI, is that the modified diffusion

equation can be solved rather easily in a number of different coordinate systems (30, 57). To showcase this,

we construct the SCFT framework using the cylindrical geometry, and solve the diffusion equations using

the ADI method. We start with the generic modified diffusion equation,

∂q(r,s)
∂ s

= ∇
2q(r,s)−ω(r)q(r,s), (59)

where q(r,s) is the end-integrated propagator and ω(r) is the auxiliary field coupled to the polymer density.

In eq 59, ∇2 is the Laplacian operator, which could be written as,

∇
2 ≡ ∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2 [Cartesian coordinates],

∇
2 ≡ 1

r
∂

∂ r
(r

∂

∂ r
)+

1
r2

∂ 2

∂θ 2 +
∂ 2

∂ z2 [Cylindrical coordinates],

∇
2 ≡ 1

r2
∂

∂ r
(r2 ∂

∂ r
)+

1
r2sin2φ

∂ 2

∂θ 2 +
1

r2sinφ

∂

∂φ
(sinφ

∂

∂φ
) [Spherical coordinates]. (60)

For simplicity, we write the Laplacian operator in the following format; ∇2 ≡ ∇1 +∇2 +∇3, where

(∇1,∇2,∇3) can be defined depending on the dimensionality and symmetry of the model. In this section,

we consider a two dimensional system, where ∇2 ≡ ∇1 +∇2. Using this notation, we can discretize the

modified diffusion equation in two steps,

2
∆s

[qn+1/2
i j −qn

i j] =
b2

6
[∇1qn+1/2

i j +∇2qn
i j]−

ωi j

2
[qn+1/2

i j + qn
i j], (61)

2
∆s

[qn+1
i j −qn+1/2

i j ] =
b2

6
[∇1qn+1/2

i j +∇2qn+1
i j ]− ωi j

2
[qn+1

i j + qn+1/2
i j ], (62)

where i and j are indices running over each dimension. For the purpose of this derivation, we use the

cylindrical coordinates, where,

∇1 ≡
1
r

∂

∂ r
+

∂ 2

∂ r2 ,

∇2 ≡
∂ 2

∂ z2 . (63)
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Applying the above operators to the modified diffusion equations 61 and 62 and solving for qn+1/2 and

qn+1 in terms of qn and qn+1/2, we arrive at,

qn+1/2
i j − ∆sb2

12

[ 1
i∆r+R

qn+1/2
i+1 j −qn+1/2

i−1 j

2∆r
+

qn+1/2
i+1 j −2qn+1/2

i j + qn+1/2
i−1 j

∆r2

]
+

∆sωi j

4
qn+1/2

i j ,

=

qn
i j +

∆sb2

12

qn
i j+1−2qn

i j + qn
i j−1

∆z2 − ∆sωi j

4
qn

i j, (64)

for the n+ 1/2 step and,

qn+1
i j −

∆sb2

12

qn+1
i j+1−2qn+1

i j + qn+1
i j−1

∆z2 − ∆sωi j

4
qn+1

i j ,

=

qn+1/2
i j +

∆sb2

12

[ 1
i∆r+R

qn+1/2
i+1 j −qn+1/2

i−1 j

2∆r
+

qn+1/2
i+1 j −2qn+1/2

i j + qn+1/2
i−1 j

∆r2

]
− ∆sωi j

4
qn+1/2

i j , (65)

for the n+ 1 step. In the above set of equations, R is the distance from the origin to the computational

box. This is shown more clearly in Figure 6. Furthermore, ∆r and ∆z are calculated by discretizing the

computational box with dimensions of Lr and Lz using Nr and Nz points. For simplicity, we assume Nr=Nz=N.

To simplify Eq.64 and 65, we introduce the following notation,

Figure 6: A schematic diagram of the computational box in the cylindrical geometry.
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αi ≡
∆sb2

24∆r(i∆r+R)
− ∆sb2

12∆r2 ,

βi j ≡ 1+
∆sωi j

4
+

∆sb2

6∆r2 ,

γi ≡−
∆sb2

24∆r(i∆r+R)
− ∆sb2

12∆r2 ,

θ ≡ ∆sb2

12∆z2 ,

σi j ≡ 1− ∆sb2

6∆z2 −
∆sωi j

4
,

(66)

for the n+ 1/2 step and,

θ̂ ≡− ∆sb2

12∆z2 ,

σ̂i j ≡ 1+
∆sb2

6∆z2 +
∆sωi j

4
,

α̂i ≡
∆sb2

12∆r2 −
∆sb2

24∆r(i∆r+R)
,

β̂i j ≡ 1− ∆sb2

6∆r2 −
∆sωi j

4
,

γ̂i ≡
∆sb2

24∆r(i∆r+R)
+

∆sb2

12∆r2 , (67)

for the n+ 1 step. Using the above notation, Equations 64 and 65 can be written as,

αiqn+1/2
i+1 j +βi jqn+1/2

i j + γiqn+1/2
i−1 j = θqn

i j−1 +σi jqn
i j +θqn

i j+1, (68)

θ̂qn+1
i j−1 + σ̂i jqn+1

i j + θ̂qn+1
i j+1 = α̂iqn+1/2

i−1 j + β̂i jqn+1/2
i j + γ̂iqn+1/2

i+1 j , (69)

where we have not yet defined the boundary conditions. The choice of boundary condition depends on the

specifics of the model system. In this thesis, we apply the ADI method to study the elastic properties of

bilayer membranes, where the appropriate boundary condition is defined by setting ∇ f =0 at the boundaries.
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We redefine the above set of equations using matrices, where we solve for qn+1/2 in the range 0 < j <

N−1 such that,

qn+1/2
0 j

qn+1/2
1 j

.

.

.

qn+1/2
N−1 j


=



β0 j (γ0 +α0) 0 . . 0

α1 β1 j γ1 . . .

0 . . . . .

. . . . . .

0 . . αN−2 βN−2 j γN−2

0 . . . (γN−1 +αN−1) βN−1 j



−1

(70)



θqn
0 j−1 +σ0 jqn

0 j +θqn
0 j+1

θqn
1 j−1 +σ1 jqn

1 j +θqn
1 j+1

.

.

.

θqn
N−1 j−1 +σN−1 jqn

N−1 j +θqn
N−1 j+1


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The boundary points at j=0 and j=N-1 are solved for in a similar format. For the case where j=0 we

write, 

qn+1/2
00

qn+1/2
10

.

.

.

qn+1/2
N−10


=



β00 (γ0 +α0) 0 . . 0

α1 β10 γ1 . . .

0 . . . . .

. . . . . .

0 . . αN−2 βN−20 γN−2

0 . . . (γN−1 +αN−1) βN−10



−1

(71)



σ00qn
00 + 2θqn

01

σ10qn
10 + 2θqn

11

.

.

.

σN−10qn
N−10 + 2θqn

N−11


and similarly for j=N-1,

qn+1/2
0N−1

qn+1/2
1N−1

.

.

.

qn+1/2
N−1N−1


=



β0N−1 (γ0 +α0) 0 . . 0

α1 β1N−1 γ1 . . .

0 . . . . .

. . . . . .

0 . . αN−2 βN−2N−1 γN−2

0 . . . (γN−1 +αN−1) βN−1N−1



−1

(72)



2θqn
0N−2 +σ0N−1qn

0N−1

2θqn
1N−2 +σ1N−1qn

1N−1

.

.

.

2θqn
N−1N−2 +σN−1N−1qn

N−1N−1


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In the above matrices, we have implemented the Neumann boundary condition. Similar to qn+1/2, we

can solve for qn+1 in the range 0 < i < N−1 such that,

qn+1
i0

qn+1
i1

.

.

.

qn+1
iN−1


=



σ̂i0 2θ̂ 0 . . 0

θ̂ σ̂i1 θ̂ . . .

0 . . . . .

. . . . . .

0 . . θ̂ σ̂iN−2 θ̂

0 . . . 2θ̂ σ̂iN−1



−1

α̂iqn+1/2
i−10 + β̂i0qn+1/2

i0 + γ̂iqn+1/2
i+10

α̂iqn+1/2
i−11 + β̂i1qn+1/2

i1 + γ̂iqn+1/2
i+11

.

.

.

α̂iqn+1/2
i−1N−1 + β̂iN−1qn+1/2

iN−1 + γ̂iqn+1/2
i+1N−1


(73)

And for boundary points at i=0 we write,

qn+1
00

qn+1
01

.

.

.

qn+1
0N−1


=



σ̂00 2θ̂ 0 . . 0

θ̂ σ̂01 θ̂ . . .

0 . . . . .

. . . . . .

0 . . θ̂ σ̂0N−2 θ̂

0 . . . 2θ̂ σ̂0N−1



−1

β̂00qn+1/2
00 +(α̂0 + γ̂0)qn+1/2

10

β̂01qn+1/2
01 +(α̂0 + γ̂0)qn+1/2

11

.

.

.

β̂0N−1qn+1/2
0N−1 +(α̂0 + γ̂0)qn+1/2

1N−1


(74)
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And lastly, for i=N-1 we write,

qn+1
N−10

qn+1
N−11

.

.

.

qn+1
N−1N−1


=



σ̂N−10 2θ̂ 0 . . 0

θ̂ σ̂N−11 θ̂ . . .

0 . . . . .

. . . . . .

0 . . θ̂ σ̂N−1N−2 θ̂

0 . . . 2θ̂ σ̂N−1N−1



−1

(75)



β̂N−10qn+1/2
N−10 +(α̂N−1 + γ̂N−1)qn+1/2

N−20

β̂N−11qn+1/2
N−11 +(α̂N−1 + γ̂N−1)qn+1/2

N−21

.

.

.

β̂N−1N−1qn+1/2
N−1N−1 +(α̂N−1 + γ̂N−1)qn+1/2

N−2N−1


Solving the above set of matrices for qn+1/2 and qn+1 advances to the solution to the modified diffu-

sion equation one contour step ∆s along the contour of the polymer chain. Similar to the Pseudo-Spectral

technique, the ADI method described here is performed in step 2 of the general algorithm presented at the

beginning of this chapter.
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In this work, we use the self-consistent field theory to study the elastic properties of bilayer membranes.

More specifically, we examine the line tension or edge energy of pores in multi-component membranes. A

coarse-grained model of an infinite membrane is constructed using amphiphilic AB and ED diblock copoly-

mers, mixed in a solvent modelled as C homopolymers. The large parameter space of the system allows

us to investigate the elastic properties of the membrane as a function of various molecular properties. In

this work, we examine the line tension σ as a function of molecular architecture and interactions between

amphiphilic molecules. The molecular architecture of the amphiphilic molecules is controlled by tuning the

hydrophobic/hydrophilic fractions of the chains. The intermolecular interactions are adjusted via the Flory-

Huggins parameter χ . Furthermore, the statistical properties of the AB/ED/C membrane is captured using

the grand canonical ensemble. The composition of the amphiphilic and solvent molecules in the system is

controlled by tuning the chemical potential of the species.

The free energy of the infinite membrane with a circular symmetric pore of radius R is calculated using

self-consistent field theory. In the Helfrich model, the free energy of a pore in a tensionless membrane with

zero spontaneous curvature is given by fH = 2πRσ (58). We fit the free energy of the system, calculated
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using self-consistent field theory, with the Helfrich model. This allows us to extract the edge energy or line

tension of a membrane pore. Leveraging the cylindrical symmetry of the membrane pore, the self-consistent

field theory calculations are performed in a 2-dimensional r-z plane using the Alternating Direction Implicit

technique.

The main results of this study can be divided into three main findings. Calculating the line tension as

a function of the hydrophobic fraction of the ED chains, we examine the effects of chain architecture on

the line tension. We discover that membranes composed of amphiphilic molecules with large head groups,

which form cone-shaped structures, have lower line tension as compared to membranes composed of sym-

metric chains. The opposite effect is observed for membranes composed of inverse cone-shaped molecules.

The dependency of the line tension on the molecular architecture of the amphiphilic molecules is due to the

packing of the chains at the pore edge. If the spontaneous curvature of the asymmetric molecules matches

the curvature of the pore edge, the line tension could be lowered by packing those chains at the edge. We

show this effect by examining the line tension as a function of the concentration of the cone- and inverse

cone-shaped molecules. By plotting the density distribution of the polymer species, we observe that the

cone-shaped molecules concentrate at the pore edge. Lastly, we study the effects of intermolecular inter-

actions on the pore line tension in multi-component membranes. We observe that increase in the repulsive

interaction between the head groups results in a decrease in the pore edge energy. We argue that the repul-

sive interaction between the head groups induces the formation of effective cone-shaped molecules, which

lower the line tension.
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Line tension of multicomponent bilayer membranes

Ashkan Dehghan, Kyle A. Pastor, and An-Chang Shi*
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The line tension or edge energy of bilayer membranes self-assembled from binary amphiphilic molecules is
studied using self-consistent-field theory (SCFT). Specifically, solutions of the SCFT equations corresponding
to an infinite membrane with a circular pore, or an open membrane, are obtained for a coarse-grained model
in which the amphiphilic species and hydrophilic solvents are represented by AB and ED diblock copolymers
and C homopolymers, respectively. The edge energy of the membrane is extracted from the free energy of the
open membranes. Results for membranes composed of mixtures of symmetric and cone- or inverse cone-shaped
amphiphilic molecules with neutral and/or repulsive interactions are obtained and analyzed. It is observed that
an increase in the concentration of the cone-shaped species leads to a decrease of the line tension. In contrast,
adding inverse cone-shaped copolymers results in an increase of the line tension. Furthermore, the density profile
of the copolymers reveals that the line tension is regulated by the distribution of the amphiphiles at the bilayer
edge.

DOI: 10.1103/PhysRevE.91.022713 PACS number(s): 87.16.D−, 61.25.hk

I. INTRODUCTION

Bilayer membranes self-assembled from phospholipids
are ubiquitous in the cell, separating the cell from the
exterior environment as well as encasing its internal organelle
structures [1]. Many functions of the membrane depend on its
physical and mechanical properties. In recent years, a great
number of theoretical and experimental studies have focused
on the relationship between the molecular properties (such
as composition, geometrical shape, and interactions between
lipid species) of the amphiphiles and the elastic properties of
the self-assembled membranes [2–5]. In particular, the study
of pore formation in bilayer membranes has been a subject of
great interest for its fundamental importance in processes such
as membrane fusion [6–9], transleaflet lipid diffusion [10], and
transport of small molecules across the membranes [1]. Many
medical and biotechnological applications also take advantage
of artificially formed membrane pores for delivering materials
into the cell [11,12].

The property of the self-assembled bilayer membrane is
strongly affected by the structure and composition of the
amphiphilic molecules, with consequences directly impacting
the formation and stability of membrane pores. From a
phenomenological point of view, the formation and stability
of a membrane pore can be understood by considering the
membrane’s surface tension γ and the line tension σ of an
open membrane edge [13]. It should be pointed out that,
in the literature, the term “line tension” has been used to
refer to the energy of the phase boundary between two
phases of lipids coexisting in the same membrane and to
the edge energy of an open lipid membrane. In the current
study, the line tension refers to the edge energy of an open
membrane, and the terms line tension and edge energy will
be used interchangeably. In general, the energy associated
with creating an open membrane edge originates from the
bending of the lipid monolayers at the edge, thus shielding

*shi@mcmaster.ca

the hydrocarbons from the water molecules. Therefore, the
formation of an open edge is associated with a highly curved
lipid monolayer with a large positive curvature. The toroidal
structure of an open membrane edge has been examined in
a number of computational studies [14,15]. In general, large
surface tension and low edge energy would favor the formation
of pores. The competition between the surface tension and the
edge energy determines the stability of the membrane. In many
cases, self-assembled structures such as biological membranes
or liposomes are considered to be tensionless, having zero
or nearly zero surface tension. Thus for these systems, the
formation and stability of pores is mainly determined by
the energy of the open edge or the line tension. For bilayer
membranes self-assembled from one type of lipid, the line
tension is mainly determined by the property of the lipids.
However, for multicomponent membranes, the line tension
can be further regulated by the composition and molecular
property of the amphiphilic species. From this perspective, it
is desirable to study the relationship between the composition
and molecular property of the amphiphiles and the line tension
of an open membrane edge.

In recent years, a number of studies using continuum
theory [16–18], computer simulations [14,19–26], and self-
consistent field theory [5,27–29] have focused on examining
the line tension of model bilayer membranes. In the studies
using continuum theory, the structure of the bilayer at the
pore edge is modeled by a highly curved monolayer. This
approach provides a simple model for estimating the line
tension, however it ignores the molecular structure of the
amphiphilic molecules. Furthermore, applying the continuum
theory to highly curved surfaces could lead to inaccurate
results. Computer simulations such as molecular dynamics
(MD) or Monte Carlo (MC) simulations provide a more
detailed description of the membrane pores, but these sim-
ulations are computationally expensive and are limited by the
number of amphiphiles. Self-consistent-field theory (SCFT)
has also been used for studying the line tension of bilayer
membranes, where lipids are modeled as amphiphilic block
copolymers. Although SCFT provides a less detailed picture
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of the bilayer membrane as compared with the MC or MD
simulations, it is computationally less expensive and provides
a complementary method for examining the elastic properties
of bilayer membranes.

Many of the theoretical and computational studies exam-
ining the elastic properties of bilayers have been focused
on single-component membranes [5,19–21,24,25,27,29–33].
For example, Li et al. investigated the elastic properties
of bilayers using SCFT and the continuum Helfrich model
[5]. Modeling lipids as AB-diblock copolymers, the authors
studied the effects of molecular architecture on the line tension
of single-component bilayers [5]. In a similar simulation study,
Hu et al. used the line tension of bilayer disks as a driving
force to construct flat and closed vesicles [33]. By studying
this mechanism, the authors were able to develop an accurate
theoretical method for calculating the membrane’s Gaussian
modulus [33]. Very recently, Pera et al. examined the edge
energy and the stability of pores of single-component lipid
membranes using a lattice self-consistent-field theory. These
previous studies indicate that the elastic properties of the
lipid bilayers are sensitive to the molecular architecture of the
lipids within the membrane. On the other hand, it is expected
that for membranes formed by multicomponent lipids, lipid-
lipid interactions and the interplay between different lipid
architectures can play a significant role in determining the
membrane properties. It is therefore desirable to extend the
study to multicomponent systems.

For multicomponent membranes, a number of experi-
mental, computational, and theoretical studies have been
carried out in recent years to examine the effects of com-
position, geometrical shape, and interactions of lipids and
other membrane-associated molecules on their line tension
[23,34–36]. For example, Sakuma et al. studied the effects of
DHPC or DPPC (cone- or cylindrical-shaped) lipids on the
stability of pores in giant unilamellar vesicles (GUVs) [36].
Complementing the experimental results, the authors also used
a two-dimensional continuum model to support the idea that
pore formation can be stabilized by the aggregation of the
cone-shaped lipids at the pore edge [36]. In a similar work
investigating the effects of inclusion molecules on the line
tension of bilayers, Karatekin et al. demonstrated that the
addition of cholesterols, approximated as inverse cone-shaped
molecules, resulted in an increase in the line tension [34]. In
contrast, the addition of cone-shaped molecules was shown to
reduce the line tension of the bilayer membrane [34]. Using
molecular dynamics simulations, de Joannis et al. examined
the line tension of bilayers composed of short and long tail
phospholipids [23]. These authors showed that an increase in
the concentration of short tail lipids results in a decrease in the
line tension of ribbon-shaped aggregates [23]. Furthermore,
they found that the short tail lipids concentrate at the edge
of the aggregates [23]. The studies highlighted above indicate
that the composition, geometrical shape, and interactions of
lipids and other membrane-associated molecules have signif-
icant effects on the line tension of multicomponent bilayer
membranes. These previous studies have provided valuable
insight into the property of multicomponent membranes.
Despite these studies, a systematic study of the physical
properties of multicomponent model membranes has been
scarce.

FIG. 1. (Color online) Schematics showing the different molec-
ular architectures studied.

