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ABSTRACT. 

A series of .experiments was made to·measure the press

ure drop across stationaxy sphere trains locate.d in 1 in .. 

and 2 in. smooth pipe$ throuqh which water was flowing~ The 

si:-ee of spheres used ranged from Js in. to 1~ ino in diameter; 

:sphler~-pipe_ di~met~r ratios were 0. 486, 0 o 60, 0. 731 and 0 .. 84, 

while the· effectiv~ Reynolds number based on pipe diameter 

ranged. from 104 to 105 • The length of $phere trainp for 

each diameter ratio, was· adjusted by va~ying the number ·of 

spheres from 1 thl'ough to 12. 

Two dimensionless pressure ratio_s, PRl and PR2, were 

derived ~o relate th~ pressure gr~dient ~ith spheres located 

in the pipe to the pre~sure gradient with spheres absent0 

These enable th~· experimental results to be. of general appli

cation to any pipe diamete~, with Reynolds numbers in the 

above Ta.nge and sp~ere-ptpe diameter ratios ranging frorn 0 .. 486 

,- 0.84o PRl pe~tains theo~etically to the pressure gradient 

for an infinitely long sphere train. It was approximated 

in practiee by measuring the pressure gradient within the 

length ~f the $phere trains, i.e~ by locatinq pressure taps 

~uch that ~hey we~e unaffected by end effects, and was found 

to be a function of ~iameter ratio-varying linearly on a 

log-scale when plotted aqainst the Reynolds numbers 

1 



PR2 is a function of the number of spheres making up a train, 

'the diameter ra·tio, and the Reyno~ds number. It was observed 

that·PR2 decrea~ed with increase in the number of spheres. 

It also tended ·t.o decrease with increase in diameter ratio 

for a qiven numfuer of spheres at a qiven Reynolds number. 
~. 

Pressure gradie~ts based·an the lenqth of sphere train were 

pl~tted toqethe&- with the end effect parameters. Draq co

efficients were calcu~ated from pressure drop measurements 

for the 0.84 diameter ratio, and compared with McNoun's 

theoretical equation. The discrepancy was .less than 10% for 

Reynolds numberr~ gr:eater than 8 x 104 • Less qood agreement 

was observed at lower Reynolds numbe~:s and diameter ratios .. 

Finally it is shown how the PRl and PR2 relations may be 

u•ed to predict the flow conditions-in any smooth pipe with 

$pheres located in. them, for .. the Reynolds number range 104 -

10S and sphere-pipe diameter.ratios 0.486- 0.84. 



1. INTRODUCTJrON 

A substantial amount of literature exists on the vis-

cous flow past spheres, particularly at low Reynolds numbers 

(1-12) r but to date no resea·rch work has been reported on the 

flow past trains of spheres at.Reynolds numbers> 100~ Most 

of the previous work has concentrated on multi-particle assem-

blies relating t.o sedimentation, fl,uidization and other so

called 'creepl.ng motion• phenomena.· The transportation of 

capsules in pipelines has however rpused interest on the .tur

bulent flow past spheres in pipes. The Resea.rc-h Council of 

Alberta has been largely responsible for work that has been 

done in this area so far,· and the papers published by there

searchers at the Research Council have de~lt extensively with 

the flow of cylindrical capsules and single spheres. In a 

series of pap~rs h~ving the general title "The Pipeline Flow 

of Capsules" ('16-26), the emphasis has been on the determinat-

ion of the capsule velocity or velocity ratio (capsule/free 

stream) as a function of average velocity'· diameter ratio, 

and capsule/liquid density ratio. Some of the concepts in 

* The word •capsule' in this context has come to mean 
a la.rge, regularly shaped body - hollow or solid, 
cylindrical or sphericai in shape - whose minor dia
meter is comparable to the diameter of the pipe in 
which it is travelling. 



the present· study like 'pressure ratio' (see Chapter 2), 

have been influenced by the terminology contained in these 

papers. 

In designing a pipeline to transport solid materials 

or capsules, one would in the first instance be interested 

in predicting the pressure gradiep.t and subsequently the 

power consumption. The following study relates to this .in 

that it essentially consists of determining experimentally 

4 

the p~essure gradient~ associated with ~tationary fully eccen

tric spheres in a turbulent flow field, as the number of 

.spheres making up the train increases and the sphere/pipe 

diameter ratio varies.· A correlation has been developed so 

that the data collected could be related to behaviour for 

pipe diameters other than those used in the present study. 

Some considerations of drag coefficients have also been made .. 



s· 

2. THEORY 

2.1. Pressure ~radient in a Free Pi~_j 

The DARCY-NEISBACH equation may be ~ritten in the form, 

!!P. g: f . p 'lo2 
dz "!> . 2g- f2 .1.1) 

The. above equation applie·s )to any- steady incompressible flow 

.whether laminar; or· turbulent. 

The·BLASIUS equa~ion for·friction factor in turbulent 

flow is givf:!n as 

f = 0~316 
R"·~e .. (2.1.2) 

This equation approximates the frictiop factor - Reynolds 

number plot (Moody diagram) ·over the·. reg lon in which we 

.arE:~ interested. We may therefore expect· a slight variation 

on the Reynolds number exponent in experimental \,rork .. 

Substituting_ (2.1.2) in (2.1.1) 

.. (d \ 
~1LIQ = 0.316 vo2 

Re~ • 2qO 

But Vo = RB 'V. 

(~) dz LIQ 
= ~?_J.._6_p_~e 2v2 

Re~ 2gD3 



N0¥1, if \l is in 
'2 .. 

ft /sec. 

(~) · = ·.Q_. 3l6. __ x 144 2 x ~eN1 _:_~ 5 v
2 

dz LIQ 2 x 386 o3 

If we substitute 

R ' e 

and v• 

-·4 10. X Re 

. 5 . 
= 10 X 'J 

~ 

(
d ) = 1~1 (v. ' ... 2··· 0R3 ~1 .• 7.5_'). di LIQ 

l • 

'(2.1.3) 

Th.e expoJ~ent of ~e in.· eq.uation . (-2 .1·. 3) in pract~ce· is .n.ot 

c6n~tan~ at 1.75 but varies betwe~ri 1.7 and 2~0 ~27) 

·~ ... 

F~r st~tionary spher!9s l~c-at~d in a _p.ipe with fl\\id · 

6. 

· f. lowing. past. them, we would expect the pressure drop mea sur~· 

ed to be ·a function of 

(_a) ;.The sphere diamete·r and .number, d and· n 

(b) The viscosity and density of the flo'iling 
-fluid 1-1 a-nd p 

.(c). :Th~a velocity of the fluid, Vo_ 

··(d) Th{e spacing bet\tteen the spheres 



(e) The pipe diameter, D, and the relative dis
placements of the spheres from the centre 

line o·f the pipei in other words, the eccen
tr;i..city 

(f) The location of the pres_sure taps 

Where condition (d), is kept co~stant, a dimensional an~ly-

sis. indicates that AP 5 "" f(n, ~, Re, L) ( 2. 2 .1). 

