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This thesis proposes to demonstrate, by means of
numerical examples, the applicability of the approximate
solution for shallow, spherical, calotte shells enclosing
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The theoretical solution is based on a collocation
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are satisfied at discrete boundary points and is derived from
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parison with its transverse bending and extensional surface
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CHAPTER I

INTRODUCT ION

The purpose of this investigation was to show that the
approximate theéretical solution for shallow, thin, calotte shells
‘of spherical middle surface, subjected to isothermal deformation
by uniform normal pressure, given initially by ORAVAS in 1957 (1) *
and further studied byvhim in 1958 and later by RILEY in 1964,
will givé reliable results for practical design.

TOLKE 'S Boundary Collocation Methodlforms the basis of
this solution whereby a rigorous satisfaction of thé‘prescribed
boundary conditions is collocated for‘a number of discrete points
located on the boundary of one of the shell's rqtationally per-
iodic segments. The solution obtained for the characteristic
segment of‘the shell is applicable to the entire shell since in
the Semi-Direct BERNOULLI's Method of solution of the partial
differential equations, the rotationélly périodic symmetry of the
shell's comportment was anticipated in the choice of the.direct
part of the functional form of the solution series.

RILEY's investigation raised certain fundamental

*References are given chronologically in the BIBLIOGRAPHY.
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guestions pertaining to the extent of the applicability of
the collocative boundary value problem to thin shells and

the general nature of its numerical accuracy.

It was subsequently established that the number and location
of the collocation points are not of such paramount signifi-
cance to the practical reliability of the results as was
initially believed to be the case. Instead, thépreliability
of the results is largely dependent upon the degree of
accuracy employed in the numerical calculations. Therefore
McMaster University's I.B.M. 7040 computer was used tb per-
form the extensive numerical computations required for the
requisite high degree of accuracy in the solution of the
polygonal spherical shell problem.

KELVIN functions, bern(x) and bein(x), constitute an
important part of the truncated series in the collocative
solution of the spherical calotte shell problem. The wide
range of the orders of magnitude of bern(x) and bein(x) over
their functional order n, produces widely ranging orders of
magnitude for the coefficients of the linear collocation
egquations. A satisfactory solution of these equations as
well as subsequent computations required machine computation
by double precision technigques which employed 17 figure

accuracy.



Theoretical solutions by the collocation method were
obtained for spﬁerical shells enclosing hexagonal, rectangular
and triangular bases. The distribution of nbrmal displaée;
ments, stress resultants and stress.couples;along radial
lines are graphically depicted for the éharacteristié segme&ts
of the three calotte shells.

Comparison of‘the theoretical and éxpe;imental results
for the spherical shell enclésing an hexagonal base revealed.
that the theoretical solution by the collocation method is of
acceptable accuracy in view of the upavoidable geometric iﬁ-
perfections in thé structure of the experimental shell and of
the differences between the actual and theoretically conven=
ient boundary conditioﬁs.

The results obtained for the spherical shell over a
rectangular base were compared with a solution by another
method first given by DIKOVICH in 1960. There are certain
differences in the results of the two solutions, some of
which, no doubt, were caused by the fact that the boundary
conditions of the two shells were not entirely identical;

It was observed that while the‘stress.resultants of both
solutiohs were of comparable magnitudes, the ﬁormal dis~—
placement and the stress couples were of considerably

larger magnitudes for the solution by the collocation method.



The solution for the shell over a triangular base
has been given without comparison, as no other theoretical

solutions are known to exist for such shells.



CHAPTER II

SHELIL, ENCLOSING HEXAGONAL BASE

The experimental results given by RILEY in 1964 for
the shallow spherical shell enclosing an hexagonal base were
used for the purpése of verifying the reliability of the
theoretical solution by the collocation method. Since this
method satisfies prescribed edge conditions only at.a set of
discrete points on the shell's boundary known as collocation
points, there should be some minimum number of points for which
the solution wil; become sufficiently accurate fo:”practidal
design. Logically? an increase in the number of éollocation'
points above this minimum number should only cause an insigni-
fican£ increase in the accuracy of the practical solution.

This section gives a thorough comparison of the sec-
tional resultants obtained experimentally and’theoretically for
various number and distribution of colloéation points (see FIG-
URE 7). Thé distributioh of sectional resultants Flg), Fégﬂ,
M§gﬁ and Mégﬂ and n?rmal displacement u are depicted graph-
ically aiong radial® lines emanating from the shell's apex (see

1

FIGURE 6).



. A vectorial representation of the sectional result-

ants is given in FIGURE l. For a spherical shell, coordin-

ates 1 and 2 become the cylindrical coordinates r and e.
For this shallow polygonal sphericél‘shell of 6-ply

- periodicity, the boundary conditions

F(o) =0 (I1-1)
nn‘ .
'6(%'{1‘) =0 (I1-2)
up =0 (II-3)
€ss =0 | (11-4)

were used for all the collocation points.except at the shell's
corners since the strain was certainly ndt zero at the corner
points of the shell structure. Thgrefore the boundary condi-
tion €ss = 0 has been omitted at that point. The boundary
conditions (II-1) to (II-4) appear as linear boundary equations
of the coefficients of the truncated series solution and are
given in APPENDIX A.

It was found that there were some incongruities be-
tween £he9retical and experimental results especially near the
shell's boundary. The theoretical boundary conditions were
‘not rigorousiy satisfied since the shell structure exhibited
some constraint against normal displacement and some rotation of

the boundary. Better over-all consistency between the experi-

mental and theoretical results was obtained by introducing the



observed experimental average normal boundary stress resultant
and aVerage boundary rotation

-240 1b./in.

{9

§(3%)

in the boundary equations (II-1) and (II-2) respectively.

0.00055 rad.

These modified boundary equations are denoted by (II-1*) and
(IT-2*) respectively. Part of the deviation between the
theoretical and experimental results, near the re-entrant
corners of the shell, was due to the stresé concehtration
brought about by the discontihuity of the boundary members
at~the shell's corners.

A typical I.B.M. 7040 computer programme by which

the theoretical solution may be obtained is now given.



