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Abstract

The subject of this work is a theoretical analysis of the Pearcey function. In optics,
thin lens theory supposes that all rays focus at a unique point where the field con-
verges. For a real lens, the focal point is replaced by a cusp, which is the end point of
a caustic curve dividing the bright field region from the dark. My particular interest is
the pattern of nodal points within the cusp. By investigating the stationary points for
the cusp catastrophe, asymptotic approximations are found for the Pearcey function.
This in turn leads to the development of finding the positions of nodal points inside,
and outside a caustic. Also values for |P| on a small circle surrounding a node are
examined and show reasonable accuracy of order 1078,
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Chapter 1

Introduction

In 1946 Pearcey [2] published the first detailed calculation of the EM field structure
near the focus of a spherical lens located at ©+ — —oo. This result is now known as the
Pearcey function. This function takes the form of the second catastrophe known as
the cusp in Thom’s catastrophe theory. Physically the Pearcey function describes a
brightly lit region of light bounded by a caustic, separated from a dark region outside.
The cusp is useful for describing equilibrium positions and stability of dynamic sys-
tems such as boats or oil-rigs [3]. The Pearcey function has been used to predict elastic
scattering or atomic collision [4], [5]. The propagation of electromagnetic waves in the
ionosphere [6] has seen its use. Also in the novel study of Pearcey beams, which show
interesting behaviour such as form-invariance on propagation and self-healing [7].

As light propagates through a medium it tends to focus not at a single focal point
but rather across multiple foci. As a family of rays concentrates into a region of space,
the boundary is known as a caustic. One of the initial problems in analysing caustics
is that in the domain of geometrical optics, as you approach the caustic the intensity
is non-physical and approaches infinity, due to the rays having no finite size. The
other is that caustics were thought to be perturbed focal points due to aberrations in
the medium. However they have been found to fit in a family of mathematical objects
known as catastrophes.

Catastrophe theory was developed by Rene Thom in the 1960’s. He classified seven
elementary types of catastrophe patterns. Catastrophe theory is used to describe dis-
continuities and when applied to physical problems, it can describe the properties of
a discontinuity without invoking specific details of the underlying mechanism. Each
catastrophe corresponds to a different diffraction pattern with its own characteristic
function. These functions can be related to polynomials within an integral. Set in
some coordinate system, short-wave asymptotic solutions can be developed to satisfy
the wave equation. In general one writes,
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0
@/J(Q) — / eiV(a,t)dt
—c0

where a is a set of parameters and t is a variable of integration. The catastrophe of
interest to me is known as the cusp. It can be described by the function, P(z,y),
known as Pearcey’s function. I will outline the work of Kaminsky and Paris who
found a method to locate the nodal points in a systematic way, with accuracy of £1%
or better.

Chapter two is devoted to a brief overview of catastrophe theory. The basics of
catastrophe theory and the link to geometrical optics are explained.

Next, chapter three compares the various asymptotic approximations to the Pearcey
integral by exploring the work of Stamnes and Spjelkavik [1], Kaminsky and Paris [§],
and investigates the accuracy of such asymptotic analyses.



Chapter 2

Catastrophe Theory

René Thom developed his ideas in the 1960’s and published “Stabilité Structurelle
et Morphogenése” [9] in 1972. Since then, the subject of catastrophe theory has
developed considerably. Catastrophe theory is a topological model of a dynamical
system, which stresses the importance of structural stability, where a system can be
perturbed by a small amount while its behaviour remains locally unchanged. However,
repeatedly disturbing the system by small perturbations may eventually cause the
system to undergo a discontinuity. Thom devised a system whereby knowing the
number of control variables, one may know the configuration of the discontinuity. If
there are no more than four control variables, there are only seven distinct types of
catastrophes. One of the catastrophes describes a caustic as an envelope of rays on a
two-dimensional surface. The Airy function describes the intensity of a point caustic
and the phase has the form of the fold catastrophe,

1 [~ .
Ai(a) / e t/3) oy (2.1)
0

T or

The Airy function is a well studied function which is related to a classical turning point
of a quantum particle. An oscillating wave in one dimension approaches a caustic from
—o0 < a < 0 and decays exponentially once it passes the caustic, positioned at a = 0,
along the real a-axis. It is at a caustic where the wave goes from a having a bright
intensity to a quickly decaying, dark region. The Pearcey function is a generalised
version of the Airy function, but instead of it being in one dimension, a, the Pearcey
function is in two, x and y. The seven elementary catastrophes are presented below.
The first potential function in catastrophe theory is the fold which is assigned the
standard form,

Vi =2 +ax. (2.2)
The second is the cusp catastrophe,

Vo =2 + az® + ba. (2.3)
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The third is called the swallowtail catastrophe
Vi = 2° + az® + ba* + cr. (2.4)
Following this, the butterfly,
Vy = 2% + az® + b + ca® + da. (2.5)
then the hyperbolic umbilic catastrophe
Vs = 2% + 4 + axy + bx + cy. (2.6)

The elliptic umbilic catastrophe,

133

Vo = 3 xy? + a(z? + y?) + br + cy, (2.7)

and finally the parabolic umbilic catastrophe,
Vi = 2%y + v + aa® + by? + cx + dy. (2.8)

In all of these, x,y are variables of integration; a, b, ¢, d are control parameters. This
chapter will outline the development and basic principles of Thom’s theory concerning
the cusp catastrophe.

The cusp catastrophe corresponds to the optical phenomenon known as a caustic.
These can form in many scenarios, one being rays striking a cylindrical reflector. The
intensity of the brightly lit region is large but knowing the shape and position of the
pattern is sufficient for some analysis. In Fig [2.1| one can see rays travelling to the
right impinging upon the cylindrical surface. The incident ray strikes the surface at
0; and is reflected with an equal value of 6, measured from the normal between the
incident ray and surface. These reflected rays do not converge toward one focal point
but rather create a pattern of overlapping rays. The equation for a reflected ray, from
Poston and Stewart [10], is given as

(y — sin @) cos(26) = (z — cos @) sin 26. (2.9)

To find the equation for the cusp pattern produced by the mirror, differentiate Eq ([2.9)
with respect to 6 and solve for x and y.

1
T = cosf — 5008900829

1
y =sinf — 5 cos 0 sin 20 (2.10)
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Figure 2.1: Cusp Pattern via a reflective mirror.

2.1 Zeeman Catastrophe Machine

A mechanical example of catastrophe is provided by Zeeman’s machine. Invented
in 1969 by E.C.Zeeman [I1] the simple apparatus makes use of two rubber bands,
some pins and a wheel put together in such a way that at certain points P(«, ()
the machine will seek out minima via a discontinuous change in position. It should
be noted that the parameters are changed smoothly as possible so as to represent a
continuous change.

[ ]

R

P
N,

The above illustration depicts the Zeeman machine. A wheel is placed flat against
a board and centred by a pin O, around which it can rotate. RQ) and Q)P represent
the two rubber bands, at ) both rubber bands are attached and fixed onto the edge
of the wheel. R(Q) is fixed by another pin at point R, which is in line with OA, and
QP is free at point P. To operate this device the free end of QP, P, is manipulated
by a user in the plane of the device.

When P is outside of the cusp region (A, B, C'), there is only one minimum for the
potential, as P moves smoothly, the equilibrium of potential also changes smoothly.
But inside the cusp there are two potential minima. As P enters the cusp, travels
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smoothly across the symmetry line of AB and exits the cusp on the other side, the
system undergoes an abrupt change where the orientation of the wheel jumps to a
new position with a negative 6 (which is the angle ROQ) all due to a smooth change
of variables. This abrupt discontinuity of position is known as a catastrophe.

