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SCOPE AND CONTENTS: Prevailing approaches to the analysis 

of laminated composite structures are reviewed and serious 

shortcomings are noted in each. A promising new, more 

rational method, founded upon the recently developed theory 

of laminated composites, is described and equations of 

laminate behaviour are established in accordance with the 

theory. 

The new method is employed in the analysis of a 

fibre-reinforced cylindrical storage tank and a new 

equation of deflection, applicable for both laminated 

orthotropic and isotropic materials of construction,is 

derived. A computer program, based upon this analysis, 

and capable of performing a complete stress analysis at 

. any point in the tank, is included. 

Results of a series of parametric studies, relative 

to the oonstruotion or filament wound storage tanks, are 

reported and new design guidelines are suggested. 
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PREF'ACE 

Du1~ing the brief life of the High Altitude Research 

Project (H.A.R.P.) at McGill University, considerable 

effort was directed towards the development of filament 

wound fibreglass rocket motor cases capable of withstanding 

gun launch. Initia l motor case designs in this program 

were based upon traditional strength of materials design 

formulas but it soon became apparent that a comple tely new 

approach was required in order to derive maximum benefits 

from this anistropic composite material. 

Fibreglass motor case development work, however, 

was only a part of the overall H.A.R.P . program; there were 

not sufficient funds available for an in depth study of 

composite materials analysis techniques. Following a 

rather sterile litera ture search for information on this 

subject, it was decided that a more empirical approach 

would have to be t aken towards the development of 

opera.t.iona.l hardware until bette r analytical methods became 

available. The search for these methods continued 

thereafter but only on a spare time basis. 

At the time of project cancellation in 1967, 

cons iderable progress had be en made theoretically as well 

as practically, however. By then it had been learned that 
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a layer of filament wound fibreglass could generally be 

treated as a planar orthotropic material and that the 

elastic properties of such a layer were predictable. Thus 

it became possible, through application of the strain 

compatibility condition, to determine theoretically the 

effective elastic constants of any filament wound laminate. 

The structural analysis reported by O•Connell (1) indicates 

the manner in which these new concepts were applied in 

conjunction with conventional plate and shell theory to 

study the behaviour of the rocket motor case during launch. 

On the practical side, rocket motor cases loaded with 

solid rocket propellants in both end and centre burning 

configurations were being successfully launched from lSS 

and 175 millimetre smooth bore guns at accelerations of up 

to 10,000 g. 

Unfortunately, the analytical approach outlined 

above could still not be considered entirely satisfactory. 

0 1 Connell 1 s assumption that conventional shell deformation 

equations (which were developed for isotropic structures) 

could be applied to the analysis of non-isotropic structures 

was questionable, to say the least. Further, although hoop 

and axial layer stresses were predicted by the analysis, no 

serious attempt was made to identify a condition of 

structural failure. 

A similar concern over the adequacy of available 
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design methods was apparent in the FRP (Fibre Reinforced 

Plastic) industry at that time. The consensus of opinion 

among knowledgeable FRP designers and manufacturers 

contacted seemed to be that the growth of the industry was 

being severely constrained by a lack of knowledge in the 

area of FRP design. Numerous structural failures of FRP 

products, caused primarily by improper design, were being 

attributed to the material itself; as a result, the 

reputation of FRP as a structural material was being 

severely damaged. 

Accordingly, when Fiberglas Canada Limited was 

approached in 1967, with a suggestion that they sponsor a 

study of this problem, their response was immediately 

favourable. The objective of this study was quite simple: 

to carry out a thorough study of the available methods for 

analyzing structures composed of fibre reinforced materials 

and to determine which of these afforded the best 

opportunity for circumventing the limitations of those 

methods generally employed. It was particularly hoped 

that an analytical technique would be found which would 

enable a more rational analysis of H.A.R.P. rocket motor 

cases .. 

This thesis describes the results of this study·. 
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INTRODUCTION 

The primary objective of this thesis is to 

demonstrate to structural designers that a recently 

developed theory - the theory of laminated composites - has 

at last made it possible to approach the design of fibre-. 

reinforced composite structures on an entirely rational 

basis. 

In Section 1, the fundamentals of reinforcement are 

briefly reviewed in order to establish a refe~ence point 

for subsequent analytical discussions. Though other forms 

of reinforcement are considered herein, the emphasis is on 

fibre reinforcement. The effects of key variables, e.g. 

constituent material properti.es, fibre length, volume 

fraction and orientation, on the performance of the 

composite are analyzed and rough guidelines are presented 

for estimating the strength and stiffness properties of 

unidirectionally reinforced materials. 

The design methods which prevailed prior to the 

development of the aforementioned theory are reviewed in 

Section 2. Relative strengths and weaknesses of each 

method are discussed and specific design limitations 

indicated. Towards the end of the section, the theory of 

laminated ·composites is itself introduced. 
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One of the basic premises of this theory is that 

a laminate is comprised of a number of thin isotropic 

and I or orthotropic layers. Section 3 comprises a 

detailed development of layer or lamina atress-strain 

relationships. The development starts with the generalized 

Hooke's Law (which describes the behaviour of a completely 

aninotropic material) and proceeds through the introduction 

of transformation relationships, material symmetry 

considerations and the plane stress a.ssumption,; to the 

lamina constitutive equations. In addition, commonly used 

ls.mina failure criteria are reviewed and methods of 

determining principal lamina properties are discussed. 

The objective of Section 4 is to demonstrate the 

interrelationship between gross laminate behaviour and the 

response characteristics of the individual layers. It is 

shown that laminate constitutive equations are derived by 

following exactly the same procedure as is employed in the 

establish.rnent of the force and moment resultant equations 

in conventional plate and shell theory. The only 

significant difference is that in this instance, the 

constituent material, i.e., lamina, stress-strain 

relationships vary from layer to layer. It is further 

revealed that these larninate constitutive equations are, 

in effect, a more general form of the force and moment 

resultant equations and that th(~y can in !'act be used in 



place of them in the analysis of laminated plate ~r shell 

structures. 

Another important topic dealt with in Section 4 is 

laminate failure analysis. ~his simply involves working 

backwards from gross laminate deformations to individual 

layer strains and stresses to determine whether or not 

failure has occurred, according to the selected failure 

criterion. 

To demonstrate the application of the theory, a 

particular shell prob~em is studied in Section $. A 

vertical cylindrical storage tank is analyzed and equations 

are developed for predicting wall deflections, mid-plane 

strains and shell curvatures at any point in the structure. 

These. equations, it is pointed out, can be used to provide 

the necessary input for a complete stress {failure) 

analysis of the tank. 

A seconda.ry objective of this investigation is also 

realized in this section. It is clearly shown, through a 

series of design studies of one of the H.A.R.P. gun

launched rockets, that the tank analysis developed 

according to the theory of laminated composites is a 

·considerable improvement over the one originally used in 

the H.A.R.P. program. 

Section 6 concludes the main body of the thesis. 

It contains general comments concerning the study as a 
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whole, a number of specific conclusions relative to the 

design of FRP cylindrical storage tanks (or gun-launched 

rocket motor cases) and several suggestions for future 

work. 

4 

There are, in addition, four appendices. Appendix A 

contains a listing of a computer program for calculating 

the lamina stiffness coefficients of a generally orthotropic 

layer. It is one of two programs developed during the 

course of this study. The second, which is listed in 

Appendix D, performs a stress analysis at any point of 

interest in a laminated cylindrical tank in accordance 

with the theoretical analysis presented in Section $. Yet 

another computer program listing is included in Appendix B. 

This program, which is capable of computing laminate 

stiffnesses and performing a laminate strength analysis 

is not original, however; it is included herein for the 

sake of completeness. In Appendix C, the mathematical 

details of solving the governing differential equation of 

displacement are provided. 



SECTION 1 

AN INTRODUCTION TO 

FIBRE-REINFORCED COMPOSITE MATERIALS 

Fibre-reinforced composites are, without doubt, 

the most attractive of the many new materials that have 

become available to structural designers in recent years. 

Many are stiffer, stronger and lighter than any of the 

structural materials previously known to man. 

A particularly interesting feature of these new 

materials is that the fibres can be oriented within the 

composite, thus enabling their optimum positioning 

relative to anticipated load conditions. This means 

that a new dimension - design of the material itself -

has been introduced to the traditional problem of 

structural design. It will be advantageous, therefore, 

to review some of the fundamentals of reinforcement 

before proceeding to discussions relating to structural 

design with these new materials. 

1.1 COMPOSITE MATERIALS 

Composite materials are not new; reinforced 

materials have been with us since man first constructed 

crude huts from mixtures of mud and straw. They also 
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abound in nature, wood being a prime example. 

The modern science of composite materials, 

however, did not evolve until this century. It is 

therefore worthwhile to differentiate between these 

traditional materials and the modern composites that 

have been developed through scientific understanding. 

A reasonable definition for a modern composite 

material has been suggested by Broutman and Krock (2): 

1) the composite material must be man-made 

2) the composite must be a combination of at least 

two chemically distinct materials with a distinct 

interface separating the components 

3) the separate materials forming the composite must 

be combined three-dimensionally (clad metals and 

honeycomb sandwiches are not considered to be 

basic composite materials) 

4) the composite material should be created to obtain 

properties which would not be achieved by any of 

the components acting alone. 

Composites can generally be classified according 

to the basic forms of reinforcement: 

a) particle - the orthogonal dimensions of the 

reinforcement are approximately equal 

b) flake - two orthogonal dimensions of the 

reinforcement are much greater than the third 

c) fibre - one dimension of the reinforcement is much 

6 



greater than the other two orthogonal dimensions. 

The highest performan~e composite materials 

developed to date, i.e., those with the greatest strength 

and stiffness-to-weight ratios, fall into the fibre

reinforced category, and it is to this general class of 

materials that subsequent discussion will be limited. 

1.2 THEORY OF FIBRE REINFORCEMENT 

Fibre-reinforced composite materials usually 

consist of fibres, which are the primary load bearing 

constituent, and a matrix, whose principal role, apart 

from holding the fibres together, is to distribute the 

applied loads evenly among the fibres. Their properties 

are dependent upon a number of factors including: 

1) the physical properties of the fibres 

2) the physical properties of the matrix 

3) fibre length 

4) the volume fraction of the fibre material relative 

to the total volume 

5) fibre orientation 

Each of these will· be considered in the following 

subsections. 

1. 2 .1 Fibres 

The principal role of the fibres is to carry load. 

Accordingly, their mechanical properties such as strength 
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and modulus are of primary importance. Table 1.1 lists 

some of the fibre reinforcements that are currently 

available and their most significant mechanical properties. 

Since in many structural applications the weight of the 

structure itself must be considered, the specific strengths 

and moduli of these materials are also provided for 

reference. 

Disregarding asbestos fibres and whiskers which are 

available only in a discontinuous form, it is apparent from 

the table that the most interesting reinforcing materials 

are the boron and carbon fibres. Unfortunately, at this 

time their coats are prohibitive and they are generally 

limited to aerospace applications where weight saving is 

of the utmost importance. Of the remaining more economic~l 

materials, glass fibres offer very high strengths but 

relatively low modulus values in comparison to steel. On 

a specific basis, however, they appear to be the superior 

reinforcing material. Nylon fibres are not often 

considered for structural applications due to their 

extremely low modulus. 

Additional fibre properties to be considered are 

thermal stability, i.e., effect of temperature on strength 

and stiffness, and chemical reactiveness. The latter 

property determines the effectiveness of the bond between 

the fibres and the matrix and is of extreme importance. 

8 



TABLE 1.1 

FIBRE REINFORCEMENTS 

Material Specific Tensile Specific Modulus Specific 
Gravity Strength Strength Modulus 

r ~ Q" . U'/p E E/p 
(10 psi) (103 psi) (lO"psi) (lO"psi) 

Drawn nylon 6/6 1.1 120 110 0.1 0.6 

High tensile steel wire 7.87 190 24 30 3.8 

E glass fibre 2.54 250 98 10.5 3.9 

S glass fibre 2.54 380 150 12 4.7 

Asbestos fibre 2.5 440 180 23 9.) 

Boron fibre ·2.65 500 188 50 18.8 

Carbon fibre, Type 2 1.74 430 250 33 19 

Carbon fibre, Type 1 2.0 300 150 60 30 

Sic whiskers 3.21 3000 935 70-125 2)-38 

Al~03 whiskers 3.96 6200 1565 70-330 18-83 

..c 



1.2.2 Matrices 

The role of the matrix is an extremely demanding 

one. It must have mechanical properties compatible with 

the requirements stated earlier (Section 1.2), ductility 

to deter crack propogation, corrosion resistance (in many 

applications) and, occasionally, the ability to withstand 

high temperatures. 

Metals are ideally suited for this role, 

principally because alloy compositions which are able to 

resist corrosive environments and high temperatures have 

already been developed. However, economical processes are 

not yet available to produce large volumes of metal 

matrix composite material for general structural 

application. 

10 

Commonly used plastic matrices and their principal 

mechanical properties are listed in Table 1.2. The 

so-called advanced composites, i.e., the high performance 

composite materials, are almost exclusively based upon 

thermosetting plastic matrices and continuous fibres of 

boron, carbon or glass. Thermoplastic matrices are mainly 

used in conjunction with discontinuous fibre reinforcements. 

The resulting composites readily lend themselves to mass 

production processes such as injection moulding or 

extrusion. 

The primary consideration in the selection of a 

matrix material for a particular application is environment. 



TABLE 1.2 

COMMON PLASTIC MATRIX MATERIALS 

Specific Tensile Specific 
Gravity Strength Strength 

f (f a/p 
( 103 psi) (103 psi) 

Thermosets 

Polyesters 1.10-1.46 6-13 4.1-11.8 

Epoxies l.ll-1.40 4-13 2.9-11.8 

Thermo,elastics 

ABS 1.04 6.0 .5. 8 

SAN 1.08 9.6 8.9 

Polystyrene 1.06 7.5 7.1 

Polypropylene 0.91 .5. 0 5.5 

Polyethylene 0.96 4.3 4.5 

Nylon 6/6 1.14 11.8 10.4 

Modulus 

E 
(10 6 psi) 

0.3-0.64 

0.35 

0.32 

0.50 

0.49 

0.18 

0.24 

0.41 

Specific 
Modulus 

E/p 
(l06 psi) 

0.2-0.56 

0.25-0.32 

0.31 

0.46 

0.46 

0.20 

0.25 

0.36 

.., .., 



Temperature and chemical resistance requirements will. 

usually quickly narrow down the field of applicable 

materials. Final decisions are then usually based upon 

mechanical property requirements. 

A wealth ·of additional information on plastic 

matrix materials is available from publications such as 

the Modern Plastics Encyclopedia {4) and manufacturers• 

literature. 

1.2.3 Effects of Fibre Length and Volume Fraction 

12 

Fibre-reinforced composites are normally classified 

as either continuous or discontinuous-fibre reinforced. 

Broutman (5) has defined discontinuous-fibre reinforced 

plastics as plastics whose reinforcing fibres have length 

to diameter {L/d( ratios varying between 100 and 5000. 

Accordingly, continuous-fibre reinforced plastics refer to · 

plastics reinforced by fibres which have length to diameter 

ratios of greater than 5000. The effect of the fibre 

length on composite properties is perhaps best understood 

by studying the fundamental mechanics of reinforcement of 

both continuous and discontinuous-fibre reinforced 

materials. Such a study, however, is not possible without 

also consid~ring the effects of the volume fraction, as 

will soon be apparent. 
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1.2.J.l Continuous-Fibre Rain.forced Materials 

Most com.rnon continuous-fibre reinforc.ed materials 

are reinforced either unidirectionally, bi-axially or 

randomly. For the purposes of this discussion, however, 

only unidirectional relnforcer.1ent will be conside:red. 

The remaining forms will be discussed later in the section 

on the effects of orientation. 

Consider the small element of unidirectionally 

re inf'or·ced material indicated in Figure 1.1 and assume the 

following conditions: 

1) the fibres all have the same strength, u11iform size 

and shapa and are fully bonded to the matrix, i.e., 

no slippage can occur at the interface 

2) they are aligned parallel to the tension axis and 

are completely surrounded by matrix 

3) they are dispersed. throughout the composite 

4) both the fibres and the matrix are Hookean 

substances. 

It is apparent from the figure that the total load 

or composite load, Fe, is shared between the fibres which 

carr3 a load ~, and the matrix which carries a load Fm. 

Therefore, 

Fe = Ff + Ft't\ 
or, in tor.ms of' stresses, 

(1-1) 

(1-2) 
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thus 

(1-3) 

where er and A represent stress and area respectively. 

However, the area ratios, (Af/A,) and (A~/A,), are in fact 

the volume fractions of the fibre, V~, and of the matrix, 

Vm, in the composite. Therefore, 

(l-4) 

Since both the fibres and the matrix are assumed to behave 

elastically, 

(l:-.S) 

where E denotes elastic modulus and € strain. 

Also from condition (1), 

t:. = ~ - € 
"'c ~f "' 

(1-6) 

hence, 

(1-7) 

or 

(1-8) 

Equation (1-8) indicates that the stress-strain behaviour 
I 

of the composite is also linear. Consequently, the equation 

can assume the form 

(l-9) 

where Ecis the elastic modulus of the composite. 

Equations (1-4) and (1-9) both follow the so-called 

"rule of mixtures". According to this rule, a particular 
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composite property is dependent upon that same property of 

the fibre and of the matrix and upon their respective 

volume fractions. The general form of equations following 

this rule is 

or,since 

v = 1 - v 
"' f 

~ = ~Vt- + I;, (1 - Vf) 

(l-10) 

(l-11) 

(l-12) 

where P represents the particular property of interest 

e.g., E. 

The effect of fibre volume fraction on the initial 

modulus of a theoretical glass fibre/polyester resin 

composite is illustrated graphically in Figure 1.2. 

According to equation (l-9), which is the basis for the 

graph, composite modulus is a linear function of the fibre 

volume fraction throughout the range of possible values. 

This obviously cannot be true since the maximum volume 

fraction of cylindrical fibres which can be packed into a 

composite is only approximately 93 percent. Furthermore, 

according to Broutman (6), when fibre volume fractions 

exceed 0.8, properties are usually found to drop off 

because of the inability of the matrix to wet and 

infiltrate the bundles of fibres. 

In Figure 1.), the general deformation process for 

a unidirectionally reinforced material is shown. It is 



commonly accepted (7,8) that the deformation proceeds 

in four stages: 

Stage I - both the fibres and matrix deform elastically 

Stage II - the fibres continue to deform elastically, 

but the matrix now deforms plastically 

Stage III - the fibres and matrix deform plastically 

Stage IV - the fibres fracture followed by composite 

fracture. 
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The stress-strain behaviour of idealized composites, 

such as those assumed earlier in this section, is described 

entirely by Stage I of the graph. More typical brittle 

fibre/plastic matrix composites go through Stages I and II 

before their ultimate failure. It is only with ductile 

fibre/ductile matrix composites that all four stages of 

deformation are encountered. Glass fibre/polyester 

materials are typical of brittle fibre/plastic matrix 

composites and steel wire/epoxy of the latter type. 

Clearly, unidirectional fibre reinforcement 

significantly improves the composite properties in the 

direction of the fibres. It must be pointed out, however, 

that the fibres have a far less beneficial effect on the 

transverse properties, i.e •• in the x and z directions 

(refer to Figure 1.1). Generally, they tend to increase 

the stiffness in these directions without significantly 

improving the related strengths. Thus, composites of this 



... 
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type are frequently relatively brittle transverse to 

the primary direction of reinforcement. 

1.2.J.2 Discontinuous-Fibre Reinforced Materials 

In discontinuous-fibre reinforced materials, the 

relatively short reinforcing fibres are generally dispersed 

randomly throughout the composite. However, to facilitate 

understanding, discussions herein will be limited, as in 

the previous section, to the case of reinforcing fibres 

aligned parallel to each other and to the tensile load axis • 

From Figure 1.4, it is apparent that an applied 

tensile load is shared by the fibres and the matrix in much 

the same way that it was in the continuously reinforced 

sample. In this case, however, the maximum load carrying 

capability of a given fibre may not be dependent upon its 

breaking strength; it may instead pull out of the matrix 

before it is fully stressed. 

Consider the load on an individual fibre, such as 

the one indicated in the figure. This load, f~, can be 

related to both the fibre stress, 

{l-13} 

and to the shear stress at the fibre/matrix interface, 

f~ - i: ... ird.+L (1-14} 

where ~ is the tensile stress in the fibre 

~~ is the shear stress at the fibre/resin interface 
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df is the fibre diameter 

L is the length of the fibre embedded in the matrix. 

Thus, the fibre will pull out of the matrix when the load 

is less than that which causes tensile failure, but greater 

than that which induces a shear failure, i.e., when~~ 
I 

becomes higher than the allowable shear stress, 1:'~, of the 

matrix or of the interfacial bonding agent (whichever is 

smaller}. The load carrying capability of the fibre is 

therefore dependent entirely upon the length, l, of fibre 

embedded in the matrix, or 

+ f ... T; 11' d. L (1-15) 

This length, L, is limited however to the range of values 

O< l~ L' 
where ~ represents the value of L at which the fibre 

I 
tensile strength, cr.f J is reached. 

{l-16) 

At this point where both fibre tensile and matrix 

shear failures are possible, 

+; = a-;{1Td:/4) (l-17) 

and 

(l-18) 

hence, 

(1-19) 

or 

(l-20) 

To attain this condition, the fibre has to be 



. ,, 
twice this length, i.e., al (since it must be embedded to 

the same depth in the matrix on both sides of the cross 

section). 'rhe fibre length in this special case is termed 
/ 

the critical fibr•e l ength , Le, and, since Le = 2L , is 

defined by 

:C.c = ( 1/?..)(<r;/t~)c4 (1-21) 

wher-e L c. is the critical fibre length 

r:t' 
f. is the fibre tensile strength 

-r' rrt is the allowable shear stress of the matrix or 

of the lnterconstituent binding a.gent, whichever 

is smaller 

d..f is the fibre diameter. 

Kelly and Tyson (9) have derived an equation 

which shows the relationship between the strength of 

discontinuous fibre composites and fibre length: 

{1-22) 

where OC is the ratio of the actual fibre length to the 

critical fibre length (L/Le). Due to its obvious 

s imilar•i ty to the 11 rulo of mixtures 11 equations developed 

earlier for continuous-fibre reinforced compos ites, it is 

fr•equently referred to as the ffmodif i ed rule of mixtures 11 • 

Equation (1-22) indicates that discontinuous 

fibres will not contribute 100 percent of their strength 

to the composite. Neverthe less , they should contribute 
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almost as much strength as continuous fibre reinforcements 

if they are sufficiently long. For example, theoretically 

when L/L, = 10, 95 percent of the fibre strength is 

contributed; with L/Lc = 100, 99.5 percent. This is an 

extremely important point as the strongest materials known 

at this time are the short single crystals commonly 

referred to as whiskers (see Table 1.1). Whiskers 

typically have aspect ratios ranging between 150 and 2500 . 

An additional point of interest arising from this 

brief study concerns the breaking of a fibre in a 

continuous fibre composite. It is clear from the 

foregoing that even when a fibre breaks, it does not stop 

being useful as a load carrying member. After breaking, 

the remaining portions will take up and carry load in much 

the same way as discontinuous fibre reinforcements. Only 

in the region of the fracture will the composite strength 

decrease slightly . 

1.2.4 Fibre Orientation Effects 

Fibre orientation has a very pronounced effect on 

the properties of both continuous and discontinuous-fibre 

reinforced materials. In particular, it will determine 

whether a fibre provides unidirectional, bidimensiona1 

(planar) or tridimensional reinforcement. Various 

conditions of fibre orientation are illustrated in 

Figure 1.5. 

20 
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1.2.4.1 Unidirectional Reinforcement 

The maximum possible c.omposite strength and modulus 

are obtained when all of the reinforcing fibres are aligned 

parallel to one another. These maximum properties, however, 

are attained only in the fibre axis direction; the composite 

strength in the two orthogonal directions is in general no 

better than that of the matrix. Unfortunately, there are 

relatively few applications for purely unidirectionally 

reinforced materials; seldom are uniaxial loads encountered 

in practice. 

One way of getting around this problem, at least in 

the case of continuous reinforcement, is to combine layers 

of unidirectionally reinforced materials to form composite 

laminates with biaxial load carrying capabilities. The 

advantage of this method is that laminate properties can be 

closely tailored to meet the anticipated loading conditions. 

For example, in a pressure vessel application, the ratio ot 

hoop to longitudinal layers would be 2 to l. In this way, 

extremely efficient structures can be achieved. Filament 

wound pipes and tanks are two examples ot the application 

of this principle. 

Discontinuous reinforcements, as was pointed out 

earlier, are generally oriented randomly in their 

composites. Unidirectional reinforcement is occasionally 

encountered in practice, however. For example, an extruded 

reinforced thermoplastic rod of limited cross section will 



likely have at least the majority, if not all, of its 

fibres oriented in the axial direction because the fibres 

tend to align themselves in the direction of the melt 

flow at the die orifice and are subsequently frozen in 

that position. A similar condition is encountered in the 

injection-moulding of parts such as bars, rods or 

channels of limited cross section. 

1.2.4.2 Bidimensional Reinforcement 

Bidimensional reinforcement is achieved by 

constraining the orientation of the reinforcing fibres to. 

a plane rather than to a direction. This results in 

composites with improved strength and modulus properties 

in two dimensions compared to one in the unidirectional 

case. The out-of~plane dimension remains effectively 

unreinforced. 

The improvement in planar properties in this case 

can never equal that realized in the direction of the 

fibres with unidirectional reinforcement. The composite 

strength and modulus properties of planar reinforced 

materials will seldom be higher than 50 percent of those 

attainable through complete fibre alignment. 

Bidimensional, or planar, reinforcement can be 

accomplished by using either continuous or discontinuous 

fibres. In the case of continuous fibres, there are two 

ways of obtaining planar reinforcement. The first method 

22 



23 

is to weave the fibres into a fabric and subsequently to 

combine it with the matrix material. The second is to 

orient the fibres randomly in-plane, either during the 

manufacture of the composite or in a preforming operation 

such as that used in the production of continuous strand 

mat. Woven fabric, chopped and continuous strand mat 

materials are pictured in Figure 1.6, along with another 

form of woven reinforcement commonly known as woven roving. 

It is clear from Figure 1.6 that the woven materials 

actually provide bidirectional rather than bidimensional 

reinforcement. 

Discontinuous fibres are generally oriented randomly 

in composite materials. In the bidimensional case, the 

fibres are oriented randomly in-plane, which yields a 

material with planar properties which are not directionally 

dependent, i.e., they are quasi-isotropic. Composites of 

this kind are commonly produced by: 

a) spraying up a combination of chopped strand glass and 

a thermosetting plastic resin onto a mould surface 

b) laying-up (by hand) a preformed chopped strand mat 

material in combination with a thermosetting resin 

c) sheet extrusion of discontinuous-fibre reinforced 

thermoplastic film, and 

d) injection-moulding of reinforced thermoplastic parts 

having thin, planar sections. 

The most widely used fibre-reinforced composites 
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today are those which are bidimensionally reinforced. 

Storage tanks, boats, cars and a myriad of other products 

are produced by laminating together assorted combinations 

of woven fabric (or roving), chopped strand mat and 

chopped fibre (through the spray-up process). 

1.2.4.3 Tridimensional Reinforcement 

The most common way of achieving tridimensional 

reinforcement is through the use of randomly oriented 

discontinuous fibres. It is also possible by using three

dimensionally woven fabrics (10) or continuous fibres 

oriented randomly throughout the matrix, but these methods 

are seldom employed in practice. 

Material properties in this case depend 

substantially on the shape of the part being produced and 

the manufacturing process involved. For example, in the 

extrusion of a thick cross section, the properties may 

tend to be a little higher in the direction of extrusion 

than in the transverse directions. A complex injection

moulded RTP part might even have unidirectional, planar 

and quasi-isotropic tridimensional reinforcement, all 

within the same part. 

Processes for the production of parts reinforced 

three-dimensionally include (1) the extrusion of RTP 

shapes, {2) the injection-moulding of RTP products, and 

(3) the press moulding of bulk moulding compounds 

24 



(premixed thermosetting plastic resin and chopped strand 

fibres}. 

l.J CLOSING 

The foregoing brief review of the fundamentals 

of reinforcement provides little more than a basis for 

discussing the various methods of analyzing composite 

structures. It is left to the individual to pursue the 

subject further in the references noted. 
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SECTION 2 

STRESS ANALYSIS OF 

FIBRE-REINFORCED COMPOSITE STRUCTURES 

As Tsai and Adams (11} have stated, many engineers 

involved in the design of fibre-reinforced composite 

structures "talk about composites but think in terms of 

isotropic homogeneous materials". This quotation aptly 

describes the foremost problem of the FRP industry today. 

Until more engineers learn to think in terms of the highly 

directional effects of fibre reinforcement, the use of 

fibrous composites in structural applications will be 

severely constrained. 

In the past, very few undergraduate courses in 

design or strength of materials did more than acknowledge 

the existence of anisotropic materials, let alone teach 

the student how to. work with them. Further, constituent 

material suppliers appear to play down the potential · 

anisotropy of fibre-reinforced composites in their design 

literature for the commercial FRP industry (12, 13, 14}. 

Instead of pursuing the potential advantages of directional 

reinforcement, they create the impression (perhaps for 

marketing purposes} that fibre-reinforced plastics are 

generally isotropic and that 11in most cases, the standard 
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engineering formulas apply 11 ( 13, 14). 

Only in the aerospace field have the problems of 

designing with composite materials been taken seriously. 

There, the need for lighter, more efficient structures has 
I 
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induced numerous government and industry sponsored research 

and development programs to study these problems. As a 

result, a new method of analysis has evolved in recent 

years which makes it relatively easy for an engineer to 

"think composites" and hence to design much more efficient 

fibrous structures. 

