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ABSTRACT 

The free and forced, undamped, transverse vibrations 

of a beam, with one end ~lamped and the other supported on a 

nonlinear spring, have been studied. Theoretical analysis has 

been carried out for two different cases of springs, viz.; cubic 

nonlinear and bilinear types. For the study of forced vibrations 

the exciting sinusoidal force has been considered to act at the 

spring-supported end of the beam. The analysis is an 

approximate one since it involves the solution of nonlinear 

boundary value problems. Theoretical results for the bilinear 

case have been compared with those obtained experimentally. 

It has been shown that free vibrations can occur in 

an infinite number of frequency ranges and each of the frequencies 

of free vibration corresponds to a definite modal configuration. 

The results of forced harmonic response reveal the possibility 

of multiplicity of jump phenomena in the frequency ranges of 

free vibrations. However, in the case of bilinear spring 

jump phenomena may not occur if the amplitude of exciting force 

is above a certain value. Furthermore, in the case of cubic 

nonlinear spring it has been. demonstrated that subharmonic 

vibrations can occur in an infinite number of frequency ranges. 
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NOMENCLATURE 

= Distance along the beam from fixed end, inch 

y = Lateral deflection of any point on the beam~ inch 

E = Young's t~odulus of Elasticity, lbf/in? 

9 = Mass density, lbm/in~ 

L = Length of beam, inch 

2t . 1 f 'h b .a 	 - Cross sec· 10na area o t e earn, 1n. 
. 4 = Area moment of inertia, 1n. 

= Mass of beam, lbm 

m = End mass, lbm 

c = (EI/9 a)~, in~/sec. 

Kt = Constant of a linear spring, lbf/in. 

Kn = Nonlinearity constant of a cubic nonlinear spring, 

lbf/in~ 

= Deflection of bilinear spring at which spring
constant changes, inch 

= Constant of bilinear spring for deflection ~ y
lbf/in. 0 

= Constant of bilinear spring for deflection > y
lbf/in. 0 

F 	 = Amplitude of sinusoidal exciting force, lbf 

- Restoring force of spring, lbf 

= Frequency of excitation, rad./sec. 

= 
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= X/L 

= Amplitude coefficient of harmonic component of 
response 

= Amplitude coefficient of third order harmonic 
component of response 

= Amplitude coefficient of one-third order 
subharmonic component of response 

= Dimensionless amplitude of vibration at x 

= Dimensionless harmonic component ofdeflection 
of spring supported end 

= Dimensionless third order harmonic component of 
deflection of spring-supported end 

= Dimensionless one-third order subharmonic 
component of deflection of spring supported end 

= Yo/L 


= :A L 


= K~.L3/EI 


= K~ L5 
/EI 

= K1 L3/EI 

= K2 L
3
/EI 


_ m/M 


p = F L2/EI 


= Fs L2/EI 
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1. INTRODUCTION 

1.1 GENERAL INTRODUCTION: 

The beam vibrations involving linear boundary 

conditions have been dealt with in a number of references 

D,2,3,4] * . Solution in closed form can be obtained for 

problems with homogeneous boundary conditions. Techniques 

have already been developed to solve the problems involving 

time dependent boundary conditions ~,6,7] . Saito [9] 

analysed the forced lateral vibrations of a beam, with a 

concentrated mass~ mounted on parallel elastic supports at 

each end. Similar work has been done by Miller [10] considering 

damped flexible end supports. Springfield and Raney [11] 

made theoretical and experimental investigations to find the 

optimum parameters of end supports. Lee and Saibel [8] 

developed a general expression to find the frequency equation 

for the vibration of a constrained beam with any combination 

of intermediate elastic or rigid supports, concentrated masses 

and sprung masses. 

* Numbers in square brackets indicate references given in 
bibliography. 
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In all the above cases the boundary conditions are 

1inear, i.e. they can be ex·pressed by linear equations. 

However, there may be some systems for ~'Jhi ch the boundary 

conditions are nonlinear, for example~ a beam on nonlinear 

supports: The behaviour of such systems can still be des­

cribed by linear partial differential equations, but the 

nonlinear boundary conditions cause difficulties in the 

analysis. 

Porter and Billet(12] have made an approximate 

analysis for the vibrations of a uniform bar in longitudinal 

motion. One end of the bar was fixed and the other was 

anchored by means of a cubic nonlinear spring. Their results 

show that the system exhibits nonlinear oscillations if the 

boundary conditions are nonlinear. 

1.2 OBJECT AND SCOPE: 

The object of the present investigation is to study 

the vibrat·ion of a beam wfth one end clamped and tf1e other 

supported on a nonlinear spring. It is proposed to analyse 

the system with two different types of springs: 

(i) cubic nonlinear ( Fs = Kf y + K11 y3 ) and 

(ii) bilinear springs. 


The forced vibration response is to be determined with 


sinusoidal excitation provided at the end to which the spring 


is attached. 
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The survey of literature indicates that no work has 

been done on the above problem. It is expected that this study 

will be useful from both academic and practical points of 

view. 

The theoretical analysis carried out for this 

problem is given in chapter 2. An experimental study has been 

made for the case of bilinear spring, the details of which 

can be found in chapter 3. The results and conclusions of 

this work are giveh in chapter 4. For a cantilever beam with 

linear spring support at its free end, the variation of natural 

frequencies with the spring stiffness is reported in appendix I. 

1.3 A BRIEF HISTORY OF NONLINEAR VIBRATIONS: 

Basically all the problems in mechanics are· nonlinear 

from the outset. The linearizations commonly practised are 

approximating devices that are quite satisfactory for the 

practical purposes~ However, there are certain cases in which 

linear treatment may not be applicable at all. The phenomena 

of nonlinear vibration have long been recognized, but the 

recent developments in the theory and methods of nonlinear 

analysis have been stimulated by the works of Duffing and 

Vander Pol. 
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Since exact solutions in terms of known functions 

can be found for only a few nonlinear. equations, most of the 

available references [13, 14, 15, 16] are concerned with 

obtaining approximate solutinns. Although a large number of 

approximate analytic methods exist, most are applicable only 

to a small class of problems, and in general they require that 

the nonlinear parameter be small. 

For systems in which the nonlinearity is relatively 

large, approximate analytic methods are in general inadequate . 

. Ergin 07] developed a line segment approximation for nonlinear 

systems, and found that for some problems involving even large 

nonlinearities, only two line segments were enough to give 

sufficient accuracy. Application of this method was made to a 

single degree of freedom system having a cubic nonlinearity in 

the spring force and subjected to various transient 

excitations. 

Den Hartog and Mikina [18] have found the solution 

of single degree mass - spring system with initial set in the 

spring. A general case of bilinear ·spring has been considered 

by Den Hartog and Heils D9J . The solution was found on the 

assumption that the motion curve is symmetrical every quarter 

wave. Some investigators [20, 21, 22] who considered 

hysteretic~ bilinear, single degree of freedom systems, found 
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electronic analog computers extremely useful for response 

prediction. Brock ~5] has presented a simple iterative 

procedure employing numerical integrations for the analysis 

of single degree of freedom systems having nonlinear elasticity. 

Soroka [24] considered the free vibrations of two degree freedom 

system with nonlinear unsymmetrical elasticity. Such a system 

is characteristic of aircraft propeller super-charger 

installation. The results show that one mass may oscillate 

several times while the other mass is going through one 

oscillation. The ratio of amplititude of one mass with respect 

to the other changes with amplitude. Ehrich [23~ 26] has 

indicated that the clearance between shaft and rotor provides 

bilinear elasticity which can cause subharmonic vibration. 

Rosenberg [27] has defined the concept of norma 1 

modes in nonlinear multi - degree of freedom system. The 

problem of finding the modes reduces to a geometrical 

maximum - minimum problem in an n - space of known metric. 

The solution of the geometrical probl~m reduces th~ coupled 

equations of motion to n uncoupled equations whose natural 

frequencies can always be found by a single quadrature. 

Paslay and Gurtin ~8] have found the vibration response of a 

linear undamped system resting on a nonlinear spring. Caughey 

~9] has analysed the forced oscillations of a semi - infinite 

rod exhibiting weak bilinear hysteresis. Tauchert and Ayre [30] 
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have found the shock response of a simple beam on nonlinear 

supports. The transient response was obtained by considering 

lumped mass system and applying numerical methods. 

The dynamic analysis of non-linear continuous 

systems and multi-degree freedom systems has received less 

attention than singl~ degree of freedom systems although 

several specific problems of this type have been investigated 

as mentioned above. The main reason for the lack of literature 

on non-linear continuous systems seems to be the difficulty 

of analysing them. 



THEORETICAL ANALYSIS 




2. THEORETICAL ANALYSIS 

Figure 2.1 shows the schematic diagram of the system 

considered for the present investigation. It consists of a 

uniform beam which is clamped at one end and attached to a 

nonlinear spring at the other end. The beam is of length L, 

cross sectional area a, mass density ~,and flexural rigity EI . 

The sinusoidal exciting force (F sin oot) is acting at the 

spring - supported end which also carries a concentrated mass 

m • 

FIGURE 2.1 SCHEMATIC DIAGRAM OF THE SYSTEM 
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Neglecting the effects of shearing forces and 

rotary inertia~ the differential equation for the transverse 

motion of the beam can be written as follows: 

_?a. 
+ -· E. I 

o4 'd i . (:}1_ ' ........ (2.1)
- 0or + 	 ­0 ;;t:4 c2 of~ 


\!Jhere, c2 -- E. 
1/9 a 


The four boundary conditions are: 

1. at 	 )( -- 0 -- 0 ........ (2.2)
~' 
2. at 	 ')! - 0 o'-J - 0 ........ (2.3) 


·a/<: 

02~ 
~3. at 	 )! -::. L 0 	 . ....... (2.4)
-

Q)!? 

);! - L4. 	 at ­

?l''(J 'Ol'i
£I -- Fs -t- Yn F S\11 cv t 
() ?Z.3 ot2 

........ (2.5) 

where, Fs = Restoring force of spring at time t 
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Any solution of the problem must satisfy these 

four boundary conditions and equation (2.1:). 

2.1 CASE OF CUBIC NONLINEAR SPRING: 

In this section the spring considered has a cubic non­

~ i neari ty. The restoring force of su.ch spring can be expressed 

by the relation: 

0 •• 0 ••••Fs = K.e y + Kn y3 (2.6) 

where K~ and K11 are positive constants of the spring. 

The spring described by (2.6) has symmetrical odd 

characteristic , i.e.~ Fs(y) = - Fs(-y), as shown in figure 

2.2 . 

w 
u
cr::: 
0 
LL. 

DEFLECTION 

FIGURE 2.2 RESTORING FORCE CHARACTERISTIC OF 

CUBIC NONLINEAR SPRING 
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For this case equation (2.5) becomes; 

at X = L 

t'd 
EI 

0 ")1_3 

......•. (2.7) 

2.1.1 Harmonic Response:­

For the steady state motion of the system, the 

solution of equation (2.1) has to satisfy the boundary 

conditions (2.2), (2.3), (2.4) and (2.7) . To obtain a 

harmonic solution of (2.1), let 

........ (2 .8) 


If (2.8) is to be the solution of (2.1), it follows 

that X(x) must satisfy the equation: 

c.D2 X ::.o 
c7. 

d4 X /\4 - 0 
or d-)L4 X ­

where AJ;. - u.J 
'2
/c2-

and 

X (:x:) -- c, C.c<.:)S\"\ A )! -\· c?. s\v'''"~ ,A)' -\- c?::.; cos 'A:;, 

-t- C,.;t. StY\ AX 
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From the conditions (2.2) and (2.3) 

hence~ 

The co~dition (2.4) requires that 

Cos~ ) L -'r cos. ). L 
(2. 0'"= . ~===- ==··m=--= • c 1_ 

S\Ylh ) L -t S\Y) A L 

For simplicity5 let 

A cosh ;A L + cos A L= 
B = s\v\h .A L -+ Si"Y\ AL 


c -- c.ash ,AL - cos ,A L 


1) - sinh AL s\n ). L-

X(X) 

........ (2.9 a) 

Dividing this by L 


Xx =- C-r. [C cos.'-'::>.)( - cos A:.<.) - ~ Csinh A::.:: - sin AX)] 
........ (2.9 b) 

X(X)
wher·e, Xx - dimensionless amplitude 


L of vibration at x 


, amplitude coefficient 

In (2.9 b) taking x = L 

AD ........ (2.10)


)(Cl = C"1i (C- ---B·) 
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where, X - Dimensionless amplitude of deflection of 
a spring supported end 

The condition (2.7) will determine the remaining 

constant c1. Substituting (2.9 a) in (2.8) and then in (2.7); 

- k~c,(C-~) s\nwt + 
3 AD3 3KYl c, (c - s ) s \ '(\ ():) t 
2 

"rn w ci (c - AD ) s \ n wt 
B 

- F s\Yl (Ia t 
Putting this equation in dimensionless form: 

2 
3 X 8 D - A s\n ()jt

.11. a. BC -AD 

v. n4 ' ··c 0 . tj.L r-o.. -'l'- s \ n (.v - '" s \ r~ <.o 

where~ 

n :: :A L , dimensionless frequency parameter 

3 
cl -- K~ ~ constant of spring (dimensionless

El ' stiffness at zero deflection) 

L?f3 -- Kn -- constant of spring (dimensionless
E. l ' nonlinearity parameter) 

')"(\p. -- mass ratio 
M 

p t3-- F -- dimensionless exciting force El 

Nov.J using the relation 

3 i 
4 
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in the above equation; 

A2B D - 3 ~ 3 4 J . ...><a - ot Xo. - - X..-1 + St. '' Xa + P §n,tvLBC-AD ....._ r4 

i a XQ3+ r" S\Y\ 3 w t 0 ........ (2.11)

4 

For the assumed solution (2.8) to be exact, the 

coefficients of sin cut and sin 3wt in (2.11) should be separately 

zero. However, the coefficient of sin3wt will vanish at all 

frequencies only in the linear case ~ = 0 (i.e., Kn = 0), so the 

assumed solution (2.8) is only an approximate one for the 

nonlinear case ~ t 0 . In fact an exact solution will contain 

harmonics of higher order. This has been analysed in the next 

section. To ensure the approximate validity of (2.8), the 

coefficient of sinwt in (2.11) should vanish~ i.e., Xa must 

satisfy the equation: 

3 [ ~~ - ~ ~3. BD- A2 4 ..n4 JXa - 4 p - 0 
XQ + ==>r ~~- BC-AD- 3Tfl ~(3 

........ (2.12) 

Equations (2.9), (2.10) and (2.12) determine approximately 

the frequency response of the cantilever beam supported on a 

nonlinear spring at the free end and carrying an end mass. 