The potential energy of this system is a function of angle 6. According to Hooke’s
Law the potential energy of a stretched rubber band is proportional to the square of
the stretch (I — ly)?. Setting lp = 1, we can write

Vas(8) = 51l = 1) + (1 = 1) (2.11)

where p is the modulus of elasticity, [y is the length RQ and [, is the length QP. The
lengths are defined in terms of 6 and Iy moves in (a, f) ,

1 1

I = \/(2 - 50089)2 + (5 sin 6)?

ly = \/(d%-%cosﬁ—a)Q—l—(%sinQ—i—ﬁ)Q

where d is the length OB and @ is the angle ROQ).
By expanding cos @, sin @ in powers of ¢ the energy V, g takes the truncated form

Vos(0) ~ g (a0 + 0180 + az06? + az 6% + 16" + O(6%)) . (2.12)

ap, - - . , a4 are constants. We can take units where £a4 = 1 to simplify the expansion,
also for simplification the O(6°) term may be omitted. The potential can then be
written as,

V(0) = ag + a1 80 + azab? + a3 + 6*

By shifting the origin of § to t = 0 + a3 /4a4, one can get rid of the cubic term
and rewrite the potential as

1 1
V(t) = at + §bt2 + Zt‘*. (2.13)
with a = %oz, b= %ﬁ.
Equation (2.13)) is known as the standard form of the cusp catastrophe. In order to
get some useful information about the cusp catastrophe, the critical points (i.e. the

maxima and minima) of V' must be analysed.
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2.2 Cusp Catastrophe

Here is the Pearcey function with the cusp in the phase as described in Eq. (2.13]).

P(a,b) = / pilat+bt? /241 /4) 1y (2.14)

—00

This section deals with the analysis of the critical points of the cusp catastrophe.
The critical points are given by taking the derivative of Eq. with respect to
t. This makes V into an extremum as the points where V is insensitive to small
displacements is of interest. If you integrate along the real t-axis the integral oscillates
infinitely rapidly due to the €' factor.

v (t)
Cdt

where a, b are real. This takes the form of a cubic and its characteristics are determined

=a+bt+t=0, (2.15)

by the determinant,

D = 8a® + 27b*. (2.16)
e If D > 0, then there is one real root and a pair of complex conjugate roots.

e If D = 0, then all three roots are real but two coincide, i.e., if a = b = 0 then
all three real roots coincide, but if a # 0 or b # 0 then only two of the roots
coincide.

o If D < 0, then there are three real roots.

The nature of the roots depends entirely on the values of the parameters a, b, which
are known as the control parameters, relative to the caustic. The caustic is plotted
in Fig. For chosen points the potential is plotted alongside them. The caustic is
defined here as

8a® 4 27b* = 0 (2.17)

and using Eq. , it is shown that outside of the caustic there is one minimum
and inside the caustic there are two minima.

This explains the discontinuous jumping of the wheel, as inside there are two
positions for the wheel to be oriented and be in a local minimum, whereas outside
there is only one and therefore the wheel must orientate itself to satisfy that single
minimum. The curved lines are a cartoon of the potential energy of the Zeeman
machine.



Master’s Thesis - D.A.MacBeath; McMaster University - Physics and Astronomy

Caustic on control plane with potentials for chosen points
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Figure 2.2: Caustic with potentials

Fig. is plotted in the a,b plane and the potentials are plotted as V(t) vs ¢, the
axes are left out, in order to view these potentials with greater ease. Going from
near the centre line at (—12,0) inside the cusp there are two deep minima and as you
approach the edge of the cusp, one of the potential minima’s reduces in depth until
outside, at (—6,12), it entirely disappears.

2.3 Mapping

An illustrative example of the discontinuity occurring over the caustic is shown when
plotted in three dimensions. For simplicity to plot in Maple the equation is now stated

as

1
V(z) = 3%y~ vz + 2t (2.18)
Dividing Eq.(2.18) by = and change the sign so as to have the orientation of the
surface facing in a way that the overlapping feature is obviously present and finally
the last term, y, involves a scaling factor of a third.
Viz) 1 3
— =—y— 2.19
" Y — %% +x (2.19)

The caustic bifurcation set is also plotted on the y, z base plane.
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Figure 2.3: Equilibrium Surface and Control Space

The phase point lies on either the lower sheet or upper sheet in Fig. [2.3] since the
middle sheet corresponds to unstable equilibria. The system point is located on the
purple surface, and moves position as the control variables (z,y) are changed. Smooth
variations in z,y almost always produce smooth variation in x except at the points
highlighted by the caustic. The caustic 822 + 27y? = 0 is the red line projected onto
the blue plane which represents the boundary of the folds. If the point system crosses
the path highlighted by the caustic it must undergo a sudden change in z, that is, it
jumps to the other sheet.

2.4 Structural stability and Codimension

An important aspect running in the background of catastrophe theory is the notion
of structural stability. This section summarises the topic from Saunders. [12]. Sup-
pose that f(x) is a function of an m-parameter family of functions. If the parameters
change continuously, then in this m-dimensional space the function may be repre-
sented as f,(x) for a point A. Another point, say B, is represented by a function of
the same form, f,(x); if it is close enough to point A then f,(z) is called structurally
stable. On the other hand, the set of all points A where these two functions are not
stable is the called the bifurcation set.

The concern of this project is to investigate a two parameter function P(z,y). In
this subsection the splitting lemma will be developed for a two variable potential and
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it will be shown that the number of essential variables can be reduced to one so as
to ease the investigation. Let f(z,y) be a smooth function in z and y with a critical
point at the origin. That is, both x and y derivatives vanish.

f2(0,0) = f,(0,0) = 0. (2.20)

Here f,(0,0) and f,(0,0) represent the partial derivatives with respect to z and y
respectively. Expanding via the Taylor series

1/0%f 0*f Pf i
f(z,y) = 5 <@x + 28x8yxy + 8y2y ) + higher order terms (2.21)

The determinant,

2 f 0> f 2f \?
A = — 2.22
0x? Oy? (axay) (222)
determines the type of critical point of the function f(z,vy),
2
A >0, 8_f <0, mazimum
0x?
2
A >0, a—f >0, mimimum
0x?
A <0, saddle. (2.23)

For functions with a large number of variables, these conditions can be expressed
in terms of a matrix. Let f(z,xs,..,2,) be a function of n independent variables
with a critical point at the origin. Define a matrix, known as the Hessian,

2f o f 0% f f
81% Ox10x9 Oxr10x3 777 Oxixn
% f 92f O2f o%f
H = | 0x20xz: Ox2 Oz20x3 """ Owamn | (224)
92 f 92 f 02 f ﬂ
O0xndxr1 Oxrpdra Oxndrsz 7 ox2

If det H # 0 then it is possible for a coordinate transformation to exist which lets one
express f as

f = e1a? + exx3 + ... + e x> + higher powers. (2.25)

where e; = £1. This shows that the rank of the Hessian is n if the determinant does
not vanish. Now if the rank is dictated by a value of n — r, where r is a positive value
then by similar logic of transforming the coordinates, the function may be written as

f=e122 1 + €22 5+ ... + e, + higher powers (2.26)

10
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This is structurally unstable but it is defined by x4, x9, ..x,, variables, which means
that it can be studied by the r variables alone thereby reducing the number of variables
having to be considered. In other words, variables ranging from

Lyaly, Lyay2,y...Lp
are inessential to the analysis and can be ignored and variables ranging over
T1,T9,...Tp

are essential and describe everything that is necessary. This is the Splitting Lemma.
The number of different types of catastrophes depends only on the number of essential
state variables r and not on the number of state variables n. r is known as the co-rank
of the Hessian.

