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ABSTRACT

This research programme has the general objective of
establishing analytical techniques for analysis of indeterminate
spatical frames and shells under dynamic loading, and the design
optimisation of these structures under the constraints of dynamic
loading. Although techniques developed should have wide
applicability, emphasfs will be placed, for experimental and

"{1lustrative purposes, on structural configurations common to

machine structures.

Recent success of the finite element matrix method and
progress in the field of nonlinear optimisation provide a rational
basis for the synthesis of space frames, with emphasis on configur-

ations common to mechanical engineering structures.

For the initial stage of the project a highly redundant oblique
four bar space frame was selected to investigate into the nature of

\fiproblems involved in the optimisation of generalised space frames

subject to dynamic constraints.
The present work relates to the static analysis of the frame

including a theoretical analysis based on the finite element approach

and experimental determination of the influence coefficients.

vi



The average percentage error in actual measurement varies
approximately from four percent for larger flexibility influence

coefficients to about ten percent for smalller ones.

Related studies will examine the dynamic analysis of the

structure, and the optimisation problem.
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INTRODUCTION

This research programme has the general objective of establishing

analytical techniques for analysis of indeterminateAspatial frames
and shells under dynamic loading, and the design optimisation of
these structures under the constraints of dynamic loading. Although
techniques developed should have wide app]icabiiity, emphasis will
be placed, for experimental and illustrative purposes, on structural

configurations common to machine structures.

This present work relates to the first stage of this programme
in which the problem is explored by examining a simple discrete
element space frame with generalized characteristics. More
specifically, this thesis is concerned with the static analysis
of the strdcture, including a theoretical and experimental
determination of influence coefficients and stress-load transfer
matrices.  Related studies will examine the dynamic analysis of
the structure, and the optimisation problem. The following

discussion reviews the overall problem.



Design systhesis essentially is an evolutionary spiral process
involving a complex feed back interrelating the fields of creativity,
past experience and tools of analysis. The role of the designer
is to optimise the value of a synthesis on the basis of some
criteria through a balanced exploitation of the evergrowing
information from all the three fields. The basic techniques and
the criteria of evaluation themselves need refinement from time to

time in the light of achievements in the foregoing areas.

The process has been marked with a rather slow progress in the
field of mechanical engineering structures, mainly due to their
inherent nature. These have not received the intensive
investigation that civil and aerospace engineering configurations
have. Analysis of mechanical engineering structures has perhaps
lagged behind because they are much more difficult to cateéorise
than in the other fields where a few highly typical configurations
can be recognised, modelled and studied.in a concentrated way. In
addition, the analytical tools available until lately have had

their own limitations.

1,2
These methods can be broadly classified into two divisions, -

(1) Methods based on exact solution of the differential equations

describing the structure.

Apart from the difficulties in setting up and solving the

equations subject often to awkward boundary conditions, in case of



complex structures the basic assumptions proved too restrictive
for accurate solution.
(2) Approximate methods involving mathematical approximations

can be subclassified into -

(a) Those based on finite difference procedures. These
are unsatisfactory in their formulation of boundary

conditions and convergence characteristics, and

(b) Those which approximate the stress or displacement
distribution'by a series of analytical expressions and

hence are unsuited for complex structures.

The classical ‘analytical tools are thus incapable of providing
an integrated approach even for structures of moderate complexity.
Hence it is not surprising that the practical design of mechanical
engineering structures has relied more on past practical experience

supported by rough analytical checks wherever possible, rather than

on the analytical tools.

The need for a tool well suited to complex configurations was
most acute in the aircraft industry where the designer had to work
within extremely narrow margins of practical expediency?. The
extensive efforts over years by numerous and often jsolated workers
culminated in the finite element approach which is a major break-

through from the past.



Based on structural as against mathematical approximation, the
method essentially seeks to idealise the structure into an assembly
of a finite number of discrete elements connected at a finite
number of points, and then proceeds to solve for the system response
on an exact mathematiéa] basis. It is the finite connectivity
Which permits a complex continuous structure to be analysed by a
system of algebraic equations and forms the basis of the technique.
Although earlier work was restricted to the field of aeronautical

engineering, recently results of applications to nonaeronautical

4,5,6 7

problems and extensions to three dimensional discrete elements

have been reported.

It is realised that, although the finite element technique
is still developing, it provides a unified approach to the analysis
of any type of structural assembly, from any field and with any
combination of one, two or three dimensional elements of different
characteristics4. It thus provides a reliable analytical tool

which is a prerequisite for design systhesis.

A rather limited amount of work appears to have been done on
the general problem of elastic vibration of structures and the

problem of optimisation under vibrational constraints, although
techniques for calculating the natural modes and frequencies of
Tumped mass spatial structures are fairly well established for

essentially beam like aircraft structures, and to a lesser extent



the rectangular frames of civil engineering. The significance
of rotary inertia in spatial frames does not appear to have

3

been studied. Archer has provided two useful new papers

in this field and has related it to the finite element stiffness
matrix technique. Hurty]o has deve1oped'a method for analysing
complex structural systems that can be divided into interconnected

components.

The concept of optimum design has registered a drastic change
since the advent of high speed digital computers. Earlier, the
magnitude of computation involved acted as a deterent and a feasible
~ solution wquaccepted in lieu of the optimum. With computers
~'i"'to handle the arithmetic, systematic design synthesis has become

a reality.

Very many general techniques of optimisation appear in the
literature that might be applied to structural optimisation. Most
promising are the Direct Search Method first suggested by Hooké
and Jeeves and further developed by Flood and Leon]], the Method
of Successive Linear Approximation due to Griffith and Stewartlz,

3
and the Random Method of.Di@kinson] .

Minimisation of weight, weight stiffness ratio, cost, volume
for a homogeneous structure, etc. have been suggested as criteria
for optimisation of structures, but minimisation of weight appears

to have been accepted as the most satisfactory one even though the



minimum weight design is not always the minimum cost design.

The optimisaticn of a statically determinate truss subjected
to single loading is a problem in analysis rather than synthsis.
For strength design, member cross sections are proportioned to
develop maximum allowable stress for the required failure mode.
For optimum stiffness design based on minimisation of weight
per unit stiffness, stiffness being defined as the reciprocal of
strain energy, the members should carry stresses proportional
to the square root of the product of the modulus of elasticity and
specific weight. The constant of proportionality is based on

s . 14
stiffness requirements .

For a given determinate truss under multiple Toad condition
the problem essentiaily remains the same. A1l the member cross
sections carry the meximum allowable stress, based on strength
or stiffness design, at Teast under one load condition. The
optimum design has come to be recognised'as a fully stressed

design.

In the case of indeterminate trusses, for a given configuration,
applied loading and allowable stress, the cross sectional area
of the members and hence the weight of the structure are functions
of forces in the redundant membersa Sved}5 has shown analytically
that under single load conditions the minimum weight structure is

always determinate.



Using the Lagrange multiplier technique, L. C. Schm‘idt16 has

shown that under alternative loads numerous fully stressed designs
of an indeterminate truss exist. Due to the prohibitive nature
of computations involved in arriving at the minimum weight he has
suggested two complementary relaxation methods to arrive at a

fully stressed design.

