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CHAPTER 1 

INTRODUCTION 

Since the work of Arden and Lockett (1914), the activated sludge 

biological treatment process has gained wide acceptance as a suitable 

vehicle for treating organic waste flows. This process, represented 

schematically in Figure No. 1 , is comprised of an aeration ·tank, in which 

organic material is removed from the waste flow by a resident population 

of micro-organisms, followed by a thickener, in which the microbial 

mass is separated from the aeration tank exit stream to provide a 

purified ·process effluent. 

The aeration tank can be considered to be a well-mixed reaction vessel 

in which the reactants (organic material and micro-organisms) are contacted 

in an environment promoting a complex system of biochemical reactions which 

reduce the soluble organic content of the wast&. 

To operate this reactor most efficiently it is necessary to maximize 

the reduction of the organic content of the raw waste by the micro-organisms. 

Previous studies have been directed to optimizing the rate at which 

micro-organisms can remove organic material with respect to such process 

parameters as residence time, rate of air addition, degree of mixing and 

reactant concentrations. Little consideration has been afforded the effect 

of optimizing the rate of substrate removal by improving the kinetic quality 

of the micro-organism population. This would afford a reduction in required 

reactor residence time and represent an increase in capacity for existing 

systems and a decrease in reactor volumes for new systems at a given 

effluent quality. 

1 
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(5) {6) 

ACTIVATED SLUDGE PROCESS 

N 



It has been well established that the rate of removal of soluble 

organic material by micro-organisms is proportional to the microbial 

concentration. This suggests that increasing the solids concentration 

to a characteristic space limiting value would increase·the velocity of 

organic disappearance to some maximum level. !bus, concentrated solids 
~ 

collected in the thickener a~e recycled to the entrance of the aeration 

tank to increase the velocity of substrate disappearance. · 

3 

Helmers et al. (1951) and Heukelekiau et al. (1951) have demonstrated 

that a section of the soluble organic fraction of the waste flow is 

converted to cellular p~otoplasm and is manifest. as an increase in the 

mass and the number of micro-organisms. Since there exists an upper 

limit to the concentration of micro~organisms for which adequate gravity 

phase separation can be accomplished in the thickener, a portion of the 

microbial mass must be removed from the process as waste sludge to prevent 

microbial contamination of the p~ocess effluent. It is evident that pro-

cess efficiency is optimized when the ~oncentration of micro-organisms is 

maintained in a steady state condition at a level representing the capacity 

of the thickener. 

The rate of increase of cell mass for the process is a function 

of type and relative numbers of micro-organism species present in the 

system, the characteristics of the raw waste stream, and the chemical and 

physical environment of the reaction vessel. Fluctuations in any of these 

entities can cause the process to drift from the optimum operating level by 

either overloading the thickener and contaminating the process effluent or 

by decreasing the concentration of micro-organisms in the reaction vessel 

and decreasing the overall rate of substrate removal. 



By monitoring the effect of thea~ fluctuations on microbial growth 

in the aeration tank and by providing a po~itive control on ~he amount 

of sludge wasted from the pro~~~~ it ~ould b~ possible to maintain an 

activated sludge pro~®~~ at opt~ operatin~ ~onditionso 

Activated sludge plants are designed so that it is vi~tually 

impo~sible to exercise positive control of the ~ystem telativ® to the 

concentration of the micro-organisms wh~n fluctuati~~~ occur. In 

addition, the separation of mic~o-organisms f~~ the carrier fluid of 

4 

the aeration tank exit stream i~ usually accomplished by gravity thickeningc 

Thickener performa~e is dependent on d!e type of micro-organisms present, 

micro-organi~m co~cent~atio~ and thickener residence ttme and, as ~ 

result, the phase separation efficiency is sensitive to variation~ in 

hydraulic and organic loading, (Busch, (1962)). Since these va:riations 

are common in field installations. the con~entr~tion of the thickener 

bottoms cannot be controlled arid thu~ the quantity of sludg~ wasted 

from the system cannot b~ ~ont~olled. As a result, activated sludge 

plants are ope~ated with no provision for maintaining opt~ effluent 

pu~ity in the event of variations in hydraulic and a!'ganic lotiD.ding. 

