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Abstract

A recent result (see [12]) was the construction of a quasianalytic class
containing all transition maps at hyperbolic singularities with logarithmic
monomials in their series expansions. The end goal being obtaining o-
minimality of this structure, we need an extension to several variables stable
under certain operations (such as blow-up substitutions). As a first step to-
wards the several variable extension, we construct a quasianalytic Hardy
field extending the previous class where the monomials are now allowed to

be any definable function in Rap exp-
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1 History and Motivation

“This is the question as to the maximum number and position of Poincaré’s bound-
ary cycles (cycles limites) for a differential equation of the first order and degree
Y

d — Y where X and Y are rational integral functions of the n-th

of the form - X

degree in z and y.” (Hilbert, [4]). The second part of Hilbert’s 16th problem re-
mains unsolved to this day and a number of questions arise from Hilbert’s initial

statement:

Question 1. Is it true that a polynomial vector field on the real plane has a finite

number of limit cycles?

In 1923, Dulac claimed a solution of the first problem but it was found later that his
proof contained a gap. It was only in the early 1990’s that Ecalle and [lyashenko
proved independently that planar polynomial vector fields have finitely many limit
cycles. The idea of Dulac is that if a polynomial vector field has infinitely many
limit cycles, then they must converge to a polycycle (a finite collection of singular
points and orbits forming a Jordan curve); so the problem was reduced to proving

the non-accumulation of limit cycles on polycycles.

Question 2. s it true that the number of limit cycles of a polynomial vector field

of degree d on the real plane is bounded by a constant depending on d only?

If the second problem has an affirmative answer, the bound is called the Hilbert
number and is denoted H(d). Only the case d = 1 is known and H(1) = 0, as

linear vector fields have no limit cycles.
Question 3. Find an upper bound for H(d).

The second question can be reduced to studying analytic families of real analytic

vector fields (see [6] for details):

Question 4. Is there a uniform bound on the number of limit cycles in analytic

families of real analytic planar vector fields?

1
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A positive answer was given in [8] if we restrict ourselves to vector fields with
compact parameter space having only isolated non-resonant hyperbolic singulari-
ties. In order to obtain locally uniform bounds on the number of limit cycles, the
approach was using quasianalyticity and its connection to o-minimality:

Let £ be a real analytic vector field in R? and I" a polycycle of € with hyperbolic
non-resonant singular points pg, p1,...,pr and trajectories 7o,...,x connecting
the p;’s in the order following the flow. For each ¢, it is possible to choose trans-

verse segments A; , AF sufficiently close to p; such that:

e there exists real analytic maps h; : A — A7, representing the flow of &

from A to A4,

e cach trajectory starting on A; sufficiently close to p; crosses A near p;. We

can therefore define correspondence maps o; : A; — A

The Poincaré map o is then represented by the finite composition ¢ = hy o g},

-+~ 0071 0 hg ooy where each 0; 0 e is an almost reqular map:

Definition 1.1 (see §0.3 in [6]). The germ of a map f is said to be almost regular
if it has a holomorphic extension f to some standard quadratic domain 2 (see 2.3)
and can be expanded in an asymptotic Dulac exponential series in this domain,

ie., if:

= o(e7"N*) as |z| = 400 in (2

i(2) = ) Pi(z)e

j=0

VN €N,

where P; € R[z] with Py € R”? and 0 < g < 1y < ... with lim v, = 400. We

n—-+o0o

denote by Z, the class of all almost regular maps.

In the case where the singularities are non-resonant, all the P;’s are actually real
numbers and it is proven in [8] that the h;’s and the 0;’s (and hence o) are definable

in a same o-minimal structure which leads to uniform bounds on the number of
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Figure 1: Example of a polycycle for &

limit cycles in this case.
This thesis is part of an ongoing project with P. Speissegger and T. Kaiser aiming at
modifying the procedure presented above in order to settle the general hyperbolic

case where one of the main difficulties is that the P;’s are not constant.

Objective. Given an analytic family & of real analytic planar polynomial vector
fields with hyperbolic singularities, we want to construct a multivariable quasi-
analytic algebra (stable under the operations needed for o-minimality) containing
all the corresponding transition maps and prove that the obtained stucture is o-

minimal.

A recent result (see [12]) was the construction of a quasianalytic field with log-
arithmic generalized power series as asymptotic expansions, containing Z. The
monomials in the construction were in the set {e¢=!°% |k € N} (log,, := logo - --olog
(k times) and log, := id).

In order to obtain o-minimality of this class, we need an extension to several vari-
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ables stable under certain operations (such as blow-up substitutions). We want,
for example, stability under substitutions such as x — xy which will map log,
to log(logz + logy) which is not an element of (7, e, 1, i, ...). The idea is
instead to first replace (z,log,log,,...) by any definable curve (fo, f1, f2,...) in
Ranexp and then extend to several variables. As a first step towards the several
variable extension, we construct in this thesis a quasianalytic Hardy field extend-
ing the class obtained in [12] where the monomials are now allowed to be any

definable function in Ry exp-

2 Setup and Definitions

2.1 Series

2.1.1 Generalized Series

Definition 2.1. A set of monomials is an ordered set (9, <) of germs at 400 of
real one-variable functions. A subset S C 9 is said to be Noetherian or anti-well

ordered if there is no strictly increasing infinite sequence of elements in S.

In our case, the monomials will be elements of H,,exp Which has a total linear

order (further details are given in section 2.4).

Definition 2.2. Let K be a field of coefficients and 90t be a group of monomials.
For a function f : M — K, we define its support to be the set supp(f) := {m €
M| f(m) # 0}. If supp(f) is Noetherian, we call f a generalized series, and the
set of all generalized series with coefficients in A and monomials in 91 is denoted
by K((9)). We also denote f by > oy frm where f,,, := f(m) is the coefficient

of the term m € supp(f).

Remark. K((90)) is an abelian group where addition of two elements f and g is
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defined as follows:

f+g:=" (fn+gn)m

meM

Definition 2.3. Given a non-zero element f € K((91)), the maximal element in

supp(f) is called the leading monomial of f and is denoted Im(f).

Fact 2.4 (see [15]). K((9M)) is a field where multiplication of two elements [ ang
g 1s defined by:

fg:="> (Z fpgq) m.

meM \pg=m
We assume for the rest of the section that 9t is equipped with a total linear

order.

Definition 2.5. A subset S C M is said to be natural if for all m € M, SN[m, +o00|

is finite.

Remark. If a set is natural, then it is Noetherian. Naturality ensures that the
support doesn’t have accumulation points. For example, S := {--- < eFT < ov <

e < e’} is Noetherian but not natural.

Lemma 2.6. Let S, 5" C M be two natural subsets and assume that M is closed

under multiplication. Then, the following holds:
(1) FEvery subset of S is natural with the induced ordering
(2) SU S’ is natural
(3) S-S5 is natural
(4) If S < 1 and for all k € N, S* is coinitial in M, then S* := kUN S* is natural.
€

Proof. (1) Follows immediately from definitions.

(2) Follows from (S'US") N [m,4+o00[C (SN [m,+oc]) U (SN [m,+ool).
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(3) We first assume that S,5" < 1. Let m € M, then S-S5 N [m,+oo[= {n; =
5585 }jes for some index set J. Since S,5" < 1, n; = ;8 < 55,8, < 1 for all
j € J so{s;j}jes and {s)};cs are both subsets of [m, +o0o[. By naturality of
S and S’, they are both finite so {n,};e; must be finite as well. Now, for
the general case, if S is natural, then for any m € M, S N [m,+oo] has a
maximal element s,;. Then, for all s € S, $ < 1 and we can work with the

set % instead (if S' N [m, +oo[= 0, we just take sy :=m).

(4) Let m € M, then S N [m,+oo[ is finite, say it is equal to {so,...,s;} with
so < --- < s;. Then, for all k € N, the maximal element of S* is s.
Since the powers of elements of S are coinitial in M, there exists ky € N
such that s5° < m which implies that $* N [m, +oo[= 0. Now, (s")pen is
a strictly decreasing sequence so for all k > ko, S* N [m, +oo[= (. Hence,

SENm,4+oo[= U (S%N[m,+o0[), which is finite by naturality of each
0<k<ko
Sk,

2.1.2 Generalized Power Series

Definition 2.7. Let R be a ring and X = (Xj,..., X)) be a k-tuple of indeter-

minates. We consider formal power series of the form:

FX) =) a. X"

[0}

where a = (ay,...,a;) € (RZ0)F and X* = X ... X*. Given [ as before, we
define the support of f as supp(f) := {a| a, # 0} C (RZ%)k. We define the set of
generalized power series, denoted by R[[X*]], to be the set of formal power series

with Noetherian support.

Definition 2.8. A set S C (R=%)* is said to be natural if for every compact box

B Cc R¥, AN B is finite.
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2.2 Hardy Fields

The contents of this section are taken from [2].

2.2.1 Germs

Definition 2.9. We say that two functions f, g : R — R ultimately agree if there
exists a € R such that fi, 10| = gla,400[- It is an equivalence relation and the

equivalence class of a function f is called the germ of f at +oo and is denoted

germ(f).

Remark. The set of germs forms a ring with addition germ(f) 4+ germ(g) :=
germ(f+g) and multiplication germ(f)-germ(g) := germ(f-g). If f is ultimately

differentiable, we define germ(f) := germ(f’).

Definition 2.10. A set of germs is called a Hardy field if it is a field closed under

differentiation.
From now on, we will denote a function and its germ by the same symbol.
Facts 2.11 (see §1 in [2]). Let K be a Hardy field, and f € K, then:

(1) wltimately, either f(z) =0, f(z) >0 or f(x) <0 so K can be made into an

ordered differential field by defining f > 0 if f(x) is ultimately positive,

(2) wultimately, either f is constant, strictly increasing or strictly decreasing.

2.2.2 Dominance Relations

Definition 2.12. Let (K,0,1,+,—) be a field. A dominance relation on K is a

binary relation < on K such that for all f,g,h € K:
(1) 0<1

2 f=2f
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3) f=<gandg=<h=f=<h
(4) f2gorg=f

(5) LA #0, (f 2 g fh = gh)
6) (f<handg=h)=f+g=h

If f < g, we say that f is dominated by g. If f < g and g < f, we say that f and
g are asymptotic and write f < g. If f —g < f, we say that f and g are equivalent
and write f ~ g (note that f ~ g implies f =< g).

Given f € K, we say that f is bounded if f < 1, infinitesimal if f < 1 and infinite

if f>1.

Fact 2.13 (see §1 in [2]). If (K, <) is an ordered field, then 0 < f < g implies
f =g If (K ,<,0) is a differential ordered field with constant field C, then f <
g & dce C7Y | f| < clg| is a dominance relation so every ordered differential field

and in particular every Hardy field can be equipped with a dominance relation.

Fact 2.14 (see §1 in [2]). There is a bijective correspondence between dominance
relations on K and valuations on K. In other words, if v is a valuation on K,

then the following relation is a dominance relation:

f=g9:=v(f) =v(g)
Conversely, if < is a dominance relation on K, then K= :={f e K| f X1} isa
valuation ring of K with mazimal ideal K=* :={f € K| f < 1}.

In a Hardy field, the dominance relation in fact 2.13 can be interpreted in terms

of limits at +o0:

Facts 2.15 (see lemma 1.3 in [2]). Let K be a Hardy field and f,g € K, then the

following holds:
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(1) f<ge lim 8 eRr

r—+00 9(z)

(2) f<ge lim L2 =90

z—>+o00 I

(3) fxg<& lim g(—z)ER*

T——+00 (x)

4) frge lim 12 =1

5 +oo 9(@

Some useful properties of Hardy fields:

Facts 2.16 (see proposition 1.4 in [2]). Let K be a Hardy field and f,g € K*,

then the following holds:

(1) flg#l=(f=2gef 2d)

(2) f1le <1

2.2.3 Archimedean Classes and Comparability Classes

Definition 2.17. Let (G,<) be an ordered abelian group and a € G. The

archimedean class of a is the set {g € G |3In > 1,|a| < nlg| and |g| < nla|}.

