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A research program is presented for assessing the plastic 

collapse load and incremental collapse load of reinforced concrete 

frames. This investigation attempts to establish a r~nge of validity 

of simple plast~c theory when applied to the under--reinforced concrete 

frames and to determine the sensitivity of such structures to 

variable repeated loading. 

An experimental program ·was conducted on 4 reinforced 

concrete frames and two reinforced concrete columns. Deflections and 

strains of thesemodels of nearly prototype size were measured and 

compared with_ ·predicted values at critical cross-sections= 

Resulting conclusions and recommendations for further 

research are made. 
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Chapter 1 

INTRODUCTION 

1 

The general task of science should be to make the discovery of 

unknown and help to understand and to solve the problems surrounding 

mankind. The applied scientist's aim, in fact, should be to push forward 

the boundary·of knowledge in an unbroken line, surveying all the country 

as he goes, even .though his observations and deductions. cannot be, at the 

first attempt, as precise as those made by the pure scientist in dealing 

with more limited objectives~ The task of engineers is to make connections 

between scientific discovery and everyday practical life, to make a 

practical use of knowledge developed by the scientist. Someone must deal 

with those difficult places before the designer can follow the new road. 

While for structural steel, the method of plastic design has already 

found general use in reinforced concrete structure the plastic method 

of design revealed specific problems which became the subjects of 

recent research in many of the resea.rch centers. 

The subject of this work was the behavior of reinforced concrete 

frames subjected to the repeated cyclic loading or proportionally increasing 

load when loads were causing plastic deformation finally resulting in 

collapse. 

1.1 Historical Review 

In ~racing the first references to the plastic behavior of 

structural members one must go back as far as the end of.the nineteenth century 

The need for the. study of plastic behavior was appreciated by ·the elast{cian 

A.E.H. Love (1) who wrote in 1892 that the effect of materials strained 

beyond their elastic limit, which cannot be calculated exactly should be 
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taken into account in construction, and that elastic·· theory is at this time 

behind engineering practise. 

In 1899 Ewing (2) in his work went on to discuss the influence of 

bending beyond the elastic limit on the distribution of stress. He went 

on to conclude that the bending· moment which will "break the beam" cannot 

be calculated by the usual elastic stress formula because the distribution 

of stress assumed. in that formula ceases to exist as soon as overstraining 

begins. Though.it is unlikely that Eweng had ever carried out experiments 

by loading the beam until the full plastic moment was developed, the fact 

remains that the behavior he outlined over seventy years ago is the basis 

of .the simple plastic theory. 

The possibility of the development of plastic hinges was first 

suggested by G. Kazinczy (3) in 1914. He carried out some tests on fixed

ended beams and came to the conclusion that failure only took place when 

yielding had oc~redat three cross sections, at which hinging action occurred. 

For his concept of the plastic hinge Kazinczy may claim to be the originator 

of plastic methods. 

In the summer of 1936, Professor Maier-Leibn_itz (4) officially 

expressed confidence in the possibility of basing design on plastic behavior. 

By his investigation and experiments (in 1928-29) on simple supported and 

continuous steel· beams the plastic method for continuous beams was placed 

on a firm quantitative footing. 

In the same decade works on plastic design of portal'frames were 

published. Girk.man (5) in 1931, published a paper on an approximate method 

for multi-bay rectangular frame design. In 1932 a review of plastic methods 

for beams and simple portal frames was published by F~ Bleich (6). 
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Baker's (7) idea that the simple plastic· theory could be a key 

to a simple and rational method of design of complex frames was fully 

developed and finally culminated in the Steel Skeleton published in 1956. 

His research started in 1938 by a series of tests on portal frames. In 

1949 he described a method for calculating failure loads for multi-bay 

portal frames. 

The proofs of the principles of plastic design were then independently 

published by Greenberg (8) and Prager (9) and by Horne (10) in the .late 

nineteen-fifties. 

The plastic method of design of steel structures became widely 

used in Great Britain and in the U.S.A. In the last decade a rash of 

publications became available on the topic of plastic design. The works of 

B.G.· Neal (11) ~nd Beedle (12) created further interest.in plastic methods 

of structural analysis and design. 

P.lastic design theory for reinforced concrete - so-called "limit 

design" is relatively new. Though the concept of basing design on the failure 

load is almost. as old as reinforced concrete itself the limit design theories 

were developed ortly in the last two decades. 

In 1894 the French engineers, Coignet and deTedesco (13) attempted 

to calculate the ·strength of simple supported beams even though they made 

use of the assumption that concrete behaved as an elasti.c material up to 

failure in comp~ession. 

In 1897, the curvilinear nature of the stress strain relation was 

first recognized when R.M.V. Thullie (14) formulated what could be called 

the first true ultimat'e strength theory. Despite these earlier steps, the 

elastic theory of working stress design was used for another fifty years. 
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Iri the late 1940's AoLsL. Baker (15) published several papers on 

the plastic behavior of concrete, and in 1956 he published a book 

and gave recommendations for the plastic hinge design of reinforced concrete 

beams. The book included the expression for calculating the permissable 

hinge rotation. These expressions place severe limitations on the allowable 

hinge rotations and have subsequently been modified. 

Many _papers have been written about inelastic design of reinforced 

concrete within the last ten yearso In 1964, A.H. Mattock(l6) studied 

rotational capacity of hinging regions in reinforced concrete beams. His 

work was based on test resu1ts of more than thirty beams.with different 

strengths of concrete, beam depths and yield points of reinforcement. 

H.A. Sawyer (17) described a design method for concrete frames 

with two failure stages. His design method was based on a bilinear moment 

curvature relationship for reinforced concrete, and plasticity factors were 

used for the distributions of moments. 

An outstanding work on the limit design of continuous beams and 

frames has been done by M.Z. Cohn (18). His optimum limit design procedures 

incorporated convenient serviceability criteria along with the limit equili

brium conditions, but left.. the compatibility problem to a seperate 

investigation. His paper included design tables and practical design 

recommendations. 

The optimum limit design presented by Cohn is based on the following 

assumptions and requirements: 

reinforced conc~ete is an elasto-plastic material with limited ductility. 

the bending action prevails and therefore the effects of shear and axial 

forces are negligible. 
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the frame resists any load combination of less intensity than the 

prescribed ultimate load. 

the critical sections remain within the elastic range for any combination 
\ 

of service loads. 

in the critical sections the plastic rotations remain within permissable 

limits. 

The general solution of the problem stated above results in linear or 

non-linear programming techniques.which require considerably complicated cal-

culations. For practical purposes the author suggests a particular solution 

of less complexity, as frame with equal yield safety and partial elastic design.· 

The determination of the plastic rotations developing in plastic hinges under 

various loading combinations is not treatedc 

Hiroyuki Aoyema (19) described moment-curvature characteristics of 

reinforced concrete members subjected to axial load and reversal of bendinga 

Results of his tests and analysis were noted to have a significant effect of axial 

load on moment-curvature relationship. 

F. Beaufait and R.R. Williams (20) presented results of an experimental 

study of reinforced concrete frames subjected to alternating sway forces. In the 

conclusion of a study in which seven frames were tested they notea that 

placement of reinforcement a·t the joints is critical and the manner in which 

continuity of the reinforcement is developed at the joints can and does have a 

very definite influence on the behavior of the structure. Also, from the test 

results there is an indication that a cyclic swaying of a frame, at a working 

load· or overload condition, does have an effect on the ultimate load capacity of 

the structure. 
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Another study on reinforced concrete frames under cyclic loads 

was made by G.M. Sabins and R.N. White (21). In an experimental study 10 

small scale models and two prototypes were tested. As declared by the 

authors small scale models can be successfully used for studying the 

detailed behavior of reinforced concrete frames. 

K.H. Gerstle and L.G. Tulin (22) investigated· the behavior of 

reinforced concrete beams subjected to cyclic bending loads. Tests showed that 

i-ncremental collapse oc~urred under cyclic loading approaching the ultimate 

load in magnitude·, the actual shakedown limit being considerably in excess 

of that computed by simple elastic-plastic theory. 

The same authors (24) made an investigation ·of stress-strain 

relation for concrete subjected to cyclic loading. In the conclusion of 

this inve~tigation is stated that the ultimate strength of concrete is 

decreasing.with number of cycle of loading,,while the permanent strain 

is increm~ntally increasing. This behavior of concrete.seems to be of 

significant importance for shakedown analysis of reinforced concrete struc

tures. 

Though much has been done on this subject in the last decade, a 

general design method has not yet been developed and research on this subject 

is still in ·the progress in many laboratory and research centers all around 

the world. 

1.2 Scope of Research 

The topic. of this investigation is shakedown ·qf reinforced concrete 

frames, ShakedoWn theories are based on certain properties of material 

behavior to which the steel structure approximates closely. ·An investigation 
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was made into under-reinforced concrete frames to st~dy the necessary 

ductility characteristics by the use of a detailed program. 

Certain basic questions were: How such reinforced concrete 

frames behaved under repeated cyclic loading? What.is the shakedown 

load as compared with plastic collapse load and how closely is the behavior 

of reinforced concrete frames to that predicted by plastic methods of 

structural analysis? 

To answer these questions a suitable experimental program was 

necessary. The first essential decision was the choice of a test model, 

which would satisfy requirements of validity, and accuracy of test, which 

would be close to the real structure, behave in a manner sufficiently 

close to the theoretical structure and which could be fabricated under 

laboratory conditions. 

By co-ordination with another experimental research program 

(23) in the same laboratory on reinforced concrete frame·s, a full-scale 

model frame was chosen. A structure with high degree_ of indeterminacy 

was preferable. Considering all the factors, the decision was made to 

select a single storey two bay frame with an approximate. height of nine 

feet and a le~gth of about eighteen feet. Two types of tests were performed 

on this test model. Firstly, proportionally increasing loads up to the 

plastic collapse of the frame and secondly repeated cyclic loading to 

investigate the shakedown characteristics were performed. Because of the 

essential importance of knowing the moment-curvature characteristics of a 

cross-section, cantilever column tests were performed. 

Altoge.ther four frames and two columns were tested. Two of the 

frames were tested under proportionally increasing loads and the other two 

were tested under repeated cyclic loading. 
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Attempts to measure reactive forces were made, but not very 

successfully. Deflections of the frame and deformations of the concrete 

were measured and used for evaluating the results. These were then compared 

with vFlues predicted by the simple plastic theory and by a more complex. 

·solution of plastic collapse and shaked~Nn. 

This investigation, of course, does not answer many questions about 

the subject, but some interesting conclusions and recommendations for 

further research are made. 
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Chapter 2 

ANALYTICAL FORMULATION 

2.1 Method of Analysis and Limitation 

There are several methods for solving for the.plastic collapse 

or inc·remental· collapse of frame structures. All these methods are based 

on certain assumptions and simplifications. 

The first and most important assumption is that the moment-

curvature relationship for a cross-section is such that the moment tends to a 

Iila.ximum value W:ith large curvature under elastic-plast.ic action. As a 

consequence the curvature increases linearly with moment up to the so-called 

plastic moment and then can increase indefinitely with the moment value remaining 

constant. The concept of the plastic hinge is defined·at a cross-section 

as being an indefinitely high rotation under the fully plastic bending momenta 

The existence of plastic hinges is the basic assumption for all methods of 

plastic analysisc 

If is generally assumed that geometrical changes are negligible 

during loading and that the influence of axial and shear forces can be 

neglected. 

A structure will collapse under proportionally increasing loads 

at that value known as the plastic collapse load~ Th~s value can be cal-

culated by several·methods described by B. G •. Neal (11). 

These methods are sufficiently simple ana ye_t are accurate enough for 

estimates of the plastic collapse load.. Compared with the practical 

conditions which occur during the life of a structul;'e, there are some .·. 
unreal is tic assump:tions which can seldom be satisfied, however. 

The assumption about proportionally increas.ing loads is quite far 

away from the practical point of·view. The loads usually are not appliea 
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proportionally. During the life of a structure different combinations 

of loads can occuro The assumption about proportional loading is in this 

case on the unsafe side. The loads in practice are in certain ranges of values 

and different critical load combinations can occur many times during the 

life time of structures. Then even the most crit{cal combination of loads 

would be not so dangerous to structures as different combinations of loads 

applied several times repeatedly. 

An analysis which permits loads to vary within a prescribed range 

in any possible combination has a more rational basis in design and prescribes 

maximum permissable loads that are on the safe side. 

During the life time of a structure some of the loads can be 

applied in opposite senses on a structure and bending in opposite directions 

can take place in some of the memberse Yielding of particular cross-

sections can occur alternately in tension and compression in the outer fibres. 

In such cases~ the failure of the structure can occur even though the collapse 

mechanism was not developed and load value can be less than the maximum 

prescribed value. This case was described by J. F.- Baker (7) as alternating 

plasticity. 

If the loads vary in a prescribed value but in the same direction 

permanent plastic deformation can occur after each cycle of loading. 

There are two possibilities of behavior on such a cas-e. The increment of 

permanent deflection can decrease after each cycle and after a sufficient 

number of cycles of loading the structure behaves purely elastically. Such 

a structure has shaken downo In the other case the increment of 

permanent deformation stays fixed after each cycle and the failure of the 

structure occurs as the consequence of secondary effects caused by high 

deflection. The secondary moments could reach values in the range of the 
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primary moments·which lead to the earlier failure of the structure. This 

type of collaps~ is generally known as incremental·collapse and was 

described by Ja F .. Baker (7) as well as by B. G. Net;tl (11). 

The highest value for shakedown load which .refers to an infinite 

n1,1mber of cycles of loading is, at the same time, the lowest value for incremental 

collapse load •. This critical value of load is calculated by analysis 

introduced by j •· F. Baker (7} or by B. G. Neal (11) •. 

It was ·generally assumed by the authors mentioned above that 

incremental collapse of a structure will occur if sufficient number of plastic 

hinges is developed in single cycle to transfer structure into collapse 

mechanism when applied simultaneously. This action is based on the assumption 

that plastic action of some cross-sections of the structure is taking place 

under any combination of loads and when these loads are removed a residual 

moment occurs at that section. 

There are several methods to calculate shakedown. By using a step 

. by step calculation shakedown can he evolved by tracing out the loading 

history but this is not convenient for predicting eithe~ the incremental or 

alternating plasticity load. · For the problem considered here the incremental 

collapse is inore critical than is alternating plasticity •. 

A reasonable method for calculating the incremental collapse load 

is similar to the method for calculating the plastic collapse load. Such a 

mechanism method was originally developed by Bleich (6) .. · The first step is 

to assume the incremental collapse mechanism and then the value of load Ws 

corresponding to it can be found. At this value of W8·, .,a distri})ution of 

residual moment would be attained such that when the maximum and min:i,mum 

elastic moments.for "this value of Ws were superposed on the residual moments 

the fully plastic·~oment would just 'be attained at each of the cross-sections 

at which the plastic ·hinges occur in the assumed incremental collapse mechanism. 

