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ABSTRACT 

An invcsti['.3tion of the clynanic Tesponse of one <!.nd tl·:o 

degre es of free dom systems 1·:itl1 cloulole hilinc;1r hysteretic 

r estoring forces has been l ~lD<~c usin .r, J: rylov and Bogo 1ieu1Jo v 

metl\od of "v;ui~-ction of par<.1 metcrs" and ''Ritz averaging met!wcP' . 

The s i n ~~ l e degree of freedom system res ponse ex11ihi ts 

" jum;) phe;:omena" 1·1hich has r-1 t endency to disappear a s the 

externa l excitat i on or the exte rnal dm:-ring is i ncreased . 

The t ~;· o degree of freedom syst em exhibits an extra 

hump near the fiTst natural frequency lvhi ch t ends to dccrc~cse 

as t he slope (at h'hich the first discontinuity occurs i n the 

dis pacemen t - r estorin:; force characteri s tic) is increas ed 

or t he external excitation is rlccre0secl . Stabil i ty of one 

and ti-JO degrees of free<lor.1 syste;ns has also been cx<nnincd . 

Numerical int egration of the equation of motion for single 

deg ree syst em has been made using Fourth-Order- Runge Kutta 

t·lcthocl . Also a Di g ital An~llog simu l ation h8s been 

done using MIMIC s i muJator l ::tn.r;uoge on TBM- 7040 . 

of the system tOI·:ards s t e a dy state has been founl~ t o be extreme ly 

Sl O\·! i n t he time uOnClin of th e equations of motion . 

(iii) 
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NOMENCLATU RE S 


X.?){" )1.2.= Disp l accments of t he masses at any instan t 

0 
a\ 
cH: =Total derivative with r espe ct to time ' t ' 

c:t 2. 
Cl " Sc conJ c1cri vati vc 1vi th r espect to time 

t'--~

1-(.x 9 ~ ) == Restorin g forc e of th e system as a func t ion 
. dx .

of x anc. 1 - Clt any 1nstan t
dt 

R Ampl itude of excit ation 

GV = Frequency of t ri}~ onomctri c cxci t<~ti on (exte r n al) 

o<-. = Sl ope of t he no r;aa 1iset..! doul , le b il ine<n hysteret ic 

curve . Tl1 c initia l s l ope is unity and o< is t 11e 

slope at \·chich the fiTst r\isconti nuity C'ccurs . 

A, A,, A= Maxi ,urn amp litudes of disp l a cerr:cnt 
2 

fJ- Vi scous cl amp ing coeffi d .ent 

.J... .!... J... = Phase ang le s 
'")"" ' ~ ' <I("2. 

')C. = Harr.1onic c ontent 

ctn, b"' = Four ier coe fficients 

X 1 [ Refe rring t o Pigure (9)] clisp l accr1en t of t he fi rst 

mo.ss \·: i t}l respect t o t'1e novi. ill'. base . 

x2. = Relative clis p l acc;nent het\-.'CC11 f irst and s cconcl mas s es 

X 
0 

= St a t ic di sp L 1cenen t 

!'quation clcficiencies i. n t .1c " 1\:it z" ~1vcraging 

r:;e thod" [ 8] 

Fre·:p.1cn cy at l·;hich pe2.k ~mp1 i tt1dc r esPonse occurs 

(v) 



R . . = Critical value of the amplitude of externa lcr1t1ca 1 

excitation 

(Note: All th e above variables are dimensionless) 

F = yield force (in lbs.)
p 

y = displacement of the system mass (in inches) 

K
1

, K = spring stiffness (in lbs/in.)2 
. 2 

m = mass (in lhs. sec /in) 

t = time (in seconds) 

• 

(vi) 
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I. I NT110DllCTIO\I 

Research in the fie1d of structural damping h·as starteci 

about 200 years ago . In his "1-lemoi r on Torsjon", Coulomh 

hypothesised about the microstructural mechDnisms of clamping. 

He undertook experiments l·:hich proved that the dampi ng of 

torsional oscillations is not caused hy air friction but by 

internal losses in material . He also reco [~.niz erl t !~at th e 

mechanism operative at low stress may be different from those 

at high stresses . However , for more than a century these 

investigations were confined to the low stress levels and were 

mainly of academic interest . llelmholtz (1861), Sir William 

Thomson (JS6S), Ga zz , 1·1esser, l·:iedmann (1 8 74 to 1880 ), To1:1 Jinson 

(1886- 87 ) etc. have contributed much in this field. A short 

history of their work and an extensive bibliography can l1e found 

in reference [10]* 

Experi ments on hysteretic effects under cyclic loCldin g 

was performed by E1·: in g (1 889 ) and under cyclic bending by Voigt 

(1892). G.F . C. Searle (1~0 8 ) also did extensive experimental 

work on t~1c meas ure1:1ent of hysteretic damp ing [Ill]. 

All these early inves ti ga tions we re mainly concerned 

,,·ith the da.1.1p in r, pro;lerties of specific rnateri:l.ls under specific 

test conditions . The generClliz<Jtion of the he)Javjour;ll pattern 

* Square brackets indicate references given in the Riblography . 

http:rnateri:l.ls
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and their application to structures and loadings such as 

usually encoun t ered in engineerin g practice has not heen comp l ct~ , 

but now a nur.1he r of 1i tcratures a r e avail ab le on this topic . It 

is a signifi cant property in the desien of high s peed aircraft , 

prob lems involving mechani cal resonance , shaft whirl, instrume nt 

hysteresis ' heating und e r cyclic stress es ' viscoe lastic coatings 

etc . Sone typical examples of systems exllil•itinE hysteretic 

beh aviou r are - syst ems with coulomb damping , built up structures 

,,. i th ri vetted , bo lted or cl amped construction (in 1vh ich t he 

comh ined effect of friction and el as tic f orces produce t he hysteresis), 

elastoplastic elements like some stee ls, masonry in she<n etc. 

The hyst eretic behaviour of many engineering syst ems is 

,,·idcly clescribecl by the bilinear hysteretic r.wclel in 1.-hich tlle 

force- deflection rel ations! i p of t he sys t clil is rcprcscntcll l'Y a 

sing l e para llclo grar.: . This t ype of hysteretic mode l has been 

previously stuclicd hy L. S . J a cobsen, L. E . Goodman and J . lf. 

Klur.vr (on t he dynamic properties of lami nate d beams ~ith slip 

interfacc)[2], R. Tanabashi, G. V. Rerg, T . Kobori <me n.. 

~· lin ai (c l asto - p l astic s ys t em) [ 2] and l•i . T . Thomson [4] (cl ast ic 

an a log simul ation ) . A gene r a l analytic<ll solution !las been 

presen t ed hy T . i\ . ( au~;hey [7] , [0] and a t:w rough ana l ys i s given 

hy h . [) , Thran PJ . 

In t he study of sue~< a mode l it t·1as fo un d tl:at it r: ivcs 

ri se t o steady -stat e response curves, for tri zonometric excit

a ti on, t h:J.t arc sinr, l c v:J.lued and stab l e or margi n;~ll y st<lh lc (jn 

cert<!in r eg j on s of t he r csponsP curves). It has been found t ha t 
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in so~e cases the hysteresis loss specified hy the bilinear model 

is higher than that which actually exists in the structures. Tn 

his recent paper [ 1] W. D. !wan has remarked that "it may he due 

to marked rounding of the hysteresis loop or to a pinching together 

of the loop near the origin". ~lostly for the latter r eason a 

new model called the "Double bilinear hysteretic model" was 

introduced by him [1]. In this he · also investigated the steady 

state response of a single degree of freedom system (with the 

restoring force characteristics of the double bilinear hysteretic 

type) using Krylov and Bogolieubov method. It was sho\m that such 

a system is stable or at least marginally s t ahle and that it 

exhibits "jump phenomenon", a characteristic only encountered in 

non-linear systems : It is worth mentioning that the jump phenomenon 

is ·never obtained in the analysis of the bilinear hysteretic model 

[2]. Also this system has exactly half the hysteresis loss-given 

by bilinear model [1],[2] for the same amplitude of response. 

In the present investigation a mathematical analysis for a 

single and two degrees of freedom systems with "Double bilinear 

hysteretic" restoring forces has been done using exact and 

approximate analytic techniques, numerical methods and di gital 

analog simulation with hybrid elements. Dynamic stability for both 

the · systems has been examined using Routh- Hurwitz stability 

criteria . Ritz averaging method [5],[6] has been introduced for 

the first time [8] in the analytical treatment of hysteretic systems 

in this text. It has been shown that Krylov - Bogoli_eubov method 
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(of slowly varying parameters) and Ritz Averaging method both 

yield the same approximate solution. 



II . SI:-<GU: DFGf~FE OF fRHDml SYSTH! 

I IJ\. The Fquatlon of :.lotion: 

Since the c1wractPr of the restoring force is 

piece-wise linear, the equation of motion can !Je expressed 

in terms of a set of lincCJr differential equations eac:1 

valid 11' i thin a certain r eg ion of the force-dis]1lacement 

curve. 

Let the force--displacement curve be represented 

as shown in figure ( 1) and the restoring force in genera l · be 

given by "J- == f Vt.,x) 1vhere :xis the displaceme nt and ;:. is 

the vc loci ty of the mas s m <1t any inst an t as shmm in f-ig. 

( lA) . It is evident that 't is an explicit function of 

0C Only but th e function has Ji fferent eX!HCSS ions cepcnclin g 

on the sign of t he velocity ± , >,.cnce it may be said to l1c 

an i mp licit function o[ sgn (±). 

For mathematical convenience, let us assune 

t he syst em to he simp lifie(l - the mass and the srring forces 

adjusted to give dimensionless variables and coeffici en ts, 

a1~d also the hysteretic curve to have initiol slope unity 

and t he force at 1d1:i ch a slope discontinuity first occurs 

is also unity as in f:i g . (1) . It has been s 110ll'n in genera l 

5 
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[ 2 ] 1dth particular reference to Bi l inear hysteretic 

system that such si mr) li fications c1o not impair the generality 

of the rcsul ts, rather they fncili t<1te the analytical 

t reatment of the system to a great extent. The method adopted for 

norma l ization is shown in t he Appendix . 

On the ahove assumpt i ons the equat i on of motion for a 

s ingle degree of· freedom system can be wri tten as : 

( 2 .1) 

h'herc R is th e ampU tude and c.> is the frequency of the 

external trip,onolile tric excitation . 

The restor i ng force f(.:x:, :X:.) is t~cfined hy: 

o<.. X -\- ( \ - at) 

X- ( \- o() (xm-t) 

0\. x -(\--c.(.) 

o..:::x:.<.1, :X;>o 

:x>1>o, x>o 
Jt >(:)t,;;-1) >o, x<:o 

(.xm-') >- x >o, X. <o 

lx l<l, :x <o,:i<o 

tx\ >\, ~<o, x<o 

( 2 . 2 ) 

- ~ +<'-ot.)(:.rm-v ')1, \ >(IX..,\-1)' X <.O' X..>O 

\:c\ <(\JC.,..,-t),x<o,x>o 

Thus t~1e motion of the system is defined hy ei g!1 t 

different " diffe rential equations'' under different con ditons 

of ;>G and i. . On inspection it 1·1ill be qui t e clear hoh' the 

sign of xis i m;> licitly involved in the expressions . 
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It shoul d be not ecl th at here the hysteresis 

curve under the stendy state condition has been assumed to be 

sy~nctrical about the origin. The angle '\jJ is such th at 

o<. =. t-a.."' 'f i s al ~>' ays fin i tc . 



II13 . The Approximate Solution: 

In finding tl1c approximate solution of the s ys tem, 

the "l ~ i tz Averaging f'. lethod" }Jas 1H'en ei;lp loycd . In a series 

of papers hy K. Klottcr[SJ and in the extensive work by F. R. 

Arnold (c,], Ritz method h as been \·:ell analysed and the case 

of application of this method to numerous nonlincor prob lems 

This method is s omet i mes also 

!mo~m CIS l~i tz-r;alerkin method [Sl 

Let us introduce the identity, using equati on 

(2 . 1) : 

.. 

X. (2 . 3) 

The averaging me t hod furnishes th e follm·:ing 

t wo conditions : 

2.71'JE: (X ) Cos((.)t) ~ (wt ) = 0 (a) 

0 
(2 . 4 ) 

2 7t

JEt3C ) Stn t'-'t.) G\ (<.Jt ) =. 0 (b) 

0 

~ ( -'-)1\'e assume th e perio rLic solution .A- '"" t o 

he a;1proxi mated by: 

(2.5) 

cl ear ly it is a tl-:o -t c r m ar!Jroxj na tion of t he comp lete seri e s 
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where ~~;(t) is a r,i ven set of orthogona l f unction s and 

O.,k represent t 11e correspond in .!:; coc:fficicnts . On t his 

assump tion , equation s ( 2. 4) shall yic:l~ a set of 

ectua tion s ,,:h ich wi ll be funct ions of the coefficients ak. 

[quation (2 . 5) may also be 1vritten in the form 

where A is the amp U tude of th e displ a cement and q is 


the phase ang le r e lative to t he excitation . 


Suhstituting cctuation (2 . 7) in eq uation (2 . 3) t hc "Erp;ation 


Defici'ency'' E(:1) r.wy he h'r i tt en as rB] : 


2 •
E.(X: } =- A <.<:l Cos l~t-<~) +f( 5C , X)- R Cos(e +~) = 0 (2. 8) 

rrom equations (2 . 4 ) (assun ing ll.)t = ~ ) \·JC' obtain : 


2 1{ 1'11 2.1'1 


- A,t.:? JCos eCos~ "F + f:f<x,:i:.)Co.sp .-\~ -R J<eip da :::.o 
o 

Let 

I, =

• 
, 

• • 2 I, 

1vl1 ich 

o 

J21"1 

fcx, :i) Cosf3 col~ 
0 

l( 

= J:ft;<, ~) Co!.pJp 
0 

sho1vs an avcrar;ing 

e I 

'R 

= 2 Jf (:c, i) Cos}?> cfp 
0 

1f 

= Jfc.x~ X-) Cos (e+4>) dp ., 
over hzll f a cycle . 

http:f<x,:i:.)Co.sp
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->
3 

.... 
~@ 

<t 	 ,r 0:.:X 	 '«iJ ~ 0 x'<t' 
I 

~ 
)( 

II ,, 	 ~!'l 
I{) 

X w 
~ 
a;;. 

t"' l 

t"' l ., 
+ 
~ 

":P 

0 
1
<{ 
1

c lLI 

A 	

* 
~ 

e,)7 	 )( => 
0 	 C) 

!.& 
~ 0 
~ ,. 
c.t 

~ 

0 
<·~.. 

X-I!. 
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Evnluatin3 the integral over )ialf a cyc le Q ' ~l' O ' S ' T' 

as sl101m in -Fig ure (2) i .e. over t he linear se,gments of t he 

r estoring force Q~l , ~10~ OS , ST during lvhich f(::x:.,x) has th e 

follo wi ng expre s sions 

:f(:x:, :X:) =:. .:>t- ( \ -Q.) ( A..- I) (A-1) ..::. X <: A 


:. o<.x. 0 <(. X <. (A.-1) 


'X.<. 0
- X. 'X.\<.\ I-
~:x_- (I -cl-) 'A.\ >t ::c \ ~\ ' :x:.:::o 

llence the int egra l r has to be b ro ken into four definit e
1 

intep·al s integrat ed betwe en the l imits 0 toY.,~toi\{z, lf/2. t o 'f'2 

and ~2.. to 1{ res pectively . Thus 

+ Jl1' 

~A Cos~- (\-o()J ~s (G+~) o\ & 


~ 


;\ cliagrcunmatic i nt erp r etation of 'l; and ~2 is S 110hn 1n r:i gurc 

(2) Hherci; and '\)2 have the a l geb raic V<llues g i ven hy 

- c -1-~ - OS (A~\) (a) 

( 2 . l(l) 

- Cos-' (_,/A) (h)"\'2 
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Thus t he i nteg r a ] I is g iven h y : 
1 

v:hich \·Jh en simp li f i e d g ives 

I, ~ A. Coslp (\- ot) l~ +~2 + ~ (s~~ .2.~ +S~V'l '2.~2.) t 1i2A (3oc. -\)Cos~ 

+ A (\ -o<.) s~tA <-\; r_:, -(s~li\ 2 ~, + s~:~-~2 ) ) + :2. (~-t:t) ~~"' (~-}4>) 

-(A-t) S\"' (~, ~<f)] ( 2 .1 1) 

Si mi l a rly t he int eg r a l 
2n n 


If(x, ~)St., (e +<fl) dld :::: I 2 == 2 f -_f-(:c~=G)S \."' (f>+ct>) c!e 
Th e r e fore : 0 

'l', 

~I!i ::: J[A.<:os 0 -(\-o(J(/\-t)Js~(e+tt>)c\e 
0 
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Simplifying th e above expression we get : 

I~ - A ( 1-o() S\V\ £\l (_~ + '\-'~ + ~ (sl~ '-'t. + S\~ 2. \}'.2 )]-t~~ Si~4'(3c(-0 

Jf A. ( 1-o() C.os 4' [ s;~ 2. ~ -+ s ,·11\ :l. ~2.- :~>] + 2. (\ -oe..) 

