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Abstract

Systems of differential-algebraic equations (DAESs) arise in many areas including
chemical engineering, electrical circuit simulation, and robotics. Such systems are
routinely generated by simulation and modeling environments, like MapleSim, Mat-
lab/Simulink, and those based on the Modelica language. Before a simulation starts
and a numerical solution method is applied, some kind of structural analysis (SA) is
performed to determine the structure and the index of a DAE system.

Structural analysis methods serve as a necessary preprocessing stage, and among
them, Pantelides’s graph-theory-based algorithm is widely used in industry. Recently,
Pryce’s ¥-method is becoming increasingly popular, owing to its straightforward ap-
proach and capability of analyzing high-order systems. Both methods are equivalent
in the sense that (a) when one succeeds, producing a nonsingular Jacobian, the other
also succeeds, and that (b) the two give the same structural index in the case of
either success or failure. When SA succeeds, the structural results can be used to
perform an index reduction process, or to devise a stage-by-stage solution scheme for
computing derivatives or Taylor coefficients up to some order.

Although such a success occurs on fairly many problems of interest, SA can fail on
some simple, solvable DAEs with an identically singular Jacobian, and give incorrect

structural information that usually includes the index. In this thesis, we focus on the

il



Y-method and investigate its failures. Aiming at making this SA more reliable, we
develop two conversion methods for fixing SA failures. These methods reformulate a
DAE on which the ¥-method fails into an equivalent problem on which SA is more
likely to succeed with a nonsingular Jacobian. The implementation of our methods
requires symbolic computations.

We also combine our conversion methods with block triangularization of a DAE.
Using a block triangular form of a Jacobian sparsity pattern, we identify which diago-
nal block(s) of the Jacobian is identically singular, and then perform a conversion on
each singular block. This approach can reduce the computational cost and improve

the efficiency of finding a suitable conversion for fixing SA’s failures.
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Chapter 1

Introduction

Differential-algebraic equation systems (DAEs) are generated routinely by modeling
and simulation environments, such as MAPLESIM [28], MATLAB/SIMULINK [58, 59,
SIMULATIONX [13], and those built on the MODELICA language [23,42,61]. These
DAE systems arise from disciplines such as electrical circuits, chemical engineering,
and rigid body mechanical systems.

To simulate the dynamic behaviour of a DAE system, a variety of algorithms are
applied in the steps from creating a mathematical model to constructing a numeri-
cally solvable system of equations. In the modeling process, dynamical systems are
generated by selecting components in different libraries and integrating these compo-
nents into subsystems. Such a subsystem can have its own physical dynamics, and all
these subsystems together can be further interconnected to each other via interface
or coupling formulas. This approach of modeling can result in a large, sparse, and
nonlinear DAE system, which is typically structured: the coupling between compo-
nents is stronger within a subsystem, but is weaker between subsystems. Moreover,

such a DAE can be of high index.
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Understanding the solution process of a DAE is nontrivial. To solve numerically
a DAE, typically derivatives of some of its equations need to be appended to the
original formulation, forming an augmented overdetermined system. We then wish
to reduce this enlarged system to an implicit ODE or index-1 DAE system, so that
a standard numerical code can be used for integration. However, in general, it is
not easy to find which equations are to be differentiated and, especially, how many
times. If the numerical method is not chosen properly for a high-index DAE, then
the integration can lead to instabilities and non-convergence of the method [3,20,25].

Hence, before a numerical solution method is applied to a DAE, some kind of
structural analysis (SA) algorithm is applied to determine some characteristics of the
DAE, such as index, number of degrees of freedom, and variables and derivatives
that need consistent initial values. These structural analysis methods serve as a
preprocessing stage, providing more insights into the underlying structure of a DAE

and indicating which numerical solution method can be applied.

1.1 Overview of DAEs

Throughout this thesis, we discuss an initial value problem DAE of the general form®:

fi(t, the z; and derivatives of them ) =0, i=1:n, (1.1)

where the x;(t), j = 1:n, are n state variables, and ¢ is the independent variable,
usually regarded as time. The formulation (1.1) includes high-order systems and

systems that are jointly nonlinear in leading derivatives. Furthermore, (1.1) includes

!The colon notation p: ¢ for integers p, ¢ denotes either the unordered set or the enumerated list
of integers ¢ with p <14 < ¢, depending on context.
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ODEs and purely algebraic systems.

An important characteristic of a DAE is its index. Various definitions of index exist
in the literature: differentiation index [6,16, 17], geometric index [51, 53], structural
index [12, 43, 46], perturbation index [20], tractability index [18], and strangeness
index [25]. Among these definitions, the differentiation index is the most popular
one; see its definition below. Generally speaking, the index measures how different a
DAE is from an ODE, and how difficult it is to solve a DAE.

We let x(t) denote a vector of functions z(t), za(t),...,x,(t). The following

definition for differentiation index is from [1, p. 236].

Definition 1.1 (Differentiation index) Consider a general form of a first-order

DAFE

F(t,x,x') =0, (1.2)

where OF /0x' may be singular. The differentiation index (written also d-index or v,)
along a solution x(t) is the minimum number of differentiations of the system that
would be required to solve X' uniquely in terms of x and t, that is, to define an ODE

for x. Thus this index is defined in terms of the overdetermined system

F (t,x,x') =0,
dF
N (t,X, Xlaxll) = 07
dt (1.3)
d’F
(XX xP) =0

to be the smallest integer p so that X' in (1.2) can be solved for in terms of x and t.
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If a DAE (1.1) is of high-order, then one can introduce additional variables to

reduce it to first-order and fit into the form (1.2).

We give a definition for a solution of a DAE.

Definition 1.2 (Solution of a DAE) [}6] An n-vector function x(t), defined over
a time interval I C R, is a solution of (1.1), if (t,x(t)) satisfies f; = 0, i = 1:n,

pointwise for all t € I—that s, functions f; vanish on I.

Remark 1.3 If x(¢) is a solution of (1.1) and is sufficiently differentiable, then func-

tions f; and derivatives of them vanish for all ¢ € I. That is,
0= fi(m) for all i = 1:n and m > 0.

Since the general form (1.1) we deal with has 0 on the right-hand side, by “an
equation f;” we shall mean its corresponding equation f; = 0, omitting the verbose
“=0" part.

If a DAE is of index-1, then we say it is of low index. To solve this DAE, a standard
index-1 DAE solver can be used, for example, DASSL [3], IDA of SUNDIALS [21], or
MATLAB’s odel5s and ode23t. If a DAE is of index > 2, then the DAE is of high
index and we need a high-index DAE solver, such as RADAUS for DAEs of index
< 3 [20], or DAETS for DAEs of any index [39]. Index reduction methods [24,29] and
regularization techniques [25,55] exist, and can be used to reduce a high-index DAE
to a DAE of index-1 or a regularized (and thus regular) DAE, respectively. Recent
works by Pryce and McKenzie focus on the dummy derivatives (DDs) index reduction

method [31,32,34,35,44,47].
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1.2 Overview of structural analysis methods

To compute the differentiation index from its formal definition in Definition 1.1,
we may use linear algebra to investigate how the first-order derivatives x’ can be
determined by ¢ and x. That is, we construct a system of some or all equations in
(1.3) in ¢, x, X/, and their higher derivatives. Then we ensure that the Jacobian matrix
of these equations with respect to the relevant variables/derivatives is nonsingular,
so that x’ can be computed. See the derivative array equations approach in [7] and

the tractability index approach in [26], which also use linear algebra.

For DAES of large size and /or high index, the size of the matrix to be analyzed can
be much larger than the original problem size n, so checking its matrix nonsingularity
can involve heavy linear algebra [48,50]. Therefore, we wish to find the index of a DAE
by its sparsity-based structural information, namely which variables and derivatives
of them occur in each equation. Structural analysis (SA) methods are designed to do
this job, so serve as a preprocessing stage to determine the index before a numerical
solution method is applied. Among them is the Pantelides’s method [43], a graph-
based algorithm that finds how many times each equation needs to be differentiated.
Pryce’s SA, the SIGnature M Atrix method or the ¥-method, involves a combinatorial
optimization problem from discrete mathematics and optimization theory. The 3I-
method is equivalent to Pantelides’s algorithm, and both algorithms always compute
the same structural index [46]. Pantelides’s algorithm can handle first-order systems
(1.2) only, while the X-method can be applied to (1.1) of any order. This allows
one to avoid writing less interesting equations like ¢y’ = z, and hence to formulate
many problems in a more compact and concise way; see Example 6.3 for instance.

We believe that the ¥-method is more direct and easier to apply to some extent.
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Throughout this thesis, we shall use the ¥-method and refer to it as our SA. Other

SA methods can be found in, for example, [57] and [62].

The Y-method determines structural index, which is often the same as the differen-
tiation index, the number of degrees of freedom (DOF), the variables and derivatives
that need to be initialized, the constraints of the DAE, and a solution scheme for a

Taylor series method. We give the definition for the structural index in §2.

Nedialkov and Pryce have developed DAETS (solving DAEs by Taylor Series), a
C++ package that integrates an initial value problem (IVP) for a DAE system of
arbitrarily high index and order using a Taylor series method [37,38,39]. DAETS uses
the ¥-method to analyze a DAE of the form (1.1), and the SA result prescribes a
stage by stage solution scheme. This scheme indicates at each stage which equations
need to be solved and for which Taylor coefficients (TCs) [resp. derivatives| for the
solution; see §2.1 and more details in [41]. DAETS computes these TCs up to some

order and then performs an integration step.

Tan, Nedialkov, and Pryce have developed DAESA, DAEs Structural Analyzer,
a MATLAB package that performs SA of DAEs [40,49]. It incorporates recent devel-
opment of our SA theory, and contains more sophisticated SA features compared to
DAETS. DAESA allows convenient translation of a DAE into MATLAB and provides a
set of easy-to-use functions (17 functions in Version 1.0) for determining SA results.
It also allows a rapid investigation of the structure of a DAE by visualizing its block
triangular forms (BTFs). DAESA performs quasilinearity analysis (QLA) on each
diagonal block, and derives the minimum set of initial values [49] and a blockwise
solution scheme [41]. For usages of this package we refer the reader to the DAESA

user guide [33].
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In [2,19,22], the X-method is also applied to perform SA of DAEs, and the SA
results are used for numerical simulations. In [10], the ¥-method is used to prove
that the computational complexity of solving the initial value problem for a DAE of
arbitrarily high index is polynomial in the number of bits of accuracy needed. The
Y-method also guides one to carry out a DDs-based index reduction procedure and

to design software code for automating this procedure [31,32,34,35,44,47].

1.3 Limitations of structural analysis methods

Although the ¥-method provably gives correct structural information (including in-
dex) on many DAEs of practical interest [46], it can fail—whence Pantelides’s al-
gorithm fails as well—on simple, solvable DAEs, producing an identically singular
System Jacobian. (See §2 for the definition of System Jacobian and that of SA’s
success.) We shall refer to these solvable DAEs as SA-failure cases or SA-unfriendly
DAFEs. The DAEs on which SA succeeds are said to be SA-friendly.

In [46], Pryce shows that, if the 3¥-method succeeds, then the structural index vg
is always an upper bound on the differentiation index r4. This implies that, if the
structural index is smaller than v4, then the ¥X-method must fail; otherwise we would

have a counter statement to the above Definition 1.1.

The simplest way SA can fail is by hidden symbolic cancellations (see definition
in §3.2). These cancellations can cause more structural zeros in the System Jaco-
bian, making it more likely to be structurally singular; see later discussions in §3.2.
However, SA can fail in a subtle and obscure way. In this case, it was difficult to under-

stand the causes of such failures and to give systematic ways for fixing these problem
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formulations—the last paragraph in [39, §7] and [36, §5.2.3] admit this difficulty. Al-
though such deficiencies occur rarely, they make SA less reliable and hence can pose
limitations to its applications. As SA-based methods are applied more widely, SA’s

failures are likely to become more common and hence should be carefully dealt with.
The following works investigate SA’s failures and attempts to tackle them.

Pryce shows in [45] that the 3-method fails on the index-5 Campbell-Griepentrog
Robot Arm DAE—the SA produces an identically singular Jacobian; our Example 6.3
shall discuss this. He then provides a remedy: identify the common subexpressions in
the DAE, introduce four extra variables, and substitute them for those subexpressions.
The resulting equivalent problem is an enlarged one, on which the ¥-method succeeds
and reports the correct structural index 5. Pryce introduces the term structure-
revealing to conjecture that a nonsingular System Jacobian might be an effect of

DAE formulation, but not of DAE’s inherent nature.

Chowdhry et al. propose a method called symbolic numeric index analysis (SNIA)
[9]. Their method can accurately detect symbolic cancellation of variables that appear
linearly in equations, and therefore can deal with linear constant coefficient systems.
For general nonlinear DAEs, SNIA is claimed to provide a correct result in some cases,
but not all. Furthermore, it is limited to first-order systems, and cannot handle com-
plex expression substitution and symbolic cancellations, such as (z cosy) — 2’ cosy.
For the general case, their method does not derive from the original problem an

equivalent one that has the correct index.

Scholz and Steinbrecher are interested in a class of DAEs called coupled sys-
tems [55]. A coupled system in [55] is composed by coupling two semi-explicit systems

of differentiation index 1, and the resulting system can be of high index. They assert
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that the X-method succeeds if and only if the coupled system is again of differentia-
tion index 1, and fails if the coupled system is of high index. They show that several
simulation environments such as DyMoLA, OPENMODELICA, SIMULATIONX, and
MAPLESIM all fail on a simple, solvable linear constant coefficient DAE; we shall dis-
cuss this in Example 3.18. They propose a structural-algebraic method to deal with
such SA failures occurring in coupled systems. Their method differentiates a linear
combination of certain algebraic equations that contribute to singularity, appends the
resulting equations, and replaces certain derivatives with newly introduced variables.
They use their regularization process to convert the regular coupled system to a DAE

of index 1, on which SA succeeds with a nonsingular System Jacobian.

Other SA-failure cases include the transistor amplifier and the ring modulator [30].
We shall discuss them in §7.1 and §7.2, respectively. In this thesis, we shall construct

more SA-unfriendly DAEs and show how to convert them to SA-friendly ones.

Another limitation of SA is the index overestimation problem: when SA succeeds
and produces a nonsingular System Jacobian, the structural index may overestimate
the differentiation index. Reiflig et al. construct a class of linear constant coefficient
DAEs of differentiation index 1, and claim that the structural index of such DAEs
increases with the problem size and hence can be arbitrarily high [52]. On these DAEs,
Pantelides’s algorithm performs a high number of iterations and differentiations, and
obtains a high structural index exceeding 1. Pryce shows in [46] the application of the
Y-method on one such DAE of size 5. Producing a nonsingular System Jacobian, this
SA succeeds, but still reports the same high structural index 3 as does Pantelides’s.
This situation is not favoured, since the difficulty of numerically solving each such

DAE is exaggerated. We also attempt to tackle this problem in §7.3.
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1.4 Contributions

This thesis focuses on handling SA-unfriendly DAEs. When SA fails on a DAE and
produces an identically singular System Jacobian, our goal is to convert automatically
this DAE into an equivalent problem on which SA succeeds or (at least) it is more
likely to succed. This thesis is devoted to developing such methods—the conversion
methods.

The main contributions of this thesis are as follows.

e We develop two conversion methods that reformulate an SA-unfriendly DAE
to an equivalent SA-friendly problem formulation. Using a symbolic tool, we
can perform the conversions in a systematic way. We identify the equivalence
of the original DAE and the converted one, and ensure that both have the
same solution (if any). We also give rationale for choosing the most suitable

conversion among possibly several ones. See §4.

e We combine block triangularization of a DAE with our conversion methods.
The block conversion methods can improve the efficiency of finding a useful

conversion for fixing SA’s failures. See §6.

e We give insight into SA’s failures, which were not well understood before. We
point out that the reason behind such failures is related to an overestimation

of the number of degrees of freedom of a DAE.

e We show how to fix the SA-unfriendly DAEs in the existing literature by our
conversion methods. See §5, §7.1, and §7.2. We also show how to resolve the

index overestimation problem on the family of DAEs by Reiflig. See §7.3.
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1.5 Thesis organization

The rest of this thesis is organized as follows.

Chapter 2 summarizes the »-method and gives definitions and tools that are
needed for our theoretical development. We give a definition for SA’s success and
failure on a DAE, and show how to derive block triangular forms (BTFs) of a DAE.

Chapter 3 describes the problem of SA’s failures on some DAEs. We show how
to distinguish two types of SA’s failure: in one type, SA produces a System Jacobian
that is structurally singular; in the other case, the System Jacobian is structurally
nonsingular but is still identically singular.

Chapter 4 presents the basic version of the conversion methods, the linear com-
bination (LC) method and the expression substitution (ES) method. By “basic” we
mean that these methods do not exploit a BTF of a DAE. We derive conditions under
which we can convert an SA-unfriendly DAE to an equivalent SA-friendly DAE. The
equivalence of DAEs is also discussed.

Chapter 5 illustrates the basic conversion methods with two more examples.

Chapter 6 shows how to combine the conversion methods with a block triangular-
ization of a DAE. Using a BTF based on a Jacobian sparsity pattern, we can identify
which blocks of a Jacobian are identically singular, and then apply the conversion
methods on each such block.

Chapter 7 illustrates these block conversion methods with two DAEs from elec-
trical circuit analysis, and shows our treatment for the index overestimation problem
on the family of DAEs by Reiflig.

Chapter 8 gives concluding remarks.
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CHAPTER 1.

INTRODUCTION



Chapter 2

Summary of the >-method

In this chapter, we review the 3-method that performs structural analysis (SA) of
a DAE. We present in §2.1 this method and the notation we use, and describe in
§2.2 the block triangularization of DAEs. Terms at their defining occurrence are in
slanted font.

Throughout this thesis, we assume that the functions f; in (1.1) are sufficiently

differentiable.

2.1 A simple structural analysis

We call this SA method [46] the ¥-method, because it constructs for (1.1) an n x n

signature matrix ¥ = (o;;) such that each signature entry

highest order of derivative to which x; occurs in f;; or

—00 if x; does not occur in f;.

13
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A transversal T of X is a set of n positions (7, j) with exactly one position in each
row and each column. The sum of signature entries over T, or Z(i’ et Tij> is called
the value of T', written Val(T"). We seek a highest-value transversal (HVT) that gives
this sum the largest value. We call the maximum sum the value of the signature
matrix, written Val(3).

We give a definition for a DAE’s structural posedness.

Definition 2.1 (Structural well-posedness of a DAE) A DAFE is structurally
well posed (SWP) if there is some one-to-one correspondence between equations and

variables, or equivalently Val(X) > —oo; otherwise, the DAFE is structurally ill posed
(SIP) and Val(X) = —oo.

In the SWP case, we have some transversal 7' on which all signature entries o;;
are finite. Such a transversal is said to be finite. Since Val(X) is the maximum
value of Val(7T'), Val(X) is also finite. In contrast, in the SIP case, there is no finite
transversal, so Val(X) = —oc.

We henceforth consider the SWP case. Using an HV'T, we find 2n integers

c=(c1,...,¢cy) and d=(dy,...,d,)

associated with the equations and variables of (1.1), respectively. These integers

satisfy

¢ >0 for all i; dj —¢; > 04 for all ¢, j with equality on an HVT. (2.2)

We refer to such ¢ and d, written as a pair (c;d), as a valid offset pair. A valid offset

pair is not unique, but there exists a unique elementwise smallest solution (c;d) of
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(2.2), which we refer to as the canonical offset pair [46].

Any valid (c;d) can be used to prescribe a stage by stage solution scheme for
solving DAEs by a Taylor series method. The derivatives of the solution are computed

in stages

k=kykqg+1,...,0,1,..., where kd:—mjaxdj. (2.3)
At each stage k, we solve a system

0= flath for all 7 such that ¢; + &k >0 (2.4)

for derivatives

(dj+k)

T for all j such that d; + &k > 0, (2.5)
using x§<dj +k), j = 1:n, found in previous stages. Here 2(<") is a short notation for
2,2 ..., 20D and 2(=7) includes 2(<") and 2.

The systems at stages k& > 0 are always square, since ¢; +k > 0 and d; +%k > 0
for all i,5 = 1:n. For k = kg,...,—1, there are usually more derivatives in (2.5)

than equations in (2.4)—that is, the stage k subsystem is underdetermined. In this

case, we provide trial values 5§d'7+k), and solve the equations fi(cﬁk) as a least-square
problem for the derivatives :Eg-dj ), Also, if the stage k system is well determined
(dj+k)

(meaning square) and the derivatives occur in a jointly nonlinear way, then we

J
also need trial values and find a least-square solution for these derivatives. We refer

the reader to [41] for a detailed discussion of the solution scheme.
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We give a definition for a success of our SA.

Definition 2.2 (Success of the X-method) If the solution scheme (2.3-2.5) can

be carried out for stages k = kg : 0, and the derivatives xgsdj),

7 = 1:n, can be
uniquely determined, then we say the solution scheme and the Y-method succeed.
Otherwise they fail, in the sense that the Jacobian used to solve (2.4) at some stage

k € kg : 0 does not have full row rank.

The Jacobian used to solve (2.4) for stages k > 0 is called the System Jacobian of
(1.1), an n x n matrix J(c;d) = (J;;) defined by

afZ(CZ) afl 83{2]_) if dj — Gy = Oyy, and
= 0z @ 9% ’ (2:6)
Ty T 0 otherwise
with 4,7 = 1:n. The second “=" in (2.6) is based on Griewank’s Lemma below, and

the third “=” follows from (2.2).

Lemma 2.3 (Griewank’s Lemma) [}6] Let w be a function of t, the x;(t), j =

1:n, and derivatives of them. Denote w'?) = dPw/dt?, where p > 0. If o (zj,w) <q,

then
ow  ow _ Ow ®) 2.7)
(%gq) 8x§q+1) 8x§q+p ) '

Using the derivatives computed in stages k = k4:0, we have found a consistent

point: it is either (t, $§<d1), . ,x,(fd”)), if every :Eg-dj ) occurs in a jointly linear way in
every fi(ci), or (t, del), o ,xﬁ?d")), if some xgdj) occurs in a jointly nonlinear way in

every fi(ci), equations from the stage k = 0 subsystem. We refer to [37,49] for a more

rigorous discussion of a consistent point.
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As noted earlier, we assume that the equations in (1.1) are sufficiently differen-
tiable and that derivatives of a solution x(t) to (1.1) exist to some order. Theorem
4.2 in [46] proves existence of a DAE (1.1), and Section 3 in [37] extends this existence
result to a needed smoothness result: if J is nonsingular at a consistent point of ¢t = ¢*
and each function f; has (N + ¢;) continuous derivatives in a neighbourhood of this
consistent point, for some integer N > 1, then each of z;(¢) has (N + d;) continuous
derivatives in a neighbourhood of t*, and the solution scheme (2.3-2.5) can compute
these derivatives up to stage k = N.