2.1 PREVAILING METHODS 

The stress analysis of fibre-reinforced composite 

structures is generally accomplished by ma~ing one of three 

fundamental assumptions relative to the composite material 

behaviour: 
I 

1) that fibre-reinforced composites are not substantially 

different from other common engineering materials, 

i.e., they are isotropic 

2) that only the fibres have load carrying capabilities 

3) that fibre-reinforced composites generally consist 

of a series of homogeneous orthotropic layers. 

These assumptions provide the basis for three entirely 

different methods of analyzing composite material structu~es. 
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2.1.1 The Strength of Materials Approach 

The strength of materials approach, based upon the 

use of generally available strength of materials design 

formulas, is without doubt the most widely used in the 

design of reinforced structures in the FRP industry at the 

present time. 

Unfortunately, it is also the most imprecise. In 

order to make use of these conventional design formulas, 

originally developed for homogeneous isotropic materials, 

one must accept the first of the assumptions noted above. 

This, it will soon be seen, can lead to very serious 

problems. 

Consider the case of an FRP laminate subjected to 

a bending load as is shown in Figure 2.i. Using the 

strength of materials approach, the maximum flexural 

stresses would be predicted by the flexural formula (15) 

where 0-M~~ is the maximum resultant stress 

M is the applied bending moment 

(2-1) 

c is the distance from the neutral axis to the 

most remote point in the beam at the section 

of interest 

I is the moment of inertia of the cross section. 

The resulting predictions may in fact be 
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substantially in error, however, depending upon the 

construction of the laminate. For example, if layer 1 of 

the laminate shown in Figure 2.1 is somewhat stiffer than 

2 E (I) i ' ECz) E(3) th t layers or J, e.g., s twice or , e s ress 

at the outer surface will be considerably higher than the 

value predicted by equation (2-1). Alternatively, layer 2 

might be considerably stiffer than either layers 1 or 3 in 

which case it is quite possible that the maximum stresses 

would be at the layer interfaces and not at the outer 

surfaces at all. 

Similar arguments can be employed to show that 

serious errors are possible with many of the commonly used 

strength of materials design formulas. The magnitude of 

the error generally depends upon the variation in the 

constituent layer strength and modulus properties. In 

quasi-isotropic laminates, e.g., a chopped strand mat 

laminate, stresses predicted by the conventional formulas 

are probably fairly accurate. However, if the same 

formulas were used to compute the equivalent stresses in 

similarly loaded laminates comprising layers with 

substantially different properties, e.g., mat and 

unidirectional reinforcement, errors of 100 percent or 

more are possible. 

Clearly, the effectiveness of the strength of 

materials approach to laminate analysis is substantially 

dependent upon the degree of material anisotropy involved,; 



i.e., the approach works best for nearly isotropic 

laminates. Further, since relatively few col1U11ercial 

laminates, apart from those produced by the filament 

winding process, are significantly anisotropic, this may 

perhaps explain in part the continued predominance of this 

approach. 

Use of the method of equivalent sections (16) in 

conjunction with the conventional formulas, as suggested: 

by the engineers of Gibbs and Cox, Inc. (17} enables a 

much more accurate laminate analysis. Unfortunately, this 

involves a large number of computations and appears to 

have discouraged most designers from using it. 
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It can thus be concluded that the strength of 

materials approach to the analysis of composite structures 

should be employed only if sufficient consideration is 

given to the properties of the individual layers and to the 

limitations of the particular formulas involved. 

2.1.2 Netting Analysis 

The development of the filament winding process in 1 

1947 (18) firmly established the need for improved 

analytiaal techniques. It became immediately apparent that 

filament wound composites were not isotropic and that 

traditional design formulas could no longer be applied. As 

a result, a new method known as netting analysis came into 

wide use soon after the introduction of the process. 
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Netting analysis is based upon the assumption that · 

only the reinforcing fibres have load carrying capability; 

it is used principally in the analysis of pressure vessels 

where all fibres are in tension. The only functions of the 

resin, it assumes, are to hold the fibres in position and 

to distribute the stress throughout the structure. It 

cannot, therefore, be used to determine bending, shear or 

discontinuity stresses or resistance to buckling (19) since 

in these cases resin properties are of prime importance. 

The underlying principles of netting analysis can 

be readily demonstrated. Consider the system of forces 

acting on the fibres in Figure 2.2. The resultant force or 

load .carrying capability in the direction of the fibres is 

given by 

(2-2) 

where FheL is the force per inch in the direction of the 

fibres 

Fs is the force per strand 

Shel is the number of strands per inch per layer 

Lhel is the number of helically wound layers 

and its components in the hoop and longitudinal directions 

are 

(2-3) 

and 

(2-4) 

respectively. 



In a thin walled pressure vessel, the hoop stress 

Pd cr;h '"" -0 Zt (2-5) 

is twice the longitudinal stress 

er = Pd. 
L. 4t (2-6) 

Also, 

Fho • {(hot (2-7) 

and 

- O' t - OhQ t 
I- ~ (2-8) 

therefore, 

(2-9) 

Substitution of Expressions (2-3} and (2-4} for 

F;_
0 

and FL respectively yields 

{2-10). 

which immediately reduces to 

(2-11) 

thus 

e = s4.1s 0 

(2-12} 

This indicates that, in order to obtain maximum structural 

efficiency in a filament wound pressure vessel, a wind 
0 

(helix} angle of 54.75 should be employed. Hydrostatic 

tests conducted on pressure vessels so wound have 

demonstrated the practical validity of this value (20). 
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It is, however, generally easier to manufacture 

filament wound pressure vessels by using a combination of a 

low helix angle wind pattern and straight hoop winding. In 

this instance, the analysis proceeds in much the same.way as 

was demonstrated in the foregoing. 

The load carrying capability of the helically wound 

layers is once again resolved into hoop and longitudinal 

components. Thus 

(2-13) 

and 

(2-14) 

However, the extra hoop layers now provide an additional 

load carrying capability in the hoop direction 

Therefore, the total resultant force or load carrying 

ability of the laminate in the hoop direction is 

~ 

= Fho + Fho 

= Fs ShelLhe.L si..n?.6 ,.. ~ ShoLho 

and in the longitudinal direction 

(2-15) 

(2-16) 

(2-17) 

(2-18) 

Clearly, though limited in application, netting analysis 

is a relatively easy method with which to work. 
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2.1.3 Ortbotropic Lamina Approach 

This approach (21, 22, 23) is based upon the 

previously noted hypothesis that the individual layers of a 

laminate are homogeneous and orthotropic. It was used for 

many years in the study of plywood structures prior to being 

adopted for the analysis of FRP laminates. A prime 

reference (23) on this subject issued by the United States 

Department of Defense 11as an aid in the design of reinforced 

plastic elements for aircraft missiles and other flight 

vehicles" was in fact prepared largely by the Forest 

Products Laboratory of the Department of Agriculture. 

Fischer (21) outlined the principal assumptions of 

the method in his paper on the analysis of fibreglass 

laminates: 

1) a layer of fibreglass is elastic and homogeneous 

2) a layer of fibreglass is orthotropic (has different 

strength properties parallel to two orthogonal axes 

which are the natural axes of the material) 

3) layers in a fibreglass laminate are connected by a 

material that has infinite shear rigidity 

4) dimensions of the fibreglass laminate are such that 

buckling will not occur. 

Although all of these assumptions refer specifically to 

fibreglass, they are equally valid for other forms of fibre 

reinforcement, e.g., carbon fibres. Furthermore, the second 

of these assumptions does not preclude the analysis of 
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laminates consisting of isotropic es well as orthotropic 

l ayars ; the response characteristics of an isotropic layer 

are entirely described by orthotropic stress-strain 

r e l &tionships. 

Orthotropic layers within a laminate, comprising 

el-t;he:r of th~ fi r st two forms of reinforcement shown in 

Figure 2.3, have a natural system of orthogonal axes 

corresponding to the warp and fill directions of the 

reinforcing material . The other common forms of 

r~inforc ement shown in the figure do not have a natural 

system of axes and, since their in-plane properties are not 

d irectionally dep·:mdent, co-ordinate axes can be arbitrarily 

selected. The relationship between strains and stresses 

i n the n a tura l (or arbitrarily selected) co-ordinate 

system of such materials is 

(2-19) 

Almo, by solving these equations for the 3tresses, 

er, ::: E, c , + Yi.1~1- E~ 
Y11 ... 'Yz..1 .Y, 7....Yt..1 

crl:.. = Y1~Ez.. E, + E~ Ez.. - v1 z.. Yi. 1 \ - v'iz .. Yi1 
(2-20) 

't; 2.. ::: G,z.,D12. 



In many cases, however, the natural co-ordinate 

system (1,2) of an individual layer does not coincide with 

the co-ordinate system (x,y) of the laminated structure of 

which it is a part. This situation is illustrated in 

Figure 2.4 where the natural axes (1,2 ) of the layer 

material are separated from the laminate axes (x,y) by an 

angle 6 . The material stress-strain relations~ip in this 

case, i.e., in the {x,y) co-ordinate system is: 

where 

\T"~ = b11 E~ + bte c~ + b.~~-:<.!j . 
CJ'~ = bz.1 Ex. + baz. E::J + ~ )(){!J 

't"X!f = b~,E-~ + b3t.E~ + b33t-x.~ 

Ao.. 4 4 z.. Z...(:I b 11 = 't'(E 1 cos t) + Ei!..sin 0 + {2 Yz.1E1 + 4 A. G1z._)sin ()cos v) 

(2-21) 

b,;t ::: cp( {EI+ Ez. - 4 A. G,z.) sin z.e cosz.e + vz.,E I ( cos
4 e + sin

4
e)) 

b 1 ~ = cpC (El.-vz.
1 
E1 - 2 A.G17')sin

3
ecos e -

(E
1
-Y

41 
E

1 
- 2 A. G

1
z) sin() cos3 e) 

b2..I ::: b 1z.: 

bzz. = cp(Ez. cos 4-e +EI sin4e + (2 Y~,E, + 4 A G,1_) sinz.(J cosz.a) 

ba.~ = cp((Ez..-Yz.iE 1 -2A.G1)sin0cos
3 8 -

(E 1 - Vz.1E1 - 2 A...G12.)sin
3

tJcos 8) 

b31 ::: b,~ 

b~z.. = bz.~ 
b,3 = cf>( (EI + Ez.. - 2 ~,E, ) sinit.ecosi.e -t AG,~( cosze - sinz..e )?... ) 

•••• (2-22) 
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and 

(2-23) 

It must therefore be generally assumed, for 

analytical purposes, that the non-alignment condition exists 

in all layers. Consider a laminate comprising n orthotropic 

layers oriented at angles of e''~ ew, ee>, e{i;J •••. e<~ 
respectively, relative to the laminate axes, x and y. The 

relationships between stresses and strains can be written 
(1) 

O""' = 
b (1) (c) b (I) (1) 

11 Ex + 1i. € ~ 
b (1)~ <•) 

+ I?> 'X~ 
(1) b (1) (1) b (I) (1) b (1)0. (1) 

O'!J = u Ex + u. E:J + u x~ 

l. (1) = b (c) (1) b (1) Cc) b (1)t C1} 

X'j 31 E"' + 32. E~ + 33 -x~ 

(2-24) 

for the first layer, or more generally, 
(k) (k) (k) Ck) ()<) b (k)~ lkJ 

~ ... b11 Ex + b1z. E~ + IZ. ~~ 

a: (k) = 
j 

b (k) (k) b (k) lk) 
z.i Ex + 2.z. €~ + 

b Ck) i. Ck) 

z~ "!j (2-25)' 

(k) b (l<JE Ck) b CklE (k) b 04i, Ck) 
l1''j ·= 31 ")(, + a ~ + 33 1'~ 

tor the kth layer. 

When such a laminate is subjected to normal and 

shear stresses (with respect to the x and y axes), the 

layers within it must deform together. Thus, in.order to 

satisfy the strain compatibility condition, 

E <1) (t) E (k) = . E (n) = € l = E = = . . . . ;:. 
'X. ~ :;c. 'I' 'l' 

E <1> € (a.) 
(k) (rt). 

= = = E =. . . . . ::: f ~ - t LI ·- (2-26) 
~ ~ !J J 

~ (I) 
;:. 

0 (2.) -· - ~ £k) ::. . ... - ~:: =. ~l.~ J x~ ~j x.~ 
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and hence equations (2-25) simplify to 

(k) (I<) (k) b (I<) .J 
O",.._ == b,. Ex + b12. €~ + 13 °~~ 

er (k) b (k) b (k) b (k) y 
J = ~· Ex + z.~ '~ t z.?.. o"X!'J (2-27) 

(sq (k) (k,) (k) " 
1:''1t~ = b;?,1 E>' + b~ €~ + b.13 o't~ 

In addition, from force equilibrium considerations, it is 

apparent that 

er t =- cr: <•\ <•> + er 'IJt <&> + .•. + o:'ki>t (k>+ ••• + o:'"'t'"> 
... JC, x. x. x 

- t rr" (t)t(I) rr (~)t(&) tT" (k) (k) IT (n)tCI'\) 
O"'~ = vj + "'::J + • • ' + v~ t + • • + "':;, (2-28) 

- .,,_(1)t(1) ~Ct.)tC2' ·~(k)t(k) lx(n.)t(n) 
L.t=\.. +L. +··•+\.. +··+ 
x~ ~~ ~ ~ . , ~ 

or, more concisely, 

(2-29) 

Vl 

- I \ Ck> (&<.) 
T)j.j - t L TX~ t 

k•I 

where tis the total laminate thickness and t(~ is the 

thickness of the kth layer. 

Substitution of the expressions for the layer 

stresses given in equations (2-25) then yields 
- n (k) (k) (k) (k) 
O"" =~I( bll E;e. + b,2 E~ +- b,3 i~~) t 

Kiil 

" o-~ = i L_c b~1k)E.,. + bi~k>E~ ..- b~:>o"~) t'k) 
kal 

I ~( b (k) b (kl b(k)¥ ) t Ck) 
t'lts = .tL' 31 e" + lZ.Ej + 3~ x~ 

kal 

(2-30) 
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and hence 

'(2-31) 

This can also be written 

where 

O"x = b11 E" -t- b1 t.€~ + b,?i'lf~!J 

O"~ = ba., €~ t- ba.2 E j + b.t?I ({'lt~f 

_ 't)l,j = b31 E~ + b~€~ -t b?J3~1-J 

etc. 

= l {1- b (k) (k) 
b,, t L II t 

kal 

-b = J_ f b (k) (k) 
IZ. t L It. t 

k.DI 

(2-32) 

(2-33) 

It is evident from the foregoing that laminate 

elastic properties are quite predictable when the properties 

of the constituent layers and their geometry are known. 

Further, it is possible to obtain a reasonably good estimate 

of the strength properties of a laminate in its principal 

directions. 

In order to determine the load carrying capability 

of a laminate in, for example, the x direction, equations 

(2-32) are first solved for the laminate/layer strains 
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Ex ' (J and <{x~ by assuming the loads in the other two 

diPections, O'~ and y"~ , to be zero. As .... , .... result, 

expressions for the layer strains are obtained in terms of 

the load o;, i.e., 

f" = [( b1~b3~ - ba~ ) / D] <r,._ 

fj = [( b,3 bZ?> - b,z. b~:J ID J "(j,,_ 

~"j = [( b,?. b2 ?> - b,3 h1.J Io J cr/( 
(2-34) 

where 

Then, through the use of the strain transformation 

equations, 
(k.) 1.. t:':I (j(.) L <(\ M 

€ 1 = E~ cos v +. tj .Si.l'I.. v 
(!<.) t.. A (k) Z. A (k) 

f, = (7- si.n u + ~ cos u 

vlk> = -::>. ( • ·) • Afk) AM o1z. ,.,. Ex. ... E.J -s~nv cosv 

(i.) (k) 
- ~"XJ .Si.rt. e eos 0 

"' e<k> eek) + 011.:I S(l'L C.os 

v . ( it AM Z.A(I<,)) +- OX) COS v - Sc..)\. U 

(2-35) 

and the layer constitutive equations (2-20), the principal 

strains and stresses in each layer, i.e., those in the 

directions of the natural axes of the material, can be 

defined in terms of O':x • Subsequent failure analysis of 

each layer reveals the. minimum value of er~ at which one 

of the layers will fail. This minimum value is the maximum 

load carrying capability of the laminate in the x direction. 

Similar analyses can be used to determine equivalent values 

for <Tj and 'L~~ . 

Although failure analysis will not be pursued at 

this time, full details are provided later in Section 4.6. 
Clearly, this method of analysis is considerably 
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better than those described previously. It recognizes not 

only that the matrix plays an important structural role, 

but also that the individual layer materials may be 

orthotropic rather than isotropic and quite different from 

one another. 

Nevertheless, there is one major limitation: the 

inherent assumption of equations (2-26) (that component 

strains are constant through a laminate) precludes the 

analysis of laminates subjected to flexure. As a result, 

the method is substantially limited in its scope. Available 

literature (24, 25, 26) indicates that it is used mainly 

in the prediction of laminate tensile properties. 

2.2 THE THEORY OF LAMINATED COMPOSITES 

The concept of a laminate consisting of a number of 

orthotropic layers is quite reasonable. Unfortunately, the 

method of analysis generally associated with it until now, 

i.e., that described in the previous section, is too limited 

to be of general use, simply because no consideration is 

given.to the problem of bending. 

A powerful new method of analysis which obviates 

this problem has evolved in recent years. It is an 

extended form of conventional small deflection thin plate 

(and shell) theory which takes into account not only lamina 

orthotropy but also variations in material properties 

through the thickness of the laminate. 



This extended form of plate and shell theory, 

sometimes referred to as the theory of laminated composites, 

differs from the conventional theory in two ways. First, 

during the development of the force and moment resultant 

equations, orthotropic layer stress-strain relationships, 

similar in form to equations (2-21), are used in place of 

the single set of constitutive equations which usually 

describe the behaviour of any arbitrarily selected element 

in the cross section of an isotropic plate or shell. 

The second difference relates to the stress and 

failure analysis which ensues once deformations and strains 

have been determined. The points of maximum stress are 

generally assumed to be located at the outer surfaces of a 

deformed plate or shell. In the case of a composite 

laminate, however, the maximum stress and hence the initial 

point of failure may be located at almost any location in 

the cross section. Thus, strains and stresses must be 

determined in each layer in order to carry out a complete 

failure analysis. 

Since this new method is, without doubt, the best 

currently available, it will be advantageous to study the 

underlying theory in some detail. In the next section, 

lamina stress-strain relationships previously assumed valid,· 

i.e., equations (2-20) and (2-21), are developed and 

relevant lamina failure criteria discussed. In Section 4, 
laminate constitutive equations (force and moment resultant 



equations) are developed by introducing the lamina stress

strain relationships into the conventional theory of plates 

and shells. 
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SECTION 3 

LAMINA STRESS-STRAIN RELATIONSHIPS 

The response characteristics of any FRP 18.ll'linate 

can be predicted as long as the stress-strain relationships 

of the constituent layers, or lamina, are known. Regardless 

of the type of reinforcement, these constitutive equations 

are all variations of the generalized Hooke's Law. 

3.1 HOOKE•S LAW 

In the seventeenth century, Robert Hooke proposed 

the law now named after him in the words 11Ut tensio sic 

vis" - the force varies as the stretch (27). This 

conclusion was drawn by Hooke as a result of his load

deformation studies with springs. Today, Hooke•s Law is 

more commonly associated with the linear stress-strain 

relationship for elastic materials. 

The modern definition of Hooke's Law states that, 

within the elastic limits of the material, the stress is 

directly proportional to the strain (28). Symbolically, 

this may be expressed by the equation 

er = EE (3-1) 

where the constant of proportionality, E, is called the 

elastic modulus, modulus of elasticity or Young•s Modulus. 

44. 



This equation describes the stress-strain 

relationship of a homogeneous isotropic material in a one-

dimensional state of stress. The so-called generalized 

Hooke's Law relates stress and strain in an anisotropic 

I118.terial subjected to a three-dimensional stress state and 

can be expressed: each stress component is directly 

proportional to each strain component (27). 

45 

The stresses acting on the surface.of a body can be 

resolved into three components parallel to the axes of an 

arbitr~ry co-ordinate system. Accordingly, the state of 

stress on a small cubio element at a point in the body, 

such as that shown in Figure 3.1, is completely described 

by nine stress components: three normal components - <r, 1 , 

O"'z.i.1 0-:.3 , and six shear components - <r;i., ~~ , ~~ , CTa.1 , 

<Tai ' \r3Z • 

Strains are associated with the displacement or a 

point in the body. If the co-ordinates of a point in the 

body change from x 1 , x2., x~ to x, + u 1 , X-z. + uz.., x 3 + u_, 

as a result of deformation, the Ut are the components of 

displacement and the strains are defined in terms of the ui · 

by the equations 

(3-2) 

where ~.j = 1,2 or 3. 

It can then readily be seen that there are the same number 
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of strain components as there are of stress, i.e., three 

normal components - E11 , Eu, <:3a , and six shear components -

E,2., E,3, EZ.3, EZ.I, {31 , €'3'Z.. 

The generalized Hooke's Law, in symbolic terms, is 

therefore: 

(T = II 

o:L: 
a;~ = 
o;., = 
er = .u. 

er = l.3 

a;, = 
crn. = 
~ = ~ 

c,.,,E 11+c11•.:. f 1z. +-C,,.3E 1r, + c11,_, Ez, +- c11z.z.fu+c .. 1,Eu-+ cuaiE,, +Cun f.n. + c11.1s €" 

CIU/ E,, + c,ltJZ. E,i +c,IU!I E,., + cl'l.2.1 €"' ;- c11uEu. + cl'l.13~) +CIUI E3, +C1ulJz. +CIU) E33 

c,?.11 E,.+ C.31z. f,z. +- C.?.13 E,.,+ c,u,E.'11 + c,3tz. ~a.t c,~3 Eu +C.:s31 E.s, -rc,,3Z.~Jz. +c,,u€» 

c tlll E II+ CZllY. € IZ.+ cw} E,a + CZ.IZI E.t, + c2.lz:t€7:1.. .... CZ.123 €13 + CZl?ol EJI T cl.13/3z. +C'ZI~) t33 

CZ2.ll E,, .... CZZ.IZ. £,z. ;- CZ.Z.1'~€13 T CZ.UI €LI +-Cz.uz.Eiz.. + c.ZU3(i:.3 + CZZJl(31 + citZ.?o:tf3t.+C1t!>3 (33 

c,,,/11-t- cz,1z. E,z.+ c~,/,3-r cz.?>t1E~+ cui/.u. -r cuz.3Ez?o+ cz.~1Es1 +cuufll. +~u3~ 

c3111 Eu+ c?>ll2. E,2.+ c~"} El3 +- c31z1E,, + c3u.z. ~n. -r c31Z.'5 Ez3 + c3,3,f3, + c,,iz. E'n. + c,1111 ~3 

ell.II€,,.,... c3~Z. E'u~+ c3z.1l13 + clllltii .... c)UZ.ElZ. + cill!>E'l.3 + c3Z.?.1€31 + c~i.u ~z.. +Cun E» 

c~11~11 + c33•~E,i.+c~}•3~~ + c33z.,fz..1+ c3Ui.Ezz. + c>~Ez.~ + 0~.~. + cl}~./31.. +-qm~~ 

•••• (3-3) 

In these equations, there are eighty-one strain coefficients 

which are termed the elastic stiffnesses. 

It can be shown by a thermodynamic argument (27) 

that 

c1~11 = c 11 'l.Z. 

c.-z..11 = c 11 IZ. 

Qt?.IZ. : CIU3 

or, in general, 

c = c 
i.j kl kl\.j 

(3-4) 
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Further, the condition for zero rotation of the 

element in Figure 3.1 is 

<r .. - u 
~ ji.. 

( L F j) (3-.5) 

since the sum of the moments about axes through the centre 

of the cube and parallel to the co-ordinate axes must equal 

zero. 

From the definition of strain, equation (J-2), it 

can also be seen that 

or, in general, 

E .• - E .. 
LJ J'-

(Lr j) (3-6) 

Incorporation of relationships (3-4), (3-5) and 

(3-6) into expression (3-3) results in a simplification of 

the generalized Hooke's Law to 

er,, = 0 1111€11 + C111 2.. E1a. + c 11\3 €,3 + C11z.-z. Etz. + C11i..3 E<l:. + 0 113:, €~3 

(jlZ. = c E. + c l~lZ. C IZ. + C IZ.I~ (13 + 0 ,i.u t.tt + 01z.13 €13 + CIH?. E~ IZ.11 II 

0- = 0 1"!>11f11 
+ c l'!>lt. E',z. + C 1:.13 E,3 + c E + c € + 0

.!>33 ~· ·~ 1nz. u 13Z.3 .Z.3 

o;z. = C Z.~11 f II + c UIZ. E '~ + cu1:. E.3 + c-z.zz.z. c: z.z. + CUZ."3 E.Z.3 + Cu33 E.n 

CJ;.3 = Cz.311 E,1 + cz.31~ E,i. + C E + C3 :u.. Eu + CZ!IU El.3 + 0u:u (33 Z313 13 

er = C E + c f + C E + C E + 033t$ €z.y. + 0nn€'s3 3.3 3511 11 ~12... ll.. ~I~ 13 ~?>Z.Z. u. 

•••• (3-7) 



A contracted notation is generally adopted for 

purposes of engineering analysis, i.e., 

~i. = crz. 
o;.3 = cr3 

~:> = 't'z.~ 

cr,3 = t',3 

~z. = L',z. 

€,I = E, 

Ezz. = E.z. 

z. E,3 = ~I?. 
Z. c,i = 'i,'l.. 

c = c 
1111 " 

c 11 ~'L = c 1 ~ 

c 1133 = c 13 

c,,z.;, = c,4 

0 111 ~ = 015 

Clltz. = c,6 
c = c 

2.:U.4 U. 

= c 
Z.4' 

= Cz.s 

c3n3 = c33 

0 3.R~ = 034 

C = C35 l31"3 

03~12. = 03. 

0uu = C44 

Cl.?11~ = C 4S 

C = c.H 1'312. ... ~ 

c 131~ = 0 55 

0 1?11~ = 0s. 

0 ,z.,L = c" 
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(3-8) 

Thus, the generalized material constitutive relationships 

can also be expressed: 

er, = 0 11 E, + c,i:. E.z. + c 1 ~ e:~ + c,4'ir..~ + c,s~.~ 

crz.. = c 14 E, + c2.-z. Ez. + c2.'3 E3 + c24o'z..3 + ct..;'t,~ 

a;, = c,.;, €1 

'lza. = c, 4 €1 

T,3 = c,5E1 

't,z. = 010 E1 

+ 0 z.::. Ez. + c33 E~ + c34 IS'J...3 + 0 3s~z. 
+ Cz.4 Ez. + 034 E"?> + C 

44 
((2~ + C 45 'fr?. 

+ Cz.s~ + C3Sf'.3 + C451!z3 + C55'6,~ 

+ c4,ez. + c3,E3 + c4b ~2.$ + 0so'(3 

+ c '( 
'" I Z. 

+ c <{ 
zc;, I Z. 

+ 03, i,z. 

+ 04,~l'l. 

+ csr.. i,z. 
+ CG6 ')(12.. 

• • • • (3-9) 



It should be noted that engineering shear strains are 

equivalent to twice the related tensorial shear strains.: 

Frequently, it is more convenient to work with 
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matrix algebra for computational purposes. The matrix form 

of the generalized Hooke's Law (3-9) is 

= 

or simply 

where 

c 11 c,~ c 13 c,+ 0 15 c, 6 

c,i. czz c23 c,4 cu 02, 

c •3 c~3 c 33 c 3+ c~s- c~, 

c14 c~ ca+ c 4+ c4s c .. " 

0 .s 025' cas 04s cs-, cS<O 

c '" c i' c3~ c 4, c 66 c~, 

{er} = [ c] { c:} 

cr4- = 'tz.~ 

<r"5 - LI!> 

0-~ - -r,i. 

E4 = '({z.~ 
E 5 = 't,~ 

Et:. = o,2. 

( 3-10-) 

(3-11) 

(3-12) 

A similar expression which relates strain to stress can be 

derived: 

s 11 s,-z. s,:. s,4 s15 s 1 ~ 

s •z s2.z. sz~ sz4 si:.s- sz." 

= s,~ sz.:. s3~ s.H· s?.s s3c.. 

s •4-
3

z.4 334- s 4+ s 4s 346 
(3-13) 

3
1s 

3
z.s s~G 34s 3 5s- 3s" 

S If> S ~b S3 {. S 4" S S(i. S ''-



so 

or 
(3-14) 

In this instance, the coefficients of the stress components 

are termed the elastic compliances. 

An inspection of the matrix equations (3-11) and 

(3-14) reveals that the elastic compliance matrix [s] is 

simply the inverse of the elastic stiffness matrix [c]. 

That is to say, 

[ s] = [ c J _, (3-1.5) 

or 

(3-16) 

Therefore, a knowledge of the terms in either the stiffness 

or compliance matrix enables computation of the other 

through a simple matrix inversion procedure. 

Constitutive relationships, (3-10) and (3-13), 

interrelate stress and strain in an anisotropic material 

subjected to a three-dimensional state of stress; the 

number of independent elastic constants in this most 

general case is twenty-one. 

).2 TRANSFORMATION OF PROPERTIES 

3.2.1 Transformation of Stress Components 

The component stresses at a point, defined with 

reference to a co-ordinate system (x, y, z), are related to 

those referenced to a second co-ordinate system (1, 2, 3) 



with a common origin by the cosines of the angles between 

the six co-ordinate axes (29). In Figure 3.2, typical 

relative positions of the two co-ordinate systems are 

illustrated along with a table of direction cosines. 

