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P R E C I S E M A T H E M A T I C A L 


M 0 D E L S F 0 R E L E C T R 0 M A G N ~ T I C 


A N D P E R M A N E N T I C M 0 T 0 R S 




CONDENSE 

La presente etude traite de l'etablissement d'un modele 

mathematique, comprenant toutes les non-linearites,d'un moteur ~ cou­

rant continu. 

Il a ete necessaire de rechercher pour cela de nouvelles 

techniques de mesures afin d'obtenir les diff~rents param~tres avec 

un maximum de precision. L'originalite de ces mesures tient dans le 

fait que 1~ machine est etudiee dans deS COnditionS dynamiques d I expe­

rience. 

A l'aide de ce modele non-lineaire, il a et~ possible alors 

de montrer un eventail de comparaisons entre un moteur electromagneti­

que et un moteur ~ aimants permanents, dans le domaine des systemes 

asservis. 

Cette etude demontre l'efficacite de l'outil que fournit 

ce modele. 
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A B R E V I A T I 0 N S U S E D 


ie excitation current ( field current) 

E. no-load voltage 

excitation field under one pole 

Q speed in rd/s N speed in rpm 

K voltage constant 

u output voltage (or input) under load 

£ armature reaction 

I de load current (armature current) 

a,b parameters of losses 

Am motor torque 

Ar or Aw reactive torque 

J moment of inertia 

i armature current function of time( transient) 

L inductance at the output of the machine 

PM. permanent magnet 

EM. electromagnet 
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I N T R 0 D U C T I 0 N 

If a motor is used as an element of a system it is in 
' 

common practice to assume a simple linear model of it, that is to 

say taking the parameters as constants. But the study of the perfor­

mances s.hows that this assumption is not sufficient and leads to 

the need for a more accurate model. 

It becomes necessary to be able to determine an exa.ct rna­

thematical model in order to predict system performances. 

The purpose of this work is to determine accurately the 

models of both the direct current electromagnetic motor and the per­

manentic motor, so that a comparison can be made of each type of 

machine as a control systems element. 
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CHAPTER 1 

STUDY OF THE PERFORMANCES OF A D.C. MACHINE: 

Given characteristics: machine A.S.E.A. n° 4 925 546 

1.1 kW 

220 v 

6.3 A 

2o50 rpm 

In order to approach the performances of a D.C. w.achine, ome 

must analyse the magnetic characteristics which are given by the no­

load voltage curves of the machine running as a generator. 

Then the voltage drops should be determined to obtain the 

load characteristics of the machine. 

The mechanical parameters and the inductance of the machine 

are required for the purpose of transient response studies. 

In the follo'tting experiments, the usual measurement tech­

niques are mentioned, and if their results are not sufficient, which 

is almo·st every time the case, a search for a better approach is de­

velopped. 

This will lead to the determination of the parameters of 

the machine, including the non-linearities which have to be taken 

2 
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into consideration. 

I) STUDY OF THE NO-LOAD VOLTAGE: 

1) DETERMINATION OF THE NO-LOAD VOLTAGE CURVES: 

The no-load voltage E(i ) is measured directly at different e 

speeds, while the machine is running as a generator, with separ~te 

excitation. But taking care of the hysteresis of the machine, the 

measurements are performed with raising and decreasing excitation 

currents. For further studies the ~urves for negative values of i e 

have even been plotted. 

The results are summarized in the curves of figure 1. 

To be able to •utilize those curves mathematically, it is 

tried to approach their equations by a polynomial. A computer pro­

gram using a least mean square criterion, fits a polynomial equation 

to the data that have been fed in (see program Pl ). 

Different degrees of polynomials have been tried, and by 

comparing the calculated values to the measured data, it has been 

chosen, as best approach, a degree of eight. The error resulting 

from this approximation does not exceed 0.1% of the original data. 

This is largely sufficient and less than measurements errors. 

The equations to be utilized further on at 2050 rpm are 

the follo\ving: 

increasing excitation at 2050 rpm: equ. 1 
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~· 
S!SFTC Sl.1°FIT nFGRF~'" :!:'' 1- JC Tf::f!s-S[m~OUT I ~I'" CALLS OLFS:::> TO FIT TO A PC'L Y~:o·~ I Ill OF PPECISIOJ'l Xtr!lC A SET "' CF. D,\TAS.IT IS 'JFCESSARY TO DECLARE IN DOUBLE 
C Yl'llt31~ll•AIM2l ~HfRE M2=1V+2l**2/2

C THIS sun~OUT!NF G!V!::S Rf<;IJLTS IN THOSE FOPHS 

C ~RITES COEFFICIENTS ~Ill 

C '~RITFS V~LUFS OF FICl FRO~ (Jcl~ITIAL VALU~'" IN STFDS OF V~tTO A ~AX cu 
C 3 PU~CHfS ON CARDS PI!) 
C 4 RETURNS 
C SEOUENCES.Jl LEADS TO THE FIRST PROCESS 
C Pl ENDS ~ITH J2 
C PZ ENDS WITH J3 
C 	 P3 ENDS WITH J4 
c 

SU~ROllT!NE F!TIXoY,ntA•~>••I'l•M?•Cl •VCtC'·'•J1 oJ?oJ1oJ4l 

DCUPLE PRFCIS!ON XINltY1Nl•S(\\J)•AI'~2) 


DII-'ENSION Zl 101 

C \\'RITE T ITLF 

DO 666 I-·~~~·'= I o2 
READI5•16l IZIII•I=l•lJl 

666 	 WPITEI6tl7l IZIII•I=l•lDl 
16 FORVATI10A6) 
17 FOR~ATIZGXtl0/\6) 

c 
'1=~~1-1 
DO 100 1=1 •N 

100 	 PEAD!5,9lX(IltYIIl 
CALL DLESQIA•B•X•Y•M•Nl 
GO TO!lo2t3,4J,Jl 

C \>IR IT I NG .B I I } 
1 WRITEI6•ll) 

DO 111 L=l•V:1 

Ll =L-1 


111 	 WRJTF(6,12lL1tAILI 
~~-~ITEI6•10l 
GO TOI1•2•3t4)tJ2 

2 WRITEI6•141 
C=CI 

70 f=Ail) 
DO 112 J::z,~l.l 

L'-"I-1 
112 	 F=E+q([)*((H-L} 

\•: R I T E I 6 .1 5 l C , E 
C=C+VC 
IFIC.GT.CMl W~JTEI6,]01 

JFIC.GT.C~l GO TOII•2•3•4l•J3 
GO TO 70 

3 \·:RITE C1 I R 
GO TOI1•2•3•4)tJ4 

4 RETURN 
9 FQRYATI21F20oRJ) 
J 0 FORF.A T I lHl) 
1 1 FO::<:-'ATC10Xd5HEOUATION BY LE;\ST 1·:EAN SQUt\RE ERROR!lfl-, 

1 1Xt16HCOFFFICIENTS OF.l 	 . - ­
~OR~ATC1Hn•?OX,~HX*~•l?•4X,lPEl~ ~~ 

FOR~~ATI JOXt?"-HS/I'~PL!f\G THE F;TTFD CURVc/lHO, 
10Xt1HC•l?Xt5HV11Ml/JH0) . 

1 c; FO~~ATI4X•Fl0o~t~X,F10 1 3) 
END 

. 7088 


http:SEOUENCES.Jl
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El(i )=12.97 +570 i +25310 i 2 -4.27x1o5 i6 +3.89x1o6 i~ -2.15x107 i~ 
e :6.99x1o7 eie6 -1.21x1o8 i~ +8.62x1o7 i~ 

decreasing excitation at 2050 rpm ( equ. 2) 

E2(ie)= 13 +1410 ie +183.3 i~ -1.49xlo4 i~ -2.53xlo
4 

ie4 +1.9x1o5 ie5 

6 6 6 8
+5.5x1o5 ie -3.24xlo ie7 +3.57xlo ie

2)DETERMINATION O:F' THE VOLTAGE CONSTANT: 

If Nc is the total number of conductors 

p is the number of pairs of poles· 

2a is the number of parallel paths 

¢ is the utilizable flux under one pole 

n is the rotation per second of the rotor 

And ifthe poles of same polarity are assumed' to be identical, 

each parallel path has Nc/4a sections in series and the e.m.f. induced 

in a section in between two neutral lines is: 

e = average with 1:1.¢ =2¢ and ll.t=l/2pn 
~t 

the total e.m.f. will be 


Nc.2¢.2pn 

E =---­av 4a 

If the speed •is called Q (in rd/s), G) leads to 

p Q Nc ¢ 
E=--­

21ca 

The quantity pNc/2Jca ~A is a constant of the machine hence C2) 
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becomes : 

If -the excitation is maintained at a constant, the flux ¢,which 

depends only upon this excitation a.'ld the construction of the machine, 

will remain constant and one can vtrite 

E= where K =A¢ 

This very important constant of the machine can be measured 

utilizing curves of figure l. 

