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CHAPTER I 

Introduction 

1.1 General 

In this dissertation an analytical method is presented for 

eval uating the dynamic response of inelastic cantilever beams subjected 

to i mpulsive loads at their tips. Use was made of an I.B.M. 7040 

digi tal computer for carrying out the analytical work which involved 

a s i ngle step forward numerical integration procedure. The experimental 

work was performed in ' order to check the validity of the theory . 

1. 2 Previous i~ork 

1'* Parkes , in analysing a cantilever beam struck transversely at 

the tip, assumed a rigid plastic material. His experimental program 

consisted of testing cantilever beams of various lengths. These beams 

were struck either by weights falling through a small height (heavy 

strikers), or by rifle bullets (light strikers). For light strikers 

different yield stress values were used for different rates of strain, 

as given by Manjoine2• The average value of dynamic plastic moment used 

for heavy strikers was 1.5 times the static value. A good degree of 

agreement was found between experimental and analytical values . 

'* Numbers refer to the Bibliography listing . 
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Mente1 3 published analytical and experimental results for the 

plastic deformation of a cantilever beam with an attached tip mass. 

The beam was subjected to a transverse acceleration applied at its base . 

The analysis was based on a rigid-plastic behaviour. The experimental 

results showed that a correction due to strain-rate effect was necessary 

to the theory in order to obtain better agreement. 

4 5 Similar experiments were carried out by Bodner and Symonds ' 

on cantilever beam specimens of mild steel and aluminum alloy. These 

were essentially improvements on Mentel's experiments. However again 

it was found that the principal cause of discrepancies between theoretical 

and experimental results was strain rate. 

6 7 8 Schultz ' ·and Blanchard used a lumped-mass approach for 

computing the response of cantilever beams subjected to ground acceleration. 

The computations were carried out on digital and analog computers. The 

ground acceleration was applied in the form of the following pulses: 

1) Half - Sine 

2) Rectangular 

3) Triangular 

The response was computed for equal area and equal amplitude 

pulses. The results obtained by Schultz and Blanchard agree in principle 

with those presented in this investigation. 
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1. 3 Analltical Work 

The elasto-plastic and elastic response of tho cantilever beam 

subjected to a triangular pulse at the tip is studied. The analysis, 

based on the assumption that the material of the beam is elastic

perfectly-plastic, is described in Chapter II. Duration and area are 

the two important parameters of a triangular pulse. The following two 

combinations of these parameters are considered: 

a) Area constant with changing duration. 

b) Duration constant with changing area. 

Curves are plotted for these results in Chapter III. Graphs 

showing beam shapes at maximum tip defle~tion are also included. 

1.4 E~erimental Work 

The cantilever beams were struck at the tip from below by a 

moving mass, which fell back under gravity after striking. Thi.s was 

done to achieve a short contact between the beam and the striker . During 

the experiments recordings were made of impulsive force and the strains 

at various points of the. beam. Permanent deflections at such points were 

evaluated using a theodolite. 

Theoretical response was computed using the recorded impulsive 

force and the values obtained were compared with those measured. 



CHAPTER II 

Analysis 

2.1 Basis of Analysis 

A method describing the dynamic analysis of simply supported 

and continuous beams, approximat ed by lumped masses, was given by 

9 Heidebrecht, Fleming and Lee • The analysis was based on a rotation 

stiffness matrix and a moment matrix . These matrices, with modifications 

for a cantilever beam, are the basis of the analysis presented herein . 

2.2 Basic Assumptions 

As is done in most analyses of this type, the stress-strain 

relationship is assumed to be of an idealized form as shown in Fig . 

2.la . This requires the material of the beams to be elastic-perfectly-

plastic . Also, the moment-curvature relationship is assumed to be 

idealized as shown in Fig. 2. lb . This means that the shape factor 

is assumed. to be unity, which is approximately true for only wide flange 

and I sections . 

2,3 Actual and Si~lified Beam 

An actual cantilever beam of length 1 and loaded with a general 

dynamic loading is shown in Fig . 2. 2a . The so lution for the beam response 

is quite complicated because of the infinite number of degree-of freedom . 

In order to simplify the problem, the beam is replaced by a mathematical 

model as illustrated in Fig. 2. 2b . This model consists of n equal masses 

- 4 -
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which are spaced at a distance A apart. All the mass of the beam is 

thought of as being concentrated at these mass points. The n masses 

are assumed to be connected together by means of weightless elastic 

segments, which have the sa~e elastic-plastic propert i es a~ the actual 

beam. 

In Fig. 2.2~ if it is assumed that w is the total weight of the 

beam, then for a uniform beam the mass at any point i is: 

w 
mi 111 ~(n--""'!l!"t")_g_ (i • 1,2, . •.... . .• n) (2.1) 

where g is acceleration due to gravity. It should be noted here 

that under the dynamic loading the plastic hinges can only be formed at 

these concentrated mass points. 

2.4 Damping 

In this analysis a viscous type of damping is assumed. This 

damping is taken to be linearly proportional to the transverse velocity 

at each mass point. The damping factor used is a certain percentage of 

the critical damping coefficient. The critical damping coefficient 

is assumed to be the same as that for a single mass oscillator. The 

critical damping coefficient C for a single mass oscillator is given c 

by the equation: 

C • 2 /3EI w 
c g 13 

(2.2) 

in which EI is the flexural rigidity of the beam. 
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2.5 Rotation and Moment Matrices 

A cantilever beam model in its deflected form is shown in 

Fig. 2.3a. In this figure Ri is the resisting force at the mass point 

i. The preliminary requirement for solving such a beam under dynamic 

loading is the same as given in reference (9). This is to say that 

the resisting forces should be expressed in terms of the deformed beam 

shape at all times. The beam can either be in the elastic or in one 

of several elastic-plastic modes, depending on the number of plastic 

hinges existing. A relationship should also be established between 

the deflections, bending moments and plastic hinge rotations at each 

mass-point. 