The specific relationships between the component 

stresses in the two systems are given by: 

z. 2. 2. cr - l, O" + M, a;+ n, ~ + 2, YY\ n
1 -s~ + Z.n,L, rn+ z.L,m, ~!J .- ,. 

z. ~ z. 
~ Wl2. ha. "nz. lz. e Li.l'nz. ~= lz.~ + Ma.~+~~+ r:rc. + ~--+ 'lx:J 

t 2. L 
2. m:> n?i Z. n3 l.3 il~m. ~ = L~~ + rtl3 a;+ .,~ 0-:i. + -r, .. + Tic~+ 't,., 

r~3 = lt.l30"'~ + l'Yli,h\ O'j + n..n3Q"i. + (m7-n~ + rn~nJ'Cjc + (lz11:s+ l3nz.>rx. + (l-i."\ +l~~)T)l' 

t'1~ = L, La<T11. + m1m1 0:, + n,n3Q°iL + (rn, ~ + m~n)t!lc + (Ll\+ L3n,)r~. + (l,rnr. + L,m3 )"'(,.~ . 

t:,z.= l 1L1.~ + m,mz.O:, + n,nz.O-~ + (m,nz.. + h'li.n)t'!li: + (~>1z.+ Lz.n,)~~ + Cl, wtz. + l""m,)T"¥~ 

•••• (3-17) 

which can also be expressed in matrix notation by 

r~ Lz. 2.. 2. 
~m1n1 2.n,L, 'Z.L1m 1 a: I m, n. 

crz. L?.. 2.. "Z. z.. m;i..tlz. z"'z.. Lz. l l7.mi.. o; i.. l'V\z. n2.. 

cr?a l z. z. z. 
i!l'Vl3n3 z."3L3 Zl~m3 O'"&. ; tf\3 n3 

= 
'r"Q LJ3 tnl..Wl3 ~n~ mi.n3+~n4 Lz..n3+l~~ l'" '""3 + ~ l'nz. l.:s~ 

"tr.. l.L~ m,m~ n,n?. m,n,. +m3n, l1n~ +l~\11 L,m3 -t- lJWl1 T"ll:t: 

T.,_ L, lz. m,m1:, n,nz. n"'i 1"11.. + n'lz. '\ L,n'Z. + '-t.I\ L,mz..+ ~M1 ~ 

• • • • (J-18) 

or 

{er} • [ T J { <r '} (3-19) 
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J.2.2 Transformation of Strain Components 

Strain transformation relationships are quite 

similar to those for stress; the tensorial strain 

relationships are, in fact, identical in form: 

E = I 

f = 
~ 

E = ~ 

E = 
•:?> 

f = 
Ii. 

lz. z. z. L 
, Ex. + IY\ fj + Y\ €i!!. + 2. nv'i E j«. + ~ n, 1 Ex1: + 

Lt t 'L l 
i. E" + h'\z. E~ + '1z. €~ + 2 m4 nz. E:i"I:. + e!.~ t Ex~+ 

l~Ex.+ rl\~f1 + n~E .. + Z.rYl?>n:> E.'.:r"-+ 2.n~l~ E",+ 

l,L3EJ(. + mz.rn/.'J + n,nz..El:. + (rvi,n3+ rfl3n~f!i& + (Li.n~+ l3 t\~)E:l(./ 

L,l,~+ m,m}E~ + n,n,El:. + (rn,n~+m3n,)E~~+ (l,n~+L?>n,)!"~+ 

ll li:.€"-+ mlmZ.E ~ + n,nz.E'f + (m,nl. + mi.n,)E!j'C. + (L,nz..+ Li.n, )EX.1: + 

2. L, rn, E-x~ 

c. ll. Wlz. E X.:J 

z.. l) "'3 (>t:J 

(Ltrn 3 + L?> Ml.) Ex'j 

(L,m3 +l~m,)f llj 

( l.Mz. + 4. m1) E'ltj 

•••• (3-20) 

Since engineering strains and tensorial strains are 

not always the same, however, (see equation (3-8)) the 

engineering strain transformation relationships assume a 

slightly different form: 

L ~ 2. z. l L " E1 = 1 €"' + rri, Ej + n, E'l. + m, n, ~:i~ + n11 ~llio + 1 l'Yl, ox.~ 

€1.. = l; E" + rtl~ E~ + n: E.._ + mz. nz. 't'.l"t. + Y1z.. lz. D,itt. + Li. h'\t ~x.~ 
( = l ~ E + m~ E + n: E + M 3 f\ i + n?il3 'a' + l 3 m3 ~ 

3 3 )<. J j c. ~l: It 1; 1'.'.j 

3'.z.
3 

= tLJ3~ + 2.mz.m3E!:l + ~n,n?if:c + (m1..n3+~nl.)D~~ + (li.l;+ L3 LL)'ixc + (lz.m3 + l:,m,)t:ic.~ 

'6. = cl,L.€ + ~rvi.vn3 f + 2.n,n3 E +(m,n:.+rn~n,)~ +(L,L.+ l .. L,)'t +(L,m"'+ L.m,)'/ 
)'~ ~ 'X. 'j ·l. · ~ _, ~~ "' _, A"i_ .., ~ ~j 

¥.i. = '2.~~€"'+ Z.rr\l'YliEj + e.11,r\~.E~ +(m,nl.+m2.n.)'o~~+(l,lt Lz.L 1 )~l{~ +(L,mz..+ l1-rn.)lx.j 

•••• (3-21) 
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This can also be expressed in matrix notation: 

E, I l 2. z. 'l.. 
"'Yl, l, L.h'l, E"x. I I"() I Y)I m,n, 

l?. z. 'Z. 
n4 lz. ltmL E:J Ez. z. IV'lz.. nz. rYlz. Ylz. 

E,, L z. "' ~ 

rn~ n3 n3 l.a l?> "13 E. 3 Wl3 n3 
= 

ou 2lll3 2.rn~Tf\3 '-n2.Yl' wiz.n3+m3nt L1n~ + l3 nz. Lz..m3 + l~rt'I, "~.,,_ 
0,3 2L,~ CM/r\3 en,~ rn,n3+ M3n1 l,n3+ ll\ L,m1+l

3
n1 ~ ... 1: 

o,l. 2.l,Li:. ~ Wl."f\t l.n,n;:. m1n2.+0\n, l,nt + l.en1 L,mz.+~m1 ~ 
;c~ 

• • • • (3-22) 

or 

(J-23) 

3.2.3 Transformation of Stiffnesses and Compliances 

The matrix form of the generalized Hooke's Law 

relating stresses and strains in the (1, 2, J) co-ordinate 

system is 

{er}= [c]{E} (J-24) 

Also, within the (x, y, z) co-ordinate system 

{er'} = [ cj{ E'} (3-25) 

Substitution of relations (3-19) and (3-23) into 

equation (3-24} yields 

[ T ]{er'}= ( C] [ TJ{l} (J-26) 

and by premultiplying both sides of this equation by [TJ -1 



a new expression for {er'} is obtained: 

{er'}= [TT' [ c ][ T']{E} (3-27) 

By comparing equations (3-25) and (3-27), it can 

readily be seen that stiffnesses can be transformed 

according to the expression: 
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[ c'] = [r J'[c ][T'] (3-28) ; 

In a similar way, it can be shown that the 

compliance transformation equation is 

3.3 EFFECTS OF MATERIAL SYMMETRY 

(3-29 ). 

Few materials are completely anisotropic and, in 

most structural materials, special kinds of symmetry exist, 

i.e., the elastic constants remain invariant under certain 

co-ordinate transformations. 

3.3.1 Materials Possessing One Plane of Elastic Symmetry 

In certain structural materials, the elastic 

constants remain invariant under a co-ordinate transformation 

i-- x, 2 --y, 3-- -z. These materials are said to possess 

one plane of elastic symmetry. The direction cosines for 

this transformation are: 



L = i I 

mz. = n:i = -1 (3-30) 

l~ = l3 = m, = h"\3 == n, = n4 = o 

and the stress and strain transformation matrices, [T] and 

[TJ, defined by equations (3-18) and (3-22), are: 

= 

l 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 -1 0 

0 0 -1 

(3-31) 

The transformed elastic constants can then be 

determined by operating on the original stiffness matrix 

in accordance with equation (3-28). Thus, 

[c] = (3-32 ). 

- c,s - Cz.s - Cas - C4s Css cs, 

-c,, - c"· -c3 , - C4 " cs, c,, 
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In addition, if the material is rotated 180° about the l 

axis, the new co-ordinate axes (x, y, z) will coincide with 

the original system (1, 2, 3). Due to the symmetry, the 
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material response characteristics will then be identical to 

those defined for the material in its original position by 

equation {J-24), i.e., [cj = [c]. 
A comparison of the two stiffness matrices reveals 

that this is possible only when 

, 
c ~s = -ci.s = cz.s = o , 
ca, = - Cai = CJS = 0 
, 

C4s = -C45 = C4S' = 0 

, 
c,ll = -cu. = c,. = o 

, 
C3 " = - C3" = 06 '" = 0 

Therefore, the elastic constants for a material 

(3-JJ) 

possessing 

a plane of elastic symmetry are summarized by the matrix. 

c" c,2. c,3 c,,.. 0 0 

c.i. Cu C:z.~ C:z.4- 0 0 

[c] c.3 Cu C3, C34 0 0 
= (3-34) 

c,, 02.4 C3+ 044- 0 0 

0 0 0 0 055' cs" 
0 0 0 0 CSb c,6 

3.3.2 Two Planes of Elastic Symr~etry 

In the foregoing, it has been shown that the 

stiffness matrix for a material possessing one plane of 

elastic symmetry, i.e., the (1, 2) plane, is comprised of 

the elements shown in expression {3-34). Had the plane of 

symmetry been t;;;:.~ (2, 3) plane instead of the (1, 2} plane, 
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it could just as easily have been shown, following the 

identical procedure, that the elastic constant matrix would 

have reduced to 

[c] = 

c,, c,L c,3 

c I z. cu. Cz.3 

C 13 Cu C33 

0 0 0 

0 0 0 

c1'" c~ c 

0 0 c., 

0 0 c~o 

o o c3~ 

C44 C45 0 

C4S C55 0 

o o . c"' 

(3-35) 

Clearly, if the material possesses both of these planes of 

elastic symmetry, the matrix relating the stress and strain 

components will be comprised of only the non-zero elements 

coromon to the two matrices described by expressions (3-34) 

and (3-35): 

c11 c,7.. c,?J o o o 

C1z. Cu Cu 0 0 0 

[c] = 
c 1~ cz.i C3~ o o o 
0 0 0 c44 0 0 

(3-36) 

o o O o C5s O 

o o o o o c60 

The same arguments may be employed to establish the validity 

of this matrix construction, regardless of which two planes 

of elastic symmetry the material possesses. In general, 

therefore, any material possessing· two mutually orthogonal 
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planes of symmetry responds according to the relationship 

cr, c11 c,z c,~ 0 0 0 €'I 

at. c,'Z. c?.z.. c%.a 0 0 0 E1 

er~ c1~ c:c.3 en 0 0 0 €3 
= (3-37) 

'tu 0 o. 0 c ...... 0 0 '611 
0 0 0 0 C5S 0 ~Ii 
0 0 0 0 0 c,. t,2. 

The number of independent elastic constants in this case is 

reduced to nine. 

A corresponding strain-stress relationship can be 

obtained by utilizing equations (3-13) and (3-15). Since 

[s J = [cJ- 1 

then 

E, Su s,z. s,3 0 0 0 a; 
Ez s,i. s~'l. s2?a 0 0 0 ~ 
E3 s,~ Sz.1 S33 0 0 0 cr3 

= ' (3-38) 
~n 0 0 0 s4+ 0 .o Tu 

'l!,3 0 0 0 0 SSS 0 t',ll 

~la. 0 0 0 0 0 s" l,z 

j.3.3 Three Planes of Elastic Symmetry - Orthotropic 

Materials 

Materials which have three mutually perpendicular 

planes of elastic symmetry are termed orthotropic. T~e 

matrix of elastic constants for such materials assumes a 



form identical to that for materials possessing only two 

planes of sym.~etry. 

The underlying reason for this was provided in the 

previous section. It was pointed out that, regardless of 

which pair of mutually orthogonal planes is symmetrical, 

the matrix of elastic constants remains the same. 

Therefore, it is obvious that the number of independent 

elastic constants is the same for orthotropic materials as 

it is for materials possessing only two planes of elastic 

symmetry. 

3.4 THE PLANE STRESS ASSUMPTION 

3.4.1 The Stress-Strain Relationships for a Specially 

Orthotropic Layer 
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The lateral dimensions of fibre-reinforced laminates 

are generally large in comparison with the thickness, and a 

state of stress which is approximately plane can be assumed, 

i.e, 

CT~ = 'L,~ = 'r.?i = 0 

through the thickness of the material. 

(3-39) 

Most lamina materials are orthotropic and behave 

according to the special forms of the generalized Hooke 1 s 

Law given in equations (3-37) and (3-38). These 

constitutive relationships can be simplified further when 

a state of plane stress is assumed. Introduction of 

relations (3-39) into (3-38) yields 



s11 s1z.. s,3 

S 1 ~ Sz.z.. Sz..3 

s 1 ~ sz:~ S3~ = 
0 0 0 

0 0 0 

0 0 0 

which can be simplified to 

0 0 

and 

since 

0 

0 

0 

0 

0 0 

0 

0 

0 

0 

0 

0 

a;_ 
0 

0 

0 
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(3-40) 

(3-41) 

( 3-42) 

Due to the fact that the in-plane stresses, 0-1 and a;,. , 
are independent of E3 , equation (3-42) can generally be 

ignored in plane-stress analyses. 

In terms of engineering constants 

S11 = 
E .. 

S IZ,. = - \)1..1 = _2h_ 
Eu.. E" (3-44) 

s 2.2. . 
I 

= 
EZ2. 

s66 
l 

= 
G,1.. 
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Therefore, 

f = I Yz.1 er -. er -
I E •• I Ez.z. z. 

~= ~<r 
Ell I 

+ _1_0: 
Eu .. 2. 

(3-45) 

t,'t. = I 
G -r." 

12. 

From equations (3-45), it can be shown that 

0: = E .. 
€., + v,~ Ez.z. 

Ei.. I - v,2. \{,1 l - "J,7..Yz.1 

0: = v!:, E" E1 i" Ei.-z. 
E~ 2. I - v,z. Yz.1 l - v,'2. Yi.1 

(J-46) 

'r.z. = G,z.~•z 

or, in matrix form, 

<fa ctl c,t. 0 f, 

~ = c,'- c'Z.'2. 0 Et. (3-47) 

't,2. 0 0 c,6 ~It. 

where 

c11 = E,, 
I - v,z Vz.1 

c,1. = Y11 .. Ez.z. ..... Vz.1 Ell 
I - v,7..Yz.1 I - V.1.'v'z.1 (3-48) 

c = Eu 
u. I·- Y1z.Yz1 

c = G,i.. 
'" 



It should be particularly noted that the new matrix 

coefficients are not the material stiffness coefficients, 

i.e., 

though they are 

c .. ~ 
LJ 

c .. 
C..J 

directly related: 

C II = en .-
(C,-s)t. 

c3~ 

c,t = c,z. - C,~Cu 

c,,a 
Cz.r. = cu. -

(C~)z. 
c)3 

c,, = c,, 

(3-49) 

(3-50) 

Since the plane-stress assu.'Tlption is adopted, however, 

fundamental material stiffnesses are no longer utilized in 
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the analysis. Thus, it is possible to revert to the use ·of 

C·· for the effective stiffness matrix coefficients. This 
"j 

simplifies equation (3-47) to 

= 

where 

cu = 

0 

E .. 
I - ¥12• Yz.1 

V1'l.'Ez'l.. 
I - v'1i. 'r'z.1 

0 

-

0 
(J-51) 
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czz. = 

•••• (3-.52) 

Equation (3-51) describes the in-plane stress-strain 

behaviour of a specially orthotropic lamina and is the 

foundation upon which laminate analysis is built. 

3.4.2 The Reduced Stress and Strain Transformation Matrices 

The assumption of plane stress also leads to 

substantial simplification of the stress and strain 

transformation matrices. The direction cosines of 

transformation when a state of plane stress exists in the 

(1,2) plane (refer to Figure 3.3) are: 

la = m2. = cos a= m 

lz. = - sine= - n 

m, = sine= n {3-53) 

n3 = 1 

n, = nz.. = l~ = m3 = 0 

Consequently, the stress and strain transformation matrices 

given in expressions ()-18) and (3-22) become, respectively, 
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m 2. nz 0 0 0 2mn 

ni. ma.. 0 0 0 -2mn 

[T J 0 0 1 0 0 0 
= (3-54) 

0 0 0 m -n 0 

0 0 0 n m 0 

-mn mn 0 0 0 (mi.-nz.) 

and 

mt. z. 0 0 0 n mn 

n2. mz. 0 0 0 -mn 

[Tj 
0 0 1 0 0 0 

= (3-55) 
0 0 0 m -n 0 

0 0 0 n m 0 

-2mn 2mn 0 0 0 2. 2. ) (m -:n 

Since the only transformation coefficients of 

interest in this case are those interrelating in-plane 

stresses and strains, these matrices can be reduced to 

mz.. n7.. 2mn 

[T] = n2. mz. -2mn (3-56) 

-mn mn (m.i -n~) 

and 

z. nz. m mn 

[TJ = n' m z. -mn (3-57) 

-2mn 2mn (mz.-n.i.) 
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Thus, the reduced stress and strain transformation 

equations for planar analysis are: 

<r. 
a z. 

2mn O"'L m n 

o;. 2.. ~ -2mn ~ (J-58) = n m 

~2.. 
t.. 2. ~~ -mn mn (m -n ) 

and 

E, m z. nz. mn €~ 

Et. = nz m 2. 
t:i (3-59) -mn 

~.z. -2mn 2mn (m2. -n?..) ~~ 

3.4.J The Generalized Hooke's Law for an Orthotropic Layer 

Quite often, the natural axes (l,2) of the layers 

within a laminate do not coincide with those chosen for 

analysis of the laminate. For example, in Figure 3.4, the 

principal material directions in the helically wound layers 

are at angles of ! e relative to the co-ordinate system 

which would normally be chosen for structural analysis. It 

is therefore essential that stress-strain relationships be 

established which describe the response of the layer 

materials in the structural co-ordinate system. 

The transformed stress-strain relationship, (3-25), 

and the coefficient transformation equation, (3-28), apply 

not only to completely anisotropic materials but also to 

planar orthotropic orthotropic materials, though in the 
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planar case, the transformation and elastic constant 

matrices are in their reduced forms. Now, since 

[T 'a)] = [T (-e)J (J-60) 

then 

I 
I 11 m~ n" z. z. c11 c,,' c,:J -2mn c., c.z 0 m n mn 

I '2. 1.. 2mn c,z cu 0 
1. 2. c,z. Cz.z. CH. = n m n m -mn 

I I I (m"L -d·) -2mn 2mn (mz. -n') c," cz, c," D'Ul -mn 0 0 c"" 

•••• (J-61) 

and hence it can readily be shown that 

, 4 4- 2. z. 
( 2 C1z. + 4C") C II = m c, 1 + n c.u. + m n 

, 2. 2. 
( C II + 4c<>") (m4 + n4-) c,t = m n c~z. - + c,z. 

, 3 ( c .. 2C'6} 
~ 

( czz 2C66 } c,, = m n c,z. - mn c.'l.. -
/ 4 4 l. z. 

(2C 1z. + 4C") Cz.z. = n c 11 + m Czz. + m n 
I mn3 ( c11 2c,,) 

.3 
( Czz. - c1t.. - 2c,J Cu = c,'l.. - - m n 

/ z. L (cu + 2c1'l..) 
(mz. 2.) z. 

c" = m n ci.z. - + - n c," 

.... (J-62) 

These expressions are identical to those derived separately 

by Hearmon (27) and Faupel (22) when account is taken of 

the difference in sign convention for angular rotation 

adopted by these authors. 

Therefore, in the case of general orthotropy, i.e., 

off-axis loading, 



~ 
I I I 

E:i.:. c,, c,;;:. CIC. 

a; I I I 

= c,z Cz.z. cu. E~ 

T'IC!J 
I I I 

~"!l c," CZ4 c"" 

or, in algebraic form, 

, I 

+ c;" ~x~ (f:x. = c" E.x + c,z. t.'.:J 

cr~ 
I I 

C~<. {{Xj = c,z.. Ex. + Cu. E~ + 

'tx,j = c' I 

+ c;, 't"~ Ii Ex. + Czb E!J 

I 

where the elastic constants, c .. , are related to the 
1..J 

(3-63) 

(3-64) 

principal elastic cons tan ts, C Lj , and the co-ordinate 

system rotation, by equations (3-62). Both of these 

equations describe the stress-strain behaviour of a 

homogeneous generally orthotropic layer. 

3.4.4 Simplifications in Stress-Strain Relationships 

Resulting from Material Isotropy 
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Before leaving the subject of layer stress-strain 

relationships, it will prove interesting to investigate the 

special case of material isotropy. In an isotropic 

material, 

E 11 =Eu. = E 

v,2.. = "z.• = " 

= G = E 
2.Cl+v) 

Therefore, from relations (3-52), 

(J-6.5) 



c,, :;: c 2.2. = E 
I - .yz. 

C IZ. = y E (3-66) I - .yz. 

c,E> = G,z. = G = E 
Z..(\ +\)) 

Substitution of these expressions for Ct· in equations 
j 

(3-62) yields 
I E c .. = c .. = I - -.JZ 
, vE c,2. = c,z. = 1-...;z. 

, 
c," = c,6 :::: 0 

(3-67) 
I E cu = Cz.z. = I - .yz. 

I 

cz., = ci, = 0 

I E c6, = C6G = = G 
2.(11-Y) 

Hence, equation (3-63) becomes 

rr" c" C IZ. 0 Ex 

a; - c,a. cu .. 0 EJ (3-68) 

TJ(j 0 0 c,6 tllj 

or, in algebraic form, 

(J'x. 
E (E~ + v E_j) = J -v'l.. 

crj = E (vex. + EJ) I -vi. (3-69) 

't~ = G ({"~ 

68 
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Relations (3-69) ara, as will be readily recognized, the 

well-known stress-strain relationships for an isotropic 

material in a state of plane strass. It is apparent, 

therefore, that equation (3-63) is equally valid for both 

orthotropic and isotropic layer materials. 

J.5 FAILURE CRITERIA 

It was pointed out earlier (Section 2.1.1) that 

laminate failure can originate in any of the layers. Thus, 

the strength of a laminated composite is necessarily 

related to the failure of an individual ply (or lamina). 

The most accepted lamina failure criterion at the 

present time appears to be the distortional energy 

condition which, as applied to a composite lamina, is a 

variation of the original condition proposed for isotropic 

materials by Von Mises . Hill (30) postula ted a generalized 

form for anisotropic materials in 1948 and Tsai (31) 

subsequently adapted this to t he special case of an 

orthotropic lamina in a state of plane stress. The reduced 

condition, according to Tsai, is 

where 

x 
1' - y 

(3-70) 

a-. ' er, and L;?.. are the applied stresses in the natural 
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co-ordinate system of the lamina. 

X and Y are the tensile or compressive ' yield strengths 

of the lamina in the 1 and 2 directions, 

respectively. Tensile values are employed when 

the corresponding applied stress is tensile and 

compressive values when it is compressive. 

S is the allowable lamina shear stress. 

Lamina failure is assumed to occur when the sum of the 

terms on the left side of the equa t .ion becomes equal to one. 

Unfortunately, as Grinius and Noyes (32) have 

pointed out, this criterion provides no indication of the 

manner in which a layer has failed. To overcome this 

limitation, they suggested that an indirect determination · 

of the type of failure could be made by comparing the 

ratios of longitudinal and transverse stresses in a layer 

at failure. Specifically, if the inequalities 

and 

tan-' ( ;,<) ( ta~-'( ~J 

tart(i,~) < t~-'( ~) 

(3-71) 

(3-72) 

are not satisfied simultaneously, then either transverse 

tension or compression, or longitudinal shear failure will 

be indicated. 

Another failure criterion, which is quite similar 
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to the distortional energy condition, takes the form: 

(~r '- er. .Qi + \ ~ r + (~r = 1 x y 

( ~r = 1 (3-73) 

(~r - i 

This criterion, developed by Norris (33) and commonly 

called the "Interaction Formula", has two restrictions: 

1) no distinction is made between homogeneous and laminated 

composites, and 2) shear strength is not treated as an 

independent strength property. Neither of these 

restrictions applies in the case of the distortional energy 

criterion. 

Stowell and Liu (34) have suggested a three mode 

maximum stress failure criterion associated with (a) fibre 

failure, (b) matrix shear failure, and (c) transverse 

matrix failure. This criterion has received only limited 

verification to date, however, and is not widely used. 

Finally, the maximum strain yield criterion is 

based upon the use of the maximum principal strain 

properties of a composite lamina (35). By inserting the 

principal yield strains of the lamina (which are determined 

experimentally) into equations (3-41), an envelope of the 

stresses which produce the yield strains can be produced. 

For example, if it is assumed that 1:1i.. = 0, 
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-E, s" a; + s,z. crz. 
J 

S 12. cr, si:.z crz. } (3-74) 
E = 

'::i 
-f-

or, by rearranging, 

0"2. = ~ S1, er. 
- I 

512.. s,~ 
(3-75) 

<rz.. = 
f 4~ s,~ er; 
Sz.z. Su 

These equations can then be plotted in the Cf. - a;, co-ordinate 

system to obtain a yield surface similar to the one shown in 

Figure 3.5. The principal problem with this method appears 

to be the substantial amount of testing required to account 

fully for the effects of shear strain, i.e., for cases 

3.6 DETERMI NA TION OF LAM I NA PROPERTIES 

It has been shown that the elastic response of an 

orthotropic lamina to applied loads and conditions of 

failure are completely predictable as long as four elastic 

constants, E 111 Ez:P v1z and G,z., and five allowable stresses, 
t t c c 

\f,, crz., <T, ~ 0-z and L,4 , are known. The question at this 

point is how best to determine these properties for the · 

commonly used lamina or ply materials. 

Though considerable effort has been expended in the 

development of the ories for predicting lamina properties, 

they continue to be determine d primarily by testing. There 



are numerous reasons for this, but perhaps the most 

important is that too many unrealistic simplifi c a tions of 

the physi cal state of the materials have to be made in 

order t o arrive at a mathematically viab l e model. 

Nu.merous micromechanics theories f or p redi c t ing 

the thermoelastic properties of uni direct i ona l composites 

have been proposed in re cent years (35 ) . Unf ortunate1y, 

h owever, as Chamis and Sende ckyj (36 ) have s ta ted in their 
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excellent critique on the subje c t , "until ·a breakthrough in 
• 

the statistical approach is made, where all po s sible 

fa c t ors influenc ing ply thermoelastic behaviour are 

pr operly a ccounted f or, the ply thermoelas tic properties 

can be des cribed most reliably by semi empiri cal equations. 11 

The need f or testing in order t o de t ermine properties is 

impli c it in this statement . 

Far less effort has gone into the development of 

theories f or predicting the thermoelastic propert ies of 

randomly reinforced or woven material pl i e s probably 

be cause of the increased diff i culties i n arriving at a 

workable model . As a result, the need for testing of these 

materials is even greater . 

The situation is not much bette r when it comes to 

the prediction of strength properties . Some of the 

te chniques employed in the predi c tion of elas t i c properties, 

e . g., exact methods {elasticity) (37, 38) and t he discrete 

element method (39), also yield strength predi ctions. 



Unfortunately, these are based upon rather questionable 

assumptions from a strength standpoint, such as (a) no 

voids in the matrix, or (b) perfect adhesion between the 

fibre and the matrix, which can lead to quite substantial 
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errors. Strength predict ions are therefore generally less 

reliable than those f or elastic constants. 

When one considers the f oregoing factors, it is 

really not surprising that ply p~operties are still 

determined primarily by testing. A further advantage of 

testing is that full stress-strain curves can be obtained 

for the various types of loading and these are most 

valuable to a designer attempting to achieve an optimum 

design. 

Five tests are required to characterize a lamina 

or ply material. Two separate tensile tests conducted on 

samples cut from the composite lamina at 0° and 90° 

relative to the principal direction of reinforcement yield 
t t t t -t 

E II , v,~ and ~ , and Ez.z. and a;_ respectively. Compression 

tests on similarly prepared samples, i .e., cut from lamina 

at 0° and 90°, provide equivalent compr essive data, E,~, 
c c c c 

V1i.. and Cf1 , and Ez:z.. and Cfz. • Finally , the in-pla'ne shear 

properties are obtained by conducting some form of in-plane 

shear test, e . g., the rail shear test, again on samples cut 

from the lamina in both of the principal direct ions . 

Actual testing procedures are generally quite 

similar to those used in measuring the comparable 



properties of conventiona l isotropic materials . There are, 

however, numerous fine points associated with the testing 

of composite materials which cannot be discussed herein. 

References (40, 41 and 42) are all excellent sources of 

additional information on this subject. 
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The use of tests to determine composite lamina 

response characteristics is not so different from the case 

of metals. What is different, however, is that there are 

no industrial standards for composite materials. Each 

fabricator must therefore himself determine the properties 

of those combinations of resin and reinforcement with which 

he will be working. Until the FRP industry develops 

workable standards comparable to those which exist in, for 

example, the iron and steel industry, the determination of 

material properties will remain as a most serious problem. 

3.7 CLOSING 

A computer program which calculates the principal 

lamina stiffness coefficients through the use of equations 

(3-52) and then transforms them to any other co-ordinate 

system by employing equations (3-62) is included as 

Appendix A. 



SECTION 4 
LAM INATE CONSTITUTIVE EQUATIONS 

Laminate constitutive equations are obtained by 

following derivational procedures that are virtually 

identical to those used in the development of force and 

moment resultant equations in plate and shell theory. The 

only significant difference is that material stress-strain 

relationships generally vary through the thickness of a 

laminate while they remain invariant in isotropic plates 

or shells. 

4.1 LAMI NATE DISPLACEMENT RELATIONSHIPS 

As in plate and shell theory, the surface that 

bisects the thickness of the laminate is called the middle 

surface or midplane. The entire geometry of the laminate 

can then be defined by specifying the form of the middle 

surface and the thickness of the laminate at each point. 