2.5 Link to Geometrical Optics

A well-known link from geometrical optics to wave theory is shown by using the
eikonal equation. Fermat’s Principle is used, which states that a ray travels the
shortest distance between two points.

b
/ n(z,y, z) ds = min. (2.27)

ds is the line element for the ray between two points a,b. The line element undergoes
of change of variables, 2’ = dz/dz and ' = dy/dz so the integrand can be integrated
by dzi.e.

ds = \/dx2 +dy? +dz? = \/1 + 2?2 +y?dz.
Now Eq.(2.27) can be written as,
b
/ L(z,y,2',y) dz = min, (2.28)

where the Lagrangian is L(z,y,2’,vy') = n(z,y,2)/1 + 22 +y?. Eq 1} is min-
imised by solving the Euler-Lagrangian equations,

Gow or (2:29)
d 0L OL

= . 2.
dz 0y Oy 0 (2:30)

Substituting the Lagrangian into the above equations Egs. (2.29) and Eq([2.30)), one
obtains

11
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d nx' on
= =V1+a?+y? — 2.31
e +a*+y o ( )

d ny' \/7871
= = /1422 +y2— . 2.32
dz \/1+ 272 + y? Tty oy (2:32)

Tidying these equations up by using the previous expression for ds

GREabE) e e

This is approximately the eikonal equation for a ray vector

% (n@ w)df) — Vn(F,w). (2.34)

2.6 Lens

This section will explain how to trace rays through a symmetric spherical lens and
shows a geometric optics interpretation of a catastrophe. To start of with, consider
an spherical lens with thickness 2¢. The lens is in the z,y plane and has symmetry
about the z-axis. Each face of the lens is an arc centred at z = +R F t, where R is
the radius of a circle. Imagine a family of incident rays running parallel to the z-axis
approaching the lens from left hand side, passing through the lens at different heights
relative to the surface. These rays impinge on the surface and travel through the lens
cause multiple focal points to build up and therefore will create bright regions, ending
in a cusp.

A ray at height h impinges on the lens at point z, and the angle of the ray from
the normal to the lens is sin(6y) = h/R. At point z,,

h?+ (2 — R+1)?*=R?
h? 4+ (24 +1)> —2R(24 +1) = 0

h2
(za+t)=R—VR*— R~ o7 (2.35)

After the ray passes through the first surface at an angle of 6y to the normal it
will enter at an angle of 0, specifically sin#;, = %sin By, until it meets the second
surface of the lens. The ray will meet the second surface of the lens at point z, at
a height denoted by h; above the z-axis. The angle between the normal and ray is
01 + ¢, where sin ¢ = hy/R. The normal of the ray at the second surface is centred
at z = —R +t. Now the issue is to find relations for h; and z, so a projection of the
rays propagating through the lens can be plotted. Similarly,

12
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ray trace for thick lens
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Figure 2.4: Six rays are shown for various heights of h for only upper half of the lens; the lens is
symmetric about the z-axis. Refractive index of n = 1.5 and thickness ¢ = 1.5. Each surface has a
radius of R =9 units.

hi+ (z+R—1)7?=R?
h§+(Zb—t)2+2R(Zb—t):0

h2
(zb—t):—RJm/RQ—hgz—ﬁb% (2.36)

Another relation for is needed in terms of z, and h; in order to produce useful results.
If the ray would not pass through the second surface then the ray refracted only by
the first surface, at z,, would cross the axis at point S, where tanfy = h/(S — z,). It
is equivalent to say then that tan6; = h,,/(S — z;) also. From here it follows that,

Rearranging one obtains,

hy = (S — 2) tan 6y
h; = (S? — 22,8 + 27) tan® 0. (2.37)

13
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Substituting Eq. (2.36]) into the previous equation yields a quadratic equation for
Zb
(Zb — S)2tan2 91 + (Zb + R — t)z — R2 = 0,
or

Az} + 2Bz +C =0,

where, A = sec?0,, B= R —t— Stan?0;, and C = S?tan?0, +t> — 2Rt. Solving for
2p yields,

2 = cos? 0, (—B VB AC> . (2.38)

Knowing expressions for z, and hy, a value for ¢ can be found, as sin ¢ = hy,/R, and
therefore the angle of incidence impinging onto the second surface 6, + ¢. By Snell’s
law the angle of the ray leaving the second surface of the lens is

sin(fy) = nsin(6; — ¢).

From point z, the ray is inclined by ¢, relative to the horizontal, so then the exit
rays angle will be 65 — ¢. The ray will cross the z-axis at point,
hy,
tan(fy — @)
Rays are plotted for several values of h in Fig. 2.4, One can see the rays crossing

Zf:Zb+

paths, it is at these points where the interference can lead to a maximum or minimum
intensity. Along the caustic adjacent rays are tangential and interfere constructively.
There are many points inside the caustic where three rays interfere to give zero in-
tensity. The overall behaviour is known as a diffraction catastrophe.

14



Chapter 3

Analysis of the Pearcey function

T.Pearcey was the first to do serious calculations of the field amplitude of a spherical
lens in the neighbourhood of the cusp, now called the Pearcey function P(z,y). He
used the Cambridge “differential analyser”, an electro-mechanical machine built by
the Metropolitan-Vickers Engineering for Dr Hartree. He first computed P(x,0) along
the real axis using the Watson-Hardy result in terms of Bessel functions of order +1/4.
Then he solved for P(x,y) at y, by solving a differential equation involving 9P/0y.
Results were reported graphically as contour plots of modulus and phase for P(z,y).

Pearcey’s integral, P(x,y), has numerous nodes and can be analysed via various
numerical methods. Authors Stamnes and Spjelkavik [I] Kaminsky and Paris [§]
investigated asymptotic approximations of the Pearcey integral in different regions
inside the caustic and obtained a high degree of accuracy in finding nodal positions.
In this section I will outline the various approximations and their regions of use, but
more specifically using this knowledge the region close to the caustic and the lowest
order approximation are discussed more closely.

3.1 Approximate solutions to the Pearcey function

T. Pearcey investigated a two parameter integral of a cylindrical electromagnetic wave
in 1946 [2], which is now known as the Pearcey integral. Using this integral the field
structure near the cusp was numerically studied. Since then the Pearcey integral
has been used to study cusps and develop asymptotic approximations of the field
structure.