Fig. 2.3b shows the bending moment diagram for the beam in 

Fig. 2.3a. Let Mi' Mi* and ~i be the bending moment, positive yield 

moment and the plastic hinge rotation respectively at any mass point i. 

At any mass point i which is elastic M. is a variable quantity and 
1 

'i • 0 or some other constant. At any mass point j where a plastic hinge 

exists, IMjl • Mj* and ~j is a variable quantity, where IMjl denotes 

the absolute value of M • 
j 

10 The conjugate beam method given by Lee is also used in this 

9 analysis in the same manner as it was used by Heidebrecht et al . Pig . 

2.3c shows the conjugate of the cantilever beam of Pig. 2. 3a. Pig . 2.4 

shows a segment of the beam between two consecutive masses mi and mi+l" 
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The equilibrium of the segment is governed by the following recursive 

relationships: 

(2 . 3) 

>. 
9. · l a e1 - ~. - ~2 (M. + M. l) 

1 + 1 ~Cl 1 1+ 
(2.4) 

where u1 is the vertical deflection of mass-point i, ei denotes the slope 

of the beam immediately to the left of the mass point i. 

A careful study of Eqs. 2.3 and 2.4 reveals that the deflections 

and slopes at all mass-points can respectively be expressed by the 

following matrix equations: 

{U} • [P] {~} + (Q] {M} 

{9} • [J] {~} + (K] {M} 

(2 . 5) 

( 2. 6) 

where [P], [Q], [J] and [K] are square matrices having constant elements, 

{M} and {~} the moment and rotation vectors respectively . 

Starting from mass-point 1, the boundary conditions are: 

(2. 7) 

(2. 8) 

To satisfy Eq. 2. 7 all elements P1j and Qlj (j a 1, •••• n) in 

Eqo 2.5 should be zero. Similarly to satisfy Eq. 2. 8 J 11 • 1, while 

all the remaining elements J 1j (j • 2, •••• n) and K1j (j • 1, •••• n) in 

Eq . 2.6 should be zero. 

The following recursive relationships are derived from Eqs. 2.3 

and 2.4 to find the remaining elements Pij and Qij of [PJ and [Q] matrices 



respectively. 

p(i+l)j • pij + A Jij - A6ij 

A2 
Q(i+l)j • Qij • AKij - 6rf C2 0ij • 0(i+l)j) 

where ~ij is Kronecker delta which is defined as: 

6ij • 1 if i • j 

oij • o is 1 ' j 

12 

(2.9) 

(2.10) 

Jij and Kij are the elements of [J] and [K] matrices respectively. 

Another recursive relationship derived from Eq. 2.4 to calculate 

the elements of [J] and [K] matrices is: 

(2.12) 

[P] and [Q] matrices for a cantilever beam can be computed by 

using Eqs. 2.9, 2.10, 2. 11 and 2.12 in succession. 

2.6 Resistance Matrices 

The equilibrium analysis of the original cantilever beam of 

Fig. 2.3a yields the following relationship between moment and resistance 

matrices: 

(2.13) 

in which {R} is the resistance matrix and [PT] is the transpose of the 

matrix (P]. 
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The Ternaining derivation of the resistance matrix is exactly 

the same as in reference (9) and is given in Appendix. The final non-

dimensional form of the resistance matrix is: 

in lo~hich {Ul is the nondimensiona1 deflection vector and 

[A] a: nrr] -1 r'fl 

(13} = [PT rl {L} 

(2.14) 

(2.15) 

(2.16) 

~T -1 where [t' ] is the inverse of the nondimensional form of [PT], [') and 

{L} are as defined in reference (9) and Appendix. 

In dimendon·al form Eq. (2 .14) may be written as: 

{R} D [A] {U} + {B} (2 . 17) 

in which 

(2. 18) 

and 

(2.19) 

The elements of the matrices [A] and {B} remain constant during 

any phase of deformation. 

Proceeding in accordance with reference (9), the bending moment and 

plastic hinge rotation matrices are as follows: 

{M} • Ex · rn tm • .;!. rn ;! A 

1 
== r {K} 

in which [i] and {K} are as defined in Appendix . 

(2 . 20) 

(2. 21) 
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The resisting function given by Eq. 2.17 is in a form that can 

directly be substituted in the differential equations of motion, which 

are described in section 2.7. Eqs. 2.20 and 2.21 express bending moments 

and plastic hinge rotation in terms of deflections for any elastic-

plastic phase of the beam. 

2.7 Differential Equation of Motion 

The general form of the equation of motion for a multi-degree of 

freedom system with viscous damping as shown by llddebrecht 11 is: 

.. 
F. (t) • R. -

1 1 
• ••• n) 

where P1 (t) is the dynamic force applied, Cij is the viscous damping 

coef ficient. The velocity and acceleration are respectively denoted .. 
by ui and ui • 

Eq. 2.16 can be written in the form: 

n 
Ri • I: A • . tJ. + B. (i=l,2,. ••. n) 

j=l 1J J 1 

(2.22) 

(2. 23) 

in which A .. and n1 are respectively the elements of [A] and {B} matrices. 
lJ 

Substituting the value of R. from Eq. 2.23 in Eq. 2.22 yields 
1 

n n 
F1(t) -jtl A .. U. - Bi -.t1 C .. Uj • rn.U. • lJ J J.. lJ 1 l 

(2.24) 

2.8 Numerical Integration Procedure 

It is convenient to solve Eq. 2.24 by a single step forward 

12 integration procedure developed by Fleming and Romualdi • This method 

assumes the deflection-velocity ·and velocity-acceleration relationships 
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to be linear over a short interval of time. These relation$ may be 

written as: 

(2. 25) 

2 ·-llt (2.26) 

in which At • t 2-t
1

, and t is the time variable . 