Cons ider the_ infinitely small element of a deformed 

laminate shown in Figure 4.1 . It is formed by two adjacent 

planes which are normal to the middle surface of the 

laminate and which contain its principal curvatures. A 

co-ordinate axis system can be established whereby x and y 

are tangent, at O, to the lines of principal curvature and 
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the z axis is normal t o the middle s urface . 

In Figure 4.2, the x - z plane of the l aminat e before 

and after deformati on due to a particula r l oading condi t ion 

is illustrated . It is assumed that as a re s ul t of loading 

the point ~ at the middle surface of the material is 

displaced by a distance u 0 in the x dire c t ion and tha t the 

normal t o the middle surface, BMC, undergoes a rota tion 

relative t o the normal axis, z . It is a l s o a s s umed, as in 

plate and shell the ory, that the normal, BMC, r ema ins 

st r aight and normal t o the deformed midpla ne which is 

equivalent t o negle c ting t he shear ing deformations, ~xc 

and ~.le 
The displa cement of a point P on the normal BMC, 

i n the x dire ction , can therefore be expressed simply by 

LL = LL - i:: o<. p 0 p (4-1) 

whe re z is the z co-ordinate of the poin t P measured from 

the midplane, and 

CX. is the angular rotation of BMC r e lative to the z 

axis . 

It is r eadily apparent from the ge ome try, however, 

that CX. is the change in slope of t he midplane with respect 

t o the z co-ord i nate axis, or 

0( = -ow (4-2) ox 
Hence, by combining equations {4-1) and (4-2), 

(4-3) 



or, in general, 

aw U.= u. -::c-
o 0 ;x. 

A similar relationship, 

ow 
V=V-~-

o 0 x. 
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(4-4) 

(4-5) 

can be obtained through an equivalent study of deformations 

in the y-z plane of the laminate. In this case, v is the 

displacement, in the y direction, of any arbitrary point at 

a distance z from the midpl ane. 

4.2 STRAIN-DISPLACEMENT RELATIONSHIPS 

Tensorial strains have been previously defined in 

terms of displacements (equation 3-2): 

E .. I ( dtL, + dllj) <4-6) - -
'"J ~ OX· ~'X· 

j '" 

where 
. . = 1, 2, 3 ~,J 

Thus, in a cartesian co-ordinate system (x,y,z) in which 

the co-ordinates and displacements are respectively: 

x. = x.., 

~ = x.z. (4-7) 

~ = x3 
and 

u. = u., 

v = u.~ (4-8) 

W= LL3 

the tensorial strains are: 
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E:>(X = OLL 
ox. 

E,:,'J = ?Jv 
~ 

(4-9) 

E I (dY ow) 
j" = T o~ + o~ 

E :::: _1 (au.. + . ow) 
X't (. 0 ~ OX 

E __ , (ciu. + .ov) 
X-j z.. o~ ox 

and the eng ineer i ng stra i ns are: 

E = av 
J o~ 

E1' = ovJ 
o"l: 

~j:C = ( dV + ~~) 
(4-10) 

o?: 
0 = (QU.i" ow) 

Xe o~ OX 

0 = (du. + 
X.j a ~ 

c)v) 
ox 

Expressions (4- 3), (4-4), (4-5 ) and (4-10) enable 

str ain definition in terms of the midpl ane dis placements, 

u 0 , Yo and w, for any point in the lami nate. However, 

since it has already been assumed that the effects of the 

strains f c., ~ j'l. and l)x:c. are negligible , only thos e 

relating t o deformation in the x - y plane ne ed be considered 



any furthe r . 

Substitution of equation (4-3) into the first of 

the relationships gi ven in (4-10) yields 

Similarly, 

and 

t = ')( 

= _L ( L.l _ ~ ow) 
ax. 0 ax. 

:::: . 0 U.o _ ~ d2..w 
ox. ()x' 

Q\J 

a~ 

= ~ ~ ( v. - 'l ~;) 
= ovo _ r ·o-z.w 

0 ~ 0 ~z. 

(4-11) 

(4-12) 

(4-13} 

The displacement terms in these l as t three equations are 

directly related to the midplane strains, however: 

~o = OVo 
~ 0 :J (4-14) 

"i 0 
:::: 0 U 0 + 0 Vo 

. x.~ 0 'j 0 'X. 
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Also, by definition, 

K. = 
)'. 

02.W 

- 0 -;. 'i... 
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)<. = 
:J 

di,W 

0 ~2. 
(4-15) 

- 2. '07..w 
ox o~ 

where K;c., )(j and .)(')<~ denote changes of the plate curvature . 

Thus, the strain-displacement relationships can be 

expressed: 

e; -t- :i. K~ 

~Y.; t- t:. Kxj 

. (4-16) 

The equivalent matrix forms of these equations are: 

0 

K.",( E~ E~ 

E~ = Eo 
~ 

+ =/:. }(j (4-17) 

~;t~ ~:j X'.x~ 
and 

{ E} = { E0

} + ~{K} (4-18} 

4. 3 FORCE AND MOMENT RESULTANTS 

Stre s s e s acting on the plane faces of an elemental 

cube cut from a lamina te can be resolved in the directions 

of the co-ordinate axes as has b een de s cribed previously 

in Section 3.1. In the most general case, the stress 

components are: However, 
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since it is generally assumed that laminates are in a state 

of plane stress, only the components Cf~, Oj and Litj ( = L~): ) 
need be considered in this analysis. 

In Figure 4.3 , another view of the x-z plane of a 

deformed laminate is provided. As a result of deformation, 

a stress, 0"";11'.., is induced on an infinitesimal area, dA, of 

the laminate cross section at a distance z from the 

geometric midplane . If a unit width is assumed for the 

laminate in the y-direction, this can be replaced by a 

force, 

and a bending moment 

d.M-;( = ~ z: dA 

= crx r: d=t. 

acting at the ge ometric midplane . 

{4-19) 

(4-20) 

Clearly , then, the entire stress distribution can 

be replaced by an equivalent force and bending moment 

acting at the midplane . The equivalent force, N~, is the 

integral, or sum, of .all the elemental forces, dNx: 

h/z. 

Nit =J d. Nx. 
-h/z. 

l
hh, 

= er;. d.~ 
-h/z. 

(4-21) 
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and the equivalent bending moment is obtained by integrating 

the elemental bending moments, dM 

Similarly, it can be shown that 

h/c.. 

N~ = s-<r~ d.:r: 
- hh 

h/2. 

M~ = r cr-~ <: ch 
J_h/7.. 

(4-22) 

(4-23) 

(4-24) 

(4-25) 

(4-26) 

The stresses,~, cr~ and L'>'j, which are generated 

within a laminate during deformation can therefore be 

replaced {for analytical purposes) by a system of three 

forces and three moments acting at the geometric midplane , 

as is shown in Figure 4.4. 



4.4 CO NSTI'rUT I VE EQUATIONS 

4. 4.1 Force Resultant Considerat ions 

Consider initially the force resultant, Nx • From 

equation (4-21), 

However, the stress in a laminate does not vary linearly 

across the thickness as it does in the case of isotropic 

materials. There may, in fact, be substantial variation 

in the stress pattern from one layer, or lamina, to the 

next. For example, in a laminate containing a high modulus 

material immediately adjacen t to another of low modulus, 

the stresses would have to be much higher in the higher 

modulus material since the strains at the interface would 

have to be identical (strain compatibility condition). 

Accordingly, since the stress variation cannot be described 

by a single continuous function, the integration must be 

carried out in parts, i.e . , 

+ .. 

or 

(4-27) ' 
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where o::(k) • 
~ 1.S the stress in the kth layer of the laminate 

which can be described by a continuous function. 

From equations (3-64), the stress, cr/k), in the kth 

layer is related to the strains in that layer by the 

expression 

I Ck) c I (k)o. 

C,o:.. Ej + 16 x.j . (4-28) 

Also from equations (4-16), 

0 

~x" Ex. .. f)'. + 
0 

t )(" Ej :::: f j + 

'(j = 'tXja + l x."d 
hence, 

(I\) 1(\i:) 0 I(~ O 1(kJ o t(K) l(k) I (l<J 
<r1- = ell t't. + c,2. t~ + c,(. ({j(j + ell ~ x.Jt + c.1.. r x~ + c." l.. ~j 

•.•. (4-29) 

Substitution of this expression into equation 

1(k) l(k) 1(1<.) 

In the range of integration, however, C11 , C1z. and C1" 
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are constants. Further, the midplane strains, E;, (;,ix~, 
and the plate curvatures, Kx, Xj, kxJ, are also independent 

of z . Hence, 
~ hk 

N, ~ L ( c;,'~ E: + ('"'E; + ((k)t.; ) J d._" 

k:I hk~ 

Y\ . Jhk 
.\ ( I (k) I (k) I (I<) ) J 

+ L c" l; Kx. + c,2. -x: xj + c ., ~ x.Xj :c <A. "C 

Then, k=I hk-1 

(4-32) 

and 
n 

N c \ ( C tCk> €.. + 
1'. L II " 

+ c' 0~'i 0

) (h -h ) 
"· ')l.:J k k-1 

k=I 

n 

+ l ( c;, ikl,,_ K, + c::'>.._x~ • <.'kl;c l(,:J) i ( h~ - h~_,) ( 4-34'. l 
k:I 

By rewriting equation (4-34) in the form 

N, -[~, c;,(k)( h• - \.,)}: + ~' c::"h- h._, l}; {~1 c;~·h- h •• , ) l'·; + 

~f c''k1_!_(hi- h2.~.X +~~ c''k~(h"-hz. )Jx +~~c'<k1-(he-hz.~X L II ~ k k-1 ~ L I~ (. I< k-1 j L '" z. k k-1 Xj 
al . k.;I k.;l 

.... (4-35) 

it becomes apparent that the bracketed terms are constants, 
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dependent only upon the constituent elastic constants and 

the laminate geometry. The equation can therefore be 

expressed in the relatively simple form: 

N:t = A11 E: + A,2. f; + A,6 'O'r.; + 811 Xx + 812. }(j + B1, Kxj 

where 

(4-36) 

A,.~ I <(k)( hk- h.J 
k"I 
t'\ 

A = \ c I (k)( h -h ) 
•z. L ·~ k k-1 

k:I 

A = t c dk) ( \, - h ) 
I& L ... k k-1 

k"I 
n 

B .. \ C dkl l ( h 4 - h z. ) 
II L II z. "' k-1 

k-::1 

B = f C 'Ck)_I ( h ' - h z. ) 
12,. l ,, z. It. k-1 

k"I 

- '\" l(k) I ( z. h z. ) 
B,(, - L CJ(. "[ hk - k.-1 

k•I 

(4-37) 

Similar relat ionships can be developed for N~ and 

Nx~ by starting with the relationships 

h/z.. 

N~ = J Oj d." 
- n/z., 

J
h/z. 

NXj = '"(j cl~ 
- hh 

and repeating the procedure outlined in the foregoing. 

The resulting l aminate constitutive relationships 
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are: 

Ny. = A 11 t: + AIZ. £J
0 

+ Alb )(~ + B,1 K.;ic. + 512. 'K:J + B,, )(X:J 

N~ = A,?. E; + Au Ej
0 

+ Az.r.. D'x; + 51, X;ic. + Bu)(~ + Bu )("j 

N.xj = . A,, t; + A,_6 Ej
0 

+ A6 , ~"; + B1" Xx + Bi, Xj ~ B,, X"j 

(4-38) 

where 
Y\ 

A .. = C.. h - h l I (k) ( ) 

':) "J k k-1 
(4-39) 

k=I 
and 

l"I 

B .. = \ ( .'"')-'- (hi - h ~ ) 
':I L 1.j e:. k k-1 

(4-40) 

k:I 

4.4.2 Moment Resultan t Cons i de r ations 

Equations rela ting the moment resultants, M~, ~ 

and M~ to the l amina te midpla ne strains and plate 

curvatures are obtaine d in a similar way to the fo~ce 

resultant relationships. 

In this case, the starting point is the moment 

resultant-planar stress r elationships 

l
h/~ 

M~ = er)' ;c d. =k 

-h/2. 
h/~ 

M:J = l uj Z:: d.t. 
-hh 

MXj = J h~:j ~cl~ 
_h/'t.. 

(4-41) 

Following the proc edure outline d in . the previous section, 

it can be shown t ha t the equivalent expressions for 



equations (4-27) and (4-32) are, respectively, 

~I h/z.(k) 
. M)C ... L 0: ~ d.'i: 

k:: I -h/z. 

(4-42) 

and 
n h 

M = \(c'(k) 0 c'(k) 0 + c'(k)'O. o)J lkd.::c. 
x L II f" t IZ.. Ej I& x.~ 

k=I h k-l 

n. h l<.-1 
\( ,(k) I (k) 1 OJ )j z. 

t- L ell Xx. .r en. )(j + c," )(l(j h l. d~ 
k=I ~ 

(4-43) 

Integration of this expression then yields an 

equation similar in form to (4-36): 

M = ~~ c'<~_I (h 'Z. - . h z. )~ €
0 

+ [~ c'(k) J.. (h' - h z. ~ (~ + [~c''k)..L.(h z. _ h 4 ~ Y 
0 

x. L II 2.. k. k.-l .,. L IZ. ~ k k-1 !j L IC. z. k k-l Ux.~ 
I<= I k::. I k:::. I · 

+ ~~c '(k)J_(h.3 -h3 ~x + ~~c'04J_(h3 -h3 ~x +~~c'<"1_(h3 - h
3 jx L ll 3 k IH x L IZ. 3 k . k-1 J L I" .3 k k-l ~ 

K=I k-..1 k::I 

. . . . . (4-44) 

Once again, it is readily apparent that the bracketed terms 

are constants, dependen t only upon the constituent layer 

elastic and geometric properties. Thus, 

(4-45) 

Similarly, 

(4-46) 

and 
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(4-47) 

Therefore, the moment resultant constitutive equations are: 

= B,,t.; 
0 0 

M" + B,i. E j + B"• ix~ + D11 )()C + D )( + D )( 
12.. j I' ')C:J 

0 0 

B1., -o; + n1i. xi< + D )(j M~ = BIZ.(" + Bzz.Ej + + D~)(>tj ;u. (4-48) 

0 0 

B," Oi; + D1, X>t Mx.j = B t + B Ej + + D2,){_; + D"" K~j I' 'X. z' . 
where 

n 

o .. = \ C:'.k>_1 (h3 - h3 ) 
~ ~ ~ ~ k ~I (4-49) 

k.a I 

and B~ was defined previously in equation (4-40). 

The response of a laminate to externally applied 

loads is fully described by equations (4-38) and (4-48). 

Thus, the full set of la~inate constitutive equations is: 

0 

+ A1ZG; 0 

Nx = A 11 Ex + Al<> 'iiCj + B II )(ii:. + B17..X'.j + B., X."~ 

Nj = A,z..E; + £: 0 

A,i. ~ + A2"o"~ + B,z ~ + Bu. )(j + Bu,X'll.~ 

Au, Ex" 
0 

+ A66~~~ + B,Gx" + B:z.,~ + B"X~j . N)Cj = + Az.,E:i 
(4-50) 

M1(. = B11 E: + BIZ. f; + B1&'g"~ + D11 Kx + D1~Xj + D,b)(X~ 

M.'.:l = B,z..E: + co B,, j + B2.0~~; + D,z X:i: + Dz.zX~ + D4'~ 
0 0 

+ . B,, ~"; + D1" )()l + Dz.,X~ + MXj = B," €"" + B E:i D,6Xxj u. 

which can also be expressed in matrix form: 
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0 

Nx A" A,-z.. A,, B,, B,z. B (/(. 
IG 

Nj A1-z.. Az.z.. A," B,z.. Bl-i. B t<. 
{o 

~ 

Nl<j A,6 Ai" A"" B,e1. Bi." B"" 
'6 0 

= ~j 

Mx. B" B,:z. B,, D, , D, l. D," )()t 
(4-51) 

M.'.t B,z. Bz.z. BL(, D,z. D,u. D;i." xj 
Mllj B Bz.'" B(>t. D," Dz., D"" ~~ Iv 

or, simply, 

f H = [-~-++J {-r} (4-52) 

By inverting this equa tion, another form of the 

constitutive equations, particularly useful in plate and 

shell analysis, is obtained: 

(4-53) 

where 

= [A]-' 
= -[Al' [B] 
= BJ [Ar 1 (4-54) 

= [ D] -[BJ [Al' [Bl 

Finally, the fully inverted form of equation (4-52) 

is: 

= (4-55) 



where 

LAJ = [A~ - [Bj [nj-' [ Hj 
[BJ = [BJ [n~-r (4~56) 

LDJ = [ nj-• 

It is commonly utilized in the determination of midplane 

strains and curvatures when the applied laminate loads, 

N and M, are known. 

4.5 COUPLING BETWEEN BENDING AND STRETCHING 

It is interesting to note from· equations (4-53) 

that coupling may exist between bending and.stretching in 

fibre-reinforced composite laminates. That is to say, for 

certain laminate const ructions, the application of 

stretching loads (N) will r esult in bending moments (M) 

being induced in the laminate (or vice versa), since 

(4-57) 

The degree of coupling, as indicated by this 
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equation, is dependent upon the value of the terms in the 

matrix [ Hj . However, from equations (4-54), it is also 

clear that these terms are in turn dependent upon the 

values of the terms of the [A] and [BJ matrices. It will 

therefore be necessary to study some of the effects of 

laminate construction of t he value of [A] and [BJ in order 

to obtain a bet ter understanding of the coupling phenomenon. 

) 
I I I 

It i s evident from equations (3 -62 that C
11

, Cr-z.' Cu., 



, 
and C~~ are always positive and greater than zero. Thus, 

according to aqua ti on (4-39), A11 , An . .' Au. and A," must also 

be similarly valued since the lamina thickness terms 

(h k. - h~_,) can never be less than or equal to zero. The . 

si tua ti on is quite different for the A
1

" and A terms, 4, . 

however. Depending upon lamina orientation, C~ and c;. 
can be negative, zero or positive according to equations 

( 3-62). Thus, A 16 and Az
6 

are not limited in value as are 

the other A1..j • 

Consider a laminate constructed in such a way that 

for each lamina with a positive orientation, there is 

another with similar properties at an identical negative 

orientation. It can readily be shown through equation 

(4-39) that in this special case, A"'= Az..f> = 0. Such 

laminates are generally termed sp cially orthotropic. 

Of far more importance are laminates which are 

midplane symmetric. In these, for every lamina above the 

midplane, there is another of similar propert ies and 

orientation located at an identical distance below it. 

Coupling is eliminated in laminates constructed in this 

way as can be shown from equations (4-40) and (4-54) 

since all B'-j and hence Hij = O. There are two principal 

advantages to constructing midplane symmetric laminates: 

1) lamina te analysis is considerably simplified, and 

2) warping due to inplane loads, particularly thermal 

forces, is avoided . 
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Thr ough judicious laminate des i gn , therefore, it 

i s p ossible t o produc e a laminate with consti t utive 

equa t i ons which are identica l in fo rm t o those for an 

isotropi c p la t e or shell: 

0 

N, t A II A,z. 0 (~ 

N ~ = A,l. Az..7.. 0 { o 
~ 

NX!f J 0 0 A66 t~; 

and 

Mx. D II D,7.. 0 Xx 

M!J = D,~ Dz.'2. 0 xj 
Ml(.~ 0 0 0

66 )(1'j 

where, in t h e i s otropic c a s e , 

A 11 = An = Eh 
l - yZ. 

A1i. = ...; Au 

A,, = Eh 
Z. (l +v) 

D,, = D-zz. = E h~ 
IZ (1 - .../~) 

D,~ = vD 11 

o,c. = E h3 

~4- ( I+ v) 

a nd, i n t he orthotropic c ase, a ll A -
'".J 

pre vious l y defined . 

(4-58) 

(4-59 ) 

(4-60) 

and D L.j a r e a s 
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4.6 LAM I NATE FAILURE ANALYSIS 

Laminate failure is usually associated with the 

initial failure of a constituent layer~ It is therefore 

necessary to ascertain individual layer strains and/or 

stresses before an appropriate failure criterion can be 

applied to determine structural dequacy. 
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The first step in a failure analysis is to determine 

the midplane strains and curvatures for the particular 

loading condition under consideration. This is usually 

accomplished by employing equations (4-55). Next , 

individual layer strain components in the co-ordinate system 

of the structure are obtained through the use of equations 

(4-17). These are in turn transformed into strain 

components in the natural co-ordinate system of the layer 

materials in accordance with the strain transformation 

relationships (3-59). The principal layer stresses can then 

be computed, if necessary, from the lamina constitutive 

equations (3-51). The final step in the analysis is to 

substitute the principal layer strains or stresses 

(whichever is appropriate) into the selected failure 

criterion to find out whether or not any of the layers, and 

hence the laminate, has failed. 

Although most structural design is based upon the 

initial failure cond t ion, the ultimate load carrying 

capability of a laminate is a ls o an important consideration, 

especially in the case of life critical structures, e.g., 
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aircraft. A degradation-of-layers approach (31, 43, 46) is 

usually employed to determine the ultimate strength of a 

laminate. In this approach, as a layer fails, the type of 

failure is observed and its effect on the components of the 

stiffness matrix of that layer determined. New effective 

laminate stiffnesses are then established and the failure 

analysis is repeated to resolve which layer or layers will 

fail next and at what load. The process is then repeated 

until all layers have failed. 

4.7 CLOSING 

Occasionally, it is necessary to go through a full 

plate or shell analysis in order to ascertain structural 

behaviour. In such cases, as was indicated in Section 2.2, 

the analysis closely follows conventional plate or shell 

analysis procedures, the only difference being that 

laminate constitutive equations are used in place of the 

conventional force and moment resultant equations. This 

procedure is fully demonstrated in the next section which 

deals with a specific shell problem: the analysis of a 

laminated composite liquid storage tartk. 



SECTION 5 

CYLINDRICAL 'rANK ANALYSIS 

T~e problem of a cylindrical tank subjected Go the 

action of internal pressure, as shown in Figure 5.1, has 

been studied previously by Timoshenko and Woinowsky-Krieger 

(44). Unfortunately, their analysis is applicable only in 

cases where isotropic materials of construction are 

employed. In this section, revised deflection, strain and 

stress equations are developed for laminated composite 

tanks. 

Displacement equations are derived first by 

following the approach outlined previously, i.e., by 

substituting laminate constitutive relationships for the 

usual force and moment resultant equations in the 

conventional shell analysis and re-solving the equations. 

Once these have been obtained, it becomes a relatively 

sim~le matter to use the strain-displacement relationships 

to determine mid-plane strains and shell curvatures and 

hence individual lamina strains and stresses (see Section 

4.6). Full details of the theoretical development are 

included in order to demonstrate thoroughly this new 

approach to the analysis of laminated composite plate or 

shell structures. 
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$.1 STRAIN- DISPLACEMENT RELATIONSHIPS 

According to Timoshenko and Woinowsky-Krieger (44), 

components at a point are r e lated to the middle surface 

strains and changes in shell curvature by the expressions 

f~ = E: - :t. Xy._ 

(5-1) 

where E"'' Ee , {5-x.e are the component strains at the point, 
0 

Ex, 0 " 0 Ee , ""e are the middle surface strains , 

Xie' Xe' Xxe a.re the changes in shell curvature. 

Also, t he middle surface strains and the changes in 

curvature can b e represented in terms of the dis placements 

in the x, e, and z directions, i.e., u, v and w, 

respectively, as follows: 

0 

f'l(. = 

dY 0 

(.0 w = - ·----e y- oe -r-
. 0 oil 0 

(e = + oV 
"'t" a a ox. 

(5-2) 

Hence, tho generalized strain- displacement relationships 



are: 

E -e -

or 

Q ,2.. 
du.. - t ~ 
OX 0 Xi:. 

_I (dv
0 -w)- t_l ( ?iv

0 

+ c/·w) · 
.,.. d a ,..z. o e a e'Z. 
_1 ou..

0

. + <lv~ - Z.z. _I ( dV
0

. + Q2.w ) 
' ae ax. "1"' ox o~ae 
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(5-3) 

(5-4) 

Neglecting the small quantities .E.., z~. in comparison with 
,.... r 

unity, 

E = {) u._° _ "k. o'w 
"/.. d"X. ax.' 

E = ._I d Vo - JY_ -
6 I dO Y 

(5-5) 

v _I .c)u..
0 

+ ov" 
Oxe = T ae Q')( 

Due to the general form of the laminate constitutive 

relationship, however, it will be more convenient to use a 

slightly different form of equation (5-1), i.e., 

0 

i: xl' E"- - f)I.. -1-

f e 
0 

Z: Xe = Ee + (5-6) 

't-xe = '£"J.oe + f. X.xe 

where 
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)(;< = .... ~ = 0 

(5-'7) 

In the particular problem at hand, the strain-

displacement relationships can be simplified somewhat since, 

due to 

hence, 

symmetry, 

6-u..o = 0" 
0 

-·= oe ae 
c'Z..w ?/-w --a ai. axoe 

f. 0 = dl.L0 

'X. ax. 
Kx. 

oz.. 
= -~ 0 'Xz. 

0 - w f e = r 

Ke - 0 
a ... / ()~~ = d'X. 

)(.xe = 0 

ow = 0 oe 
(5-8) 

=0 

(5-9) 

Thus, the strain-displacement relationships (5-6) simplify 

to 

Ex. = clu.o - ~ 
clx. 

Ee = - :;: 
I o 

= .20:!_ 
cLx. 

(5-10) 
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$.2 THE EQUATIONS OF EQUILIBRIUM 

Typical loads encountered by an element of a 

cylindrical shell are indicated in Figure 5.2. Force and 

moment equilibrium considerations, in the most general case, 

yield three equations of equilibrium (44): 

-r o Nx. + oNec. ::: 0 '' - < 

() ~ ()() '~ ... , 
(5-11) 

a Ne + T dN")(a - 0 Te ax. (5-12) 

Ne- -t 
o~M~,.. + , az.M1' _· o:i..M-xa + _,_ o'Z.Ma + l• = 0 ox.oe 0 x z. c)xQe ,- aot. (5-13) 

Due to symmetry, however, the force and moment 

resultants are independent of a i therefore, these equations 

reduce to 

and 

d.Nf - 0 
cl~ 

d.N-.d~ = o 
dx. 

(5-14) 

(5-15) 

(5-16) 

Equations (5-14) and (5-15) indicate that both Nx 

and N~~ have constant values and, since it has been assumed 

that there is no external loading at the top of the tank, 

it must be concluded that 

(5-17) 
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Equilibrium can therefore be represented by the single 

equation 

':i:..M 
a.I Y. +-IN =-l d.. "'!.. i.. ..,.. e (5-18) 

The lateral load l in this problem is defined by the 

equation 

t = - p( cL- x) (5-19) 

where p is the density of the contained liquid 

d.. is the overall height of the tank 

x. is the distance from the base of the tank. 

In cases where N~ and/ or Nxe are different from 

zero, the deformations and stresses corresponding to such 

constant forces can be calculated separately and superposed 

on the deformations and stresses determined in this 

analysis (44). 

5.3 LAMINATE CONSTITUTIVE RELATIONSHIPS 

The constitutive relationships for thin laminated 

cylindrical shells are developed in an identical manner to 

those for flat plates. The only.significant change in the 

final equations is the subscript notation, i.e., cylindrical 

co-ordinate system notation is adopted in place of cartesian. 

Thus, their normal form is: 



10.3 

r-
( 0 

Nx A A,<!. A," B" B,z. B,c. El\. II 

Ne A,z. Au Au, BIZ. Bu. Bu. 
f. 0 

e 

N'l'-G 
= 

A,6 A2, A6, B,, B,, B," b):; 
(5-20) 

M~ Bil B,z. B,6 D,1 D,z.. DI, )(" 

Me BIZ. Bz.z.. Bz., D,'- D~ Dz, )(a 

Mxe B,b Bz., B,, n., DZ4 D66 xx6 

In this analysis, however, it will be more 

convenient to start with the partially inverted form ot 

the constitutive relationships: 

0 

1-A~ 
-J(; 

A;;, * * B,Z N~ €~ A,z. B11 B,z.. 

E; A..,. ~ ~ * B* Ne A1:z. 2.:Z. Az.&:. B,, Bz.z. u. 

'ti(~ * A *" * * 
.}; . 

B'* Nxe A,, ~ A," B,, Bz.c. 6{, 

(5-21) = 
"* H 7:· H* .it- * *" Mx.. Hu IZ. I(. D,, D,z. D,6 x,,.. 

Ma H'* H* * * * :){-

Xa ll:. u H.u. D,z. D:zz. D4E> 

~6 H..\- * * * '* ~ 

Xxo lb Hz, H," D,, D;(., D,, 

By introducing relations (5-9) and (5-17), 

f o * * * * * ~ 0 l ~ Au A,z.. A,, B,, B,z. B," 
Eo ~ * A* * * B* Ne e A,'L A:z..z. 4" BIZ. Bz.z. ~ 

't~ * * ' *" * B.-~ * 0 A" Az." ..... ,, B,, B66 u. 
(5-22) = 

*' 'JI: * * *' * Mi'- H" H,z. H,c. Du DI?.. D,c. )()' 

Me * * * ~ * D* 0 H,.._ Hz.z. Hz.G. D,z.. Dz.z. . z.t. 

~e 
-ll; * H,1 D* * * 0 H,6 Hz., ,, Dz., D''° 

and hence t.he constitutive equations finally reduce to: 
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A,~ Ne * Ex. = + B,, )(x. 

Ea ... , 
+ Bz.~ )(;c. = A,'l.. Ne e 

'txe At.: Ne 
¥ = + B"' )( >'-

(5-23) 
~ D~ )('I.. Mx. = H1i:. N6 + 

Me = H~N 
~ a + D,~ )(x: 

Mxe = H~N 
~ e + D,~X:x. 