Pearcey’s integral takes the form,

P(z,y) = / e Pt ty) gy (3.1)

where the phase function represents the cusp catastrophe. The phase is denoted by

h(t) =t +t*x + ty (3.2)
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and if
R(t) =4t + 2tz +y >0 (3.3)

then the real root is given by

thh=u+v (3.4)
where
s_ ¥y, 2
Ty Y (3:5)
and
, y Y2 ad
== — 4+ — 3.6
v 2—|— 4+27 ( )

The two complex roots are complex conjugates and are given by multiplying the root
given by Eq. (3.4) by (=1 +i2), ie,
.
tas = (u+v)(—= £i—) (3.7)
If derivative of the phase is negative,
B (t) =4t + 2tz +y < 0 (3.8)

then Eq. (3.4) has three real roots

t = 2(-%@1/2 COS(%gb) (3.9)
and .
ty = —2(—6:;;)1/2 cos(1/3(¢ £ 7)) (3.10)
ty=1ty, ty=t_
where L
cos(f) = gy(—éaz)’:s/z (3.11)

From the discussion associated with Eq. one can see when h/(t) < 0 that as
x and y approach zero from the negative side, i.e., § — 0, that ¢, and t3 real roots
will coalesce. Also if h'(t) > 0 and § — 0 from the positive z side of the caustic then
the two imaginary stationary points will coalesce into one real stationary point. This
means that inside the caustic defined by

82 +27y* = 0 (3.12)

there are three stationary points, on the caustic itself there are two distinct stationary
points and outside only one real stationary point.
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3.2 Taylor Series method for small values of R

To compute values for of the Pearcey function for small values of 22 + 3> = R? < 16
one can use the Taylor series. To begin,

P(z,y) :/ ") cos(yt) dt. (3.13)
The power series is obtained by expanding the integrand in powers of x,y and keep-
ing the ¢ term as is. (Odd powers y vanish after integrating over t as P(z,y) is
symmetric about the y-axis), everything depends upon interpreting the integrals as
gamma functions:

(24 1) = / Fetdt (3.14)
0
We start with:
o= (i)™ (i)™ /002 ”
P = X 2(nm) it gy 3.15
) = 35 TG [ 315
The factors involving t cancel each other and using " = i®" = {* = 1 where n, m are

integers. After considerable work one arrives at,

(6m+10n+1)/4

Z 2 e ZZn I g E(Qm +2n+ 1)} (3.16)

nOmO

When = = 0 the index n is sufficient and using even and odd values of n, i.e., n =
2k, (2k + 1), the equation above becomes,

1 ke (20k+1) /4 42720511 /4
P(0 = - = T(k+1/4 I'k+3/4 3.17
This can be simplified as i'/* = /8 and 1V/4 = —je~"/8
s y4kik s 2k
2P(0 =¢e'" ['(k+1/4) —im ['(k+3/4). 3.18

Write 2P(0,y) = ), so as to make clear of the expansion over k. The k = 0 term,

_ /8 ) _ s —im/8 e
So = €e"™°T <4> ie —2!F (4) . (3.19)

The real and imaginary parts of P(0,y) can be combined to give the amplitude and
phase. This can be written in a more general form,

17



Master’s Thesis - D.A.MacBeath; McMaster University - Physics and Astronomy

QP(O, y) = 6i7r/8 [SOT‘ + ZSlz] + 6—i7r/8 [ng — iSQT] (320)
where,
(1 v (9 yl /17
SOT_F(Z_L) ‘gf(z) T \1)
2 10 18
Y 3y ¥ 11 Y 19
527"_2'F<4> IO!F(4)+18!F(4)
4 12 20
Ly ) Y 13 Y 1
S“_4!F(4) 12!F(4)+20!F(4)
6 14 22
Y 7 Y 15 Y 23
53’_61F(4> 14!F(4)+22! (4
(3.21)
The above sums combine to give,
2RP = cos(m/8) [Sor + S3:;] — sin(7/8) [S1i + Sav]
23 P = sin(w/8) [So, — S3;] — cos(7/8) [S1; — Sar] (3.22)

Only Sy, is non-zero at the origin, so at P(0,0) the phase is equal to /8, with a
magnitude of $I" (). A similar operation is done along the z-axis with y = 0 but
instead of summing over k, one sums only with index m. Separating into even values
and odd values of m, m = 27, (25 + 1) yields,

) 12]+1 /4 giitl l2j+7 /4 3
=S T (ieg) S L (AT RCES
Using i = 1, i¥/* = /8 and i7/* = i2e~""/® one can write
, (=Y T 1 » o (=i) 3
2P 0) = im/8 2]( Z) T - _ —im/8 2j+1 T e
(z,0)=e ZJ:SE et [P Ta) e Z]:x 2+ Y3

= /8 [S,, — 0S| — e /B[S, — iS,]. (3.24)

Here the e, 0 subscripts denote the powers of x to be either odd or even. Assuming x
is positive,
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T 3 x° 1 T 19
= — ) - —I(—)..
Sor =4 (4) 5! <4)+91 (4)
x? 5) 28 13 210 21
o= ()20 (B) 2 (2
3 7 x’ 15 xlt 23
S, o (Z) — ﬁr (Z) + ﬁF (Z) (3.25)

Combining these sums yields,

2RP = cos <g) [Ser — Sor] + sin (g) [Sei + Soi]
7

93P = sin (g) [Ser + Sor] — coS <§) [Sui — Suil.- (3.26)

When © — —uz, the amplitudes S, and S,; stay the same but S, and S,; change

sign. This makes the —x landscape very different from the positive landscape. For
the opposite sign of z one has,

2RP = cos <g) [Ser + Sor] + sin <%) [Sei — Soil
93P = sin (g) [Ser — Sor] — cOS (g) [Sei + Soil - (3.27)

According to Stamnes [I] these equations for the values of the Pearcey function give
good results up to x ~ 4 with y = 0, after which requires it too many terms to achieve
convergence. We did not succeed in getting reasonable results.

3.3 Method of stationary phase

In order to deduce values for the asymptotic behaviour of P(z,y), at large x one can
use the method of stationary phase. The Pearcey function in the negative x axis is,

P(—x,y):/ e/ =Tt gt (3.28)

o0

Let t = y/zu,

= \/E/ ) gy (3.29)
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In general to calculate along paths of steepest descent one considers the integral in
the form

I()\):/Cg(z)e’\w(z)dz. (3.30)

The contour of integration is chosen so that the real part of w(z) approaches minus
infinity at both limits and the integrand vanishes. If X is a large positive number the
value of the integrand is large when real w(z) is large and small when real w(z) is
small or negative. The main contribution of the integrand will come from the region
where the real part of w(z) has a maximum value. Away from positive maximum the
integrand will become negligible. Writing,

w(z) = u(z,y) + w(z,y). (3.31)

Separating into real and imaginary parts, the integral is then,
I(\) = / g(z)eM @) M@y) gy (3.32)
c

It is important that the maximum value of u(x,y) is maximum only along a con-
tour. In the finite plane neither the real nor imaginary parts can possess an absolute
maximum value as v and v both satisfy Laplace’s equation,

u o
ox2  oy?

0*v 0%

@ + 8_y2 =0. (3.33)

If u or v curve downwards along x, then they want to curve up along y and vice versa.
The contour must be chosen so that u(z,y) has a maximum at the saddle point and
the contour must pass through the saddle in such a way that the imaginary part
v(x,y) is constant along the path. One can then say,

I(\) =~ ei’\vo/g(z)e)‘“(x’y)dz. (3.34)
c
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u(x, y)

i Path of steepest descent
X Contour lines, u = constant

Figure 3.1: Path of steepest descent

Curves corresponding to u = constant and v = constant form an orthogonal sys-
tem, in other words, a curve v = ¢; is everywhere tangential to Vu. Therefore the
curve v = constant is the curve that gives the line of steepest descents from the saddle
point. Fig. comes from Arfken. [I3] page 430. One can see the function has a
maximum along the direction of steepest descent. If the contour is deformed in such
a way that it passes through the saddle point in the direction of steepest descent, the
large values of A ensure that essential contributions for the integrand come from a
small region near the saddle point as the exponent quickly decreases. The detailed
shape of the curve of steepest descent far from the saddle point is unimportant. To
evaluate the Pearcey function one makes one makes the following substitutions in

Eq. (530).