Substitution of Eq. 2.26 in Eq . 2.25 gives: 
• • 4 4 • 
Ui(t2) • 2 (Ui(t2) - U. (tl)]- xr- Ui(tl) - Ui(tl) 

(At) 1 
(2 . 27) 

Substituting the values of u1(t2) and u1 (t2) from Eqs. 2. 26 and 

2.27 into Eq . 2. 24 yields: 

n n n 
E Kij uj (t2) • E LijUj(t 1) + I: MijUj(t 1) + "'i u i ( t 1) + Ni (2 . 28) 

j•l j•l j•l 

in which 

Kij 
4 

!Sij'\ 
2 

+ A .• ·- +- ci. 
(lit) 2 At J lJ 

Lij 
4 

6if~ 
2 ·- +- ci. 

~t~H 2 ~t J 

Mij 
4 

15 ij Tit + c .. ·-At lJ 

Ni • Fi(t2) • Bi 

The general form of the equation of motion used to find the 

numerical solution is expressed by Eq. 2.28 . 

In matrix form Eq. 2.28 can be written as: 

[K] {U(t2)} • {0} (2. 29) 

in which [K] is the square matrix whose elements are Kij in Eq . 2. 28 and 

{0} is a vector representing the right hand side of Eq . 2. 28 . Vector {0} 
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consists only of the deflections and velocities at time t 1 which are 

known, the known applied force Fi(t2), and coefficient Bi. Thus Eq. 

2.29 can be solved for deflections at time t 2 by inversion of matrix 

[K]. Once the deflection at time t 2 is known, velocity and acceleration 

can be computed by Eqs. 2.26 and 2.25 respectively. This single step 

forward integration procedure is repeated for further time steps. 

2.9 Computer Program Outline 

Input data consists of the properties of the beam, characteristics 
. 

of the applied force and of the numerical integration procedure used. 

The matrices [P], [Q], [A] and {B} are then calculated. These are used 

to evaluate the matrices [K] and {n} of Eq. 2.29. Deflections at the end 

of the time interval are known from Eq. 2.29, which are utilized to 

determine velocities and acceleration for that time interval. The final 

step is to compute the bending moment and plastic hinge rotation using 

Eqs. 2.20 and 2.21. 

For purely elastic response the above procedure is repeated until 

the response is known for a desired duration. For elastic-plastic response 

the procedure is a little different. Each time a mass point goes from 

elastic to plastic or from plastic to elastic, a new set of [A] and {B} 

matrices is calculated. The check for the elastic-plastic transition is 

that the moment at any mass point exceeds or equals the plastic moment. 

Plastic-elastic transition is checked by the plastic hinge rotation, which 
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becomes constant or decreases when a plastic-elastic transition occurs. 

These transitions are described in detail by Heidebrecht 11 , who 

has also given flow charts of the computer program concerning the 

transitions. 

The rest of the structural properties are calculated in the same 

way as described for the elastic response. 



CHAPTER III 

Analyti~al Results 

3. 1 General 

The analysis described in the last chapter is used to compute 

the elastic and elastic-plastic response o.f mild steel cantilever beams. 

The results are presented in tabular and graphical forms . 

3.2 Forcing Function 

The dynamic force applied to the tip of the beam is in the form 

of a triangular pulse. It was decided to use a triangular shape as this 

form closely approximates the experimantal record of the impulse as shown 

in Fig . 5. 2. However, the typical pulse shape used is a symmetrical 

triangle as shown in Fig. 3. 1. 

The response studies made may be divided into the following two 

classes. 

1) Area of the pulse constant with chanp,ing 

duration. 

2) Duration of the pulse constant with changing 

area. 

In order to represent some of the pulse characteristics, a factor 

named Impulse Factor (I.F.) is introduced, which is defined as: 
F 2 

1 I.F . • -,::- lb./sec. 

- 18 -
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where F1 is the maximum amplitude of the pulse in lbs., and A is the 

area of the pulse in lb.-sec. 

Eq. 3 ~ 1 may also be written as: 

2F1 ·-to 
I.F. 

20 

(3 . 2) 

where t 0 is the total duration of the pulse. For a symmetrical triangular 

pulse Eq. 3. 2 represents the slope. 

3.3 Number of Degrees of Freedom 

The computer program prepared can handle a system with a maximum 

of ten degree-of-freedom, though it can easily be modified for systems 

with more degrees-of-freedom. However, in order to obtain qualitatively 

satisfactory results and also to conserve computer time, it was decided 

to approximate the beams by four or five masses. 

3.4 Examples 

1) Series A 

A typical beam analysed is shown in Fig. 3.2, and had the following 

characteristics: 

Length 2-r• 

Cross-section 1/2" x 1/2" 

Total weight 1.912 lbs. 

Yield moment (SO% yield level) 47 . 0 ft . lb . 

6 
~rodulus of elasticity 30 x 10 p. s . i. 



Cross- section 

Total weight 

2 7 11 

Modulus of Elasticity 

S t at i c y i el d m o me n t 

. 1/2" X 1/2 11 

1·912 lbs. 

30 x 106 p.s.i. 

47·0 ft. lb. 

Damping factor as percentage 

of critical damping coeff. 
20·0 

Figure 3.2 Typical Beam of Series A 

21 
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Damping factor as percentage 20.0 
of critical damping coefficient 

Approximated by 5 masses 

The forcing function used was a symmetrical triangular pulse 

as presented in Fig. 3.1. 

Case 1: Constant Pulse Area 

Table 3.1 shows the results of the elastic-plastic and elastic 

response for constant pulse area with changing duration. The graphical 

representation of elastic-plastic and elastic responses versus time is 

shown in Figs . 3.3 and 3.4. A comparitive representation of elastic-

plastic and purely elastic responses for beam A3 is also given in Fig. 