Although a different offset pair (c;d) produces a different solution scheme (2.3—
2.5) and generally a different System Jacobian J(c;d), all J’s nevertheless share the
same determinant [37]. If one J is nonsingular—whence so are all J’s—at a consistent
point, then SA succeeds, and there exists (locally) a unique solution through this
point [46]. Then we use the canonical offset pair (c;d) to determine the structural

index and the number of DOF [46]:

1 lf minj dj = 0
Vs = maxc; + (2.8)
0 otherwise

and DOF =Val(Z)= Y o;;=» dj— ) c. (2.9)
i %

(4,9)€T

Here “DOF” refers to the phrase “degrees of freedom”, while DOF is the corresponding

number.

Remark 2.4 In most cases where SA succeeds, we use the canonical (c;d) to derive
the structural index vg, which is an upper bound for the differentiation index [46].

However, in some special cases, a non-canonical offset pair may give a smaller vg in
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(2.8) than the canonical offset pair does. We provide such examples in §7.3, and shall
see that, for those DAEs of differentiation index 1, a non-canonical offset pair gives

vs = 1, while the canonical offset gives an overestimated vg = 2.

To perform a numerical check for SA’s success, or a success check for short, we
attempt to compute numerically a consistent point at which J is nonsingular within
roundoff. We assign initial values to an appropriate set of derivatives of z;’s and
carry out the solution scheme (2.4-2.5) for stages k = kq:0. There is a minimal set
of derivatives required for a DAE initial value problem; see discussion in [49].

When SA succeeds, the structural index is an upper bound for the differentiation

index, that is v; < vg, and often they are the same [46]. In the failure case, our

experience suggests the following.

(1) Usually (but not always) v4 > vg holds. That is, the index of a DAE is under-

estimated, and hence some equations do not receive enough differentiations.
(i1) The true DOF of a DAE is overestimated by Val(X).

We shall see these facts throughout the following chapters.

Example 2.5 We illustrate! the above concepts with the simple pendulum, a DAE

of differentiation index 3.

0=fi=2"+a)\
0=fo=y"+yr\—G (2.10)

O:f3:x2+y2—€2

'When we present a DAE example, we also present its signature matrix 3 and its value, the
canonical offset pair (c;d), the associated System Jacobian J and its determinant.
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A TR W 2y A

fi|2° 0°] o fil1l T

- fo 2° 0% o J= Jo Iy
fs [0° 0° 2 {2 2y

4 2 2 o Val(X)=2 det(J) = —2¢2

The state variables are x,y, \; G is gravity and ¢ > 0 is the length of the pendulum.
Two HVTs of X are marked with e and o, respectively. A blank in 3 denotes —oo,
and a blank in J denotes 0. The row and column labels in J, showing equations and
variables differentiated to order ¢; and d;, aim to remind the reader of the formula
for J in (2.6).

Since det(J) = —2¢* # 0, J is nonsingular, and SA succeeds. The derivatives

2", y", X occur in a jointly linear way in (2.10), so a consistent point comprises

(1wl =0),y SR NE0) = (1,202, g2 NS0) = (¢, 2,27y, y/)
that satisfy (2.4) in stages k = —2, —1, that is, f3 = f; = 0. The structural index
is vg = min;¢; +1 = 2+ 1 = 3 (because min;d; = d3 = 0), which equals the

differentiation index. The number of DOF is DOF = Val(X) = >, d;— >, ¢c; =4-2 =

2. The solution scheme prescribed by the canonical offset is shown in Table 2.1. O

k solve for using  Jacobian
—2 E T,y - [2z 2y
—1 f5 ',y v,y 2z 2y
> () ffk), Q(k), 3(k+2) x(k+2)’ y(k+2), NG x(<k+2)7y(<k+2)’ A(<R) J

Table 2.1: Solution scheme for the simple pendulum DAE.



20 CHAPTER 2. SUMMARY OF THE »-METHOD

2.2 Block triangularization of a DAE

In §2.2.1, we introduce notation for a block triangular form (BTF) of a sparsity
pattern, and shall use such notation throughout this thesis. In §2.2.2, we review how
to derive a BTF of a DAE.

We use bold font for matrices that may split into blocks, and also for the resulting
sub-matrices. Individual entries of a matrix are in lowercase. For example, matrix A

has sub-matrices A, and entries a;;.

2.2.1 Block triangular form of a sparsity pattern

Let R = 1:n be the set of indices of n rows (equations), and let C' = 1:n be the set
of indices of n columns (variables). A sparsity pattern A is a subset of the Cartesian
product R x C' that contains row-column index pairs (i,7). We can view A as its
incidence matrix (a;;), where a;; equals 1 if (¢, j) € A and 0 otherwise. A transversal
of A is n positions in A with exactly one position in each row and each column. If A
has some transversal, then it is structurally nonsingular. The union of all transversals
of A comprise its essential sparsity pattern A.s [50]. Obviously, A is structurally
nonsingular if and only if A is nonempty.

Assume henceforth that A is structurally nonsingular. Let P and Q be two
suitable permutation matrices for A, such that the permuted incidence matrix A’ =

PAQ can be written in a p x p block form

Ay Ap - Ay
Aoy - A
A= * o (2.11)
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where each diagonal block A, w = 1:p, is structurally nonsingular and square of
size N, > 0. Here Ay, k,l = 1:p, is a submatrix in the context of incidence matrix,
or a sparsity sub-pattern in the context of a sparsity pattern. We say the block form

(2.11) is a BTF of A, in which a below diagonal submatrix Ay, k > [, is empty.

A sparsity pattern is irreducible if it cannot be permuted to a BTF (2.11) with
p > 1 [11]; otherwise it is reducible. A BTF is an irreducible BTF if its diagonal
blocks are all irreducible; otherwise it is a reducible BTF' [50]. Hence, if (2.11) is the
irreducible case, then p is the largest number of diagonal blocks among all possible
BTFs of A’. Since every structurally nonsingular A is in a BTF of p = 1, such a

BTF is said to be trivial, while a BTF of p > 1 is nontrivial.

Without loss of generality, we deal with matrices that are already permuted to
some BTF. In other words, the details of permutations are not important to our
exposition, and we can use the same notation for permuted matrices. For example,
we can leave out the apostrophe in (2.11). When we say block w of a matrix in some

BTF, we shall refer to the wth diagonal block submatrix.

For each block w € 1:p, we define the index set

B,, = the set of indices i that belong to block w.

Another useful notation is blockOf(7) that denotes the block number w such that
index ¢ € B,,. Since each diagonal block is square, each notation applies to rows and

columns equally. To summarize, for i € 1 : n and w € 1 : p,

w—1 w
blockOf(i) = w <= i € By <= » Ny +1<i<> N,
w=1

w=1
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w Ny, B,
X X X X
X X X X 1 1 {]_}
X X X X 2 1 {2}
X X X X
X X X X 3 1 {3}
) ) ) - 4 3 {4,5,6}

(a) (b)

Figure 2.1: (a) Two nontrivial BTFs of the same sparsity pattern. The left one is
reducible with number of blocks p = 2. The right one is irreducible with p = 4. (b)
Block information for the irreducible BTF.

Example 2.6 We illustrate in Figure 2.1 the above block notation with a sparsity

pattern of two nontrivial BTFs. O

The following lemma connects the transversals of a sparsity pattern A and the

transversals of its diagonal blocks in some BTF.

Lemma 2.7 [50, Lemma 2.4] Any transversal T of a sparsity pattern A is contained

in the union of the diagonal blocks of any BTF of A, that is, T C A1 U---UA,,.

Equivalently, the intersection of T" with block w of A is a transversal T,, of A,,,.

2.2.2 Block triangular forms of a DAE

The natural sparsity pattern of a DAE indicates if a variable z; occurs in an equation
fi or not. Each such occurrence corresponds to a finite entry o;; in X, and hence we

have

S={(ij) | oij>—00 } (the sparsity pattern of X).



2.2. BLOCK TRIANGULARIZATION OF A DAE 23

From the concepts introduced in §2.1, it is not difficult to show that the following

arguments are equivalent.

Sparsity pattern S of X is structurally nonsingular.
< S has some transversal.
< 3 has some finite transversal and hence has a finite Val(X).
< DAE is structurally well posed (SWP).

& There is some one-to-one correspondence between equations and variables.

Another BTF derives from the sparsity pattern Sy = Sg(c; d) of a System Jacobian
J = J(c;d) as defined in (2.6):

So(c;d) ={(i,4) | dj—ci=0i } (the sparsity pattern of J). (2.12)

We call Sy(c;d) a Jacobian pattern for short, and also write it as Sg for brevity,
omitting the argument (c;d). By (2.2), dj — ¢; = 0;; holds on an HVT T of ¥, so T

is a transversal of Sj.

A less obvious set contains the positions that contribute to det(J):

Sess = the union of all HVTs of X (the essential sparsity pattern of ), (2.13)

which is also the essential sparsity pattern of Sy for any offset pair (c;d) [50, Lemma

3.1].

An equality d; — ¢; = 0;; on some HVT also holds on all HVTs [49]. Such an
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equality implies 0;; > —00, so we have

Sess €S C S for any offset pair (c;d).

A BTF of 3 means a BTF based on the sparsity pattern S of 3, so a signature

matrix in its BTF has the form

z]11 212 T le
—00 Xy - Xy,
—00 - —0c0 X,

where the bolded —oo means a below diagonal block that is filled with —oo’s. A
BTF of J means a BTF based on the Jacobian pattern Sy, so a System Jacobian in
its BTF has the form

Jin Ji2 - Jyp
0 Jgg sz
0 0o J,

where below diagonal blocks are identically zero.

Our experience suggests that the irreducible BTF of J is often significantly finer
than that of 3. We refer to the former BTF as the fine BTF, and to the latter as the
coarse BTF. We call the diagonal blocks in the fine BTF fine blocks, and call those
in the coarse BTF coarse blocks.

Assume that a Jacobian pattern S, is permuted into a p x p BTF, which is not
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necessarily irreducible. Following this BTF, we apply the same permutations on J

and 3, and write them in p x p block forms:

T Jio - Ty | (S5 T oo By
0 Jo -+ Jy o1 Moo -+ Xy
IJ=1. . . | X=1 . S & (2.14)
L0 - 0 Jpy | ip1 o oo Xy |

We call this procedure a block triangularization of the DAE. When we say block w
of a DAE, we shall refer to the rows and columns of the wth diagonal block, or refer
to the functions and variables (and derivatives of them) in this block, depending on
context.

Notice that in (2.14) ¥ may not be permuted into a BTF. That is, every o;; in
the below diagonal blocks of ¥ is not necessarily —oo, but must satisty o;; < d; — ¢;

as Ji; = 0.

Example 2.8 We illustrate the coarse and fine BTFs with the (artificially) modified
double pendula DAE MOD2PEND (2.15) in [41]. The state variables are z, y, A\, u, v, ju;

G is gravity, £ > 0 is the length of the first pendulum, and « is a constant.
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O:f1:$//+$>\
0=fo=y" +y\+ (') -G
0=fs=a+y" -0
(2.15)
0= fi=u"+up
0=fs=0")P+ou—-G

0=fo=u*+0v>—(l+ar?+ ).

In the original index-5 double pendula from [37],

O=fo=y" +y\-G
O0=fs=0v"4vu—G

0= fs=u®+0v>— ({+a))?

Figures 2.2-2.5 illustrate a block triangularization of MOD2PEND.

This DAE has two coarse blocks of size 3. The first one, comprising equations
f5, f1, fo and variables v, i, u, can further decompose into three fine blocks of size 1,
while the second coarse block, comprising equations fs, fo, fi and variables x,y, A, is

irreducible. Hence there are four blocks in the fine BTF.

The sparsity pattern Sy of J is in Figure 2.1(a), so the fine BTF information is in
Figure 2.1(b). i
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f1
f2
[
Ja
fs
s

h
f2
S= f3
Ja
fs
o

2

4

u v
2 0°®
3* 0
0* 0
2 3 0

Cq

2

Val(2) = 5

BLOCK TRIANGULARIZATION OF A DAE

S
f2
[
fa
fs
o

2x

1

2u

2,U/I/

det(J) = 802u%v"

Figure 2.2: ¥ and J of MOD2PEND (2.15).

v W
X X

X X
X X

So

fi
f2
f3
f4
fs
f6

27

Figure 2.3: Sparsity patterns S and Sy of MOD2PEND (2.15). In Sy, the positions
marked by e lie on some HVT and compose the essential sparsity pattern Seg.

T Yy A [T
. :
X X
X X X
X
X X
L ><_

So

fs
fa
o
[
f2
fi

T Yy A u v 1
_X. . _
x®| x
x® X
x® X
x*® X
L X X._

Figure 2.4: Permuted sparsity patterns S and Sy of MOD2PEND (2.15).



28 CHAPTER 2. SUMMARY OF THE »-METHOD

; ~ _ " M o p© y(ﬁ) A4
5 3° 0 0 _ -
; 1o . fs " | v
4
fo |10 0° 2| o fe vl !
_Je _
= J= 4 2u 1
f3 0* O 6
(6) 9
3 r 2y
fa 1 2° 0| 4 @
1 Y
f 2 0°| 4 2
) ) 1(4) i 1 T |

d 3 0 2 6 6 4

Figure 2.5: 3 and J permuted to BTF based on a Jacobian sparsity pattern Sy.

If we state Lemma 2.7 in the context of a Jacobian pattern, then we have the

following lemma.

Lemma 2.9 [50, Lemma 3.3] Assume that a Jacobian pattern Sy is in some BTF.
Let (Zym)wm=1:p be the corresponding sub-matrices of 3. Then a highest-value
transversal T of 3 is the union of HVTs T, of the diagonal blocks ¥,,: T =

TyU---UT,.

This lemma is not difficult to prove, given that a transversal T of Sy is the union
of transversals T, of the diagonal blocks of S.
The following lemma is useful for proving the main Theorems 6.1 and 6.4 of the

block conversion methods in §6.

Lemma 2.10 Assume that ¥ has a finite Val(X) and is in a p X p block form as in
(2.14) with square diagonal blocks. Let ¢ and d be two nonnegative integer n-vectors.

Assume also that
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(i) dj — ¢; > 0y holds for all entries below the diagonal blocks of 3,
(i1) d; — ¢; > 045 holds elsewhere, and
(i) Val(3X) = >, d; — >, ci.
Then
(a) (c;d) is a valid offset pair of X,
(b) the block form of 3 is a BTF of the Jacobian pattern Sy, and

(¢) a HVT of 3 is the union of HVTs of the diagonal blocks X, for all w = 1:p.

Proof. (a) We let T' denote an HVT of 3. Since Val(X) is finite by condition (i),
o;j > 0 for all (i,5) € T. For (c;d) to be a valid offset of 3, d; — ¢; > ¢;; must hold
for all i, 7 = 1:n, with equalities for all (i,j) € T

By conditions (%) and (%), d; — ¢; > o;; holds everywhere. Summing these in-

equalities over 1" gives

Y (dj—a)= Y oy
(

(i,5)€T i,j)€T

The left-hand side equals ) d; — >~ ¢;, and the right-hand side equals Val(%) by
definition. By (iii), these two values are equal, so d; — ¢; = o5 holds for all (4, j) € T,
and (c;d) is valid for X.

(b) By (i), the below diagonal blocks in S, derived from ¥ and (c; d) using (2.12),
are empty. By the definition of a BTF of a Jacobian sparsity pattern, Sy is in a BTF
as described by the p x p block form.

(c) follows immediately from (b) and Lemma 2.9. i
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Following a p x p BTF based on a Jacobian pattern Sy, we can write any valid

offset pair (c;d) of X in a block form as

(c1:d1), (cosda), - - -, (cpidy), (2.16)

where each of the sub-vectors c,, and d,, is of length N,,, w = 1:p.

Lemma 2.11 Assume that a Jacobian pattern Sy is in some BTF. Let (c;d) be valid
for 2, and write (c;d) into block form as in (2.16). Then (c,;dy) is a valid offset

pair of X -

Proof. Let T' be an HVT of 3. By Lemma 2.9, the intersection of 7" with block w is
an HVT T, of ¥,,,. Then d; — ¢; = o;; holds for all (¢,j) € T, C T. Since (c;d) is
valid for 3, d; — ¢; > 045 and ¢; > 0 hold on X, that is, for all ¢, 7 € B,,. Thus the
offset pair (c,;d,) matched to block w satisfies the conditions (2.2) for being valid

for X 0. O

From the view of Lemma 2.11, we can regard each diagonal block X, as a
signature matrix in its own right. Equivalently, each block w, having N, equations
in N,, variables, can be viewed as a sub-DAE in its own right also, with a signature
matrix 3, a finite value Val(X,,,), a local offset pair (c,;d, ), and a sub-Jacobian
Juww. Expressions that contribute to entries in an off-diagonal block X,,,,, w # m,
can be considered as driving terms, or equivalently, the influence of variables in block
m on those in block w. We refer to (c;d) of 3 as a global offset pair. The reader is
referred to [50] for more theoretical results about block triangularization and global

and local offset pairs.



Chapter 3

When structural analysis fails

In this chapter, we investigate several cases where SA fails. In these cases, SA pro-
duces an identically singular system Jacobian, while the DAE may be solvable. In
§3.1, we give a definition of a structurally singular DAE. In §3.2, we classify the SA’s
failure cases into two types.

We use u = 0 to mean u is identically zero. In contrast, by u Z 0 we mean u is

generically nonzero. This u may be a scalar, vector, or matrix, depending on context.

3.1 Swuccess check

To perform a success check for SA on a structurally well-posed DAE, we may simply
follow the solution scheme in (2.4-2.5) and solve the systems for stages k = kq:0.
We can also obtain a symbolic form of a System Jacobian J in (2.6) and evaluate
its value once we find the derivatives therein. For example, we can evaluate J of the
pendulum DAE (2.10) as soon as we find x and y at stage k = —2.

In the definitions that follow, we let A be an n x n matrix function.

31
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Definition 3.1 An (i, j) position is a structural zero of A if a;; = 0; otherwise it is

a structural nonzero.

Definition 3.2 Matriz A is structurally nonsingular if it has a transversal of struc-

tural nonzeros; otherwise it 1s structurally singular.

Definition 3.3 Matriz A is identically singular if det(A) = 0, otherwise it is gener-

ically nonsingular.

For a matrix function, being structurally singular is a special case of being iden-
tically singular. Similarly, being generically nonsingular is a special case of being

structurally nonsingular.

Example 3.4 Consider the following three matrix functions of variables x and y:

r T T Ty

A1: 5 A2: 3 and A3:
0 y—y Yy y z

A, is identically singular because det(A;) = 0. It is structurally singular also,
since there exists no transversal of structural nonzeros, as position (2, 2) is a structural
7ero position.

A, is identically singular (because det(As) = 0) but structurally nonsingular:
there are two transversals of structural nonzeros.

A3 is both structurally and generically nonsingular, since det(Ajz) = 22 — y? Z 0.

Only when x = =y is this determinant 0. ]

In the following, we denote a DAE (1.1) by F and define two concepts for it:
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e a structural zero in the System Jacobian J, and
e a structurally singular DAE whose J is identically singular.

Let J be the (infinite) set of index-order (7,1) pairs
J={0Gl)]j=1:n,leN}.

Given an n-vector function x = x(¢) that is sufficiently smooth (but not necessarily

a solution of F), we let

x7={« | (.)€ T}

For a finite subset J of 7, x; contains derivatives 935-1) whose index-order pairs (j,1)
range over J. We may also regard x; as a |J|-vector, in which the ordering of xy)
does not matter.

Now we define the derivative set of F as
derset(F) = { (5,1) | xg-l) occurs in F }.

Then the derivatives occurring in F can be denoted concisely as Xqerset(F)-
By a value point we mean a & = (£, Xgerset(7)) € R x R4l that contains values

for ¢ and values for the derivative symbols in Xgerset(7)-

Example 3.5 In the simple pendulum DAE (2.10), denote z,y, A as x1,xs, T3, re-
spectively. Let £ =5 and G = 9.8. Then

derset(F) = { (1,0), (1,2), (2,0), (2,2), (3,0) }.
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A possible value point can be
5 = <t7 Xy, xlll) T2, 'T,2/7 ZE3) = (27 37 _37 47 ]-67 1)7

which satisfies f; and f3 but not fs. ]

Similarly, we define the derivative set of J:

derset(J) = { (5,1) | xg.l) occurs in J }.
From (2.6), a derivative occurring in J must also occur in F, but not vice versa.
For example, in the pendulum DAE, 2" 4” A do not appear in J, and derset(J) =

{ (1,0),(2,0) }; cf. Example 2.5. The derivative set of J is a subset of that of F:
derset(J) C derset(F).

Definition 3.6 (Structural zero in System Jacobian) An (i,j) position is a
structural zero in J, if J;; is identically zero at all value points § € Rlderset(F)+1 ¢pq¢

satisfy some equations from

Otherwise, (i,7) is a structural nonzero of J.

For the present purpose, we do not require the DAE to have a unique solution, or
even any solution. That is, we do not consider existence and uniqueness of the DAE
at this stage, while identifying structural zeros of J and discussing its singularity.

Recall (2.6) that defines J. If d; — ¢; > 0y, then J;; = 0 and thus position (3, j)

is a structural zero in J. The converse is not true; see the following example.
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Example 3.7 Consider an artificially modified simple pendulum DAE. We multiply

the first equation f; by 22 + y? — ¢? and obtain

0=fi = (2" +2)\)(2® +y* - ?)
0=fo=y" +yr—G (3:2)

O:f3:x2+y2—€2.