The beginning of the present decade marked a radical departure
in the approach to structural optimisation. It came to be accepted
as a problem in mathematical programming with Schmit]7 as the
pioneer. Utilising the joint force and displacement formulation
of structural.ana1ysis as first proposed by K1ein18, he has optimised
a fixed configuration three bar truss subject to three alternate
loads. He treated it as a problem in nonlinear programming by
adopting a modified steepest descent method designated as the method
of aIternafe.steps. On encountering an inequality constraint, which
szt be convex, the 5earch moves along a constant weight plane in the
feasible region until the constraint is again contacted. It then
steps back halfway, and then continues.to move along the steepest
slope. On the basis of numerical results he concludes that in

terms of design parameter space the minimum weight design need not

be a fully stressed design lying at the apex of constraint hyper-

planes.



Subsequent’ww5’20 in collaberation with Mallett and Kicher
he extended the above to the problem of selecting & suitable
configuration and material for the three bar truss. Various
optimum designs were compiled by changing the material or config-
uration, one at a time in discrete steps. The best of all these

design was chosen.

Dorn et a'lz1 have proposed a linear programming method which
selects the optimum combination of configuration and member cross
section from a wide classes of admissible trusses defined by a given
number of admissible joints connected in all possible ways by linear
members. The optimisation is based on a modified simplex method
capable of handling large number of equations. The results provide
an interesting study in the behaviour of optima due to change in load
and the height-span ratio of the truss. The configuration remains
the same for the load for a certain change in height-span ratio <,
and then a]te?ss as <X continues to change. Thus a continuous
spectrum is provided from which the value of < giving the absolute

minimum weight truss and the configuration itself could be selected.

BestZ? has optimised a contilever box beam by the steepest
gescent'methoda It has one unique feature. The partical
derivatives of stress and deflections with respect to the design
parameters are calculated by the finite difference approximation

using the stiffness matrix, which must be inverted to obtain the



deflections. To avoid the time consuming process of inversion

at every step he adopts an interative scheme to obtain the deflections.
Only the incremental stiffness matrix for a given change in design
parameter is calculated which, in conjunction with the previously
inverted stiffness matrix, rapidly converges to the required dis-
placements on iterations. This featﬁre is said to substantially
reduce the calculation time. Constraints on stresses and deflections
are handled by a version of the reduced gradient method. His

solution is a maximum stress solution, and thus forced to be on a

boundary.

The presentation of the structural synthesis as an unconstrained

minimisation problem by Schmit and Fox23

is unique. It is based on
the method of solving linear simultaneous equationS by minimising

the sum of squares of the residuals to zero. This expression is
set up for-the equality constraints defining the stresses. To this
is added penalty terms for violated inequality constraints, which are
.all simple upper and lower bounds. The actual quantity to be
optimised, the weight, is treated as an inequality constraint,
requiring that the weight be less than an arbitrarily defined draw
down weight. The problem is now an unconsfrained optimisation
problem solved by a gradient method. It is repeated using progress-
ively lower draw-down weights until the optimisation function cannot

be made zero. This indicates that the draw-down weight is Tower

than the inherent minimum weight. ‘ The method thus actually requires
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a series of optimisations. It does not seem too appliicable
to complex probiems; as the constraints must be expressed explicitly
in order to set up the residuals. The implicit matrix form of

equality constraints are ruled out.

Razan124 has proposed an unconventional approach using an iterative
technique in which areas are changed by successive increments from
an injtial feasible solution so that each member is fully stressed
in at least one of the several possible load conditions. This
gives a feasible solution forced to be on a boundary. The true

minimum may not be on a boundary if the stress is indeterminate.

The gradient projection teciinique has been successfully adopted
by Brown and A]fred025 to optimise'a portal frame and a two storey
single bay frame. The search begins at a feasible starting point
until constraints are encountered. At this point the constraint
hypersurfaces are approximated by hyperplanes ahd gradient of the
objective function is projected on the line of intersection of these
planes. After a move along the indicated direction a correction
is indicated due to the nonlinearity of the constraint hypersurfaces.
The authors have proposed the use of only one design parameter for a
member as variable whife the rest of the parameters for the same member
are expressed as functions of the selected one. | As moment of
inertia of the members has a predominant effect on the behaviour of
the-structureg other parameters are expressed as functions of moment

of inertia. Inspite of this simplification the procedure seems
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too invloved for complex structures.

Young and Christiansen]4 have provided the first known optimal
structural design technique using vibrational constraints using
an iterative technique. Adjustment of the member area to achieve
a fully stressed design simultaneously with the required resonant
frequency characteristic is the main feature. An application to

pin jointed space truss is included.
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THE PHYSICAL MODEL

For the first stage of the project it was decided to examine
a simple but highly redundant space frame with generalised
characteristics. An cblique four bar frame without symmetry and
with fixed member ends illustrated in Figure 1 was selected. The
obliquity of the bars ensured assymmetry of static and dynamic
response. The four bars are welded at the base to a half inch
thick aluminum alloy plate at a.24 inch square spacing. The top
ends of the bars are brought close together and welded to another
half an inch thick aluminum plate at a square spacing of 2.5 inches.
[t is extremely important for the accuracy of the results that
deflection of the bars at the ends fixed to the base plate are small
as compared to the relative displacement between points on the
structure due to applied load. To ensure this the base plate is
bolted firmly around each leg of the structure between 1.25 inches
thick steel plates. The point at which the external loads are

applied is located at the centre of the top plate.

THEORETICAL ANALYSIS

The decision was made to first examine the problem using
the finite element - matrix approach. Static analysis of structures

by this method is well established. During the earlier stages of
development the literature was in the form of a number of short

individual publications marked by variety of notations and seemingly
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different approaches to the same basic technique, often applied

to specific situations. The most oft quoted work as the first
comprehensive presentation of the subject is by Argyris and Ke]sey26
Results of a more recent survey of the finite element method with a
view to unifying the techniques and classifying the approaches to
derivation of element properties has been présented by Gallagner
127,

et a The very recent book by Zienkiewicz30 is particularly

comprehensive and useful.

The finite element analysis of a general structure consists of
three distinct phases4 -
(1) Structural idealisation wherein the original structure
is represented as an assembly of discrete elements,
(2) Evaluation of element properties,

(3) Analysis of the discretised structure.

Phase 1 introduces into the anlaysis the first of the approx-
imations. Judgement is required to provide a discretisation capable

of reasonably accurate results but in general is not a difficult

problem.

The success of the method and its extension to new areas depend
almost entirely on the second phase. It is therefore not surprising
that the derivation of element properties of various shapes has
received such wide attention. Two .levels of approximations are

involved in the development of these properties - assumptions about
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the essential element behaviour and secondly representation of
distributed stress and displacements in terms of nodal forces and

displacement527

The third phase 1ike any other method of structural analysis
seeks to satisfy the conditions of equilibrium, compatibility and
force displacement relationship, simultaneously. Depending on
whether compatibility or equilibrium equations are utilised first,
the methods can be classified into the equilibrium or displacement
method and the compatibility or force method. The procedural
details of these methods are readily available in a number of excellent

28,29,30.
recent publications .

The Mathematical Model:

The analytical procedure uses two mathematical models - static
and dynamié. The later is usually an extension of the static
model. The accuracy of analytical dynamic response depends on the
number of nodes selected for formulation of the mass matrix. The
amount of experimental work involved in determination of the influence
coefficients, however, increases in proportion to the number of nodes.