,· 
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If none of the extreme values of bending moments exceed the fully plastic 

moment, it follows from the uniqueness theorem (Al}, that the correct 

incremental collapse mechanism has been chosen. Difficulties in checking 

the mo6ents at critical points other than the plastic hinges arise if the 

incremental collapse mechanism is of the partial type, because of the statistica: 

indeterminancy implicit in coilapse. 

The method of combined mechanisms as developed by B. G. Neal (11) 

_fulfills the same role in the calculation of incremental collapse load as 

the corresponding method fulfilled in the calculation of the plastic collapse 

load. There are no additional difficulties when mechanisms of the partial 

type are encountered~ The method differs from the method of combining 

mechanisms for calculating plastic collapse loads .only in details of its 

application. The niethod is closely detailed in Section 2. 4. 

All the methods mentioned above are applicable to steel structures, 

and seem to be applicable to any structure possessing a moment-curvature 

relationship of elastic-plastic materials. Though the behavior of the 

reinforced concrete cross-section during the loading is much more complicated 

· than is the behavior of a steel cross-section, the fulfillment of certain 

conditions on the reinforced concrete structure can be analyzed by a similar 

approach as that for the steel structure. 

2.2 Plastic Collapse 

The method of combining mechanisms was used for calculating the 

plastic collapse load for the frame shown in Figure 2.1. This method will. 

now be illustrated on the example which symbolizes the frame model used in 

this study. 
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a, Size of frame and loading. b, Left beam rr.echanism. 

f) 

39 

'I 

c, Right beam mechanism •. d, Sway mechanism. 

f 

e, Combined mechanism. fr Combined mechanism. 

Fig.· 2.1. Frame loa~ing and collapse mechanisms. 
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The dimensions of the frame and the relative values of the applied 

loads is shown in Figure 2ol, a. The positive moment and positive rotation 

of hinges is con~idered when the fibres on the side_of the dotted line are 

under tensiono 

The first step is to find all independent collapse mechanisms. 

The computationsassociated with the combined and independent mechanisms are 

given below. The plastic collapse load was then calculated from the 

virtual work equations and the smallest value was taken as the correct one. 

The virtual· work equations and calculation of load valnes · .. corresponding to 

the mechanisms shown in Figure 2.1 are as follows: 

Left beam mechanism Figure 2.l,b: 4 Mp X e 2 x w x 4.15 x e 

w = 0.482 Mp 

Right Beam·mechanism Fig. 2.1:~c: 6 X Mp x e 7/4 X W X (6.225+2.075) x e 

w = Oo413 Mp 

Sway mechanism Figure 2.1, d: 6 X Mp x e 3 X W X 7.5 X 9 

w 0 .. 266 Mp 

Combined mechanism Fig. 2~1, e: 8 X Mp X 9 = W X (3x7.5+2x4al5) x e 

w 0. 2597 Mp 

Combined mechanism Fig. 2al, f~ 11 X Mp X Q = W x (3x7.5+8.3x7/4) x e 

W = 0.297 Mp 

The correct collapse mechanism is the one shown in Figure 2. le since 

it gives rise to the smallest value of plastic collapse load. For a plastic 

moment value of 312.0 inchkips the plastic collapse load would be· 6.75 kips. 

The value of Mp relates to the experimental cross-section and is developed in 

Section 2.3. 
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The validity of this result was proven by_ tracing the loading history 

step by step ·until the same plastic collapse load and the same collapse 

mechanism were' reached. In this loading increment approach the elastic 

solution is obtained. The cross-section with the highe.st moment value is 

assigned as the first plastic hinge and the elastic ap.alysis is repeated 

while the structure is considered as having a natural hinge at that cross

section. The·moment values are then multiplied by~ coefficient such that 

·when added to the previous moment distribution some othe_r section just 

reaches the value of Mp with all other critical points .less in magnitude 

than Mp. The pr~cedure is then repeated until the ·collapse mechanism is 

developed. Though this method is not very practical for ·calculating the 

plastic collapse load, the deflection of the frame at' any stage of loading 

can be easily determined.. A computer program was wri~ten for this purpose 

so that the effect of load increments applied to almost any current state 

could be established. The sequence of hinge formation and the consequent 

load-deflectio·n curve were obtained by this method for the frame model 

shown on Figure 2.2. The value of the plastic moment. considered in cal

culation was 300.0 inch-kips taken for convenience. 

For estimating the deflection at incipient collapse the method 

of plastic slope-deflection equations was used. This method had been 

proposed by Symonds and Neal (11) in l\fhich it is assumed that the moment

curvature is of the ideal type with the spreading of plastic zones along 

the members neglected. The method is similar to that ·for.·· the elastic 

solution with ·the principal difference being that at each. cross-section 

where a plastic hinge underwent rotation, the bendin~ moment is known to have 

the plastic moment value but wher.e the plastic hinge rotation remains unknown. 
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In the wholly elastic frame the bending moment at the cross-section would 

be unknown but the hinge rotation would be zero. For our case the 

prediction is based on the assumption that for the last hinge to form 

there \is a rotation of zero at the point of collapse. 

The method of plastic slope-deflection will now be demonstrated on 

'the example which symbolizes the frame model used in this work._ The 

positive moments and positive rotation at the ends of the member are 

. shown on Figure 2.3,ae These rotations can be shown to be given by the 

slope-deflection equations: 

where M~ and ~A are the fixed-end bending moments which would be produced 

at the ends of the member if it were subjected to the same loading but both 

ends were held clamped in position and direction. The plastic moment Mp was 

for the frame shown in Figure 2.3,a, considered to be 300 inch-kips throughout 

the frame. The value of moment of inertia I and modulus of elasticity E were 

taken from Section 3.4. The deformation of the frame during the collapse 

was assumed as is shown on Figure 2.3,c. The plastic slope-deflection 

equation~ for this frame could be written as follows: 
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<Pz, 3 = 
v1 50 [ 2 (M2,3 - ~.3) - (M3,2 - ~.2~ _+ __ 
50 6EI 

VI 50 ~(M3,2 - ~ ) - (M2,3 - ~ 3~ 
<P3, 2 = -+-- 3,2 . , 

50 6EI 

:2. 50 ~(M3,4 - ~ ) - (M4,3 - M!,3~ 
~,4 = +- 3,4 

50 6EI 

4> 4, 3 = 
Vl 50 f(M4,3 ~ 3} - (M3,4 - M;)l -+-- ' 50 6EI 

~ + .2.Q_ E(M5,6 
F 

(M6,5 - ~.s~ <P5, 6== 
- M ) -

90 6EI 5,6 

.l_ + 90 . 
E(M6,5 

F 
(M5,6 - ~,6~ ¢6, 5== M6,5) -

90 6EI 

__§_ + .2.Q_ ~(M7 ,8 
F 

(MB, 7 - ~.7~ 47 ,s= M7 ,8) 
90 6EI 

<IS, 7= __§_ +~ ~(Ms. 7 - ~. 7) (M7 ,8 - M~ ,8~ 
90 6EI 

V2 + 100 f: (Ms, 9 
F 

(M9 , 8 - ~1~, 8 ~ ¢.. 9= - M ) -
tS, 100 6EI 

. 8,9 

v2 . 100 ~(M9,8 -
F 

(M8,9 - ~,g~· 
<1>9' s= 

M9,8) ---+--
100 6EI 

The fixed-end moments for all members 

except the member between critical points 8 and 9 are zero. The value of 

fixed-ends moments for member 8-9 is calculated in Appendix A2 as well as 

slope-deflection equations being assessed numerical values. 

The last plastic hinge to form was found to be at critical 

point 3. Co.nseque.ntly the rotation of jofnt 3 was considered equal 

to zero. The joint rotations in terms of member end rota_tion;5 is _given on 

the next page. The subscript refers to the joint location as shown in Figure 

2.3 a. 
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tP = - ~1 2 • e • • • • lill • • • • • • • • • • e e • • • • • • e • • • • (1) 1 
' 

tP = ~2,1 4>2 3 = 0 ....................... (2) 2 , 

tP 3 = 4>3,2- 4>3,4 •••••••••••• 0 ••• , •••••••• (3) 

tP 4 = cf> ' 4,3 ................................ (4) 

tP = cf>s,6 •••• 1'1 •• g •••••••••••••••••••••••• (5) 5 

1lJ = cf> (6) 6 6,5 0 •••••••• Cl •••••••••••••••••••••• 

(7) 

1lJ 8 = 4>8 , 7 + cf>s ' 6 • • • " • • • • • • • • ~ • • • • • • • • e • • • • ( 8) 

(9) 

By solving the equation (3) for zero joint rotation the deflection 

v1 is obtained. By substituting this value in equation (2) the horizontal 

deflection is obtained. As shown in Appendix A2 the horizontal deflection 

thus obtained is 2.19 of an. inch. By substituting already known values. 

into the equations for joint rotation shown above a check of the sign of joint 

· rotations can be made. If the signs agree with signs considered in the collapsE 

mechanism the solution is .correct. A_~heckof signs for this case is shown 

in Appendix A2 and validates the ass~med behavior. 

2.3 Limit Analysis 

In this section the necessary limitations of plastic analysis 

implicit in reinforced concrete behavior will be discussed. It is obvious 

that the most important characteristic of reinforced concrete in this case 

will be the moment-curvature relationship. As it is generally known from 
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ultimate strength theory of reinforced concrete the percentage of steel 

in the cross-section has a significant influence on the moment-curvature 

characteristic. The transition between under and over reinforced sections 

is a gradual one in terms of an increasing proportion of reinforcement. 

A convenient divi4ing line is that of the balanced reinforcement ratio 

which is defined in.the ACI Building Code (26) as: 

0.85 kl f' 87000 
p· c 

b 
f 87000 + f y y 

where coefficient k
1 

is equal to 0.85 for f less than 4000 psi and is c 

decreasing by 0. 05 times the difference for f higher than 4000'· -where f is the 
c c 

compressive strength of concrete and f is the yield .. strength for reinforcement 
y 

For this case when f is taken as 4850 psi and f =60,000 psi the balanced 
c y 

reinforcement ratio pb is 3.28% when k
1 

is~ 

k1 = 0.85 - 0.05 (fc - 4000) = 0.8075 

1000 

The basis of limit analysis lies in the ability of a reinforced 

concrete section to sustain a given yield moment while permitting a con-

siderable increase in local curvature. It follows that the moment 

curvature curve at the critical points in the frame should be close to 

the ideal type mentioned previouslya Such characteristics are based on 

the under reinforced section which is generally recommended for limit 

design .. 

The percentage of reinforcement p is defined as: 

p = ~- 0.88 
b xd- 8 x 6.625 = 1 •66% 

A = 0.88 si for two #6 bars s 
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where A is the tension steel area, b is the width of the section and d is 
s 

the distance fr.oni compression face of the section to the centroid of 

tension steel. The cross section is shown in Figure 3.6. 

The moment-curvature curve for th;ls section was calculated and 

was plotted in Figure 2.4. The curves shown dotted· are the moment curvature 

curves of the same section with different axial force P~ The basic curve 

is for axial force equal to zero. The hooks in the lower part of the curves 

are due to the .instability condition at the point of the crack formation. 

The influence of axial force on the value of th~ pla~tic moment was so 

significant that it could not be neglected. Fortunately, the relationship 

between the plastic moment M and axial force P was very close to linear 
p 

in the range of axial forces occurr±ngon the frame during the loading. This 

relationship is ·plotted in Figure 2.5. If the lower part of the moment-

curvature curve had not been considered, the moment-curvature relationship 

would have been fairly close to the ideal type. This behavior formed the 

basis .for utili~ing plastic methods where appropriate. The moments which 

caused cracking at the cross-section were low compared· with the plastic 

moments and therefore the influence of cracking was neglected. 

The method which was used for tracing behav!or during loading 

history was adjusted to take into account the influence· .of axial force. 

This adjustment was provided by iterating the plastic moment value with the 

axial forces. Firstly, the forces were calculated due to the load at first 

hinge formation; while the plastic moment value was assumed equal to that 

for zero axial fo·rce. Then a set of new values of plastic moment were 

calculated due to the obtained axial forces and the procedure was repeated. 
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Iteration was quite rapid and in the calculation used in the computer program 

five cycles were performed. The following Table includes the plastic 

moment values M for columns and beams cross-sections of frame during the 
p 

five iteration cycle when the first plastic hinge is forming. 

Table 2.1 

No. of Cycle Plastic Moment Value Mp in Kips-Inch 
of iteration First Column First Beam Sec. Column Sec. Beam Third Column 

0 312.000 . 312.000 312.000 312.000 312.000 

1 312.223 314.469 315.381 315.275 314.287 

2 314.804 343.056 354 .-52i. 328.034 340.773 

3 315.059 345.879 358.389 329.492 343.388 

4 315.084 346.158 358.771 329.636 343.647 

5 315.086 346.185 358.809 329.650 343.672 

The load-deflection curve obtaine4 by this method is shown in 

Figure 2.2 by the dotted curve. Comparing this curve with that for M 
p 

independent of axial force P the importance of influence of axial forces 

on the behavior ofthewtole frame is obvious. The obtained plastic collapse 

load was at leastl1% higher than that obtained by the method of combined 

mechanism. Also the plastic hinges formed in different sequences. 

The computer method for a step by step calculation ~s described 

in Chapter VII. 

2.4 Incremental Collapse and Shakedown 

In the previous section, the behavior of the frame structure 

under proportionally increasing load was described. The failure of the 

frame was caused at the plastic collapse load and is called .plastic collapse. 
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Another type of failure may occur when frames are subjected to variable 

repeated loading. If during loading a number of critical combinations of 

loads follow one another in fairly definite cycles the structure may either 

shake down or else fail by incremental collapse. 

If the increments which occur in the rotation at plastic hinges 

during subsequent cycles of loading become progressively smaller as the 

number of.cycles of loading increases, the structure is said to be 

shaking down. 

If, on the other han~ the increments of rotations taking place at 

plastic hinges during subsequent cycles of loading tend to be constant and 

a sufficient number of cycles of loading takes place, unacceptably large 

deflections will be built up; the structure will then accelerate to collapse (27: 

A value of W above the critical shakedown value Ws will give 

rise to incremental collapse and the lowest such value is referred to as the 

incremental collapse load. It follows then that the incremental collapse 

load·and the shakedown load arevirtually identical. 