Computer Programme
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1. LEGEND AND OUTLINE

(a)

(b)

(c)

COLLOCATION POINTS
L =7
SHELL PARAMETERS
T - API
shell periodicity - k = 6
shell base circle - 25 in. radius
central angle of characteristic segment - zg = API/%
shell radius - RAD = 64 in.
coefficient of elasticity, E - EF = lO7 lb./'in.2
7 (aluminium)
POISSON's ratio, ¥ - Vv = 0.33
normal pressure, P, - PRESS = -20 p.s.i.
KELVIN FUNCTIONS

constant a - AA(I)

function F_, 9fl:F;..v(mr')] - FR(I,J)
n .
d[F.(ar) - FI(I,3)

constant &, oy, - H(I)

a4 - @(1)
KELVIN functions of the first kind

zero order ber (ar) BERZ(I)
bei  (ar) - BEIﬁ(I)

BER(I,J)

order n bern (ar)
BEI(I,J)

bein (Ar)

first derivative berﬁ (ar) - BERI(I,J)

beiﬁ (ar) - BEII(I,J)
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second derivative ber; (Ar) - BERII(I,J)

beilj; (Ar) - BEIII(I,J)

where

I represents the argument Ar
and ~ J represents the order n .
SIMULTANEOUS EQUATIONS SATISFYING BOUNDARY EQUATIONS

These equations are set up in the form

A(I,J) x RR(J) = D(I) (1I-5)
where
I represents row subscripts ,
J represents column subscripts ,
A(I,J) represents the coefficients ¢,
' R
RR(J) represents the constants Ag, Aj,
', a',a>,c',ch? |
o' “en' “en' “en’ “en
and D(I) represents the non-homogeneous constants

in the simultaneous boundary equations.

- EBach row of the array given by (II-5) represents a

boundary equation. Since each boundary equation must

be satisfied at each collocation point except at the
o
corner (i.e. e = 30 ), there will be
4L, - 1 = N

equations containing N unknown coefficients RR(J).
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For L=7 these coefficients are

3

RR(1) = A,
. RR(2) = A?
RR(3) = E!
RR(4) = A,
RR(5) = A;,
RR(9) = Aje

RR(10) = AL
RR(11l) = A},

RR(15) = AL,
RR(16) = Cg
RR(17) = C,
RR(21) = Ci
‘RR(22) =cC?
RR(23) = C}

RR(27) = C3

The first.three constants Ai, Ai,'Ei, are the

same for any number of collocation points, while the
remainder are divided into four consecutive sets of
order L-1 (in this case-sets.of six constants).

The coefficients ¢, are given by A(I,J) and form
an N x N matrix. This portion of the Programme commencés
after‘ISN (statement) 15 and ends at ISN 40.

The matrix A(I,J) is then inverted (ISN 41l) and

once the constants D(I) have been given (ISN-45, 46, 47,

48), the unknown constants RR(I) may be calculated from
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RR(I) =A (I,J) x D(J)

(e) NORMAL DISPLACEMENT AND SECTIONAL RESULTANTS

u - UN(I,J)

Fl(g) - PFRR(I,J)
rr ,
©6

M(o) - BMR@(I,J)
re

M(oc) - BM@R(I,J)
or .

where I represents radial lines defined by e = constant,

J represents arguments Ar

and~the constants

D - DD )
w - W
A - BB

REFINEMENTS FOR RETENTION OF ACCURACY AND OVERMASTERY OF
COMPUTER LIMITATIONS

Double precision techniques were used throughout
the numerical calculations. Limitations oh the amount of
machine memory storage available were overcome by comput-
ing and storing KELVIN functions of order kn only, where
n=o0, l..., (L-1) and k represents the rotational period-
icity of the shell.

N.A.S.A., tables by LOWELL in 1959 gave zero order
KELVIN functions to 12-l4>figure accuracy for argumeﬁts
containing only two decimal places.‘ In order to insure

the accuracy of the zero order KELVIN functions employed
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in the programme, it was essential to use only those
arguments which were tabulated by LOWELL. Consequently
once A was computed, radii r weré calculated from the
arguments Ar - ARG (I).

The radii r - R(I), which described the collo-
cation points,_were then used to determine correspond-
ing angles & - 2Z(I) such that in this case

rcos® = 25.0 cos1r/6

Unique constants a-AA(I) were used for each KELVIN
function calculated by the "Backward Recurrence Technique"
in order to prevent both computer underflow (numbers
smaller than l0_38) and overflow (numbers greater than
10738),

A constant CT = 1. x 10-20 was introduced in the
calculation of the coefficients ¥, to prevent computer.
overflow., It was not removed until the calculation of
the sectional resultants was completed.

The rows and columns of the matrix A(I,J) were
multiplied by constants‘CI(I)’and CPH(J) respectively,
in order to reduce the elements‘to comparable orders of
magnitude with a maximum range of approximately lO+ 4.

This step was essential to produce accuracy in the

inversion calculation which employs the "GAUSS Pivotal
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Technique". These constants were removed after the
inversion was completed.

The accuracy of the matrix inversion was checked
by multiplying the matrix by its inverse

i.e. A x A = I
where I is the unit diagonal matrix having off-diagonal
elements of zero magnitude. A "perfect" inversion using
double precision techniques proddces off-diagonal
elements whose magnitudes are of thé order 10716,

CHANGES IN PROGRAMME FOR DIFFERENT SPHERICAL SHELLS OVER
POLYGONAL BASE.

The shell parameters given in section (l-a) must
be changed for each particular shallow shell.

In-addition, the following changes may be nec-

‘essary with respect to:

(a) PERIODICITY
(i) New KELVIN functions must be calcuiated.
(ii) The constant CK must be changed.
(iii) The constant FK must be changed. -~
(b) BOUNDARY CONDITIONS

(i) The coefficients A(I,J) must be changed and
rearranged.

(ii) - The constants D«(J) must be changed and re-
arranged.
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Discussion of Results

CONSISTENCY

The theoretical results given for the spherical
shell enclosing an hexagonal base were obtained by em-—
plqying boundary conditions (II-1) to (II-4). Often the
boundary conditions (II-1l) and (II-2) were replacéd by
the special boundary conditions (II-1*) and (II-2*) res-
pectively as noted on the graphs.

Tt can be seen from FIGURES 8 to 41 that the
number and location of the boundary)collocation points
had a relatively minor effect on the theoretical results
with the exception of some irregularities close to the
shell's boundary especially along the radial line, e=3d:
to the corner point of the shell. Reasonaﬁle agreement
between the experimental and theoretical results was
obtained when boundary conditions (II-1*, II-2*%, II-3,
II-4) were employed. The'greatest nunber of discrepan-
cies occurred near the shell's boundary, particularly
on the radial line €=30, some evidently brought about
by the stréss concentration due to discontinuity in the
boundary members. Bette; agreement could sometimes be
obtained by using slightly different bqundary conditions,

more in concert with the shell's structure. However,
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the ma jority of discrepancies appeared to be the result
of the physical shortcomings of the experimental shell.

Elimination of the horizontal normal>boundary
constraining force by using boundary condition (II-1)
instead of (II-1*) caused increases in the normal dis-
placement and the radial and circumferential stress
couples, decreases in the radial stress resultant,
especially on the radial lines © = Ooand e = 10: and
some changes in the circumferential stress resultant
at the boundary only.