(2.12) 

2.11 

Also the int egra l JCos 9 Co ~ ~ = -n Cost 
2-;t 0 2 }f tecse S\!1\ ~ .,\ ~ =- ~ Si" + p t Sln (e+4>) Cos(~+.P)dB.::: o_, 

r2"P:: 
J.Cos2 (G +4> )~f) == n. 

0 

Sullstitutinr. t !1cse r elat i ons in eC1uations (2.9a) anc! (2.9b) 

(2. 13) 
- () 

Using the values of r and r from (2.11) and (~.12),
1 2 

eq uati ons {2 .13a) and (2.13h) may be written as : 

F =- A ~2." Cc.s <\> + A (1-cl.) Cos <t [~ +'{12. + k(Sir~ 2 *' + -s,·t\ 2 '1-':2. )] 

+ ~(~c<-I)Cos q + A.(l-ot.) Sl;.. ~ [~- (51n,_'-\-' -t-$ 1;...2.~)]1 
+ .2 (1-c,t.) [c;~ r., (~a_\-4>)-(A-1) S;V\(~,+~)]-11 ~-== o 

G= - A. c • .:?· n S;"' <f + A(t-ct.) Sin ..h L:v +'+' -t l_ f s · 2'u ..1.. s - ..., 1.,\J '1 ,I . I :2. 2\. IV\ .,., ' II\ .(."{:L) -r 



1s 

~ (?>d.-1) Si"' q - A. (l-ot-) Cos t (?- s.-"'?. 't, - sl.-?- ~.zl 
+2.(1-~) \tA.-I)Cos('\',+ d?)- Cos('\'2 t 4:> )) = o 

~ !ul t i~ l ying f by Cos.t ;~nd G hy Sil'l <t an~ add i ng .. h'e get : 

1:; (f Co<;; ~-t G Si\\ ~) ~ -Ac} 7\ + A('-")[~+~-+ l (s~ 2~ -t S111 2~] 

+ 1{2A. (3cl.-\) + .:2.(h:J,) [s\·~ 't':l.- (A-t) Si" \}'1]- -n RCos t .::. o 


'j;: ( f S\1'\ 4> - ~ Ccs 4>) .= A(l-ot.) [3- ( Sv"'l~ + ~ie\2. ~~)] 


Fu r t her simp li f i cati0n of .f and ~ y i e l ds ~ 


f ~ - Aw~rr + A { (1-~)[~ + ~-! (s'~ 2~ + Si" 2 ~2 ) _ 1{!2 ] 


+ CX"ft t - 1{ !<_Cos~ =- o 

(2. 14 ) 

In t hese eq uati ons , on cl os e examinations we c an eas il y i (lcn ti fy 

th e coefficien t s C(A) and S(A) g iven by t he f o ll owi ng 

e xpressions i n rc~e rencc [1). 

C(A)::: ~ \ (\-o£) [~ -t ~.2.- i (Sir~ 2.~ + S\~ ~'¥2)-~J 
+ ~l\ l ( 2 .1 5) 

S(A) = - ~ (\-ot) (A-t) I A 
1\ . 

l ienee C'lll<1tions (- . 14) ;tnd (2 .l S) ~i.vc 
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(:? . 16) 

0 (h) 

This gives the efjuations descrilling t he ste ady - state response 

as 

- A , .•.?- + (a) 
( 2. 17) 

S(A) 
(b ) 

Thes e can be i mncc!iately identi f ied 1~ ith t he ~teady-st <lte 

response equati ons obtained in reference [ 1] using thc"method of slowly 

varying pa r ame t e rs'' [ 1], [ 2] . 

The r esponse equation is g iven hy 

(2. l S) 

\''here C (A) and S (i\ ) have t he expre ssions as in (2 . 15) 

The steady state fr equency r esponse curves arc s 11o1m in 

the r: i gu rc s ( 3) , ( 4 ) and ( S) . The equation for t he locus of 

peak ar1il l i tude is ob t a i ned hy setting 

( 2 . 10 ) 
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\vhi ch gi vcs: 

C ( A) 
(2 . 20 )A 

The magnitude of th e pear amp lit ude r esponse is obtained by putt ing 

th e expression for S (/\) in equation ( 2 .lS) . Thus 

2 ( t-ot.) / -rr 
(2 . 21) 

This 	shO\vS the e xi stence of an unbounded r es on<mce at 

(2.2 2) 

The steady state response curves have t he fo 110\dng features as 

shm-m in Figures (3), (4 ) and ( 5) . 

(i) 	 i\11 t he curves have a ten den cy to lean t01var ds the loHcr 

fre quen cy wh ich is char a cte ri s tic of ''soft s pring s ys t ems ' ' . 

Th e s ame t endency is also s een i n the steady state r esponse 

curves for "hi linear ~1ys tcret ic system" . 

(ii) 	For sufficiently l mv anJl li tudes of excitation (H ), t~1 e 

"jump phenomena" is observed (Fi p.ures (3) and (S) ) 1\'h ich 

is unlike the behav i our of n standard l1 i li nco r hysteretic 

s )' st eel. 

Sililil a r r cs tll ts have heen surrunar i zed i n r efe rence [1] and 
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t he equations for the l oci of vertical tangency anJ stab il ity 

h ave also been ohtained . These detai l s \,·ill lH: discussed 

i n a more general 1·1ay l ater in this section . 



I I C. Ti ~E EXACT SO!.liT I 0\1 

Assll!aing the hyste r e tic curve t o be synunetric .'l l 1vhi l c 

t he system is in stenrly state , an ex a ct solution mny he found 

hy taking one-by-one the pieceJ>'ise linea r s er,nents . The 

following notations 1vill lle useC. in thi s sec tion 1·1 it l1 r eference 

t o Figure ( 2) : 

t2. , t 
0

, t- o."'d -\:. 5 a r c t'1e time required for t 11e4 

dis p l acements _ Q~l, ~!0 , OS , and ST r espccUvely of th e mass m 

[Fi gure (lA) ] st ar ting from po i n t Q. 

x ,x = displn c cmc:· " and velocity at Q.


1 1 

( here A = 0 and x = A = the ·amplitude)


1 1 
)(2. ,x2 - displacen~en1: and ve l ocity at ;.1 (X2=-X,-\ ::md 


is unkn01m ) 
X1 

'X3' )r.b - dis p l acemen t and vcloci ty at 0 (x3 = o, x3 is 

unknmm) 

;x , X - displacement and velocity at S ( X4_:;. /:; is
4 4 .X4 

unkno~>.'n ) 

Xs 'Xs- displacement and velocity a t T ( Xs=-x,' x5 =- 0 ) 

As in Figure (~) follO\,' in~ th e segments , Q!! , ~!0 , OS 

and ST starting fro m po int ~ at t=n, i t can he seen th at Q is 

t he poin t where dx .::: 0 and X ::. X1 (the am.J li tttde); at :,1 1-: e 
d t 

have no i dea about t he velocity of ' the system (except t ha t it 

has negative si ~n ) b ut t he coon1in::~tc )(2=x,-t. Again a t n, 

X~=. o bu t the ve 1oci t y )<3 is unkn01·m . 

. . 
is unknm:n and a t T, x5 =-X1 , )(5 =. o , since he r e , XX4 

passes t h r oug,h a min i r:1;1 . 

")/ 
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The motion a long Q~ ! m<ly be descril lecl by the differentia 1 

equation 

\1' i th t he ini ti<ll conditi ons 

x(o) :: x, 
(2.2 •1)*(o) = o 

Ap~) l y in g Lap l ace ' s t ransform to the equation ( 2 . 23 ) 

S1 x(s)- s }\(o) - x(o) + x(s) ~ ( x , - \)(\ -o<)/s 

+ R [Cos cp (5;+~) - SiV\ q, ( 5~ '-'"'-)] 

which, 	 on puttin g t he i ni tial conditions ( 2 . 2t\ ) yie l ds 

X ( 5) = .s x.1/(s'+\) + {)f, ,-1) (\-o(.) ( s - -J- ) + Rf _ s;.. ~ 
.s +\ L I- <tJ:L 

( 	 )J ~ _ ~ ) Cos ~ ( S S 
s2+"'a \+sa. + ,- t.o.')a.. sn:;:;a. - 5i=t\ 

Th e inve r se Lap l ace transfo r m gives 

X(~) =X, Cost + (x,-\)(t- oe. )(\- Co5t: ');-RrCos~reos"'t-~~t-)L,_c.:~a. \: 
- S\"' 4' (Si~ c..:>\:- CA> S\11\-\:. ) tt\- w"l.) } 
:: Cos\: r~,- ( x. ,-1)(\- ot-)- RCos<\? ] + wRS\"'~ S\v.\: 

~ 1-c...:..Z. \-~ 
-\-\){f\)Q-ol)-\- -B. Cos ((..)\:+~) ( 2 . 2~·)

\-(.)a. 

I f -\:.2. i s th e ti me t ak en fro m Q t o :,1 (st a rting from Q), t 1:cn f o r 

fJ.) f: 1 

x!l.:::: lx,-') =-(~, -~x,-\)(\-o(.)-

( 2 . 26) 



Differentiating equation ( 2 . 25) , we get : 

)< 2 :: - l 'X, _ (x,-1) (l-o(.) - R Cos~ ] S \" -\:2- + (i) R SiVI 4 Co~~ .. 
. \ - ~2. . \ - c.,u2.. ... 

( 2 . 27),~':-a. Sh, ( w-l.z. + ~ ) 
For mot i on. fro m t·! to 0 : 

X
•• + o{ )( = R Cos [ w (_-\:~ \:;2.) +~ J (2 . 2S) 

16th initial conditions 

X ( 0) = x,-\ 
• (2 . 2~). 

X (0) x2. 
lvhich r,ives t:1e solution 

X(t ) - }:3... s,·n ,.f;! i -~ l ):t ,-1 ) Los ,JOt. ·c+R[ Cos (l.\)·~24- cP)-
~ ~- ~ 

(C os w-l - Cos ,.J{i -t) - S\\1\ (~~:t 1- ~) u (~i~ ~t" 
o<. - (4,) .). 

- ~ Si ~t )] 
or 

X(.i ) 

(2 . 30) 

If -tz, is th e ti me required from '! to 0 , 
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f<oJ loldn g th e path DS : 

X (o):: o !l x (o) :::. x3 

X-t X = R c .os [ (.,J ( t + t 2+ t 3) + ~] (2 ..) 3) 

1·1hich gl ves th e soJ uti on 

x ( t ) ::: S·w, t [ x3+ t~ ~, Sir. ~w (.-t." .., t :..) + ~ } ] - ,:, Cost 


xC0 s L<.o C..t2.+ t 3 ) + Jr}+ l-~~ Cos ( w(t-t t 2+t 3 ) + t\> ] 

( 2 . :) tl) 

Let t 4 be t 11e ti1:1 c f r o111 0 to S , 

x(t4 ) =- -1 ~ x4 , x(t )= x
4 4 

(~~ + ~~2. Si (wt&+c..,t?.+4>)]s,·V\t4 - I-~' C¢s ((o.)ta-tt.)t.3;-~~t4 
+ .£L Cos [t.:~ (t2..+ t3 -t t4) -+~ ] + 1 = 0 (2 . 35) 

1-c..:>:t 

F i n ~llly, considerin ~~ t~~c mot ion from S t o T , 

X(o) = X4 ~-\, X(o) =. X 4 

(2 . 37)X+ o( X- (1-oZ) = R Cos lW (t. + t 2 + t3 -+t4-') + t] 

Equation (2 . ~7) has the solution 



Let t 5 l1c the time from s to T then 
• 

X(t5) = ~5 =- x., 9 

' x(_t 5 ) = x5 =0 

From ( 2 . 38) 1ve obt a in 

() = x, + Si~ -fo< Jcs l x4 + R~ )_) 'Sil'\ \_w(t2.+t3+t4 ) + q, }]

(i; I~ (o< -{.0 

Cos~ ~s (_~ + o<~v;>'l_ Cos\w(i 2 + t3+ t 4-) + ~ ~ j 

+ ':_o<. -+ o<.~:z.C.os \.~) (t2.+t.:,+t4-+-ts)+t} ( 2 . 30) 

)t.5 ::: o ::. $ C:.s ~ l:s [ ~ Si~ 5c.v (h_+ t-3 +t~<f)\1+ ;G )~ r:l.. rX,-(1)'1 l lj 

+ ~ Si"' ~-\:5 [~ + £X.~w:~. Cos \w (-t 2 + t 3 +t 4 ) + c;\> ~] 
- Rc..) :sl... l<..:> 't"+ t.3 + t4 + ts) + 4>] ( 2 . 40 ) 

o'-<.02.. \.._ 

an d f i na ll y 

( 2.'l l) 

Thus l·!c have a set of n i ne equa tions viz ( 2 . 25 ), ( 2 . 27), ( 2 . 31), 

( 2 . 32 ), ( 2 . 35), ( 2 . 36 ), ( 2 . 3~ ), ( 2 . 40 ) and ( 2 .41) i n nine 

unknohns viz . x,, ct,t-.2., -t.;.,t 4 ,t5 ,x ,X:;,x4 . Puc t o hi;;'l l y 2 

transcendental na t ure of t hese equ<1t i ons i t is difficult t o 

adop t any eli rcct mc t ho c1 , hut t he fo l lo1·;ing i t crati vc procedu r e 

,,•as c~:1p 1oycd: 

(i) CuiL~cd by t he ap;noximatc so l ut i on , some i ni t ia l va l ues 

http:o<.~:z.C.os
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for x ~md ~ v:ere 0ssumecl . 1 

(ii) 	 Equation (~. 26 ) 1·1as iterated for -\:. 2 • 

(iii) 	 KnO\·: i nr. tl, x2. \·.'aS calculateu from equat i on (:.? .27) . 

(i v) 	 Equat i on (7 . ~ 1) was nmv j tera ted for 1:3 . 

• 
(v) 	 The values of t 2 ancl {::3 beinG kn01m , X3 t·:as C<llcu l atcd 

fro n eq u at i on (2.32 ) . 

(vi) 	 Equation ( 2 . ~S) was it e r a t ed for .t 4 

(vi i) 	 x4. \;' <lS c a lcul otecl .from equation ( 2 . 36) . 

(viii) 	·t5 l·l;l.S nO\·/ obtained fro m equation ( 2 . 4 1) . 

(ix) 	 Eq ti.1.t i on (2 ..)~1) ,,·as iterat ed for the new valu e of <p 
(soy~ 	) . 

(x) 	 Putting this value of¢, in ( 2 . 40 ) Xs h'<lS ohtai ned . 
I 

(xi) I·:as coillparcJ ,,·i t h X\, i f they arc equa l in ma~n i tuc~ c ,x5 

t he i tera tio:1 l·ias stop:J ed , othcnvise t he p r o cess 1-:as 

reiJeatcd h'ith t!1e neH values o f dP, ar.cl X1=-\X5 \ t il l 
I 

b<s\ =X1 within certai n l i ra i ts o f accuracy . 

Due to very sloh· converg ence , on l y a few po i nts on t he 

res ponse curves ol)t a incd l1y t~1e app rox i mCJte theo r y 1·:ere tric e! 

and were fotmd . to have a compara6 l e a g r e eme nt . These points 

have been s hol·;n as in Fi gure s (4) and (5) . 

http:Eqti.1.ti


IID. ;\PLHTI O:; or \'I SCOllS n..'\~WT'JG 

The syst<.>m clcscrihcd in section II!\ \,·as without any 

external Jamping . l\'e shal l nov: consider the same system 1vi t.h 

vi scous damping,i. e. proportional to the first power of th e velocity, 

atlcled t o it. The system loot ion may be c cscribcd by the 

equ ation: 

RCos c..ut (2.42) 

\vhere )wl. = damping coefficient. 

!Jere h·e have a choice of solving t:1is equat ion either hy the 

"Ritz avera~ing method" or hy "the nett,od of slowly varyine 

partJmcters" . For reasons \vhich will appear ol Jvious 1ater in 

t :1is section h'e select "t)le method of slo1dy varying parameters" . 

Holl'ever , it should he borne in mincJ that the "Ritz averar,in['. 

method" \-:ill a l so yie l d exactly t !1e sar:1e system r esponse eoue1tion 

as the other method . 

where A(t.) .:md ~Ct) clre s lmdy varying functions of the t i me . 

J)ifferenti at inp; (2.43) \\e get 

(~ . 41\) 

By analo:_:; y to Li-! i: r ::J.ngc ' s method of variation of p:nancte rs: 

(~.4S) 

<JnJ 

X 
. 