In the linear case ( ~ = 0), the equation (2.12) 

yields: 

p 
_ ___;_____~;2:;::------- ••.... ( 2 . 13) 

n 3 B D =-.!2_ - _rr4 Ll
ol~ - BC-AD IH­
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The natural frequencies of free vibration of the· 

beam ~;~rith linear spring and an end mass can be obtained by 

solving the equation; 

BD 

BC 

- A
2 

-AD 
- sf p. - 0 ...... (2.14) 

For the case with no end mass, the frequency equation is 

- 0 

However~ in nonlinear case f3 -:f 0, (2.12) is a cubic 

equation and, therefore, yields either one or three real values 

of Xa, depending upon the value of frequency parameter _a. 

The backbone curves for the free oscillations in the 

nonlinear case can be obtained by putting P = 0 in equation 

(2.12). 

Therefore~ 

3 
4J3 

. [d. BD- A2 

BC -AD 
+ fL4 }1 - o(J 

...... (2.15) 

The free vibrations will exist only for the frequencies 

for which X~ is positive. 

For IXal = 0, from equation (2.15) 

Sl.3 B D - A 2__ -r Jl. 4 J.l - ot 0 ...... (2.16)
Be- AD 

For lXa I = 6o, from equation (2.15) 

BC - AD - o 
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or · ........ (2.17) 


Equation (2.16) gives the natural frequencies of 

the beam with a linear spring and an end mass. Equation (2.17) 

gives the natural frequencies of clamped-simply supported 

beam. These two equations determine the frequency ranges 

in which free vibrations can exist. 

For the case where p = J = 0, equation (2.16) 

becomes: 

or 1 + c.os" il c.os ..n - 0 ...... (2.18) 

and (2.17) remains unchanged. 

Equation (2.18) gives the natural frequencies of 

simple cantilever beam. 

To determine the loci of the points of vertical 

-ontangency on the forced response curves .~ ---==-=- = o . 
o Xa. 

Therefore, from equation (2.12) 

4-4 _Q3 A'-22 4ot BD--..~-
~3 ><a. -- - 0+ ?>~ 3~ 6C - AD ~: f 

...... (2.19) 

For ><a. = 0 

BD- A2 
J)_3 _Q4 p - cJ =o+B C -AD 
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XQ - ooand for 

BC AD :: 0 


- ta..n .!2.or 

These two equations are the same as (2.16) and 

(2.17), hence, the points of vertical tangency can lie only 

in the frequency ranges for which free vibrations exist. 

2.1.2 Superharmonic Response:­

The fact that the assumed harmonic solution (2.8) 

does not exactly satisfy the last boundary condition,- given by 

(2.7), indicates that the required solution contains odd,higher 

order harmonics and has the following form: 

s\Yl y wt ........ (2.20) 


If this is to be the solution of (2.1), it follows 

that 

d4 Xy 
d :l:4 

or )<y -- dtr cosh (.[Y AX) ·+ dt. Y s\nh (J¥ ) x) + 
d3 '( Cos ( .,fy ). X) + d4 )' s \ n ( .JY ~ ~) 

and (2.4) 
From first three boundary conditions (2.2), (2.3) 

d3y = - drt J 
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AYand cl2. y - - -.- drtBY 


where, Av - cosh ( ..fY .A L) +- cos (JY A L)
-
By - s\nh(Jr ?tL) -'.- s\n (.Jy AL)-

Further, 	let 


Cy - cosh ( Jr AL) cos (JY ~ L)
-

DY - s\l\h (JY AL) - sin ( ...if .AL)-

and writing dr instead of dlr 

'Xy( ;t) :: dy · [ ( coshtJY .:\X) - cos ( .J"Y AJt)) 

Av ( sinh(..!Y'AX) - siY~(..iY )lx))] ...... (2.21)
By 

Therefore~ 

~: ( s i nh~Y 1\ X) - s i11 ( JY A	?C.)) ] sin Yw t 

...... (2.22) 

The constants dr•s can be determined by requiring the 

solution to satisfy the last boundary condition (2.7). However, 

if large number of terms are taken in (2.22) , the calculations 

become lengthy and tedious. 
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For second order approximation let us include 

the third order harmonic in the solution, i.e., taking 

d - d\ [(cosh .:\x ~ c.os Ax)-~ ( 's\nh AX-- s\nAX)] · sin wt 

+ d3 [ ( cosh ( s~ AX) - cos (i3 A)e)) 

- A~ ( s~V\h(J3 AX) - Sin(J3 /\;c))] s\n 5 wt 
B~ 

and using the condition (2.7) 

Si'n wt 

= of. ( Xa. ·s\n wt + Xa.3 S\n 3 wt ) ­

...n."~P.. ( Xa.. s \ n w t + 9 Xa.~ s \ n 	3 w t) + 

3 
~ ( Xa. SiY\ wt i- Xa.3 Si\1 3 ~t) 	 ~ p sin wt 

........ ( 2. 23) 

In this equation Xa and Xa 3 are obtained by taking 

x = L and dividing the equation (2.21) by L, therefore, 

........ (2.24 a) 


........ (2.24 b) 


Where~ 

CJ\ 	 amplitude coefficient of harmonic 
component 

£!! , amp1i tude coefficient of third 
L order harmonic component 
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In equation (2.23)9 using the following relations; 

3 
( ><o. S\v\ v.Jt + Xa3 s\n 3 wt) _ X 3 . 3 .l v3 . 3 t - a. S\YI W\.· + 1"0.3 Sn\ 3W +· 

3 >J: Xa3 s \n;2 wt S\n 3 wt 

~ Xa. xf3 s\n wt s\.:3 wt 

S
. 3 {­\)'\ w .._ 

and collecting the t-=:tms in sint..:~t and sin(3wt) and insisting 

that their coefficients must be separately zero~ one gets the 

following two nonlinear simultaneous equations in Xa and Xa3 . 

A23 2 4 3 B D ~ 
43 ~ )<Q - ~- f3)<a + (o{ ~ ..0.. }1 - SL B C - t>(D 

2+ ~ ~ ~~ ) )(a_ - p ~ 0 

2 
3 B-z,D5~A3- 3.13 Sl 

B3 C3 - A:5D~ 

+ ; ~ ><a 
2 

) Xa3 .L ~ Xa
3 

:; 0 
4 

Taking }.A = 0 (i.e., no end mass) and simplifying, 

the above two equations are reduced to: 
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2 
3 ~ [Ll 3 B D - A 2J

Xa -)(a:, Xa + 3 ~(J- Sl BC-An)+2Xa3 _ Xa 

4P - 0 ........ (2.25 a) 

3~ 

3 I 3Xa2. + [4- ( 0\ - 3 .J3 _n 
~ 3{3 

-\ Xa3 -.: o ........ (2.25 b) 

~ 

With the help of equations (2.24) and (2.25), the 

response including third order harmonic can be determined. 

2.1.3 Subharmonic Response:­

The existance of subharmonic vibrations in nonlinear 

single degree of freedom systems is well known. The nonlinear 

continuous systems can also be expected to exhibit similar 

motions. In this analysis only one third subharmonic vibrations 

have been investigated. A similar approach can be followed to 

analyse subharmonic motions of other orders. 

To investigate the one third order subharmonics, 

let 

J(K,.t) = X '/ (X) s \ n w t -r X1 (X) Sin wt ...... '2. 26) 
- "'3 3 

be the approximate expression for the motion of the beam. 

For any value of x, the fundamental component of vibration now 
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has a frequency equal to one third to that of the excitation. 

If (2.26) is to be the solution of (2.1)~ X_y and x1 must 
3 

satisfy the follo~ving equations; 

dLi.. 	 2X~ 	 ­!:!:}__ X I 0 
d x.4 9 c2 Y3 


4

d ><, wt. 

X - 0-d ):4 c? 

So that 

- d h .Ax)( ~ (X) - 1 cos -- + d2. s\·.~, ~ x -1­
.J3 .J3 

:\~ 	 · AXd3 c.os + d4 S\Y\ -- ­
J"~ J3 


)( l ( X) -- c, cosh AX + Cz. s\nh A )! + 


c~ c..os AZ J' c3 Si.n ~X 


after satisfying the conditions (2.2), (2.3) and (2.4); 

d3 -- d, c3 -- - c, 


cl4 -- dz C4 -- - c2 


Ay3
d,. -- - -- dt 	 C:z. --
A c,

BY3 	 B 

AL 'AL-AY;, Cosh ~- coswhere 	 ­' 	 J3 J~ 

)l5 \·nh s\n ~Bx --	 +f3 .J3 
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Further, let - ALcosh ALCy3 - cos-­
-E J?; 

1.>\ - )L- s\nhJ-3 Sill .AL 
.J3 S3 

Therefore, 

X>§ ( )() -- d, [(cosh6X - cos 'A_x ) ­[§ j?;, 

AX( S\Ylh
A}3 

Sin ),~ )] •.•... (2.27 a)
BY:, .J3 

~ 

.r~ . 

x, ('X) -- cl [c cosh AX - Cos~ X) 

A ( S\Ylh A :k: - SiYIAX)] ...... (2.27 b)B 

or 

X\ (X) 

~-- -- Cs [ (cosh :>._: - . A?t: )
CoS -::::L J~ ~:, 

A~ ( · \ AXSr·n \ --- - ( 2. 28 a)-
By?> ..r:; ~i·n 5; )] ...... 