In this paper, we utilize self-consistent-field theory to study
the line tension of self-assembled multicomponent bilayers.
We model the lipids as amphiphilic AB and ED diblock
copolymers, which self-assemble to form bilayer membranes
in a hydrophilic solvent modeled as C-homopolymers. Mod-
eling the lipids and water molecules by polymeric species
provides a coarse-grained mesoscopic model, in which some
of the atomistic details of the system are ignored. The
simplified coarse-grained model could lead to significant
computational speed-up so that larger systems are accessible.
Furthermore, the mesoscopic model and interactions allow
the study of collective phenomena of the system, including
self-assembled structures and their mechanical properties,
as well as phase transitions between these structures [37].
We use the coarse-grained model system to examine the
effects of composition, geometrical shape, and interactions
of the amphiphilic molecules on the line tension of the
bilayer membranes. We control the geometrical shape of the
lipid species by varying the relative size of the hydrophilic
or hydrophobic blocks of diblock copolymers, as shown
schematically in Fig. 1. Similarly, we control the interactions
between the lipids by adjusting the Flory-Huggins parameter
χ between the blocks. The composition of lipid species within
the bilayer is regulated by tuning the relative chemical potential
of diblock copolymers, allowing us to examine the effects of
lipid composition on the line tension of the membrane edge.

The remainder of this paper is organized as follows. The
theoretical model and numerical procedure are presented in
Sec. II. Results on the effects of the composition of different
lipid species and their geometrical shape and interactions on
the line tension of bilayer membranes are reported in Sec. III.
Finally, a conclusion and summary of the current study are
given in Sec. IV.

II. THEORETICAL FRAMEWORK

The self-consistent-field theory (SCFT) is a well-
established theoretical framework for the study of many-body
systems, especially polymeric systems. Details of the SCFT
formalism have been reported in numerous references [38–40].
In this section, we will give a brief introduction of the theory,
focusing on the main aspects of the model and numerical
procedure.

The multicomponent system considered in this work is
composed of two amphiphilic diblock copolymers (AB and
ED) and a homopolymer (C). The hydrophilic or hydrophobic
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FIG. 2. (Color online) Schematics of the model system investi-
gated. A small pore formed in a giant unilamellar vesicle.

nature of the molecular species is ensured by specifying the
interactions between the blocks of the diblock copolymers
and the homopolymers, respectively [5]. The thermodynamic
properties of the system are most conveniently described using
the grand-canonical ensemble, in which the model system
contains AB,ED-diblock copolymers and C-homopolymers
at a fixed temperature, volume, and activities or chemical
potentials. In this study, we assume the membrane geometry
is locally flat, corresponding to systems in which the radius of
the vesicle is much larger than the region of the pore captured
within the computational box. A schematic description of such
a configuration is presented in Fig. 2.

In our model, the conformation of the amphiphilic
molecules is described by the Gaussian chain model. Fur-
thermore, the interactions between the different segments are
modeled using the Flory-Huggins interaction parameters χαβ .
An application of the SCFT formalism [38–40] to the model
system leads to an expression of the grand-canonical partition
function of the system,

$ =
∞∑

n1=0

∞∑

n2=0

∞∑

n3=0

1
n1!n2!n3!

∫
D[φ(r)]D[ω(r)]

∏

r

δ

[
∑

α

φα(r) − 1

]

δ

⎡

⎣
∑

β

φβ(R) − φC(R)

⎤

⎦

e−G[φ,ω], (2.1)

where φα(r) and ωα(r) correspond to the volume fraction
and conjugate auxiliary fields of the polymer species, with
α = {A,B,E,C,D} and β = {A,B,E,D}. The local incom-
pressibility constraint is ensured by the first δ function in
Eq. (2.1). The second δ function is used as a pining condition
to stabilize a pore of radius R [5]. Furthermore, the quantity
G[φ,ω] in Eq. (2.1) is the grand potential functional or
the grand canonical free-energy functional of the system.
It is more convenient, however, to consider the free-energy
density g[φ,ω] = NABG[φ,ω]/ρ0V , where the lengths of the
polymer chains are scaled with respect to the length of the
AB-diblock copolymers. Here, ρ0 is the monomer density
of the polymers, which we assume to be the same for all
species. The relative degree of polymerization of the species
with respect to the length of the AB-diblock copolymers can
be written as κED = NED/NAB and κC = NC/NAB .

Using Lagrangian multipliers η and ξ to enforce the incom-
pressibility and pinning condition, the free-energy density can

be written as

g[φ,ω,η,ξ ]

= 1
V

∫
dr

[

η(r)

(
∑

α

φα(r) − 1

)

+ ξ (R)

⎛

⎝
∑

β

φβ(R) − φC(R)

⎞

⎠ −
∑

α

NABωα(r)φα(r)

+1
2

∑

α ̸=β

φα(r)φβ(r)χαβNAB

⎤

⎦ − QAB

− zED

κED

QED − zC

κC

QC, (2.2)

where QAB,QED , and QC are the single-chain partition
functions for the AB, ED, and C molecules, and zED and
zC are the activities of the ED and C species. We note that the
chemical potential of the AB-diblock copolymers is chosen
such that zAB = 1. Using the saddle point approximation,
the density profiles φα(r) and their conjugate fields ωα(r)
are determined by demanding that the free energy Eq. (2.2)
be invariant with respect to variations in the φ, ω, η, and ξ
fields. This minimization leads to a set of self-consistent field
equations,

φα(r) =
∫ fα

0
ds qα(r,s)q†

α(r,fα − s),

φβ(r) = zED

κED

∫ κEDfβ

0
ds qβ (r,s)q†

β(r,κEDfβ − s),

φC(r) = zC

κC

∫ κC

0
ds qC(r,s)q†

C(r,κC − s),

ωα(r) = 1
2

∑

θ ̸=α

φθ (r)χαθ + η(r) − ξ (R),

(2.3)

ωβ(r) = 1
2

∑

θ ̸=α

φθ (r)χβθ + η(r) − ξ (R),

ωC(r) = 1
2

∑

θ ̸=C

φθ (r)χCθ + η(r) + ξ (R),

φA(R) + φB(R) + φE(R) + φD(R) = φC(R),
∑

θ

φθ (r) = 1,

where α = {A,B}, β = {E,D}, and θ = {A,B,C,D,E}. In
the above set of self-consistent equations, the functions q(r,s)
and q†(r,s) are the forward and backward end-integrated
propagators. These propagators satisfy the modified diffusion
equations,

∂q(r,s)
∂s

= R2
g ▽2 q(r,s) − ω(r)q(r,s),

(2.4)
∂q†(r,s)

∂s
= −R2

g ▽2 q†(r,s) + ω(r)q†(r,s),

with the initial conditions q(r,0) = 1 and q†(r,1) = 1 [38]. In
the above equations, Rg is the radius of gyration and is defined
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as Rg = b
√

N/6, where b is the Kuhn length of the Gaussian
chain.

In the geometry examined in our study, the axial symmetry
about the center of the pore permits us to write the self-
consistent equations in cylindrical coordinates [5]. With this,
we apply the alternating direction implicit (ADI) technique to
solve the modified diffusion equations [Eqs. (2.4)] in the r-z
plane [41]. By solving Eq. (2.4) using appropriate boundary
conditions, we can determine solutions of the SCFT equations
in terms of the density profiles φα(r) and their conjugate
fields ωα(r) for a given set of model parameters. In particular,
solutions corresponding to a pore of a given radius can be
obtained. To extract physical quantities such as membrane
surface tension, bending moduli, and pore line tension, we
fit the free energy of the system calculated using the SCFT
method to that given by the Helfrich model [13]. In the Helfrich
model, the membrane can be represented as a two-dimensional
elastic sheet, with a free energy given by

fH =
∫

dA[2κM (M − c0)2 + κGG + γ ] +
∫

dL σ, (2.5)

where M and G are the local mean and Gaussian curvatures.
These curvatures can be specified in terms of the principal cur-
vatures c1 and c2 as M = (c1 + c2)/2 and G = c1c2 [13,42].
In Eq. (2.5), c0, γ , and σ are the spontaneous curvature,
membrane’s surface tension, and line tension, respectively.
For large vesicles or flat membranes, the membrane pore, as
shown schematically in Fig. 2, can be considered to be in
a flat geometry, thus allowing us to set c1 = c2 = 0. Using
this information, we can rewrite the Helfrich free energy as a
function of membrane surface tension and pore line tension,

fH = γ

∫
dA + σ

∫
dL.

Although the self-assembled biological membranes
can often be characterized as tensionless, many studies
focus on bilayers with nonzero surface tension [31,34,43].
In the current study, however, we focus on tensionless
membranes. Specifically, we vary the chemical potential of
the C-homopolymers so that the membrane is tensionless [5].
For a tensionless membrane and with the assumption that the
pore is circular and locally flat, we can write the free energy of
the pore as fH = 2πRσ . In this simple form, the free energy
of the pore is linearly proportional to the radius. The line
tension or the edge energy of the membrane is proportional to
the slope of the line. By fitting the free energy calculated using
the SCFT method to fH , we can obtain the line tension for
membranes for various copolymer composition, geometrical
shape, and interactions. It should be pointed out that extension
of the study to membranes with tension is straightforward.
Specifically, the free energy of the pore with tension will be
given by fH = −πR2γ + 2πRσ . A fitting of the free energy
of the pore to this expression can then be used to obtain the
surface tension γ and the line tension σ .

III. RESULTS AND DISCUSSION

In this section, we present the results for the line tension
of bilayer membranes composed of two types of amphiphilic
molecules. We vary the architecture of the lipid species by

FIG. 3. (Color online) 2D density profiles for the (a) bilayer and
(b) pore configuration. The profile illustrates the overall density of
the diblock copolymers AB + ED in the lighter regions and solvent
C in the dark regions. These plots correspond to the cross-sectional
view of the bilayer and the pore, respectively.

adjusting the volume fractions fα and the relative block
lengths κ of the diblock copolymers. Similarly, the interac-
tions between the segments are controlled by adjusting the
Flory-Huggins parameters χ . To investigate the effects of
amphiphile composition, we introduce an order parameter,
ψ = (φAB − φED)/(φAB + φED), to characterize the relative
volume fraction of the AB and ED amphiphilic molecules
within the bilayer. Furthermore, to isolate the effects of molec-
ular geometries, interactions, and membrane composition, we
investigate bilayer systems with zero surface tension (γ = 0).
Starting with a system in the bilayer configuration, as shown in
Fig. 3(a), we adjust the chemical potential of the solvent such
that the membrane is tensionless. We then construct a pore of
radius R, illustrated in Fig. 3, using the pinning condition as
described in the preceding section.

The free energy of the pore, as described by the continuum
model, is fH = (2πσ )R. In this form, the line tension σ can
be determined by evaluating the free energy of the system as a
function of radius R. Figure 4 presents the free energy obtained
from the SCFT calculations, as a function of pore radius

FIG. 4. The free energy as a function of pore radius R for
blends with χAB = χED = χAD = χBE = χBC = χCD = 30, fA =
fB , κC = 1, and various ED-molecular architectures. The molecular
fraction of the D species is defined as fD = ND/NAB . The pore radius
R is measured in units of Rg and is normalized with respect to the
bilayer thickness d, given as d ∼ 4.3Rg .
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for a model system with χAB = χED = χAD = χBE = χBC =
χCD = 30, χAE = χBD = χAC = χCE = 0, fA = fB , κC =
1, µAB = µED , and different ED-molecular architectures.
By adjusting fD while keeping the length of the E-block
constant, we change the geometry of the ED-molecules from
a cylindrical- to a cone-shaped structure. The results can then
be used to examine the effects of mixing cylindrical- and
cone-shaped lipids on the line tension.

Figure 4 shows the free energy of 1:1 mixtures of
cylindrical- and cone-shaped molecules as a function of pore
radius R. The first feature to notice is that the line tension,
which is proportional to the slope of the free-energy curve,
decreases with an increase in the asymmetry (fD) of the ED-
molecules. For a tensionless membrane, the only contribution
to the free energy is from the line tension. In this case, the
stability of the pore is determined by analyzing the free energy
as function of the pore radius. For blends with fD = 0.5, 0.3,
and 0.25, the slope of the free energy is positive, corresponding
to pores that would shrink upon the release of the pining
constraint. In contrast, blends with fD = 0.2 have a negative
line tension, which correspond to pores that would grow in size,
resulting in the rupture of the membrane. Most interestingly,
binary lipid mixtures with zero line tension would correlate
with long-lasting stable pores. These results suggest that an
increase in the lifetime of a pore can be obtained by tuning the
concentration of cone-shaped detergent molecules within the
membrane.

To further explore the effects of lipid asymmetry on the
pore line tension, we investigate membranes composed of
various concentrations of ED-molecules. By controlling the
chemical potential of the ED-diblock copolymers (µED), we
can adjust the relative composition of the ED-molecules
in the membrane. Figure 5 presents the line tension σ as
a function of the order parameter ψ for model systems
with χAB = χED = χAD = χBE = χBC = χCD = 30, χAE =
χBD = χAC = χCE = 0, fA = fB , κC = 1, and fD = 0.25,
0.30, and 0.40. The molecular composition within the mem-
brane is characterized by the order parameter ψ , where ψ = 1

FIG. 5. The line tension σ as a function of order parameter
ψ for blends with χAB = χED = χAD = χBE = χBC = χCD = 30,
fA = fB , κC = 1, and fD = 0.25, 0.3, and 0.4.

and −1 correspond to membranes composed purely of AB
and ED species, respectively. As shown in Fig. 5, membranes
composed of asymmetric molecules (cone-shaped) have lower
line tension than those composed of symmetric molecules
(cylindrical-shaped). A decrease in σ for membranes com-
posed of asymmetric lipids has been reported previously for
single-component membranes by Li et al. [5]. These authors
investigated the effect of molecular fraction f on the line
tension for single-component bilayers, and they showed that
a decrease in the relative size of the head groups results in a
decrease in the line tension [5].

As illustrated in Fig. 5, an increase in the concentration of
cone-shaped lipid species in the membrane leads to a decrease
in the line tension σ . Furthermore, the decrease of σ is more
pronounced for cone-shaped lipids with smaller head groups
(characterized by smaller fD), in that the line tension can be
changed from positive to negative. For example, for a binary
mixture of symmetric AB- and asymmetric ED-molecules
with fD = 0.25, the pure AB and ED membranes have
positive and negative line tensions, respectively. As shown
in Fig. 5, for this system the line tension vanishes at a critical
composition, ψc. At this concentration, a pore with a finite
radius formed in a tensionless membrane would be stable.

A decrease in the line tension as a function of an increase
in the concentration of cone-shaped molecules has been
reported in a number of experiments [34–36]. It has been
suggested that the decrease in the line tension is caused
by the aggregation of the cone-shaped molecules at the
pore edge [34–36]. The availability of the SCFT solutions
allows us to investigate the segregation of lipid species within
the membrane by analyzing the density profile of the lipid
species. Figure 6 presents the density profiles for a system
with χAB = χED = χAD = χBE = χBC = χCD = 30, χAE =
χBD = χAC = χCE = 0, fA = fB , κC = 1, fD = 0.25, and
ψ = 0.18. As shown in Fig. 6, the cone-shaped ED-molecules
have a higher concentration at the pore edge. This effect can
be seen more clearly in the one-dimensional profile (Fig. 6)

FIG. 6. (Color online) Relative concentrations of the AB, ED,
and C molecules φ̃γ (γ = AB, ED, and C) as a function of position
for blends with fD = 0.25. Inset: 2D density profiles of the (a) AB and
(b) ED blends for χAB = χED = χAD = χBE = χBC = χCD = 30,
fA = fB , κC = 1, fD = 0.25, and ψ = 0.18.
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of the relative concentrations of the molecular species φ̃γ =
φγ /φγ ,bulk (γ = AB,ED, and C), which is the concentration
of the molecular species normalized by their bulk values for
a planar membrane. The results shown here clearly reveal an
increase in the concentration of ED-molecules at the pore
edge. This observation of molecular segregation to the pore
edge provides strong evidence that the mechanism of line
tension decrease is the coupling of molecular density with
the curvature of the amphiphilic monolayers.

To understand why the segregation of the cone-shaped
molecules at the pore edge reduces the line tension, we need
to consider the spontaneous curvature of the AB and ED
monolayers. When a pore is formed, the hydrophobic tails are
exposed to the solvent. To reduce the unfavorable interaction
between the hydrophobic tails and solvent, the molecules
rearrange to shield the hydrophobic segments. This results in
the formation of an edge with a large positive curvature. If the
bilayer is composed only of symmetric molecules, with zero
spontaneous curvature, the penalty for bending the membrane
is large. On the other hand, if cone-shaped molecules with
positive spontaneous curvature are added to the membrane,
they could aggregate at the pore edge and act as pore stabilizers,
thus reducing the line tension.

The above analysis can be extended to the case of species
with inverse cone-shaped geometries. In addition to inverse
cone-shaped lipids, the shape of cholesterol molecules is
often described as an inverse cone-shaped structure. Given
the abundance of cholesterol in biological membranes, it
is interesting to explore the effects of inverse cone-shaped
molecules on the line tension. As a model system for
inverse cone-shaped lipids, we calculated the line tension
for membranes composed of AB and ED molecules, where
NA = NB and ND > NE . Figure 7 gives the line tension of
this bilayer system as a function of the order parameter ψ ,
for blends with χAB = χED = χAD = χBE = χBC = χCD =
30, χAE = χBD = χAC = χCE = 0, fA = fB , κC = 1, fE =
0.25, 0.35, and 0.45. As before, ψ = 1 and −1 correspond

FIG. 7. Line tension σ as a function of order parameter ψ for
blends with χAB = χED = χAD = χBE = χBC = χCD = 30, fA =
fB , κC = 1, and fE = 0.25, 0.35, and 0.45.

FIG. 8. (Color online) Relative concentrations of the AB, ED,
and C molecules φ̃γ (γ = AB, ED, and C) as a function of position.
Inset: 2D density profiles of the (a) AB and (b) ED blends for
χAB = χED = χAD = χBE = χBC = χCD = 30, fA = fB , κC = 1,
fE = 0.25, and ψ = 0.3.

to membranes composed of pure AB and ED molecules,
respectively.

The results shown in Fig. 7 reveal that an increase in the
concentration of the inverse cone-shaped molecules (ED-
molecules) leads to an increase in the line tension of the
membrane edge. The increase of the line tension is more
pronounced for ED-molecules with a larger block asymmetry.
To understand why inverse cone-shaped molecules result in an
increase in the line tension, we will focus on the distribution
of the AB and ED species within the bilayer. In Fig. 8, we
present the density profiles for the AB,ED and C molecules.
In contrast with the case of cone-shaped ED-molecules, there
is a depletion of the ED-molecules at the pore edge. This
effect is shown more clearly in the one-dimensional density
profile, where the relative concentrations of the molecules φ̃γ

(γ = AB,ED, and C) are plotted as a function of the position.
The aggregation of the ED-molecules away from the pore edge
is caused by the mismatch between the spontaneous curvature
of the ED-molecules and that of the pore edge. This indicates
that pore formation in systems with a high concentration of
inverse cone-shaped molecules is highly unfavorable.

Experiments on the effects of cholesterol molecules on
the stability of membranes indicate that an increase in the
concentration of cholesterol molecules results in a more
stable membrane [43–45]. For example, Koronkiewicz and
Kalinowski showed that the critical radius, at which the
membrane rupture, increases for membranes with higher
cholesterol concentration [45]. For a bilayer membrane with a
finite surface tension, the free energy as given by the continuum
model can be written as fH = 2σπr − γπr2, resulting in a
critical radius of rc = 2σ/γ . Therefore, the critical radius is
proportional to the line tension σ . As shown in Fig. 7, the
line tension increases with an increase in the concentration
of the inverse cone-shaped molecules. For a system with
finite surface tension, this corresponds to an increase in the
critical pore radius rc. These results indicate that an increase
in the concentration of inverse cone-shaped molecule such as
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FIG. 9. The line tension σ as a function of the order parameter
ψ for blends with χAB = χED = χAD = χBE = χBC = χCD = 30,
fA = fB = fE = fD , and κC = κED = 1 for χAE = 0, 2, and 4.

cholesterol would correspond to an increase in the energy
associated with creating a pore, therefore preventing pore
formation and stabilizing the membrane.