R TR N 2y A
Ji| 2° 0 0o S H TH
»= /o 2 0o J= [ 1 )
fs| 0 0° 2 Yl 20 2y
4 2 2 o Val(X)=2 det(J) = —2u(2? + y?)

Here p = 22 + y? — (2. For this DAE,

derset(F) = { (1,0). (1,2), (2.0), (2.2), (3.0) }.
£ = (t, 11,2, 20,75, 23) € R,

and derset(J) = { (1,0), (2,0) }.

If we evaluate J at some random ¢ € R®, then p is generically nonzero, and so are
positions (f1,z) and (f1, ). In this case, J is generically nonsingular. However, we
should evaluate J at some ¢ that satisfies u = f3 = 2% + y? — £2 = 0. According to

Definition 3.6, positions (fi,z) and (fi, A) are structural zeros of J. m
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We give a definition for structural regularity of a DAE.

Definition 3.8 (Structurally regular DAE) A DAE is structurally singular if J
is identically singular at all value points & € RISt that satisfy some equations

from (8.1). Otherwise the DAFE is structurally nonsingular, or structurally regular.

Example 3.9 In the previous example, positions (f1,z) and (f;,\) are structural
zeros of J at any point that satisfies f3 = 0. Then J is structurally singular, and by
Definition 3.8, DAE (3.2) is structurally singular.

In fact, it can be shown that a solution of (2.10) is a solution to (3.2), but not

vice versa. m|

Example 3.10 Consider the DAE in [1, p. 235, Example 9.2], written as

0=fi=-y +ys
0=fa= y(l—1y2) (3.3)

0=fs= wyiye+ys(l —y2) —t.

Y1 Y2 Y3 o Y1 Yo Y3
fi| 1° 0f o fil—1 1
Y = fa 0° 0 J = fo 1 — 2y,
fs L0 0 0°]o J3 v1—ys 1—u
4 1 o o Val(¥)=1 det(J) = —(1 — 2y2)(1 — )

SA gives vg = 1, and det(J) depends solely on y,. From fo = 0, either yo = 0 or

1o = 1. To examine if J is nonsingular, we consider each of the following two cases.
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o If y, = 0, then det(J) = —1 and SA succeeds. In this case (3.3) is of differenti-

ation index 1.

e If yo =1, then det(J) = 0 and SA fails on this structurally singular DAE. The
failure comes as no surprise because DAE (3.3) is now of differentiation index

2 and SA underestimates its index; see the discussion in §1.2. |

Remark 3.11 We hereby distinguish the difference between a structurally ill-posed
(SIP) DAE and a structurally singular DAE. A SIP DAE has no finite transversal
in 3 and hence no valid offset pair (c;d), so we cannot define a System Jacobian.
In contrast, a structurally singular DAE has some valid (c;d) and an identically

singular J.

If J is generically nonsingular but numerically singular when evaluated at a value

point £, then we say the DAE is locally unsolvable at &.

Example 3.12 [14] Consider

0=fi=-2"+y (3.4
0= fo =+ cos(t)y.

T Y g z Y
fill®* O0fo fil—1 1
> = fo {10 0% o = fo cos(t)
4 1 o Val(¥)=1 det(J) = —cos(t)

Since det(J) is generically nonzero, DAE (3.4) is structurally nonsingular. We

can integrate this problem from ¢ = 0 with any consistent initial value (x(0),y(0)) =
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(20,%0), and the problem is index-1 (both differentiation and structural indices) as
long as det(J) # 0. However, J is singular at t = ¢, = (k+ 3) 7, k=0,1,.... Hence,

we say the DAE has a singularity point at each . ]

3.2 Identifying structural analysis’s failure

We give below a definition for the true highest-order derivative (HOD) of a variable

x; in a function u. This u may be a scalar, vector, or matrix, depending on context.

Definition 3.13 (True highest-order derivative) The true HOD of x; in u is

highest order of derivatives of x; on which u truly depends; or
o (), u) =
—oo  if u does not depend on x; at all.

(3.5)

By “truly” we mean that, if r = o (z;,u) > —o0, then u is not a constant with
(

2 .0

respect to x ") TFor example, u = z'+cos® 2 +sin® 2" = 2’41 truly depends on 2’ but

not z”, resulting in o (z,u) = 1. If an f; truly depends on xg-gij), then o (zj, fi) = 0ij,
so (3.5) can be considered a generalization of (2.1). However, we should note that the
problem of detecting such true dependence (which is equivalent to recognizing zero)
in any expressions is unsolvable in general [54].

The DAETS and DAESA codes, which implement [38, Algorithm 4.1}, find the formal
HOD of z; in u, denoted by o (x;,u), instead of the true HOD. By “formal” we
mean the dependence of an expression (or function) on a derivative without symbolic

2 0 2

simplifications. For example, u = 2’ + cos® 2" 4 sin” 2" formally depends on z” and

hence o (x,u) = 2, while u = 2’ +1 and o (z,u) = 1. We can write ;; = 0 (2, f;) in a
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similar way to 0;; = o (z;, f;), so DAETS and DAESA find formal signature entries o;;.
Since the formal dependence is also used in [38, §4], we can adopt the rules in [38,
Lemma 4.1], which indicate how to propagate the formal HOD in an expression. The

most useful rules are:

e if a variable v is a purely algebraic function of a set U of variables u, then

o (xja U) = Iileag(g (xjv U) ) (36)

and

o if v = dPu/dt?, where p > 0, then

o (z;,v) =0 (xj,u) +p. (3.7)

These rules are proved in [38], to which we refer for details. We illustrate these rules

in Example 3.14.

Example 3.14 Let u = (z122) — z{zs. Applying (3.6) and (3.7), we derive the
formal HOD of z; in u:

7 (z1,u) = max{ 7 (z1, (1122)"), 7 (21, 2} 22) }
= max{ 7 (z1,2122) + 1, max{ 7 (z1,2}),7 (z1,22) } }
— max{ max{ & (z1,21), & (21, 25) } + 1, max{ 1, —00 } }
= max{ max{0,—o0 } + 1,1}

=max{0+1,1}=1.
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Similarly o (2, u) = 1. A simplification on u gives

u = (112) — 2y = W17} + Lo — TS, (3.8)

Hence, the true HOD of x1 in wis o (z1,u) = 0, and that of 2o in wis o (zg,u) = 1. O

The cancellation occurring in (3.8) is a hidden symbolic cancellation. When such
cancellations happen, a formal HOD ¢ (x;, ) can overestimate the true HOD o (z;, u).
If u is an equation f;, then the formal o,; = o (x;, f;) may not be the true o;; =
o (xj, fi). We call the matrix > = (0i;) the “formal” signature matrix. Also, let
(c; &) be any valid offset pair for f], and let J be the resulting Jacobian defined by
(2.6) with ¥ and (: d).

If some o;; > 0;;, then hidden symbolic cancellations happen in f; and f; does

(7i5)

not truly depend on x;7’. Then jij =0, and (4,7) is a structural zero in J. Due to
such cancellations, J has more structural zeros than J does, so J is more likely to be
structurally singular. It is also possible that the DAE itself is structurally ill posed.
Since 0;; > o;; for all 4,7 = 1:n, we can write Y >% meaning “elementwise
greater or equal”.
Recall the essential sparsity pattern Se of X in (2.13). This set is the union
of all (7, ) positions that lie on any HVT. We give two theorems below, which are

Theorems 5.1 and 5.2 in [37].

Theorem 3.15 Suppose that a valid offset pair (c;d) of X gives a nonsingular J as
defined by (2.6) at some consistent point. Then every valid offset pair (c;d) gives a
nonsingular J (not necessarily the same as J) at this point. All resulting J, including

J, are equal on S, and all have the same determinant det(J) = det(J).
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By “equal on S~ we mean i»j = J;; for all (4, j) € Segs.

Theorem 3.16 Assume that J, derived from ¥ and a wvalid offset pair (c;d), is
generically nonsingular. Let (c; &) be a valid offset pair of the formal signature matrix
f], and let J be the Jacobian derived from > and (c; H) In exact arithmetic, one of

the following two alternatives must occur:

(i) Val(X) = Val(X). Then every HVT of ¥ is an HVT of &, and (¢;d) is valid

for 3. Consequently, J is also generically nonsingular.

(ii) Val(X) > Val(2). Then J is structurally singular.

We give explanations for each of these two cases.

(i) If £ >3 and Val(2) = Val(X), then overestimating some o;; does not pose
a danger to SA’s success. In this case, SA uses a valid, but not necessarily canonical,
offset pair (c;d) of the true 3. As a consequence, we would treat some identically

zero entries of J as nonzeros; this may make the solution scheme slightly less efficient;

see [37, Examples 5.1 and 5.2].

(i) If > > % and Val(f]) > Val(X), then J is guaranteed to be structurally
singular. Since J, derived from ¥ and (c;d) is generically singular, the singularity of
J should attribute to the overestimations of some Oij-

Fortunately, modern modeling environments usually perform simplifications on a
problem formulation [8,27,56]. These simplifications may hopefully convert Case (ii)
to Case (i), and hence reduce the occurrence of a structurally singular J when SA is

applied.
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Example 3.17 Consider

0=fi=(zy) —2'y—ay +2r+y—3

O=fa=ax+y—2.

r Y z oy
oAl 1o Ao o
= slo ol T= i

g 1 1 Val(E)=1 det(J) =0

Here, the signature matrix and Jacobian are the formal ones. Since det(J) = 0, SA
fails. Simplifying f; to fi = 2x + y — 3 reveals that (3.9) is a simple linear algebraic

system:

0=fi=2x4+y—3

T Y o« x Y
fi 0 0o fil 2 1
= fl 0 0o ] = Bl ]
4 o o Val(X)=0 det(J) =1

Hereafter we shall focus on another kind of failure of SA. In this case, no o;; is over-
estimated, and J is identically singular but structurally nonsingular. Examples 3.18

and 3.19 illustrate this case.
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Example 3.18 Consider the linear constant coefficient DAE! from [55] :

0= f1 = —:c'l + x3 + bl(t)
0= fg = —LU/2 + T4 + bg(t)

(3.10)
O:f3: 132+I3+l’4+61(t)

0= f4 = —I +$3+$4+02(t).

T4 To T3 Ty o Ty Ty T3z Ty
fi]e 0 |o fi[-1 1]
fo 1° 01 o £ ~1 1
= 15 0 0° 0o = £, 11
£ L0 0 0] o il 1 1]
4 1 1 o o Val(X)=2 det(J)=0

This DAE is of differentiation index 3 [55], while SA finds structural index 1 and

singular J. Hence SA fails. O

Example 3.19 In the following DAE, SA reports structural index 2, which equals

the differentiation index. However, J is identically singular.

"We consider this DAE with parameters 8 = ¢ =1, a1 = ag = § = 1, and v = —1. In [55]
superscripts are used as indices, while we use subscripts instead. We also change the (original)
equation names g1, g2 to f3, f4, and the (original) variable names y1,y2 to 3, 4.
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0:f1=—9€/1—$§,+x1+x2+gl(t)

Ozfz:—x;—xg+:x1—l—x2+:z3~l—x4+92(t)
(3.11)

0= 3 = 232+£E3+93(t)

T, Ty T3 Ty o A T A
Al 0 1 o -1 1]
HLIB 1= 1 0] £ 1 -1 1
= 0 0 ! J= £ 1 -1
Ja LIO 0°1 o Ja L 1
4 1 1 1 o Val(X)=2 det(J) =0

Using the solution scheme derived from the SA result, we would try to solve at stage
k = 0 the linear system 0 = f1, fo, f3, f4 for o, x5, 2%, x4, where the matrix is J. Since

it is singular, the solution scheme fails in solving (3.11) at this stage; see Table 3.1.

stage k solve for using comment
—1 I3 Ta, T3 - initialize x;
0 fi, fo, f5, fa @), 2%, 25,04 x1,29,x3 singular J; solution scheme fails

Table 3.1: Solution scheme for (3.11).
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Now we replace fo by fy = fo + f4 to obtain

0=fi= —95,1 _5’33+$1+3§2+91(t)
0=fy=a1 432+ a3+ 24 + g2(t) + g5(t)

(3.12)
0:f3:x2+x3+g3(t)

0:f4:x1—x4+g4(t).

T1 Xy Tz T4 o Ty Ty Xz Ty
Al @ 1= o fi[-1 1]

 f|0t 0 0 0 IR

X = £ 0° 0 ! = £ 11
filo 0°] 1 AR —1]
i 1 1 1 1 Val(i) =1 det(j) =2

The solution scheme succeeds; see Table 3.2. The resulting DAE (3.12) is of structural

index vg = 1, which equals the differentiation index.

stage k£ solve for using comment
—1 fos I3, Ja L1, L2, L3, T4 — -
—/
/ !/ / / / / 3 .

solution scheme succeeds

Table 3.2: Solution scheme for (3.12).
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At stage k = 0, we solve 0 = fl,fé,f?’),ﬂ1 for o, xh, x5, o) using xq, X9, T3, 24.
Since ?/2 = f5,+ f{, we need f{ to find these first-order derivatives. Therefore, the
original DAE (3.11) is of differentiation index 2.

Note that by setting fo = f, — f; we can recover the original system. It can be

easily verified that a vector function

x(t) =[21(1), 22(1), w3(1), 2a(1)]"

that satisfies (3.12) also satisfies (3.11), and vice versa. We explain in §4.1 how this

conversion makes SA succeed. |

In Examples 3.18 and 3.19, J is identically singular but structurally nonsingular.
No symbolic cancellation occurs in the equations therein. Therefore, this kind of
failure is more difficult to detect and remedy.

From our experience, we conjecture that a decrease in the value of a signature
matrix can lead to a better DAE formulation from SA’s perspective. Our techniques,
the conversion methods, are aimed at achieving such a decrease. We describe them
in the upcoming chapters. Provided some conditions are satisfied, these methods
convert a structurally singular DAE into an equivalent DAE on which SA is more
likely to produce a nonsingular System Jacobian and hence succeed. By “equivalent”
we mean that the original DAE and the converted one have (at least locally) the same

solution (if any). We shall also elaborate on this equivalence issue.



Chapter 4

Basic conversion methods

In this chapter, we present two conversion methods. They attempt to fix SA’s failures
systematically by reducing the value of a signature matrix. The first method is
based on replacing an equation by a linear combination of some existing equations
and derivatives of them. We call this method the linear combination (LC) method
and describe it in §4.1. The second method is based on replacing derivatives by a
linear combination of other derivatives and newly introduced variables. After these
replacements, also referred to as expression substitutions, we append new equations
that define the new variables, so the resulting DAE is an enlarged one. We call this
method the expression substitution (ES) method and describe it in §4.2.

Given a DAE (1.1), we assume that it has a finite Val(3) and an identically (but
not structurally) singular System Jacobian J. We still assume that the equations
in (1.1) are sufficiently differentiable, so that our conversion methods fit into the
>-method theory.

After a conversion, we denote the corresponding signature matrix as X and System

Jacobian as J. If Val(X) is finite and J is identically singular still, then we can

47
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perform another conversion, using either of the methods, provided the corresponding
conditions are satisfied. Suppose a sequence of conversions ends up with a solvable
DAE with Val(X) > 0 and a generically nonsingular J. Given the fact that each
conversion reduces the value of a signature matrix by at least one, the total number
of conversions does not exceed the value of the original signature matrix.

If the resulting system is SIP after a conversion, that is, Val(3) = —oo, then we

say the original DAE is ill posed.

4.1 Linear combination method

Let u = [uy,...,u,)" # 0 be a nonzero n-vector function in the cokernel of J. That

is, u € coker(J) or equivalently JTu = 0. We use u; to mean the ith component of u.

Remark 4.1 We give several remarks about u.

e For our exposition, we regard the z;’s and derivatives of them as symbols instead
of functions of t. Therefore, we view J and u as functions of ¢, the z;’s, and

derivatives of them.

e We assume that entries in u do not share a common multiplier. For instance,
if u = [0,0,1,-1]7 € coker(J), then we shall not use, for example, u =

0,0, 2], —2}]T € coker(J).

e We avoid “unnecessary” fractions in the entries of u. For example, if u =

0,0, 2,277 € coker(J), we shall use u = [0,0, z,2},1]7.
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Denote!
I'={i|u #0}, szilfl% and L={lel|¢q=c}. (4.1)
1€

Here, I is the set of indices for which the ith component of u is not identically zero,
and obviously |I| > 2; L a subset of I such that fl(c’) for [ € L is a least differentiated
equation among the fi(ci) for ¢ € I. From (4.1), there exists at least one [ € [ such
that ¢, = ¢, so L # 0.

We prove two preliminary lemmas before Theorem 4.4, on which the LC method

is based.

Lemma 4.2 Assume u € coker(J) and u # 0. If
o(xzj,u)<dj—c forallj=1:n, (4.2)
then o (xj,f) <dj—c forall j =1:n, where
= Z uz’fz‘(Ci_g)’ (4.3)
il
Proof. By (4.1), c; —c > 0for alli € I. By (2.2), o (x}, f;) = 045 < d; — ¢;. Applying
Griewank’s Lemma (2.7) to (2.6) with w = f; and ¢ = ¢; — ¢ yields

PO B ) S i
J axgdj—cz') a$§dj—ci+ci—£) axEdj—E)

forielandallj=1:n. (4.4)

L Although I, ¢, and L depend on u, we omit the argument u to simplify notation.
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(<d;

This shows that such an fi(ci 9 ;¢ € I, depends on z;~ 79 only. Then for all j = 1:n,

£ (> uz‘fz’(q_g) —
of _ ( < ) by the definition of 7 in (4.3)

axgdj—c) ax(dj_c)
af (ci—¢)
= Zul __C) Zul ij by (4.2) and then (4.4)
el iel
= (JTu); =0 since u € coker(J) .
(<dj—c)

Hence f depends on T; only, for all j—this results in the inequality in (4.3). O

Lemma 4.3 Assume that an n X n signature matriz 3 has a finite Val(X) and a
valid offset pair (c;d). Given a row index I, if we replace in row | all entries o by

G < dj — ¢, then Val(X) < Val(X), where X is the resulting signature matriz.

Proof. Since 7} < d; — ¢; for all j, the intersection of a HVT T of 3 with row [ is a

position (I,r) with ;. < d, — ¢;. Then
Val(Z Z Tij =0+ Z gij < Z d; —Zc,- = Val(%). O
(i.4)€T (1.3)€T\{ (I,r) } J é
The LC method is based on the following theorem.
Theorem 4.4 Let I, ¢, and L be as defined in (4.1). If we replace an equation f;,

1€ L, by fin (4.3), then Val(X) < Val(X), where X is the signature matriz of the
resulting DAFE.

Proof. By Lemma 4.2, such a replacement results in o, = o (xjjl) < dj — ¢ for all

j = 1:n. Immediate from Lemma 4.3 is Val(X) < Val(X). i
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Usually we write f as f; in the resulting DAE, and call the conversion procedure
in Theorem 4.4 an LC conversion.
The inequality in (4.2) is referred to as the LC condition, which is merely sufficient:

if we allow the “<” in (4.2) to be “=" for some i, then we have only Val(3) < Val(X),

while the strict “<” is not guaranteed. See Example 4.16 for the Val(¥) = Val(X)

case and the example in §6.1 for the Val(X) < Val(X) case.

Example 4.5 We illustrate this method with the following (artificial) example:

O:flz—fE/1+.CE3
O:fgz—x/2+$4 (45)
0=fz3= F($1>$2)

0=fi= as3F, (x1,29) + x4 Fy, (1, 229) + G(21, 22).
Here, variables x1, 25 occur in F'(x1, 23) and G(x1, z2). The notation F,, (z1, z9) means

the partial derivative OF (z1, z2)/0x1, and we write similarly F,,(z1,22), G4, (21, 22),

and Gy, (z1, z2).

T1 To T3 Ta e Ty X3 @y
il 0 |o fi[-1 1 |
J2 1 0°| o f -1 1
= nlo o ! = plE, R,
JaLIO 10 0° 0o Ja L Foy P,

4 1 1 o o Val(¥)=1 det(J) =0
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Because of the identically singular J, the SA fails. It reports structural index 2,
but the DAE (4.5) is of differentiation index 3. We choose u = [F,, F,,, 1, —1]T €
coker(J) and illustrate (4.1):

I={i|lu#0}={1234},
c=minc; =0,

el

L={lel|lg=c=0}={1,24}.
Then we check the LC condition (4.2):

o(x,u)< 0 <l=d;—g
og(xe,u) < 0 <l=dy—eg,
o(r3,u) = —0c0<0=d;—¢, and

o(xg,u)=—0c0<0=dy—c
Hence o (xj,u) < d; — ¢ for all j and the LC condition holds.

Using (4.3) gives

7 _ Z uifi(ci—g) _ Z Uifi(Ci)

icl icl
= Fo fr + Foyfo+ f3— f
=F,, - (=) +x3) + Fp, - (—2y +24) + F' — (23F,, + 24F,, + G)
= —a\Fy, + 23F,, — 24 F,, + x4 F,, + 21 Fy, + 25 F,, — x3F,, — v4F,, — G

- _G.
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For each | € L = {1,2,4}, assuming u; # 0, we can replace f; by f, = f. We

show in the following the three possible converted DAEs, each with Val(¥) = 0 and

a generically nonsingular J.

o [ =1:

0=/ =-G(z1,22)
0= f2 = —.%'/2 + x4

(4.6)
0 = f3 = F(l’l,xg)

0= f1=ua3F (x1,22) + x4 Fpy (21, 22) + G(21, 22)

1 X9 T3 T4 o T T T3 Iy
fifo o ] 7 [-G.. —Ga, ]
_f 1 0°| o _f -1 1
= nlo o 1 =gl R F,
ALE 0 o 0] fil Fu Fyl

G 1 1 o o Val(X)=0 det(J) = F,, (Fy, Gy, — Fp,Gy,)

When u; = F,, # 0 and F,,G,, # F,,G,,, the determinant is nonzero and the

SA succeeds.

o [ =2:

0:f1:—$/1+I3

0=f,=—G(z1,7,) 47
O = f3 = F(C(Zl,l‘g)

0= fi=a3F,, (v1,22) + x4 Fy, (v1,22) + G(21, 22)
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T1 Tey Tz Ta o x} xh T3 T4

fil1 0 o il -1 1 ]
2 | |G -G,
g0 o 1 gl e R

fa L0 10 0 0°] o Jal Fyy Fi,

G 1 1 o o Val(X)=0 det(J) = F,,(Fy,Gqy — Fp,Ga)

Similarly, the SA succeeds when uy = F,, # 0 and F,,G,, # F,,G,.

o [ =4:

(4.8)

T1 Ty T3 T4 o Ty Ty T3 X4

A1 o o il -1 1]

o fa 1 0°] o B fa -1 1
= nlo o 1 = gl e R

Jilo o I Til-G., —G., |

¢ 1 1 o o Va(Z)=0 det(J) = —F,,G,, + F,.,G.,

In this case, SA’s success requires only F, G, # F,,G., . i
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Using the LC method, we obtain three converted DAEs (4.6)-(4.8). However, only
(4.8) and (4.5) have exactly the same solution sets, that is, they are always equivalent.
In the rest of this section, we address the equivalence between a converted DAE and
the original DAE.