)(,(X) 
-

L 
~ - crh [ ( cosI. /1 x - CDS A)() 

~- ( S \~nh AX. - Sin Ax)] • ...•. ( 2. 28 b)B 

d,where·, cs -- - , amplitude coefficient of 
L subharmonic component 

c,
CR , amplitude coefficient of 

L harmonic component 
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and 

Xo..y3 -- Cs ( Cy- Ayb Dy3 ........ (2.29 a)~ 

3 ) 
By3 

Xo.. - C1; { C - AD ........ (2.29 b) 
B 

) 

where!) is dimensionless amplitude of one third 
harmonic component of end deflection 

and is dimensionless amplitude of harmonic 
component of end deflection 

Substituting equations (2.27) in (2.26) and then 

making use of (2.7) 

+ c, (C - 6J!) sin w~ + 
3 

+C,(C- A~) s\1,wt] ­

mu?[~~ (c~~ A}· DY., ) c.0t ( AD) tj3 ~ S\Yl 4-C, C---- S\nw ­
8B~ 3

3 
F Sin wt 

or putting it in dimensionless form 
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4 ( v__ · VJt · -- ..fL p. 1\Cly~ sn1 ~ + Xa stn wt) - P.SiYlu.)t •o••••(2.30) 
9 

But5 

(Xa'-'?. s\V> u:t + ,, r. 5 ,·,.. o.:>t)3 
_ )t~ · ~ wt 3 3 ._ 

,~ ...;J A'-'L .. u >.3 s n' ~= + Xa s \ n w l. -1=­

and 

. 3 wt 
~ 3 ' wt ISn" - 5\Y"l sin wt

?> A -~ 4 

- 3s\Yl3 wt -
4 

S\V\ v)t -
4 
L s\n?:;,v.:>t 

2 
S·\'Y\ 

wt s\n t.N-\ - s\n 'vJ\- +..L S; Yl f..\) t - l S i. Y\ '5l•)!
.4­-6 - ' 2 4 3~ 

wt ;2 
I uJt IS\"'f\ s\·n <Nt - S.\V\ +- s ,.,, ~~)t - _!_ ~ 7 wt- SlY)--­3 2 3 4 3 4 :, 

These relations show that (2.30) can be exactly 

satisfied in the linear case when ~ ~ Xah = 0 . This dictates 

that solution (2.20) is an approximate one and the exact solution 

will contain harmonics of other orders. Nevertheless~ the 

quantities c1 and d1 which define the approximate solution (2o26) 

can be found by insisting that equation (2.30) be satisfied for 

terms in sint,Jt and sinu)t. This gives the following tvw 
-3 

equations: 

http:�o����(2.30


+ 4 ot X/1 ,..
3 J3> 
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2 

&~3 Dye, - A}·3 


Xa.\ 
By2> c}- _ / 2> 

3 ,AyoD~ 

+ 2 v -
2 Xa\/ - 0 ...... (2 • 31 a ) 

v.- '"?J ra ''"b 

.4 Jl~ BD- A2 
4 

4 

~ + [4cl - -~-
n /-4 + 2X:y3 ] Xa.0~ 3~ Be -AD 3{3> 

3 4P- ( 1:
3 Xax

3 
+ 3 ..f?' ) - 0 ... : .. (2.31 b) 

From (2.31 a), either Xa';z, = 0 or this equation has two 

roots. For X , to exist, the condition to be satisfied is 
a ~"3 

2 247Xa 4ot 4n34n:.p. ~~yo-A';3- - - - -t- .+ 04 q··~s3~ ?..7 fS ~ BY. Cy -Ax Px
3 .3 ~ ::?> 

• 0 •••• (2.32) 

d = )1 = 0 , (2.32) reduces to; 

2 
B~ Dy~- Ay3 ~0 
B~ C~ ~A~Dy~ 

But, 

For the case for which 

Therefore, 

t j_ cos\ ~ · cos E:~ ,.. ·- \ ,f3 _ J3 
__;____~~ ~ 0

\ _Q ~ (L I (L Q
C.osn .rz 5 \lf1 ~ - S \ i'ln ::._.::: cos -__

;.) I3 J:, 
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First term in this expression is a non-negative 

quantity, hence, for subharmonic vibr-ation to exist; 

\ + cosh .:.rL _n_ 
COS -:::::­

.[3 J~ 
~ 0 ...... (2.33) 

c. "~c:l'\ ~ ro. n 
\J.;.) ~ \ 'l\ --­

J3 ~ 

This condition will determine the frequency ranges in 

which subharmonic vibration can exist. The response in these 

ranges can be obtained with the help of equations (2.26), (2.28)~ 

(2.29) and the following two nonlinear simultaneous equations: 

2 
2 B~ D y3 - l\';3

Xo..}3 ~ Xa Xa y~ 
E> y Cy - Ay:; Dy

3 3 3 

0 ...... (2.34 a) 

..n3)<3 4 BD - A'­-t­a. [- + 2 xcf~J Xa 
3~ Be -AD 

' 3 - ( 3 Xa k + 4P) - 0 ...... (2.34 b) 
3 3f3 ­
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2.2 CASE OF 	 BILINEAR SPRING: 

In this section the response of the system, shown 

in figure 2.1, has been determined for the case of bilinear 

spring. The restoring force characteristic in a genaral 

case of bilinear spring is as shown in figure 2.3 . 

DEFLECTION 

FIGURE 2.3 	 RESTORING FORCE CHARACTERISTIC 
OF A BILINEAR SPRING 

The restoring force of such spring is expressed by two 

equations which are linear within their corresponding ranges. 

For jdl ~ ~o 

and For j;J I > ~a , 

where~ y
0 

is the deflection of the spring at which the 

spring constant changes from K1 to .K2 
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For this case the first three boundary conditions 
are given by (2.2), (2.3) and (2.4), but the fourth boundary 

condition is expressed by different equations for two ranges 

of deflection; 

For at x = L 

EI ........ (2.35) 


For Iy 1 > y0 
at X = L 

- F s\'r1 LOt 

........ (2.36) 


To determine the harmonic response with bilinear 

spring~ it will be assumed that the response is symmetrical 

every quarter wave. With this, let the response be 

........ (2.37) 


where X(x) should satisfy 

- 0 

Therefore5 

Using eq~ation (2.2)~ (2.3) and (2.4) 
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Dividing the above equation by L 

X-x = c~ [ (cosh AX - Cos)<X) ~ ( SiYih), )(- SiYJ)?e)] 

........ (2.38) 


Where Xx and Ch are similar to as defined for cubic nonlinear 

case. 


and Xa. Cn (c- A:) ........ (2.39) 


The fourth boundary condition given by equation 

(2.35) in the linear case can be ~atisfied exactly by the 

assumed harmonic solution. The main interest is to obtain 

the response when the amplitude of end deflection is greater 

than y . It can be seen that equation (2.36) cannot be 
0 

exactly satisfied by the assumed solution (2.37). In such a 

case an approximate solution will be obtained by satisfying 

the fourth boundary condition at zero deflection and at 

its peak value. A similar procedure has been indicated in 

reference 2 for obtaining the response of nonlinear single 

degree of freedom systems. At zero deflection the boundary 

condition is indentically satisfied and for the peak 

value,e~uation (2.36) becomes; 

at X = L 

EI Fs 

Here Fs is the spring force at the peak value of 

end deflection. 
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Substituting (2.38) in the above equation: 

2
EI /·~ C ( D - A )n t • B 

or 

BD- A2 ___,.­ 4- p .. "..... ( 2. 40)
BC ~AD 

Fs t?
wheres Ps = dimensionless spring force.EI 

For ci,Xa.\ 'j \ ~ ':Jo J Ps = 

- J2 Xa --t~ ( cl1 - d2 ) X0and for \ \j \ > Yo Ps ­' 

K L3,
4 dimensionless spr-in9 constantwhere, rJ, --

~E. I for end deflection y 
0 

dimensionless spr·i ng c-onstant 
~ ~ 'c1.2 - for end deflectionE.l > Yo 

~0 dimensionless end deflectionXo --
L ' at which the spring constant 

changes 

The value of Xa determined by (2.40) ensures the 

approximate validity of (2.37). Equation (2.40) can be 

conveniently solved graphically as illustrated in figure 2.4 . 

The right hand side of (2.40) is the spring forces while 

the left side expresses a straight line o~ force-deflection 

diagram with ordinate intercept P and the slope S equal to 
2- '( r'l ?.:. ei r; -- l\ n4 )t o..Y1 -~~... -~··-~------~---- + JL 11 • The intersection of this 

C.C·-AD r· 
line with the spring characteristics qives the value of 

Xa which satisfies (2.40). 
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From figure (2.4), it can be observed that if the 

slope S falls between the slope~ of line AD (S3) and AC (s2 )~ 

there will be three values of Xa which can satisfy 

equation (2.40). The value of Swill b~ between s2 and s3 

for an infinite number of frequency ranges. These frequency 

ranges are bounded by the natural frequencies of a cantilever 

beam supported on a linear spring and carrying a concentrated 

mass at the free end. The lower bound of each range corresponds 

to spring of stiffness ~' and the upper bound corresponds to 

spring of stiffness d~. 

The slopes of lines AB, AC and AD; i.e., s1, s2 and 

s3 respectively, are given by the following relations: 

s, d., 
p 

........ (2.41 a) 
Xo 

52 - o<, + 
p 

Xo 
........ (2.41 b) 

53 o(').. ........ (2.41 c) 

Considering figure (2.4), the end deflection for 

different r-anges of slope S can be computed as follows: 

(1) s ~ sl one solution 

p 
XQ ...... (2.42 a) o( 1 ,_ s 
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(2) one solution 

P + (o/2 - d 1 ) Xo •..••• (2.42 b) 
(o{2 - 5) 

(3) ~ s ~ s2 three solutions s3 

- p
Xa ­ (ol,- S) 

p -\- (o!2 -o(,) )<o ... (2.42 c) Xa -­
(e>!2 - S) 

~_:- ( ei2 -· o(l ) XoXa -­
(ol2 - S) 

It can be noticed from figure 2.4 that only one solution 

will exist for all values of S if the force P is equal to or 

more than indicated by point A'. Point A' is obtained by the 

intersection of line o's' with the force axis. 

Equations (2.38), (2.39) and (2.42) determine the 

harmonic response with bilinear spring and an end mass. 

For free vibrations of the beam P is zero and in 

figure 2.4, point A will coincide with point 0. In this case 

it can be seen that free vibrations will exist for the frequency 

ranges for which r:l \ ~ S ' o(z . Outside this range the free 

vibrations wi.ll not exist. For S =d1 , the amplitude of end 

deflection will be zero to y 0 , and S = ri2 will correspond to 
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Xa equal to infinity. For d, < S < d.2 , the amplitude ~·.Jill 

vary between y 0 and infinity. The modal configuration 

corresponding to any frequency of free vibration is to be 

determined by equation (2.38). 

An alternative approach to obtain the free vibration 

curves is to assume end deflection and find the slope S. The 

natural frequencies of cantilever beam,supported on a linear 

spring of stiffness S at the free end, will correspond to the 

frequencies of free vibration for the assumed end deflection. 

In this way,by changing the value of end deflection,all the 

frequency ranges of free vibration can be determined. 

The computer programmes to determine free and forced 

vibration response of the system)with both types of springs, 

are given in appendix II. 
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3. EXPERIMENTAL ANALYSIS 

In order to verify the validity of the theoretical 

results, an experimental study of the problem has been done 

for the case of bilinear spring. 

3.1 EXPERIMENTAL SET-UP: 

Figure 3.1 shows the over-all picture of the 

experimental set-up. A mild steel beam of 45 11 length was 

chosen for experimental purpose. The properties of the beam 

are given in appendix III. One end of the beam was fixed 

while the other was attached to a rigid support through a 

bilinear spring. An electromagnetic shaker was used to provide 

the sinusoidal excitation. The core of the shaker was attached 

to the beam through a linear spring so as to cause no damage 

to the shaker and allow sufficient deflection of the beam. 

The beam was excited in the horizontal direction in order to 

avoid the gravitational effects. The shaker was so positioned 

that the line of action of the exciting_force coincided with 

the axis of the bilinear spring. The details of excitation 

are shown in figure 3.2. The various equipments used in the 

experiment are listed in appendix IV. 

35 
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The shaker was powered through a power amplifier 

which in turn was connected to R. C. generator. An ammeter 

was provided in the circuit to ensure that the exciting force 

is kept constant for different frequencies. 

A capacitive type of displacement transducer \!Jas 

used to measure the amplitude at the end of the beam whereas 

the displacements at other points of the beam were measured by 

means of proximity vibration transducer. Details of mounting 

and positioning of the displacement and the proximity 

vibration transducers are shown in figures 3.2 and 3.3 

respectively. The output of these transducers was fed to a 

cathode ray oscilloscope through oscillators and reactance 

converters. This system of measurement converts the movement 

of beam at point of measurement into a voltage signal which 

is displayed on the screen of cathode ray oscilloscope. 

3.2 DESIGN OF BILINEAR SPRING: 

The bi 1 i near spring used in the experimen·t was 

obtained by combining two different linear springs in series 

as shown in figure 3.4 . In this arrangement one end of the 

spring K1 
I 

is fixed to the beam and the other to stopper (3), 

whereas the spring 
I 

connects the stopper to a l''i gi d support.K2 

Two discs (1 and 2) are fixed to a threaded bar which is 

attached to the end of the beam such that it is perpendicular 
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to the axis of the benm and coaxial with the springs K1 
I 

and 

K
I 

. The clearance provided between the threaded bar and the2 
stopper allows the free axial motion of the bar. Provision 

is made to adjust the gap b betv1een the discs and the stoppel''. 

All parts, excert the springs, of this arrangement were made 

of aluminium in order to reduce the w~ight. 

If springs Ki and K~ have symmetrical characteristics, 

then this arrangement wo~ld give bilinear characteristics as 

shown in figure 2.3. Consider that the springs are. being 

compressed, then upto a certain deflection y0 both Ki and K~ 

act, but at deflection Yo disc (1) touches the stopper which 

stops further compression of Ki and only spring K~ is 

compressed. Similarly ~~en the springs are being stretched, 

at deflection y
0 

, disc (2) touches the stopper and stops 

further action of K1 
I 

and only K2 
I 

will be stretched beyond the 

deflection y0 . In this way action of a symmetrical bilinear 

spring is obtained. 