3.5. Beam shapes corresponding to Figs. 3.3 and 3.4 are shown in Figs. 

3.6 and 3.7. Figs. 3.8 and 3.9 are the plots of imp~lse factor versus 

maxi mum tip deflection for the elastic-plastic and elastic responses 

respectively. 

Case 2: Constant Pulse Duration 

The elastic-plastic and elastic responses of beams for constant 

pulse duration and changing area are given in Table 3.2. 

The results are graphically presented in Figs. 3.10 to 3. 14. 

Discussion of Series A 

A study of the results indicates that for the equal area pulse, 

the maximum tip deflection increases as the pulse duration decreases. 



Beam Pulse Pulse Maximum Maximum Permanent Tip Plastic Hinge Rotation 

No. Area Duration Elastic-plastic Elastic Deflection at Root Corresponding 

Tip Deflection Tip Deflectiot Corresponding to Column 4 
to Column 4 

lb. sec. sec. in . in. in. radians 

1 2 3 4 5 6 7 

Al 1.5 0.01 5.18 3.81 4 .38 0.075 

A2 1.5 0.02 4.48 3 . 47 3 . 74 0.075 

A3 1.5 o.o4 3.55 2.63 2.84 0.098 

A4 1.5 o.o6 2.78 1.97 1.96 0.073 

A5 1.5 0.1 1.45 1.13 0.61 0.023 

A6 1.5 0.2 0.62 0.62 0.00 0.00 

Table 3.1: Elastic-plastic and Elastic Response of Beams for Constant Pulse Area - Series A,CasE· 1 

rmpUi.se 
Factor 

X 10-4 

lb./sec. 
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Beam Pulse Pulse Maximum Maximum Permanent Plastic Hinge Rotation Impulse 
No . Duration Area Elastic-plastic Elastic Tip Deflection at Root Corresponding Factor 

Tip Deflection Tip Defleetioil Corresponding to Column 4 X 10-4 

to Column 4 
sec. lb. sec. in. in. in. 

I 
radians lb./sec. 

4 6 8 1 2 3 5 I 7 
i 

A? o.o4 3.0 9.43 5.2 8.65 0.113 0.75 

A8 o.o4 1.5 3-55 2.63 2.84 0.098 0.375 

A9 o.o4 0.75 1.38 1.31 0.59 0.022 0.188 

Table 3.2: Elastic-plastic and Elastic Response of Beams for Constant Pulse Duration - Series A,Case 2 
VJ 
1-' 

1.1 

I• 
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Also the time at which maximum tip deflection occurs is reduced with 

a decrease in pulse duration. Figs. 3.8 and 3.9 reveal a more realistic 

picture of the increase of maximum tip deflection, which increases more 

rapidly for lower values of impulse factor as compared to the higher 

values of impulse factor. Thus for lower values of impulse factor, the 

pulse duration has a significant effect on the maximum tip deflection, 

while for higher values of impulse factor the pulse duration does not 

have a significant effect on the maximum deflection. The low and high 

impulse factors are as defined in section 3.4 (2). 

For the pulse of equal duration, the maximum and permanent tip 

deflections increase as area of the pulse increases. 

The elastic·plastic beam shapes show the concentration of the 

curvature near the root, while for the purely elastic beam shapes the 

curvature is distributed . along the entire length of the beam. 

2) Series B 

All the beams analysed in this series had the following properties: 

Length 

Cross-section 

Total weight 

Yield moment 

~~dulus of Elasticity 

25 ft. 

8" X 6 1/2" WF 

700 lbs. 

81300 ft. lb. 

6 30 x 10 p.s. i. 

Damping factor as percentage 12.0 
of critical damping coefficient 

Approximated by 4 masses 
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These beams were also subjected to a symmetrical triangular 

pulse at the tip. 

Table 3.3 gives a summary of the results for the elastic-plastic 

and ' elastic responses of these beams for constant pulse area. Figs. 

3 ~ 15 to 3.20 show the graphical representation of these results . 

Discussion of Series B 

The response of the beams in this series for constant pulse area 

does not change as much with the change of duration as that of Series A. 

Thus here the response mainly depends on the area of the pulse. This 

can also be seen from Pig. 3.19 and 3. 20 . The values of the impulse 

factors for these beams lie in a range where the maximum tip deflection 

almost becomes constant. These values of impulse f actors are high. On 

the other hand, low impulse factors are those for which the response of 

the beam changes significantly with change of duration, keeping pulse 

area constant . 

At this stage it is rather difficult to set a definite limit for 

the low and high impulse factors. The impulse factor which is high for 

the beams of Series A will be considered low for the Series B beams. The 

properties of the beam play an important part in determining whether the 

impulse factor is high or low. Thus the high or low impulse factor is a 

relative term and will vary from beam to beam. For the purpose of the 
f.._c:..toY5 

present investigation the high and low impulse will be taken as defined in 
1\ 

the previous paragraph. 



Beam Pulse Pulse Haximum Haximum Permanent Tip Plastic Hinge Rotation 

No . Area Duration Elastic-plastic Elastic Deflection at Root Corresponding 

Tip Deflection Tip Deflection Corresponding to Column 4 

to Column 4 

lb.sec. sec . in. in. in. 

I 
radians 

I 

1 2 3 4 5 6 7 

Bl 400.0 0.01 22 . 21 18.52 ' 15-3 o.o48 

B2 400.0 0.02 21.47 13.39 14.7 0.05 

B3 400.0 o.o4 20.26 17-98 12.2 o.o41 

-----

Table 3.3: Elastic-plastic and Elastic Response of Beams for Constant Pulse Area - Series B 

' 

Impulse 

Factor 

X 10-6 

lb./sec. 
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Thus for beams of Series A the impulse factors which are greater 

than 104 lb/sec.~re high, while for Series B values of impulse factors 

6 greater than 10 lb./sec.are considered high. 