First, we give a definition for equivalent DAEs.

Definition 4.6 (Equivalent DAEs) Let F and F denote two DAFEs. They are
equivalent for all t on some interval I C R, if a solution of F is a solution to F and

vice versa.

In the following context, we denote by F the original DAE with equations f;
and an identically singular System Jacobian J. After an LC conversion, we obtain a
(converted) DAE, denoted by F, with equations f; and a System Jacobian J, whose

non-singularity does not matter here.

Theorem 4.7 We assume the following holds.
(i) A DAE F has a finite Val(X) and an identically singular System Jacobian J.
(i) A vector u € coker(J) is well defined for all t on some time interval 1.

(i1i) The LC condition (4.2) is satisfied, and we perform an LC conversion to obtain

a DAE F.

Then DAEs F and F are equivalent, if u; # 0 for all t € 1.

Proof. Let a solution of F over some interval I C R be a vector-valued function
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Then functions in (1.1) and derivatives of them vanish for all ¢ € I, or we say they
“vanish on I"”. Since u is well defined for all ¢ € I and can be evaluated by x(¢) and

derivatives of them, functions

Fr=2 wfi* and fi=f for i #1
iel
and derivatives of f, also vanish on I. Therefore x(t) is a solution to F.
Conversely, assume that X(t) is a solution of F on I. Since u is well defined on T

and u;(t) # 0 for all ¢ € I

e et .
fi= —(fz - Z Uz‘fﬁ )> and f; = f; for 1 #1
i i€\ {1}
and derivatives of them vanish on I. Hence X(t) is a solution to F.

By Definition 4.6, F and F are equivalent. |

We learn from Theorem 4.7 that, it is desirable to choose a row index [ € L
such that u; is an expression that never becomes zero. For example, u; is a nonzero
constant, or expressions like 2 + 1 and 2 + cos x5,. Such a choice of | guarantees that
the resulting DAE is always equivalent to the original DAE. However, in general, it is
undecidable whether an expression is identically zero or not [54]. Hence, we consider
a (nonzero) constant w; as the most preferable choice among all [ € L, and use L to

denote a set of indices [ for such w;:

L ={l€L|u is constant }. (4.9)



4.1. LINEAR COMBINATION METHOD 57

Example 4.8 In Example 4.5, L = {4 } Case [ = 1 [resp. [ = 2] requires Fy, # 0
[resp. F,, # 0] to recover the original DAE (4.5) from (4.6) [resp. from (4.7)].
However, for case | =4 € L, uqy = 1 is a nonzero constant for any ¢t. Therefore this

choice is the most desirable among the three.

Remark 4.9 We name our method the “LC method” because of the following con-

sideration. The LC condition (4.2) says that, the vector u € coker(J) comprises only

(dj —c)
J

derivatives x§-<dj =9 for all 4, while are the leading derivatives in fi(cifg) for all
i € I. Therefore, by regarding each u; as a “constant” in ), u; fi(ci_g) = f,, we say

75 is a “linear combination” of the equations fi(ci_g),

If u is a constant vector, then o (z;,u) = —oo for every x;. In this case, the
condition (4.2) certainly holds, so we do not need to check it. We illustrate this in

the next example.

Example 4.10 Consider

0= f1 = a1 + try + tias + g1(t)
0= fo = +tah + 205 + go(t)

0= f3 =2} +taly + 2624 + g3(t).

Ty T T3 o L

fil0° 0 0= O O O A

- fo| 1 1° 1} J= fi|1 t t?
fal2 2 2o fal 1 t 2t
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For u = [—1,1,0]" € coker(J), we use (4.1) and (4.9) to derive
I={12}, c=c=1, and L=L={2}.
Since u is a constant vector, the LC condition (4.2) is satisfied. We replace fy by

To=ufO fup i = —fl +
= — (21 +tay + 2wy — g1) 4 (2 + tah + 22 + g)

= —xy — 2tw3 — gy + go.

The converted DAE is

0= fi :$1+t$2—|—t23§3+91
0:?2:—952—275353—9/1"‘92

T1 Ty T3 o Ty Ty I3

fil0* 0 02 e t 2
s- f 0° 0] 2 j -1 -2
fs12 2 2o fs| 1t 2

G 2 2 2 Val(X)=2 det(J) = —¢2

If t # 0 and its magnitude is not too small compared to the scale of the derivatives,

then J is computably nonsingular.
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Below we define an ill-posed DAE using the structural posedness defined in the

DAESA papers [40,49]; see also Definition 2.1.

Definition 4.11 (Well-posedness of a DAE) A DAE is ill posed if it has an

equivalent DAE that is structurally ill posed (SIP); otherwise it is well posed.

Example 4.12 Consider problem (3.2). Using 0 = f3 = 2% + y? — (%, we reduce f;
to f,, a trivial equation 0 = 0. This is simply performing a simple substitution, and

is not applying the LC method. The signature matrix

x oy A
7
5= . (4.10)
f3L0 0

does not have a finite HVT, so the resulting DAE is SIP. Hence, by Definition 4.11 |
the original SWP DAE (3.2) is ill posed.

Corollary 4.13 If we can reformulate a structurally well-posed DAE, by a conversion
method, into an equivalent DAFE that is structurally ill-posed, then the original DAFE

18 1ll posed.
Proof. This follows from Theorem 4.7 and Definition 4.11. ]

Example 4.14 Consider the following SWP DAE

O:flzy///+yl>\+y)\/
O=fo=y"+y\—G (4.11)

O:f3:x2—l—y2—€2.
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T VRN x y" N

fi 3 1% o fi 1 vy

= /o 22 01 J= /s Ly
fs [0° 0 0 f3 |2z

g o 3 1 Val(X)=3 det(J) =0

For u=[1,—1,0]", JTu = 0. Using (4.1) and (4.9) gives
I={1,2}, ¢=c¢=0, and L=L={1}.
Since u is a constant vector, the LC condition (4.2) is satisfied. We replace f; by
fi=h—fi=W"+yX+yN) =" +yrA—-G) =0.

The signature matrix of the resulting problem is exactly (4.10). Hence, by Corol-
lary 4.13, DAE (4.11) is ill posed. m

Example 4.15 We construct the following (artificial) DAE from the pendulum DAE

(2.10):

0=A=fi+fr=2"+y" =+ @@" +ax))
0=B=fi+A"=fi+(fitf)

=" a4 (P 4y = O+ (" +2N))" (4.12)
0=C=fotrA"=fot (i+fo)"

=y +y\—G+ (P +y" - C+ (2" + x)\)')m.
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Ty A g z© gy A&

A3 0 1|3 A" 11 2y w

s0_ B5 2° 3|1 jo—- B'| 1 2y
cCl6 3 4°|o cl| 1 2y x

4 6 3 4 Val(Z% =9 det(J%) =0

(A superscript denotes an iteration number, not a power.) We show how to recover

the simple pendulum problem.

We find u = [-1,1,0]" € coker(J°). Then by (4.1), I = {1,2}, ¢ = 1, and

L=L= { 2 } We replace the second equation B by
—ABYV L B= A" (A" + f1) = fr =a" + )

The converted DAE is
0=A=2"+y* -+ (2" +2)\)

0:f1:$/,—|—$>\

n

0=C=y"+yrA—G+ (2®+y* = C+ (2" +2)\))".

Ty A z© 7A@

Al3* 0 113 A" 11 2y «w

si_ fi|2 0°| 4 o A T
cl6 3 4]0 cl 1 2y =z

4 6 3 4 Val(X!) =6 det(JH) =0
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Although Val(2') = 6 < 9 = Val(X?), the System Jacobian J! is still singular, so

we attempt the LC method again.

Choosing u = [-1,0,1]7 € coker(J') gives
I={1,3}, ¢=0, and L=L={3}.
We replace the third equation C' by
—ACD L O = A" + (o + A") = fo=y" +yr - G.
The converted DAE is

0=A=2"+y* -+ (2" +2)\)
0=fi=2"+z\

0=fo=y"+yr-G.

Ty A 2y N
Al3 0 11fo Al 1 x
s2_ fi |2 0°| 1 32— fi| 1 x|
f 2 10| o f2 1
4 3 2 1 Val(X?) =5 det(J?) =0

We have Val(3?) =5 < 6 = Val(X!), but the System Jacobian J? is still singular.
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Attempting again the LC methods, we find u = [1, —1,0]” € coker(J?). Then

I={1,2}, ¢=0, and L=L={1}.

Replacing the first equation A by

A—fi=(fs+f)—-fi=fi=2"+y" -,

we recover f1, fa, f3 from (4.12). The resulting solvable DAE is exactly the pendulum
DAE (2.10), with Val(2) = 2 and det(J) = —2¢?; cf. Example 2.5.

Since each u is a constant vector in each of the iterations, each u; we pick is a
nonzero constant. The DAE (4.12) and the pendulum DAE (2.10) are equivalent.

Hence, we can solve (4.12) by simply solving (2.10). i

We summarize the steps of an LC conversion.
1) Obtain a symbolic form of J.
2) Compute a vector u € coker(J).
3) Derive I, ¢, and L as defined in (4.1).

4) Check the LC condition (4.2). If it is not satisfied, then the LC method is not

applicable and we set L < (); otherwise proceed to the next step.

5) Derive L < {1 € L | u is constant }. If L # ), then we choose an [ € L; otherwise

we choose an [ € L.

6) Perform an LC conversion: replace f; by f; = f as defined in (4.3).
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The sets L and L are used to decide the desirable conversion method; see §4.3 and
Table 4.1 therein.

In the following example, we show that the LC method cannot fix the (artificially
constructed) DAE (4.13). The LC condition (4.2) is not satisfied, so Val(3) < Val(X)

is not guaranteed. This incapability of the LC method leads to a motivation to develop

its “dual method”, which is the ES method introduced in the next section.

Example 4.16 Consider

0= fi=m +e "7 4 hy(t) (4.13)

0= f2 = + 1’2.%’/2 + .I'% + hQ(t)

/"

T Ty oo ) xh
fill* 2 |o fi |—a —axy

*= nlo ] Tl .
d 1 2 Val(X) =2 det(J) =0

Here hy and hy are given driving functions, and o = e=#1-%2%2 The SA fails.

Choose u = [a~ 1, 1]7 = [e*1772%% 1]T € coker(J). Then (4.1) and (4.9) read
I={1,2}, ¢=0, L={1}, and L=0.

Since x} and x4 occur in u, o (z1,u) = d; — ¢ and o (z9,u) = dy — ¢ violate the LC

condition (4.2). If we choose [ = 1 € L and replace f; by

fir=uifi +usfy = B+ 2 + ozl + (x5)* + 2x92h + hiy(t),
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then the resulting DAE is 0 = (fy, f2). Here 8 =a !(z1 + (1)) + 1.

Ty

_ R 2o T s 69:2]

X = £l 0 101 = o I
g 1 2 Va(X)=2 det(J) =0

The SA fails still.

Since the LC condition does not hold, we return L = () instead of L = {1} by

(4.1) to indicate the inapplicability of the LC method.

We shall show in Example 4.18 that the ES method can fix (4.13).

4.2 Expression substitution method
Let v = [v1,...,v,]7 # 0 be a nonzero n-vector function in the kernel of J, that is,
v € ker(J), or equivalently Jv = 0. We also consider v in its simplest form; see

Remark 4.1 for a vector u in the LC method.

Denote

J={jlv#0}, s=]J|,

(4.14)
M:{z | d;j —¢; =0y forsome]GJ}, and c:Iiré%/:}(ci.

Here, J is the set of column indices j for which the jth component of v is generically

nonzero, and s is the number of these indices. Since J is identically singular, s > 2.
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We choose an [ € J and introduce s — 1 new variables

gy =250 Lm0 prallje N\ {1}, (4.15)

J v
In each f;, we

replace every xéaij ) — xg.dj ) with jeJ\{l}

Vs _z (E*Ci)
by <yj + L. )> :
]

(4.16)

From the formula (4.14) for M, these replacements (or substitutions) occur only in
fi’s with @ € M, because at least one equality d; — ¢; = 0,; must hold for some j € J.

The replacements use the fact that, for such an x?’“ ) with i € M and jeJ\{i},

;i s . C (E—Ci) Vi _z (E—CZ‘)
i ) g )

After these substitutions, denote each equation by f, (for i ¢ M, f, and f; are

the same). Using (4.15), we introduce s — 1 equations

0=g;=—y +al - Z_fl a0 forall je J\ {1} (4.17)

that define the variables y; and prescribe the substitutions in (4.16). Appending

(4.17) to the f,’s results in an enlarged DAE consisting of

equations O:(fl,...,?n) and 0 =g, foralleJ\{l}

in variables xq,...,x, and y; for all j € J\ { l }
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The ES method is based on the following theorem.

Theorem 4.17 Let J, s, M, and ¢ be as defined in (4.14). Assume

o (xjv V)
<dj —¢ otherwise, (4.18)

ol

dj—¢c>0 forall j e J.

For any l € J, if we

1) introduce s — 1 new variables x;, j € J\ { l }, as defined in (4.15),
2) perform substitutions in f;, for all i =1:n, by (4.16), and

3) append s — 1 equations g;, j € J \ { [ }, as defined in (4.17),

then Val(X) < Val(X), where X is the signature matriz of the resulting DAE.

We refer to the procedure described by 1-3 in Theorem 4.17 as an ES conversion,

and we refer to (4.18) as the ES conditions. These conditions are again sufficient for

obtaining Val(3) < Val(X).

Before proving this theorem, we give an example that illustrates the ES method.

Example 4.18 We illustrate the application of the ES method on the DAE (4.13).

Suppose we choose v = [z, —1]T € ker(J). Then (4.14) becomes

J={12}, s=|J|=2, M={1,2}, and a:%%qch:L
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We can apply the ES method as the ES conditions (4.18) hold:

o(ry,v)=—c0o<l—1=dy—¢, d—c=1-12>0,

O'(ZL‘Q,V): 0<2—1:d2—6, dg—EzQ—lZO

We choose [ =2 € J. Now J\ {l} ={1}. Using (4.15) and (4.17), we introduce

for x; a new variable

N = $ng 9L, xgdra = l‘gl_l) - ‘Ig_l) =T + $2$,27
V2 (—1)

and append the equation 0 = g; = —y; + 1 + x22% to the original equations. Then
we replace 2 by (y1 — zo25)" in fi to obtain f,, and replace z; by y; — zo2h in fo to

obtain f,. The resulting DAE and its SA results are shown below.

0=17, = a1 +e % £ ny(t)
0= fy=u1+ 25+ ho(t)

0=g1 = —y1 + 21 + 227}

Ty T2 Y1 oo 0
fi]0 1 1o fi| 1 2y =y
s- f 0* 0 |1 J = 7; |: 1
g0 1 0 Jo g1
g o 1 1 Val(X)= det(J) = 2y(zy + 7)) — 2

Here v = e %175, Now Val(¥) = 1 < 2 = Val(X). The SA succeeds at all points
where det(J) # 0. o
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We prove a lemma related to Theorem 4.17, using the following assumptions for

the sake of the proof.

(a) Without loss of generality, we assume the entries v; # 0 are in the first s positions

of v, that is, v = [v,...,v5,0,...,0]7 . Then J = {1,...,s} by (4.14).

(d

(b) We introduce one more variable y; = x; =9 for the chosen [ € J , and append

correspondingly one more equation 0 = g, = —y; + xgdl a9,

Lemma 4.19 Let (¢;d) = (¢1,...,¢n5dy, ..., dy) be a valid offset pair of 3. Let

and d be the two (n + s)-vectors defined as

_ d; ifj=1:n ¢ ifr=1:n
d; = G = (4.19)
¢ ifj=n+1l:n+s, ¢ ifi=n+1l:n+s,

where T is as defined (4.14). Then the signature matriz X of the resulting DAE from

the ES method has the form in Figure 4.1.

The proof of this lemma is rather technical, so we present it in Appendix A.1.

Using Lemma 4.19, we prove Theorem 4.17.

Proof. Let T be an HVT of 3. By Lemma 4.19,

Val(Z E 0, < E d - ) since d; — ¢; > 0
(i,5)€T (i,5)€T
n+s n+s

:Z@-Z@:Zdj—i—sé—ici—sé by (4.19)
_Zd —Z = Val(%).

=1
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1 "Tj—1 T Xj+1 "0 Ts Ts+1 " Tp Y1 0 Yi—1 Y Yi+1 0 Ys G
71 — 00 C1
< < < <
?n —0o0 Cn
g1 = = 0 C
< <
< —00
a1 = —00 - — OO 0 c
< o< —00
<
gs L = = 0 |¢

dj dy---diy dp digq -0 ds dsy1 -0 dp €

ol
ol
ol
ol

Figure 4.1: The form of ¥ for the resulting DAE from the ES method. The <, <,
and = mean the relations between @;; and d; — ¢;, respectively. For instance, every

7,;; whose (i, j) position is in the region marked with “<” is < c@ — G

We assert Val(X) < Val(X), and show below that an equality leads to a contradiction.

Assume Val(X) = Val(X). Then there exists a transversal T of 3 such that
dj — ¢, =0, > —00 for all (i,5) € T. (4.20)

Consider (i1, 1),..., (is,s) € T for the first s columns. Since the y; column has only
one finite entry @,4;,+; = 0, position (n +[,n +1) is in T, and thus row numbers

i1,...,1s can only take values among

1,2,....,n,n+1,....,n+1l—1,n+1l+1, ..., n+s.
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Here only s — 1 numbers are greater than n, so at least one of them is among 1:n.
In other words, there exists a position (r,j) € T with 1 <r <nand 1 < j < sin the
“<” region in Figure 4.1. Hence c@ — ¢, > 0,j, which yields a contradiction of (4.20).

Therefore Val(X) < Val(X).

Finally, we remove the g; column and its matched g; row. The resulting signature

matrix is still of value Val(X), since (n+1,n +1) € T and 7,y = 0. m

Remark 4.20 We give several remarks about the ES method.

e After an ES conversion, we do symbolic simplifications on f, for i € M and
ensure that the arg-djfci) for j € J={1,..., s} nolonger occur in these equations.
That is, a(xj,?i) <dj—ciforj=1:sand i€ M.

(dj—

e If some derivative ; Ci), fori=1:nand j € J\ { l }, appears implicitly in

an expression in f;, then we need to write this expression into a form in which

.Z'(-dj_Ci)

j appears explicitly. See Example 4.21 below.

Example 4.21 Assume that f; contains (sin2z})”, 017 = 3, and the ES method

finds

v=[L1" J={12}, =2 d=dy=3, and c=¢ =

To replace z\™ ™ = 2/ by
U1 (de—¢) (e=c1) "
<y1+v—$2 ) =1 + Ty,
2
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we first need to write
(sin22))” = 227" cos 2, — 4(x)* sin 2}

so that x7" appears explicitly in f;. Then we can substitute y; + 24’ for this z{". o

In the following, we analyze the equivalence between the original DAE and the
converted DAE resulting from the ES method. Our analysis below is similar to the
analysis of the equivalence for the LLC method.

We denote by F the original DAE with equations f; and an identically singular
System Jacobian J. After an ES conversion, we obtain a converted DAE F with equa-
tions f;, i = 1:n, and gj, ] € J\{ l }, and a System Jacobian J, whose nonsingularity
does not matter here.

Assume that x(t) = [21(t),... ,xn(t)}T is a solution of F on some time interval
I € R. Then functions f; and derivatives of them vanish on I. Assume also that
v € ker(J) is well defined on I and v;(t) # 0 for all ¢ € I. Then we can use x(t)
and (4.15) to construct y(¢) comprising y;(t), j € J \ {{}, such that each function
gj in (4.17) and derivatives of them vanish on I. Using (4.15) again, we perform
substitutions in f;, i € M, to obtain f;, and let f; = f; for i ¢ M to obtain the rest
of the functions f,. Obviously these substitutions do not change the function values,
f. and derivatives of them also vanish on I. Therefore (x(t),y(t)) is a solution to F.

Conversely, assume that (X(t),¥y(t)) is a solution of F on I C R. Recall that
the vector v, depending solely on ¢ and X(t), is well defined for all ¢ € 1. Since v,
is a denominator in each g; in (4.17), the existence of the solution already implies

v(t) # 0 on I. Given that functions g; and derivatives of them vanish on I, from
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(4.15) we have

where m > 0. If we substitute the expressions on the right-hand side for the deriva-
tives of y; in each f:, then we recover the original functions f; and meanwhile do
not change their function values. Therefore, functions f; and derivatives of them also
vanish on I. Now variables ¥(¢) do not appear in F, and X(¢) is a solution to F.

The above discussion gives the following theorem.
Theorem 4.22 [f
(i) a DAE F has a finite Val(X) and an identically singular System Jacobian J,
(i1) a vector v € ker(J) is well defined for all t on some time interval 1,

(111) the ES conditions (4.18) are satisfied, and we perform an ES conversion to
obtain o DAE F, and

(iv) vy # 0 for allt €1,

then DAEs F and F are equivalent.

Example 4.23 In Example 4.18, assume we pick [ = 1. Then by (4.15) we introduce
for 9 a new variable
(d2—2) V2 (d1—7) ;1

(%1 2 )
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Here we use

Then we

substitute for in

(y2—~’171/372)/ f’z’ fi

Yo —x1/T0  TH [

The resulting DAE is

0=f) =a +e i mmn/m)l 4 b (1)
— oy et e ()
= @y + e T/ (1)

0= fy =1+ 22(y2 — 71 /32) + 5 + ha(t)
= Tays + a5 + ha(t)

0=g=—ys+ah+x1/2s.