As a compromise each member was discretised into three equal lenghts.

For the static model the top plate was treated as rigid due to
its relatively small size and comparatively large thickness. It was
idealised into four rigid bars each joining the centre of the top

plate to the point of intersection of a member axis with the plate.
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The combination of the rigid element and the corresponding flexible
member element was treated as an integral finite element, and the

element property was formulated as such.

The static mathematical model thus consisted of twelve discrete
elements. The arrangement of the elements in the physical

model is shown in Figure 8 .

Analysis:

The analysis was subject to the usual Timitations of small
displacements and linearity of stress-strain and force-displacement
relationships. The weight of the structural elements was neglected
as being small compared to their load capacity. In evaluating the

element characteristic.matrix the deflection due to shear was neglected

The displacement method was adopted as it is simple and

straightforward to programme.
The basic assumptions used in this method are -

(1) Boundary displacements of adjacent elements are mutually

compatible,

(2) Stresses in the elements due to the boundary displacements are
equilibrated by a set of forces at the element boundary in

the direction of the displacements, and
(3) Element forces are related tb the corresponding element

displacements by an element stiffness matrix expressed by
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the matrix equation.

(7 = [Ril{8:) (1)
where { Pz‘} is the element boundary forces vector,
[ R:] is the element stiffness matrix,
{ & } is the element boundary displacement vector,
7 refers to the element number

For all the elements treated as unconnected Equation (1) can be

written as { P}} = [k] ‘%%} (2)
FE
Py
where { P} = i 5 and vt is the total number of
kig]
‘ elements in the structure
Also LY
.
LkR]I = 4
. '~i
L n
pgz.
3y
§ ( = €
and 1 &} Do
\ é“ﬁ

When elements are connected together to form a structure

Equations (1) car = combined into a sing]g relationship.
.. 3
(F1 = Iw] {u] | - ®
where {.F} is the structUra]ajoint forces vector

k3 is the structural assembly stiffness matrix
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and { u&} is the structural joint displacement vector.

Element boundaries have the same displacements as the structural
joints to wnich they are connected if both are referred to a common

coordinate system. This can be expressed by

(8} = [s1{w Q
where [ 2 ] is the displacement transformation matrix. It consists
of zero and one as elements. If the displacements are referred to
different coordinate systems the relation (4) still holds but
elements of matrix [ 2] contain elements of the coordinate trans-
formation matrix. The work done in loading the structure by the

applied 1oads§_F% must be equal to the internal energy. Therefore
from Equation (2) and (3)

R U U SHitS
= 5 (¥R

- (T RITAT{Y (5)
ot (s = ‘{&TM@T} (6)

=

R -

Therefore
L (W) LTI
or (Fy = [AIIRIDAL{Y (7)
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Comparing Equations (3) and (7)  we see that

[kl = [e][RI[A] (8)

[B] is a sparsely populated matrix. The matrix product
indicated by Equation (8) , therefore, can be a very time consuming
step particularly for large structures. However, the structural
stiffness matrix [ K] can be generated directly by assembling th¢
element stiffness matrices already transformed into the structural
coordinate system. This method has come to be known as the
Direct Stiffness Me*thod3933

The assumption of rigidity of the plate and the selection of the
displacement method precluded the choice of more than one node on
the top plate. IT more than one node is selected the f?exibi]ity
matrix will have dependent displacement rows. Hence its inverse,
the stiffness matrix, does not exist28. Imposition of a one node
condition dictated the use of integral elements made up of flexible
and rigid components. The combination shown in Figure (8) was
achieved by the transformation of the stiffness matrix of the flexible

component BC by the equilibrium matrix of the rigid component CD

according to the expressions given below 3J932‘
E%‘@BD = [Kn]ec
-y ¥
= f K H
DMZEBD = L '2}64:{ cn] (9)

L W2l —_— EH—QD-E Q‘Kz'z'_l BC [H;‘p]T
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where
BD is the composite element,
{.?%CD} is the equilibrium matrix of CD
'Mkn,&%a?tc' are 6 x 6 submatrices of the element stiffnesses

in system coordinates.

The following computer programmes were used in the analysis.

Subroutine TRANF:

With position coordinates of member ends and components of a
unit vector along the member Y axis as the input, the subroutine
calculates the coordinate transformation matrix and checks it for
orthogonality. If this condition is not satisfied execution is

terminated after printing out an error message.

Subrountine STIFCO:

Area of cross section and moment of inertia are read in along
with the elastic modulii. Depending upon the value of an index,
the output is a stiffness matrix in member.coordinates or in system

coordinates, or is the stiffness matrix of a composite element.

Subroutine TRANQL:

This subroutine transforms the stiffness matrix by the equilibrium

matrix to provide the stiffness matrix of the composite element. In
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case of shortage of storage space it can be used to provide the
12 x 12 stiffness matrix of a free element from the 6 x 6 stiffness

matrix of the same element when fixed at one end.

Subroutine ASSEMBL:

Once the stiffness matrix of all the elements has been worked

out the subroutine can assemble the structural stiffness matrix.

Main Programme:

The main programme utilises the subroutines to obtain the
structural stiffness matrix, inverts it to supply the flexibility

matrix, and checks the validity of inversion

The subroutine approach provides the more flexible and more

general programmes.

The scheme of computations is indicated as follows on the next

page.
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For optimisation analysis a relationship between external loads
and resultant forces on member ends was required. The external
loads were to act at the apex of the structure. Hence only one:
node at the top plate was required. The structure was therefore
jdealised into four flexible members integral with a short rigid - .
element contributed by the top plate. Further the lower ends of
all the four members are fixed to the foundation, hence the structural
assembly matrix was a superimposition of submatrices for each
composite element. The structural stiffness matrix can be
expressed as

< -1 . o
[kl o= Z DHaimdlk ]l mlined (10)
where [ kya) ;sxtge element stiffness submatrix in member coordinates
{'T'} is the transformation matrix to system coordinate, 6 x 6,
L&4J" is the equilibrium matrix, 6 x 6
¢ is the member number

If the displacements at the node are given by { UL} and external

Toad by { Fl

| o4 ’ | 1
then {u% = [®1{F] i
6 6RE  Gx\

The member end diSplacements;{&} are given by

{4} = LpT1iv} (12)

where'[/3]is a transformation matrix defined by expression (4)
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For the present structure it is a column vector of four 6 z 6 indentity

matrices. Substituting (11)in(i12) gives
T —_— ™ ) -‘%-\
{«¢y = Lellw j{F} (13)
24t ] ZAKE GRS 6w

Due to the special nature of [{3]9Afor the present case we can

write

{di} [ RIT{F] a8

6%} ' Ex&  gxn!