Confining the boundary to be fully constrained
against rotation by imposing the boundary éondition
(II-2) instead of (II-2*) caused some reduction in the
normal displacement as well as some changes in the
radial and circumferehtial stress resultants and stress
couples in the vicinity of the boundary as was to be
expected.

ACCURACY OF THE THEORETICAL SOLUTION

Logically the accuracy of the theoretical solution
by the collocation method should increase with increasing
numbers of boundary collocation points. In order to verify

this reasoning, normal displacements were calculated at
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the shell's boundary for solutions using three'and‘seven.
collocation points both of which satisfied the boundary
equations (II-1*), (II-2*%*), (II-3) and (II-4) (see
.FIGﬁRES 42‘and 43). |

Since all the‘computations were done to 17 figure
accuracy, boundary condition (II-3),(i.e. un==0),would be
"perfectly" satisfied when the magnitude of the normal
displacement was approximately of the order 10_17 inches
for the entire boundary of the shell.

FPIGURES 42 and 43 reveal that an increase in the
number of boundary collocation points produceé a better
average satisféction of the boundary condition (II-3).

The maximum deviation of the normal displacement at the
boundary from the theoretical boundary condition fof

three collocation points was about ;5 X 10'4'inches, while
for seven collocation points it was about 2 x 10-4 inches.
However, the scales of these graphs do not permit to show
that the minimum deviation'of thé normal displacement at
the boundary from the theoretical boundary condition for
three coliocation‘points was of the order of 10_16inches
while for seven collocation points it was of the order 107°

inches. This indicates that an increase in the nunber of
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collocation points gives better satisfaction of the pres-
scribed edge conditions over the complete shell boundary
as long as the resulting increase in numerical computations
does not reduce the number of significant figures in the
computer calculations below a "safe" level. For seven
"collocation points, there appears to be only six figure
accuracy in the calculations, which would certainly con-
stitute a minimum requirement. The accuracy of the
theoretical solution for this shell would probably not

be increased by using more than seven collocation points
when double precision (17 figure) accuracy is used for
all c0mputati§ns. It is possible, however, ﬁhat in this

case the accuracy might even decrease.
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VECTOR DIAGRAM of SHELL ELEMENT SHOWING
SECTIONAL RESULTANTS
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EXPERIMENTAL SHELL ON
EDGE ROLLERS

FIGURE 2
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DETAIL OF SLIT CORNER SHOWING
CIRCUMFERENTIAL STRAIN GAUGES

FIGURE 3
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SHELL ASSEMBLY WITH DIGITAL STRAIN INDICATOR,
PRINT-OUT RECORDER AND SWITCHING UNIT

FIGURE 4
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PLAN VIEW of SHELL on HEXAGONAL BASE

SHOWING LOCATION of RADIAL LINES for
which SECTIONAL RESULTANTS are
CALCULATED
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RADIAL STRESS
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CHAPTER III

SHELL ENCLOSING RECTANGULAR BASE

DIKOVICH in 1960 gave a solution for a rotational
parabolic shell enclosing a rectangular base and subjected
to a uniform nérmal pressure. This solution also employs
the fundamental shallow shell equations which were derived
by MUSHTARI in 1938 and VLASOV in 1949 and are given in
APPENDIX A as (A-1) and (A-2). Howéver, DIKOVICH obtained
one fourth order differential equation in .normal d;spiace—
ment from (A-l1) and (A-2) which are fourth order differential
equations containing both the normal displacemen;‘and the
stress function. This equation was modified for a shell with
rotationally symmetfic parabolic middle surface. BERNOULLI's
Semi-Direct solution was applied and normal displacement was
assumed to be given by a.trigcnométric cosine sefies. The
homogeneous solution fof the normal displacement was coupled
with the particular solﬁtion and the result was simplified for
rectangular symmetry. This solution for the normal displace—
ment was substituted in the MUSHTARI-VLASOV eqguations to give
a solution for the stress function which also.was assﬁmed to

be given by a trigonometric cosine series.
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Consequently DIKOVICH's solution does not neglect the
transverse bending stiffness of the shell as do membrane sol-
‘utions given by a plethora of authors. However, her solution
’does limit the combinations of boundary conditions which can
be applied to lateral sides of the shell, since both the nor-
mal displacement and the stress function are assumed to have
trigonometric cosine series solutions; For example, if tﬁe
normal displacement is assumed to vanish at the shell's bound-
ary, then the radial and circumfefential stress cbuples which
contain only sécond derivatives of normal displacément,vmust
also vanish.

ORAVAS gave a similar solution in 1957 (2) by means of
WEBB complex dependent vafiable.fechnique for rotationally
symmetric, parabolic shells which may be considered to be
shells of translation as a special case.

In this chapter a comparison ofjnormal displacements
and sectional resultants, computed by DIKOVICH's solution and
by the collocation solution for the radial line & = 0°, is
made for a pair of shells of similar middle surfacé.which en-
close identical rectangular bases and are subjected to the

same normal pressure.

The geometry of the shell for which DIKOVICH's solu-
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tion applied is described by the parameters

x=/% =

a =250 cos qu: 17-66 Ln.

where
2f represents the height of the apex above
the shell's base, 5.085 in.,
2a represents the horizontal length of each
of the shell's four boundaries,

and 6 represents the shell's thickness, 0.432 in.

The shell for which the collocation sélution applied
also had boundaries of the same horizontal lengthlza, whose
corners touched a base circle of the same diameter,50 inches;
it had the séme shell thickness and its spherical middle sur-
face had a radius of 64 inches so that the apex was the same’
distance,5.085 inches, above the shell's base.

Geometrically the only difference between the two
shells lay in the curvature of their middle surfaces. The )
curvature of the parabolic shell was slightly flatter near
the apex and steeper near the boundaries than was the curva-
ture of the spherical shell.

The bOpndary conditions which the two solutions

satisfied were, however, not quite identical.
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DIKOVICH'S solution satisfied the boundary conditions :

u = 0

n
M(g) = O (III-1)
g =0

At © = 0° these boundary conditions beéome

u = 0

n : .

Fégﬂ = Fégﬁ = 0 (ITI-1*)
Mg = Mg = 0

The collocation solution satisfied the boundary

conditions
u, = 0
M(o) = 0
ns - (III-2)
Plgg =0
ess =0

at all seven collocation points except at the corner for

0 = 45‘, where the strain was not assumed to vanish. At
© = 0 these boundary conditions become
un =0
F(o) = F(o) = 0
rr ee (III-2%*)
= 0
ug)
€ = 0

Ss
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Comparison of the boundary conditions (ITI-1*) and
(IIT-2*) shows that the collocation solution replaces the
boundary condition Mggﬂ = d'at e = 0°, used in DIKOVICH's
solution, by ess = 0. |

The normal displacements and sectional resultants
calculated by both solutions gre graphically depicted in
FIGURES 46 to 50. It can be seen that while the radial and
circumferential stress resultants concur for both solutions,
the normal displacement and the radia; and dircumferential
stress couples have significantly larger values for the
collocation solution.