To define equation {2.,2 .. 1) we shall look more 

closely at t.he possible sphere arrangements,. (cfo Fig., 1) 

t~e shall define the term 'end effect zone' as the 

zone upstream and downstream of a sphere train within 

which there is significant deviation. from the relation~· 

ship givnn by equation (2 .. 1~~3) .. Theoretica-lly, the down·-

stream zone could exist for a very large number of pipe 

·diameters~ In the case of one sphere, the end effect zone 

is of length 9.. 2, as shown in Fig., l .. 

The pressure drop between BC, 

APB-C 

7 



Case B - two spheres 

Pressure drop across BC, 

6P 
B-C 

= (p -P ) - (d_p_\ ·(1 +1 ) 
\.12 22 a~LIQ 12 .3~ (2.2.B) 

(~) ·. ·(11 ,+tJ 2) 
dz. LIQ 122 

(2.2.Bl) 

Case _f __ _:_ tl!ree or more spheres 

H~re is a ·situation in which the pressure taps 

may conceivably lie within the end effect zones. The 

. press_ure drc;>p measured cannot be. predicted semi-empiri-

cally as we have don~_in (A) and (B). 

However, we wc)uld expect a sudden drop in the _value of 

. P1.,anc Ptl C!nd Pe; 2 should be about the same for 3, 4, 5, 

••••• 20 o.r more spher~s. 

Case.D n- ~pheres 

In this case, as far as end effects on the pressure 

taps is concerned n + co i.e. the end effects are remote 

from Pln .~nd P2n. The pressure gradient for ari 'n-sphere' 

system is 

(2o2.D) 

8 



CASE A - I SPHERE 

r \ ii 
•a: ,, ."a 

- • & .. - -... :t -
A I c D AB • •• ac ~~ •a 

CD • •a 
P. p, II t Ia+ Ia • L. ,.2 ..• 1aa 'Ia' za 

= - : .. -
A I c·· 6 

CASE ·8 - 2 SPHERES 

1aa 
. - .... . ·=· = i 

i 

= "4 ............. ! , 
8 

3 OR MORE SPHERES 

rn ~ 
-:.«XXX 

CASE D N- SPHERES 

FIG U R &: NO ·1 

ARRANGEMENT OF SPHERES 
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Hayipg considered case A, .B 0 C and D, it is clear 

that we have two general arrangements in which the press

·uxe gradient can be. h~ndled semi-empirically: The arrange

ment in.which pressuJ:e taps lie beyond the end. effect zones; 

and the • n-spher-e system u. The. latter pressure gradient 

is represented by equation (2.;2".D); but in order to gen

eralize the former for any number of spheresQ we make the 

following assnmpt~on:-. Let end effect pressure drops 

.. for any .pumbex of spheres in the train of given diameter 

be cons·tant- for a given_ Vo and given ·by P£1 _and. P 
£2o 

Then the pressure drop for case B can be expressed as 

~Pa-c2 = (Pln~P2n) x d + (PEl+PE2) + (~)LIQ (tl2+t32) 
'il 

Similarly if r 13 and P
23 

are placed beyond the ~nd · 

effect zones, 

Also 

In general, the pressure drop·measur~d wP,en pressure taps 

are placed beyond end-effect zones of a given sphere train is 



(2.2.2) 

Case A, i.e., n = 1 ;· is a special case of equation ~2. 2. 2); 

for then 

(2.2 .. 3) 

If we could d.etermine the unknowns lln
1 

13n, P £ 2 , 

we would he able to predict the pressure drop across any 
. . . . 

·sphere train in which the.pressure taps are placed heyond 

the end-effect zones, knowing the·wN-sphere~ pr~ssure 

gradient... To do so, another assumption will be made which 

is necessary to verify expe·rimen~ally: that (EJ;+e:
2

) is 

constant for any number of spheres of given diameter 

11 

making up the sphere.train at a given velocity.· In general,· 

(2.2.4) 

Some work has been done on the wake behind a sphere 

at low Reynolds numbers (T~~EDA (6) )o At a sphere Rey

nolds number of 100, Taneda found (£2/d) approximately pro

portional to the logarithm of the ~eynolds nurnbero But 

whether or not these results apply to pipe flow (with boun

dary effect) , and <t.;hether they can he extrapolated to the 

high Reynolds nurnbers (104 - 105) in the present study is 

.;· 

' 
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~till to be verified experimentally .. · A possible experimental 

t.echnique would be 'to move the pressui'e taps in small steps 

away fr.om both ends of the sphere train and. note the dis

tances 11 and 13 ·e1t which there is significant change· in 
. . , 

2 .. 31 End Effects 

Egua tion ~ 2. 2:. 2).. .can be re~wri t'ten in the form 

Then 

(2.3 .. 1) 

The term, (. ~d· -) fL-n .. d\, . becomes increasingly insignificant 
z LIQ X . I . .. . ~ . . 

relative to the total pressure drop a$ th~ length of train 

increases .. 

Dividing both sides of (2 QJ .1) by n·.a, we obtain 

{2 .. 3 .•. 2) 
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What equation (2. 3. 2) expresses _i:s the pressure gradient 

due to the sphere train's presence, i.e. apart from pipe 

wall.friction over the length (L-nd). The pressure gradient 

obtained thus is independent of how far the pressure taps 

are away from the ends of the·train, provided of course, 

that·they lie outside the end effect zones. 

(P£1+P€ 2> ,can be further reduced analytically by 

considering th{a Bernoulli effects a·t the nose and tail of 

the sphere 'train: Referring to Figc.2b, we can approxi

mate PEl· as du~ only to the _Bernou.lli effect; i.e. 

(2.3.4) 

For the tail end effect, however, there are other head 

losses which must be taken into account in the Bernoulli 

equation: so that~ 

(2.3.,5) 

Adding equations (2.3.4) and (2.3.5)8. we still find that 

there is a head loss term which can only be determined ex-

perimentally. 

t-7e shall therefore adopt the approach of rearra.ng-; 

ing equation (2.3.2) to the form 



(El~:e2) = (:~:)- (~)Lio(L:~~d) -(Pln:P2n)(l-~) 
(2.3.6) 

so that the end effects can be evaluated from experimental 

data. 

