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A theory of spin waves for the spin structures found
in the rare earth metals of hcp crystal structure is described.
The theory is developed for the conical spiral spin struéture
which contains the planar spiral, the nonplanar ferromagnet
and the planar ferromagnet as special cases. Included in the
Hamiltonian are isotropic and anisotropic exchange inter-
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it possible to express some spin-wave interaction effects
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for the spin-wave energies are given for the four structures
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CHAPTER 1
INTRODUCTION

1.1 Magnetic Interactions

The magnetic moments on atoms in solids may inter-
act with each other in a number of ways. However, the
simplest model of magnetism in metals is the following:
electrons in well localized magnetic d or f shells interact
with one another via a Heisenberg exchange mechanism, while
a distinct set of electrons in Bloch states accounts for the
metallic properties. Hence, we distinguish between locali-
zed magnetic electrons whiéh carry the major part of the
bulk magnetic moment and the itinerant conduction electrons
which contribute little magnetic moment. The low-lying ex-
ditations of spin systems coupled by exchange interactions
are wave-like and are called spin waves. In a spin wave a
small sinusoidally vafying deviation of the moment from the
completely ordered state travels through the lattice. The
energy of a spin wave is quantized in units of energy called
magnons and the excitation of a single magnon reduces the
ordered moment of the system by one Bohr magneton. If the
interactions between magnons are neglected then they haVe a
well defined energy Eq and momentum'hi. Exchange forces

determine the dispersion relation Eq vs q primarily and hence

-



a determination of the dispersion curve by neutron inelastic
scattering will give information about the magnetic inter-
actions.

In the past decade the heavy rare earth metals have
stimulated a great deal of interest due to their rich variety
of equilibrium magnetic configurations as revealed by neutron
diffraction experiments. In all of the various moment
arrangements, the moments of the ions lying in a given hex-
agonal layer are parallel. However, the direction of the
moment changes from one layer to the next and this variation
of the moment along the hexagonal axis can be described by

a wave vector k. whose direction is parallel to this axis.

0
A compléte description of these various moment arrangements
can be found in a review article by Cooper (1968b).

In order to discuss the differences in magnetic
behaviour of the various members of the heavy rare earth
group we can look upon each metal as consisting of a lattice
of localized rare earth tripoéitive ions immersed in a sea
of conduction electrons. Within each ion the intra-atomic
Coulomb interaction produces states characterized by L and S
where L is the total orbital angular momentum and S is the
total spin angﬁlar momentum. When the spin-orbit interaction
is added, only the total angular momentum J=L+S is conserved.

2 electrons

Upon forming the metal each atom lost its 5d 6s
to the conduction bands leaving behind a highly localized

moment at each lattice site due to the unfilled 4f shells.



In general this moment is given by Hund's rules so that the
total angular momentum J can be treated as a good quantum
number,

Since the radius of the 4f shell is about 0.35 g,
which is small compared to the interatomic distances of
'abéut 3.5 X, the overlap of the 4f wave functions from two
neighbouring atoms is very small and direct interaction
between the magnetic moments is negligible. The 6bserved
magnetism must then involve the conduction electrons which
must be capable of sustaining correiations of the moments
over several interatomic distances. While a conduction
electron is near a particular lattice site the coupling with
the localized f electrons is like an intra-atomic exchange,

being summed over all f electrons at that site

{1.1] K .S = K(g-l)gc.g .

z ]
£ —
Here K is the intra-atomic exchange constant between the 4f
and 6s electrons; S¢ is the conduction electron spin; S
is the total ionic spin; and (g-1)J is the projection of S
onto the total angular momentum of the ion. In second order
perturbation theory this interaction causes an effective
interaction between ionic moments. The localized 4f moments
produce around them a spin polarization of the conduction
system which in turn interacts with another localized moment

and gives rise to an indirect exchange interaction between

the two moments. It can be shown that the indirect exchange



may be written as a Heisenberg exchange interaction (Ruderman
"and Kittel 1954, Kasuya 1956, Yosida 1957).
[1.2] ==- I J..(R,.)S..S. .
?+ex i< ijtiji =it
If the conduction electrohs are treated using the free

electron model,vthen J(R) has the following form:

2 |
[1.3a] Jr) = &I E (g-1)% F(2k,R)
r

[1.3b] " F(Y) = (YcosY - sin Y) /Y2

where K is the s-f exchange interaction; =z is the number of
conduction electrons; and Egp is the Fermi energy. In order
to consider the dependence of energy on g it is convenient

to define the fourier transform of J(R)

ig. (R, -R.)
[1.4] I(Q) = I I(R;j)e e
j

For the free electron model, this has the form:

2 2
' _ 3z K _112 l-x 1+x
[1.5a] J(q) = TEE;— (g-1)° {1 + S log 1=
where,
[1.5b] ' X = q/2kF .

Although J(R) is long ranged and oscillatory, the maximum of



J(g) falls at g=0. However, Yosida and Watabe (1962) have
used a nearly free electron model for the conduction band
to show that J(g) can have its maximum at a non-zero wave
vector 50 along the c-axis if the periodicity of the hexa-
gonal close-packed lattice is considered. It is the exchange
interactions which determine the periodicity of the equili-:
brium magnetic moment arrangement.

The exchanée interaction is however not sufficient
to describe the magnetism in the rare earths. Since the
orbital angular momentum L of each ion is not quenched, the
distribution of 4f electrons is not spherical but is expanded
in a plane normal to J. This results in an anisotropic
crystalline field (Elliott 1961, Miwa and Yosida 1961) which
is large and cannot be neglected. If the neighbouring ions
are treated as point charges, the crystal field can be
expanded in terms of spherical harmonics and will have the_.
same symmetry as the ionic lattice. For the heavy rare earths
this structure is hexagonal close-packed (hcp) with the c/a
ratio between 1.57 and 1.59. Since the lowest J multiplet
is usually more than about 0.1 eV below the next excited
multiplet and since the splittings of these multiplets by
the crystal'field are of the order of 0.01 eV, we can consider
the ions as being confined to the lowest J multiplet. The
matrix elements of the crystal field within this J manifold
are then easily evaluated using the method of operator equi-

valents (see for example Hutchings 1964).



Another important contribution to the anisotropy
energy is magnetostriction. The crystal étructure in»ferro-
magnets is more or less distorted compared to the para-
magnetic state and the distortion depends on the direction
of the spontaneous magnetization. The deformation is ex~
pressed by the change of linear dimension measured along
a certain direction and is dependent on both the direction of
magnetization and the direction of observation. In order to
express the dependence of the anisotropy energy on the
strain, we expand the enérgy in a Taylor's series in the
strains. The terms linear in the strains refer to the
deformed lattice which has lower symmetry than the unstrained
crystal. This coupling between the strains and the direction
of magnetization is called magnetoelastic coupling. These
terms correspond to the anisotropic crystal field of the
distorted lattice and can be expanded in terms of a complete
set of spherical harmonics having the distorted lattice
symmetry (Lindgard 1971). Thus they can be handled using
the operator equivalent method also.

Both the crystal field anisotropy and magnetostriction
compete with exchange interactions to determine the eqﬁili-
brium magnetic moment configuration. Exchange favours a
spiral spin arrangement while axial anisotropy terms deter-
mine whether the arrangement is planar or conical. Even when
exchange favours a spiral spin arrangement, planar aniso-

tropy terms and magnetostriction effects can overcome this



tendency and give ferromagnetism.

1.2 Scope of Thesis

A general theory of spin waves for the helical spin
structures found in the heavy rare earth metals was first
developed by Cooper, Elliott, Nettel and Suhl (1962).
Starting from a Hamiltonian consisting of Heisenberg ex-
change coupling and single-ion crystal field terms they
obtained expressions for the spin wave energies for various
types of magnetic ordering. These expressions have often
been used to analyze the results of magnetic resonance and
inelastic neutron scattering experiments.

Recent experimen£a1 work has shown the need for a
theory extending the work of Cooper et. al. in a number of
ways. First, there is the trivial point that the hcp crystal
structure of heéavy rare earth metals has two atoms per unit
cell, whereas Cooper et. al. assumed a Bravais lattice for
simplicity. As a result they did not obtain expressions
for the higher spin-wave mode. Secondly, it is desirable
to treat the crystal field terms more carefully than was done
by Cooper et. al. whose expressions are correct only to the
higheést power of S, the total angular momentum. Careful
manipulation of the spin commutation relations, however,
yields expressions with desirable symmetry properties.
Thirdly, it has been recognized in recent years (Turov and
Shavrov 1965, Cooper 1968a) that the magnetoelastic coupling

between the magnetic spins and the lattice has an important



influence on the spin-wave energies} In fact, the experi-
mental work of Rhyne and Clark (1967) and of Nielsen et. al.
(1970) shows the need to consider magnetoelastic contribu-
tions of higher order than those discussed by Cooper (1968a).
Finally, the temperature dependence of the spin-wave energies
measured by maénetic resonance and neutron scattering ex-
periments requires for its description a spin-wave theory
incorporating in some approximate mariner the effect of
spin-wave interactions. While some of these extensions
appear in recent theoretical papers coﬁcerned with terbium
and dysprosium (Brooks, Goodings and Ralph 1968, Cooper 1968,
Brooks 1970, Lindgard 1971) a theory having all these
féatures has not so far been published.

In the present work aspin-wave theory is presented
for the general conical spiral structure which includes the
improvements mentioned in the preceeding paragraph. This
general magnetic structure contains the planar ferromagnet,
the planar spiral and the nonplanar ferromagnet as special
cases. Excluded from the theory are the distorted spiral
and fan structures which result when a helical spin structure
is placed in a magnetic field perpendicular to the hexagonal
axis (Enz 1960), Cooper and Elliott 1963, Nagamiya 1967).
Also excluded are the oscillatory z-component or sinusoidal
spin arrangement found in erbium between 53.5°K and 85°k
and in thulium between 40°K and 56°K, and the type of anti-

phase domain structure found in thulium below about 40°K.



In Chapter 2, the derivation of the spin wave
energies is outlined. The equations of motion for the spin
opérators are linearized by means of approximations equiva-
lent to the random phase approximation (Englert 1960,

Brooks 1970), the effect of higher order terms being ex-
pressed in an approximate way through powers of the reduced
magnetization. In Chapter 3 higher order magnetoelastic
terms corresponding to spherical harmonics with 2=4 are
discussed in detail and their contributions to the spin-wave
energies are written down. Finally, in Chapter 4 explicit
expressions for the spin-wave energies for the four magnetic

structures under consideration are given.



CHAPTER 2
SPIN WAVE THEORY
Because the calculation of the spin-wave energies is
rather lengthy we shall not quote any intermediate results.

However, it should be clear from what follows how the final results

were obtained.

2.1 The Hamiltonian

The magnetic properties of the rare earth metals of hcp
structure are described by the Hamiltonian (Cooper, Elliott, Nettel

and Suhl, 1962; Cooper 1968a).

= ol
%{,-‘- I J,, 8:;.8. - I K.,. S;S: + g uy H.(ZS.)
i<j 1j =1 =3 i< 1] 13 B P
+32:%5, +82:73,, +8%:3 . +388 (0,40, _)
2 7 720 4 40 6 60 6 66 6-6
1 1 1
- R®YroY 5 1,082 _gn2 =Y ¢+ 1,a8aN,aNct
B [el ? 2(Si S; ) + €, z Z(Sisi+sisl)]
_Rerze ¢ 1 nNal alaNy o € & 1,oEal oCcE
[2.1] B~ [e] i 7(5{8]+5{5;) + ¢, §A2(5i8i+sisi)] .