3) Series C 

It was decided to analyse a few of the beams which Parkes 1 

analysed in his paper. He analysed cantilever beams of various lengths, 

wh i ch were struck at the tip either by heavy or by light strikers. A 

heavy striker is a weight falling through a small height, and having a 

mass which is of the same order of magnitude as the mass of the beam. 

The heavy strikers used by Parkes rested on the beam after impact. Rifle 

bul lets were used as light strikers, whose masses were small in comparison 

with those of the beams. The light strikers used by Parkes remained 

embedded in the beam after striking it. 

Owing to the incomplete information available from Parkes' paper, 

some data had to be assumed. This included damping and duration of the 

pulse. The damping factor used was the same as determined during the 

experimental investigation described · 'in this thesis (Section 4.4, Chapter 

IV). However it appeared rather difficult to assign a value to the pulse 

duration for the beams analysed by Parkes. This was because of the fact 

that the final deformation of the beam depended somewhat on the pulse 

duration, once the area of the pulse was fixed. This was more important 

for the heavy striker, where the duration of the .pulse had a tendency to 

be longer. Therefore an arbitrary value was use.d for the pulse duration. 
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This value was greater for heavy strikey as compared to that for light 

strikers. This was on account of the fact that light strikers struck 

the beam with a very high velocity (970 and 1580 ft./sec.) as compared 

to the lower velocity (6,4 to 18 ft./sec.) of the heavy strikers. 

Three beams were chosen from Parkers' paper for the response 

analysis, two (C20 and C24) from the light strikers category and one 

(C4) from the category. of the heave strikers. In order to include the 

strain rate effect, Parkes multiplied the static yield moment b)' various 

factors, to obtain the dynamic plastic moment. The same factors were 

used in this analysis. The properties of the beam included the following: 

Length 12" 

Cross-section 1/411 X 1/4" 

Total weight 0.22 lbs . 

Static yield moment 

Modulus of Elasticity 

16 • 2 5 ft • 1 b • 

30 x 10° p .s . i. 

Damping factor as percentage 
of critical damping coefficient 

Approximated by 5 masses. 

0,622 

Further analytical data is given in Table 3.4 . Pulse area was 

taken equal to the total momentum of the striker, 

Discussion of Series C 

In Table 3.5 comparisons are made between the results of this 

analysis and those obtained by Parkes. Parkes did not give values of the 



Beam Category Pulse Puls e Factor on rraximum Tip Permanent Tip 

No . Area Dura tion Stati c Moment Deflecti on Deflection 

lb.sec. sec. in. in. 

c4 Heavy 0.8 0.05 1.5 4.54 3.2 
Striker 

C20 Light 0.1302 o.oo6 1.6 1.95 0.77 
Striker 

C24 11 0. 2474 0.01 1.7 4.18 2.88 
--~---------------- -- ------------ -- - -- - - ------- - ---

Table 3.4: Elastic-plastic Response of Beams - Series C 

Pl astic Hinge 

Rot a tion a t Root 

radians 

0.267 
I 

o.o64 

0.24 

Impulse 

Fact or 

X 10-4 

lb./sec . . 

0.128 

1.45 

0.99 

.,.. 
po 



Beam 

No. 

c4 

C20 

C24 

Author's Analysis Parkes' Analysis 

Hinge Angle at the Root Permanent Tip Deflection Hinge Angle at the Root Permanent Tip Deflection 

radians in.. radians in. 

0.267 3.2 - 1.48 

0.064 0.77 o.o6 -

0.24 2.88 0.22 -

'rable 3. 5: Comparit,on' of Parkes' and Author's Analytical Resul. ts +
'-'> 

I 

i 
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permanent tip deflections for beams struck by light strikers and the 

values of the hinge angle at the root for beams struck by heavy strikers. 

It is evident from Table 3.5 that the results obtained for beams 

C20 and C24 compare favourably with those obtained by Parkes. There 

is not good agreement for beam C4. This is mainly due to the assumed 

value of the pulse duration. which is relatively important for beams 

hit by heavy strikers. This is again due to the fact that the impulse 

factor for the beam struck by a heavy striker is much lower than that 

for a beam hit by a light striker. 

Very good agreement with Parkes' results should not be expected, 

as both his heavy and light strikers became part of the beam on impact. 

The results obtained for Parkes• beams using the analysis presented in 

this thesis. are for a pulse which ceases to act after a certain time. 

The beam shapes at maximum tip deflection are shown in Fig. 3.21. 

These resemble the beam shapes of Fig. 3.6. 
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CHAPTER IV 

E~eriaental Program 

4. 1 Description of the Equipment 

The equipment used for the experimental work is shown in Figs . 

4.1 and 4.2. It consists of a gravity force container A, which is a 

16 ft. high tube with an inside diameter of 13.5 in. Tube A supports 

a frame B, which in turn acts as a support for rocker arm c. A load 

cell L is fixed on the rocker arm C as shown in Fig. 4.2. 

A bucket, having 12.75 in. outside diameter, is put inside the 

tube A. The weight of the bucket can be adjusted by using lead slabs. 

The bucket can be hoisted up by means of a pulley, and can rest on a 

pin P at a number of heights inside tube A. This pin is unscrewed 

manually to release the bucket . 

D is a frame fixed to the ground. Frame D acts as a support for 

the beam support s. R is the recorder used for strain and load measure

ment s. 