·For an excitation of 0.255 A,corresponding to no-load 

voltage of 220 V(increasing excitation) 

K = 1.02 V/rd/s 

0 K Q 

II) VOLTAGE Dl~PS: 

l)CLASSICAL MErHODS: 

The fundamental equation of a d.c. generator is: 

® li= EU.e) - RI - E(I) 

where E(ie) is the no-load voltage with excitation ie 

R is the total resistance at the output 

e: is the armature reaction 

I is the load current 

u is the output voltage under a load I 

a)In a first step the voltage U(I) is measured directly 

and the previous knowledge of E(ie) gives the quantity E-U. 
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b)'l'hen a load current is passed through the armature, rotor 

blocked, and voltage and current are registered. This should give a li ­

near resistance. It can be done better if the rotor is rotated by hand, 

· but the readings are very inaccurate because of the great dispertion 

due to the commutation. 

The ideal .would be to desaturate the machine completely, which 

is of course impossible in practice most of the time. 

Hence· the armature reaction is obtained out of 3 measurements. 

The practical results are very poor. At the best one can expect E with 

0.5 V accuracy(with normal excitation and speed that gives an error 


~E/E =l/4oO and likewise for U;hence ~U/U=l/400). But E-U is very 


small( varying from zero to 2J V) and the error becomes: 


~(E-U) ~EMU 1 = = 
E-li E -U E-U 

and it will lie in a range of 5% to 100%, which is very poor, especial­

ly in the beginning of the curve where E-U is very small. If one now 

adds the errors due to R, it is found that the armature reaction really 

cannot be measured with those techniques, and in fact, cannot be used 

in further studies. 

Ne~. techniques of measurements are needed to be investigated. 

In the following methods the errors on £ will be minimized. 

2) DIREC'l' t-'IEASURENENT OF o=E-U •. 

A very constant excitation is needed ( \ol:i.th batteries for d .c. 



9 


machines).Het'lce this applies well to a permanent magnet machine. 

Figure@ shows the dcvice.The voltaee U to be measured is 

applied to a potentialdivideor composed cf r,fixed value,and X vary­

ing resistor,and Uo is a potential reference.At the point of equilibri ­

urn found by the galvanometer on~ can obviously write: 

r+X 

U=- •Uo
® r 

Now a measurement performed for I=O similarjJ·\Y gives : 

r+Xo UE = lC 0 
r 

and the quantity required becomes from@ and@: 

o = E-U = (Xo-X) ~ 
r 

Uo and r are fixed values, therefore can be chosen with very good accuracy 

The readings of Xo and X are performed with a minimum error if one has 

matched r and X correctly, that is to say ,if X ca.n be used in its 

total range of decades. 

For the study of the E.M. machine the follo':ling values have 

been set up: Qo=2050 rpm ie =0 .255 A 

Uo = 25 V r = 10 k 

The follo-rring measurements read and compiled using @give: 

I(A) . 0 0.214 0.420 o. 640 0.850 1.05 1.26 1.47 1.67 1.98 

X(KQ) ~8 77.6 77-3 77-2 77 .o 76.8 76.7 76.5 76.4 76.3 

Xo-X(KrDo .4 .7 .8 1. 1.2 1.3 1.5 1.6 1.7 

o(I) v 0 1. 1.75 2. . 2.5 3. 3.25 3.75 4. 1+.25 
- - ­

http:reference.At
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450.0. FIG 2 

t 
I Gal v. 
I 

u 

a) Measuring S(I) = E <L~)-U(l) 
Note: 	 To find the equilibrium point the switch Sl has to be closed 

and short-circuiting the series resistors we approximate the 

point with a micro-amperemeter.Then switching to S2 the exact 

v 

I 


v. 
I 

I 
> 

I i 
b) RE~-t!ANENCE C )FIT A SET (Vi, Ii) TO A S'l'RAIGHT 

''LINE 



11 


I 2.45 3.05 3.5 3.9 4.52 5. 5.5 6. 6.5 

X 75.9 75.2 ' 74.5 74.05 73.1 72.4 71.5 70 ·5 69. 

X o-X 2.1 2.8 3.5 3.95 4.9 5.6 6.5 7·5 9. 

a(I) 5.25 7· 8.75 9.88 12.25 14. 16.25 18.75 22.5 

The X resistors are used on the entire scale and one can encom ­

pass the point of equilibrium vlith the last decade. That gives an error 

on E-U of: 

l\(E-U) l\(Xo-X) 6Uo Ar 
+= 	 ---uo +E-U Xo-X 	 r 

The 	hro last parts can be performed with:: 


l\Uo 1 l\r 1
andUo 	= loo6 --r= 500 

For Ll(Xo-X) / (Xo-X) a simple calculation would not give a 

real result because the sense of the error is 'known. 'l'herefore Xo can be 

considered almost as a reference.The error on the first measurement 

hence is: 

ll(Xo-X) 
= = 1.3%Xo-X 

The total error given by 12 will be for the first point 1.6% 

This is the worst because Xo-X is the smallest.For the last point it 

steps down to 0.5%.This range of 1.6% to 0.5% is far better than the 

results of the classical method by direct measurement. 

Likewise vw have performed a set of curves o(I) with various 

excitations,from ie=0.255 A to ie=O in steps of 0.025 A.The curves 

are plotted on figure 3. 
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3) DETERNINATION OF THE BRUSH VOLTAGE DROP: 

This is basicly a dynamic mode, this means that factors such 

as speed and temperature must be considered. 

Running the machine as a generator, a battery is inserted in 

series with the armature and in opposiUon with the voltage delivered 

by the generator. 

First of all the poles are demagnetized by changing the sense 

of the excitation while decreasing the current. Then applying the bat­

tery voltage the current and voltage are read.. 

But this current will generate an armature reaction e:(I), 

which will magnetize the poles. Hence if the battery is disconnected 

a remaining volta.F,e can be read, which must be subtracted from the pre­

vious one. This subtraction will give the curve t.U( I) at zero excitation 

and almost no remanence. 

If this curve is recorded on figure 4 it can be seen that 

beginning from a certain amount of current, the curve, instead of re­

maining asymptotic, is beginning to increase more. This is caused by 

the armature reaction. As shown on figure 2b, e(I) will genzrate a 

flux ¢1 and when the battery is disconnected, a remanent flux ¢2 ap­

pears. The assumption has been made that ¢2 is equal to ¢1, which is fai­

rly good if e(I) is low, but is not valid if I grows. It can be seen 

that for 2/3 of I nominal £ is small, and then increases. 

The curve is taken up to the inflexion point and this data 

is fitted to the theoretical equation: 
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··-·,·~~-~-,.--,.,.-_..,.. --­

'.j 

mA 

cU <VL 

machi.zle w;itho\4t 

'l'hcn in t=:e li!.wcr ps.rt of the _curve 

we cun assurr.e that c(l) is ncglectable 

;~i t::c curve is pructic.::._lly R~:+:e 

Vie C;:J.n hence deter:r.ine the _st<la.dy 

voltage drop 
- . -a.I 
t.U=Rhb(l-e . ) 

1-' 
.;:­

2 3 4 5 6 7 I < A ) 
•¥-·---------------~- --·~- -----~-

http:st<la.dy
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-cd
flU= RI + b( 1-e ) 

where flU is the total brush voltage drop 

R the linear part of the resistance 

b(l-e-ni) the non-linear part 

I is the load current 

«)DETERMINATION OF THE ASYMPTOTE: 

The l~ast mean square error rule is applied_as seen 

in Appendix A; 

The linear part(around the inflexion) is fitted to the 

equation: U=RI +b 

Because if I is large enough e-ni will vanish.This gives the 

coefficients R and b • 

f))DE'I'ERHINATION OF THE NON-LINEAR PART: 

According to@ every point of the curve must satisfy: 

-cdk L\Uk - Rik 
e = 1- --.,----- for all k

b 

or 
b for all ka.Ik= Log --=-b-+-:R=I=k----:flU"'"k=-' 


b and R are known from the linear part, so every element 


(Ik, flUk) will give 


b 
Kk= Log -b+_R_I-k-""""/l:-U-k 

Equation @becomes: 

@ nik = Kk 

and one can again apply the results of appendix A to reach 
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the least mean square error approach 

The curve has been fitted with the maximum accuracy to the 

data points and the total brush voltage drop is obtained as follow: 

@ liU =0.43 I + 1.32(1- e-1. 29 I) 

It is impossible to discuss an exact error,but this approach 

certainly seems to be a better approach than the static mode. 

4)ANALYSIS OF THE A~~ATURE REACTION: 

MODIFIED ROSENBERG'S THEORY: 

Let us consider a bipolar machine as a simple exau1ple .The 

poles give an excitation flux ¢d(see figure l5a and a deeper analysis 

further in section IIa note 4) .If the arnw.ture is flown through by a 

current I,it generates a quadrature flux which leads on the excitation 

flux in the senseof the movement.Hence N'S' is a neutral line,if the 

machine is not saturated and if we put the brushes on the neutral line 

no armature reaction in voltage meaning will appear.Because of the li­

nearity of the non-saturation zone,we can superpose the t~o states . 
. 

Vectors will serve to add the fluxes.In the leading tips of the shoes 

the sum of the two vectors will go beyond the saturation of the rna­

chine;however,in the trailing tips,the vectors being in opposition,the 

resulting vector will be of a lesser magnitude than that of the no­

http:fluxes.In
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load condition.Distortion of the lines appear,but the resulting flux 

remains constant. 