The uniqueness theorem of incremental collapse as presented by 

B. G. Neal (11) is included in Appendix (Al). According to this theorem 

equilibrium at each critical cross-section can be expressed by the equation: 

= (M ) . if rotation e. > 0 
p J J 

-(M ) • 
p J 

e.< o 
J 

(2.4.1) 

where m. are the residual moments at critical point j,}(
3
. are the elastic 

~,J 

moments and M is the plastic moment value for cross-section at critical 
p 

point j. The moments are considered of the same signs as the rotation e. 
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The incremental collapse load W was calculated by using the 
s 

method of combining mechanisms. Since the m. are in equilibrium with 
J 

zero external load, and the e. represent a set of hinge rotations 
J 

for a mechanism, it follows from the Principle of .Vir'tual Work that: 

d)1 min 
an . 

J 

L: m. e. 
J J 

0 (2.4.2) 

(M ) .. -}1 ;ax 
p J 

E e. = 0 (2.4.3) 

-J1 ~in J 

-(M ). 
p J J 

)t max 
Since the m. are known from the equation (2.4.1) and the . 

J . J 

are all known in terms of W, the equation (2.4.3) will determine 

the value W . of W above which incremental collapse would occur. 
s . . . 

Since the approach is similar to that d~sc_ribed in the 

previous section.for combined mechanisms the method of plastic collapse 

defines the smallest value of W as the incremental collapse load W 
s 

and the corresponding mechanism as the incremental collapse mechanism 

The elastic moments can be obtained by any of the elastic 

methods. In this case the matrix method was usedu Table 2.2 includes 

the elastic moments for critical points of the frame model. The 

maximum and minimum vAlue of the moments apart from the case of zero 

load were obtained and are entered in Table 2.2. Positive moments 



LOAD MOMENT IN CRITICAL POINT {jjJ-KIPi] 
W=l 
lj<!P~ 1 2 4 5 5 7 .. 8. 9 10 12 

3 W-21- -4.067 2.782 0.336 -2.110 2.oea 1,.198 0.883 -1.531 -2.735 3.987 

2W \~ 0.513 -1.226 2.611, -1.846 -0.694 1.151 -0.491 -0.084 0.119 0.036 

35VI~ t Q048 0.153 ·-0.375 -0.904 -2.413 -1.509 1.410 1.813 -1.608 0.608 

~max 0.561 2.935 2.950 0. ,2.088 5.349 2.29] 1.813 0.119 4.631 ~ 

);{min -4.063 -1.2 26 -Q375 -4.86013.107 -l~O 9 1- 0.491 -1.615 -4343 0. 
~--- ---·- -- - - ·---- -- -----

Table 2.2 Elastic Moments in Critical Points for Given Load as a Function 

of Load W. 

\ 
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were considered which caused tension in the outside fibres of 

the cross-section on the side of the dotted line as marked in 

Figure 2.6,a. 

Considered incremental collapse mechanisms are shown 

in Figure 2.6, b, c. These two mechanisms give the most critical 

value of W. Therefore, the other mechanisms are not included. 

From the sway mechanism on Figure 2.6, b the equilibrium of the 

residual moments on the frame can be expressed. 

Referring to the equations (2.4.2) and (2.4.3) the equation above 

can be written as: 

-}1 ~in 

In numerical values: 

w (4.063 + 2.935 + 5.405 + 4.343 + 4.631 + 5.349) 6 M 
p 

6M 
p 

JU 

for which the load W = 0.2245 M • Similarly for the combined mechanism 
p 

of Figure 6,c the following equation can be lvritten: 

W is then equal to 0.229 M • 
p 
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Because of a lower value of w. for the EWaycollapse mechanism the 

incremental collapse load was assumed as 0.2245 M and this mechanism was therefc 
p 

the incremental collapse mechanism. 

The step-by-step calculation as described in the previous section 

was used also for calculation of incremental collapse. In this case it was 

necessary to estimate a load combination forming a typical cycle of loading. 

Due to the method described above the incremental collapse mechanism was 

known. With respect to this collapse mechanism the most efficient load 

combination was chosen after determining which combination had to be incor-

porated in a cycle. Since the sway govern~, the critical points to be 

considered are 1, 2 (or 3); 7, 13, 12, and 11 (or 10). Peak elastic 

moments need to be considered at critical points 2 (or 3), 7 and 12, while 

minimum values are associated with critical points 1, 13 and 11 (or lOr. 

Then, for example, the load combination on Figure 2.6 e, associated with 

critical point 7 for peak mo~ent 5.349 W and for minimum moment with critical 

point 13 where the minimum moment is -5.405 W as can be seen from the Table 2.2. 

The load combination which is considered in the stepby step calculation is 

shown on Figure 2.6, d, e, f, and g. 

The calculation for each loading was similar to the proportional 

loading case except that actual plastic moments and load values tvere 

considered. When loads reached then prescribed values, some of the critical 

cross-sectionsdeveloped plastic hinges. The calculation procedure for unloadin 

was then followed. The unloading was considered as- pure elastic changes 

to existing bending moment distributions-due m the same loads but of opposite 

signs beingapplied on the frame. The resulting moments were residual moments 

and they were considered in the following load calculation procedure. The 
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calculation procedure of loading and unloading was repeated and incremental 

collapse was determined in the cycle in which all plastic hinges 

forming the incremental collapse mechanism were developed. 

Table 2. 3 includes moment values of critical points 

obtained by a step-by-step calculation for the frame shQW!l :tn Figure 2.6,a. 

The plastic moment value was considered to be 300.0 inc]l-kips. The Table 

includes the maximum value which occurred at critical sectionsduring a 

cycle· and the residual moment at critical po:fnts after the cycle was com

pleted. The tabl~refers only to the critical points involved in the 

incremental collapse mechanism. T.he mast interesting critical point is 

2 where the maximum. moment is increasing by every cy.cl~ until the plastic 

moment is reached. The incremental collapse calculated by this method 

occurredin the 21st cycle when all plastic hinges associatedwith the incremental 

collapse mechanism occt.-rred during this cycle. The incremental collapse load 

W cons ide red in . this· calculation is 0. 22 45 Mp , . which is the same as the load 

obtained by the· method of combined mechanisms. 

By considering the same plastic moment value several different 

values of load W were considered and an interesting relationship between 

the load value W for incremental collapse and number of cyc~necessary 

for incremental collapse was obtained. The curve of load W - number 

of .cycle relatio.nship,is plotted in Figure 2. 7 and the horizontal 

deflection - number of cycle curves for different valuesof load W - are 

shown in Figure 2.8. Table 2.4 includes. theoretical hinge formation for W = ' s 

5 •. 6 kips. 



MOMENT IN CRITICAL POINTS (IN-KIPS) 
CYCLE 

1 2 13 7 12 11 

MAX R MAX R MAX R MAX R MAX R MAX R 

1 -300.0 ....-33,8 229.7 31.0 -300.0 +23,6 300.0 -37.2 '300.0 -15,8 -300.0 -11.8 

2 .... 300.0 ~31,8 244.2 47,0 -300.0 31.9 300.0 -39.7 300.0 -15.8 -300.0 - 8,7 : 

3 -300,0 -31.3 256.6 59.7 -300.0 39.5 300.0 -43. 6· 300.0 -15.8 -300.0 - 7.9 

4 -300,0 -31.1 266.4 69.5 -300.0 45.3 300.0 -47.2 300.0 -15.8 -300.0 - 7.7 

5 .... 3oo.o -31.1 279.8 83.0 -300 .• 0 53.2 300.0 -52.6 300.0 -15.8 -300.0 - 7.6 

10 -300.0 -31.0 292.5 95.8 -300.0 60.7 300.0 -57.8 300.0 ·-15. 8 -300.0 - 7.5 

15 ..-.300,0 o:"'28e8 297.8 100.9 -300.0 62.5 300.0 -59.0 300.0 -15.8 -300.0 - 7.7 

20 -300.0 -27.6 299.9 102.7 -300.0 63.0 300.0 -59.3 300.0 -15.8 -300.0 - 7.8 

21 -300~0 -27,5 300.0 102.8 -300.0 63.0 300.0 -59.3 300.0 -15.8 -300.0 - 7.9 

MAX Is the maximum moment which occurred at critical po~nt during the cycle. 

R Is the residual moment in the critical point at the end of loading cycle. 

TABLE 2.3 ~~IMUM AND RESIDUAL MOMENTS DURING THE CYCLIC LOADING FOR Mp = 300.0 IN-K. 

VJ 
VJ 
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2.5 Shakedown of Reinforced Concrete Frame 

In order to analyze the shakedown of a reinforced concrete 

frame it is necessary to investigate the moment-curvature characteristic 

of the cross-section under repeated loading. The repeatability of the 

· moment-curvature curves would be the basic requirement for analysing for 

the shakedown in a· conventional way. An experimental a:nd analytical 

investigation o.f moment-curvature relationship~ for repeated loading as done 

by Hiroyuki Aoyama (18) predicted the moment-curvature curves for different 

reinforced concrete cross-sections subjected to repeated reversed bending 

and axial force. The Bauschinger effect of reinforcing steel and the 

tension in the concrete were neglected. The results show quite good 

agreement between the theory and the test results. The moment-curvature 

curves were moreor less spindle-shaped with the same slope in the elastic 

p.art of tie curves. This requirement was met in the test program described 

in this work and therefore the frame is suitable for shakedown analysis. 

The assumed moment-curvature relationship as finally considered 

is shown on Figure 2.4. Complete reversal of bending moment did not 

occur in any of the critical cross-sections, although in the middle column 

small reversed bending moments were expected. 

The step by step calculation as described in the previous 

section but including the influence of axial forces was performed for the 

prediction of the incremental collapse load and for analysing shakedown. 

It is obvious that the value of the incremental collapse load obtained 

by this method of calculation was considerably higher than that obtained 

by the method of combining mechanisms. The difference was about 5%. 

The influence of axial force in the calculation was of the same 
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manner as in the·step by step calculation for plastic collapse as 

described in section 2.3 and shown in Figure 2.4. 

The theoretical curve for the number of cycle-incremental 
I 

collapse load is shown in Figure 2.7 as marked by the dotted curve No. 3. 

An attempt co trace the deformation in the frame during a 

cycle was made by the method based on the moment-curvature relationship 

under repeated loading. Moment values obtained by step by step calculations 

l\rere used for the Cialculation of corresponding deformations. Three 

types of curves were us~d in this calculation dependent on the stage of loading 

The first type was for the uncracked section as shown in Figure 2.4. 

and was used only for the first load application. The second type was 

for unloading and was actually the moment-curvature relationship obtained 

by the method of. transformed area.. It was assumed that unloading was 

provided by only elastic linear changes. The third type was the curve 

corresponding to tl~e already cracked section in \vhich the influence of 

tension in the con~rete was neglected. This curve was of a similar 

shape as the curve$ in Figure 2.4 except for the lower part of the 

curve which was in,this case smooth. All of these types of curves are 

shown in Figure 7. 2 ! in Chapter VII. The calculation procedure cons is ted 

·~ 

of determining the~corresponding curvature for a given moment and the 

strain distribution over the section. In the case of unloading the 

corresponding strain distribution to the moment change was calculated and 

then subtracted· from the previous strain distribution. The strain 

distribution was a~ded or substracted as a consequence of loading or 

unloading. The computer technique was used for this calculation and the 

computer program is described in Chapter VII. 



39 

A very important factor for describing the behavior of the 

reinforced concrete frame was the effect of joint stiffness due to the. 

addition of stirrups and the placing of longitudinal ·reinforcement. 

This effect is described in Section 6.6 and in Chapter VIII, but could 

not be included in the analysis because of implicit complications 

arising there from. 
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Chapter III 

TEST FRAMES AND COLUMNS 

This chapter includes the description of the test specimen 

selection of the test specimens in detail. The modifications resulting 

from the_ test pro_cedures ar·e also described in this chapter, while the 

details are described in Chapter VI. 

3.1. General Characteristic 

In the selection of the test specimens several aspects were 

considered. ·An important one relates to the theory of plastic analysis 

in terms of hinge formations and consequent mechanisms. A 2nd criterion 

which pertains to concrete structures generally concerns the reinforcement. 

To justify plastic methods of analysis to reinforced concrete frames the 

cross sections at the critical-points must be under reinforced. 

Another important aspect was the limitation imposed by laboratory 

facilities and the 1endeavour to minimize err_ors caused by inaccuracies. 

Referring to the theory of plastic analysis three aspects 

influenced the sele1ction of the structural model. 

Firstly, is_t.ructures -.;..rith a higher degree of indeterminancy 

were preferred for the structural model because of more plastic hinges 

required to form the collapse mechanism. Such .;t structure would giv(! a better 

oppor~unity to study 

formation. 

plastic h-inge formation and collapse mechanism 

Secondly,, the ratio between the plastic collapse load and 

incremental collapse load had to be considered. A structure with a high 

ratio was preferred since it could better be used for the demonstration 

of shake down. 



Thirdly, the structure for which the plastic collapse load 

mechanism is different from the incremental collapse load mechanism 

would be prefer~ble to distinguish between the two modes of collapse. 

In order to simplify the analysis the same. c·~oss-section was 
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chosen for beams· and colUlllris. Regarding the ultimate load design, a. 

reinforced ratio of 1~66% was selected. The section had a moment curvature~te 

istic close to that for ideal elastic-plastic material at initial loading. 

To justify a simplified shakedown solution to reinforced concrete 

structures it was. imperative that repeated load tests be conducted on 

a cross-section to trace out the moment-curvature history. The basic 

assumption governing the conventional shakedown approach-assumes that 

the same moment limits for positive or negative curV-a~ure apply and are 

presumed to be independent of the number of loading cycles. The proximity 

.of this assumption w~th actual behaviour was studied. A column with a 

fixed end base and the same cross-section as the test frame 

was chosen for study~ng moment-curvature characteristic for chosen sections. 

The theotetical ~oment-curvature characteristic for the chosen section was 

discussed in section~ 2.3 and 2.5 and is· plotted in Fig. 2.4. 

The availability of sufficient la~oratory space and equipment 

provided a good opportunity for fabricating and testing.full sized models, 

to. reduce dimens~onal errors. The spacing of holes for anchor bolts in 

the test floor· is '3 feet, center to center distance and this fact suggested 

a nine foot span· distance per bay .. 

For simpli~ity of geometrical form the one story two bay frame 

was chosen with· equal length of beams and columns .• 



The ·loads applied were considered to ac~ as point loads. 

These included a horizontal load at the top of the left hand column 

and vertical loads, one in the middle of the first heani (first bay 

is the one closer to the horizontal load and the second bay is the one 

under two poin~·s· load) and two at the symmetrical quarter points of 

the span of the second beam. 

The cwo point loads in the second bay were chosen to 

approximate uniformly distributed load. 
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Rational limits to the independent loads were calculated by 

performing simple shakedown and plastic analyses to <:ause different 

collapse.mechanisms. At the same time cognizance was 'taken of realistic 

values to be found in practice. Upper limits to the- coefficients of 

some parameter W for 1the individual components of load were 3 for the 

horizontal, 2 for· thJ vertical in the first bay and 3.5 (2 x 1~75) 

for the two point velj'tical loading in the second bay. 