The deflection y
0 

at which the stiffness of the 

spr·ing system changes depends upon the initial gap b and the 

stiffness Kl 
I 

and 
I 

The relation to find y is:K2 0 

Kl 
I 

Yo = (1 +-1 )6 
K2 
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and the constants of the bilinear spring are: 

( i ) For Deflection ~ Yo 

I K'Kl 2 
=Kl I 

Kl + K2 

( i i ) For deflection > y 
0 

The bilinear spring used in the experiment was 

obtained with following specifications: 

= 7. 24 l bf I in.K1 


K = 35.20 lbf/in.
2 


y = 0.052 inch 

0 

3.3 TEST PROGRAMME: 

The test programme included the measurement of 

amplitudes of vibration with varying frequency at different 

levels of excitation. 

Before the actual experimentation the displacement 

transducers were calibrated. In order to determine the 

frequency response of the system~ the amplitudes were 

measured at five points with x = 15, 20, 25, 35 and 45 

inches. Two different sinusoidal excitations of 0.5 lbf and 
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1.5 lbf were used in the experiments. In both the cases the 

amplitudes of vibrations were recorded by varying the frequency 

and keeping the exciting force constant. 
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FIGURE 3.2 DETAILS OF EXCITATI ON AND MEASUR EMENT OF 
END DISPLACEMENT 

FIGURE 3.3 SETTING OF PROXIMI TY VIBRATI ON TRANSDUCER 
TO MEAS URE DISPLACEMENT ALONG THE BEAM 
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4. RESULTS AND CONCLUSIONS 

4·. 1 RESULTS: 

4.1.1 Beam With Cubic Nonlinear Sprin[:­

The results of theoretical analysis show that free 

vibrations of beam 5 with cubic nonlinear spring, exist in an 

infinite number of frequency ranges. Each of the possible 

frequencies of free vibration corresponds to a specific value 

of amplitude coefficient Ch and to a definite modal configuration 

as given by equation (2.9). The free vibr·ation curves for 

different values of J. vJith {3 = 0, 10, 102, 103, 104, 105, a-o 

are given in figures 4.1(a), 4.1(b), 4.2, and 4.3 . All these 

curves are for jJ. = 0 . For d = 0 , the amplitude coefficient 

and the amplitude of end deflection have been plotted in 

figures 4.1(a) and 4.1(b) respectively. It is apparent from 

figure 4.1(b) that frequency of free vibration increases as 

the amplitude is increased. The frequency ranges of free 

vibrations for d. == 0 are specified by the natural frequencies 

of simple cantilever beam and those of clamped - simply 

supported beam. In figures 4.2 and 4.3 amplitude coefficient 

Ch has been plotted for d = 2 and 10 respectively. The 

43 




44 

nature of these curves is similar to those of figure 4.1(a) 

although the starting points of the curves shift towards 

higher values of frequencies as d is increased. 

Figures 4.4 to 4.9 show the harmonic response of the 

system for d = 0 and different values of nonlinearity 

parameter ~ and the external force P. The free vibration 

curves divide the forced harmonic response in a number of 

separate sections. Further, the coefficient Ch changes its 

sign whenever a free vibration curve is crossed. Therefore, 

in each section the system behaves essentially in the same 

manner as some of the nonlinear single degree of freedom 

systems. 

Equation (2.19) indicates that the point of vertical 

tangency can lie only in the frequency ranges for which the 

free vibrations exist. The points of vertical tangency 

correspond to values of JL at which equation (2.12) changes 

from having one real root to having three real roots. It can, 

therefore, be inferred that the frequency ranges within which 

the sol·ution may become unstable are the same as for free 

vibrations. 

The harmonic response obtained with the help of 

equations (2.9), (2.10) and (2.12) is only an approximate 
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solution of the problem. An exact solution will contain 

higher order harmonics. With the help of equations (2.24) 

and (2.25) 5 response including third order harmonic 

component can be found which is a better approximation. 

In figure 4.10 response including third order harmonic 

component has been shown for P. = 0 , o( = 0 , ~ = 104 

and P = 0.1 . It has been found that the response becomes 

unstable for: (a) the frequencies for which the harmonic 
L 

response is unstable, and (b) the frequencies which are (1/3)~ 

times the frequencies in (a). 

Equation (2.33) gives the necessary condition for 

one-third order subharmonic response to exist. This condition 

will be satisfied only when the values of both numerator and 

denominator in equation (2.33) do not have the sAme sign. This means 

that subharmonic response can occur in the frequency ranges 

specified by n..o.~Y\and J3 ll;;!Yl, (n:;: 1,2,3, ...... , oc) ,where, 

..o. 1 and Slit correspond to the natural frequencies of sir.mle cantilever 

beam and clamped - simply supported beam respectiv~ly. Figure 

4.11 shows the subharmonic response of the system only in the 

f i r s t f r e quen c y range for d. = 0 f5 = 104 , P = 0 . 1 and ;.t = 0 

It can be noticed that subharmonic curves arise through the 

bifurcation from the harmonic response at the point on the 

Ch curve corresponding to Cs = 0 . 
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4 .1. 2 Beam Wi t_b_ElLtnear Spring:­

Figures 4.12(a), 4.12(b) and 4.13 give theoretical 

free vibration curves for different values of cl1 with ci.2 = 10, 

100, 1000 and P = 0 . In figure 4.12(a), the amplitude 

coefficient Ch has been plotted for the case in which there is 

a clearance between the beam and the linear spring of 

stiffness c/.2 , whereas in figure 4.12(b) the amplitude of end 

deflection has been plotted for the same values of clearance 

and ~~ . The free vibration curves in figure 4.13 are for 

amplitude coefficient Ch for c/.1 = 2.0 and varying o/2. The 

nature of these curves is essentially the same as in figure 

4.12(a) , although the starting points of free vibr~tions 

have been shifted towards higher frequencies. 

In this case also, the free vibration curves exist 

in an infinite number of frequency ranges. These frequency 

ranges are bounded by the natural frequencies of a cantilever 

beam supported on a linear spring at its free end. The lower 

bound of each range corresponds to a spring of stiffness d, 

and the upper bound corresponds to a spring of stiffness .d 2 

It can be observed from figure 4.12(b) that the rate 

of in~rease of frequency of free vibration decreases with the 

end deflection. Contrary to this, in cubic nonlinear spring, 

the rate of increase of frequency first increases and then 
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decreases ( see Figure 4.1(b) ) . This may be due to the 

fact that the rate of increase of stiffness in bilinear case 

decreases with the deflection whereas in case of cubic 

nonlinear spring it increases. 

The experimental and theoretical values of response 

have been found out at five points along the beam and they 

are given in tables 4.1 to 4.4 . The theoretical free vibration 

values are given in table 4.5 . Figures 4.14 and 4.15 show 

the theoretical and experimental response at ~ = 1.0 and 

0.555 respectively for P = 3.425 X 10-3 . In these figures 

jump phenomena has been observed in the first free vibration 

zone. Jump phenomena can also be seen in figure 4.20 which 

shows qualitative response observed experimentally. Figures 

4.16 and 4.17 show the response at P = 10.275 X 10-3 . No 

jump has been observed for this value of the force. 

It can be seen from figures 4.14 to 4.17 that at 

large amplitudes the experimental and theoretical values differ 

significantly 5 but at low amplitudes the two values are in 

good agreement. Probably, damping has appreciable effect at 

large amplitudes whereas it can be neglected at low amplitudes. 

Moreover, the theoretical solution is an approximate one . 

Furthermore, the second peak in the exper1mental 

values is observed at lower frequency of excitation than 
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corresponding to the theoretical value. This may be 

attributed to the difficulty of obtaining a perfectly 

clamped end of the beam in the experimental set-up. 

Figures 4.18 and 4.19 give the typical time ­

motion curves observed experimentally at the spring supported 

end of the beam. In these figures it can be seen that every 

quarter wave is symmetrical and the vibrations are periodic. 

At large am~litudes, the response is.not exactly sinusoidal 

indicating the presence of higher order harmonics. 

4.2 	 CONCLUSIONS: 

From this study the following conclusions have been 

drawn: 

(1) 	 Free vibrations of the system can exist in an infinite 

number of frequency ranges and each of the frequencies of 

free vibration depends on the amplitude of end deflection 

and corresponds to a definite modal configuration. 

(2) 	 For the case of bilinear spring, the rate of increase of 

frequency of free vibration decreases with. the end deflection 

·as the upper bound of each frequency range of free vibration 

is approached. However, for the case of cubic nonlinear 

spring this rate first increases and then decreases. 
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(3) 	 Harmonic response can exhibit jump phenomena in the 

frequency ranges corresponding to free vibrations. 

However, in case of bilinear spring, jump phenomena may 

not occur if the amplitude of exciting force is above 

a certain value, which depends on the restoring force 

characteristic of the spring. 

(4) 	 Subharmonic vibrations can occur in the case of cubic 

nonlinear spring in a number of specified frequency 

ranges. 

(5) 	 The free vibration curves dtvide the forced harmonic 

response in a number of separate sections. In each of 

these sections the system behaves essentially in the same 

manner as some of the nonlinear single degree of freedom 

systems. 
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FIGURE 4.18 : 	TIME MOTION CURVE OBSERVED EXPERIMENTALLY 
WITH BILINEAR SPRING AT LOW AMPLITUDE , 
FOR P = 3.425 	Xl0-3 

FIGURE 4.19 : 	TIME MOTION CURVE OBSERVED EXPERIMENTALLY 
WITH BILINEAR SPRING AT HIGHER AMPLITUDE, 
FOR P = 3.425 	Xl0-3 
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~ , ' 

FREQUENCY INCREASING 
(a) 

FRE UENCY DECREASING 
(b) 

FIGURE 4.20 	 QUALITATIVE RESPONSE OBTAINED EXPERIMENTALLY 
AT THE END OF THE BEAM WITH BILINEAR SPRING 
FOR P = 3.425 	Xlo-3 
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TABLE 4.1 THE0RETICAL VALUES OF Xx FOR THE 

CASE 0 F F~ I L I N Ei\ R S P R I ~~ G 

~' = 2.22 rJ2 = l C'. 82 Xo= 1.175[-03 

FOR P =· 3.425E-U3 

lelJGU 0.777 0.555 0 •/+44 Oe333 

1.06 7.029E-U4 4.740E-04 2e671E-04 1.791[-Qlj. l.053E-Qf.t. 
1.29 7.72UE-04 5.228E-U4 2e960E-04 l.990E-04 lel73E-04 
1.49 8.964E-04 6.106E-(l4 3.482E-04 2 • JLJ SE-04 1.389E-04 
1.67 1.134E-03 7.782E-j4 4.477[-04 3e032E-04 l.BOlE-04 
1.83 1.273E-U3 8. o2 OE-ULt 5 .129E-OLI­ 3eLt93E-04 2. 085E-0Li· 
1.98 1.433E-03 1.LJ04E-03 5.918E-04 4.055E-04 2.434E-04 
2.11 1.6.S2E-03 1.195E-03 7.147E-04 1+.932E-04 2.9SOE-04 
2.24 2.106E-03 1.520E-03 9. 248E-Olt 6 • L,. 3 2 E- 0 Lt 3.915E-04 
2.3G 2.448E-C3 1.783E-03 1.095E-03 7 • Glt8E-OL~ ·~.673E-04 

-l.ll4E-03 -8.118E-04 -4. 98Lt[-0Lt -3 • 481E-0Lt -2.127E-04 
-1.209E-03 ~-8.805E-04 -5.406E-04 -3.776E-04 -2.307E-04 

2.36 2.964E-03 2.180E-03 1.351E-03 9.480E-OL!­ 5. 815 E-ot~ 

-0.489E-04 -G.243E-04 -3.871E-C4 -2.715[-04 -1.666E-04 
-1.463E-03 -l.076E-03 -6.672E-04 -4.681E-Otl­ -2.871[-Q~:+ 

2.42 3.824E-03 2.841E-03 1.780E-03 1.254E-03 7.725E-04 
-6.767E-04 -5 • 027E-0Li­ -3.149E-04 -2.220[-0!+ -1.367E-04 
-1.888E-03 -1.402E-03 -8.786E-04 -6.192E-04 -3.31"-1-E-04 

2.48 5.538E-C3 4.159E-(J3 2.634E-03 1.G65E-03 le154E-03 
-5.563E-04 -l1- • 1 7 8 E - ~) t1­ - 2 • 6 Lj- 6 E- rJ 4 .-1.874[-04 -1.159E-04 
-2.734E-u3 -2.053E-U3 -1.3COE-03 - 9 • 2 0 9 E - 0 I+ -5. 696E-04· 

2.S3 l.u61E-02 8.05~E-03 5.162E-03 3.674E-03 2.282E-03 
-4.676E-C~- -3.S53E-04 -2.276E-04 -1. 620[-QLl­ -1.006[-QLI­
-5.237E-U3 -3. Si79E-o..)3 -2.549E-03 -1.D14E-03 -1.127E-03 

2.59 4.257E-01 3.275E-Ul 2.123E-Ol 1.519E-Ol 9.478E-02 
-3.997E-04 -3.075[-(.)4 -1.994[-04 ~1.426E-04 -8.899E-05 
-2.102E-01 -1.617E-~)l -l.048E-Ol - 7 • t, 9 9 E- 0 2 -Lt-• 6 79E-02 