Just as the free pipe pressure gradient is a 

function of Re v, and D, (see equation (2.1.3» so we , 
would expect th8 'N-sphere' pressure gradient to be a 

function of the variables Re, v, and an equivalent dia

meter de· The equivalent diameter ·is a function of sphere 

diameter d and pipe diameter D.. The reasoning behind. the 

firf;t. statement above_, is that we can think of the flow in 

the 'N-sphere• ~ystem as that through a pipe of undular 

cross~·section, with the sphere surfaces as part of the pipe 

inner wall. If our aim is to obtain general results which 

apply to all pipe diameters, and are not dependent on tem

perature (as v is) then we will have to introduce other non

dimensional parameters 

Let PRESSURE RATIO, PRl = 
'N-SPHERE 1 PRESSURE GRADIENT 

FREE PIPE PRESSURE GRADIENT 

i.e. PRl (2.4.1) 

14 



where the n~erator and de~ominator correspond to the same 

Reynolds number.. To show that PRl is truly independent of 

D, v and Re, but a function of diameter ratio, ~, only; we 

shall ultimately r~sort to experiment. Meanwhile, on the 

basis of the equivalent diameter concept we shall carry 

15 

out a simple analysis to derive an expression for (P1n-P 2n)/L 

in the same way that the free pipe pressure gradient (see 

equation 2.1.3) was obtained. Such an analysis of turbu-

lent flow in an eccentric, three-dimensional annulus does 

not appea·r to have been made. In any case, the . following 

·derivation gives us some insight into the nature of the 

'n-sphere' pressure gradient and th~ pressure ratio, PRl:-

Consider the flillid element IJKL (in three dimensions) 

Mean cross-sectional area, A = Vol .. of Element 

Length 

= 

· (n2 d
6

2J A = TT 4 -

Surface area, S = wD.d + 4w(:)
2 

= 1Td(o+d) 
Assume that there are no other effects on the fluid element 

than those due to normal pressure drop and wall shear stress. 

Resolving forces in t·he direction of flow, 



FeGURE 2a 

F lt;YRE 2 bJ 

DEFINI'TION DIAGRAMS 



AJ-AP) = Tw" S 

where 'rw ·is shear stress,· and steady flow prevails .. 

By definition, 4T
00 

= faa ~ pY~ where double prime refers 
2g 

to values in the annuluso 

f" V" 2 
_/J.P = P- S 

4 2g A 

Gompa:ring this equation with the Darcy-l\l'eisbach equation, 

the equivalent diameter, de = 4A " d sin.ce d is the length 

of the fluid element. 

Now, 

since _Re 

.. 

d e 

V" 

s 

= ?T&~¥2] 0 d 

d(D+d} 

Re ., v 

de 

Vo x iTD 2 = 
4 

and by continuity, 

1T • 

{2.;4 .. 3) 

and since V" = R~.~ by substituting for vn and de in 
de 

equation (2.4.3), 

17 



R" e 

We have· obtained above the xelationu 
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(2.4 .. 4) 

- f (I v JV 2 • s . -- 'ft' '•',,,/Q4 .. 2- ".,ad .. 2.J A I!P - --·-· ~ p--· o ~ where s = rrD (d+D~ and A ,, - --
0 

~ 
~ 2g A 

uN-sphere• pressure g~adient, 

(2.4.5) 

If 4 x 103 < R; < 105 , as we expect it will be for Re bet

ween 104 and io5· (See equation 2.4 .. 4) then BLASIUS equation 

for frict1on factor can be used to replace f": 

fit = 0.316 0 .. 316 (2.,4o6) 
·R"~- = 

~~d·Re)~ e 

Suhstitutin~ (2.4.6) anf1 (2ct4 .. 3)" in (~" 4. 5) we obtain 

(P1n-P2n~ (~l__!§_x _!_44
2•i) . {o+d) 1., 25 (n Re)L7S 

. - ··-· . ·"'- -~ --· X = ----:2-··- <> 

\ L / \ 2g . t2-¥ 'j 
f d)l. 25 

9 2 ~ + D . X D) Re 
1.75 

=<: k
1

v . .... 
~(d) 2.\3 D6 \1 - X 

i.. 3 IJ __.. 

As in equation (2.1t>3), if we substi"tute 



. a 
lo-4 

Re = X Re 
I .. 

105 
X and v ~ \) 

/Pln"'"P2n~ = kl f(: + ~y·
25

~(v'2R~l.i5) (2 .. 4.,7) 
\--------- Jl 

L ·.1 ~(~)2r . o3 . f 3 D 

where k1 - 8.487 x 103 · 

Divide equation ( 2. 4. 7) by { 2 •. 1. 3) ~re find that 

PRl ( .. d)l·tt = 1. + - .1 -
D . .. 

That is, PRl is a function of diae ratio onlyo 

Equation (2.4.8) satisfies t.he boundary condition that 

when diameter ratio-, £, equals zero PRl equals 1; meaning 
D 

that we then have a free pipe pressure gradient~ 

A second pressure ratio (PR2) is defined for the 

set-up wheFeby the pressure taps lie beyond the end-effect 

zones:-

PR2 = ((DP/DZ)corr.)/((Pln-P2n)/L) 

(2 .. 4.9) 

The numerator is given in equation (2 .. 3o2) as 

So PR2 = 

19 



PR2 = 

Equation ( 2. 4 .. 1.0) cannot be reduced analytically 

any further since PE1+PE: 2 can,be obtained only empirically. 

The total drag on the fluid as it flows past th~ 

sphere train comprises the skin friction on the surface 

of the spheres, pipe wall friction, and drag due to dis

tortion of the flow. 

In order to evaluate the drag coefficient of the· 

sphere or s~here train in .a p~pe, we need to separate 

total pipe wall friction drag from the drag measurable 

through pressure drops. This is not a simple ~atter, as 

the following dis~ussion wil show. The pressure drop 

~Ps = CP1-P2) over .a length, L, of tube may be thought of 

as being composed of three components: (cf. Fig. 3a) 

(i) The pressure drop ~PL due to the liquid flow-, 

irtg in the tube without the sphere present. 

This is easily calculated from the Darcy
Weisbach formula. 

(ii) The pressure drop 6P · ~ssociated with dis·
m 

tortion of the flow and energy dissipation in 
the \-Take. 

20 



(iii) A pressure drop AP~ which is caused by a 

change in the shear stress distribution on 

the pipe wall in the vicinity of the sphere 
d~e to the change of flow velocity8 A liquid · 

flowing in· a 'tube wi thou.t a sphere experiences 

ur&iform wall stress from cross-section to 

cross-sectiono 

Fiqur.e 3\a illustrates the point that to obtain APm, 

.and hence the drag coefficient, 6PL and 6PL1 will have to 

be subtracted from (P1-P2). Since thexe·is no feasible 

way of evaluating ~PL1 ~ the only practical way to obtain 

drag coefficients will be to measure the drag for·ce direct

ly usinq force transducer; or suspend the spheres in in-

clinec tubes as Round and Kruyer (28) have done0 Never-

theles~, on the basis of the following analysis, an es-

timate of the orag coefficient for single spheres in the 

pipes can be made:-

The drag force, by definition, is given as 

( 2• 2 
a: • 1rd ) pV __ o 

F D CD • \-r, • 2g 

The asterisk on c0 is used to distinguish it from 

.the drag coefficient. of a sphere in an unbounded medium. 