For the p'lfrpose of initial calculation the column bases·were 

considered f.ixed. FII'om a practical point of view the stiffness of ·the 

column bases was mad~ as large as possible in the experiments in order 

to justify neglecting the influence of rotation of the bases on the 

frame moments. 

3.2. Geometrical Prdperties 

The schemelof frame and column models are shown in Figure 

3.1 and 3.2. .lnaccuttacies in length were ±1/8 of an inch. The cross

section of a typical ~column or bes.m is shown in Figure 3.3,a. Four 

number six bars comprised the longitudinal reinforcement and was placed 

symmetrically in the section. The concrete cover over longitudinal 

reinforcement was· one inch. 



Number two bars were used for stirrups and they were placed 

at three inch centres in the beams and at six inch centres in the columns. 

The theoretical lengths of members was considered as clear 

distance between columns for beam length and distance between the end 

of the wideflange base and the inside face of bea~ for the length of 

the column. 

On this basis the height of the frame was 90 inches and the 

bay width was 100 inches. 

A 

=I o· 
o' _, 

·FIGURE 3 ,1 SCHEME OF TEST HODELS 

3. 3 Material Prop1er ties 

l 

-
0 
o-

The conc:rete mix used, as shown in Table 4.lwasidentical to 

that used in University of Toronto column test series and on other 

concrete work in }fcMas ter University (23). 

Cylinder test results are included in Appendix A3. Twelve 

cylindrical prisms were cast with each frame. A slump of 2.2" to 3.5" 

was sought. 
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In the case of frame model BF-1, two shrinkage prisms were 

cast to obtain approximately the value of shrinkage. 

Cylinder tests were performed at seven, fo.urteen and twenty

eight days and at the conc~usion of testing for shakedown load test, 

which lasted several days. Concrete stress-strain relationship.s 

obtained from cylinder tests are shown in Figure 3. 4. 

The behavior of the reinforcing st~el under uniaxial tension 

was ideally elastic-plastic up to a strain of 0.005. Subsequent strain 

hardening caused the stress to increase with strain. The stress-strain 

relationship .obtained from tensile tests of reinforcing bar~ is shown 

in Figure 3. 5 •. 

Local heating with an acetylene torch was used in bending the 

longitudinal steel for the first case (frame model BF-1). This process 

was accomplished by gripping a section with two pipe ~Trenches and then 

turning one wrench relative to the other to produce a 90 degree corner. 

Because of a britt~e failure o~ the reinforcement during the first frame 

test, a number of tensile tests on the reinforcement subjected to various 

degrees of heat treatment were performed. 

It was c1oncluded that the heat treatment used in bending the 

bars for the cage did not likely affect the strength of the steel or its 

behavior alone. The deformation caused by bending around a small radius 

in combination 'Jiththe heating process could have produced micro-cracks 
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on the tension sid~ of the corner. This condition was probably the cause 

of the failure in the first test frame. 

From the heat treated tensile specimen the yield strength 

of the reinforcing steel was found to be 59,800 ± 500 psi and the 

ultimate tensile strength was found 109,500 ± 700 psi. A series of bars 
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were bent to a radius of about 2" and then straightened by heat treatment 

by procedure similar to that mentioned for longitudinal reinforcement. 

Tensile tests on some of these produce strengths close to those above, 

while others fractured at considerably lower stress levels. By 

observation of the bent part of the specimen the presence of a crack 

was observed which led to the conclusion mentioned above. 

Further, tensile tests were perfo~ed in order to determine 

the yield strength, ultimate strength, and modulus of elasticity of non 

heat-treated number six bars. Testing procedure as well as test results 

were describe_d by R. Danielsen (23) in his thesis. Thus, o~tained value 

of yield strength_were 59,000 ±· 500. psi, ultimate strength 108,500 ± 1700 

6 psi and modulus of ,elasticity (29. 6 ± 0. 6) x 10 psi. 

3.4 Gross Behavior 

The crossrsection, which was the same for columns and for the 

beams, is shown.in ~igure 3.3,a. The size 8 x 8 inches was the same for 

all test models. Tpe symmetrical four number six bars were covered by one 
I . 

'inch concrete and wlere placed in the same position in cross-sections 

throughout the whol~ model. 

With 1.661 percentage of reinforcement this cross-section was 

under reinforcEd as recommended by limit analysis. 

I 

By using lthe method of ultimate strength design (25) .the 
·I 

ultimate moment of !this cross-section could be calculated as follows: 

As= 0.88 §q. in 
Ecc o.oo3 
·I ~ 0.8 5 fc. 

0 0 X a 

0 0 

Fig. 3.6. 
I 

ULTI~~T~ STRENGTH CONDITION FOR CROSS-SECTION 



kl = 0.85 - 0.05 (ft 4000) = 0.8075 
1000 

a = k X 
1 

Cc 26.6 X - 4.26 

C8 = 7.8- 10.75 
X 

T8 = 52 •. 7 KIPS 

X =(2.043 in 

-0.197 in 

THEN 

C8 = 2.54 KIPS Cc = 49~94 KIPS 

ULTIMATE MOMENT CAlj.CULATED TO POINT "A" 

for fc = 4850 psi 

for f 8 60 ksi 

Mu = 303.9 (IN-KIPS). The reader is referred to Fig. 3.6. 

Even this preliminary calculation gave fairly accurate results 
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of plastic moment values. Amorerealistic approach for obtaining the plastic 

moment value is when the stress distributio~ is considered as a function 

of strain. This approach is mentioned in Section 2.3andacomputer method 

of calculation is qescribed in Chapter VII. 
i 

As the p~astic moment,the valu~ of moment transferred by the 

cross-section when !compression strain reached the ultimate strain 0.003 

was assumed. The effect of strain hardening was not considered and 

was not investigat~d. 

Due to tqe present ACI code the modulus of elasticity for 

concrete was assum~d as follows: 



Ec = w1
·
5 

X 33 ~ for W 145 lb/sq .. ft. 

and fc 4850 lb/sq.in. 

Ec = 145
1

" 
5 

x 33 !4850 = 4000 kips I sq. l.n. 

The moment of inertia of section was calculated for a cracked 

section, as follows: 

m = Es = 29.0 x 106 7.24 
Ec 4.0 x 106 

Ac = 2.043 X 8 = 16,. 35 sq. in. 

Acs = 0.88 (m- 1) = 5.49 sq. in. 

Ats 0.88 X m = 6.37 sq. in. 

A = 28.21 sq. in,. 
w.s 

X = 16.35 (6.625 - }.0215) + 5.25 x 5.49 = 4.26 in. 

!28.21 

3 2 2 
I = 1 X 8 X 2.043 :+ 16.35 X 1.3435 + 5.49 X 0.99 

12 

+ 6.37 X 4·.26 2 = 150.63 . 4 
1.U. 

Ec is modulus of elasticity for concrete 

W is the density of concrete 

f' is the ultimaqe stress of concrete 
c 

Es is modulus of 1elasticity for reinforcing steel 

A is area of co~pression part of concrete c 

A is transform area of compression steel cs 

Ats is transform ~rea of tension steel 

X is the distancie between centroid of cracked cross-section and 

centroid of tepsion steel 

A is transformed~~ area of whole cracked cross-section ws 

I is moment of inertia of cracked cross-section 

51 
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Chapter 4 

FABRICATION 

In this chapter the test frame and test column specimen 

are described in detail including the method of fabrication. 

4.1 Test Frame and Test Column Details. 

The full scale models as shown in Figure 3.2 were fabricated 

in the laboratory by. using available laboratory equipment. 

Longitudinal reinforcement consisted of four number six bars 

bent in the corners to a radius of 5.5 inches and welded to steel end 

bases. The number two bars were used as stirrups and were tied to the 

longitudinal reinforcement to hold reinforcing bars in the correct 

position in the section. A typical cross-section. is shown in Figure 

3.3,a. 

In orde~ to stiffen the corners, additional r~inforcement 

was placed in the qorners as shown in Figure 4.1. Number four bars were 

used for this purpqse and they were placed in the plane of the longitudinal 

reinforcement in the case of frame BF-1 as shown in Figs. 4.1, a, b, c and 

Figure 4.2 and 4.3, For the remaining frames the corner reinforcement 

was placed approxi~ately the same way as shown in Figure 4.1, d, e and f. 

These bars were tied by wires to the longitudinal reinforcement and formed 

an integral unit with the cage. 

The end jbases were made of eight inch deep wideflange steel 

sections. In the qase of test column C-1 the end base used is shown in 

Figure 16a. This ~ype of end base was redesigned and additional reinforcement 

was welded onto thq flanges and to the wall of the wideflange. section as 
I 
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.. 

Fig. 4.2 Cage of Frame BF-1, Middle Joint. 

Fig. 4. 3 Cage of Frame BF-1, Right-hand Corner. (,' 
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illustrated in Figure 4.4 and 4.5. Also, the longitudinal reinforcement 

connection with the end base was improved by welding it to both sides of 

the wail of the wideflange section. In the case of frame BF-4 the 
\ 

longitudinal reinforcing bars were welded also to the thick steel plate 

of lower base as shown by the dotted line in Figure 4.4,b. 

For the test column the same type of reinforcement and the same 

end bases were used as for the test frame. 

4.2 Form.Details 

The·forms for casting were constructed of 9 x 4 x 1/2 inch 

angles bolted to a 24 x 1/2 inch plate below. Numerous hole regimes 

were drilled in th~ plate to allow casting of frames of different cross-

sections. The sec~ions could vary from four to sixteen inches in depth 

with increments of 1/2 inch. The width of the section could vary 

continuously up to 
1

nine.inches and independent of the depth. 

The steelj form also provided durability, strength and accuracy~ 
I " 

I 

The allowable dimensional tolerance was 1/8 inch. 

Each par~ of the form was light enough that it could be handled 

by two men. It could be easily cleaned ·and produced a smooth surface 

on the concrete. '!1he shape of the form and cage is shown in Figure 4.6 
I 

I 

and in Figure 4. 7. I 

4.3 Cage Assembly 

The cag~ fabrication and setting it into the form for pouring 

concrete involved approximately the work of two men for one week. The 

procedure of fabrication was, in general, that described below. 

The longitudinal reinforcing number six bars were cold bent 

around five inch diameter pipe to the required shape. The stirrups, 
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Fig ~ 4.5 Inside and Side View at Base 
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Fig. 4.7 Cage (Frame BF-1) and the Fo~. 



made of 30 inches long number two bars were bent on special bar bending 

rig designed for this purpose. With the help o~ plywood te~plates 

inserted inside the longitudinal bars.the shape of the cross-section 

was held. Wire ties were used to fasten the stirrups to the longitudinal 

reinforcement. The additional reinforcement of corners was made and 

ties to the proper position in the corners. 

The cage was strong enough to be handled as a unit and 

could be carried by the laboratory crane to the form. 

Special spacing chairs sho~ on Figure 2.4,b were used for 

holding the cage in the proper position in the form. 

After correcting the position of the cage in the form the 

end bases were situafed :i.n the correct position and welded onto the 

longitudinal reinf~rcing bars. W11en this was done, the cage was ready 

for pouring the copcrete. 

4.4 Concrete Requ~rement 

For making a smooth surface of concrete the form was treated 

with oil which also made it eas:i.er to take the form apart. 

The concrete components were prepared by weight and mixed·in 

a horizontal drum ~ixer in batches of six cubic feet. The concrete mix 

was used as shown !in Table 4.1. A slump of 2.5 to 3.5 inches was sought. 

By using the horizontal crane in the laboratory the concrete 

mix was carried to the form and transferred by shovel. ~y using an 

electric vibrating machine concrete was vibrated by the usual procedure. 

The concrete was ~llowed to set in the form for one hour before surface 

finishing. The s~des of the form were removed after about twenty-four 



hours after pouring. The concrete frame or column and cylinders were 

then moist cured on the casting bed using damp burlap for seven days 

before being moved to the test areas. 

Twelve cylinders were cast with each frame and they were 

performed after seven, fourteen and twenty-eight days. 

TABLE 4.1: CONCRETE MIX DATA 

COMPONENT 

Portland Cement Type I 

Water 

Fine aggregate (¥lashed pit 
run sand, fineness ~odulus - 2.51) 

Course aggregate (~/8 inch maximum 
size crushed limes~one) 

PERCENT BY WT. 

14.0 

9.1 

46.6 

30.3 

100.0 

Slump for standard 12 inch high slump cone - 2~" 

Volume per batch- 6.0 cubic feet (approx.) 

WT. PER BATCH (LB) 

127.4 

82.6 

424.0 

275.5 

909.5 



Chapter 5 

INSTRUMENTATION AND PROCEDURE OF TESTS 

5.1 Instrumentation of Tests 
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Various types of instrumentation were used in performing the 

tests. Load cells were used for measuring loads, dia~ gauges for measuring 

deflection and demac point gauges for measuring strain data across con

crete sections. To obtain reaction forces a special type of base·was 

designed. Similar test equipment was used for all tests. The components 

are described in more detail in this section. 

The rigid bases were originally designed so that the reactions 

could be measured. using electric resistance strain gauges. These bases 

were stiff enough to resist significant motion of the concrete column 

bases while undergoing adequate straining so that the reactions could 

be determined to a reasonable degree of accuracy. This type of base is 

shown in Figure 5.1. Horizontal strain was_ registered by a cantilevered 

section held rigidly, at one end and supported on rollers.along its length. 

A hollow steel crossl-section was used for this purpose with electric 

resistance str~in g~uges having been mounted on the outside face of section 

as showno Vertical ,strain was registered by electric resistance strain 

gauges mounted on outside of flanges of column steel end bases. Because 

of problems which oqcured during the test of frame BF-1,. as described 

in Section 6.2.1, tije strain measuring part of bases were omitted in 

subsequent tests. 1he concrete column end bases were welded directly to 

the one inch thick plate of lower bases as shown in Figure 5.2 and Figure 

5.4. The lower bas¢ plate was stiffened with eight inch channel sections. 

The entire assembly was bolted to the test floor using 2 5/8 inch 
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diameter anchor bolts which were prestressed up to sixty kips0 

A common type of dial gauge was used for measuring 

deflection during the tests~ The dial gauges with scale divisions of 

0.001" and extensions 1varying from two to four inches were used for 

recording deflec-tions of columns or beams e For deflection of the bases 

the dial gauges which,could be read to within 0.0001" and extensions 

varying from 0.411 to one inch were used. The position of the dial 

gauges is shown in Figure 5.3e As is shown an auxiliary frame of pipes 

was built for supportling the dial gauges. Bases of this frame were 

glued on the test floor~ 

For meast.lring strain in concrete a demac point gauge was 

used. The length of the demac point gauge was eight inches with an 
0 

accuracy of reading •bout 5 microinches which is one-half a division. 