Finally, we investigate the effects of head-group in-
teractions on the line tension of multicomponent bilay-
ers. We begin by considering a repulsive interaction be-
tween the A/E blocks (head groups) for symmetric blends
with NAB = NED = NC . Figure 9 gives the line tension
σ as a function of the order parameter ψ , for blends
with χAB = χED = χAD = χBE = χBC = χCD = 30, χBD =
χAC = χCE = 0, fA = fB = fE = fD , κC = κED = 1, and
χAE = 0, 2, and 4. In this figure, the line tension for blends with
χAE = 0 is taken as a reference. It is interesting to point out
that mixing symmetric molecules with repulsive head group
interactions leads to a decrease in the line tension, with a
minimum at ψ = 0. We can understand the decrease in the line
tension for a mixed system by considering the properties of a
pore modeled as a folded monolayer. Using a two-dimensional
continuum model, Li et al. considered the line tension of a pore
created by folding a monolayer onto itself, forming a pore edge
similar to that seen in Fig. 3(b) [5]. Using this approach, the
authors derived an expression for the line tension as a function
of the monolayer properties,

σ = πκM

1 − 4c0δ

2δ
, (3.1)

where κM, c0, and δ are the bending modulus, spontaneous
curvature, and thickness of the monolayer, respectively [5,46].
For a symmetric system such as a single-component AB
bilayer, the spontaneous curvature of the monolayer c0 is zero.
In a mixed AB/ED system, the effect of the repulsive head
group interaction would result in the formation of an effective
cone-shaped molecule, shown schematically in Fig. 10. The
nonzero spontaneous curvature for the cone-shaped molecule
results in a decrease in the line tension as shown in Fig. 9.
These results indicate that the line tension of a membrane can
be regulated by introducing molecules with repulsive head
group interactions.

FIG. 10. (Color online) Schematic diagram showing the effect of
repulsive head group interaction on the overall geometrical shape of
the lipids.

IV. CONCLUSION

Using the self-consistent field theory, we have investigated
the line tension or edge energy of self-assembled multicom-
ponent bilayer membranes, focusing on the effects of com-
position, geometrical shape, and interactions of lipid species.
The lipid species in the bilayer were modeled as amphiphilic
AB and ED diblock copolymers in a solvent, modeled
as C-homopolymers. Solutions of the SCFT equations are
obtained for a bilayer membrane with a pore of fixed size.
By fitting the SCFT free energy of the pore to the Helfrich
model, we have extracted the line tension of the membrane.
We then examined the effects of the composition, geometrical
shape, and interactions of lipid species on the line tension.

We first investigated bilayer systems composed of cylin-
drical, cone-, and inverse cone-shaped lipid species, focusing
on the effects of relative lipid composition on the line tension
of the self-assembled bilayer membranes. Our results revealed
that an increase in the concentration of the cone-shaped lipids
results in a decrease in the line tension. The mechanism
underlying the reduction in the line tension was found to
be related to the segregation of the molecules within the
membrane. Lipid segregation is driven to relieve the stress
caused by the large positive curvature of the pore edge.
The local curvature of the pore matches more closely to the
spontaneous curvature of the cone-shaped lipids, resulting in
the aggregation of the cone-shaped species at the pore edge.
The overall effect of adding cone-shaped lipids to the bilayer
is consistent with experimental and computational studies
[34–36]. In contrast to the behavior of cone-shaped lipids,
we discovered that an increase in the concentration of the
inverse cone-shaped molecules results in an increase in the
pore line tension. The underlying mechanism for this increase,
similar to the cone-shaped lipid system, is the segregation of
lipids within the bilayer. In contrast, however, the spontaneous
curvature of the inverse cone-shaped lipids is different from
that of the pore edge. This results in a depletion of the inverse
cone-shaped molecules from the pore edge. Experiments have
also shown that an increase in the concentration of inverse
cone-shaped molecules such as cholesterol could result in an
increase in the line tension of the membrane, causing it to
be more stable [34]. Finally, we considered the effects of
repulsive interaction between the head groups of symmetric
lipid species. We discovered that an increase in the repulsive
interaction between the head groups results in a decrease in the
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pore line tension. This effect was understood to be caused by
the formation of effective cone-shaped lipid aggregates, which
we know to lower the line tension.

Although the coarse-grained model ignores many molecu-
lar details of lipids, the results and conclusion from the current
study provide a qualitative understanding of the interplay
between the lipid segregation and local curvature. In particular,
the results provide clear evidence that the segregation of the
lipids can lead to the increase or decrease of the line tension,
depending on the geometry of the molecules. The predicted
trend of the line tension as a function of the concentration
of the second lipids is in good agreement with available

experiments. Although this trend of line tension could be
understood intuitively, the current study places the mechanism
of the line tension behavior in a multicomponent lipid system
on a solid theoretical base.
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This study is the first of two papers which aim to examine techniques for directing the self-assembly of

microphases formed in block copolymer thin films. In the first paper, we examine the effects of ion con-

centration on the strength of the electric field required to reorient lamellae domains in block copolymer thin

films. The motivation for this study is to explore the utility of an external electric field as a mechanism for

directing the self-assembly of lamellae forming charged AB diblock copolymers. More specifically, we cal-

culate the critical electric field required to reorient lamellae domains from the parallel orientation, favoured

by the surface interactions, to the perpendicular orientation. Although the use of an external electric field for

directing the self-assembly of block copolymers has proven to be a useful mechanism (59, 60), it remains

a challenge to adopt this technique in thin films with heights lower than a critical value. For some systems,

53

http://dx.doi.org/10.1063/1.4931826


Ph.D. Thesis - Ashkan Dehghan Kooshkghazi McMaster University - Physics and Astronomy

the strength of the electric field required to reorient the domains often results in the dielectric breakdown

of the polymeric material (59). For this reason, it is important to explore mechanisms which could lower

the strength of the required electric field for realigning the domains. In this paper, we show that the effects

of ion concentration on the strength of the critical electric field depend on whether the charged or neutral

polymer species interacts favourably with the surfaces.

To study the effects of ion concentration, we construct a self-consistent field theory model of charged

diblock copolymers, with negatively charged A and neutral B blocks. The A and B blocks are character-

ized by two different dielectric constants, κA and κB. In addition to the negative charge on the backbone

of the A polymers, we also introduce free positive counter ions to ensure global charge neutrality. The lo-

calization of the positive ions in the system is controlled using the strength of the Flory-Huggins parameter

χBI . Polymer-surface interactions are adjusted by tuning a parameter µ , which controls the strength of the

relative interaction between the A and B species and thin film surfaces. Lastly, the strength of the electric

field is controlled by tuning the potential difference across the top and bottom electrodes. With this, we

examine two scenarios. One, in which the neutral polymer species interacts favourably with the top and

bottom surfaces and second, where the charged polymer species do.

We discover that the effects of added mobile ions on the electric field required to reorient the lamellar do-

mains from the parallel to the perpendicular orientation depends on whether the neutral or charged polymer

species is favoured by the surfaces. In the case where neutral polymer species is favoured, the added mobile

ions reduce the critical electric field. This effect is more significant in melts where the mobility of the ions

is restricted to the charged domains, i.e. large χBI values. We show that the reduction in the critical electric

field is due to the difference in the magnitude of charge separation between the parallel and perpendicular

morphologies. The magnitude of charge separation is greater in melts where ions are confined to the charged

domains.

On the other hand, if the charged polymer species is favoured by the surfaces, the addition of ions in-

creases the critical electric field. As before, an increase in χBI is shown to enhance this effect, resulting in

an even greater critical electric field. In this scenario, there is no significant difference in the magnitude of

charge separation between the parallel and perpendicular morphologies. However, in the parallel orientation,

both negative and positive charges can coat the top and bottom electrodes. On the other hand, this is only
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partially possible in the perpendicular morphology. Therefore, the parallel orientation is favoured over the

perpendicular phase.
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E�ect of mobile ions on the electric field needed to orient charged
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We examine the behavior of lamellar phases of charged/neutral diblock copolymer thin films contain-
ing mobile ions in the presence of an external electric field. We employ self-consistent field theory and
focus on the aligning e↵ect of the electric field on the lamellae. Of particular interest are the e↵ects
of the mobile ions on the critical field, the value required to reorient the lamellae from the parallel
configuration favored by the surface interaction to the perpendicular orientation favored by the field.
We find that the critical field depends strongly on whether the neutral or charged species is favored
by the substrates. In the case in which the neutral species is favored, the addition of charges decreases
the critical electric field significantly. The e↵ect is greater when the mobile ions are confined to the
charged lamellae. In contrast, when the charged species is favored by the substrate, the addition of
mobile ions stabilizes the parallel configuration and thus results in an increase in the critical electric
field. The presence of ions in the system introduces a new mixed phase in addition to those reported
previously. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4931826]

I. INTRODUCTION

Block copolymers are commonly utilized because of their
ability to form self-assembled structures with wavelengths that
scale as the size of the polymers. This is generally on the
order of 10-100 nm. Such a property o↵ers the possibility
of many applications such as nanolithographic templates,
nanostructured networks, stimuli-responsive materials, and
well-ordered arrays of metal nanowires.1,2 The challenge
encountered when using thin films of block copolymers is
that the creation of highly ordered, long-range, single-domain
structures is often made di�cult by interactions at the surface
of the polymer film. These interactions often result in the
formation of microdomains self-assembled parallel to the air
or substrate interfaces. In many applications, however, the
perpendicular orientation is the desired one. This problem
has motivated the implementation of techniques for directing
the self-assembly of block copolymers or for realigning
the morphologies from the parallel to the perpendicular
orientation.

A number of methods have been developed for directing
the self-assembly of block copolymers and have been re-
viewed recently.3 Among them are the use of pre-patterned
substrates,4–7 topographically modified substrates,8–10 and
external stimuli such as an electric field.11–16 The electric
field brings about alignment due to a di↵erence in the
dielectric constant of the di↵erent blocks of the polymers. The
e↵ects of the strength of this field, of the polymer-substrate
interactions, and of the film thickness have been the subject of
several experiments.17–20 For example, Xu et al. investigated
the e↵ects of an external electric field on the cylinder
forming diblock copolymers in thin films.21 They showed
that redirecting the formation of cylinders from the parallel

configuration, caused by the selective polymer/substrate inter-
action, to the perpendicular orientation was made possible
by application of the field.21 In a theoretical study, Tsori and
Andelman examined the alignment of microdomains formed
by symmetric polystyrene-b-poly(methyl methacrylate) (PS-
b-PMMA) in the presence of an external electric field as a
function of film thickness and polymer/surface interactions.13

They noted that the ability of the electric field to induce the
self-assembly of microdomains in the direction parallel to it
depends strongly on the film thickness. For some systems, the
electric field required to reorient the morphologies might well
result in the dielectric breakdown of the material.

To induce the formation of perpendicularly oriented
microdomains in thin films by means of smaller electric fields,
Tsori et al. suggested adding mobile ions.22,23 The reasoning is
that the electrostatic potential energy of a dipole moment per
unit volume, P, in an electric field, E, is �P · E. The battery
keeps the total electric field across the film constant. Because
the dipole moment depends upon the separation of charges,
the addition of mobile charges is expected to increase this
separation and thereby increase the di↵erence in the energy
of the parallel and perpendicular orientations. The unstated
assumption is that the increase in dipole moment is larger in
the perpendicular orientation than in the parallel one. They
also suggested that Li ions, present in the system from the
anionic polymerization process, might be responsible for the
success in bringing about reorientation of the microdomains.
Any significant role that ions play can easily be discerned by
applying an orienting, frequency-dependent, electric field. At
low frequencies, the e↵ect of free ions would be manifest and
would vanish at higher frequencies. It was noted24 that there
was no frequency dependence in some successfully oriented
films of PS-PMMA.25 Nonetheless, when lithium chloride was
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intentionally added io the system, the e↵ect due to the free
ions was quite clear.25 Equally clear was the e↵ect of doping a
PS-PMMA system with lithium triflate, a salt which dissolves
almost completely in the PMMA and much less so in the PS.26

The reasons for the success of free ions in reducing
the value of the electric field needed to reorient the self-
assembled domains and the generality of the result is less
clear. Wang et al. attribute the success to a complexation of
Li ions with carbonyl groups in the PMMA which enhances
the di↵erence between the dielectric constants of the PMMA
and PS blocks.25 In contrast, Kohn et al. take an approach26

more in the spirit of the original suggestion of Tsori et al.
in that they treat their system as a simplified one, consisting
of alternating dielectric and conducting slabs. They calculate
the torque on the interfaces due to the mobile ions. In a
similar spirit, Putzel et al. considered a toy model consisting of
alternating layers of two materials, A and B, characterized by
di↵erent dielectric constants.14 The A layers were uniformly
charged, with mobile counter ions providing charge neutrality.
The substrate preferred the B layers. They investigated the
e↵ect of selectively localizing the counter ions within one
of the two blocks. They found that if the counter ions were
confined such that each layer of A material was electrically
neutral, then the value of the electric field needed to bring
about a perpendicular orientation was indeed decreased by the
addition of ions. This was attributed to the fact that only in the
perpendicular configuration could an extensive polarization be
brought about, i.e., an induced dipole moment per unit volume
with a charge separation on the order of the film thickness.
However, if the counter ions were free to migrate so that the
system as a whole was electrically neutral but that individual
layers of A were not, then the addition of charges did not
necessarily decrease the field needed to reorient the system.
Indeed they found that if the substrate preferred the A layers,
then addition of ions could well increase the field needed for
reorientation.

In this paper, we consider a system of lamellar forming AB
diblock copolymers. The A polymers are partially charged and
the system contains mobile counter ions which provide charge
neutrality (Figure 1). Similar systems have been considered
previously,27–31 although their objective was to determine the
e↵ect of the charges on the phase diagram of the polymeric
systems, not the e↵ect of an external electric field on one of the
microphases, as is the case here. In our study, the free energy
of the system is obtained by employing self-consistent field
theory (SCFT), as in several of the previous calculations.28,30,31

As a consequence, the location of all charges is determined by
a Poisson-Boltzmann equation. We also consider the e↵ects
of localization of charge within one block or the other and of
the preference of the substrate for the blocks. We find for the
case in which the substrate prefers the uncharged B polymers,
as in the PMMA-PS system in which the PS is preferentially
adsorbed,32 the critical field needed to reorient the system
decreases markedly even with the small concentration of
ions utilized in experiment, typically parts in 10�3. Were the
substrate to prefer the charged polymer, however, we find that
the addition of free ions increases the field needed to reorient
the system, in agreement with Putzel et al.14 Such a prediction
could be easily tested.

FIG. 1. A schematic diagram showing the model system examined in this
work.

II. THEORETICAL MODEL

We consider a system in volume ⌦ of nAB AB diblock
copolymers with negatively charged A blocks and neutral
B blocks. The index of polymerization is NAB, so that the
monomer density is ⇢0 = nABNAB/⌦. There are nI mobile
positive counter ions with density ⇢I = nI/⌦. We define
dimensionless densities for polymers and ions as

�̂A(r) =
NAB

⇢0

nABX

i=1

⌅ f

0
ds �(r � RA

i (s)),

�̂B(r) =
NAB

⇢0

nABX

i=1

⌅ 1

f

ds �(r � RB
i (s)), (2.1)

�̂I(r) =
1
⇢I

nIX

i=1

�(r � rIi ),

where f is the fraction of A in the AB diblock copolymer
chain. In the above equation, RA(s) and RB(s) are space curves
specifying the position of polymer segment s along the chain.
Similarly, rI represents the position of the ions in the system.
We assume that the free ions are positively charged and that
there is a uniform negative charge density on the A blocks. The
degree of ionization of the A block is PA and, as noted above,
is quite small in experiment. Charge neutrality implies that the
densities of ions and polymers is related by ⇢I = PA f ⇢0. In
our study, we ignore ion pairs.29 The polymers are confined
between plates separated by a distance L, with a potential
di↵erence V0 between them, one which is maintained by a
battery. The electrostatic energy of the system, which includes
the battery, is a functional of the charge densities,

U[�̂I ,�̂A] = �1
2

⌅
dr ✏(r)[rV (r)]2

+ ⇢0PA f
⌅

dr eV (r)[�̂I(r) � �̂A(r)
f

], (2.2)

where e is the unit of charge and V (r) is the electric potential
which itself is a functional of the charge densities via the
Maxwell equation,

r · [✏(r)rV (r)] = �ePA f ⇢0
⇥
�̂I(r) � �̂A(r)/ f

⇤
. (2.3)

The dielectric constant, ✏(r), is position-dependent because
the concentration of the two blocks varies in space. We
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approximate the local dielectric constant by its volume-
fraction weighted-average ✏(r) = ✏0[A�̂A(r) + B�̂B(r)].
This approximation is clearly correct in the limits in which
the volume fraction of one component approaches zero or
unity. It captures the essential variation and has the advantage
of simplicity, which is why it is commonly employed.24,29 We
assume that the dielectric constants are independent of the
applied field and take A = 6.0, appropriate for PMMA, and
B = 2.5 appropriate for PS.

In addition to the electrostatic energy, there is also the
energy of interaction between the A and B monomers with
strength given by a Flory parameter �AB and the surface
interaction of the polymers with the plates, h(r). Furthermore,
to test the idea that increased confinement of the mobile
charges should have a large e↵ect on the critical value of
the aligning field, we control the relative solubility of the
mobile charges by introducing an ad hoc repulsive interaction
between them and the B monomers, an interaction of a strength
we denote �BI .

The total energy functional is

H[�̂A,�̂B,�̂I]

= U[�̂I ,�̂A] + kBT ⇢0

⌅
dr[�AB�̂A(r)�̂B(r)

+ �BI�̂B(r)�̂I(r)]

� kBT ⇢0

⌅
dr h(r)[�̂A(r) � �̂B(r)]. (2.4)

The thermodynamic properties of the system are conve-
niently described in the canonical ensemble, with fixed
volume, temperature, and concentrations. The partition func-
tion is

Z =
1

�
3nI

I
nI!�3nABnAB!

f ⌅ nABY

i=1

D[RAB
i (s)]PAB[RAB

i (s)]
g

⇥
f ⌅ nIY

i=1

drIi
g ⌅

D[V (r)]exp(��H[�̂A,�̂B,�̂I ,V ])

⇥ �
⇣
�̂A(r) + �̂B(r) � 1

⌘
, (2.5)

where � ⌘ 1/kBT , and �AB and �I are the thermal de Broglie
wavelengths of the polymers and ions, respectively. We have
assumed that the system is incompressible and have ignored
the volume of the mobile ions. The polymers are treated as
flexible Gaussian chains with configurations weighted by the
Weiner measure,

PAB[RAB
i (s)] / exp

f
� 3

2NABb2�

⌅ 1

0
ds
⇣ dRAB

i
(s)

ds

⌘2g
, (2.6)

where b� is the Kuhn length of the polymers.
We obtain the free energy of this system within the

SCFT approximation. There are excellent reviews of this
approximation as it is applied to polymeric systems33–35 and
clear explications of its applications to systems with applied
electric fields.15,24,35 For completeness, we provide a brief
derivation in the Appendix. As outlined there, within self-
consistent field theory, �Fscft/nAB, the free energy per polymer
in units of kBT , can be written as

�Fscft

nAB

= � ln(QAB

nAB

) � 1
⌦

⌅
dr�ABNAB�A(r)�B(r)

+
1
⌦

⌅
dr [�eV (r)PANAB f�I(r)

+ PANAB f�I(r) ln�I(r)]. (2.7)

Here, �I(r) is the ensemble average value of �̂I(r), the
dimensionless density of the counter ions, in the presence of
an electric potential V (r),

�I(r) =
exp[��eV (r)]

(1/⌦)
⇤

dr exp[��eV (r)]
, (2.8)

so that the last two terms in the above free energy are simply the
free energy of the counter ions. The first term in the free energy,
Fscft, is the free energy per polymer in the single polymer
ensemble. As the latter double-counts all binary interactions,
it has to be corrected by the binary interactions of the second
term. The functions�A(r) and�B(r) are the ensemble-average
values of the local volume fractions �̂A(r) and �̂B(r) in the
single polymer chain ensemble with partition function QAB

given below. Within self-consistent field theory, the potential
is related via the Maxwell equation to the thermodynamic
averages of the charge densities,

r · [✏(r)rV (r)] = �ePA f ⇢0 [�I(r) � �A(r)/ f ], (2.9)

and the local dielectric constant is now approximated by

✏(r) = ✏0[A�A(r) + B�B(r)]. (2.10)

The partition function of the single polymer ensemble is
obtained from the end-integrated propagator, q(r, s), which
satisfies the modified di↵usion equation,

@q(r, s)
@s

= [R2
gr2 � iWA(r)]q(r, s) 0  s  f (2.11)

= [R2
gr2 � iWB(r)]q(r, s) f < s  1, (2.12)

where Rg is the polymer’s radius of gyration, and the fields are
given by

iWA(r)
NAB

= �AB�B(r) � A
8⇡⇢0`

[r�eV (r)]2

� PA�eV (r) � h(r) � i
⇠(r)
NAB

, (2.13)

iWB(r)
NAB

= �AB�A(r) + �BI�I(r) � B
8⇡⇢0`

[r�eV (r)]2

+ h(r) � i
⇠(r)
NAB

, (2.14)

where ` ⌘ �e2/4⇡✏0 is the Bjerrum length. The propagator
satisfies the initial condition q(r,0) = 1. It is also convenient
to define the propagator, q†(r, s), integrated from the other end
of the polymer. It satisfies

@q†(r, s)
@s

= �[R2
gr2 � iWA(r)]q†(r, s) 0  s  f (2.15)

= �[R2
gr2 � iWB(r)]q†(r, s) f < s  1, (2.16)

with the boundary condition q†(r,1) = 1. The single polymer
partition function is then obtained from

QAB[Wa,WB] =
1
�3
AB

⌅
dr q(r,1), (2.17)
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and the ensemble averages of the dimensionless monomer
densities from

�A(r) =
⌦

�3
AB

QAB

⌅ f

0
ds q(r, s)q†(r, s), (2.18)

�B(r) =
⌦

�3
AB

QAB

⌅ 1

f

ds q(r, s)q†(r, s). (2.19)

The field i⇠(r) in Eqs. (2.13) and (2.14) is a Lagrange multiplier
adjusted so that the incompressibility condition

�A(r) + �B(r) = 1 (2.20)

is satisfied locally. Equations (2.8), (2.9), and (2.18) constitute
the Poisson-Boltzmann equation.