If saturation occurs the flux distortion will oversaturate 

the leading tips.There will be a decrease of flux. 

Let us consider an assumption.On'figure 5a,the operating 

point P representing the leading tips,is moving on the rising part of 

the curve fl,and the trailing tips,represented by N on the decreasing 

part f2. 

M and N represent the magnetic state of the circuit(induction) 

For a load I in the trailing tips there is an m.m.f. of 

ni-ki,and in the leading tips, ni+ki ,where k is a coefficient pro­

portional to the physical dimension of the machine,the number of poles 

the windings etc ••• 

Let x= nie and a=ki 

In figure 5b we suppose the machine non-saturated.The area 

N'P'p'n' represents the flux which induces the e.m.f. In this case 

the area is given by: 

A= ( nN 
1 

+pP \2a= 2( mM) a 
2 

but mM= fl(x) so that 

A = 2afl(x) 

In figure 5c saturation occurs.F3 is the auxilliary decrea­

sing curve from Mto N.Hence the area A' representing the flux will 

be given by the area (nNMPp) 

J
x+a 

f3(·x) dx + x fl(x): dx@ A' =lx 
x-a 

http:occurs.F3
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FIG 5B 

n• p 
n1.-K 

ni+k.I 


a) Hagnetic state of the machine 


B 

p 

N 

n m p 

x-a X x+ax-a X x+a 

c) SATURATION c) Flux drop due to saturati n 

~----------------------------------~~------------------------------------~ 

m• 
I 

I 

ni 

P' 

m' p'In' 
x-a X x+a 

b) No saturation-linear case 

B 
P' 
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The flux drop can be calculated by subtracting @from@ 

- jxx+a 
AA = 2 a fl(x) -( Jxf3(x) dx fl(x) dx) 

x-a 

~: Normally the partial characteristic f3(x) has to be taken into 

consideration.We do not know this curve,it depends on M and N.But one 

can see that f3(x) in its largest part follovm very closely f2(x). 

Therefore a great error will not appear if f2 is considered instead 

of f3.Hence @becomes: 

x+a 
AA = 2 a fl(x) ·- (x f2(x) dx + x fl(x) dx

Jx-a J 
AA gives the diminution of excitation flux in function of 

the excitation current and load current.This 'represents the quadrature 

armature reaction in voltage. 

RESULTS: 

a}One can postulate that the armature flux density 

is of the same importance as the flux density of the excitation.Hence 

a is of the same order as x.We have tried with i max=0.255 A 

and 0 (a ,0.1 

A computer program calculates the curves £(I,ie) with the 

modified Rosenberg's theory.The results are plotted on figure 6. 

From figure33 and 4 the curves of figure 7 can be drawn,re­

presenting the armature reaction 111ith respect to the excitation,and 

figure 8, \\i th respect to the load current. 

P)The cur~es of figure 7 show that E(I) is the 

http:consideration.We
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maximum for the excitation lying in the range of the beginning of sa· 

turation and. also for low values of excitation .Normally on the curves 

of figure 6,Rosenberg's theory gives the same maximum for ie in the 

range of saturation,but a zero value is found for zero excitation which 

contradicts the experimental curves. 

The modification introduced in Rosenberg's construction shows 

that the quadrature flux is responsible of the voltage drop whatever 

the excitation flux is(even zero) 

The comparison of the figures 7 and6 shows a large direct 

armature reaction when the excitation is low,because the experimental 

curves are shifted to the non-saturated part.But this reaction decrea­

ses with the growing saturation.(see theoretical demonstration further 

on). 

III) MECHANICAL PARAM~irERS: 

1) LOSSES: 

The different losses can be approximated in a machine as 

follows: 

*Joule effect: If we know the equation of the vol­

tage drop bU(I) (resistance of windings and brush voltage drop) the 

copper losses are: Pj =i\U X I 

One must include, for the efficiency calculation only, the 

excitation energy which is Uxie , U being the excitation voltage and 
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ie the excitation current. 

"'Iron losses: In a first approximation one can 

assume that they do not depend upon the load, but only upon the flux 

and the speed of the machine. 

The Eddy current losses are proportionnal to the square of 

the frequency,or to the speed . 

The hysteresis losses are proportionnal to the speed. 

"'Mechanical losses: 

Likewise the machanical losses depend only upon the speed of 

the machine 

Friction losses are proportionnal to the speed( friction tor­

que constant for bearings and friction of brushes on the bars) 

The ai..r friction (cooling) losses are proportionnal to the 

square of the speed. 

-The following experiment can te done: 

If the machine is t"aken under load condition, and runs 

as a motor,•·:e can measure thepower given to the machine by: 

Pg = UI in the armature plus Ulxie for the exci­

tation windings. 

According to the analysis standing above, one may 'tirite: 

a and b are losses constants to be determined,and Q is the speed. 

Performing the measurements at different speeds the follo­

wing points can be plotted: 

U. I -t.U. I = a,Q +b
Q 
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The experiments show this curve to be a straight line in 

the rane;e of points measured .From this the coefficients a and b are det­

ermined utilizing the least mean square error approach of appcndi~ A 

the results are the following: 

a= 10-3 wat.t/(rad/s) 2 

[ b= 0.35 watt/rd/s 


NOTE:The stray losses have not been taken in consideration. 


'l'he efficiency of the machine can be determined as follows: 

U.I 
as a generator: 2

U.I +U'.ie +R.I +Po 

where Po is the total mr..chanical and iron losses at a certain 


speed. 

?

U.I -R.I-- Po 
as a motor: @ n = ·----' 

m U.I +U '.ie 

'I'he efficiency for different speeds and volta~es has been 

calculated.If the nornnl con:l:i.tionG are taken(2050 rpm,220 V) ,_they are 

similnr to t;1e conditiona (1?00 rpm, 187 V) .Figure 9 shows the effi ­

~iency ofth.e machin•J ns a generator and as a motor,and it can be ob:..erv­

ed that the efficiency iH at its maximum under the normal conditions 

in full load.This machine has probably been built for povter purpose. 

3) RUNNING DOi:iN : 

'l'he motor· is running at a speed No. The torque pro­

http:calculated.If
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duced is equal to the resistive torque and the inertial torque. The cqua­

tion is stated as: 

@ A.m = A.r + J ·*~ 
But@) A.r .Q= aQ 

2 + M& so that from @and@ one c;.m v:rite: 

The motor torq'..W is suddenly interrupted. The motor \-:ill l3loH 


down.During this movement t!JC equation to be solved is@ in which 


hence 


0 = a Q + b +J -~Q

dt 

Starting froiil Qo Hnd running do\vn time being T ,it is found 

@ ·c Qo +b/a)cxp(~aT/J) = b/a 

Kno\o:ing a nnd b from t.he losses,the moment of l.!Y~rtia can be 


easily determined as : 


aT
J ::: ---·---- ­

Log(l+Qo.a/b) 

4) RE.SUL'l'S AND NACHANICAL TH!E CONS'l'ANT: 
----· ·------------------- ­

We have performed LJ. measurerner.ts,starting from various speeds 

and the. time T is reg:i.stcred on the scope. The avera[;e value of the mo­

mcnt of inertia is found to be : 

J ::.: 1.5 X J.0- 2 kg/m2 

If tbe asymptotlc;;.-,J. value for the armature resistor is 

taken, 



which is 0. 4.3 Q and for the voltage constant K=l.02 v/rd/s, a rnechani­

cal time constant can be defined: 

which gives tm =6.2 ms 

IV) DEJ'ERHINATION OF THE INDUCTANCE OF THE MACHINE: 

a)CLASSICAL STATIC MODE: 

One needs this measurement for the starting of the motor. 

.The rotor is blocked and the establishemcnt of the 

armature current from a step voltage input Uci is recorded. 

The exponential rise of current is given by : 

i =io{.l- c-Rt/L ) 

111here io = Uo/R, R and L ~eing the resistor and inductance of the cir ­

cuit. (\·!e measure Uo and io for steady state and that gives R). 


The half rise time T is read and that leads to: 


-RI'/L ) ­ioI 2 = io(1-e and further on 

I.= RT 
Log 2 

The only assumption is- that Uo is a real step input and that 

the resistance and inductance remain constant.That is the usual method 

of meas·urement. But those assumptions are erroneous and another tech­

nique h~s to be found. 
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b) ADAPTED MEASUREMENT .F'OR INDUCTANCE, FUNCTION 

OF ARMA'l.'U RE CURRENT AND SPE.ED: 

The follov;ing methods can be applied for statical mode, but 

here the dynamique mode will be discussed, because it is the more dif·· 

ficult case. 

ex) FOE LOW CURRENTS: 

The machine running as a generator at a speed No, the es­

tablishement of the current in a resistor is recordedo The assump­

tion that .lifo and Uo do not vary during the operation is made, hence 

the same rising curve of exponential shape is found, but now the ti ­

me constant is a function of the load: 

® 
_R( i) t 


. . ( l L(i)

1 = 1o -e ) 

On figure lOa this curve is drawn. The inductance for the cu­

rrent kio (k <1) is wanted. L and R are assum~d not to vary considera­

bly in the range (kl.io , k2.io) surrounding (kio). Let k=(kl+k2)/2 

and let kl and k2 be of the same order as k. If the rise time T be­

tween these two values is read, from @ it comes: 

® 
 . . ( l -R. tl/L)
kl .1o= 10 -e or 

@ Log( 1-kl) = -Rl. tl/Ll 

and sirnilarily: 

® Log(l-k2) = -R2.t2/L2 



a) 	 Current rise in the 

circuit _ - ­- Response 

T I.. 
I 

to step input • 

0 
tl t2 

t 

lOV 

rv-\ 
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'0 v 

b) 	 Low load current case: 
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The assumption Ll=L2 and Rl=R2 has been made provided k-kl is very 

small. From @ and @ it comes: 

RT 
Lk . = .l.O 

1-kl(Log l-k2) 

The figure lOb states the experiment, which is very simple. 

r has to be fitted so that the voltage drop rio gives a sufficient 

deflection on the scope. 30 Volts, on caliber 5 V/cm is suggested. 