The gauge points were made of ~ inch diameter brass discs drilled with 
i 

a number 60 centre hple. Using epoxy cement the gauge points were placed 

for two gauge zone ojn each place where the peak moments were expected. A 

typical position of !gauge points is shown in Figure· 6 ~ 6 o 

Several tiypes of load cell were used for measuring loads. A 
I 

spool-s4aped steel ~ylinder was used for this purpose by measuring strain 

changes under diffe~ent loads. Four electric resistance strain gauges, 

two horizontal and two vertical~ were mounted on the outside surface of 

the load cells and ~ere .wired to a full Wheatstone bridge circuit. Readings 

of strain were ·made: through a switch and balance unit and Budd Model 

B-350 strain indica1tor . The strain gauges were pro tee ted by a wax coating. 

The size of load ce!lls was such to provide full required loads in the 
I 

elastic strain rangeQ The strain readings were usually in range from 300 



to 800 micxoinches. The type of load cell is shown in Figure 5.5. 

The piston of the hydraulic jack used t? apply load acted in one case as 

the load cell. Electric resistance strain gauges were mounted directly 

to its surface, This load cell is shown in Figure 5.6. 

Before and after each test and even sometimes during a test 

the load cells were calibrated in a Tinius-Olsen universal testing machine. 

Calibration consisted of recording a strain reading under certain increments 

of loads. After obtaining several agreeable readings for the same load, 

the load cells were ready for use. After calibration the wires were not 

disconnected until ,after a test and recalibration was over. This gave a 

satisfactory check for values of loads. 

Manually operated jacks were used for applying loads. By 
i . 

using a mechanical slide system the position of the verti~al loads could 

be easily corrected during the loading accordingly to the deflection . 
. 

PhotographSpie~ures of vertical jacks are shown in Figure 5.5 and Figure 

5.6a The jacks wi¢h a mechanical slide system were mounted on fourteen 

inch wideflange steel columns placed around ·the test frame. Column bases 

were fixed to the test floor by two 2 5/8 inch diameter anchor bolts 

prestressed up to $ixty kips. Ball join~s and roller bearings were used 

for transferring ffrces from the jacks into the test specimen and there

fore no additional forces caused by movement of the structure were involved. 

An overall test se~ up is shown in Figure 5.7. 

5.2 Proportiona~ Loading Case 

Two te$t frames were tested under proportionally increasing 

loadsc The relatiye values of the loads and their positions were determined 

by plastic analysis as mentioned in Chapter II. ~~1en W is a plastic 
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Loading System for One-point Load. 



Overall Test Set-up. •; .. 
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collapse load parameter of the frame the relative values of loads are 

3W for horizontal load, 2W for vertical load in the middle of the first 

beam and 3.5W for vertical two point loading on the second beam. 

In general, preparations for testing involved several 

necessary operations which were performed as follows: 

a) the frame was moved into the test area by ~rane and was 

positioned onto bases. After the frame wa.s correctly positioned 

it was fixed between the steel columns projecting above the 

\ 
lab9ratory floor and welding took place. 

b) During welding of the bases the demac point gauges were_gltled onto 

and the loadi~g system was· mounted. 

c) An auxilliary frame for carrying the dial gauges was built. 

The dial gauges were then positioned and after marking gauge 

zones the specimen was ready for testing. 

A plastic collapse load test of the frame \vas performed by 

proportionally increasing load~ up to the stage when the frame collapsed. 

Collapse was defined as inability to carry applied loads while the 

deflection was increasing disproportionally. 

All demac and dial gauge readings were recorded after each 

load increment. The load increments were chosen in advance so that 

several readings were made in the elastic range of behavior to obtain 

data for moment distribution. The remaining readings were made in the 

range of load values when plastic moment redistribution was taking place. 

The position of the vertical loads was corrected simultaneously 

with_ def lee tion by turning th.e. bolts o£ the mech_anical slide. sys tern. The 

crack formation was recorded and marked on the · frame as well as other 

general observat i ons. 
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5.3 Program of Loading for Incremental Collapse Case 

According to incremental collapse theory the relative values 

of maximum and minimum loads applied to a structure must be specified. 

In terms of parameter W, these were as follows: 

a) horizontal load 3W > H > 0 

b) vertical load 2W ~ P ~ 0 

c) . vertical load 3.5W ~ Q ~ 0 · 

Any sequence of loading or any combination of loads is permitted since 

all three loads H, p and Q are assumed to be indep eride.nt (see · Section 

2. 4). 

was one 

With respect to one load cycle the progtafu of loading chosen 

which minimized the number of load combinations in one cycle. 

Such a combination of loads was considered if the corresponding moment 

distribution tended to activate hinges of the incremental collapse 

mechanism yielding the lowest value of W. 

In Figure 2.6 all combinations of load 

for elastic frame are shown. The numerical value 

of. elastic moment distribution for these load combina·tions are in Table 2.2. 

The .anticipated incremental collapse mechanism for the test 

frame was the sway mechanism with hinges forming at the top and bottom of 

each column. The sequenc.e of loads which initiate the sway mechanism is 

given in Figure 2.6. It follows that one cycle of loading was the 

application of four different loading regimes each of Which of is preceded 

by a zero loading ·state. 

Tbe ·unloading step in a cycle was assumed to be performed 

by loads with opposite sign under· conditions of purely elastic behavior. 



The following steps were involved for one cycle of the 

test: 

1. Horizontal load was applied up to the prescribed value and was 

then removed. 

2. Horizontal and vertical loadings in the first beam were applied 

proportionally up to prescribed values and were then removed. 

3. Horizontal and vertical loads in the second beam were applied 

proportionally up to prescribed values followed by their unloading. 

4. Combinations of all loads proportionally increasing was applied up 

to prescribed values and the loads were again removed. 
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The test procedure was similar to that for the proportional 

loading case de~cribed in Section 5.2. Also, the preparation of the test 

frame and the test apparatus for conducting the experiment was the same 

as in Section 5. 2 and is therefore not described here. 

At the beginning of the test each of the loads was applied 

to the test frame separately by half of the full value to obtain data 

for the elastic moment distribution. This part of the test was called 

elastic loading because of the behavior of the frame. 

After completing this phase, the cyclic type of loading was 

performed with full maximum values of the loads. 

Readings of dial gauges and demac point gauges were recorded 

during the most important times. 
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Chapter 6 

TEST PROCEDURE AND TEST RESULTS 

6.1.1 Test of Column C-1 and C-2 

Two columns were test-ed with the purpose of obtaining infor-

mation on the moment-curvature characteristic under repeated loading. 

The knowledge obtained therefrom could then be used to assess plastic 
"' 

hinge formation for a given cross-section. 

The same type of in~trumentation as employed in the frame tests 

was used as described in Section 5.1 including bases and loading system. 

The test set up is shown in Figure 6.1. Demac point gauges were placed 

along the length of the column to provide the strain value for different 

values of moment under the same load. 

The horizontal loa.d acting at an eight foot long lever arm was 

repeatedly applied to various load levels to simulate a typical loading 

history of the test frame cross-sections. 

In case of column test C-1 collapse occurred before the anticipated 

ultimate load was reached. This was caused by failure of longitudinal 

reinforcing bars in the tension side of the section close to the connection 

with the column end base. The photograph of Figure 6.2 was taken after 

the test following removal of part of the concrete from the critical section. 

As shown on this picture, the longitudinal bars broke where the welded 

connection with the errl base star ted which was the place of highest stress 

concentration. This detail of connection was redesigned and no further 

failure of this type occurred in the follm.;ing tests. 

The test of column C-2 was more successful and gave valuable 

infor1Ilation about the moment-curvature characteristic and carrying 

capacity of the section. 
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Fig. 6.3 Typical Base Connection of Column ~· 

Fig. 6.2 Broken Longitudinal Reinforcing Bar of Column C-1. 
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Iri both cases (column C-1 and C-2) the electric resistance 

strain gauges were mounted m the rutside faces of steel bases. Although 

the structure is statically determined with known reactions, the strain 

gauges were mounted with the purpose of checking the method of measuring reaction! 

for the frame tests. The column base with electric resistance strain 

gauges is shown in the photograph denoted by Figure 6.3. The results 

of electric resistance strain gauge readings did not satisfy accuracy 

requirements and were not used for analysis. 

6.1.2 Test Results of Column C-2 

The results of the test of column C-2 were used for determining 
I 

I 

the moment-curvature relationship u.nder repeated loading (see Figure 6.4.) 

for comparison of actual to theoretical moments (see Figure 6.7) and for 

plotting deflection curves of the column under various loads (see Figures 

6.8 and 6 .. 9). 

The curvature in the section was calculated due to the strain 

data obtained from demac gauge readings. The typical gauge zone and a 

strain distribution is shown on Figure 6.6. The demac points were 

placed so that in th~ compression side two strain readings were available 

while the t~ird reading was in the position of tension steel. Two readings 

in the compression s.ide (denoted as x
1 

and x
2 

·on Figure 6. 6) determined 

the strain distribution in the section while the strain reading on the tension 

side {denoted as x
3 

on Figure 6.6) due to cracking was neglected. 

The measured strains,were in general attributed for the section in the 

middle of the gauge tlone. The curvature can be then expressed as: 

= 
e 
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where x
1 

and x
2 

are the strain readings as shown on Figure 6.6 and e is 

the distance be tween these tvlo readings. For , a typical gauge zone e is 

1.625 of an inch. 

Because the structure is statically determined the moment 

values are known and the moment-curvature can be plotted. In Figure 6.4 

the curvature versus moment is plotted for gauge zone "O". The plastic 

hinge formation was observed during the test in the 16th reading (see 

Table 6.1) that refers to the moment value 307.0 inch-kip at the considered 

fixed end of the col-qmn (96 inch lever arm). However, the e~act value 

of plastic moment caq't be determined very accurately because of loading 

~ahydraulic jack where any increment of deflection is causing a change in 

the load value. Because of plastic action on the fixed end of the column 

starting by loading n.o. 16 the moment in gauge zone "O" was assumed the 

same as moment at potnt of fixation~ This assumption gives more 

realistic values fot moment-curvature curve: due to the fact that strain 
I 

readings in gauge zct>ne "O" are highly influenced by plastic hinge 

formation at the bottom of the gauge zone. 

The sec ti9n was able to carry a higher moment than the assumed 

plastic moment. '!he h~ghest value of moment transferred by the section was 
I 

about 400.0.inch-kip~ in loading 22 •. In Figure 6.4 the theoretical 

moment-curvature rel~tionship. for the same section is sho_Wn by the dotted 
1-

:tine. In the predic!tion for the moment-curvature curve the effect of 

strain hardening in 1steel was not considered which is likely the reason 

. of lower moment capaJcity of the. section. 

From the !strain readings the moments were calculated at each 

gauge zone by balan~ing fo'rces in the section as shown on the.free body diagram 
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TABLE 6.1: TEST OF COLUMN C-2. 

NO. OF HOR. LOAD HORIZONTAL CURVA!r:: * _ 
LOADING H (KIP) DEFL. h (INCH) $ * 10 (inch ]) 

1 0.64 0.124 0.096 

2 0.96 0.259 0.173 

3 1 .. 60 1.131 0 .. 267 

4 0.64 0 .. 555 0.192 

5 0.96 0.698 0.241 

6 2.24 1.386 0.489 

7 0.00 0.155 0.211 

8 0.~6 0.897 0.343 

9 2.S6 2.037 0.712 

10 0.90 0.272 0.264 

11 0.~6 0.954 0.423 

12 2.$8 2.492 0.787 

13 0.00 0.292 0.296 

14 2.56 2.109 0.768 

15 2.88 2.523 0.825 

16 3.20 3. 61,.7 1.722 

17 
i 

0.{))0 1.026 0.945 

18 J.jo 3.694 1.726 

19 0. 0 1.1·72 ·o.949 

20 3.88 4.578 2 .• 318 

21 o.qo 1.698 1.444 

22 4.l75 5.550 2.871 

23 0.00 2.243 1.997 

* Curvature at gauge zone "o", at fixed end. 
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of Figure 6.5. Because the strain distribution in the section is known 

the moment and axial force should satisfy equilibrium. In this case when 

no axial force is applied on the section, the calculated value of axial 

force represents an errcr of strain readings. The computer program desc:ribed 

in Chapter VII was used for this calculation and resulting moments are 

shown in Figure 6.7, where a theoretical moment distribution is marked 

by the dotted line. The full lines of obtained moment distribution 

is the connection of
1

moment values calculated for each gauge zone. 

The metho4 of calculation for these moment values did not 

consider the influentte of repeated loading on strain history and effect 

of steel strain hardening; this could be one of the main reasons for 
l 

disagreement of someimoment values compared with the theoretical values. 

The deflected shape of the column under increasing load is 

shown in Figure 6.8. Horizontal load versus horizontal deflection is 

plotted in Figure 6.~ and for the better illustration the horizontal 

deflection versus nu1ber of loading is shmvn in Figure 6.10. 

The results of this test show the repeatability of the moment-

curvature curve unde~ repeated loading and also that the moment capacity 

of the section obtai4ed from the test was greater than_the predicted 

value. I 

6~2.1 Test of Fram~ BF-1 

The frame :BF-1 was tested under proportionally increasing loads 

with the purpose o:fi obtaining the plastic collapse load of the frame. 

This frame lwas the only one of the four in which th~ longitudinal 

reinforcing bars wer~ heated prior to bending. The additional reinforcement 
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of the corners for BF-1 is shown in Figure 4.la· The bases of the frame 

being described in Section 5.1 and shown in Figure 5.lwere equipped with 

electric resistance strain gauges for measuring reactive forces of the 

columns. 

The test procedure as described in section 5.2 consisted of 

incrementing all thnee loads proportionally at which time readings of 

detnac gauges, dial gauges and electric resistance strain gauges were 

recorded prior to the next increment of loads. Procedure of loading 

is shown in Figure 6.11. 

During the test an unexpected high rotation of bases were observed. 

Simultaneously the qorizontal deflection of the frame increased rapidly, 

more than was predicted by the elastic solution. 

Upon reaching the value of W=5.0 kips (for values of· load .see 

Figure 6.11) the horizontal deflection was significant and culminated 

in a loud crack with a sudden increase in horizontal deflection of the 

frame until collapse. 

It was observed that coll,apse was caused· by breaking the 

longitudinal reinfor~cing bars in the tension face of ·the section in the 

third corner marked :in Figure 6.11 as critical corner. This corner is 

shown with the !Pictures of Figure 6.12. 

The inves1tigation of problems mentioned above led to several 

resulting modifications and changes in fabrication of the frames and test 

procedures. Undesirable rotation of the bases was caused by an error 

made in prestressing, the base anchor bolts. 