By replacing the gravity ~hickene~ with ~ pha~e aepa~a~or 

capable of effecting positive eont~ol on the ~emoval of $uspended solid~ 

from the carrier medium, it would be ~osaible to maintain effluent 

quality independent of hydraulic and @rganic variation~ 1~ the r~ 

waste flawo It would also be possible to increase the suspended solid~ 

~oncentratio~ of the aerator and, thereby increa~e rate of di~appear&~ce of 

organics. 

A study was therefore initiated to design and evaluate a phase 
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separator which would: 

(1) provide a prefere·ntial separation in a biokinetic sense, of a 

mixed culture of micro-organisms to reduce the aeration tank 

capacity required for a given raw waste organic concentration. 

(2) provide a positive control on the system concentration of micro

organisms whereby the rate ~f d~gradation of organics could be 

maintained at near max~ levels. 

(3) provide a positive control on the separation of micro-organisms 

from the ~arrier medium i~depe~d~nt of the hydraulic and organic 

loading ~o tb.® pr6eea~. 



CHAPTER 2 

PROBLEM DEFINITION 

2 .1 REACTOR GROWTH RATE CONTROL 

Consider the schematic of the activated sludge process presented 

in Figure No. 1. 

By assuming that solids neither'enter the process in the raw 
' 

waste flow (stream 1) nor leave the·process in the effluent (stream 7) 

the volumetric flow·rate and concentrations of micro-organisms and 

soluble organics in the various streams can be calculated: 

Stream Volumetric Soluble Micro-organism 
No 1 
1 

2 

3 

4 

5 

6 

7 
where 

Flow Rate Oraani& ggnceutration Concentration 
q cc 0 

0 
Cc + Ccu8 

st8 ( 1 + aS)Q 
0 . 
. 1 + aS 

(1 + a.B)q cc c 
CB B 

aq cc (1 + aa)u 
cs 

aSq cc ( 1 + aa)-a 

(1 S)aq cc ( 1 ca - + aa)-a 

(1 - a + ma)q c~ 0 

a a the fraction of the total system· flow which extts 
as thickener bottoms 

a = the fraction of the thickener bottoms recycled 

C = influent organic concentration of the waste flow 
co 
Cc = effluent organic carbon concentration 

c8 = micro-organi~m conc~ntratton in the ·aeration tank 
q = volumetric flow rate to the 'rocess 

Perform;ng a reactor mass balance on the micro-organisms: 
dC 8 v d't = (~ + as.)qsc8 .:. (1 + as)qc8 + rf V (1) 

B 

6 
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rf 
B 

= rate of production of the micro-organisms per unit reacto~ volume 

Assuming steady state conditions: 5 
dt 

= 0 

rrf 
r.

8

8 ,. ~ [(1 + aB) o (1 + as)B] 

whe1re 

rrf 
~ g specific g~owth rate 

A reactor mass balance on organic ~ubstrate gives . 

+ q[C + 
. c~ 

Assuming steady state conditione 

~sec] • (t + aS)qCc 

dC 
.c 

dt 
= 0 .&Jld 

(2) 

(3~ 

(4 » 

(5) 

By assuming that some relationship exists between the rate of disappearance 

of organic substrate and the rate of increase of cell mass, the organic 

concentration of the reactor effluent can be expressed as a function of 

the specific growth rate. 

By defining 

where Y is an unknown function c~lled yield, equation No. ( 5) can be 

expressed: 



[1 - B + aS - aS 2 ] = 
cc - c 

0 c 
c8v 

(7) 

(8) 

For a given value of C characteristic of the raw waste flow and for 
co 

variations of Y characteristic of the resident microbial population, 

the opt~ level of micro-organism concentration required to optimize 

the organic concentration of the process effluent must be maintained 

by carefully manipulating the levels of the volumetric flow rates of 

thickener bottoms and waste sludge. 

Garrett (1958) ·.~as commented that: 

"The difficulty of this procedure is apparent from the reputation 

the activated sludge process has acquired of being easily upset 

and requiring highly skilled operators ... 

By using a scheme of solids control reported by Setter et al. (1945) 

and Wirts et al. (1951) in which solids are rsnoved from the process 

by wasting all sludge settled in ·one or more settling tanks and returning 

8 

all sludge from the rest of the settling.tanks (Figure No.2), Garrettpresents 

a method of operation which provides a po.sitive control on effluent purity. 