Definition 2.18. Let K be an ordered differential field with field of constants C'.
For f,g € K with f,g > 1, we say that f is comparable to g if there exists n > 1
such that |f] < |g|" and |g| < |f]". Comparability is an equivalence relation and

the equivalence class of f is called the comparability class of f and is denoted [f].

Lemma 2.19. Let K be as above and f,g € K be in the same archimedean class.

Then, e/ and €9 are in the same comparability class.

Proof. For simplicity of the notation, assume that f,g > 0. By definition, there

exists n € N such that %g < f < ng, then (eg)% —end <ef <em = (e9)™. O
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2.2.4 Quasianalytic Algebras

We assume in this section that GG is a multiplicative subgroup of some Hardy field

H of C* germs at +oo.

Definition 2.20. Let F' = ) ¢,;m be an element of R((G)) where the valuation

map is injective on G. For ¢ € G, we say denote by F, := ) ¢,,m, the truncation
mz2g

of F' above g. Note that since supp(F’) is Noetherian, F}, is finite.

Definition 2.21. A tuple (K,G,T) is called a quasianalytic asymptotic algebra

if:
(1) K is an R-algebra of C*> germs at +o0.

(2) G is a multiplicative subgroup of some Hardy field H of C* germs at +o00

and the valuation map is injective on G.
(3) T is an injective R-algebra homomorphism from K to R((G)) such that:

e T(K) is truncation closed, i.e., for every f € K and g € G, there exists
h € K such that T'(h) =T(f),,

o VfEKVge G |f(zx) =T (T(f)y) (x)] = o(g(x)) as x — +o0.

In our case, the valuation map on GG will not be injective so we need to generalize
the definition for truncation in a series. The idea is to work with equivalence classes
of series and to group all monomials with the same valuation together when we do

the truncation:

Definition 2.22. Let F' = > ¢,,m be an element of R((G)). For ¢ € G, we denote

by F, :== ). ¢um, the truncation of F' above g. Note that F, is finite for this case
mzg

as well.

Definition 2.23. A tuple (K,G,0,T) is called a generalized quasianalytic asymp-

totic algebra if:

10
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(1) and (2) hold as in definition 2.21 without the valuation independence as-

sumption

(3) T is an injective R-algebra homomorphism from K to R((G))/O where O is
a prime ideal of R((G)) and the following holds:

e T'(K) is truncation closed

o forall f € K,g € Gand F suchthat T'(f) = F+O, |f(z)—® (F}) (z)| =

o(g(z)) as x — +oo where ® is defined as follows:

Let R :={F e R((G))|3f € K,T(f) = F+0O}. We define ®: R — K
to be the surjective map F' +— f so that for all f € K with T'(f) = F+O,
T(®(F)) =T(f) = F + O. Note that since T'(K) is truncation closed,
for every F € R and g € G, F, € R.

2.3 Standard Quadratic Domains and the Phragmén-Lindelof
Principle

As mentioned in the introduction, transition maps at hyperbolic singularities have
holomorphic extension to standard quadratic domains and for the rest of the thesis,
we will work with germs of functions having asymptotic expansions holding in

standard quadratic domains.

Definition 2.24. A subset of C is called a standard quadratic domain if it is of
the form Q¢ := {z + Cv/1+ z| Re(z) > 0} for some C > 0.

Fact 2.25 (Phragmén-Lindel6f principle, Lemma 24.37 in [7]). Let © C C be a
standard quadratic domain and f : Q — C be a holomorphic function. If f is
bounded and for alln € N and z € Q, f(z) = o(e™"*) as |z| = 400 then f is the

0 function.

Definition 2.26. Let & C C be an open set. A function ¢ : U4 — C is said to be

conformal if it is holomorphic and injective.

11
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Fact 2.27 (see section 14.7 in [11]). IfU is a domain, then ¢ : U — C is conformal

1

if and only if it is biholomorphic (i.e. both ¢ and ¢~ are holomorphic).

Lemma 2.28. For all C > 0, oo : C°° — C, with ¢c(z) := 2+ CV/1+ 2z is

conformal.

Proof. The principal square root is holomorphic on C\ R=?. Hence, 2z + 2z +
C'v/1 + z is holomorphic on C>Y so ¢ is holomorphic on C>° as well. For injec-

tivity, we prove that ¢ has a compositional inverse:

w=z+CvV1+z2
=(w—2)? =C*1+2)
sw? —2wz+ 22 =C?+ (0%
2
@22—2(w+%>z:02—w2
2 2
w2 (wr §)er (w1 §) merwe (w0 §)
2 , , o
(:)( ( 7)) =C? -+ W2 -I—Cw—kz
2
02
<:>( +7—Z> = (? (1+W+Z>
2 2
:>w—|—C——z:C\/1+w+C—(*)
2 4
2 2
:>z:w+%—0\/1+w+%

5 2
) follows from the fact that Re(z) > 0 implies Re [ (w + & — 2 > (0 and
(*) p S

Re(l—l—w—i-%) > 0. Hence, 9051 is the holomorphic map z +— z+%2—0\ /1+ 2+ %2

SO ¢ 1s injective. [

Facts 2.29. For all o, C, D > 0, the following holds:

12
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(1)

V1 241 V1 2—-1
Q) = pc(iR) =< C %—i—i r+ Csgn(r) ++ |reR

(2) There exists a continuous function fc : [C,+o00[— R such that Im(pc(ir)) =
fo(Re(pe(ir))) for all v € R and fo(r) ~ 2 (%)2 In particular, for all
C >0, z € Q¢ if and only if Re(z) > C and |Im(2)| < fo(Re(2)).

(3) QC + aQC - Qmin(l,a)C
(4) Log(Qc) C 2p

(5) If D > C, then there ezists ¢ > 0 such that V-(Q2p) C Q¢ where V.(A) =
{zeC|d(z,A) <}

(6) There exist k, K such that keK VIl < |e?| < el for || large enough in Q¢

Proof. (1) By the open mapping theorem, since ¢ is biholomorphic, it is an

open and closed map. Let U := C>Y then §(U) = iR so the following holds:

wc(iR) = oo (6(U))

= pcU) \ pc(U°) (¢c is injective)

C (pcU)) \ pcUU)° (¢c is open and closed)

= 0(2c)

Likewise, p5'(0(2¢)) C §(U). Hence, the first equality holds. The second
equality follows directly from the formula of the principal square root in

cartesian coordinates:
Vz=1/ w + isgn(Im(z))4/ w for z € C\ R=’

13
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2
(2) Let go : [C,4+00[— R be the map x \/(2 (%)2 — 1) — 1. It is easy to
check that for r € R, g.(Re(pc(ir))) = |r| and that g.(z) ~ 2 (%)2 Now,

define fo(z) = go(z)+C Ve L o g € [C, +00|. Then, for all r > 0,

fe(Re(pc(ir))) = Im(po(ir)).

(3) , (4),(5) and (6): see [12].
[

Definition 2.30. A set Q) C C>? is said to be a standard domain if there exists

a >0 and f :]a, +o0[—]0, +oo] such that:
Q={z€C| Re(z) >aand |[Im(z)|] < f(Re(2))}.
In particular, every standard quadratic domain is standard domain.

2.4  Hanexp and Geometrically Pure Functions

The content of this section comes from work in progress by P. Speissegger and T.
Kaiser (see [9]). Recall that the objective is to generalize the construction done in
[12] by allowing any germ in Hap exp (the Hardy field of all germs at +oo of unary
functions defined in R,y exp, see [14] and [15] for more details) as monomials. The
main issue is that these germs do not in general verify the desired holomorphic ex-
tension properties. We need each f; o fj_1 (j < i) to have a holomorphic extension
f; o fj_l : ;; — C where ;5 is a standard quadratic domain and such that §; o fj_l
maps standard quadratic domains into standard domains. It turns out that there
is a subset of Han exp, called geometrically pure functions of level at most 0, that
verify these properties. Moreover, every germ in Hay exp can be decomposed as a

finite sum of geometrically pure functions.

More precisely, in [10], it is shown that R, exp is levelled, i.e. that every definable

14
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infinitely increasing function has level.

Definition 2.31. Let f be an element of Hapexp. We say that f has level s € Z
if there exists k € N such that log, (f) ~ log,_,. Then, s is unique and we write

level(f) = s.

Without giving the precise definition, we can also associate to every element
f in Hanexp @ complexity corresponding to the number of times exp is used in
the construction of the term in Loy explog (S€€ introduction of [14]). We call this

complexity the ezponential height of f and denote it by eh(f).
Example. For all k£ € N, we have:
e ch(log,) = level(log,) = —k, in particular eh(z) = level(z) =0
o ch(expy(z)) = level(expi(x)) =k
e ch(z + exp(—x)) = 1 but level(z + exp(—x)) =0
o for all f € Hanexp, level(f) < eh(f).
Facts 2.32. The set & := {f € Hanexp |eh(f) < 0} verifies the following:
(1) & is a differential subfield of Han exp
(2) & is stable under composition, i.e. for f,g € E with g =1, fog € &.

Definition 2.33. An infinite element f is said to be geometrically pure if eh(f) =
level(f).

Facts 2.34. Let f and g be such that x > f > g. Then the following holds:
(1) if both f and g are geometrically pure, then eh(go f~1) <0,

(2) if eh(f) < 0, then f has a holomorphic extension § on the right half-plane

that maps standard quadratic domains into standard domains.

15
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Facts 2.35. (1) For all f € Hanexp, there exist geometrically pure g1, ..., gk

such that f = g1+ -+ + gx.

(2) For all f € Hanexp, there ezist unique h € Han exp, ¢ € R and g geometrically
pure such that f = g+ h + ¢ with level(g) = level(f) and h is either 0 or
level(h) > level(f).

The holomorphic extensions of pure functions verify the following properties

that will be important when doing the construction.

Facts 2.36. Let x > f,g = 1 with holomorphic extensions f and g be such that
eh(f),eh(g) < 0. Then the following holds:

e—7(2)
e—9(2)

(1) if e~/ = o(e79), then lim

|z| =>+o0

= 0 on any standard quadratic domain

Q,

(2) if lim f(z)=c € R andlevel(f) <0, then lim f§(z) = c in the right half

z—+00 |2 =400

plane and level(e=/) < 0.

16
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3 Construction of a Quasianalytic Asymptotic

Algebra

Notation. Let 2 be a standard quadratic domain and f,g : @ — C be two

holomorphic functions. We write:

f(z)

o [f| = o(|g]) if lim 0(2)

|z]—+00 in

=0

f(2)

o0z 1s a non-zero real number.

o |fl <|g|if lim

|z| =400 in Q

~

3.1 Valuation Independent case

Let fo, f1,..., fx be elements of H,y exp verifying:
Pl.x=fo>fi>-->fr>1
P2. fo, ..., fr are in distinct archimedean classes
P3. for all 0 <i < j <k, eh(f; of;l) <0.

Since the f;’s are in distinct archimedean classes, the monomials e~/ belong to

distinct comparability classes; in particular, they have R-independent valuation,

ie. forall ry,...rp € R, if rv(e ™)+ +rw(e ) =0, thenr; =+ =7, = 0.
Notation. Given the tuple (fy,..., fx) we introduce the following inductive no-
tation:

hd f<k> = (fo, f1, .- -7fk)7

o [ =(fiofit . fro fih),

o [<" ={(fimro f];_lpfk o f;;_ll),
o < =(frofi") = (fo)

17
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3.1.1 Base case: k=0

In the base case, the coefficients in the series expansion are real numbers and the
monomials are powers of e=*. We let M(fy) :=< e /0 > be the R-multiplicative
vector space generated by {e=/0} so each element n € M(f;) is of the form e=@*

for some o € R. Each monomial n has a holomorphic extension n := e~“* to the

right half plane and |n(z)| = n(Re(z)). If @ > 0, then n and n are bounded.