Br an inv~stigation of the effect of heating longitudinal 

reinforc~ng bars usetl in bending as described in Section 3.3 it was 
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. a, Notation of Frame 

b, Table' of Loading of Frame BF-1 

LOADING 0 I 2 3 4 5 . 6 7 

W /J<!Pff} o. 3.285 0. 3.285 3.835 4.400 4.790 5.000 

H=3W 0. Y.735 0 . 9.735 11.500 13.200 14.360 15.000 
. , 

I 

P=2W 0. 5.490 o. 6.490 7.670 8.800 9.580 10.000' 

Q 35W 0. ll360 o. !l360 13.420 15.400 16.780 17.500 

Fig. 6.11. Loading of Frame BF-1 
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Fig• 6.12 Critical Corner of Frame BF-1. .,. 
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concluded that this procedure was responsible for the failure of the 

corner reinforcement of frame BF-1.. The procedure of bending of 

longitudinal .reinforcing bars was changed and heating was no longer 

used.. Also the stiffness of the corners did not seem to be high 

enough and some redesigning was done (see Figure 4.ld). 

Base equ~pment for measuring reactive forces of the 

frame's columns .did not satisfy expectations and was no·t used for 

the following tests. Wideflange steel end bases of the column were 

welded directly.to tihe one inch thick steel plate of the lower bases 

in subsequent ,frames. 

6.2.2. Test Results of Frame BF-1 

As· descr~bed in the previous section some technical difficulty 
I 

caused premature colilapse of the frame.. These difficulties were con-

sidered in the cq.lcul
1

lation of theoretical frame deflection and comparisons 

were made. 

The. compulter program for analysing planar· frames as described 

in Chapter VII. was used for calculating the deflection of the frame & moment 

distributions. A spring connection of joints and baseswas considered 

in the calculation to give the opportunity .for considering different 

stiffness of ba~e collnectior .. s. Calculation was based on the assumption 

that frames behave· ellastically until in some of the criti·cal points the 

plastic moment value1was reached. At this time the stiffness of the joint 

connection was changed to provide plastic hinge action. In other words, 

the joints were abi~ to transfer maximum moment equal tq ~he plastic moment 

value. For more detoilil, the reader is recommended to see Chapter VII where 

the computer progr~~ are described. 
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By trying several different stiffnesses of constants of the 

bases the deflection versus horizontal load curve was found to have a 

similar shape to the one obtained from the test results. Some of the 

curves of horizontal deflection versus horizontal load for different 

base stiffnesses were plotted in Figure 6.14. The corresponding base 

stiffness and the sequence of hinge formation is show~ in Table 6.2. 

For best similarity with curve obtained from the tests, the curve 

denoted in Figure 6.14 by no. 5 was selected. This curve is compared 

with the curve obtairted from tests in Figure 6.15 •. 

Moments calculated from strain measurements are plotted in 

Figure 6.16 and 6.17. As can be observed from moment distributions in 

columns I and II the ~ases were transferring from the beginning of the test 

a smaller moment value than did the upper joints. This result is due to the 

fact that small base: stiffness, caused by unproper procedure of pre

stressing of the anc}!J.or bolts, after reaching a certain limit of rotation 

was increased. Another interesting observation from the moment distribution 

can be made due to t~e high moment concentration in the critical corner 

(as denoted in Figure 6.11). Due to these high moments it is quite 

natural that the frame collapsed in this particular corner. 

In terms of plastic hinge formation from the test results and 

from theoretical calqulations{sequence of hinge formation ·is presented 

~n Table 6.2) the fi~st ~inge formed at the top of the middle column. 

For determininga~tic hinge from test data the critical curvature 

was a boundary which divided elastic action from plastic action in the 

section. Fran the theor~tical moment-curvature curve as· plotted in Figure 2.4 

for axial force eq·ua] to z·ero the critical curvature is close· to 
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Table 6.2. Base Stiffness (Curves of Fig. 6.14) 

STIFFNESS PLASTIC COLLAP. SEQUENCE OF 
CURVE OF BA$£5 LOAD w PLASTIC I-INGE 

NO. .{El-K I R .A f)] {frtP~ FORMATION 

1 . lOxi0 10 7.5 6,15, II,, 7, 1,8 I I, 

4 
2 S.Ox 10 7.5 6, ~,15,7, 1,8,1, 

3 !.Ox 1()1, 6.7 6,/1,, 8,2,1,1, 

I, 5.0xl0
3 5.8 8, 11,,6,2, I, I, 

5 2.0x10 3 5.0 8, 11,, 6,2, 1,4 
i 

I 

r=2W r=3.5W ~ n 
H~JW 3 4. 69 1) 12 14 

lJI-2 I 
---.., 

5 I 11 13 16 I 
I I I 
I I 
I I I 

I 7.5' I I I 
I I I 

I I , 

1- 8.3' 8.3' 

Fig. 6. 13. Not~tion and Size of Frame Corresponding to Table 6" 2 
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Figure 6.17 Moments in Beams of Frame BF-1 under Increasing Loads. 

Curve's Numbers Relates to Loading Table of Figure 6.11. 
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-4 5.0 x 10 1/in~h and is slightly higher for larger axtal forces. It 

was assumed that when the measured curvature exceeded the critical 

curvature mentioned above the particular cross-section is under 

plastic action. This assumption is not valid for the repeated loading 

case where the residual strains could increase the critical curvature 

The sequence of hinge formation from both the theoretical 

approach and test results is shown in Figure 6.18~ The hinges at the 

bases of the test frame developed due to the already mentioned stiffening 

of the bases by reaching their rotation capacityD Also, the influen~e 

of the secondary·moment due to deflection was in the final stage 

of the test significant and helped in the formation of plastic hinges 

in the baseso· In the theoretical approach, where the influence of 

secondary mome?-ts was not considered and the stiffness of bases was 

considered the same !throughout the loading the plastic hinges in all 

bases would not be developed ani structure would theoretically have collapsed 

asapartial type of collapse by forming a plastic hinge at critical point 

4 under the load· P. 

Although the difficulty in this test did not allow development of the 

expected collapse me.chanism and no actual plastic collapse load for 

fixed end bases fra~e was obtained, the method of calculating deflection 

was quite successful. 

6.3.1 Test of Frame BF-2 

Frame BF-2 was tested under repeated cyclic loads according 

·to the procedure de$cribed in Section 5.30 Resulting modifications of 

this test frame werJ incorporated because of the experience in testing BF-1. 

Longitudinal reinfotcing bars were bent without heating. Changes in 
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addit"ional reinforcement of corners was made (as shown in Figure 4.ld) 

and wideflange steel end bases were welded directly to the one inch thick 

plate of lower bases. Electrical resistance strain gauges were mounted 

only on the outside faces of the flanges of steel and bases, which would 

give an opportunity to check the moments and vertical forces on the ends of 

the frame columns. The photograph of the base is shown in Figure 6.19. 

The program of loading is described in Section 5.3 and was 

followed during the test. The extreme values of loads were calculated 

regarding the increm~ntal collapse load theory as described in Section 2.4. 

For plastic moment M equal 312.0 inch-kips it is about 4% less than 
p 

theoretical value. This change was made due to the safety of the frame with 

the purpose of avoiding collapse of the frame in the earlier cycles. The 

half values of loads1were applied separately at the beginning of the test 

to check the system and after a combination of all loads with the same 

value was applied. When this elastic part of the test was over a 

repeated cyclic loading took place. The loading program of frame BF-2 

is shown in Figure 6!. 20. 

Readings of dial gauges, demac point gauges and electric 

resistance s.train gapges were .recorded for the most loading or for the no 

load state. During 'the test the demac point gauges and dial gauges 

performed well, whil1e the electric resistance strain gauges readings were 

again unsatisfactory. 

The most critical section of test frame BF-2 during the test 

involved the middle corner between the middle column and the:second beam, 

where the stirrup m~de from a fabricated number four bar broke. Additional 

outside stirrups we~e fabricated and substituted for the broken one. 
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The photographs in Figure 6.21 and Figure 6.22 show the critical 

middle corner after- the stirrups broke, and photographs of Figure 6. 23 

and Figure 6.24 show additional outside stirrups of the middle corner. 

This happened at the beginning of the third cycle when only the horizontal 

load H was applied. 

During the fifth cyc:-le when a combination of all three loads 

was performed a hor i zontal def~ction kept increasing continuously and 

spalling of concrete on compression faces of sections in all critical 

moment areas- was obs erved. The frame was not able to carry any further 

loading that is ilierefore at a collapse. The photograph in Figure 6.25 

shows the frame BF- 2 after the testing procedure was over. 

With the exception of electric resistance strain gauges on end 

bases all instrument ation performed well during th~ test. 

The r esulting modifications of this test were changes in 

the middle corner where a difficulty arose which was described above and the 

el.:im:ination of electric resistance strain gauges because their readings could 

not be used. 

6.3.2 Test Results of Frame BF-2 

~eflection readings a_nd strain readings obtained from the 

test are compared with the predicted values. "The frame collapsed after 

five full cycles of loading. 

Because of the sway collapse mechanism . the horizontal deflection 

of the frame was most significant. The hor.izontal deflection was 

measured close to the top of columns and was plotted in Figure 6.26. As 

can be seen, the standard elastic loading caused only negligible permanent 

horizontal deflection, therefore this part _of loading was not considered 

in theoretical cal culations. 



Fig. 6.21 Test of the Frame BF-2, Middle Joint. 

Fig. 6.22 Detail of Crack in Middle Joint of Frame BF-2. 

'' .· 
~ · 
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Test of Frame BF-2, Middle Joint, Two-point Load and 

. Test Appa~«:\tus. 
,,~"'~· ~ ' , ... ~ ., ... •• i,'"' 
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Fig. 6.25 Frame BF-2, After Incremental Collapse. 
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The sudden increase of horizontal deflection in the third 

cycle could be explained by collapse of the stirrups in the middle 

corner, as mentioned in the previous section (6.3.1). The broken stirrups 

were replaced by outside stirrups (see Figure 5.2.4) with the same function 

as the broken ones. • The slope of permanent horizontal deflection assigned 

as no load line in the Figure 6.26 did not change appreciably after the 

stirrups were replaced; the frame could be considered undamaged. 

In the fifth cycle, when the influence of secondary moments 

was already significant the permanent horizontal deflection was increasing 

more rapidly whilea full sway collapse mechanism was developed. 

In the theoretical approach the matrix method for solving the plane 

frame was used empiloying plastic hinges and influence of axial 

force on moment capacity. Computer programs for this calculations are 

described in Chapter. VII. The effect of secondary moments caused by the 

deflected shape of f~ame is not considered in theoretical calculations as 

well as the effect o~ loading history on the moment-curvature relationship. 

Theoretically, the frame would not reach the incremental collapse and· 

would shakedown after the first cycle; the following cycles would 

provide only elastic: changes in the frame. It should be mentioned that the 

load W applied on t~e frame BF-2 and considered in the calculation-of 
s 

deflection wa·s4% lesis thari 'the theoretical increriient:al collap·se'load 

of this frame withoujt considering the influence of axial force on moment 

capacity (mentioned 
1

in the previous Section 6.3.1). 

Strain readings obtained from the test are compared-with 
\ 

predicted values in Figure 6.27, 28 and 29. Comparisons were made only 

for cr.itical sectio~s in columns of the frame in position of demac point 

gauges. Compressionj strain measured at 3/8 of inch from compression 
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face of the section is compared with predicted values in this position. 

For calculation of predicted values of strain the loading history of 

cross-sections is considered. In general, two types of moment-curvature 

characteristics are involved in this calculation. One, used for loading 

states, is a moment-curvature relationship already described in Sect~on 

2.3. The second type, which is used for unloading states is a linear 

type resulting from the transform area method. ·For more details of 

calculation of predicted values of strain the reader is recommended 

to see Chapter VII in which the computer program for this calculation 

is described. Moments and axial forces, used for following the loading 

historyd fr.ecross-section were obtained by the same method as describ~d 

for predicted values of deflection. 

In Figures
1

6.27-29 the full lines connect the 

points obtained from: the test &the dotted lines represent the 

predicted values Qf the strain. In both cases the curves assigned by 

'1' represent strain values occurring under the loading 

condition and curves assigned by 'p' represent the permanent strain, when 

loads were removed. 

Although in some gauge zones the differences between predicted 

and measured values ,re not too large, the predicted values are not in 

very good agreement with measured str~in-generally •. There are several 
I 

reasons for these unqertaintiesbut the main reason 'was that the matrix 
._. 

method used for calcqlation of moments did not take into account influence 

of secondary moments. Furthermore, the breaking of a stirrup which could 

cause serious change in strain readings could not be traced in the calculations 

of the theoretical strains. 
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6.4.1 Test of Frame BF-3 

Frame BF-3 was tested under repeated cyclic loading in general 

the same as frame BF-2. Changes were made in the values of load ~imits, 

in stirrup reinforcement at the middle corner, and in the monitoring of 

defo1~ation behavior. 

The inflQence of axial force on the value of plastic moment 

was the main reason for the changes in the values of load limit.s for 

each stage of a cycle. According to incremental collapse theory as 

described in Section 3.4 the value of W is in direct relationship with 
s 

the value of the plastic moment. The axial forces which occurred in any 

of the cross-sections of the frame were approximately in a range between 

0.0 and 20.0 kips under applied loads used during the test. The relation-

ship between axial force and plastic moment in the range mentioned above 

is nearly linear. :An increase in axial force increases the moment capaeity 

of the cross-section. This modification stems from theoretical and 

experimental results of Hiroyuki Aoyama (19) and later was confirmed by 

frame BF-4. 

All combinations of loads were considered and axial forces at 

the critical sections were arbitrarily specified to observe their 

significance. Table C in Figure 6.30 indicates their effect theoretically 

on the shakedown ldad. Because·· sway mechanism controls, all the hinge 

" forming sections were on the top or on the bottom of columnsa For each 

load combination a different set of axial forces is applicable. The shake-

down load cannot be computed therefore, in the standard mann~r-without 
\ 

involving a history tracing procedure. It appears to be a reasonable 

assu111:ption however ,
1 

to assume average axial load values for each load 
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combination and to compute W for that case. The procedure is shown in . s 

Figure 6.30. The calculation was just approximate and an elastic solution 

was used for obtaining axial forces. 

For example, Figure 6.30 shows a table d, of incremental 

collapse loads for each of the cases specified. For horizontal load, 

the average axial force in the three columns is zero. Consequently the 

appropriate M is that which pertains to zero axial force. Fora combination 
p 

of all three loads the average axial force is about -12.0 kips and therefore 

from Figure 6. 30 b ,~ the associated M value is 342.0 inch-kips.. The 
p 

shakedown load factor associated with this moment capacity is 6.37 which 

is about 9.6% higher than for combination 1. The other values in the 

table are similarly determined. 