Assuming steady state co~itions, the mass balances around the 

designated facilities of Figure No. 2. can be expressed: 
dC 8 

V dt = - ( 1 - cx )qC8 + V r f • 0 ( 9) 
B 

( 10) 
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assuming that no organisms enter the reactor in the raw waste flow, 

and 

r- =- ~ (C - C ) fc v c0 c 
(12) 

Invoking the yield concept, equa~ions No.lO· and No.l2 can be combined: 

ceo - cc 
[l - a] = c

8
v (13) 

The optimum level of micro-organism concentration in the reactor 

10 

can be maintained for fluctuations in the soluble organic concentration 

of the influent and in the yield value of the resident microbial 

population by controlling the flaw split from th·e reactor on a 

volumetric basis. Thus, the specific growth rate and hence the effluent 

purity can be controlled by the variation of a single operational 

parameter. 

In· order to maintain the purity of the process effluent independent 

of variations in the hydraulic and organic properties of the raw waste 

flow, it would be beneficial to be able to exercise the type of positive 

control inherent in the Garrettsystem. To opttmize the rate of disappearance 

of the soluble organics, it would be beneficial to be able to increase the 

concentration of micro-organisms in the reactor to some level greater than 

that which represents thickener capacity. 

Thus, this study will deal,.with an .evaluation of a phase separator 

which would afford positive effluent quality control and which would be 

less sensitive to variations in micro-organism properties and concentration 

and hydraulic loading than gravity clarification. 
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2.2 PHYSICAL CHARACTERISTICS OF MICROBIAL GROWTH 

When micro-organisms are inoculated into a suitable medium and 

incubated under appropriate conditions~ an increase in numbers occurs 

to define a growth process. Nutrients from the medium are selectively 

taken into the cells and assimilated into protoplaBmic material ch~:reacter-

istic of the cell speciese An increased am@unt of nuclear substance is 

produced and is manifest as an in©~ease in cell volume. At £ critical 

volume, defined a.s adult? si~e, binary fission occurs resulting .in daughter 

cells of app1r:oximately the same~~size and ehemieal consistency (Pelczar alld 
. ' : 

Reid (1965)). · Lamanna and Mallette (1965) indicate that the increase i~ 

size of micro-organisms is influenced by hereditary characteristics @.$ 

well as environmental factorse This ~ugge~t~ that sp@cie$ subjected 

to the same enviroDJnen:t may ~ibit diffelr'eKlt ~~owth characteristic.s., 

The differences in the growth o.f micro-organism&! have been postulated tto 

be indicative of a diffe~ence in the number of nuclei pr~sent per microbe: 

sigmoidal growth curves have been found to be characteristic of uninucleated 

organisms; ~xpo~ential growth curves seem to be indicative·of multinucleate~ 

organisms. .(Lammana and Mallette (i965)) s 

The increase in bulk.~£ a~ organiam is accompanied by an increased 

uptake of wate~ as well &a synthesi~ of organic matter. Lammana and 

Mallette (1965) ~eport that "in actively growing PRQDUS WUjARUS, a 

fivefold increase in volume is accompanied by only a twofold increaBe in 

dry weight99
• The rate of water uptake lt'elative to dry weight increa$e 

is thought to be specie~ dependento !he~ef~~e 9 for a defined envi~onme~t, 

the rate of increase in dry weight a~ the ~ate of increase in volume 

-, 
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(and therefore density) of a single micro-organism is a function of the species. 

The importance of the physical d-iinensions of a cell relative to its 

rate of substrate uptake has been hypothesized in the Leuchart-Spencer 

principle. As the volume·o£ a micro-organism increases, its surface 

area proportionately decreases such that the transport of toxic metabolic 

products out of the internal cell regions proceed at rates which are too 

slow to sustain maximum growth. This postulate indicates that for a given 

environment, the rate of utilization of substrate per organism would be 

proportional to the surface to volume ratio of the cell. 

For the mixed cultures (i.e. several co-existing species) prevalent in 

waste treatment plants, it is evident that there exists a range.of ·micro-

organism sizes and densities,. due to interspeeies and . intraspecies. growth • 
.. 

Thus, a range of surface to volume ratios.exists and suggests that for a 

given time interval a spec,trum of kinetic ability is present for the culture. 

Thus, if a mixed culture of micro-organisms could be preferentially parti-

tioned on the basis of their relative sizes, it may be possible to obtain 

a micro-organism population possessing faster overall kinetic reaction rates 

than those of the original culture. 