A =27
ih(u) = w(z)
Vz = g(2) = const. (3.35)

Setting v = y2~3/2 for simplicity of notation the phase w(z) becomes,

w(z) =i(z* — 2% +72). (3.36)

In order to find the angle that the path makes between the real axis and the path one
follows the recipe given in Bleistein and Handelman [14]. Take the second derivative
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with respect to z and set to z = uy, i.e the first stationary point,

d2
d—;’ = i(1222 — 2) = 2i(62% — 1)
& |
(d—g)zzul — 2i(6u2 — 1) = i2d? = 2422, (3.37)

From Table 7.1 in Bleistein one obtains the angle of the path of steepest descents to
the real axis as

0, = —% +(2p+ 1)%, (3.38)

where p =0,1,2..n — 1. For u; n =2 and a = 7/2. In this case the angles 0y = /4,
0, = m+ w/4,... for the slope going through the node u;. For the second node us
the phase is written as

4

— 22 +72) (3.39)

w(z) =i(z

and the second derivatives lead to

d2
d—f = i(12:% — 2) = —2i(1 — 62?)
z
d*w : 2 o 12 2 —im)2
(F)Z:uz = —2i(1 — 6u3) = —i2d; = 2d;e : (3.40)
z

Eq. gives angles 6y = 3w/4, 0, = 3n/4+m... asn =2 and a« = —7/2. Root
ug behaves the same as the first root .

According to Bleistein [14] the steepest descent paths are curves where the imagi-
nary part of the phase is constant. One writes,

w(z) = u(z,y) +iv(z,y),

u(z,y) = —42’y + day’ + 2xy — vy,

v(z,y) = 2* — 6% +y* — 2% + 9 + . (3.41)
Therefore if we want to find the relation between x and y which contains the phase
then we must equate v(z,y) to the value at the stationary point. Then the imaginary

component is also equal to the form of the phase which contains information about
the roots,

ot — 6%y +yt — 2+ YR 4y =) — ul s (3.42)

This can be rearranged in the form of a quadratic in y?,

22



Master’s Thesis - D.A.MacBeath; McMaster University - Physics and Astronomy

yt 4+ (14 62%)y* + (2* — 2% 4+ yo — (uf — u? 4+ yu;)) = 0. (3.43)
whose solution is,
1
y? (1) = 5(—1 + 627 £/ A))
Ay = (1—62%)% —4(a* — 2% + yo — (uf — ul + yuy)). (3.44)

When the discriminant A, is positive then one has two real values of y?. A; specifies
x,y on the path of stationary phase. Paths of constant phase are those which have
fewest cancellations between the plus and minus values, so better numerical accuracy
can be obtained. The next step is to investigate the paths via numerical integration
to see the variation of the root u(x,y;) along the contour.

—00

ds; = /1 + (Z—i)z e dx

(dy)‘ B _81}/895 B —423 + 12zy? + 22 —
dx /0y —12x%y; + 4P + 2y

P(xo,y0) = \/37_02 ei"’”g”i/ eoul@yi) g (3.45)

where,

dy
;= t =), +A;.
& = arctan( x) +
(3.46)

We use f dr = f (ill—"g) ds where ds is step size along the path. There is a problem in
that path I'; has a vertical section when x > u; and path I's similarly when =z < us.

On these sections one uses [dy = [ (%) ds instead. The Taylor expansion for y'(x)
is performed,
8u; (3 +47u?)
/ ~ ? 7 2\2
y(r)~1+ N _6u?(x—ui) —|—2—<1 ERE (x —uf) (3.47)
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¢ =0.184045
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-1
o NS -
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-3 -2 -1 0 1 2 3
Reu

Figure 3.2: Paths of constant phase in complex u plane. Contours are inclined asymptotically at
an of angle m/8 relative to the real/imaginary axes. The three branches pass through the three
stationary points on the real axis. The contours pass through the stationary points u; and ug at an
angle of m/4, whilst ug is traversed at an angle of —m/4.

Looking at the contour lines of | P| in Fig. in the Appendix, taken from [I], one
sees that the nodes appear mostly in vertical pairs. The lowest contour lines |P| = 0.2
are rather egg-shaped, long vertically and shorter horizontally. In plotting |P| on a
small circle surrounding the node, —x = 11.4774412231, y = 1.639203731, the values
at angle zero will be will be higher than the values at points vertical. Indeed that
is what is seen in Figs. and [3.4 They show that the calculated values must be
accurate to order 1078, or else the curves would be erratic, as in Fig. [3.5
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ooy KF2j4 X< 114774122090 ¥ = 16392039408
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phase
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Figure 3.3: |P(—x,y)| on a circle of radius 10”7 around a node with a cosine curve for comparison.

k=2, j=4, -X =11.4774122090 , Y = 1.6392039408

5e-8 r r T T
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4e-8 |
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1e-8 } .
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Figure 3.4: |P(—x,y)| on a circle of radius 1075.
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5e.9 k=2, j=4,-X=11.4774122090 , Y = 1.6392039408
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phase

Figure 3.5: |P(—z,y)| on a circle of radius 10~7.

Further, suppose that the nodal position is inaccurate. If the node were thought
to be a little to the right, the value of |P| would be too high at angle zero, and too
low at angle 7. Rather than a cos# curve one would see a cos(26) curve with a single
minimum at 7. Since we do not see any such behaviour, we deduce that the nodal
point position is also accurate to order 1078,

Fig. is for another node around which we plot |P| on a square grid of points
spaced 5 x 1072 apart. The surface is reasonably smooth with the minimum value of
order 2 x 1078 located near point (5,7). Contour lines of |P| drawn on the base plane
show elliptical shape.
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Contour plot of IPI around a node
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Figure 3.6: Values of |P| on a square grid around an approximate node. Contour lines are projected
onto the zero plane. One unit of  and y corresponds to 5 x 1077,

3.4 Systematic method to find the nodal points

Kaminsky and Paris [8] developed asymptotic approximations for finding nodal po-
sitions of the Pearcey function. The work involved using method of steepest descents
to evaluate the integral as long as the z? term in the exponent is large enough to
justify this. The phase function is written in this form,

Y(u) = ut —u® + yz =3 u. (3.48)

The stationary points are located where the phase, 1)'(u) = 0, vanishes. This is a
cubic equation,

(3.49)

1
Zz//(u) = (u—uy)(u — uz)(u — uz). (3.50)
Equation (3.50)) is satisfied if
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Zuiuj ——%

wyugus = —yx~ 2 /4. (3.51)

At a node of ¥/ (u) Egs. (3.48) and (3.49) can be combined to express.

1 3
Y(u;) = —§u? + Zyx_B/Qui (3.52)

Next Kaminsky and Paris state that the the solutions the three roots of the cubic
Eq. (3.49) can be parametrised as such

where

3vV3 y

The caustic corresponds to the case when 6 = /6 which means that the roots
uy and ug coalesce. To find the values of the nodes inside the caustic the method of
steepest descents involves three path integrals. The path integrals must pass through
each stationary point and must be rotated from the lying on the real axis. The left
most contour I'y is rotated and starts at a point A = coe’/8 and ends at B = coe?®™/8
passing through u;. In order to pass through the stationary points the contours are
stretched. Contour I'y starts at B = 0oe®™® and and ends at C' = ooe /% passing
through u,. Contour I's starts at C' = coe ™/® passes uz ends at D = ocoe™/8. The
total contour is a sum of three branches I'; as shown in Fig. ﬂ with 'y = A — B,
I'y =B — C and I's = C' — D with each contour I'; passing through point u;. This
can be represented in the form,

sin(30) = (3.53)