That gives an easy reading while attenuating the noise due to the com­

mutation bars. 

The readings of U, io and T give 

R=R + r + Rl = U/Iomotor 

and Lk . is given by f39'
.l.O \<?) 

But this method is only valid for small currents because if 

Io increases, U will vary and a transient response superposes itself 

which gives an erronuous reading (an overshoot even appears). The me­

thod has to be adapted in conscequence as follows. 

~))HIGH CURRENTS: 

The device of figure ll is used. 

The purpose is to start with a current Il and increase it 

to I2, then record this current rise on the scope. If I2-·Il is small, 

then No and Uo will not vary and the assumption can be made that L does 
.. 

not Vf!-rY a lot in this range and its ve.lue is assumed to be: 
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101+12 ) . 
2 

The problems occuring are to suppress the noise in the rea­

dings. Therefore r is chosen so that £) v:::r(IZ-11) gives a sufficient 

voltage to be able to read this with the greatest caliber of the scope. 

Actually caliber 5 v/cm is sufficient.A large display on the scope is 

needed.Therefore,having r fixedone must put in opposition a d.c. vol­

tage equal to v=(r.Il) to the input of the scope. 

No\'lone has to measure only a voltage increase of about 30v. 

Rl and R2 have to be adjusted to make the variation ( I2-Il) needed. One tri ­

es to maintain this variation small, It has been noticed experimentally 

that a variation of less than 11/20 at least keeps U and No constant. 

Let notice the very simple method and the small amount 

of equipment required. The opposition voltage needed is at most the 

voltage given by yhe generator. 

The differential equation of the circuit at time t >0 ( t=:O 

is the step input corresponding to the variation of R) is 

di
U =Rf.i + L dt 

(R = Rl.R2where Rf = R t + r + R = U/12mo or e e RlH{2 

If L is considered constant in the range (Il,I2) the solving 


of 41 gives: 

Rf.t 

L@ i=ke +12 

for t=O i=Il hence k= Il-12 


Rf.t 
----r@ i= ( 11-12) e +I2 



Let measure the half rise time T corresponding to 


1=01+12)/2. From @comes 


Rf .T 

@Il+I2 = (Il-I2)e-I:;- +12 


2 


or 

L=~

Log2 

Figure 12 summarizes the different results obtained. 

The curve Lo is the static inductance when the excitation cur­

rent io::..O .One can observe that it begins to grow with the load current 

I,then between 3 and 4 amperes the saturation occurs. 

The curves Ll and L2,static and dynamic inductances when the 

excitation is normal,i=O .255 A,present the same features. v/hen I is 

low L is decreasing ver·y rapidly and over 4 A the saturation causes 

an asymptotically value which is about 1/3 of the no-load condition. 

It can be set:n now that considering L con<==tant is very rough. 

The variation of L has multiple causes, but one of the mainonN:; is the 

behaviour under commutation.During the commutation one section is 

always in short-circuit, so that the mutual inducta.nce between the 

sections can vary a lot when I is growing. 

In the static mode measurement a greater value of L is found 

when I is small because now there is no comrnutation,hence no parasite 
. 

flux occuring which brings do-vm the value of the mutual inductance. 

y)ELECTRICAL TIHE CONSTANT: 

In our cnse tnat docs not represent a real magnitude bec'ause 
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it is not constant.Both L and R are functions of I,so that a compari­

son can be stated \'lith the mechanical time constant at no-load: 

t e = 
Lo 
Ro = 162 ms 

which is about 10 times greater than 

the mechanical time constant. 



CHAPTER 2 : 


APPROACH OF A MATHEMATICAL MODEL FOR 


CONTROL SYSTEN PURPOSES OF THE ELEC­

TROMAGNET HOTOR: 

I) GROSS' LINEAR APPHOACH: 

In this usual approach the problem has been linearized. 

Resistance and inductance are considered as constants and so is the 

flux. 

If Am is the motor torque and Ar the resistive torque other 

than the inertia torque,the torque equation of the motor is stated as 

dQ
Am= Ar+ J- ­dt 

The electrical equ~tion then is 

R. T diU = E + l.+.:..J ­dt where U is the applied voltage 

and E the no-load voltage. 

Let consider now the case of a no-load condition.Thc re­

sistiv~ torque has been determined previously as 

@ Ar= aQ+b 

and the equation(§) in this case turns out to be the equation@ 

dQ
Am = aQ +b +J crt" 

37 



The motor torque can be expressed as: 

E .i
load@ Am = Q 

but out of G) 
A (KQ -d i €i® m= Q = Ki -o-

In the linear approach the armature reaction v1hich is non 

linear 'is neglected, hence 30 becomes: 

Ki = aQ+b+ J dQ
dt 

and @becomes 

® U= KQ+Ri+L :; 

@ andi@ is a set of hto linear differential equations that one can 

solve by Laplace Transform in the case of a start from zero conditions 

at t=O Qo=O io=O and a step voltage U is applied 

hence 

Q( a+Js) -Ki = -b/s 

{ 
QK + I( R+Ls) = U/s 


The determinant of the system is 


22 R a K aR
y(s) = JL( s +<r +-y )s +(JL + JL) ) 

@can also be written as 

2 y= JL( (s+A) +W) where 

2
RJ+aL) 

2JL 

The· system nov-r can be solved 
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l
a=U/LI-o:s+f3 where 

s( (s+A) 2 +w ) f)= bK+aU 
JL 

further on @becomes 

I= Io/s + -Io.~+p where 
(s+A) +W 

?.Af3 
p= a- 2 

A + w 

Similarily for the speed: 

Q= Qo -Qo.s+p' a'=-b/J+ 	 with® 	 s (s+A) 2 + w -bR +KU
t3'= JL 

RJ+aL
A= 2JJ.... 

2w=K + aR -A2
JL 

and 

Qo= 
t3 I p 1::: 0: I -~L 

A2 	 A2+ w 	 +w 

Solving 	in time domain: 

f'IRST CASE : if w is positive 

i(t)=Io +A' e-At sin( ~t + £) 


where 
 l I 2 2 I
A'= -w- /wio +(p+Alo) 

- IW'Io 
tg .e ::: --~--=­

p + A.Io 

and 	
Q( t) ::: Qo + A I I e-At sin( rw t +l) 



4o 

where 1 j 2 2'
.A''= til wQo +(p+AQo) 


-Qo .r;;

t g £ =---.----,..,.­

p+ A.Io 

SECOND CASE: w=O 

~ i(t)=Io+ Al.t.exp(-At) 

where Io=P/A
2 

and Al=(-~A+~)/(-A) 

and 

® Q( t) = Qo + Ql.t.exp(-At) 

where Qo= P'/A
2 

and Ql:o:( -a. I A+f3 I)/( -A) 


THIRD CASE: w is negative 


-sl.t -s2.t
@) i(t):;, Io + Il.e + I2.e 

2 cx..s~+ f3Il- o:sl...:t.IL_where Io= f3/(A +w) 12=- 2 Fw-. sl -2 J-'w' s2 

with sl=-A+ r-:w s2=-A- .[-w' 

and 
Ql -sl.t -s2.t@ Q(t)= Qo ~e' + Q2.e+ 

2 Ql::: C1. I • sJ.+ pI a.' .s2 +@ ~ where Qo=P '/(A +w) Q22 ./-w sl = -2FW s2 

A computer program P2 calculates by Laplace transform the 

equations of the starting of the motor. One has just to feed in the 

fix parameters of the machine: a,b,J ,K,R,L and the conditions of the. 

experiment as 

Ro= starting resistor in series l-rith the armature 

[U step voltage applied 
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II) ESTABLISHHENT Of THE MATHENATICAL MODEL: 

1) 
Notation used: units in MKSA system 

Q speed in rd/s 

i armature current 

U voltage applied 

R(i) dynamic resistance of the armature 

L(i) dynamic inductance 

a and b coefficients of losses 

J moment of inertia 

E no-loa.d voltage 

e;(i) armature reaction 

Am motor torque 
l 

The electrical differential equation of the motor is written 

as 

U==E+Ri+L 22:._ -£
dt 

The motor torque equation can be stated from the conservation 

of energy 

But E 	and E are proportionnal to Q , hence 

rE=Kst K is a voltage constant 

Le:=K I .Q K' depends upon i 

Hence 	the motor torque is given by: 

@ Am= (K-K' (i) ).i 

and the differential equation@, if the no-load condition is taken, 
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becomes: 

dQ
(K-K'(i)).i = aQ + b + J dt 


Finally the system to be solved is 


U=KQ -K'(i).Q+R(i) .i+L(i) ~! 

t dQ
Ki-K'(i) .i= a.Q+b+J dt 

If the very general case is taken,where U is a function of t 

that has to be known,and A.w is the torque which loads the machine(its 

characteristic must be known against Q) @is changed into 

® 
 U(t)=KQ-K'(i) ,Q +R(i)i+L(i) ~! · 


NOTE 1: The constant resistor, if this is the case, is in~ 

eluded in R( i). 