Definition 3.1. Let Aj<o> be the set of germs at +oo of functions f : R — R

such that:

(1) f has a bounded holomorphic extension f : Q — C where € is a standard

quadratic domain

(2) there exists a series FF = > a,n with natural support included in
meM(fo)
M(fo)=! and a,, € R such that:

Vm € M(fo), = o(|m|) as |z| = +o0 in Q.

f—Zann

n>m

In that case, we say that F'is an asymptotic expansion of f and write f ~ F.

Remark. The set Aj<o> o (—log) contains all analytic functions near 0% and all
correspondence maps near non-resonant hyperbolic singularities of planar real an-

alytic vector fields (see [8] for details).

Lemma 3.2. Let m and n be elements of M(fy), then m = o(n) < |m| = o(|n|)

on any standard quadratic domain.
Proof. 1t directly follows from fact 2.29(6). O

Lemma 3.3. Let f and g be elements of Ag<o> and let Q be a standard quadratic

domain on which both f and g have bounded holomorphic extensions. Then f =

o(g) & |fl = o(lg|) on €.

18
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Proof. Assume that f ~ F = a,n and g ~ G = b,n with leading monomials

mg and ng respectively. Then, the following holds:

f(2) — agmo(2)
m()(Z)
flz) 1‘ _ 0

aomo(Z)

lim =0

|z|]—=+o00 in Q

=

|z|]—>+o00 in Q

= [§(2)] = ao [mo(2)| < |mo(2)] (a0 € RY)

Likewise, we obtain that |g(z)| =< |ng(2)|. Since a standard quadratic domain

contains the positive real line, we also have:

f

apMmyo

lim
r—r-+00

-1 =0

Hence, f < mg and g < ng. Now, using lemma 3.2, we obtain that my = o(ng) <
|mo| = o(|ng|) on Q so the desired equivalence follows.

]

In order to show that A <o> is an R-algebra, we need the following lemma for

the multiplication of two series.

Lemma 3.4. Let f ~ F = > amandg~G= > byn be elements of
neM(fo) neM(fo)
Af<0>. Then,

(1) For all n € M(fy), there are finitely many elements p € supp(F') and q €

supp(G) such that pg = n.

(2) The set supp(FG) ={n e M(fy)| > apby # 0} is natural and included in
pg=n
M(fo)=".

Proof. (1) Let P, := {p € supp(F) | 3¢ € supp(G),pq = n} and Q, = {q €
supp(G) |3p € supp(F), pq = n}. Then, since both supp(F') and supp(G) are

subsets of M (fo)S', n =pg <pandn=pg<gqforalpe P, and q € Q,.
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Hence, P, and @), are subsets of [n,+oo[ and by naturality of supp(F') and

supp(G), they must both be finite.

(2) supp(F'G) is natural by lemma 2.6(3). Also, since both supp(F') and supp(G)
are subsets of M(fy)=! and supp(FG) C supp(F) - supp(G), we obtain that
supp(FG) C M(fy)=! as well.

Lemma 3.5. As<o> is an R-algebra.

Proof. We just need to check that Ay<o> is a subalgebra of the algebra of germs
of functions at +oo. Let f,g € Ay<o>, then there exists C, D > 0 such that f
and g have a bounded holomorphic extension to the closure of standard quadratic

domains Q¢ and Qp respectively. Also, there exist series FF = > a,n, G =
neM(fo)
> byn with real coefficients such that f ~ F on Q¢, g ~ G on Qp and
neM (fo)
supp(F), supp(G) C M(fy)=! are natural.

e Let r € R, then rf also has a bounded holomorphic extension to {2¢ and

rf— > (ra,n

n>m

for all m € M(fy), = o(|m|) and supp(rF) = supp(F) C

M(fo)<! is natural.

e Let £ := min{C, D}, then Q¢,Qp C Qg so f+ g has a bounded holomorphic

extension to Qg and for all m € M(fy), |f+9— > (a, + by)n| = o(Jm|) and

n>m

supp(F + G) C supp(F) Usupp(G) C M(fo)=! is natural.

e By the same argument as above, fg has a bounded holomorphic extension

to Qg. Now, for all m € M(fy), we have:

(S (Son) = 5 (S

n>m n>m n>m \pg=n

where Y apyb,ande= )] ( > apbq> n are finite sums (by lemma 3.4)

pg=n m>n>m?2 \pg=n
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and |e| = o(|m|) (since supp(e) < m). Hence, the following holds:

fa— > (Z apbq> n

n>m \pg=n

fo—FY ban+f> bun— (Zan”> (Zb,m) t+e

n>m n>m n>m n>m

<Ifllg =Y ban[+ 1> banllf = > aun| +e]

n>m n>m n>m

= o(|m|)

> bpn

n>m

finite sum of bounded elements). Hence, fg € A(fy) and fg ~ FG.

The last equality follows from the boundedness of |f| and (as a

Lemma 3.6. If0~ F = Y aun, thena, =0 for alln € M(fo).
neM(fo)

Proof. Assume that supp(F) # 0 and let mg be the leading monomial of F. Then,

10— > ann| = o(|m,]) is equivalent to |agm,| = o(|m,|) and since ay € R, we

n>mqo

must have ag = 0.

Corollary 3.7. Each f € Ag<o> has a unique asymptotic expansion.

Proof. Assume that f ~ > a,n and f ~ > b,n, then F := > (a, — b,)n is an
asymptotic expansion of 0. By lemma 3.6, (a, — b,) = 0 for all n. € M(fy).
O

Definition 3.8. Let f € A<o> with f ~ F', we define Ty<o> : Ay<o> — R((M(fo)))

to be the map f +— F.

Lemma 3.9. Let f # g be elements of Ap<o>. Then, f and g have distinct

asymptotic expansions.

Proof. Assume that f and g have the same asymptotic expansion, then |f — g| =

o(|m|) for all m € M(fo). In particular, it holds for m; := e™7* € M(fy) (j € N)
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so by the Phragmén-Lindeldf principle (fact 2.25), [f —g/|=0on Qso f—g=0

ie. f=g.

O

Corollary 3.10. T't<o> is a well-defined and injective R-algebra homomorphism.

Proof. Follows directly from corollary 3.7 and lemma 3.9.

Lemma 3.11. (1) Tj<o>(Ay<o>) is truncation closed.

(2)

For all f € Ag<o> and m € M(fo), |f — Tf_<10> ([Ty<o>(f)] )| = o(|m|) as

|z| = 400 in Q.

Proof. Let f € Aj<o> with f ~ F where F':= > a,n and fix m € M(fo).

(1)

neM (fo)

We need to show there exists g € Ay<o> such that Ty<o>(g) = [T<o>(f)] =

F,.. It m <supp(F), F,, = > a,n = F so we can just take g := f. Oth-

n>m
erwise, Fy,, = Y apn is a finite sum of bounded elements (since supp(F) is
n>m
natural and included in M(fy)=!) so §m := Y. a,n is a bounded holomor-

n>m

phic extension of F},, to any standard quadratic domain.
We want to show that we can take g := F, with itself as asymptotic ex-
pansion so we need to prove that for all t € M(fy), |§m — (Fun)el = o(|t])

(where (§w): is the truncation of the finite sum §,, above t). If t < m,

then (§m): = > an = Fm 50 [T — Fw)el = 0 = o(|t]). If not,

n>m and n>t

> apn

t>n>m

1Gm — (Fm)e| = = o(|t|). Hence, g = F,,, € A(fy) as desired.

Now, T f_<10> ([T¢<0>(f)] ) = g has a bounded holomorphic extension g and

we obtain by definition of f ~ F'

I§—§| = 0 = o(m) if m < supp(F)
F—9l =
[f — > ann| = o(m) otherwise

n>m
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O
Corollary 3.12. (A<os>, M(fo), T<0>) is a quasianalytic asymptotic algebra.

Proof. 1t directly follows from lemmas 3.5, 3.6, 3.7, 3.9 and 3.11.

]

We can formally extend A<o> to its fraction field but we also want the multi-

plicative inverses to have compatible asymptotic expansions.

Lemma 3.13. Let f € Ag<o> \ {0} with f ~ F, then § ~

1
F.
Proof. Let f be a nonzero element of Ag<o> with asymptotic expansion F' =

> ayn. Let my be the leading monomial of F i.e.:

[F = aomo| = o(|m,|)

Let e := L —1and E := £ — 1. Since mg = e~ for some ag > 0, it
apmo apgmo

has a bounded holomorphic extension m, : 5 — C\ {0} to the closure of some
standard quadratic domain 2. Since £ < 1, it also has holomorphic extension
e = —L— —1 to some standard quadratic domain .. To show that it is an element

apmo

of Ag<o>, we need ¢ ~ E (which implies that ¢ is bounded). Let m € M(f,) and
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let &,, be the holomorphic extension of E,, on (2. then:

n>mom
f— > apn
= lim n=rmom =0
|z| =400 mem
f— > apn
= lim L )
|z|—>+o0 apmem
: 1 ap N
= lim |- N Y S ——1||=0
|z| =400 | M apm, ap M,
n>mom
) e—¢ ) E
= lim =1 =0 (since E,, = /" —1)
|z| =400 m agMmy

= le = €y| = o(|m|)

Since supp(£) < 1, (supp(F))* is natural by lemma 2.6. Let m € M(fy), we

need to prove that:

= o(|m|)

keN

1 k gk
l+e <Z<_1) QE)

Since (supp(F))* is natural, there are finitely many powers of E whose sup-
port contain the monomial m. In other words, there exists k,, € N such that

supp (3 psp,. (—1)"EF) N [m, +o00[= 0, hence:

24



M.Sc. Thesis - Zeinab Galal McMaster University - Mathematics

Hence, the following holds:

1
_ _1)kek
e (D)
keN m
1
=l 2 (Ve D0 (D - 3 (LM E,
k<km+1 k<km+1 k<km
1
(e X e e e e
Te k<km-+1 k<km
We use the following facts:
1) [de = 5 (1] = ofle ) = ofm) since ekt — (€)=
SKEm+

o(|m|) and [(€"*1),.| = o(|m]) (since supp((E™+1),,) < m)

(2) |(=1)kmFlehmtl| = o(Jm|) for the same reason as above

(3) for all k € N, |eF — (€*),,| = o(|m|) and since | Y (=1)%(eF — (€¥),,)] is a

finite sum, it is equal to o(|m|) as well.

1 kok| _ od 1 1
Hence, |7z — > (=1)%€"| = o(|m|) for all m as desired i.e. = ~ 5.
k<km+1
—1._ _1 1 1 1
Let F7 = —— 1+E, then v 1+6 ~ F~ O]

Definition 3.14. Let Fy<o> denote the fraction field of Af<o>. After extending

Ty<o> to Fy<o> accordingly, we obtain that (F<o>, M (fy), T<o>) is a qaa field.

Remark. Elements of Fy<o> are not necessarily bounded or have a bounded holo-
morphic extension and the support of the corresponding series may contain (finitely
many) infinite monomials (i.e. the condition supp(F) C M(fy)=! doesn’t hold any

more).
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3.1.2 Inductive step: k£ >0

Definition 3.15. Let A<k be the set of germs at +oo of functions f: R — R

such that:

(1) f has a bounded holomorphic extension f : Q — C where € is a standard
quadratic domain
(2) there exists a series FF = > (a, o fi)n with natural support included in

meM (fo)
M(fo)=' and a,, € Fy<r-1> such that:

VYm € M(fo),

f— Z(an of)n

n>m

=o(|m|) as |z| = 400 in Q.

In that case, we say that F'is an asymptotic expansion of f and write f ~ F.