2.69 -3.C30E-04 -2.396E-04 -1.593E-04 -1.152E-04 -7.255E-05 
2.89 -1.908E-G4 -1.613E-CL~ -1.137E-04 -3.411E-05 -5.401E-05 
3.13 -1.168E-04 -l.lOSE-04 -8.506E-C5 -6.496E-05 -4.280E-05 
3.34 -7.359E-05 -8.252E-05 -7.022E-C5 -5.549[-05 -3.754E-05 
3.74 -2.174E-OS -5.j81E-C5 -5.982[-05 -5.089[-05 -3.630E-U5 
3.92 -1.093E-06 -4.647E-D? -6.158[-05 -5.445E-05 -3.988E-05 
4.09 2.251E-05 -4.229E-05 -6.968[-05 -6. !.1 11 E- 0 :) -4.817E-05 
4.23 5.028E-05 -4.15t~E-U5 -3.533E-0':· -8.107E-O:l -6.216[-05 
4.29 7.191E-05 -4.271E-05 -9. ')94[-05 -9.652E-05 - 7 • I} 7 5 E- 0 5 
4.36 l.u57E-04 -4.:J8CE-U5 -1.247E-04 ~ 1 • 2 2 5 E- 0 Ll -9.579E-05 
4.42 l.69SE-0Lr -?.j42E-05 -1.741E-04 ~1. 73 7E-0Lf -·1.372E-04 
4.48 ~.445E-04 -7. i41E-05 -3.141E-04 -3.187E-04 -2.5~2E-04 
4.S4 1.tt20E-03 -2.170E-04 -1.166E-03 - 1 • 2 0 I+ E- 0 3 -9 • 69!J.E-Ol+ 
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4.60 Y.985E-03 -9.380[-04 -7a476E-03 -7.247E-OJ -6@380E-03 

-4.727E-0~ 4.441E-05 3. S<39E-0t+ ~- • 71 5 E - 0 t.: 3Q(l21E~Ol+-

-~.93uE-03 4.G31E- ~ J.C)lE-U::.; 3 • l :1 0 E ~- 0 3 

4.61 -2.309E-04 1.032[-05 l • 5 ·;; 1 E ~ 0 t} 1. 69'JE=OL:­ 1. ::; 9 :;:, E--c),~-

4.72 -l.~S5E-J~ 4.114E-J7 9.9._:..6E=C'l5 l. OSOE"=OL: 8. 9 5L:-E-05 

4.78 -1.183E-U4 -~.OllE-06 7.C73E-05 7.819E~O'::· 6.::JL:-1E-OS 

4. 8 4 -9. S 9 7 E ~C 5 -6. 3 Lt- 8 E- ::; 6 s • 3 ') L:- E - (' 5 G.OGGE-05 :\.125E-05 
5.Ul -6.172E-OS -8.)59E-U6 3 • 061E-~O~· 
5.28 -3.830E-85 -9.~82E-06 1.521[=05 1.987[-0r::J l.GC'I)[-05 

5.79 -1.993E-05 -B.364E-06 6e3D3E-:J6 1.032[-05 le035E-05 

6.2~ -l.l43E-C~ -7.698E-U6 .3. 24 6[=06 7.31L{E-06 
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TABLE 4.2 	 THECREliCAL VALUES OF Xx FOR THE 

CAS~ OF biLINEAR SPRING 

r:J., = 2.22 r).2 = 10.82 

FOR P = 10.275E-03 

1.000 	 0.777 0.555 0.444 0.333
~ 
1.06 1.513E-03 1. U2 OE-l.l3 5.748E-04 3. 853E-01+ 2.266E-04 

1.29 1e563E-03 l.059E-03 5.995E-04 Lj.• 0 2 9 E- 0 t1- 2.375E-OL~ 


1.49 1.641E-03 1.118E-03 6e373E-04 4. 298 E-Ot+ 2.542E-04 

1.67 1e754E-03 1.204E-03 6e925E-04 4.691E-04 2.786F-04 

1.83 1.917E-03 l.328E-Ci3 7e726E-04 5.261E-04 3.140E-04 

1.98 2.158E-03 l.~il3E-03 8 • 9 111. E- 0 4 6.108E-04 3.667E-04 

2.11 2.533E-03 l.bOOE-03 1e077E-03 7. 42 9E -OLJ- li.• 489E-04 

2.24 3.172E-03 2.290E-U3 1.393E-03 9 • 68 9E-Qt, 5.897E-U4 

2.30 3.688E-03 2.686E-03 1.649E-C3 1.152[-0? 7.032E-O~ 


2.36 4.464E-03 3.283E-03 2.036E-03 1. t~2 8 E-0 3 3 • 76DE-OI+ 

2e42 5.760[-03 4.279E-U3 2.681E-C3 le889E-03 1. 16L~ E-0 3 

2 • Lt8 8.342E-03 6.265E-03 3.96eE-o3 2.810E-03 1.738E-03 

2.53 1.598E-02 1. 211J E-O 2 7.776E-03 5.534E-03 3.438E-03 

2.59 6.413[-01 4 • 93'!E-O l 3.198E-01 2.288E-01 1.428E-Ol 

2.69 -9.J89E-U4 -7.187E-0Lt - 4 • 7 8 0 E- () 4 -3.456E-r)l+ -.2. 176E-04 

2.89 -5.724E-04 - 4 • 8 4 0 E- :J l+ -3.410E-C4 - 2 • r;. 2 3 E- 0 L;. -1.(·20E-C4 

3.13 -3.505E-0'+ -3."323E-04 -2. 552E-nt+ - 1 • 9 4 fJ E- Qt1- -1 • 2 ~; 4 E-0 L~ 


3 • 3L+ -2.208E-04 - 2 • 4· 7 6 E-0 lt -2.107E-OL~ -1.665E-04 -1.126[-0L: 

3.74 -6.523[-05 - 1 • 6 l 4 E- 0 Lj- -l.795E-04 -l.527E-04 -1.089E-04 

3.92 -3.2791:-06 -1.394E-04 -1.847E-04 -1.634E-04 -1.1961:-04 

4.09 6.753E-05 -1.269E-04 -2. 090F.-~J4 -1 • 9 2 3 E- 0 lt -1.445E-04 

4.2J 1.508E-04 -1.248E-04 -2.560E-G4 -2.432E-04 -1.:365f:-04 

4.29 2el57E-U4 -·1.281E-04 -2.998E-04 -2.896E-0lf -2.242[-04 

4.36 3.172E-04 -1. J74E-Ol' -3.742 E-0'-;- -3.67/+E-QLJ -2.874E-04 

4.42 :>.084E-04 - 1 • 6 0 3 E- ()It -:·.222E- I+ -5.212E-04 -4 • 11 7[-(JL~ 


4.48 1.033F-03 -2.322E-04 _q.422E-04 -9."562E-04 -7.626E-04 

4.54 2el39E-03 -3.268E-04 -1.757E-03 -1.Rl3E-03 -1.460E-03 

l.f·e 6U l.504E-02 -l.L113E-U3 -1.126E-02 -1.182E-02 -9.6lCE-03 

4.67 -6.926E-04 3.U96E-U5 ~.,.773E-04 5.097E-0t+ 4.184E-04 

4.72 -4. 66 5 E -0 ~~ 1.234E-u6 2 • ') B 4 E- 0 L~ J.241E-Olt 2.686E-04 

4.78 -3.550E-04 -1.~~03E-05 2el22E-OL~ 2 • 3 4 6 E- 0 1:. 1 • 9 6 2 E- 0 11­

4.84 -2.879E-04 -l.904E-05 1.618E-D4 1.820E-04 1tt537E-04 

5.01 ~1.852E-UL: -2.688E-05 8.903E-85 1.057E-C4 9.183E-05 

5.28 -1.149[-0l: -2.t;l5E-Or:i 4e563E-G5 5.962E-05 5.428E-05 

~). 79 -5.980E-05 -2. ~,09E-O':, ]e891E-05 3.09AE-O~ ?el05E-05 


"'11:::6 et:.:J -3.428E~05 -2.j09E-05 ':1.738E-06 z .194E-or-. 2.447F-05 
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TABLE 4.3 : 	EXPERIMENTAL VALUES OF\Xx\X 103 FOR TI~E 

CASE OF BILINEAR SPRING 

ot. = 2.22 rl.2 = 10.82 )<o= 1.175 x 1o-3 

FOR P = 3.425 X 10-3 

~ 1.000 0.777 0.555 0.444 0.333 

1.49 0.850 0.522 0.276 0.222 0.132 
1.67 1.040 0.710 0.400 0.276 0.178 
1.83 1.240 0.890 0.490 0.355 0.178 
1.98 1.510 1.060 0.620 0.444 0.222 
2.11 1.740 1.240 0.755 0.490 0.312 
2.24 2.290 1.550 0.930 0.740 0.400 
2.36 3.020 2.220 1.380 I 0.934 0.622 

2.48 
0.710 
3.550 

0.520 
2.640 

0.310 
1.780 I 0.276 

1.240 
0.132 
0.756 

0.530 0.440 0.220 0.178 0.089 
2.59 
2.69 

0.380 
0.244 

0.310 
0.178 

0.178 
0.155 

0.132 
0.111 

0.089 
0.066 I 

2.89 0.190 0.133 0.111 0.089 0.066 
3.13 0.095 0.089 0.089 0.066 0.044 
3.34 0.047 0.066 0.066 0. 04L1( 0.044 
3.74 0.000 0.044 0.066 0.044 0.044 
4.09 0.047 0.044 0.089 0.066 0. 04Llr 
4.23 0.190 0.066 0.178 0.089 0.066 
4.36 0.285 0.132 0.247 0.245 0.178 
4.42 0.755 0.198 0.710 0.710 0.444 
4.48 
4.54 
4.60 

1.050 
0.190 
0.133 

0.198 
0.044 
0.022 

0.930 
0.089 
0.0411 

0.935 
0.1!1 
0.044 

0.666 
0.089 
0.022 

I 
l 

4.72 0.047 0.022 0.044 0.022 0.022 
5.28 0.022 0.000 0.022 0.022 0.022 
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TABLE 4.4 : 	EXPERIMENTAL VALUES OF \Xx\X 103 FOR THE 

CASE OF BILINEAR SPRING 

~~ = 2.22 "2= 10.82 Xo= 1.175 X 1o-3 

FOR P = 10.275 X 10-3 

X 1.000 0.777 0.555 0.444 0.333 

1.49 0.970 0.6201.470 0.400 0.222 
1.67 1.660 0.6651.150 0.444 0.274 
1.83 1.890 1.280 0.754 0.532 0.310 
1.98 1.5502.220 0.930 0.620 0.355 

1.861)2.11 2.750 1.110 0.754 0.444 
3.3302.24 2.430 1.460 1.020 0.532 

2.36 3.780 2.870 0.6661.660 1.100 
2.48 4.230 3.100 1.780 1.440 0.775 
2.59 4.650 3.330 1.880 1.550 0.775 
2.69 1.780 1.420 0.930 0.660 0.444 
2.89 0.2220.690 0.565 0.4-4-0 0.310 
3.13 0.333 0.310 0.2220.272 0.133 
3.34 0.222 0.222 0.178 0.155 0.089 

0.133 0.1333.74 0.044 0.0660.111 
0.0004.09 0.111 0.133 0.133 0.066 

4.23 0.089 0.089 0.155 0.133 0.089 
4.36 0.333 0.178 0.444 0.333 0.222 

0.890 0.222 0.666 0.3334.42 1.110 
1.550 0.666 1.500 0.800 0.6664.48 

4.54 0.312 0.111 0.310 0.310 0.222 
4 .60' 0.0890.222 0.222 0.222 0.178 
4.72 0.133 0.111 0.178 0.178 0.133 
5.28 0.0220.044 0.044 0.066 0.044 



76 

TABLE 4e5 THEORETICAL VALUES OF Xx FOR FREE 

VIBRATION FOR THE CASE OF BILINEAR 
. ·~ 

SPRING 

c(, = 2. 2 2 oL, = 10.82 Xo = 1.1 75E-03 

1.000 0.777 0.555 0.333 


2.08 1.201E-03 8.507E-04 5e068E-04 3.491E-04 2e1U6E-04 
2.1() 1.234E-03 8.754E-04 5 • 227E-04. 3.604E-04 2el77E-04 
2.12 1.269E-03 9.U24E-04 5e401E-04 3. 72 9E-0t+ 2.254E-04 
2.14 1.307E-03 9.319E-04 5e592E-04· 3.865E-04 2.339E-04 
2.16 1.349E-03 9.643E-04 5.801E-04 4.014E-04 2.432E-OlJ· 
2.18 1.396E-03 l.OOOE-03 6.032E-04 4. 1 7 9 E-n;: ~.534E-04 
2.2J 1.448E-G3 1.040E-03 6e287E-04 4e361E-04 2e648E-04 
2.22 1.505[-03 1.084E-03 6e571E-04 4 • 564E-0L~ 2e774E-04 
2.24 1.569E-03 1.133E-U3 6.889E-04 4.791E-04 2-.916E-04 
2.26 1.641E-03 1.188E-03 7.247E-04 5 • 04 7E-OL+ 3.075E-04 
2.28 l.723E-03 1.251E-03 7.653E-04 5. 33 6E-Otr 3.256[-04 
2...3v 1.816E-03 1.322E-U3 8.116E-C4 5.667[-0lf 3.Lr62[-04 
2.32 1.923E-03 1.405E-C3 8e649E-04 6.048E-0~} 3.700[-04 
2. 3!+ 
2.36 