2. 3 CRITERIA FOR SOLID-LIQUID PHASE SEPARATOR 

From these considerations,,.the criteria established for the specifi-

cation of a liquid-so~id separat.~r amenable to this investigation were 

that the device be capable of: 

(1) performing the function of a selective classifier for a slurry 

containing a distribution of partial shapes, sizes and densities. 
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(2) affording positive control for the extent of slurry partitioning 

on a volumetric basis 

(3) providing a high degree of sQ,~id-liquid phase separation. 

Separation of the solid.biological phase from the liquid carrier 

medium was expected t~ be dependent on the slurry characteristics and sinee 

no appreciable laboratory-prototype scaling was expected for slurry 

properties, the separator would have to be effective over a wide range of 

volumetric flowrates. These principles eliminated the amenability of the 

gravity or pressure filter separating methods prevalent in the waste~water 

industry as well as the techniques of centrifuging common to microbiology. 

The hydrocyclone,appeared to be the only device to satisfy the established 

criteria. 
~ 

2.4 DESCRIPTION OF THE H!DROCXC::LONE 

The hydrocyclone· is a piece of e.quipment which utilizes fluid 

pressure energy to cre·ate rotational fluid motion. This rotational 

motion causes relative movement of materials suspended in the fluid, 

thus permitting separation of these material, one from another (classifying) 

or from the fluid (thickening), The rotation is produced by tangential 

injection of the fluid into a vessel. The outlet for the bulk of the 

fluid is usually located near to or on the axis of the vessel such that 

the rotating fluid is forced to spiral towards the center to escape. 

A rotational motion has thus 'built into it an inward radial motion. 

Particles of a suspended material consequently have two opposing forces 

acting on them, one :in an outward radial direction due to the centrifugal 

acceleration, and one in an inward radial direction due to the drag force 

of the inward moving fluid. 
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The magnitude of these forces is dependent on the physical prop·erties 

of both the fluid and the suspended material (particle size, particle shape, 

particle density, fluid density, fluid viscosity), and use of these properties 

can be made to effect separation of one material from another or of a single 

material from the fluid.· 

One product moves radially outwards while the other moves radially 

inwards. It is, therefore, necessary to_.provide two outlets. The 

usual design is shown in Figure No. 3 illustrating the tangential feed 

inlet, the main fluid outlet (overflow) and the peripheral fluid outlet 

(underflow). The overflow is taken out axially through a pipe (vortex

finder) which protrudes from the roof of ~he conical base. The underflow 

is taken out throug~ an opening in the apex of the conical section. 

2. 5 ACCEPTABLIITY OF HYDRO CYCLONES FOR THIS STUDY 

The use of the hydrocyclone a.s a tool for classifying and thickening 

solid-liquid streams has been well documented. 

FoQtein et al. (1962) reports that the size, shape and specific 

gravity of slurry particles influence the classification performance of 

hydrocyclones. A mixture of starch particles consisting of two equal 

density size fractions (50 - 75p DIA and· 15 - 35 Jl DIA) were partitioned 

into two exit streams representing a classification effectiveness of 

greater than 99%. Further testing with polystyrene spheres and discs 

having the same settling velocities indicated that stmilar classification 

efficiencies could be obtained based on particle shape differences. 

Bradley and Pulling (1959) investigated flow patterns in hydraulic 

cyclones by dye injection to validate theoretical predictions for the 
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mantle of zero vertical velocity and the clas$ification surface. Using 

a particle size distribution of perspex spheres, they found that a well 

defined classification could·be obtained based on particle diameter. 

These studies further indicated that almost 100% thickening efficiency 

could be obtained for particle diameters approximately four times 

larger than the cut size diameter. 

Dahlstrom (1954) reports that particle size distribution, particle 

shape and feed concentration are the most ~portant solid properties 

affecting the performance of the hydrocyclone. High feed-solid concentrations 

can exhibit significant particle-particle interaction and result in an in· 

crease in the particle cut size diameter. 