The first term is the usual Heisenberg exchange coupling predicted
by the theory of indirect exchange (see the review article by
Kittel (1968)) while the term in Kij is included to take account of
any anisotropic exchange which may be present. The terms inlﬁg;gg

and‘gg describe a crystal field with axial symmetry while the

term in‘Eg describes the hexagonal anisotropy. To avoid confusion

10
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with the exchange constants S; is used for the total angular
momentum of atom i, including orbital and spin contributions. The
Entg coordinate system has the ¢-axis along the hexagonal crystal

axis and the £-axis directed toward a nearest neighbor atom in

~b

the basal plane. The 02m are the spin operator equivalents

tabulated by Buckmaster (1962) and Smith and Thornley (1966) and

denoted "Racah operator equivalents" by Birgeneau (1967) who has

given numerical tables of their matrix elements+.

+The‘5;m are related to the operator equivalents of Stevens (1952)

by constant factors chosen so that they transform under rotations
in exactly the same way as do the spherical harmonics. As a result
they satisfy the commutation relations (2.22) and (2.23) for

tensor operators (Edmonds 1957, p.71) which greatly simplifies the
algébra involved in the calculation. Note, however, that they do

2

not contain the factor (2£+1/4w)1/ which occurs in the usual

definition of the spherical harmonics YZm(e,¢).'

m
L

by Brooks and Goodings (1969) and by Brooks, Goodings and Ralph

The operator equivalents O, used by Brooks (1969, 1970),
(1968) are exactly the same as the‘B? of Orbach (1961). The operator
equivalents and crystal field parameters of the present paper are

- related to those in the earlier papers by

~ 1 0 ~0 .0

Oz0 = 3 Oy B, = 2B,

~ _ 1.0 ~0 _ .0

O40 = § 94 By = 8By

~ _ 1.0 " ~0 0

%0 = 1% 06’1 Bg = 16Bg 1

~ 2 ~6 2
Ogs * Og-g = [(231)%/16)0¢ B¢ = [16/(231) “15}
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The last two lines of [2.1] are magnetoelastic terms whose
. importance with.regard to the spin wave energies of the rare earth
metals‘and other crystals showing large magnetostrictive effects
was first recognized by Turov and Shavrov (1965). They are
written here in the form appropriate to the hcp lattice derived

by Callen and Callen (1965) and discussed by Cooper (1968a). BY
and B are phenomenological magnetoelastic coupling constants and
sI, eg, ei and sg are symmetrized strains defined in Chapter 3.
Furthermore we have assumed that the strains are "frozen" at their
equilibrium values, an approximation referred to by Turov and
Shavrov and Cooper as the frozen lattice approximation. A full
discussion of magnetostrictive terms in the Hamiltonian, including
the applicability of the frozen'lattice approximation,>is given in
Chapter 3, All possible single-ion magnetoelastic terms linear
in the strains and up to fourth order in SE, Sz and SE and all
possible two—ioﬁ magnetoelastic terms linear in the strains and
up to second order in the spin operators are considered in detail.
The relationship between the equilibrium strains EI, Eg, Ei and E;
and the saturation magnetostriction constants is also given in
Chapter 3. In this section of the paper, however, we shall

include only the lowest-~order single-ion magnetoelastic terms which

make up the last two lines of [2.1].

2.2 Transformation to Equilibrium Coordinate Axes

A spin wave theory is constructed by considering the

deviations of each spin from its equilibrium direction. Therefore
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we transform to local coordinate axes at each site (Yosida and
Miwa 1961, Kaplan 1961, Cooper et. al. 1962) chosen so that the
Zi-axis lies along the equilibrium direction of §i and the Yi—axis

lies in the basal plane. The transformation is,

£ _ <X _ QY ; Z .
[2.2a] Si = Si cosf cos¢i Si 51n¢i + Si sin® cosd>i

n _ <X : . Y . A .
[2.2Db] S; = S5} cosb 51n¢i + Si cos¢i + 87 sin® 51n¢i
[2.2c] st = -s¥ sin6 + s% cosb

i i i

with ® the cone angle and ¢i = £0.3i+¢, EO being the wave vector
of the spiral. Because of the experimental fact that the spins in
eééh plane perpendicular to the hexagonal axis are aligned, 30 is
assumed to be in the direétion of the r-axis.

The transformation [2.2] is equivalent to a rotation of the

Ent coordinate system through the Euler angles o, = ., B, = 6,

i i

Y = 0. Under these rotations the Bkm transform according to

= € aN oly — (2) ~ X oY o2
[2.3] Okm(si'si'si) = i' Dm.m(¢i60) olm'(si'si'si)

where the Dég%(aisiyi) are the standard rotation matrices (we

follow the notation and conventions of Edmonds (1957)). The result
of applying this tfansformation to the Hamiltonian gives rather

lengthy expressions, particularly for the term inlgg
rotation matrices do not assume a simple form. These will

for which the

be given in Appendix C.
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The approximate ground state of the system at T=0, denoted

|0>, is chosen to have my = -S for each spin, ie.
[2.4a] stlo> = -s|o>
[2.4b] s;|o> =0 .

In what follows we shall make use of an expansion of Si due to

Wortis (1963)

1.+

- Z _ - - -2
[2.5] Si = -S + (25) S;8; + (258)

(26-1) "1ststsTsT + ....

iYiTiti

2.3 Transformation to Fourier-Transformed Spin Operators

Since the hexagonal crystal structure can be decomposed

into two interpenetrating sublattices, it is convenient to define

two sets of Fourier-transformed spin operators,

-1
: + + .
[2.6a] Sq = N i S3 exp(th.gi)
z _ o1 z "
{2.6b] Sq = N ? Si exp ( 1g.§i)
-1
[2.6C] Ti = N 2 z S% exp(*iq.r.) -
9 s < =]
= J
[2.64] : % = N_l r g2 exp(-iqg.r.)
q 3 J = =]

X

+ . . .
where Si = 8, ¢+ 18{ and the sum over i runs over one sublattice,

1

the sum over j over the other sublattice. N is the number of unit

cells in the crystal. From the usual commutation rules of the spin
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operators one finds

+ - z
2.7 s ,87,1 = 2 8%,
[ aj [ a'Sq 1 q'-g
+ -1 _+
2.7b s%,87,] = N - 8 ,=

with similar relations for the operators T;, T; and T?. Since

the Sq—operators and Tq-operators involve spins on different sub-
lattices they commute with each other.
By means of the transformation inverse to [2.6] the

Hamiltonian is expressed in terms of these Fourier transformed

operators and the functions

[2.8a] o J(@) = 3., expliq.(xr;-r;.)}
it =

[2.8Db] J'(g) = § Jij exp{ig.(;i—gj)}

[2.8c] K(@) =2 Ky, explig. (ry-r; )
it -

[2.8d] R'(q) = I Ky exp{ig.(;i—gj)}

J

In these definitions i' runs over the same sublattice as i whereas
j runs over the oﬁher sublattice. Here also we shall not give the
expressions obtained.

We note that the Fourier transform of the Wortis expansion
[2.5] is,

z : -1
= -5 § + (2SN r S
q g0 * (2SN T,

[2.9] S

Q +
!

!

with a similar expression for Té. Since the z-axis at each ion
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makes an angle 8 with respect to the hexagonal axis, the component
- of the magnetization parallel to this axis is,

[2.10] : My (T) = -2g ug cose<§s§>/v

where V is the volume, < > denotes a thermal average and the factor
of 2 compensates for the sum over i running over only one sub-

lattice. The reduced component of magnetization is therefore

1 1

my (T) = -(N§) T<Isi> = -8

1
[2.11] = =S

Thesp> .
-1 ..z

<T0>
Now if <Sg>is approximated by the first two terms of [2.9] then one

obtains the relation

[2.12] N—l’Z<S

q

s;> = N1 ger
= 4

> X 282[1-m" (Ty] .

q

K +
i +

The same relation may be shown to hold for the case of a ferromagnet
3
magnetization m(T) replacing m,,(T) in this case (Brooks 1970).

with the spins lying in the plane (6 = the total reduced

This relation provides a simple means of introducing some temperature

dependence into the theory.

2.4 Conditions for Stable Equilibrium

By definition the equilibrium axis at each site must be such
that the free energy is a minimum with respect to variation of 6 and

¢i. Since the present work includes some interaction effects,
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leading to temperature dependent spin-wave energies, it is
necessary to include the entropy term in the free energy. In
Appendix A it is.argued that expressions consistent within the
present theory are obtained by differentiating ohly those terms in
<¥.> which are explicit functions of 6 and ¢i’ excluding from the
differentiation factors which depend implicitly on 6 and ¢s through
thermal averages.

Let us consider the contribution to the thermal average
<% > from two-ion terms. We first substitute the first two terms

of the expansion [2.9] for S; and Tg wherever they occur,

discarding all terms beyond those quadratic in the operators S;,

S;, T; and T;. We then call on the random phase approximation to

discard all terms <S+ S~ > and <T+ T > except those with 9,545 -
9 9 491 95 =l =2

In fact the only higher orders terms we retain are those involving

N1y <stsT> ana vt

Z<T;T;> since for these we can use the relation
[2.12]. (Terms such as & J(g+50)<sésé> are not kept, for example,
because they cannot readily be expressed in terms of the reduced
magnetization.)

The contributions to <5k> from the crystal field and single-
ion magnetoelastic terms are handled similarly, but as in the papers
by Kittel and Van Vleck (1960) and Callen and Callen (1966), only

terms with axial symmetry about the equilibrium direction of the

spins are retained. From [2.3],

~ LE QN alyve _ n(2) ~ X Y oZ
[2.13a] <0,.(s7,87,87)> = Dy ' (¢,,6,0)<0,  (s],8],8])>

1
2 ~ X oY oZ
[4n/(22+1) ] Yzm(e,¢i)<020(si,si,si)>

[2.13b]
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where we are ﬁsing the convention of Edmonds (1957). The thermal
average on the right hand side of this equation is calculated in
Appendix B, the temperature dependence being expressed through

powers of the reduced magnetization. We find,

| T (¥ oY aZys N oa aqqo %(8+1) /2
[2.14] fozo(si'si'si)> NS S((8-1)/2)m

where S(n) is defined below in [2.16].
Making these approximations and carrying out the differen-
tiation with respect to 6 we find the following condition for

stable equilibrium,

S sin® cose[J(0)+K(0)+J'(0)+K'(0)-J(}_<O)—J'(150)]m2

1 3 = 21

§ s(1/2)PIm B s(3/2)pl 10 3

B 3(5/2)le

+ 6B6 sinse cosO cos 69 S(5/2)m21 8
6 30:0
+ g ug HC sinfm - g uB(Hg cos¢ + Hn sin¢)cosft m 6£0'0

- BY sind cose(EI cos 2¢ + Y sin 2¢) S(l/2)m3 8 ,0

2 X,
[2.15] - Bcos 26(2} siné + E5 cos¢) S(1/2)m’ S ,0 = 0
where,
[2.16] " s(n) = (S-%)(S—l)...(s—n)
1
6 _ %6
[2.17] ~ Bg = (231) 2 E/16

Hg' Hn and HC are the components of the applied field in the original



19

coordinate system referred to crystalline axes. In [2.15] m stands
for m,v(T) when 6#m/2 and for m(T) when 6=w/2, for the reason given
in section 2.3, and P? stands for the associated Legendre function

P?(cose). The factor § 0 has been introduced into the term in

Ko
Bg in order to exclude ;ge hexagonal anistropy from spiral
structures, for the reason given in the next subsection. The
magnetoelastic terms must also be excluded in considering spiral
structures because homogeneous strains cannot be defined. The same
factor occurs in the magnetic field term involving HE and Hn as a
result of averaging over all sites.

vWe shall find it useful to re-express P%, Pi and Pé by

means of the recurrence relation

= sine[P +(2+m)(£-m+l)Pm 1]

[2.18] 2m cos® p?