The Maxwell equation (2.9) and five equations (2.13),
(2.14), and (2.18)–(2.20) determine self-consistently the
electrostatic potential, V (r), and the five unknown fields
WA(r), WB(r), �A(r), �B(r), and ⇠(r). They are solved in
two dimensions using a combination of pseudo-spectral and
finite-di↵erence methods with appropriate initial and boundary
conditions for a given phase.36,37

We fix the potential di↵erence across the thin film by
setting the value of electrostatic potential at the top and bottom
surfaces to Vtop = 0 and Vbottom = V0. In addition, we keep the
height of the film constant at L = 2d0, where d0 is the natural
period of the lamellae for neutral AB diblock copolymers in
bulk. We choose the height to be an integer value of d0 as the
parallel configuration is then most stable.38,39 Therefore, the
calculated value of the electric field needed to reorient the film
will be an upper bound. We take the strength of interaction
between the A and B species to be �ABNAB = 20. Finally, we
must specify the interaction, h(r), between the polymers and
the substrate. The interactions are complex and their theoret-
ical description is di�cult, as noted by Messina et al. in their
review.40 However, our interest here is not in the origin of this
attraction between substrate and polymer, but in the value of
an imposed electric field needed to overcome the e↵ect of this
interaction which favors the parallel configuration. Hence, we
approximate the interaction by the simple function h(r) which
takes the value µ at the plates and which is zero otherwise.

III. RESULTS

In this section, we present our results on the phase
behavior of the charged AB diblock copolymers as a func-
tion of electric field strength, charge density, and surface
interactions. The blocks are lamellae forming with equal
polymerization index so the volume fraction, f , of A monomer
is 1/2. We consider two scenarios. In the first, the neutral B
species interacts favorably with the top and bottom surfaces,
which results in the aggregation of the B segments to a
thickness of about d0/4 at both substrate interfaces (Fig. 1). In
the second, the charged A species interacts favorably with the
top and bottom substrates.

We now consider the first scenario. In this case, the
polymer/substrate interaction favors the parallel morphology
with the B species aggregated at the top and bottom surfaces.
One can bring about a phase transition from the parallel
to the perpendicular phase by applying an external field

FIG. 2. Di↵erence in the free energy between the perpendicular and the
parallel phases as a function of applied voltage for copolymers characterized
by �ABNAB = 20, �BINAB = 0, A= 6.0, B = 2.5, and µ =�1.

perpendicular to the substrate. Figure 2 presents the free
energy di↵erence between the perpendicular and parallel
morphologies as a function of dimensionless electric potential
�e�V for neutral and charged systems. Here, we consider
copolymers in which the fraction, PA, of polymer which
is ionized is small, PA = 0.0, 0.001, and 0.002. This is
comparable to experiment.26,32 We note that for both neutral
and charged thin films, the parallel phase has the lowest free
energy at small values of �V . An increase in the applied
voltage results in a phase transition from the parallel to the
perpendicular phase at some critical voltage �Vc.

From Figure 2, we see that the addition of mobile charges
does indeed lower the voltage required to orient the lamellae
from the parallel to the perpendicular orientation. Furthermore,
the reduction can be large, even for small amounts of added free
charge. With the parameters chosen in the figure, addition of
only two parts per thousand of mobile ions reduces the critical
voltage by about 30%. This can be understood in terms of
the polarization in the two orientations. In the case considered
here, the positive counter ions are free to move throughout
the system; however, the negative charges are bound to the
A chains and thus are confined within the A domains. In
the presence of an applied external field, charge separation
in the perpendicular phase is of the order of the film thickness
L = 2d0, where d0 is the period of the AB system in bulk. In
the parallel orientation, however, the interposition of a layer of
the neutral B polymers of thickness d0/4 between the anode
and the nearest lamella of negatively charged A polymers
results in a separation of charge which is no greater than
L � d0/4 = 7d0/4, significantly smaller than that in the perpen-
dicular phase. Therefore, the addition of charge favors the
perpendicular phase and lowers the voltage required to reorient
the lamellae domains. Note however that the di↵erence in
charge separation in the two orientations, d0/4, does not scale
with the film thickness as the total free energy does. Hence as
the thickness of the film increases, we expect the magnitude
of the reduction in critical field due to the ions to decrease.

To further examine the e↵ect of charge separation on the
critical voltage, we consider a system in which the positive
counter ions are increasingly confined to the A domains. We
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FIG. 3. One dimensional charge distribution for the charged AB system
with PA= 0.001, �ABNAB = 20, A= 6.0, and B = 2.5 with �BI = 0 and
�BI = 300. The positive and negative electrodes are at y = 0 and y = 8Rg ,
respectively. The AB polymer distribution is shown as red/green shades,
respectively, where in this case, B species are attracted by the substrates.

achieve this by introducing a repulsive interaction, �BINAB,
between the positive counter ions and the B monomers.
As shown in Fig. 3, an increase in �BINAB results in a
depletion of the positive ions from the domain near the negative
electrode, thus resulting in a smaller separation of charge. The
constraint of the confinement increases the free energy of both
orientations at a rate proportional to the average overlap of
ions and B monomers. It is not di�cult to see that this overlap
is large in the parallel configuration at the plate at which
the ions tend to aggregate, a plate covered by B polymers.
The free energy of this configuration, favored in the absence
of an applied field, rapidly increases with ion confinement.
The overlap is much lower in the perpendicular orientation;
hence, the free energy advantage of the parallel phase rapidly
decreases with the consequence that the critical voltage needed
to bring about reorientation decreases.

The e↵ect of confinement is evident from Fig. 4 which
shows the critical voltage �Vc as a function of the fraction,
PA, of free ions for various values of the interaction parameter
�BINAB. As can be seen, the e↵ect of the confinement of the

FIG. 4. The critical voltage �Vc plotted as a function of the degree of
ionization PA for a system with �ABNAB = 20, A= 6.0, B = 2.5, and
µ =�1.

ions is quite large. In terms of charge separation, we expect
it to scale with the film thickness L in the perpendicular
configuration, but to be independent of L in the confined,
parallel configuration. Hence in this case, the di↵erence in
charge separation does scale with film thickness, and we expect
the reduction in critical field due to the ions to persist as the
film thickness increases.

We now consider the e↵ects of the strength of the
surface interactions, µ, on the voltage required to reorient
the lamellae morphologies. Larger magnitudes of the negative
surface field, µ, correspond to a greater attractive interaction
between the substrate and the B monomers relative to the
A monomers. We begin with the simple case of neutral AB
diblock copolymer thin films, subjected to an applied external
voltage. Figure 5 presents the phase diagram of the neutral
AB diblock copolymer thin films in the �e�V � µ plane.
Here, we consider three distinct phases: the parallel (Para), the
perpendicular (Perp), and the mixed (Mix) phases. The mixed
phase is composed of parallel and perpendicular morphologies
(see Figure 6). For systems with µ= 0, application of an
infinitesimal electric field results in the instability of the
parallel phase. As expected, a non-vanishing surface field
stabilizes the parallel phase. The critical voltage required to
reorient the lamellae from the parallel to the perpendicular
phase increases as the strength of the surface interaction
increases as expected. There exist a critical surface interaction
µc beyond which an increase in the voltage results in a phase
transition from the parallel to the mixed phase. In this region
of the phase space, the surface interactions are strong enough
to induce the formation of a thin partial wetting layer of B
species at both surfaces. Away from the substrate, however, the
electric field results in the formation of perpendicular domains.
Because of this surface layer of B monomers, the cost of
reorienting the lamellae to align with the field is not as great as
in the simple perpendicular phase. Hence, the rate at which the
critical field increases with surface field is less in going from
the parallel configuration to the mixed phase than it is in going
from the parallel phase to the simple perpendicular phase. This
is an e↵ect that cannot be captured by the toy models employed

FIG. 5. Phase diagram for the neutral AB system with PA= 0, �ABNAB

= 20, �BINAB = 0, A= 6.0, and B = 2.5 in the �e�V -µ plane. The Per,
Par, and Mix phases correspond to the perpendicular, parallel, and mixed
phases, respectively.
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FIG. 6. Density profiles for the (a) parallel, (b) perpendicular, (c) mixed, and
(d) partially mixed phases. Here, B species are green and A species are red.
The top/bottom electrodes are negatively/positively charged.

previously.14 Figures 6(a)–6(c) show the density profiles for
the parallel, the perpendicular, and the mixed phases.

To the above uncharged system, we add a uniform negative
charge distribution to the A blocks and positive counter ions.
The e↵ect on the phase diagram in the �e�V � µ plane is
shown in Figure 7 for a system with PA = 0.001. As in the
neutral system, at µ = 0 the parallel phase becomes unstable
when subjected to an infinitesimally small voltage. A non-
zero µ stabilizes the parallel phase and results in an increase
in the critical voltage. What is new in the charged system is
the presence of a partially mixed phase (denoted P-Mix in
Figure 7), which appears between the perpendicular and the
mixed phases. To determine the di↵erence between the two
mixed phases, we examine their density profiles.

FIG. 7. Phase diagram for the charged AB system with PA= 0.001,
�ABNAB = 20, �BINAB = 0, A= 6.0, and B = 2.5 in the �V -µ plane.
The Per, Par, Mix, and P-Mix phases correspond to the perpendicular, parallel,
mixed, and partially mixed phases, respectively.

Figures 6(c) and 6(d) present the density profiles for the
mixed and partially mixed phases, respectively. In the charged
system, the parallel, perpendicular, and mixed phases are
similar to those observed in the neutral system. The di↵erence
between the two mixed phases is seen as a di↵erence in
surface behavior. The electrostatic interaction between the
negative A segments and the charged electrodes favors a partial
wetting of the positively charged plate (bottom surface) by
the A monomers, whereas the surface interaction, µ, favors
the partial wetting of both top and bottom surfaces by the
B species. The presence of charge introduces an asymmetry
which results in the formation of the partially mixed phase,
Figure 6(d). For larger surface fields, the asymmetry is less
important and the B species will partially wet both top and
bottom surfaces, Figure 6(c).

We now consider the scenario in which the charged A
species is attracted to the top and bottom surfaces. In this case,
in the absence of an external electric field, the parallel phase
with the A species partially wetting the polymer/substrate
interface is the most stable structure. We begin by analyzing
the phase transition between the parallel and perpendicular
morphologies as a function of applied external voltage.
Figure 8 presents the di↵erence in the perpendicular and
parallel free energies as a function of external voltage �V
for neutral and charged thin films with PA = 0, 0.001 and
0.002, respectively. As expected, for both neutral and charged
copolymers, the parallel phase has the lowest free energy
at small values of applied external voltage. Increase in �V
results in a phase transition from the parallel to perpendicular
phase at some critical �Vc value. In contrast to the previous
case, in which the neutral B polymers were attracted to the
surfaces, adding charge now increases the critical voltage
required to reorient the lamellae from the parallel to the
perpendicular orientation. An increase in PA further stabilizes
the parallel phase. To examine this e↵ect, we analyze the
charge distribution within the system.

In the previous case with the neutral B species partially
wetting the substrate interfaces, the charge separation in the
parallel phase was smaller than the charge separation in the
perpendicular phase, which resulted in a decrease in �Vc with

FIG. 8. Di↵erence in the free energy between the perpendicular and the
parallel phases for a system with �ABNAB = 20, �BINAB = 0, A= 6.0,
B = 2.5, and µ = 1.
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FIG. 9. One dimensional charge distribution for the charged AB system
with PA= 0.001, �ABNAB = 20, A= 6.0, and B = 2.5 with �BI = 0 and
�BI = 300. The positive and negative electrodes are at y = 0 and y = 8Rg ,
respectively. The AB polymer distribution is shown as red/green shades,
respectively, where in this case, A species are attracted by the substrates.

the addition of free ions. In the present scenario, the charged
A species partially wet the top and bottom surfaces in the
parallel configuration, which in the presence of an applied
external voltage would result in a charge separation of the
order of film thickness L. This is comparable to the magnitude
of charge separation in the perpendicular phase. In fact, in a
charged system the parallel configuration is more favorable
since both positive and negative charges coat the entire top
and bottom plates, while this is only possible to a lesser extent
in the perpendicular phase. For this reason, an increase in
PA stabilizes the parallel configuration and thus increases the
critical voltage �Vc.

We further explore this idea by considering the e↵ect
of charge confinement on the critical voltage. As before, we
confine the ions by introducing a repulsive interaction between
the positive ions and B polymer. The e↵ect of this confinement
is shown in Figure 9. An increase in �BINAB results in a greater
aggregation of positive ions at the negative electrode and hence
a greater separation of charge thereby stabilizing the phase.
Again the e↵ect of the repulsive interaction on the free energy

FIG. 10. The critical voltage �Vc plotted as a function of the degree of
ionization PA for a system with �ABNAB = 20, A= 6.0, B = 2.5, and
µ = 1.

FIG. 11. Phase diagram for the neutral AB system with PA= 0, �ABNAB

= 20, �BINAB = 0, A= 6.0, and B = 2.5 in the �V -µ plane. The Per, Par,
and Mix phases correspond to the perpendicular, parallel, and mixed phases,
respectively.

is proportional to the ensemble average of the overlap of ions
and B monomers. In the parallel orientation in which the ions
are attracted to one plate which is covered by A monomers,
the overlap is small so that the free energy is not increased
significantly. The overlap is clearly larger in the perpendicular
orientation so the free energy of this phase does increase
significantly with the imposition of this interaction. Hence,
the free energy advantage of the parallel phase increases with
the confinement of the ions to the A blocks. Figure 10 shows
the critical voltage�Vc as a function of the degree of ionization
PA for various �BINAB values.

We now consider the e↵ect of surface interaction on the
voltage required to reorient the lamellae domains from the
parallel to the perpendicular orientation. As before, we first
consider the phase behavior of neutral AB diblock thin films
and then extend our study to the case with charge. Figure 11
presents the phase diagram for the neutral AB system (PA = 0)
for a system with �ABNAB = 20, �BINAB = 0, A = 6.0, and
B = 2.5 in the �e�V -µ plane. The phase behavior seen here
is similar to that observed in the case in which the neutral

FIG. 12. Phase diagram for the charged AB system with PA= 0.003,
�ABNAB = 20, �BINAB = 0, A= 6.0, and B = 2.5 in the �e�V -µ
plane. The Per, Par, Mix, and P-Mix phases correspond to the perpendicular,
parallel, mixed, and partially mixed phases, respectively.
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FIG. 13. Density profiles for the (a) parallel, (b) perpendicular, (c) mixed,
and (d) partially mixed phases. Here, B species are colored green and A
species are colored red. The top/bottom electrodes are negatively/positively
charged.

B species was attracted to the substrates, Figure 5. When the
applied external voltage is small, the parallel configuration
has the lowest free energy. As we increase �V , depending on
the strength of the surface interaction µ, two scenarios are
possible. When the surface interaction is weak, we observe a
phase transition from the parallel to the perpendicular phase.
When the surface interaction is strong, the phase transition is
between the parallel and the mixed phases.

We now turn to the phase behavior of the charged AB
diblock copolymer thin films. Figure 12 presents the phase
behavior of the charged AB system with PA = 0.003, �ABNAB

= 20, �BINAB = 0, A = 6.0, and B = 2.5 in the�V -µ plane.
The phase behavior seen here is similar to that given in Figure 7,
in which the addition of free ions results in the formation
of a new partially mixed phase. The density profiles for the
parallel, perpendicular, mixed, and partially mixed phases are
presented in Figure 13. As before, the addition of charge
breaks the symmetry in the e↵ective interaction between the
negatively charged A polymers and the positive/negative elec-
trodes. In this scenario, there is a favorable electrostatic and
surface interaction between the negatively charge A polymers
and positively charged bottom substrate, while there is only
the favorable surface interaction between the A species and
the negatively charged top surface. At intermediate surface
interactions, the A polymers partially wet the bottom surface;
however, the extent of such wetting is less at the top plate.
At large values of µ, the surface interactions dominate and
the A polymers completely cover the top and bottom surfaces
resulting in the formation of the mixed phase.

IV. CONCLUSION

We have examined the e↵ect of the addition of free ions
on the magnitude of the external voltage required to reorient

a lamellae phase from the parallel configuration to a phase in
which domains form perpendicular to the substrates. It was
originally suggested by Tsori et al.22,23 that such an addition
would reduce the critical voltage �Vc. A toy model,14 which
consisted of rigid dielectric media, not block copolymers,
indicated that this could be the case provided that certain
conditions were met. In particular, Putzel et al. suggested
that adding charge to a system in which the charged domains
are attracted to the surfaces could in fact increase the critical
voltage.14

In our study, we have examined the behavior of a
dielectric material which consists of block copolymers. We
have considered two di↵erent scenarios, one in which the
neutral B blocks are favored by the top and bottom surfaces
and the other where the charged A blocks are favored. In
both cases, we have examined the e↵ect of adding charge
on the critical voltage required to reorient the lamellae from
the parallel to the perpendicular morphology. We have also
examined the phase behavior of the system as a function of
voltage and surface interactions for both neutral and charged
films.

In the first case, in which the neutral B polymers
were attracted to the surfaces we found that adding charge
significantly lowered the critical voltage required to reorient
the lamellae from the parallel to the perpendicular orientation.
We argued that the decrease in the critical voltage is due to the
di↵erence in the magnitude of charge separation in the parallel
and perpendicular orientations. We further examined the e↵ect
of charge separation on the critical voltage by confining the
positive counter ions to the charged A domains. In the confined
case in which the di↵erence in magnitude of charge separation
between the parallel and perpendicular phase was increased,
we found that adding charge would result in much greater
reduction in the critical voltage. These results are in accord
with experiment.25,26

We then considered a scenario in which the charged A
polymers were attracted to the substrate surfaces. In this case,
adding charge further stabilized the parallel phase and thus
resulted in an increase in the critical voltage. We argued
that in this scenario, there is no di↵erence in the magnitude
of charge separation between the parallel and perpendicular
phases. However, in the parallel phase, both the negative and
positive ions could coat the entire top and bottom plates, while
this coverage is only partial in the perpendicular phase. When
the positive counter ions are confined to the A domains, we
found that an increase in their density results in an increase
in the critical voltage. This interesting behavior should be
amenable to experimental verification.
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APPENDIX: THEORETICAL FRAMEWORK

We begin with partition function Eq. (2.5),

Z =
⇣ 1

�
3nI

I
nI!�3nABnAB!