The construction of A;<k> is inductive. The first step is to construct As<o> =
‘A(fkof;l) (which corresponds to the base case k = 0 described in the previous
section). In the second step, the coefficients are elements of F<o> composed with
fro fk__ll and so on. In the last step, described in definition 3.15, to obtain the
coefficients, we compose elements of F<x—1> with fi o fo' (= f1). For all these

steps, the monomials are always elements of M (fy) i.e. real powers of .
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x=fo>fi>>fi step k: construction of Ag<k>
S = (fo, fio- -5 fr)

> . _ — ~ ~1 <k—1>
o(fiofo )| =oft f nez\%:(fo)(an o fio fy )n, where a, € Fy<r
r=fiofit>-> fuofi! step k — 1: constructlon of Arcr—1>

f<k > =(fiofit . feo i)
—1

o(fao )| = ofi o fy! fro 2 (anofao fijn, where a, € Fra

v=foofyt>faofyt > > frofy? step k — 2: construction of Aj<i—2>

r=fr_10 f1;11 > fro f1:1 ste1<)1>1 constructlon of Ap<i>
/ = (fr— 1Ofk 1afkofk; 1)
S _ _ ~ .> —1
o( fro fk-,l1) H=ofi_10 I ! f ne]\%:(fo)(anofk o f,_1)n, where a, € Fp<o>
= frof! step 0: construction of Ag<o>

f<0>_(fk:0fk ) = (fo)

f~ > apn, wherea, € R
neM (fo)

Example. If we take fo > f; := log, then Aj<i> o (—log) contains all f ~
Y nen Pn(log z)x™* where P, € R[z] and (vy,)nen is a strictly increasing sequence
of positive real numbers with lim,,_, ., v, = 4+0c0. In particular, it will contain all

correspondence maps near hyperbolic singularities of planar real analytic vector

fields.

A key point that we will use several times is that |a, o f,(2)]| is larger than any

Re(2) - A consequence

positive power of e~ R**) and smaller than any positive power e
of this lemma is that even if a, o f; is infinite (elements of the fraction field are

not always bounded), |a, o f,(z)| is still bounded.
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Lemma 3.16. Let f ~ F = > (a, o f1)n be as in definition 3.15, then for all

n € supp(F) and a > 0, e 2R = o(|a, o f,|) and |a, o f,| = o(e*T) on Q.

Proof. Let n € M(fy). Since, by definition, a, € Fj<r-1>, a, ~ G for some
G = Y (b0 fao fi')q where ¢ € M(foy), b, € Fi<r—2>. Let gy be the leading

monomial of G, then by induction:
e ARe() — o(|boof. o f*|) and |byof, 0 f | = o(e? B for all § > 0

which implies:
(1) |b6o0f, 0f | > |qo| and
(2) e~ BRe(f1(2)) — o(|by o f.|) and |b, o f,| = O(eﬁRe(fl(z))) for all 8> 0

Since fo = f1, e PN = e=fo and et < e*fo for all @ > 0. Hence, e~ *Re(2) =
o(|b, o f,(2)]) and |by o f.(2)| = o(e*Re)) for all & > 0. The first point implies

0(q,) = o((by 0 f, 0§, *)qo) so the following holds:

’an —(boof, 0 fl_l)q0| = 0(q0) = o((bo o f, 0, ")d0)

—~ lim ay — (boof, 0 7)o

=0
|z|—+o0 (bo of,o0 fl_l)qo

= [a,| =< |(bo of,0 fl_l)qo‘
= |ag o fu| < |(bo 0 §.)(q0 0 f1)]

=) [q, 0 ] = o(|ay 0 ful) and [y o fy] = 0(e® ™) [q, 0 ) for all a > 0

We have two cases: qo = 1 or qo = e~ %" for some ag > 0. In the first case,

|(qo © f.)| = 1 and we are done. In the second case, |(q,0f,)| = ’e‘aofl

= o(1)
s0 |ay o f,| = o(e*Re(®)). Since fy = fi, e7@ = e/ for all & > 0 so we obtain

e—aRe(z) — o(|ay o f,|) as desired.
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Corollary 3.17. Let f ~ F =) (a, o fi)n be as in definition 3.15, then for all

n € supp(F):
(1) o(n) implies o((ay o f,)n)
(2) |(ay o f,)n| is bounded.

Proof. (1) Since supp(F) C M(fo)=', n =e " (a,, > 0). Lemma 3.48 implies

that |a, o f,| > e~*"* = |n| s0 |a, o fyn| > |n|. Hence, o(n) implies o((a,0f, )n).

(2) If n = 1 and a; # 0, then it is the leading monomial of F' and we have
lf —a,of.] = o(l). Since [f| is bounded, |a,of,| is bounded as well so
|(ay o f,)n| is bounded as desired. Otherwise, n = e~ *** (q,, > 0) and the

following holds:

an Re(z))

lay o f,| = o(e by lemma 3.48

= (8 0 FJn] = ofe™ Rl 1)) — o(1)

Lemma 3.18. Let f and g be elements of As<i>, then f = o(g) < |f| = o(|g]).

Proof. Assume that f ~ F = > (a, 0 fi)n and g ~ G = > (b, o f1)n with leading
monomials mg and ng respectively. By lemma 3.48, o(m,) = o((a, o f,)m,) and

o(ny) = o((b, o f,)n,). Hence, the following holds:

[F = (a0 0 fu)mo| = o(|mo]) = of|(ao © f1)mo|)

= lim —f o © o)y =0
|z]—=+0c0 Clo o fl m,

= lim # — 1’ =0
|z]—+o0 (ao o) fl)mo

= [f] < [(a o f)mo| = |as o 1| mo(Re(2))
Likewise |g| =< b, of,|no(Re(z)). In a standard quadratic domain, |z| — +oo
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implies that Re(z) — 400 so we also have:

| FReG) o
ke | a0 o 71)(Re(2))mg (Rel(2)) 1'_0 d
S .

Re(z)—+oo | (bg o f1)(Re(2))ng(Re(2))

= f(Re(2)) = (ag o f1)(Re(z))mo(Re(2)) and g(Re(z)) =< (bo o f1)(Re(2))no(Re(2))

We have two cases, either mg = ng = 1 or at least one of following equalities
hold: mg = 7% (ap > 0) or ng = e~ (85 > 0). In the second case, we obtain
by lemma 3.48 that mo < ny = |a, o f;|mo(Re(z)) = o(|b, o f,|no(Re(z))) and

mo < ng = ag o fimgy < by o fing. Hence, the following holds:

§
mo = o(ng) if mg or ng < 1
f=olg) <
a00f1:0(b00f1) ifmoz’no:l
.
and )
mo = o(ng) if mg or ng < 1
il = o(lgl) < <
lao 0 f.| = o(|by o fu|) if Mg =mng =1

By induction, ag o fi = o(by o fi) < |asof.| = o(]b,of.|) so we obtain that

f=o0(9)  |fl = o(|g|) as desired. O
Lemma 3.19. Each f € As<r> has a unique asymptotic expansion.

Proof. 1t suffices to show that if 0 ~ F = > (a, o fi)n, then a, o f; = 0 for
all n € M(fy). Assume that supp(F') # 0 and let my = e~ (ap > 0) be the
leading monomial of F. Take m; = e % € M(fy) be such that a; > «ap and

supp(F) N [mq, mo[= 0. Then, the following holds:
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0— Z (aq o fi)n| = of|m,|)
n>mi
5ot |BoRme
|z| =400 my

= lim ‘(ao o) fl)e(al_a0)2| — O
|z]—+o0

Since oy > ay, ‘ |lim |e(°‘1_0‘0)z| = +oo. Also, by lemma 3.48, |a, o f,| =
zZ|—+00

o(|el®1=20)#]) Hence, we must have a, o f, = 0 which implies ag o f; = 0.

]

Lemma 3.20. Let f # g be elements of Ap<k>. Then, f and g have distinct

asymptotic expansions.

Proof. Assume that f and g have the same asymptotic expansion, then |f — g| =
o(|m|) for all m € M (fy). In particular, it holds for m; := e™* € M(fo) (j € N) so
by the Phragmén-Lindel6f principle (theorem 2.25), |[f —g| =01in Q so f — g = 0.

O

Definition 3.21. We define the function Ty<x> from Ap<is> to R((M(fo, ..., fx)))

inductively by:

fr Z ((Tp<r-1>(an)) o fi) n where f ~ Z (an o fi)n

neM(fo) neM(fo)

k+1

So Ty<r>(f) is a series with support of order-type at most w**' and real coefficients.

Lemma 3.22. Ty« is well-defined and injective.

Proof. Follows directly from lemmas 3.19 and 3.20.

Lemma 3.23. (1) Ty<i>(Ayp<rs) is truncation closed.
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(2) Forall f € Ap<r> and m € M(fo,..., fx),
)f - Tf—<1k>([Tf<k>(f)]m)’ — o|m|) as |2| = +oo in Q.

Proof. Let f € Ascrs with f~ F =Y~ (a,o0 fi)n and fix m € M(fo,..., fr).

nEM(f())
(1) We need to show that there exists g € A<r> such that Ti<r=(g) = [Ty<r>(f)] .
Since m € M(fo,..., fr), m = mom, for some my = e~/ € M(f;) and

m, € M(fi,..., fr). Hence, we have:

[Tf<k> (f)]m = Z (Tf<k—1> ((Zn) o fl) n

neM(fo) m

= Z (Ty<r-1>(an) o f1) n+ [(Tp<r-1>(am,) © f1>]mr mo

n>mo

By induction, there exists i € Fy<k-1> such that:

Tf<k71> (h) o f1 = [(Tf<k—1> (amo) o fl)]mr and |Clm0 o fl — b o f1| = o(|mr|)

Now, we want to prove that we can take g := >  (a, o fi)n+ (ho fi)mg so

n>mo

we need ¢ to have a bounded holomorphic extension to a standard quadratic

2. (@ ofi)n

n>mo

3.17 and |(h o f1)my| is also bounded by corollary 3.17. Hence, g € Ap<i>

domain. is a finite sum of bounded elements by corollary

with itself as asymptotic expansion and T'y<r> (A<x>) is truncation closed as

desired.

(2) We need to show that |[f — g| = o(|m|):

F—ol=1|F— (Z(unofl)“+(bof1)mo>

n>mo

F= > (anofn

n>mo

IN

+ [(amg © f1)mo — (B o f1)me|
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Let my € M(fy) be such that m; < mg and supp(F) N [mq, me[= 0, then we

have:
F— > (anofi)n| = o(jm)
=[f= > (anofi)n| = o(jm|) = o(|m|)

AISO, since |am0 o fl - b © f1| = 0<|mr|>7 we obtain |(am0 o fl)mO - (b © fl)m0| =

o(|m|). Hence, |[f — g| = o(|m|) as desired.

Corollary 3.24. (As<i>, M(fo, ..., fu), Tj<s>) is a qaa algebra.
Lemma 3.25. Let f € Ap<i> \ {0} with f ~ F, then % ~ E.

Proof. Let f be a nonzero element of Ag<x> with asymptotic expansion F' =

> (ay o fi)n with a,, € Fy<i-1>. Let mg be the leading monomial of F so:

[ = (80 0 f)mo| = o(|mol)

Let ¢ := —1and F =

- I
(ao Ofl )m()

— 1. By induction, % € Frer-1>. Also,

S
(a00f1 )mo

¢ has a holomorphic extension € = — 1 to the closure of some standard

(apof1)mo
quadratic domain €).. To show that it is an element of Af<k>, we need e ~ K

(which implies that € is bounded). Let m € M(fo), then:

If — Z (ay o f,)n| = o(|mem|) = o(|(a, © f,)mem|) (By corollary 3.17)

n>mom
f— > (amofi)n
= lim nzmom =0
|z[—+00 (ao o fl)mom
1 n O7J1
= lim |— (#_1)_ ZMl_l —0
lzlotoo |m | \ (Ao 0 f1)m, W (oo fi) mg
= lim €~ Cn =0
|z| >+o0 m

= |e = €| = o(|m|)
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The rest of the proof is similar to lemma 3.13. O

Lemma 3.26. For all f € Fy<r>, there exists g € Ap<e> and m € M(fo,. .., fr)

such that f = £ i.e.:
Af<k>
Frars = ——————
I M(anafk)

Hence, every element of As<k> can be written as a monomial times a unit.