The dissimilarities between the normal displacements
and the radial and circumferential stress couples as cal-
culated by the two methods are probably aggrévated by the
incongruity of some of the boundary conditions.

However, the stress resultant boundary conditions
in (III-1*) and (III-2*) were ideﬁtical and consequently
the radial and circumferential stress resultants of both
solutions are quite similar. This indicates that’comparable
results can be obtained by eitﬁer method of solution pro-
vided that their boundary conditions can be made completely

compatible.
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CHAPTER IV

SHELL ENCLOSING TRIANGULAR BASE

A solution by the collocation method is given for a
A‘shallow, thin, calotte shell of spherical middlé surface en-
closing a tfiangular basé. Shells of this type have been
constructed'in practice. ‘The shell which was solved had

the same thickness, 0.375 ipphes, spherical middle surface
radius, 64 inches, and base circle radius} 25 inches, as the
shell énclosing an hexagonai base studiéd‘ih CHAPTER II.

The boundary equations

eés =0
- M(o) =0 ‘ o
ns (Iv~1l)
u, = 0'
Pig) = O

were satisfied ét all the collocation points except at the
shell's‘corner where the normal boundary force;-F&gﬁ, was
not assumed to be zero which is more in concert with the
actual boundary condition of such shells. These boundary
conditions would occur in practice if the shell's boundary
was supported on a very harrow boundary'diaphragm.

)
/
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FIGURES 53 to 57 depict the values of the normal dis-
Pplacements and sectional resultants which were computed theo-
retically along the radial lines shown in FIGURE 51 by employ-
ing the seven collocation points shown in FIGURE 52..

The distributions of the normal'displacements and the
sectional resultants were consistent with the results given
for the spherical shell enclosing én hexagonal base in FIGURES
12, 19, 26, 33 and 40 of CHAPTER II, even though the boundary
conditions satisfied by both shells weré not identical. The
boundary condition M(o) = 0 usedlby the shell enclosing a

ns

triangular base was replaced by the condition

8(%%,*)= 0.00055 radians
for the solution of the shell enclosing an hexagnnal base.
Also the shell enclosing an hexagonal base assumed that it was
the strain rather than the normal force which did not vanish
at the corner collocation pointf Thé magnitudes of the normal
displacements and the sectional resultants became similar for
both shells near their apex.

A solution for the shell enclosing a triangular base
was attempted for ten boundary collocation points; however the
nesults‘were inconsistent. This attémpn supported the con-
clusion drawn in CHAPTER II which maintains that an incr;ase in

the number of boundary collocation points above seven, would

e)
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likely decrease the number of significant figures in the in-
creased number of requisite numerical computations below ' a
"safe" level. An indication of the increase in the number
of compufations involved is given.by the size of the N x N
‘matrix of the boundary eqﬁation coefficients, where N=4L-1
and L represents the number of collocation points employed.
For example, seven collocation points hecessitate the solu-
tion of a 27 x 27 matrix while ten collocation points nec-
essitate the solution of a 39 x 39 matrix.

'In CHAPTER II a comparison of the degree of satis-
faction of the boundary conditioﬁ u, = 0 for solutions,
employing three and seven collocation points respectively,
revealed a decrease in the number of significant figures in
the computations from sixteen to six when/double‘precision
accuracy was used throughout. Logically then, the solution
which satisfied ten boundary collocation points would require
approximately 20 to 25 figure accuracy throughout its compu-
tations in order to yield reliable numerical results, provided
that the same precautions outlined in'CHAPTER IT and APPENﬁIx
B were taken.

Some. dquestions were considered with regard to the re-
liability of the theoretical solution in which four boundary

conditions must be satisfied at all the collocation points
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except one point where only three boundarylconditions ﬁust be
satisfied,

A solution for the shell enclosing a triangular base
was attempted using the same seven boundary collocation
points but assuming.that the strain rather than the normal
force did not vanish at the corner boundary point. The re-
sults, which were obtained by this solution, were almost ,
identical to the results givén in FIGURES 53 to 57, with the
exception of minor variations near the boundary corner. iThis
indicated that the non—homogeneoﬁs boundary collocation point
does not affect the feliability of the solution for seven
boundary ¢ollocation p§ints. Obviously the perturbing effect
of the non-homogeneous collocation point on the accuracy of
the results_would be greater when the solutioﬁ employed fewer

collocation points.



88
PLAN VIEW of SHELL on TRIANGULAR BASE
SHOWING LOCATION of RADIAL LINES for

which SECTIONAL RESULTANTS are
CALCULATED

.? - — Oo
radius = 25"

 FIGURE 5|



89
LOCATION of BOUNDARY COLLOCATION POINTS
for SHELL on TRIANGULAR BASE

7 COLLOCATION POINTS

FIGURE 52



(in.)

DISPLACEMENT

NORMAL

--ol

--02

_.03

for SHELL on TRIANGULAR

PLOT SHOWING THEORETICAL

T
n

BASE

20

NO‘j:: L
norfnal prpssure g:=-20 p.s.i
sevet col. pts. af ©=30i20,27,40.56. 60
Leieeno
radial line - ©40°
320" =
0440 — == —m—
O0460° -fremmeencfuannann
[
7
[/ / ;
1 /
4 &
/ /
/
/‘ / 0/
/ / ".‘
//0/ /‘ »
‘ / A00.ﬂ
" / o'.
// /
. 4/ L R
7 7 o
’/ / .0’.
1/ 7/ L"
L 7 )
i — = R
4 8 12 16 20 24
HORIZONTAL DISTANCE FROM SHELL APEX (in.)

FIGURE &3




(Ib./in.)

RESULTANT

RADIAL STRESS

ol
PLOT SHOWING THEORETICAL "Fr(rc)"

for SHELL on TRIANGULAR BASE

NOTIE :
11600 nordl pressure, p_'7 =-:.(3 p.os. ot .
sevep col. fts. at|®© = 3,ll,20,27,40,54, 60
LEGEND:
. N . o
11200 radial line- 640
(2] =20° - o i A i
e = 40° e —
e =6° -----------------
t800
t400
0 /V K
/ '1‘ ".
" v K :
/ /’/ K
- ] , d E
400 / — 5 :
7 =T ) :
/”l/ .': 3
’ .' L]
-800 = —o L :
~ -~ s
. \-Fs._____—”’ ,"
1200 | | e - et - :
-160
0 4 8 12 16 20 24

HORIZONTAL DISTANCE FROM SHELL APEX (in.)
FIGURE 54



(Ib./in.)