⌘

⇥
f ⌅ nABY

i=1

D[RAB
i (s)]PAB[RAB

i (s)]
g

⇥
f ⌅ nIY

i=1

drIi
g
exp
⇣
� �H[�̂A,�̂B,�̂I]

⌘

⇥ �
⇣
�̂A(r) + �̂B(r) � 1

⌘
, (A1)

where

H[�̂A,�̂B,�̂I]
= U[�̂I ,�̂A] + kBT ⇢0

⇥
⌅

dr[�AB�̂A(r)�̂B(r) + �BI�̂B(r)�̂I(r)]

� kBT ⇢0

⌅
dr h(r)[�̂A(r) � �̂B(r)] (A2)

and

U[�̂I ,�̂A] = �1
2

⌅
✏(r)[rV (r)]2dr + ⇢0PA f

⇥
⌅

eV (r)[�̂I(r) � �̂A(r)
f

]dr. (A3)

The electrostatic potential is itself a functional of �̂A and �̂I

as it is a solution of the Maxwell equation

r · [✏(r)rV (r)] = �ePA f ⇢0
⇥
�̂I(r) � �̂A(r)/ f

⇤
, (A4)

with a boundary condition of the specified voltages on the
plates. Given that Maxwell’s equations for the electric and
displacement fields have been used to derive the electrostatic
energy, Eq. (A3), it may not be too surprising that this
energy is an extremum with respect to the potential V ,
i.e., �U[V ]/�V = 0 leads to Eq. (A4). We now derive the SCFT
approximation to the free energy. To make the self-consistent
field approximation transparent, it is convenient to rewrite the
partition function by introducing auxiliary fields WA(r) and
�A(r), and WB(r) and �B(r) via the identities

⌅
DWAD�A exp

(
nAB

⌦

⌅
dr iWA(r)

⇥
�A(r) � �̂A(r)

⇤)
= 1, (A5)

⌅
DWBD�B exp

(
nAB

⌦

⌅
dr iWB(r)

⇥
�B(r) � �̂B(r)

⇤)
= 1. (A6)

Similarly, we utilize
⌅

D�IDWI exp
(
⇢I

⌅
dr iWI(r)[�I(r) � �̂I(r)]

)
= 1. (A7)

With the introduction of these fields, we rewrite the incompressibility constraint in the form

�
⇣
�̂A(r) + �̂B(r) � 1

⌘
=

⌅
D⇠ exp

(
nAB

⌦

⌅
dr i⇠(r) [�A(r) + �B(r) � 1]

)
. (A8)

Utilizing the above identities, we can rewrite the partition function in the form

Z =
⌅

DWAD�ADWBD�BDWID�ID⇠DV exp {��F [WA,�A,WB,�B,WI ,�I , ⇠]} , (A9)

where

�F = �nI ln(QI[iWI]/nI) � nAB ln(QAB[iWA, iWB]/nAB)

� f PA⇢0

⌅
dr iWI(r)�I(r) � �⇢0

⌅
dr

1
2⇢0
✏(r)(rV (r))2 + � f PA⇢0

⌅
dr V (r)e[�I(r) � �A(r)/ f ]

+ ⇢0

⌅
dr[�AB�A(r)�B(r) + �BI�B(r)�I(r)] � ⇢0

⌅
drh(r)[�A(r) � �B(r)]

� nAB

⌦

⌅
dr [iWA(r)�A(r) + iWB(r)�B(r) + i⇠(r)(�A(r) + �B(r) � 1)]. (A10)

In the above equation, QAB[iWA, iWB] is the partition function of a single polymer chain in the fields iWA and iWB, and QI[iWI]
is the partition function of a single ion in the field iWI ,

QI[iWI] ⌘ ⌦
�3
I

⌅
dr

exp{�iWI(r)}
⌦

. (A11)

In addition, the charge neutrality condition, ⇢I = PA f ⇢0, has been used. The electrostatic potential, V (r), is obtained from the
Maxwell equation

r · [✏(r)rV (r)] = �ePA f ⇢0[�I(r) � �A(r)/ f ], (A12)
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which is completely equivalent to Eq. (A4) because of
the identities Eqs. (A5) and (A7). Thus, at this point, the
electrostatic potential varies with the distinct configurations
of charges.

The above transformations are exact, but the integrals
cannot be carried out in general. Self-consistent field theory
results from extremizing the functional �F with respect to the
seven functions on which it depends. Extremizing with respect
to WA and WB, we obtain

�A(r) = h�̂A(r)i, (A13)
�B(r) = h�̂B(r)i, (A14)

where h�̂A(r)i is the average of �̂A(r) in the ensemble of a
single polymer in the fields iWA and iWB, and similarly for
h�̂B(r)i. Variation with respect to WI yields

�I(r) =
exp[�iWI(r)]

(1/⌦)
⇤

exp[�iWI(r)]d r
. (A15)

Extremizing with respect to �A,�B, and �I and utilizing
the fact that F , like the electrostatic energy U, is an extremum
with respect to variations in the potential V ensuring that
{�F /�V [�A,�I]}{�V/��↵} = 0,↵ = A,B, I, we obtain

iWa(r)
NAB

= �AB�B(r) � A
8⇡`⇢0

[r�eV (r)]2

� PA�eV (r) � h(r) � i
⇠(r)
NAB

, (A16)

iWB(r)
NAB

= �AB�A(r) + �BI�I(r)

� B
8⇡`⇢0

[r�eV (r)]2 + h(r) � i
⇠(r)
NAB

, (A17)

iWI(r) = �eV (r). (A18)

Finally, variation with respect to ⇠ produces

�A(r) + �B(r) = 1. (A19)

The value of the electrostatic potential averaged over all
configurations of the charges, hV [�̂A,�̂I]i, is approximated
in self-consistent field theory by the value of the same
functional evaluated at the ensemble average values of the
charge densities V [h�̂Ai,h�̂Ii].

Similarly, the free energy in the self-consistent field
approximation, Fscft, is the value of the functional F above
evaluated with the functions that satisfy the self-consistent
equations

�Fscft

nAB

= �PA f NAB ln(QI/nI) � ln(QAB/nAB) (A20)

� 1
⌦

⌅
dr�ABNAB�A(r)�B(r)

� 1
⌦

⌅
dri⇠(r). (A21)

We can eliminate the explicit appearance of the partition
function QI by the use of Eqs. (A18) and (A15)

�ln QI/nI = �eV (r) + ln *,
�I(r)�3

I

⌦
+
- + ln nI . (A22)

We multiply the above by nI�I(r) and integrate over the
volume to obtain the free energy of the ions, FI ,

FI = �kBTnI ln QI/nI

= ⇢I

⌅
dr�I(r) [eV (r) + kBT ln�I(r)]

+ nIkBT ln *,
nI�

3
I

⌦
+
- . (A23)

We substitute this into Eq. (A20) and again use charge
neutrality to obtain
�Fscft

nAB

= � ln(QAB/nAB)

� 1
⌦

⌅
dr�ABNAB�A(r)�B(r) (A24)

+ PA f NAB

⌅
dr [�eV (r)�I(r) + �I(r) ln�I(r)]

+ nI ln *,
nI�

3
I

⌦
+
- , (A25)

where we have set to zero the integral over the volume of
⇠(r). This is the expression we seek for the free energy of the
system within self-consistent field theory. We shall ignore the
last term as it is a constant in the canonical ensemble.
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In this study, we examine the effects of entropy on the orientation of polymer domains in block copoly-

mer thin films. Similar to our previous study, the challenge with the use of block copolymers as a viable

path for nano-lithography is controlling the orientation of the micro domains (61). The phase behaviour of

polymer melts in a thin film geometry is dictated by the polymer-substrate and/or polymer-air interactions.

The asymmetry in the interactions between polymer species and the surfaces often results in the formation

of micro domains parallel to the air/substrate surfaces. In most applications however, domains ordered per-

pendicular to the thin film surfaces are desired (62). In this work, we show that the entropic effect can be

used as a mechanism to direct the self-assembly of polymer domains in block copolymer thin films.

To investigate the entropic effect, we focus on cylinder and lamellae forming (AB)n star block copoly-

mers. Here, n corresponds to the number of AB polymers joined together to form the n-arm star block

copolymers. As a model system for the experiments, we use Polystyrene-b-Poly(dimethylsiloxane), PS-

PDMS. The (PS-PDMS)n star block copolymers are synthesized by joining n PDMS end-groups together.

The surface tension γ for the PDMS blocks is much lower than that of PS species. Therefore, it is ener-
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getically more favourable for the PDMS species to wet the polymer-air interface. This is confirmed for

both lamellae and cylinder forming linear (PS-PDMS)1 block copolymers using Transmission Electron Mi-

croscopy (TEM) and Small Angle X-ray Scattering (SAXS).

The phase behaviour of the 3-arm (PS-PDMS)3 is investigated using TEM, SAXS and X-ray Photo-

electron Spectroscopy (XPS). At the air-polymer interface, we observe a thin wetting layer of PDMS blocks.

This is expected and is due to the low surface tension of the PDMS species. The difference in the polymer-

substrate interaction between the PDMS and PS species is much smaller, and thus we observe hexagonally

packed cylinders formed perpendicular to the polymer-substrate interface. These perpendicularly oriented

cylinders propagate through the bulk of the thin film up to the polymer-air interface. At the polymer-air

surface however, we observe randomly oriented parallel arrays of cylinders. In contrast to the linear (PS-

PDMS)1 system, which forms parallel arrays of cylinders over the entire range of the thin film, the 3-arm

star block copolymers form perpendicular domains except at the polymer-air surface.

We further explore the effects of entropy on the orientation of micro domains by studying lamellae form-

ing (PS-PDMS)n star block copolymers. Similar to the cylinder forming system, the linear (PS-PDMS)1

melt forms layers of lamellae parallel to the air and substrate surfaces. For the 3-arm system, our TEM

images show a mixture of parallel and perpendicular domains. However, increasing the number of arms to

4, we observe only perpendicular domains. The results for the lamellae and cylinder forming melts support

the hypothesis that entropy can be used as a mechanism to reorient domains in block copolymer thin films.

To support the experiments, we construct a self-consistent field theory model for the (PS-PDMS)n star

block copolymer melts, where the PDMS and PS species are modelled as A and B blocks respectively. The

polymer-air and polymer-substrate interactions are chosen to qualitatively represent the values measured in

the experiments. Similar to the experimental models, we consider cylinder and lamellae forming (AB)n star

block copolymers with n=1, 2, 3 and 4. For each phase, we consider three different morphologies: parallel,

perpendicular and mixed. The mixed morphology is composed of perpendicular domains near the polymer-

substrate interface and bulk region of the thin film, and parallel domains at the polymer-air surface. The star

block copolymers are formed by joining the ends of the A blocks together. The controlling parameter in our

study is the magnitude of the relative interaction between the A/B species and the air interface. We define

this parameter as ∆χ = χBAir− χAAir. To calculate the phase behaviour of the system as a function of ∆χ ,
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we compare the free energies of the perpendicular, parallel and mixed phases.

Our calculations show that at small ∆χ values, the energetically favourable structure for both cylinder

and lamellae forming (AB)n star block copolymers is the perpendicular phase. As ∆χ is increased, we ob-

serve a phase transition from the perpendicular to the parallel phase. We note that the critical ∆χc value

at which the thin film undergoes a phase transition from the perpendicular to the parallel phase depends on

the (AB)n architecture. Star block copolymers with larger value for n will transition from the perpendicular

to the parallel phase at greater ∆χc values. This indicates that the entropic penalty for reorienting micro

domains from the perpendicular to the parallel alignment is greater for star block copolymers with greater

number of arms. Our SCFT results are in qualitative agreement with the experiments and support the hypoth-

esis that the entropy of star block copolymers can be used as a mechanism to orient domains perpendicular

to the thin film surfaces.
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ABSTRACT: Controlling the orientation of nanostructured
thin films of block copolymers (BCPs) is essential for next-
generation lithography using BCPs. According to conventional
wisdom, the orientation of BCP thin films is mainly
determined by molecular interactions (enthalpy-driven
orientation). Here, we show that the entropic effect can be
used to control the orientation of BCP thin films. Specifically,
we used the architecture of star-block copolymers consisting of
polystyrene (PS) and poly(dimethylsiloxane) (PDMS) blocks
to regulate the entropic contribution to the self-assembled
nanostructures. The study unequivocally demonstrate that for
star-block copolymers with the same volume fractions of PS and PDMS, perpendicularly oriented BCP nanostructures could be
induced via an entropic effect regulated by the number of arms. Also, the feasibility of using the star-block copolymer thin films
for practical applications is demonstrated by using the thin film as a mask for nanolithography or as a template for the fabrication
of nanoporous monolith.

■ INTRODUCTION
In recent decades, block copolymers (BCPs) have been
extensively studied due to their ability to self-assemble into
various ordered nanostructures with feature size in the 10−100
nm range.1,2 Well-defined nanostructures can be tailored by
molecular engineering of synthetic BCPs, resulting in promising
potentials for various advanced technological applications, in
particular next-generation lithography.3−6 For many applica-
tions, nanostructured thin films with oriented periodic arrays
over large areas are desirable. Variations in film thickness,7

substrate/polymer interaction,8−11 and substrate topography12

have been exploited to orient and direct the self-assembly of
BCP nanostructures. Most engineering applications demand
thin films in which the orientation of the structures, such as
lamellae or cylinders, is perpendicular to the substrate. Many
attempts have been made to obtain perpendicularly oriented
BCP nanostructures. While most research to date has focused
on controlling the surface by varying chemical properties of the
system,8−11 less attention has been paid to mechanisms
involving intrinsic architectures of BCPs.13 For instance,
experimental14,15 and theoretical16 evidence indicate that linear
ABA triblock copolymers (with relative interfacial energy Δγ =
γA − γB ∼ 2 (mN/m), γB < γA)

14 are easier than AB diblock
copolymers to form nanostructures perpendicular to a
substrate. Recently, Kim and co-workers17 also found that 18-
arm poly(methyl methacrylate)-b-polystyrene star-block co-
polymer (with Δγ = γPS − γPMMA ∼ 3.2 (mN/m) at 20 °C)18

will also give an opportunity to form perpendicularly oriented

nanostructure but with low aspect ratio. However, the details of
utilizing (AB)n star-block copolymer to circumvent enthalpic
effects for perpendicular nanostructures still remain largely
unexplored, and how to achieve the perpendicular orientation
with large aspect ratio remains a challenge. Note that the effects
of arm numbers and surface energy difference between the
constituted block are critical to affect the entropic effect on the
orientation of the self-assembled BCP thin film. Furthermore,
in order to self-assemble into features smaller than 10 nm,
different blocks of the BCP must be highly incompatible or
with a very high interaction parameter (χ) that is a fundamental
measure of block incompatibility.19,20 Orienting such materials
is challenging because the blocks generally have disparate
polarities. The main barrier for perpendicular orientation is
that, in general, any BCP possesses a low surface energy block,
which prefers to wet the air free surface (air/polymer interface),
and/or a constituted block with preferred interaction to the
substrate (polymer/substrate interface) due to the favorable
enthalpic interactions. One strategy to overcome the large
enthalpic barrier is to use solvent evaporation, which could
induce perpendicular orientation of high-χ BCPs due to the
gradients of solvent concentration in the swollen polymer film
during the drying process.21,22 However, the solvent evapo-
ration method usually leads to nonthermal equilibrium
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morphologies, which are less stable against thermal treatment.
Consequently, inducing perpendicular orientations of high-χ
BCPs by thermal treatment alone would still require control of
both interfaces of the film, which is a challenge.
In this study, we explore an approach utilizing BCPs with

star-like architecture to regulate entropic contributions of the
BCPs at the interfaces. The basic idea is that due to their
unique topology, the star architecture of the BCPs provides an
extra entropic contribution; as illustrated in Figure 1, this
entropic driving force could be strong enough to overcome the
selective substrate/polymer interactions, leading to sponta-
neous formation of perpendicularly oriented BCP nanostruc-
tures. As a model system, a series of polystyrene-b-poly-
(dimethylsiloxane) (PS-b-PDMS) (a BCP system with a very
large χ) and corresponding n-arm star-block copolymers (each
molecule is formed by joining n diblocks together with their
PDMS ends) are used to demonstrate the feasibility of the
entropy-driven method. Our experimental results demonstrate
that the star architecture of the BCPs indeed leads to
perpendicularly oriented nanostructures initiated from the
substrate. The resulting block copolymer thin films are
composed of predominately perpendicularly oriented cylinders
or lamellae with, in some cases, a few layers of parallel
nanostructures at the BCP/air interface due to the extremely
low surface energy of the PDMS, as illustrated in Figure 1. Also,
the SCFT simulation was carried out to further investigate the
3D morphologies of the thin films and corresponding
metastability with respect to the entropy-driven orientation of
the microdomain. The theoretical results indicate that the
entropic penalty for reorienting the n-armed star-block
copolymers to parallel morphologies is larger for BCPs with
larger number of arms.

■ EXPERIMENTAL SECTION
Materials Synthesis. The synthesis of the PS-b-PDMS samples

was accomplished by sequential anionic polymerization of styrene
(Acros Organics, 99%) and hexamethylcyclotrisiloxane (D3, Acros
Organics, 98%), employing high-vacuum techniques as described
elsewhere.29−31 Styrene was purified by distillation from CaH2 to

dibutylmagnesium (Sigma-Aldrich, 1 M solution in heptane) and then
stored into precalibrated ampules. Hexamethylcyclotrisiloxane (D3)
was inserted in a round-bottom flask, diluted by an equal volume of
purified benzene, and stirred over CaH2. The solution (D3 and C6H6)
was transferred into a flask containing polystyryllithium (PS(−)Li(+))
through a short path distillation apparatus, by distillation of the solvent
and sublimation of the D3, where it was stirred in the presence of
PS(−)Li(+) for approximately 2 h at room temperature followed by
sublimation and storage at precalibrated ampules. The solvents used
for the polymerization were benzene (Riedel de Haen, 99.7%) and
tetrahydrofuran (THF, Fisher Scientific, 99.99%). Benzene was
purified via distillation from CaH2 and then stored under vacuum in
the presence of (PS(−)Li(+)). Tetrahydrofuran was refluxed through
metallic sodium and then distilled through CaH2 and Na/K alloy (3:1)
under high-vacuum techniques and was stored under vacuum in
calibrated ampules. The initiator used was sec-butyllithium (sec-BuLi,
Sigma-Aldrich, 1.4 M in cyclohexane) after dilution in purified benzene
until the wanted concentration was achieved. The termination reagent
chosen was trimethylchlorosilane (ClSi(CH3)3, Sigma-Aldrich, 99+%)
which was distilled from CaH2 and then stored in ampules. For the
synthesis of the star-block copolymers purification of the linking
agents trichloromethylsilane (CH3SiCl3) (Aldrich, 99+%) and
tetrachlorosilane (SiCl4) (Aldrich, 99+%) was accomplished through
distillation from CaH2 and stored under high vacuum after several
freeze-drying cycles. Methanol (Fluka, 99%) was used as the
precipitating media of all polymers and also for the termination of
the sample aliquots received from the polymerization solution for
molecular weight control. Methanol was used without any further
purification for the precipitation but with a small quantity of
antioxidant 2,6-di-tert-butyl-p-cresol (Aldrich, 99+%). The sample
nomenclature is Sx-b-Dy, where x and y notations correspond to the
average per number molecular weight M̅n values of each segment (in
kg/mol). In case of the star-block copolymers, the nomenclature is
(Sx-b-Dy)n at which n corresponds to the number of diblock copolymer
chains and is equal to 3 and 4 in the present study.