Proof. Let f € Fpa> \ {0} with asymptotic expansion F' = > (a, o fi)n
neM (fo)
where a, € Fy<t-1>. An element of Fy<r> is in As<e> if it is bounded by lemma

3.25. Let my be the leading monomial of F', then by induction, ay = z—g for some
go € Apcr—1> and g9 € M(fio fi', ..., fro fi'). Hence, ago f1 = % where

go © f1 S Af<k> and Go © fl € M(fl,,fk) Since f = (CLO ¢} fl)m07 m is

bounded so it is an element of Ay<>. Now, let:

f o © f1
= dm:= M(fo, ... :
g (CL() 5 fl)m() S .Af<k> ana m - S (fo, ,fk)
We obtain that f = £ as desired. ]

Since we want to take the direct limit of all such algebras, we need to know
that by doing the construction on a subsequence of fy > f; > -+ > fi, we obtain

a subalgebra of Fy<k>

Lemma 3.27. For alli < k and strictly increasing ¢ : {0,1,...,i} = {0,1,...,k}
with p(0) = 0:

(1) Fysi> C Fpews where f57 = (fo0), fo) - -5 foti)
(2) Tf;i> = Tf<k>|-7'-f§i>

Proof. Let f € Fci>, then f ~ F for some F' = > (an o foa))n with a, €
neM(fo)

Frzioi> where f5771% = (fou) 0 [0 fo@ © fopys - foty © F0):
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(1) Let b, := an o fouyo fi " so that F = > (b, o fi)n. To show that
neM(fo)
[ € Fy<x>, it suffices to prove that for all n € supp(F),b, € Fpee-1>. We

will start by showing that .Ff;i—l> C Fp<k—o)>, Where:

FHEADZ = (foy o o0y Foyrn © Foy - o fo)

We define the following:

9i = foy+i © fopy for j €{0,1,... k — (1)}

so that the following holds:

go = fap(l) o f@_(ll) > g1 = fgo(l)Jrl o f;(i) > 2> Ok—p(1) = fro f;(ll)-

Let ¢ : {0,1,...,4 — 1} — {0,1,...,k — 1} be the strictly increasing map

j— (i +1) for j > 1 and ¢(0) := 0 so that:

-1 -1 -1 -1
9u0) = feyofony > gy = fo@°fony > v = feofoa) > - > Gui-1) = feofoa)-

<i—1>

Hence, with g;; = (Gu(0), Gu(1)s - - - » Gu(i—1y) and g<F—#> = (

go, g1, - - - 7gk7(p(1))7

we obtain by induction that:

fgiz‘—» C fg<k—¢<1)>

<:>]:f¢<,i_1> C -Ff<k‘—go(l)>
Hence, a,, € Fp<t—)>. Now, by definition, we have:
Qnp O ftp(l) o f;(ll)_l € .7:f<k—(¢(1)—1)>

k— 1)—1 —1 —1 —1 —1
where f< (eM)-1)> = (fw(l)—lof¢(1)_1a fcp(l)ofw(l)_p fcp(l)-‘rlofso(l)_y BRI fkof¢(1)_1)‘
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[terating this process, we obtain that:

bn = an 0 foy o fi ' = (an © foy © ;(11)_1> o <fs0(1)—1 ° f&é)—g) oo (fao fi)

€ .Ff<k71>

(2) Given f and F as above, we have by definition:

T () = 30 ((Tpsrs (@) © fow) 2

neM (fo)

and

Tf<k> (f) - Z ((Tf<k71> (bn)) o fl) n

neM (fo)

With the same setting as above, we obtain by induction:

quji_l> = Tg<k7¢(1)> |fgéi71>
<=>Tf<i—1> = Tf<k—v>(1)>
©

|-7:f$i—1>
Hence, Tféi_»(an) = Tj<k-o1)>(an). Now, by definition,
[Tyer—v>(an)] © foy
= [Tf<k—<v<1>—1>>(an © foty © f;(ll)_lﬂ © fon)-1

[terating this process, we obtain that:
|:Tf<k:71> (bn)} Of1 = [Tf<k71> (CLn o f@(l) ¢} ffl)} Of1 == [Tf<k7so(1)> (an>] Ofgp(l)

]

By the previous lemma, the set of all fields F<x> is a directed set (with respect
to inclusion on the set of all finite tuples (fo, ..., fx)) so taking the direct limit, we

obtain a field F and a common extension 7" such that (F, M, T) is a qaa field
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k
where M := {]] e%/:
i=0

fo>---> fr verify P1, P2, P3 and «; € R}.

Remark. In particular, (F, M, T) is an extension of the qaa field constructed in

[12] where the construction is done with fy > log > log, > ....
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3.2 General case

In general, the e=/’s do not have independent valuations and we need to modify
the definition of asymptotic expansions to preserve stability under addition and

multiplication. Let fy, fi,..., fr be elements of Hap exp verifying:
P1. $:f0>f1>"'>fk>-1

P2. the f;’s are in [ 4 1 distinct archimedean classes:

Jo> > fha>fk> > > > fog > > e > > >

P3. for all 0 <7 < j < k such that f; and f; are in distinct archimedean classes,
eh(f;o f) <0.

Lemma 3.28. Let § : Q — C be a holomorphic map with Q a standard quadratic

domain. Then, for allm € M(fo,..., fe,—1), |f| = o(|m|) implies |f'| = o(|m]).

. . > aifi
Proof. Since m € M(fy, ..., fr,—1), there exist o; € R such that m =¢e 7 . Let

D > C be such that V,(Qp) C Q¢ (see facts 2.29). Since all the §; are holomorphic,

> auf; is continuous so for all z € Qp. Since each f; is in the same archimedean
i

class as fy and is an element of a Hardy field, there exists ¢ > 0 such that f; ~ cfo.

By facts 2.36, lim L = ¢ so each f; (and hence 3 auf;) is in fact uniformly

|z| =400 f i

continuous. Hence, there exists > 0 such that for all w € C with |z — w| < 4,
> aifi(z) = 32 aifi(w)

implies that w € Q¢ and |z — w| < §. Hence, for |z — w| = 7, the following holds:

< 1. Let v := min(1, ) so that for z € Qp, |z —w| = v

Z afi(z) — Z afi(w)| <1
:>Re(Z aifi(2)) < Re(z afi(w)) + 1

—Re(3 aifi(2)) 1, Re(3_ asfi(w))

=e >e
= |m(z)] > e [m(w)]
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Using Cauchy’s formula, we obtain:

SUD|; o=, [f(w)]
Y
SUP|,—yj— [f(w)]
7 [m(2)]
SUP|, | [F(w)]
vet [m(w)|

§'(2)] <

f(2)l
m(2)|
(
)

IN

f'(2)l

jm(z

=
=

IN

As |z] = +o0in Qp, |w| = +o0 in Q¢ and since [f| = o(|m|) in Q¢, the LHS goes

to 0 and we obtain that |f'| = o(|m|) in Qp as desired. O

Lemma 3.29. Let f € Hanexp be in the same archimedean class as fo with eh(f) <

0, then the following holds:
(1) f=1 is in the same archimedean class as fo.

(2) there exists ¢ > 0 such that lim f'(z)=cand lim §(2)=c.
T—r+00 |z| =400 in Q

Proof. (1) f is in the same archimedean class as f, implies that there exists

n € N such that:
1 1 »
Efﬁfoﬁnfigfoﬁf <nfy

(2) Since f and fy are infinite elements of the Hardy field, the following holds:

1 1
ﬁfoﬁfﬁnfo:ﬁfojfjnfo
jljfjn
n
= =1

Since f’is in a Hardy field, it is ultimately increasing, decreasing or constant.
y y g

Hence, there exists ¢ > 0 such that lim f/'(x) = c¢. By fact 2.34, we also

T—r+00

obtain that  lim  §(z) =c.

|z| =400 in Q
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Lemma 3.30. Let fo > f1 > --- > fi verify P1, P2 and P3. For all h € Hanexp
geometrically pure of level 0 and i < I, if we insert h in f<*> and obtain the
new tuple h<* = (fka—i) ) fk_(ll,i)v sl ey © fk_(ll—z‘)7 e fkofk_(lliw), then
the tuple h<"> = (fo,. .., Sra_ss o froys oo Fraiinyrs - -5 fi) also verifies

P1, P2 and P3.

In particular this holds for h = f; — In(f}).

Proof. Assume that ¢ = [, then we just need to check that for all j > ky, eh(f; o
h~1) < 0. Since both f; (level(f;) = 0 and P3 implies that eh(f;) < 0) and h are
geometrically pure and less than fy, it follows directly from fact 2.34(1). Assume
that ¢ = | — 1 (the rest of the proof will follow by induction), then we need to

check that:
(1) eh((ho fr)o f;) <O0forall 0<j <k —1

(2) eh(fjo (ho fr,)™") < 0forall j > k.

(1) By assumption, eh(f, o fj_l) < 0 and eh(h) < 0 (it is geometrically pure of

level 0) so by fact 2.32(2), we obtain the desired result.

(2) Since eh(f; o (ho fr,)™") = eh((f; o fi,') o A7), the conclusion follows from
the base case (eh(h™1) < 0 by fact 2.32(2)).

3.2.1 Base case: [ =0

We assume here that fy,..., fr are in the same archimedean class and we let

M(fo,..., fr) i=<efo . e fk >

Lemma 3.31. Eachn € M(fy,..., fx) has a holomorphic extension n : Q¢, — C
where Q¢, is a standard quadratic domain and for n,m € M(fo, ..., fr), n = o(m)

implies [n| = o(|m|) as |z| = +00 in Qumax(Cr,Com) -
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k
-2 aifi
Proof. For each n € M(fy,..., fx), there exists a; € R such that n = e =0 .

The conclusion follows directly from P3 and fact 2.34(2). O

Definition 3.32. We define A;<o> to be the set of germs at +oo of functions
f iR — R such that:

(1) f has a bounded holomorphic extension f : Q — C where ) is a standard

quadratic domain

(2) there exists a series F' := > a,n with natural support included in
neM(fo,--,fr)
M(fo, ..., fr)=! where we only use positive coefficients for the monomials

and a, € R such that:

VYm e M(fo,..., [x), = o(|m|) as |z| = 400 in Q

f—Zann

n>m

In that case, we say that F'is an asymptotic expansion of f and write f ~ F.

Lemma 3.33. Let f ~F = ) a,nand g~ G = ) b,n be elements of As<o>.
neM neM

Then, the following holds:
(1) For all n € M, there are finitely many elements p € supp(F) and q €

supp(G) such that pg =n

(2) The set supp(FG) ={n| >, ayb, # 0} is natural and included in M='.
pegggp?F )
q€supp(G)

(3) For all m € M, there are finitely many n € supp(F'G) such that n < m.

Proof. The proofs of 1. and 2. are similar to lemma 3.4. For 3., if we take any s € M
such that s < m, we obtain by naturality of supp(F'G) that supp(FG)N|[s, +00[D

{n € supp(F'G) | n < m} is finite. O

Proposition 3.34. As<o> is an R-algebra.
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Proof. The proofs for stability under scalar multiplication and addition are similar

to lemma 3.4. For multiplication, we obtain that for all m € M:

(50 (S) - 5 (S )

n>=m n>=m n>m \pqg=n

where ) a,b,ande= ) ( > apbq) n are finite sums (by lemma 3.33) and
pg=n m>=n>=m? \pg=n
le| = o(Jm|) (since supp(e) < m). The rest of the proof is similar.

[]

Remark. Without valuation independence, elements of Af<o> do not have unique
asymptotic expansions in general but distinct elements still have distinct asymp-

totic expansions by the Phragmén-Lindelof principle.

Example 3.35. Let fp = «x > f; := x — 1, then fy and f; verify properties
Py, P2, P3 and we have:

M(fo, fi) =< e et s=<e™ ee™ >=<e™@ > .

Consider F := ee o — et =0, then for all m < e™*, F,, = 0 so 0 —Fn| =0=
o(|m|) and for all m = e * F,, = F =050 |0 — §n| = 0 = o(|m|) as well. Hence,

0 ~ F but supp(F) = {e /o, e 1} £ ().