After multiplying [2.15] by cotf® and rearranging the terms we obtain

the condition for stable equilibrium in the form,

3B S(l/2)P m3+10B S(3/2)P0m10+21B s(5/2)P0 21
+ 318 s(1/2)pZn+8) 5(3/2)p2n' 0480 s(5/2)p2m?)

S cos?8[I(0)+K (0)+3" (0)+K" (0)=J (ko) =" (k,) Im°

+ 6B6 sin4e cosze cos6¢ S(S/2)m21 J

6 Kg:O
+ _ .
g ug Hc.cosem g uB(HE cos¢+Hn sin¢)cos6 cotb mdho’o
- BY cosze(EY cos2cb+'€Y sin2¢) S(l/2)m3 8
1 2 EO,O

[2.19] - B® cos26 cot8 (S sin¢+EE cos¢) S(1/2)m> &
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Since m varies with temperature this condition may be regarded as
determining 6 as a function of temperature.

It should be mentioned at this point that the contribution
to this condition from higher order magnetoelastic terms is‘set
out in [3.21].

The azimuthal angles ¢i must also be such as to give a
stable equilibrium. Instead of defining ¢, = &0.£i+¢ as in [2.2]
we can let each ¢, be an independent parameter whose value is to
be determined so as to minimize the free energy. The resulting
stability condition at each site represents a balance of the forces
due to exchange (tending to produce the spiral), hexagonal anisotropy,
magnetostriction and applied field. As it also involves the ¢j
at neighboring sites we must solve a set of coupled equations.
Cooper et. al. (1962) treated such a set of equations by an
iterative procedure starting from the zeroth order solution
¢i=ko.£i, where Ko is defined to be the wave vector at which J(q)
is a maximum. Although they encountered considerable difficulties
(see section 3.4 of their paper) they succeeded in deriving an
expression for the departure of ¢i from ho.giwhich is first order
in Hy or Bg. We shall not pursue this further but will simply
assume that the étructure is stable with respect to small variations
in ¢, at each site. The value of ko in spiral structures will be
taken from experiment.

In the simple case of a ferromagnetic structure (£0=0),

the angle ¢ of the transformation [2.2] is the same at each site.
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Then the differentiation with respect to ¢ gives,

g uB(HE sin¢-Hn cos¢)sinb m—6Bg sin69 sinéo S(5/2)m21 = 0
[2.20]
where H, and Hn may have arbitrary values. This expresses the

£

competing effects of the hexagonal anisotropy and of the components
of H in the hexagonal plane in determining the equilibrium value of
¢. The magnetoelastic terms of [2.1], evaluated in the frozen
lattice approximation (section 3.2), do not contribute to this
equation, but there is a contribution from higher order terms (see
equation [3.22]).

It should be added that equations [2.15] and [2.19] in the
limit T=0 may be obtained directly by keeping only the first term
in the Wortis expansion [2.9]. In this limit they are essentially
the same as the condition obtained by Cooper et. al. (1962) when
allowance is made for the approximations of their paper. Further-
more equations [2.15] and {2.20] are exactly the conditions
required to ensure that the terms in the transformed Hamiltonian
linear in S+, s, T+ and T; have vanishing coefficients, a property

q q q
which is essential in constructing any spin-wave theory.

2.5 Eguations of Motion and their Linearization

Equations of motion for the Fourier-transformed spin
operators were first studied by Englert (1960) and by Ginzburg and
Fain (1961) who linearized the equations by means of a simple

random phase approximation. The advantages of this method compared
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with other methods for obtaining temperature-dependent spin-wave

energies have been discussed by Brooks (1970) in a recent article
concerned witﬁ spin-waves in terbium and dysprosium. We shall use
this approach to obtain thé spin-wave energies from the equations.

of motion,

.

[2.21a] ih SCL = [s(l;su
[2.21b] ih s¥ = [stq,’}{,]
[2.21c] ik Tg_ = [Tg,‘w
R
[2.21d] ik g = [T_q,“m

assuming that the operators vary with time according to exp(—iwqt)

or exp(-iw__t).
L
The commutators of the two~ion terms of’(rmay be worked out
using the commutation relations [2.7], while the commutators of
the single-ion terms are most easily found using the standard

relations for tensor operators (Edmonds 1957, p.71).

1
[2.22] (81,80 =[R2+ -m(m1) 12 T,
z -—
[2.23] (85,01 =m O, _

In the case of spiral structures (hO#O), the hexagonal anisotropy

gives rise to terms in the equations of motion involving the

+ +
operators S_ and S’ The equations of motion of these

gf650 g;6&0'
operators will, of course, couple to still others which differ in
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wave-vector by *6k Thus unless 6k, is commensurate with a

0° 0

reciprocal lattice vector, modes of wave-vector g are not well

-

defined, as was first pointed out by Cooper et. al. (1962). However,
if Bg is weak relative to the axial crystal field constants, it

+
should be a good approximation to neglect the terms in Sé+6k in
< =0

the equations of motion. We restrict ourselves to this case and

therefore neglect all terms in B6 for spiral structures. (This

6

in the B®

6 terms of equations

accounts for the presence of Gkoro
[2.15] and [2.19].)

Following Englert (1960) and Brooks (1970) we linearized
the equations of motion [2.21] by means of the same kind of
approximations that were used in obtaining the stability conditions
[2.19] and [2.20]. Having worked out the commutators in [2.21] and
expressed them in terms of the Fourier-transformed operators, we
replaced S; and T; by the first two terms of the Wortis expansion
[2.9]. Th;h afte;-commuting the operators S;'and T; to the left of

S_ and T; and dropping terms in more than three operators, we

linearized the remaining three-operator terms by the standard

random phase approximations. The sums Z<S§Sé> and Z<T;T;> were

- - —

expressed in terms of the reduéed magnetization by means of [2.12],
and powers of m were then obtained by the procedure exemplified by
equation [B2]. Further details concerning these approximations are
given in Appendix B.

As a result of these approximations the linearized
eguations of motion také the form,

PR - * 4 * - * 4
2.24a ihs_=aA s  +B S8 +C T +D T
[ ] q qgq g “-gq q -



[2.24b]
[2.24c]
[2.24d]

where,

b=
[J1o]
Il

[2.25]

o)

[2.26]

o]

[2.27]

24

ihst =B s"-a st -p o1 -c o
4 4 9 4 9 9 4 -9
¢ — * X -
i =c sT+p st +aAa 7 +8 T
q 9 4 4 "9 a2 49 2 9
+ - x4 +
ik =-D 8 -Cc S8 ~-B.T -A _T

S [cos?8 (3 (0)+K (0)+3" (014K (0)) +sin®6 (I (k) +3" (k,))

F(1-cos0)® T(g+k,) - 7ll+cose)? T(g-k,) - 3sin’6 (I (@)+K(g))Im

20 1
S 0 (e

B(e) - 2132 5 (5/2)sin®0 cos6¢ m
0

IT
B (@) 8y g

0

9 ¥y HC cosb + g UB(HECOS¢+Hn sind)sinb Gk

—0'0

S[cosze(J(0)+K(0)+J'(O)+K'(0)—J(50)—J'(50))

T 5in®8 (I (qrky)+3(g-ky)) - 3sin’6 (I (g) +K(g)) Im

~ 6 .4 2 . . 20
B(8) + Bg S(5/2)sin 68[(15+21cos“®)cos6¢-i30 cosb sin6¢]m Gk
—f)'

,O+q uBH cosf-g uB(H cos¢+Hn51n¢)cos6cote6k

I IT
(Bme+Bme(§))6£ z ko

0 £ r0

= -S[%(l—cose)2 J'(g+k,) + %(l+cose)2 J' (g-kg)

%—sin2e(J' (Q)+K'(g)) Im + Crlné(g-)algo,o



Dy = S [%Sinze (3" (g+k,)+3" (3-k) ) -3sine (3" (@)+K" (@) Im

IT

+ Dme(i)égo,o
[2.28]
and,
B(e) = 3B, s(1/2)pom” + 108, s(3/2)Bm° + 21B0 s(5/2)1>° 20
- &3 S(1/2)P0m3 + B s(3/2)pnt? + BY s(5/2)p0n?t)
[2.29]

As in equations [2;15], [2.19] and [2.20], m stands for m”(T)

when 0#71/2 and for m(T) when 6=7n/2, and P? is the associated

Legendre function-P?(cose). It should be mentioned that the
stability condition [2.19] has been used in arriving at [2.26].
Finally, Aie and BI are contributions from single-ion magnetoelastic
terms while A ( ), B (q), Cié(g) and Dié(g) are contributions from
two-ion magnetoelastic terms, which are discussed in detail in
section 3. These terms and fhe hexagonal anisotropy terms are

to be included in [2.25]-[2.28] only when considering ferromagnetic
structures, for the reasons givén earlier. For the lowest order

single-ion magnetoelastic terms contained in [2.1] one finds in the

frozen lattice approximation,

al = (2NS/cY)%(§YS(l/2))2 sin%e m°

[2.30] + (21xrs/c€)§-(’1‘3'€s(1/2))2 sin® 26 m
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I 5

BI = (2n8/cV)3(®'s(1/2))% sin®6(3cos?e+1)m

[2.31] + (2N8/c€) (B€s(1/2))2 cos?6 (3cos?6-2)m°>

where ¢’ and c® are elastic constants defined in [3.2] and. [3.3].

Although the expressions [2.25]-[2.28] are rather complicated,

it can be seen that they possess a great deal of symmetry. Moreover

they become much simpler in various special cases, such as,

(1) the limit T=0, obtained by setting m=1

(ii) ferromagnetic structures, obtained by setting 50=0

(iii) planar structures, obtained by setting 6=%

(iv) the case of isotropic exchange only, obtained by setting
K(g) = 0 and K'(g) = 0

(v) the Bravais lattice approximation, obtained by setting

J'(q) = K'(q) =0

2.6 Solution of the Eigenvalue Problem

The frequencies of spin wave modes of wave vectors g and
~, st 77 ana T’
1

-q are found by requiring that the operators S ~q q q
- ’
have the same time variation. Equation [2.24] then becomes an

eigenvalue equation, the resulting determinantal equation having
exactly the same form as that discussed by Lindgdrd, Kowalska and
Laut (1967). 1In the present problem, since J(-q) = J(g) and J'(—g) =

*
J'(g) with similar relations for K(g) and K'(g), we have,

[2.32a] A -A

~q S COSS[J(E—EO)_J(ngO)]

B

[2.32b] B
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1
0
|

[2.32¢] VC S cosG[J'(gfgo)—J'(g+Eo)]
[2.324] D =D

It is instructive first to consider the eigenvalue problem

in the Bravais lattice approximation. In this case the eigenvalues

are 1
: 1 1 2 2,2

2.33 E. .= (A _-A + = +A -4|B

[2.33] q = TRg A * Flgta ) T-alBg %)

which is the form found by Cooper et. al. (1962). It is clear
from this expression and [2.32a] that in general E_q#Eq. In order

that there be one positive eigenvalue for Eq and one positive

eigenvalue for E_q we require that

N

2 2
[2.34] (A +A_) 4|Bg| ]

> lAq-A_q

Then the (positive) spin wave energies are

L
2

: 1, _ 1 2_ 2
[2.35a] E 2-(Aq A_g-)+~2—[(Aq+A_q) 4|Bq| ]

- —— —

L
2

1 1 2 2
2.35b E -=(A -A_ MH=[(A_ +A -4|B
[ ] 2 (BgmA_gHylAGHA_ ) “-a[By )

- -y —

it being arbitrary which is called Eq and which E_q.

In solving the general problem of equation [2.24] we must

allow E_ and E__ to be unequal. One then has to solve a quartic

equation of the form

4 3 2 =
[2.36] Eq + f3(g‘)E‘l+ fz(g)Eg-+ fl(c_z_)Eq + fo(g) =0 .