4. 2 Beam Specimen 

All the beams tested were 1/2" x 1/2" x 3' long and were cut from 

the same material. This was done to ensure that the test specimen will 

have the same material properties. Two sets of beams were tested. Each 

set consisted of two beams. The typical beams tested in set D and set E 

- 52 -
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Figure 4.1 Experimental Equipment 



Figure 4.2 Experimental Equipment 
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are detailed in Fig. 4.3. Five high elongation strain gages were put 

on each beam in order to obtain a qualitative time record of strain 

measurements, and to obtain information about plastic and residual 

strains. The locations of strain gages for beams of set D were different 

than those for set E. 

The beams had an effective length of 27 7 /8". An overhang of 

1 1/4" was given beyond the point of impact, as shown in Fig. 4.3. The 

remaining length of the beam was fixed in the support. 

4. 3 Calibration 

(a) Strain Gages 

To calibrate the strain gages, a static load of 25 lbs. was applied 

at the tip of the beam and the strain readings at all the gages were 

recorded by the recorder. On this basis a calibration table for various 

sensitivities was prepared. 

(b) Load Cell 

The load cell consisted of a tube whose outside and inside diameters 

were 1/2" and 1/4" respectively. The tube had four high elongation strain 

gages, equally spaced around the circumference. 

The load cell was given a number of load cycles from 0 to 600 lbs. 

on a Tinus-Olsen testing machine. This was done in order to reach a stage 

wheTe the load deformation characteriatics did not change appreciably. 
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The load cell was connected to the recorder, and was loaded upto 

various load levels for different sensitivities. The calibration table 

was then prepared. 

4. 4 Dampin& 

The strain recordings for the free vibration of tho beam were 

taken and were plotted on a semi-log scale to find the damping factor. 

Th i s plot ;howed that the damping in the system was approximately viscous. 

The value of the damping factor was found to be 0.00622. 

4. 5 Tensile Tests 

Two tensile test coupons were prepared fro~ additional lengths 

of the same material as the material of the beam specimens. 

Tensile tests were conducted to obtain the yield point of the 

steel used. The average yield stress obtained was 40.000 p.s.i. 

4,6 Testins Procedure 

The bucket having the desired amount of weight waJ dropped from 

the required height. It struck the rocker arm c, which in turn struck 

the beam specimen from below as shown in Fig. 4.2. The rocker arm fell 

back under gravity after striking the beam. This was done to minimize 

the inertial contact hetwcen the striker and tho beam specimen. 



TI1e recorder was put on just before the bucket was dropped . 

All the strain recordings during the experiment were done at a paper 

speed of 5 em/sec . 

The final deflections of the strain gage points and the tip 

of the beam were taken by a theodolite. 
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5.1 Test Results 

rnM~RV 

Experimental Results 

Four beams were tested in this investigation. The tests were 

carried out for various combinations of the bucket height and weight. 

Other details and results are as given in Table 5.1. Typical record 

of strains and load, measured during the experiment, areshown in Figs. 

5.1 and 5.2 respectively. 

5.2 Conclusions from Experimental Results 

The four beams tested were subjected to pulses of low impulse 

factors. As predicted by analytical results, the permanent tip deflections 

of these beams should depend mainly on pulse area. This is evident from 

the results of Table 5.1. 

The permanently deformed beams had some curvature at the root . 

As expected this was more pronounced for the beams of Set E, which were 

subjected to a pulse of greater area. The remaining portion of the beam 

was almost straight and thus resembled the shape of the analytical curves 

in Fig. 3.6. 

5.3 Deflection Calculations from Experimental Record 

Attempts were made to calculate the deflections and plastic hinge 

rotations from experimental strain records. The value of the permanent 
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Beam Height of Weight of 

No. Bucket Bucket 

ft. lbs. • 

Dl 2 .0 125 

D2 2.0 150 

El 3.0 125 

E2 3.0 150 

Pulse Duration Pulse Area 

Tl T2 
sec. sec • lb.sec. 

0.02 0.05 1.6 

0.02 o.o6 2.o8 

0.03 0.15 5.o4 

o.o4 0.14 6 . 81~ 

Table 5.1: Experimental Results 

Impulse Factor 

X 10-4 

lb./sec. 

0.13 

0.13 

o .o62 

o.o83 

Permanent Defiection of 

Impact Point of the Beam! 

in . 

0 . 76 

1.33 

3.3 

4.0 

0\ 
0 
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deflection calculated through these records was 23% lower than that 

observed by the theodolite. This discrepancy could be due to the 

fact that there w~s no strain gage exactly at the root of the beam and 

so the strain at the root was not known. 

5.4 Strain Rate 

The strain rate determined from the experimental records for 

the beams tested was approximately 0.1 in/in per sec. As shown by 

Manjoine2,· the yield stress for a strain rate of 0.1 in/in per sec. 

is 1.3 times the static yield stress. Thus a factor of 1.3 was used 

'~hile calculating the dynamic yield moment. 

5.5 Experimental Pulse 

The experimental shape of the pulse obtained from the load record 

can be approximated by a triangle as shown in Fig . 5.3 . A similar shape 

was ~ed while calculating the response of these beams. 

5.6 Simulation of Experimental Results on Computer 

The analysis developed in Chapter II was used to find the response 

of the bearus tested. The data used is shown below: 

Length 27-7/8 in. 

Total weight 1.98 lb. 

Static yield moment 104 • 2 ft • 1 b • 
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Dynamic yield moment 1.3 x 104.2 • 135.5 ft. lb. 

Modulus of Elasticity 30 x 106 p.s.i. 

Damping factor as percentage 0.622 
of critical damping coefficient 

Approximated by 5 masses. 

Table 5.2 gives the properties of the pulse applied and the 

results obtained. 

5.7 Comparison of Analytical and Experimental Results 

As may be seen from the results shown in Tables 5.1 and 5.2, the 

experimental results are much lower than those obtained theoretically . 

It is only for beam E
1 

that experimentally and theoretically determined 

values of permanent deflections agree. 