M|

Val(¥) =1

m&‘
o
—
—
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Lo Y2
|- r5B/x9  —118/ 29 —12f3
J= ?/2 229 + Y2 To
g 1/xy 1
det(J) = —20 + B2y + o + 7 — 1 /25)

InJ, B = exp(—xaybh — xhw1 /). If det(J) # 0, then SA succeeds and gives structural
index vg = 2. Here Val(Z) =1 < 2 = Val(Z).

However, the original DAE and the resulting one are equivalent only if v = x5 # 0
on some time interval I. In practice, it is more desirable to choose [ = 2 since v; = —1

is a nonzero constant; see also Example 4.18. O

Comparing Examples 4.18 with 4.23, we can see that it is again desirable to choose
a column index [ € J, such that the v; is an expression that never becomes 0, or even
better, a (nonzero) constant. With this choice, the original DAE and the converted
one are always equivalent. We hence derive a set J, a subset of J that contains these

column indices [ for which [ € J and v; is constant:

J={l€ J|uv is constant }. (4.21)

We summarize the steps of an ES conversion.
1) Obtain a symbolic form of J.
2) Compute a vector v € ker(J).

3) Derive J, s, M, and ¢ as defined in (4.14).
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4) Check the ES conditions (4.18). If either of the conditions is not satisfied, then
the ES method is not applicable and we set J < ); otherwise proceed to the next

step.

5) Set J « {l € J| v is constant }. If J # (), then we choose an | € J; otherwise

we choose an [ € J.

6) For each j € J\ {l}, introduce y;, as defined in (4.15), and append the corre-
sponding equation g;, as defined in (4.17).

(e

e _z c;) ) ]
7) Replace each 2B f, by (yj—i—(vj/vl)ml(dl )) ,foralliandall j € J\{1}.

J

8) (Optional) For consistence, rename variables y;, j € J \ {l }, t0 Tpg1ye - o Tngs—1,

and rename equations g;, j € J \ { l }, t0 fraity -y fors—1-

The sets J and J are used to decide the desirable conversion method; see below.

4.3 Choosing a desirable conversion

We present our rationale for choosing a conversion method in Table 4.1 and base
our choice on the following observations. For some failure cases, either LC condition
(4.2) or the ES conditions (4.18) are satisfied, but not both, so we can apply one
conversion method only. For other cases where both methods are applicable, we
consider as priority the equivalence between the original DAE and the resulting one.
As discussed in the above two sections, we wish to choose a nonzero constant u; [resp.
v)] in the LC [resp. ES] method, that is, [ € L [resp. [ € J]. Our experience suggests

that such a constant frequently exists for one of the methods. If both methods
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ES method
Desirable conversion method | o
T40  T=0andJ#£0  J=0
L#( LC LC LC
LC method L=0and L#( | ES LC LC
L=10 ES ES N/A

Table 4.1: The rationale for choosing the desirable conversion method.

guarantee equivalence or neither of them does, then we choose the LC method, as it
replaces only one existing equation and maintains the problem size.
We summarize in Table 4.1 the above logic of finding a desirable conversion in the

sense of equivalence. The three rows correspond to the three cases where
e some LC conversion is available with a constant wu;,
e some LC conversion is available but none of w; is constant, and
e the LC method is not applicable.
The three columns correspond to the three cases where
e some ES conversion is available with a constant v,
e some ES conversion is available but none of v; is constant, and
e the ES method is not applicable.

Take for instance the two cases for the positions (2, 1) and (2,2) in Table 4.1. For
position (2,1), we can perform an LC conversion, but since L = () and L # (), none
of u; # 0 for | € L is constant. Hence, no LLC conversion is desirable. Meanwhile,

because J # () in the ES method, some ES conversion with a nonzero constant v; € .J
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is desirable. That is, this ES conversion guarantees the equivalence between the
original DAE and the converted one, and hence is desirable. Therefore, we perform
the ES conversion with this v;. For position (2,2), both methods are applicable but
neither of them gives a desirable conversion, so we choose the LC method, because it
is simpler to perform than the ES method.

In Chapters 6 and 7, when we apply the block conversion methods on an SA-
unfriendly DAE, we shall use the same rationale for choosing a desirable conversion.

We end this chapter with another simple DAE on which neither the LC method

nor the ES method is applicable, though the conversion is easy to find.

Example 4.24 Consider

0= fi =225+ hi(t) (4.22)

0= f2 = (ZL’lll’/Q)Q + I + i) + hg(t)

r1  To o Ty )
Sl 1 ]o fi ' T
el vl R PPN AT
d; 1 1 Val(X) =2 det(J) =0

It is straightforward to come up with a fix: we introduce a new variable x3 to
represent the common sub-expression ), and then replace this expression by x3 in

the two equations. This procedure seems an ES conversion. The resulting DAE is

0271:$3+h1(t>
02?2:$§+I1+$2+h2<t>

!
0=f3=—x3+ 277,.
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T Ty T3 o« R S

?1 0* | 1 7/1 1
s_ fo| 0 0 0| Jo fo| 1 1 2
fal 1° 1 0 |o falah o —1

d 1 1 1 Val(Z) =1 det(J) = 2t — 2,

SA succeeds with Val(¥) = 1 < 2 = Val(X) at any point where | # 5.

In the LC method, we choose u = [22} 7}, 1]T € coker(J), and use (4.1) and (4.9)
to find

I={1,2}, ¢=0, L={1,2}, and L={2}.

However, 2} and % occur in u, so the LC condition (4.2) is violated:

o(r,u)=dy—c=1 and o(xg,u)=dy—c=1.

Due to these violations, the procedure for the LC method produces L = () to mean

that this method is not applicable.

In the ES method, we choose v = [z}, 5|7 € ker(J), and use (4.14) and (4.21) to
find

J:{I,Q}, s=|J| =2, M:{l,Z}, E:Ii%%;[{ci:(), and J = 0.

Similarly, z} and z} occur in v, so the first ES condition in (4.18) is violated:

o(xy,v)=d;—¢=1 and o (xy,v)=dy—c=1.
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Due to these violations, the procedure for the ES method produces J = ) to mean
that this method is not applicable.

The incapability of the two conversion methods is due to a nonlinear operation
on the common sub-expression that is again nonlinear in the derivatives of highest
order. We believe that such a situation is rare in practice and should not affect the

usefulness and applicability of our conversion methods. O



Chapter 5

Examples of basic conversion

methods

In this chapter, we illustrate the conversion methods with two SA-unfriendly DAEs.
After a conversion, if we obtain a DAE with a smaller value of the signature matrix,

then we say this conversion succeeds.

In §5.1, we apply both conversion methods to the linear constant coefficient DAE
(3.10). The LC method converts it to an SA-friendly one in two iterations, and reduces
the value of the the signature matrix by 2. In contrast, the ES method reduces the
value of the signature matrix by 1 in the first iteration, but becomes inapplicable in

the second iteration, as the second ES condition in (4.18) is not satisfied.

In §5.2, we illustrate both conversion methods with an artificially modified DAE
derived from the simple pendulum (2.10). The ES method produces an SA-friendly
DAE of a relatively simple formulation. The LC method gives a complicated DAE,

because the set L in the method is empty.

81
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5.1 A simple linear constant coefficient DAE

Recall (3.10):

(

0= f1 = —x'l +I3+b1(t)

0 O:fQZ—I/2+ZL’4+b2(t)
Fo (5.1)
O:f3: I2+$3+$4+01(t)

\O:f4:—l’1+[)§3+l’4+02(t).

T1 To Tz T4 o Ty xhy x3 @y
fil1e 0 o fi[-1 1]
£ 1° 01 o I 1 1
f3 0 0° 0o f3 1 1
fa L0 0 0°f o fal 1 1)

G 1 1 o o Val(X% =2 det(J%) =0

Here a superscript indicates an iteration number, not a power, so F° denotes the
original problem formulation. We let 3° and J° denote the signature matrix and

Jacobian of the original problem, respectively.

LC method. We perform two LC conversions and obtain an equivalent structurally

regular DAE on which SA succeeds.

We compute u = [0,0, —1, 1] € coker(J°) and use (4.1) and (4.9) to derive

I={34}, ¢=0, and L=L=1{3,4}.
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We choose [ = 3 € L and replace f; by

73 = U3f3 + U4f4 = —f3 + f4 = —T1 — T2 — cl(t) + C2<t)‘

The converted DAE is

(

0=f1=—a)+x3+bi(t)

0= fg = —$/2+$4+b2<t)

Fh.

0=f3=—a1 — 2 —ci(t) + ca(t)

| 0= 4= —x1 + x5 + x4 + Cao(t).

1 Ty X3 Ta o R S P 71
il o1 0 1o il -1 1 |
f2 1 0° | o f2 -1 1

=510 o 1 =5l
£l 0 0 0o fl 11
d 1 1 0 o Val(Xl) =1 det(J') =0

Since J! is still identically singular, we try another LC conversion. We compute

u=[-1,-1,1,1]7 in coker(J!). Then

I={1,234}, ¢=0, and L=L={1,24}.
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We choose [ = 1 € L and replace f; by

T1 = urfy + uafo + usfy + uafs
=—fi—fotTa+ a
= — [—z] + 23+ bi(t)] — [—2h 4+ 24 + ba(t)] + [—21 — 22 — 1 (t) + ea(t)]
+ [—z1 + 23 + T4 + a(t)]

= 2y — by(t) — by(t) — (1) + cy(t) + ca(t).

The converted DAE is

F?.
0=fy=—a1— 29— c1(t) + c2(t)
| 0= 1= —x1 + x5+ x4 + Co(t).

1 T T3 T4 G x) @ T3 T4
71 [ O. ] 1 7,1 [ —1 ]
fa 1 0° | o fa -1 1

= Fsl 0 o ) r= ol -1 -1

faL 0 0° 0 ]o fil 1 1 ]
4 1 1 o o Val(E?)=0 det(J?) =1

The SA succeeds on this converted DAE and gives structural index vg = 2. Since we

choose | € L for both LC conversions, the equivalence of DAEs F2, F', and F° is
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guaranteed.

ES method. We show below that the ES method cannot convert F° in (5.1) to a
structurally regular DAE. We illustrate one choice of [ € J in each iteration of the
ES method, and do not explore all possible combinations of choices. To handle the
limitation of the ES method, further development is required and left as future work.
We find v = [1,—1,1, —1]7 € ker(J?), and the ES method uses (4.14) to obtain

J=J={1,234}, s=|J|=4 M={1,234}, and ¢=maxc =0.

eM

Assume we pick [ = 3. Using (4.15), we introduce y; for each j € J \ {l} =

{1,2,4}:

=20 — (v fvg)as™ Y =2 — ay
ys = xgdg_a — (Ug/Ug)l’éds_E) = 15 + 13 (5.2)
Yy = xidra — (v4/vg)x§d3_a = 24 + T3.

From (5.2), we construct equations g; in (4.17). By (5.2), we write

/ /
Ty =1 +T3, Ty=ys—x3, and x4=1ys— T3

In (3.10), we

substitute for in

Y1+ T3 L
Y2 — I3 Tq f2

Yy — T3 Ta  fo, f3, fa
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The converted DAE is

0=fi=—y +bi(t)
0=/fo= ys—y2+bt)
0=fzs= xotys+ci(t)
0= f1=—21+ys+ ()
O=g1=—y+a) -3
0=gs=—yo+ 25+ 3

0=g4=—ys+ x4 + 23.

T ) T3 T4 Y1 Y2 Ys o

fi [ 0° 1o
J2 0° 0o
I3 Oe 0]
S= f1] O 0° | 1
g | 1° 0 0 0
go 1 0° 0 0
94 L 0 0° 0o

M|

d 1 1 0 0 0 0 1 Val(¥) =1
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il
Il
=
|
[
—

g1 1 —1 —1

g 11 1

gs L 1 1

Since J is still identically singular, we attempt another ES conversion. We compute

v =[1,-1,1,-1,0,0,1]7 € ker(J) and use (4.14) to find

J=J={1,2347}, s=|J|=5 M={34,56,7}, and ¢=maxc =1

ieM

Since
ds—¢=dy—¢c=0—-1=—-1<0 forj=3,4€J,

the latter ES condition in (4.18) is not satisfied. If we perform an ES conversion, then

a strict decrease in Val(X) does not occur. We omit the details of this conversion due

to the large size of the resulting DAE.
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5.2 Modified pendulum by change of variables

If we perform the following linear transformation on the state variables in the pen-

dulum DAE (2.10)

T 1 10 21
Yy = 0 1 1 29
A 1 01 Z3

then we obtain a new DAE from the original one:

0= fl = (21 + ZQ)// + (21 + ZQ)(Zg + Zl)

O = f2 = (22 -+ 23)” —+ (22 -+ 23)(23 -+ Zl) — G

0= f3 = (21 + 22)2 + (ZQ + 23)2 — 62.

Z1 2y 23

fil 2 2 0

s0_ fo| 10 2 2
fsl O 0 0

Here o = z1 + 25 and 8 = 29 + 23.

Cq

0 hi
0 Jo= fo
2 4
Val(XY) = 2

(5.3)
(5.4)
2! 2l 2y
1 1
1 1

LC method. We perform two LC conversions on (5.4) to obtain a structurally

regular DAE. Its formulation is complicated, partly because we cannot find a nonzero

constant u; in each iteration of the method. The equivalence of the resulting DAE

and the original one requires the wu; in each iteration to be nonzero.
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We first compute u = (a, 8, —1/2) € coker(J°). Using (4.1) and (4.9), we obtain
I={1,23}, ¢=0, L={12}, and L=0.

Since L = ) and we cannot guarantee 11 = o = 21 + 23 and us = = 29 + 23 to be
always nonzero, the converted DAE is equivalent to (5.4) only if u; # 0 for the [ we

pick.

We illustrate the case u; = o = 27+ 29 # 0. The other case 5 # 0 can be analyzed

in an analogous way. We pick [ =1 € L and replace f; by

fi=uifi +usfo+usfy

= (21 +2) fi + (22 + 23) fo — f4/2

= (2 T 22)" + (214 22)%(23 + 21) +(z 5T 23)"
+ (22 + 23)% (23 + 21) — G(22 + 23) —(2 T+ 22)"
— (4 +8) —(ram T a) — (4 + %)

= [(z1 + 22)° + (22 + 23)°] (23 + 21) — G(22 + 23) — (21 + 25)° — (25 + 25)°

= (23 +21) — G(zo + 23) — (2] + 25)% — (25 + 25)%

The resulting DAE is

/

0=f, =0(23+2)— G(za + 23) — (2] + 25)? — (2 + 25)?

Fh 0=fo=(20+23)"+ (22+23)(23+2) -G

0= f3 = (21 + 22)2 + (Zz + 23)2 — 62.
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21z Z3 o« 2] 24 4
1 1 1 i l=200 —2(a+p8) —2¢
= Ll0 o2 2o T= 4 1 1
Lo 0 0] v 20 20a+p) 28
d 2 2 2 Val(Z') =3 det(JH) =0

We use o and 3 to denote z; + 2o and z5 + 23, respectively. Also let v denote z3 + 2;
to simplify notation. By (5.3), we notice that variables «, 3,7 are in fact the state
variables (z,y, A) in (2.10). However, in our illustration of the LC method, we prefer
not to apply the ES method by replacing z; + 29, 25 + 23, and 23 + 2; by «, [, and 7,
respectively.

Since the System Jacobian J! is still identically singular, we attempt another LC
conversion. We compute u = (a, 208" — 2B/, O/)T € coker(J'). Using (4.1) and

(4.9) again, we find I = {1,2,3},¢=0, L= {2}, and L = (). Suppose

uy/2 = af’ — Ba’ = (21 + 22) (25 + 25) — (22 + 23) (2] + 23) # 0.

We choose [ = 2 € L, and replace f, by
fo=wifi +usfo+usfy = afi +2(af’ —a'f) foa+d'f3
= a(P =GB —2d'a" = 26'B") + 2(apf’ — o'B)(" + By - G)
+20/ (% + ad” + 87 + BB")
= oy = GB) +2(af’ — /' B)(By — G) + 2/ (o + 57?)
— (214 2) [ 2(4 + 2) — G(&} + 25)]
+2 [(21 4 20) (2 ) — (2 4 ) (20 + 23)} [(22 +2)(zs+21) — G

+2(24 + 25) [(21 + 25)% 4 (2 + zg)ﬂ .
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The resulting DAE is

0=f1=0(2+2) = Glaa+2) = (5 +25)° = (5 + 2)°
0=fy=(21+ 20) [62(25 +21) — Gz + zé)]
F. +2 [(zl + 29) (25 + 25) — (21 + 25) (22 + 23)] [(22 + 23) (23 + 21) — G]

+ 204+ ) (2 + )° + (3 + 24)7]

L 0 = fg = <Z1+Z2)2+ (Zg—f-Zg)Q —52.

4 1 1 1 Val(X?) =2

The System Jacobian J? is complicated, so we do not show it here. Its determinant
is
det(J?) = —402 (21 + 2) [(21 + 22) (2 + 28) — (22 + 23) (2} + 25)]

= —4al*(af — Ba’) # 0.

This nonzero attributes to a = 21 + 25 # 0 and af’ — fa/ # 0. The converted DAE

F? is equivalent to F! only if a3’ — Sa’ # 0 on some time interval I. Hence SA

succeeds and gives structural index vg = 1.
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Now we consider the case a8’ — fa/ = 0. Since 0 = b/ = 2aa + 285" and a # 0,

we have

0=af —fa’ =af + 8- (88)/a =B+ §7)/a = 5/

So /= o = 0. Since u = (a, 203" — 250/,0/)T = [a,0,0]", the first row in
J! is identically zero and the System Jacobian is structurally singular. Hence the

conversion methods are not applicable here.
To sum up, the DAEs F2? and F° are equivalent, if

a=z1+2#0 and [ =z,+ 25 #0.

ES method. Suppose we choose v = [1, —1,1]7 € ker(J°). We use (4.14) to derive

J:7:{1,2,3}, s=|J| =3, M:{1,2,3}, and EZI}%%/)I(q:Cg:Q.

We illustrate below the ES method with the choice [ =1 € J.

Since J \ { ) } = { 2,3 }, we introduce for z5 and z3 two new variables

do—¢ V2 (di—¢
w2:z§2 C)__Z§1 )= 2n+2n
U1
(dz—c) U3 (d1—¢)
and w3 = 24 ——2 = 23 — 21,
U1

respectively. To perform the expression substitutions, we first write explicitly the
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derivatives z{, 2z} and 24 in f; and fs:

0= f1 = Zi’ + Zg + (21 + ZQ)(Zg + Zl)

0=fo=2)+25 4+ (20+ 23)(23 + 21) — G.

Then we

substitute for in

wy =2z fi, f2
wh + 2 2 fo
W2 — 21 Z2 3
w3 + 21 23 f3

The resulting DAE is

0=f, = wy+wy(22 +ws)
O = f2 = (U)Q + 'lU3>” + (UJQ + w3)(221 + wg) — G
0=fy= w?+ (wy+ws)?—¢*

0=g2 = —2+ws— 2

0=g3 = —23+ws+ 2.

93

(5.5)
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21 k2 23 W2 W3 ¢

7. [ o 2 10| o
fal0° 2 2o
s— Ts 0 0|2
g | 0 0O° 0 0
93| 0 0° 0o
¢ o o o 2 2 Val(X)=2
21 Zo 23 wy w4
i i 2wy 1 ]
fa | 2(wg + w;) 1 1
J— T3 2(2ws +w3)  2(w2 + w3)
g2 -1 -1
g3 | 1 —1 1

We use equation 73 = 0 to derive

det(J) = —4(2w; + 2wows + w3) = —40% # 0.

Hence the SA succeeds on (5.5). Since we choose [ € J in the ES conversion, the

converted DAE (5.5) and the original (5.4) are always equivalent.
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Block conversion methods

In this chapter, we combine our conversion methods with block triangularization of a
DAE, and derive the block conversion methods—that is, the block LC method and the
block ES method. If a System Jacobian J is identically singular, and the DAE has a
nontrivial BTF of p > 1 diagonal blocks, then by (2.14), det(J) = []}_, det(J4,) =0,
so at least one J,, for some g = 1:p is identically singular. As discussed in §2.2.2, we
can regard block ¢ as a sub-DAE, with signature matrix ¥,, and System Jacobian J,.
Then we may wish to apply the basic conversion methods on this sub-DAE to achieve
a strict decrease in Val(X,,), provided the conditions for applying these methods are
satisfied for those variables and equations within block q.

However, what we should ensure is a strict decrease in the value of the whole
signature matrix, namely Val(X) < Val(X), where X is the signature matrix of the
resulting DAE. Proving this inequality from a decrease in Val(X,,) is nontrivial,
because a conversion on block ¢ may affect blocks ¥, forw =1,...,¢—1,9q+1,...,p.
Especially in the ES method, ¥, and these blocks are enlarged. Hence, the conditions

and the conversion processes from §4 need to be carefully modified.

95
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Now that the block conversion methods allow us to deal with only those equations
and variables within a singular block, which is usually of a smaller size compared to
the whole DAE, these methods require fewer symbolic computations and hence are

generally more efficient to find a useful conversion for fixing SA’s failures.

Recall that when a Jacobian pattern Sy of a DAE is in some BTF, 3 and J are

in p x p block form:

(Jy T - Ty (X, B - By,

0 Jx J2p o1 oo EQp
J: 2:

| O 0 Jpp_ _Epl Epz Epp_

From this block triangularization, we have

> o if blockOf(7) > blockOf(j)
d; - (6.1)
> gy if blockOf(i) < blockOf(5),

and J;; =0 if blockOf(i) > blockOf(j).

This chapter is organized as follows. We give an introductory example in §6.1.
Then we present the block LC method in §6.2 and the block ES method in §6.3. We
illustrate these two block conversion methods with the Campbell-Griepentrog robot

arm DAE [7]. For more examples on which these methods are applied, see Chapter 7.

Throughout the rest of this thesis, we use the fine BTF in the examples for demon-
stration, since each fine block contains an irreducible sub-Jacobian sparsity pattern.