The testing procedure for frame BF-3 was similar to that of 

frame BF-2. Individual load cases were based on limits as given by 

tabulated values of: Figure 6.30 d. The load combinations shown in Figure 

6.32 and Figure 6.30use as limiting load factors the numbers shown in 

the second row of the former Figure (6.31 a). A percentage of these load 
\ 

limits appears in F1igure 6.31 c and was applied in the actual test to 

guard against prem~ture failure. The initial step involved elastically 

loading the frame W]ith each load compon·ent increased to half its anticipated 

maximum. Once conflidence was established in the testing procedure and 

... . 
equ1.pment the loads: were raised according to Figure 6.31 c to 95% of their 

individual maximum ~alues. 

After the 4th cycle, the load limits attained 97% of full capacity 

to reduce the time of the test. 

The 2% ipcreased load values in the fifth and subsequent cycles 

resulted in the hor1izontal deflection .being increased more rapidly than 
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in the previous four cycles. Finally, in the eighth .cycle under the 

combination of horizontal load and two point loading in the second beam 

the horizontal deflection kept increasing continuously while spalling 

and crushing of concrete on the compression faces of all critical sections 

were observed. .·The frame was not able to carry pr~viously attained values 

of loads, and the sway mechanism was clearly developed. ·The conclusion 

to be reached therefore, was that the frame coilapsed. 

Though ~he number six bar used as a slanting stirrup in the 

middle joint did nbt fail, this corner was still n,at ·stiff enough. One 

of the stirrups in the middle joint made of a number four bar broke 

during the loading in the eighth cycle •. The horizontal deflection of the 

frame was fairly s~nsitive to the stiffness of the middle joint. Any 

wide crack formatipns or the fracture of a stirrup in the middle joint resulted 
• I 

in a considerab~~ jlncrease in the horizontal deflection.. This part of 

the .frame should. cpnsequently be considered more care~ully since its 

physi~al conditioni deteriorated somewhat. 

With· the: purpose of making the testing p~o.cedure faster 

some less important readings of demac point gauges and dial gauges were 

omitted. 

The.loaa cells, demac point gauges and dial gauges during 

the test performed!well and therefore the ~est procedure seemed to be 

quite successf~i~ 

6.4.2 The Tes·t ·aesul ts of Frame BF-3 

For the test results a comparison with theory·~as made for 

horizontal deflections and strains. 
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The horizontal deflection versus loading cycle curve is plotted 

in Figure 6.32. Curves 1 and p drawn by full lin~were obtained from the 

results and comprise the envelope of deflection within load limits. Curves 

1 and p drawn in Figure 6.32 by dotted line are from theoretical calculation. 

The top curves 1 were drawn by connecting points corresponding to the 

deflection under maximum loads, while curves p connect points representing 

permanent deflections when a no load condition applies. At the beginning 

of the test some elastic readings were taken and they are represented by 

curve e in the range from O' to 0. in Figure 6.32. 

As mentioned in the previous section, the first four cycles 

utilized only 95% of calculated values of loads and 97% starting at the 

fifth cycle. In the fifth and subsequent cycles not all readings were 

taken. Dotted lines of the test result curves in. the fifth cycle were 

probably more reali1s tic shapes of curves. 

Predicted values of deflection from a computer program were 

much smaller than tihose obtained from test as shown in Figure 6.32. 

There are several r:easons for this .disagreement~ as they are mentioned 

in-connection with test results of frame BF-2. Theoretical calculations 

were based on the assumption that the structure was made of purely 

elastic-plastic matierial with a constant sti~fness throughout.. In 

addition, the infltience of secondary moments caused by deflection was 

'not included in calculation. This appears to be the main reason for 

disagreement between theoretical and measured values of deflection. 

While the increase in load limits at the fifth cycle did not 

change the ~lope of the pr~dicted curves 1 and p significantly, significant 

changes were observed in the slope of curves 1 and p of the test results. 

The sensitivity of jhorizontal deflection on the load limits was much 

higher in the test than in the theoretical calculation. The increase 
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of loads caused a sudden increase in the permanent deflection, while 

subsequent loading caused only small increments in comparisonD This 

result is not reflected by theoretical prediction a~d is likely due to· 

the sensitivity of reinforced concrete frames to variable repeated 

loading. It seems apparent that standard shakedown analysis is not 

applicable to such structures unless well-founded modifications can be 

validated. 

In addition to the above high values of horizontal deflection 

(over 2") it appears to influence secondary moment~ significantly and 

accelerates the increase of permanent horizontal deflection almost 

geometrically. 

Strain readings obtained from demac point gauges are compared 

with predicted sti1ain values in Figure 6.33-35. The method for pre-

dieting concrete strains is described in ·chapter VIIo 

7.5~1 Test of Frame BF-4 

Frame BF-4 was tested under proportionally increasing loads 

similar to that of frame BF-1. Comparing the test of these two frames 

several changes were made in the design of frame BF-4 and to its basese 
I 

The wideflange steel end bases of the concrete columns were 

welded directly to the one inch thick plate of the lower bases and no 

electric resistance strain gauges were used. Longitudinal reinforcing 

bars were welded to the web of the wideflange steel bases as well as to 

the one inch thick plate of the lower base as shown in Figure 4.4 b by the 

dotted line. 
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The cage in the case of frame BF-4 was made of two seperate 

units forming U and L shaped configurations as shmvn in Figure 6.36. 

These two parts were connected at the middle joint by wires and stirrups 

to form one unit which could be handled by an overhead crane. The composite 

cage with the middle joint detail is shown in Figure 6.36. Considering 

moment equilibrium of the middle joint during or near collapse it is clear 

that the end of _the second beam transfers a small moment in comparison to 

the other members framing together. The joint therefore does not require 

full moment capacity at the second beam junction to carry the applied 

load combinations. It was sufficient therefore to reinforce the middle 

joint in the manner shown. 

The test procedure was similar to that of frame BF-1. The loads 

were increased proportionally up the collapse value of the frame. Dial 

gauges and demac ~oint gauge readings were recorded after each load 

increment. A plot of loading procedure including values of loads is 

shown in Figure 6.3.7. 

The frame collapsed when the value of W reached 8.3 kips~ 

Under this load it was observed that the horizontal deflection increased 

continuously and crushing and spalling of concrete on the compression faces 

of critical sections took place. 

For proportional loading it is clear that the middle joint 

as constructed for frame BF-4 behaves well and does not deteriorate the 

overall carrying capacity. This type of design would not be sufficient 

for variable rep-ea t1ed loading, however, and needs further study in this 

regard. 
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6.5.2 Test Results of Frame BF-4 

The-horizontal deflection versus horizontal load obtained 

from the test was plotted and in Figure 6.38 is rep~esented by curve a.· 

The curve b of the figure represents values of predicte.d theoretical . . 

deflection versus horizontal load. The average values of horizontal 

deflection on·the top of the three columns were taken to decrease the· 

error caused by_innacuracy in the dial gauge readings. 

Though the collapse load of the frame was 10.6% higher than 

load predicted .by the computer program, the horizontal deflection from 

the test· results was in quite good agreement with .theory. From both 

results .it is apparent that a plateau region is reached at a horizontal 

def lee tion be tween, 1.1 and 1. 3 inches·. Upon reaching this critical 

horizontal deflectlon the increment of horizontal deflection is con-

siderably more sensitive to the increment of loads. After this point 

the horizontal deflection was increasing much more rapidly until collapse 

of the frame. occured. While the theoretical deflection corresponding 

to incipient .coilapse was almost three inches the measured horizontal 

deflection from the test was about 3.5 inches. This is·not considered to 

be a significant dji.fference because it was not possible to take a reading 

at precisely the time when the plastic collapse mechanism developed. 

Thechange in the design of the middle joint made for a stiffer 

connection in comparison to previous frames and this_together with the 

influence of steel strain hardening could be the cause of the higher 

carrying cap?city· of the frame. As a result higher.curvatureswere achieved 

with the ultimate moment capacity of the section. s·train hardening did not 

appear to .increa$e, the moment capacity of the seetio~ significantly and 

it was not conside~ed in the calculation. 
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The influence of the joint details plays a more significant 

role in the carrying capacity of the frame. It is difficult to take this 

influence into account in determining the carrying capacity and limiting 

horizontal deflection and therefore this detail was neglected. 

There are also differences in the sequence of plastic hinge 

formation during proportional loading between theoretical calculations 

and test observations. Referring to Figure 6.38 a,where critical points 

are assigned n~bers 1 to 16 (numbers· 2,3 and 4,5 and 10,11 and 12,13 and 14, 

16 are always ·only for one point) the first hinge formed at point 6. 

This was the same for both the theoretical calculation and test 

observations (based on strain readings). 

Theoretical hinge formation was in the sequence: 6,15,14, 

7, 1, 8 and ·4. Hinge formation from test was ordered: 6, 16, 8, 15, 7, 

1 and 4. 

In the theoretical approach the plastic hinge was assumed when the 

plastic moment capacity was reached while the influence of axial forces 

was consideredo From the test results the strain readings were used 

for calculating curvature. If the curvature was greater than a critical 

curvature the pl~stic hinge was.assumed to have formed. This critical 

curvature was based on the moment-curvature relationship and defined 

to be that value for which the tangent line at a curvature corresponding 

to a concrete strain of 0.003 inch/inch intersects the.extrapolated 

linear elastic line at small initial strains. A graphical portrayal of 

this value is shown in Figure 2.4 and is closely associated with that 

curvature at which plastic straining in the tension ·steel starts. 

For further details see section 2.3. Though the strain 

reading could not be taken at the same time as the associated hinge started 



............... 

to form, the sequence of hinge formation was traced quite readily through 

critical curvature evaluation. 

For the test the first three hinges formed at the tops of the 

columns or in the beams respectively and later in the bases. In the 

theoretical approach a hinge formed at the top of one of the columns 

and was followed by a hinge at one of the bases. Though the base rotations 

were not significant in terms of plastic collapse load it could cause 

a change in the sequence of hinge formation. Some flexibility of the 

bases can be used to explain the hinge formation observed in the experiment. 

Small rotations of the bases cause a sufficient distribution of bending 

moments to the top of columns so that higher bending moment are induced 

there as compared to the rigid base connections. 

Bending moments were calculated from strain data and the moment

curvature relationship. For different loading stages the calculated 

bending moments are plotted in Figure 6.39-40. 

A comparison between theoretical and observed bending moments 

(based on demac point readings) is illustrated in Figure 6.41-45, for 

proportional loading. Reference is made to horizontal load as the load 

parameter to be consistent with earlier load-deflection data~ 

Results of this test confirm the predicted carrying capacity 

of reinforced concrete frames under proportionally increasing loads and 

indicates that a somewhat higher capacity can be anticipated than is 

predicted by conventional rigid plastic analysis or by the somewhat more 

refined elastic-plastic solution incorporating a hinge formation history, 

described in Chapter VII as elastic-plastic hinge method. 
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6.6 Discussion of Test Results 

Results from the series of tests opened up several interesting 

questions which need to be discussed~ 

The size of the models used in this study requires comment. 

Full-scale models have several advantages. One of the most important 

ones is close behavior to real structures in terms of material properties, 

and fabrication. Another advantage is that the errors of inaccuracy in 

fabrication are reduced and readings of strains and deflection are more 

accurate. The disadvantages of full-scale models is that fabrication and 

handling are quite difficult in laboratory conditions. Also the cost is 

usually much higher than for small-scale models. The latter is significant 

if some of the tests are unsuccessful due to technical difficulties. This 

was essentially the case for.the test of column C-1 and partly in testing 

of frame BF-1. A more effective solution would probably have been to 

test several small-scale models first and then to make a full-scale model. 

The probability of success would be much higher in such a case. On 

small-scale models the design of the model, its loading procedure and 

monitoring methods could be developed, while the prototype model would 

give more accurate results. Such a process may be balanced, however, by 

the time to complete such a program. 

In all tests deflection was a very important factor. The 

horizontal deflection was the essential indicator of behavior of the frame. 
- -· 

In general, the horizontal deflection reached much higher values in the 

case of repeated loading than in the case of proportional loading. While 

for the proportional loading case the horizontal deflection at the time 

of collapse reached ab-out. three inches, the case of repeated .loading 

yielded a horizontal deflection at the time of collapse of about five 
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inches. Such a deflection is quite important, because the effect of 

seconQ.ary moments becomes significant. Tests showed that under repeated 

loading the horizontal deflection increased after each repetition of 

loads. This leads to the following conclusion for the repeated loaqing 

case. If values of loads are high enough to cause permanent deflection 

after each repetition of loading and the increment of deflection does 

not decrease with subsequent cycles then the collapse of a reinforced 

concre:te frame will occur after a certain number of load repetitions due 

to "acceleration to collapse" (mentioned in Section 6.4.2) .. Values of 

loads for the test conducted are less than or equal to those calcu~ated 

by the method of plastic analysis for incremental collapse. 

Another interesting point is a comparison of deflection between 

the proportionally loading case and the first load applied of the repeated 

loading case. While in r~peated loading the horizontal deflection under 

the first load (horizontal load H = 3W) was in both tests (BF-2 and BF-3) 

about 2.2 - 2.3 inches, proportional loading under the same horizontal 

load (but also the vertical loads were'applied) only about 1.1 of inch 

as shown in Figure 6.26, 32 and Figure 6.38. 

There are several reasons for this significant difference .in 

horizontal deflection. Both frames (BF-2 and BF-3) were designed and 

fabricated in the same way, while the frame BF-4 (because the frame BF-1 

is not included in the comparison) had the middle joint detail altered 

(see the section 6o5.1 and Figure 6.36) which increased the stiffness of 

the entire frame.. As described in Section 2.3 axial forces \play an 

important role in\the moment capacity of the section. For proportional 

loading case axial forces were high enough (15 - 20 kips) to increase 
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the plastic moment value of the columns section and caused the frame 

to remain elastic for higher loads. In the case of repeated loading 

the first loading included only the horizontal load, the axial forces 

of the columns not being high enough to increase the plastic moment 

values significantly. Some plastic hinges developed and this resulted 

in higher horizontal deflection. 

The influence of axial forces on the plastic moment capacity 

could be explained also by the higher plastic collapse load of the frame 

under proportional loading. Calculated by the plastic method of analysis 

by using the plastic moment value 312.0 inch-kips for zero axial force 

the calculated value of the plastic collapse load was shown to be 6.75 

kips (see Section 2.2). By considering the influence of axial forces 

the plastic moment capacity could reach a value of 360.0 inch-kips 

and would, therefore, change the value of the calculated plastic collapse 

load to 7.8 kips. This value is about 15% higher than the case without 

axial forces. This result is somewhat of a simplification of course 

because the axial forces varied in each member. The plastic collapse 

load for the test frame BF-4 was found to be about 8.33 kips which is 

24% higher than predicted by method of plastic analysis. By considering 

the pure elastic-plastic material and also the influence of axial 

forces on plastic moment capacity the calculated value of plastic collapse 

load is 7.49 kips (see Figure 6.38). This is still about 10% less than 

the value obtained from the test. 