NOTE s~ @cannot be valid for the starting of the motor. 

At t=O if i=O and Q=O the second equation of® becomes 

hence@ 

dQ b+Aw(O)dt =- _J___ 

But b,Aw,and J being positive, dQ/dt is shown to be negative,which is 

impossible because Q=O cannot have a dec elaratio!J.. The equations should 

be modified as: 
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\ U=Ri+L ~;- and 

®can be applied 

This has a physical meaning.A c~rtain current i has to be 

provided to overcome the inertial frictions before the motor can start. 

NOTE 3: The armature reaction e: has been determined by ex­

periment in chapter A.But the curves have only been obtained till the 

maximum current allowed,here 6.5 A 

The secund equation of ~permits to have K'(i).The curve c(I) 

at 2050 rpm and normal excitation ie=0.255 A is taken and one can obtain 

K' by dividing e: by 215 rd/s. 

Utilizing the computer program Pl a polynomial has been fit­

ted to the experimental curve.The result is given by the folloHiag po­

lynomial: 

But this is valid only if i~6.5 A. 

The st~dy of the armature reaction has not been conducted 

in the area i)6.5 A, and the experiment cannot indicate its behaviour. 

One can be sure that the shape of the curve which is rising very rapi­

dly will not follow this tendency because of the saturation. If there 

would be no saturation for a certain high current the equation @would 

mean a non-sens ,e: grovling very quickly would reach E and E-e: would be­

come negative. 

One cannot determine the beginning of the saturation of the 



armature,therefore,if one solve those equations of~one must be care­
. 


ful that i does not reach those high values,otherwise the equation of 

K' 	 is not valid. 

Before undertaking the solving of those non-linear equations, 

it is suggested to approximate the current with Laplace transform,to 

see if it remains in the correct range. 

2)COHPARISON OF' THE GROSS' LINEAR APPROACH 

AND THE ACTUAL HODEL: 

a)EXPERIHF~TAL MEASUREMENT: 

To be able to compare the results of Laplace transform and 

the mathematical model,an experiment has been set up,where the motor 

starts under no-load conditions. 

As shown on figure 13a, there is a 30 Q resistor in sed.es 

with the armature to limit the current ,and a 240 V step voltage is ap­

plied through an SCR device.The curve of the current rise is recorded 

\ 	 and the shape of figure 13b is obta.ined .The bump around l50ms can be 

noticed.This is very probably due to the presence of SCR,which intro­

duces a parasite capacity which causes the circuit composed by the in·· 

ductance· and resistance of the machine to ring lightly .i'Jhen one observe 

the curve without SCR switch, this bump disapears, but the triggering of 

the scope and the record of the curve is very difficult to reach,due to 

the bounces of the mechanical contacts. 
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b) LAPLACE TRANSFORN RESOLUTION: 

Utilizing the computer program P2 , Ro is set 30 ~2 and U=240V 

The result equations obtained for i(t) and Q(t),current and speed, are 

the following: 

i(t)=.56+7.4 exp(-2.4xt) -7.97 exp(-4}3.2t) 


[ Q(t)=218.6-220 exp(~2.4 t)+l.25 exp(-433.2) 


c)SOLVING THE NON-LINEAR DIFFERENTIAL EQUATION 

SYSTEt1: 

The parameters beeing defined as 


R= .43+1.32( 1-exp(-1. 29xi)) /I 


K=l.02 V/rd/s 


2J=O.Ol5 kg/m


a=lo-3 W/rd2/s2 


b=0.35 W/rd/s 

I 2, 3 68 -4 L}c (I )=0.24+. 879 1+.09 .,. .025 I +7. xlO I+ ••• 

3L(I)=5Q-6.85 I-0.736 I 2+0.215 r (in mH) if i 4.65 A 

L= 23.7 mH if i 4.65 A 

Setting the torque A.w to zero, equation@ and@ are solved 

by the computer program P3. 

d) COHPARISON: 

Figure 14 shows the plot of the three curves .Ll :is the expe­

http:L(I)=5Q-6.85
http:exp(-4}3.2t
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rimental curve,L2 is the result of the solving of the non-linear dif­

ferential equations and 13 is the plot of Laplace transform. Very pre­

cise computer plots,on graph 1 and 2 compare the linear and non-linear 

approach. 

As it can be seen the modulus of the current is approached 

quite exactly by both methods.But as far as the rise time is concerned 

there is a very large difference.For example the maximum current is 

reached in 12 ms by Gross' linear approach and only in 5.45 ms by the 

mathematical model study.The experimental curve shows that this maximum 

lies within 5 and 6 ms,whi.ch enforces the exactitude of the model. 

CONCLUSION 

Hence there is no doubt that in po;,:er studies the linear ap­

proach can be used ,but in control systems, where the time response is 

very important,a better model is required,and the set of non-linear 

differential equations as defined by@ and @seems to fit. this pur­

pose adequately. 

http:ms,whi.ch
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CHAPTER 3 : 

PERMANENTIC MOTOR PERFORMANCES: 

P.M. motor: n 
0 

D2729dv 1 HP I 90 V de 

9.5 A I 650 rpm 

The same study will be performed. But a special attention 


has been given to the justification of the armature reaction. 


I) DEI'EPJ1INATION OF THE VOL'l'AGE CONSTANT: 

A strictly constant excitation flux is used here, and equation 

('f) can be fully applied, and K considered as a constant. 

The plot of the curve E(Q) gives by least mean square error 

approximation(Appendix A), a very good straight line. Only in very low 

speeds, which cannot give any accurate measurement~:;, a very light non­

linearity appears. The following results have been found: 

K= 1.13 Vlrdls 

II) VOLTAGE DROPS: 

a) RESISTANCF~ AND ARNATURE REACTION: 

The experiments used for a de motor cannot be applied here, 

unless the poles can be taken out, or demagnetized. ln the PN machine it is 
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impossible because the poles are stuck to the stator.\Ve have no action 

on the excitation flux. 

Let us do another set of experiments.The machine,running as 

a generator,delivers a voltage Ug and satisfies the equation 

@ Ug=E-RI-c 

\oJhere E is the no-load voltage and R the non-linear resistance,£ 

being the armature reaction. 

If the machine is running now as a motor,one must have 

@ Um=E+RI-e 

where Urn is the driving voltage 

But now the motor has to rotate in the opposite sens to have 

the same armature reaction characteristics. 

Using the measurements techniques seen previously ,E-U can be 

determined at different loads,first in generatorthen in motor.This will 

give 

E- Urn 

from@® and @let write 

RI + e: 

( :mg = 
.... =-RI + £ 

and that leads to 

o:.g + o:.me: = --"''---­@ 2 

a. -a. 
RI = _,._,g~_m__ 

2 

The assumptj_on made was that the armature reaction v1as the 



same for each experiment in motor and generator mode. 

The construction of those curves( figure 17) shov1s that e is 

always very small.It does not exceed the asymptotical value of 1 V. 

This fact emphasises the assumption made in NOTE 3,that the armature 

reaction saturates.In a de. machine this saturation occurs over the 

maximum admissible current but with the PM motor it is found to lie in 

Lhe range of low currents. 

In the following studies the armature reaction can be neglec­

ted .This is not in contradiction with the theory as shown in the fol­

lowing note. 

NOTE 4 : ARt'1ATURE REACTION: THEOHETICAL JUSTIFICATION 

For the purpose of simplification let take a bipolar de. ma­

chine as shovm on figure 15a.Thc poles indue e an excitation flux fol­

lowing the direct axis of the machin8. 

The neutral axis b eing defined as in quadrature with the 

di:r;ect axis, let have the brushes on those. 

The load current I will behave as shown on figure 15a.It ~t!ill 

induce a flux in leading quadrature on the direct flux ¢d. 

ASSUHPTION:If no saturation occurs and the brushes axis is on 

the neutral a:;.r.is there is no armature reaction.In fact,in a non-satura­

ted machine, the linearity allo\vs to add each compqnant of the flux to 

give the resulting flux.The excitation flux,under no-loa ,induces the 

no-load voltage E.The quadrature flux,completely symetrical cannot in­

duce any flux within the neutral axis.Therefore the no-load condition 

is equal to the load condition and no armature reaction ~~urs_. 

http:reaction.In
http:a:;.r.is
http:saturates.In
http:small.It
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l)INFLUENCE OF THE SATURATION 

On figure 15b the variation of the flux density ~tith x( elec­

trical angle of the machine)can be seen.Let consider now a portion a 

of the rotor as sho\1n on figure 15c .The Ampere Lm-J applied to the cir­

culation(abcd),gives the e.m.f. induced in a to be proportional to 

the ampere turns lying in the angle a,hence to a itself(if we neglect 

the circulation along cd and ba which is reasonable because of the ra­

dial induction). 