RESULTANT

CIRCUMFERENTIAL STRESS

PLOT SHOWING THEORETICAL "Fe(g)" %2

for SHELL on TRIANGULAR BASE

NOTIE -
11600 normal pressure, p =- D p.s.i. N . 3
seveq col. pfs. at P = 3,I1,20,27,40,5%,60 H
LEGEND:
radial line- ©=0° §
11200 620" === 3
640° F————" ;
o= ee‘——. ................. Ft
J;
1800 £
£
1400 /'
{ ":
YA
¢
0 A
4
o "./ &
S V4 I/
-.-"' //’ /
- Riad y)
40 '.¢"' 4’/ /‘v
-
- P
- -t i/
- /
/

- 800 pd

Ry 2 ,/’7 /

P
-1200
-160!

O 4 8 12 16 20 24

HORIZONTAL DISTANCE FROM SHELL APEX (in.)
FIGURE 55



PLOT SHOWING THEORETICAL "M(g)" 23

for SHELL on TRIANGULAR BASE

NOTE :
norimal pressure,p =-20p.s.j. .
t 80 A~ 1o 5 HEE
sevep col. gts. at|©=3,)1,20,27,40,54,60 I
LEIGEND;.
- ° N
160 radial ling - ©3 Ou ; :
0320 fmrmrfmramra I
e= 4°° e e Sems e e = :: -:
) 60‘ ................ 5 -:
140 L
h :
£ Pl
é t20 L
W :
- . :
a e,
3 ° ‘\\"’“. [ ;
(8] "q. : 1
A \\ > ." H
) AN N !
» NEE !
W _20 A W . % ! } i
- NN | |
o NN ) [
\ AN % '
X \ \ 1
- \‘ \ . ! /
2 -40 NEEANED &, 1
< N W / .
x U~ / :
4 4'\‘ * " : H
\\ .|/ H
-60 o :
-80 e :
o} 4 8 12 16 20 24

HORIZONTAL DISTANCE FROM SHELL APEX (in.)
FIGURE 56



(Ib~in./Zin.)

STRESS COUPLE

CIRCUMFERENTIAL

t80

t60

t40

120

-20

-40

-60

-80

PLOT SHOWING THEORETICAL "Me(lgr)"
for SHELL on TRIANGULAR BASE

94

FIGURE 57

I/" \‘\
f/ N
/ \
/ \_ TN
/ o
N
!/ A)»/\\h ‘\
7 L e .--‘..".
/ l/ / ,¢" : i
/ ,/ d, '¢" ‘s‘
/ / e”' ";
/ o* (Y
t/ 4 "‘ “.
e : %
L 3
~ NOTE: Y
norfal priessure, p=-|20p.g.i. N i
sevencol. pts. af ©=3[1,20/27,40[54,6Q
LEGEND; '._
radial lin¢ - ©=| 0°
9520 p—-—1—— :
24 Q0 b e dew o i
0 =6 0° d-remacrcdiaacann. ',-
4 8 i2 16 20 24
HORIZONTAL DISTANCE FROM SHELL APEX (in.)



CHAPTER V

SUMMARY

The intent of this thesis was realized when it was sub-
stantiated that the approximate solution given by CRAVAS_in 1957
for shallow, sPherical, calotte shells enclosing polygonal base
does indeed yield reliable results for the purposes of practical
design.

The problems encountered inbthis collocative.solution
were largely numerical in nature as the computations tended to
be very extensive and'involved.numbers whicﬁ had widely varying
orders of magnitude. Consequently the use of McMaStef's I.B.M.
7040 computer was essential in the practical execution of the
) solution. Technigques had to bevdevised to overcome computer
iimitations and to maintainvthe greatest possible number of sig-
- "nificant figures in all the computetione.

The most detailed attempt tq verify the reliability of
the theoretical results was made in the comparison of the theor-
etical and experimentallresulte,dbtained for a spherical shell
‘ enclosing an hexegonal base. The fesulte were as compatible as
could be expected since the experimental shell was naturally
subject to physical limitations bOth.in its‘construction as well

95 . o
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gs:its boundary conditions. The experiﬁental sﬁellrstructure
exhibited a considerable degree of unperiodicity in its defor-
mation and, therefore; the e#perimental results can éerve merely
as an indication for the generai nature of the structural be-
haviour of the shell.
~Another attempt to verify the theoretical results was

made for a spherical shell enclosing a rectangular base through

a comparisoﬁ with a solution given by DIKOVICH for a similar
shell. The normal stress resultants were in satisfactory agree-
. ment in the two solutions'even though slightly different boundary
" conditions were employed in the two methods; The nprmal!dispiace-
ment and stress couples in the‘¢§1location solution’were markedly

larger in magnitude.

/

A solution for a spherical shell encloging a triangular
base was included in the investigation since shells of‘this type
have been constructed in practice.

The reéults for the thrée:shells demonstrate that the
periodic polygonal boundary of a spherical sheli int{oduces per-
iodic perturbations emanating from its nonrotationally symmetric
" boundary in the rotationally symmetrical solution.“The extent of
the penetfation of these perturbations towarés the shell's apex;
where the rotationallylsymmetric solution associated with the

zero order terms Of the truncated series solution dominates, de-



97
pends upon the degree by which the polygonal boundary deviates
 from the circular boundary of the rotational sphericalkshell
enclosing the polygonal shell.

The consistency of the results for the three shells,
which enclosed bases of differiﬁg periodic symmetries, indicaﬁes
that the eolution by the collocarion method is consistent for all
thin calotte shells which satisfy the conditions of shallowness.
The discrete satisfaetion of boundary conditions tends to accum-
ulate larger magnitude errors near the corners of the polygonal
calotte shell and, therefore, it is to be expected that'the col-
locative solution deviates more‘from the actual solution‘in the
neighbourhood of the corners of the shell.

Since the numerical solution,is very sensitive to the
degree of accuracy employed in the calculations, it is con-
sidered to be good practice to eolve_any shell using two inde-
pendent sets of boundary collocation points in order to verify
the consistency of the results. fhe accuracy employed in the
theoretical computations of this investigation permitted the >
introductien of a ma#imum of seven\boundary collocation points
for one of the rbtationaily periodic segments of the shell. It
is considered that this represents a sufficient number of bound-
ary collocation points in order to provide reliable prectical

solutions for shells with as little as triple periodicity.

*



APPENDIX A

THEORY OF SHALLOW SHELLS

'A detailed theoretical solution by the collocation‘ 
nethod for a spherical calotte shell over a polygonal base
was first given by ORAVAS in a paper of.1957 (1) thch how-
ever contains a number qf misprints. Consequently, it is
necessary to give only a brief outiine of the method and the
correct.relations used in the solution of the problem.