- -
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By detailed examination it can be shown that fz(g) and fo(g) are
even functions of g while fl(g) and f3(g) are odd functions of g.
It follows that if Eg is a solution of [2.36], then (_Eg) is a
solution of the corresponding equation with -q replacing g
(Bar'yakhtar and Maleev, 1963). Thus among the roots of both
equations there will be four positive roots, two of which belong
to E9 and two to E-g' Unfortunately we cannot express these in a
closed form, although, of course, they can be found numerically
by sfandard methods.

However, a simplification occurs if Cg andDg are both
real. Thus, from [2.27] and [2.28], we need to know the wave-
vectors for which J'(g) and K'(g) are real. Let us rename theé&-,
n- and g-axes of the original coordinate system, denoting them as
a-, b- and c-directions respectively. (The a-direction is toward
a nearest-neighbour atom in the hexagonal plane.) The corresponding
components of g will be denoted (qa,qb,qc). Fig. 1 shows the
fundamental one twenty-fourth part of the Brillouin zone with the
usual labels for the symmetry points. TK is the a-direction,

I'M is equivalent to the b-direction and TA is the c-direction.

Now since the crystal structure has mirror planes perpendicular

to the a-direction and the c-direction it follows that J'(q) and
K'(g) are real forvany g-vector of the form (qa, O,qc). Thus they
are both real for any q in the plane TKHA of Fig. 1. They are

also real for any ¢ in the plane KMLH since this plane is equivalent
to an extension of the plane T'KHA in the repeated zone scheme.

Since 50 for spiral structures is along the c-direction, we conclude



FIG. 1.

First Brillouin Zone for hcp Structure
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that for all the structures considered in this paper C(1 and Dq
are real for i's lying in the planes T'KHA and KMLH of Fig. 1.-
Then it can be shown with the help of standard minipulations of
the secular determinant of [2.24] that the solution is the same

as the Bravais lattice solution [2.33] with Ag.replaced by

A ;Cq and Bi.replaced by Bq;Dq' Thus by the same reasoning which

led to [2.35] we obtain the following expressions for the (positive)

spin-wave energies:

(1) _ - _ < ; - - 2_ - 2
[2.37a] Eg_ %[(Ag+¢g) (A_gfc_i)]+%{[(Ag+cg)+(A_g+c_g)] 4(B§+Di)
i) _ - = . . 2 -
[2.37b] E_% %[(Ag+cg) (A_g+c_%)]+%{[(Ag+cg)+(A_g+c_g)] 4(Bngg

The lower sign gives the lower spinfwave branch (labelled i=1)
while the upper sign gives the upper branch (i=2).

We note that when C(i and Dq are real it can be shown from
[2.37] that the Bravais lattice soIhtion [2.35] correctly gives
the lower spin-wave branch provided that the lattice sums J(q) and
K(g) that occur in [2.25] and [2.26] are taken to include all
atoms, not just those on the same sublattice. Furthermore, as is
well known, the upper mode in the c-direction can be obtained by
ektending the Bravais lattice solution in the double zone scheme.
The same device cannot be used, however, in the a-direction.

In addition. to ﬁhe case just described, aﬁalytic_solutions

may be obtained under other special conditions. From [2.32a] and

[2.32c] and the structure of J(g) and J'(g) it is clear that

ik

y23%,
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*
A =Aq and C_ =Cq if any of the following conditions are satisfied:

4 9 4 4
.(i) g lies in the basal plane (ie. g is perpendicular to ko)
(ii) ky=0

(iii) ©&=n/2 .
Then it can be shown that fl(g) and f3(g) are zero and equation
[2.36] reduces to a quadratic equation in Eé. The (positive)

solutions are (Lindgdrd et. al. 1967),

(i) T — 5
2.38 E = (R. + VS
[ ] q ( q v g)
. 2 2 2 [ 2
2.39 R = A"-|B +iC -|D
[ al g = 2g | g_' | ‘i' l gl
[2.39b] s = 2|acC “B'D |2 + 2]a C -B'D |2
a ~ ?1%q°qPq g 1°-q °q"q
* * 2 * 2
- {iB. D -B D - D -C_ D
IBgPqBqPg!” = 16P-g~C¢P
* 2 * 2
= 2A C -(B_+B D - D -C D
|284Cqm (ByrBg) Py 1™ = 1CPg=Cq Py

where i again labels the spin wave branches corresponding to the

*
+ signs. The property D_q=Dq has been used to obtain the last

" -

line of [2.39b]. It is worth emphasizing that this solution is
valid for all g-vectors in all spin structures under consideration
with one exception, -- the case of a conical spiral with g having
a component parallel to kO‘ (However, in this case one still has
the solution [2.37] for i's in the planes TKHA or KMLH of Fig. 1.)

Finally, if the conditions for the solution [2.37] and

those for the solution [2.38]1-[2.39] are satisfied simultaneously
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(ie. A =A , C =C_ and both C_ and D_are real) then both solu-
1494 1 9 e 9

tions simplify to

(1) _ T T Xia Te -lm T %
[2.40] Eq @ = (Agfcgf13g+ng|) (Agfcg IBg+D3|)



CHAPTER 3

MAGNETOELASTIC DLFFECTS OF HIGHER ORDER

Turov and Shavrov (1965) and Cooper (1968a) have demon-
strated how magnetostrictive terms in the Hamiltonian contribute
to the spin-wave energies. In Cooper's paper the lowest order
single-ion magnetoelastic terms (quadratic in SE, SE and SE)
are treated microscopically following the theory of Callen and
Callen (1965), but the higher order terms (fourth order in sg,
Sg and Sg) are treated macroscopically. |

The present formulation is entirely microscopic. All

possible single-ion magnetoelastic terms linear in the strains and

g

i Sg and Sg are written

up to fourth order in the spin operators S
down and the form of the contribution that each makes to the spin-
wave energies and the conditions for stable equilibrium is deter-
mined. It will be found that some of these terms have the same
form as the crystal field terms while others have different forms.

The contributions of two-ion magnetoelastic terms linear in the

strains and second order in the spin operators are also examined.

3.1 The Theory of Callen and Callen

Our description of magnetostrictive effects is based on
the general theory of Callen and Callen (1965). The homogeneous
strains which transform according to the irreducible representations

r I and Fe of the (chemical) point group of the hcp lattice

a’ "y
are, in the notation of Callen and Callen and of Cooper (1968),

13 L e

33
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3.1} _ | g®r2 _ cep %_eoc,l
G- 1) o] = Flegemeny)
3.1d) 8; = e

(3.1€] gi =€,

.14 o

where €ij = %E'aui/'arj) + (auj/ari)l, i,j = £€,n,z and u is the
displacement of a point relative to its equilibrium position.
Then the elastic energy associated with the homogeneous strains

is
[3.2) 'Ke - %ci‘(su’l)z + clzea,lea,z + %cg(eouz)z

+ %CY[(%_)Z + (e;)zl + Xt ‘fei)z + (53)2] .

Following Callen and Callen, we omit the nonhomogeneous strains
or phonon modes from the Hamiltonian, so that\{e is purely
classical. The cr's are the elastic stiffness constants which

are related to the five independent Cartesian elastic constants

by
o _ 1
B.3% . c, = §(2cll+2012+4c13+c33)
R R § - .
@.35] c, = 2(cll+c12 4c13+2033)
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o _ 1, _ -
B-3d €12 = 3(7¢117C15*C13%C33)
g - ;
B.3dl c' = 2(cll c12)
| e
3.3¢€) c” = 4cy, -

Callen and Callen consider two types of magnetoelastic
terms linear in the strains. The first is single-ion terms
formed by taking products of the symmetry strains and spin func-
tions belonging to the same irreducible representation. Instead
of adopting their expression, as in our equation [2.1], we shall
express the spin functions in terms of the operator equivalents
3 introduced_in section 2.1. For 2=2 and 4 it can be shown that

2m
the linear combinations

[3.44) | 8, " =%, +8, )

m

3. 4p) -y, T (8

2m

)

am R—m

transform according to particular irreducible representations
of the point group 6m2. (0dd powers of the spin operators do not
occur in the Hamiltonian because they are not invariant under
time reversal.) In terms of these functions we can write the

single-ion magnetoelastic terms as,
I,
.53 “me a ?_oame(l)

I (i) = -m%ri.asl - Mr2.0,2 e | €, .+ €, _.X—
me (1) = ~M307e® 78,0 - My0%e® Y, M21[€1(1821) + eyl 1821)]
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_ MY2(8Y8+ +eY87.) - MO rloo, 1y - MO 2.0 2%

1922%7€20,5, 40 O40 Mjip € "O4p

Y YN LY
41{€ (i3, 1) +oeg(- lO41)-] My, (18, ,+e 38, ,)

- Y
B-sb) - M}, (e18],-eT8,,) -

The operators O43 and 823 do not appear in this expression as they
transform according to irreducible representations of 6m2 other
than Pa, FY and Fe. The Mgm's are phenomenological magneto-
elastic coupling constants introduced in the same spirit as the

crystal field parameters'ﬁg. Those for 2=2 are related to the

Callen and Callen constants by

.64 B2 = (37" Mygm » By = (3)7 My,
.60} B = S, B = S, .

The two-ion magnetoelastic terms linear in the strains
and second order in the spin operators are, in the notation of

Callen and Callen,

B.73) ORI - sV

me i< me
IT,. ., _ _ %o a,l o Y 1 g 4 1
ov(me(l’J) - Dll ijE -1 B12 13 (/—72)(81 3 §S Sj)
_ xa L0r2 _ c0r2 Lol _1
821 1567778585 - DYy gy T (VA/2) (8] sJ 38, §J)

BY.(Y Lstst s”s”) + e (sgs”+s”s€ﬂ
ij i7j 1] J
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- BE V€ (gNgliglgn €qt4glsd
[3.70) Dij%l%(sis.jatsisj) + e %(5783+57S2 )} .

The equilibrium values of the strains are found by mini-
mizingﬁﬂe +1&$e +\{ié, and this can be carried out in two limiting
approximations, which will be discussed separately. It should be
mentioned before going further that the assumption of homogeneous
strains requires that the magnetization be uniform, and this means
that the above forms of the magnetoelastic coupling are not
applicable to spiral structures (although particular terms may
be in special cases). Therefore we shall consider only ferro-

magnetic structures in what follows.

3.2 The Frozen Lattice Apprbximation

If it is assumed that the strains are "frozen" at their
equilibrium values, which do not vary with time, one obtains the
frozen lattice approximation discussed by Turov and Shavrov (1965)
and Cooper (1968a). The spin functions in [}.5} and [}.7] are
replaced by thermal averages which may be regarded as containing

the effect of averaging with respect to time. Then by minimizing

-0, —-a,2
+ r
‘\{e u“me e pne can obtain the equilibrium strains ¢ , € '

1, 2, Ei and eg It is apparent that with these expressions

substituted into [_35] and [37] certain terms have exactly the
same dependence on spin operators as crystal field terms or iso-
tropic and anisotropic exchange terms. We can drop these terms

I IT s
from‘%me andﬂ{me by redefining,

%’0 to contain - (Ma l—a'l+M;‘02-a'2

Py ) ¢+ 2=2,4
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J.. to contain {?%1 i3 ~ (2/3)_%Ba Eu’l

ij 12 ij
0, _ =-ka o, 2
+ [Dzl i (2/3) Dy, i%?
‘ . ol —,1 v —0,2
[;.él Kij to contain (/-3"/2)(D12 ij€ + D22 ije ) .

It is of interest to note that these magnetoelastic contributions

to the parameters are temperature dependent since the equilibrium

—0,1 3

strains ¢ and

mlo when evaluated by the usual approximations.