2.048E-03 
2.19~·E-03 

l.'J01E-03 
1.614E-03 

9.270E-Olt 
l.OOOE-03 

6eLI92[-Q::1. 
7 • 0 1 L~ E - 0 '+ 

3.976E-Ot.+ 
!r • 302[-04 

2.33 2.370E-03 1.748E-CJ 1e087E-03 7.638[-04 4.691E-04 
2.40 2.583E-03 l.jl2E-OJ le193E-03 8.395E-04 5.163E-04 
2.42 2 • 8 4 6 E- 0 :; 2 • 1 1 L~ E- C 3 1 • 3 2 4 E- 0 3 9 • 3 3 L:. E- 0 Lr 5 • 7 4 9 E - 0 /+ 

2 • L+4 3.181E-03 2.372E-C3 1e491E-03 1e053E-03 6.492E-04 
2 • Lt-6 3.62CE-03 2.709E-03 le71CE-C3 1.209[-03 7.468E-04 
2.48 4.220E-G3 3.171E-03 2e009E-03 1.423E-03 8.8C3E-04 
2.5u 5.090E-C3 3.840E-03 2.443E-03 1.733E-03 l.074E-03 
2.52 6e464E-03 4.U97E-03 3e128E-03 2.22~E-03 le320E-03 
2.54 8.959E-03 6.818E-03 4.374E-03 3.114E-03 1.936E-03 
2.56 1.489E-02 1.138E-02 7.331E-03 5.230E-03 3.256E-03 
2.58 4.688E-02 3.600E-02 2e330E-02 1.665[-02 I.038E-02 
4.56 1.380~-03 -1.631E-04 -1.105E-03 -1.146E-03 -9.251[-04 
4.51 1.694E-G3 -2.141E-04 -1.335E-03 -l.JDSE-03 -1.122E-03 
4.58 2.183E-03 -2.54YE-04 -1.695E-03 -1.767E-03 -1.431E-03 
4.59 3.U55E-03 -J.283E-04 -2.338E-03 -2.444E-OJ -1.98ZE-03 
4e6G 5.054E-C3 -4.971E-04 -3.811E-03 -3.995E-03 -3.246E-03 
4.61 1.434£-02 -1.284E-03 -l.066l-02 -1.121~-02 -9.120E-03 
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APPENDIX I 

NATURAL FREQUENCIES OF A CANTILEVER BEAM SUPPORTED 

ON A LINEAR SPRING AT THE FREE END 

The natural frequencies of a cantilever beam supported 

on a linear spring at the free end can be obtained by solving 

the equation: 

t + Cosh _n_ Cos ....fl 
.~----~~.--=- - 0 

Cosh JL S\Y\ S)_ - S'\Y\h _()_ Ca3 ..Q 

Figures 5.l(a) and 5.l(b) show the variation in the 

natural frequencies with the spring stiffness cl . It can be 

observed that all the natural frequencies increase as the 

spring stiffness increases. However, the lower natural frequencies 

are affected significantly at lower values of spring stiffness, 

whereas the higher natural frequencies are affected for larger 

values of stiffness. This may be attributed to the fact that 

lower mode shapes change even with the addition of a weak spring, 

but the higher mode shapes remain almost unchanged until the 

spring is strong enough. 

Further, it can be noticed from figures 5.1(a) and 

5.l(b) that as the stiffness increases from zero to infinity, 



81 

all the natural frequencies become asymptotic to the nearest 

corresponding natural frequency of clamped-simply supported 

beam. In the figures the natural frequencies of clamped­

simply supported beam are indicated by broken lines. 
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FIGURE 5.1(a) VARIATION OF NATURAL FREQUENCIES WITH THE 

STIFFNESS OF LINEAR SPRING SUPPORT 
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A42u3,fl0u,LC1Guvu. 
RUN(s,,,,,,luu~u) 

f~EDUCE. 

LGO. 
64Gu END OF REC8RU 

P r~ 0 G i-\ A1· ; T~ T ( I f'~ P U T ' 0 U T P lJ T ' T A P E 5 =I ~~ Pu T , T f., P E 6 =0 lJ T P U T l 
c 
l. THIS PROGRA1'i I~ Tu U;..;TAI!~ THe rl~t...:. Vldl<J~TICN CUI\VLS ',·,IT:: 
C ClJ U I C 1~ 0 i -J L I ; ..~ E:. ,\ F< S t_) ~~ I h G , VA i"< Y I ~·~ G T H c. VALUE 0 F d E T J\ 

c 
C /-\L=ALPHA 
C oT=BETi\ 
c 

COSH(W)=(EXP{~)+EXP(-W))/2.0 

SINH(~)=(EXP(WJ-EXP(-W))/2.U 

/-'.L=0 • u 

7 oT=lu • ...; 

4 ~~RITt(6,5) AL,bT 


FORMAT(/lvX,7HALPHA =,Fs.l,l0X,6HGETA =,F9.1/) 
W=l.5 

1 	 A=COSH ( vJ) +COS ( v~) 


b =S I f"~ H < vJ > +S I N ( ~·J ) 


C=COSH < vJ l -cos< vJ > 


lJ =S I N H ( vJ } -:;:) I i'J ( VJ ) 

AA=3 ....H~BT /4.u 

AX=-(AL-{~**3)*(B*D-A*A)/(b*C-A*D) )/AA 

IF<AX.LEe0ev) GO TO 3 

XA=SQRT<AX) 

CH=XA/ { C-t\*D/8) 
WRITE(6,2) W,(H,XA 


2 FORMAT(luX,5El5.5) 

3 W=w+u.l 


IF<W.LT.l6.~) GO TO 1 

1:1T=oT*lU.u 

IF<6T.L[.l.vvvlE5) GO TO 4 

AL=AL+2.U 

IF<AL.GT.2.u) AL=AL+6.0 

IF<AL.LEel0.u) GO TO 7 

STOP 
END 

64UU EN~ OF R~COR0 


64uu EN0 FILE 


http:IF<W.LT.l6
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A42U3o 

RUN(S'''''9lvwvv) 

RElJUCEo 

LGu. 


6400 ENO OF RECORU 
P R 0 G GU\; -': T.:, T ( I : ..~ f":l J T 9 CJ Tr) LJ T 9 T A P r: 5= I f\1 PLY T ~ T~~ P E 6 =0 1_1 Tr U T ) 

c 
C T!IIS P~~::OGI-~/\;'.·i IS TO JETEf-<i.iif~E THE F\ESPOf.lSE OF .SI:·i,PLE 
C Ci\J~ T I L l V C F< bE/\ f ~ ( ;.:,\ LPH i\ = J 9 l3 E T ;\ = 0 ) 
c 

CO~H(W)=(EXP(W)+EXP(-~))/2o~ 
SINH(WJ=<EXP(W)=EXP(-W))/2o0 
P=U.Ul 

1 	 WRITE(69Z) P 
2 	 FORMAT(/l0X93HP =?F8@3/) 

~·.J=U • l 
3 	 A=COSH(W)+COS(W) 


6 =S I 1\1 H ( vv ) +S I 1\l ( ~~ ~ 


C=COSH ( \rlj) -COS ( ~'V) 


[l=~ I f·H·"l ( Vv) -S If~ ( v·j) 


Xt~=-i-)-:~ ( U~~C-f\~t-D) I ( ( lrJ7H{-3) ~r- ( 8~~-D-i\-ii-~~)) 


CH=XA/ <C-A~rD/B) 
WRITE(6,4J We(H9XA 

4 	 FOR~AT(lU 9F5~292El~~3) 
VJ =b+U ~ 1 
IF(W.LE~l~®v) GO TO 3 
P=1::• -;;- l C ~ u 
IF(P~LE.le~w) GO TO 1 
STOP 
Ef~iJ 

64UO 	 END OF RECORD 
64ln) 	 EN[) FILE 
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.A42U3' T2uu. 
RUN<S''''''luuuuJ 
REDUCt:. 
LGO. 

64UU END OF RECORD 
PROGRAM TST CINPUT,QUTPUT,TAPE5=INPUT,TAPE6=0LTPUT) 

c 
C THIS PI,OGI~AI'"I IS TO LJETEI~r,di'~E THE HAi-<1•IUI~IC f~E~PONSE !f\l 
C CASE OF C0blC N0NLINEAk ~PRING, ~ITH ALPHA= 0,AND 
C VARYING beTA, FOR P= u.ul,0.lu,l.Uu 
c 
C (1,(2,(3 RLPF~ESENT A1-1PLITUDE COEFFICIEI·-JTS, AND XA,XI 
C AND XJ REPRESENT THE END DEFLECTIONS 
c 

COSH<W>=<EXP(W)+EXP(-W))/2.U 

SINH<W>=<EXP(W)-EXPC-W))/2.U 

AL=U.U 
P=Ueli1 

18 BT=10.U 
17 WRITtC6,1) AL,oT,P 

1 FORMAT(/luX,7HALPHA =,F6·3,5X,6HGETA =,f8•1,5X,3HP =' 
1 F7.3/) 

W=U.l 
2 A=COSH(W)+CO~(W) 

B=.S I N H ( vJ ) +5 I N ( \tJ > 

C=COSH ( ~~) -CO.S ( W) 

D=S I N H ( v~ )-.::, I N ( ~~ ) 

AAA= 3 • u-~b TI 4. u 

Al=(AL-(W**3)*(B*D-A*A)/(B*C-A*0))/AAA 

AJ=-P/AAA 

XA=-AJ/AI 

N=1 


5 	 FX=XA**3+AI*XA+AJ 

DF X= 3 • ui~-XA*XA+A I 

DXA=-FX/uFX 

XA=XA+IJXA 

N=N+1 

IFCN.GT.5UU) GO TO 11 

IF<ABS(DXA>.GE.ABS<XAJ*1•UE-6) GO TO 5 

T=C-A~-D/6 

Cl=XA/T

E=-XA/2.u 

F=E-:.:-E-AI -XA7~-XA 


IF<F.GE.u.v) Gu TO 10 

WRITEC6,9l w,cl,XA 


9 FORMAT(1uX,3El5.3) 

GO TO 11 


10 	 XI=E+SQRT(f) 

XJ=E-SQRT(f) 

C2=XIiT 

C3=XJ/T

WRITE{6,15) w,cl,(2,C3~XA,Xl,XJ 


15 	 FORMAT(luX,7E15.3) 

http:u.ul,0.lu,l.Uu
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ll W=W+U.l 

IFlW.LT.lu~u) GO TO 2 
BT=BT*lUeU 
IF<uTuL~~ l.uu~lE5) GO T~ 17 
P=P*lO.u 
IF(PuLE. leu0Ul) GO TO 18 

14 STOP 
END 

64Uu ENU OF kECORU 
64~0 ENU FILE 
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A4203,LCluuuu. 
RUN<s,,,,,,luuGu) 

REDUCE. 

LG0. 


64Uu END OF RECORU 
P f~ uGf \ f\; ·i TST ( I i ~ P U T , 0 uT P !...1 T ' TA P E 5 =I 1·~ P 0 T , T A P E 6 =0 U T P U T ) 

c 
C TH I S P 1-\ () GI\ A , · . I S T0 D E T [ ~~~ ,·;r f l E T : ~1 E 1-< !:: S P 0 1·~ S :.= ' Tr'\ :< I ;··.: G F If-< S T 
C AN[J THlf~U Ji<DEI< HAF~1·:0f·dc.. CUi':j-luJ·~Er.JTS, FUf~ L~rA;·v, V"dTH Cl.oJI::: 
C NOI·~-L I NE/\1\ SP R I 1~G 
c 
C X = Ai;i P • 0 F Ef~ D G E F L E C T I ln\J C 0 I·~ R E S P 0 r·~ D I i\1 (j T8 F I 1\ S T C :-< l..i [ i~. 