After the synthesis of the PS-b-PDMS(−)Li(+), to synthesize the
whole series of the star-block copolymers ((Sx-b-Dy)3 and (Sx-b-Dy)4),
the mixture was separated into two different glass apparatuses, and
with the use of two different types of chlorosilane coupling agents,
trichloromethylsilane (CH3SiCl3) and tetrachlorosilane (SiCl4), the
desired star block copolymers were synthesized. It is important to
mention that during the synthetic procedure the M̅n value was checked
via small aliquots taken from the reaction solution. It should be

Figure 1. Schematic illustration of entropy-driven orientation of nanostructured thin films using star-block copolymer of the (PS-b-PDMS)3 type and
star-block copolymer with less surface energy difference constituted block in comparison to the enthalpy-driven orientation using a simple diblock
copolymer (PS-b-PDMS).
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mentioned that each star-block copolymer series (PS-b-PDMS)n have
the same block copolymer precursor (PS-b-PDMS), and also scientific
glass blowing was performed in order to create a specific glass reactor.
The molecular characterization was carried out by using gel
permeation chromatography (GPC) and proton nuclear magnetic
resonance (1H NMR) spectroscopy. The data are given in Table 1.
Sample Preparation. Bulk samples of the PS-b-PDMS and star-

block copolymers were prepared by the solution-casting method using
cyclohexane as solvent at room temperature. After 1 week for sample
drying, bulk samples can be obtained. The bulk samples were further
dried in vacuum oven for 3 days at 120 °C to remove residual solvent.
Subsequently, the bulk samples were thermally treated at 180 °C for
12 h and then rapidly cooled to ambient condition for TEM and SAXS
experiments. To examine the architecture effect on the thin-film phase
behaviors, a series of BCP thin films with different thickness were
prepared from spin coating, followed by thermal annealing. Thin films
with thickness of 60, 120, 200, and 350 nm were thermally annealed at
280 °C for 30 min followed by quenching using liquid nitrogen. For
morphological identification, the thermally annealed thin-film samples
were directly examined by SPM (SPA-400) and GISAXS (beamline
BL23A in the National Synchrotron Radiation Research Center
(NSRRC), Taiwan) experiments. For TEM observation, thin-film
samples were stripped from the functionalized SiO2 substrate using 1%
HF solution for 30 s, then floated onto the surface of water, and finally
collected with copper grids. To further examine the surface
morphology under the PDMS thin layer, the air surfaces of the
samples were treated with CF4 reactive ion etching (RIE) to remove
this thin layer. After CF4 RIE, the thin-film samples were then further
treated with O2 RIE, giving the required height contrast for FE-SEM
(JSM-7401F) observation. Cross-sectional TEM images were also
obtained from samples with cutting plane normal to the film by FEI
Helios Nanolab 400 dual beam focused ion beam (FIB). The effects of
block copolymer architecture on the orientation of lamellae- and
cylinder-forming BCPs were investigated using self-consistent field
theory (SCFT) calculations.32−34

Instrumentation Details. Ultrathin microsections (50−60 nm) of
solution-cast PS-b-PDMS and star-block copolymer bulk samples were
obtained by ultracryomicrotomy at −160 °C using a Reichert Ultracut
microtome. Bright field TEM images were obtained from the
microtoming and thin-film samples without staining due to the
significant mass−thickness contrast from the strong scattering of the
silicon-containing microdomains. Transmission electron microscopy
(TEM) experiments were performed on a (JEOL-2100) TEM
instrument operating at an accelerating voltage of 200 kV. Field
emission scanning electron microscopy (FE-SEM) observations were
performed on a JEOL JSM-7401F using accelerating voltages of 5 keV.
The samples were mounted to brass shims using carbon adhesive and
then sputter-coated with 2−3 nm of platinum. Tapping-mode SPM
images of thin-film samples were also obtained. A Seiko SPA-400 AFM
with a Seiko SPI-3800N probe station was utilized at room
temperature. A silicon tip was used in dynamic force mode
experiments with a spring force of 5 N/m and a scan rate of 1 Hz.
The GISAXS experiments were conducted at beamline BL23A in the
National Synchrotron Radiation Research Center (NSRRC), Taiwan.
A monochromatic beam with λ = 1.033 Å was used, and the incident
angle was 0.12. Scattering intensity profiles were determined for the
scattering intensity (I) versus the scattering vector (q), where q = (4π/
λ) sin(θ/2) and θ is the scattering angle. The oxygen reactive ion
etching (RIE) treatment for oxidation was carried out by a RF-power

of 100 W at the pressure of 75 mTorr for 20 s. The CF4 RIE for
etching PDMS was generated by RF power of 50 W for 40 s at which
the involving gas of CF4 and O2 was in a ratio of 2:1 and the pressure
was 150 mTorr. The cross-section thin-film sample was sliced by a FEI
Helios Nanolab 400 dual beam focused ion beam (FIB). Before FIB
cutting, a protection layer (∼200 nm) was deposited, and low
accelerating voltage (5 keV) was used to reduce milling damage. With
appropriate sectioning conditions, the problems of the deformation
and damage to soft material can be significantly alleviated. A cross-
section (20 μm wide by 5 μm tall by ∼60 nm thick) sample was cut
and attached to an Omniprobe copper liftout grid for TEM imaging.
XPS measurements were made using a Thermo VG-Scientific Sigma
Probe spectrometer that was equipped with a hemispherical electron
analyzer. The operating conditions for XPS were as follows: Mg Kα
anode, 15 kV, 7.2 mA; incident angle, 45°; angle of collection, 45°;
analysis diameter, 400 μm.

■ RESULTS AND DISCUSSION
Silicon-containing BCPs are most attractive for soft lithography
due to their small feature dimension and high etching contrast.
However, the silicon-containing BCPs are also notoriously
known to be difficult to orient their nanostructures normal to
the thin film substrate. The surface tension of PDMS (γPDMS =
19.9 mN/m at room temperature) is significantly lower than
that of PS (γPS = 40.7 mN/m at room temperature).23,24 Owing
to this large enthalpic contribution, neither perpendicular
cylinders nor lamellae have ever been reported for thin films of
silicon-containing linear diblock copolymers as thermal
equilibrium states. In this study, a series of PS-b-PDMS diblock
copolymers and their corresponding n-armed counterparts,
star-block copolymers of the (PS-b-PDMS)n type (each
molecule is formed by joining n diblocks together with their
PDMS ends), are used as model systems to examine the
architecture effect on the orientation of the nanostructured thin
films of BCPs. Table 1 details the sample codes and
characteristics of the linear diblock and n-armed star-block
copolymers used in this study. A brief description of the
synthesis is given in the Experimental Section. The
nomenclature used to describe the samples is (Sx-b-Dy)n in
which the subscripts “x” and “y” are the molecular weights of
each block (in units of kg mol−1), and the subscript “n”
represents the number of arms. Each molecule is formed by
joining n diblocks together through their PDMS living ends and
specific chlorosilane reagents (trichloromethylsilane or tetra-
chlorosilane for the samples of the (PS-b-PDMS)3 or (PS-b-
PDMS)4 types, respectively).
Figure 2A,C shows TEM images of the (S13.7-b-D7.1)1 and

(S13.7-b-D7.1)3 bulk samples without staining because the
intrinsic difference in electron density of the PS and PDMS
blocks provides adequate bright field contrast. Both TEM
images can be identified as hexagonally packed cylinders of
PDMS in the PS matrix. The corresponding one-dimensional
(1D) SAXS profiles (Figure 2B,D) further confirm the cylinder
phase. The domain spacing (d) of the periodic structure is

Table 1. Molecular and Structural Characterization of the Linear and Star-Block Copolymers Synthesized

diblock star-block

sample code M̅n
PS (kg/mol) M̅n

PDMS (kg/mol) ĐM f PDMS
v M̅n

PS (kg/mol) M̅n
PDMS (kg/mol) ĐM n bulk state morphology

(S13.7-b-D7.1)1 13.7 7.1 1.03 0.36 1 cylinder
(S13.7-b-D7.1)3 13.7 7.1 1.03 0.36 41.1 21.3 1.07 3 cylinder
(S9.3-b-D10.1)1 9.3 10.1 1.05 0.54 1 lamellae
(S9.3-b-D10.1)3 9.3 10.1 1.05 0.54 27.8 30.3 1.08 3 lamellae
(S9.3-b-D10.1)4 9.3 10.1 1.05 0.54 37.0 40.4 1.09 4 lamellae
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estimated as 21.0 and 20.6 nm from the position of the primary
scattering peak (according to the relationship q = 2π/d) for the
(S13.7-b-D7.1)1 and (S13.7-b-D7.1)3, respectively. In contrast to

diblock copolymers, the star-shape architecture may slightly
change the phase boundaries of the BCP phase diagram.25,26

However, the volume fractions of all the samples used in this
study ( f PDMS

v = 0.36 and 0.54) are located away from the
boundary of two phases in the phase diagram. Accordingly, the
architecture of the copolymers from linear to star will not
significantly alter the phase behavior of the two samples in the
bulk state in this study. To examine the effect of BCP
architecture on thin-film phase behavior, a series of BCP thin
films with different thicknesses were prepared by spin coating,
followed by thermal annealing. Figure 3A−C shows the TEM
images for the (S13.7-b-D7.1)1 thin films with thickness of
approximately 120, 200, and 340 nm, respectively. The samples
were annealed at 280 °C for 30 min, followed by quenching
using liquid nitrogen. After thermal annealing, all of the TEM
images exhibit the characteristic alternating black and white
stripe-like texture, suggesting that a parallel cylinder phase is
formed, as expected due to the strong enthalpic interaction at
the interface. In comparison, thin films of the three-armed star-
block copolymer (S13.7-b-D7.1)3 prepared under the same
conditions (identical thickness and annealing temperature)
exhibit significant changes of thin-film phase behavior due to
the architecture effect. As shown in Figure 3D−F, hexagonally
packed dark-dot pattern is observed, indicating that the cylinder
axis is normal to the thin film. The morphologies near the
interface might be strongly affected by the effect of interfacial
interactions, but their details cannot be resolved by TEM
projections. To examine the detailed morphology at both
interfaces, thermally annealed (S13.7-b-D7.1)3 thin films with a
thickness of 340 nm were used as a representative and
examined by scanning probe microscopy (SPM). No obvious
morphological features could be identified from the top-view
SPM image, whereas the bottom-view SPM image shows
hexagonally packed arrays (Figure 4), suggesting that there is a

Figure 2. Bulk state TEM micrographs and corresponding 1D SAXS
profiles of linear diblock copolymer (S13.7-b-D7.11)1 (A, B) and three-
arm star-block copolymer (S13.7-b-D7.11)3 (C, D).

Figure 3. TEM images for the (S13.7-b-D7.1)1 (A, B, C) and (S13.7-b-D7.1)3 (D, E, F) thin films after thermal annealing at 280 °C for 30 min followed
by quenching using liquid nitrogen with thicknesses of 120 (A, D), 200 (B, E), and 340 nm (C, F), respectively.
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thin-layer of PDMS at the air surface due to its low surface
energy. The presence of a thin layer of PDMS at the air/
polymer interface was further confirmed by X-ray photo-
electron spectroscopy (XPS) experiments. Figure 5 shows a

survey scan spectrum of the top and bottom surfaces of the
thin-film sample. In addition to the carbon (285 eV) signal, the
oxygen (533 eV) and Si 2p (103.4 eV) peaks are attributed to
the PDMS block. To characterize the proportion of PDMS
block for each surface, the atomic composition ratio was
calculated from the XPS results. Based on the XPS results, the
surface composition of the PDMS block at the top surface
before thermal annealing is approximately 47%. However, the
composition of the PDMS block is increasing to 74% after
thermal annealing. The increasing of the PDMS proportion at
the top surface is attributed to a thin-layer of PDMS segregate
at the air surface after thermal annealing due to its low surface
energy. The time-evolution top-view SPM images further
confirms the formation of a thin-layer of PDMS segregate at the
air surface after thermal annealing (Figure S1). By contrast, the
surface composition of the PDMS block at the bottom surface
after thermal annealing is approximately 33%, which is really
closed to the intrinsic composition of the PDMS block for the
(S13.7-b-D7.11)3 sample. This XPS result further confirms the
formation of perpendicular cylinders from the substrate without
any wetting layer. To further examine the surface morphology
underneath the thin PDMS layer, CF4 reactive ion etching
(RIE) was used to remove the PDMS layer. After CF4 RIE, the

samples were further treated with O2 RIE,
27 giving the required

height contrast for FE-SEM observations. As illustrated in
Figure 6A, an interesting result can be found for the case of the
(S13.7-b-D7.1)3 thin film. A randomly oriented stripe morphol-
ogy can be observed from the top view, suggesting the
formation of parallel cylinders. To examine the bottom-view
morphology, the thin-film sample was stripped from the SiO2
substrate using 1% HF solution for 30 s and then floated on the
surface of water. The floated thin-film sample was then
collected on the reverse side using another clean Si wafer for
morphological observations.28 In contrast to the top-view
image, the bottom-view FE-SEM image (Figure 6B) exhibits a
hexagonal packed cylinder morphology with perpendicular
orientation as verified by XPS results (Figure 5). These results
confirm the formation of perpendicular cylinders initiated from
the substrate without substrate modification. Cross-sectional
TEM images (Figure 6C), obtained by cutting in the plane
normal to the film, reveal that perpendicular cylinders indeed
extend from the substrate, with one or two layers of parallel
cylinders at the air/polymer interface. The stability of the
forming mixed morphology was examined by flipping the
annealed film sample over and then thermal annealing again. As
shown in Figure S2, the parallel cylinders will be formed at the
free surface (bottom side for the first round) whereas
perpendicular cylinders can be formed at the wafer substrate
(top side for the first round). These results further confirm that
the polymer chains at the annealing temperature (280 °C) have
sufficient mobility for the rearrangement of the forming
morphologies.
The long-range orientation order of the nanostructured thin

films was investigated using grazing incidence SAXS (GISAXS).
For the 340 nm (S13.7-b-D7.1)1 film without thermal annealing
treatment, a clear diffraction ring can be observed, indicating a
structure with randomly oriented cylinders (Figure S3A). After
thermal annealing at 280 °C for 30 min, the GISAXS pattern of
the (S13.7-b-D7.1)1 thin film contains many diffraction spots
without any semicircular lines. Those diffraction spots indicate
that the cylinders are oriented parallel to the substrate (Figure
6D). Taking into account the diffraction peaks due to the
presence of the two X-ray beams, i.e., the transmitted and
reflected beams, the qy

R1, qy
R2, and qy

R3 spots can be assigned as
the diffraction peaks of the {10}, {11}, and {20} planes,
respectively, attributed to the reflected X-ray beam. In contrast,
the qy

T1, qy
T2, and qy

T3 spots can be assigned as the diffraction
peak of the{10}, {11}, and {20} planes, respectively, resulting
from the transmitted X-ray beam. Similarly, for the 340 nm
(S13.7-b-D7.1)3 film without thermal annealing, a clear diffraction
ring is observed (Figure S4A). Unlike the results from the
(S13.7-b-D7.1)1 thin film, the in-plane diffraction pattern
(constant qz) of the (S13.7-b-D7.1)3 thin film shows the out-of
plane intensity along qz after thermal annealing at 280 °C for 30
min due to the form factor of the perpendicular cylinder
(Figure 6E). The diffraction peaks are calculated at the relative
qy values of 1:√3:√4:√7:√9, at which the qy scans were
extracted for qz = 0.55 nm−1 (Figure S4D). In agreement with
the cross-sectional TEM results, a weak peak can be observed
near qy

par = 0.252 nm−1 as well as a sharp peak at qy
per = 0.303

nm−1, demonstrating eventually the formation of PDMS
parallel cylinders. The cylinders in the parallel and
perpendicular directions show that the relative q value of
qy

par:qy
per = 1:2/√3.14 The first peak for the perpendicular

orientation, i.e., qy
per, occurs at 0.303 nm−1, corresponding to a

(10) plane spacing of 20.7 nm. This value is in good agreement

Figure 4. Tapping mode SPM (A) top-view and (B) bottom-view
phase images of (S13.7-b-D7.11)3 thin film after thermal annealing at 280
°C for 30 min with a thicknesses of 340 nm.

Figure 5. XPS survey spectra of (S13.7-b-D7.11)3 thin film top surface
before (black) and after (red) thermal annealing; bottom surface after
thermal annealing (blue).
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with the SAXS data from the bulk sample (dbulk ∼ 20.6 nm). To
further demonstrate the mechanism of entropy-driven
orientation, another set of PS-b-PDMS samples (diblock
copolymer (S9.3-b-D10.1)1, three-arm star-block copolymer
(S9.3-b-D10.1)3 and four-arm star-block copolymer (S9.3-b-
D10.1)4) were examined using similar experimental approaches.
From the TEM and SAXS results (Figure 7), all three samples
exhibit lamellar morphologies in the bulk state. It should be
noted that the samples were prepared under the same
conditions as the samples of the (S13.7-b-D7.1)n, with n = 1, 3.
After thermal annealing, the linear diblock sample (S9.3-b-
D10.1)1 shows a parallel lamellar structure, as evidenced from
the TEM results (Figure 8A). By increasing the number of arms
for the BCP sample, the TEM image of the three-armed star-
block copolymer (S9.3-b-D10.1)3 exhibits coexistence of parallel
and perpendicular lamellar patterns (Figure 8B). As the number
of arms increases to four, the TEM image of the shows an
alternating black and white stripe-like texture, indicating that
the lamellar sheet is perpendicular to the substrate (Figure 8C).
The corresponding GISAXS pattern (Figure 8D−F) confirms
the long-range orientation of the lamellar structured thin films.
Similar to the results of cylinder structured thin films, cross-
sectional TEM image of the four-armed star-block copolymer
(S9.3-b-D10.1)4 thin film reveals that perpendicular lamellar
structure is initiated from substrate and extended for hundreds
of nanometers, but a few layers of parallel lamellae at the air/

polymer interface are still formed due to the low surface energy
of the PDMS (Figure 9).
The different behavior of the nanostructured thin films

composed of linear diblock copolymer and star-block
copolymer could be understood by comparing the free energy
of the thin films with different orientation of the nanostruc-
tures. In general, thin films of lamellae- or cylinder-forming
BCPs would prefer a parallel orientation in which the
microdomains are parallel to the substrate, thus maximizing
the favorable substrate−polymer interaction. For a linear
diblock copolymer, perpendicular cylinders or lamellae could
be formed only if the substrate−block interactions, or the
interfacial energies of the constituted blocks, are closely
matched. On the other hand, in the case of the star-block
copolymers, a perpendicular orientation of the nanostructured
thin films can be obtained even for BCPs, such as PS-b-PDMS,
having a relative large difference in the interfacial energies. This
unexpected phenomenon can be understood by considering the
topology of the linear block and star-block copolymers. It is
noted that in contrast to the middle block, the end block
possesses high tendency to allocate at the air surface or the
interface due to entropy consideration. For a star-block
copolymer, wetting of the low surface energy middle block to
the air surface or the substrate is thermodynamically favored
due to the enthalpy consideration that will reduce the tendency
of the end block allocation at the air surface, giving the parallel

Figure 6. 340 nm thick (S13.7-b-D7.1)3 films after thermal annealing at 280 °C for 30 min. (A) Top-view and (B) bottom-view FE-SEM image of the
thin film sample after RIE treatment. (C) Cross-sectional TEM image. 2D GISAXS pattern of (D) (S13.7-b-D7.1)1 and (E) (S13.7-b-D7.1)3 thin-film
samples with thickness of 340 nm after thermal annealing at 280 °C for 30 min.
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orientation of the cylinders and lamellae as observed (Figure 1).
In contrast to a linear block copolymer, a star-block copolymer
possesses higher number of chain ends that will cause the
higher entropic penalty in the parallel orientation. As a result,
with the increase in the arm number, it is possible to give the
perpendicular orientation at which the wetting tendency of low
surface middle block can be overcome by the annihilation of
entropy penalty. Our experiments on the PS-b-PDMS system
clearly demonstrate that the entropic effect due to the star

architecture can be strong enough to overcome the enthalpic
interactions at the interface, in particular from the substrate,
resulting in the spontaneous formation of perpendicularly
oriented lamellae or cylinders. It is noticed that the cross-
sectional TEM results show that the air free surface is
composed of one or two layers parallel cylinders. This surface
layer is presumably due to the very low surface energy of the
PDMS block. The interfacial energy of PS or PDMS for the
substrate upon thermal annealing at 280 °C was estimated

Figure 7. Bulk state TEM micrographs and corresponding 1D SAXS profiles of linear diblock copolymer (S9.3-b-D10.1)1 (A, B), three-arm star-block
copolymer (S9.3-b-D10.1)3 (C, D), and four-arm star-block copolymer (S9.3-b-D10.1)4 (E, F).