Two factors were responsible for this error between predicted 

and test values of plastic collapse load. Firstly, the moment-curvature 

rela~ionship for reinforced concrete is not precisely an elastic-plastic 

.type as considered in the calculation of predicted values. By following the 
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results of colUlllri C-2 the moment capacity increasedwith higher curvature, 

which accounted in part for the increase in the collapse load. 

Secondly, the stiffness of the joint connection which was not 

considered in calculation of predicted values influenced the frame carrying 

capacity. 

A reverse situation was true for repeated loading cases, where 

the predicted values of shakedown load were higher than values obtained 

from the tests. The calculation of predicted values was made with and 

without the influence of axial forces. The effect of secondary moments 

was not considered which could, because· of higher deflectio~ have caused 

quite a significant reduction in carrying capac~ty.· From both methods 

(with and without influence of axial forces) the predicted values of load 

as well as the number of cycles associated with incremental collapse were 

higher than those from test results. An exception was the horizontal 

deflection which greatly exceeded predicted values. 

What accounted for the differences? This question could be 

answered by sev~ral explanations. There is no doubt that the answer 

lies somewhere in. the method of calculation of predicted values. 

Incremental collapse load and the number of cycles were calculated by 

elastic-plastic hinge method as described _in Chapte:r VII, with typical 

moment-curvature relationships for el-plastic materi·al. · This is, as 

mentioned above, ·not quite true for reinforced concret~ structures. 

Because of t~e i~fluenc~ of cracking, the reinforced concrete section 

does not remait:t the same during loading, which means· ·that the stiffness 

of the members. var;tes with loading and loading histo_ry. Other factors 

not included in the calculations were the natural characteristics of 
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concrete such as shrinkage and creep, which are directly related with 

time. Even before the tension steel in the reinforced concrete section 

reached the yield point some permanent deformation_had already taken 

·:place. Loading and unloading curves for moment-curvature diagrams are 

the different-slopes which is of basic importance in evoluting permanent 

deflection developed during some stage of repeated loading. 

Al.l these effects together with secondary moment influence 

·behavior were no:t considered in the calculation of the number of cycles 

and the associated incremental collapse load. The method used for the 

calculation of predicted values could not include all these effects, 

therefore, some other method such as an elemental loading history method 

could be more a·realistic approach in terms of accurate prediction. 

The calculation for predicted values of strain readings was 

based on moment-curvature characteristics for repeated loading. A 

method was developed by using the computer technique and is described in 

Chapter VII. Though the bases of this method were.more realistic, the 

moments used·for calculation were obtained by the same method as mentioned 

above. This was probably the main reason why the predicted values of the 

strains were not very close to the measured values. 

The conclusion made of these tests could. be_ briefly 

summarized as follows: 

a) f:or proportional loading of reinforced concrete frames the plastic 

collapse load is higher than predicted by plastic analysis. 

b) for repeated· loading of reinforced concrete frames the incremental 

collapse load is smaller than predicted by plastic analysis. 

However, it .has to be mentioned that no limitation of rotation 

capacity or of hinge length of plastic hinge were considered in 

calculation. 
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Chapter 7 

DETAILED CALCULATIONS AND ASSOCIATED COMPUTER PROGRAMS 

In this chapter the computer programs used for the calculation 

of predicted values are describedo The basic program for solving the 

planer fr~es by the matrix method is not described because the method 

is generally known and the computer program as used during the graduate 

course nMatrix Method of Structural Analysis 00 in 1969, at McMaster 

University is well documenteda This program is still- available in the 

Departmenta Another basic program for the moment-curvature relationship 

for under reinforced sections was described by Ro n·anielsen (23) and the 

reader is referred for details to his master 1 s thesis which is also available .. 

7Ql Programs. Based on the Matrix Method 

As mentioned above the computer programfor planer frames using 

the matrix method was used as the basic program for several types of 

calculations for predicting the collapse load and deflection of test frameso 

Input. for the program consists of geometric data for the frame~ 

member properties and of the position and values of loadso Output is in the 

form of forces including moments and the deformations in the plane of the 

frame at the ends of memberso 

Since several seperate problems needed solution the program 

was successively used for elastic solutions for a frame under different 

load combinations to obtain a table for calculating the incremental 

collapse load (see Table 2o2)o 

The basic program was employed to calculate the plastic collapse 

of the frame by a step by step calculation for the proportional loading 

case (elastic-plastic hinge method)o The method of calculation is based 
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on the definition of a plastic hinge, in which any rotation is accom-

panied by a value of moment which remains constant~ To account for the 

constant requirement at hinges a natural type hinge behavior was per-

mitted in the step by· step procedure at those critical points where the 

moments reached the plastic valueo Hinge releases were placed at 

appropriate locations. All forces and deformations were stored at each 

step and the influence coefficient K was calculated. By multiplication 

of all force values F and all deformation values by K and their 

addition to previous values gave final forces and deformations. By 

this calculation practically the whole loading history of the frame 

was traced until the frame developed into a mechanism. The method of 

calculation can be followed from Figure 7.1a 

This program was somewhat altered to take into account the 

influence of axial forces on plastic moment capacity. Because the 

relationship between axial force and plastic moment as used in the tests 

is almost linear, a simple linear relationship was usedo An iterative 

process was used for calculation of the plastic moments as a function of 

axial forces under increasing loads. The equation for relating axial 

force and plastic moment capacity used in the program is: 

M = 312.0 - 2.5 x Fa 
p 

where Mp is plastic moment in inch-kips and Fa is axial _force in kipse 

The value of plastic moment for .zero axial force is 312.0 inch-kips. 

The same two programs (with and without the influence of axial 

force) were extended for tracing, cycle by cycle the response to loading 

to incremental collapseD Unloading of the frame is represented by 

loads of opposite sign untler purely elastic response. As before all 

the forces and deformations were added after each loading or unloading. 
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For·completion flow charts labelled Figure 7.,4 and Figure 7oS 

are included., · 

7o2o Programs Based on Moment=curvature Relationship 

The moment=cu:rvature relationship program is based on balancing 

of t.he equilib.rium conditions at a reinforced concret'e cross-section • 

. The free body' diagram is shown in Figure 6a5o An .iterative method was 

.used in.assigning position of the neutral axis since.the equilibrium· 

condition must be satisfiedo For a given concrete strain and axial force 

only a correct choice for the distance of the neutral·axis will satisfy 

equilibrium requirements. The associated valuesof :curvature are calculated 

for certain values of strain9 starting from a strain of 3000.0 micro-

inches and decreasing by small increments to the zero. The program 

includes influence of shrinkage, axial forces and influence of·the tension 

part of concreteo 

Th~ same program with minor chang~s was used for calculating 

moment and axial·force from the strain data.e In this .~ase the inputs 

into the progr~m.was compressive strain and corresponding curvature, 

while the associated moment· and axial fcn."c·e were the' outputs o 

The above was used as the subprogram for c~lculating values 

of strain .. The ·inputs for this program were the moments and axial.forces 

.obtained from the. incremental collapse load computer.program mentioned 

. in the previous .section., In the main program the moments l-lere calculated 

for certain gauge zones by calling subprograms \.lLSed to predict values 

of strain rea~ings& 

Two of the subprogramsworked on the.basis.of ·moment-curvature 

programs as men.t:i.oned abcrveo Subroutine XXl uses a moment-curvature 



148 

relationship for an uncracked section including the effects of tensile 

force in the concrete. Moment and axial force are again the input values 

while output was curvature and strain. The second subroutine XX2 

worked on the same basis except that the cracked section was considered 

and no effect of tensile capacity of concrete was considered. 

The third subroutine XX3 used the method of the transformed 

area for a reinforced concrete section. l·lhile the two first mentioned 

subprograms were used for calculating strain changes during loading 

the third was used for calculating strain changes during unloading. 

Input for this subroutine· was the change in moments and axial forces 

in the section and the position of the neutral axis for a cracked 

section. By using the transformed area method the stresses and strains 

were calculated and the latter were added to previous values in the 

main program. 

Due to the loading or unloading the subprograms were called 

at the required stages. 

Typical moment-curvature curves used in the above mentioned 

subprograms are shown in Figure 7.2 The point C in Figure 7.2a refers 

to that point in which cracking of the section occured. The behavior 

shown in Figure 7.3 is typical of the procedure used in cyclic loading 

and unloading. 



a. Concrete takes 
Tension 

Figure 7.2 

Figure 7.3 

b. Concrete takes 
Zero Tension 

c. Elastic Behavior 

Typical Moment-Curvature Curves for a. Subroutine Y~I, 

b. Subroutine XX2, c. Subroutine XX3 

a. from XXl 

b. from XX2 

c. from XX3 

Procedure of Calculation for Strain Prediction 
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FLOW CHART FOR PROPORTIONAL LOADING 



Input: Geometrical properties, member stiffness properties 
loads values for all loading regimes, plastic moment 
value, loading regime code no. LR, number of cycle NC 

PUT RELEASE 
IN CR. POINT 
WHERE XM=~L . 

Figure 7.5 

FF 0, XM = 0, XL = 0, NO ~ 0 

XM = XM + K*M 
XL = XL + K* X LOAD 

FF = FF + K*F 

FLOW CHART FOR CYCLIC LOADING. 
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Input: Section properties, loading code no. LC, 
moments XM, axial force P, number of 
loading, number of sections NS. 

Calculation of 
curvature due 
to the XM and 
P, including 
influence of 

tension concrete 

LC = 1 

LC - 3 

Calculation of 
curvature due to 
the moment XH 

and ax. force P 

Calculation of strain 
distribution in the 

section due to the curvature 

. NO YES 

Figure 7.6 FLOW CHART FOR PREDICTED STRAIN VALUES 

Calculation of 
curvature due to 

the moment 
M = XMi - XMi-1 

using the 
transform area 

method (unloading) 
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CONCLUSIONS 
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On the basis of the limited experimental results and 

analytical predictions the following conclusions are-made relative 

to under reinforced structures exhibiting considerable ductilityo 

The-reinforced concrete frame under proportional loading 

has a carrying capacity which is considerably higher than that obtained 

by simple plastic collapse load predictions, 

In .-the case of frame BF-4 the collapse load· obtained 

experimentally was approximately 23% higher than predicted by plastic 

analysiso Even when the influence of axial force on the plastic moment 

capacity is considered the actual collapse load wa~!r s til.l higher by 11% o 

The actual incremental collapse load of the reinforced concrete 

frame considered is near to the value predicted by the simple method 

of plastic analysis but is more likely to be smaller as evidenced by 

frames BF-2 and BF=3o The influence of axial force on Mp capacity is not decisive 

for this case of loading and by taking it into account yields an even 

higher value for the incremental collapse loads than obtained by the simple 

theoryo 

The incremental collapse load for some reinforced concrete 

structures can be predicted quite accurately by the simple shakedown 

method of plastic analysis (22)~ This result does not validate the 

shakedown theory 9 however 9 since a number of compensating factors 

appear to be responsibleo An accurate prediction can only be ascertained 

by tracing through the loading history on an. elemental basiso Since 

this approach is exceedingly complicated it was not attempted in this 

work. It is known (24) however 51 that the stress=strain relation for 
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concrete under cyclic loading can be an important reason for the 

incremental collapse load being slightly smaller than.that obtained 

theoretically. Consequently, the ratio of plastic ·collapse load to 

incremental collapse load for the reinforced concrete frame studied is 

somewhat higher than the ratio for the associated steel .structure. The 

ultimate stress Qf concrete continues to decrease with the number of cycles 

of loading, while_ the· plastic strain incre~ses. For high concrete stress 

levels the behavior of reinforced concrete precipitates ·incremental 

collapse of the structure at load levels of 65% of the design proportional 

load limit as com.pared to 80% for the similar steel structure. 

It .·is r.ecommended therefore, that ~or proportional loading 

axial force shouid. be taken into account to deterni.in.e. the collapse load. On 

the other han4, for variable repeated loading a more-accurate prediction for· 

the incremental collapse load is obtained by ignoring. axi-al force effects on 

the moment c~pacity since secondary moments are important for such case. The 

moment capacity increases with axial force up to some critical value. For axial 

force less thari that value, safe_ preditions of incremental collapse would be 

forthcoming by ~eglecting the added moment capacity. ·since P-11 effect 

(secondary momen,t) reduces the collapse load, the added moment capacity should 

·be neglected to compensate. 

Since ·the conventional incremental collapse·laad is associated 

with a very larg_e number of cycles, the probability of collapse incrementally 

is likely small unless acceleration to collapse conditions. are met. This 

would not be true for a single storey structure, however •. It is more rational 

to associate a· given def1ecti'on as _being a condition for-f~ilure even for 

·structures in w.h~ch ·secondary ~oments are n()t · significB:~t .• · For such a 

s·pecified deflection .a small finite number of cycles wo~ld likely apply and 

therefore the prob.ability of failure is quite feasible in. comparison with 

failure by proportional loading. For the frames 
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BF-2 and BF-3 a permanent deflection of three inches is achieved in 

5 - 7 cycles. This number is certainly a possibility ·in considering 

the lifetime of a structure and especially when the load level is of the 

order of 85% of the computed proportional limit load. 

The ,behavior of reinforced concrete frames is deeply influenced 

by the type of joint connection.and this is another factor which should 

be considered in calculation of collapse load~ 

It must be emphasized that the limited number of tests 

conducted in this work necessitates confirmation of a number of the 

conclusions stated above" Sufficient care was taken·however, in terms 

of fabrication and testing procedure that some confidence can be placed 

in the results nevertheless. The qualitative implications do appear 

to be valid. 
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APPENDIX Al 

Uniqueness Theorem of Incremental Collapse 

If for a given value of W a corresponding statically admissable 

distribution of residual bending moment can be found, such that when the 

maximum and minimum elastic bending moments corresponding to this value of 

W are added to the residual moment at every cross-section the fully 

plastic moment is never exceeded, but is attained at a sufficient number 

of cross-sectionsto transform the structure into a mechanism if hinges 

formed at all these cross-sections simultaneously, this value of W must 

be equal to the incremental collaps·e load W • 
s 

B. G. Neal: The plastic method of structural analysis, 1965, p. 298. 
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APPENDIX A3 

STRENGTH OF CONCF~TE 

Test Hodel Strength from Cylinder Tests After 

7 Days 14 Days 28 Days 

C-1 3620 4050 4850 

C-2 3680 4090 5020 

BF-1 3540 3990 4810 

BF-2 3520 3890 4830 

BF-3 3910 4200 5300 

BF-4 3300 3700 4220 

NOTE: Concrete strength is average value obtained from cylinder 

test is psi~ 
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