=- - t.U A0:-) Si1-1 9 

2S 
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Substituting ( 2 . 116) an c1 ( 2 . 47 ) i n t he eqna tion (2.42)

- c.u A(t ) Si ~- c.u"- AU:-)G::B ~ + (.i) A. lt-) <\'(t-) Cos e 

- 2. p.-w A(t) Sm 0 + F (A., G) = RCos c.u·t ( 2 . t1 S) 

i'!ultip l y i ng ( 2 . t1S) hy w s in 9 and ( 2 . 4 8) hy cos 9 an d adding , lvC g et : 

w A,.(t) 4(-t)- <-v4 A(-t) Cos)_ e + F- (A;e) Cos{) 

-2fl-W AC:t.)Si.... ~~s.G = RCos(_~ + ~(t))C'os 9 (2 . tJ~) ) 

Averaging ( 2 . 49 ) ove r one cy cl e of 9 (0 ->2n) 
• lW 

( 2 .S O) W o/ A - w'A + -' 5F(A 0)Co~Gc:H)=. R Cos~z 2~ ~ 2 ~ 
0 . 

'"here C4') and C A) are average va l ues over one cy cl e o f 9 

~ fult ip lying (2 . 4S) hy w cos G and (2 . 4 8) by s i n G, subtracting <ln d 

av eraging , we get: 

Let 
21\ 

C(A.) ~ ~ JF ( A, e) Cos ~Je (a ) 
0 

( 2 . 52 ) 
2 "" 

0(J0 = ~ sF(A>e) Si~~ o\e (b ) 
0 

As s hown in sec t ion II R, cquH ti on (2 .1 5) C(A) and S (J\ ) h~ve t he 

foll ow i ng va l ues : 

((A) ==- ~ ~1-c~-)\ ~ + l\-'2 - Sit\ 2 4{ /2- Si~ ~~:z. /2. -1\& J+oclf] 
when A "Q- I . (2. S::l) 

C( i\ ) c:: A A~\ 
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FIGURE 6 

PREQUENCY -AJ'...IP LITUOE CURVE 

[Ohtai ned from the steady state 

response equation (2.57)] 

Nith external damping lJ = 0.01 
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FIGURE 7 

FREQUENCY-AMPLITUDE CURVE 

[Obtained from the steady state 

response equation (2.57)] 

\'iitl:\ external damping ~ = 0.01 
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FIGURE 8 

FREQUENCY-~~PLITUDE CURVE 

[Obtained from the steady state 

response equation (2.57)] 

With _external damping u = 0.04 
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S (A) ~ (\-c<.) (1\-\) I A A~\. (2. Stl) 

A~\.S (A) 0 

where ~\ and 'f2. have the same me~n ing as expl~ined 1n section TI C. 

l>ith reference to Figure (2) . Su 1stitutin~ (2. 52) in (2 . 50) and 

(2 . 51) : 

.2.(>)~ A - CA:J2. A + C. ( A) - RCos cP (a) 

(2.5 5) 

(b) 

. . 
For steady state motion the average value of<\>and A over a cycle 

of e will be zero . Thus (a) 

RCos ~ (2.56) 

(b) 

Elir;Jinating cos~ anJ sin<\' from these equations t·ic obtain 

4 Aw 2 + 2w'A (zp!- A- c(A..))- 4 ~ fJ- A. S (A) 
+ c ( t>...) + s (t"y~ - R 2 = o C2 . s7) 

lv1l ich is the r equired steady state response CC[UJtion. 

be easily so l ved hy emp loying ~·et1·ton-Raphson ' s jteration method, 

each tine once at l oH v~llue of w (<\ ) and other at hip.h 

frequency· ("'>I ) for various vaJ ues of th e parameters ()(. , R anc1 

p.. 

PuttingJ.t= O, 1vit1 s l ig~1t manipulation equation (2.57) 

cCin be easily reduced t o equation (2 . 18) . 



II E . LOCI OF VF.I~TI Ci\L TA. ~Gf::~ C:Y 

The l o ci of the po ints 1,•11c r e the slope of th e steady-

state r csronse curve bccor:~ es vertical may he ol.'t:lined by setting 

(aw) (:?.S R) - =0'dA A:= A o 

1·:hcre A is the steady state amp l itude . Di ffcrentj a tin?, C(jtWtion
0 

{ 2.57) wi t h r espect to A, we ob t ain : 

4-w~(~~) A2 + 2.w4 A + Sw ( ~~) JA-2 
A

2 + 8w'2. M-
1 A 

- 4w ( ;~ )C·A- 2w2.( ~~)A- 2wLC- 4p. ( ~~ ) A· S 

- 4(A) f-1- s- 4~~A (~) + 2(~)<:-\- 2-( ~!) S =o 
which when si r1;1li f i ecl , ~ ives : 

(~~) ~4c.a/'A.a + 8wf!lA2 
- 4w C. A-4)-l AS}+ 2v/'t·A 


+8~.l-f.l2A-.2.CA):a.(~~)A- 2c.va.C- 4wp.S 


-4w pA ( ~~) -~ 2 [<: ~~ + S !~J=o 

~ow usin G con d jtion (2 . 58 ) for l oc i of vertica l t angency : 

~ 4 -r 4w' f! 1
- ~2. ( ~)- w'l.( ~)- 2C4) P (i )-2w;t (~~) 

(2 . 5~1)+(SIA)(~~) +! (~~) =o 

~(CIA) 
or (~) 


(2 . (, 1) 

l!sin ~ t 11csc r cl.<tions <lnt 1 t he ex p r ess i ons fo r C(i\) <111 •.1 S (;\) fro;:1 

(:? . ( 2) 

34 
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(2.63) 

Substituting (2 .62) nnd (:? . f-3) i nto the e q twtion (2.5'1) ancl 

4 2.. r 2. \-~ 14 l,, ) c 1 1c )z. ..2s )w + 2w l t4 -\- TtfJ: ,s,V\ ~, + Si" "'f.t - / A -t \ A -~(1-oc . 

-2 w }J-- [! -t- ~l~:_0 1- ~~(!-ct)(SiY~~1tS\r~ '\"2.J (2 ,r,"J) 

I·J! , iCh gives t he genera l equation for loci of vertical t ;.m g, ency 


for the system 1·: i th CJdlled viscous damping . 


f-or tJ<=O, ic , L'i t hou t externo.l damping , 


4 w +2w:J.[ ~~ (~i"~-t Si"l\-'2)- CfA] t-l~Y"- :~3 (1-cX.) 


- ~~2(\-o()(S\~ '-"\ +Si"'l\-'2-) 


Substituting w 2P=. ~ l.'];idl g ives t he l o cus of p eak anp l itu tles , 

- T\~ w~ (1 -c~-) (5iV\ ~-\- S\r~ \.~2J = 0 

Suhstituting for ( ~ ) <Jnd rearranging 11e e ct : 

"·h ich [; i vcs t h'O l oc i of ve rtical t angency for .-\ /'1. 

In f-i r, ures ( 3) , (-1) , (S), ((,) an d (7), t he loci of 

verti ca l t anger.cy have 0ccn sh m:n 1' )' do tt ed l ines, I n f-ig u res 

(3), (c!) m~d (S) ( h. ~ 1 ich corrcsnonc! t o svstcn '.·: i tl ·,out ext e rn a l . ' 

damp i ng) , it c an ], c seen t~ 1at t l1c <J r ca L•o tmdeli hy t he l oci o f 

v e r t i cal t ~m r;c;Jcy, i c . t ]Je uns t;tl) l e r cr,ion , incrc~1s cs l')' 

dccreosin::; ex . 

http:tanger.cy
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(6) and (7) respectively, it can be condwlcc! that tl1c . unst<Jb1c 

reg ion houndcd hy the loci of vertical tangency decreases hy 

addition of viscous clam;) ing to the syster:1. ~o loci of vertical 

tangency exists for the systeJ!l \·:i th high external damp ing , 

fl.= O. O'l , (all other paran:eters rer,lain ing the same), as 

s ho1m in Figure ( 8) . 

IT F . STARILITY 

In this section \\'e shall investiga te t he sta1:ility 

of the steady state re sponse of the system . Let us assume 

in finitesimal perturbations 5 anci 'J' on t he steady state values 

Ao and <\> • 
0 

Thus A (a) 

(2. 65) 

q, : q,o + ~ (b) 

Usin g equations (2.5Sa) and (2.5Sb) 

2 (Ac,+ ~)c.:>+ -(Ac,+ ~) ~2. + C..(Ac,+ $) = R~~ ( cp
0 
+\f) 

ExpanJing C(Ac,+§.) ~)y Taylor ' s theorem and retaining only t\-l o 

terms l·!e get : ' 

2AGwt +.2~c.v+ - Abu:?- ~c.,l-+ C.(Ao)+ s (;~)~=Ao 
. = R Cos <\>f) - R "\J S\V\ 4'o 

Since S and 'f arc infini tesinal quan ti ti es of t he san1e order, 

is an infinitesimal quantity of second order co~parcd 

to the rest of t he terns . flence it may be assumed t o l'c 

neg li gib le . Thus 

( 2 . 66) 
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Also 

2~w -t 2f-tWA 0 -t'-tJ-c.u$- s(Ao) -t S (~~)A:-A0 
=- RSI"' <\Jo + R~Cos+ - (2. 67)

0 

Nol\' 1et t':> --
5 
co e'>-t ( a ) 

( 2 . 68 ) 

(b) 

Using (2 . 56) along with (2. 67) \·Jc get 

(a) 

(2. 69) 

(b) 

Also e l imina ting Rs in~ and Qcos ~ 1vi th . equat ions (2. 56)
00 

2 A
0
w4> + [ 2 f-w A0 - S(Ao)]~ +t~~- c.~:?-) = 0 (a) 

(2. 70) 
1lw A0 - C(Ao)] 'f -t '2.~ i + [2~(0 -(~! )A:.AoJ:::o (h) 

Substituting (2 . 68) in equations(:? . 70) , yields 
(a)l2 A. c.v). + 2A w)J-- s(Ao)] 'f.+(~ -w,_) s = o 

o 0 o oA o (2. 71) 

[(.lA0 -C.CAo)] ~0 + (2c..)}.t-2wft-~~A)~o=o (b) 

The fre(juency equation is obtained ])y settin ~; the dctermin <mt 
'· 

of th e .coefficients of equations (2. 71) _equal to zero. 

=o (2. 72) 

http:equations(:?.70


So l ving (2 . 72), \ve ge t : 

"' )2. '\ ( 4 .S(Ao) (~) ]+ ~ M W _ S(Ao) 1~2...:> 1 1 -t 2<0 1\ JL w- - A- - ..., A A 1 A 
0 CI T"'\ A-= 0 "0 

}1(.[2 u w- ( ds) 1+r(ac) - c.u~J(C(Ao) -wl.) =0 (2. 73) 
I CJ A_ A"' 1\ o ~ d- A A= A0 A 

0 

Fr om (2.54), (2 . 62) and (2 . 63), 5(Ao), ( ;~)A.=-Ao .,C(Ao) an d 

(~~)A= Aoc:-tn be substituted in _equation (2. 73) . Thus 

(2 . 73) is essentially a quadratic equ:-ttion in .A \.;hich m~y be 

written as 
r 

( 2. 74)0 

where 

(2.75) 

From ( 2.74) : 

v,, 2 =- b + ,J b.a. - e 

I f t he ap;ehraic sign of the real part of any of the · roots is 

positive, the system is nsymptotically uns tab l e , me<ming t hereby 

that any c!isturbance 1n the system wi 11 grow \·ii t 11 tine . If a 11 

t he r oots have nega t i ve real rarts t he system is asymptotically 

s t ab le . If any root has a rea l uart that is zero, neutral 

stability is in dicated . 

The dctermin<ttion of signs of the real parts o(' the roo t s 

may he carri ed out by ei t 11cr of t he t \·:o me t hods : 
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(i) Nyquist nume rica l met hod 

(ii) Routh-llunvitz annlytic a l method 


Both these methods indicate tl1e pre sence or absence of roots 


wi th positive r ea l parts . 


Now according to Routh-l !unlitz c riteria of stah ility, if t here 

i s characteristic equation of nth deg ree i n general : 

+a"'_'~ +Un-==o ( 2 . 77 ) 

then n determinants are formed as fo l loh'S 

A, - a.., 

~ ·Q.,' 0b,.2 

a.2.Q..3 

o..., Clo 0~3  (2 . 78) 

Q..3 a..2. a_, 

Q5 Q4 a..3 

a_, Q.o 0 0 . .b..Y\ = 0 

a.3 	 0..2. a, Qo. . ·0 

a...2 . . .o0-s ~~ . ~4 	 • 
.Qtt

(1.,2.>'1-1 

and for st ~h ility, all t he se Je terminants shou l d sepa r ately be 

greater th an zero. But since ~1"\ is c omposet~ a 11 of zeros , 
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except for one term a ,b. 
n n 

= a t:, 
1 

. 
n n-

Thus for st ah i li ty it i s 

requircd that both a n > 0 , f'J 
1

> n 0 . In our case th e frequency 

equation (2.73) can he written as : 

2 a A. 
0 

+. a A.
1 

+ a
2 

= 0 ( 2. 79) 

lvhere 

0..~::: [ 2 f-w- .s~)] [L_f w - ( ~5AJA~Ao1 
( :? . ~0)+ f(~) _ - c.u2] [ C (Ao) _ ~2]

L oA A-Ao Ao 

6.n_,,n;; A,:;. a-,= 2~ (4JLw- s~~o)- ( ~~ )A=Ao] 

Substituting the values of S (A0) , CU\) , etc. from eqnat ions 

(2. 60 ), ( 2 . 6 1), (2.53) anc-1 ( 2 . S4), we obta i n : 

o.- 1 = 5(,.j2.f'l ---A~~\ 

0
 ( 2 . 81)
a..1 2w[4~w + rf~ (1-o<)] - .. A
0 

>1 

Thus s i nce c.l,(l-lil)and f'.l are always pos i ti vc , 

o.., /0 ( 2 . 82 ) 

2 2.. ( :z)2.and a.2 == 4f-tw + 1-t..:> -- - Aco~\ (2. 8 3) 

hence l•.' i. th the ell_uation (2 . 32) it c<1n 

he seen t ha t the systeu is alh•ays stable for Ao~ \. 
for A~\ t 11e s t:Jl, ility condit ion is

0 . 
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~ lcncc, from (2. 83 )! 

>!.(l-r~-) [ ~ { ~ -r 'Y. ._ 1. (s'"' 2 'f. + sh,., 2...P2)-'l) C:?. ss)
1\A lT I 2 2 I L 

o + 0{ -c..>:.. J (Si n '¥1 + S;~~'2) 
In our casc ~:: O . 7 to 0 . 0, and for f"~o the stab i l ity criteri on is 

given by (2. 85 ) 

For f=O, i .e., no external damp i ng , for st ab ility \•:e have (Ao>-1) 

[ ~2 (1 - ~)2(A0-1) /A:-+ (w~- w"1/J > 2 l~o( l'tJ +'+'2;•-::) [ 

l'f i th the help of (2. 64a) it can be shO\·m that when w li e s 

out side t he range of f r equencies 2efined hy the t wo l oci of 

vertica l t an gency, only then t h is con cii tion is s ati sfied . The 

unstable regions are sho1 ·n in Fi gures (3), ('1) , (5), (6) ar.J (7) 

as shaded area . 
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I I I. STh\OY STi\Tl: RF.SPO"JSE OF A 
TJ·:o-=-m:r.Rr:f~o F · r:I~ruici-;l nnunt r. rn --U\Ei\I< 
-------JT{S'-it-if!~fr C ~YSYJ~ :' l 

J•:e start ,,. i til th e follOI·; ing assump tions 

(i) 	 The syster,l hos t he confi guration and char acteristic 

p r opE'rtics as shmm in Fi gures (1) nn cl (0) . 

( ii) Both masses are eq11d . 

(iii) 	 Identical non:c:!lizcd hyst eresis -l oops as in t !1c case of 

sing le dc!~ ree of f r eedom systelil , Fi !;ure (1 ) 

Norma li zi ng the s ystem in the m::tnner as shown i n appenc1ix for 

t wo degree of freedom system, we have t he following equations of 

motion: 

(3 . 1) 

(:).2) 

Th is descri be s the motion of t h e t~-.·o masses l'l i t h t he hys t ere tic · 

restoring force . 

I I IlL :~ RYLOV A~W BOGO LI UlP.OV SOLl!T F l.\ 

Let us 	 i:lSSUI!lC the s oluti ons to b e 

::.X, A, Cos 9 1 (a) 

(3 . 3) 

)(.2. .::. A 2 Cos ~2.. (b ) 

42 
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1---xj +x1----ok------x; + x2 


TWO DEGREE-S OF FREEDOM DOUBLE BILINEAR HYSTERETIC SYSTEM 

X~ a X~ are static displacements 

FIGURE 9 
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4:l 

\\'here 

(a) 

(3.4) 

(h) 

A
2 

arc aPplitudcs an d ~ <P. arc 
,, 2.. 

phase an~;lcs of t he rwss 

!\ and ' !
2 

res;)cctive ly l·.' i th correspor1 ding suffj xes . ·'\, A
2 

, ct>1 and 

t?,
2. 

arc · assuJ~l cc1 to be slo1dy varyinr; functions of ti r.1e t 

Diffcrcntjating (3.3a ) and · (3.3h) Hith respect to time we get : 

(a) 

(3. 5) 

nut by !~rylov ;mel f.\o7,o lieuhov :\icthod[l6 ]since· A , A , ct> and ct> are
1 2 1 2 

all slmdy varying functions of time from equation (3 . 5) h'C 

assume : . . 