The variation of the e.m.f. is hence triangular with the zero 

minimum at n/2 .But bee ause of the tips, the variation B(a:) (armature 

flux density) does not follow the e.m.f. curve at a=O and n;the shape 

of the curve is e;iven approximately on figure' l5b.So that the resul­

ting flux available to generate the e.m.f. under load is Bl(a). 

But it is posGible to see that in the trailing tips tbe two 

flux densities are subtracted one from the other,there is no saturation 

But in the leading tips the two flux densities are added one to the 

other and because of the saturation the final result of this vector 

addition is less than the sum of the absolute values of each flux. 

Therefore the area under Bl(a) is less than that of Bo(a).The total 

available flux is hence less than the unload condition.This constitutes 

the quadrature armature reaction. 

2) SHIFTING OF THE BHUSH AXIS: 

On figure l5d the armature can be separated into t\-lO regions. 
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In region (I) the current I determines the quadrature flux ¢ql as seen 

previously .In the cone( 2a.) it can be seen that the current I induces 

a flux ¢d2 which lies along the direct axis and subtracts the excita­

tion flux from ¢d.This constitutes. the direct armature reaction. 

3) 	 CO.t-1PARISON OF THE BEHAVIOUR OF THE ARMATURE 

REACTION IN AN E.M. AND A P.M. MACHINE: 

*Usually the PH motor works in an area 

which is less saturated than the normal EM machine.Therefore the sum 

of the two fluxes in the leading tips saturate relatively later than 

in those of an EM machine.Hence the diminuation of flux is less in a 

PH motor and the quadrature armature reaction is less than in an EM 

machine. 

*Under the effect of the commutation the 

brushes axis shifts because the current density in a brush is not sy­

metrical.So that even if geometrical brushes axis is on the neutral 

axis,effectively a fictitious shift \•rill be observed and a direct ar­

mature reaction will appear,decreasing the available flux. 

-*In the case of an EM machine: 

On figure l6a the behaviour of the different fluxes is analysed 

The componant along the axis qb perpendicular to the brushes axis(b) 

gives the flux ~t;hich induces the utilizable e.m.f. 

In an EM machine the quadrature axis has a high reluctance. 

Therefore the shift of the brushes axis does not affect the quadrature 

http:metrical.So
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flux ¢ql.But the direct axis has a low reluctance,therefore the flux 

resulting from the shift is relatively high as shown by ¢d2. 

The resulting vector ¢r has rotated more than ex. and the com­

ponent of ¢r on the axis ( qb) is on the opposite side of the component 

of ¢dl,direct excitation flux,on this same axis.The resulting flux 

(¢'dl\ - l¢•rl is less than ¢'dl.'l'he resulting direct armature reac­

tion is positive and acts against the excitation. ¢d2 being propor­

tional to the load current, this armature reaction grows vrith I and adds 

its effects to the quadrature armature reaction. 

·-•In a PM machine: 

The direct axis has a high reluctance due to the low perme­

ance of the magnetic materials of the poles, and the quadrature reluc- · 

tancc is relatively lov1.Therefore the shift will cause an increase in 

the quadrature flux <!-nd as the direct axis reluctance is high, the di­

rect armature reaction ¢d2 is relatively small(figure 16b). 

Hence the resulting flux ¢r has made a turn of an angle 13 

less than ex. and the active component ¢ 'r on ( qb) adds to the active 

component ¢'dl of ¢dl. 

So that now the direct armature reaction adds its effects 

to the excitation and the quadratttre subtracts.'I'he result is of course 

, a total armature reaction "Ylhich is very low even negative for small 

intensities,hence small shifts. 

But· as the load increases the shifts increase and are stabi­

lized at a certain moment, the brush axis will ~e at the trailing 

edge of the brush.But ¢d2 increases while ¢ql increases less and p 
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becomes larger until becomming superior to a..The armature reaction in­

creases but remains. very small and stabilizes at a saturation point 

which is very low. 

We have tried to justify in theory the result that the ar­

mature reaction in a PM. motor is small and nee;l1gible,which is in 

accordance with the experiment. 

RESULTS 

The plots of figure 17 have been fed into a computer pro­

gram and the result gives the equation of the resistance 

R=l.2+.68(1-exp(-.277 I))/I 

III)MECHANICAL PARANEI'ERS: 

1) LOSSES: 

No energy has to be provided for the excitation.A test with 

the machine running as a motor will give the curve 

2
W=- a Q + b Q 

As seen for the EM machine a a:nd b are determined by the least 

mean square error and given by the result sheet as 

[:= 

-2 2 = lo W/(rd/s) 

0.323 W/rd/s 
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2) RUNNING DOVIN: 

Starting from various speeds, the predetermined parameters 

(a,b) are used to find the moment of inertia.The average is found 

to be 

2
J = 0.0192 kg/m

But we have tried to solve the set of non-linear equations 

by a computer program P4 

® -~Ti 
(Hi + ~) e 

J 
=-

b 
a a 

where Ni are starting speeds and Ti the corresponding running down ti-

mes.The follovling values are calculated: 

= .0105 W/(rd/s) 

= .323 W/rd/s[; 
2 

2 = 0.01905 kg/m

Compared to the values found in the above sections, one c~m 

due to the cross checquing,state with a reme rkable p:·ecision that 

a = l0- 2 vi/( rd/s) 2 

b = .323 W/rd/s 

J = 0.019 kg/m2 

3) EFFICIENCY OF THE PH MACHINE: 


If Po is the total machanical and iron losses at a certain 
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SZI\F~ADC 

A4173,Tl00. 
RUI'd S) 
LGO.o 

&400 END 
PROGRA~ TST 

RECORD 
(J~PUTtOUTPUT•TAPE5=INrUTtTAPf6=0UTpUT) 

C SOLVING A NON LINEAR SYSTEM 
DI~'ENSION Xl3l tYI1) .ZilOl 
ccw~o~ T(~),n~EGI3l 

EXTER,\!AL R~1IN 
P!S=3ol59265130e 
\·: R I T E I 6 , 9 l 
DO 4 1'-1=1•2 

4 
READI5t96l IZII!tl=l•lO) 
WRITEI6t97)1ZII!•I=l•l0) 

C 
C 

X(!)=J•
WE READ 

Xl2l=A• Xl3l=~ 
THE INITIAL VALUES OF J•A•A• WHICH HAVE TO RE APPROXIVATED 

READ15tl0) X 
'I'JRITEI6•lll X 
DO 2 I= 1 • 3 
READ I 5 • 12 lOr.' EG ( I l • T I I l 

2 O~EG(ll=OVEGI!l*PIS 
H=.1 
NB=lO 
DO 3 I"' 1 ,t~ 
CALL GRADIR~IN•3•X•H•NB,VoYl 
'.'IRITEC6d3l IoV 
\IJRITEC6olli X 
ABSV=A8SCVl 
IFCASSV.LT.O.Oll STOP 

3 NR=NB*S 
STOP 

9 FOR~AT(1Hltl0Xo27HSOLVING A NON LINEAR SYSTEVI1H-,10Xtl4HINITIAL V 
lALUESl 

10 FOR1·'ATC3F20o5l 
FOR~ATIIOX•2HJ=,FI0.5/1H-•34Xt2HA=,F10o511 

12 FOR>•AT12F20o6l 
}3 FCR~ATCICX•l?HFINAL VALUES,?OX,SHSTEP ,IJ/lH-,34Xt2HV=,El5o3l 

96 FOR'·'A T ( li)A6) 

97 FQqVAT130XtlOA6) 


END 
HRFTC 

FUNCTION RM!N(X,Y) 
DII~ENS I ON X ( 3 l , Y ( 3 l 
COMMON Tl3lt0MEGC3l 
P=OoO 
DO 1 I= 1, 3 
Y ( T l =-XC~ l I X I? l +! o~.)r- G C T l +X! 1 l I XC ? J l * FX PI-T I I ) *X { ? l I XC 1 l ) 
'hR+Y ( T) JH2 
R'-'lf.!=R 
RETURN 
END 

64C0 END RECORD 
A.S.E.A. ALONE WITHOUT ANY LOAD 
****•*******~*******•***~************ 
o.c114 o.ooo5 Ool95 

?100. q. 
16~0. Bo4 
1100. no9 

6400 END FILE 

17086 
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speed the efficiency in each mode is given by 26 and 21 where ie is 

set equal to zero: 

UI 
n =------~----

g UI+RI2 +Po 

UI-RI 2 -Po 
n =----~-------m UI 

Figure 18 shows those curves which have been plotted for the 

normal speed of 650 rpm and the corresponding voltage applied 76.5 V. 

4) MECHANICAL TIME CONSTANT: 

As defined for the EM, a mechanical time constant can be 

calculated( taking R=l.2 Q for very large currents) 

J Rt =-- 18 xlo-3 s= m K2 

t = 18 ms 
m 

IV) ELECTRICAL TIME CONSTANT: 
::1 

The global inductance 1, of the machine is then me&.sJJred. 

In an EN machine this inductance is the sum of the armature 

inductance La and the mutual inductance of the armature and poles which 

one is high due to the presence of iron. 