1t

where{aiﬁs the end displacement of the 1% member in system coordinates.
Transforming these displacements to the ends of the flexible component
@l = T | |
fdigl = [we] {4} (15)
6% Ex6 Eni

where {ddf} represents the displacement at the flexible end of the

$th member, connected to the rigid part. Transforming {cLH} to

member coordinates to give {<Aif} we have
. -

{dith, = [71 {du} (16)

G ni 6nG SRl

Substituting (14) and (15) into (16) we get

{ag), = [WITATORTisr ap

€ %\ ERNG ER6 Ex® &wi

Forces % pi%?ﬁ at the free flexible end of each element are given by

(18)

(Rl = 0al{d),

Substituting (9) in (10)



(ry. = [RImTHIKT (R

& *\ ’ 66X GBKREG 6%& &xbét &%}

24

(19)

The stresses in the member can be obtained by transforming

{ P }m by a general transformation matrix [ R J. Let {Si} be a

column vector of axial stress Sxz and transverse shear stresses

Sxye and Syzg , where xvz refer to member coordinates.

Then {5& = LrT{ P}, (20)
TR IRG ewt
Substituting (19) into (20) gives
: T4~ -{ .
2 .. :
{55_% = [R}MQZEHMMHJ [WT{FS (21)
LR TR 6xe  &x& 6xé 6x6  &wi
The exact nature of elements.in [R] will depend on the member
cross~-section. For a hollow circular cross-section it is given
by the following matrix.
L _E-LW - LRsSing g RSn® w-i
A I= Iy © -1y I
" MAz Sin @ MAy3imB _ RySinl '
o - M LB 0 |
z Iy Tx
s MA;{CQS@ _ MAy €059 . 'RO(OS@ O O
_ ——'———'—"—Iz.k - Iy‘t I% v R

where the significance and sign convention for the terms in matrix

R are shown in Figures 11 and 1la.



EXPERIMENTAL ANALYSIS

Both static and dynamic analysis may require the stiffness
or the flexibility matrix of the entire structure, depending upon
the approach selected for subsequent analysis. Experimental
compilation of the stiffness matrix would require measurement of
forces or moments at all the coordinates, for a given displacement
at one of them, while the displacements at all the rest are of zero
magnitude. It is obvious that direct measurement of the stiffness
coefficients would be extremely inconvenient. Hence the only

aiternative is the determination of the flexibility coefficients.

The experimental procedure generally would be to apply a known
force or a moment at a given coordinate ¢ and measure the corresponding
linear or angular displacements at coordinate 7 The magnitude
of the displacement at gf per unit force or moment at 2 gives the
coefficient ¢ of the flexibility matrix.  Inversion of the
flexibility matrix thus. obtained can, if desired, provide the stiffness
matrix. Instrumehtation was, therefore, designed to measure flex-

ibilities.

The loading technique was to transmit sufficient force at a node
to cause displacements of convenient magnitude without appreciably
stiffening the structure. The requirement was fulfilled by two
© parts of a split collar, held together by countersunk screws, clamped

on to the member over a 3/4 inch length, at the point of load application.
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A small gap between the split parts ensured a friction grip between
the member and the collar which had an outer spherical diameter

of 2 inches. A split spherical shell having 2 inches inner and

3 inches outer spherical diameters, was locked on to the collar so
that its axis was in any position within 30° of the member axis.

It carried two pins screwed at diametrically opposite locations on

the outer surface.  Load was applied to the pins by the ends of a

+ fine steel wire which supports a pulley in a vertical plane. A load
supported by the puliey gives rise to identical tensions equal to
half the applied load, in each section of the steel wire leaving the
puliey vertically. These tensions were ﬁfansmitted through an
intermediate system of pulleys, supported by an independent tubular
framework, to the pins in the same or opposite sense according as a
force or a moment was being applied. Theoretically, the arrange-
ment ensured that the two equal tensions would give rise,'at the node,
to a resu1tént force or a pure moment passing through.the inaccessible
member axis. The cross hairs of a levelling instrument were used

as a reference to align the sections of the steel wire in the required

norizontal or vertical directions.

The load application to the pulley was achieved by means of a
pneumatic cylinder working off 100 psi air, through a spring balance
calibrated at 0.2 Tbs per division up to 100 Ibs. Aitefnative?y the

Toad could be applied directly by steel weights supported on a pan
held by the pulley. o



The objective of the measurment of dispiacement was to

isolate the required component, angular or linear, for measurement

while suppressing all the other components. The points at which
displacements were desired were inaccessible. The situation is
represented in Figure 12. The fixed point 0 1is lying on a member

axis when the structure is unloaded. An orthogonal right handed
coordinate system ijk parallel to the structural coordinate system

is eatablished with originat 0 G is a point on the member axis
coinciding with O before displacement. Linear and angular displace-
ments of G are defined respectively by vectors L and A with subscripts
indicating their components along corresponding coordinate direction.
The components are positiye along positive coordinates. As point G

is inaccessible, measurements are to be made at P fixed with respect

to ijk . GH is a rigid Tink.

A p]ané ABCD always passing through H can be oriented perpendicular

to the desired coordinate axis. H coincides with P before displace-

ment. The displacement of H from P to Q is given by d where
I = LT + A=xR (23)
where R ( R;, Ri s Rk) is the position vector of

P and A is small.

In terms of scaler components



a; = L, * Ay Ry — ARR)
dy o= Lot BRRITAUIRK (24)
@%k = Lk + AR - ARy

Suppose L3 is to be measured. The surface ABCD is oriented
perpendicularly to the i axis at P and locked to H. ABCD has a
rigid body motion with GH but it can be ‘considered first to move
paraliel to itself from P to Q with displacement d and then at Q
take the required orientation A. The displacement transducer axis
is fixed and passes through P a?oné the i axis. The movihg element
of the transducer derives its displacement froh each phase of move-
ment of the surface ABCD, referred to above. The recorded

displacement dgg can therefore be expressed as the sum

dy; = dp + AdjmAjdi

Phaseg I PHASE WL
= Li © ARk - ALR, (25)
+ Ax (L) Ak-R{—A{RK)
+ A (L + ARy AR

It is noted that displacements due to phase II are of higher order

and can be neglected, generally

dy; = Lt ARk T AKR (26)
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[t is obvious from Equation (26)that if the transducer axis coincides
with the i axis Rj and Ry will be zero and thus the effects of all

the other components are suppressed.

This may not always be possible. Care must be taken to
maintain the instrument either in the éj .pTane or the ik plane so
tnat only one error term is effective. Further, if surface ABCD
is not axactly perpendicular to the i axis, phase I will contribute
two more error terms +Ap;qjand —A;,-d, .where Aj,and Ay, are the
components in initial angular displacement. of the perpendicular to

ABCD from 1.

By cyclic permutation of the indices, the expressions for the
other two coordinate directions can be obtained. The problem
of resolution of angular displacements will be discussed along with

the method .of angular measurement.

To achieve the requirements for linear measurements as discussed
above two clamps were designed as shown in Figure 6. The inner
clamp grips the member along a 1/2 inch length while providing an
outer spherical surface having a 2 inch diameter over which the
outev c}amp can be fixed in any position. The outer clamp carries

a ball-and-socket joint which in turn carries an optically flat first

surface mirror,off which the linear displacements were measured. The
mirror thus corresponds to plane ABCD. The ball-and-socket joint

permitted the morror surface to be aligned perpendicular to the



required coordinate, while the outer clamp allowed the transducer
axis to coincide with the coordinate axis along which measurements
were desired. The mirror was aligned perpendicular to the

coordinate axis by ensuring simultaneously that

(1) Reference lines on the base of the structure and parallel
to the coordinate axis were in line with their image in

the mirror, and

(2) A vertical plumb line was parallel to its own image in the

mirror.