A1 Cose 1 + A, ~ Si.,., G :::. 0 (a) 

1 
(3.6) 

A2_tos e2.. + A2.~2.S\V\ G2. + A2~ Si.... G2.= 0 (b) 

lien cc 

•x, (3. 7a) 
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(3.7b) 

Di fferentiatin g (3 . 7) once <Jgain , 1ve lHl.Vc 

(3. 8) 

• 
·.;_.2.. =- w~ Az C<>sG2.- w A2..St\') G2. + tv A.2. 4>2.Ccs e.2.. (b) 

Sul1s t ituti1:g this i n ec;uJ.tions(3 .1 ) and (3 . n 

-(.4)'l..A,Co-s &,- (..,.)A,Si "~ ~,+~ A,~Cose,+ t(Aue,) (a) 

- t(A1,&2 ) -::::. R~s (e, + ~,) 
(3. 9 ) • 

- ~2.Az_ Cos ~2- c.v A,_ <;,;... S2 + w A!£<.\>~C.os &2 +""'A 4 4; Cos ~2. 
+2-!(A2;e )- .S.CA,.)~ ) = o (h)

2 1 

\ !u ltip l ying equation (3 . 6il) by wCos9
1
ancl equation (3 . 9a) by 

sin {:)1 and suhtractinB 

-c.JA,- cA}- A"C(/5 e-,s,·\1\e, + t(A,>e,)s,'-' G1 --f(A2J9~) s,v, e, (3.10) 

= Rs,-ne, Cos (e, +~) 
Int c g ra t inr. and avcragin1; over <.1 cycle of G

1
0-s in the case of 

si nt; l c deg ree of freed om system \':c oJ; tain 
~n ~~ 

w·~. + .z\r 55-CA,,O,) s,~ e, c.t ~.- ~~-
0 

~ 
1t 

) \(A2 e.l.)Cose4 o\e.z.. 
0 

'Z..'ll 

- Cos ~2./2.11 ~ ~2,G2.)S,n Et:ta Gl:::. ~ Sin~~ (3.11) 
0 

http:2-!(A2;e)-.S.CA


Again , multip l yin ); eq ua ti on (j , (, a) by wSin01(lnd ecpwt i on (3 . 0a ) 

by Co~e, , addi ng an d avcra~ i n ~~ over one cyc l e· of e,' ~. ive s 

. zn 2~ 

• 'l. , ~cv.s
t.0 A,~ - W A, + 2.1\ 

Jf (_A, ;e, )tos G, c\G1- .:..-n' f(A!l_, G,2)~ e2J~2 . c 0 

( ~ . 1::?)-+ s~~4i J¥(A:2. 'e:L) Si~ e2 c:1 ~~ ==- RCcs 4>, 
0 

Si mi l ar ] y, multiplyin r, cq ua tjon (3 . t" b ) by t.>CC~Q und ( :l . 0h ) by 
2 

SiVI e2. ' sul : tr <~ ct i n g and averag i ng ove r a cy cle of ~2 p, iv es 

. 2-n' 2'n 

- w A2. + .2. ~"' ~ ~CA2 ,e,.) S;"'e~ ote2.- ~T(J;'J.. Jf(A,, e,) s.-~e , o\ e, 

0 (3 .l :l) 

0 

Fin a ll y , r.l~ l t ip l y i n g equ ati on ( 3 . 6b) hy ws.·II\G,:mt! Cf1Uati on 

( 3 . 9b ) by Cos9.2. ' et Jd in g a nd ave rag in~ ove r a cycle of G.2 g i ve s 

2.n 

- c..}-A2. + w A_1 ~ -t (...) A 4> + 2 -tn s-5- ( ~).)e,_) Si"' &2. of -fl222. .2. I o 

2~ ~~ 

Cos~ Stc ~.J(},)Ct>s G,Je,- s,·VIq,2 f }(A,,e,)<;;., e,4e,== o c3 . 14 ) 
21{ 21T J 

0 0 

Le t 

21{ 

~ ~ t(A i _, 9 i, ) Cos 9 i J Gi, (3 . 1S ) 

0 

i ::. l)2. 
2T\ 

5 i (A i )= ~ ~£-(A i ,(1 1 )SinG ·i cl(t;_ (3 . \C·J 

0 
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N01v t he equations (3. l l ) throu;;h (:i .1 '1) nay be 1\ri ttcn as 

fol lcws 

- U)l A, +.2~ A,4,
• 

+ c,(A ,)-c._,lA2.)c.o~<f2.+S.2(Aa)SIVI~"'Rfc5~ (3.1 8 ) 

i n a simil ar manner as in Chapter II and are given hy 

(3.21) 

::: A~ 

(3.22) 

0 - ·At.~\ 

. 
lvhcre uAl)c. OS t, 

(3.23) 



STF!\rW S'L\TE r~ r: S PO\SE 

The ste;-J. c!y st;1t e r esponse c an be outainecl by setting 

. . ' . 
all equal to zero in equ a tionsA, , A,_ , 4>, , ~..2

( 3 . 17) to (3 . 20): 

Thus : 

S(jua r in g an <l ac1cling (::S . 24 ) and (:1 . 25) to e l i minate ~ 1~ e ge t 

si mp l y s l ' c l , s2' (2 have hccn written fo r t hcra . 

Al so , f r oD e quati ons (3 . ~ 6 ) an d (3 . 27) , we g e t 
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FIGURE 10!t 
FREQUENCY-Ai' !PLITlll'E CURVE 

[Ot·tained from the steady state 

response ~~uations (3.31) and 

(3.32). 

R = 0.75 

a = 0.414 

(1,1 

<t 
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<( " 
en 2 
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FIGURE 11 

FREQUF.NCY-PHASE ANGLE CURVES 

[Obtained from the equations 

(3.29) and (3.30)] 

R = 0.75 
· a= 0.414 

FREQUENCY 

\.11 . 
0 
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-
<t 

cn2 
w 
0
::,"" 
t: 
..J 
0... 
~ 
·<t · 

I 

0 

FIGURE 12 

FREQUENCY-AMPLITUDE CURVE 

[Obtained from the steady state 

response equations (3.31) and 

(3. 32). 

R = 0.5 


a= 0.7 


MIMIC e.~ at w = 0.8, for M1 

B·. at. w = 0.8, for M2 

1.0 

FREQUENCY 

2.0 




FIGURE 13a 
FREQUENCY-PHASE ANGLE CURVES 

[Obtained from the equations 

(3.29) and (3.30)] 

R = 0.5 

a= 0.7 
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(3.31) 


from (3.2 0) and (3.3 0 ) 

(3.32)0 

Theoreti cally, (3 . 31) anJ (:l.:i/) constitute t ~vo eq tt<ltions lll t~~·o 

unknmms .1\ and ,'\ and it sl!oul d be pos s ible to fii~ J . and i\
1 2 1 2 

from them. !10\,'ever , due to the hi?;~ll)' invo1 vet~ r: ::t ture of t l~ c 

equa tion s orJjn~ry itcrativ~ rn c t~ oJs fa il t o g ive a f ast rcst1lt. 

lie apply ''~ radicnt r.:ct)~o ci '' for this purpose . The l eft hand 

expressions in (3 . 31) anJ (3 . 32 ) are designate~ ns Y(J) an0 Y(2) 

2 2 
r cspecti ve 1y . A nc\·! function f = Y(1) + Y(2) ·is clefincc' . The 

grad i ent of f is nol': c ~ lcul"tc t.l by <>.pproxin:1tinr, <l s : 

f:(A.t-1-h)- F(A\.) 
at an 

2.h 

arbitrary i\., h'here h = initi a l size of t1le ster1 . T11o function 
1 

is tl1Cil eva lua t ed at st CjJ S of h -
") 

in this direction unti l r: 1cg i ns 

t o i ncrease anc: t he p r o cess is repeated . · The p r ocecurc \\'as 

conveni ent l y <lccom;J lis~!c d hy using t!1e CALL f;! ~MI 
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subroutine based on the r:raci icnt me t hod described above on 

t he I WI-70•10 computer , wit h rt uit e fast results . 

II I C.. SOLUTIO~~ BY RITZ AVF.RAG T>JG ~· 1ET!!OD .. 

In t h is sub - secti on the equ a tions ( 3 . 1), (3. 2) 1·; ill be 

solved hy th e Rit z averaging mc th c:cl dcscril)c tl for sing l e degree 

of freedom system i n Ch apter IT. Design<:~ting th e t\-:o equations 

(:) . 34) 

Let an ap;Hoxinate solution he assw:1cl~ as 

"V t\ 
x, - 2: Qt\ 4>"' (:t,) (a) 

1\~1 
( 3 . 3S) 

rv t'\ 
(b))(...2. L, bt1 '-\1'(\lt) 

n~\ 

I n t his case , E,(X:,x:L),E2 (X:?x2.) wi ll be differen t from 

E, (x,) X:z.) ? E2lx,, X2.) and t l1ereforc t hey 1·li 11 not ncccssari ly 

be equal to zero . 

(c .1. ll ed ertu:ttion defi ciency f 8] wi ll vary fro1:-: i nstant to j nsumt , 

hut over an arb itrary cur:-tti on o f time T, it 1·: ill be possib le t o 

vanish . i\ccor , ~i n:: t o I:itz r~ver:l.O: i n); c ri terion , t he existence 
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and is p l aced cqu:tl to ~(~~, W'.2.l-t-) equ:1 l <P,_lt) 

. -- · etc . and PH~ 11eight functions "'(t ); '\-; l-t), ~2 (-t) := ~ l~) e tc . 

Thus: 

JT 

e, ('X,>>tA-)<?,(t) &t =o ' 
J 

0 

T 
E2 (X:, _, )(2.) ~ (t) Jt =o 

;. 

0 (3.36)
T .

JE, or. , )(2.) '\-; tt) o\t = o , 
0 0 

etc . 

thus y iel ding 2 n nl ~;eh raic equ<1tions from h·1ich (a , .... iln),<~ 21 

(b , h.,, ...... h ) c an be c alcu l ate<! . In th e present cas e as a
1 ~ n 

t wo term approximation we shall ~1ose 

"-J 
~ (:1)x, A., Co.s & 1 

(3.37) 
tv 

Y-..a - A~ Cos 92 
(h) 

h'hcrc e, (~t- 4=-,) (a) 

(3.3R) 

{}9. - (&,- t2) (b) 

t1w r1asses . Substituting t hese ~xp rcssion in (3.36) and av·eraging over 

a pe riod 2n 

J2-rT 

E, (J,) x,_) e-o~ c-0t-dt =- 0 (a) 
0 

(b) 

(c) 

(d) 
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These cqu:1tion s "'ill lead t o four al geb raic CC(U(Itions in four 

unkn01ms 1\ 
1 

, A2 , ct, Md <P.. 
I .'2. 

(3. 40a) 

0 

L~ l~ 

- A,CA:.>L. JC.os ~ J Si~ cr-Jcr + I-§- t )t 1 , i, ) .S\~ <rd.cr
~ v 


2~ 2n 


~ -t (X , i 2.. ) S,·"' a-Ja- - R ~ Cos cr s~·"' cr J<r .:: o (3. 40b )
2 


0 0 


l~ r~~ . 
A,_v:}· ~Cos G2 Cos erda- + :L ) ~(~:z.,X:z.. )CoscrJo

o 0 

2.~ 

( 3 . 40c)~ %C.~ ,~,)Cos <r otcr ::: o 
0 

(3. 40d) 

0 

/\ssumini'. t hat t l1c doub l e b ili1~ ear hysteretic curves arc cor:tp l etcl.y 

syT:Jmetrie<l l un der steady st a te conditions, the integ ro ls 
2..1\ 211'

5-rex-, ,i,) Si"' o-&o- , f f (~2-) ~).)Coso- dO"' 
0 0 

etc can he eva l ua t ed c:.t~ily by considerir.g on l y ha lf cycl e. of t h e 

motion . 
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Le t '\',., and C. denot e t he p!wse an~ l cs a t 1·:11jch discon ti nu iti es 
I,_ Sl,2 

occur in t he dis p l a c er:JCnt- r es t o rj ng forc e curve [as expl nined 


i n Fi r, ure ( 2) ] for t h e mass '\ <1 n d i· i 2 ~res pC' ct i vc l y . 


The intcg r <1 l s i n (3 . ,10) c an be e valua ted as fo ll oi·IS : 

\ 

11 ~ f ; --- ~ ) r'¥, ]
2. ' - J :r("',, X1 CosG de = Jl A,C.os (j,- (\-v\..) (Acl) Cos(e ,-+4\)~9 10 

0 

r~~ * -t )oe. A <'.ose,Co:;.({h~- ~,)~e, + ~ A.,c.os&,Ct>-.(e,+~)c\l11 1 
't', "1\ 11'/;?_ 

+ ~~ (_o( A,Ccs e I -(1-o() JCos(G' +<\>.) c\e, 
L 

2=A (Cos l?, (~ 81+ ~Sin 2e,)- S1"'4j ( ~ Sin e1)]:1 

- ( 1-~) (A,-1) [ s,·"' (e 1+ Jr,) ]:'+ ~~" l_Cos~ (i e, + l Si"' '2G,) 

lf/z.. L 1 l ) J'f2. 
-s•Y\ ~ (i ~i "'a.e,)]~ + A, LC'cs 4>,(ze,+ 4 ~; .... 2 9, -s,.,{-,(i~.:112&JJ1\1

I TL 

1\
+o~.A, [cos~(! e,-+ 1~ll'l2e,)-s,·..,'P. (~ s;"'~e,)]'¥. 

. 2 

- (1-"") [s,·~ (_e, ++.)] 
i{ 

~ 
2

Th e r e fore : 

0 

(3 . 4 1) 



Si mi l 3rl y : 

2.1'\ 


I 2 ::; ~ -5-(Xz .9 ~2..) Cos a- J.o- :::. 7f ::.. Cos (~+ l.) (~ex -t) 
0 

+ A2. Cos(~,t-c?~)(,-o<.) t},+ s"+~(Si"' 2~1-tSi.,2 1; :l.)J 
+A;~,~-cJ..)Si v{~+~'l.)f_3-Si>'~ lg,-Si"':a.~...l +2(h() f2w,_ (~2.+<f, +~,_} (3 . 42) 

-~A:l.-\) S1n ( {:_;, + Jr, +~:a.)] 

2.Tf 

J1 = JfC.x, ,i,)Si~ cr-Jo- = A,(\-ot)Cos cq(si~1 ~+Si~-"~~ -?>) 
0 

+ 2.(\-ot) [(A,-\)Cos('-\j +~)-Cos ('P2 +<P,)] (.) . 4~) 

i J2. :; r~(x:~.) *l.)Si.-.&- ~~ =: :.a (l-~t)Cos(_~+~J0i.,zs,+Si~$~-?,) 
c 

+ ~ A~(3ot-1) s,·VI(~, +~:J_) + (\-o') L(A2-\)Cos (t; ,+ <?,*q4) 

- Cos (s'l.+ ~ +<P2. )] 

The r efo r e : 

J2- = A~ (\-e:-t) Cos ( ~~ + ~2. J [ S'iY\:t s,+ s,-V\2.t~- ?>] +A4 ~-e0 s,., (<f,+4>).) 

)( [5, + S:t.+ i c~i~r~2 ~jT Sin 2 ~'2.)] T -:A1. (:? €{ -\) s~ f'\ (9, +42.} 

( .) • <1-1) 



59 

FIGURE 14 
FREQUENCY- A.'lP LITUDE CURVE 

[Obtained from the steacy state 

response enuations (3.31) and 

(3. 32) 

R = 0.75 

a= 0.7 

• MIMIC • at w = 0.9 

~at w = 0.5 
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FIGURE 15 

f.RcQUENCY-AMPLITUD. CURVE 

[Obtain~d from the steady state 

response equations (3.31) and (3.32) 

R = 0.5
2 

a = 0.414 

C\1 
<( 

ct.S 

<( 

(/) MIMIC e · ; . at ·w = 0. 85w 
0 
~ ~ at w = 1.07I
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FIGURE 16 

FREQUENCY -AMPLITUDE CURVE 

[Obtaintd from the steady state 
- . . 

equations (3.31) and (3.32). 