Ea’z and

consist of terms which vary as m2, m
For the magnetoelastic terms that remain, after evalu-
ating the thermal averages with the aid of the usual approxi-

mations, one obtains for the equilibrium strains

B.9a) €' = El+iE)

e = (ans/cV) ([M),s(1/2)m® + (2/3)BYsm?]¥

22
3. 91) + (M12§42+Mz4?!4_4)s(3/2)m1°}
G.od = Ewict
€ = (2n8/c%) {{_Mgls(1/2)m3+(2/3)’5B€5m2](—§21)
BB-9od) + M5 (Y, )53/}

where the symbol le stands for an unnormalized spherical harmonic
which is related to the usual normalized spherical harmonic Yzm

by the relation

B.10) ¥, (8,0) = I_417/(-22,+1)];’ Y, (6,0) .
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~F

(Thus the Y,

equivalents Bkm‘) Note that our definition of the Yo OF the Yoo

o have the same constant factors as the Racah operator
(Edmonds 1957) contains a factor (-1)m for m>0. The symbols"ﬁY
and«D'E in [3.9b] and [3.9d] remain to be defined. It is convenient

to introduce at this point the definitions

[3.11a] g = z, BY.. explig. (r;-r;.)]
[3.11b] B (q) = P BY, explig. (z;-ry)]

J

~ -~ '
with similar definitions for De(g) and D¢ (g). Here i' runs over
the same sublattice as i while j runs over the other sublattice.

Then the constants D' and D¢ are defined by

[3.12a] B = Lo ()40 (01
[3.12b] TE = %—[DE(O)+D€'(O)] )

Each of the terms in [3.9] is easily identified with one of
the terms iﬂ‘%ie or\&ié. It can be seen that the single-ion
magnetoelastic terms follow the 2(2+1)/2 power law while the two-

2

ion terms vary as m“ (Callen and Callen 1966). We note that the

equilibrium strains depend on the direction of the magnetization
-~
Y

through the spherical harmonics 2

n(8s9) with 6 and ¢ as in equation
[2.2].

It is useful to express the equilibrium strains in terms
of the saturation magnetostriction constants. Instead of uSing

the ones defined by Callen and Callen (see their equation [4.27]),

we find it more convenient for the present discussion to define a
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set of constants relative to an expansion in spherical harmonics:

_ 0,1y o, 13 o, l
82/% = (A5 Yg0TA20 Ya0t2 40 Y4o!

0,25 0,25 0,2 2.1
Moo Yoot?r20 Y20tr40 Yao) (B3

+

+

ig )2}

) 21+ aY 42(6g n

Y L a
(Azz Re{Yzz(Bg 42 Re{Y

+ At

ag Rel¥, ,(8

E—ien)2}>

8 —~
(A5y Re{2(-¥,,) (B.-iB )8 } + A

+

»[3.13] 41 Re{2(-Y4l)(Bg~18n)BC})
Here 64%/4 is the fractional change in length of the crystal measured
in the direction (BE’Bn’Ba) when the magnetization is in the
direction (8,¢). The magnetostriction constants AV and A® employed

by Callen and Callen and by Clark,De Savage and Bozorth are related

to these by

*—J

L
2

[3.14] AY = (3/2) *2 A& = (3/2) xgl

2 I

The magnetostriétion constants definedlby Mason (1954) and employed

1 Y
Mg
in addition they contribute an amount AZ4(7O)

1/2

Our terms in do not correspond solely to Mason's terms in A;

l/2/16 to D and

AY4(70) /16 to E.

by Rhyne and Legvold (1965) and Rhyne and Clark (1967) are given
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by 1
[3.15a] A= -[(70)%/812),
1
[3.15b] B = [7(10)%/811),
1 1
(3.15¢] c = [(6)2/412), - [(10)2/812),
1 1
[3.15d] H= (6) Agl - 13(5)%/212Y,
: |
[3.15e] I = [7(5) /2]A21

Note that these vary with temperature through the reduced magneti-
zation according to equation [3.19] below.

The connection between the magnetostriction constants and
the equilibrium strains is established through the relation (see,

for example, Birss (1964), p.184)

[3.16] S/ = I ELVBqu U,V = X,¥,2

which may be rewritten in terms of the symmetry strains [3.1] as

_1l=a,1 _ 3= =Y 52 .2 -y

=€ -
[3.17] + ZEanBE + ZEZBEBC

Comparing [3.13] and [3.17] we find

-a,l _ u 1 o, l o, l
-0,2 _ 0,2 0,2 oy 2
[3.18b] £ = (2/3)()\00 Y00+}\20 Y20+)\40 40)
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[3.18¢] 2] = AY,Rre{¥,,} + A}, Re(¥,,} + 1], Re (Y, ,}
[3.18d] gy = xgzxm{yzz} + Ay, Im{Y, ) + x44Im{Y4 "
[3.18e] Ei’= 21Im{( YZl)} + X4lIm{( Y41)}
[3.18f] TS = A5 Rel(-¥,)} + A Rel (=¥ )}

These are the required relations expressing the equilibrium strains
in terms of the experimentally measurable magnetostriction constants.
The magnetostriction constants are related to the

phenomenological magnetoelastic coupling constants by

1
[3.19a] Y, = (2ns/¢”) M),8 (1/2)m 34(2/3) %Y sn%)
[3.19b] A, = (2NS/cY)MXZS(3/2)mlO
[3.19¢] S (2NS/cY)MZ4S(3/2)m1°

. 1
[3.19d] S (st/cE)[Mgls(1/2)m3+(2/3)2BESm2]
[3.19e] 2, = (2NS/c€)M218(3/2)m10

where D' and D° are defined in [3.12]. These result from comparing
equations [3.9] and [3.18]. The single-ion contributions again
follow the 2(2+1)/2 power law as expected from the analysis of
Kittel and Van Vleck (1960), while the two-ion terms vary as m2.

The relations [3.19] enable one to express the (microscopic)
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magnetoelastic coupling constants in terms of the (macroscopic)
magnetostriction constants in a fairly direct manner. For example,
if the two-ion magnetoelastic effects are neglected [3.19al and

[3.19d] can be written in the form

[3.20a] BY = cY)\Y/[ZNS(S--]zi)m?’]
~E _ E€,€ -1, 3
[3.20b] BS = A%/ [2N8 (5-5)m’]

where we have used the Callen and Callen definitions [3.6] and [3.14].
(At T=0 [3.20a] differs from Cooper's result by a factor of (2/3),
as pointed out by Brooks (1970). Note that the number of atoms in
the crystal is 2N.)

Having found expressions for the equilibrium strains in the
frozen lattice approximation and the connection between the

magnetoelastic coupling constants and the magnetostriction constants,

IT

make to
me

we now turn to consider the contributions thatﬂ&ée and
the stability conditions and to the spin-wave energies.
At this point it is useful to define the functions listed
in Table 1, which by means of [3.15] and [3.18] can be expressed
in terms of either the Agm's or Mason's A,B,C,H and I. It can be
seen that they are composed of terms having either axial or
hexagonal symmetry. The temperature dependence of these functions
follows from [3.19]. However, in the analysis of experimental

results it may be preferable to use magnetostriction constants

whose temperature dependence has been determined by experiment.



TABLE 1

Expresseg in terms
1

Expressed in terms of

Function Definition of the A%m s Mason's A,B,C,H,I.
£5(0) Eisin¢+§§cos¢ x;l(—QZI(e,O))+xil(—y4l(e,0)) 4sinbcos® (H+Icos28)
£Y(0,4) E{cosz¢+E;sing¢ ALY, 8,000, (8,0) (Bcos 264C) sin26

+ cos6on),¥,, (6,0 - cos66 (5asin?e)
fé(6,¢) E{cos4¢-€§sin4¢ XI4§44(9,0)+0056¢[X22 -.%A sin46+cos6¢

x ¥,,(8,0047%,¥, (8,001 % (Bcos26+C) sin’e
gY(0,6) E¥sin2¢-tycos2 1Y,Y¥,,(8,0)sin6o - uAsin?6sinéd
gé(e,¢) E{sin4¢+E§cos4¢ [x§2?22(6,0)+x12§42(e,0)] (Bcos?68+C)sin20sin6é

X siné6¢

vy
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Considering now the stability condition for the angle 6,
equation [2.19], we find that the last two lines of [2.19] must

be replaced by
1 1

-7/ (2n8)1£1 (8,9 [(3/2) 22) ycos20+ (5/2) 21) , (7c0s28-4) cos 616,

~0'0

l

~[cY/(2NS) 1£) (6, 4) [(35/8) 2 2

, 2
4431n fcos 9]6-0'0

1 1
- 1c®/(288) 1£°(8) [ (3/2) °25,
[3.21]

Similarly, the stability condition for ¢ which replaces [2.20] is,

guB(Hgsin¢-anos¢)sin6m - 6B2 sin66 sin6¢ S(5/2)m21

~

[3.22] + 6[cY/(2NS)] gz<e o) A44 24(6,0)

=0

Equations [3.18] and [3.19] have been used in arriving at these
results. (We note that in the T=0 limit with 6=% equation [3.22]
can be shown to be equivalent to equation [3] of Nielsen et. al.
(1970) )

Turning now to the equations of motion the commutators of
the single-ion magnetoelastic termsq&ie are calculated in the same

way as the single-ion crystal field terms. One obtains the

following contributions to Aq and Bq (equations [2.25] and [2.26]):

I _ oy Y Y
al = £Y(0,0) (3M),¥,,(6,0) s(1/2)m? + 10m),7,, (8, 0) s(3/2)m°]
+ £3(0,9) 110M),¥,,(6,0) S(3/2)m°]
+ £5(0) [3M5, (- Y21(6 0)) S(1/2)m? + 10M41( ¥,1(8,0)) s(3/2)m°]

[3.23a]

c0529c0t6+(5/16)2121(2800546-27cosze+3)cot9]6k

-0




46

‘v

22¥ 2

w
il
N

(sin®) "2(£7(0,¢) M},¥,, (8,0) (3sin®6-4)S(1/2)m

me

+ MY.Y,,(8,0) (10sin®6-4)5(3/2)m’]

+ £5(0,) (M) 4(9,0)(1oSinze-16)s(3/2)m9]

4474

2

+ £°(8) M5 (¥, (8,0)) (3sin?e-1)s(1/2)m

ME, (¥, (8,0)) (10sin®6-1)S(3/2)m’]}

+ 1(cot6/51n9){gl(6 ¢)[2M Y22(6 0)S(1/2)m?
1

2 (8 0)S(3/2)m -4 (15) M)

~

9
42¥p,(8,0)8(3/2)m”]

42 4

+ g} (0,¢) 1124} ,¥,,(8,0)5(3/2)m°1}

The two-ion magnétoelastic terms“&ii are handled in the

same manner as the exchange terms. Their contributions to Aq, Bq,

Cq and Dq (equations [2.25]-[2.28]) are,

(q) = fY(e ¢)[—D (q)+DY]s1n osm+£° (6)[—D (g)+D°1sin 26 Sm

[3.24a]
BI1(q) = £°(0) [8° (g)sin 26-B%cos 26cots]sm
me ' 2 - 49 cos
- £Y(0,9) 15D () (1+cos?0)+BYcos?015m
[3.24b] - 1Y (8,0) (35" (g) coselsm
cIl(@) = £,(0,6) 135" (g)sin®e1sm+£® (0) 1355 (@) sin 26]Sm

[3.24c]
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-£Y(0,¢) 15D B (q) (1+cos?e) Ismee (e)[l 3’

(w}
Q
|

(g)sin 26]1Sm

[3.24d] 197 (6,4) 130" () coselsm

where D' and D° aré defined in [3.12]1, and fe(e), f1(6,¢) and
gI(e,¢) are given in Table 1.
Finally, for use in the next section, we form the combina-

tions which enter the two brackets of the expression for the spin-
wave energy Eél), equation [2.40], in the special case that Bq
and Dq are real:

I I II
[3.25a] Ame + Bme + Ame( g) + B

I+ reil@+pIl(e))

— _ (i) € .
=M (6,9) Pme‘(g) £ (6)sind cosH + 5%me

291 (q) f1(6,¢)cos26

[3.25b] A~ - B__+ A () - Bii(g.) t [C

II I1
me me = me (@) Dme(g)]

me <

_ _ 1 (d) Y
= Ny (8,0) - 50,27 (@) £](6,9)
where,

€

51 21(6 0) (1- 651n 8)

M (0,0) = [c®/(2Nsmsin?6)] £5(8) [A

+ X41 41(6 0) (1- 2051n 8)]

+ [cY/(2NSmsin26) ] f1(9,¢)[A;£§22(6,0)(65in26-4)

+ (6,0) (20sin26-4) ]

42 42

~5

[3.26a] + [cY/(2NSmsin?8) ] £100,6) (A),¥,

4(6,0)(20sin26—16)]
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N__(8,4) = [c®/(2NSmsin?6)][£°(0)17
+ [c"/(2Nsmsin®0) 1 £)(6,6) [42),7,, (8,0)+41},¥,,(8,0)]
[3.26b] + [c¥/(2nsmsin®0)1 £)(6,4) [16)),¥,,(6,0)]
[3.27a] | p{1)(q) = sm[2B°-B° (q) B¢ (9]
[3.27b] ol (q) = sm(BY-BY () B (@1

The various symbols occurring in these equations are defined in
[3.10]1-[3.13] and in Table 1. Regarding the * signs in [3.25] and
[3.27] we note that the plus sign taken throughout pertains to

the upper spin-wave mode (labelled i=2) while the minus sign

throughout pertains to the lower spin-wave mode (labelled i=1).