The principal cause for this difference was the load measuring 

device, which was found to be unreliable. The load cell was calibrated 

after each impact test, and each time it showed a different load modulus 

(lb. per unit recorder displacement), which also varied for different 

sensitivities of the recorder. Also the load cell record showed some 

residual strain after every test, as seen in the typical load cell record 

in Fig. 5.2 

It is also believed that there was a considerable amount of strain 

hardening at the root of the specimen, especially in case of beams E1 

and E2• Por these beams strain gages 1 and 2 recorded the maximum strain 

of about 15 to 17 times the yield strain, which, according to Beedle13 , 

is the strain hardening range. 



Beam Pulse 

No. Area 

lb.sec. 

Dl 1.6 

D2 2.o8 

El 5.o4 

E2 6.81 

Pulse Dura tion Impulse Factor Maximum Tip Permanent Tip 

X 10-4 Deflection Deflection 

Tl T2 

sec. sec. lb./sec. in. in. 

0.02 0.05 0.13 3.5 1.09 

I 
0.02 I 0.06 0.13 4.55 2.1 

i 
I 

0.03 0.15 0.062 5.94 3.47 

o.o4 0.14 o.o83 20.1+ 17.9 

Table 5.2: Analytical. Results of Experimentally Tested Beams 

Plastic Hinge 

Rotation at the Root 

radians 

0 . 039 

0.075 

0.124 

0.64 

------

0"1 
0"1 
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The experimental beams were 1-1/4" longer (overhang beyond the 

impact point) than the analytical beams. This would also account for 

some of the differences in results. 

A differential tra.nsformer was considered for taking deflection 

measurements during the experiment. However, it could not be used because 

of the large deflections and the relative rotation at the end. 



CHAPTER VI 

Conclusions and Suggestions 

6.1 Analytical Results 

The analytical results of the cantilever beams subjected to 

an impulse at the tip show that the response greatly depends on impulse 

factor. If the impulse factor is low, the response is governed both by 

the duration and area of the pulse. For a high i~ulse factor the 
,. 

response does not depend so much on the duration of the pulse . 

The boundary between what can be considered as low or high 

impulse factor varies from beam to beam. In other words, the properties 

of the beam as well as that of the pulse are to be taken into considera

tion for assigning low and high values to impulse factors . The results 

obtained in the present investigation are not sufficient to be able to 

predict this boundary for a heam of given properties . However, on the 

basis of the results obtained, low and high impulse factors for a constant 

area pulse may be defined as follows: 

"For low impuse factors, the maximum and permanent tip deflections 

depend mainly on the duration of the pulse. For high impulse factors 

these are almost independent of the duration. For very high values of 

impulse factors the maximum and permanent deflections tend .to be asymptotic 

to a certain constant value . " 
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On this basis the impulse factors higher than 104 and 106 lb}sec. 

are considered high for beams of series A and B respectively. 

It was observed during the analysis of series A that for those 

beams whose impulse factors are higher than 104 lb/sec, the first plastic 

hinge was formed closer to the tip and moved gradually towards the root, 

where it stayed until the whole system returned to the elastic state. 

For beams having impulse factors lower than 104 lb/sec . the first plastic 

hinge was formed closer to or at the root. 

In series B, it was only for beam s1 (which has the highest 

impulse factor of that series) in which the first hinge was formed near 

the tip and travelled towards the root. For other beams of this series 

the first hinge was always formed at the root. 

The beams which Parkes analysed for light and heavy strikers were 

also analysed by the analysis presented in this thesis. A close agree

ment was obs~rved between the rasults, for the beams hit by light strikers. 

The agreement was not very good for heavy strikers category. This may 

be mainly due to the assumed value of the pulse duration, which is 

important for beams hit by heavy strikers as their impulse factors are 

low. 

The other reason for this difference is that the Parkes' light and 

heavy strikers rested on the beam after striking it. On the other hand. 

the analysis done in this thes i s for Parkes' beams was for a pulse, 

which only acts for a particular duration. 
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6.2 Experimental Results 

The experimental results showed that for beams of low impulse 

factors • permanent tip deflections depend mainly on the pulse area. 

Also the permanently defonned beams had some curvature near the 

root and the deformed shapes compared favorably with those computed by 

the analytical method. 

The agreement between the experimental and analytical results 

for the same beam is only fair. The analytical results are higher than 

those observed experimentally . A hetter agreement could not be expected . 

This is chiefly because of the load measuring device, which yielded 

tmreliable results. 

The other reason for this discrepancy is believed to be the strain 

hardening effect at the root, where the strains were more than 15 to 17 

times the yield strain. 

6.3 Suggestions for Further Research 

(a) Analytical Work 

As mentioned in the conclusions, the investigation presented herein 

is insufficient to assign general values for hiyh and low impulse factors. 

Further research is necessary for determining these values. 

A number of series of beams may be analysed for various pulses. 

Each series should consist of beams having the same elastic-plastic 

properties but of different lengths. 



Pulses applied should include a number of triangular pulses 

having constant areas, with different durations . 
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These results would provide better information regarding the 

behaviour of the beams with respect to impulse factors. It is expected 

that the properties of the beam would play an important role in deter

mining high and low impulse factors. 

(b) Improvements in the Equipment 

The equipment used for the experimental work was by no means 

sophisticated. It needs a number of refinements .before it can be relied 

upon for satisfactory results. 

The most important of all is a much better and more accurate 

load measuring device whose calibration should be reproducible at any 

time. This will ensure a better comparison between analytical and 

experimental results. 

Deflection measurements during the test are necessary to plot 

the beam shape at any instance. which can be compared to the analytical 

shape. This will also eliminate the use of the theodolite for measuring 

the permanent deflection of the beam. 