5.4 THE COMPATIBILITY CONDITION 

The compatibility condition in the case of general 

deformation of a cylindrical shell is: 

(5-24) 
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However, due to symmetry in the problem under consideration, 

t%. and ~xe are both independent of (:]. Thus, the equation 

is considerably simplified to: 

(5-25) 

5.5 THE GOVERNING DIFFERENTIAL EQUATION OF DISPLACEMENT 

The governing equation of displacement is obtained 

by utilizing the compatibility condition, equation (5-25), 

in conjunction with the final form of the partially 

inverted constitutive relationships (5-23), the strain-

displacement relationships (5-9) and ($-10) and the 

equation of equilibrium (5-18). 

From the strain-displacement relationships (5-9) 



and (5-10) and the reduced form of the constitutive 

equations (5-23), it can be shown that 

o w A* * d..z.w Eo. = E6 = - - = N0 - B --
v v ,.. z.z. i.r cL -x z. 

and 

Therefore, by differentiating, 

and 

Also, from equation (5-26), 

N = __ I_ w + .Bz.~ cLt.w 
6 A*-r A*d..z.. 

2.Z.. z.z. '"f.... 

Substitution of equation (5-28) into the 

compatibility equation (5-25) then yields 

and hence 

cL'N 0 ~ . B;i . d4w I I d.-z.w 
d "'(.. .,_ Ai.~ d:x4 - A! 1 d x. i. 
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(,5-26) 

(5-27) 

(5-28) 

(5-29) 

(5-30) 

(5-31) 

(5-32) 

Accordingly, equation (5-29) can be rewritten in the form: 

(5-33) 
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hence 

(5-34) 

Equations (5-19), (5 - 30) and (5 - 34) can then be 

combined with the equation of equilibrium (5-18) to yield 

- (D* -\II B7.. 1H1:z. __::t!_ + 51.., - Hz. _l c:tw __ I _I = pfd.-x) (5-35) ~ *) dA- ( * *) 2.. 

· A:_ d x4 A:;. 1 d._y..z. A:i._ T~ 1 \' 

hence 

= - (5-36) 

Furthermore, from equations (4-54), 

= (5-37) 

thus 

d4w + 2. H:~ J_ . d.;l.w. + . JtJ... 

d 4 A *"D~ (H *)2. d.. :z. A!:D1"'1 _+- ( H,7)z 12,. X. :z2.. 11 + IZ. i"° ~ .- '" 

(5-38) 

This is t he governing differential equation of a cylindrical 

tank subjected to the action of uniformly varying 

hydrostatic pressure in .the axial direction. 
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5.6 GENERAL SOLUTION OF THE GOVERN ING DIFFERENTIAL EQUATION 

Equation (5 -39 ) is a standard f ourth order linear 

differential equa tion which can readily be solved by the 

technique indicated in Appendix C. The general .solution of 

the equation, as determined in the Appendix , is: 

w = e°'-x{C, s~npx. + C'-cos~x.) + e _°';((s5i..n~x. + C4 cos~x)+ Wp 

. . • • ( 5-39') 

where 

[
. I H .~ 

ex. -=, - 2.1 A ;.!·D* (H *)2. 
47. 11 + . I~ 

(5 -40) 

(5 -41) 

c1 , c~, C3 and c4 are constants of integration which 

~ust be determined from b oundary conditions, and 

wp is a "particular" soluti on of the governing 

differential equation. 

One particular solution of equa tion (5 - 38) is 
I 

whi ch represents the radial expansion of a cylindrical 

shel l with free edges under the action of a uniform internal 

pressure. Accordingly, the complete general solution is: 

w = eo<.x.(C
1 
si_n.~'I.. + Ci:.cos ~x.) +- e-O(X(C.3st.n~x. + C4 cospx.) 

- A:i_ -r- 2 f ( d. - -r..) (5 -43) 

In most cases, however, the wall thickness is small 
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compared to the structure dimensions r and d, and the shell 

can be considered to be infinitely long. Thus, C1 and C~ · 

are equal to zero (44) and equation (5-43) reduces to 

(5-44) 

The remaining constants of integrat ion, C3 and C
4

, are 

determined from the boundary conditions . 

5.7 APPLI CATION OF BOUNDARY CONDITIONS 

In this study, it is asswned that the base of the 

tank is rigidly constrained; thus, the boundary conditions 

are: 

w = 0 at x = 0 (5-45) 

and . 

dw 
0 at x = 0 (5 -46) 

dx 

From equation (5-44), when x = O, 

A* ~ 0 = C - r pc:L + .Z.2.. (5-47) 

Also, 

and hence 

(5-49) 
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By solving equations (5-47) and (5-48), it can be 

determined that: 

C = A * 1 r.p ( 0' d. - -'-' 3 u. (3 ~) 
CS-SO) 

and 

(5-51) 

Therefore, equation (S-44) becomes 

This is the deflection equation for a laminated 

composite vertical storage tank. It is obviously quite 

similar to that derived by Timoshenko and Woinowsky-Krieger 

(44) for tanks constructed of isotropic materials: 

(5-53) 

It can in fact be shown that for the special case of a 

laminate comprised of a number of similar isotropic layers, 

i.e., in the isotropic case, 

and 

A* I 
zz. = Eh 

Therefore, equation (5-52) is actually a more general 

solution to the problem. 

(5-54) 

(5-55) 
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5.8 FAILURE ANALYSIS 

As was indicated in Section 4.6, the first step in 

a l aminate f a ilure analys i s is to determine mid- plane 

strains and shell cur vature s . From equations (5 -9), 

{ = - ::ti_ 
e "t 

d z.w 
}(~ = - cl'x.2-

}( = 0 e 

><xe = 0 

and, from equations {.5 - 23) -and (5-30), 

and 

(5-56) 

(5-57) 

(5-58 ) 

Thus, the mid- plane .stra ins and shell curvatures 

are functions solely of the tank w 11 deflection, w, and 

the wall curvature in the axial direction, dz~ · 
d. x. 

By differentiat ing equation (5 - 52), 

(5-59 ) 

and 

(5- 60) 



Therefore, all of the mid-plane strains and shell 

curvatures a t a given point (defined by x} ~an be 

determined by applying qu ti ons (5-52), (5-56), (5- 57), 

(5 -58) and (5 - 60). Once these values have been 

established, the f ailure analysis proceeds as outlined 

previously in Section 4.6. 

$.9 COMPUTER PROGRAM 
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The theory presented in t e foregoing provided t he 

basis for a computer program. which was devel oped for 

analyzing laminated comp os ite storage t a nks . A listing of 

this program , code - name d CYLTA. , is provided in Appendix D. 

The distortional energy condition was adopted as the 

criterion of failure . 

$.10 GUN-LAUNCHED RO CKET MOTOR CASE ANALYSIS 

5.10.l Backg round Information 

As a gun- launched rocket exits the barrel, the 

motor case wall is subjected to internal pressures which 

are due to extreme ly high i ne rtia l forces a c ting upon the 

structurally weak solid rocket propellant. As can be seen 

from Figure 5.3, the rocket mot or cas e may therefore be 

assumed to perform instantaneously as a storage t a nk 

filled with an enorrr.ously dense fluid. The effect of this 

loading on t~e case w 11 can be predicted by utilizing 
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the tank analysis developed earlier in this section. 

O'Connell (1), in his analysis of the HARP seven 

inch fibreglass rocket motor case, adopted the storage tank 

model but did not use the theory of laminated composites 

(it was not then availa le to him) . Instead, he assumed 

that the analysis developed by Timoshenko for isotropic 

tanks could be modified to take into account the orthotropy 

of the fibreglass simply by substituting orthotropic 

elastic constants for the equivalent isotropic properties 

at the appropriate places i n the equations. 

It was therefore decided that this problem would 

provide an i deal test for the newly developed analytical 

procedure. By utilizing O'Connell's input·data, the 

results of the two approaches can be directly compared and, 

hopefully, some direct evaluation made of the newly derived 

equations. 

Rocket motor case, i.e., 11 t nk'' data utilized in 

the analysis waa as follows: 

1) r = tank radius = 3.412 inches 

2) d = tank depth = 43.00 inches 

3) f = fluid density = 98 .0 lb ./ cu. in. 

4) t = wall thickness = 0.325 inches 

5) laminate construction: 

a) outer layer (hoop wound) 

i) 
( l) 

thickness 0.1625 inches t = ::: 

ii) 
a<•) = orientation = 90° 
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b) inner layer {helically wound) 

i) t {2.} = 0.1625 inches 

ii) 
e (z.) 

= 33 ° 

6) .l amina e l astic properties {Vf = 0. 8) : 

a) E, = 8.88 x lO"psi 

b) Ez. = 1.75 x 106 ps i 

c) G,1.- = o.66 x 106 ps i 

d) v,?.. = 0.244 
7) Allowable lamina stresses, required for the :failure 

analysis, were taken .from a report by Tsai 

(0 1 Connel l did not analyze for failure). 

a ) at 
I = +150,000 psi 

b) er c 
I = -150,000 psi 

c) <r: t 
z. = +12,000 psi 

d) v:e. 
z, = -20,000 ps i 

e) l,z, = 10,000 psi 

5.10 . 2 Computational Procedure 

Computations were carried out in three phases. 

First , lamina. stiffness coefficients were dete1~mined from 

the known e l astic constants and layer orientations through 

the use of computer program STIFCO. Next , the laminate 

* * ~ * * * * cons tan ts A12. , Ai.z. , A z.
6 

, B 11 , B6 1 , H
1
z. and D11 were 

de t ermined by employing program HN CM. Finally, program 

GYLTAN- ·ms run to complete the analysis . The outputs 

from a ll three programs are provided in Appendices A, B 



and D respectively. Unfortunately, due to its volume, 

the tank analysis program output had to be limited to the 

two main points of interest: 

a) the base 

and 

b) the point of maximum deflection 

5.10.3 Result s of I nitial Study 
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The predicted tank, i.e., rocket motor case, 

deflection curve is illustrated graphically in Figure 5.4. 
This plot tends to exaggerate the tank curvatures, however, 

and it was deemed necessary to provide also a full scale 

representation - Figure 5.5 - of the bottom five inches of 

the deformed structure to put the deflection pattern into 

proper perspective. 

The computed maximum wall deflection is 0.0285 

inches which compares favourably with that predicted by 

0 1 Connell - 0.0281 inches; the location of the point of 

maximum deflection is not the same, however. Computer 

results indicate that it is 2.0 inches from the base of 

the tank compared with 0 1 Connell 1 s value of 2.5 inches. 

This could perhaps be construed as an indication of the 

existence of more severe curvatures near the base of the 

tank than would be predicted by the approximate method used 

by O'Connell. However, since he cal culated neither 

curvatures nor stresses due to b endi ng , this cannot be 



verified. 

Laminate bending s tresses due to curvature at the 

base of the cylinder are nevertheless a prima ry design 

consideration. In both the 90°/+33° and 90°/!33° laminate 

analyses, the l amina t es were much mo re highly stressed 

(fa ilure criterion= 4.5) due to bending a t the cylinder 

115 

b ase t han they were due to the maximum radial deflection 

(failure criterion°" 1.05). In particular, the hoop layers 

on the outside of the cylinder were found to be critically 

stressed in the transverse direct i on (approximately 42,000 

psi compressive stress versus 20,000 psi allowable) . 

The only othe r direct comparis on possible between 

the two app roache s pertains to the predicted stresses in · 

the wall at t he point of maximum deflection . These are 

tabulated in Table 5.1 along with those determined when a 

more typical 90°/+33° l ami nate i s as sumed. In general, they 

appear to be quite comparable although the revised analysis 

does indicate that the critical transverse tensile stress in 

the helically wound l ayer(s) is 20 to 42 percent higher than 

was predicte d by 0 1 Connell's method. 

$.10.4 Additional Parametric Studies 

To further illustrate the value of the newly 

developed composite tank ana ly is , three additional computer 

studies were ma de to investiga te the effects of: 

1) layer sequence 
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TABLE 5.1 

COMPARISON OF STRESSES AT MAXIMUM DEFLECTION 

0 1 CONNELL CASE 1 CASE 2 
(90/+J3) (90/ +33) ( 90/ :t33) 

MAXIMUM DEFLECTION (INCHES) 0 . 0281 o. 0285 0.0285 

LOCATION OF MAX IMill1 DEFLE CTION 2 . 5 2 . 0 ·2 . 0 
(INCHES ABOVE BASE) 

LAYER STRESSES: 
OUTSIDE - LAYER 1 

cr1 ( = cr'.j ) - KSI 74 . 01 74 . 69 74.59 
G'z.. (= G";... ) - KSI - 0 . 52 - 1.59 -1.50 
L;~(= 1:)Cj) - KSI - 2 . 78 - 0. 30 - 0. 03 

MIDPLANE - LAYER 1 
<I, ( = cr:i ) - KSI 74 .01 74.17 74 . 03 
O"z.. (= Ux. ) - KSI - 0.52 - 0.54 - 0. 77 
l1z. ( = 't'~ ) - KSI - 2 .78 0 . 30 0 .• OJ 

MIDPLANE - LAYER 2 
er}'.. - KSI 0.52 2.68 2 . 93 
Cf'.1 - KSI 13 . 22 15.05 15 . 17 
l l<j - KSI 2.78 v 1.69 2.28 
er, - KSI (6 . 83) """ 7 . 90 8 . 65 
O"l. - KSI (6 . 91) 9 . 83 9 . 46 
Liz.. - KSI (6 . 93) 6 . 34 6 .52 

INS IDE - LAYER·:H:· 
(f )(. - KSI 0.52 3 . 72 -J. 66 
<Tj - KSI 13.22 12 . 70 12.78 
l)(j - KSI 2.78 - 1 .09 0.47 
o-. - l<"..S I {6 . 83} 0 . 15 0 . 79 
crz.. - KSI (6.91) 8 . 83 8 . 33 
l1z.. - KSI (6 . 93) 7 .06 -7. 32 

·!} 
Bracketed numbers indicate transfo r med stresses n o t 

v ,. presented i n origin 1 work. . 
~~ The inside layer is layer 2 in the 90/+33 l aminates 

and l ay r 11 in the 90/_~3 laminate . 
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2) the hoop layer thickness, and 

3) the wind angle of the helical laye rs 

on the structural performance of the rocket motor case wall 

constant wall thickness was ma i~ta ined throughout . 

The elastic properties assumed original ly by 

0 1 Connell and used heretofore were un realistically high. In 

these latter studies, more representative lamina properties 

were adopted ( 3 7). The revised elastic constants are: 

a) E. = 7.80 ~ 10
6 

psi 

b) E z. = 2.60 x 10 6 psi 

c) G,z. = 1.2.5 x 10 6 psi 

d) v,z. = 0.2.5 

A sUL-runary of the various wall cons tructions 

investigated is provided in Table .5. 2. Cases 1 and 2 

indicate the wall constructions assumed in the comparative 

study described previously. The next three pertain to the 

layer sequence study and cas es 6 through 11 comprise the 

hoop layer thickness investigation. The rema ining cases 

constitute the wind a ngle study. 

Critical layer principa l stresses and failure 

criteria values at the point of maximum deflection and at 

the base of the structure are tabulated in Tables .5.Ja 

and .5.Jb respectively. Maximum deflections are also 

included in Table .5. Ja as are axial curvatures i n Table 

.5.Jb. In addit i on, relevant laminate i nformation is 

provided in both tables for ready reference. 



TABLE 5.2 

SUMMARY OF LAMINATES ANALYZED 

CASE NUMBER HELIX 
OF LAMINATE CONSTRU CTION ANGLE 

LAYERS 

(DEG) 

1 2 90 I +33 33 
2 11 90 / +/ - / +/ - / +/ - / +/ - / +/ - 33 
3 11 90 / +/ - / +/ - / +/ - / +/ - / +/- 33 
4 12 +/- / 90 / +/ - / +/ - / +/ - / 90 / +/ -. 33 
5 12 +/- / +/ - / 90 / +/ - / 90 / +/ - / +/ - 33 
6 20 +/ - / +/ - / +/ - /+/ - / +/ - l - l +l-/+/- / +/-/+/-1+ 33 
7 17 +/ - / +/ - / +/ - / +/ - / 90 / - / +/-/+/ - /+/ - / + 33 
8 13 +/ - / +/ -/+/- / 90 / - / +/ - / +/-/+ 33 
9 9 +/ - / +/ - / 90 / - / +/ - / + 33 

10 5 +/- / 90 / - /+ . 33 
11 1 90 -
12 12 +/-/+/ - / 90 / +/- / 90 / +/ - / +/- 75 
13 12 +/-/ +/ - / 90 / +/- / 90 / +/ - / +/- 60 
14 12 +/-/+/ - / 90 / +/ - / 90 / +/ - / +/- 45 
15 12 +/ - / +/ - / 90 / +/-/ 90 / +/- / +/ - 15 
16 12 +/-/+/ - / 90 / +/ - / 90 -/+/- / +/ - 0 

PERCEN'r 
HOOP 

50 
50 
50 
50 
5 0 

0 
20 
40 
60 
80 

100 
50 
50 
50 
50 
50 

LAYER THICKNESSES 
HOOP HELICAL 
LAYER (S) LAYER (S) 

( INCHES ) ( INCHES) 

0 .16250 0.16250 
0.16250 0.01625 
0. 16250 0.01625 
0.08125 0.01625 
0.08125 0. 01625 

- 0.01625 
0.06500 0 .01625 
0.13000 0. 01625 
0.19500 0.01625 
0.26000 0.01625 
0 .32500 
0.08125 0.01625 
0.08125 0 .01625 
0.08125 0.01625 
0.08125 0.01625 
0.08125 0.01625 

t-' 
t-' 
()) 



TABLE 5.3 -a 

SUMMARY OF RESULTS - THE POINT OF MAXIMUM DEFLECTION 

* CASE NUHBER HELIX PER CENT Az.z.. 

1 
2 
3 
4 
s 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 

OF ANGLE HOOP 
LAYERS 

2 
11 
11 
12 
12 
20 
17 
13 

9 
5 
1 

12 
12 
12 
12 
12 

·:t 

(DEG ) (x 106 IN/ LB ) 

33 so 0 .5823 
33 so 0.5812 
33 so 0. 5 ·754 
33 50 0. 5·754 
33 50 0 .5754 
33 0 1.064 
33 20 0.7942 
33 40 0. 6336 
33 60 0 .5271 
33 80 0 .4512 
- 100 0.3 945 
75 so 0.4148 
60 50 0.4 727 
45 50 0.5414 
15 50 0.588 '7 

0 so 0.5886 

i - denotes inside of layer 
o - d enotes outside of l ayer 

MAXIMUM CRITICAL PRINCIPAL LAYER 
DEFLECTION LAYER STRESSES 

rr, Cfz_ "L,z. 

( INCHES ) (KSI) (KSI) (KSI ) 

o. 0285 2 0-li- -3.78 7.97 7.53 
o. 0285 2 0 8.65 9. 46 6. 52 
0.0280 11 i 6.37 13.27 -12. 72 
0. 0279 12 i 5.06 12.96 -12.95 
0.0279 12 i 4. 35 12.77 -13.05 
0 .0510 20 i 10.72 24.03 23.29 
0 .0382 17 i 6.83 17.76 17 .70 
0.0306 13 i 6.66 14.47 13.93 
0.0256 9 i 4.38 11. 84 11. 87 
0.0219 5 i 2.42 9 .88 10 .46 
0.0193 1 0 43.41 -3.12 o.oo 
o. 0203 12 i 40.95 -2.95 -5.62 
0.0231 12 i 33 .14 0.52 -11. 00 
0.0263 12 i 18.44 7.06 -13.96 
0 .0284 1 0 5 . 36 20.56 5.54 
0.0284 1 0 J.69 21.94 o.oo 

VALUE OF 
FAILURE 
CRITERION 

1.072 
1.046 
2.839 
2.(340 
2. 835 
9.429 
5.318 
3.393 
2.381 
1. 771 
o.1s1 
0.417 
1.260 
2.303 
3.240 
3.338 

~ 
~ 

'° 



TABLE 5.3 -b 

SUMMARY OF RESUL'rS - THE BASE OF THE STRUCTURE 

CASE NUMBER HEL IX PER CENT (A,:)"'~ d£-w CRITICAL PRINCIPAL LAYER VALUE OF 
OF ANGLE HOO P D* d ")(. l. LAYER STRESSES FAIL URE II 

LAYERS AT BASE er, crz. '(,..._ CRITERION 

(DEG ) (xlO-s LB-1
) ( INCHES- 1

) ( KSI ) ( KSI ) ( KSI ) 

1 2 33 50 0.878 -0.1243 1 0 -10.12 -41.~8 3.72 4.425 
2 11 33 50 0.841 -0.1190 1 0 -10.45 -L~2. 2 -0.52 4 . 571 
3 11 33 50 0.737 - o.1oi2 1 0 - 13. 20 - 52 .79 -0.50 6.946 
4 12 33 50 o. 699 -0.09 8 10 i 8.52 3~.10 -0.48 8.066 
5 12 33 50 o. 64.2 -0.0906 1 i 84. 25 1 . 79 17.00 5.586 
6 20 33 0 0.823 -0.1157 20 i 109.05 23.59 -21.4 7 8.888 
7 17 33 20 0.712 -0.1003 17 i 94 ,58 20.46 18.62 6.685 
8 13 33 40 o.645 -0.0911 13 i 85.83 18.56 16.90 5.505 
9 9 -33 60 0.614 -0.0868 9 i 81.79 17.69 -16.10 4,999 

10 5 33 80 o.625 -0.0884 3 i 7.63 30.50 - 0.00 6.453 
11 1 - 100 0.721 -0.1021 1 i 11.02 44.07 -0.00 13 .4 71+ 
12 12 75 50 0.730 -0.1034 12 i 19. 26 42.40 10.43 13.552 
13 12 60 so 0,73~ -0.1039 12 i 41.49 36 .59 18.18 12.611 
14 12 45 50 o.68 -0.0972 12 i 68.01 26.87 20.02 9,144 
15 12 15 50 0.570 -0.0804 8 i 5.20 20.80 -0.33 3.003 
16 12 0 50 0.549 -0.0774 8 i 5.01 20.03 - 0.00 2.784 

....... 
I\) 
0 
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It is immediately apparent from these tables that 

_(a) the wall thickness is inadequate for the assumed 

loading and (b) the bending stresses induced at the base of 

the cylinder must be the prim ry d sign consideration. In 

all cases but three (6, 15 and 16), the layer stresses are 

considerably more c ritical at the base than they a re at the 

point of maximum d fle ct ion . However 9 since there we re 

cases in which the critical point in the structure was the 

point of maximum derlection, l a yer stresses at this 

location must also be careful ly considered . 

A closer scrutiny of the results reveals that 

failure is primarily related to layer transverse and shear 

stresses rather than to the stresses in the direction of the 

reinforcing fibres . Only in c ases 11 and 12 do the 

principal stresses represent more t han ten percent of the 

failure· criterion value. In these cases, at the point of 

maximum deflection, the fibres are largely aligned in the 

primary direction of loading, i.e., in the hoop direction, 

which explains why they are substantial y stressed . Even 

then, the prin cipal stress represents less than sixty 

percent of the value of the f ilure criterion, however. At 

the b ase, where bending is the primary consideration, the 

principal stress never represents more than six percent of . 

this value . 

It is also interesting to note tha t in cases 15 and 

16 the most severely stressed l aye r in the twelve layer 
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laminate is the eighth. This confirms the statements made 

earlier on this subject in Section 2.1.l, i.e . , that even in 

the case of pure bending, the most critically stressed layer 

in an orthotropic laminate is not always at one of the outer 

surfaces. 

A comparison of the results of c ses 2 and 3 rev als 

that the individual layer stiffness properties substantially 

effect the structural performance o~ the complete laminate . 

By introducing lower material consta~ts (case 3), the values 

for the failure criterion at the point of maximum deflection 

rose from 1 . 046 to 2.839 and at the base from 4 . 571 t o 6 . 946 

even though an identical la inate construction was assumed 

in both cases . 

Layer sequence is shown to have a most signifi cant 

effect on the flexural load carrying cap bilities of a 

laminate in cases 3, 4 and 5. At the base of the structure ~ 

where flexure is the sole consideration, the value of the 

failure criterion is lowest when the hoop layers are l oca t ed 

closest to the centre of the laminate . It is also clear 

from the results that the layer sequence has virtually no 

effect on the ability of the laminate to withstand tensile 

loads, e . g., hoop stresses. Although both of these 

conclusions seem entirely logical and obvious now, such was 

certainly not the case at the time of the development of the 

H.RP rocket motor case. Little consideration was given t o 

the effect of layer sequence on structura_ performance at 



that time and the sequence was in fact determined by 

manufacturing considerations: it was easier to wind first 

all of the helical layers and then the hoop layers . This 

example clearly points out the significance of "thinking 

c omposites" and how lamination theory helps us do this . 

In Figure 5 . 6, computed maximum wall defle c t ions 
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are plotted against related values of the laminate 

stiffness coefficient Az:. From this graph,, which i ncludes 

data from all of the cases analyzed, it is c lear that an 

almost pe r fectly linear relationship exists between t h e 

maximum deflecti on and th laminate c onstant . This is 

s omewhat surprising,perhaps, since it has already b een 

demonstrated (Figure 5.4) that the defle c t ion patter n i s 

substantially affe c ted by end constraint . The fa c t tha t 

the graph is inear cannot be ignored, h owever; indeed, 

this can a c tually be an advantage from an analyti c a l 

standpoint . Sinc e the sl ope of the c urve is within t hree 

pe rcent of the value that would be obtained by assuming 

that the base ~as unconstrained, the maximum wa l l defl ec tion 

c an be quite a ccurately predicted simply by employing t he 

relat ionship 

(5- 61 ) 

where all symbols are as defined previously . 

By ignoring cross - coupling stiffness c oeffi c ients~ 

it c an als o be shown, from equations (5 -40), (5 -41) and 
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(5 - 52), that when x = O, i.e., at the base of the tank, 

(5 -62) 

This approximate relationship is demonstrated to be quite 

accurate in Figure 5.7 where the computed axial curvatures 

at the base (all cases) are plotted against their related 

* * )'fz.. laminate cons tan ts (Azz. /D 11 • The calculated slope of the 

graph is within one percent of the value of (prd). It 

would therefore seem possible, once the formula has been 

experimentally verified, t o u e it to predict axial 

curvature and hence lamina strains nd stresses at the base 

of the tank without going through a full scale tank 

analysis. 

The results of the study into the effect of the 

hoop wound layer thickness on structural performance (cases 

6 through 11) are presented graphically in Figures 5 . 8 and 

5.9. In Figure 5.8, the laminate e asti c properties A:Z. 
and ( A z~ ID~ )Vz., are plotted against the thickness of the 

hoop wound layer (presented as a percentage of the total 

wall thickness) which is in all cases located at the centre 

of the laminat . Figure 5.9 shows the effect of hoop wound 

layer thickness on the values of the distortional energy 

failure criterion at both the bas e and the po:nt of maximum 

deflection. It is quite clear f ro, Fi ure 5.9 that the 

best structural performance is obtained when approximately 



60 percent of the wall thickness is hoop wound. Further, 

according to Figure 5.8, this percentage -very neariy 

coincides with the minimu.~ value of the laminate constant 

*' I * )'lz. (Au_ D11 • 

The two distinct portions of the failure criterion 

11at base 11 curve reflect two quite different modes of 

laminate failure. From zero to approximately 72 percent, 

the maximum value of the failure criterion is found to be 

at the inner sur.face of .the cylinder. Beyond this point, 

the most critically stressed point is the inner surface of 
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the hoop layer. Once again it is demonstrated that failure 

in a fibre-reinforced composite laminate does not 

necessarily occur at the extreme fibres. 

Tne effect of the helical wind angle on the elastic 

properties of a laminate in which one half of .the thickness 

is hoop wound (cases 11 through 16) is shown in Figure $.10. 

In addition, its effects on the structural performance of 

the la.min.ate a.re shown in Figures 5.11-a and S.11-b. It 

should be noted that, due to filament winding limitations, 

the hoop wound layers in all of these cases are located 

close to but not at the centre of the laminate (see Table 

5 .2). 

From 1',igure 5.11-a and -b, it is clea r that any one 

of t h ree different failure ro.odes may be encountered 

depending upon the angle at which the helical l ayers are 

wound. When wind angles of b e tween 0 and approx i mately 20 



degrees are employed, the analysis indicates that the 

initial f ailure will occur at the outer surface of the 

shell in the vic inity of the p oint of maximum deflection. 

Next, in motor cases with helical layers wound in the 20 

to 25 degree rang e, failure is initiated at the inner 

surface of the eighth l aye r of the laminate at the base 
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of the structure. Finally, for larger helix angles the 

initial failure is also at the b ase of the structure . 

However, this time it i s at the inner surface of the shell~ 

It is also apparent that the v a lue of the f a ilure criterion 

is lowest when the helical wind angle is approximately 20 

degrees . Thus the stu y shows that, for a motor case in 

which one half the wall tlickness is h oop wound, the most 

effe ctive laminate is one in whi ch the helical layers are 

wound at an angle of approximately 20 degrees . 

$.10.5 Closing Remarks 

The fore g oing studies have amply demonstrated the 

advantages of using lamination theory in conjunct i on with 

conventional shell theory. In additi on to providing a much 

clearer picture of t he inter - relationship between bending 

and stretching, they also showed the vital role of bending 

at the base of the structure and the significance of layer 

sequence, hoop layer t h ickness and the helical layer wind 

angle . 

The studies als o provided an indicati on of the 
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validity of the newly derived deflection equation (5-52) 

for a laminated composite storage tank. In particular, it 

was shown (in study 1) that the computed maximum deflection 

was within two percent of the value determined separately 

by 0 1 Connell (1) in his investigation of this same problem. 

Theoretical studies still leave some measure of doubt, 

however; only through an experimental program can the 

validity of these equations be properly confirmed . 