The converqi:ng flow upst:I"eam from the sphere's 

equator is essentially irrotational; so we can apply the 

Bernoulli equat.ion (See Fig. ~b). 

21 
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by continuity, 

Po+ pVo~ = Pl + pv12 
2 2 

no2 
Vo • -- = 

4 
'Tf 2 2 v1 • (D -d ) . 4 

23 

(2.S.la) 

(2.5.2) 

If the p;ressure·ove~ the downstream face of the sphere is 

assumed to be t!qual to p, as in the analysis of an abrupt 

pipe expansion, the momentum eq:uation can be applied between 

points ·1 and 2 (Fig. · 3b) • 

(2.5.3) 

The momentum equation can again be applied for points 0 and 

2, whereby a r~elationship between the total pressure drop 

and the drag force is obtained: 

= F . D 

Relatin~g ( 2. 5 .1) and ( 2. 5,. 4) , 

= 

(2.5.4) 

(2 .. 5.,5) 

Substitute (2.5.2) in (2.S.la) and (2.5.3): 

<Po-Pl>IP = w12 [1-~~2d·2YJ 
= 



" b 
(~~.:~_21 

p 

·Now substitute this and (2.5.1) in equation (2.5m4): 

c* 
D 

2 
nVo = 
li"'2q 

. 2 
= pVo 

2g 

It is evident that the a!$sumptions made in the 

derivation of {2.5.5) and (2.5 .. 6) are· justifiable only if 

~ is near unity. Observations by McNoun and Newlin (15) 
D 

show that equations ( 2. 5. 5) and ( 2. 5. 6) agree well \V"i th 

experiment for diamete't' ratios greater than 0.8 .. 

Correlations by Round and Kruyer (28) will also be 

24 



useful 'in checking p:r:essure drops within the approximate 

diameter xa~io range as will equation (2.5.7), 

25 
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lo APPARATUS AND EXPERIMENTAL PROCEDURE 

J.,lo Gen~ral Requirements 

The hydraulic system illustrated in Fig., 4 was design

ed to meet ~he following_ requirements:-. 

(i) The water flow velocity could be varied between 0 and 
12 ft./secG · The effective Reynolds number range 
bas~d 01n pipe d_iameter 104 - 105 , so that flow was 

fulty turbulent .. 

. ( ii) 1'he number of spheres mounted v their sp_acing; and 
sphe~e-to-pipe diameter ratio could be varied~ 

( ii.i) Pit'essure drops across the spheres could be measured 
continuot!sly. 

(iv) There \'tould be a high enough water pressure (up to 

45 ft.. of \t~at.er.) at the test sections not to stall 

the flow when sphere-to-pipe diameter ratios of up 

to 0.95 .were usede 

(v) Pressuze fluctuations in the system should be mini
·misedo 

3J. 2 pescripti,on of Apparatus (c f" Figs 0 4 - 9) 

The tank (reservoir) measured 36" x 36~· x 30n and 

.was fitted with a 2~· diameter line leading to the pump; _and 



a 1 oo diameter drain line,. The cen:trifugal pump provided 

was r~ted at 3 H.P; delivering up to 100 IGPM at 50 ft~ 

water head. It was driven by an electric motor running at 

3600 ~p:m. 
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A 2" dischaJ:ge line from the pump led to the Surge 

Chamber assembly as shown in Fig .. ·Sa.. The Surge Chamber had 

an effective vo,lume of 904 cu. in .. and was connected to a 

nitxogen bottle through a l-in. qlobe valveQ 

Two rotameters~ one covering the range 0 - 10 IGPM 

and the othe:i:' 10 - 100 IGPM, indicated the flow rate.. A 

butterfly valve was located between the surge chamber and 

flowmeters so that the flow could be regulated.. Two gate 

valves and two globe valves for fine flow control were con

nected as shown in ·.Fig & 5 •. 

Details of th~ 2-in .. test-sections are·shown in Fig .. 

6. The .l-in. test-sections were identical in design except 

that the spacing bet"V+Yeen the spherei-location holes was ~~: 

and '•Ill r-espectively; and there was an extra pressure tap 

provided in each test-section so that the pressure transducers 

could be located 3· ins. apart ... A honeycomb flow-straightener 

. was located 4 ft .. from. each test. section~ Valves do~1nstream 

of the ~est sections enabled back pressure to be applied. 

«see ~ig. 4·.,) 

Tw~ prong devices wexe designed and built for locating 

the spheres. (see Figo '7 .. ) 

The pressure transducers are shown in Fig .. Bb~~ The 
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sensing element in each transducer is a stainless steel dia

phram. Applied pressure varies the capacitance between the 

diaphram and a fixed electrode.. This capacitance varia·tion 

i$ collv·erted into a d.c. voltage output proportional to the 

pressure difference between the two sides of the diaphram 

.through the oscillator-cQnverter arrangement described in 

appendix 3. The sensitivity of the pressure transducers is 

·dependent on diaphram thickness, so four diaphrams, with 

thicknesses be'reween o.-oos·in. and 0.030 in .. , were made and 

fitted. in the transdu~er units labelled.PTr3, PTr4, PTrl, 

and PT r 2; in ·that.· ora·er. of sensi ti vi ty.. The pressure ranges 

covered by these are 0 - 30 ins .. water, 0 - 10 ft . ." water, 

10 - 30 ft. water, and 20 - 50 ft .. water respectively.. See 

Calibration curves (Appendix 1) • 

There were diffi6ulties in getting the equipment 

desiqn~d and the instruments calibrated and working propeily, 

but. these· were eventually solved. 

3. 3. ~_EeriJI!ent~!-~ Procedure 

The converter units were switched on to warm up, at 

least 1 hr. before the start of each experiment0 This mini

mised dJ"ift. 

The reservoir was filled with water to ~ capacity 

and the pump stuffing box nuts (2 off) were adjusted so that 

there was slight drip· of water as :the dri,ring-shaft was ro-· 
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~ated slowly by band. This indicated ~hat the pump was well 

primed.,.· 

Spheres were located in ·the appropriate test-section 

using the prong_devices mentioned above; and the test-section 

was fitted into place by bolting the Johnson dresser couplings 

provided. 