3
P(—x,y) = \/EZ/ e gy, (3.54)
j=1 71

To evaluate in Eq. (3.54) the function in the exponent, the simplest approximation
is to replace the exponent by a negative valued quadratic function of u along the path
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of integration. To do this the iz* must go like —2*. Since 1 (u) =~ ¢ (u;) + dF (v —u;)?,
then (u—u;)* ~ i for the approximation to be carried out along the real axis. That is
(u—uy) = ﬂvj on the path of integration, close to u;. Since a polynomial of degree
N remains as such, near u; the function in the exponent can be written

D) = lu5) + 5 ()t = 037 + 557 ) = ) " )t — ) (355)

P(u) = Y(uj) + [6uj2 — 1J(u — uj)2 +4(u— u]-)3 + (u— uj)4 (3.56)

which reduces when we keep only the quadratic bit, to

Y(u) = (u;) + (—)deJQ.vQ, (3.57)
where,
Aus(u — . — us)?
J J
(d1)?> =6u? —1=1+2cos2¢ (3.59)
(dy)* =1 —6u3 =2cos26 — 1 (3.60)
(d3)® = 6u3 — 1 =1+ 2cos 26, (3.61)

where € = 7/6 — 0 and (u—u;) is a complex value. There terms in the square brackets
for v is only needed for going beyond the lowest order of steepest descents, which will
not be done here. Instead v will be set as v* = +i(u — u;)?. If one were wanting to
go beyond the leading order expansion the Eq. can be rearranged to yield an
expression for u — u; in powers of v such as,

u—uj =0+ Z by 0" (3.62)

k=2

Now each contour integral is given by

, (iw?ep(u;)—im /4(=)7) D(k+1/2(=)it1ik
i) gy, = & < STk + 1)bojes 1 5 3.63

which defines ay, ;. This simplifies to

B eliz?w(us)—in/A(-))) T s
™ e v Ao,
P(-z,y) ~ \/jE - x Y (3.64)
i y x

r=0
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So then by this approximation each stationary point contributes an asymptotic
estimate proportional to

T e 24p(uy) 1" Ay ; T et
Pi(~x,y) = \/; Z | = \/; 5 (3.65)
r=1 J

where A; = 2%¢Y(u;) + o; and D; = dj/( + 5;)

o =arg [1+ Z : ;55’1 =+ 0@E™) (3.66)
1+ s; =mod 1—1—2Z a;”
€T T
(3.67)
and the leading coefficient is
1 10

Kaminsky and Paris initially ignored these higher order corrections, eventually they
included 1/2? corrections. However, in this thesis we do not consider this embellish-
ment.

3.5 Zeroth Order

For zeroth order the o; term is ignored and D; = d; from Eq. (3.65)). So then the
approximation of the Pearcey function is rewritten as

P(— oy — .
(—z,y) o R B (3.69)

Setting Eq. (3.69) to zero and separating into real and imaginary components leads
to two equations

po { piAatin/d  gids—im/4  iAs+in/4

cos A sin A cos A
L 2 3

=0 3.70

dq do ds ( )
sinA;  cos Ay  sin Aj

_ = 0. 71

a & + a 0 (3.71)

Using Egs. (3.71]) and (3.70]) one can modify these equations by taking the middle term
from each equation and moving them to the right hand side, squaring the equations
and adding them together, to yield
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dil - d% + dig = %d?) cos(A; — As). (3.72)
The result of the left hand side vanishes according to Kaminsky and Paris as if one
were to view the equation in terms of u;, the function is a symmetric function of the
u;j. Therefore it is possible to evaluate the left side of the equation in terms of the

coefficients ¢/ (u) = 0. Allowing one to write a simpler result,

0 = cos(A; — Aj). (3.73)

It follows that A3 — A; = (k+ 1/2)m, for some integer values of k. Going back to the
result in Eq. (3.52))

As— Ay = 2® [ih(uz) — ¢(uq)]
1

3 _
=72 {—5 (uf —ui) + & 3/2 (ug — ul)l

1 3
=2 (uz — wuy) |:_§(U3 +up) + Z—lyx‘g/ﬂ

1 3
= $2(U3 — u1> [5”2 + Zy$_3/2:| Z 0. (374)

Now as each factor is positive one can say

1
Ay = A+ (k+ ) (3.75)

where k is a positive integer, k = 1,2, .... This implies that cos A; = (—)¥sin A3 and

sin A} = —(—)* cos Az so then Egs. (3.70) and (3.71)) can be restated as

(—)*¥sin A3 cos A3 B _sinA2
dl d3 B d2

(—)* cos Az B sin As _cos Ay (3.76)
dl ds d2

To simplify the above, consider a right angled triangle with sides dy, ds, \/d? + d3.
This defines an angle « such that,

dl d3
—_ COS (Y ————
Vi + d3 Vi +dj
Then Egs. (3.70) and (3.71)) can be rewritten as

tana = d /ds, sina =
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(—)¥ sin Az cos a + cos Az sina = sin(Ay + 7)
(—)¥ cos Az cos o — sin Agsina = cos(Ay + 7). (3.77)

When k is even

sin(As + a) = sin(As + )
cos(As + a) = cos(Ag + ) (3.78)

from which it follows that

for some integer value of j. When £ is odd,

sin(As — a) = sin Ay
cos(As — a) = cos Ag, (3.80)

from which it follows

Az — Ay =21 — a+ (29)7. (3.81)

The difference of (As — A3) when j is even is (2j + 1)m + «, or j is odd state is
(27 + 1)m + (m — ), where j = 1,2,3....

Eq. (3.53)) sets A = sin(36) which covers all locations inside the caustic where the

nodes might be, for 0 < # < /6. So then the next step is to relate this zeroth order
approximation to # and generate values for nodal positions. With

Ay — Az = I2(¢(U2) — ¥(u3))
= 2% sin? (0 — %) Ccos (28 + %)

:2j7r+{ T+, k even

2r —a, k odd (3:82)

Eq. (3.82) allows one to write 22 in terms of 6, j, . In a similar way, the difference
between A3z — A; in terms of 6 can be written as

Ag — Ay = 2*(¢p(us) — (ur))
2% 9
= ——sin 26 cos~ 0 (3.83)

V3
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which can be rewritten as,

2 _ V3(k+ )
2sin 260 cos?2 6’
Equating the two values we just obtained for 2 from Eq. (3.84) and Eq. (3.82)) leads
to Eq. (3.85)) where only 6, 7, k remain,

(3.84)

1. sin?(0 — 7/6) cos(20 + 7/6) , T+a, k even
kot - = 2jm+{ ’ 3.85
(k+ 2)7T 2 sin 20 cos? 6 Tt 2r — o, k odd ( )
The trigonometric function in Eq. (3.85]) can be conveniently be rewritten as,
_ sin®(e) cos(e) (3.56)

S(0) = sin(f) cos?(6)’

where we define e = 7/6 — #. A numerical solution for 6 can be found by solving for
0,

_2j+3/2—(-)8

S@) k+1/2

(3.87)

where k, j are chosen integers and f is the angle to the extreme right of Eq. .

By solving Eq. one finds values for 0 for given input of the labels k£ and j.
The routine bisection was used from pages 1184-1185 of [I5]. Values for 6 are found
within 0 < # < /6. Once a value for 6 is produced one can obtain approximate
positions for the nodes. x,y are generated via Eq. and the image below shows
the nodal positions inside the caustic with corresponding k, j labels.

. V3(k+1/2)x

2 sin 20 cos?

9 \ 32
y:(gx) sin 360 (3.88)
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Figure 3.7: Location of the nodes inside the caustic are presented here with (k, j) indexing labels.