3.3 The Mobile Lattice Approximation

If the strains associated with magnetostriction can follow
the nearly uniform magnetization in the long wave-length spin-
wave modes one has the other limiting approximation, which for
simplicity we denote the "mobile lattice approximatidn". Cooper
(1968a) has discussed this approximation from a macroscopic point

of view. For a magnetoelastic coupling linear in eY and eg and

1
up to fourth power in the direction cosines of the (uniform)
magnetization he found that the resulting Hamiltonian consists of
two parts, one axially symmetric about the hexagonal axis, the

other having hexagonal symmetry about this axis. These terms will
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then affect the spin-wave energies in a manner similar to that of
the crystal field terms of corresponding symﬁetry.

As an aid to describing thé mobile lattice approximation
in the present forﬁulation of the magnetostrictive terms we
introduce local strain functions er(gi) each of which depends on
the instantaneous direction 6f §;. The direction of 8, is given
by angles (ei,¢i) with respect to the crystal axes while (8,¢) will
as usual specify the direction of the static magnetization.
Requiring. that the local strains depend on §i implies that the
strains closely follow the motion of the spins. Of course, this
is consistent with the original assumption of uniform strains only
for the g=0 spin-wave mode in which the spins §; precess in phase.
However it is precisely for this case that the mobile lattice
approximation appears to be useful (Cooper 1968a, Brooks 1970).

Let us confine our attention to the terms inﬁle and\&;e
belonging to the irreducible representation FY. Then the

magnetostrictive terms in the Hamiltonian may be written as

[3.28] W,

Y 1. v 2,1 v 2
Le¥/ (212 {5 1e] (8;)) 451} (817

[3.29] I Y Y ~t Y ~—
| ﬂ&mm M22 i[el(gi)ozz(§i)+€2(§i)022(§i)]

Y Y g\ Y s v
Mgz D01 (80,5 (8i0ep (817045 (850

Y Y yR* Y (g VS
Mag I1e1(85)044(85)e5(85)044(8;)]
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Minimizingq{e +1{£e with respect to the local strains one

obtains

Y _ Y
(3.30a]  el(g;) = (an/cV) M), BY, (5,)+M), 05, (s, ) M), B}, (8,)]
[3.30b]  e}(5;) = (2N/cV) M35, (3 M50, (8;) M) ,0,4(55)] -

We note in passing that the frozen lattice approximation can be
obtalned directly from these expressions by taking a time average
(or, equivalently, a thermal average) at each site, with the result
that the equilibrium strains depend only on the direction of the
magnetization expressed by (6,¢).

On substituting equation ([3.30] for the local strains back
into%&e andakie one.obtains for the resulting Hamiltonian sums of

terms like,

~+ 2 ~+ ~t ~+ ~+
which transform under rotations of the vector 8, in the same way as
~+ 2 >t ~+ ~+ o+
[3-32] [Y22(611¢1)] ’ Y22(6i¢1)Y42(91’¢1)’ Y22(ei¢1)Y44(61¢1)’ etc.

Such combinations can then be decomposedvusing the spherical
harmonic addition theorem. One finds that the resulting terms
have either axial symmetry or hexagonal symmetry, exactly as in
Cooper's calculation. Of course these terms can be put back into

operator equivalents and it is clear that they then look like the

McMASTER LINIVERSITY LIBRARY
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axial and hexagonal crystal field terms. For example, the magneto-

strictive terms make an effective contribution to Bg of
1 1

(105) MY MY - (7) MY

S y
[3.33] (2N/c™) [ yoMia = 3 MyoMy,!

We note that this is a temperature independent constant. If it
is desired to express it in terms of measurable quantities the

relations [3.19] at T=0 can be used, giving,
' 1

2,y Y 2, Y
(105) 122(0)A44(0) ) (7) x42(0)x44(0)

[3.34] -/ (2N) 1 1 ]

32525 (1/2)8(3/2) 245%5(3/2)8(3/2)

At this point our work differs in philosophy from that of Cooper
in that we do not relate the "dynamic strains" of equation [3.30]
to the saturation maghetostriction éonstants through a relation
of the type [3.16]. 1In our view the magnetostriction constants,
which depend on temperature, are related to the equilibrium strains
of the last subsection ébtained from thermal averages of‘the spin
operators. Consequently our expression above contains factors
st(l/2)8(3/2) and 828(3/2)8(3/2) in the denominators arising
from the thermal averages. Cooper introduced temperature
dependence into his expression for the spin-wave energy by
allowing the magnetostriction constants to vary with temperature
according to the Callen and Callen theory. The magnetoelastic
contribution to Bg in his theory is, in our notation,

1
Y : 2 Y Y
[3.35] _ [c'/(2N)1[(105) /321122<T>A44KT>
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13

which varies as m at low temperatures. (Note that Cooper did not

include a magnetoelastic term corresponding to Mzz in his calcu-

lation.) 1In our work, however, the magnetoelastic contribution to

Bg in the mobile lattice approximation is temperature independent,

but, like the crystal field part of Bg,

the spin-wave energy with a dependence going as m21.

enters the expression for

We conclude that the mobile lattice approximation yields
for the lower g=0 spin-wave energy in the case of a planar
ferromagnet a result of the form,

1 v
[3.36] ﬁw(o) = (L)Z(g UBH—36B2 cos 66ém

N =

21)
where L stands for a sum of large axial crystal fields and magneto-
elastic terms, and Bg contains a temperature independent contribu-
tion [3.33] or [3.34]. (It has been assumed that the direction of
the magnetization coincides with that of the applied field.) Thus
by applying a field along a hard direction (¢=0 if Bg

g is negative) the resonance frequency can be reduced to

is positive;
¢=n/6 if B
zero. The same is true in Cooper's theory but the temperature
dependence of the magnetoelastic contribution is different. For
magnetic resonance at frequencies below about 40 GHZ the corresponding
value of tw(O) is considerably below the gap which occurs in the
frozen lattice approximation. For such cases the mobile lattice
approximation provides a plausible explanation of the experimental

results (Cooper 1968a, Brooks 1970).



CHAPTER 4
ANALYSIS OF PARTICULAR SPIN STRUCTURES

In this section we shall discuss separately the different
spin structures to which the theory we have presented is applicable.
The relevant equations'of the preceding sections are the conditions
for stable equilibrium, equations f_21§) and [2.2@ ; equations
f2.25) - [22§] and [3.24 - B.27] for coefficients of the linearized
equations of motion; and the solutions to the eigenvalue problem,
equations [Z.Bﬂ - [246_\ in appropriate circumstances. The express-
ions which we give for the spin-wave energies in different cases
will be used in subsequent work to analyze the results of in-
elastic neutron scattefing and magnetic resonance experiments.

Here we examine only briefly the form of the contributions from
different sources such as anisotropic exchange, applied field énd

magnetoelastic effects.

4.1 The Planar Ferromagnet

The low temperature phases of Tb and Dy are ferrbmagnetic
with the spins lying in the hexagonal plane. The easy axis of
magnetization is the b-direction in Tb (¢=m1/6) and the a-direction
in Dy (¢=0). Equations [2.25]-T2.28] anda (3.24] - B.27) simplify

on putting E0=0 and ¢=m/2. 1In particular Bq is real, and

t.1 <

_S[?"g)+%K'(g)+(%)(%Acos6¢-C)BY'(gilm

[Ne]

4.2} Dy -S[%K' (q) —(%) (Acos6¢-C) D" (g)]m

where A and C are Mason's temperature-dependent magnetostriction

53
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constants, equations [3.155) érid [3.15(5} , and BY'(EI_) is defined
in [3.1uﬂ . In general Cq and Dq are complex and therefore the
expressions [2.38] - [239] -must b; used for the spin-wave energies.
However, when q lies in the plane TKHA or the plane'KMLH of Fig. 1,

eguation ‘?.4@ can be used. With the help of the stability

condition {?.151 we obtain in this case,

B3 BlY = s -3(@+r(@)+3 (02 (3" (@ +K" (@))] m-2B (n/2)

GBgS(%)c036¢m20+guB(Hacos¢+Hbsin¢)+Mme(ﬂ/2,¢)}%

x {5 [7(0)-3(g)+3' (0) £3* (@)]) m-36855 (3) cos64m*”

+ guB(Hacos¢+Hbsin¢)+Nme(w/2,¢)+%(%AcosG¢-C)Qéé)(g)}%
where 0'1) (q) is defined in (3.275] and
l.4] B(r/2) = 3¢-mE)smn’+103) Bls(Dn’+21 (-1 B s(ZHm?°

2

.5} m _(n/2,4) = [c¥/ (2nsm)][ a%+2c2-28c+a (B-30) cos64)

2.6l N (1/2,8) = [7/(2nsm)| 4(a%+c?) -10accos64] .

Here A, B and C are Mason's temperature-dependent magnetostriction

constants (equation [3.15]). Knowing these and the elastic constant

cY, as well as the reduced magnetization m, one can readily cal-

culate Mme(ﬂ/2,¢) and Nme(w/2,¢). These magnetoelastic contribu-

tions to Eél) are exactly the same as those given by Nielsen et al (1979).
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The two-ion magnetoelastic contribution involving Qéi)(g), which
occurs in the same bracket as the hexagonal crystal field, is a

new result. It has exactly the same form as the isotropic exchange
terms but is multiplied by the temperature-dependent factor
‘(%Acosﬁ¢—c). The fact that thié term enters only the second bracket
of»‘}.i} while the anisotropic exchange terms K(g) and K'(g)

enter only the first bracket has a simple interpretation. Terms

in the first bracket other than from isotropic exchange and applied
field represent an effective field along the hexagonal axis,

while terms in the second bracket other than from isotropic
exchange and applied field represent an effective field in the
hexagonal plane. Viewed semiclassically, it is these two effect-
ive fields perpendicular to the magnetization which are experi-
enced by the spins in precessing at the increased amplitude of

the spin-wave excitation. Note, however, that the applied field,
which was assumed to lie in the hexagonal plane (since a component
Hc is inconsistent with the assumption 6=%), enters both brackets
in the same way, a result consistent with elementary spin-wave
theory for a Hamiltonian consisting only of isotropic exchange

and applied magnetic field. (Note also that an amount‘—GBgS(%)

cosG¢m20

from the hexagonal crystal field entérs both brackets,
acting in this respect like an applied field.) Finally, it is
worth pointing out that if the direction of magnetization coincides
with the direction of H the magnetic field terms in {4.5] reduce

to gugH with H the magnitude of the field.