The stress resultant tensor

Flo) = Fiee + Flo)&e + F(a)éé‘ :
. i [ 12 I 2 IQ [, }
tFEVEE t F(gezez t Flpe e
and the stress couple tensor
M) = MEEE + MQES
MPEY + Mgeg
for shallow shells are related by the force and moment equil-
ibrium equations. The expressions for Fﬁg) and Fég) obtained
from the moment equilibrium equations can be simplified using
the first two kinematic compatibility equations. An auxiliary
stress function F is introduced in order to satisfy the first
two force equilibrium equations identically. Then the third

force equilibrium equation becomes a fourth order differ-

ential equation in u and F. For shaliow shells of spherical
n . ‘

98
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VECTOR DIAGRAM SHOWING RELATION OF
BOUNDARY COORDINATES n,s TO SHELL
INTERIOR COORDINATES r,e

FIGURE 58
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middle surface, this equationvbecomes ,
C _ 4 i ﬁ __2 ’ i :

- DV *+gV'F=p, | (a-1)
where e |

D

En3/12(1- 29

by

POISSON's ratio,

yAREER S S LT LI

and R = radiusﬂof curvature of ﬁhe middle surface.

The third kinematic compatibility equation becomes
the second fourth order differential equation in u, and F
and can be written as : ,

VF- %‘- Viw=o0 | (a-2)

for shallow spherical shells. |

These two fundamental fourth order differential
equations (A-l)'and (A-2) were givén by MUSHTARI and VLASOV.
MARGUERRE also gave similar shallow shéll equations in 1939.°

The solution of (A-1) and (A-2) under certain re-
strictions can be reduced to the solution of a set of three

differential equations.
VI V-alV=% | (8-3)
[V-is]v'v=vvzo e
VV-ia V=0 : “(a-s)
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where

VTR PIAVAVAVEN
Vi2(1-9%)

w ——————

ER. ,
7\2= vaia(i-»?)
‘ Rh

and Vo, Vi and V; represent thrée linearly indeéendent
particular solutions.
Solution of (A-3), (A-4) and (A-5) yields the approx-

| imate normgl displacement un and stress function F for a
spherical shell of k-tuple symmetry. Since the shells which
were investigated possessed no inner boundaries, terms con-
taining kern(x), kein(x) agd r-n were omitted from the solu-
tioh because of their singular nature at the origin. ‘Finally

the solution becomes:

U = = a+ A:’ber; Gr) +A_:bei°(1l') +E:+Z[A;Be;n (ar)

+,é\:‘ bei (ar) + C‘:," r"jcos (kne) ' (A-6)

F = .E:»Br.' + -d—,- {A. bei (Ar) - Ai Ee:; (ar) + E: + Z,:[A:mbeimér)

| -A;nbecn(zr)+c:"r‘kjcos (kné)} (a-7).
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"Boundary Conditions

At the outer boundary TOLKE's Boundary Collogation

-Procedure, introduced by_TaLKE in 1934 and employed -in‘:this

work, restricts idealized boundary conditions to be satisfied

" only at discrete boundary points instead of along the entire

length of the boundary. Five different boundary conditions

were utilized in this investigation in which three distinct

shallow calotte shells were stﬁdied.'

These boundary conditions were given by ORAVAS in

1957 and are listed below:

l.

Stress resultants normal to the boundary vanish:
F(o) =0
nn
The boundary undergoes no rotation:
'}
6 (30 - o
The boundary undergoes no normal displacement:

u =.0
n

A

The boundary of the shell is fullyvrestrained and con-

sequently undergoes no linear strain:

€ =o0

88

‘The tangehtial stress couple vector vanishes along the

boundary edge:
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The boundary conditions 1 to 5 can be expressed in

terms of the normal displacement u, and stress resultant

function F as ®

AC+AS+ TRORY  GCyl-3R

kkns-'z '(A‘B).

ARAY TKIALC, Teo

kn 10

Al BOESINEAR946Y Tz o

° nsi Wi

o &

A RS+ LBRAY  C9lsmsk ey

AU AL CRPALCO  Jeo e

The coefficients in the equations (A-8) to (A-12) are:
— o. - 2 e 2 | .ll .
LPJ = bﬂo (aF)cos & + 2- bei (aF) sin” 3
[}

- ] - 2 . 2 O
g =- BF bero (aF)cos & 4 2 |oer'° (2P sin &
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Lg = A2 be]‘:n(aF)cosz & — an_j. be;lm(aF)cosz 2)
+ 2 bgl'::(aF)sinz é} cos(kné)
+{'¢%‘;Bea (»7) sin z & - kn<7 ;e‘i‘;(ﬂF> sin 2 é} sir;ckné) |
g = {l‘= ber (’N')cos o+ Q‘-g l:er' (m') cos &
- ge,i;(ﬁ)sin‘é} cos (Knd)

+3- Maber 69 + 2 ber, (1) fin28  sinGnd)

¢,

kn_ (kn-i) ?un-z[(s.ma &—cos &) COS(kné)- sin2d s'm(m%

LP,; = —2 béi(ﬁl:) cos &

P =-a bei;(ﬂf)cos =
P = -[-“7?- ber"m sin é] sinfin &) — [a bet;:n (AP)cos é]°°5(“”é)

= - [%9 bel sin e]s\n(kne E?. be| (zr)cos e]cos(me)
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Kn-}

— [knF sin&] sin(kn8) — [kn¥ cos B8] cos(knd)

be:; (»F)

|:>e:;> (2F)

be::n (A7) cosln 8)

bei (»7) cosfin &)

-l'—'_kn co s(kn é)

]

(21 bei (%) - 38 bei (47)]sin" & +[5 bei ()~ 3 bei (aF]eos"
= Edrber 9+ 32" ber ]si84 [- &' ber (37)+ 3pber 0 Jcos"5
= {forbel 49~ 5(8) bei 09— B be (7 sin’8

+[—2,—7% Ioelk"(’hl") -+ %(Bﬁ’-)zbe'lk‘(:\?') + %’.beg‘:s?\ﬁ] cos" é} c os(kné)

+{(I+\3) 5)11 ['F bei: n(m‘") - -{,,.l Ioe';kSn?)] sin 2 é} sinfn3)
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g, = {E-%,.be.igﬁ) + —):,-(%)zbei;n@) + %‘be{:(arﬂ s &
+[ 2eber 0N- % éépg)zbe.‘:n(aF) "y be.;';(@] cos8} cosfind)
| +§(1+) 48 [ ber %) = Pber (M] sin2 5] sirfin3)

Qo= L2ngn-0F" § [cos'a — s’ ScosinQasinas s'm(m%
- Q = [_'a‘ ber (aF)+ i,?—ber;(m]c;;’é |

+[1,*r keri(?»'_‘) +9 ber:(a’r)] si’n’ &
Qo= [ bef(w‘) + 22 bei (AW)]cos" &

' +[i;— bé;; (ar‘-} F92° l;e;:(m‘-)] sin” &
| q)as. = {[ﬂzker‘-:{m’) v (L}),zbear(.aﬁ) + 22 ber (3 ]cos* &
+[- €l ber6m) + 2 ber (F)+97° b;.-:smjsan‘ &}cosfn?)