Definition 3.36. Let R j<o> be the subring of R((M(fo, ..., fr)=')) defined by:
Ry<os = {F € R(M(fo,.... [x)=) | 3f € Agcos, [ ~ F}
and Oy<o> be the set of asymptotic expansions of 0, i.e.
Of<o> == {F € Ry<o> |0 ~ F}.

Lemma 3.37. Oj<o> is a prime ideal of the ring R j<o>.
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Proof. Clearly, O<o> is a subring of Ry<o>. Now, given F' € O<o> and G € Ry<o>
with ¢ ~ G for some g € Aj<o>, we obtain by proposition 3.34 that F'G is an
asymptotic expansion of 0g = 0 so F'G' € Oy<o>. To prove that O<o> is a prime
ideal, let F,G € Ry<o> with FFG € Oj<o>. Then, there exist f,g € Ay<o> such
that f ~ F and ¢ ~ G and fg ~ F(G. Since 0 ~ F'G and distinct germs have
distinct asymptotic expansions, we must have fg = 0. Since the field of germs of
functions at 4-00 is an integral domain, f =0or g = 0,50 ' € Og<o> or G € Oy<o>

as desired. O

Lemma 3.38. Let f,g € As<o> with f ~ F and g ~ G, then f = g if and only if
F-Ge Of<0>.

Proof. One direction follows directly from the definition of O<o>. For the other
direction, assume that F'—G € Oj<o>, then for all m € M(fo, ..., fi), |Sm—Om| =

o(|m|). Hence, the following holds:
|f_g| < |f_gm|+|gm_®m|+|g_®m|
= o(|m[) + o(|m[) + o(jm|) = o(|m|)

In particular, it holds for m; := e™9/° € M(fy, ..., fr) (j € N) so by the Phragmén-

Lindel6f principle (theorem 2.25), |[f —g| =0 in Q so f — g = 0 as desired. O

Definition 3.39. We now consider equivalence classes of asymptotic expansions

and we have the following bijection:

Tf<o> : .Af<0> — Rf<0> /Of<0>
f—=F+ Of<0>
We define Ty<o> : Ag<o> = R((M(fo, ..., fr)))/Oy<o> to be the map f — F +

Of<0> where Of<0> = Of<0> C R((M(fo, ce 7fk)))

We also let ®s<o> @ Ry<o> — Ag<o> be the surjective map F' +— f (it is well
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defined by lemma 3.38) where Ty<o>(f) = F'+Oy<o>. Note that for all F' € R s<o>,
Tf<0> ((I)f<0> (F)) =F+ Of<0>.

Remark. In the base case, since the coefficients of the series are just real numbers,

Oj<o> and Oy<o> are the same and 7p<o> is just a restriction of Ty<o>.
Corollary 3.40. T't<o> is well-defined and injective.

Proof. Follows directly from lemma 3.38. O
Lemma 3.41. (1) Ty<o>(Ajg<o>) is truncation closed.

(2) Forall f € Apeo=,m € M(fo) and F € R(M(fo, ..., fiy—1))) with Tr<os (f) =

F+ Of<0>,
f — @ f<o>(F,)| = o(|m]) as |z| = +o0 in Q.

Proof. Let f € Ag<o> with f ~ F 4+ Op<o> where F = > a,n and fix

neM (fo,,fx)
m & M(an,fk)

e We need to show that there exists g € Ag<o> such that Ty<o>(g) = [Ty<o>(f)] =
Y. apn = F,. If m < supp(F), F,, = F so we can just take g := f € As<o>
;ig we are done.
Otherwise, F,,, = Y a,n is a finite sum of bounded elements (since supp(F’)

nr-m

is natural and included in M(fo,..., fr)=!) 50 §u := D a,n is a bounded
holomorphic extension to the closure of a standard qugg;natic domain.

We want to show that we can take g := F, with itself as asymptotic ex-
pansion so we need to prove that for all t € M(fy), |[§m — (Fm)i| = o(|t]). If
t < m, then (F,,); = F,, so the previous equality is trivial. If ¢ > m, then

(Fm>t = Ft and:

[Sm = (Fm)el < |F = Tl + [F = Fel = o(lm]) + o([t]) = o([t])
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Hence g = F,,, € Aj<o> as desired.

e The proof follows directly from the definition of ®;<0> and by a reasoning

similar to lemma 3.11.
O

Corollary 3.42. (Agp<o>, M(fo,..., fx), Ti<0>) is a generalized quasianalytic asymp-

totic algebra.

Lemma 3.43. For alli < k and strictly increasing ¢ : {0,1,...,i} = {0,1,...,k}
with ¢(0) = 0, the following holds:

(1) .Af;0> C .Af<0>

(2) Tfj(b = Tf<0> "Af

<0>
©

Proof. Let f € A<o>, then f ~ F for some F' = > apn.
neM(fO’fcp(l)"'vfgo(i))

(1) To show that f € Ajy<o>, it suffices to prove that:

e For all n € supp(F), n € M(fo,..., fr)

e For allmGM(fO,...,fk),‘f— > apn| = o(|m|)

n=m

The first point follows directly from M (fo, foa),-- -, foa)) € M(fo, .., fx)
For the second, we know that the equality holds for m € M (fo, foa)- - -, fo@))
and we need to show that it holds for all monomials in M(fo, fi1,..., fx)
as well. Let m € M(fo, fi,.-., fx) \ M(fo, fo)s---, fo)- Then, since

supp(F) C M(fo, f@(l), e f¢(i)), there exists m' € M(fo, f(p(l), Ceey f‘p(i))

such that m’ = m and |Jm,m'] N supp(F) = @ (which implies F,, = F,).

45



M.Sc. Thesis - Zeinab Galal McMaster University - Mathematics

Hence, the following holds:

=D am| =o(lm'])

n=m/

= 1f = 3 aun| = o) (since £, = F)

n>m

=|f— Z a,n| = o(Jm|) (since m’ > m implies |m| = o(|w']))

n>=m

(2) By definition, we have:
Tf§0> (f) = F —|— Of¢<0> and Tf<0> (f) = F + Of<0>

Since Oj<o> lies over Oj<o> (Of<o> N Rpco> = Oy<o>), we obtain that
® 2 @
Ryso>/Opco> = Rp<o>/Op<o>. Indeed, it directly follows from the second

isomorphism theorem:

Rf§0> /Of§0> = Rf§0>/ (Of<0> N Rf<§0>>
~ (Rﬁfb + Of<0>> /Of<0>

C Rf<0>/(9f<0>

Hence, 7p<o> = Tf<o>\Af$0> which implies that Tp<o> = Tf<0>|Af50> as de-
sired.
]
Proposition 3.44. Let f € Aj<o> such that f ~ F = > apn, then f' €
nEM (for.mmrfi)
Ap<o> where h=% = (fo, f1i,- -, fr, 1y, hi) for hy == Bifi — In(f!) with 3; € R
chosen to such that fr > hy > ---> hy and f' ~ F' = > a,n' .

nEM (fo,- s frsh1se )

Proof. By lemma 3.29(2), for each i € {1,...,k}, fi — In(f!) is in the same

)

archimedean class as f;. Hence, we can chose real numbers §; > 0 such that
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fr > Bifi—In(f]) > -+ > Bfe —In(f) = 1. We now do a new construction with

the functions fy > f; > -+ > fx > hy > -+- > hy, where h; := §;f; — In(f!) and

(2

obtain the generalized qaa algebra Aj<o> D Aj<o> (R verifies P3 by lemma
3.30).

For each n € M(fy, ..., fx), there exist a > 0 such that n = e~ 2:%'/i 50

n = (— Za?f{) n and:

F= Y a, <_Za;f;)n: > byq

a€EM (fo,...,fr,h1,e-shi)

k k
N o— o altf; _(Z Oé?fi—ln(f{))
where ¢ = fin = e"fe = =e \7° and b, = —aya;. Note that

(2

supp(F") = |J f!supp(F) is natural as well.

0<i<k

For all m € M(fo,..., fx), we have |[f — §u| = ‘f— > apn| = o(|m|) and we

n>=m

want to prove that:

Vs e M(fo,-. ., fi, haso .o ), | — (§)s] =

f, - quq

q=s

= o([s|)

For any s € M(fo,..., fx,h1,...,hg), there exists af,77 > 0 such that s =

7

e~ (Zatfi=X (i) — o= ToifigS ) Since each f! < 1, we also have eX %) <

1. Hence, if we let m := e~ 2/ € M(fo,..., fr), we have s < m so the following

holds:

S0 (So) - 5 (i) - (o)

qrs n=m 1=0 n>=m n>=m

In other words, (F')s = (F,,)’. By lemma 3.31, s < m implies |s| < |m| so we also

47



M.Sc. Thesis - Zeinab Galal McMaster University - Mathematics

obtain (§')s = (§n). Now, applying lemma 3.28, we have:

[f = Sml = o(m) = [f' = (Fm)'| = o(m)
= [f' = (§)sl = o(s)

O

We cannot mimic the proof of the multiplicative inverse for the general case

but we define the following

Definition 3.45. Let ]?f<o> be the set {£ |g € Ag<o> and m € M(fo,..., fr)}

and we extend T'j<o> as follows:

Tf<0> : ﬁf<0> — R((M(fo, Ce ,fk)))/0f<0>

f _ g N Tf<0>(g)

+ Of<0>
m m

R((M(fo 1111 fkl)

We also extend @ ;<o> to EI;f<0> : D, j-:f<o> that maps % to £ for g

and G such that Tf<0> (g) = G -+ Of<0>.

If the f;’s are valuation independent, F p<o> is a field but in the general case,
it is an integral domain (it follows directly from the fact that Of<o> is a prime

ideal).
Lemma 3.46. (‘7?f<o>7 M(fo, .-, fr), Tf<0>) is a generalized qaa integral domain.

Proof. 1t is easy to check that va<o> is a well-defined injective R-algebra homomor-
phism. Let [ € .?Ef<o>, then f = ;& for some g € Ap<o> and mg € M(fo, ..., fx).
Since § := ;% is a holomorphic extension of f to a standard quadratic domain, it
only remains to show that for all m € M(fy,..., fx) and ' € R(M(fo,---, fx)))
with Ty<o>(f) = F + Oj<o-, the following holds:

f— B g<o> (F)| = of|m])
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By definition of T <0>, ' = & where g ~ G. Using a similar argument to that of
y f mo g

lemma 3.13, we obtain that [m%} = G;’;—‘(’)m which implies that:

B o ([E} m) _ ®y<> (Congm)

mo mo

Hence, the following holds:

|9 — @ <> (Gingm )| = o|mom|)

= ’i _ q)f<0> (Gmom)
my my

= o(|m|)

N ‘f—if@ (Fm)‘ — o|m|)

Notation. From now on, we will denote Tf<o> by T'p<o>.

49



M.Sc. Thesis - Zeinab Galal McMaster University - Mathematics

3.2.2 Inductive step: [ >0

Definition 3.47. Let Ay<> be the set of germs at +oo of functions f : R — R

such that:

(1) f has a bounded holomorphic extension f : Q — C where € is a standard

quadratic domain

(2) there exists a series F' := > (an o fx,)n with natural support
neM(fO"“)fkl*l)
included in M(fo, ..., fr,—1)=! where we only use positive coefficients for the

monomials and a,, € F p<i-1> such that:

Vm € M(an"'afk1*1)> f_ Z(anofkl)n

n>m

= o(|m|)

In that case, we say that F'is an asymptotic expansion of f and write f ~ F.