Figure 8. TEM images and corresponding 2D GISAXS pattern of for the (S9.3-b-D10.1)1 (A, D), (S9.3-b-D10.1)3 (B, E), and (S9.3-b-D10.1)4 (C, F) thin
films after thermal annealing at 280 °C for 3 h with a thicknesses of 340 nm.
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using the equation γ12 = γ1 + γ2 − W12, where γ1 is the surface
tension of PS or PDMS, γ2 is the surface tension of the SiO2
substrate, and W12 is the work of adhesion of PS or PDMS with
the SiO2 substrate. The resulting interfacial energy difference
between PS and PDMS for the SiO2 substrate (γPDMA‑sub

280°C −
γPS‑sub
280°C = 3.6 mN/m) is much smaller than the interfacial energy
difference for the air surface (γPS−air

280°C − γPDMA−air
280°C = 7.7 mN/m),

indicating that the PDMS has a high affinity to the air surface
(see Supporting Information for details). Summarizing our
experiments on the cylinder- and lamellae-forming PS−PDMS
block copolymers, we can conclude that the entropic effect due
to topology of the star copolymers could be strong enough to
suppress the enthalpic interactions, resulting in perpendicularly
oriented nanostructured thin films initiated from the substrate.
Furthermore, self-consistent field theory (SCFT) simulations
were also performed in order to understand the orientation
changes of the microdomains with different arm numbers. On
the basis of the SCFT calculation, the qualitative predictions
indicate that a perpendicular morphology at small ΔχN and a
parallel morphology at large ΔχN while the crossover between
the two occurs at increasing ΔχN with increasing arm number.
Accordingly, the SCFT calculation shows that the transition
from the perpendicular to the parallel phase occurs at larger
interfacial energy differences for copolymers with greater
number of arms. The theoretical studies of the corresponding
block copolymer systems provide further understanding of the
entropy-driven orienting effect via varying the number of arms
of the star (see Supporting Information for details).
For practical applications, especially for the use of BCP thin

film as a mask for nanolithography, it is necessary to acquire
nanostructures with high aspect ratio (specifically, perpendic-
ular cylinders and lamellae) throughout the entire film
thickness with long-range ordering. Note that the formation
of a few layers of parallel microdomins from the self-assembly
of PS−PDMS with thermal equilibrium morphologies is
inevitable due to the extremely low surface energy of the
PDMS. As successfully demonstrated by Ross and co-
workers,21 the high-aspect-ratio nanostructures could be
obtained by removing the parallel microdomins at the air/
polymer interface through a high power CF4/O2 RIE treatment
followed by O2 RIE treatment at which both PS and PDMS
could be simultaneously degraded under appropriate conditions
first, and then the PDMS will be oxidized by the RIE treatment
in a continuous process. To examine the feasibility of using the
star-block copolymer thin films for pattern transfer, the (S13.7-b-

D7.1)3 sample was spin coated on a SiO2 substrate and then
thermally annealed at 280 °C for 30 min, followed by
quenching using liquid nitrogen. The thermal annealed (S13.7-
b-D7.1)3 thin film was stripped from the SiO2 substrate using 1%
HF solution for 30 s and transferred to a PS homopolymer
substrate. To demonstrate the feasibility of pattern transfer, a
thinner sample (approximately 120 nm) of the perpendicular
aligned cylinder structure was prepared. With the high power
CF4/O2 RIE treatment to remove the parallel oriented
nanostructures on the top surface followed by O2 RIE
treatment to remove the PS matrix and simultaneously convert
the PDMS to SiOx for subsequently transferring of nanopattern
to the underlying PS substrate, well-ordered perpendicular PS
cylinders with hexagonal arrays can be successfully obtained as
shown in Figure 10A,B. Furthermore, it is feasible to use the

thermally annealed (S13.7-b-D7.1)3 thin films with thicker
thickness for the fabrication of nanoporous monolith. The
thermally annealed film sample with thickness of 340 nm was
first treated with a high power CF4/O2 RIE to remove the
parallel layers on the top surface, followed by etching away the
PDMS cylinders with the 1% HF aqueous solution for 1 h to
acquire the perpendicular nanochannels. As shown in Figure
10C,D, well-ordered hexagonally packed cylinder nanochannels
(with aspect ratio of approximately 30) can be formed; the
fabricated nanoporous monolith can be used as a membrane for
further applications. The resultant PS cylinders with hexagonal
arrays and the formation of nanoporous PS with well-ordered
hexagonally packed nanochannels demonstrate the feasibility to
exploit the self-assembled star-block copolymers for pattern
transfer and membrane applications.

■ CONCLUSIONS
In summary, a novel entropy-based mechanism to direct the
orientation of cylinder or lamellar morphologies in BCP thin
films was demonstrated. Specifically, it was shown that

Figure 9. Cross-sectional TEM image of 340 nm thick (S9.3-b-D10.1)4
films after thermal annealing at 280 °C for 3 h.

Figure 10. (A) Top-view and (B) cross-sectional SEM images of the
perpendicular PS cylinders with hexagonal arrays fabricated by using
the SiOx as a mask for pattern transfer. (C) Top-view and (D) cross-
sectional SEM images of nanoporous PS monolith fabricated from a
two-step etching process.
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spontaneous perpendicular alignment of cylinder and lamellar
structures can be obtained by simply increasing the number of
arms of the star-block copolymers composed of n diblock
copolymer chains. The entropic effect due to the topology of
the star copolymers can be strong enough to induce
perpendicular morphologies of BCPs, as demonstrated in the
PS-b-PDMS system, in which the PS and PDMS blocks exhibit
a large difference in interfacial energies. The perpendicular
nanostructured thin film with thin thickness can be used as a
mask for nanolithography whereas the one with thick thickness
can be used as a template for the fabrication of nanoporous
monolith. The study offers a new approach using the
architecture of star-block copolymers for controlled orientation
of self-assembled BCP in the thin-film state and demonstrates
the feasibility of using the star-block copolymer thin films for
practical applications.
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Interfacial Energy Difference between PS and PDMS at Elevated Temperature 

To investigate the wettability of the constituted block on different interfaces, the interfacial energy 

differences between PS and PDMS for the substrate (γPDMS-sub
280oC − γPS-sub

280oC) and air surface (γPS-

air
280oC − γPDMS-air

280oC) were estimated. It is well documented that the surface tension of polymers varies 

linearly with temperature with a slope given by dγ/dT. 1,2 Consequently, the surface tensions of the PS 

and PDMS at 280oC were estimated using the dγPS/dT ~ −0.076 (mN/moC) 3 and dγPDMS/dT ~ −0.048 

(mN/moC), 4 respectively. Table S1 summarize the polar and dispersion components of the surface 

energies for the PS and PDMS homopolymers at room temperature and at 280oC 

Table S1. γd andγp values for the PS and PDMS materials at room temperature and 280oC. 

 Room temperature At 280oC 

Materials γd (mN/m) γp (mN/m) γd (mN/m) γp (mN/m) 

SiO2 21.9 50 21.9 50 

PDMS 19 0.8 6.7 0 

PS 33.9 6.8 14.4 0 

Meanwhile, the interfacial energies of PS and PDMS for the substrate upon thermal annealing at 280oC 

were estimated as1,2  

 γ12 = γ1 + γ2 – W12 Eq[1] 

Where γ1 is the surface tension of PS or PDMS, γ2 is the surface tension of the SiO2 substrate, and W12 is 

the work of adhesion of PS or PDMS with the SiO2 substrate. The work of adhesion (W12) of PS or 

PDMS with the SiO2 substrate was obtained using the geometric-mean equation as1,2 

 !"# = 2(	γ")	γ#))
"
# + 2(	γ",	γ#,)

"
# Eq[2] 
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Where the terms with superscript p and d are referred to the polar and dispersion components of surface 

tensions, respectively. Consequently, the interfacial energy of PS or PDMS for the substrate can be 

calculated by 

 γ"#$%&%'())*+,- = γ"#$%)*+,- +	γ%'())*+,- 	− 2"#$%&%'()
)*+,- Eq[3] 

 γ"%&%'())*+,- = γ"%)*+,- +	γ%'())*+,- 	− 2"%&%'()
)*+,- Eq[4] 

Finally the ∆γ value for the substrate and for the air surface were calculated as ∆γ sub =  

γ"#$%&345678,9 − γ"%&345678,9 = 3.6 (mN/m) and ∆γair = γ"%&:';678,9 − γ"#$%&:';678,9 =7.7 (mN/m), 

respectively.  

 

Theoretical Framework 

In this section, we present a brief description of the Self-Consistent Field Theory (SCFT). A 

more comprehensive description of the SCFT formalism can be found in the literature.5,6 In what 

follows, we use linear AB-diblock copolymers as a model system to describe the SCFT. Generalizing 

the theory to (AB)n star-block copolymers is straightforward. We consider a system of n AB-diblock 

copolymers of length N, in a thin film of height h. The monomer-monomer interactions are modeled 

using the Flory-Huggins parameter χ. We will also introduce a parameter hα(r) to control the 

polymer/substrate and polymer/air interactions, where the subscript α={A, B}. The asymmetry in the air 

and substrate interactions is modeled by allowing hα(r) to be different for each polymer species. 

We define the densities of the polymers at position r in the system as 

 
<=(?) =

1
BCD E F? − G'=(H)I

JKL

+

M

'NO
,	 

 

Eq[1] 

 
<Q(?) =

1
BCD E F? − G'Q(H)I

JRL

+

M

'NO
, 

 

Eq[2] 
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where fA and fB are the fractions of the A and B in AB-diblock copolymers. In the above equation, 

!"#(%) and !"'(%) are space curves determining the position of polymer segment % in the system. In our 

model, we assume that all polymer species have the same monomer density (.   

The thermodynamic properties of the system can be most conveniently described using a canonical 

ensemble at fixed temperature, volume and concentration. Using the above definitions, we can write the 

partition function as 

) = 1
,!./01!"#'(%)231!"#'(%)24567182/91:#(;) + :'(;) − 12,

?

@

"AB
 Eq[3] 

where the delta function is introduced to ensure the incompressibility. Here we assume that polymers 

are flexible Gaussian chains, with Weiner measure given by 

 
31!"#'(%)2 ∝ exp G

−3
2JK . L% ML!"

#'(%)
L% N

O

P

K
Q. Eq[4] 

Here, b is the Kuhn length of the polymers, which we assume to be the same for all polymer species. 

The energy of the system is consist of two parts	T1:2 = U1:2 + V1:2, where U1:2  is the energy 

due to the local interactions between the polymers and V1:2 captures the interactions between the 

polymers and the air/substrate surfaces. We can write T1:2 as 

 T1:2 = 	.L;	W#':#:' + X .L;	ℎZ(;):Z(;)
ZA#,'

,  

Eq[5] 

where, h(r) controls the polymer/air and polymer/substrate interactions. We assume that surface 

interactions are short range and write, ℎZ(;) = WZ#"?  at the air surface, ℎZ(;) = WZ[\]  at the substrate 

and ℎZ(;) = 0 otherwise. We apply the SCFT formalism [1-2], and rewrite the partition function as 

 ) = . / 01:Z(;)201_Z(;)2/91:#(;) + :'(;)
?ZA#,'

− 12exp	1−`1:,_2ab 2, 

 

 

Eq[6] 

where, _Z(;) are the auxiliary fields. In the above equation, the free energy functional is defined as 
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 !"#,%&
'() = +,-	/01#0(-)#1(-)

+	 5 "+,-	ℎ7(-)#7(-)
780,1

− +,-	%7(-)#7(-)& − :
1
< ln	(

?01
# ), 

 

 

 

 

Eq[7] 

where ?01 is the single chain partition function of the AB-diblock copolymers. We can write ?01 as 

 ?01 =
1
:+@"AB

01(C)&D"AB01(C)&E"AB0(<0)

− AB1(<1)& exp"− 5 + ,C	%7(AB7(C))
IJ

K780,1
&. 

 

 

Eq[8] 

 

Here, the delta function ensures the connectivity of the A/B blocks. We will also rewrite the 

incompressibility condition given in equation [6] by using the identity 

 ME"#0(-) + #1(-) − 1&
N

= +@"O(-)&exp	"+,-	O(-)(#0(-) + #1(-) − 1)& , 

 

 

Eq[9] 

where O(-) is a Lagrange multiplier.  

We can determine the mean field solutions to the free energy functional by demanding that it is 

stationary with respect to variations in #7(-),%7(-) and O(-) fields. This results in the following set of 

self-consistent field equations 
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!"($) =

1
(")*

+ ,-	/"($, -)/"1($, 2"* − -)
456

7
, 

!)($) =
1

(")*
+ ,-	/)($, -)/)1($, 2)* − -)
486

7
, 

9"($) = :")!)($) + ℎ"($) + =($), 

9)($) = :")!"($) + ℎ)($) + =($), 

!"($) + !)($) = 1. 

 

 

 

 

 

 

Eq[10] 

Here, /?($, -)  and /?1($, -)  are the forward and complementary end-integrated propagators. The 

propagators can be determine by solving the modified diffusion equations 

 

 @/?($, -)
@- = A?B*

6 DB/?($, -) − 9?($), 

@/?1($, -)
@- = A?B*

6 DB/?1($, -) − 9?($). 

 

 

Eq[11] 

We solve the modified diffusion equations using the real-space pseudo-spectral technique with the 

appropriate initial and boundary conditions. 

 

SCFT Calculations 

The effects of block copolymer architecture on the orientation of lamellae- and cylinder-forming 

BCPs were investigated using Self-Consistent Field Theory (SCFT) calculations. Specifically, the phase 

behavior of a series of n-armed AB star-block copolymers with n=1, 2, 3 and 4 (each molecule is formed 

by joining n diblocks together with their A-ends) was studied using SCFT. The case of n=1 corresponds to 

a linear AB-diblock copolymer. In our model, the A-species interact favorably with the air surface and 

tend to wet the polymer-air interface. The volume fraction of the A and B blocks and the A-B interaction 

were chosen such that the n-armed star-block copolymers form lamellar and cylinder phases in bulk. We 

examined the phase behavior of the n-armed AB star-block copolymers confined to thin films of 
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thickness h≈2d0 and 3do , where do is the period of the bulk lamellar and cylinder phases for the n-armed 

star-block copolymers. The thickness of the film was chosen such that there would be no structural 

frustration due to film thickness. 7 It should be pointed out that, due to the limitation of computational 

power, the film thickness used in the SCFT calculations is much smaller than the experimental values. 

Also, it is important to note that the polymer/air and polymer/substrate interaction parameters are chosen 

to approximate the experimentally measured surface interactions. As a result, the comparison of the 

theoretical results to experiments is qualitative. Instead, the theoretical study reveals the origin of the 

entropic effect is the topology of the star-copolymers. The relative polymer-substrate and polymer-air 

surface interactions were selected to resemble those of the experimental system. Specifically, ∆χ = χBAir – 

χAAir was chosen as a controlling parameter to tune the relative interaction between air and the A-B 

species, while the parameters χASub, χBSub, χAB,  fB and the film thickness h were fixed. For both lamellae- 

and cylinder-forming systems, we consider the free energies of the parallel, perpendicular and mixed 

morphologies, where the density profiles for the morphologies studied are shown in Figure S5. In the 

parallel/perpendicular phases, for both lamellae- and cylinder-forming systems, microdomains are 

formed parallel/perpendicular to the air and substrate interfaces, respectively. In the mixed phase 

however, owing to the large polymer-air interaction, microdomains are formed parallel to the air surface 

at the air interface and perpendicular in the bulk region of the film initiated from the substrate.  

Morphological transitions between parallel and perpendicularly oriented nanostructures were 

determined by comparing their free energies calculated from SCFT calculations. In Figure S6 and S7, 

we show the free energy of the parallel, perpendicular and mixed morphologies for the lamellae- and 

cylinder-forming 1-, 2-, 3- and 4-arm star-block copolymers as a function of ∆χ. For both lamellae- and 

cylinder-forming systems, the perpendicular phase has the lowest free energy at low ∆χ values. In this 

region, the difference between the A- and B-air surface interactions is small, and thus we expect the 

perpendicular phase to be the stable structure. As ∆χ is increased, a phase transition from the 

perpendicular to parallel phase in both lamella- and cylinder-forming systems can be observed. Note 

that for both lamella- and cylinder-forming systems, the mixed morphology is a metastable phase with 
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free energy greater than the perpendicular and parallel phases. We will now examine the critical value 

of ∆χ at which this transition occurs. As the difference in polymer-air interaction between the A and B 

species is increased (∆χ is increased), it becomes energetically more favorable to orient the 

microdomains in the parallel configuration. However, there is an entropic penalty for reorienting the 

microdomains parallel to the surfaces. There exists a critical ∆χ beyond which the enthalpic contribution 

to the free energy outweighs the entropic effect and the parallel phase has the lower free energy. Owing 

to the entropic penalty for orienting the microdomains parallel to the surfaces for star-block copolymers, 

the critical ∆χ must occur at larger values for chains with greater number of arms. In Figure S8A and B, 

we present the difference in the free energy between the parallel and perpendicular phases (ΔfE) as a 

function of ∆χ for 1-, 2-, 3- and 4-arm star-block copolymers. In both cases, the transition from the 

perpendicular to the parallel phase occurs at larger ∆χ values for copolymers with greater number of 

arms. These theoretical results clearly indicate that the entropic penalty for reorienting the n-armed star-

block copolymers to parallel morphologies is larger for BCPs with larger number of arms. As a result, 

this theoretical conclusion provides qualitative support to our experimental observations. The effect of 

chain architecture on the phase behavior of n-arm star-block copolymers can be further understood by 

examining the distribution of the blocks in the perpendicular phase, which are revealed by the density 

profiles of the lamellae- and cylinder-forming systems. As shown in Figure S9A and B for the case 

with $%=0, in both lamellae- and cylinder-forming copolymers, the microdomains extend from the 

substrate surface to the air interface. On the other hand, a wetting layer with parallel cylinders/lamellae 

at the air interface is formed at smaller $% for the 1- and 2-arm star-block copolymers, but not the 3- 

and 4-arm copolymers. The theoretical results presented here provide complementary evidence, 

supporting the entropy-driven orienting effect via varying the topology of the star-copolymers. On the 

basis of the theoretical studies above, it is feasible to suppress the enthalpy interaction at the air/polymer 

interface for the formation of throughout perpendicularly oriented lamellae or cylinders in the thin-film 

state from the self-assembly of star-block copolymers with high surface energy core block (as shown in 
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Figure 1) while there are a few layers of parallel lamellae or cylinders at the air/polymer interface due 

to the low surface energy of the PDMS core block. 

 

 

Figure S1. Tapping mode SPM top-view phase images of (S13.7-b-D7.11)3 thin film (A) before thermal 

annealing; and after thermal annealing at 280 °C for (B) 5 min and (C) 10 min with a thicknesses of 

340nm.  

 

 

Figure S2. The 340 nm thick (S13.7-b-D7.1)3 films after second round thermal annealing process by 

flipping the annealed film sample over, and then thermal annealing again at 280 °C for 30 min. (A) top-

view (bottom side for the 1st round) and (B) bottom-view (top side for the 1st round) FESEM images of 

the thin-film sample after RIE treatment. 
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Figure S3. 2D GISAXS pattern of (S13.7-b-D7.11)1 thin film before thermal annealing (A) and after 

thermal annealing at 280 °C for 30 min with thicknesses of (B) 120nm, (C) 200nm, respectively.  

 

Figure S4. 2D GISAXS pattern of (S13.7-b-D7.11)3 thin film before thermal annealing (A) and after 

thermal annealing at 280 °C for 30 min with thicknesses of (B) 120nm, (C) 200nm, respectively. (D) qy 

scans from 2D GISAXS pattern of Fig. 3E (qy scans were extracted at qz = 0.55 nm-1). 
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Figure S5. Density profiles demonstrating the parallel, perpendicular and mixed, lamellae- and 

cylinder-forming morphologies. In the above density profiles, the A- and B-species are represented 

using the red and green colors, respectively. Similarly, the polymer-air and polymer-substrate interfaces 

are shown using blue and yellow colors.  