The crystal field contributions to {}.3] are usually



estimated from measurements of the énisotropy coefficients. 1In
making such estimates, however, it is necessary to exclude mag-
netostrictive coﬁtributions'to the anisotropy coefficients, a
task which is difficult to carry out in practiée. We shall not
discuss this further in this paper.

It remains to be mentioned that the * signs in [4.3) give
the two spin-wave modes which we label by i=1,2. It can be shown that
J'(q), BY'(Q),'Be'(g), and K'(g) vanish at all points in the plane AHL and
along the line KH of Fig. 1. As a result the modes are degenerate
at these points.

Of particular interest are the frequencies for magnetic

resonance which follow from ‘}.jl putting g=0. These are

fa.7a) hv, = {guBH+guB(NX-NZ)MOm-S(K(O)+K'(0))m

- 2§(n/2)-GBSS(%)c056¢m20+Mme(ﬁ/2,¢)}%

x {gUBH+guB(Ny-Nz)Mom—36BgS(%)cosG¢m20+Nme(W/2r¢)}%
.78)  hv, = {gugH+guy (W-N*) M m+s (237 (0) -k (0) +K " (0)] m

Zg(ﬂ/z)-GBgS(%)cosG<]>m20+Mme(1r/2,<1>)}!'j

' Y_n2 —agnbea (B 20
{guBH+guB(N N7)Mym+2S3 ' (0) 36B6S(2)0056¢m

]

+ N__(1/2,0)+(4Acos66-C) SBY ' (0)m}™

where Vi is the lower frequency and v, the higher frequency. Here

2
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M0 is the saturation magnetizationbat T=0 (M0=2NguBS). We have
introduced the demagnetizing fields (Kittel 1948, Keffer 1966,

Cooper et.al. 1962, Brooks et. al.1968) whose effect is relatively
more important for the resonance frequencies than for spin-waves
away from g;o. Nx, NY and NZ aré the usual demagnetizing factors
(NX+NY+NZ=4n), N?.referring to the direction of magnetization, N®
to the direction along the hexagonal axis and N to a mutually

perpendicular direction lying in the hexagonal plane.

4.2 The Nonplanar Ferromagnet

This structure, in which the magnetization makes an angle
8#¥m/2 with the hexagonal axis, occurs in Tb and Dy when a magnetic
field is applied along the c-axis, and there is evidence (Jordan
and Lee 1967) that even in zero applied field Dy has this structure
below 90K. Also the fan structure, which appears in the low
temperature phases of Ho and Er for a moderately large field in
the hexagonal plane, will approach a pure ferromagnet at higher
field strengths. In each case the angle 6 will be given by the
stability condition [2.19} with g0=o.

For general g's and arbitrary ¢ the spin-wave energies
must be determined from equations (2.38 - 2.39], as in the case
of the planar ferromagnet. However, if ¢=0 and if q is in the
plane TKHA or KMLH of Fig. 1, then Cq and Dq are real and equation

[2.40] can be used. The condition ¢=0 also makes Bi real. Then

under these conditions equation {2.4@ gives

(4.9) Eéi) = {s[5(0)+2cos?6K (0) - (T (g) +sin?eK (q)) +3' (0) +2c0s>

BK"' (0)
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+ (J'(g)+sin26K'(g)i]m-ZQ(G)—GBSS(%)sin68(1—6cot26)m20
f ZguBHCc056+guBHa(sinze-cosze)/sine + Mme(e,o)
- fe(e)sinecosePé‘i) (g)+5f’{(e,0)éoszeQé2) (q) }3
. - 4

X {S[J(O)—J(cl)+J'(0)iJ'(g)] m-36BgS(-g-)Sin C]

+ gugH_/siné+N__(6,0) -%f{(e,O)QI;é) (q) K

where

B9 mM_(6,0) = [cecosze/(SNSm)] (H+Icos20) [H(6sin?0-1)
+ I(5c0526+2051n26cosze-6ﬂ
+ [?Ysinze/(BNSmi][2(C+Bcosze)-Asinze][zc(Gsin26—4)
+ 4B(sin%6+10sin%6cos?6-2) -4asin?0 (5sin0-4)|

(4. 10)

2
N_ (8,00 = [cfcos®e/(8nsm) (m+1cos?e)?
+ (?Ysinze/(NSmﬂ{:2(C+Bcosze)-Asinzé][(C+Bcosze)—2Asinzé]

B(6) is defined in [2.29] and £°(8), £Y(6,0) are given in Table 1.
The applied field‘has been assumed to have compdnents Ha and Hc
only, consistent with the assumption ¢=0. Of course most of the
remarks following equation {?.é] in the last subsection are

applicable to equation [ﬁ.é} as well. We note that in the present
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case the modes are degenerate at all points in the plane AHL and

along the line KH of Fig. 1.

4.3 The Planar Spiral

This type of structure occurs in Tb in the temperature
range 220-228K, in Dy in the temperature rande 85-179K, and in
Ho in the temperature range 20-133K. 1In equations [2.25]— [2.28}
we put 6=7/2 and omit the terms involving the hexagonal aniso-
tropy (for the reason mentioned in section 2.5) and the magnetic
field (since a component H, is inconsisteﬁt with the assumption
b=m/2, and the effect of components Ha and Hb averages to zero).
We also omit the magnetoeléstic terms since homogeneous strains
do noﬁ exist in a spiral spin configuration.

As in the preceding cases Cq and Dq are complex in general,
requiring the use of equations [2.3;! - {2.3;} . However, when gq
lies in the plane T'KHA or the plane KMLH, equation t2.4d} may

be used, giving,

[¢.11) Eé_i) = {s[J(]so)—(J(g)+K(g))+J'(]_go)i(J'(g_)'f'K'(g.))] m-28 (n/2) }*
x {s[;(go)-g(J(g+E0)+J(ngO))+J-(Eo)t%(J'(g+50)

+ J'(q-kg) )] m}

where g(n/Z) is given in \}14] It may easily be seen that the
lower spin-wave branch is zero at g=0 as must be the case for a
spiral structure (Elliott and Lange 1966). The energy of the

upper spin-wave branch at g=0 is



60

[4.12] hvz = {S[J(}go)-(J(O)+K(0))+J'(]_<.0)+(J'(0)+K'(0))]m-2r§('rr/2)}li

x {283" (kg)m}? .

At the point K in the Brillouin zone, J'(q), K'(q),
J'(g+§0) and J'(i'Eo) are all zero. Hence the modes are degen-

erate at this point.

4.4 The Conical Spiral

This structure occurs in Ho and Er below 20K. The mag-
nitude of the spiral wave vector go is 2n/(5.5¢c) and 21/(4.1lc)
respectively and the cone angle 6 at 20K is approximately 79°
in Ho (Koehler et. al. 1966) and 28.5° in Er (Cable et. al. 1965).
It is also evident that the planar spiral of the last subsection
will become a conical spiral when a magnetic field is applied
along the c-axis.

As discussed in section 2.6, the spin-wave energies cannot
be given in a closed form for general g's in this structure.
However, if q is in either of the planes T'KHA or KMLH of Fig. 1
then equation [2.37] may be used and the spin-wave energies are,

[4.13a] Eéi) = %Sm COSG[J(ifEO)'J(i'KQ)t(J'(§+50)'J'(g_ko))]

Y
+ %wle

14.130) E{Y) =-xsm cos8[3(g+ky) -3 (g-ky) £ (3" (gHky) -3 " (g-kq)) ]

+ %(Fle)%
where

[4.14a] F = Sm[2J (k,)+2T" (ko) =T (g+ky) -T (g-ko) £ (I (q+k )+ ' (g-k,)) ]
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[4.14b] F, = 4Sm éosze[J(0)+K(0)+J'(0)+K'(0)]—2Sm cos20 [T (k) +T "' (ky)]
- Sm.cosze[J(gf50)+J(g—§0);(J'(g+50)+J'(gfgo)]
- 25m sin26[J(q)+K(q) F(I' (Q)+K' (@)) ]

- 4’1\3'(e)+4guBHc cosb .

Here %(e) is given by [2.29] and H, is the component of the

magnetic field along the c-axis. The components of H in the

hexagonal plane average to zero, and the hexagonal crystal field

and magnetoelastic terms have been omitted as in the last subsection.
A closed expression also exists when q lies in the plane

'KM. Then the solution [2.38]-[2.39] is applicable and since in

this case g is perpendicular to k

0 one has J(g+§0)=J(g—§o) and

J (g+E0)=J'(g-§0).
Finally, if g is along either of the lines TK or KM, [4.13]
reduces to
. _ (1) _ (i) _ 3
[4.15] - By = Eg =4(F |F )

with slightly simplified expressions for F. and F,. We note that

1 2
at the point-K, J'(g), K'(q), J'(quo) and J'(ifko) are all zero.
Hence the modes are degenerate at this point, as they are in the

other structures.



APPENDIX A
STABILITY CONDITION AT FINITE TEMPERATURES

At finite temperatures the condition for stable equilibrium
is that the free energy is a minimum with respect to variation of
the angles 6 and ¢i. If the Eéi) are the temperature dependent
spin wave energies determined either by the equations of motion method
of the present paper or by the free energy variational principle
(Brooks et. al. 1968), the density matrix for the magnetic spin

system is

-1 (1) _ (i)
Al = 7 - E
[Al] o exp[-B q%i q nq ]

: (1) (1)
Tr{exp[-B £ E n 1}
g,i g a

[
]

[A2]

From this the approximate free energy <®>+kT<ln p> may be shown to

be equal to

(A3] E. 4+ KT I ln[l-exp(-8E‘}))]
0 qg,i q9

where E0 is the energy of the system at T=0. Thus, differentiating

with respect to 8, for example, one obtains the stability condition,

(1) , (1Y, _
[Ad] BEO/BG + q%i (BEg /36)<nc.I > 0
[A5] <néi)> = [exp(BEéi))—l]_l
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But since
[A6] a> =, + 1 BNy
| i 94 9
-' - -
we interpret [A4] in the following way: the stability condition
at T>0 may be obtained by differentiating with respect to the angular

variable only those terms in &> which depend explicitly on that

variable, ignoring in the differentiation the implicit angle
dependence of thermal averages such as <nél)>. In other words the

>/306 which arise from differentiating [A6] with

terms involving 3<nél)

respect to ® are exactly cancelled by the contributibn from the
entropy term.

In the present work <d> is expressed in terms of thermal

averages of the spin operators. The demonstration above makes it

plausible to ignore the implicit angle dependence of such thermal

averages in arriving at the condition for stable equilibrium.



APPENDIX B

RANDOM PHASE APPROXIMATION AND LINEARIZATION OF
THE EQUATIONS OF MOTION
In this appendix we elaborate on the details of the random
phase approximation which enables one to express the temperature
dependence in terms of powers of the reduced magnetization. The
approximations involved in linearizing the equations of motion are
also described in.ﬂore detail.

Let us first consider the evaluation of thermal averages in

~v
connection with the stability conditions. For the operators 020,
la " 4 ~o
O40 and O60 which involve powers of Si the following relation was

found to be useful:
[B1] (s$)” No(=5)™ + (28) " Lr(1-s) - (-S)n]SISE

This is easily derived from the Wortis expansion [2.5] using the
spin commutation relations to place all S; operators to the left

of Si operators before dropping terms in more than three operators.