The construction of A ;<> is similar to the valuation independent case, except
that we only shift when the element is in a different archimedean class. The

first step is to construct As<o> where f<0> = (f, o fk_l1 > > fro fk_,l) (which

corresponds to the base case k = 0 described in the previous section). In the
second step, the coefficients are elements of F p<o> composed with f, o f. £1 and
so on. In the last step, described in definition 3.47, to obtain the coefficients,
we compose elements of ff<k,71> with fi, o f3! (= fr,). For all these steps, the

monomials are always comparable to e™.
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step [: construction of A<

f~ > (an o fr, o fo ' )n =S (an o fr,)n, where a, € j—:'f<171>

neEM (fo,f1,efk;—1)

I = (fo, frse o framts fovs e oos Jhomts oo os Jhus e oo s Ji)

o( fr, © foil)_l = Ofk;l

step | — 1: construction of Aj<i—1>

f~ > (an o fr, © fk_ll)n, where a,, € j':f<z—2>

neM(fklof];ll7"'7fk2710f]:11)

f<l*1>:(fk10fk_11>"'>fk2—lofk_11>"'>szofk_11>'”>fkofk_11)

o(fis © fi )™M | = 0 fs 0 fi)

step | — 2: construction of Aj<i—2>

fY = (frpofi) > > fraofi) > > fuofi > > fuo fi.})

step 1: construction of .Af<1>

. —1 -~
f~ > (an o fi, 0 fk:(H))n’ where a, € Fy<o>
nEM (Fi_y)of,_yymfi-10fg, )

1> _ -1 —1 -1 -1
f< ~ - (fk(l—l) ofk(l_l) > > fkl_l Ofk(l_l) > fkl Ofk(l_l) > > fk?ofk(l_l))

1 _ o _
O(fkl © fk;(171>) ! - Ofk(l_l) o fkll

step 0: construction of Ag<o>

f~ > apn, where a, € R
n€M (fr,0f ) ntrofi))

SO = oty > > frofyh)
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Similarly to the valuation independent case, we need the coefficients to be

incomparable to the monomials.

Lemma 3.48. Let f ~ F = Y (a, o fr,)n be as in definition 3.47, then for all

n € supp(F) and a > 0, e= >R = o(|a, o fx, (2)|) and |a, o fx, (2)| = o(e*ReR)).

Proof. Let n € M(fo,..., fx,—1). Since a, € ff<z_1>, a, = 7“7’1—’; for some g, €
Aj<-i> and m,, € M(fi, o fk_ll,...,ka_l o fk_ll). Hence, g, ~ G for some G =
> (bg o fry © fr,')q Where by € ff<172>. Let g be the leading monomial of G, then

by induction, for all ¢ < qq:
e PRe() — 0(|bq o, © f,;ll(z)}) and ‘bq of,, © f,;l(z)‘ = o(eP B for all B> 0

which implies:

(1) [bg 0 fy, o fi, (2)] = [a0(2)] and
(2) e PReli®) = o(|b, o ka(z)‘) and |bg o sz(z)‘ = o(eP Rl ) for all B > 0

Since fo = fr,, e P = e and Pl < 0 for all @ > 0 so e @Re(®) =
o(|bg o fe.(2)]) and |bg o fe,(2)] = o(e®Re®) for all @ > 0. Hence, the following
holds:

> (g0, o fi)a

9=q0

la,| <

= |a, o f,| <

Z (bq © sz)(q o fk1>

9=q0

> (@ ofkl(z))‘ — o(|an 0 f,(2)]) and

9=q0

la, o f.(2)] =0 (e"‘Re(z)

—e @ Re(z)

> (@ofu(2)

9=qo

> forall a >0

If g9 = 1,the rest of the proof is similar to lemma 3.48. Otherwise, each ¢ is

comparable to e~ (and by lemma 3.31 so are each |q|) so |q o fx, (2)| = o(e~* ()
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for all & > 0. In both cases, we obtain e"*F¢(*) = o(|a, o fy, (2)]) and |a, o fx, (2)| =

o(e*Re(2)) as desired. O

Corollary 3.49. Let f ~ F = (a, o fx,)n be as in definition 3.47, then for all

n € supp(F):
(1) o([n|) implies o(|(an o i, [)n),
(2) |(ay o fg, )| is bounded.

Proof. The proof is similar to lemma 3.17.

O

Lemma 3.50. Let f ~ F = > (a,o fi)n and g ~ G = > (b, o fi)n be elements
of As<i>. Then, the following holds:

(1) For allm € M(fo,..., fr,—1), there are finitely many elements p € supp(F)

and q € supp(G) such that pg =n

(2) The set supp(FG) = {n| > ayb, # 0} is natural and included in

pesupp(F)
q€supp(G)

M(fﬁ?"'afk)gl

(3) For allm € M(fo,. .., fx), there are finitely many n € supp(F'G) such that

nx=m.
Corollary 3.51. A< is an R-algebra.

Definition 3.52. Let R<:> be the ring:
Rf<1> = {F € .’f‘f<171> o flcl((M(fO, e fkl,l)gl)) ‘ df € .Af<l>, f~ F}
and Q<> be the set of asymptotic expansions of 0, i.e.

Of<l> = {F € Rf<l> | 0~ F}
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We obtain similarly that O<:> is a prime ideal of the ring R s<:>.

Lemma 3.53. Let f,g € Ap<i> with f ~ F and g ~ G, then f = g if and only if
F-Ge Of<l>.

Proof. The proof is similar to 3.38. ]

Definition 3.54. We now consider equivalence classes of asymptotic expansions

and we have the following bijection:

Tp<i> .Af<l> — Rf<l>/0f<l>

f'—>F+Of<l>

We define the map T« as follows:

Tf<l> : .Af<l> — R((M(fo, RN fk)))/0f<’>

f — Z (Tf<l—1> (an) o fk1> n + Of<l>

neM (fo,fry—1)

where O« is defined inductively in a similar way:

Opai> :={ > (Tyei-1>(an) © fin) n |0 ~ > (an o fr,)n}
REM(fo,.sfry 1)
We also let Ry<> = {F € R(M(fo,..., fi)) | 3f € Apas, Tyar=(f) = F} and
define ® <> ﬁf<z> — Aj<> be the surjective map F' +— f for T« (f) =
F + Og<i>. Note that it is well defined by lemma 3.53 and for all I € ﬁf<z>,
Ti<>(®yar>(F)) = F + Oyar>.

Remark. Tp<i>(f) is an equivalence class of series with support of order w where the
coefficients are in .7-"f<171> o f, and the monomials are elements of M (fo, ..., fx,-1)
(comparable to e™*) whereas Ty<i>(f) is an equivalence class of series with support

of order w!™! where the coefficients are real numbers and the monomials are in all

of M(fo,..., fx)-
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Corollary 3.55. T« is well-defined and injective.
Proof. Follows directly from lemma 3.53. [
Lemma 3.56. (1) Ty<i>(As<i>) is truncation closed.

(2) For all f € Apa>, m € M(fo,..., fr) and F € R((M(fo,..., [x))) with

Tf<l> (f) - F + Of<l>,
|f — @ p<i>(F)| = o(|m]) as |z| = 400 in Q.
Proof. Let f € Ajpas with f ~ F = > (an o fr,)n and fix m €
nEM (fo,--sfrq 1)

M(fo, .-, fx)-

(1) We need to show that there exists g € Ay<i> such that Ty<i>(g) = [Tr<>(f)]
Since m € M(fo, ..., fx), m = mgm, for some mg € M(fy, ..., fr,—1) (com-
parable to e *)and m, € M(fx,,..., fr) (in a larger comparability class than

e~*). Hence, we have:

[Tf<l> (f)] m = Z (Tf<171> ((ln) o fk1) n
n€M (fo.-.,fr; —1) m
= Z (Ty<i-1>(an) © fr,) n+ Z [(T<i-1>(ay) o fkl)}mrn

n=mo nxmo

The set {n € M(fo..., fr,—1) |n < mo} is finite by lemma 3.50, say it is
equal to {ng,...,n,}. By induction, for each n;, there exists h; € .7:zf<z_1>

such that:

Tp<ir>(hy) o fr, = [(Ty<i1>(a5) o fi,)],,. and |aj o fx, — b0 fi, | = o(|m,|)

Now, we want to prove that we can take g := > (a,o fi)n+ > (h;o

n>mo 0<j<q
fr1)nj so we need g to have a bounded holomorphic extension to a standard
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Z (an © fl)n

n>mo

corollary 3.17 and each |(h; o fx, )n;] is also bounded by corollary 3.17. Hence,

quadratic domain. is a finite sum of bounded elements by

g € Ajp<i> with itself as asymptotic expansion and Ty<i> (Ay<i>) is truncation

closed as desired.

(2) The proof showing that |f — g| = o(|m|) is similar to lemma 3.23.

]

Lemma 3.57. For alli < k and strictly increasing ¢ : {0,1,...,i} = {0,1,...,k}
with ¢(0) = 0, the following holds:

(1) A C Asers

14
50

(2) Tf;z’> - Tf<l> ‘Af

<U'>
%)

where I < 1 is the number of distinct archimedean classes of { f0), fo(1)s - -+ o)}

Proof. Let f € Af5z>. Assume that the f,;)’s are in the following " archimedean

classes:

Jo) > fo) > - > fo—1) > fot) > -0 > fota—1) > - > Jowy) > - > fot

Then, f ~ F for some F' = > (ano foa,))n with a,, € jEf<L/71> where
n€M (f0)fo(ty 1)) ‘

’_ —1 -1 1
f:l 1> _ (fSO(ll) ©] fQD(ll)’ f‘ﬂ(ll‘f‘l) o fgp(ll) ey f@(l) © f@(ll))

(1) foq) may not be the first element of its archimedean class in the original

sequence, i.e. the sequence could be of the form

>fk‘j—1 > fkj >fkij+1 > e >f90(l1) > >fk:j+1—1 >fk:j+1"‘

We first compose a,, by of,u,) o fk_J1 to obtain that a, o f,q,) o f,;l is an

element of F <t=i> where
t

ST = (o S feuny 0 fi s Fetneny © i)
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In order to obtain the rest of the elements in the same archimedean class
of f,u,), we use the same reasoning as in lemma 3.43 and obtain that a,, o

fo(in) © f,;l is an element of .%f<lfj> where

f<l_]> — (fk] Ofl;17.-.,f@(l1) Ofk_j17“'7fk’ofk_jl)'

We now make successive compositions <an o fow)© fk_jl) o <fkj o fk;;) 0---0
( Jia 0 fi, 1) and at each composition, we repeat the argument of lemma 3.43
to obtain all the elements in the same archimedean class. We then obtain

that a, o foq,) o fk_l1 is an element of ]?f<z> as desired.
(2) The proof is similar.
[

Lemma 3.58. Let f € Ap<> be such that f ~ F = > (an o fr,)n,
ne€M (fo,sfry—1)

where a,, € jj—f<z_1>. Then, f' € Au<i> for some h<> D < and the following

holds:
FoF = 3 [flay o fu)n+ (ano fi)n]
neEM (fo,sfiy —1)
ky—1

. - > olfs
Proof. For each n € M(fo,..., fr,—1), there exist af* > 0 such that n =e =0

ki1—1
son = (— > aff{) n and:

1=0

>

nEM (fo, fry —1)

k1—1
fllfl(a;z © fk'l)n + (an o fkl) <_ Z Oé?f;) n]
1=0

k-1
Hence, supp(F’) = supp(F)U |J fin (note that it is natural as well).
i=1

In order to obtain the desired result, we need:

(1) Each f/n to be a monomial
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(2) Each f; (ay,0 fi,) to be of the form b, 0 f;, where b, is in the set of coefficients

Le. we want (ff o f,.')al, to be in the set of coefficients.

e Step 1: Enlarge the monomial set to contain f/n
Fori e {1,...,ky—1}, fi —In(f}) is in the same archimedean class as f, and
in a larger archimedean class than fi, so we can choose real numbers 3; > 0

such that:

fo>-> fo 0> Bifr —In(f]) > > B afi — In(fy, 1) > for > > fi

Then, if we do the construction for .Ah1<z> where

h1<l> = (f07"‘7fk1—17h17‘"7hk1—17fk17"'7fk)

with h; := B f; — In(f]) for i € {1,...,k; — 1}, the new monomial set will be

M(fo,- -, fey—1,h1,- .., hg,—1) and will contain supp(F").
e Step 2: Enlarge the set of coefficients to contain (f; o fk_ll)a:1