Finally, some new guidelines relative to the design 

of the wall of a gun - launched FRP rocket motor case have 

evo ved as a result of these investigations. It was shown 

that the wall of the structure should consist of a hoop 

layer, located between two identical helical layers . 

Although the optimum combination of hoop layer thickness 

and wind angle was not established for the particular case 

analysed, the results indicated that in all likelihood, 

between fifty to seventy percent of the total wall 

thickness should be hoop wound and that the helical layers 

should be wound at a relatively shallow angle, probably 

less than thirty degrees . These guidelines appear to be 

equally applicable to the design of fibre - reinforced 

cylindrical storage tanks . 



SE CTION 6 

CO NCLUSION 

The original obje ct of the study has been realized . 

An extensive literature survey has unearthed a recently 

developed th ory which provides the basis for a new 

rational approach t o the analysis of laminated composite 

st ructures . This objectiv e was not easily achieved, 

however. 

The initial phase of the lit rature survey proved 

to be most disappointing . Alth ough numerous book , 

reports and papers were encountered on the fundamentals 

and gener 1 uses of reinforcement, relatively few could be 

found dealing spe cifi cally with the design o r analysis of 

composite material structure . Further, those which did 

invariably pertained to one of the approaches outlined .in 

Se ction 2; none seemed t o offer any hope of a significant 

analytical breakthrough . 

Fortunately, the theory of laminated compos ites 

was di s covere d a few month later . It became immediately 

apparent that this was the breakthrough tha t had been· 

anticipated a nd the theory was promptly utilized to resolve 

the composite tank analysis problem (Secti on 5). 

The literature also indicated th t n o ingle 

publication adequately covered all phas es of composite 
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structural analysis. Accordin ly, since the averag e 

designer has.little time for searching out references, 

it is felt that this thesis is a significant contribution 

as it is a comprehensive, self-contained introduction 

to the subject. 
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Another important contribution of this work is the 

cyl indrical tank analysis revision which enables a thorough 

stress analysis of tanks constructed of laminated 

orthotropic and/or isotropic materials. The revised 

deflection equation appears to be correct in form and does, 

in fact, simplify d own to the equation derived by 

Timoshenko (44) for the isotropic ca e. An extensive test 

program is essential, however, before this equation, and 

others developed in the analysis, can be verified. 

Two computer programs were developed during the 

course of the study. The first of these computes the 

stiffness coefficients of a generally orthotropic layer in 

accordance with the theory presented in Section J. The 

second, which is based upon the theoretical equations 

developed in Section 5, performs a complete stress analysis 

at any number of points in a composite cylindrical storage 

tank. 

The value of the tank analysis program was realized 

in a series of studies conduc ted on a H.A.R.P. gun-launched 

rocket. As a result of these studies, some new guidelines 
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for the design of filament wound storage tanks were 

established (for the loading condition considered): 

1) The cylinder wall should consist of three filament 

wound layers: a hoop wound layer sandwiched 

between two identical helical layers . Further, 

though no attempt was made to optimize, the results 

suggest that the helical layers should be wound 

at a relatively shallow angle, e . g., 20 degrees and 

that approximately 60 percent of the total wall 

thickness should be hoop wound. 

2 ) The maximum wal deflection is strongly dependent 

* upon the laminate elastic c onstant, Aiz. Accor d ing 

t o the resul t s, the maximu..rn tank deflec t ion c an b e 

approximated t o within three percent by us i ng t he 

re-la t ionship 

A* z.d. w "" - pl 
M~ ~~I 

(6 - 1 ) 

* A,~ is approximately inversely propo r tiona l t o t h e 

effe c tive modulus of the laminate in the h oop 

direction and is comparable to the term (l / Eh) 

commonly encountered in the analysis of iso t r opic 

plates or shells . 

_3) The curvature at the base of the tank can be close ly 

estimated fr om the expression 

(6 -2 ) 
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where D~ is effectively, the flexural rigidity of the 

wall in the axial direction. This suggests that the 

laminate should be constructed in such a way that the 

( * * )'lz. value of the laminate constant Au., /D 11 is 

minimized. In this way, the stresses due to bending, 

at the base, should also be minimized. 

In addition, two conclusions were drawn concerning the 

design of laminates generally. 

1) Layer sequence has a substantial effect on the load 

carrying capabilities of a laminate in flexure but 

has little effect on simple tension, compression or 

in-plane shear performance. This suggests that where 

possible, laminates should be balanced and symmetrical 

with the outer layers oriented according to the 

particular stiffness requirements of the application. 

2) Failure can be expected to originate within the 

matrix in most instances. It is usually due to the 

transverse and/or in-plane shear stresses within 

a particular layer; seldom is the stress in the 

direction of the fibres the primary factor. 

Though obviously superior to any of the analytical 

approaches previously available, the theory of laminated 

composites does have some limi tati ons. In pa rticular, it 

does not take into account either interlaminar shear or 

transverse (out of plane) stresses. In some instances, 
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e.g. laminates containing woven materials, these limitations 

can be quite serious as delamination is a fairly common 

mode of failure. For the most part, however, these stresses 

are of secondary importance and the theory can be employed 

with a much higher degree of confidence than was possible 

with any of the methods previously available. 

The limitations in the theory, noted above, suggest 

one potentially fertile area for future work. Of more 

concern, however, is the industrial need for new analytical 

solutions to the many fundamental plate and shell problems 

which have previously been considered from an isotropic 

standpoint only . It is suggested that, by introducing the 

theory of laminated composites into the conventional plate 

or shell analysis (as was done in the cylindrical tank 

analysis presented herein) many of these problems can 

quite readily be re-solved. Further work is also needed 

relative to the design of cylindrical tanks. In particular, 

studies could be undertaken to consider: 

a) new boundary condit ions at the base of the tank (rigid 

constraint is not commonly encountered in practice). 

b) tapered wall constructi on 

c) the effect of circumferential stiffening rings 

(or joints) 

d) buc k ling 

and, finally 



e) structural optimization 

Hopefully, this thesis will prove to be of use in some of 

these future studies. 
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APPENDIX A 

COMPUTER PROGRAM FOR DETERMINING 

LAMINA STIFFNESS COEFFICIENTS 

A.l DESCRIPTION OF PROGRAM 

Program STIFCO computes lamina stiffness 

coefficients, Cg, in accordance with the theory presented 

in Section 3. Coefficients can be determined for any 

reasonable number of isotropic or orthotropic layers 

oriented at various angles relative to the co-ordinate 

axes of the structure. 

A.2 INPUT PARAMETER DEFINITION 

Parameter Definition 

THETA(K) is the angle of rotation between the co-ordinate 

system of interest and the natural axes of the 

layer material 

Ell(K) 

E22{K) 

Gl2(K) 

V12(K) 

CIJ(K) 

CPIJ(K) 

are the principal elastic properties of the kth 

layer: E 11 , E2z., G1?. and ~z. respectively 

are the lamina stiffness coefficients, C i.j , in 

the natural co-ordinate system of the kth layer 

are the transformed lamina stiffness 
I 

coefficients Ci..j of the kth layer. 
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A.3 TYPICAL I NPUT 

A data input deck for t h e determination of the 

stiffness coefficients of a particular orthotropic layer 

material at three different orientations is shown below. 

Pa r ame t e r 

THETA(l) 

THETA(2) 

THETA()) 

Ell(l) 

E22(1) 

Gl2(1) 

Vl2(1) 

Ell(2) 

E22(2) 

Gl2(2) 

Vl2(2) 

Ell(3) 

E22(3) 

Gl2(3) 

Vl2(3) 

Va l ue 

33.0 

-33.0 

90.0 

0.888000E+07 

0.175000E+07 

0. 660000E+06 

0.244 

0.888000E+07 

0.175000E+07 

0.660000E+06 

0.244 

0.888000E+07 

0.175000E+07 

0.660000E+06 

0.244 

Format 

(12F6.0) 

(3El2.6,F6.0) 

(3El2.6,F6.0) 

(3E12.6,F6.0) 
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A.4 TYPICAL OUTPUT 

The output corresponding to the above input deck 

is shown in the next two pages. 
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LAYER 
NO . 

K 

l 

3 

LAY E:.R 
N l) . 

K 

1 
2 
3 

I 

I 

fLAS]TC CO N ST~N T S 

Ell I E2 2 I Gb2 
( 10 +6 LS ./ SQ. I N. ) 

s.asr a. es o 
8 . 88 0 

I 

c 11 I 

8 . 9 85 4 
. 9 8 5'-\ 

8 . 9 8 5 4 

1 . 75~0 0 . 66~0 
1 . 7 5 0 0 . 66 0 
1. 75 0 0 . 66 0 

ST f F FNES S C0H F1 C1El'< TS 
(1 0 +6 L B.I SO .I .) 

c i /:'. . C22 

..,. 

1 • -n os 
1.77 08 
1.770 8 

I 

Vl 2 

0 . 2440 
'0 . 244 0 
0 . 2 4AO 

C66 

D. 66 00 
C> . 6€>00 
0 . 6600 

r' 
\,.,.J 
-.J 



L /\ YEH I 
NU. ORI €NTA1' IOM 

K 

.3 

l{D E'CRBES ) 

l l BT A (K) 

3 3 . 00 
-3 3 . 00 

0 00 

C P11 

5 . 3323 
s. 33 2 3 
1. 7 7 0 8 

TIAISFO~MBD STirF~ESS CO EFJICIENTS 
(10 ?G 13.~SQ.IN.) 

CP12 

1 • 9"\ s l 
1. 945 1 
0 . 4321 

CP1 6 

2 . 3 2 1'1 
-2. 32 1 '\ 

OOD 

CP22 

2 • 3 9 7 8 
2.397 3 
8 . <J8 S 4 

CP2G 

. 9 7 4 1 
- 0 . '9 7 '1 1 

0 . 0000 

CP66 

.1 7 3 1 
2 . l 7 3 1 
o . 6600 

I-' 
\,,...> 

co 



A.5 PROGRAM LI STING 

A complete listing of the Fortran IV program is 

included in the following pages. 
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~ PK~GKAM SllfCO ~ 
C PKU~KAM ~ Ck CALCULATI~G Pk11~~lPAL lAYcR STlFfNtSS CUEf~IClt~T~ A~D FUR 
C TKAN SfUK~l~G lHLM Tu LTHtk CU-OKUlNATE SYSTEMS 
c 

c 

UlMlNSlCN ThETA(L5),i:ll(25l,t:iL(~5l,Gll(L5J,Vll(25J,Cll(25J,Cl2(L5 
l J , C L L U 5 ) , C 6 o U. ~ ) , A NG L E ( 2 5 ) , C P !. l U 5 J , C P l 2 ( L J ) , l. P J.. b ( .2 5 J , C P ~ 2 ,< .2 SJ , C. P 
J..Lo(LjJ,CPoo(L5J 1 

I~ = .l 

I . 
I 

• I 

C i'i i S TH t NL.i l"l c:H: k U F LAY t KS 
kf:~U (::>,.1.UlJ llHtTA(K) ,K=l,l\J 

101 fLkMAT (lL~6.C) 

c THtTAlKJ us THE ANGLt uF Kl.HATI01'4 Br.:Tr.[EN THt L.u-UKDINATE SY.STEM iNTO 
C ~HlCH THE STlfF~f:SS CD~ffiCIENTS AKE uElNG TkANSFURMEU ANO THt ~ATUkAL 
C MATEKlAl AX[S SYSTEM Uf THE KlH LAYf:K I 
(. 

RtAO (5,lOt::) (lll(K),i:22(K),~LdKJ,v'lLlK4,K=l,N) 

102 FG~MAT l JE1L .6,F6eOJ 
~Kift.: (o,lG ~.:d 

lUj fGKMAT (lH1,llXr~hLAYtR,lbX,l7HtlAST1C ~UNSTANTS/.L3X,3HN0.///14X,l 
lhK,llAp3HEll,7X,3Ht~L,7X,3HblL,12Xr3HV12/29X,17H(l0+6 LB./SQ.lN.)/ 
1//) 

OL lU K = lvN 
10 ~KlTE (o,lu4J K,El1LK),cLL(K),~12(KJ,VlL(K) 

104 fuKMAl (l3X,12rbX,-6PflG.4,-uPfl0.4,-6Pfl0.4,5X,UPfl0.4) 
r\RlTl (6,10'.:l) 

105 FUKMAl (lrlU//l2X,SHLAYtK/lJX,6HNG.,l6X,LLHSTlffNcSS LGtfFlCltNTS/J 
L::>X,11H(lU+b LB./S~.1N.J//14X,lHK,llX,3HCll,9X,JHC12r9X,3HC2~,sx,3H 
lCoo///l ; 

OL LU K = l,l"i 
VLJ.. = (t22(KJ I Ell(K)J * Vl2(K) 
Cll(KJ = t:ll(t< J I (l.0 - (V.Ll(t<.J * VLU) 
LlL(KJ = (Vli(KJ * t22(KJJ I (l.O - (VJ..L(KJ * V2ll) 
L.22lKJ = E22l K) I Ll.O - iV12(KJ * V2U) 
L.bb(Kl = Gl.dKJ 

20 wkITE (6,106) K,Cll(KJ,Cl2lKJ,C22(KJ,C60(K} 
lOb FURMAT (liX,12,4X,-oPF12.4,-oPF12.4,-6Pflt::.4,-6PflL.4) 

l"jRlT!: (6,lGll 
107 fUKMAl (lrllrlX,5rlLAYEk/JX,JHNO.,~~,llhU~lENTATiON,lJX,J4HlRANS~ukM 

ltU STIFfN~SS CUEFflCIENTS/.LOX,9H(UEG~ElSJ,22X,17H(l0+b LU./~~.lN 0 J 
1//4X,ltiK,~~,bHTHETA(KJ,SX,4HLP11,6A,4HCPl~,6X,4HCP16,6X,4HCfl2,6X, 
14HCPL6,oX,4HLPoti///} , 

OU .:)0 K = lvN 
ANGLEl~~ = (ThtlA(KJ I lBOeO J * .:).1415927 
KM= CuS l~NGL!:(Kll 

K~ = SI('; (Af\Glt(K)J I \ 

l.~ll(KJ = ((kM ** 4J * Cll(KJJ + ((KN**~) * Cl21KJ) + (((KM** l 
lJ *(KN** L)) * ((2..0 * ClLtKJJ + (4.0 * Coo(KJJJ) 
CPl~(KJ = (((R M** ~J * (KN** LJJ * (~ll(KJ + C.~i(KJ - (4.0 *Cob 

l.lKJ))) + (( (kt-i ** 4) + (Kt\ *"" 4H * ClL(KJ) , 
CPlu(K) =(((KM** 3) * l{NJ '* (LlllKJ - · C.l.2(K) - (2.0 * C.b6(KJ)JJ 

1- ((1{M *(KN**_,,,* (C2dKJ - Ci~(KJ - lL.O ~ l.o6lKJ)d ' 
l.P2L(KJ = ((.RN** 4J * Cll(K)) +((RM** 4J * C22(KJJ + l((f{M ** 2 



1> * (kN ~¥ L)) * l<,.u * ClL.(KJJ + (~.0 * Cbo<~>>>> 
LP 2. u(I<.) = ({ KM* (K N ** JJ} * (Lllli--) - l...12.(K) - (L.0 * C6o(K)Jlj 

1- (((k M ** ...J) * t<.f1U * (C.iL(i\) - Ci2(K) - (L.0 * Coo(rd))J 
CPo6(K) = ((( RM** 2) *(KN** L.)} .. , (Lll(K) + L.:'..:'.(K) - ,~.o * Cl2 

l(K))J) +((((RM** 2.) - l RN ** 2.)) ** 2) * L66(K)J 
JO ~Kil~ ( 6 ,l Ud J K ,fH E fA(K),CPll(K),CPl~(K),CPlo(KJ,CPl2(K),CPLo,KJ,C 

lPb6(K) 
lUd ~UkM~T lJX,li,jX,OPf6.2,2.X,-bPFlU.4,-oPfl0.4,-bP~10.4,-bPfl0.4,-bP 

11--10.4,-61--'flu.4) 
t1KllE (t,lG~) 

109 fURMAT llHl//) 
Sf GP 
ENO 

I 
I 
I . 

i 
I. 

I 

I 
I, 

I 
I 
I 

I 
I 
I 
I. 

•' i 
i 
i· 
I • 

I 
I 

I 

I 
I 
i . 
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APPENDIX B 

DETERMINATION OF LAMINATE STIFFNESS COEFFICIENTS 

B.l DESCRIPTION OF PROGRAM 

A computer program, developed originally by Tsai 

et al (37), is used in the determination of laminate 

~ * * * stiffness coefficients: A~j , B~j , Di.j , ALj , B\..j 9 H'-j; Dij , 
I I I 

A .. , B· · and D·. . This program, which cons is ts of two parts "J ~j ~J 

MN CM ie, Main Composite Materials, for computing laminate 

stiffness coefficient matrices, and Subroutine PARTWO for 

determining laminate load carrying capabilities, is not 

described in detail herein as full documentation is 

available in (37). However, sufficient input/output 

information is provided in the following for normal usage 

of MN CM. The underlying theory for this part of the 

program is described in Section 4. 

B.2 INPUT PARAMETER DEFINITION 

Parameter Definition 

N is the total number of layers 

THTA is the fibre orientation or lamination ang'le 

in degrees (defined for angle-ply .composites) 

LPP defines the pa~ticular case under consideration: 

LPP=l implies a cylinder or a pressure vessel 
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Parameter 

J 

RM 

LKL 

JB 

H(K) 

C(I,J,K) 

Definition 

LPP=2 implies a plate. 

is a format control which defines the heading 

to be printed: 

J=l implies cross-ply 

J=2 implies angle-ply 

J=3 implies general laminate 

is the cross-ply ratio (total thickness of the 

odd layers divided by that of the even layers). 

is a format control which defines the heading 

to be printed: 

LKL=O implies all layers intact 

LKL=l implies all layers degraded 

indicates whether or not the laminate under 

consideration is balanced and symmetric. 

JB=O implies laminate is not· balanced and 

symmetric 

JB=l implies laminate is balanced and symmetric 

is the thickness (in. ) of the kth layer. 
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I 
are the transformed stiffness coefficients, C~ , 

(psi) of the kth layer. 

ALPHA(I,K) is the thermal coefficient of expansion tX.~ 

THETA(K) 

(in./in./ F) of the kth layer. 

is the fibre orientation or lamination angle 

(radians) for _the kth layer. 
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B.3 TYPICAL INPUT 

A· data input deck for computing the stiffness 

coefficients of a two layer 90°/33° laminate is shown below. 

Parruneter 

N 

THTA 

LPP 

J 

RM 

LKL 

JB 

H(l) 

H(2) 

C(l,l»l) 

C(l,2,1) 

C(2,2,l) 

C(3,l,l) 

C(3,2,l) 

C(J,J,l) 

C(l,1,2) 

C(l,2,2) 

0(2,2,2) 

C(),1,2) 

Value 

2 

o.o 

2 

3 

o.o 

0 

0 

0.1625 

0.1625 

0.177080E+07 

0.432100E+06 

0.898540E+07 

O.OOOOOOE+OO 

O.OOOOOOE+OO 

0.660000E+06 

0.5J3230E+07 

0.194510E+07 

0.239i80E+07 

o.232140E+o7 

Form.at 

(I2,F5.0,2Il,F12.0,2Il) 

( 6F12. 0) 

(6E12.6) 

{6El2.6) 



Parameter 

C{J,2,2) 

C(J,J,2) 

ALPHA(l,l) 

ALPHA(2,l) 

ALPHA(J,l) 

ALPHA(l,2) 

ALPHA(2,2) 

ALPHA(J,2) 

THETA(l) 

THETA(2) 

Value 

0.974100E+06 

0.217JlOE+06 

0 •. OOOOOOE+OO 

O.OOOOOOE+OO 

o.ooooooE+oo 

o.ooooooE+oo 

o.ooooooE+oo 

O.OOOOOOE+OO 

0.157080E+Ol 

0.575959E+OO 

B.4 TYPICAL OUTPUT 

Format 

(6El2.6) 

The output corresponding to the foregoing input 

deck is shown in the following pages. 
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- I 

G U..tE- R AL IL AM l N AT E I AL L L A y s R s 
2 L A Y E~ S l N = 2) 

I NTAC T ' 

--· --- -

.l A YER rl CKNESS COORD I NATr OF 
NO . F L/. YERS LA YER SUR AC f S 

-- -~ ·- Ir-JC H E ~ l I I :-J CHE l 

K - - I H( K l - l Z I Kl _ __ .Z c k + 1 l _((l!.l) --- --r--- -- · 1----f --l o. 1 6 2 5 o. 16 2 5 . • oooo 1. 7708 

' : ,- ,-
0 

.~: 1,6 2: ' ~· ~~,O~ ,- : 
1

• l ~ Z ~ '' ~ ~ ~ 3 ~3 , 
r -- -~ .. 

OEf S. 01= ~TI F-FNE SS M\ATR I X 
-- . - . ( 1 C + b tJ S . I I N • SQ • J 

C!l.1 2 l c ( 2 ' C <6 ill C ! 6 , 2 l 

·o .~ a 21 
1. 45 1 

8.9~ 5 4 
2. 3 , 7 8 

o . oo~o 
2 .3 2 4 

,: .: I ·) ::: ~ <' • I < ~ i 

c 

C <6 , 6 l 

0 . 66 00~ 
. 2.1731 ~1 

...... 
.f=' 

"' 



,. 

- .A 
( L R. nl t~ . I 

- 0 .. 1154~ 07 
0 . 3 8 6~ . 0 6 

-- 0 . ~·177? On 

C6 0 .~772 E 06 
0 7 0 .1 583E ()6 
~6 O. 6 0 4 E 0 6 

O. <'.\ 70 2 
- 0 .. 199 8 

() . 3065 

c 

- --B 
( L f1 • l 

() 5 

0 5 - 0 . ~ 6 
0 5 o. l 

o .~o 6s 
0 .12 8 6 
0 .1 9 98£ 

M AL F OR C 
(L B. II N .I nE G. F. l 

5 

f\11- T UUULIUU llUUUUU 
- - - ...:... i - N2 -T UllUl UJ U.J JJ UU. 

N3 -T UlJU L UlJUUUUUU 

2 • 5 1 a - ~-- ....... -

0 .1 0 1 6 · 
- 0 . 3400 

0 . 33 20 

3.. • !_ .!L _a__ [:>_ . .l. ·:! .~ .:! .~ 

0 
-- (L B. . TI N. ) 

0 5 0 . 3 4~ 0E ~ 4 0 .~ 32 0 E D4 
4 . 0 ~16 8E. 0 5 __ Q. .1 3'93 E 0 4 _ 

04 0 . 13 3E 0 4 o. 0 52 £ 0 4 

A ~ 

(l \J ./lL [l .) 

0 .1237 i - 0 5 - O. L7i SE= 06 - 0 .i 52 7 E- 06 
- 0 .17 68 . - 0 6 0 . 5 8_3 E- 06 - ~ . 535 E- 0 7 
- ~ . 9527 - 06 - 0 . 55 5E - 0 7 O. 9 7 2E - 0 5 

- -- ·-·· 8'" 
< I N . l 

- 0 . 2543i - 0 1 - 0 . 2 7 
- 0 .16 22 - 0 2 0 . 5 4 
- ~ .451 8 - 0 1 - Q. 24 

H') 
_ ( I N .I l 

- 0 .11 660£ - 0 1 
6 46E - 0 3 

- " . Q946E - Ol 

0 . 2543!- C>l 0 .1 6~ 2 E - 0 2 O. 
__ Q. 2 783 - 0 1 - 0 . 54 9E - 0 1 

Q.16 6 0 - 0 1 0 . 96 ' 6E - 0 3 

... .J to\ 

0 .7 54 7 
-- - · 24 52 

0 .1 6 18 

0 -4 
04 
04 

0 . 2 l~ 
() . 10 
0 .76 

()4 

5 
3 

I' 

4 
0 3 

•<'..1 942E 0 4 
~ 

.{::"" 
-,,J 



" . 

A PR I, ~ E 
( Ir--.J. / LB.) 

_ Q.14 0 5!-0 5 - 0 .27;3 E- 0 6 - O.i0 14 E- 0 6 
- 0 .2733 - 0 6 0 .89 OE- 0 6 -o. 321E-0 7 

.::- 0 • 7 0 14 - 0 6 - 0 • 8 3 l E :- 0 7 _ 0 • 3 9 9 E - 0 5 

__ B_Y R IIM E_ 
(1/LB.l 

-:0.187-3!=o-5 -~o . i8~6E-=-o s -o. ~12·1 E-:..05 
. __ :- 0 .188 6 - ()5 O. 56 1 6E- G5 - 0 . 62 0E - 0 6 

- 0 .4121 - 0 5 - 0 .76 OE - 0 6 - 0 . 547 ~ - 0 5 

COEF. OF THaRMAL MOMENT 
------ · CLB./.DBG.F.) 

Ml-T uuu~_ uuuuuuuu 
M2-T UUU UUUUUUUU 
M3-T UUU UJUUUUUU 

1-J~~ - ~ ~ ~ --~-- -'- :!. ~- I< 2 __ _::_ ~:-2- l.:i--- · -3 _ _ ? ... 
D PR IIME 

_ _ _ _(l I L B • l M • ) __ _ _ . 

-0-.1597~-03 ::o:-fr~s,::04 -.:~ t6BE-=o4 
-=0 .• 31 0 5 - 0 4 . 0 .1 0 8E-0 3 _- \) . 453E-: 0 5 

• 7968 - 0 4 - 0 .94 3E- 0 5 O. 861 &- 0 3 
- - ,,_ .. - - . .. -- - ... - --- --- - ·-- --· - ---

....... 
+ 
(X) 
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B.5 PROGRAM LISTING 

A complete listing of the program, which is written 

in Fortran IV, is included overleaf. 
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L PKU1.>i-<. A1"l /".I\ L1•l 
(, 

Lu 1'1 ML I\ l I 1 l l JI ( L.? l , J\, , T r'i ( j , j ) , L t1 r' , L l , ti L 1\i L ( ..:> , L '.:> , L ) , K tJ ( .:> , L '..> , L. J , PC i\i T ( .;: , L. 

1~ 1 LJ 1 t'L~T~(J , t..~,.:'. ), P L Mu ( ~ , 2'..> , 2 l, t'(MT ( 3 , L.~ , l l, PLMfK ( ~ , L.'.:> r ~ l, KL(..:> , L~ 
.L , .:: l , P (. T ( ..:> , L ~ , L l , H. ~ ( J , i l , k U ( J , .J l , ;... A ( 2. ~ J , S ( L.? J , >. P ( 2.. ~ l , YA ( L '.:> ) , Y iJ ( ~ :> ) , 
.LLVS(<t ) , LVP{4) , LTShJ , NM , ::iLLh , L:i , L.J , T (L::) i , S.iut-l,X ( 2 J, SlLMY(L )' 11.iUAu( 
l 4 , .!. :5 , L ) , t' r{ tJ ( j , L. '..> ) , L 1..._ U ( J , t'. 5 ) , (, 1\1 T K ( 3 , L '.:> ) , L N 1 ( ) , L ~ ) , Pk L ( j , .('. :, J , C T { .:) , L 5 
lJ , Tl TLt: ( lGJ 1JK , LL:>1 .. d 

U I 1'1 c i'l S l L ~ A L t' h A ( .J , L ~ ) , ri ( L :i J , A ( j , :) J , u ( j , j J , U ( 3 1 .,j J , L ( J , j ; 2. !:l j , H ~ ( 2 5} , 
lrlL(.:'.~J , A~l..:>,b J, X(:) , JJ , AST~kt3 , j ), oS1AK ( ..:> , 3 ) 1 hSTAk ( j , ~ j, OS T A~ ( J , 3) , 

L lJ Pk i ( ..:> , ::::, ) , o Pk I ( J , ::> J , 1">.. PK. l ( J , j l , S u1"\ ( 3 , L ;i } , T S lJ M ( 3 ) , TAD 0 ( 3 J , RN T ( 3 ) , RM T 
U.J) ,SASk ( ..:>J ,USlJl": (3 , JU J ,CSui'1U , .:'.:> , 2 ) 

(. 

1 (J 
.L 0 l 
(, 

~fAG l5 1 101) N, THlA , LPP ,J, KM ,L KL, JB 
rukMAT (iL. , f~ . O , L l l,rl2.. . 0 , 21l} 

N = ~L . Uf LAYtkS 
L M~Al~UM VPLUl Lf ~ IS ~ = 2 ~ 

L ihlA lMPL1t:S AN~Lf-PL Y 

C LPP = l iMPLltS PKt::iSukt V~SSt:L UR LYLlNUEK 
L LPP = 2 ll"PLitS PlAlt 
L J = l iMP l ltS LKL~~- PLY 
L J = i lMPLltS A~L l t-PLY 

L J = J lMPlitS Gt~EkAL LAMiNATi 
L KM= LKU~~ PLY KAllU 
C LKL = 0 IMPLltS ALL LAYLKS i ~fACT 
C LKL = 1 1KPLltS ALL LAYtKS LltG k AJlD 
C Jd = U lMPL i cS LAMl~AT ~ iS NuT tiAL~NCLU ANU SYMMtTRIC 
C JD = 1 iMPLlES LAMl~ATE lS UALANCtO ANU SYMMt:TRlC 

REAU (5,l0t:.l (H(K ), K=l , Nl 
lOL fukMAT (6rlL .. C) 

I ' 
! 

kEAG (~ 1 103) ( L(l , l , K) , C(l , L. , K J, C ( l 1 L , KJ , L(3,l , K J , C( 3 , L , K J, C(3 , ~ , K 

U , K=l , ~) 

lQj Fu~MAT (bEli.6 J 
kt:.AU L::i ,1 03) ((ALPrlA(l , KJ ,1==1,3 J ,K=1 , l\J 
KEAC (~ 7 luJ) (Tht:TA ( K J,K=l , N J 
lL.TAL = 0 . 0 
iJl.J <'.'.UK == 1. 1 1\ 
CIL,l,KJ = C(1. , L , KJ 
C(l,~ , K) = ~ ( ~ , l , K J 

Cll , 3 , K} = L(3 , i , Kl 
L0 lUTAL = TCTA L + H( KJ 

L(lJ == - TUTAL I l . O 
111.1"\ = I\ + 1. 