The appropxiate transducers were adjusted so that the 

output voltage~ were ze:ro£1 and the valves in the system were 

checked to ensure that the right ones were open and.the others 

closed.. Care 'lf7as taken that the flow rate which was obtained 

did not exceed the range of the smaller flowmeter when that 

rotameter was usede 

Care was also taken that the output of the pressure 

transducers did not-exceed 6 volts d.c. 

The readings o·f voltage were taken from the reCt}rder, 

and rei llimet.er readings of the rotameters were also noted as 

flow rate wa.s varied e . Water temper~ture was measured using 

a mercury thermometer-e Since the variation of water temp-* 

erature throughout any experiment was less than 3%, water 

.. temperatures t:7ere taken only at the beginning and at. the end 

of each ~xperimento · 

Using calibration chartsv values of the flow rate~ 

pressure drop, ~nd .Reynolds numbers t1ere calculated from 

the reading$ listed above. 
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Frc. 7 
SPHERE-LOCA~ING TOOLS 
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FIG. 8a SURGE CHAMBER ASSEMBLY 
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4. RESULTS AND CALCULATIONS 

The experiments were conducted using the following 

series of spheres:-

111 diameter spheres in 2" pipe (diam. ratio= 0.486); 

~~-'~ spheres in 1" pipe (diam. ratio = 0. 60); 

l!1" spheres in 2 11 pipe (diam. ~atio = 0. 737); and 

'~" spheres in .1 n .pipe (diarn. ratio = 0 .. 8 4) . 

The internal-diameter of each pipe (test section) 

was measured and fo~nd to be 1.030 ± 0.010 iri. and 2.000 ± .010 

in. respectively. 

For each diameter ratio, tests were performed, as 

descri.bt~d in section 3. 3 with 1 sphe-re, 2 spheres, 4 spheres, 

8 spheres, and 12 (or 10) spheres located in the pipe. Calcu-

lations of the basic ~arameters - pressure drop and Reynolds 

numper - were made from readin_gs of the flow rate, transduce-r 

voltage output and temperature as follows: 

where vo1 was the upstream transducer voltage output, c1 was 

the calibration constant for tbe upstream pressure transducer, 

and suffix 2 refers to.the downstream pressure transducer. 

The values of c1 and c2 depended on which of the four trans

ducers - PTrl, PTr2, PTr3, PTr4 - were used; and were obtain

able from the calibration charts. See Fig. 9 
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Reynolds number (based on pipe diam.,) = 0 .. 04083 <-v~n) (4.1) 

where Q is the~ flow rate in Imperial gal./min .. , D is the 

pipe internal diameter in ino and vt·is the kinematic vis

cosity of water tin £t~/sec.) at the temperature measuredo 

The values of kinematic viscosity were obtained from tahles. 

(See appendix 1 for the derivation of equation (4.1)) 

Ha\ring obtained the pressure drops and corresponding 

Reynolds nurnbersu the parameters developed· in Chapter 2 

wer~ ·evaluated. The correlation of these parameters is pre-

sented below and will be further discussed in the next chapter. 
0 

Number ~nd Diameter Ratio. 

Data collected with the 9 n_.sphere' system (cf .. Fig. 1 1 

Case D)were used to c~mpute the parameter PP..l defined hy 

equations (2.4.1) and (2.1.3) o (The computer program output. 

is given in appendix 4.} The data are given in table No. 5. 

Contrary to th~ simple analysis of section 2.4, 
·.c . 

PRl was not completely independent of Reyn·olds number, as 

shown in Fig~ lOe The maximum variation of PRl with Reynolds 

number occured with the sphere/pipe diameter ratio of 0.84. 
0 

The minimum variation was found with the 0.60 and 0.737 

diameter ratiOSo 

The values of PRl given by equation (2.4.8) were 



compared with those computed from data. ·.Discrepancies· of 

.about 100 % or more \~Jere observed between the two sets -of 
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PRl. This suggests that the simple analysis of section 2.4, 

based on the equivalent diam~ter concept, is inadequate for 

the complex flow phenomena \'li thin the cor ruga ted annuli~ 

. Correlating. ·the values qf PF.l at a. Reynolds number 

of 10,000, an empirical ~ormula for PRl as a function of 

· diameter ·ratio was- obtained: 

PRl ~ 259.133·(~) 4 • 543 
D 

( 4. 2) 

Considering equation . ( 4 ~ 2) and the variation of the press1..1re 

ratio, PRl, with Rey~olds number, a_more general formula was 

.derived: 

PRl = [ . . d 4; 54 3] .. 1 c 
259.133 ~ (0 ) . . ~-~. ( 4. 3) 

where d 
. . I -+ ~ c = 0.232, for = 0.486 Re. = JO • e :8 

c = 0.:074, for = 0.6 
n~ 

c = 0.082, for d = 0.737 o 
c = o .• 33 ~ for d = 0.84 

D 
That is, c varied between 0 and 0.33 for the range of dia-

meter ratios and Reynolds numbers considered. ·It '-1ill be 

see_n from the plot of !'Rl vs. ·Re that· the m~an. value of ~Rl 

for each diameter ratio corresponds to a Reynolds number 

between 3 x 10'1 and 4 x 104 • Fig. 11 therefore_ applies more 

accurately .·tQ Reynolds nu .. mbers within t'hat range. 
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(i) Pressure Gradient based on length of the sphere train, n.d. 

dp The parameter (a:z)co:i:'rf defined in aquation (2~3.2) 

·was calculated from the data given in tables l - 4. It is a 

function of Reynolds number v diameter ratioi. and number of 

spheres; and has been plotted for each of the four diameter 

ra·tios as shown in Fig .. 12. 

All the plots are linear on a log-log scale. The 

gradients vary between· 1 .. 5 and 2.0, with the exception of 

the smallest diameter ratio where les·ser gradients were ob

served.. From ·the plots, the following general observations 

were made: 

(a) DPZC (i.e. (~)corr.) increase::.with increase 

of Reynolds number 

{b) For a given pipe diameter and number of spheres, 

DPZC increases with increase in diameter ratio 

(c) For diameter ratios of 0.6 and 0.737, DPZC 
decreased steadily with increase in ll'lumher 
of spheres. An oscillating decrease i~ DPZC 
wa1s however observed with the 0. 4 86 and 0. 8 4 

diameter ratios as the number of sphere$ in
creased .. 

(ii) End ~ffe~~ (on pressure gradient) as a function of 
Rey~~l~_s Number, Diameter Ratio, and number __ ~~-~pheres. 