When j is fixed and k varies, one generates nodes which are parallel to the caustic.
If k£ is fixed and j varies, nodes are generated which are roughly parallel to the x-axis.
The axes have been modified to present the caustic as a straight line. The x-axis
is changed to 22 and y-axis is y/(2/3)%/2. Nodes occur in sets of p = 1,2,3... at
x = xp. The p label corresponds to the number of nodes in a family. For example
the single node of £k = 0,5 = 0 corresponds to p = 1. The pair of nodes further left
(1,0) and (2,0) corresponds to the p = 2 family and p = 3 corresponds to (0, 1),(3,0)
and (4,0) etc. It should also be noted here that the caustic is in the —x region but
for convenience the minus sign has been omitted. One can also notice that within a

p-family, the sum of k+47 is a constant, or a constant minus one. For example p = 5,
k+45=7 or 8
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3.6 Line of nodes outside the caustic

Outside of the caustic there is a line of nodes running more or less parallel to the
caustic. The nodes outside have one real root u; and two complex conjugate roots
ug, u3 = uj, which have coalesced when 6 = 7/6. The stationary points outside are
parametrised as,

2
u; = ———=cosh(f
1 \/6 ( )
1 :
uy = —= cosh(0) + L sinh(0) = us3. (3.89)

V6 V2

This is consistent with KP’s equations for the stationary points inside the caustic.
Define 6 = 7/6 — e.

2
Uy 7% cos(€)
u 2 sin(z —€)
2= 750G
2 . m
Uz = % sm(g +€). (3.90)

On the caustic € = 0 which means that us and us in Eq. coalesce. Outside of
the caustic the method of steepest descents now involves only two path integrals. One
through the complex point uy and the other going through the real stationary point
u1. The two paths must be able to cancel each other’s contributions i.e., the must
have the same magnitude but opposite signs. According to Kaminsky and Paris [§],
from Eq . the lowest order approximation for summing over two saddle point
contributions gives the condition

€i$2w(u1) ei$2w(u2)
2 - 2 =0
VouZ —1  /6ul—1

Defining d; = /6u? — 1 and dye” = /6u3 — 1, where the phase 7 is the angle of
\u3 — 1 from the real axis. In addition, one can write.

(3.91)

1 3y .
Y(uz) = —gu3 + T —us = ¥y +ith (3.92)

Restating Eq. (3.91)) in terms of real and imaginary parts of v, one obtains
eixQdJ(ul) ei:pQwa:EQwi

e (3.93)
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This equation can be split up into two separate pieces by looking at the modulus and
phase of each term,

d
i = log ()
2
cirtvun) | iatvr—iv _ (3.94)

with the second piece yielding,

(Y —(ur)) = (2§ + D7+ (3.95)

where j = 0,1,2... is a non-negative integer as [¢(x,y)| > ¢ (u;) at all points outside
of the caustic. Taking the ratio of the two equations for 22 yields,

1og(j—;)<wr () = (25 + D+ )i (3.96)

The stationary points u; and us can be restated as (e — i6),

2
U = —\/jcoshﬁ
3

1 .
Uy = —cosh9+L

V6 Ve
6u2 = cosh? @ — 3sinh? 0 + i1/3 sinh 26, (3.97)

sinh 6 = uj

which can be further manipulated in order to obtain a useful factorised expression,

6u? = d> = 4cosh? — 1
= 3cosh?f + sinh* 0 = R? (3.98)

6us — 1 = —2sinh*@ + iv/3 sinh 26
= 2isinh 0(v/3 cosh 6 + i sinh )

= 2isinh ORe* = d2e*7. (3.99)
A new term was introduced, R in Eq. (3.98]), which is
inh 36
R? = 3cosh? 0 + sinh2 = = (14 2cosh20) >3
sinh 6
inh ¢
fan 20 = (3.100)
V3 coshd

where v = a + 7. In the first line of Eq. (3.99)) the real component is negative and
the imaginary component is a positive value, so the value is in the second quadrant.
The square root will be in the first quadrant,
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d; = 2R sinh 0
— 2/sinh f sinh 36 ~ V/126. (3.101)

Now that the dy parameter has been related to values for 6 one can now deduce the
locations of the nodes outside the caustic. So the next thing to do is to find an
expression which can yield values for 6 given an input for p. To start with note that
= (2p+ 1.25)7.
Since Eq. gives two expressions for x

2 _ 2v/3log(dy /ds)
Ta = (cosh(30) — cosh(6)) sinh 6
z, = 2z + o) (3.102)

(cosh(360) + cosh @) cosh@ — 0.5

For consistency they should be the same, i.e. 22/x7 = 1. Therefore by taking the
ratio of z2/x? yields,

x2  /3log(dy/dy) (cosh(360) + cosh ) cosh§ — 0.5

Za _ =1 1
T} (zp + @) (cosh(36) — cosh 6) sinh(#) ’ (3.103)
which can be manipulated to produce
cosh 26 cosh? § — 1/4
= V3log(d,/d 3.104
B V3 og(di/dz) sinh 20 sinh?@ ( )
where
dy R
dy  V 2sinh6
R? =1+ 2cosh 26. (3.105)

Table shows the first 10 positions and corresponding 6 values for p = 0, 1, 2..10.
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0 T Y
0.460790 1.630894  2.400803
0.347758 2.984883  4.478403
0.302007 3.976072  6.211462
0.274735 4.796047  7.771618
0.255831 5.510953  9.220012
0.241609 6.152894 10.587300
0.230340 6.740457 11.891950
0.221083 7.285446 13.145970
0.213281 7.795825 14.357520
0.206568 8.277532 15.533120
0.200702 8.734851 16.677360

OO [N O |WwWN O

—
o

Table 3.1: Approximate locations of nodes

Fig. shows the nodes from Table with nodes inside and outside the caustic
plotted. Label p =0,1,2... shows the family that the outside node belongs to. p = 0
has no node inside the cusp, p = 1 belongs to the family of one node £ = 0,5 = 0.
p = 2 belongs to the family of two nodes k =1,j = 0 and k = 2,j = 0 etc. Note how
the further the nodes are from the origin the more bunched up the x and y values
appear to be located.
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Figure 3.8: Location of 10 nodes outside the caustic.

Eq. (3.104)) is of order 1/6%at small angles. Since the function is only needed over
a small range of 6 values, the Taylor series of the function can be used to deduce
reasonable values for 0, T'(f) = 2z, + o,p =0, 1,2, ..., and the nodal positions.

di ) +cosh46 +  cosh 20
dy’ 1 sinh 40 — 3 sinh 26"
Eq. (3.106) has large cancellations in the denominator and might lead to problems.

Therefore one looks at expansions in #. Define the numerator and denominator by

functions N(6) and D(6),

T(0) = V3 log(

(3.106)

N(O) = 0.75+ 3(6% + 0%) + Y _ 46

q=3

D(0) = 2(6° + 6°) + ) dag16™",

q=3

(3.107)
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where ¢g = 22/15, cg = 43/105, ¢19 = 38/525, 1o = 4/5, c14 = 10924/14189175,- - -
and d; = 4/5, 34/189, d11 = 124/4725, dy3 = 4/1485, ---. The odd powers sum
converges better than the even power. Taking the leading terms from Eq.
yields a truncated expressions

N.(0) =~ 0.75 + 3(6* + ¢*)
D, (0) ~ 2(6° + %)

No(0)
a(e) = Da(H)
R*~3+4(0° + 9—4). (3.108)

3

Using this truncated power expansion form of the equation the table of nodal
positions can be reproduced to error in the fifth digit.