Uu JO K == '° ' MM 
r<.M = K - l 

30 L(KJ = L(K1V.) + H(K 1) 

lr (J .E~. ~J 1.>U TG 40 
lf (J . t1.1. J j l)L TlJ oU 
wkiTE (b , lC4l ~M , ~ , I\ 

lU~ FukM AT (1Hl , ~/ A, ~hCRu ~ S- PL¥ , 4X , 3H1 = , f~ . ~ . l/hALL LAYtKS 11\TACT/~OA 
i , 12,1x,12HLAYEkS (N = . 1~ , ln i) 

Gu TU 7\J 
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40 !I- (Li\L . t:(,, . ll GL 1U ~C 
n K 1 T t. ( 0 ' l L) 5 J l H r A ' i~ ' I'; I 

l. U .'.J I- u K 1"\ A 1 ( .l.t-H , .:d X , Y h A i~ G Lt - P LY , 't J\ , o HT H ET A = , f ~ • L , l X , i HU i: v f< E: t: S , 4 X , 17 H 
lALL L AY[RS 1NTAC f/ :::>2/\ , U,1X , 12HL AYl::t\S U'4 = d.£'. r lH )) ' I . 

Gu TL HJ 
~0 nt\llt (t , l0bJ THTA , ~ , ~ 

100 1-UkMAf (1Hl , jjX , 9HANGLi-PLY r 4X r HHfH~TA = r l-~ . 2 r lX r lrlUE~Ri:ES r 4X r l9h 
lALL LAYi:KS UtGKAUtU / 5LA t lL r lX 1lLHLAYi:kS (N = , I2 r lH )J 

Gu T 0 7 u 
bU ~KllE (c,lG7) ~tN 

lu/ 1-U~MAT (lHlr4iX r lbMGtNi:RAL LAMlNATi: , 4X r 17rlALL LAYtKS 1NTACT / 50A1 12 
1 , iX,12HLAYEHS (~ = , 12 , lH )) 

I 0 .~ K l T t ( t; , 1 0 i.i l 
108 1-l.Ji\MAT (1rlU // 2 r., '.JHLAYEK , 2.l. , 9rlTHll.i\.Nt:~:::i , 2. Ar l"tHCUUkUJ.l~ATES Lr / ::iXdhN . 

!U. , JX , ~Hl.JI- LAYtKS , l~ , l"triLAYl::k S~kFACES , l~X , luHLUtFS . ~I- STlFl-NtSS 
Hi AT f\ ! A , 14 I\ , 2 1 h (, u t I- ::, • U F T rl I: k 1"1 AL t X PAN S L UN I 9 ;< , UH ( l 1\j (,Hi: S ) , 6" , b 11 ( 1 i~ (, H 
l t ::; l , 2. 2. ;<. , l. 7 H l l. 0 t- b L o • I U-i • S 1.i • ) , 2 2. X , 2 l H ( l 0- 6 11'1 • I i N • I u I:. G • F • ) I I 4 X , 1 MK , 

loX,4HH{KJ , 5X , 411L(K) r 4X , orlL ( K+ll d A 7 orl l..lL 7 U ,j X, 6HC (l, .(.'.) ,JJ<. , oHC.(..:'. ,. .:'. 
11 , .:)A , trl1... ( 6 , l.) , ..:)X , bHL ( o , 2} , .:i f..r bHC { b , o ) r 2X , tit1ALPHA ! 11 r 1X r 8HA L PHA(2 ), 
llXrbHALPHA(o J// ) 

ULl J 5 K = l. , N 
Kt> = I\ + l 

I .'.J N Kl ft ( b, l U '1 ) f\ r Ii l K l , L { Kl , L ( I'- P ) r C ( 1 , l. 1 K) , C ( 1 r L r K) '(.. ( (!. t i , K j , C ( j , · l , K 
l l , C ( ..J , L , K ) , C ( ..:> , .:; , .K J , AL t> HA ( l , K ) , AL t> ti J.\ ( 2 , K ) , AL iJ HA ( J , K ) 

l.U~ fURMAT l.:iA , lL ,J X , f9 . 4 r F9 . 4 r l-~ . 4 ,-oPf9 .4, -b P F9 . 4 , -~PF9 . 4 ,- 6PF9 .4,-6 

80 

l~F9 . 4 ,- 6PF~ . 4 , 6Pf~ . 4 , bP~~ . 4 , 6PF~ . 4 ) . 
Ou BOK= 1 , N 
Ki-' = K + 1 
hS(KJ = (l(K t' ) 
11C(r<- ) = ( L(KP) 

L) lJ l. (j c I = 1 f 3 I 

l.JO l. u l) J = 1, 3 
A(i,Jl = (j. c 
b(l,J) = o.o 
G(l,J) = 0 . 0 
KK=l 

** ..:'.) 

** 3) 

UL t;L t<=l r ~ 

if(K~ . t~ . u) GC Tu ~o 

Kt'=(K+.i.) / 2 
l"\K=U 

\.Jl.J TG 91 

- ( z 'I( j "'* LI 
- i L ( K l *1' j ) 

9U KP=N-(K-i )/ L 

91 

92 

100 

KK=l 
A(l,JJ =A( l , J ) +(~(l , J 1 KP)*H(Kt>)) 

u(l,JJ = tJ(l , J)+ l Cl1 , J , KP ) ¥HC(KP)J 
1f(Jb . E\,; . 1 l Gl TL.i 92 
J(l , J) = u(1 , JJ ..- ( C ( I, J, KP ) *HS(KP#) 
cui·d 11\U i: 
u( .I. ,J) = cl(! , Jj I ..:'. . Ll 
t)(l,Jl = U(l, J j I .:i.O 
Cl.J1'j TI l\U E 
L = (J 

uu 200 I = 1 -~ ' _, 



UU .::'.UC J = 1,3 
iU() Al\j(l,JJ = A(!,J) 
Llu UU .:::'..:::'.G l = l,J 

Uu 2t:U J = 4,o 
t.:LO Hi\;(1 ,J) = o.o 

uu L.:H) l = 1,3 
J = l + j 

L'.30 AN( I ,J) = i.G 
l~ {L . ~~. lJ LIL TU ~7G 

C~LL MATS (A~1~1J131~AT~kR} 
l~ ( MATtkKJ i40 124U 1235 

L..)5 nKITE (o,110) ((A(1,JJ,l=l,j),J=.L13l 
110 fURMAT (1HU1.:::'.UHMAlKlA A IS SlNGULAR//(J(-6PFH.4JJJ 

1..>l.J Tli lU 
240 CALL MATMPY {X,U 1 dST AR , 3 ,3,3J 

Ul.J 2'.:IC l = !1j 

Gu 2 so J = l rJ 
AST /~K l l 1 J ) = fl { 1 , JI 

2~0 0ST1-1R{l,JJ = - dSTAkll ,Jl 
L~Ll ~AfMPY (~,~ 7 hSTAR,J 1 j,3J 
LALL ~ATMPY (h~T AR , u,uSIAR,3 1 3 13) 

LALL ~AlSUT lC 1 USTAK,3,3J 
Uu £'.bC 1 = 113 
UU luU J = l,J 

260 A~ll,J) = USTAK ( l,J) 
L = 1 
Liu Tu L..lU 

LlU ~ALL MATS (AN,OPkl,~.~,MAT~kK) 

lf (MATEKRJ 2~u , 2~0,2uu 

LbU r.t\lTE (6,l.llJ {(USfAk{l,JJ,I=l,::ij,J=l,:,jJ 
l.Ll fLk MAT {lHU 1 24rlMATRlX OSfAK IS S1NGUlAK//(3(-oPFb.4)J J 

LIO TG lL 
L90 CALL ~ATMPY (eSTAR,uPkl,dPRl,3,3,J) 

LALL MATMPY (dPRl,HS1AR,APkit3t31jJ 
~All MAlSQT lAS TAk ,APKl,J,..)) 
uu j(.)C l = l,j 
Uu jQlJ K - 1,r~ 

SuM(i,K) = C.C 
uu .:;uc J = l,.J 

.:iU(J ~UM(l,K) = '.>UM(! ,K) + (C(l 1 J,Kj * ALPHA(J~Kl~ 
Uli .. u ' .. C l = l,J 
r~J1"1<1l = u . u 
'IAUGlJ.) "° 0 .0 
UU .:HG K = 111\; ' 
T~UM{l) = TSUMlil + lSuM(I,Kl * H{KjJ 

jlU TAUU (l) = TAUU{i) + lSU M(l ,K) * HS(r..)) 
k 1\j l ( l l = T ~Li M ( I J 

320 KMT(ll = TAlJD(l) I 2 .0 
lr (LPP . t~ . L) ~c TU ~70 

u lJ jj(J K = l , I\ 
UL JJC 1 = 1,3 
Cl"U ( 1 ,1U = c. c 
CNT(l,Kl = o.o 

:· :. 

' I 

I 

. I 

I. 

i . 
I 

, ,·· 



L-1\T R ( lrK) = U.O 
I.JG ..JJC ..i = l d 
L I'll l.J ( l , K j = CN L { i , K J + ( C ( I , J , K J * . AST Ak ( ..i , 1 l J 
L,~T(l,K) = L,~l(l,K) + (Cll,0,Kl * ASTAk(J,~)) 

jJU LNTk(lri'd = U'llkli.,Kj + (C(l,J,KJ * ASTAk(J,j)J 
DG 340 l = lr..:.> 

~ASK( 11 = 0.G 
L!l.J J4u J = 1,3 

j40 SAS1UlJ = SASKil) + lASTJiR(I,JI >'I- RNT(J)J 
Lu ..J6C K = l,I\ 
Ul; JbU I= 1,3 
i....T(l,KJ = 0.0 
uu j'.)Q J = l,.'.i 

3~0 Cll l,K) = Ll (i,KJ + (C(l,J,KJ *SASK(JJJ 
Jou L,1(1,Kl = Ll(l,K) - SUM(l,Kj 

Gli TC 4.iO 
~70 I.Ju J7S K = 1,1\ 

Uu ":>l':J I = 1,3 
uG j/S LK = lrL 
Pl h1U(l ,K 1 L K) = 0 .0 
P(,Nf(l,KrLKJ = 0.0 
t' (, 1\1 l td I , i\ , U\.) = 0 • 0 
PCl"lu( l,K,LkJ = u.O 
PCMTl1 1 K,L~J = O.O 

'j75 PCMTRll ,Kilkl = 0.0 
UL JoC K = 1,1\ 
Ou ..:.> d C I = l ,3 
Uu J8C J = 1,3 
OL.i 38C Lk = l,~ 
KP = K 
1F (lk .c~. 2) KP = KP + l 

.153 
. I 

' . 
I 

. ' 
I 

PU .. u(l,K,Lt'l.l = t'C.NOLl,K,Ud + (C(i,J,K) * (·APtU(J,lJ -t (L{KP) * bP 
lK l \ J, 1) ) ) j 

t' L 1-J 1 ( 1 , r-. , L k j = P (,I\ f ( 1 , K , L k J + l L { l , J , K l * ( AP k l ( J , 2.. I -+ ( l (KP J >i< ti P 
HU(J,LJlJl 

I" L 1'4 T K l I , J , L K J = P C 1'1 T k ( l , K , L K J + ( C ( l , J , K l * ( At' k I ( J , 3 I + ( Z ( K P ) * 
ltlPKl (J,3)))) 

PL HLJ(1 1 K,Lk) = P(.f',LJ(l,K,LRJ + lC(1,J,KJ * lt3Pkl(J,1J ·+ (L(KPJ *OP 
Hl.l(J,1.#))) 
PL-Ml(l,K,LK) = P~1"1T(l,K 1L k) + ((,(1,J,K) * U3PRl(J,2j + U tKP J *OP 

11~ i (Jr L) J ) j 

jbO ~(M1Kll 1 J,LKJ = PCMTR(I,K,LK) + (C(!,J,KJ * (tiPki(J,jJ + (l,KP) * 
I 

lLJPk l ( J? 3))) l 
1"\M = f'\ + l 
ULJ :)~U K = l,~M 

Uu .J9C l = 1,j 
U S i.J M ( ! , K )

0 = U • 0 
uu j<JC J = l,..J 

j "J 0 U ~ U i'\ ( I , K ) = U S Li M l I , K ) + ( ( A P k l ( i , J l + ( l ( K J * B P K l ( l , J ) ) J * , K NT ( .J ) 
lJ + ( (tiPRi{1,J1 + (l(Kj * DPKl{l,JJJj * kMT4J~J 
uu 4.l..v K = .i..vl\ 
UU 41 G l = l, 3 
C5UM(l ,K,l) = U.u 



l-SG M (l , ~ , l l = U. U 
uu <t0U j = l , j 
C.:::.LJ M( I , K, U = L-S1..M l1, K d) + (C(l ,J, K) * USUM (J, K )) 
KP = K + 1 

1$4 

4 0 0 1..S UM ( I , K, L ) = CSU h ( I , K , 2. J + (l..( I , J , K J "' .DSUM LJ, KPj} 
Pl-T( I , K, l ) = ~ SLM (l, ~ ,11 - Suk ( l , ~ ) 

't10 PCT( l, K , ~) = C~~M l l , K , 2) - S LJ M( l , Kl 
<t LO ~.kI f t: (btll. L ) 
LlL f ukM Al (l.rl0 / / // lcX , 1HA , j9t\ , LrlA* , J~X , JhA PK1Mt / l 4 X , ~H (L H ./I N .)r J2X , 

.i. '1 rl ( i i\i .1 L b • 1 , j c A , Y h 1 1 •'4 • / L u • , / 1 1 
fiK lTc (u,ll~J ( A( I , l J, A(l , L ), A( l , J lr ASTAk ( ! , 1 J, ASlAk(l , 2 J,AS TAR (l, 

i :.> J , /j, iJ f~ l ( l , 1 l , AP I< l ( l , L ) , AP I< I. ( l , 3 j , l = l , j ) 

11 j r U 1U"1 AT ( 1 A ,J t: l L • 't , <t ;( , .; t L :'. • 1i , 't Ar 3 t: i L • 4 ) 
1•k l f t ( bt 1 1 '1) 

" l 14 t lJ K i11l. ~ l ( .1.. I 1 U I I l b I" l. H l:h j 11 t\ , 2 H d * , :, ) ,-.. fl ti IJ Pk. l MI: I il1 ,-.. , :> h ( l o • ) ,J !> X , ~ h l l N • 

li~ 

llo 

.i.. l 7 

iHl 

11 "i 

lLU 

U ,34.i< ,/ h(i / U l .U/l ; 
v.. f ~ l l l ( u , 11 '.J ) ( o ( I. , l l , u ( l , L J , 11 ( I , J I , b ST AR ( l , l j , t3 ST AR ( l , L:'. ) , BS T AK ' I , 

lJJ , e PKI ( i , 1 ), d~k l(l, 2 J, b P kl llr 3 J, 1= l, ~ } ' 
rUk MAT ( l X , J l: lL . 4 r 4 A, ~E l2.4, 4X ,j Ei L.4) 

wklT E ( 6 ,llcl 
r~kMAT ( lHu // bA r LlhCuEF . Gf T hE~MAL · FGKCE,id X, 2HH* , 2d X, 23HCGtF . uF 

L T rltR ~A l M OMENT /i~A,1 5H ( L~ ./l N . U t: G . f .), L~X , ~ H ( l N .i, 32X r lLh (L ~ ./ DtG 

l.f . J //) 
~klT~ {6 ,l l 7J (l, RN T(lJ, HS TA k (l, l j,H SlAK(1, 2J , HSTAKi l, J J,l, kMT ( l ), 

J.l=l,3j 
~ Li k M AT ( ll A, lHl\ ,l l , JH-T , E 1 L .41 l~ X, JE12 . 4 ,14X ,ihM , 1l , jH- T , El2 . 4 ) 
v.. k lTI: ( 6,lll::J 
FUKM AT ( lHU // ltiX , lHU , JiA , lHO* , J~X ,/ HG P k l Ml: / l5X , U H(L ~ .l N .J, 32X , EH l 

l l t3 . H• el r..)lX,lCrl ( l / lb . lf\ . UI j 
,,, k l T L ( <.; , 111.J J ( 0 ( I , l ' , U ( l , L J , fJ ( l , 3 J , lJ ST AK ( I , l J , U:) T"A ~ ( l , 2. ) , [JS TAR ( l , 

l J ) rUPkI(l 1 l J, GP RI \ I,LJ , LlPK l (l , J J, 1= 1, 3J 
~Uk M AT ( l;( , Jt i L . 4 , 4X , 5clL . 4 , 4X , 5 t l L . 4J 
lf ( LPP . t~ . l) ~L TU 4~0 
v.fdl l: ( b ,i iO J 
fUKM /\T Uriu /// .-\,iHL , o A, 611ST Rt:S S, JX , llHCuti-= . uf IH , ~..< , llH 1.. Ltf . ui= , 
lL,LA,llH~ Lt~ . UF N6 , LX r 1iHLG~~. Uf Ml r LA, l i HCLEf . Uf ML , 2X rl l.H 1.. G ~~ 
l . u f M6 ,LX , l.4HC Gc f . Uf TEMP ./ ~~ . ~H (l N .J, 4 X, 9HCU M P ON ENT ,4X,7H( l / lN . 

U , b A, 7 H ( i I l N . ) , 6 X, 1 H ( l / Ii"-i . l , ' t /.. r l 0 H ( 1 / IN .S Q. J , 3 X, l OH ( l /I N. Slal '• J ,::> .\ , l 
lJh ( l / I~ . S~ .J, JJ< , ijH (L ~ ./ 11\ . S~ ./ F .J//) 

UU 4.jC K = l r l\ 
Kl-' = K + 1 
Y• K l f I: ( C 1 i L l ) K 
~lJKMAT ( SU A, 9h-- LAYtk r 12 r 3 H --//) 
~k l.Tl: ( o ,l LL J L ( K), ( r> L NG (1,~,llt P~N Tl l r K ,lJ, P ~ N T K (l, K r l lt PCMu (l, K , 

1 l j , P ~ M T l 1 , K , l J r P C 1-1 T K ( l t K , l ) , r> l- T ( l , K , l j , 1 = i , _j J t L l K P J , ( P C ~ lJ l l , K , L J , P 
l C NT ( I , K , L l , PC NTK ( l , K , 2 .J , PCM G ( I , K , 2 ) , PCM T I l , I\ , 2 } , P ~M T K ( l , K , 2 ) '·Pl.. T (. 1 
L ,~,LJ ,l =l , 3 J 

l ~~ ~WkMA T ( J~ , F d . ~ , 4X ,7 HS I GMA 1, 4x , ~d .~, 5fL3 . 4 1 ~ At fS .4/ ~lx , ,H~ t4 X , fd . 
14 , ? F 13 . <t r oX , Fd .4/ 2 1X,1H o ,4X, F8 .4, ~~l j.4,o X , fd . 4 /J I 

I 

4 Jv ~ u 1\JT U\Ut: 1 , 

44 0 l-ALL PAkThL I 

1,;,lJ Tu 4 7 0 I I 

4~ 0 ~ k lTC: ( 6 ,1 L3 1 
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12J l-GkMAT (lHU//Jlx , tH~TktS~ , 3 A , 11 HCU~ F . UF Nl , LX r llHCGtl- . Ul- NL rLX r l 
l.l.Hl.. LJtf . uf l'H.1,2.X,14HC.ut:f . ul- Tl::Hr> . /L9X , ':IHCuMPLNl:NT , 4X , 7rl(l / 1N . ) , 6X 
L , l 11 ( !. I I I'll • J , u " , "/ H l l I l i'l • J , 4 'A , l ~ H ( L 1j • I 1 N • S CJ • I f- • ) I I ) 

00 4u0 I\-= 1 , 1\ 
nldlL ( u , l<::4 J I\ 

iL4 fUKMA l (55x , 9h-- LAYl:K , 12. , J H --/ / ) 
1~ K 1 T t ( b , 12. S ) ( C 1-.J G ( l , K ) , C I\ T l l , K ) , L l'i T K ( l , K ) , CT ( 1 , K ) , I= l , J ) 

1L5 ~URMAT (jUX , 7h~ .1GMA L r 4X , f6 . 4 r L~L3 . 4 r bX r l-d .4/ 3bX r lH2 1 4X , f8 . 4 , 2.fl~ . 

l4roX , f-<l . 4 / 3oX , 1H6 , 4A r f8 . 4,2f13 . 4 , 6X , f8 . 4/} 
4 o 0 (.,Li I" l l I\ LH. 

Gu TU 440 
4 I 0 \., L.. I\ T i I\ u t: 

SlCP 
ti\ LJ 

I ' 



SUtiRUufl~t MAlS lA,x,N,M,MATt:RK) 
UlME~SlL~ AlJ,b),X(3,~J 

1"1AftKK = U 
1-11": = I\ + M 
uu 50 I = LtN 

u = l - l 
LlL :>O J = lt.1.l 
lf lA(l,J) .t~. 0.01 ~u TL ~u 

If ((AbS(A(J,J)) - Ad5(A(!,J)Jj .LT. o.O) GO Tu lG 
k. = A(.1.,J) I A(J,J) 
uU llJ jU 

lU K = A(J,J} I A(l,J} 
Uu L 0 K = l , MM 
0 = JJ(J,1<.) 
A(J,Kl = A(l,K) 

~U P(l,K) =ti 
JO JJ = J + l 

UL 40 K = JJ,MM 
40 Ali 7 K) = A(.i,KJ - (k *A(J,J'dJ 
50 LLNTll\ut 

If ((A8S(A(l\,l\J) - l.OE-10) .Gl. u.OJ GU TU 70 
ou wRlTE (t,lClJ NrN 
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101 fGKMAT (2.ohC ~LtMtNT(,l2rlH,,lltiH)r3bH VERY SMALL 
l. CASE UELtTt:D dY MATS ) 

MATt:kk = l 
GG TG .1..CO 

10 1.rn ~o J = 1,M 
KK = I\ + J 
A(N,JJ = A(l\,K.KJ I A(N,NJ 
UL 'iO I = 2,N 
JJ = f\ - 1 + l 
~ = u.o 
li=l\-1+2. 
i.Ju dU K = ll,N 

bu ci = b + lA(JJ,K) * XlKrJJ) 
H- (lAuS(A(JJ,JJ)) - l.Ul::-lU) .Lt. o.O) \,u TU oO 

9U X(JJ,JJ = (A(JJ,KK) - ciJ I AlJJ,JJJ 
lUU Kt:TuKI\ 

l::NU 



''· 

~Ub R uuT l ~E MATMPY (A , ~ , C , L , M , N J 
UlMt~Sl L N A( 3 , J ), t ( 3 , 3 J, L (J , 3 J 
U;..; LU I = 1 , L 
lJU LO J = l , N 
SuM = O. G 
Uu J.0 LL = l, M 

10 SU M = SUM + ( A(l ,ll) * B(L L,JJl 
LO L l ! , J j = SUM 

f..t:TUR~ 

tND 
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SubKuuTlNE MATS~T ( A, ti ,M, NJ 
UlMi:i~S1LN 1-1 ( j , J J,,b( :;, ,3; 
l)u 10 l = l,M 
UU tO J = 1,N 
c = £.J(l ,J} 

10 tHl,Jl = A(l,Jl C 
Kt:TuRt-, 
ENO 
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i. 
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SLtikULfl~E PAKT~L . 
LUMMU~ TriElA(L~),~,TM(J,~),LPP,LLtPCNL(J,25,Lj,Kb(~,l5,2),P~NTlj,2 
i~rL),PCNTk(~,2~t~l,PCMU(3,LS,2),PCMT(J,25r21tP~MTK(J,~~,~J,kC(3,2j 

1,~!,PCTt~,LJt21,KS(3,J),k0(~,3},XA(L51tSl25),XP{25),YA(25),YP(i5lt 

lL~5(~J,CVP(4),CT~l4lr~M,~Lil(~,25,~l,T(25),5lbMAl2),SlGMY(i)tl~UAU' 

14t25,2),PKu(j,25),CNU(3,~)),CNTRl3,l5~,cNT(~,25),PKC(3,25),CT(J,L~ 

iltllTLt(lU) ,JK,l(30) . 1 

lU KtAU &~,101) KwK,LL,J~,NM 

101 fUKMAT (Jiltl2) 
C ~UK = U iMPLlt~ SLGkULTI~E 15 TU CGNTlNUt RtAOlNb 
C K~K = l !~PLIES K~TUKN Tu THE MAI~ PKGGKAM 
L LL IMPLIES CASi U~UEk CGNSlDE~ATICN 
C FUk PLATE 
L LL = 1 lMPLlES ~l ~CT 
C LL = i lMPL!~S ~L NCT 
C LL = J IMPLIES ~b NCT 
C LL = 4 lMPLlES Ml NCT 
C LL = 5 iMPLltS M2 NLT 
L LL = 6 IMPLIES Mb NLT 
C FUK CYLINUtk 

E~UAL 

EWUAL 
tWUAL 
t~uAL 

tWUAL 
t~UAL 

Tu O.O 
Tu O.O 
TG O.O 
TG O.O 
TO U.O 
TU O.O 

c LL = l IMPLIES ~1 NCf EUUAL TU a.o 
C LL = 2 lMPllES ~o NLT t~UAL TL 0.0 
C LL = 3 IMPLIES ~~1 = Ni 
C JK = l 1M~LIE5 CASES ~l Gk Ml 
C JK = i IMPLIES CASES ~2 Uk M' 
C JK = b IMPLIES CASES ~c U~ Mb 
c NM = NU. (f l~Puf VALUlS Ur TtMPtRATURE 
C MAXIMUM VALUt Gf NM = 50 

if (K~K .t~. lJ GL TO ~70 
ktAU (j,102) (l(K),K=l,~M} 

102 FCKMAT {of12.6} 
KtALl {j,lQJ} (XA(K},K=l,~} 

10~ fGRMAT (bE12.tJ 
ktAU (5,10~} (YA(KJ,K=l,NI 
KtAU (5,lCJ) {XP(K) tK=l,Ni 
ktAU (~ 7 l0~J (YP(K),K=l,N) 
ktAU l5 1 10J) (S(KJ,K=l,~j 

KtAU(5 1 104) Tille 
104 fGKMAT llOAol 

20 ~klTt (~,1C5) . 
105 ruKMAT (lH1,lX,1HL,3A,i2HAAIAl TtN51Lt STRtN~TH,LX,2bHAXlAL CGMPkE 

1551VE STKENGTH,3X,27HTKANSVtRSE llNSlLE 5TREN~TH,2X,3lHTKANSVtKSt 
1CuMPKtSStv~ SfktNGTh/lX,4H(lN),YA,5H(PSI),i2X,5H(P5lJt23X15H(PSIJ, 
l'oX,~h(PSl}//J . 