From equation (2.3.6) the end-effeet component of 

pressure gradient wa.s.computed and 'the results plotted as 

shown in Fig.l3o Like the DPZC versus Re plots the end 
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effect graphs were linear on a log-log scale with the ex

ception of the 0.486 diam~ ratio plot, where some nonlinear-

ities were observed. The following general observations are 

made:-

(i.ii) 

· (a) The end-effect component of pressure gradient 
tends to decrease as the number of spheres in 
the train increases. It decreases from 100 % 

of DPZC (total pressrire gradient) for 1 sphere, 
to between 20 % and 60 % DPZC for 12 spheres, 

depending on the diameter ratioo The respective 
lower.limits of end effect computed were 58.7 % 

for cg> ~ 0.486; 40.9 % for cg> = 0.60; 23 % for 

cg) = 0. 7 3 i : and 4 8 " 2 % for (g.) := 0 ~ 3 4 " 

(b) The end eff~cts generally iricreased with in
crease of Reynolds number and sphere-to-pipe d~~M~ 

ratio for a.ny given pipe diameter. 

PR2 as a function of Re No .. of spheres u __ a~ ___ Qj._~!fl.~~~!'-
N, ratio. 

The pressure ratio PR2, is defined in equation 

(2.4.9) ~ Figso 14 and 15 illustrate the variation of PR2 

with R~ynolds number and numbe·r of spheres in the train .. 

PR2 tends to decrease with increase in diameter ratio for a 

qiven number of spheres amd a given Reynolds number~ 

(iv» Pressure gradient based on length, L, betwee~_ 
pressure taps. 

Equation (2.3e2) can be written in the form 

/!'

_( p 1 ~. _ _: 2) (d ~ '1 ( ') _ ;; a¥) n (n-1)~ l : DPZCL' 
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= 

where f (~, R nJ D eN 
is directly dependent on the end effectse 

, 

To check the validity of equation (2.3~2), and hence 

the results prese.nted above, DPZCL was computed and plotted 

against (~)LrQ. using all the data. For the results to be 

valid, the graphs of DPZCL versus (~)LIQ must pass :through 

the origin and with gradients reflecting the end effects. 

As shown in Fig. 16 the graphs of DPZCL versus (~~)LIQ pass 

through the origin~ 

From equation (2.5.5) and (2 .. 5.6) the drag coefficients 

were ev~luated for the diameter ratio of 0.84 using pressure 

drop measurements. Values of drag coefficient calculated from 

pressure drop data were higher than those corresponding to the 

theoretical formula, 

The best agreement between the latter values and the former 

was at pipe-Reynolds-numbers greater than 8 .. 5 x 104 • The 

corresponding discrepancy was less than 10 %. See Fig. 17. 
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~0~ ~~~ox Analysis 

The following analysis is based on estimates of 

error due to such factors as instrument .error, calibration 

error, reading error, errors in measurement of the length 

and diameter of te~t-sectioils, and manufacturer 9 s quotation. 

P~essure drop measurement: Max .. error estimated = ± 

Flow rate measurement : If PI tl = ± 

Length, L., between trans-
ducers " II OD = ± 

Mean diameter; ·D, of test 
section ~~ II n = ± 

Kinematic viscosity (with 
temperature measurement " II u = ± 

Sphere diameter measure-
ment n -~ II = ± 

(i.) Reynolds number - calculated from equation (4ol),. 

.. Max... error in R~ = % error in Q + % error in v + % 

error in D = (6 + 2 + 1)• = ± 9 % 

· Max. error in DPZN = error in pressure drop + 
error in L measurement. 

= t (7 + 0.5)% 

(iii) Free pipe pressure gradient, {~)LIQ·- calculated from 

(Bquation ( 2 .1. 3.) ., 

7 % 

6 % 

0.5 

1.0 

2 .. 0 

1 .. 0 

% 

% 

% 

% 
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Max. error in DPZL = 2 x error in kinem. viscosity 

+ le75 x error in ReN 
+ 3 x error in D 

= 1(4 + 16 + 3)% = 23 % 

(fv) Pressure gradient (DPZC) _based on the length of the 

sphere train- defined :in equation (2.3.2). 

Error in DPZC = Error in pressure drop measurement + 
error in sphere diameter 

= ±(7 + 1)% = ± 8 % 

(v) Pressure Ratio, PRl 

~-1ax. e·rror in PRl = lllax. error in(~) 
,dz n 

+ Max. error in(~)LIQ 

= ±(7.5 + 23Y.% = 31 % 

(vi) Pressure ratio, PR2 = DPZC 
DPZN 

Ma~. error in PR2 

(vii) Draq coefficient, CD 

where Vo 

Max. error in DPZC + Max. error 
in DPZN 

= ±(8 + 7.5)% 

= ± 16 % 

= o2 fPress~r~ Drop ] a2 . 
~.. Vo /2g 

\) . RE!N 
X 14.4 = D 
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Error ·in Vo = 2 + 9 + 1 = ± 11 % 

Max. Error in c0 ~ 2(2) + 7 + 22 = 33 % 

The essence· of the non-dimensional parameters, PRl 

and PR2, was to generalize the results of this experimental 

study so that ·they may be applicable to any pipe diameter and 

for any sphere~pipe diameter ratio between 0.486 and 0.85; 

the Reynolds number range being 104 - 105 • We shall illus-

trate in this section how the results can be applied to pre

dict the pressure drop in an arbitrary pipe of diameter? D 

(say 6 in.) wit.h n (say 100) spheres of diameter d (say 4~ ins.) 

located in the pipe as water flows past them with a mean 

velocity yo (say 1 ft/sec.) at a temperature, T (say 74 F, 

-5 2 i.e. kinematic viscosity= 1 .. 0 x 10 ft /sec .. ) .. 

The following procedure is recommended:-

(a) Calculate the Reynolds number based on pipe 

internal diameter, knowing the kinematic vis-· 

cosity corresponding to the temperature, T. 

·(b) Calculate the free-pipe pressure .gradient, (~)LIQ 
using the equation 

. (~) = 8 .. 487 dz LIQ 

where D is in inches and v is in ft 2/sec. 



(c) If the length, L, between pressure measurement 

:points along the pipe is less or equal to the 
' trotal length of the sphere train, then. ~<~e re-

quire the parameter PRl only.. If L is greater 

than the total length of the sphere train, we 

r·~squire both PRl and PR2" 
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(i) Suppose L is less or equal to n~dQ Referr

ing to Figo 10, the value of PRl cor

responding to the given sphere-to-pipe 

diameter ratio and Reynolds number is 

read offa Interpolate if necessary~ 

Now, PRl = _p(~ 
L oP) ~ a:i LIQ 

where 6P is the pressure drop in inches 

water required, and L is also in inc:heso 

Knowing ( ~) LIQ, L and PRl, we thus pre

dict the pressure drop0 ~ 

Equation {4a3) could also 

be applied to calculate PRlo 

(ii) If L is greater than n0du we use Fig~ l4o 

Depending on ·the number of spheres in 

the train, the value of PR2 is read off 

corresponding to the diameter ratio and 

Reynolds number ca.lcula ted above,. \11Jhere 

the number of spheres is very large (say 

50 Or more spheres) a conservative es

timate of press~re drop can be obtained 

by reading off. PR2 from the lowest graph 

corresponding to the given diameter ratio .. 