+{n_£. (1-%) [2ber 27~ L gezg.m]s-m; 8 s;n(ym 5)
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Q= bei (47 — v (52) bei (a7 + 32 bei (Y] cos”
+[ 03 e o0+ 2 L,e'.;ga'r") Yy be;:gaa] sin' 8] coslin &)
| 4{%.—9 (1-») [91 lr;e'.;gai) -+ \beikg» F)] sin2 é} sinfin 8)

(.g%s = kn(kn-1) (|-~,>)i7'm-a [sinz & sin(kn§) +(2coszé-l)cos(kné)]

where ¥, & are the coordinates of collocation points.
Simplified expressions for the stress resultants

and stress couples can be obtained by utilizing stress-

strain, moment—cufvature, stfain-displacement andlcurva-

ture-displacement relations and by enforcing the condition

Un > U, u?_

wherever it is expedient for simplification purposes:

_ 2°F
Feor = 57
_ af . ,
F;rg) = ?J—E +’:"'=2e= ' (A-13)

Al
2
S\
i
T
Y
[
]
|
)
1#’
~~
|-
©
™
SN
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and

M.-(S'):"D'[gag +3( T3 ++ )]

u + L 3Un 2*Uy n_

M@ =-Mg = 4&[&F(+ 5¢)]

Substitution of the expressions for u from (A-6) andF
n

from (A-7) in (A-13) and (A-14) yields the sectional resultants :

E.f"'):&ﬁﬁ' +A:l:l bei’ (aré_]-i-/f\ [— 2 ber, (1"2_‘]
+f: {A.:n[-‘%? bei;n(m‘) - Z‘J( -’-‘f—)z L)e;“n('?\rﬂ
+A [2 oo, o)+ 5 (42 ber, 7

_Ca unxn=1) r‘“"-a}Cos (kme)

wn P
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E =kl 4 A [—L—loea (N*):]+A [-LIDe" (7"'] | |
LA 6], FE 6T

-}-C;l %)‘-‘-(kn -1) l"‘k“-j} cos (kne)
kn :

M@= DA [ ber! ()= 3 ber (o]
+ A: E_ a'bei:@"') — XA bei; (xr)]

+5 LA, oo + 908 b, )= 32 ber, (r]

+ A:n E- a"be';:;(@r) +v ( k?n)’ be ;k r(‘ar)-. T2 Ipe‘i;(a r)]

+C:m[—kn (kn-\) (;-v) r“"-j } cos (kneﬂ
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MDA, [ b 47 0]
+AL[2 bei,(or) +2 bei, (r]]
HE A L0 lerom + F e leen]
+4, [ () bei )+ 2 bei, () 452 bai_ Gar)]
: +Cy: E.kn(un-\)(a-v) rk“-j}cokane)j L

First derivatives of KELVIN functions of_ kn-th order

with respect to Ar can be expressed by

, ber;:(n”) = —J%[ber(ar) + bei(zr)] - [kr\ ber;‘(“zr)]

kn-1 | kn-l
o — i - . . ‘- . .
betpf:r) = J-é-[berkgz\‘r) - beuk(y‘zs‘r)___l [kn bei (Ar):l

Second derivatives of KELVIN functions of kn-th order

with respect to ar can be expressed by
” - | ’ (_]m b _ b . ( )
= - = er(ar, el (ar
ber (an) zrberk{\”) + ;\r) }fn) B

" | e M 2 . ,
bEiKr(N") = - ;;,:.belk(n)\r) + ()r) bezk(zn") + loerk{nzr) )



APPENDIX B

KELVIN FUNCTIONS

.

Oone of the differential equations arising in the
theoretical solution of shallow, elastic, spherical shells
subjected to isothermal deformation is the modified BESSEL

equation

t 4° dy c 27002 2 =
z :;f& t z 4z t [l (2)"-n ij c)‘
where n'= 0,1,2,... .

The standard solution of this BESSEL equation is

g =Z[im] = AJL[I@] +BYLia]

- where

Jn is the standardized;n—th:ordgr BESéEL functiop_'
*- of the first kind,
R is the stanéardized n;th order BESSEL function
Jof the second kind
and Aﬁ and B are complex cénstants.

See the book by FARRELL and ROSS of 1963.

This solution can also be written in the form

4 =C L@ + DK@

111
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where

I, is the standardized modified n-th order BESSEL

function of the first kind,
K, is the standardized modified n-th order BESSEL
function of the second kind,

the complex constants

]
3

Ca= i"A, - i B,

2 :-(n+2)
-and Dn =7 ! Bh

See the McLACHIAN text of 1955.

Substitution for Z =Vi Ar vyields
y =E, [ber,(an) +]i bei (Ar)] + Gn[ker’r(.xr) i keir(lxr)]
where

bern(Xr) and bein(kf) are KELVIN functions of n-th

order of the first kind,
kern(Ar) and kein(ﬁr) are KELVIN functions of n-th

order of the second kind,

' the complex constants

E =i"C, =A,-i"B,

n n
. n - 2 -2

The shells under investigation possess no inner

boundary, hence KELVIN functions of the second kind, kern(lr)
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~and kein(hr) which pertain to .the inner boundary effect,;f
- are not pertinent. Therefore the solution germane to the

shell problems investigated becomes

| ﬂ = En[bern(ar) + i'bci'(;\r)]? . | (B-1)

The most facile method to procure KELVIN functions
of the first kind for any order n is to employ the " Backward
Recurrence quhnique'devised by J.C.P. MILLER and Outliﬁed

by MICHELS in 1964.

Backwérd Recurrence Techniqué
KELVIN functions of the first kind fn decrease
rapidly~in order of magnitude with their increaging order n.
Forward recurrence techniques result in a lossldf one signi-~-

ficant figure in fn when it is computed from fn for each

t o
power of ten of the ratio ! {n/ fm. . Consequently it is
exceedingly difficult to obtain accurate higher order KELVIN

‘functions of the first kind from computed lower order functions

by means of forward recurrence techniques.

MILLER devised a scheme of Backward Recurrence by
- which the number of significant figures in the calculated
functions would actually increase withAeach successive

application of the recurrence relation.  The standardized
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BESSEL functions Jn, Yn as well as the standardized modified

BESSEL functions In' Kn obey the recurrence relation
_ 2n | )
F(22 + Flz) = % F(2 (B-2)
PN n=i{ n

where Fﬁ”repxesents a series of‘functions‘of aréument z.