 

Figure S6. Free energy calculated using SCFT as a function of ∆χ=χBAir-χAAir for the lamellae-forming 

1-, 2-, 3- and 4-arm star-block copolymers. We plot the free energy for the parallel, perpendicular and 

mixed phases for a system with !" = 0.5, (") = 0.14, (",-. = 0.08, (),-. = 0.06 and ℎ = 234. 
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Figure S7. Free energy calculated using SCFT as a function of ∆χ=χBAir-χAAir for the cylinder-forming 1-

, 2-, 3- and 4-arm star-block copolymers. We plot the free energy for the parallel, perpendicular and 

mixed phases for a system with !" = 0.35, 	*"+ = 0.14, 	*"./0 = 0.08, 	*+./0 = 0.06 and ℎ = 256. 

 
 

 
Figure S8. The free energy difference between the parallel and perpendicular phase for (A) the lamellae- 

and (B) cylinder-forming n-arm star-block copolymer thin films with h=2d0. Here, ∆f ≡  fparallel – 

fperpendicular plotted as a function of 8* ≡ *+"9: − *""9:.  
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Figure S9. 3-D density profiles for the (A) lamellae-forming and (B) cylinder-forming 1, 2, 3 and 4 arm 

star-block copolymers as a function of ∆χ. 
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7 | Unbinding Transition in Pentablock Ter-

polymer/Homopolymer Blends

7.1 I N T RO D U C T I O N

Block copolymers can self-assemble into a variety of inhomogeneous phases with periods on the order of

10-100 nm. The highly ordered structures formed from block copolymers have potential applications in

the nanofabrication of photonics crystals, nanowires, nanolithographic templates and quantum dots (2, 3,

63–71). The increasing demand for engineering new polymeric materials with functional features tuned for

a specific applications has been one of the driving forces for the discovery of new polymeric systems with

complex properties. In order to provide a comprehensive understanding of the phase behaviour of a poly-

meric system, one must investigate a complex and multidimensional parameters space. It is often highly time

consuming and expensive to carry out a thorough experimental study of the phase behaviour of multiblock

copolymers. From this perspective, theoretical and computational studies can provide a useful guideline for

the discovery of new polymeric materials with complex morphologies.

multiblock copolymers have been the subject of numerous experimental and theoretical studies with

their phase behaviour examined extensively in bulk and confined geometries (72–80). Although diblock and

triblock copolymers can self-assemble into a variety of ordered structures, the rather small parameter space

for these systems sets a limit on the complexity of these ordered structures. One approach for engineering

materials with intricate morphologies is to synthesize multiblock copolymers with more complex architec-

tures (23, 81–84). In a recent study, Xie et al. carried out a comprehensive study of the phase behaviour of

B1AB2CB3 pentablock terpolymers using the self-consistent field theory (SCFT) (81). The authors showed

that, for the B1AB2CB3 pentablock copolymer in which the A and C polymer species form spherical domains,
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the copolymers could self-assemble into a variety of mesocrystals with space group symmetries similar to

those of binary ionic crystals (81).

Among the many mesocrystals predicted by Xie et al., the α-BN phase is of particular interest for its

structural resemblance to the graphite crystal. Similar to the carbon atoms in the graphite structure, the A

and C polymer spheres form stacked layers of honeycomb lattices. It is interesting to examine whether the

analogy between the α-BN phase and the graphite structure extends beyond the similarities in the symmetry

of the two phases. In particular, it is interesting to investigate whether there exists a single-layer α-BN phase

similar to the single-layer graphene structure.

To explore these questions, we study the unbinding transition of the α-BN phase in the B1AB2CB3

Pentablock Terpolymer/ H Homopolymer blends. The unbinding transition of ordered structures in poly-

meric systems has been studied extensively in ternary blends of AB/A/B diblock copolymers and homopoly-

mers (85–89). In a recent study, using Monte-Carlo simulations, Pike et al. examined the effects of added

homopolymers on the period of lamellar domains in AB/A/B blends (85). The authors showed that increas-

ing the concentration of homopolymers could result in the macrophase separation of the blends into block

copolymer rich, homopolymer rich domains. Similar phase behaviour has also been reported in experimen-

tal and self-consistent filed theory studies of block copolymer/homopolymer blends (87, 90–92).

In the following section, we present a SCFT model for the B1AB2CB3 pentablock terpolymers/ H ho-

mopolymer blends. We investigate the phase behaviour of the pentablock copolymers as a function of added

homopolymers and construct a phase diagram in the φH- fB2 plane. We focus on the unbinding transition in

the α-BN phase as a function of φH and investigate the effects of added homopolymers on the α-BN domain

spacing.

7.2 R E S U LT S A N D D I S C U S S I O N

In this section, we investigate the unbinding transition of the α-BN phase in B1AB2CB3 Pentablock Terpoly-

mer/ H Homopolymer blends. A schematic diagram for the B1AB2CB3/H system is shown in Figure 7. The

thermodynamic properties of the blend are described using the grand canonical ensemble, where the vol-

ume fractions for the pentablock terpolymers φP and homopolymers φH are determined by their respective
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chemical potentials, µP and µH . We calculate the equilibrium phase behaviour of the B1AB2CB3/H for a

set of blend parameters. The B1AB2CB3-H blends have a rather large and complex phase space, with many

degrees of freedom. In our study however, we restrict our calculations to a small subset of these parameters,

while keeping the remaining parameters constant.

Figure 7: A schematic diagram for the B1AB2CB3/H system.

Among those parameters are the lengths of the A and C blocks, which are kept constant at fA= fC=0.1.

The length of the middle block however is used as a controlling parameter such that: fB1= fB3=0.5(0.8− fB2).

We also fix the relative degree of polymerization between the pentablock terpolymers and homopolymer

chains such that NP=NH . The interactions between the polymer species are defined using the Flory-Higgins

parameters χαβ , where α ,β = A,C,B1,B2,B3,H. We fix the interactions between the polymer species such

that, χABα
NP = χCBα

NP = χACNP = χAHNP = χCHNP = 80 and χBα Bβ
NP = χBα HNP = 0, where α ,β =1,2,3.

Using self-consistent field theory, we calculate the phase behaviour of the B1AB2CB3 melt, based on the

set of parameters described above. The ordered phases used in our calculations are presented in Figure 8,

where the binary polymer mesocrystals have group symmetries of the α−BN, NaCl, CA/C and CsCl ionic

crystals. It is important to note that the average domain size in the polymeric system is of the order of ∼
10-100 nm.

Among the B1AB2CB3 mesocrystals, the α-BN structure is of particular interest for its structural re-
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Figure 8: Density profiles for the α-BN, NaCl, CA/C and CsCl morphologies, constructed for the B1AB2CB3

melt with φH=0. Here, only the A (red) and C (blue) species are presented.

semblance to graphite. In Figure 9.a we present a schematic diagram for the graphite structure, which is

composed of layers of carbon atoms packed in a honeycomb lattice (93). Similarly, in Figure 9.b we present

the side and top-down view of the α-BN phase, where the A and C blocks form layers of honeycomb packed

spheres.

Figure 9: Figure (a), shows a schematic model a graphite structure (public domain image). In Figure (b), we

present a side and top-down view of the α-BN morphology.

One of the many unique properties of the graphite phase is the large difference in the interactions be-

tween the carbon atoms within the planes and between the planes (93). The carbon atoms within each layer
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are held together by strong covalent bonds, whereas the interactions between the layers are governed by

much weaker van der Waals forces (93). This unique property of the graphite phase allows for the unbinding

of the graphite layers into single-layer graphene sheets. Similar to the graphite structure, the A and C poly-

mer spheres in the α-BN phase are held together via weak and strong connections. The weak bonds are the

B1 and B3 tail blocks, and the strong bonds between the A/C spheres are the B2 bridge blocks. By investigat-

ing the tail/bridge density distributions within the α-BN structure, we find that, similar to graphite, the B2

bridge connections lie predominately within the planes, whereas the B1 and B3 tail blocks are concentrated

in the region between the planes.

Figure 10: In Figure (a) we present the density distribution for the tail and bridge junctions, shown in grey

and black respectively. In Figure (b), we present a schematic diagram showing that the B2 bridge blocks

concentrated within the α-BN plane, whereas the B1 and B3 tail blocks concentrate in the region between

the planes.

In Figure 10.a, we present the density distributions for the tail and bridge blocks, plotted in black and

grey colours respectively. The results shown here indicate that the B2 blocks form bridges between the A and

C spheres, whereas the B1 and B3 blocks concentrate in the region between the planes. This is shown more

clearly in the schematic diagram presented in Figure 10.b. Similar calculations done for other mesocrystals

are presented in Figure 11.
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Figure 11: In Figures (a) and (b) we present the density profiles for the tail and bridge junctions for the CA/C

and NaCl phases respectively.

We now focus on the unbinding transition of the α-BN phase as a function of added homopolymers.

Based on our analysis of the bridge/tail densities, we expect the added homopolymers to concentrate in the

region between the α-BN layers. Therefore, an increase in φH should result in an increase in the distance

between α-BN layers. To examine this effect, we study the phase behaviour of the B1AB2CB3 as a function

of added homopolymers. In Figure 12, we present the phase diagram for the B1AB2CB3-H blends in the

fB2-φH plane.

As expected, for blends with φH ≤0.1, the B1AB2CB3 block copolymers form mesocrystals with group

symmetries of binary ionic crystals. Furthermore, we observe that increase in the length of the fB2 block

results in order-order phase transitions between the CA/C, α-BN, NaCl and CsCl phases. We also observe an

order-order phase transition as a function of φH , for φH ≤ 0.1. However, further increase in the homopolymer

concentration results in the macrophase separation of the B1AB2CB3-H blends into block copolymer rich,

homopolymer rich domains. By calculating the density profiles for the block copolymer rich and homopoly-

mer rich blends we observe that the homopolymer rich domains, with φH ≥ 0.95 are disordered. Also, the

block copolymer rich domains are composed of swollen mesocrystals.

We further investigate the unbinding transition by calculating and comparing the free energies of the
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Figure 12: Phase diagram for the B1AB2CB3-H blends in the fB2-φH plane.

α-BN, single-layer α-BN and the disordered phases for B1AB2CB3-H blends with fB2=0.11. In Figure 13

we plot the free energy as a function of the homopolymer chemical potential ∆µ . Here, increase in ∆µ cor-

responds to an increase φH . Our results indicate that an increase in the homopolymer concentration results

in a macrophase separation of the B1AB2CB3-H blends into block copolymer rich/ homopolymer rich do-

mains. Furthermore, we find that the single-layer α-BN phase is metastable for the given blend parameters.

This indicates that the unbinding transition in the α-BN phase is preempted by the macrophase separation

of the particular B1AB2CB3-H blend under investigation. The results captured in our study, are consistent

with those reported by Pike et al. for the AB/A/B ternary blends (85). They discovered that the unbinding

transition in the AB/A/B system is preempted by the macrophase separation of the blends into homopolymer

rich, block copolymer rich domains.

We further investigate the effects of added homopolymers on the phase behaviour of the α-BN by study-
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Figure 13: Figure (a), shows the density profiles for the α-BN and single-layer α-BN phases, where ho-

mopolymers are shown in yellow. In Figure (b), we show the free energy for the α-BN phase, single-layer

α-BN morphology and the disordered phase, as a function of chemical potential.

ing the domain spacing in the x, y and z directions as a function of φH . An indicator for the unbinding

transition is a divergence, at a finite φH , in the period of the α-BN phase in the direction perpendicular to the

planes (85, 89). In Figure 14, we plot the x,y and z components of the α-BN domain spacing as a function of

φH . Here, the values for the Lx,Ly and Lz are plotted prior to the macrophase separation of the B1AB2CB3-H

blends. The results presented here indicate that the z-component of the period (Lz) remains finite, indicat-

ing that the unbinding transition is preempted by the macrophase separation. However, it is important to

note that the added homopolymers concentrate in the region between the α-BN planes, resulting in a more

noticeable increase in Lz, as compared with Lx and Ly.
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Figure 14: The normalized period of the α-BN phase in the x, y and z directions plotted as a function of

homopolymer concentration.

7.3 C O N C L U S I O N

In this study, we used self-consistent field theory to investigate the unbinding transition of the α-BN phase

in B1AB2CB3/H pentablock terpolymer homopolymer blends. We focused on the effects of added homopoly-

mers on the binary mesocrystals formed in the B1AB2CB3 melts. In agreement with previous studies, we

showed that the B1AB2CB3 pentablock terpolymers self-assemble into ordered mesocrystals with space

group symmetries of the binary ionic crystals. In our study of the phase behaviour of the B1AB2CB3/H

blends, we focused on the the CA/C, α-BN, NaCl and CsCl morphologies. Among these phases, the α-BN

phase is of particular interest for its structural resemblance to the graphite crystal.

We made comparison between the α-BN phase and the graphite structure and argued that the analogy

between the two structures goes beyond the structural resemblance. By calculating the density distribution

for the B2 bridge and B1 and B3 tail blocks, we showed that the bridge connections between the A and C

spheres form mainly within the α-BN layers, whereas, the B1 and B3 tail blocks concentrate in the regions

between the layers.

101



Ph.D. Thesis - Ashkan Dehghan Kooshkghazi McMaster University - Physics and Astronomy

To investigate the unbinding transition, we studied the phase behaviour of the B1AB2CB3/H blends.

Using the self-consistent field theory, we constructed a phase diagram for the B1AB2CB3/H systems in the

fB2-φH plane. We observed that at a finite homopolymer concentration, the B1AB2CB3/H blends macrophase

separate into homopolymer rich, block copolymer rich domains. Based on our self-consistent field theory

calculations, we concluded that the unbinding transition in the α-BN phase is preempted by the macrophase

separation of the B1AB2CB3/H blends into a homopolymer rich, block copolymer rich domains.
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8 | Conclusion and Final Remarks

In this thesis, we used the self-consistent field theory to study the equilibrium properties of inhomogeneous

polymeric systems. We presented a detailed formalism of the self-consistent field theory for neutral and

charged block copolymers in bulk and confined geometries. We also provided detailed description of numer-

ical techniques, such as Pseudo-Spectral and ADI methods, for solving the SCFT equations. The goal of

this thesis was to make use of the self-consistent field theory as a powerful tool to study model systems of

complex polymers. The results presented in this thesis advance our understanding of various properties of

polymeric systems such as; elastic properties of polymeric membranes, directed self-assembly in polymer

thin films and the phase behaviour of block copolymers in bulk.

In our first study, we explored the elastic properties of multi component bilayer membranes. Lipid

molecules were modelled as amphiphilic diblock copolymers, forming a bilayer membrane in a solvent

modelled as homopolymers. The focus of our study was to understand the relationship between the molec-

ular architecture of the amphiphilic molecules and the line tension or edge energy of the membrane pores.

We discovered that the effects of molecular architecture on the line tension depends on the lipids’ effective

packing structure. Amphiphiles with large head groups and short tails form cone-shaped structures, with

spontaneous curvature similar to the curvature of pore edge. We found that the cone-shaped molecules ag-

gregate at the pore edge to relieve the stress caused by the pore’s large positive curvature. Therefore, in

multi component membranes, increase in the concentration of cone-shaped molecules results in a decrease

in the line tension. We observed an opposite behaviour for amphiphiles with short head groups and large

tails, forming inverse cone-shaped structures. The inverse cone-shaped molecules have an effective packing

structure with negative spontaneous curvature, which is opposite to the curvature of pore edge. We found

that in multi component membranes the inverse cone-shaped molecules aggregate away from the pore edge

and an increase in their concentration results in an increase in line tension. Lastly, we explored the effects of

inter-chain interactions on the line tension. We controlled the repulsive interaction between the amphiphilic
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head groups by tuning the Flory-Huggins parameter χ . We discovered that in multi component membranes

composed of symmetric molecules, an increase in the repulsive interaction between the head groups re-

sults in a decrease in the line tension. We argued that this is due to the formation of effective cone-shaped

molecules, which are known to lower the line tension.

An interesting extension to the study of multi component membranes is to investigate the effects of

charged molecules and ion concentration on the elastic properties of the membrane. Many lipid molecules

are charged, and thus a more realistic model of lipid systems should take into account the charged properties

of the lipids. One could explore the effects of ion solubility on elastic properties such line tension, surface

tension and bending modulus.

In our second and third study, we explored various mechanisms for directing the self-assembly of block

copolymers in thin films. A fundamental challenge with using block copolymers in nano-lithography is the

lack of control on the orientation of the ordered micro-domains formed with respect to the thin film surfaces.

In many systems, the asymmetry in the interactions between polymer species and air/substrate surfaces re-

sults in the formation of micro-domains parallel to the thin film surfaces. In most applications however,

the perpendicular orientation is desired. In this thesis, we explored two novel mechanisms for directing the

self-assembly of micro-domains in polymer thin films.

In the first study, we considered a charged diblock copolymer system and examined the effects of ion

concentration on the critical electric field required to reorient lamellae domains from the parallel to the per-

pendicular orientation. We considered two scenarios, one in which the neutral blocks were attracted to the

top and bottom surfaces, and the other where the charged blocks were. We calculated the free energy of the

perpendicular and parallel lamellae phases as a function of ion concentration. In the case where the neutral

blocks interacted favourably with the surfaces, we observed that an increase in the concentration of ions

lowered the critical electric field. We argued that the decrease in the critical electric field is due to the differ-

ence in the magnitude of charge separation between the parallel and perpendicular orientations. In contrast,

in the case where the charged species were attracted to the surfaces we discovered that an increase in the

ion concentration results in an increase in the critical electric field. In this scenario, we found no difference

in the magnitude of charge separation between the parallel and perpendicular phases. However, we showed

that in the parallel morphology, the negative and positive species were able to fully wet the top and bottom

104



Ph.D. Thesis - Ashkan Dehghan Kooshkghazi McMaster University - Physics and Astronomy

electrodes, however this is only partially possible in the perpendicular phase. Therefore, when the charged

polymer species are attracted to the thin film surfaces, increase in the concentration of ions results in an

increase in the critical electric field.

An interesting extension, inspired by our study of charged polymer thin films, is to explore the effects

of ion solubility on the phase behaviour of blends of charged and neutral homopolymers. Based on our pre-

vious work, we have shown that blends of charged/neutral homopolymers could form microphases similar

to those observed in block copolymer systems. However, this unique property of charged/neutral homopoly-

mer blends is sensitive to the concentration of charged species within the system. In an ongoing project, we

are investigating the phase behaviour of charged/neutral homopolymer blends, focusing on the effects of ion

solubility on the formation of microphases and their sensitivity to the concentration of charged species.

Continuing with the theme of directed self-assembly, we studied the effects of entropy on the phase

behaviour of (PS-PDMS)n star block copolymers thin films. Using a combination of experiments and self-

consistent field theory, we studied the phase behaviour of lamellae and cylinder forming n-arm star block

copolymers as a function of the number of arms (n). We modelled the n-arm (AB)n star block copolymers

by joining together the ends of n AB linear diblock copolymers. We observed that for linear (AB)1 block

copolymers, the lamellae and cylindrical domains are formed parallel to the thin film surfaces. However,

for (AB)n star block copolymers with n>3, the micro-domains are formed perpendicular at the polymer-

substrate and bulk region of the thin film, with thin wetting layer of PDMS (A) species at the air interface.

Our experimental and theoretical results indicate that the entropic penalty for aligning domains parallel to

the surfaces is greater for star block copolymers with large n value. Therefore we concluded that the entropy

of star block copolymers could be used as a mechanism for directing the self-assembly of micro-domains in

polymer thin films.

In our last study, we examined the unbinding transition of the α-BN phase in B1AB2CB3 pentablock ter-

polymer/H homopolymer blends. We explored the effects of added homopolymers on the phase behaviour of

the CA/C, α-BN, NaCl and CsCl morphologies. Using self-consistent field theory, we constructed a phase

diagram for the B1AB2CB3-H blends in the φH- fB2 plane. By comparing the free energies of the α-BN,

single-domain α-BN and the disordered phase, we showed that the unbinding transition is preempted by the

macrophase separation of the blends into homopolymer rich/ block copolymer rich domains.
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A natural extension to this work is to explore the parameter space in search for blend parameters for

which the unbinding transition in the α-BN is possible. In an ongoing project, we are exploring the parame-

ter space by investigating blends in which the B1 and B2 tail blocks interact favourably with the homopoly-

mers. By tuning the relative interactions between the homopolymer species and the tail/bridge blocks, we

hope to direct the aggregation of the added homopolymers to domains between the α-BN planes, while

preventing the macrophase separation of the B1AB2CB3-H blends.
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