Our experience suggests that a useful conversion can usually be derived from the fine
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BTF of a DAE. However, we emphasize that the block conversion methods can be

applied not only to the irreducible BTF of a Jacobian pattern Sy with some valid off-

set pair (c;d), but also to any BTF of Sy. For example, the basic conversion methods

consider a DAE in a (trivial) BTF of one n x n block.

6.1 An introductory example
Consider

O:f1:131+$2+h1(t)

0= fo=1+ (a} +5)7y + ha(t) (6:2)
0= f3 = l‘g + hg(t).
Ty Ty T3 g o xh xh
filoe o | a1 o1
s— fo |l 1°]1]o J= fo| @y ah | @)+
At f?, .
d 1 1 1 Val(X¥) =2 det(J)=0
The coarse BTF and the fine BTF are identical.
In the basic LC method, we can choose u = [—5%, 1, =2} — z5]7 € coker(J). Using

(4.1), we have

~
Il
—~—
o~
&
-
()
—
Il
——
[a—
\'l\D
w
—
1o
Il

1In c; =0,

S
m

L:{l€]|cl:g}:{2,3}.
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Since

o(xj,u)y=1£1=d; —c forall j=1:3,

the LC condition (4.2) is violated. An LC conversion outputs L = (), which means
the basic LC method is not applicable. Not surprisingly, replacing either f or f3 by

T =S uf 79 =~ (1) + (a1 + ha(t)) — (&} + ah) (@ + ha())

el
does not result in a decrease in Val(X)—verifying this is not difficult.

Notice that only the sub-Jacobian of block 1, J1; = 9(f{, f2)/0(x}, ), is singular.
Suppose we consider block 1, with By = {1,2 }, as a sub-DAE, and choose u =
[—a%,1]T € coker(Jy1). Within block 1, the LC method derives

I={ieB|u#0}= {12}, comine—0, L—{lella-c}={2}.

i€l
Now the LC condition (4.2) is satisfied for the column indices in block 1: o (z;,u) =
—00 < dj—cfor j = 1,2 € By. Replacing fy by fo = uy f] +usfo = v1+ho(t) — 4R} (t)

results in the DAE with the following SA result.

To T T3 o Ty X1 Ty
f [(r 0 0 Al
T o] o S I R0
Js 1'J 0 Js 1 J
G o o 1 Val(X)=1 det(J) =1

The SA succeeds as J is nonsingular. The conversion results in a decrease in the value

of the signature matrix: Val(¥X) =1 < 2 = Val(X).
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The basic ES method can work on (6.2) by choosing v = [1,—1,0]7 € ker(J).
It is simpler—though trivial for this example—to work on block 1 only. We find

v =[1,-1]T € ker(Jy;), and use (4.14) to derive

J={leB |u#0}={1,2}, s=|J|=2, M={12}, ¢=maxcg=1

ieM
Since v is constant, the first ES condition in (4.18) certainly hold. The second
condition holds also as d; — ¢y = dy — ¢ = 0.
We choose | = 2 € J and introduce for x; a new variable

_ (i) V1 (dp—?)
Y1 =Ty —U—-xQ = + Xo.
2

The ES method hence says: replace x1 by y; —x2 in fi, and replace 2 by y] — 2}, in fs.
Finally we append the equation ¢; that defines y; and prescribes such replacements,

and obtain
0=f, =y + h(t)
0= fy =1 +yiah+ hao(t)
0=[s= s + ha(t)

0=g1 =—y1+ a1+ 2.

Ty T1 Y1 T3 o Ty T1 Y Ty

aloclo o o al1 |1 -1 ]

o ?2 011 17]o _ 72 L]z oy
== ?1 0° 1 1= 71 1

fa L 1*] o fa L 1]
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Again Val(X) = 1 < 2 = Val(X), and the SA succeeds as det(J) = 1.

6.2 Block linear combination method

We first introduce some convenient notation for the block LC method. Assume that
a Jgq is identically singular. We use 0,, to denote the zero vector of size m. Let

u € coker(Jy,) and U # Oy,. Let also

Oy

u= a

(UAPRENEE'A

We denote

I:{i|ui§é0}§Bq, c:mi}qci, Lz{lel\cl:g}, and

- (6.3)
L={le L]|uwis (nonzero) constant }.

The set L is used to seek a conversion that guarantees equivalence between the original

DAE and the converted one. The block LC method is based on the following theorem.

Theorem 6.1 If

o(xzj,u)<dj—c  forallje B, (6.4)

and we replace an equation f;, | € L, by

f= Z u@'fi(ci_g) ) (6.5)

icl

then Val(X) < Val(X), where X = (5,;) is the signature matriz of the resulting DAE.
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We give two proofs of this theorem. The first proof connects the block LC method
with the basic LC method, and follows from the proof of Lemma 6.2 below. The

second proof of Theorem 6.1 is in Appendix B.

Lemma 6.2 Consider a BTF of a Jacobian pattern Sy derived from X and (c;d). If

we perform the LC conversion as described in Lemma 6.2, then in the resulting X,

>0 if blockOf(j) < blockOf(i)
dj — G (66)
> G if blockOf(7) > blockOf(i) .

Proof. We only replace f; by f, = f in a conversion, so 0,; = 0y for all 7 # [ and all
J. By (6.1), (6.6) holds for all i # [.
When i = [, we consider two cases: (a) blockOf(j) < ¢, and (b) blockOf(j) > q.

a) blockOf(j) < g = blockOf(l). By (6.1), 0;; < d; — ¢;. Then
( ) J q y ) J J

a1 =0 (25, [1)
=0 (%‘, Zuifi(Ci_C)> < max {0 (zj,u), maxo (%‘, fi(Ci_C)>} : (6.7)
el
We have

g (:ij u) <o ($j> JQQ) < maxo (xj’ f’) = nlaxoi;
el il

< nilealx(dj —¢)=d; — I{lelln ¢, =d; —¢ and (6.8a)
max o (xj, fz-(c"fg)> = max (0ij+ci—c)<dj—c=d; —a. (6.8b)
1S 1S

Using (6.8a) and (6.8b) in (6.7), we obtain 7;; < d; — ¢.
(b)  blockOf(j) > g = blockOf(l). By (6.1), 0;; < d;j — ¢;. We can replace the two

“<” in (6.8) by “<”. Using these inequalities in (6.7), we obtain 7;; < d; — ¢;. i
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Now we prove Theorem 6.1.

Proof. Let T be a transversal of 3. Using Lemma 6.2 and (6.6), we derive

Val(Z) = Y 75, < Y (dj—ci) = Zn: d; — Zn: ¢; = Val(3). (6.9)

(i,5)eT (i,5)eT

By Lemma 2.11, we can regard block ¢ as a sub-DAE, with its signature matrix 3,
and offset pair (c,;d,). The conversion described in Theorem 6.1 can be considered
as an application of the basic LC method to this sub-DAE. Since the block LC
condition (6.4) holds, that is, o (z;,1u) < d; — ¢ for all j € B, that belong to this
sub-DAE, the basic LC condition (4.2) also holds for the block ¢ sub-DAE. Hence
Val(E,,) < Val(£,,).

We prove Val(X) < Val(X) by contradiction. Assume Val(X¥) = Val(X) =
> -1 dj — > ¢ > 0. Also, (6.6) holds by Lemma 6.2. So the three conditions
in Lemma 2.10 are satisfied. By this lemma, the Jacobian patterns Sy, derived from
Y and (c;d), and Sy, derived from X and (c;d), are in the same p x p BTF.

Let T be a HVT of ¥. A HVT T of ¥ is the union of HVTs T, of all diagonal
blocks X, w = 1:p. By the construction of X, we have Val(X,,,) = Val(Z,,,) for

all w # g. Then a contradiction follows from

WIE = Y 7 =3 Y 7= vaE
w=1

(i,9)€T w=1 (4,9)ETw
= Val(Z,u) + Val(Zg) < Y Val(Suw) + Val(Zy,)
wq wq
p
= Val(Z,,) Z Y o= Y 0y =Val(Z (6.10)
w=1 w=1 (4,5)€Tyw (4,9)€T

Hence, the assumption Val(X) = Val(X) is erroneous. By (6.9), only Val(X) <
Val(3X) can hold. i
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Example 6.3 We illustrate the block LC method with the Campbell-Griepentrog
two-link robot arm DAE in [7]. We slightly simplify the original first-order problem
formulation to (6.11), in which x1, z2, x3 occur of second order and z, x5, and %
occur implicitly. The two state variables u; and us in the original formulation are
renamed x4 and x5, respectively, and hence are not to be confused with entries in a

vector u in our notation.
0=A=2a] — |2c(xs) (2] + 24)* + 2Pd(x3) + (223 — 22) (a(w3) + 2b(x3))

+ alws) (s — vs)|

0=B=al— :—26(953)(:5; +24)? — 2d(ws) + (225 — 22) (1 — 3a(s) — 2b(xs))
— a(as)es + (awg) + 1))

0= C = af — [~2c(ws)(a} +25)? — 2d(ws) + (225 — 25) (alws) — 9(x))
— 2afe(ry) — d(zs) (a +25)" = (alzs) + blay)) (x4 — 3)|

0= D = cosx; + cos(x; + x3) — p1(t)

0= E = sinz; + sin(x; + x3) — p2(t), (6.11)
where
a(f) =2/(2 — cos® ) b(#) = cosf/(2 — cos®0)
c(f) =sinf/(2 — cos® ) d(0) = sinf cos /(2 — cos® )

pi(t) = cos(1 — €') + cos(1 — t) po(t) = sin(1 — €') +sin(1 — ).
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4 1 !

To Ta Ts T1 T3 o Ty T4 T5 ]  f
aBl22l0o o W o Bl1 ]| a3 —az—1 |
ol oo |[H 2o C a3 + by —az — by 1

s— f3A0 [0 0] 2 [XTjo j_— A —ag as 1
fs D 0° 0 |2 D" g0 oD
fE| 0 0°)2 E" | 52 8%
4 2 0 0 2 2
Here, in J,
as = a(zs3) = 2/(2 — cos® 3) by = b(z3) = cos /(2 — cos® 13)
0D /0x, = —sinzy — sin(x; + z3) 0D /0x3 = —sin(x; + x3)
OFE/0x1 = coszy + cos(wy + x3) OFE [0x3 = cos(xy + x3).

The DAE (6.11) is of differentiation index 5, while the SA reports structural
index vg = 3. Hence this must be a failure case, because vg is an upper bound for the
differentiation index when the SA succeeds [46]. We can see that the sub-Jacobian

Joo of block 2 is identically singular.

The block LC method first computes U = [2,2 + cosx3]’ € coker(Jqp). Then

u=10,2,2+ coszz,0,0]”. Note that u ¢ coker(J). Using (6.3), we have

I={ilwu#0}={2,3}, c=ming;=0, L={2,3}, and L={2}.

el

The variables x4 and x5 in block 2 do not occur in u, so the condition (6.4) is satisfied.
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Considering equivalence, we pick | =2 € L over [ = 3 € L\ L, and replace f; = C
by C = u1C + ugA = 2C + (2 + cos v3)A. According to the proof of Theorem 6.1,

neither of x4 and x5 occurs in C. The SA results of the resulting DAE are as follows.

Ty Tp T2 T1 T3 ¢

_ - T4 x5 zh :Bg4) .1‘:())4)
Al0*0 |0 2 1 |o _ i
A —as as
B0 0*] 2 1 1 |o
_ B as —az—1 1
>_- C 0°12 2|2 3F_- _ —
o g—g 2 + cos x3 2
b 0% 0|4 (4) oD oD
D aD aD
. oz Ox3
E| 0 0°4 ) oF OB
L 8%1 8-’23—

Here C' /0y = 2(a2 — 3asbs + b2)(2 — cos® x3). The SA reports vs = 5, and succeeds
at any point where det(J) = 4(a? — 3asbs + b?)sinzs # 0. Now Val(Z) =0 < 2 =
Val(X). i

6.3 Block expression substitution method

Assume that a Jg, is identically singular. Let v € ker(J4,) and Vv # Oy,. Similarly,

we construct

0N1+"'+Nq71

vV = v

ONq+1+A..+Np
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We use notation similar to that used in the basic ES method:

J:{j|vj§é0}§Bq, M:{iGBq|dj—ci:0ijforsomej€J},

s=|J|, ¢=max¢ and (6.12)
ieM

J ={1] v is (nonzero) constant }.

The set J is used to seek a conversion that guarantees equivalence in the original

DAE and the converted one.

The block ES conditions are

<dj—¢c if j € J or blockOf(j) < ¢
<d;—c¢ ifje B,\JorblockOf(j) > ¢, (6.13)

dj—¢ >0 for all j € J.
We choose an [ € J, and introduce s — 1 new variables

yj = 2% Y xl(dl_a for all j € J\ {1} (6.14)

J U

In each f; with i € B,, we

replace each 27 with dj—c; =05 and jeJ\{l}

J
—_ (6.15)
| |

’l} .
by (yj +2
U
Note that, because of M in (6.12), we actually perform expression substitutions in

only f;’s with ¢« € M C B,. Denote each new f; by f., and let also f;, = f; for the

unchanged equations with ¢ ¢ M.
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By (6.14), we append s — 1 equations that prescribe the substitutions in (6.15):

(dj—o)  Yj
J

O=g, =y + 2 forall je g\ {1}, (6.16)

U

The block ES method is based on the following theorem.

Theorem 6.4 Let J, s, M, and ¢ be as defined in (6.12). Assume that the block ES
conditions (6.13) hold. For anl € J, if we

1) introduce s — 1 new variables z;, j € J\ {1}, as defined in (6.14),
2) perform replacements in f;, for all i € By, as described in (6.15), and
3) append s — 1 equations g;, j € J \ { [ }, as defined in (6.16),

then Val(X) < Val(X), where X is the signature matrix of the resulting DAE.

Before proving this theorem, we illustrate the block ES method with (6.11), and

prove two related lemmas.

Example 6.5 This method finds first v = [1,1]7 € ker(J2). Then v = [0,0,1,1,0]%.
Note that v ¢ ker(J). Using (6.12), we have

J=J={jlv£0}={23}, s=[|J]=2 M={23}, ¢ =maxc; =0,

Since v is constant, J = J and the first condition in (6.13) holds. The second
condition holds also, as dy — ¢ = d5; — ¢ = 0. We choose x4, whose column index in

the permuted X is [ = 2 € J. Then we introduce for x5, the other variable in block
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2 with column index 7 = 3, a new variable

(ds—e) U3 (di—0)
Ys = Ty —v—'$4 = T5 — T4.
2

Correspondingly, we append 0 = g5 = —y5 + x5 — x4 and replace z5 by y5 + x4 in C'
and A, the equations in block 2.

The resulting DAE has the following new equations

0

A =2 — [QC(xg)(:B’l + 24)% + 27d(z3) + (223 — 32) (alzs) + 2b(23)) + a(:r;g)y5]
0=C = — [—ZC(xg)(x'l + x4)* — xPd(x3) + (225 — 32) (alzs) — 9b(z3))
— 202e(wg) — dlws) (@) + 24)° = (alws) + b(xs)) vs]

0=g5=—ys + x4 — 5.

Ty Ts T2 Ys T1 T3 ¢

_ - I xl 4 xg4) xgl)

gs| 0° 0O 0 0 - .
g5 |-1 1

Bl 0O 0°]2 1 1o

. B as —as — 1 1

C 0°0 |1 2|2 e

EZ o j: C a3—9b3 —ag—bg 1

A 0 0° 2 1 |2 o
A as + 2bs as 1

D 0% 0 ]4 (4) dD 9D
D oD 0D

z 0 0 4
E@® i 52 2L |

Now the System Jacobian J is generically nonsingular. The SA reports the correct
index 5, and succeeds at any point where det(J) = 2(a2 —3asbs +b2) sin 23 # 0. Again
Val(X) =0 < 2 = Val(%). m
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In [45, Example 6.1], Pryce fixed the SA’s failure on (6.11), and pointed out
that only the introduction of x4 — x5 as a separate variable is essential to his fix.
Example 6.5 verifies Pryce’s argument and shows that the block ES method finds his
reformulation in a systematic way.

To prove Theorem 6.4, we shall use the following two assumptions.

(a) Without loss of generality, we assume that the entries v; # 0 are in the first s

positions of Vv, that is, V = [01,...,7,,0,...,0/T. By (6.12),
q—1 q—1
J=Y Ny+1:) Ny+s.
w=1 w=1

(b) We introduce one more variable y; = xl(dl_a for the chosen | € J, and append

correspondingly one more equation 0 = g; = —y; + xl(dlfa).

We show first that the signature matrix X of the resulting DAE can be put in
the block structure as shown in Figure 6.1. Then we construct two (n + s)-vectors
¢ and d in (6.17), and prove in Lemma 6.6 that c@ — ¢; > 0;; holds in the below
diagonal blocks, while (;lvj — ¢; > 0;; holds elsewhere. The proof of this lemma is
rather technical, so we present it in Appendix A.2. Lastly, we prove Theorem 6.4.

From the description of the ES conversion in Theorem 6.4, the substitutions (6.15)
only occur in equations f; with ¢ € B,. Hence, in the resulting DAE, variables y; for
j € J only appear in equations f; for i € M C B, and equations g, for r € J.

Considering the block structure of X in Figure 6.1, we elaborate on four cases for
a block submatrix X,,4,: (a) wy # ¢ and wy # ¢, (b) wy # ¢ and wy = ¢q, (¢) wy = ¢

and ws # ¢, and (d) w; = wy = q.

(a) wy # g and wy # q. In By, equations f; are of indices i € B.,U Bs,. As noted
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i1 Biga Yigq 3 —OON; xs Sigr1 o By

fi for i € B,

Y11 Bg-1,g-1 Yg-1q 1 TOON, ixs Yg—1g+1 Bg-1p

fifori e By

[\l

Y1 o Bgg-1 [T ST STt Tt TTTT g1 a.p

gr forreJ

Ygt1,1 Bgt1,g-1 Yg+1q —OON,11xs Ygt1a+1  Bgtlp
: : : : fi for i € By

M|
2
—
=
M
<
k)
—
(V]
M
2
—
w
N e M M N

o1 o Epga g ! —OON, x5 gl o gy

z; for j € By x; for j € By y; for j e J z; for j € Byq

Figure 6.1: Block structure of X of the resulting DAE by the block ES method. The
notation B, is short for U%_} B,,, and B, is short for Un—gi1Buw.

in (6.12), the expression substitutions described in (6.15) only take place in f;
with i/ € M C B,, so do not happen in such blocks fwm. Hence, each X, 4,

remains unchanged in 32, and

S iwy = S, for wy # q and wy # q.

(b) w; # q and wy = ¢q. In X,,,, we include variables y; for j € J as defined in
(6.14). By the same arguments as in (a), the expression substitutions do not
happen in these blocks. That is, y; for j € J do not appear in equations f; for
i € B.y U Bs,. Hence, we can obtain fwlq by concatenating horizontally 3,4

with an N, X s matrix of —o0’s:

2'wlq: Ewlq _oon1><57 wlzlu"'7q_17Q+17"'7p‘
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(¢) wy = qand wy # q. In B, we include equations g, for 7 € J as defined in (6.16).
Also, due to the expression substitutions (6.15) occurring in f; with ¢ € M C B,,
o(zj, f;) and o (xj,fi) may not be the same for ¢ € B, and all j = 1:n. Hence,
in contrast to cases (a) and (b), there are no obvious connections between X,

and 3,,,,, for w; = ¢ and w, # q.

(d) w; = wy = q. ¥, contains signature entries for equations f; and g,, where i € B,
and r € J, in variables z; and y,, where j € B, and r € J. Similar to ¥ in the

basic ES method (cf. Figure 4.1 and (A.4) in Appendix A.1), 3, in the block

ES method also has a (sub)block structure

P

M|

by qq,13

qq,11 qq,12

> =

aq

qu,21

M|

quﬂ qq,23

We shall use it in the proof of Lemma 6.6 in Appendix A.2.

Denote by Q@ = > "¢ _| N,, the total number of equations (or variables) in the first
q blocks of 3. Using a valid offset pair (c;d) of 3, we construct two (n + s)-vectors
¢ and 5, defined as

G ifi=1:Q d; ifj=1:Q
;=1 C ifi=Q+1:Q+s 67]: c ifj=Q+1:Q+s
ci_s fi=0Q+s+1:n+s, di—s itj=Q+s+1:n+s.

(6.17)

Then we have the following lemma.
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Lemma 6.6 In the block structure of ¥ in Figure 6.1,

> T if (i,7) is in a below diagonal block, and
dj — C;
> 0;; otherwise.

The proof of this lemma is in Appendix A.2. Using this lemma, we can now prove

Theorem 6.4.

Proof. Let T be a transversal of 3. Using Lemma 6.6 and (6.17), we derive

Val(f) = Tij
(i,5)€T
< Z (dj —¢)
(4,9)€T
n—+s _ n—+s
-3 a-Ya
j=1 i=1
Q n+s Q n+s
_ (Zdﬁm 3 dj_s> _ (zwm 3 )
j=1 J=Q+s+1 J=1 i=Q+s+1

=Y "= e = Val(®). (6.18)

j=1 i=1

Again, as in the proof of Theorem 6.1, we prove Val(X¥) < Val(X) by contradiction.
Assume Val() = Val(X). Obviously Val(X) > 0. The vectors ¢ and d in Lemma 6.6
satisfy conditions (i) and (9) of Lemma 2.10. Also, Val(Z) = Z?Hc@ — e

7

satisfies condition (74) of Lemma 2.10. It follows from this lemma that
(a) (€;d) is a valid offset pair of 3.

(b) The Jacobian pattern Sy, derived from ¥ and (¢;d), is in the p x p BTF shown

in Figure 6.1.
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(c) T is the union of HVTs T, of all diagonal blocks X1, . .. 7§pp of ¥.

We can consider block ¢ of the original DAE as a sub-DAE, with signature ma-
trix 3,, and offset pair (c,;d,)—this follows from Lemma 2.11. The ES conversion
described in Theorem 6.4 can be regarded as an application of the basic ES method
to this sub-DAE, given that the basic ES conditions (4.18) hold due to the block ES
conditions (6.13). By Theorem 4.17 for the basic ES method, a conversion results
in Val(iqq) < Val(X,,). Also, since Yuw = Zuw for w # q, Val(Zypw) = Val(Zyw)
when w # ¢q. Then a contradiction Val(X) < Val(X) follows, if we apply the same
arguments as in (6.10).