UL 3C K = l,N 
~klTt (6,lU~l l(KJ,XAlKJ,APlKJ,¥A(KJ,YP(KJ 

100 fUKMAT (f8.4,3X,Elj.6,llX,tl3ebtloXtEl3.b,ltiXtE13.6} 
JU CLNflhUl 

~klTt (6 1 107) lS(KJ,K=l,NJ 
107 FUKMAT (1HGt5iX,l4HSHtAR SiktNGTH/57X,jrl(PSlj//(~~Xrtlleb~J: 

~k1Tt (~,l~d) llfLt 
lOti fUKMAT (1Hlt~7A,/h~A~E 

TtMP = -l.CE-7~ 
tlOAbj 



Uu 56C K = 1,1\ 
KM= lUS(lhET~(KJ ) 

KN= Sll\ (1 HtTA(K l l 
TM(l,l) = KM * RM 
TM(l,;n - l<i\ *Kl\ 
kPMN = K.M * l< N 
TM(l , 3 ) = 2 . 0 * KPMN 
TM(L ,U = TM(l,Ll 
TM(2,2) = TM(l,lJ 
1M(2,3) = - T~ (l, 3) 

TM ( .:l , l ) = - K PM t'< 
T f"t( .3 , 2) = l{PM I\ 

. fM(~r3l = TM{l,ll TMllrll 
rtKlTt (6,llU} K 

11 0 fUkMAT (lhl,5JX, 9H-- LAYEK ,12r3H --Ii 
UU 55 C J = .1.,2 
11- (LP P .El.,;. u (.,L TU ;;oc 
~ L T~ (~0,7C,90,ll0rl30t250),LL 

50 Ou 60 l = l,~ 
bO kt (l,K,Jl = PCNOlI,K,J .j 

GL TU 270 
70 OU 80 l = l,J 
t; U i{ b ( I , K , J ) = P C N T ( l , K , J ) 

Gu TO L7U 
I.Ju OU 100 l = l, J 

lO U Ki:Hl , K,J) = iJCNTK(f,K,J} 
GO TO L70 

21U UU 220 l = 1, 3 
LlU kti(l,K,J} = PCMG(I ,K,J) 

·Gu TU 210 
~30 UU 24C I = 1,3 
2<+0 Ko ( l ,K,J) = PCMT (l,K,J) 

Gu TU 270 
L50 DO 2bC l = 1,3 
2o0 Ko(l,K,J) = PCMTR(l , K, Ji 
2 10 OU 280 l = 1,3 
280 k.C L!,K,Jl = PCT(l,K ,J J 

uu zgc 1 == 11j 

KS(l,ll = l<tHl ,K,Jl 
2 9 U l<. $ ( l. , 2. ) == R C ( ! , K , J ) 

GL TO ' t CO 
.:.iOO lf (J .t~. 2) GC TU 550 

GU TU ( 31 0 ,3 J 0, j 5 C} , l l 
..:.lU LlLJ .3LC I - ld 
.3LO PKo (l, 10 = CNC(l,Kl 

L>Ll TlJ J70 
~JU Uu J40 l = 1,3 
~40 Pkti (l,K) == CNTR(l,Ki 

GlJ TU 3 /0 
3~u UU 3bC l = l,~ 
j(,() Pkl3(I 1 K) = (0 • .? * ~NU(l,K)~ + CNT(l,Ki 
~JO LllJ JbO l = 113 
3o0 PKC(l ,K) = CT(l ,Kl 
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39U 
~uu 

ULI j<J c 1 = 
KS(I,i) = 
KS( l ,2) = 

l,J 
PRll(l,K) 
1-'RL(l,KJ 

161 
-

. I 

I 
I 
I 
I. 
1. 
i 

LALL MATMPY (lM,RS,RU,Jr3r2J I 

Sl = RU(l,lJ ** 2 I 

S.c: = kU (l d) * RU'l.2, l) 
::d = kU(L,l) ** 2 
54 = RLJ ( .3 ,J..) ** 2 
SS = ~ . o * kU(l ,l) * RC(l ,2J 
.J6 = (KO(l,L.) * KU(L'.,U l + (RD(l,LJ * RU(2,2)) 
S7 = 2.c * RU(L,1 J * K0 (2,2J 
Sb = 2.0 * KU(J,1) * k0(3v2} 
s \j = kU ( l , L ) ** L 
::i lu = KU(1,2J * KU(2v21 
SlJ.. = KC(~,LJ ** L. 
SlL = ~G(~ ,21 ** L 
RJ.. = XA(K) I YA(KJ 
kL = XP(K) I YA(KJ 
k 3 = XP(Kl I YP(K) 
k4 = XA(KJ I YP(K) 
SW = S( KJ ** 2 
YAS = YA(KJ ** t. 
XAS = AA(K) ** L 
YPS = YP(Kl ** L 
XPS -= ,<P(K) ** L 
XY = XJ.\(K) * YA(K) 
XPYP = XP(KJ * YP(K~ 
XYP = AA(K) * YrlKJ 
XPY = XP(K) * YA(Kl 
CVS(ll = (.Jl I 1'A::d - ( SL 
CVSld = (Sl I XPSJ - (SL 
LVS(.3) = (Sl I 11PSl - (S2 
CV5(4J = (S1 I XAS) lSL 
LVP(U = (S5 I XASJ - (So 
L.vP(2J = (SS I XPS) - (S6 
CVPlJj = (s;, I ,"\PS) - lSo 
CVP(4) = (S5 I XASJ - {So 
CT S ( l ) = ( S <1 I XA S ) - ( S l 0 

,CTS(L) = (SS I .XPSJ - (SUJ 

u 

I l!U * XYll + (SJ I YASl + ( 54 J SI.;) 
I (k2 * XPY)J + (Sj I YASl + (54 I SW) 
I (k'.j * APr'Pj) + (53 I YPSl + (54 I SQ } 
I \k4 * XYfJ)} + lSJ I YPS) + (54 I SI.I) 
I (kl * XY)) + (57 I 'rA5l + (58 I S~> 

I (kL * XPY)) + ' (S/ I YASl +(Sci I S\J) 
I (K3 * XPVP)) -t (S7 I YPS~ + - (58 I Sloil 
I (k4 * XYP)) + lS7 I YPS) + (Sti I SWj 

I (kl* XYJJ + ($11 I YAS) + (Slil I Sl.J) 
I lKL· * XPY) i + (SU I YASl + (

1
5,.t..;:: I SI.I 

CTS(.3) = <S<:i I XPS) - (SlO I (K_j * XPYP)) + (Sll I YPS) + (512 I S 
HJ) 

LTS(4) = {S<j I XAS! - (510 I {k4 * XYPll + (SU I YPS) + (512 ./ SQ 
u 

UU 4 I u I = i 1 4 
OU 470 JL = 1,1\M 
UlSL = llCVPll) * 

1'-'* L'.) - 1.u1l 

' I 

f(JL)J ** LJ - (4.U * l..VS(U * (CTS(l) * (l(JU 

410 !F (OlSC .L T. U.0) GL TL 420 

420 

= t- (Cv'P(l) * flJL)J + SQ1H(O!SC)) I l~.U * LV!:dl)J 
= (- ((;VP(!}* l(JL) ) - S'iKT(DlSC)) / , (2.C * CVS(l)) 

Sul( I ,JL,J..) 
Sul(l,JL,2i 
GL TG 43U 
50LU ,JlrU = TEMP 

I 
I 

I 
I 
I , . 
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Sul(!,JL,2) ~ TEMP 
430 OG 4/C 1L = 1,~ 

SlvMXlllJ = (RD(i,l) * SliLU,JldlJ) + (kCl1,.2J * T(JUJ 
SlGMV{ll); lKGllrlJ * SCL( i,JL,ll)J + (KCl2r2l * T(JL)J 
if (SlvMX{1LJ .G E. O.O .A~U. SlGMY(lLJ .~t. O.OJ GU TC 440 
If (Slv MA(llJ .LT. O.O .ANU. SIGMY(lLJ .~T. O.UJ GU TO 4~0 

lf lSIG MA(ll) .Lf. o.o .ANU. SlbMY(lLJ .LT. o.oJ GO TU 460 
lWuflU(l,Jl,lLJ = 4 
GU TU 470 

440 1~UAU(l,JL,1L) = 1 
Gu TU 470 

4SO 

4o0 
470 

l.ll 

ll.iUAC(l,JLrlLJ = 2 
GU TU 4 ·1u 
ll.iuAUll,JL,llJ = 3 
CGNTif\UE 
l~(J . EQ • ..::'.) GU TG 4bC 
lf (L~P .t~. lJ GC TO 490 
~RITE (c,111J l(KJ 
~LlRMAT (4X,4HL = ,Fb.4J 
v G TLl 4SO 

· 4dO 1'.P = K + 1 
~klT~ {6,11 L) L(KPJ 

112 ~LKM~T (1Hl,~X,4Hl = ,fd.4) 
490 uu ~40 1 = lt4 

IF (LPP . l.:G. . l) GL TO 50u 
ff (LL .GT. 3J Gu TG '.:>10 

SOU ~Kl1t (6,lij) lrCVSllJ,JK,CVP(l),JK,CTS(IJ 

I 
I 
I . 
I 
I 

11~ fU~M AT (1HO,~~X, 9 h~UAOKANT rll/~2oX,tl3.b,2H*Nrll,4H**2 rtl~.6~LH* I . . 

lN,11,JH*T ,tl3.6,ljH*T**2 - ! = U//J I 

GU f (J 520 
510 nKlH: (b,ll4J lrC'VS(iJ,Ji<,CVPlU,JK,CTSlU 

I 
. I 

114 Fl.JkMAT (1H0w'.'.>4;q9hl..UAUKA1'H ,Il//Lo>.,tlJ .. 6,.2H*Mrllt4H**2 ,i::ld .6,LH* 
1M,Il,3H*T ,ElJ.o,13H*T**2 - l = O//j 

~zu ~ R 1Tt (0,115) 
115 FURMAT (~~r!lhT EMf~RAT UKE,1JX,lOHSOLUTlUN l,HX,8H~UAORANT,7~,10H50 

lLUTlON 218X,HH~UAOkANT/luXrdH(UEG. F)//) 
(JU '..i.:30 Jl = lrl\M 1 , 

~kiTE (6pll6i l(JlJrSGL(l,JL,1),lQUAU(l,JL,1),SuL(l,JL,2J,IUUAD(l, 
I . 

lJL,2J ~ 
~- . 

116 fU~MAf (l!XrF7.lrlJX,El3.6tlOXtilr9X,El3.6,lOX;ll) 
:>JO LUNTlNUE 
S40 Lui~TlNUE 
.:,:,o C.ONT!l\UE 
560 ClJNlll\UE 
570 KETURN 

tNU 

I .. 

I 
. : 

. ;. 
• ' • . 

·' 



APPENDIX C 

SOLUTION OF THE 

GOVERNING DIFFERENTIAL EQUATION OF DISPLACEMENT 

The general solution of cp(D)w = F(x) can be 

obtained by finding a particular solution, w~, of this 

equation and adding it to the complementary solution, 

which is the general solution of cl>(D)w = 0 (45). 

In operator notation, equation (5-J8) may be 

written 

(D 4 + k
1
Dl- + kz.)w = F(x) 

thus 

The complementary or reduced differential equation is 

therefore 

Letting w = e~kp the auxiliary equation 

( C-1) 1 

( C-2) · 

(C-3) 

( C-4) 

is obtained. If it is then assumed that this equation has 

roots of the form 
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m = ex + pi 

m = 0( - ~i 
( C-5) 

m = - <X + ~i 

m = - ex. - ~i 

equation (C-4 ) should be obta i nab le from 

m- (CX. + ~i)m- (cx-pi}m- (-lX+fi)m- (-0<-~i} =O 

• • • • ( C-6) 

Multiplication of the f a ctors in equation (C-6} yields. 

4- ( z. At.) ? ( 2. Piz..) m - 2 0( - f m- + o< + r = 0 { C-· 7) 

Then, the roots assumed in (C-5) c a n only be true roots of 

the auxiliary equation (C-4) if 

or, 

k, = -2(o<~- p"k> 
k = ( ()(L + pz_) 2. 

k z. I/I!.] 
2 

+ R· p., Then, since O<. - 1 L an.d -ex± 
1

-L are all roots of the 

auxiliary equation , e oc."t.(c,s·LVl~ X + Ct..cosp x ) and 

are both valid solutions. 

Therefore , the complete solution to the complementary 

(C-8) 

(C-9) 
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equation is 

and hence the general solution to the governing diffe~ential 

equation is 

or 

• • • • ( C-11) 



APPENDIX D 

PROGRAM FOR ANALYZING CYLINDRICAL STORAGE TANKS 

D.l DESCRIPTION OF PROGRAM 

The computer program, CYLTAN, i.e., Cylindrical 

Tank Analysis, enables a complete layer-by-layer stress 

analysis at any number of points in a vertical storage tank 

constructed of either isotropic or fibre-reinforced 

composite materials. It is based upon the theoretical 

analysis presented in Section 5 which assumes that the 

tank is rigidly constrained at its base. 

D.2 INPUT PARAMETER DEFINITIONS 

Parameter 

R 

DPTH 

RHO 

N 

H(K) 

C(I,J,K) 

ASTR12,ASTR22 

Definition 

is the tank radius (in.). 

is depth (in.) of the contained fluid. 

is the density (lb./cu.in.) of the 

contained fluid. 

is the number of layers within the 

laminate. 

is the thickness (in.) of the kth layer. 

is the elastic stiffness, Cy (psi), of 

the kth layer. 

are elements of the intermediate in-plane 
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Parameter 

ASTR26,BSTR11 

BSTR61,HSTR12 

DSrI'Rll 

THETA(K) 

XA(K) 

YA(K) 

XP(K) 

YP(K) 

S(K) 

Definition 

matrix A* ( in./lb.), the intermediate 

coupling ma trices B * (in.) and H -IE-- (in. ) , 

and the intermediate flexural matrix 

D * (lb.-in.). 

is the fibre orientation or lamination 

angle (degrees) of the kth layer. 

is the axial tensile strength (psi) of 

the kth layer. 

is the transverse tensile strength {psi) 

of the kth layer. 

is the axial compressive strength (psi) 

of the kth layer. 

is the transverse compressive strength 

(psi) of the kth layer. 

is the in-plane shear strength (psi) of 

the kth layer. 

D.J TYPICAL INPUT 

A data input deck for determining the inertial 

effects of the contained fuel on a gun-launched rocket 

motor case as it exits from the muzzle is provided below. 

The problem is deacribed in detail in Section 5.10. 

Parameter 

R 

DPTH 

Value 

3.41 

43.00 

Format 

( JF6. 0, I3) 
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Parameter 

RHO 

N 

H(l) 

H(2) 

C(l,1,1) 

C{l,2,1) 

C(2,2,1) 

c(3,3,1) 

C(l,1,2 

C(l,2,2) 

C(2,2,2) 

C(J,3,2) 

ASTR12 

ASTR22 

ASTR26 

BSTRll 

BSTR61 

.HSTR12 

DSTRll 

Value 

98.00 

2 

0.1625 

0.1625 

0.898540E+07 

0.432100E+06 

o.177080E+o7 

0. 66 OOOOE+06 

0.898540E+07 

0.432100E+D6 

0.177080E+07 

0.660000E+06 

-0.176800E-06 

0.582)00E-06 

-0.553500E-07 

-0.254JOOE-Ol 

-0.451800E-01 

0.162200E-02 

0.754700E-04 

Format 

(6Fl2.0) 

(4El2.6) 

{4El2.6) 

(4El2.6) 

(4El2.6) 



Parameter 

THETA(l) 

THETA(2) 

XA(l) 

XA(2) 

YA(l) 

YA(2) 

XP(l) 

XP(2) 

YP(l) 

YP(2} 

S(l) 

Value 

20.0 

33.0 

150000.0 

150000.0 

12000.0 

12000.0 

150000.0 

150000.0 

20000.0 

20000.0 

10000.0 

S(2) 10000.0 

D.4 TYPICAL OUTPUT 

Format 

(6Fl2.0) 

(6Fl2.0) 

(6Fl2.0} 

(6Fl2. 0) 

(6Fl2.0) 

(6Fl2.0) 

A typical output, corresponding to the foregoing 

input deck, is shown in the following pages. Included are 
. 
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complete stress analyses at the two main points of interest: 

the base and the point of maximum deflection. 
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D.$ PROGRAM LISTING 

A complete listing of the program CYLTAN, which is 

written in FORTRAN IV language, follows. 
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(, PKlJvkAM CYLTAN 
L 
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(, SlR~SS ANALYSIS UF A WlkTlCAL l.YLlNUR1CAL TA~K CU~TAlNIN~ Ll~UlU 
c 
L MATtKlAL LF ~CNSTHULTILN CAN B~ uRTHCTKUPI~ UK iSUTKUPlL 
c 
C THI: TANK IS AS~UMEL TC bE Rl~!ULY CLNSfKAINtL AT 1TS ~ASL 
(, 

c 

U 1 MEN 5 i L l'l H U !:> ) , C (3 , 3 , 2 ::> I , THE TA ( L 5 l , X A ( 2 5 j , '{A ( L 5) , X P ( 2 5 l , '( P ( 2 5 l , S ( 
liS) tLUO) ,w(4.HJ ,Obd43U rTM(J,3l 

C ll'lPUT 
c 

KtAU (~rlOl) H,OPTH,RHC,N 
101 f-URMAl (3Fo.O,l3) 

C K lS lHE TANK kAUlUS 
C UPTH IS lhl: uEPlH Lf THt TANK 
C KHU IS THI: lll:N~dlY Ur THI: CUNTAll'H:U LIIJU1L 
C N = I~ UM bi: k U f- LA Y I: k S 

~kllE (6,1U2) KrLlPrH,kHU 
102 f-UKMAT (lrll//23X,2::>HCYL1NUKICAL TA~K ANALYS!S///lOX,11HTANK KAUIUS 

l = rl-b.LtlX,6HlNCrll:S//lUX,l7HTANK htlbhT = ,Fb.~tlAtb~!NCritS 
l//lOX,l6Hf-LUIC LltNSlTY = ,F7.4rlX,lOHLd./l.U.lN.//j 

KlAO (S,lU~) (H(K)rK=l,~~ 

lUJ f-GKMAT (tifl~.C) 

kcAU (~r104) (L(l,l,K),Cll,L,K)vC(2,L,K),Ct~,3,K)rK=l,NI 

104 fUKMAT (4ElL.t) 
~tAD (5,104) A~T~l2,ASTK22,A5lK2o,bSlKll,bSfKtlrHSTRl~,u5Tk.l.l 

C A5rklLr ASTk22, ASlkLbt bSTRllr USTkblr HSTKlL ANU USTR11 ARE OtlTAlhED 
C fKUM Tht cLASTIC C~NSTA~f MATRIX ASSUClATEU ~iTH THt PAKllALLY 
C lNVtKTt~ FOHM UF THt: LAMlhATE CCNSTITUTIVE E~UATIUN 

wKilE (o,105) ASfKllrASTkl2,ASTK2bt~STklltbSTku1rHSTKlltU~TKll 
105 fLRMAT (lHO/lOX,llHA5TAkl2 = ,El2.4r2X,1HlN./Lti.//lOX,l1HASTAk22 

l = ,i:12.4,2X,7Hl~./Lti.//lUXtllHASTA~Lb = tEl2.4rlX,7HlN./LU.//10X 
i.,llHdSTAidl = rtl~ .. 4,LA,6H!1H .. Ht:S//H.lXtllHbSTAKtil = ,El2.41l~rt.>ril 
iNCHES//lUXrllhHSfAklL = ttl2.4,2X,6HINCHES//10XtllHUSTARll; = ,tl 
l~.4,ZX,thLti.l~.//) ; 
ktAC (5,103) lTHETAlK),K=lr~} 

C THETA(K) lNPUl VALUcS Akt IN UtbRttS 
Kt:AU l~tlUJ} (~A(K),K=lrN) 

Kt:AU ('.:>,1031 (YA(KJ ,K=l,l'd 
Rt:AU (5,103) (XP(K},K=l,~} 

RtAD (5,10~} l~PlKl,K=l,NJ 

ktAU (5,lOJ} lS(K},~=l,hJ 

C AA(K}, YA(K), XP(K}r YPlKJ~· SiK~ ARE ALLU~A~Lt PRINCIPLE SlKtSStS 
• TOTAL = O.O 

c 

c 

Uu l.O K = l ,!~ 
lU TuTAL = TulAL + H(~) 

L(lJ = - lTuTAL I 2.0J. 
MM = ~ + l 

UU LO K = 2, MM 



c 

c 

c 
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KM = K - l 
20 L(K, = l(KM) + H(KM) 

roRlH: (o,lUtd 
lOb fUKMAl (lHO///ZX,~HLA¥EK,~X,~hTH1CKNESS,LXrl4h~GUKUiNATtS Uf/jA,3H 

lNU.,jX,~rlUf LAYE~S.~A,14HLAtER SUKFA~E~,~A,llHuRltN1AllwN,7A,~bHCU 

ltfS. Gf SflffNtS~ MATRlX/~A,tlH(IN~HES)r6XtbH(lNCHES),7X,~~40EGkEES 
1),lJX,l7H(lC+6 Lo./S~.IN.J//4X,lhK,uX,4HH(K),bX,4HllK),4XtoHL(K+lj 
1,~A,8HTHtlA(K),5XrbHC(l,lJt4A,bHC(l,l),4Xr6Hll,lJ,4X,cHC(btbl//) 

UU .JU ~ = l,N 
KP = K + l 

~U ~kll~ (b,10/) K,H(K),llK),L(KP),THETA(K),C(l,lrK),LllrltKlrCl2,2,K 
U,C(j,3,K) 

101 fGK~AT (~XtlL,LXrf9.4,1Xtf~.4,f9.4,~X,F~.~.2x,-0Pflu.4,-6Pfl0.4,-6 
lPflO.~,-bPfl0.4) 

r•kll£: (o,lC8) 
lUb fOKMAT (1Hi///j4X,18HALLG~AULl STRESSL~//i3XrlHLrbX~5hAXJAlt7Xr~HA 

1XJAL,6XrlUHlKANSVtKSE,4XrlUHTKANSVEKSt,,X,~HSHtAK/19X,7HTtNblLE,3X 
ltllHCLMPKESSlVE,4X,7rlTENS1Lt,5XrllHCOMPkcSSlVc/11X,4HC!N),5X,5H(KS 
11),7X,~H(KSl)itiX,5H(~SiJ,9X,i~(KS1JtliX,5H(KSl)//) I 

UU 7C K = l,N 
Uu t.O J = lrL 
if (J .t(.I. U GlJ TO 40 
KP = K + l 
0u lu 50 

40 KP = K 
~o WklTE (o,10~) l(KP),XA(KJ,AP(K),YA(Ki,YPlK),S(~) 

J.U~ fuKMAT (8X,F8.4,2X,-3PF7.~,sx,-3Pf7.LtbXt-3PF7.2,1x,-3Pf7.L,bX,-3P 

1F7.2.J 
oO CUNTil\UE 
Ju (...U1H 11\iUE: · 

C ~OMPUTATILN PHASt 
c 

c 

o = u.a 
l = l 
U~N = (ASTRL2 * LSTRll) + ( HSTR12 ** ~) 
C.i. = (2.0 * HSTKi~) I (L;EI\ * ki 
CL= l.O I (Ul:N * lk ** 2JJ 
ALPHA~= - (Ll I 4.UJ + (Li.!:> * lC2 ** (l.O I 2.0H) 
btTAl = ALPHAL + lC.i. I 2.0) 
ALPHA = ALPhAL ** (l.U I ~.0) 
o~TA = tlLTA2 ** (1.0 I i.O) 
CJ= - lASrKL2 * kHO * (K ** 2J) 

7~ C4 = - lALPhA * U) 
C5 = ((ALPH~ * OPTH) - 1.0) I BE:TA 
l.o = ~ t TA * Ll 

.. 
, . 

W(l) = C~ * lUPTH - U - (EXPlC4) * ((CPTH * CGStC6)) + (CS* SiN(C 
J.ol1)iJ 

C w(l) lS THE: ~AGIAL OEfll:CllGN AT A DISTANCE: U FKUM THE bASE OF THE 
I c TANK I 
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C7 = (ALPHA2 - dl:TA~J - (ALPHA * (ALPHA2 + ulTA2)*UPThJ 
~d = - (L.u * ALPhA * bETA) + (bl:TA * (ALPhAL + blTA2J * OPTH) 
Ui~ll) = ((CJ * l:XP(L4)J I bl:lA) * ((L7 * 51N(Lbj) + (Cu* CUS(Cb) 

lJ) 
c u~~(!J IS Thi: LUHVAT0kl: LHaf\~1: !N THl x Ulki:CTJUN AT A UISTA~CI: u FKUM 
L THt bASI: UF lHI: TANK 
(, 

c 

~Kl Tl: (b,lllJ u,h(l),U~~(t) 
111 fUKMAT (lHU//U"L',HUi'.>IAi~LI: f-KUM tJA.)I: l.Jf lANK = ,t-u.2,~x,oHlNCHl:S/ 

l/uA,llt1KAU1AL Ul:f-Ll:CflL~tlUXrlH=tf-ll.b,LX,~Hl~LHl:S//b~tl~h~HA~GI: U 
H- L u K \I A T U K t: , o '" ..:> ti = , I: l J • u I '-JI. , l j H (), - U 1 k t: L l l U I~ j I I L X , ~ H l A r't K , L :> X , l .::>H 
lLAYEK 5TkAiN5,LUX,24HPKINClPAl lAYlK STKl:SSl:Sr4Xt1HfAllUKl/jX,3hNO 
1 • , LUX , 'i H ( PI: KL I: l'l 1 ) , ~ :i A , 11 H ( l U + J L tl • I.)"'. l N • ) , 7 J.. , d HC.. K 1 T l:f-1! A// 4 Ii. , ltll\, 5 
lAr4Hl:P5X,JX,~HlP5Y,~A,5HGAMXY,4Xr4HcPSlr~Xt4HtPSLt5X,~HGAMl2r6X 1 2H 
15lr9X,LH52,7X,JH512//) 1 

UU lSC K = lrf\ 
KTHl:TA = (~.14l~Y27 * THETA(Kl) I lbO.O 
RM = CUS(RThETAJ 
kN = 511\tRThtTAJ 
lMllrl} = kM * kM 
fM(l,2) = RN * kN 
TM(l,J} = KM * kN 
TM(L,U = TMlln::i 
.TMU,2) = T/v.(l,U 
TM(2,3) = - TM(l,JJ 
TM(J,1J = - (2.C * TM(lp3JA 
TM(3,2J = - TM(3,l) 
TM(3,3) = TM(l,lJ - TMllel) 
UL 140 J = 1,2 
If (J .l~. lJ GC TU 80 
KP = K -t l 
t,U TL 90 

tlO KP = K 
~0 tX = - ((A~TR12 I (A5Tk22 * KJ) ¥ ~(ll) - ((tlSTRll + ((A51RlL ~HS 

lTklL} I ASTK~2J + L(KP)J * UlW(l}J 
LY = - (~(ll I RJ 
1:.X¥ = - ((A!>TK~6 I (ASTK22 * k)J *'.,dllJ- tlBSTR61 + ((ASTR26 * H 
l~Tkll} I A5TK2LJJ * DL~(l)J 

C EXrl't ANU EXY Akt fHE LAYER STKAlN CUMPUNLNTS IN lHE STkULTUHE ~U
C ORUlNAfl SYSftM 

t:l = {TM(.l,lJ * tXJ + (1M(J..t21 * tYJ + (H>';(J.,J} * EXYJ 
t2 = (TMl2,1J * tX) + (TM(212J * tYJ + (TM(2,3J * tXYJ 
1:12 = (lM(Jrll * tXJ + (JM(J,2) * eYJ + (TM(3,JJ * EXYJ 
~l = (CllrlrKJ * EU + (C(lr2rl\J * t2J ' . 
52 = {Ctlr2rK) * tlJ + (Cl2r2rKJ * 1:2) 
Sil = C(3,J,KJ * El~ 

c Liti2 ANU ~12 AHE TH~ LAYtR SlKAlN ~UMPUNlNTS T~ANS~uRMtu Tu THE 
L PRlN~lPAL CU-ORDI~ATE SYSTtM uf THt MATtkIAL IN THE KTH LAYER 
c 
c s1,s2 ANU ~12 ARE lhE CUKRESPCNDl~G STRtSStS, 

•f (Sl .ut. 0.0) ~u TU lUO 
!>lAl = XP(Kj 
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u 4S 2 .GL. u.u) ljLJ IU uu 
~ L J\ l = Yl-'(K) 
lJU TU L:lO 
SLAL = YA(K) 
Sl 2 AL = S(K) 
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FL= ((Sl I SlAL) ** 2l - (('.:>LAL I SlAU * (Sl I SlALj * (Si I $2.A 
ll)l + ((Si I S~ALJ **LI• ((512 I Sl~All ** 2) 
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MODEL OF CONTINOUS FIBER COMPOSITE 

FIGURE 1.1 



H 12.0 
Cl) 
p.. 

'°<> 
)( 10.0 

~ 
...:I 
:::> 8.o 
Q 
0 
~ 

~ 
H 
Cl) 
0 
p.. 
~ 
0 
0 

...:I ex: 
0 
H 
8 
M 
0::: 
0 
M 

~ 

6.o 

4.0 

2.0 

o.o 
o.o 0.2 

Practical limit~I 

I 

0.4 o.6 o.8 
VOLUME FRACTION 

THEORETICAL VARIATION OF COMPOSITE MODULUS 

WITH VOLUME FRACTION OF FIBRES 

FIGURE 1.2 

Modulu3 of 
fibres 

! ......, ,,-Theoretical 
l...F ..... 1 imi t for 

round fibres 

1.0 

Modulus of 
matrix 

....... 
(l) 

+:-" 



185 

I II III IV I 
I 
I 
I 

Fibres I ,.. ~ 

U) 

U) Composite I Q) 

M 
.µ 

I Cl) 

I 
I 
I 

Matrix I 
I 

Strain 

TYPICAL COMPOSITE STRESS ~ STRAIN BEHAVIOUR 

FIGURE 1.3 



186 

MODEL OF DISCONTINUOUS FIBRE COMPOSITE 

FIGURE 1.4 
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NETTING ANALYSIS LOAD DIAGRAM (20) 

FIGURE 2.2 
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STRESSES ACTING ON A CUBIC ELEMENT 

FIGURE ).1 



194 

y 

x 

z 

Table of Direction Cosines 

1 2 3 

x L. m, n, 

y l;r. mz.. n2. 

z l) m3 n3 

TRANSFORMATION OF STRESS COMPONENTS (29) 

FIGURE ).2 

,,:· 



3 

y 

Table of Direction Cosine~ 

1 2 3 

x cose sinO O 

y -slne cose O 

z 0 0 l 

TRANSFORMA'rION OF STRESSES 

IN THE CASE OF PLANE STRESS 

FIGUREJ.3 

195 



196 

x 

z y 

1 

FILAMENT WOUND CYLINDER 

FIGURE 3.4 



197 

V'\ 

""' 
µ::i V'\ 
0 . 

blll ~ ""' 
0:: µ::i 
::::> 0:: 
Cl) ::::> 

0 
~ H 
0:: rx. 
::::> 
...:i 

0 H 

II ~ 
~ 

(-.J 



ELEMENT OF A DEFORMED 

TWO LAYER LAMINATE 

FIGURE 4.1 

198 



199 

I u. 
-- B --

0 1-------===--

DEFORMATION IN THE X-Z PLANE 

FIGURE 4.2 



200 

-h/?.. r-----

t 

STRESS DISTRIBUTION 

IN A DEFORMED LAMINATE 

FIGURE 4.3 



oN .r f\J + -~ 0.:1.l 
j 0 'j ~ I 

I 
I 

oM 1 
M~ +~~cl~ _ _J 

1 
I 
I 
I 

I 
oM 1 

M + -~x.d1., - --' 
~x 0 :J J 

I 

LMXll + d M-x~ d:t. 
J () )<. 

FORCE AND MOMENT RESULTAN'rS 

ACTING AT THE GEOMETRIC MIDPLANE 

FIGURE 4.4 

201 



202 

d. 

CYLINDRICAL STORAGE TANK 

FIGURE 5.1 



203 

. Q)I. 

LOADS ACTING ON AN ELEMENT OF A SHELL 

FIGURE 5.2 



Hydrostatic pressure 
generated by launch 
acceleration 

ROCKET AT GUN MUZZLE 

FIGURE 5.J 

204 

. ;-



205 

FIGURE 5.4 
TANK DEFLECTION CURVE 
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FIGURE 5.6 
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FIGURE 5.7 
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FIGURE 5.8 

THE EFFECT OF HOOP WOUND LAYER THICKNESS ON 
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