R = 0.25 

a = 0.414 
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~O\v the NJUGtions (3 . 40 ) lvi th the help of ( :1 . 41), 

(3. 42), (3. 43) <mJ (3.4 ,1). may be l•:rittcn as 

(h)0 
(3 . 45) 

A!2. Ql. n Cos(~,+ JrJ +2.! -I, .::= o (c) 

Az ~~ n s,·" (4>, +4'~) + .2 J 2- .J1:: o (d) 

By suitable a l gebraic manipulations: 

(3. !1 6 ) 

') =:- A1U)2..1T S1V\<\>,- A2.w'- 1\Si~(~+<\:>:a.) -+J2 =-0 (cl) 


Let (~+~'=JL1, theP,

I :J..J 

(fCos cf.-+ G SIYI ~ ):: -2. A1 w2.ll- A2.. '-02-11 Cos~ + 1t C. (A,)
I I 2... 

- 2.1\ R Cos c:\> = 0 (a)
1 

. (_F S;.... <f, - ~ Cos ~) == A2. W2.1T $,1,.. ~2. - 1t S(A, 1) 

-2TI R SiV\~ = 0 (b)
I 

. '\ 2 2. ( 3 . 47)( ~ Cos}l, + dS1"' fJ')=- A 1 w II'Cos<f - A2 w 1';
2 

+T\C(A2 ) -TIR.Cos f 1 = 0 (c) 

(-5-stV\ f-t 1- 'tC.Os p.,):::: A 2 v:?-n. SiV\ ~ -T\ S(A2-) 

- 1\ R._Si~ p. 1 = o (d) 

http:1-'tC.Os
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values as expl<l-incd Jn subsection TII13. 

A feli more steps and manipulations similar to these l;'i ll 

now result in the s aJ':le quat ion s a s obtained l>y the "nethod 

of slm1ly varying !WYaJi:eters", i . e . equ<1tions (3 . 31) and (3 . 32) . 

The response curves h ~1ve been shm
' 
.,:n in figures (10), (12), (1 <1), 

(1 5) and (1 6) with differen t va lues of th e parar.e ters ~ <1nd q 

using ''Gradient :·lethod" of iterat i on [Sec. IT1R.] . In a ll 

th e cas es which have been ex amined 1vi t h the given parameters , 

no tendency for t he ''jump phenomen <l "have been observed.., One 

extra hump near the first res onance has h~cn found which tends to 

dis.:~ppear su~1 sequcntly as the amplitude of external excitation 

R is clecrei-!sed . The frcflucncy "' ph.:~se angle characteristics 

have l1een shown in rigures (11) and (13) corres ponding to t he:' 

r esponse curves (1 0) and (12). 

I liD . SO: IE J\PP ROXWATIO~~ S 

Approxi lilate va lues o[ C.(:\.) an c S. (A.) for l<1rge A. 
1 1 1 l l 

Here lve shall find approxim<1tc express i ons for C. (i\ .)
1 1 

anJ S. (A.) for l arge valu es of J\ . • He r e '\!,t~J and '1';i.} deno t e 
1 1 1 

~ It he p!1ase e~ng l es for the motion of t he t1-:o r.l<IS SeS ' !1 and ·'' 2 

( i = 1,::? corresponcl i n r. to the subscript 1 ancl ?. for t l:c masses 

:·1 and \1 ) ;:tnd '\' nnd 'V have the san e meaninr, as exp l ained in
1 2 1 2 

Fi .P, ure (2), viz. 't (t) C.os-' ( f\i. - \)
I At. 

\V, \ l) 
2 Cos-1 {:-\(At.) 



Exp anding "}'(i.} in t e r ms of Sl"''tlill1 7] we get 

( 3 . II R) 

Thus 

. " lL> ::; l., AL. - \) I A2
l· (3. 40)S"in2 ~U-) -= \- Cos' ~ .c.. 

I 

suhsti tuting in c:;. 48 ) 

~1ich c an be re du ced t o 

(3. 50) 

nFor ob t aining the expression for 'l'2.t we use th e r·!acl aurin 's 

series -

JCx) = fto) + x i-'(o) + E f 11 
(c)+ - -- - (3.51)

21• 

From which we ge t 

\11(~) - ~ + ..L ( 3 . 52)'2. - 2. A: + 0 ( ~~)
"" 

Now fro m equations (3. 21) ~-.·e can derive the r elations 

(3.53) 

(3.54) 



---- ---
/\pproxim~1tions of C.(/\ .) and S . (1\ . ) for!\ . = 1 +E h'hcrc €~ l 

1 1 1 1 ) 

For t he cas e lvhcn A. = 1 + € 1·;hcre E // \l ,~ . 


tjJ may be e xpanded in the form : 


(::1. 55) 

(3. SSa) 

or 

from 1-:hi ch 

Sin '\J1.ltJ = t{2. E.y'=-- 3f" E~'.2+ o (E 512) (3 . S7) 

Using the 1-!c l aurin' s Expression for tjJ and equation (3. 55 a) 

. ' € 3
~(.l) = ~ + c~~) + o(\-\-E) 

"\',~J
••• (3 . 58) 


Using the expression (3.55) 


. 
~2-lt.J = 1\- fiE YL_ ~,..fiE 3h.-t o (E s~) C:L 50) 

= 2E.(t-t:) + o(_(; 3 
) (3. 60) 

S!'n z :,v \.l) = 2. s· u_, \_LJ c l i.J t l.;
1.2,_ 1n l' 2. o~ ,-2.. 
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(3. Cd ) 

From the expression for C. (!\..)
1 1 

ci U\) = l\+~) [\- ~~ E. Y2. (t -o<)] + o(~3) 
(~. 62) 

Si1nilarly 

Let the steady state an~lituJes A and A2 both become1 

very l arge but ll'i th the follmving restraint 

(3 . 64) 

~o11· from the equation (3 . :l2) 

(3.65) 

Using equations (3 . 53), (3.54) and (2 . 22) and designating 

·R . • 
cr1t1cal 

as S 1vh cre 

s = 2(\- ot. )/n (3 . 6(,) 

•.. 




Flimin ;J.ting i\ J using (3 .64), we get 

I \ 
c.u = o< (l + N) + ~ (2 :; \) ~2.. - o 7"f (\ +2 ~Y:z_ ) A~2_ 

s'2.. ' ( 3 . 67 )+ 2.3ot ~ (t-5 ) A'- -\- ·0 ( ~Sh) 
..z. .2. 

Al so from ( 3 . 31), we h ave 

~-o·h ich y i el cls t he fo ll Oiv in ~~ app rox i m<ltc va l ue 

/ 

>loh' tak in g t he s ame approxi mation 0 (~r0in equa t ion ( 3 . 07) 

U)z. ~ o<.(J + N) ( 3 . 60) 

Subs tituting t h i s i n (3 . 68 ) 

o<1. A~ [ 4 N 4 + " N + ,;] - A L ~No< ( l + 2 \'-.\)
4 ~ 

+ r( 4 N + I +<H ~ ) + 0 ( l;:~ ) co . 7<>J 



For finit e excitati on R t here c an 1H' ur:l'O utHlc d r eson.:1ncc if 
cr 

and only if the coefficients of A~ an0 A
2 

vani sh j dent ically, 

i. e . 

4.,,.4 +- E" 
I ' ; ,, + .~ 0 ( ~ . 71) 

1 + 2N = 0 (3 . 72) 

Equa tion (3 . 72 ) gi ves 

N = 
+ 
- i

1 
(3 . 73) 

h'ithin t he li r.lits of the accuracy involv e d in th e approximations, 

t his v2.lu e of?\ seems t o s atisfy th e e q u a tion ( .3 . 71) approxi::tat c ly . 

I n t hat cas e ~ 

R . . = b ( 4 ) y:L (3 . 74 ) e n . t1 col ,.[2. 4N + I + 8 + N 

From ( 3 . 69) we ohtain 

(.U2 - (3 . 75) 

This analysis i ll ttstrates t he poss ibility of t110 unhoun 'e'~ 

r eson ances 1-::1icl1 may occur for finite valu e of the excit ati on 

a m;) li tuc-!e R g iven by (3 . 74) . 

II IF . St<Jl, ility of the Ste a dy St;-tte Solution 

Giv i ng i:1finitcs i mal perturbations l;i, \'Ji t o th e stable 

0 

amp litudes an cl phase differences , A~ nnd A-. r CS[lect i vc ly,
1 Tl. 

0A· A·+ s·'l- t t. 

( :1 . 7r, ) t = ') 2. 

<P· q;
0

i + 'til. 
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It r1ay lw sho1m [.::!]using r.r:unions (.3 .1 7) t brough (3 . 20) anJ 

(3. 2·1) through (3.27) tb.t! 

- 2t.V~, + s/ .; 
1 

-:- g~ ( c; Si" ~2 + s; Cos tb.a )- (~'J.A.,-c,) ~I 

( ~' + '¥2 ) ( C2. C.os<4; -SaSh~ ~2 )= o 

(3. 77) 

-2w i~+ 2 s: g~+ 5, (c{ Si~ ~.l- s{ Cos ~ ) +'t,. (-~~A.l-\- .2.C2.)=o2


==o 
where 

I
C. 

1 

(3. 78) 
t.;:::: \,2. 

and s ~ = 
1 

i\ssur:-~ing th e infin .i. tcsinal rlerturbations to he tine vnriants 

= c<::>·l 

(3 . 7\1) 

\\i t ~1 the 2hove nssu:~:1 ti ons , it hns been shm:n in reference [2] for a very 

1;cnera l c:t s c th;-tt tl:c fre c: ucncy equa ti on is J: ivcn by 



a.. o = J_ [- sf [_4 s: s.2. 1 - 4- s, s 2 s ; - s, (w,_ ~ - 2 c:L)
A,A..:z 

(c..v'L- 2C~)+ (w'L A4 -~C:l.)(w~-2.C~) r_]-\<.(2'52 L1.. 

- 2S,Sz.L-~,(<.;:}-A,. -2cl.)N +(<...:lA2 -2<::.2 ) NT] 

-(c, -WL A,) [ L \ '2-S.z r- (w2 
-2_ c~) I 3- 2S: 12. $2. 

(:-f..i)2. + c/) - ~r_ '~ (_-~2 
A4 +-2c~) { (:-c.A>'L+c{ )(c-./--2-c:_) 

- N .r ) ] - M [ L \ s, (l.J~-2c{ ) - 2 s2 J ~ - 2 s; 1s, ~ 

- 2s2.- (-'-<)'----+ c( ) 5+(<..:?·A 2-2 C2) {(-c.:>,_+ c.' Xc.}--2c;.) 

- N ;rJ ] 

( 3 . Sl) 

a_, = ~,A:z. [- s( [ 4A,'S,_s: + 2 A,_ s ,s.f. -2 s,_T-t2s, sl. 

-+ (L.:>l_A2. -2.c2 ) \_A;z..J +A1 ( c~:l--'2ci)J] + 4S~ 5 2 I 

- 4 s,s2 s: -51 (t.:)'LA2..-zcl-)(~,_-:Lc[) +(~"LA,-lC'2.) 

(wl-2 c_{) I- K (_ L(2 A, st.+ s, Az) + ~2-A~- 2.<:2...) 

\A,"'+ A~(-c.v"l.-+c()1]-Cc,-cv'2.A 1)(-A,LT 

+ 2 S ~ A 2. (- <-..?~ ;- c / ) +2 S .2. (:- ~ t + c () - ~1:J - M [ -1\ L 

( w '-_ H{) - 2 S ._ 0w '- -+ c:) + ( S, + l. A 1s,') ~] 

(3. 82) 
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= A)
2 	

(-s,'(2 A: S2- Az.S,- 2 A1 Az.Si) + 4- A.1S1. s:-t 2 A. 2 s,s.'a2 

-2 S2. I + 2 s, S2. + A, ( c,- c...:l·A:)(_-c..:}+ c_() +( CJ}-Az.- 2c.,) 

{ A2 J -t A, (c.•l - z.ci) J+A, A2.. K L +At MN] C:L S3) 

p . 84 ) 

1·1here 	 I C2. Si"' cV2 + S .2..C.os c:\:>, 

J s; S,·"' ~- C~ Cos ~:z.. 

K ~ c;_ s.;... ~2.. + 52 
I 
Cos ~ 

2

L c.' s,·" ~ s; Cos ~4!...
2 

( 3 . ?.4~ ) 
r.. t C2... Cos cpL- s 4 s .."' <-\> 2._ 

N c(C...o5 4>2. + s{ Si"' c\:>.2.. 

(No te : Ec;uati ons (3 . 80) througr1 (3 . 84) have <J.lrcac:y been 

derive~ i n Re feren ce[:]in detail , an (! a r c very gene ra l in nature 

up t o this point , hence 1·: i thout ::oing into t he derivations, t hese 

express i ons 1d11 direc tly he used fo r tl1e fort:1 co r:~ in g ana lysis.) 

1\ccorll ing t o no uth - l!u n:i tz stal., ilitr crite ri a , t 11c 

coefficients n~ (j = 0 , 1,::?,3) of t he frequency eC].ua ti on (3 . ~0) 
J 

m~ r st satis fy t he conditions as specified i n Cl:.i!pter II . Using 

t he condi t i cns for ;:, tal,i li ty : 
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a. ) 0 , J (), 1, 2 ,~ 
J 

(3. So ) an d 

Th e crit eria is si1:1p lc, hut th e comp li cated expressions 

for ao' a l ' a2 and a 3 hinders any t!i rect and general ar)p r oa ch 

to t~1e solution . Th e r efore, exar.1 inati on shall be mac!e of only 

two limitinp. c rtscs in ~Vhich muc!1 simp lifications are possible . 

Stabi li ty of ~~mall Am p l itude Os cill n t_~ on~ 

Under th e circums t ances H:1 en A1 , J\ >1 t he doub le-b i linear2

hysteretic system r ecuce s to a simp l e un c!ampe tl li nea r syst em 

where t he osci ll ation i s simp le h;:~rmon ic and the stcr~dy state 

s olutions arc mar~ inally stab l e . Bu t s i nce this does not 

r eveal t he typ i cal n a ture of t :1c clouh le - bilinear system 

beh aviour, the follo1ving cases are nO\v cons i clcred 

(i) A ( 1, ·'\ = 1 +E, 1·1here E<<.l2 
Then 

(a) 

(b ) (~ . 8 7) 

1s = s = o (c)
2 2 

From equ::ttion s (i.6 2) , ( 3.63) ~ 

C1 (I+E:) [_\- ;_~ E.Y2. (1-~)] 

~ (1 -tE) - ~~ (l-d.J Ey' +O (E-:.14) 
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C 1 - ( \ +~) - : J2_ f'A € '/;_ (d) 

C, I = - )J- C:- E.+ I + \3 1{2 E ~4 J+ l+o(E'!ofl) (g ) 4 

Und er these con ditions 

a = 
3 

=bE+ £(1-2E.) = ~(\-€) /'0 ( 3 . 88) 

ct;. = A' A [ A, 2 S, S/+ A2 (c.,- ~1-A,)(c(-c,v')-t ((•.::?A2 -.2C.2)lA2 :r+ 
I .2 

A,(w2.._ 2.c{)! -t A 1 A2. kL + 1\1 M N_] 
where J = - Cos 4>"'- :::.. C/.2 (-(..) 

2 -+ 2) /(C
1
2. +5t) 

KL = Sit'\ c:\> ( C / s,·,.. c{>2.- S .' Cos <f,..2 )2 

~ IN = A2Cos,P2.(c{Coscf>2 + $;$m cr2.) 
~2..= 2=t-,/A2 =2.+N/A 1 ~(2=t-l'\) ( 3 . 89) 

He nce 
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'2. 
Substituting for w from (-3 . 89) 

( 3 . 90) 

1>'11en the positive sign is i mplied Gt2 ">o. t:o r t he negat i ve sign, 

a >0, for 6 ~ 1. Rut for 6 tJ; I, a 2 may b e l ess than zero for some
2

values of 6 and N. 

CL, A, I>.,_ ls,'(w~A"-_,_c.,)\A2 J +A,(t,/-2 c~)\ 

- s, (~:? A2_- 2C2)(tV2-2C~)-\- (L0'2_ Ai"2C2)(~'"- 2C.~) I 

- kl LA2 S,+(w2 A 2.-:2C.2)(A,"l+A2...~e-v1+c.'))J 

(c,- t-02. A,) i-A2 ~L -NIJ 

lv\ \- A1 l ( ...,1:._ 2. c_f. ) + 5 1 N \ J 

\vhi ch retluces to: 

(3 . 91) 

1d1ich is ah:ays positive fo r t he present C;J.Sc ( \: >1, h.( 1) 

Simi1<lrly 

,.4 - ,_,,3 (? +c ) ao = 1\ + - " + 

+ (1 - ~ ) + 0 ( c ) 



' \.. 

which is also positive for a ll \! >1 and $'..( 1 . 


Thus the first criterion ( 3 . 8S) is SGtisfi e d for all N > 1 


'L 
and all S<1. For ~~(2-N), it has heen found that th e criteri on 

( 3.86) viz . 

is satisfied , and hence the syste;n is stable . But for e-.:?-~ 0.+"9 
.~thou~h the condition (3 . 85) is satisfied , but (3 . 8n ) is not , 

hence th e system is either margina lly stable or unstab le. 