Fitch and Johnson (1953) and Dahlstrom (1949) have indicated that 

"hindered settling" effects must be considered at solid feed concentration 

at approximately 11% by volume. Dahlstrom (1954) reports an increase in 

cut size diameter of 65% and a decrease in the sharpness of classification 

for 2.70 specific gravity silica sand operating at a volumetric solid 

feed concentration of 20%. The influence of particle size distribution 

on the sharpness of classification was investigated by Fitch and Johnson 

(1953). They observed a general increase in the cut size diameter as 

the coarseness of the feed solids was increased. In addition to particle 

size they found that par~icle density and particle shape had a significant 

effect on the size separation efficiencies. Particles with diameter less 

than cut size, but with high specific gravities were observed to migrate 

to the underflow exit rather than report to the overflow exit as expected. 

The shape of solids below the cut size diameter were observed to influence 

the amount of theoretical overflow solids which in fact become entrained in 

the voids of the underflow slurry and reported to that exit. These phenomena 



decreased the sharpness of classification to th~ extent th~t the cut 

size particle had to be expressed 2s a ~ange of diameters. ~ 

Moder and Dahlstrom (1952) ®tudied the effect of particle size» 

pa~ticle specific gr~vity and volume split (the volumetric ratio of overflow 

discharge to underflow discharge) on the solid separation chara.cteristicll 

of a hydrocycloneo Using a test slurry cons1$ting of spherical plastic 
. . 

beads with a size distribution iri the range -25 to +100 ASTM mesh and 

with a specific gravity distribution b~~cketing that of the carrier medium, 

they performed a statistically designed experimental study., All main 

variables, plu$ the volume split~particle size and the volume split-specific 

gravity interaction were observed to be significant for both overflow 

(float solids) an~ underflow (sink soltds) exit streamso The relative 

tmportance of the statistical variables were not the same foT both 

exit slurries and were found to be a function of the weight ratio of sink . 

and float solids present in the feed. ·Einpirica]. performance characteristics 

were developed and tested against experimental data obtained on an industrial 

slurry. Good agreement was obtained be~een the calculated and experimental 

float solids separation, but appreciable deviations were exhibited for th~ 

sink solid separation. The latter was ascribed to hindered discharge at the 

underflow exit and to the extremely low sphericity of the sink material. 

Bergman et al. (1956) discuss the use of the hydrocyclone in the 

separation of barite from clay in drilling fluid slurries. They report 

that 80 to 90 percent barite recovery .with clay contamination ranging 

from 2 to 15 percent· could be obtained under proper operating conditionse 

Although no data are presented, the influence of pa~ticle size, shape 

and density was felt to account for the range of classification efficiency. 
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Since the relative motion between particles and the carrier medium 

under the influence of the force fields generated by the hydrocyclone 

detetmine the separation or classification efficiency, the particle-medium 

density difference exerts an influence on hydrocyclone performance. 

Bradley (1965) indicates that for hydrocyclones of diameter greater than 

10 mm, the cut size particle diameter (DP50 ) is related to the solid

liquid density difference by the relationship: 

0 ( )-0.5 Pso a Pparticle - Ptiquid 

For smaller hydrocyclones, the author found the relationship 

0 ( )-0.62 
p a Pparticle - 0 1iquid 50 . . 

to give a better correlation. 

Therefore, for a given distribution of particle sizes, a 

hydrocyclone can be designed and operated to provide a sharp two-stream 

slurry partitioning based on particle diameter. The cut size particle 

diameter is expected to be dependent on particle density and the 

sharpness of the classification is expected to be a function of particle 

shapes. By defining the cut size diameter to be that of the smallest 

particle in the slurry, it would be possible tomsign and operate a 

hydrocyclone as a solid-liquid phase separator. The performance of the 

hydrocyclone can be made relatively independent of volumetric flowrate 

by using several units in parallel, each accepting a controlled fraction 

of the total flow. 

Further, by valving the underflow exit, it would be possible to provide 

a positive control on the volumetric splitting of the influent. Although 
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much work has been done .in eval~~i~g th~ relationship between volume 

split and classification efficie~ey, this ~ffect, being an operating v~ri~ble, 

is germain to specific $lurry properties an~ hydrocyclone geom~tries and mus~ 

be evalU2ted for each application. 

From these considerations~ it i$ ev!d~nt that the hydrocyclone 

satisfies the criteria establi~hed fo~ ~ thicke~er-classifier amenable 

to this investigationo 



CHAPTER 3 

BIOCHEMICAL KINEtiCS 

3 .1 THE IMPORTANCE OF BIOCHEMICAL KINETICS TO THIS STUDY 

In order to maintain a desired concentration of soluble organics 

in the aeration tank effluent for variations in the quantity of 

organic material entering the process, it is necessary to control the 

concentration of micro-organisms in the reactor. Thus, the velocity at 

which the resident microbial population utilizes the organic material and 

the rate at which the disappearance of organics is manifest as an increase 

in micro-organism concentration must be determined to afford a positive 

"growth rate control" on the quality of the exit stream. 