The nirror provided an optically flat surface and was used to align
the transducer axis with its image, thus putting the transducer
perpendicular to the mirror and parallel to the desired coordinate

axis.

A capacitance type proximity transducer coupled through an
oscillator and reactance convertor to a cathode ray oscilloscope
was adopted as the Tinear measuring device. The transducer consists
of a fixed e]ectrode. Any flat conducting surface parallel to
the fixed electrode can act as the moving electrode. Normally,
the moving electrode is fastened to the component whose displacement
is to be measured. In the present application the structure
had both linear as well as angular displacements whereas the proximity

transducer is designed to work when electrodes remain parallel while



moving towards or away from each other. When angular displace-

ments are present too high results are registered.

- To eliminate this defect the moving electrode was mounted on
‘the transducer itself, The spindle of the moving electrode was
supported jointly by two 2-1/2 inch x 1/2 inch x 5/1000 inch thick
stainless steel strips, parallel to each other, which forced the
electrode surfaces to remain parallel during relative motion. This is
illustrated in Figures 6 and 7 . The spindie on the moving
electrode was kept in positive contact with the mirror during dis-
placement by the steel strips, which exerted a force on the structure
of the order of 0.02 1bs or less as against 0.2 to 0.4 1bs exerted
by an average dial indicator with a Teast count of 0.0001 inches.

The errors introduced due to friction were thus minimised.

The transducer system is based on frequency modulation of a
carrier wave. Tﬁe capacitance of thé electrodes is in parallel
with another fixed capacitance. The combination forms a series
resonant circuit with an inductance. The change in distance
between the electrodes, due to loading of the structure caused a
change in reactance in the resonant circuit which is used to change
the frequency of the sfgna? delivered by the oscillator. The
signal is amplified and detected to provide a proportional'D.C.

voltage which was metered on the oscilloscope. Unloading the

structure restores the initial gap between electrodes. The transducer



can then be calibrated by the integral micrometer producing a

deflection on the oscilloscope of the same order as that obtained

due to the Tocad. The calibration enabled the displacement
to be evaluated. The least count of the micrometer was 0.01
mm which could be further subdivided by the oscilloscope. A initial gap

of 0.5 to 1.5 mm between the electrodes was used.

The resolution of angular displacement into its components was
achieved by a simple optical device. As the magnitude of rotations
involved was small, vectorial resolution was possiblie. The optically
flat first surface mirror used for linear measurements was also
" used to view the image of an illuminated transparent grid of 1/40
inch squares through a levelling telescope equipped with optical
axis and base spirit levels together with vertical and horizontal
cross hairs. The gkid and the telescope were so placed that the
Tine of sight was within 5° of the perpendicular to the mirror at

the point of incidence.

The cross hairs were made to coincide with a pair of lines at
right angles to each other on the grid. =~ Rotation of the mirror
due to loading of the structure had three components - one about an
axis perpendicular to the mirror and two about axes in its plane. The
first had no effect on the grid imagé as viewed through the telescope.
The other two caused a disp]acement of the grid image with respect

to the cross hairs. The vertical and horizontal displacement of



the grid was directly proportional to twice the rotation of the

mirror about the horizontal and vertical axes respectively.

Thus viewing the mirror along the i axis provides rotations
along j and k axes and that along j axis those about i and k axes.
Readings with these two settings provided all the three rotations

and values about z provided a check.

An additional optically flat first surface mirror, mounted
close to the objective of the telescope, could be used to view the
grid reflected by both the mirrors, thereby increasing the optical
arm. The arrangement 1is shown in Figures 4 & 5 . The
telescope was further equipped with a Tateral displacement type optical
vernier , with a least count of 0.001 inches which could be used to
further subdivide the 1/40 inch grid. The set up could accurately
provide measurements with a least count of 0.1 x 10'4 radians up to a
distance of 200 inches between the grid aﬁd the telescope along the

line of sight.

The linear displacement of the mirror which shifted the point
of incidence a]ong.the line of sight affected the readings as
represented in Figure 10 , which is self explanatory. The error
¢ in the reading recorded for rotation of the mirror about an

axis in its own plane but perpéndicular to the plane containing the

line of sight is given by

& &= 4 24y Sing (27)



(@5
Ta

ignoring the change in the included angle = due to mirror rotation.
We can determine o from the equation (26). The correct reading

without the linear displacement of the mirror is

d_ o= 2 - Lk Ak (28)

le

& .
- . @& 5 5&'&@ d
Tnerefore the percentage error = e 2% % 100

2’-'5—.&-'%%{

where LL is the distance between the mirror and the grid

In the worst case c&i and Li-A are of the same order. Hence the

percentage error is determined by 100 sin <l approximately.

It is thus obvious that by increasing the distance between
the mirror and grid and decreasing the angle between the line of
sight and {he perpendicular to the mirror, the percentage error can be
decreased. In-the event that errors are still large, the reading can
be repeated after shifting the mirror, mounted on the telescope,

through 9C°.
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RESULTS AND CONCLUSIQHNS

The analytical influence coefficients, their experimental
values and the percentage error are listed in the Appendices II-IV
in the form of a iower triangular matrix. No attempts have been
made to measure the coefficients if the theoretical influence
coefficients were below the absolute value of 0.25 x 10'5 for

angular ones and 0.5 x 107 for the linear ones.

The coefficients are classified into linear and angular
measurements. Each of these are further subdivided into threé
groups each according to the order of absolute magnitude of the
analytical coefficients. The results have been presented in

the form of histograms for each of the above grouhs.

Although some of the results are higher, in general the
experimental values are lower than the theoretical ones. The
largest single reason iS'apparent}y the error in load apnlication.
For larger values the scatter in the readings is small. The
scatter in error for smaller values of influence coefficients

would indicate that 1imits of instrumentation have been reached.

The resultant ervor is dependent upon a number of other
irdependent factors like ervor in location of the nodes, deviation
of the instrument axis from the coordinate direction, errors in
taking observationsg other personal errors - to name .a few.

Effect of each of these factors vary-about some average value in a
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random fashion during experimentatiocon. Hence it is natural to
expect a more or less normal distribution for the resultant error
wnich is a function of all the independent factors. The tendency

is brought out cleariy by the histograms.