Now, PR2· = 
AP - (~)LIO (L-(n-l)d) 
;-; d X (PRl X (~)LI~ 

where 6P is the pressure drop required, and(~)LIQ and PRl 

are evaluated as indicated above.· 

Substituting, therefore, we obtain !J.P .. 

48 

For example, using the figures given above, let L = 500 

ins. 

Reynolds number = 1.0 x ~ x 10s = 4 5.0 X 10 
l 

inches water per inch length 
of pipe .. 

= .. 000654 

We note that 1· > 100 x 4. 5, so we require both parameters, 

. PRl and PP2. Diameter ratio -= 0. 75. So we interpolate 

between 0. 737 and 0. 84.. From Fig. 11 we read that P'Rl -- ~)Q.Q 

approximately at the Reynolds number of 5 x 10 4 and d 
D 

= 0 .. 75. 

From Fig. 14 w~e take PR2 = 1. 2 for the given number of spheres 

and Reynolds number. 

Substituting in equation (4.4), 

1.2 = ~p - 6.54 X 10-4 (500 - 445.5) 
100 X 4.5 X 9 X 6.5 X 10~ 

/. fjp ~ 1 • 2 X 4 • 5 X 9 X 6 • 54 X 1 0- 2 + 6 • 54 X 54 ,. 5 X 10-4 

~ 3~18 + 0.0357 = 3a2l6 



----

0 
• .. Pressure drop expected =:= 3. 2 ins. water 

0 

We have thus predicted the pressure drop c orresponding to the data 

chosen arbitrarily above. 

4. 6 Optimum Dicrrreter Ratio For Sphere Trains 

The power consumption P?r unit mass flow rate is given ·as: 

H.P./ft _ B PRI 
1tons7sec) - (d) 2 

D 

(5.5.1) 

where a is a constant 

See appendix 2 for the derivation of equation 5.5.1, Using fi<Jl.:lY'e 11 

the above parameter can be calculated and tabulated as. follows: 

(d) 
0 
-·· -

0 

1.0 
0 
0.4 
·o.4s 
0.5 
0.55 
0.6 
0.7 
0.8 

pro: 

1 
10.5 
12 
14.5 
18 
23 
52 
150 

HP/ft • 1 
tons/sec a 

co 

65.6 
59.3 
58 .. 0 
59.5 
63.9 
106.1 
234.4 

The minimum power consumption for a given solids through put thus 

·corresp:>nds to a sphere/pipe diameter ratio of 0.5. 

Cl 
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d 
DATA FOR 2 11 DIA* PlPE D = 0.486 

_..,_.,....,_., ............ ~ .... ...-~PII!II.., --~·~ ......... ~~····4111.~~ ............ ~,..~· .... ..0.~•'111 ..... ~.........-.-1 .... '-.. ..... tr..._W fta"o,., ··~ 

· L = 12 ins.. ; 
. . 1 Sphere ~ . -6"\ 

. Rinet,l .. Viscosity =P.96fi: '/sec:a(1tl0 ,1, 

p~=~ ~~~~* . 4 _1 2
• 

2l:J:: 6 _l:~l:::_l: ~J:.:.:l::=-1~ :1.=-:~J 
i L = 60 ins,. i 
· . 2 Spheres . . · . · -s' · j · ·. K1n~..!R~ \l.1.scosity =o.94.ft2;sec .. :It 10 ~ 
~--~;;-;.:; """'"-~.,·r ""=,r="·~r'""'":"·r"='r .. ,.,.,,..._.,..,. "'r'"""i"'".:>=-r=o·,--··r'"'"'~" j 
teN_ 2.1 2_:88 ~:}5 4o4516.116.1 7.8 17.819.7 19.7 ?~2! 
~··res s .. Dro~ i i t ! ; ~ ; 

r-~.:_te~;!_::..l::!.J.~~-J;.:~---l ~:-'i . .~~ :.~ ~.::...~_~:~1~~-a. __ l ~ ·-~ (~ ~-~- I 
~ .4 Spheres ~- ns~ : 
·f Kine.:m ~ 't/iscosity =0. 95ft2/~~f~c., x/IJ~~ 
r":":":".":...~::".:.":':::.~o:.-~=--=-·-:-r_~~~";.·.··;::::'.:~'.:.~i~~:-"'!'.~~~~~~!;~;:~~r .. ':.':- :!'· :•.···.· r:::·.--:~~ .... ·::-··!'!!~::·-:-;~~':,!""'..:::--~· :· ·r· ·:;·:~-.·:·:·!':':-y' .. ~ ... ·-. ( ·.:· !.:4~·-;: ... 

fe x 1o-4 2.lj2.9 j3.6 I 5.2,6.0j6.9 8.6 !a.6 19.7 ! 9 .. 7 j10.6j 
~-· N - . . ........ . -.. .. . . . . . . ' . . , . . . .. . ---+- , i 

. ~~-r1: e11
:sw. ~~0e;..i 1. e: 2. 5 3. 8 I 3. 5 ! 4.1 ~ 4. 7 .
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5. DISCUSSION 

5.1. Pressure Ratio, PRl, as· a function of Feynolds Number and Diameter 

ratio 

The experimental results· for PRl did not agree with equation (2.4 .8), 

which expresses 1the pressure ratio, PIU, as a function of diameter 

ratio only., PRJ.. was observed to be a function of Reynolds nuniber as 

well. The main explanation for this is that the theo:cy ass\.D."Cle.s 

( pln: p2n_) == F. R~ 1. 75 

(5.1.1) 

and I dp\ = f R 1. 75 
\. dz) LIQ. • E1i 

where F and f are functions of diameter ratio, kinematic viscosity and 

pipe diameter. In practice however, the e>:FOnent of R in equation 

(5.1.1.) is not necessarily ·1. 75. It varies between 1~ and 2; as 

confinned in reference No.. 27. 
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0 

Moreover, the equivalent diameter concept used .in the analysis 

may not be applicable to annuli of this type, apart from the· 

. high ·Reynold.s numbers involved. We~ therefore, conclude that 

~he theory ~as been over simplified and that the experimental 

values-of PRl are acceptable, within the limits of error es

'timated in section (4~4). 