Hence, the assumption Val(X) = Val(X) is erroneous. By (6.18), only Val(X) <
Val(X) can hold. m

Remark 6.7 For clarification, we revisit the three items (a)—(c) in the above proof

of Theorem 6.4. Since

n+s n+s
Val(E) < Val(Z) = Y d; — ) &

j=1 i=1
by (6.17) and Theorem 6.4, an offset pair (€: d) cannot be valid for &, so (a) must not
hold. Regarding (b) and (c), it may be possible that a Jacobian pattern Sy, derived
from ¥ and its valid offset pair (€;d), is in the p x p BTF shown in Figure 6.1. In this

case, (b) holds and then (c) follows from it. However, in general, the block structure

in Figure 6.1 is not necessarily a BTF of the resulting DAE.
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Chapter 7

Examples of block conversion

methods

We illustrate the block conversion methods with two DAE problems originated from
electrical circuit analysis [30]. We discuss the transistor amplifier DAE in §7.1, and
discuss the ring modulator DAE in §7.2.

We also illustrate in §7.3 how to fix the index overestimation problem on the
family of DAEs by Reiflig, for which SA produces a nonsingular System Jacobian but
overestimates the index. We apply a technique similar to the block LC method, and
then SA reports the correct index vg = 1.

Lastly, we summarize in §7.4 our treatments for the SA-unfriendly DAEs discussed

in this thesis.

115
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7.1 Transistor amplifier DAE

The transistor amplifier DAE is classified as a stiff index-1 DAE in [30]:

0=fi= Cilay —2h) + Ry' (21— Ue(t))
0=fo=-Ci(z —ab) — Ry'Uy + z2 (RT" + Ry') — (a — 1)g(aa — x3)
0=fs= Oyl — gy —x3)+ Ry w3

0=fi= Cs(a}—at)+ Ry (x4 — Uy) + ag(ws — x3)

(7.1)
0=fs=—C3(x), —at) — Ry'Up + 5 (Rgl + Rﬁ_l) — (a = 1)g(z5 — x6)
0=fo= Cuxg—g(zs—x6)+ R;lxﬁ
0=fr= OCs(z} —af) + Rg'(xr — Up) + ag(as — )

O = fs = —05(1',7 — l'é) + RQ_IZL'g,
where
g(y) = B(e?"r —1) Uy, = 6.0 Ry = 1000
a=0.99 Ur = 0.026 R;, = 9000 k=1:9
B=10"° Us(t) = 0.1sin(200mt)  Cr =k x107°% k=1:5.

The SA fails since det(J) = 0. The fine BTF reveals that the three 2 x 2 sub-Jacobians
J11, J33, J55 are identically singular and have a similar structure. Each block receives

the same treatment when a conversion method is applied.
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T i) T3 T4 s T T xTs ci

fi [ 1* 1 ] 0
foll 1* ] 0 0
f3 0 1° 0
fa 0 0| 1° 1 0
X = £ 1 1° [0 0
Je 0 1° 0
[z 0 0 1° 1]o
fs | 11 o
11 111 111
x) xh xhoxy  xt wy Th oxh o
Al a -a 1o
L2 |=Ci Gy 0
g Co 0
J= fa Cy —C4 0
s —C3 (3 0
Jo Cy 0
I Cs —Cs| o
Is L —Cj 05_ 0
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LC method. One can easily find u = [1,1]7 € coker(Jy;), coker(Js3), coker(Jss).

We perform on each singular block a conversion, and choose to replace the first

equation in each such block.

block replace by
& Ji=h+fe
3 fa fo=fa+fs
5 fz fo=Ffrtfs

The new equations in the resulting DAE are

0=/, =Ry (z1 = Uc(t)) — Ry'Uy + x2 (R + Ry') — (a — 1)g(a2 — x3)
0=f,=R; " (za—Uy) +ag(zs —x3) — R;'Up + 25 (R + Ry ')
— (= 1)g(z5 — x6)

O = 77 = R8_1($7 — Ub) + ag(x5 — ZE(;) + Rgll’g.

The SA still reports index 1, and succeeds with a nonzero constant det(J):
det(J) = C1C2C5C4C5 (Ry' + Ry + Ry') (R + R+ Rg') (Rg' + Ry') #0.

Now Val(X) =5 < 8 = Val(Z).
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M|

i

—/

I
fs
T
fs
fs
;i
/>

fs

Ty Ty Xy Ty Tg T1 Ty T3 o
0* 0 0 0 1
1 1° 0
0* 0 |0 0 0] 1
1 1* 10 0
0 1° 0
0*° 0 |0 |1
1 1°* 110 0
0 [ 1°] o
ro1 11111 1
a xg x) Ty vy @) xh x4
Rt Ry! g—Z; 3—5;
—C5  Cs
R;' R+ Ry| U o4 o4
—C} Cs
Cy
Ry' R+ R | 2L
—C 4
Co

119
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ES method. We can take v = [1,1]7 € ker(Jy;), ker(J33), ker(J55). We show how
to perform a conversion on block 1; block 3 and block 5 can be treated in the same

way.

For block 1, we construct the corresponding v = [1,1,0%]”. Using (6.12), we have

J=J={jlv£0}={12}, s=[|J|=2, M={1,2}, and ¢=0.

= . . do—¢ c
We choose [ =1 € J, introduce for x5 a new variable y, = xé : c)—Z—jwl = r5—17,

and append correspondingly the equation 0 = hy = —y, + 2, — z}. Then we replace
x4 by y2 + 2 In fi, fo.

After we complete similar conversions on block 3 and block 5, the resulting DAE

has equations f3, f¢ and the following equations:

0=F; =—Ciyo+ Ry (z1 — Ue(t))

0=f,= Cyy— Ry'Uy+ 19 (Rl_l + R2_1) — (= 1)g(zg — x3)
0=hy =—ys+ x5 — )

0= fy=—Cays + Ry (2 — Up) + ag(ws — x3)

0=/Fs= Cays— Ry'Up+as (Ry' + Rg') — (o — 1)g(x5 — wg)
0=hs =—ys+ x5 —

0=f,=—Csys + Rg*(z7 — Uy) + ag(xs — x6)

0=fs= Csys+ Ry'as

0=hg = —ys + a5 — 2.

The SA succeeds with a nonzero constant det(J) and Val(X) =5 < 8 = Val(Z).



7.1. TRANSISTOR AMPLIFIER DAE 121

g xg Ys T4 Ts5 Ys Te L1 T2 Y2 r3 ¢

hs [1° 1 [0 0
fs 0* 0 1
f 10 0* 0 0 1
hs * 1 0 0
7s 0 0|0 1
s_ T4 0 0° 0 0| 1
Je 0 1° 0
ho 1 1 0 0
7, 0* 0| o] 1
£ 0 0° 1
3 L 0 1°] o
d; 1 1 1 1 1 1 1 1 1 1 1
ap owy Yy @y ah Yy wxg xy o why o yh o
hs [ —1 1 1
s Ryt Cs
oo |Bs G| 5 25
hs -1 1
T G|k
T= 7 Ry e o a0
fe Cy
ho -1 1
T mooa gk
1 Ryt -
3 L C3 |
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7.2 Ring modulator DAE

We study the ring modulator problem from [30]. When Cy # 0, it is a stiff ODE
system of 15 nonlinear equations. Setting C; = 0 gives a DAE of differentiation index

2, which consists of 11 differential and 4 algebraic equations:

0=f =2, +C* (:158 — 0.5219 + 0.5211 + 214 — R_lxl)

0=fy =—ab+C " (zg— 05211 + 0.5z12 + 715 — R 'a)

0=1fs = x10—q(Up1)+ q(Upa)

0=fs =—211+q(Up2) — q(Ups)

0=1fs = z12+qUp1)—q(Ups)

0=fs =—x13— q(Up2) + q(Ups)

0=fr =—a7+C, (=R, w7+ q(Up1) + ¢(Up2) — ¢(Ups) — q(Upa))
0=fs = —ah+—L;'z (7.2)
0=fy =—xg+—L; "z

0= fio =~y + L5 (0.52; — 23 — Ryex10)

0= fi = —a) + L3 (=052 + 24 — Ry3z11)

0= fio =~y + L5 (0.529 — 25 — Ryox12)

0= fiz = —a3 + L3 (—0.519 + 26 — R,3713)

0= fua = =24y + L' (=21 + Ui (t) — (R; + Ry1)214)

0= 15 — —ZE,15 + Ls_ll(—l’g — (Rc + R91)5E15).
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rr X2 L7 L13 L1112 Lo T3 L4 s T Ly L9 L4 Tis
ffre 0 0 0 0
f2 1° 0 0 0 0
fr 1° 0 0 0 0
fi3 0 1° 0
i1 |0 1° 0
fi2 0 1° 0
Jio |10 1* | 0
fs 0 0 |o° 0 0
fa 0 0 0* 0 0
fs 0 0 0o 0 o0°
fs 0 0 0 0 0°
fs |0 1°
fo 0 1°¢
fia |0 1°
fis | 0 1°
dj 1 1 1 1 1 1 1 0o 0 0 0 1 1 1 1

The functions are

Up1 = x3— 25— 27 — Upna(?)
Ups = =24+ 26 — 27 — Upna(?)
UD3 = Ty + Ty + Wit -+ Umg(t)

UD4 = —T3 — Tg + Wit + Umg(t)

Uinz(t) = 25sin(200007)

o) =7 1)

Usn1 (£) = 0.5in(20007¢)

123
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The parameters are

C=16x10""° Ly =445 R, = 36.3
C,=10"% Lg=2x10"" Ry =173

R =25x 10 Lyo=5x10" Ry =173

R, =50 Lyg=5x10"* R; =5 x 10

R, =6 x 10? v = 40.67286402 x 107 § = 17.7493332.

Each 1 x 1 block has a nonsingular Jacobian: J,, = —1 for ¢ = 1:7,9:12, or
equivalently 0f;/0z; = —1 for i = 1,2,7:15. SA fails with det(J) = 0 because block

8 has an identically singular sub-Jacobian

T3 Ty Ty T
f3 -—31 — S84 S1 — 84 ]
Jgs = fa —S2 783 TS3 §2 where s; = v8e?UPi.
/s S1 —S3 —S51 — 83
Joe L —s4 52 —382 — S84

This is a nonlinear block, since variables x3, x4, x5, ¢ do not occur jointly linearly in

equations fs, fi, f5, f¢. One can also see these variables appear in Jgs.

LC method. We find a constant vector u = [1,—1,1,—1]7 € coker(Jsg), which
satisfies the block LC condition (6.4). Then u = [0, 1, 1,1, —1,01]T. We use (6.3)

to derive

I={i|u#0}={80910,11}, ¢=0, and L=L={89,10,11}.
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The row indices in L correspond to the equations fs, fu, f5, fs. We can pick any one

of them and replace it by

f=uifs+usfs +usfs +usfe = fs— fa+ fs — fo = x10 + 211 + 212 + 213.

We choose f3 and replace it by 73 = f. The resulting DAE has the following ¥ with
Val(X) = 10 < 11 = Val(X).

1o T2 L7 X3 T4 T3 Te Tio L1l Ti2 T13 Zs Zg 14 T15 G

£ [ 0 0 0 0 0
f2 1° 0 0 0 0| o
fr *lo o o o 0
Jio |10 0° 1 0
fs @0 o0 o 0 0
fa 0 0 0° 0 0 0
fe 0 0 0 0 0 0
S_ 7 ° 0 0 0 !
i |0 0 1° 0
Ji2 0 0 1° 0
J13 0 0 1° 0
fs |10 1° 0
fo 0 1° 0
Jia |10 1° 0
fis | 0 1*] o
g 1 1 1 0 0 o0 o0 1 1 1 1111 1

Again, each 1 x 1 block has a nonsingular Jacobian:

af,)0x, = -1 fori=1,2,7,8,9,14,15.
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The sub-Jacobian of block 4 in the resulting DAE is

T3 Ty Ts Te Ty T Ty T3
flO __L;21 -1 ]
s S1 —S3 —S51 — 83
Ja —S2 — 853 —S3 52

344 = f6 —384 S2 —S89 — 84 ’

Ta 1 1 1 1
Jin Ly -1
f12 _Ls_zl -1
fis | Ly —1

whose determinant is

det(Jas) = 2s1528384(s7" + 55 + 55 +s7 )Ly + L)

The SA succeeds at any point where det(Jy) # 0, and the DAE is of index 2.

The initial values given for solving this DAE are

;=0 fori=1:15, and z.=0 fori=1,2,7:15.

They satisfy all f; and f}, and hence are consistent. At this consistent point, det(Jy,) =
1.2040 x 10~ and cond(J44) = 4.9451 x 10*2. This large condition number is due to
equations fy, f5, f¢ not being scaled properly. If we multiply each of these equations
by 107, then the determinant of the resulting sub-Jacobian is 1.2040 x 107 and the

condition number becomes 4.9456 x 10°.



7.2. RING MODULATOR DAE 127

ES method. Take v =[-1,1,—1,1]7 € ker(Jgs). Then v = [0Z, —1,1,—1,1,01]".
We use (6.12) to derive
J=J={jlv#£0}={8,9,10,11}, s=|J|=4, M=J, and c=0.

We choose column index [ = 8 € J in the permuted ¥. The variable of this
column is x3. The other variables in block 8 are x4, x5, xg, so we introduce for them,
respectively,

_ Vg . V10 d - V11
Yo =Ty — — T3, Y =I5 — — T3, al Yo = T — — - I3-
Ug Ug Ug

Then we append the equations corresponding to these variables

O=gs=—Ys+as+x3, 0=gs=—ys+a5—2x3, and 0=gs= —Yys+ 6+ T3.

The equations in block 8 are f3, f4, f5, f¢. In these equations, we perform the following

substitutions.
replace by in
Ty Ys— a3 fa, [5, fe
T5 Ys+ 3 f3,fa, f5
e Yo — T3 3,1, f6

The resulting index-2 DAE is of size 18, and we do not show its equations and SA
results. It has Val(2) = 10 < 11 = Val(X) and

det(J) = —2s1898384(s7 ! + 855" + 537 + 8, )WL + L)

The largest fine block is of size 12, and the other six fine blocks are of size 1. The SA

succeeds at any point where det(J) # 0.
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7.3 A family of DAEs by Reiflig

ReiBig et al. construct a family of DAEs of differentiation index 1 for which SA finds
an arbitrarily high structural index vg > 1 [52]. They are linear constant coefficient

DAEs, and each has the form
A -X'(t)+B-x(t) —q(t) = 0. (7.3)

The problem is of size n = 2k + 1 where k € N*. The n x n mass matrix A has the

form
0 1 1 ]
1 10
0 1 1
1 1 0

A= 0 :

0
0 1 1
1 1

and B is the n x n identity matrix. In other words, for ¢« = 1: k, equations f5;_; and

4 / /
f2; have the common expression x5, + x5, ;.
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In [46], Pryce applies the ¥-method on (7.3) with n =5 and k = 2:

0= f1=uay+ 2h+x1 — q1(¢)
0= fo =ah+ xh+x9 — ¢a(t)
0= f3=2a)+xi+xs — g3(t) (7.4)

0= f1=2a)+xi+xs — qut)

0=fs= x5 — q5(1).
L1 X2 X3 Ta Tp oo vy oxh, ay ) al
Ao 1o 1 11 7
fa 1* 1 0 fa 1 1
v— /3 0° 1 1|1 j=— f4 1 1 1
Ja 1* 1|1 fi 1 1
Is | 0°] 2 i 1|
oo 11 2 2 Val(¥)=2 det(J) =1

The method succeeds, but reports vg = 3 greater than v; = 1. Equivalent to the -
method, Pantelides’s algorithm reports the same structural index as well. This index
overestimation is not favoured, as SA exaggerates the numerical difficulty of solving

(7.3). We illustrate below how to fix the index overestimation problem on (7.4).
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Although matrix A is structurally singular—that is, every transversal contains an

identically zero entry—we can permute A into the following structure

To T3 T4 T T

Al 1

Ll1 1

f3 1 1

fi 1 1

5L ]

Note that this is not a BTF of A, as the last diagonal block is empty. However,
by observing this structure, we can replace f; by f, = fi — fs, and replace f3 by
73 = f3 — f4. The converted DAE has new equations

0=/, =21 — 22— q(t) + @(t)

0= f3=1u3— 21— qs(t) +qult)

Ty Ty Tz Ty Ty o R S A (R
7o o IE 711 - |
f2 1* 1 0 fo 1 1
> = 3 0* 0 1 J = ?; L -1
fa 1* 1o fa 11
fs | 0 1 f5 1 L

d 1 1 1 1 1 Val(

M
I
[\

det(J) =1

Since no d; equals 0, SA reports index vg = max; ¢; = 1. Notice that here we do
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not choose the canonical offset pair

(c;d) = (0,0,1,0,1;0,1,1,1,1),

which still give an overestimated structural index vg =2 as d; =0 and ¢3 = ¢; = 1.

Consider for general case k > 1. The DAE is

0 :fgifl = iCIQZ + $/2i+1+ Toi—1 — q%,1<t) 1=1:k
0= f2i = wlgz + $/2i+1+ To; — C]Ql(t) 1=1:k
0 =fort1 = Tok1 — Qar+1(1)-

SA succeeds but reports structural index vg = k + 1.
To remedy this index overestimation, we repeat the same strategy used above.

We permute A into the structure

To T3 Ty Ty - T2k T2kl L1
A1 1
fo 1 1

fs 1 1

for—1 1 1
for 1 1

Jors1 |
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Tl Xy Ty Ty Ty o Tog Tkl G
fAloe 1 1 1o
fo 1 1 0
I3 0* 1 1 1
Ja 11 1
Y= 0*
Jor—1 o1 1 k—1
fok 1° 1 | k-1
Jor+1 L 0° | &
g 0 1 1 2 2 k—1 k Val(2) =k
r1 T2 T3 Ty Ty v T2k T2k+1
Al 11 |
f2 1 1
f3 11 1
Ja 1 1
J=
Jok—1 11 1
fok 1 1
Jor+1 L 1]

det(J) =1
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Then, for i = 1:k, we replace fo; 1 by 7%_1 = foi_1 — f2;. The converted DAE is
0=Fo 1= T2i-1 — T2 — Q2i1(t) + qi(t) =1k
0= f2i = fL'/QZ + l’IQH_l + To; — QQZ(t) 1=1:k (75>
0 =fort1 = Taps1 — Qa1 (t).

Now SA reports the correct vg = 1 on the converted DAE (7.5). Again, we use a

non-canonical offset pair of 3, while in the canonical case we would have d; = ¢; =0

and the structural index 2.

ry X2 X3 T4 X5 o X2k T2k41 G

filo o 1:

fo 1° 1 0

fs 0°* 0 1

fa 1° 1 0

> = 0*

Far—1 e 0 1

fok 1° 1 | o

Jor+1 L 0° |1

M

g 1 1 1 1 1 .- 1 1 Val(X) =k
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r1 X2 X3 T4 Ty o X2k T2k41

1 -1

T 1o

fa 1 1

i
Il

far1 I -1

fak 1 1

Jorg1 L I

det(

)

) =1

7.4 Summary of examples

We summarize in Table 7.1 the comparison between the basic conversion methods
and the block methods on five SA-unfriendly DAEs in this thesis: the introductory
example (6.2), the Campbell-Griepentrog robot arm DAE (6.11), the transistor ampli-
fier DAE (7.1), the ring modulator (7.2), and the Scholz-Steinbrecher linear constant
coefficient DAE (3.10).

We give several remarks on Table 7.1.

e The basic LC method and the block LC method give the same conversion(s) on
(3.10), (7.1), and (7.2). The basic ES method and the block ES method give

the same conversion on (6.2) and (7.1).
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e For (6.11) and (7.2), both the basic ES method and the block ES method find
J # 0, so they give desirable conversions. However, the basic ES method

introduces more variables and appends more equations for fixing these DAEs.

e For (6.2), the basic LC method is not applicable, while the block LC method
finds a desirable conversion. For (6.11), the basic LC method finds a conversion

that is not desirable, while the block LC method finds a desirable conversion.

In Table 7.2, we summarize the comparisons between the SA-unfriendly DAEs
presented in this thesis and their SA-friendly formulations, in terms of differentiation

index vy, structural index vg, and value of signature matrix.
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DAE Method Result
basic LC L = (), method not applicable
Introductory block LC L # (), desirable conversion
example (6.2) basic ES _
Same conversion with J # ()
block ES
basic LC L # (), L = (); available conversion not desirable
Campbell-Griepentrog  block LC L # (); available conversion is desirable
robot arm (6.11) basic ES J # 0, size increased by 2
block ES J # 0, size increased by 1
basic LC -
Same conversion with L # ()
block LC
Ring modulator (7.2) —
basic ES J # (), size increased by 7
block ES J # 0, size increased by 3
basic LC .
Same conversion with L # ()
block LC
Transistor amplifier (7.1)
basic ES -
Same conversion with J # ()
block ES
basic LC .
Scholz-Steinbrecher Same conversions with L # ()
block LC
linear constant
basic ES Both become inapplicable in
coefficient DAE (3.10)
block ES the second iteration

Table 7.1: Comparison between the basic conversion methods and the block methods
on several DAEs presented in this thesis.
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SA-friendly / SA-unfriendly formulation

DAE —
Vg vg Val(X) / Val(%)
Example (4.5) for LC method 2/3 2/2 1/2
Modified pendulum A (4.12) 3/6 3/3 2/9
Example (4.13) for ES method 2/2 2/1 1/2
Scholz-Steinbrecher DAE (5.1) 2/3 2/1 0/2
Modified pendulum B (5.4) 3/3 3/2 2/4
Example (6.2) for block methods 1/2 1/2 1/2
Robot arm (6.11) 5/5 5/3 0/2
Transistor amplifier (7.1) 1/1 1/0 5/8
Ring modulator (7.2) 1/1 1/1 10 / 11
«DAE (4.22) 1/1 1/0 1/2
«Family of DAEs by Reiflig 1/1 1) ol ntl jntl

Table 7.2: Some characteristics (differentiation index, structural index, and value of
signature matrix) of the SA-unfriendly DAEs analyzed in this thesis, and the struc-
tural data of their corresponding SA-friendly formulations obtained by conversion
methods. Two items with “x” are special cases: for (4.22) in Example 4.24, neither of
our conversion methods is applicable; for the differentiation index-1 DAEs by Reiffig,
SA does not fail but gives a structural index linear in the problem size; see §7.3 and
the last paragraph in §1.3.