(i i) when ~ 1 ancl A = ( 1 + t- ) \vhere E ~...(. 1A 1 2 


Th en = , I 1
cl c1 ='\ 

sl = s / 
1 

= 0, s2 = -~E s / 
2 

= -d(1-2E) 

1/2 
(3. 93)

c2 = 1 +E - *,[2 FE 

C I= - bCl -E+ l 3 J7_ f: 
1/2 

) + 1
2 4 

Usin g the expression (3 . 84 ) 

a 3 = ..!_ (-2.. A 1S2 - 2 A, A2 S~)A,A:J. 


2 ( &' E + 6 (t -~ E: ))

A2. 

26 + O(E.) (3.94 ) 

Again fro m expression (3. 88) 

Here~! <:. 1, hence for O..:f!: 1, a 
2 

is <11\-:ays positive. 
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From equ ati on ( :) . 82) 

which i s ag a i n found to be pos itive for a ll N ..( 1, S' <: 1 . 

Al s o from ( 3 . 8 1) 

ct 0 = N 4- :t 2 N3 (t + S) + t-..\ 2 ( Sb+ \) +N(+3~± l -t \) 

. + ~-8') ( 3 . 07) 

This t e r m can a l so !) e seen t o b e positive f o r all 0~ <:1, S'f!; 1 . 

2. 
For w = 2 - N, 

f',::. [ a.,a2 a3 - (Q~ + ct 0 a ~)]::; B ~ 2 N'(3-N)-\{,cS 3N2 (3 - N) 

4-~2 N (z.+ ?> N) + 4~3 (tc N- \) -2b(t-8) 

+ 4S" N (?>-NJ -\ . 
(3 . 0B ) 

It can b e s een from t his exp r es si on t h a t P >0 f o r f);:::: 1,
1 

N ~ 1, th e s yst em is stabl e . For &<<I , 1 ~ 1 or 8";::;;; 1 , 

N L...< 1 or 6 ~< 1, N <.<. 1 , in all t he cas es t h e syst em is ci th e r 

margin a lly stab le or unstab l e . 

For c.:>:t = 2 + N, 

Pz= (a,C\2.Q3-(a.~ + ct 0 0.: )] = 861.N3(&+4-) 

- 4s-N4 (,-o) + 86~ N2 (4-cS') + 4c3 3(!>N-t1) +2~(2b~ -~) 

+ b6 (\ - 2N) +(b~ ~t) ( 3 . 90) 

which can be s e e n t o h e positive for all values of ~~ ~ 1 , 6 < 1. 
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-Hence the sy s tel•t is comp letely stab le for W'2-. = 2 + N. 

Thus the ahovc ana lysis gives the stability criteria for 

t he system for (A = 1 + € an d A .C l) and (A = 1 +E ancl A ..(. 1)
1 2 2 1 

l·!hcrc <:; is infini tc s i ma 1. 
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IV MJ..IERICt\L 1 '1/TEGf(/\TI O:~ N-:n DIGITAL-ANALOG 
S-H!UL!\TI0:--1 Or T!!E SYSTE:-.1 EQUATIONS OF ;, to·fTo~f 

IVA r:U:· IER ICi\L nm:GR/\TIO>: 

Equation s ( ~ .1) for t he sys tem 1dt!1 hysteretic cla r.1p ing only, 

( 2 .42) for the system with ~ dele d viscous damping and equations 

(3 . 1) and (3. 2 ) for t l1e two degrees of free dom system we re 

p r ograJnJ;! eu for nw:1 e rical int eg ration using fourt)1 - order Runge-

Kutta me thod [ ~3 ] . The subroutine us ed h' ilS "Ci\LL RKG" on 

I If-!- 7040. i\ sam_i) l e prograllll'le is a t t a checl in the appendix 

1vhi ch 1·1as made for the equn tion ( 2 .1), other programme s being 

exactly on t he same pat t eTn . To mini mize rounding o"!'"f an d other 

inh e rent errors, the int erval 1-I::JS chosen to be ve r y so:1all i n tl1e 

ti me domain (A t= 0 . 01). The starting point was taken to be 

0(x) t=O = 

(clx) = 0 
ut t=o 

The approach tol·! ards a steady state va lue wa s ve ry-very 

slow, hence only a few po ints were tried to test the approxi ma te 

r e sults . In all t he cases t he numerical results \•!ere f ound to 

be quite cl ose to hut sli gh tly higher th an t h e analytica l res u lts . 

IVR. OIGITAL- A'I/i\LOG Sl:'-!ULATi m: 

There a rc seve r a l methods lvhich have been developed 

recently for Analog S i mu l a tion using Di g ital Computer . Anon~ 

these arc :!ID/\S[ 14 j, PACTO r.u s P 4 ] ' ~irmc [l~]. etc. Essentially 

th ey all consist of f unctional h l od :s cg . int e~rat ors, summers, 

http:PACTOr.us
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multipliers etc. anti they <1ll have transl a ting an t! processing 

decks or tapes 1vh ich must be put along 1vith the programme . The 

prog ramming is st arted by making block diag r ams as in the cas e 

of El ectronic An a lo g Computation, and then 1vriUn g up in a 

language s peci n l to the system <.lcscribed above . As in the case 

of Ana log Co mp uter th e functional units or blocks must be int e r

connected, or patched , however, with a digita l-an alog simulation 

patching is accomp lishcJ by a sequence of interconnec tion 

stateraen ts, 1vhich are punched on cards rather than actual wiring . 

It is convenient in th e sense that once the cards arc punche d , t he 

progrmnmc c an be re-run l·l i th different initial conditions and 

parameters lvithout the repatching and testing inconvenience 

~1sually encountered with the Analog Computers . Also the "scaling " 

problem is comp letely eliminated . The output 1s 1n terms of 

digital printouts Hhich can be plotted to get the desired curve . 

mmc has got some hybrid clements like 1·fonostah le i·.fulti-Vibrator 

(i,r.JV), Track and store (Ti\S), Flip-Flop (FLF), Zero Order llo ld 

(ZOil) etc. as special functional blocks . This makes the 

simulation mo re convenient. PACTOLUS is similar to ~· IIDi\S, but is 

almost ob solete no1v due to the i mp roved features of :.JD!IC: and 

r-IIDAS. 

For the present p roblem , 1,1P·liC was more useful for the 

reason th a t a hybrid clement "Track and Store" (TAS) had to be 

used to gene rate th e piecc1visc linear function as sh01m in Figure 

(1). An explanation of the log ical variahles and the various 
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elc;:1cnts are given in the Appendix along with the sample 

programme s. 

A comparison bctl,?cen th e results ob tained from the r..!I ~II C 

and Numeric<1l integrati on by fourth order Runge-Kutta method shov:s 

that they tally rcmilr1:ably l".'e ll up to third place of decima l. 

The sligh t difference is clue to the gre ater accuracy of the i..!P.lTC 

execution and output . Although for single degree of freedom 

system r~unge-Kutta and ~ I H' IC both c an be progr a1:11ne d with the same 

case , but for tii'O and highe r deg rees of freedo m system, ~IHIIC is 

much easier to programme . 

IVC llAR~· IO:.JIC ANALYSIS 

(1) ror the single degree of freedom system, l e t us 

consider the fourier solution of the forn 
PO ""'

X(t) = ~ (a..nCos Y\Wt + bn Sit\ ¥\~t) 
near the steady state. It is now possib l e to calculate t he 

coefficients a and h if we know the numerical value s of x (t)
n n 

at s ma ll equal intervals of time for one cycle ncar t he steady 

state. From the solution obtained by t he r.n;.nc at tine intervals 

0.01 t~e various values of x(t) for One cycle were put as clnta 

along 1-:ith t!1e prograr.11 c for findin g the Fourier coefficients. 

A s amp l e programr.1e is attached in th e appendix 1vhic11 can determine 

up to t~enty coefficients. ~· lore numbers of coefficients c an be 

determined si mp ly be increasing the upp er limit of J in t 11C DO 

Loop. The m:Jgnit ude of the coefficients for particu lar values 

of C>{ , R and frequency is g iven in Table I. 

http:programr.1e
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TA RLE I 


FOURI ER COEFF ICI E~TS 


o<. = 0 . 7 , R = 0.3, Frequency W = 1. 1 

S I i\G LL nr.GRH or F I~EF.DO: I SYSTE\1 

0 . 000396SC·50ao 

= 1. 36 l r104000 = 0 . 0174111 (>al bl 

-o . nos 70R884 = 0 . 0119 ()286a2 b2 

a = o. ons9 3052 9 boy = 0 . 0 04 2 71 7 53 
3 .J 

0 . 00188459 3 = 0.00064 26 263a4 h4 

= - 0.0 0696 3342 = 0 . () 04 8 ~74 78as b5 

= 0 . 002 329 3(>3 = 0 . 005(, 1%05 a6 h6 

0 . 004 3572 6 7 =- 0 . 00 2224 48 1a7 b7 

= - 0. 004 185004 = 0. 0014 04 0() 7 aR hs 

= -0.001351967 = 0 . 0060 S953t1 a9 h9 

= 0.0 048244 r1S b =- o . oo2122 4c, 7alO 10 

X 10 = o·0165536 

It can be inferred th a t only a has significant contribution
1 

to the t otal amplitude . Other coefficients are too small as 

compareJ to a .
1 

The ha r monic content of x (steady s t ate) is defined [2 ] 

as 

X 




Hestrictin g our <Jnalysis t o the coeffici ents g i ven in tal1l c 

I, ~;•e may defi ne 

::: 

1:hich g i vcs t he percentar.c ha r r.1onic cont en t i:1 the f irst te11 

har moni cs with respect to .t he fundamentaL This has been calc.pJated 

and g iven in Table I . 

( 2) Two Degrees o f Frcc cl on Sys tem 

~a : nc solutions have been obtained for t1w clcp,rccs of 

free dom systci~l . !\ sample progr amme has been att ached in the 

appen dix. The follo1dn g har monic ana l ys is has been done for a 

particular set of pa r ame t ers indica t ed in Tahle II. Due t o 

very lonL time t aken hy th e compu ter in g ivin~ a r eas on al d e ste<H1y 

stat e solution , on ly a fc 1·1 sets of cb t a h'ere tried , in <:ic<lted hy 

t hick dots on t he curves ob t ained by app roximat e so lution. 

I n Tab l e II, x and x arc t he dis pl acements of t he masses
1 2 

The paramete r s at wl~ ich 

these values have been oh t ained i s a l so sh01m on t he t or of t he 

t ab l e . 



ss 

TA RLE II 

0(= 0 . 8 , R = (). s ' w = 0 . 7 


)( l O(l ) = 0 . 03 1036 ')(] () (2) = 0 . 0491\~7566 


' 

xl x2 

n a b a h 


Tl n n n 


0 -0. 0760SS5 1 -0.[1468 1889 


1 1.1 732::?17 0 . [12250781 1. 081294 0 . OS%0166 

2 0 . 01903797 0. 03~02776 - 0 . [1505 891 ,1 - 0 . 017025 

3 - 0 . 0019 84013 0 . 01783301 -0.0011 1\383 -0.001816730 

4 - 0 . 00248451\0 0 . 01300l(lf1 0 . 00[12336187 - 0 . 000~11~14572 

s -0. 0019~10055 0 .014 812P8 0 . 0()(108300 13 - 0 . 002()7~1 2 ()3 


6 -0 . 00 124 38RO 0 . 01122 R36 [1; 0005 38P. tl3(, - 0 .('1 (1(1()2526 127 


7 0. 0002RS41-12 0 . 00 886 2810 -C1. 000tt79 9221 n . nnn 1072S 11 

8 0 . 00 08 288734 0 . 007734805 0.00006 7053l l\ - 0 . 0[1fl0 1643026 

9 0 . 0007002457 0.006301760 - 0 . 00()3 185070 0 . 00 004 2132073 


10 o.onn223 693S O. OOS2Rl54S 0.0001151 447 - 0 . ()[1 010436 17 


where a anJ b are co e f f icients of cosin e <Ind sine t en:.s in n n 


t he rourier se ri es . The harmonic cont en t)( ~) nnt! XC2.) Cor th e 


t en coeffi ci en t s have been calculated separate l y for x nnd x
2

.

1 

A COinparis on be t \·.'een t he val ues of xl 'sP in t 1le cases of 

si ng l e ~mt! t h'O de::;rce of free cloJ:J systems sho 1·:s t ha t t he ~l<!rmoni.c 

content of t1,·o tc~; ree:s of f r eedon system js mt tch 1:i;;hc r t .I<Jl\ t hat 
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of the sing le degree of freedom system for the sa1TJ e o(, although 

the smoot!1est portion of the curve was cho sen for the harmonic 

ana lysis . This hi gh h a rmon ic content in the -t-asc of two 

degrees of fre ed01:1 case could be one of the reasons for the 

marked irregularities in th e r esponse curves , speci a lly in the 

resonance reg ion . On examination of Table II, it seems th a t 

second h:umo ni cs also h ave values of coeff ici ents (a ' s and b 's)
2 2 

much hi ghe r than those in Table I , hence t hey have a lso a marked 

influence on the response curv es for th'O degrees of freedo m system. 



V (0\CLUSIO~~ 

From t he previous analysis , conclusions can be craHn 

s!:m:ing the ma in fe.Jtures of the cloub l e bilinear l~ysteretic 

syste1:1s of sin2le r.nJ th'O degrees of freedom . 

Sl'~GLE DEGREE OF f-RHD0\1 SYSTUl 

f-or t he slope o<.) O. 5 , the response curves have the 

ch aracteristic features of a soft spring similar to the case of 

Bilinear hysteretic system. All the curves have a tendency of 

l eaning towards loh'er frequencies with a steep slope. As the 

amplitude of excitation is increased the peak response occurs 

at a prog ressi~ely lower frequency. 

T!1e system exhihi ts unhounded amp litude r esonan ce at 

fini tc amplitude of excitation R g rea t er th an 2(\- o< )/1'1. It 

should be noted t hat corresponding critica l ar.~pli tude o f 

excit a tion for the bi linear hysteretic system is 4 (t -.J...)/1'i, 
Hh ich is exactly t wo times the value in th e present cas e. It 

sho1,·s th e existence of t Ho loci of vertical t angenci es for A> l, 

but they do not exist at all for A ~ l. This means t ha t for 

A )' 1, the curve s be come triple valued over certai n r.::1nge s of 

fr ec1 uency . \',nen th e res pons e amplitude is tri p le valued, 

the va l ues 1vhi ch lie wi thin the region hounded by the t1vo loci 

of vertical t ::mgencies rep r esen ts an unsta1)le solution. 

) ' 

87 




A co mparison of th e CtJ rves ;:~t eli ffercnt o(..' s sho1vs t ha t 

the area of th e unstab le region incre as es 1,• ith tho decrease 

in 0( anti it clccreases rapi d ly as o<. ten c!s t o 1. 

The system response shOh'S "jur~p phenom8na" for lo\\·er 

value s of o( . As t~lC nrnp litude of excitation I~ is increase r.! 

this ''jump " gradua lly di lll inishes . 1\lso for hi g!1er values o f 

o( , t!1is ph enome non is less JTI;J. rLed . ror large r amount o f 

viscous damping , "jump" g rodually clisoppears , hut for l01v values 

of o( (~ o·7) ' fL <mel R. , it can still be o .' servecl. 

Di g i ta] -an alog s o l nti on shO\vS that t h e system cone s to 

a st eady -st ate very s lug~ ishly if st arte d from initial zero, 

zero (velocity and eisp l:Ice111en t s ) condition, and t he harmonic 

contentX (u p to ten ha r monics) is ,,·ithin Z% in genera] for
10 

sinuso i dal excitation. 

A general exact solution gives nine equotions in n1n c 

unkno1ms, all the equ;1tions hcing of high l y transcenc cn tal nature. 

n :o DI:Gf!.HS or f- f'FU10'.1 SYSTU·l 

An ap proximate analysis p, i vcs res pons e curves wh ich 

are sing le value d 1·:i thin the range of investiga tion and are 

definitely asyrmnetric l·:ith usually a s ma ll extra peak ncar the 

first res on ance . Th e re arc critica l leve ls of excitation ahove 

1·:!1ich t he system 1:ill exhibit unhounclc cl ar.1plitu c! e r esonance . 

ror t!1c norr..a 1ised syst em , t ~~cse critica l excitation l eve l s n r c 

anc~ b 1 4 )Y.z. rcs;1cct i ve l y -,Ji 0N-t9+N 

http:DI:Gf!.HS


for lower and higher frequency response peaks , where S::. 2(r-u<) 
lTAl 

and ~ - - ,,·here A and A may attain t he values 
- /\2 1 2 

infinity but their ratio N remains finite . 

Stahi li ty of the system has he en examined only in certain 

limiting cases . f'or A
1 

= 1 + E ant~ A
2 

L... 1, it has been found 

to give stable solution for w'l-:::::(2.-N) and b <::.<.. 1 , but for 

UJ'l. = \2.-+ N) the system is either margina ll y stab le or unstabl e . 