5.2.-.~~e~~_Ere~radient .DPZC and end effects, as a function 

~--R~~olds number and number of sphe~~s. 
o. 

The grapns of DPZC and end effect.versus Reynolds 

number, are very much what one would expect: the pressure 

gr·adie~t increases with increa.s~ of Reynolds number and dia

~eter ratio, the plots are linear on a log-log scale and ha~e 

varying intercepts and gradients, and the end effects diminish 

as the number of s.pheres in the . train increases. Also tht~ 

.estimated error in the pr~s~ure gradient values obtained is 

relatively low - about 8%: ~ignifying that figures 12 and 16 

are quite relaablee 



5.3 Pressu.re ~atio, PR2, a~ a function of ReN, diameter 

xatio, and number of spheres. 

Rememb(ering that. PR2 is the ratio of pressure grad

ient with end teffects ·to the pressure gradient without. end 

zeffects for a given sphere train, one would expect PR2 to 

tend to-1.0 as t.he ll'lumber of e;pheres becomes very large. 

·The lowest value of PR2 obtained for the maximum of 12 

spheYe.s was ·about l o 3" Taking into account. the estimated 

~rror.in PR2 of about 16%, the results suggest that we 

need more than 12 spheres for the. lower limit in PR2 ·to be 

reached. Th.at is, the end effects ~onstitut.e still quite a 

significant. part of the pressure gradient when the sphere 

txain Qomprises 12 or less number of spheres. 

The discrepancy between the drag coefficients eval

uated fx-om data (with ~ ~ 0.84) and values corresponding to 

McNoun'ii formtala lies well within 'the margin of error esti

mated in $ection (4.4.vii)e Consider~ng that the error in 

CD could be as larqe ~$ 33%, measuring pressure drops is 

obviously an jLnaccurate.. approach to finding the drag co

efficients. In any case the formula, 

C* fi o2 Pressure Drop 
. D d2•. Vo/2g 

11 



can be applied only for single spheres and diameter ratios greater or 

equal to 0.8" It seems therefore, that the best method of obtaining 

drag Coefficients for sphere trains like this is to measure the drag 

directly using a force transducer. We suggest that the test sections 

be redesigned so that measurements of fore? on the sphere trains can 

be made., 

5. 5 Optimum Dic:meter Ratio for Sphere Trains 

The horsep;YWer I unit mass flow rate is an irrportant parameter 

relating to the econOl"ey' of a capsule or solids pipeli"ne. A minimum 

value of the parameter is usually desired. 

The results presented in section 4 •. 6 indicate that for spherical 

capsules the optimum diameter ratio (sphere I pipe) is 0.5 for the 

above parameter to be minimum., In practice, hm1ever, we would 

recommend a diameter ratio of about 0 0'6 as this would reduce the 

tendency for the spheres to ride one above the other o 
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6. CONCLUSIONS 

On the basis of the analyses-and experimental results 

-.present~d above, the follo\'J'ing co.nclusions can be. made: 

_ '(i) The hydraul~c gradient in smooth pipes contain·-

in<) sphere trains is a logarithmic function of the 
. -

. Reynolds- number as shown in Fi.gs.. 12 (a-d) for· 1 11 

. - - - - -- 4 
-and .·2,: pi-pes~ and Reynolds numbers between 10 and 

· ·1 oS ·• It tends to increase with increase in diameter 

ratio, and'dec~ease with incr,ease in the nwnber of 

sphe:t;"e~, for.any.given pipe diameter and Reyn~~ds 
number. 

(ii) For long sphere ~r~ins~· the ratio of t~e press-
. ~ . . . . 

·ure ~radiertt wit~ spheres located in the pipe to 

t·he ·~ree-pipe pressure gradient can be approximated 

by the regression equa~ion:~ 

· PRl 

where c varies between 0 and 0.33 given that 
. 0."8-4 -~(g)~ 0.486 and 104 -~ Re ~ 105 • 

. - . N 

(ii_i) ·End· effects diminish from 100% of the to .. cal · 

pressure gradient to about 20% as the number of 
. . 0 . 

spheres compr.ising the sphere train increases 

from 1 to 1208 

(iv) Th~.a drag coefficients estimated- _from pressure 

· drop measurements for 1 sphere compare "'1ell \\'i th 
McNoun's drag coefficients only for the highest 



$phe~e-to-pipe diameter ratio used; 0.94.. For 

diameter· r~tios-less than Oo8, drag coefficients 
cai'iilOt be accu:t"ately evaluated from pressure drops. 

(v) By using theresults presented in Figso 10, 11 
and l~J., the pressure drop due to a sphere train 
located in .a pipe of any diameter can be ~stimated 
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a~_ illustrate~ in sectio~ 4. 5_; given that the sphere
to-pipe diameter 1ra.tio lies between 0.486 and 0 .. 84, 
·for the Reynolds numbe·r range 104 - 105 .. 
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APPENDICES 



A •. ~ CALCULATION OF THE REYNOLDS NUMBER I·'P.0~1 FLOW RATE, 

Mean velocity, 

1 cu. ft/sec. 

Vo = 4Q' 144ft/sec where Q is in -·-X ·. 
rro2 . 

ft3/sec. and D is in inches. 

= 373.733 Imperial gall./min. 

= ft/sec. where Q is in 
'It X 373.13 0

2 
4 X 144 Q ___ _ 

Imperial gall./min. 

= 0~4905 Q . 
--~ ft/sec. 
u2 

= Vo D' where v (ft2;sec .. } is the kine-
\) 

matic viscosity at the temperature, T, 

measured~ and dis in ft. 

= Vo D 
· 12v :-

Substituting for V0 , . 
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A.2 Derivation 9f Equation (5.5.1) 

Horsepower I ft. = al (PRl) ( ~ )LIQ X Flow rate 

where ·a1 is a constant. 

D2 2 
Flow rate = V • .!!___ = (R • 

0
" ) • '"0

4 
= nD

4
\) • Re o -·~4 e 

dp 
• ~~ HorsepovJer I ft = al . (PR!) <az) LIQ • n~D • Re 

v 
)t c 4 d 3 =- n{-) • V 

Capsule mas~i 
Mass flcr11 rate = d 

3 -2 c 
d 

' 
f I 

where Vc is the capsule velocity. 

H.P./ft 
(tons/sec .. ) = 

where a2 is a constant. 

0 

At any specified Reynolds nUil'ter, we can take (~) LIQ as 

constant. So also is the capsule velocity, V • c 

H.P./ft = B
3 

.. (PRl) • D PRl 
(12 = 63 • n a 2 (tons/sec.) 

Given any pipe diameter, therefore, 

H.P.Ift. 
Ttons/sec. ) = a • PRl 

(diD):2 

Where B is a constant. 

<o> 