Considering the order of magnitudes of the displacements
invlioved, it can be concluded that a reasonably accurate technique
for measurement of the fiexibility influence coefficients, both
Tinear and angular, for a generalised space frame has been established.
Proximity transducer has been successfully adopted for the measurement
of linear displacements in a component having linear displacement
coupled with rotation. Large frictional and application error
inherrent in the use of a dial indicator for measurement of linear

displacements have been eliminated.
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NELEM
NJOIN

M1

MJ

SAM
SAMT
STIFF
TRANS
XP

XQ

Y™

XL

ALONG
AREA
PINERT
YINERT
ZINERT
EMOD
GMOD
NO

IND

INDEX

NI

200

LN ]

oo

[ N1

e

LN ]

FORTRAN PARAMETERS

NOe OF ELEMENTS
NOs OF JOINTS

JOINT NOe TO WHICH THE FIRST END OF THE
ELEMENT IS CONNECTED

JOINT NOe TO WHICH SECOND END OF THE
ELEMENT IS CONNECTED

STRUCTURAL ASSEMBLY MATRIX

TEMPORARY STORAGE FOR SAM FOR INVERSION
ELEMENT STIFFNESS MATRIX

ELEMENT COORDINATE TRAVSFORMATION MATRIX
COORDINATES OF THE FIRST END OF THE ELEMENT
COORDINATES OF THE SECOND END OF THE ELEMENT
COORDINATES OF THE ELEMENT Y AXIS

RELATIVE COORDINATES OF END TWO WITH RESPECT
TO END ONE OF AN ELEMENT

ELEMENT LENGTH

AREA OF CROSSSECTION OF A MEMBER

MOMENT OF INRTIA ABOUT THE ELEMENT X AXIS
MOMENT OF INRTIA ABOUT THE ELEMENT Y AXIS
MOMENT OF INRTIA ABOUT THE ELEMENT Z AXIS
MODULUS OF ELASTICITY

MODULUS OF RIGIDITY

TRANSFER OF CONTROL PARAMETER

ADDITIONAL TRANSFER OF CONTROL PARAMETER

CONTROL PARAMETER FOR COORDINATE TEANSFORMATION

OF THE ELEMENT STIFFNESS MATRIX

TEMPORARY STORAGE REQUIRED BY THE
INVERSION SUBROUTINE
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$J0B - 003102SeKe TIWARI
$IBJOB DECK

$IBFTC MOD

C

COMMON STIFF(20+12912)s TRANS(509353)s XP(3)s XQ(3)y
1 YM(3)s ALONG(50)s EMODs GMODs NOs INDs SAM( 544954 ),
2 SAMT( 54954 Js MI( 20 )s MJL 20 )s NI( 54 )9 MEM

C
DIMENSION AA( 54 )
c
C READ THE NO. OF ELEMENTS AND NOe OF JOINTSe
READ (59100) NELEMs NJOIN
C
C READ THE NOe OF JOINT TO WHICH FIRST END OF ELEMENT
C IS CONNECTED
READ (5+100) ( MI(I)s I = 1s NELEM )
C .
C READ THE NOe OF JOINT TO WHICH SECOND END OF ELEMENT
C 1S CONNECTED
READ (5+100) ( MJ(I)s I = 1s NELEM )
C
C READ THE ELASTIC CONSTANTSe
READ (5+101) EMODs GMOD
C
C CALCULATE THE COORDINATE TRANSFORMATION AND THE
C STIFFNESS MATRIX FOR ALL THE ELEMENTS
C
DO 10 MEM = 1s NELEM
C CALCULATE THE COORDINATE TRANSFORMATION MATRIXo.
CALL TRANF(MEM)
C
C CALCULATE THE ELEMENT STIFFNESS MATRIX IN
C SYSTEM COORDINATES
CALL STIFCO(MEMs INDEX )
10 CONTINUE
C
C START ASSEMBLY.
CALL ASEMBL
C
C INVERT THE ASSEMBLED STIFFNESS MATRIX FOR
C THE STRUCTURE
C

CALL INVMAT ( SAMTs NMs NMs 1.0E~08»s IERRe N1 )



[aNaNe!

11

12

13

14

15

13

100
101
110

115
120
200

CHECK THE ACCURACY OF THE INVERSION

DO 13 I = 1s NM

DO 11 J = 1s NM

AAL J ) = SAMTC( Jsl )
DO 13 J = 19 NM

X = 040 -

DO 12 K = 1le¢ NM

X = X + SAM({ JsK ) * AA( K )

SAMT( JslI ) = X

CONTINUE

DO 15 I = 1» NM

X = 040

DO 14 J = 1s NM

X = X + SAMT( TeJd )

IF ( ABS( SAMT( I91 )=140 ) eLTe 0elE=03 +ANDa
1 ABS( X) oLTo OelE-03 ) GO TO 12
WRITE ( 62 110 ) Te SAMT( Is1 ) X
CONTINUE

QUTPUT

WRITE ( 6+ 115 )

DO 13 I = 1s NM

WRITE ( 69 120 ) { SAMT( IsJ Jo J = 18 I )
WRITE ( 6+ 200 ) : ‘

CONTINUE

STOP

FORMAT ( 1615 )

FORMAT ( 4F20e8 K
FORMAT ( 1Xs 22HINVERSION UNSUCCESSFUL s//s

1 1Xs 15HROW NUMBER = 213y //s 9HDIAGONAL>S
2 12HELEMENT = sE1%e8s //9s 1Xs 10HSUM OF NON
3 19HDIAGONAL TERMS = s E1589 // )

FORMAT ( 1Xs 22HTHE FLEXIBILITY MATRIX s // )
FORMAT ( 1Xs 6E20e5 )

FORMAT ( 7/ )

END
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$IBFTC TRAN
C

SUBROUTINE TRANF(I}
C ‘
COMMON STIFF(20s12912)s TRANS{(508393)s XP(3)s XQ(3)
1 YM(3)s ALONG(50)s EMODs GMODs NOs INDs SAM( 54454 ),
2 SAMT( 54954 ) MI( 20 )s MJ( 20 s N1( 54 )9 MEM

READ (55100) (XP(IL)s IL=193)s (XQ(J)s J=193),
1 {( YMOC K )s K=193 )s NOo IND
IF { NO «EQe 7 ) GO TO 22

C CALCULATION OF THE FIRST ROW OF THE MATRIX.

T = 060
DO 10 J = 13
XQ(J) = XQ(J) = XP(J)
TL(J) = TL(J) + XQ(J)
IF { IND «EQe 1 )} GO TO 10
T =T + XQ(J)#x2

10 CONTINMNUE ,
IF ( IND «EQe 1 ) RETURN
ALONG(I) = SQRTI(T)
DO 11 U = 193

11 TRANS(Is15J) = XQ(J) / ALONGI(TI)
IF ( XQ{3)eEQe0e0 ) GO TO 20

C CALCULATION OF THE SECOND ROW OF THE MATRIXe
T = 0,0
DO 12 J = 193
T T + YM{J)#%2
T = SART(T)
DO 13 J = 13
13 TRANS(Is29J) = YMUJ) / T

12

1]

C CALCULATION OF THE THIRD ROW OF THE MATRIX.