C HAf~i'-10i,ll C COr:;pQf,iENT 

C Y = Af.JP. OF END DEFLECTIUN C:Ji~:HESPOi'··~Dii·~(j TO THii\D ORDE!-=' 

C HAR;·:1Q;,n C COf.!iPON[f.lT 


c 
DI;.;; ENS I 0 N X 1 C 3 ) , Y Y ( 3 ) ' l I ( 2 7 ) ' Z J ( 2 7 ) 
COSH{W):{EXP(~)+EXP(-W))/2.0 
SINH(W)=lEXP(W)-EXP(-W})/2.U 

P=u.l 

AL=U.u 

BT=lUUuU.u 

~'.}= J. 1 

YY(1)=U.v 

YY(2)=u.u 

YY(3)=u.u 


1 	 W3=W*SQRTC3.u) 

A=COSH ( 'v~) +COS<\:~) 


B=S I N H ( ~~ ) +S I N ( VJ > 


C=COSH < 'tJ) -COS ( '.tJ) 


D=:.J r NH <~~ ) -s IN< 1:J ) 

A3=COSH<W3)+C05(~3) 


8 3 = S I nH ( ~,J 3 ) +S I N < ~il 3 ) 

C3=COSH ( \'J3) -COS ( VJ3) 

D 3 =S I N H ( 'v·J 3 ) - S I ~~ ( Vi 3 ) 

D I =C-/-\~~lJ/ u 

DJ=C 3-A3-i<-DJ /83 

P1=-l.U 
Ql=4.G*(AL-(W**3)*(8*D-A*A}/(S*C-A*D) )/(3.0*8T) 

Rl=2.0 

Sl=-4.G*PI<3.C*8T) 

Q2=4.u*(AL-(W3**3·)*(e3*D3-A3*A3)/(b3*C3-A3*D3) )/(3.C*GT) 

R2=2.J 
T2=-1.v/3.u
CALL APP~0X(AL,8T,p,w,A,b,(,D,X1,~) 


L=u 

DO 4 I= 1, ivl 

Y=YY< I) 
DO 4 J=l,2 

X=Xl(l) 

N=U 


2 	 F =X-~-~- 3 +P l ·* Y~~X-;:- X+ ( Q1+ 1-\ 1~~ Y~A- Y ) *X+ S 1 

G=Y~t i~· 3 + ( 0 2 + R 2 -;:- X ~:- )( ) ·~:- Y+ T 2 -:~ X-::· -;~- 3 


http:COf.!iPON[f.lT
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FX=3.J*X*X+2.~*P1*X*Y+Ol+Rl*Y*Y 

FY=Pl*X*X+2e0*R1*X*Y 
GX=2eG*RZ*X*Y+3.~*T2*X*X 
GY=3.u*Y*Y+Q2+R2*X*X 
DX=(F~GY-G*FY)/(GX*FY-FX*GY) 

DY=<F*GX-G*FX)/(FX*GY-GX*FY) 
X=X+DX 
Y=Y+LJY 
N=N+l 
IF<N.GT.1~~u.OR.X.EQ.U.v.OR.Y.EQ.G.O) GO TO 3 
I F ( A b S ( D X I X ) • G T • l • v E- 5 • 0 I~ • A b S ( 0 Y I Y ) • G T • 1 • 0 E-5 ) Cj 0 T 0 2 
IF(J.EQ.1) YY( I )=Y 
L=L+1 
Zl(L)=X 
ZJ(L)=Y 
Q Q =­ ( 3 • u .;~ Y~~ Y I '+ • +Q2 +R 2 .;~X-;~ X ) 
lF{QQ.LTevev) GO TO 3 
YI=-Y/2.u+SQRT(QQ} 
YJ=-Y/Z.L-SQRT(QQ) 
K=1 
Y=YI 

9 X=u.u 
1U F=X**3+P1*Y*X*X+(Q1+R1*Y*Y)*X+S1 

G=Y**3+(Q2+R2*X*X)*Y+T2*X**3 
FX=3.0*X*X+2eG*P1*X*Y+01+R1*Y*Y 
FY=P1*X*X+2.u*Rl*X*Y 
GX=2.u*R2*X*Y+3.u*T2*X*X 
GY=3.U*Y*Y+G2+R2*X*X 
DX=<F*GY-G*FY)/(GX*FY-FX*GY) 
DY=<F*GX-G*FX)/(FX*GY-GX*FY) 
X=X+DX 
Y=Y+IJY 
N=f~+ 1 
IF<N.GT.1uuG.QR.X.EQ.O.u.oR.Y.EQ.O.O) GO TO 12 
IF(AGS(DX/X).GT.l.OE-5.0R.Ad5(CY/Yl.GT•1•0E-5) GO TO 10 
L=L+1 
ZI(L)=X 
ZJ(L)=Y 

12 Y=YJ 
K=K+1 
IF(K.LE.2) GO TO 9 

3 Y=u.u 
4 CONTINUt: 

IF ( L • LT. 1 ) GO T 0 6 
DO 11 IJ=1'L 
IF<IJ.EQ.1) GO TO 14 
IK=IJ-1 
DO 13 II=l,IK 
I F ( A lJ S ( 1 • u- Z I ( I I ) I Z I ( I J ) ) • L E • 1 • 0 E- 5 • ;:, i\l D • A 8 S ( 1 • 0 - Z J < I I ) I 

1 ZJ(IJ)l.LE.1.vE-5) GO TO 11 
13 COI'-~TINLJE 

14 X=ZI(IJ) 
Y=ZJ( lJ) 
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C1=X/DI 
C3=Y/DJ 
WRITE<6,5) ~,c1,(3,X,Y 

5 F 0 f-.< 1•1/\ T ( I 1 v X , F 9 • 3 , 6 E 14 • 3 ) 

1 1 C 0 f'·J T I N Ll E 
GO TO 8 

6 ~~I:.,;ITE{6,7) 

7 F 0 i~ 1": AT {1 ;..; X ' 1 7 H S H E C K CO 1''-J V E f-< G E ;'~ C E ) 
8 w=~~+ i..i. 1 

IF<~.GT.1e3.ANDeWeLle1e49) W=~-G.J9 

IF<W.LE.l0ev) GO TO 1 
STOP 
EI~D 
S U B !-\ 0 U T I i\l E AP P F\ 0 X ( A L , 8 T , P , 1>• ' A , B , C , D , X 1 ' i/1 ) 

c 
C SUBROUTINE APPROX IS TO DETEf~>lli\lE THE STARTING Vt,LLJE OF 
( HJ\ ~~ fvi 0 N I ( ( U '"1 P 0 f\1 E j·~ T (J F i~ E S P U f< S E [..( EC.i\J I I~ E[) · I f~ T H f.: 1v1 ~~ I 1\~ 
C Pf-\OGI-\Ai·11 
c 

U I r•l C: i'-!S I ON X 1 ( 3 ) 
AAA=3.u-)~BT /4.u 
AI=<AL-<W**3)*(B*D-A*A)/(b*C-A*Dl)/AAA 
AJ=-P/AAA 
XA=-AJ/AI 
N=1 

5 FX=XA**3+AI*XA+AJ 
DFX=J.~*XA*XA+AI 
DXA=-FX/DFX 
XA=XA+DXA 
N=N+1 
IF<N.GT.5Gv) GO TO 11 
IF<ABS(DXAJ.GE.ABS(XA>*1•JE-6) GO TO 5 
t-1=1 
X1(1)=XA 
E=-XA/2.u 
F=t*L-A I -XA-)(·XA 
IF<F.LT.u.u} GO TO 11 
t/\=3 
X1<2l=E+SQRT<Fl 
X1{3l=E-SQI-\T(f) 

11 RETURN 
END 

64uu END OF RECORO \ 
64uU ENO FILE 
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A42U3. 
RUN(S''''''1uuuu) 

REDUCE. 

LGO. 


64UJ EI~LJ UF f.:.Z l:.CORIJ 
PF: 0 G 1-< A i~, T~ T ( I i~ j.J v T , 0 .J T PUT , TAPE 5 = Ii'·l P u T , TAPE 6 =0 u T? U T ) 

c 
C THIS PROGF·U\fvi 15 TO Fif,iO !"HE SUo-HAI<·1GNIC ~-~ESF'Oi'JS[ ~·JITH 

C CUBIC NON-~INEAR SPRING 
c 
C Cl I~ AHP. COEFF. AI~[; XX IS Ei·~u UC:F. CGI~l<ESF)di'~L>lt\JG TJ 
C HAI'i"'luf'-!IC (ui~.Pui·~Et~T. C31 Af'·H) (32 Ar<t. Ai··Y. COi::.FF. Ai\LJ X3 
C AND X32 Al<t:. Ef'I.!D DE:.F. CUI,~hESP;Jr~D I t·~G T:.J .SUt.H-i!\i'-'"'Oi·1 I C 
C Cut·•IPGNENT 
c 

C 0 ~H ( vJ ) = ( EX P ( w ) +EXP ( -Vi ) ) I 2 • 0 
SINH(W)=(EXP(W)-EXP(-~))/2.0 


DI~ENSION XX(6),YY(6),U(7) 

AL=U.U 

P=Uel 

BT=1vuvU.u 


5 t:ff=1uuuu. 
7 IN=3.2 

WRITE(6,9) AL,BT,p 
9 F0 f-< f-'i AT ( I 9;\ ' 7 HAL PH A = ' F 4 • 1 , 5 X ' 6 H 8 E T A = , F 9 • 1 , 5 X ' 3 H P ::: ' 

1 F5.2/) 
1 W3=W/SQRT<3.u) 

A=CO;.)H ( v~) +COS ( ~~) 
o= .S I I~ H ( ·~~ ) +~ If·~ ( ~v )

( =C 0 S H ( V'J ) - ( 0 .S ( ~~ ) 

D=S I NH ( W >-SIN ( ~~J) 


A3=COSH<W3)+COS(W3) 

B 3 =S I N H ( W 3 ) +S I N ( VJ 3 ) 
C3=COSH{W3)-C05(~3) 

D3=SINH<W3)-~IN<W3) 

AI=-l.u 
BI=2.J 
CI=4.U*AL/(3.*BT> -4.*(W**3)*{83*DJ-A3*A3)/{ (G3*C3-A3* 

1 	 D3l*9•G*SQRT<3.G)*8T} 
DI=4•*AL/(3.*BTl -4·*<W**31*(8*D-A*A)/((G*C-A*D1*3•*bT) 
EI=2.0 
F I =-4 ."'~·P/ ( 3 .-;~BT) 
GI=-1.13. 
H I =A I -i(- A I -4 • 7'" LJ I 
PI=1.J+2e*ll*AI*Al/4.u -~l*bl -GI*(Al**3)/8• -3·0*AI*GI 

1 	 -:(-HI/o.u 

QI=DI-~I*Cl +3.*Al*GI*CII2.U 

Sl=El*Al-Gl*HI/4.u -3.*Al*Al*Gl/4eu 


http:GI=-1.13
http:COi::.FF
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3 

4 
2 

34 

U ( 1 ) =P I ~:. P I - .::. I ~;. S I ~~ H I I L~ • u 
lJ(2)=u.u 
U ( 3 ) =2 • 7~ ~i i -::- I,J I +~ I .;-;. :J 1-k C I - S I -:~ G I ·li C I -:: H 1 I 2 • 
u ( 4 ) = 2 • 1(- P I -;;- F I 
U ( ~~ ) =CJ I .;,~ Q I + 2 • -:~ S I ~~ G I ~;. C I ~t C l - G I -;;- G I -;~ C I -;:· C I -::- h I I Lj. • 0 
U < 6) = 2. ~~CJ I -i1- F I 
U ( 7 ) =F I -i~ F I +G I .;~ G I ~;c ( C I ·k -:;- 3 l 
i\1=6 
DO 2 I= 1 '1\l 
CALL BAik~f<U~xx,YY~NJ 
Cl=XX(l)/((-A*U/ci) 
~RIT~(6,3)~,(l9XX(I),YYti) 

FOI~i··IA T ( 1 '..;J\., 4E 13 • 3) 
IF<YYCI>.NE.u.u} GO TO 2 
P P = - .U. I 7~ )0\ ( I ) I 2 • u 
UQ=(PP*PP-<XXtil**2) *BI-CI) 
IF<Ww.LT.u.u) GO TO 2 
tJ=Sl_..ll-n- ( QU) 

Xj=PP+CJ 
l~3 2 =PP-Q 
C31=X3/(C3-A3*D3/63) 
C 3 2 =>.: 3 2 / ( C 3 -A 3 ~~ D 3 I B 3 ) 
WRITE(6,4) ~ ,(31,C32,X3~X32 

FORMAT(55X,5El2.3) 
CONTINUE 
VJ =V.J+v • 1 
IF<W.L~.7.u) GO TO 1 
d T =[) T ~*' 1 U • v 
IF(bT.LE.1.JU1E~5) GO TO 7 
P=Pi~·lJ. U 
IF(P.Llel•0) GO TO 5 
STOP 
END 

640U ENU OF RECORU 
64uu t.NU FILE 
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A42U3,TlUu,LC10UUu. 
RUN(S,,,,,,l000U) 
LGO. 