The collocation solution is concerned only with the
modified BESSEL fﬁngtion In(z). Since b6£h In(z) and Fn(z)
satisfy eéuation (B-2), a linear relationship between the two

functions,
FH(Z) = A Ir(\Z) z | ‘ (B~3)

where o represents a complex constant; exists.

For any known value of the complex constant «,the
modified BESSEL function In(z) can be calcuiatéd for any
particular order n for which the function Fn(z) has been com-
puted.

Since Fn(z) is a linear function of In(Z), its magni-
‘tude also decreases with increésing order n. Hence, computing
Fn(z) by means of a backward recurrence relation starting at |
some arbitrary order n = m, gives increasing accuracy for each
successive recurrence computation. |

MICHELS states that for single'precision computation

routine (eight figure accuracy) it is safe to start the back-
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ward recurrence at some order n = m, such that the ratio of
the value of the BESSEL function at which the récurrehce was
begun to the value of the BESSEL.function of order h, where
h is the highest functionél order required in the solution,

_should satisfy

1
IAZD <10

.

This ratio should be even smaller to dbtain‘double precision
accuracy (17 figure accuracy) in In(z).

Since F_(z) is an arbitrary functional-series gov-
erned only by the recurrence relation‘(B—Z), it'can be deter—
mined numerically by a551gn1ng arbltrary values to two suc-
vce851ve terms, Fp and Fn+lr such that . ' Infal' Starting
- the backward recurrence at some order n = m - 1 and using
Fn(z) =0

_(_Z) = a

-« ” .
where a is any arbitrary real constant, the recurrence re-

lation (B-2) yields :

= lg(nhO

F(2)

m-3

F (2
m-4

a[4(m -D(m-2) I] '

['a(m~l)(m-2>(m-3) 2(m-3) _ z(m-))J
a Z3 T T Z z 1
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‘'The backward recurrence is repeated until the functional-
series Fn has been calculated for all orders n, ranging

fromn =0 ton = m.

'The constant « may be calculated from eguation (B-3).

Thus

Fn(z) = dly@ :o([:berrgmr) + :bexn(';\r)]
where

z =VI1 Ar =X 4 iy =J--é—(i+i>7«r

Since ¢ is not a function of n and ‘bero(zr) . beio(zr) are
- tabulated to a high order of accuracy, it is expedient to

set n= 0.

F2

"

o([bero(mf) T lbeia(zr)]*.
Substituting

F(2) E %[E(z}]-t— i&[Fo(z)]._,ti

where -
%U:o(z)] = real parvt of_F_o(z)' '
and ) I.E(Z)] = imaginary part of F(z) )

in the relation above yields

RE@] + i4F@] = [«, +ia; ] [ber(an + ibeifan)]
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‘or

A, tia { %Lﬁ(z)]be%(%f) T\—Q[E'(EZ)]beio(zr) g
ber,(ar) + bei (anr)
+1 2’ & U':(Zﬂ ber,,(?d‘) - %[l‘;—(zﬂbel‘o(%r)}
© (B=3%)

beri(ar) + beiz(‘z\r‘)

Consequently the constant A can be determined by equating

the real and imaginary parts of the equation (B-3%*),

as . - P

_ RF(z)]Iber,an t J[Fz)]beiar
o - 2 2, . (B-4)
[beri(an + beilan]

R[E(z) Jber,(ar) = RIF(z)]beifar) (B-5)
[beriar) + bei(a) ]

o(i-

Equating real and imaginary parts of equation (B-3*) yields:
«; R[F2] = oo ber(ar) —af beiar)
- 2 .
apd [F(D] =« « ber(ar) +d bei (ar)
Rearranging yiéldé:

_ R + «, R[RD] -
berdan («F + o7) (5-6)

awd[f(2)] — R I[F=)]
(«f +  «})

(B-7)

bei (ar)
n
Now bern(Zr), bein(Zr) can be calculated for any order n,
for which F (Z ) is computed.
It should be noted that both &£ and Fn are functions

of the constant 'a" so that 'a"is eliminated in equations (B-6)

and (B-7) and has no influence whatsoever on the values of
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ber (Ar) and bei (Ar).
n n

Numerical galculations of KELVIN Functions

“An important purpose of this investigation was to
ascertain whether the numerical solution was consistent for
various numbers of boundary collocation points. KELVIN
~functions, bern(x) and bein(x), were calculated accurately
from ordefs 0 to 36 for arguments ranging from 3.0 to 10.0
to give a maximum range of seven collocation points for the
charaéteristic boundary segment of the shell eﬁciosing an
hexagonal base. Consequently, the shell of quadruple period-
icity enclosing a rectangular base had a‘maximum'range of ten
cqllbcation points and the shell of triple symmétry enclosing
a triangular bése had a maximum range of twelve collocation
~ points.

Double precision techniques were used throughout the
KELVIN function calculationsﬁ

| LOWELL's Tables of 1959 gave zero order KELVIN functions

~to 1lz:- 14 figure aécuraqy. The backwéfdfrecurrence was begun
at the order 51 to insure the accuracy of higher order KELVIN
functions. ‘For é typical boundary point Qf arguﬁent 9.0, the

ratio of bern$zr) to berh(Ar) was

bezg%o) 2

=< |0

ber(2.0)
36
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It was considered that the accuracy employed in the
backward recurrence computations would permit bern()r) and
bein(hr), for n ranging from O to 36, to have the same 10 to
12 figure accuracy as the initial zero order functions from
which they were calculated.

It was essential to use a different constant "a" for
each functional-argument, Ar, in order to overcome the float-

ing point underflow (numbers less than 10—38 are set equal to

zero) and overflow (numbers greater than lO+38 cause the ter-
mination of the computer calculations) limitations of the

I.B.M. 7040 computer. The constant "a" ranged from 10 37 to
10-lS (see FIGURE 59) for arguments ranging from 3.0 to 10.0.

Since values of higher order KELVIN functions were
less tﬁan 10—38 for arguments smaller than 3.0 (see TABLES 1
and 2 and FIGURE 60), it was impossible to accurately cal-
culate sectional resultants close to the shell's apex.

The distributions of bern(Ar), as functions of
arguments Ar ranging from 0.5 to 10.0, are given in FIGURES 61
to 76 for orders n ranging from O to 36. It was observed that
bern(Ar) are slowly oscillating functions‘of Ar which decrease
rapidly in magnitude for increasing order n. Comparison of
TABLES 1 and 2 indicate that the behaviour of bern(Ar) and
bein(hr) is quite similar. See also the tables by YOUNG and

KIRK of 1964.
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