138 CHAPTER 7. EXAMPLES OF BLOCK CONVERSION METHODS



Chapter 8

Conclusions

We identified in Chapter 3 two types of SA’s failure on a structurally well-posed DAE.
In the first type, the System Jacobian is structurally (and hence identically) singular.
The failure may attribute to hidden symbolic cancellations, which lead to overesti-
mations of signature entries and thence more identically zero entries in the System
Jacobian. Therefore, to handle this type of failure, we do symbolic simplifications on
some equations before performing SA.

We focused on dealing with the second type of failure, where a remedy for a failure
is less obvious. When SA fails on an SA-unfriendly DAE, the Jacobian is identically
but not structurally singular. In Chapter 4, we proposed two conversion methods, the
LC method and the ES method, which are the main contribution of this thesis. They
reformulate an SA-unfriendly DAE, with finite Val(X) and an identically singular
System Jacobian, into an equivalent DAE that is more likely to be SA-friendly with a
nonsingular System Jacobian. Our conversion methods enable SA to recognize better
the true structure of a DAE, and thus SA is more likely to succeed and report correct

structural information. Moreover, our methods provide insights into reasons for SA’s

139
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failures, which were not well understood before.

We summarize the ideas of these methods here. The LC method replaces an ex-
isting equation by a linear combination of some existing equations and derivatives
of them. The ES method appends new equations that define some newly introduced
variables, and replaces in the original equations some existing derivatives by a linear
combination of new variables and other existing derivatives. The conditions for apply-
ing these methods can be checked automatically, and the main result of a conversion

is Val(X) < Val(X), where X is the signature matrix of the resulting DAE.

A conversion by either method guarantees that the original DAE and the converted
one are equivalent, that is, they have the same solution (if any) over some time
interval. Considering the equivalence and simplicity of performing a conversion, we
presented in Table 4.1 our rationale for choosing the desirable conversion method

between the two.

In Chapter 6, we combined the block triangularization with the (simple) conversion
methods, and developed our block conversion methods. When J is identically singular
and the DAE has a nontrivial BTF, we can identify which diagonal blocks of the
Jacobian are identically singular, and then perform a conversion on each such block.
We base this strategy on the view that each diagonal block can be regarded as a
sub-DAE.

The computational cost of performing a conversion depends on the size of the
DAE, its sparsity, and intricacy of the equations involved in a conversion. In general,
this cost cannot be determined in advance, since deciding whether an expression is
identical to zero is unsolvable [54]. For example, given a solvable SA-friendly DAE

of equations f = 0, one can make the task of fixing Mf = 0 arbitrarily difficult by
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constructing any generically nonsingular dense n X n matrix M that contains any

expressions comprising derivatives of the x;’s, typically lower than the d;th.

Fortunately, the X-method already provably succeeds on many DAEs, and fixing
those failure cases so far encountered in practice does not require much computational
effort. Also, since the block conversion methods work on a singular block only, which
can have a significantly smaller size compared to the whole DAE, they can reduce
the computational cost and improve the efficiency of finding a useful conversion for

fixing SA’s failure.

We combined MATLAB’s Symbolic Math Toolbox [60] with our structural anal-
ysis software DAESA [40, 49|, and have built a prototype code that automates the

conversion process. We aim to incorporate them in a future version of DAESA.

With our prototype code, we have applied our methods on numerous DAEs. They
are either arbitrarily constructed to be SA-failure cases for our investigations, or
borrowed from the existing literature. We have shown how to fix Scholz and Stein-
brecher’s linear constant coefficient DAE in §5.1, the Campbell-Griepentrog robot
arm DAE [7] in Examples 6.3 and 6.5, the transistor amplifier DAE in §7.1, and
the ring modulator DAE in §7.2. Our conversion methods succeed in fixing all these
solvable but SA-unfriendly DAEs. We believe that our assumptions and conditions
are reasonable for practical problems, and that these methods can help make the

Y-method more reliable.

We briefly discussed another limitation of SA, the index overestimation problem.
On some DAEs, typically Reiflig’s family of DAEs of differentiation index 1, SA
produces a nonsingular Jacobian (hence succeeds) but an unnecessarily high structural

index, while the differentiation index is low. This scenario is not favoured, as the
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numerical difficulty of solving these DAEs is exaggerated. In §7.3, we resolved the
index overestimation problem on Reiflig’s DAEs, but did not develop a theory such
that the fix can be generalized in a systematic way. We conjecture that this problem
is due to the structure of the mass matrix 0f /0y’ and thus may be resolved by simply
taking a linear combination of the differential equations so that the mass matrix of

the remaining differential equations has full row rank.

We have shown in the example in §6.1 that the basic LC method does not apply
successfully, but the corresponding block method leads to a successful conversion.
However, we have not found an example where a basic method works but the corre-
sponding block method does not. Investigating further the connections between the

basic and block methods is left for future research.

Another research direction is combining the dummy derivative index reduction
method [29] with our conversion methods. When the conditions for applying them
are violated, appending some differentiated equations and replacing some “genuine”
derivatives by dummy derivatives (which are algebraic) may make a conversion pos-

sible.

We end this thesis with our main conjecture related to SA’s failure. In all our
experiments, when we transform an SA-unfriendly DAE to an equivalent SA-friendly
DAE, the value of a signature matrix always decreases. As Pryce points out in [45], the
solvability of a DAE lies within its inherent nature, not the way it is formulated nor
the method that analyzes it. Hence, we conjecture that an SA-friendly DAE should
always have a reasonable but never overestimated Val(3) that can be interpreted as
the DOF of this DAE; see (2.9). In other words, a DAE should not be formulated to

exhibit more degrees of freedom than the underlying problem has. However, based on
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our current knowledge, it appears difficult to show why overestimating the number

of degrees of freedom leads to an identically singular System Jacobian.
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Appendix A

Proofs for expression substitution

methods

A.1 Preliminary results and proof of Lemma 4.19

Let the notation be as at the start of §4.2. We give two preliminary lemmas prior to

the main proof of Lemma 4.19.

Lemma A.1 Letr e J\ {l} and

(% —C
wlzyr_‘__'xl(dl )

(%
Then

- {<dj6 ifje s\ {1}

<d;—c¢c otherwise.

145
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Proof. Consider the case j =1 € J. Obviously o (x;,w;) = d; —©.
Now consider the case j # [. Since z; can occur only in v, and v; in w;, we have

o(zj,w1) < o(xj,v). It follows from (4.18) and the case j = [ that (A.1) holds. ©

Lemma A.2 Let'r’EJ\{l},iEM, and

3 B (E—Ci)
wy = Wi = (yr + % : xl(dl_c)) : (A.2)
!

Then

o(xj,wy) = (A.3)

<dj—¢ otherwise.

Proof. Since ¢ = max;eps ¢;, ¢ — ¢; > 0 holds for all i € M. From (A.2), connecting

o(xj,ws) =0 (xj,w1)+ (¢ —¢;) to (A.1) immediately yields (A.3). m
Using the two assumptions before Lemma 4.19, we prove it below.

Proof. Write X in Figure 4.1 into the following 2 x 3 block form:

We aim to verify below the relations between o;; and (Z — ¢; in each block.



A.1. PRELIMINARY RESULTS AND PROOF OF LEMMA 4.19 147

Xy 0 -1 Xy Ti41 o T G
?1 1

(a) = : <
In Cn

dj dy - din dp dipq - d

Consider j,r € J\ {{}. By (4.16), we substitute w, in (A.2) for every gldrei)

in f; for all ¢ = 1:n. Using (A.3) gives o (z;,ws) < d;j — ¢; for all i € M. So these

expression substitutions do not introduce x&drc"), reJ\ { l }, in f,. Because of M

in (4.14), we have d; — ¢; > o;; for all i ¢ M and j € J. Hence

o(z;, f;) <dj—c forje J\{l}, i=1:n. (A.5)

What remains to show is the case j = [. From (4.15), 2 = yr—l—f}—’l“-xl(dl_a. Tak-

ing the partial derivatives of both sides with respect to xl(dl =9 and applying Griewank’s

Lemma (2.7) with w = 2" and g =¢—¢; > 0 for all i € M gives

(dr—7¢) (dr—2+2—c;) (dr—c;)
Ur axr (9.1'7» agjr
o A die o (diete-a) | o (di-)’ and then (A.6)
v axl aZL‘l aZL‘l
of, _ _of of,  oalt |
{di—c)) A (di—ci) Z d—c) A _(di—c) by the chain rule
Uy
=Ju+ Z Jir - . by (A.6)
reJ\{I} !
1 1
- _ZJMW: —(Jv);=0 by Jv = 0.
(% cJ v

This gives o (:L‘l,?i) < d; — ¢; for all i = 1:n. Together with (A.5) we have proved

the “<” part in 3.
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ey e 1y T
11 ¢
(b) S = <
I Cn
dj deyr - dy

The substitutions do not affect x;, for all j ¢ L. By (A.3), such an x; occurs in

every wp of order < d; — ¢;, 1 € M. Hence also

U(:Ej,?i) <d;j—c¢ foralli=1:nandj¢ L.

Yo oo Y1 U Y+ 0 Ys G
71 -0 €1

(c) 33 = < - <
fu —0 Cn

Consider r € J \ {{}. For an i € M, y, occurs of order ¢ — ¢; in wy in (A.2).

For all 2 = 1:n, if a substitution occurs for an 2% ) in fi, then o (yr,?i) =C— ¢

otherwise o (yr,ﬁ) = —o00. In either case o (yhﬁ) <t-—g¢.
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ry =0 X1 T Tp41 0 Ts G
g = = c
<
(d) Bp= 9 - E
< <
gS i g :- E

& & - diy di di oo d

Equalities hold on the diagonal and in the [th column, as y,(ﬂdﬁa and yl(dlfa occur
in g;, where » € J. What remains to show is the “<” part. Assume that j,r,l € J

are distinct. Then, by (4.15) and (4.18),

o(xj,g9r) =0 x-,yr—x(dr_a—i-&-x(dl_a <o(x;v)<d;—r¢c. A7
J J r U l J J

Ts41 = T 51

g1 c
<

() Tpp= g1 | 700" —00 | €
<

9s | ] ¢

d;  depy - dy

Assume again that j,r, [ are distinct, where r € J and j = s+ 1:n Then replacing

the “<” in (A.7) by “<” proves the “<” part in 3.
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vy Y Yo Yivr o Ys
7n+1 g1 i 0 ] c
— 0O
(f) Xps = For @ 0 c
: — 00
7n+s 9s | 0 |¢
dj ¢--¢ © ¢ ¢
Consider r,7 € J. By 0 = g, = —y; + :El(dlfz) and (4.15), y; occurs in g, only if

j =, and o (yj,g;) = 0. Hence, on the diagonal lie zeros, and everywhere else is

filled with —oo.

Also worth noting is that in the y; column is only one finite entry 0,41 n+ = 0,

and that in the g; row are only two finite entries 0,,4;,+; = 0 and 0,4y = d; — €.

Recall (4.19) for the formulas of ¢; and c@ of 3. The above verifies the relations

between 7;; and CTJ — G, foralli,j=1:n+ s, in 3 in Figure 4.1. O

A.2 Proof of Lemma 6.6

For ¥ = (5,;) in the block structure in Figure 6.1, we write the block sizes in the

array

N = (Nl,Ng,...,Nq_l,Nq+S,Nq+1,...,Np), (A8)

and also write the block sizes of ¥ in the array

N = (N, Na,...,Ny-1, Ny, Nyt . ... N,). (A.9)
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Let blockOf(i) denote the block number of a row or column index i in 3. From (A.8)
and (A.9), it is not difficult to show that
q—1

blockOf(j) < ¢ & 1<j <> N, < blockOf(j) < ¢ and (A.10)

w=1

q
blockOf(j + s) > ¢ < ZNw—l—s—i—lgj—i—s

w=1

q
& > N,+1<j<n < blockOf(j) > q. (A.11)

w=1

Recall the construction of the two vectors € and d in (6.17):

& ifi=1:Q d; ifj=1:Q
=1 C ifi=Q+1:Q+s 67]: c fj=Q+1:Q+s
ci_s fi=0Q+s+1:n+s, dji—s itj=Q+s+1:n+s,

(A.12)

where @ = Y7 | N,. From this construction, each variable z; for j = 1:n has

4

the same “variable offset” in 3 as x; has in . Also, each equation fiofori=1:n

has the same “equation offset” in ¥ as f; has in ¥. Quotation marks are used here

because (c; &) is not a valid offset pair of 3; this vector pair is merely used for proving

Val(X) < Val(¥) in Theorem 6.4.
We aim to show that
_ > a;; if blockOf(j) < blockOf(7)

> 5,  if blockOf(j) > blockOf(4).
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For the block structure of ¥ in Figure 6.1, we have shown on page 110 that

- Zwlwg if wn 7é q and Wa 7£ q (A 14)

[Zwlq —oonlxs} if wy # q and wy = q.

™M

Hence, provided w; # ¢, Xu,w, is below [resp. above] the block diagonal of X, if
Yww, 18 below [resp. above| the block diagonal of 3. By (6.1), the inequalities in
(A.13) hold for i with blockOf(i) # q.

What remains to show is the inequalities in (A.13) for i with blockOf(i) = q.
These inequalities are for the signature entries in fqm, the blocks that are affected
by the expression substitutions. We consider three cases for 3,,,: it is (a) below the
block diagonal, with ws < ¢, (b) above the block diagonal, with wy > ¢, or (c) the
diagonal block qu, with wy = q.

(a) Xgu, with wy < q. An entry (i,j) in this block satisfies blockOf(j) <
blockOf(i) = ¢q. By (A.10), blockOf(j) < ¢ and hence j ¢ B,.

Recall from (6.15) that, in each f; with i € M C B,, we

replace each ng’”) with d, —¢; =04 and re J\ { l } C By

(% —C (e—ci)
by (e 2 aft0)
U

(dj—ci)

Foraj¢ B, D J\ { l }, the corresponding derivatives z; are not replaced in the

ES conversion, and for r € J \ { [ } (so j,r,l are distinct),

o\ (E=ei) - (E=¢i) e
o (a:j, (yr Lo xgdl )> ) -0 (xj, <U_> ) <o (xj,v(c_“)) . (A.1b)

U U

By (6.13), o (zj,v) < d;j —¢. Using (6.1) and (A.15), we derive
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T r _c (E*Ci)
o (xjafi) < max {U(l‘j,fi) , max o ($j7 (yr + U_ . QTl(dl )> )}

reJ\{l} v
<max {o(z;,f;), o (z;, v )}
=max {0;j, 0 (z;,v)+(C—c)}
<max{d; —¢;, (dj —¢) + (¢ —¢;)}

=d;—¢ forie M C B,. (A.16)

From the ES conversion described in Theorem 6.4, we have

o (2, f;) =0 (x;, fi) <dj—¢; forie€ B, \ M and (A.17)

O-(xj;gr) SO‘(,I]-,U) <dj—6 for r € J. (Alg)

Since blocks qu with wy < ¢ contain signature entries @;; for equations £, and g,,
where ¢ € B, and r € J, in variables z; with blockOf(j) < ¢, by taking together the

inequalities in (A.16)-(A.18), we have

d; —¢; if blockOf(j) < ¢ and i € B,
Eij <
d;j —¢ if blockOf(j) <gandie Q+1:Q +s;
recall Q = >°? | N,. Using (A.10) and the construction of ¢ and d in (A.12), we

have

o, <d; —¢ for blockOf(5) < blockOf(i) = . (A.19)
(q is the block number of both the original and enlarged diagonal blocks.)

(b) X, With wy > ¢q. An entry (i, j + s) in this block satisfies blockOf(j + s) >

blockOf(i) = ¢. By (A.11), blockOf(j) > ¢ and hence j ¢ B, D J\ {!}. By the same
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(dj—ci)

arguments as in (a), the corresponding derivatives T, are not replaced in the ES

conversion.

By (6.13), 0 (z;,v) < d; —¢. Then by the same derivations as (A.16-A.18) in (a),

we have
o (5, f;) <dj—ci fori € M C B, (A.20)
o (25, f;) =0 (25, f;) <dj—e¢;  forie B\ M, and (A.21)
o(zj,9-) <o(zxj,v)<d;j—¢ for r € J. (A.22)

Since blocks Eqw with wy > ¢ contain signature entries o; ;15 for equations 71 and
gr, where i € B, and r € J, in variables z; with blockOf(j) > ¢, the inequalities

(A.20-A.22) yield

d; —¢; if blockOf(j) > g and i € B,
Tijts <

d; —¢ if blockOf(j) >gandie Q+1:Q +s.

Using (A.11) and the construction of € and d in (A.12), we have

Tijis < Jjﬂ —¢; for blockOf(j + s) > blockOf(i) = ¢,

with 7 = @ + 1:n. We can rewrite this inequality as

0, < cjj —¢; for blockOf(j) > blockOf(i) = ¢, (A.23)

with j =Q+1+s:n+s.
For the inequalities in (A.13), so far we have proved the case blockOf(i) # ¢ in
(A.14) and the case blockOf(j) # blockOf(i) = ¢ in (A.19) and (A.23). For the
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last case blockOf(j) = blockOf(i) = ¢, we use the results from the ES method in
Appendix A.1.

(¢) Xgu, 18 Xyq, With wy = ¢. An entry (4,5) in X, satisfies blockOf(j) =
blockOf(i) = q. We view block ¢ of the original DAE as a sub-DAE, with a signature
matrix 3, of size N, and an offset pair (c,;d,). Given that the ES conditions
are satisfied by (6.13), performing the ES conversion as described in Theorem 6.4 is
equivalent to applying the basic ES method to this sub-DAE. After a conversion, the

resulting enlarged signature matrix qu of size N, + s has the form

cf. (A.4) in Appendix A.1, Figure 4.1, and Figure 6.1. The two block rows of 3,
correspond to f; for i € B, and g, for j € J, respectively. The three block columns
of qu correspond to x; for j € J, x; for j € B, \ J, and y; for j € J, respectively. If
we apply the same arguments in the proof of Lemma 4.19 (in Appendix A.1) for the

basic ES method, then we have CZ —¢; > G;; for all entries in 3. o
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Appendix B

Alternative proof of Theorem 6.1

Let the notation be as at the start of §6.2. This proof is based on the following lemma.

Lemma B.1 Assume that ¥ has a finite Val(X), (c;d) is a valid offset pair, and
So, derived from % and (c;d), is in a p X p BTF. Given a row index | € B,, where

q € 1:p, if we replace the entries oy in this row by

<d;—¢ if blockOf(j) < q
T (B.1)
<d; —¢ if blockOf(5) > q,

then Val(X) < Val(X), where X = (7;;) is the resulting signature matriz.

Proof. Let T be a HVT of ¥, and let T be a HVT of X. By (B.1),

Val(Z) = Y 7, < Y (dj— ) Zd —Z .= Val(Z). (B.2)

(3,9)€T (3,9)€T i=1

We show by contradiction that an equality in “<” of (B.2) cannot be achieved. We

157
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first outline the steps of the proof. (a) Assuming Val(X) = Val(Z), we show that a
valid (c;d) of ¥ is also valid for . (b) Using Lemma 2.10, we show that the Jacobian
patterns Sy, derived from X and (c;d), and Sy, derived from X and (c;d), are in the
same p X p BTF. Then we can write T =T U---U Tp, where T, is an HVT of a
diagonal block 3,,,, w = 1:p. (c) Finally we show that a contradiction occurs at the
intersection of row [ in X with the HVT Tq of diagonal block qu.

Now we elaborate on each step.

(a) We start off by assuming Val(X) = et 0 =Val(E) =3 dj—>,¢; > 0.
In this case, each entry 7;; on T is finite. Also, since d; — ¢; > 0,5 holds everywhere
by the construction of 3, an equality d; — ¢; = 7,5 holds for each (7,7) € T. Hence
(c;d) is a valid offset pair of X.

(b) Since Sy is in a BTF, d; — ¢, > oy; if blockOf(j) < ¢q and d; — ¢, > oy; if
blockOf(j) > ¢. Also by (B.1), d; — ¢; > 7;; holds in the below diagonal blocks of
3. Given that d; — ¢; > ;; holds elsewhere and that Val(X) = >idi— ¢, by
Lemma 2.10, the Jacobian pattern Sy, derived from X and (c; d), is in the same p x p
BTF as is Sy, derived from ¥ and (c;d). Hence, T is the union of HVTs T, of
diagonal blocks X, of &, w = 1:p.

(c) If we intersect row [ in X with an HVT T, of X,,, then we obtain a position
(L,ry e T, C T withl € B,, r € B,, and d, — ¢, = 7;,. However, this equality
contradicts (B.1) that requires d, —c¢; > 7. That is, the assumption Val(X) = Val(X)

leads to a contradiction, so Val(X) < Val(X). i

Using Lemma B.1, we give the alternative proof of Theorem 6.1.

Proof. We verify below that 3 = (;;) satisfies (B.1). Then by Lemma B.1, Val(X) <
Val(X).
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Obviously, we only replace f; by f, = f in an LC conversion, so 0;; = o; for all
i # [ and all j. We consider three cases: ([,7j) is (a) below the block diagonal, (b)
above the block diagonal, or (c¢) in diagonal block g.

Recall that, in the proof of Lemma 6.2, we have proved the cases (a) and (b) in
(B.1). What remains to show is ;; < d; — ¢; for blockOf(j) = ¢.

For j € B,, we derive

of, B 9 (Zie] Uz’fi(crg)>

(Cz_g)
= Zuzaf’—c using (6.4) and (6.5)

8x§dj 9 E)xg-dj 9 pr: xEdJ o)
= Ofi _ J ing L 4.2
= Zuzw = Zul ij using Lemma 4.
icl j iel
=0 using U € coker(Jy,).

Hence 05 = o (ajj,?l) <dj—c=d;j—c¢forall j€ B, |
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