Here a very low inductance can be expected because. no winding 

is present on the stator hence there is no mutual inductance. 

The experiment -is performed as previously: 
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1) STATIC MODE: 

On the blocked rotor a step voltage variation is applied,and 

the rise time of the current is recorded. 

~) DYNAMIC HODE: 

Great tr:oubles appear when performing this measurement. 
: 

First of all the commutation is very bad(there is no inter-pole)so 

the shape of the steady state current flowing through the armature is 

given on figure 19a. 

We have tried the measurement in ·the region where I is cons­

tant,hencc in a runge of 0.5 ms.But the experiment shows that a range 

of 200 }ls is only utilizable .The best readings are on caliber 20 lJ.S/cm 

for the scope .If we go below this caliber the half rise time cannot 

be reached because of the commutation of the SCR which rings the cir ­

cuit ,as sho\vn on figure 19b .The response is assumed to be 

® -a.t .F(t)= exp(-Rt/L) + f(t) where f(t)~A e s1n wt 

and a is large while w 

shows a Thigh frequency 

f( t) being a damped sinewave(due to the capacitor of the SCR 

and the inductance ~f the circuit) disappears in a very short time of 

about 20 lJ.S. 

.. Therefore the half rise time reading must be over ;o lJ.S • 


This gives a restriction on the resistor: 
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R (25 Q 

and therefore in full speed that implies a current I> 3 A. 

For this range 9R'!~. can measure the half rise time with the 

same accuracy as for immobility.But for low currents R is required ve­

ry large and T lies in a range of 2 llS which is impossible to read co,p­

rectly.Only a very rough approximation can be done. 

CRITlCISi-1 : 

Large jumps of intensity must occur,that means of course, 

that the assumptions of U and Q constant are not true. 

Experimentally the results are 1 or 2 volts drops on U and 

a maximum of 10 rpm on the speed. 

Figure 20 shows the plots of the inductance in static and 

dynamic modes.A very similar behaviour of the inductance in the PH and 

the EH machine can be netic ed. 
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CHAPTER 4: 

MODEL OF THE PEHMAN.!!;NTIC 

MOTOR: 

I) LINEAR APPROACH: 

If one considersthe different parameters as constants the 

same equations as for the EM motor can be applied(see chapter B-I) 

The same computer program P2 is used to determine the following equa-· 

tions: 

Starting with no-load,with a step input of U=75.6 V 

ri(t)= .9+ 84 exp(-65 t) - 85 exp(-436 t) 

LQ(t)= 66-77.5 exp(-6::; t)+l2 exp(-436 t) 

II) NATHEHATICAL HODEL: 

The equations @ and@ apply and the following model is 

defined: 

U voltage applied 

R(I)Q = 1.2 + .68(1- exp(-.277 I) )/I 

di) = 0 

a = lo-3 

b = .323 

74 

J =0.019 


K = 1.13 


A.m= A.m(t) 
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if I ~3.8 A 

r6L(I)mH = 2.35-1.26 I+.98 I 
2-.39 I3+.076 I4-.00?.I5+2.6xl0~4

if I) 3.8 A 

L= 1.54 mH 

The equations to be solved are 

diif U(t)=R(i)i + L(i) dti' 

[ 
Q(t)= 0 

. f . ..., b + A.m( 0)
l. l. r K U( t) ==KQ+R( i) i+L( i) ~! 

[ Ki = aQ+b+J dQ + A.m(t)
dt 

A similar experiment as with the EM motor has been done and 

it shows in the same way that the mathematical model of the differen­

tial equations is better , especially in control system analysis. 

The plots of graphs 3 and 4 are very interesting .They shov1 

the comparison of the linear approach a.nd the solution by solving@ 

and~· For the PM motor the result on the speed is very acceptable 

with both methods.But as far as the current is concerned,a great dif­

erence in the nethods appears(maximum reached at a time about three 

times inore ~tlith Laplace transform than with the actual method) 

Of course as the torque follows the current,one has to give 

up the linear approa.ch method in precise control system design. 

http:approa.ch
http:2.35-1.26


76 

:c 
CL 
cr: 
cr. 
(!) 

........ 


E 

~ 
n:-·· 

w 
(/) 

t----1 

0::: 

1­
z 
w 
a: 
cr: 
::> 
0 

~ ~ 
~ 

~-

, 
0-



77 


"""' 
E 

~ 
2: 
Q_-
0 
w 
w l 

I
Q_ t(f) 



CHAPTER 5: 

COMPAR!SON OF THE TvJO MACHINES: 

To be able to compare two machines one has to define some 

criteri-a and a domain of comparison.Here two aspects are developed 

both oriented towards control system applications. 

The principal object of this following study is not to try 

a very fair comparison,the two motors arc not designed for the same 
.• 

purpose,but it is to show that the machines can be analysed and their 

behaviour predicted very precisely, using the non-linear mathematical 

model. 

I) STARTING: 

1) STARTING \'il'I'H NO-IDAD: 
=­

a) El.ECTROMAGNE.'T NOTOR: 

A step volta.ge vf 220 V applied directly without any current 

limiting resistor in the circuit vmuld give the curve Cl of figure2la 

Previously a normal excitation should be provided .By the sa­

me way the curve Ql of figure· 2lb shows the speed under the previous 

conditions. 

lt can be seen that the motor cannot accept those terrible 

http:volta.ge


79 


FIG 21 
----- .. ­ .. 

' \ 

20 

0 

jl 

200 

100 



8o 

constraints neither in current nor in speed( the maximum speed allo\·ted 

being 280 rd/s). A current limiting· resistor is required for the star­

ting. 

b) PERMANENT ~~GNET MOTOR: 

On the same basis if a step voltage of 75.6 V is applied to 

the PM. motor, the curve.· of figure 22 sho\>IS the behaviour of the current. 

The starting can be done easily without any inconvini­

ences •. 

2) STARTING UNDER LOAD CONDITIONS: 

It is very important and interesting to_try to start the mo­

tor which has been loaded .The following conditions are chosem 

*A resistive constant torque of 3/4 of the ma.xi­

mum power is applied. 

*A. step voltage step voltage starts the motor • 

.li'igure 23 shows the behaviour of the EM motor starting with 

full excitation and no current limiting resistor.The speed overshoots 

the maximum speed allowed during 25 ms which may damage the machine. 

Anyway the speed reaches the L% steady state bandwidth in 310 ms only. 

The current goes up to 120 A and remains during more than 

50 ms above the maximum current allowed. 

vle may sometimes try those constraints,but it will damage 
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the machine and there is no way to use this motor for a control sys-

tern which requires startings. 

Figure 24 shows the behaviour of the PH motor.The current 

overshoot goes up to 55 A and in 55 ms stays below the maximum current 

allowed in the steady state. 

The designer specifies that 210 A instantaneous current is 

allowed which is far from this constraint.But the best result is on 

the speed .No oscillation occurs and the steady speed is reached in the 

1% bandwidth in 83 ms which is really a nice performance. 

3) STOPPING UNDER LOAD CONDITIONS: 

The running dol:n equation@ can be ,written as 

dQ
Aru= aQ +b + J -­dt 


but under load conditions it becomes 


dQ
Am = a Q + b + J dt + Ar where Ar is the 

resistive load torque 

If one replace B= b+ Ar (supposing a constant torque) 

in equation e ,one obtain the same equation as®' the solving of 

which gives the running down time as 

J Qo .a_)T =- I.og ( 1 + a b + Ar 

Applied to both motors the results are the folloHing: 
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EM motor Tl = 0.75 s 
' 

PM. motor T2 = 0.147 s 

4) CONCLUSION: 

If the fact that the EM motor would be damaged if starting 

occurs very often,is neglected,the stepping mode operation can be a 

criterion of comparison. 

Figure 23 gives the starting time cf 310 ms and the stopping 

time will be 7;/J ms. The complete operation requires 1.06 s of tran­

sitory response time.So that this EM motor cannot be used for steps 

less than 1 second. 

In the same way the PM motor has a starting time of 83 ms 

and a stopping time of llt7 ms which gives a transitory response time 

of 0.23 s,which is 5 times better than the EM motor. 

In a first cone lusion of this study, without any doubt the 

stepping mode control system requires PH motor 6 .It is almost impos­

sible to obtain the same results with an EH motor. 

II) TORQUE DIS'I'U RBANCES: 

Both motors are running at normal speed .vie load them with a 

resistive constant torque corresponding to 3/4 of the maximum power. 

A disturbance in the torque occurs .The behaviour of each motor is studied, 
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a) STEADY STATE DETERfv!INATION: 

o:) Electromagnet machine: 

The maximum power will be 

Pmax = 1.1 kW 

so that the 3/4 of this po\'ler is 

p3/4 = 0.825 k~J 

at a normal speed of 20.50 rpm and a normal excitation that leads to a 

torque of 

Ar = 3.84 J/rd/s 

~) Permanent magnet machine: 


Pmax = 0. 736 k\•/ 


=0.55 kW
P314 
at normal speed of 650 rpm the torque will be 

Ar = 8.1 J/rd/s 

NOTE: The torque developped in the PM motor is greater tha.n in the 

EM motor, that could help the faster speE·d up. 

y) Determination of the voltage and the current at sready state: 

The ®become for steady state 
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- K'Q + Ri

[~: 
KQ 

K'i + aQ + b + Ar 

Knowing the equations of K'(i), from the second equation i 

can be determined so that: 

i(K-K') = aQo + b + Ar where Qo is the normal 

speed 

Having io, the voltage to be applied is given by: 

Uo = KQo - K~io)Qo + R(io)io 

Appl~ing this for both motors we have found: 

EM 215 rd/s Ar = 3.84 J/rd/sro = 
~0 = 4.372 A Uo = 219.85 v 

PH Qo= 68 rd/s Ar = 8.135 J/rd/s 

io = 8.086 A Uo = 87.23 v 

b) DIS'I'URBANCE: 

Let us choose a torque disturbance of 1~6 of the initial 

value. The voltage remains constant, and so does the excitation of 

the EM motor. 