64UO END OF RECORO 
PF~OGf\A1v1 TST < INPi.JT,OUTPUT,TAPE5=INPLJT,TAPE6=0UTPi.JT) 

c 
C THIS PROGI,Aiv• IS TO DETEr~l"'ilNE THE FI~EI::: VIBI~ATIONS FOR 
C THE S Y .:J T E fvl VJ I T H b I L I NEAR S P F< I~~ G ' T A. K I N G END iA ASS = 0 

c 
l W = OMEGA 
C AI = ALPHA ONE 
C AJ = ALPHA TWO 
c 

COSH(W)=(EXP<W>+EXP<-Wll/2.0 

SINH(W}=(EXP{WJ-EXP(-W)l/2.0 

XO=u.Oul 

AI=u.u 


1 AJ=lU.U 
21 WRIT~<6•2> AI,AJ 

2 FUHi·iAT(/l0A•llHALPHA UNE =•F5.1•5X•llHi\LPHA T,;JO =•F9.l/), 
vJ = 1. 5 

3 	 A=COSH(W)+COS(W) 

B =SINH< I:J ) +SIN { v.J ) 


C=COSH ( 'w) -COS< W) 

D=S I N H < vJ ) - 5 I N ( W l 

S=<W**3J*<B*D-A*Al/(U*C-A*D> 

IF<S.LT.AI.OR.~.GT.AJ} GO TO 5 

XA=XO*(AJ-AIJ/(AJ-5) 

CH=XA*e/Cd*C-A*Dl 

WRITE<6•4> W•CH,XA 


4 	 FORMAT<luX,F6e2t2El4e3) 
5 	 ~'11 =VJ +U • v 5 


IF<W.LE.lJ.u) GO TO 3 

AJ =AJ -l~ l 0 • G 


lf(AJ.LEelU0UeU) GO TO 21 

AI=Al+2.u 

IF<AI.LE.Z.ul GO TO l 


6 	 STOP 
END 

64UU END OF RECORD 

6400 END FILE 


http:IF<AI.LE.Z.ul
http:IF<S.LT.AI.OR.~.GT.AJ
http:INPi.JT,OUTPUT,TAPE5=INPLJT,TAPE6=0UTPi.JT
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A4203s 
I~Uf~ ( S) 
I~EDUCE o 

LGOe 
64UU END OF RECORD 

PI-<OGi-<AI,:l T S T (I NPLJT 9 PUf~CH ~ TAPE5= INPuT 9 TJ~PE7=Pui~CH > 

c 
C THIS Pf:.ZOGI~Ar:i IS TO uETI:.l~1vdNE THE FH.EE VIt~!·<ATIO;'~S FUI·~ 
C THE ~.:>Y ~ T1:: I" I v~JI T H B I L I N E A 1-~ S P !-< l1 ~ G 9 C\...' 1·-,~ S I u t h I N G E f'·J Li 

C f\i/\SS 

c 
C AMU= END MASS/BEAM MASS 
c 

DIf,'! ENS I 01~ VV ( 7) 
C05H(W)=(EXP(w)+EXPl-W))/2gU 
SINH(W)=(EXP(~J-EXPC-W))/2~u 

XO=UeUUll15 

AfJiU=U.U424 

AI=2.22 

AJ=l0.82 

~~ = 1. 5 


1 	 A=COSH<WJ+COS(W) 

B=S I NH ( W >+..:>IN< \tJ) 

C=CUSH(W)-CO~(W) 

D=S I f\H ( liv) --=>IN ( W) 

S= ( W~--;{-3) ~-:- ( 6-l~D-A-l~-A) I { t)-~(~1\~rD) + ( t1J-:H:-~.) .;~~~1J1U 


lf(S.LT.AigORoS~GT.AJ) GU TO 5 
XA=XO*(AJ-AI)/(AJ-5) 
CH=XA*B/(b*C-A*D> 

XL=l5.u 

DO 2 	 I= 1 ~ 5 
L=5-I+1 
w)( =~'.] -~~ X L I L!. 5 • u 

VV(L)=CH*(COSHl~X)-COSl~X)-A*(SINHCwXl-SIN(~X)J/Q) 

XL=XL+5.v 

IF<I.GE.3) XL=XL+5.0 


2 CONTINUE 

WRITE(7,4) w,<VV(I),I=1,5) 


4 FORMAT<luX,F6o2,5Ello3) 

5 ~v = ~'II+ v • u2 


IF(W.GT.4.v) ~=W-w.ul 


IF<W.LE.6~v> GO TO 1 

6 STOP 


END 

64Uu ENU OF RECOR0 

64UU Ei~u F. I LE 


http:lf(S.LT.AigORoS~GT.AJ
http:AJ=l0.82
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A4203. 
RUN(S) 
F<EDUCE. 
LGO. 

b40u EN~ OF RECURu 
P I~ u GF~. A I' i T.:..~ T ( I 1~ P i..l T , ~::· L. r-J Ci-l ' TA t-1 E:; = I i ~ 1.) J T ~ T /\ P 1.::. 7 =Pu r,j C H ) 

c 
C PRul:Ji·\A~·l TG FI~~u T•·IE i;~ESPuf-~SC. ~··iiTH olLir~Cid-\ :SPf~II--:G. 

C THEORETICAL ANALYSIS 
c 
C Cl,C2,C3 Al·\E THE Ai•lPLITUUE Cut.FFICIEr·~T::... ki~U Xf:\l,;<f\2,XA;; 
C ARE THE C:.NLJ DEFLECT I Oi\IS IN THi:. Ui~;:.) T1\ciL C: F~ki~GE 

c 
D Il\1 E I'~ S I 0 N \/ V { b ) ' UV ( 6 ) ' J u ( 6 ) 
CO~H(WJ=(~XP(~)+EXP(-W))/2.0 
S I I'H-! ( w ) = ( EX F' < ~'.} >-EX P ( - ~'11 ) > I 2 • u 
XO=UeliU1175 
Afv1 U=U • U 4 2 4 
AI=2.22 
AJ=lUe82 
P=u.uu542.S 
K=l 

25 	 Sl=/\I-P/XO 

S2=AI+P/XO 

S3=AJ 

DO 24 J=l,36 

READ(5,2o) FREQ 


26 	 FORMAT<FlU.u} 
W=SQRT(6e284*FREQ)*~·298 


A=COSH < ~-J >+COS ( ~~) 


B=SINH(W)+SIN<W> 

C=COSH ( W) -COS ( vJ) 

D=SINH(W)-SIN<W> 

c1=8 "K p I 	( A I ~~ ( B *c - A):- D ) - ( ~\1 {~ * 3 ) "* (B*D- A-:( A ) - { ~~ -X­

l 	 (b~,..:.c-A-*D> > 

XA=C 1~- {C-A~~Uib) 
S = ( W ,'Hi- 3 ) ~A- ( b ~<- D-A* A ) I ( iY~- C--A* 0 ) + ( ~~ .;:- -l~ 4 ) -1:- A H lJ 

IF(S3.Gc.~.ANu.S.GLe02) GO TO 200 
IF(S.Gf.S3.0R.S.LE.~l) G0 TO 100 
XA=<XO*<AI-AJ>-P}/(5-AJl 
Cl=XA*B/(B*C-A*Dl 

l0U 	 XL~15.u 

DO 2 I= l '5 
L=5-I+l 
vJ X=vJ ~~ XL I 4 5 • 0 

-~~ 4 ) ~~- Al "I u~~ 

VV<L)=C1*<COSH{WX>-COS(WXl-A*<SINH(WXl-SIN(WX)}/b) 
XL=XL+5.u 
IF<I.GE.3> XL=XL+5.U 
CONTINUE 2 



96 

WRIT~(7,4)W,(VV<Il,I=l,5) 

4 	 FORMAT(luX,F6.2t5Elle3) 

GO TiJ 24 


2UO 	 XAl=(XO*<AI-AJl-P)/{S-AJ) 
XAZ=-PI(S-AI) 
XA3=<XO*(AJ-AI>-P>I<S-AJ) 
T=C-A-l~DIB 

Cl=XAliT 
C2=XA2/T 
C3=XA3/T 
XL=l5.U 
DO 3 I= 1 '5 
L=5-l+l 
W X= vJ -*X L I 4 5 • u 
VV(L)=Cl*<COSH<WXl-COS<WX)-A*<SINH<WX>-SIN<WX))IB> 
UV(L)=C2*<C05H(WXl-COSCWX)-A*(SINH(WX>-SIN{WX))/8) 
UU (L) =(3~- <COSH {WX) -COS { WX) -A* (SINH ( WX) -SIN ( WX) ) I 8 > 

XL=XL+5.0 
IF<I.GE.3> XL=XL+5.0 

3 	 CONTINUE 
WRITE(7,5) W,(VV(J),l=l,5),(0V(l),l=l'5),{UU(I),I=l'5> 

5 FORMAT<luX,F6.2,5Ell.3,2(116X,5Elle3)) 

24 CONTI f,lUE 

22 P=U.ulU275 


i<.=K+l 
IFCKeLE.2l GO TO 25 

STOP 

END 

64UU 	 END OF RECORD 

http:IFCKeLE.2l
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A42U3. 
r~u,~ < s) 
r:;: EOUCt.. 
LGO. 


b4uli Ei~D JF RECORD 

P i=< uGI~ A1 : T .S T ( I :'~ P U T , 0 U TPU T , T A P E5 ::: I N P iJ T , T!\ P E 6 ::: 0 u T P 1••: T ) 


c 
C NAT U hAL F i-~ E l./ U E /"~ C I E S 0 F C.. r..., NT I LEV E i·~ c3 Er\ f·ll 'v.J I T H L I 1' j E ,.0,,1\ Sf"' R I r: :.~ ~. 

C VARYING fHE STIFF~E5S,ALPHA 
c 
C 	 AL = ALPHA 
C 	 W = OMEGA 
c 

COSH(W)=(EXP(~)+EXP(-W)J/Z.u 

SINH(W)=(EXP<Wl-EXP(-W))/2.u 
f{W) =(W**3)*{l.U+COSH(W)*C05(~) )+ AL*(COSH(~)*Sl~(W) 

1 -SINH<Wl*COS(W) > 

c 
C NATURAL FREQUENCIES ARE THE ROOTS OF THE EQUATION 
C F < vJ > = u 
c 

DF(W):(W**3l*(SINH<W>*COS(~)-COSH(W)*SlN(w)) +3.0*W*W* 
1 ( 1• u+COSH ( VJ) -~COS ( ltJ) ) +2 • Q~:-AL-X-S I NH ( vJ) ~:s If··: ( I:J) 

W~J:=15.0 

H=u.z 
AL=U.U 


11 WRITE(6,12) AL 

12 FOR~AT(//luX,4HAL :::,f8.1) 


W=u.l 

lv FI=F(~i}) 


2 	 W=vJ+H 

IF<W.GT.WM) GO TO 13 

F j =F ( I;J} 


IF<FI*FJ.LE.0.u) GO TO 3 

FI=FJ 

GO Tu 2 


3 	 N=l 

~~ ;;;; lrJ- H I 2 • v 


4 	 DW=-FI/Df(W) 
·~·J =~~ +DVJ 
F I =F ( \tJ ) 
f\l=N+l 
lFlN.GT.luu) GO TO 9 

I F { A d s ( I) 1/J ) • G E • VJ -:~ 1 • ij E·- 5 ) G 0 T 0 Ll­


~\iRITE(6,6) vJ 

6 	 F U i~ 1· ; A T ( 1 u X , F 1 2 • 3 ) 

\rv=l~+H 

http:IF<W.GT.WM
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IF(vJ.Lt::.~·v·~·.;) GO TC lu 
13 ;..L:::~L+l0 •...J 

IF(AL.GT.20~.u) AL=AL+9~.u 

IF(AL.LE.2v0~.) GO TO 11 
9 STOP 

END 
GL,.Ju [i,JL: OF RECCR!J 
64Uv [1\~lJ FILE 



APPENDIX III 


PROPERTIES OF BEAM 
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APPENDIX III 

PROPERTIES OF BEAM 

Material 

Length 

Width 

Thickness 

Weight of the beam, M 

End mass, m ( shaker core + 
effective mass of the spring 

Mass ratio~ )1 (= m/M ) 

EI 
1

(_ El/.9 a)~ 

Mild Steel 

45 
11 

211 

3;8 
II 

9.45 1bs 

0.40 lb 

0.0424 

29.61 X 104 

2.28 X 104 

1 bf in? 

in? sec:l 



APPENDIX IV 


LIST OF EQUIPMENT 
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APPENDIX IV 

LIST OF EQUIPMENT 

1. Goodman's Vibration Shaker ( Model V. 390/200 ) 

2. Vibration Shaker Amplifier 

3.. R. C. Generator (Philips Z9.060.69) 

4. Ammeter 

5. Micrometer Proximity Transducer ( DISA 51011 ) 

6. Displacement Transducer ( DISA 51005 ) 

7. Oscillators DISA 51E02 ) 

8. Tuning Plug DISA 51E03 

9. Reactance Converters DISA 51E01 ) 

10. Storage Oscilloscope Tectronics 564 

http:Z9.060.69
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