For example, in the case of 6;0 this gives

[B2a] 53;0(§i)> = <%{3sfz-s(s+1)}>
[B2b] ¥ s (s-3)<{1- (3/25%)s]s]}>

n 1 2 + -
[B2c] LV S(S—E){l-(3/2NS ) é<sqsq>}
[B2d] N s(s—%—) {1-3(1-m) }
[B2e] x S(S—%)m3

64
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where in the last steps we used equation [2.12] and expressed the
result as a power of m following the procedure of Callen and Callen
(1966) and others. In addition to this being valid for m close

to unity, it also ensures that ﬂbzo

Curie temperature. In general we have,

> goes correctly to zero at the

L(2+1)

~ X oY 2 2-1 2
[B3] <OZO(Si’Si’Si)> v S S ym y 222

where S(n) is defined in [2.16].

A similar approach is taken in linearizing the equations
of motion. For the crystal field and single-ion magnetoelastic
terms, the commutators are most easily evaluated using equation
[2.22]. Thus, for example, we obtain
-l

- 7 .~ L
[B4] [sq, L 0, (8,01 = [ (2+1)-m(m-1)]" N ; Q&m_l(gi)exp( ig.r,)

N} =

—~

- 1

Substituting the first two terms of the Wortis expansion for Si

and Ti, or using [Bl] to express powers of Si and Ti, we find for

=2,
~ _ _ 2 + -
[B5a] 0,0(8;) =8 S(1/2){1-(3/25°) Sisi}
1
- 2 t ~ L
[B5b] 0,,1(8;) = * (3/2)° s(1/2){s] - (25 S(1/2)) "s;s;s.}
1

When these are inserted into [B4] and the spin operators are Fourier

transformed, the following random phase approximations are
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used:
[B6a] Nt sg st 5. §(d,+q-9,-q3) N 2N"ls;{z <s;,s_,>}
979,93 1 %2 93 2 q 2 2
+ N tst (n <sT,s7,>)
z q' -
[B6b) Nt s st st sT s(qi+gtqo-q.) N 287 IsT (5 <st,s7, >}
91 95 93 1 ® =2 =3 240 99
99293 =e = q
+ N lsT(r <st,st, >y
v 9 =g
—(-I- = -~
The thermal averages Y<S+ +>, Z<T+T+ >, $<S S > and I<T_T > are
A S A s g 979
taken to be zero while Z<S+ "> and Z<T+T_> are expressed in terms
g 99 7 4 19
of the reduced magnetization by means of [2.12]. Hence the only
non-zero commutators are
[B7a] (s 407 B,,(8;)1 = =3 s(1/2)m” S
i z
[B7b] (5,5 0,.(s.)1 = V& s(1/2)m> s
9’y 2277 q
—_ — _ 9 —_
[B7c] [Sq,i O4O(§i)] = =10 S(3/2)m S(1
- - 9 .t
[B7d] [Ss ,2°0,,(S5.)] = 3/10 S(3/2)m” S_
q; 4271 1
. 20
[B7e] [S ,7 O (S )] = =21 S(5/2)m
i 2
[B7£] [S5,% ©..(S.)] = 2/165 s(5/2)m?0 s*
q'] 6274 ~q

with similar expressions for Stq, T; and Tf .
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The following commutators are also non-zero, giving constant

terms in the equations of motion:

— et _ . 3
[B8a] [S‘i'§ 0,,(8;) = /6 5 s(1/2)m” /N 6g'0
A -~ T 10
(B8Db] [S‘!'i 41 (8501 = 2/5 5 s(3/2)ym™ " /N ‘Sg,o
- .= _ 21
[B8c] [Sy/2 Ogy(8;)1 = /42 s s(5/2)m"" /N 84,0

- 1 -

However, when all these constant terms are grouped together, the
stability conditions [2.15] and [2.20] cause them to vanish.

The two-ion terms in the Hamiltonian are best handled by
first Fourier transforming them and then using the commutation
relations of the spin-wave operators. The random phase approximation

is then applied to [2.9] yielding the simple result.

Z
B9 = ~Sm §
[B9] Sq m q,0

Hence the equivalent commutation relations are

+ -
[Bl0a] [Sg,sg.] = -2Sm Gg,,‘
. z ot _ -1 %
[B10b] [SE'SE'] = N sg'agro

which is the form used by Englert (1960).



APPENDIX C
TRANSFORMATION OF SPIN OPERATOR EQUIVALENTS

In this appendix the relevant transformations are
given for the crystal field and single-ion magnetoelastic
terms. Using equation [2.3] the operator equivalents 8Qm
can be rotated to equilibrium coordinates at each lattice
site. However it is more convenient to write the results

in terms of the linear combinations Bzm and Bgm defined in

equation [3.4]. In general the transformations have the form,

+ n - 1 + i— . -
[Cla] 8 1S4 48; ) = % cos m¢; R, + 5 sin m¢, R,
N of Z i - _
[Clb]} BQm(si,sg,si) = - % cos m¢, R, + % sin m¢, R

+ - .
where RQm and Ry are functions of the cone angle 6 and the
equilibrium coordinates S?, S{, Si.

For the crystal field terms, only axial and hexa-

gonal terms appear. The corresponding functions are,

: + 0 2/6 pl 2 +
[Cc2] qu = 292820 =52 Py (d iG> ) 5 2822
' + 0 2/5 pl V10 p 24+
[C3] Rpo = 2P4840 =2 P, (i8, a1) * 15 4842
/35 4 +
* 155 P (18, o P4844

68
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+ 0 2/42 pl v/105 p2%+
[C4] Reo = 2P6860 =51~ P (idy 61) ¥ ~ios 6862
/105 pdx+
* 7630 Pa( 8gq) 1260 Pe3e
V77 5,. /231 poy+
* Thgen Pe(i%Gs) *+ g5Tec Pedes

I
N
w
=
o
=
l
<
(]
w
Qe

[c5] RE, = L1231 2/12 2)5/2 (187 )

x (1-x

=)
(o))
)
()]

+ AT (143 2148, - 2205 (142)3/2 (304 (487 )
+ AL (12 (1eexPexHBE, - ZIT (1-x2) % (sxrloxnex®) (137,
+ K%g% (1+15x2+15x4+x6)826}

(c61 Ry = YL (o AT (3,252t 2A05 (1,22 (57 )
- LS_—S— (1-x%) 32 (143x3) 8}, + —7@ (1-x2) (4x+4x7) <18g4_>
- 3@ (1-x%)% (1+10x%+5%* Y8 + P23 (6xr20x+6x7) (18 )

where P? is an associated Legendre function P?(cos 0) and x
is cqual to cos 0. Notc that REO docs not contribute to [Cl].
In Chapter 3, we considered magnetoelastic terms

only up to 2=4. For the sake of completeness, the relevant

functions up to =6 are written down below.

+ Lot VA I
[c7] Ry, = 2x82l + 2(1-x% )’<1822)



[C8] R

[C9] R

[C10] R

[C11l] R

[C12] R

[C13] RT

[C14] R,

42

42
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- V6 x (l-x )%8 + 2(2x2-1)(i8;1) + 2x(l—x2)%8;2

1% (1-x2)820 - 2x(l—x2)%(18;l) + (l+x2)8;2
P s =
- 2(1-x% ) O21 + 2x(1022)
%X(7x 3)8 Y2 (1-x2) % (7x —1(18 ‘fg (l—xz)(3x)823
/14 | 3/2
—— (1-x %) (18, ,)
/5

w2y a9, 2 1,4 9.2 4, , .-
> x(1-x%) ¥(3-7x )840 + 5(3-27x"+28x") (i04;)

/f(l—xz)%(7x3-4x)822 + f; (1-x%) (4x%-1) (i8] )
/1% 2, 3/2%+
5 x (x4,

Y10 2 2)8

(1-x%) (7x°-1 - /3 (l—xz)%(7x3—4x)(i8;l)

4 40

(1-6x +7x4)8+ + 1§§ (l—x2)%(2x3)(1843)

V7 2 2.+

5 @) an 8,

- l% (1-x )%(7x —l)8+ + (7x 5x)(i822)
/14 (l-xz)%(3x2—l)823 + f; (l—xz)(2x)(i8;4)

2
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[Cc15] RZ4 = {Z@ (1—x2)2820 - /—— (1-x%)3/2 X(iBZl)
+ 1; (1-x%) (1+x%) &,
_ 1% (1—x2)%(3X+X3)(i8;3) + % (1+6x2+x4)8z4
[c16] R,, = -.fgg (l—x2)3/2821 + /T (1-x%)x (38},
- fg (1-x%) F(1+3xH) 8, + %(4k+4x3)(i8;4)
(€171 &Y, = 233x-30x3+50 8! + 2 (1-x?) ¥ (165x1-00x2+5) (137 )
+ g’—‘/—%—_g (l-xz) (llx3—3x)823 + [——Z’— (l—x2)3/2(22X2'2) (i8g4)
. Zgg (1-x) 2 (508, + éﬁgz (1-x2) ¥/ 2 (387 )
[c18] R, = /—_ Pe8c, + 7(198x%-285x%+100x%-5) (18 )
+ K%E (1—x2)%(99x5—102x3+19x)822
+ 220 (1-x?) (22x-15x%+1) (187 )
+ f% (1-x )3/2(33x3—13x)8’6’4
V66

(1-x2)2(6x2—1)(18;5) + 3/22 (1- x2 5/2x6+

;
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[c19] Ry, = f%gi (1-x2)(33x4—18x2+1)860
- 1%@ (1-x%) #(99x°-102x3+19x) (i8],
+ %g (495x6—735x4+289x2—17)822
+ %(1-x2)%(55x5—50x3+11x)(i8g3)
+ f%g (1-x%) (33x*-10x+1) &},
. Zigi (1-x 2)3/2(3x3+x)(i8g5) + 3%%5 (1-x%) % (1+x?) 87
[c20] R, = - 1%@ (1-x2) % (33x*-18x +1)8
+ Ip (330x°-372x7+74x) (i87,) + 2 (1-x 2)% (55" -42% +3)8¢
+ f%% (1-x°) (44x3-20x) (i8¢ ,)
+ Ll_g—i (l—x2)3/2(5x2—l)825 3/_ (1-x%) % (2x) (18
te21) g, = 2 s 2and-n¥g, - B )Y and-1m0 1)
+ l%g (1-x%) (33x*-10x%+1) 8

3

(1-x )%(llx +2x -5x)(18

&



[C22]

[C23]

[C24]
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6

(33x +35x4—65x2+13)824

(ool

wlﬂ‘

(1-x2) % (3x°+10x°3 5x)(18

(1-x )(l+6x2+x4)826

~
o
mcﬁ

- ﬁ% (1-x )3/2(22x2—2)821

| Lo
MO

(1—x2)(44x3-20x)(i8;2)

[o o1 V8]
=

1
(l—x2)2(22x4—16x2+2)823

(88x°-80x°> +8x)(10 R K%E (1-x2) T (10x%-2)8"

oo+

65

=
[e)] [

(1—x2)(4x+4x3)(i8g6)

V165

) )

(1-x2) 372 (5x2-1) (i87

2,2 +
(1-x°7) (5x)861 - 62

(l—xz)(5x3—x)8;3 - 1%2 (1-x2)  (10x* -2) (i8¢ ,)

BB

i% (1-x2) % (1+10x2+5x 4 )(1066)

o}

(25x5+10x3—19x)825 +

3/77 2,5/2 /66
=g 1) Y Gy + 5

(1ex2)2(6x2—1)(18g1)

—l%é (1-x )3/2 3+x)822



165 2 4. . 2 -
£ 22 (1-x%) (2x +3x -1)(1863)
- ng (l—xz)%(3x5+10x3—5x)824

1 6 4 2 =
+ 5 (6x°+35x"-20x 5)(1865)

/3
i)

+

L
(1—x2)2(5x+10x3+x5)826 i

- . + +
Note that the functions R43 and R63

for the reasons stated in section 3.1.
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are not included
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