At time t=O the disturbance is applied and one has to solve 

the equations of@ with the initia)if predetermined conditions. 

1) THE TOBQUE DISTURBANC!<~ IS A STEP INPUT: 
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Figure 25 sho\.,rs the response of the PH motor • The speed 

reaches its steady value in 38 ms (within a band,.:idth of l%u) and 

without any oscillation. It can be seen that the speed has droped from 

68 rd/s to 67.37 rd/s t that is to say a 9. 5'.hco drop. 

Figure 26 shovts the behavi.our of the EM motor. Here the 

response is oscillatory. The l%obandwidth of the steady state is reached 

in 50 ms only, but the speed drop represents only 1.3]bo • That is to 

say 7 times less than the PH motor. 

This comparison shows that the PM motor is most affected by 

a disturbance. As far as the power domain is cone erned, constant speed 

maintenance \-lithout any feed back regulation, the EM motor shows its 

advantages. 

2) TOI~QUE DISTURBANCE IS A RAHP INPUT: 

A 5 ms raising time of the ramp is considered and then the 

torque remains constant (a step input never occurs, there is alHays 

a ramp rising part) • 

Figure 27 shows on curve C( 5) the behaviour of the re12.ponse 

if the ramp is stated as 20 ms. The drop of the speed is obviously 

the same, but the time is now 30 ms for a 5 ms ramp and 39 ms for a 

20 ms ramp. 

This result should not be taken as a cause for concern. 

The PH motor follov/S the torque variation very closely, so that when 

the torque has reached a speed which is close to the steady response 
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and the l%obandwidth is very rapidly rea.ched even if the steady state 

is reached later than for the step input. 

On figure 28,C5 and C20 show· the same reactions. But now 

the 47 ms time for a 5 ms ramp input is explained by an overshoot which 

is less in this case than for a step input. Besides the 20 ms ramp gi­

ves a response of 51+ ms. The EM motor has more difficulties to follow 

the input. 

3) TORQUE INPUT IS A SINE~'/AVE: 

A 50 ms per±od sinewave and an amplitude of 10% of the 

initial torque is chosen here. 

Figure 29 shows the respouse of the EH motor. A phase angle 

corresponding to 12 rns is observed. But as far as the amplitude is 

concerned the speed presents even harmonic-s in the response. 

By comparison figure 30 shows the behaviour of the PM motor. 

Only a 7 ms phase angle is obnerved and after the first oscillation 

which hns a very light overshoot, the follov1ing oscillations are steady. 

The conclusion of the two last studies and especially the 

sinewave input can be stated as follovr. The PM motor follows the dis­

turbance very closely. It can represent a very good transducer. But 

the EM motor responds two slowly and. therefore parasite frequencies 

are introduced, hence it cannot be utilized properly as a transducer. 
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c) LIMIT CONSTRAINTS ON A MOTOR: 

An interesting analysis can be made to study the limit cons­

traints. A step input torque disturbance of magnitude 6.A is applied 

to the motors running at 3/4 load and normal speed. But now after a 

time T the disturbance disappears and the torque is brought back to the 

initial position. 

We have chosen some constraints limits. F'irst a maximum 

overshoot of instantaneous current of 16o A is tolerated for the PM 

motor and an overshoot above 9.5 A during 10 ms can be endured by the 

" motor \oli thout any harm. 

For the E:M motor we defined the constraints as lll{) A maximum 

instantaneous current and a 10 ms overshoot above 6.5 A. 

Figure 31 gives the constraint curve of the torque variation 

applied in function of the duration of the step. 

Below 5 ms the curve is quite a straight line and tends to 

the point ( 6.A=l000, T: 1 ms). The comparison between those constraints 

- \ is shown in figure 32. On the ordinate , variations in percentage of 

the initial torque have been plotted. 

It is reman< uable to see that below T:l5 ms the hto motors 

behave ~n exactly the same way, and above, the EM motor has a better 

performance. This can be easily expl~ined. The constraints affects 

the first oscillation of the EN motor.So that for large torque variations 

PH and FJ.l motors respond the same way as far as the constraints are con­

cerned. But with lo'11er torque variations, the EH motor having less 

http:motor.So
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speed-drops than the permanentic motor, the maximum constraints are less 

affected. 

It has to be pointed out at this stage, that the results of 

the different comparisons·, and especially the last one, are not abso­

lute in themselves. It was wanted to show that the mathematical model 

is a sufficient tool to deal with a large number of various kind of 

problems. 
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After having analysed the usual equations of a de. machine, 

using the simplifications normally introduceci, it was found that the 

usual methods of determining the parameters of a de machine do not 

lead to a po\oterful representation by mathematical model. 

It was therefore necessary to search for new techniques of 

measurements which will take into consideration the dynamic characte­

ristics of the parameters, and introduce the non-linearities in the 

results. 

Most of those techniques have been found very handy, becau­

se they do not require a special instrumentation. 

On the other hand, no assumptions were made on the size of 

the motors, and those techniques can be applied in a very large range 

of po-v1er. 

The comparison of the linear normal model and the new precise 

non-linear mathematical representation, sho·,.;s some important differen­

ces in the results. As far as the steady state is concerned, it was 

found that both models agree, hence the linear model can be handy, be­

cause simple. But if the transient response is involved, and that is 

the case in control systems, the difference in the responses given 
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by each model is so large that the linear approach cannot be used. The 

experiment gives a credit to the new non-linear model which was found 

very precise in the range studied. 

Having determined and checked the precise mathema.tical model 

of the electromagnetic and the permanentic motor, two examples of ap­

plications have been taken and analysed. 

Those two examples, chosen in control system domain, show 

the power of the model defined and the variety of problems which can 

now be solved precisely. They even lead to a comparison of the behavi­

our of an electromagnetic and a permanentic motor. 

In the case of the electromagnetic motor, a limitation occurs. 

The measurements of the armature reaction can be performed only in the 

range of admissible currents in the machine studied. But there is no 

way to predict and extrapolate the curve in the high current domain. 

This weakness of the model has been pointed out in Note 3, 

and a deeper investigation ..,.:oulcl be helpful. This w{:akness disappears 

for the permanentic motor model after the theoretical justification 

of the predictability of the curve. 

The precise model obtained for a de machine could 110\>J permit 

an investigation Of the influences of each parruneter on the behaviour 

of the·responses. This can be done on an analogue computer and may 

lead to very interesting results in the design of the motor itself or 

of the establishement of a required control system, avoiding a lot of 

experimental work. 

McMASTER UNIVERSITY LISRAH.t 



A P P E·N D I X A 

The problem is to fit a set of n data recorded as (Vi,Ii) 

to the equation: 

~ v= pi + q 

p and q have to be determined so that the errors d , the 

spread of data around the stre.ight line, have a zero mean value 

(see figure 2-c). 

For each element one must have: 

~ Vi = pJi + q - Ei 

If the matricial notation is introduced, where 

£1.Il 
e:2 

(I) (e:)==(V)=!f~] (Xh r:1 • 

12 ~] EnIn 

equation G) becomes 

0 (V) = (I)(X) - (£) 

the 11ean square error is then minimized 

~ (g) = (I)(X) - (V) 

hence 

·0 (d 2= ( (I)(X)-(V)) * ( (I)(X)-(V)) 

developping this expression one can find: 

2 • * • • • • 
(e:) = X I IX-V IX-X l V+v V 
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To have (c) 2 minimum it has to satisfy: 

-;)(c) 2 

ax = 0 

taking in consideration that: (X)= [~J 

and 'dx 1} -ax 
ap= 

(0 Clq = [~1 leads to~(X2_ =[1 ol = 1 ax o 1j ­

* 
likewise: -~~ = [o 1) and "d (X)* =[1 01= 1--c>q 

~X 01 ­

so that the differentiation of e gives: 

'd 2 • * * * * _c_ = I IX + X I I - V I - I V = I * e; + e; * IC>X 

which is the sum of the matrix and its transposed. To be able to ap­

ply G) one must have: 

(I) * (c) -· (O) because non of the 

The equation 8 leads to 

CD n n
2 L:r>y:Ii 1 ~ 

c Ii n
1 

matrix (I) or (£) are not 

the set of equations using 8 

::::(:] 
n 

L:.v· Ii1 ~ 

n_ 
~Vi 

The parameters are given by:the solution of ~ : 

n n n 
n~(Viii) - L(Vi~(Ii)

1 1 
p= 

n 

<D - (~Ii) 2 
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