XP(1) - XQ{3) #® YM(2) + XQ{2) * YM(3)
XP(2) XQ(1) % YM(3) + XQ(3) % YM(1)
XP(3) XQ(2) * YM(1) + XQ(1) #* YM(2)
T = 0,0
DO 14 J = 193

14 7 T 4+ XP{J)#x2
T SQRT(T)
DO 15 J = 193

15 TRANS(Is3sJ) = XPUJ) / 7T

B oun
§

({1}



16

17
18

19

20

21

22

23

100
200

1

1

CHECK IF THE SUM OF SQUARES OF ELEMENTS IN THE SAME
ROW OR COLUMN IS EQUAL TO UNITY

DO 19 L = 192

DO 19 K = 193

T = 0.0

DO 18 J = 193

GO TO { 16917 s L

T =T + TRANS(T 9oKsJ) %32

GO TO 18

T = T + TRANS(IsJsK)#%2

CONTINUE

IF { ABS( T=1e0 }eGTele0E=03 § GO TO 21
CONTINUE

RETURN

SECOND AND THIRD ROW OF THE MEMBER IN THE XY PLANEe.
TRANS(Is291) - TRANS(Is1s2)
TRANS(I9292) TRANS(I9191)

H

TRANS(192s3) = 00
TRANS(Is3s1) = 040
TRANS(I93+2) = 040
TRANS(I9393} = 140

RETURN

THE CHECK HAS FAILEDs STOP.
WRITE(65200) I

WRITE ( 69300 ) ({ TRANS( 19 ILs IM )s IM=1e3 )
IL=193 )

sTopP

DO 23 I1 = 19 3

DO 23 JJ = 19 3

TRANS ( Ts Ils JJ ) = TRANS ( I=1e IIs JJ )

RETURN

FORMAT ( 8F10e40/ F1040s 2110 }
FORMAT ( //s 1Xs 31HCHECK THE COORDINATES OF MEMBERS
7H NUMBERs I3 // )

300 FORMAT ( 3F20.5 1}

END

63
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$IBFTC STIFF
SUBROUTINE STIFCO (MEM )

C
COMMON STIFF(20912912)s TRANS(5093+379 XP{3}s XQ(3)s
1 YM(3)es ALONG(50)s EMODs GMODs NOs INDs SAM( 54454 )
2 SAMT{ 54¢54 js MI( 20 )e MJ( 20 Js N1( 54 ) MEM
C
IF { NO «EQe 7 ) GO TO 22
C READ IN THE MEMBER INCIDENCES.
READ (5+1) AREAs PINERTs YINERTs ZINERTs INDEX
C LET ALL THE ELEMENTS BELOW THE MAIN DIAGONAL BE ZEROe
DO 50 I = 2912
IM=1-1
DO 50 J = 1sIM
50 STIFF(MEMsIsJ) = 040
C
C CALCULATE THE VALUES OF THE ELEMENTS,
TEMP = EMOD / ALONG{MEM)
STIFF(MEMelse1l) = AREA # TEMP
STIFF(MEMe11s5) = 24 % TEMP % YINERT
STIFF(MEM212s6) = 24 % TEMP %* ZINERT
STIFF(MEM9585) = 26 % STIFF(MEMelle5)
STIFF{(MEMsbe6) = 2¢ * STIFF(MEMs1296)
STIFF(MEM9593) = = 3¢ #* STIFF(MEMs11¢5) / ALONGI(MEM)
STIFF({MEMe692) = 34 # STIFF(MEMe12+6) /7 ALONG(MEM)
STIFF(MEM98s6) = = STIFF(MEMsbs2)
STIFF(MEMe12+8) = STIFF(MEMeBs6)
STIFF(MEM9995) = = STIFF(MEMs593)
STIFF(MEMe1199) = STIFF{MEM»s9e5)
STIFF{MEMs1193) = STIFF{MEMs593)
STIFF(MEM912s2) = STIFF{(MEMs6»2)
STIFF(MEMe292) = 24 % STIFF(MEMe692) / ALONGI{MEM)
STIFF(MEM9e393) = 2, #* STIFF(MEMs9e5) / ALONG(MEM)
STIFF(MEMe4e4) = GMOD % PINERT / ALONG{MEM)
STIFF(MEM»1094) = = STIFF(MEMs4e4)
C
C FILL IN THE VALUES OF ELEMENTS THAT REPEAT.

DO 151 I = 196

151 STIFF(MEMeI+691+6) = STIFF(MEMsIoI)
DO 52 1 = 193

52 STIFF(MEMsI+691) = — STIFF(MEMsI 1)

C
C IF K-BAR MATRIX IS NOT REQUIREDs RETURN
C TO MAIN PROGRAMME

IF { INDEXeEQeO ) GO TO 70
C
C TRANSFORM THE THREE BY THREE SUBMATRICES
C WITH DIAGONAL ELEMENTS

M =0

N =20

DO 59 L = 13



aNaNe!

54

55

56

57

58
59

60
61

62

63
64

STORE THE DIAGONAL ELEMENTS TEMPORARILYs

DO 54 1 = 143

MI = M + 1
NI = N + I
ST(I) = STIFF(MEMsMIsNI)

TRANSFORMATION PROPER.
DO 56 I = 193

MI =M+ 1
DO 56 J = 11
TEMP = 060

DO 55 K = 19 3

TEMP = TEMP + ST(K) #* TRANS(MEMsKsJ)

NJ = N + J
STIFF(MEMaMIosNJ) = TEMP
CONTINUE

GO TO ( 57+58459 )s L

0

oOT

-
=

CONTINUE

DO 61 L = 192
IL =L % L

LL = IL + 2

DO 61 I = ILsLL
DO 61 J = ILslI

59

E0ZX
OO WwWwWw

STIFF(MEMs I+69J+6) = STIFF(MEMsIsJ)

GO TO ( 60+61 s L

STIFF(MEMsT+69sJ) = — STIFF{MEMosT s J)

CONTINUE

M =6

N =0

DO 64 L = 192
DO 62 1 = 192
MI = M + 1

NI = N+ I
IT=1+1

DO 62 J = 1193
MJd =M+ J

NJd = N+ J
STIFF(MEMo

‘GO TO ( 63964 )s L
M =M+ 3

N =N+ 3

TRANSFORMATION OF THE SUBMATRICES WITH

TWO NONDIAGONAL ELEMENTS
M= 3

N =0

DO 68 L = 192

% TRANS{MEMsK eI}

MIsNJ) = STIFF(MEMsMJsNI)

65



65

66

67

68

69

70

111

22

23

100
601
602

66

STORE THE TWO ELEMENTS TEMPORARILY.
DO 65 1 = 23

MI = M+ 1

NN = N+ 5 =1

ST(IY = STIFF(MEMsMI sNN)

TRANSFORMATION PROPER.
DO 67 1 = 193

NI = N + I

MI = M + I

DO 67 J = 1!
TEMP = 040
TEM = Oe
DO 66 K
KK = 5 =K

TEMP = TEMP 4+ ST(K) % TRANS(MEMsKKsJ) #* TRANS(MEMsKs1I)
IF ( I+EQeJ ) GO TO 66

TEM = TEM + ST(KK) * TRANS(MEMsKKsJ)} * TRANS(MEMsKsI)
CONTINUE

M = M+ J

N = N + J

STIFF(MEMsMIsNJ) = TEMP

IF { 1eEQeJ ) GO TO 67

STIFF(MEMsMJsNI) = TEM

CONTINUE

M=M+ 3

N=NH+3

CONTINUE

DO 69 1 = 446

DO 69 J = 193

STIFF(MEMsI+69J) = STIFF(MEMsIsJ)

STIFF(MEMsI+6s J+6) = = STIFF(MEMsTsJ)

CONTINUE

DO 111 JL = 1»11

JLP = JL + 1

DO 111 KL = JLP»s1l2

STIFF(MEMsJLsKL) = STIFF{(MEMsKLsJL}

IF { INDEX «EQe 2 ) CALL TRANQL

RETURN

DO 23 II = 1» 12

DO 23 JJ = 1y 12

HOe

2s 3

STIFF ( MEMs IIs JJ ) = STIFF ( MEM=1s IIs JJ )
RETURN

FORMAT ( 4F10e0s 4110 )

FORMAT ( 8F1048 1}

FORMAT ( 6E20e5 )