Again for A L. = 1 +t_ the system is comp letely stable for1' i\21 ' 
2. 

(...)
'2. 

== .2+ N' but for f.J::> = (2- ~·J) the system is stable only 1-:hen 

s~ 1 ' :.1 ~1. !!ere f"'-.<.1 and N = 1\1 / A2 in each of the cases . 

Digital analog s tudy sho11rs that t he sys t em is sti 11 the 

more sluggish in attainin'g a steady state value and the time 

(i n the domain of the equations of motion) taken is mo r e for this 

case t han th at for the single degree of freedom system . The 

harmoni c contents )( l·li thin 5% for t he first ten h:Hmonics . 
10 

A comparison can be made hetwcen the steady state characteristics 

of t1·1o degree of freedom Douhle Bilinear l!ysteretic Sys t em and 

Bilinear hysteretic System [2~] . On examining the response curves 

th ey show sone simi lar features e.g. hi ghe r values of amplitude 

is attainec..! at the first natural frequency and t he next peak 

is a l ways sma ll er . Also as it passes from t he first resonant 

frequency to t he other, x and x invariably intersect at W=l. O
1 2 

in a ll t he case~ . The distingu ishi ng fe<.l turcs arc t hat wi t h 

t he sa8c type of rtnalysis in bo t h t he cases, t he response curves 
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of the double bilinear system gives one ext ra peak near the 

first resonant frequency l>'hich tends to dis appear as the amplitude 

of excitation is decreased or as o(. tends to 1. t\o such extra 

peak is observed in the case of bilin e~ r hyst ereti c system [2]. 

The extra peak in the response curves of doubl e bilinear hysteretic 

systems may he attributed to the high er nonlinearity (as we have 

already seen in the case of the single degr ee of freedom system in 

Chapter II) and more harmonic content as compare d to Bilinear 

hysteretic system. 

Although the available data related to the dynamic response 

of real structures do not give any indication of jump phenomenon 

in the response curve, nor conform very closely to the restoring 

force characteristics of the double bilinear hysteretic type, the 

study of such a model is non-the-less interesting and significant. 

Interesting, because it exhibits phenomenon quite distinct from th at 

of all other hysteretic models presented and studied so far, and 

significant from the view point of its lower hysteresis loss as 

compared to the corresponding Bilinear model for the same amplitude. 

However, the author feels that a general type of analysis as done 

by Pisarenko [12] using hysteretic curve of a very general nature 

might be much more useful in dealing with actual systems and structures. 

In Pisarenko's work [12] an analysis of oscillations of elastic systems 

taking into account the dissipation of energy in the mat~rial has been 

given, using the ideas of the theory of asymptotic expansion in non

linear mechanics. In the same work a series of important and practical 

problems e.g. vibration of turbine hlades of constant and vari ab le cross 

sections and vibrations of bars etc. has also been analyzed. 
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$JOB 003715 SAHAY 100 010 030 

$IBJOB NODECK 

$IBFTC 

C SOLUTION OF SINGLE DEGREE OF FREEDOM DOUBLE BILINEAR HYSTERETIC SY 

C -STEM BY RITZ AVERAGING METHOD .B=ALFA,DEL B=CHANGE IN ALFAtR=AMPL

C !TUDE OF THE APPLIED HARMONIC FORCEtDELR=CHANGE IN RtA=AMPLITUDE 

C 	 OF THE NORMALISED SYSTEM,DELA=CHANGE IN A,X=THETAltY=THETA2 

READC5tl)B,DELBtNBtRtDELR•NRtA,DELA,NA 

1 	 FORMATC2F10.0,I2t2F10.0,I2,2F10.0,I2l 

DO 50 1=1tNB 

WRITEC6 t2l B 

2 	 FORMAT(20Xt6H ALFA=•F20.9/l 

RR=R 

DO 40 J=1tNR 

WRITEC6t3)RR 

3 	 FORMAT(20Xt6H R=tF20.9/) 

AA=A 

DO 30 K=ltNA 

IF<AA-1.)10,10,20 

10 C=AA 

GO TO 25 

20 X=ARCOSCCAA-1el/AAl 

Y=ARCOSC-1./AAl 



C=(AA/3 . 14161*( (1 . -Bl*(X+Y-SIN(2 • *Xli2 . -SIN(2 • *Yll2 . -1 . 5708l+ 

18*3 . 1416) 

S=-(1 . -Bl*COSIX!/1 . 5708 

25 	 D=(RR/AA l **2-(S / AAl**2 


E=(ABS(Dll**0 • 5 


FR1=(C/AA+El**0 . 5 


F=C/AA-E 


FR2=(ABS(Fll**0 . 5 


WRITE(6 , 4lAA , FR1 , FR2 ' D' F 


4 FORMAT(1H- , zX , 5E1~ . 7l 

30 AA=AA+DELA 


40 RR=RR+DELR 


50 B=B+DELB 


STOP 

END 

$ENTRY 

0 . 414 0 . 100 3 0 . 100 0 . 100 3 o. zoo 0 · 200 30 

$lBSYS 
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$JOB 003715 SAHAY 100 010 030 

$IBJOB NODECK 

$lBFTC 

C RESPONSE CURVES FOR SINGLE DEGREE OF FREEDOM SYSTEM WITH EXTERNAL 

C DAMPING GAMA =DAMPING COEFFICIENT 

GAMA=0 . 01 

RR=O . 

AB=O . 

8=0 . 414 

DO 8 II=1,3 

RR=RR+0 . 1 

AB=AB+0 . 2 

WRITE(6 , 4JRR 

4 FORMAT(50X , 3H R= t F13 . 8/l 

W1=0 . 71 

W2=1 . 225 

AA=AB 

9 N=1 

M=1 

IF(AA-1 • )10 , 10 , 20 

10 C=AA 

S=O . 

GO TO 30 

20 X=ARCOS( (AA-1 . l/AAJ 



94 


Y=ARCOS!-1 . /AAl 

C=<AA/3 • 1416)*((1 . -Bl*(X+Y-STN<2 e*Xli2 . -STN<? . *Yll2 . -1 . 5708)+ 

18*3 . 1416) 

S=-(1 . -BJ*COS ( X)/1 . 5708 

30 	 E=2 • *(2 . *GAMA**2-C/AAl 

F=-4 e*GAMA*(S/AAJ 

G=<CIAAl**2+(S/AAl**2-<RR/AAl**2 

40 	 FW1=W1**4+E*W1*Wl+F*W1+G 

DW1=4 e*W1**3+2 . *E*W1+F 

Z1=W1-FW1/DW1 

IF<ABS<FW1l . LE . 1 . E-06lGO TO 50 

N=N+1 

IF<N . GE . 60JGO TO 60 

W1=Zl 

GO TO 40 

50 WRITE ( 6 , 5lAA,Z1 , FW1 

5 FORMAT<4X , 2HA= • F13 . 8 • 4X • 3H 

Wl=Z1 

60 FW2=W2**4+E*W2*W2+F*W2+G 

DW2=4 • *W2**3+2 e *E*W2+F 

Z2=W2-FW2/DW2 

W= • F13 e 8 • 4X t 4H FW= • F13 . 8/) 

IF <ABS<FW2l . LE . l . E-06lGO TO 70 

M=M+l 

IF(M . GE . 60JGO TO 8 

W2=Z2 

GO TO 60 
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70 WRITE(6 , 6lZ2 t FW2 

6 FORMAT(23X , 3H W= , Fl3 . 8 , 4X , 4H FW= t F13 . 8/l 

80 AA=AA+0 . 2 

IF(AA . GT . 5 . 0lGO TO 8 

GO TO 9 

8 CONTINUE 

100 STOP 

END 

$FNTRY 

$IBSYS 



$JOB 003 715 SAHAY 1 00 01 0 030 

$!BJOB NODECK 

$IBFTC 

C DETERMINATION OF THE LOCI OF VER TICAL TANGENCY OF SINGLE DEGREE 

C OF FREEDOM DOUBLE BILINEAR HYSTERETIC SYSTEM . X1=PSI1,X2=PSI2•WPSQ 

C =SQUARE OF THE FREQUENCY AT THE PEAK AMPLITUDE RESPONSE,WVAtWVB 

C ARE THE FREQUENCIES AT WHICH CONSTANT AMPLITUDE LINES CUT TH E 

C LOCI OF VERTICAL TANGENCY . 

ALFA=0 . 414 

A=l a2 

10 Xl=ARCOS<<A-1 . l/Al 

X2=ARCOS<-1 . 1Al 

C=A*((l . -ALFAl*(X1+X2-SIN<2 a*Xl)/2 e-SIN(2 •*X2ll2.-1 . 57l+ALFA*3.14l 

U/3 .14 

WPSQ=C/A 

ZA=WPSQ-!t . -ALFAl*<SIN<X1l+SIN<X2ll/!3 e14*Al 

ZB=<l . -ALFAl* ( <z . -<SIN(Xll-SIN<X2l l**2l**O a5l/(3 . 14*Al 

WVA=(ZA-ZBl** 0 • 5 

WVB=<ZA+ZBl**O e5 

WRITE!6t1lA•WVA,WVB 

1 FORMAT<3E2 0 .9/l 

IF!A . GT . 6.)G0 TO 20 

A=A+0 . 2 

GO TO 10 
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20 STOP 

END 

$ENTRY 

$l8SYS 



$JOB 00 3715 SAHAY 100 010 030 


SIBJOB MAP , NODECK 

SIBFTC FITS 

C RUNGE-KUTTA SOLUTION TO THE DIFFERENTIAL EQUATION FOR SINGLE 

C DEGREE OF FREEDOM DOUBLE BILINEAR HYSTERETIC SYSTEM 

C F IS THE AUXILLIARY SUBROUTINE IN WHICH THE EQUATIONS ARE DEFIN ED . 

C YI IS AN ARRAY IN WHICH THE INITIAL VALUES ARE GIVEN . Y IS AN AR RAY 

C IN WHICH THE STORED VALUES ARE RETURNED . R=A MPLITUDE OF EXTERN AL 

C EXCITATION . W=FREQUENCY OF EXCITATION . AL=ALFA . XMX1 IS THE MAXI MUM 

C AMPLITUDE IN THE POSITIVE QUADRANT OF THE FORCE-DISPLACE MENT CUR VE 

C XMX2 IS THE MAXIMUM ABSOLUTE AMPLITUDE IN THE NEGATIV E QUADR AN T. 

C H:STEP LENGTH . N3 IS THE NUMBER OF INTEGRATION STEPS BET WEE N EAC H 

C EACH STORED VALUE . 

EXTERNAL F 

DIMENSION YI(3) , Y{3 , 3000) 

COMMON R, W, AL t XMX1 t XMX2 

R=0 . 3 

W=l . 10 

AL=0 . 7 

XMXl=O • 

XMX2=0 . 0 

READ(5d)YI 

H=0 . 0025 

N3=4 

C THREE FIRST ORDER EQUATIONS(REALLY ONE SECOND ORDER) 
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CAL L RKG!F,Yt3t3000,N3,YitHl 


DO 10 I=1d000 


10 WRITE!6,2J(Y!Kt!ltK=1•3l 


CALL EXIT 


1 FORMAT(3F1 0 .4) 


2 FORMAT(3F2 0 . 9) 


END 

$IBFTC FUNC1 

SUBROUTINE F!YYtYKl 

C YK IS THE ARRAY OF DERIVATIVES AND YY THE ARRAY OF FUNCTIONS 

C DEFINED BY THE DIFFERENTIAL EQUATIONS . 

DIMENSION YY(3ltYK!3) 


COMMON R,W,ALtXMX1tXMX2 


C 	 THIS IS THE EQUATION FOR THE INDEPENDENT VARIABLEtiNITIALLY O. 

YK(l>=l • 

YK(2J=YY(3J 

IF<YYl2l . LE . O. lXMXl= O. OO 

IF(YY(2l . GE.O . IXMX2=0 . 00 

IF<YY<zJ . GE . O •• AND . YY!3J . GE . O •• AND . YY(?J . LE • l • lYK(3l=-YY(2l+ 

lR*COS(W*YY(lJl 

IF<YY(2l eGE . O •• AND . YY(3l · LE . O •• AND . YY<zJ . LE • l • •AND . XMXleLE.Oe) 

1YK(3)=-YY(2J+R*COS(W*YY(lll 

IF(YY!zJ . LE . O • • AND . YY!3l . LE . O •• AND . ABS<YY(2ll . LE • l•l 

1YK<3J=-YY(2J+R*COS(W*YY(ll l 

http:XMXleLE.Oe


100 

llYK(3)=-YY(2J+R*COS(W*YY(lll 

JF(YY!zl . GE . l •• AND . YY(3l . GE . O. lYK(1l=-AL*YY(2)-(l . -ALl+ R*COS( W* 

lYY(l)) 

IFCYY(2l . GE e l e• AN D. YY!3l . GE . O. lXMXl=YY(2l 

1(1 . -ALl*!XMXl-l . l+R*COS(W*YY!lll 

IFCYY(2l eGE. O •• AND . YY!3l . LE . O •• AND . YY(2l eLE . (XMXl-l • l . AND. XMXl• 

I GT . l . lYK(3l=-AL*YY(2l+R*COSCW*YYCll l 

l YKC3 l=-AL*YYC2l+(l . -ALl+R*COSC W*YYCll) 

IFCA BS!YY<2l l . GE • l •• AND . YY ( 3l . LE . O •• AN D. YY(2) . LT . O. )X MX2=A BS (YY! 2 l 

ll 

IFCYY(2l . LE . O •• AND . YY(3l . GE . O •• AND . XMX? . GE . l . l 

lYK(3)=-YY(2)-(l . -ALl*(XMX2-l . l+R*COS(W*YY(ll l 

IFCYYCzl . LE . O •• AN D. YY(3l • GE. O •• AND . ABSCYY(2ll . LE . (X MX2-l • l • 

RETURN 

END 

$ ENTRY 

o. oo o. oo o. oo 

SIBSYS 

MILLS MEMORIAL LIBRARY 

McMASTER UNIVERSITY 
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$JOB 003715 SAHAY 100 010 030 

$EXECUTE MIMIC 

C DIGITAL ANALOGUE SOLUTION FOR ONE DEGREE OF FREEDOM DOUBLE 

C BILINEAR HYSTERETIC SYSTEM . XMX1 , XMX2ARE MAXIMUM VALUES OF X 

C FOR MASS M IN POSITIVE AND NEGATIVE QUADRANTS RESPECTIVELY 

CON(W,R , DT,ALFAJ 

CON(Q , p , F , Gl 

DTMIN EQL(O . Oll 

DTMAX EQL(DTMINJ 

Y1 FSW(X,FALSE , TRUE , TRUEJ 

Y2 FSW!DX1,FALSE,TRUE,TRUEJ 

Y3 FSW( (ABS(XJ-l • l , TRUE t FALSE t FALSEJ 

A1 AND(YltY2,Y3l 

Al y EQL( X l 

PQ FSW(XMXl,TRUE,TRUE,FALSEJ 

A3 AND(Y1tCOM(Y2J , Y3 , PQl 

A3 y EQL(Xl 

A2 AND(Y1 , Y2 , COM(Y3Jl 

A2 y EQL(ALFA*X+l . -ALFAJ 

XMX1 TAS(X t A2 , FJ 

COY1 COM(Yl) 

COYl XMXl 

X~1 EQL(XMXl-1 e l 

Y4 FSW((X-XMlJ,FALSE , TRUE , TRUfJ 



102 

A4 AND(YltCOM(Y2l t Y4,COM(PQl l 

A4 y EQL(X-(1 . -ALFA)*XMll 

A5 AND(Yl,COM(Y2J , C0M(Y4l l 

A5 y EQL(ALFA*Xl 

A6 AND(C0M(Yll t COM(Y2ltY3l 

A6 y EQL(Xl 

All AND(C0M(Yll t Y2 t Y3 t RSl 

All y EQL(Xl 

A7 AND(C0M(Yll t C0M(Y2ltCOM(Y3ll 

A7 y EQL(ALFA*X-l e+ALFAl 

XMX2 TAS(X,A7tGl 

Yl XMX2 EQL(O . OOl 

XM2 EQL(ABS(XMX2l-l e l 

Y5 FSW((ABS(Xl-XM2l , FALSE t TRUEtTRUEl 

RS FSW(ABS(XMX2J,TRUEtTRUE , FALSEl 

A9 AND(C0M(Yll t Y2 t Y5 t COMCRSll 

A9 y EQL(X+(l . -ALFAl*XM2l 

AlO AND(C0M(YlltY2tCOM(Y5ll 

AlO y EQL(ALFA*Xl 

c DXltDX2 ARE THE FIRST AND SECOND DIFFERENTIALS WITH RESPECT To 

c TIME OF THE DISPLACEMENT OF MASS M 

DX2 ADD(-Y,YZ t R*COS(W*Tl l 

DXl INT(DX2 t P) 

X lNT!DXl,Q) 

FINCT t 75 . 0) 
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HDRCT,X,DX1,Y,XMX1,XMX2) 

HDR 

OUTCT,X,DX1,Y,XMX1,XMX2) 

END 

1 . 10 0 . 30 o. o1 0 .7 0 

o. oo o. oo o. oo o. oo 

$l8SYS 
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$JOB 00 3715 SAHAY 100 010 030 

$lBJOB NODECK 

$lBFTC 

C GRADIENT METHOD APPL I ED FOR THE ITERA TION OF STEADY STATE EQUATI ON 

C OF TWO DEGREE OF FREEDOM DOUBLE BI LINEAR HYSTERE TIC SYSTEM , SOLUTIOI 

C OBTAINED BY KeAND B. METHOD . 