P 0 T y

0 | 0.46079 1.63089  2.40009
1 1034776  2.98489  4.47841
2 10.30201 3.97607 6.21146
3 10.27474  4.79606  7.77163
4 10.25583 5.51095  9.22002
5 10.24161 6.51291 10.58735
6 | 0.23034 6.74047 11.89199
7 10.22108 7.728545 13.14598
8 [0.21328 7.79585 14.35759
9 [0.20657 827756 15.53319
10 [ 0.20070 8.73484 16.67746

3.7 Number and density of nodes below caustic

Kaminsky and Paris gave a rough estimate for the location of the nodes, this can in
turn be used to determine the accumulation of nodes as a function of x. One goes
back to the Pearcey function in the form,

P(—z,y) = \/ge_”/4 <i\/§e_12/4 cos(y\/g—l— 1) : (3.109)

Separating into real and imaginary parts one obtains,

cos(z2/4) cos(yr/z/2 = 0
sin(22/4) cos(y\/z/2) = —1/V/2. (3.110)
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The first line in Eq. (3.110)) holds true if

1
=24/ (p+ 7. (3.111)

In the trivial model each family of nodal points has p members at fixed position z,
and varying y,. The second line of Eq. (3.110]) reduces to,

20 —1 2
Ypi = Ty —. (3.112)
P 4 Tp
The cumulative number of nodes is,
1
N(p) = % (3.113)

Using Eq. (3.111)) in terms of p and putting into the equation for the cumulative sum
of nodes, one finds

w21 2 a2 1
2N(p)= |2 -] +-2L—<
() (47T 2) N 4 2

xd 1
N(p) = - — = 114

We will see later that the actual nodes differ in that z, is not constant but rather z,
decreases as y, increases. The trivial model is correct in that the nodes come in pairs.

However Eq. underestimates the number of nodes. The main cause for this
is that it does not consider the clustering of nodes as z,, is increased. The further you
go from the origin the more closely packed the bands of nodes are, this causes the
an additional number of nodes which is not predicted by this density function. An
empirical formula can set up as

N(z) = a,x* + a.z®. (3.115)
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Figure 3.9: Approximately 400 nodes plotted vs R = x3/2 and § = y(3/2)%/%.

Fig (3.9 shows the positions of approximately 400 nodes. The curved lines are
some guesses at circular or elliptical arcs that might better fit the curvature of the
p-families. This choice of coordinates make evident that nodes of family labelled p
occur roughly on circular arcs in R,y plane. The family labelled by p = 26 occurs
at R = 78, which is given by Eq. . The area is then mR?/8 ~ 2513. The
effective area is roughly 10% smaller as there is a gap between the nodes and caustic
line which is empty of nodes. Problems arise as one moves further away from the
origin. The family of p-nodes bends over, so much so in fact that the curvature is not
parallel with other p-node arcs. Also the number of nodes in an area increases from
the bending over of p-nodes families for larger x, values. The causes the density to be
slowly varying, the density measured for R = 20 is ~ 0.064 and for R = 80 one finds
~ 0.140, this is an increase of ~ 100%. An illustrative attempt at lining up the arcs
of p-nodes as an ellipse was also tried but the bending over of the nodes nearer the
caustic varies too much for consistency. The trivial model predicts families of p-nodes
which are perpendicular to R and therefore the calculations for density are erroneous
as the curvature is not expected. The trivial model is sufficient for rough estimations
of small z, density calculations and does show that the nodes come in pairs, but for
a robust method for calculating the density for large x,, it is not accurate enough.
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Figure 3.10: Approximately 1200 nodes plotted vs R = z3/2 and § = y(3/2)%/2.

Seen above in Fig. [3.10| are approximately 1200 nodes plotted inside the caustic. The
coordinates R and y have been chosen to show the caustic as a straight line running
45° to the R-axis. R = 120 corresponds to z, ~ 24. One can use Eq. (3.111) to
find the number of members belonging to the family p = 46. Eq. predicts the
number of nodes from the origin up to R = 120 to be N ~ 1081. Fig.[3.10/has around
1297 nodes, this is an excess of 20%. Lines for a p-family are perpendicular at the
bottom but the curvature varies as y increases.
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Figure 3.11: Nodes inside the caustic with modified axes # = 2%/2 and § = y(3/2)3/2

Fig. shows only upper nodes from the pairs for clarity. Fig. highlights an
alternative method of working out a way to find the density of nodes. The green nodes
are running parallel to the caustic at § = 45° to the horizontal. What is wanted are
triangular sections with constant area inside the caustic to compute a uniform density
of nodes. The red lines drawn are at 40° to the horizontal for small x but as one moves
further to the left the angle decreases. This causes the area of the triangular sections
to slowly change. Another problem with finding a constant density is due to the
families of nodes not lying in straight lines. The bending over from the nodes closer
to the caustic causes the density in the right-hand side portion of the triangular area
to increase and the left-hand side to decrease.
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Chapter 4

Conclusion

In this thesis we looked at approximate methods to locating nodes inside and outside
of the caustic. Also the method of stationary phase was used to investigate | P| around
one of these points and its accuracy was examined. The method of stationary phase
is used to find numerical values for P(x,y) around a node. The equation for the curve
of the stationary phase paths is found and a numerical integration recipe is applied in
order to see the variation of the roots along the contour. One of the issues found was
that there exists vertical segments along the contours of stationary phase paths but
by using a Taylor series expansion in () the problem is circumvented. By using the
locations of nodes inside the caustic from calculations of the zeroth order approxima-
tion, the values of constant phase around a node are examined. Lines of constant | P
are found to be slightly elliptical around a node which is expected from the |P| plot
the figure found in Stamnes and Spjelkavik. [I] . Accuracy for |P(z,y)| to 1078
digits is found, beyond that |P| values fluctuate too much. Approximate locations
of the nodes outside the caustic are obtained from the lowest order approximation
Eq. and plotted in Fig. The nodes outside the cusp run parallel to the
caustic. They also differ from the ones inside the cusp as the they do not appear to
come in pairs. The density of nodes is found to be slowly varying. This is due to
the fact that the lowest order approximations expect the family of nodes be found
in vertical columns perpendicular to the z-axis. It is instead found from numerical
calculations that the family of nodes are slightly elliptical and have a varying curva-
ture. An empirical formula for the density of nodes is found but no exact forms for
the density of nodes is obtained.

An interesting topic which was untouched here is the investigation into the bright
spots inside a cusp. The bright spots are seen in Stamnes’ and Spjelkaviks’ paper
[1] in the plot of |P|, see appendix [Al They are the hill-tops of |P|, whereas what
we have looked at are the nodes which correspond to the valleys of |P|. The hill-
tops of |P| corresponds to the unstable surface in Fig. . This project has focused
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on one topic in short-wavelength phenomena and reasonable accuracy of the nodes
inside the caustic has been found but improvements could be made. Higher order
approximations or analytical solutions of the Pearcey function would yield a more
accurate map of nodes.
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Appendix A

Plots of |P| and phase P from
Stamnes and Spjelkavik [1]
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Figure A.1: Contour lines of constant |P(x,y)| of the Pearcey function. The dashed curve is the
caustic. |P(z,y)| has a maximum value of 2.64 at © ~ —2.2, y = 0. The contour lines are separated
by equal intervals of 0.2, and the dotted side of each contour line indicates the direction of descent.
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Figure A.2: Contour lines of constant phase of the Pearcey function P(z,y). The dashed curve is
the caustic. The contours are labelled a = £180° and from b = —150° to [ = 150° in steps of 30°.
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