FORMAT ( /7 )

END
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$IBFTC TRANQ

C

C

1
2

SUBROUTINE TRANQL

COMMON STIFF(20912912)s TRANS(5023933s XP(3)s XQ(3)s
YM(3)s ALONG(50)s EMODs GMODs NOs» INDs SAM( 54954 )
SAMT( 54954 ) MIC 20 ) MJC 20 ) N1( 54 )9 MEM

112 READ ( 55100 } ( XL(I)s I = 1943 )

19

20

10

21

DO 20 L = 12

PP = -140

IP = ((L=1) % 6 + 1
1Q = L * 6 |

DO 20 I = IPs IQ

F .= PP

DO 20 J = 193
F=-F

JJ =6 = J

SUM = 0.0

DO 19 K =103

IF ( K «EQe J ) GO TO 19
KJ = JJ - K

SUM = SUM + STIFF ( MEM, Is K+6 ) * XL( KJ ) * F

F ==F

CONTINUE

STIFF ( MEMs Is J+9 ) = STIFF ( MEMs Is J+9 ) + SUM
CONTINUE

PP = = 1,0

DO 10 I = 1l» 6

F = PP
DO 10 J
F==F
JJ = 6 ~ J

SUM = 040

DO 9 K = 19 3

IF { K «EQe J )} GO TO 9

1s 3

Kd = JJ - K
SUM = SUM + STIFF ( MEMs K+6s I+6 ) % XL ( KJ } * F
F=-F

CONTINUE

STIFF ( MEMs J+9s I+6 ) = STIFF ( MEMs J+9» I+6 ) + SUM
CONTINUE

DO 21 I = 1 6

DO 21 J = 1s 6

STIFF ( MEMs J+6s 1 ) = STIFF ( MEM» I, J+6 )

RETURN

END



68

$IBFTC ASMBL
SUBROUTINE ASEMBL

C
COMMON STIFF(20912912)s TRANS(5093s3)s XP(3)s XQ(3))
1 YM{3)s ALONG(50)s EMODs GMODs NOs INDs SAM( 544954 ),
2 SAMT( 54954 )s MI( 20 )s MJC 20 )s NI( 54 )9 MEM
C
C INITIALISE THE STRUCTURAL ASSEMBLY MATRIX.
NM = 6 % NJOIN
DO 549 1 1s NM

DO 549 J = 1y 1
549 SAM(I.J) =

START ASSEMBLY.

DO 552 MEM = 1s NELEM

CALCULATE LOCATION OF ELEMENT STIFFNESS
SUBMATRICES IN SAM

53 M = ( MI(MEM) - 1 ) * 6
N = ( MJU(MEM}) - 1 ) * 6

[aXaXe! [aNaKe!

TRANSFER OF ELEMENT STIFFNESS SUBMATRICES TO SAMe

[aNaNa!

DO ls 6
MK

NK

5

Hoaw
Z=ZN
+ + R
AR 1

C TRANSFER SUBMATRIX K22
DO 550 L = 1 K
NL = N + L
550 SAM({ NKsNL ) = SAM({ NKsNL ) + STIFF( MEMsK+6sL+6 )

C
C IF FIRST END OF THE ELEMENT IS FIXEDs
C TAKE UP THE NEXT ELEMENT
IF ( MI(MEM) «EQe O ) GO TO 552
C
C TRANSFER OF SUBMATRIX K11le

DO 551 LI = 1s K
ML = M + LI
551 SAM( MKsML ) = SAM( MKsML ) + STIFF( MEMsKsLI )

C TRANSFER OF SUBMATRIX K12
DO 570 LJ = 1s 6
ML = M + LJ
570 SAM( NKsML ) = SAM( NKeML ) + STIFF( MFMsK+6sLJ )
552 CONTINUE
RETURN
END



69

$SENTRY
C
C
NELEM AND NJOIN
C
12 S
C
M (1)
C
1 5 2 6 3 7 4 8

C
MO J)
C

1 5 9 2 6 9 3 7 9 4 8 9
C
EMOD AND GMOD
C
10300000,0 385000040
C

THE DATA INCLUDED BETWEEN STARRED LINES IS REPEATED IN

THE DO LOOP NUMBER TEN OF THE MAIN PROGRAMME .

FOR INDEX EQUAL TO TWO SUBROUTINE TRANQL IS CALLED.

IN TRAMQL RELATIVE COORDINATES OF END TWO OF THE RIGID
ELEMENT WITH RESPECT TO END ONE ARE READ AS XL

WHEN NO IS EQUAL TO SEVEN TRANS AND STIFF FOR THE ELEMENT
UNDER CONSIDERATION IS EQUAL TO THAT OF THE PREVIOUS ELEMENT,
A LINE WITHOUT A C IN THE FIRST GOLUMN IS A BLANK DATA CARD
e 22 TR R R AR S AL RS L S S R L S R R LS R

XP ( IL J)s XQ ( J )s YM ( K }o» NO AND IND

C

060 060 040 545 10,7833 15492
1007833 ‘5:5 0.0

C

AREAs PINERTs YINERTs ZINERT AND INDEX

C

04326 0.07272 0.03635 0+03635 1
e B e e I I R R S R S S A S S S I S AN S I YN
C

NO IS SEVEN

C

7
A R R R e R H R I N R I R R RN R R RN R RN A RS



70

0.0 0.0 0.0 55 10,7833 5192

1007833 “505 OQO

0e326 007272 0.03635 0403635 2

C

XL ¢ I ) IS READ

C

125 1,25

R S SR SR A S S S A R S R S R W RN R R

24,0 0.0 0«0 22,6666 10,7833 15492

10,7833 13333 0.0

0e326 0407272 0.03635 003635 1

RS T A A S I I I A I RS N S R NS S S W NSRRI N N
7

P IEEE LT LT L ELTLLELLLLL LT LT LT L L LR DL EL S TSR EL R S R SR

2440 0.0 0.0 : 2246666 10,7833 15492

10.7833 13333 0.0

0e326 0407272 0«03635 0.03635 2

=125 1.25

B P S A I S A A W A I A S I S I S I S SR I IR SN

2440 2440 0.0 2246666 2766166 15.92

36166 143333 Oe0

0e¢326 0.07272 0403635 0603635 1

T I U W R R R AR SRR IS S W
7

H e R S R R R I S R I R W S I I S S I S S KRR NN

2440 2440 0.0 2246666 2746166 1592

346166 1,3333 0.0

04326 0.07272 003635 003635 2

~1425 -1425

B B e I S A R R A I A 2 I A S A U W H A e M

0.0 2440 0.0 55 2746166 1592

346166 =545 0.0

0326 007272 0.03635 0403635 1

e A A S Y I SR S YA A A S I e I S R L A R R WA SN NR
7

M R B30 I 303 3 090 I 0 I 30303 30 30 0036 3 SE I M R I A WA RN

040 2440 0.0 55 2746166 1592

3-6166 '505 0.0

0e326 0,07272 0«03635 0403635 2

1425 ~1425
F3 33 333 3030 30030 30 03 303 3 0 30 30 I I B 00 3 3060 3 3 3

$1BSYS



APPENDIX II

ANALYTICAL FLEXIBILITY MATRIX
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0e?3537E-06
Oel7868E=05
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