The duration of the pulse obtained from experimental records was 

quite long as compared to the fundamental period of the beam. There was 

no way of controlling the duration to a desired limit . Some catch 

arrangement is suggested for limiting this duration . It would make 

possible the equal duration pulses with various areas to be applied to 

the beams. 
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The bucket could not be dropped f rom a height of more than 

3 ft . as it would have required an overhang of about 3 in. beyond the 

point of impact . Without this overhang the rocker arm after hitting 

the beam would go higher and would rest on the beam while falling . 

A catch arrangement, which would restrict the rocker arm from 

going beyond a certain limit is required for this purpose also . Thus 

a catch arrangement would solve two purposes . In this way more 

combinations of bucket height and bucket weight will he available . 

Another improvement in the equipment may be an electrical device 

for releasing the bucket . It would be better still if the bucket 

releasing device is connected to the recorder, so that the bucket falls 

as soon as the recorder is put on. This will also eliminate the trouble 

and time taken i n unscrewing the pin manually for releasing the bucket . 



APPENDIX 

Complete Derivation of Resistance Matrices 

Let ~· be expressed as 
1 

~i :s X. + If. 
1 l 

(A-1) 

where x1 is the variable part of the plastic hinge rotation and 'i is 

the constant part of the plastic hinge rotation due to the residual 

pl a!tic deformation. 

It is convenient to define the non-dimensional form of the 

following quantities 

['P'] = f (P) 

[7!] • ~ [Q] 
). 

{M} • iT {M} 

{ti) = ~ {tJ} 

(X) • {X} 

{V} • {!} 

SUbstituting Eqs. A-1 and A-2 in the Eq. 2,3 yields the following 

<tn· ['1J rn • [15'J <'> • rm <"M> 

(A-2) 

(A-3) 

Noting that {~ are the residual pla!tic hinge rotations which 

are constant at any given time, one may write 

(A-4) 
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from which 

(A·S) 

Both Mi and xi cannot be variable at the same time. At any 

mass-point, one is the variable while the other is a constant depending 

upon whether or not a plastic hinge exists at that point. It can be 

shown that Eq. A-5 can be written in the following form 

{U) • {lV} + [~ (Z} (A-6) 

where the elements of the matrix (S] and column vectors {W) and {Z} 

are defined by 

n w . .. H'. + t 6. Qij M'j* l 1 j•l J 
(A-7) 

sij = (1 - 2 - 6j 2 pij 6 j) Q •. + 
lJ (A-8) 

(A-9) 

where 6j is defined as: Aj • + 1 if mass-point j is plastic with a 

positive yield moment, Aj ~ 0 if mass-point j is elastic, and Aj = ·1 

is mass-point j is plastic with a negative yield moment; and N.* is 
J 

defined by 

r::r. * • 
J 

t-1 * j (A-10) 

Eq . A-6 is written in the above form to separate the variable 

quantities from the constants, with Eqs. A-7, A-8 and A-9 governing 

the sepRration conditions. 
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Pre-multiplying Eq. A-6 by the inverse of [S] and rearranging 

yields 

(A-ll) 

Note that column vector {W) is a set of constant values at 

any given time, one may write 

(A-12) 

Eq . A-ll may now be written as 

(A-13) 

As {Z) is made up of a ccY!lbination of portions of {m and {!} 

i t can he shown that Eq. A-13 yields, upon separation of variables, 

the following two equations 

f'x) .. [Q'J <m • <rl 
(M) • [T] (u} + {L} 

(A-14) 

(A-15) 

The elements of the matrices in Eqs . A-14 and A-15 are defined 

as follows 

- 2- -1 
gij = 6 i 5ij (A-16) 

J'"i • - 6i 
2 

TI'i (A-17) 

~ 2 o;f' -1 
1. .= (1-6 . ) ~ .. 
1J l. lJ 

(A-18) 

- 2 -L. • ·(1 -61) G. + 6. M.* 
l l l l 

(A-19) 

h .,. -l . h f [t"''-l . fi . w ere ~ij 1s t. e general element o vJ and Ai 15 as de ned prev1ously. 

The second term of Eq. A-19 provides for either a positive or negative 

yield moment depending upon the sign of the plastic hinge rotation X .• 
1 
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Consider now the relationsip between the bending moments ft.\ 
and the resisting forces R .• It can be shown by an equilibrium analysis 

1 

of the original cantilever beam of Fig. 2.3a that th~ follo~ing holds 

true 

in which [PT] is the transpose of [P]. 

Introducing the non-dimensional form of {R} 

>.2 
{R) IS FT {R} 

Eq. (A-20) takes the form 

{ffi • [l;T) {R) 

Pre-~ltiplying Eq . A-22 by [~T ]-l yields 

([} • (frT]-1 {M} 

Let 

and 

Substituting Eq . A-15 into Eq. (A- 23) gives 

(if} = [pT r 1 ['!"] {U) + [l"T) -1 £D 

Eq. A-24 can now be written as 

rlt} • rA'J rm • on . 

(A-20) 

(A-21) 

(A-22) 

(A-23) 

(A-24) 

(A-25) 

(A-26) 

(A-27) 

In order to calculate the actual forces from given dimensional 

deflections, Eq. A-27 can be written in the followin g form 

{R} a [A) {U } + {B} (A-28) 



in which 
).3 

[A] = '"1rr' [A] 

),2 -
{B} c -rr {B} 

To compute bending moments. the dimensional form of Eq. A-15 

may be used. 

on -= ll [T'J (ul • ~ ([} 
A2 A 
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(A-29) 

(A-30) 

(A-31) 

Plastic hinge rotations may be computed by using the dimensional 

form of Eq. A-14 

<xl • t ['Q'J (U) • <r> (A-32) 

Substituting Eq. A-32 into Eq . A-1 and making the substitution 

{K} a {1) + {~ yields 

{ q,} • f [Q] {U'} + {K} (A-33) 
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