C A(ll t AC2l ARE THE AMPLI TUDES OF THE MASSES Ml AND M2 . W=FREQUENCY 

C 	 Xl=PSil(ll , Yl=PS!2 ( 1) , X2 =PS I 1 C2 lt Y2=PSI2C2l • ALFA=0 • 7 • 

C 	 Z1 , Z2=PHASE ANGLES FOR THE MASSES Ml , M2 RESPECTIVELY . 

DIMENSION AC2l t YC2l 

C0MMON w, wz , W4 

COMMON C1 , C2,Sl , S2 

EXTERNAL FUNC 

READ ( 5 d l A 

W=l . 50 

GO TO 11 

10 W=W+0 . 05 

IFCW . GT . 2 . 5lGO TO 5 

11 	 W2=W**2 

W4=W**4 

WRITE(6,2)A , w 

H=O . l 

I=l 

VL=100000 . 

20 	 CALL GRADCFUNC ' 2 ' A' H' lO , v , Yl 
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WRITE(6,3lltAtVtY 

IF<I . GT e30 . 0R . V. GT ee 99* VL . OR . V. LT . l . E-81 GO TO 12 

I=I+1 

VL=V 

GO TO 20 

12 	 SZ2=<-2 e*C1*S2+Sl*<-W2*A(2)+2 . *C2ll/(Cl*Cl+Sl*Sll 

CZ2=( 2 e*S1*S2+C1*(-W2*A(2l+2 . *C2ll/(Cl*C1+S1*S1l 

R=0 . 5 

SZ1=<C2*SZ2+S2*CZ2-S1l/R 

Z1=ARSINCSZ1l 

Z2=ARSINCSZ2) 

WRITE<6•4)Z1tZ2 

GO TO 10 

1 FORMAT(2F10 e4l 


2 FORMATC1H0t29X t 3F20 . 9/l 


3 FORMAT(20Xti10 t 2F20 e9/5X t 3E20 . 9//l 


4 FORMATC2F20 . 9/l 


5 END 


FUNCTION FUNCCA t Y) 


DIMENSION A(2J,Y(2) 


COMMON w,wz,w4 


COMMON C1,C2tS1tS2 


IF <A(1)-1 e l30t30t40 


30 	C1=AC ll 

51=0 . 



GO 	 TO 5 0 

4 0 	 Xl=ARCOS<<A<ll-l e l/A(l)) 

Yl=ARCOS <-1./A(lll 

Cl=(A(ll/3 . 14l*(0 . 300*<X1+Yl-SIN<2 e*Xl)I2 .-SIN<2•*Y1l/ 2 e-le57) 

1+2 . 198) 

S1=-0 . 191 0*COSCX1l 


50 IF(A(2J-1.l6 0 t6 0 ,70 


60 C2=A<2J 


52= 0 . 


GO TO 80 


7 0 	 X2=ARCOS((A(2l-l .l/A<2l) 

Y2=ARCOS(-1 . /A(2ll 

C2=(A(2l/3 e l4l*< • 300*<X2+Y2-SIN<2 • *X2li2 .-SIN<2 • *Y2ll2.-] . 57l+ 2 • 2l 

S2=- 0 . 191 0*COSCX2l 

80 Y(1)=<-W2*A<ll+C112 .l **2+(-W2*A(2)+2 e*C2l*(W4*A<ll*A(?l*C1/(C1*Cl 

l+Sl*Sll-W2*A(2l/2 el+ 2 . *Sl*S2*A<1l*A<2l*W4/(C1*C1+S1*Sll+W4*A( 2 l **2 

2/4 .+Sl*Sli4 .-0 . 25 

Y(2l=(-W2*A(2l+2 e*C2l**2-Cl*Cl-S1*Sl +4 e*S2*S2 


FUNC=Y<1l**2+Y<2l**2 


RETURN 


END 


$ENTRY 

0 .1 810 0 .7270 

$l8SYS 
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$JOB 003715 SAHAY 100 030 

$EXECUTE MIMIC 

C DIGITAL ANALOGUF SOLUTION FOR TWO DEGREE OF FREEDOM DOUBLE 

C BILINEAR HYSTERETIC SYSTEM .XMX1 ,X MX2 ARE MAXIMU M VALUES OF Xl 

C FOR MASS Ml IN POSITIVE AND NEGATIVE QUADRANTS . ZMXl,ZMX2 ARE 

C MAXIMUM VALUES OF X2 FOR MASS M2 IN IN POSITIVE AND 

C NEGATIVE QUADRANTS OF DISPLACE~ENT RESTORING FORCE CHARACTERISTI CS 

CON!WtR,DT,ALFAl 

CON!QtP,FtGl 

DTMIN EQL!O .Oll 

DTMAX EQL!DTMIN> 

Y1 FSW!XtFALSE,TRUE,TRUE> 

Y2 FSW!DXltFALSE ,TR UE,TRUEl 

Y3 FSW!!ABS!X>-l•ltTRUE,FALSEtFALSEl 

Al AND!Yl tY2,Y 3l 

A1 y EQL(Xl 

PQ FSW!XMX1,TRUE,TRUEtFALSE> 

A3 AND!Y1tCOM!Y2ltY3tPQ) 

A3 y EQL(Xl 

A2 AND!Yl tY2tCOM!Y3ll 

A2 y EQL(ALFA*X+l .-ALF Al 

XMXl TAS!XtA2tFl 

COYl COM!Yll 

COYl XMX1 

XMl EQL(XMX1-1 .) 

Y4 FSW!!X-XMlltFALSE,TRUE,TRUE) 
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A4 ANDCYltCOMCY2l tY4tCO MCPQl l 

A4 y EQL(X-<1 .-ALF Al*XMll 

A5 AND(YltCOM<Y2ltCO~<Y4l) 

yA5 EOL<ALFA*Xl 

A6 AND<COM<YlltCOM<Y2ltY3l 

A6 y EQL<Xl 

All AND<COMCYll tY2,Y3,RSl 

All EOLCXly 

A7 ANDCCOMCYlltCOMCY2ltCOM(Y3ll 

A7 y EOL<ALFA*X-l.+ALFAl 

XMX2 TASCXtA7tGl 

Yl XMX2 EQL(O .OOl 

XM2 EQLCABSCXMX2l-l .l 

Y5 FSW<<ABSCXl-XM2J,FALSE,TRUEtTRUEl 

RS FSWCABSCXMX2J,TRUE,TRUEtFALSEl 

A9 ANDCCOM(Yll,Y2,Y5,(0M(RSll 

A9 y EQL(X+(l.-ALFAl*XM2l 

AlO AND<COMCYlltY2,COM<Y5ll 

AlO y EQL!ALFA*Xl 

YAl FSWCZ,FALSEtTRUE,TRUEl 

YA2 FSWCDZltFALSE,TRUE,TRUEl 

YA3 FSWC CABS<Zl-l•ltTRUE,FALSE,FALSEl 

AZl ANDCYAltYA2,YA3l 



l()Cl 

All 	 YZ EQL(Zl 

PZQ FSWCZMX1,TRUE,TRUE,FALSEl 

AZ3 ANDCYAl,COMCYA2l,YA3,PZQl 

AZ3 	 YZ EQL(Z) 

AZ2 ANDCYAl,YA2,COMCYA3l l 

AZ2 	 YZ EQLCALFA*Z+l .-ALFAl 

ZMXl TASCZ,AZ2,F 

CYAl COM ( YA l l 

CYAl 	 ZMXl EQL( 0 . 00) 

ZMl EQLCZMXl-1 .) 

YA4 FSWCCZ-ZM1l , FALSE , TRUE ,T RUEl 

AZ4 A DCYA1,COMCYA2l • YA4 , COMCPZQll 

AZ4 yz EQLCZ-(1 . -ALFAl*ZMll 

AZ5 ANDCYA1,COMCYA2l , COMCYA4ll 

AZ5 YZ EQL(ALFA*Zl 

AZ6 ANDCCOMCYAll , COMCYA2l ,YA3l 

AZ6 YZ EQLCZl 

AZll ANDCCOMCYA1l , YA2,YA3 , RZSl 

AZ11 YZ EQLCZl 

AZ7 ANDCCOMCYAll , COM(YA2l,COMCYA3ll 

AZ7 yz EQL(ALFA*Z-l . +ALFAl 

ZMX2 TASCZ , AZ7 , G 

YAl 	 ZMX2 EQLCO . OO) 

ZM2 EQLCABSCZMX2)-l .l 

YA5 FSWCCABSCZl-ZM2l , FALSE , TRUE ,T RUEl 

RZS FSWCABSCZMX2l,TRUE,TRUE , FALSEl 



lHl 

AZ9 AND(COM(YAll,YA2 , YA5,COM(RZSl l 


AZ9 yz EQL(Z+(l . -ALFAl*ZM2l 


AZlO AND(C0M(YA1J,YA2 , COM(YA5l l 


AZ10 yz EQL(ALFA*Zl 

C X AND Z ARE FOR Xl AND X2(IN THE TEXTltDXIDZl AND DX2tDZ2 ARE 

C FIRST AND SECOND DIFFERENTIALS W. R. T. TIME 

DX2 ADD(-y,yz , R*COS(W*Tl l 


DXl INT(DX2tPl 


X INT(DXl,Ql 


DZ2 ADD(Y,-2 . *YZl 


DZl INT(DZ2tPl 


Z INT<DZl , Ql 


FIN<Tt75 . 0) 

HDR<T , X, QXltZ,DZll 

HDR 

OUT(T,X , DXl,Z , DZll 

END 

o. aoo o. soo 0 . 0100 0 . 700 

o. oo o. oo o. oo o. oo 

$IBSYS 
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$JOB 00 3715 SAHAY 100 010 030 

$lBJOB NODECK 

$lBFTC 

C 842 POINT FOURIER ANAL YSIS MASS Ml t M2 

C ARRAY A CONTAINS THE VALUES OF THE DISPLACEMENTS OF THE SYSTE M 

C AT TIME INTERVALS 0 . 01 AS OBTAINED FROM THE MIMIC SOLUTION 

C NEAR THE STEADY STATE 

DIMENSION A(842l t B(842l 

C 	 ARRAYS C AND S ARE FOURIER COEFFICIENTS (COSINE AND SINE TERMS) 

DIMENSION C(l0) t S(l0l 

N=842 

READ(5 , 1)A 

1 	 FORMAT(8F1 0 . 6l 

DO 10 0 I=ltN 

100 	B(Il=A(Il 

ZN=N 

AAVG=O . o 

DO 10 I=1 t N 

10 	 AAVG=AAVG+B<Il 

SAVG=AAVG/ZN 

WRITE(6 t 2lSAVG 

2 	 FORMAT(/9H C( Ol = t El4 . 8l 

DO 20 J=1 t 10 

ZJ=J 

SSUM=O . O 
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CSWv1=0.0 


AL(Jl=6.2831853*ZJ/ZN 


BT=Z.O/ZN 


DO 30 I=l•N 


Al=I-1 


CSUM=CSUM+COS(AL(Jl*All*BT*B(l) 


SSUM=SSUM+SIN(AL(Jl*All*BT*B(ll 


30 	 CONTINUE 


C!Jl=CSUM 


S!Jl=SSUM 


V2=CSUM*CSUM+SSUM*SSUM 

Vl=SQRT(V2l 

ANG=ATAN2(CSUM.SSUM) 

ANG=ANG*57.29578 

WRITE(6•5lJ,C(J),J,S(Jl tJtVltJ•ANG 

5 FORMATI3H C( •l2•4Hl = tE14.8t8H 

b4Hl = tEl4•8•5Xt4HANGI tl2,4Hl = tF9.4•4HDEGSl 

20 	 CONTINUE 


STOP 


END 


$ENTRY 
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NOR~lALl ZATION OF DOUBLE- BI Ll ~EAR !I YSTF.l ~ F.TI C SYSTHI 

Let 

r :: yield f orce (in lbs.)
n 

K = spring stiff ness befo re th e break of f poin t
1 (segment OJ\ ) as shown in Figure (10) (in l bs ./in.) 

= spring stiffness after the break off point 
(segme nt J\ 13 ), (in lhs./in.) 

2 . 1bs. x s ec m = mass of t he syst em ( 1n in ) 

y = maximum amp li t ude unde r st eady state condition 
m (in inches). 

y = actua l di spl acement of th e s yst em (in inches ) 

"[ = ti me (in seconds ) 

P(<) = external force of exci t ation (in 1bs.) 

With r e ference to Figure (1 9) we can s ee t hat there will -

he ei ght diffe r ent equations of mo tion along th e ei gh t s egmen t s of 

the restoring force curve. Here we sha ll take t wo typica l 

segments, and try to normalize th e corresponding equations of motion. 

The equation of motion alon g the segment nc may be wr i tt en 

as: 

d2 

d/ 
~~)( K lfYm f Fn) (Kl- K2)/ Kl = m ____L + K 

1
y + (s gn - p (T) • . . (A) 

The equation of moti on along t he s egment AB may be 1vri tt en as: 

( B) 
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F 


e 

FIGURE 19 


UN-NORl'viALI ZED DOUBLE Bl LINEAR HYSTERETIC l'v10DEL 


( F = Restoring Force, y = displacement) 


F 

FIGURE 20 

Representing the hysteretic curve in some real 
structures. Note the "pinching together near the 
origin". A similar figure was ?hown by 1'1. D. !wan 
[1] at the Winter Annual Meeting, Chicago, 
(Nov. 7-11, 1965) of the A.S.M.E. 
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If we substitute the following quantities for normalization: 

Kl 
X=- y

F 
n 

t§T 
(C)

fl0_p (t) = F 
n 

K
.. 2 

a = 
~ 

Then the equations (B) and (A) may be reduced to the form: 

ax + (sgn dx) (1-a) = p (t) (D)
dt 

and 

2d x d 
-- + x + (sgn dxt) (1-a) (lxi'Tll-1) = p(t) (E)

2
dt

Here p (t) is the normalized cxtemal trigonometric excitation, 

given hy: 

p(t) = R Cos wt (F) 

Thus the equation of motion along any segment may be normalized by 

using the substitutions (C). 

Equations (D) or (E) may also be written in general as: 

(G) 
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where f(x,x) designates the segment on the normalized 

hysteretic curve. 

NOR!viALIZATION OF TWO DEGREE OF FREEDOM SYSTHI 

Let 

AK
1

, AK = spring stiffness corresponding to mas
2 

~1 1 


BK1 , = spring stiffness corresponding to mass M
BK2 2 

= displacement of mass ~Iyl 1 


= displacement of mass
y2 M2 

[measured in a similar manner as x and x in Figure (9)]
1 2 

= maximum displacement of mass H
1 

= maximum displacement of mass M2 

[on the un-normalized curve Figure (19)] 

Now, let us suppose that the restoring force characteristics for 


the masses ~1 1 and ~12 are similar [Figure (19)] but not the same. Thus 


let, at a particular moment, mass H execute its motion -along BC,

1 


while mass ~12 has its motion along AB. 


Then the equations of motion are given by: 

LA ",, A.\<. ._. .... ,, J't~ + I Jl 1- (s':J" ~') (Al{,j 'jm1\- Fn,) (AK,-A.K2)/A\(.1 
~'t" 

- BK.2 'J2.- (s'3n ~~) Fn2. (Bl(,-BK2)fs·K = p("t). -·~tt1 

1 
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d . h 1 '1 'I A kt - e,K,z - _, ( .Accor 1ng to t e postu ate L' =_ ,,. 2 , - - - -""' s1nce
1 A\{' &\Z, 

the -hysteretic curves are supposed to be similar for the 

simplicity of the analysis). 

Substituting the following quantities: 

AK,x, 	 = '1, 
~'1'\J 

Bl<, 
"'j2. ""'2. 	:;; -Fl'\2 

~ - - {J) 
i 	 = L' 	 = ~'t~M, 	 M2. 

~('"C)
~(t) 

F"'' 


the 	equations (H) and (G) may be reduced to the form: 

;, 	-\- x, -t ( 5~ t'\ ~~') ( \- oC) QXm,\- \) - <X X~ 

-(s~n~)(\-ot) \=>(t) t\0 
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.. 
'X2. + 2~ ~2. -t 2 (s~"" ~l(z)t _cl..)1 

~t ' 

- x,- (s':l" :~•)(1~(\x..,,\-\)=o - - (L) 

In a general manner, these last two equations may also be 

written as: 

·lM) 
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