— Step 2a: Enlarge the set of coefficients to contain al,
a, € .7::f<z_1> means that a, = T%L for some g, € Af<z_1> and m,, €
M(fy, o fk_ll, oo frko f];ll) By induction, ¢/, € .Ah2<z71> for some hy'>

equal to:

(fkl Ofkl_lu-'wka*l Ofk;l_lahk1+1 Ofkl_lw-'vh'szl Ofkl_laszofkl_l7'"7fkofk1_1>

where h; = @j‘}—ln(%) for j € {ki+1,...,kp — 1} and 5; is a
1

positive real number chosen such that:

o > > >y > >y > fr, > > i

o8
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It is possible to choose such a 3; because f; — In <]{f5> is in the same
ky
archimedean class as f, and in a larger archimedean class than fy,.
Then, the following holds:
fiofu'
h. -1 —/5. . —1 — l ;
jo fin =Bi(fiofi) n<flglofk11
:5J< fk;l ln( fkl f fkl ))

=B;(f; fk1 —In ((f; fk1 ') as desired

’ ’
In Mn—Mp gn

[ : / /
Now, a;, = e . Since gy, g,, m,, and m/, are elements of Ah2<l_1>’

gl -m, —m. - g, is also an element of this algebra and m2 € M(f, o

fuzts- s fro fk1—1> which is a subset of
M(fklofkl_l7"'7fk2—lofkl_l7hk1+lofk;1_17'“7hk2—lofk;1_17"‘Jfkof];—ll)'

— Step 2b: Enlarge the set of coefficients to contain (f, o fk_ll)
Since we want to consider (ff o f,*)al,, we can introduce another func-
tion hi, := By, fr, — In(f},) (also in the same archimedean class as fi,)

where S, is chosen such that fi,_1 > hg, > hg, 1. Then,

by © St =B (frn © fr.)) — In(f, o fi)
=B Jo — In(fr, 0 [i,)

so we can write f; o fi- ! as an element of the algebra divided by a

monomial:
o~ (Bry fo—in(fi ofh)

! -1 _
frote = B Jo
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Now we do the construction for:

fo> > fo,ca>hr > > hg 1> [, > > frgo1 > by > hig1 > .-

> hpy1 > foy >0 > i

and we have:

F = Z fr(an, © fo)n =+ (an o fi,) ( Za"f) ]

nEM (fo,- s fry —1)

= Z (bqofkl)q

a€EM (fo,e-s frq —1,h1, ey 1)

where b, is an element of A<~ (h<'> verifies P3 by lemma 3.30) with
h< = (fofyrts o o0 fyots hiaofyts oo by 10 fyot, fr0 fyty oy frofy1) and

(fh, © fray, if ¢ =n for some n € supp(F)

n

—alay, if ¢ = fin for some n € supp(F') and i € {1,...,k; — 1}

For all m € M(fy,..., fr,—1), we have |[f — | =

f= 22 (an o fr)m| = o(jm])

n=m

and we want to prove that for all s € M(fo,..., fr,—1, 1, hiy 1),

7= sl = |V = D_(bg o fr)a| = ols])
qzs
k1—1 k1—1
- X affz‘ Z iin(f)
By definition, there exists o, > 0 such that s =e =0 ! =m
k1—1
- > aifi

where m := e =0 € M(fo,.-., fr,—1). Now, for any ¢ € supp(F"), there exists
n € supp(F) such that ¢ =n or ¢ = f/n < n for some i € {1,...,k; —1}. In both

cases, ¢ = s implies n = m so (F')s = (F,,)". Hence, (§)s = (§n) so applying

60



M.Sc. Thesis - Zeinab Galal McMaster University - Mathematics

lemma 3.28, we obtain the desired result:

[F = Sl = o(lm[) = |f" = (Fm)'| = o(Im|)
= [f' = (&)s| = ol|lm[) = o(|s])

Definition 3.59. Let .7::f<z> be the set {£ |g € As<> and m € M(fo,..., fu)}

and we extend Ty as follows:

Tf<l> : ﬁf<l> — R((M(fg, R fk)))/0f<l>

f _ i . Tf<l>(g)

+ Of<l>
m m

We obtain similarly that (j':f<z>, M(fo, - fr)s ff<z>) is a generalized qaa in-
tegral domain. Our objective is to obtain a field after taking the direct limit at
the end and even if F s<i> 18 just an integral domain, the multiplicative inverse will

live in some larger algebra (obtained by enlarging the monomial set).

Lemma 3.60. Let f € Apas \ Op<is, then there exists h~> D f<> such that

€ Fp<i>.

=

Proof. For simplicity of the notation, we assume that [ = 1 (the general case

follows the same idea) i.e.

f<1> :( Oa--'7fk1717fk1>"'7fk2)'

Let f € Ap<i> \ Op<i>, then f ~ F for some F' = > (an o fr,)n where
TLEM(fO 7777 fklfl)

a, € J’::f<z_1>. Let mg be the leading monomial of F', then:

= o([m|)

'f - Z (an o fkl)n

nxmo
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Now, for all n, a,, ~ G,, for some G,, = > byq, where b, € R.
gEM(fiyofy oSy —1005,")
Let ¢, be the leading monomial of GG,, so that the following holds:

Vn =< myg, |a, — Z bea| = o(|qnl)
q=gn
=Vn < my, |n © fkl - Z bQ<q © f’ﬂ) = O<|qn © f]ﬂ’)
q=qn
Let €, := an o fy, — > by(q o fi,), then &, has a holomorphic extension to a
q=qn
standard quadratic domain e, := a, o fg, — > b,(qofx, ) and the following holds:
q=qn

len| = o(lan © fr, )

= |lenn| = o([(q, o fx,)n|) = o(|n]) = o(|me]|) (by corollary 3.49 and since n =< my)

Now, we obtain:

F= > (anofi)n| = o(jm|)
n=mo
= {f = Y (ba(aofi)n+ enn)| = of|mo|)
n=mo
= 1f = D ba(qofi)n| = ojmo|) (since [enn| = o(|mo|))
n=mo
Let M = > by(qo fr,)n (we can assume that M # 0 since we are working

nxmo

modulo O« ). Since each monomial in the finite (by lemma 3.50) sum has the
same valuation as mq (comparable to e=/0 by definition), there exists k € N such
that M < e *fo. On the other hand, M verifies the hypotheses of the Phragmén-
Lindelof principle so if M = o(e™7/0) for all j € N, M must be equal to 0 which
contradicts our initial assumption. Hence, there exists j € N such that M > e~™fo,
Combining the two inequalities, we obtain that M is comparable to e/, Let

m’ < mg be such that Jmg, m'] Nsupp(F) = 0 so that the following implications
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hold:
|f— > (@nofu)n| =o(jm') = | = > (an 0 i )n| = ofjm'])
n=m/ n=my
= = D by(aofu)n| = o(|lm'])
n=mp
= |f = M| = o(|m'])
Now, & — mo < > bq(qofkl)mio). Each - =< ¢, for some non-zero real
n=mp

number ¢, and each g o fi, is of smaller comparability class than e/0. Even if

( > by(qo fkl)mlo) tends to 0, it level at most 0 by facts 2.36(2) so in either

nx=mo

case, . by(qo fi, ), has a smaller comparability class than efo. Since 29 - 1
nxmo

and is in the same comparability class as e/, we obtain that & > 1. Hence,

m/

% —1 <1 and supp(4 — 1) < 1. Now, fy := In(3;) is in the same archimedean

class as fy and by fact 2.35(2), far = g+ h+c where ¢ € R, g is geometrically pure
with level(g) = level(fa) = 0 (and therefore eh(g) = 0), h = 0 or level(h) > 0 in

h

which case, lime™" = ¢, for some ¢;, > 0.

To simplify the notation, we write M = 5 e" for some j € R and h; such that
0<i<y

eh(h;) < 0. Then, the following holds:

M= e M — 9 <Z eg—hi)
i
sehme = Z eI
i

Along the real line, lim e9~" = ¢; for some ¢; € RZ° and lim e "¢ =

T—r+00 T—r+00

d for some d € R>?. Hence, at least one the /s is positive. By fact 2.36(2),

lim e* % = ¢; on Q (since eh(g — h;) < 0). Since 2 = "¢ we obtain
|z|] =400 i

that |M| =< |e7%|. Now, since g is geometrically pure of level 0, we can do the

construction for ¢<* = (fo,..., fir-1:9 frrs - > fro) D f=1 (the tuple g=<'*>

verifies P3 by lemma 3.30 and we assumed without loss of generality that f, 1 >

63



M.Sc. Thesis - Zeinab Galal McMaster University - Mathematics

g). €9 is now a monomial in M (fy, ..., fr,—1,9) and the following holds in Aj<i>:

[f — M| = o([e™®)
=

e 9

= lim =0

|z|] =400

Since |M| < |e7®|, there exists @ € R\ {0} such that lim |-L; —1] =0 on Q.

|z| =400

Let € := aef_g — 1, then € < 1 and by repeating the same reasoning as in lemma

3.13, we obtain that € ~ E := -2 — 1 and then 1%5 ~ > E* which implies that
keN

-9 .
% = “f+€ ~ % as desired. O
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4 General Construction

We take any infinite elements fo > f1 > -+ > fi of Hapexp-

(1) Using the results of theorem 2.35, we can decompose uniquely each f; as a
finite sum of geometrically pure functions f; = g1 + - - - + gir, Where each g;;

is either infinite, infinitesimal or equal to a constant.

(2) We remove constants, possible duplicates and if g;; < 1, we replace it by

Lo 1.

Gij
(3) Now, we order the set {g;;}1<i<k1<j<k; and obtain a longer sequence gy >

g1 > > gw = 1 (if go > =, we compose the whole sequence by gy ') which

verifies P1, P2 and P3 by fact 2.34(2).

(4) Assume that the g¢;’s are in [ distinct archimedean classes, then we con-
struct the generalized gaa algebra (A,<i>, M (go, .. ., g ), Ty<i>) where <> =

(9o, - - -, gr) as in definition 3.47.

Remark. M(fo, ..., fr) is the multiplicative group generated by monomials of the

form e~fi = T] e ™9 and is a subset of M(go,...,gw). Elements of A <o

1<j<k;
have asymptotic expansions involving monomials in M (go, ..., gr) and the idea
is to restrict ourselves to series whose support is included in M (fy, ..., fi). Note

that they form an R-algebra because such series are stable under addition and

multiplication.

Definition 4.1. e We define the algebra A(fy,..., fr) to be the elements of
Aj,<i> that have at least one asymptotic expansion (modulo the ideal Oj<i>)

involving only monomials in M(fo, ..., fx).

e Similarly, we define O(fo, ..., fi) to be the elements of O <> whose support

is included in M (fy,..., fr). It is easy to check that it is a prime ideal of
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..... fu) - A(fo,,fk) — R((M(fo,,fk)))/0<fo,,fk) to

..........

homomorphism.

o (A(fos---sfu)s M(fos---s fr)s T(so,....p)) is now a generalized qaa algebra and

we similarly define F (fo,-- -, fx) as follows:

~ A(fo,---,

Lemma 4.2. (]?(fo, o fw) s M (fo, s fi), Do, pe)) @5 @ generalized qaa integral

-----

domain.

Proof. The proof is similar to lemma 3.46.

[]

Theorem 4.3. The direct limit of the integral domains described above, (F, M,T),

1s a generalized qaa Hardy field.

Proof. 1t follows from lemmas 3.60 and 3.58.

Conclusion

As mentioned in the introduction, the end goal is to extend the class Z into a
quasianalytic algebra and obtain o-minimality using a similar procedure to the
one in [8]. One of the main challenges of the extension to a multivariable class was
to determine what multivariable logarithmic asymptotic series are. The approach
taken is to first enlarge the set of monomials to the set of all functions definable
in the o-minimal structure R,y ¢xp, and then extend the construction to any curve

(f1, fa,...) where the f;’s have the same number of variables.
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