To investigate the feasibility of optimizing reactor residence 

ttme by partitioning a mixed culture of micro-organisms, it is necessary 

to compare the rates of substrate utilization by the micro-organisms of the 

effected separation. 

Therefore, this evaluation of the hydroeyclone will necessarily 

involve a study of the piochemical kinetics of the effected slurry 

separation. 

Engineers have traditionally summartzed the biochemical reactions 

occurring when soluble organic waste is contacted with acclfmated 

micro-organisms as: 

organic + micro-organisms 
carbon 

oxygen 
nutrients, 
buffer 

Ener 

Micro-organisms 

A portion of the organic waste reactant is converted into cellular 

protoplasm; the remainder is oxidized to provide energy (Heuke~kian et 

al. (1951) and Helmers et al. (1951)). 

?n 
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Several "reaction kinetic mechanisms" have been proposed in an effort 

to model the activated sludge pr~cess. 

3.2 FIRST ORDER KINETIC MODEL 

Streeter and Phelps (1925) interpreted the Bic©h~m!~al OXygen Demand 

(BOD) test to be a batch bioassay technique measuxing the progression of 

organic waste degradation. They found that the BOD data of Theriau~t 

could be represented by the first order reaction ~quation: 

= ~ ~ ky 
dt 

where y g: substrate co·ncent~ation as BOD 

k = rate constant 

t · = time 

Wilson (1967) 

Subsequent investigation of many treatment plant data substantiated 

Streeter and Phelps findings and first ~rder kinetics became widely 

accepted as a suitable·model for the activat~d sludge proceS$o 

The first order kinetic model of St~eetet" ~ Phelp~S became suspec{; 

when it was discovered th~t specific organic wastes could not be character-

ized by unique levels of the rate constant "k"e This led several-workers 

to conclude that the rate of substrate removal was coupled to the ~ate 

of growth of the microbial population. 

3.3 SECOND ORDER KINETIC MODELS 

Keshavan et al. (1964) as~umed th® ~~te of change of volatile 

suspended solids to be proportio~l to the concentrations of suspended 

solids and organic ~ubstrate: 

51! = ksy 
dt 

n n · ··"' 
where. s is the concentration of volatile suspended solids. 



By fu~ther ~S$~ing that a ~o~stant fraction of the substrate removed 

w~~ conwerted to ~olatile ~uspended solids (ise. constant yield), these 

authoTs described the progression of substrate removal by: 

~ ~ ~ k1 sy where 
edt . 

k' ~ - ~ k 
ds 

Using an acclimated mixed culture of activated sludge and a complex 

synthetic waste, the authors obtained a good empirical fit for the second 

order kinetic model for batch operation in which substrate concentrations 

were expressed ~s BOD5 • 

Young and Clark·(l965) proposed a second order· kinetic equation to 

model the progxession of BOD exertion: 
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"" d CL .,. z) =. k (L = z)2 
dt 

where L = y and z = BOD exerted max . 

. The authors advocatld acceptance of the se·cond order kinetic model based on 

ii:he llmlthematical similarity to the Monad ·{1949) development, and the ease with 

~,ihim · model constants oould be eva.luatede The first order model of Streeter 

and Phelps was not fundam®ntally rej~ctedj but its use was discouraged due 

to the lab©>l:"iou~ calculations req:uired for mathematical analysisa 

· Revelle et al (1965) used the second order autocatalytic kinetic 

expression~ 

$!! = k (Z + b) (L - z·) 
dt 

where b = empirical constant related to the concentration of micro-organisms 

to fit data for the exertion of the BOD of a synthetic waste. They 

proposed tchat the empirical fit of the proposed model during the lag and 

exponential growth pha.~e~ co1m~tituted proof of the kinetic mechanism .. 

Wil$on (1967) points ~ut that the second order reaction equation has the 

well-kn~ property that when the concentrations of the two reactions are 

very dissimilar, control is exercised by the one of lower concentratiOJmo 
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Thus, the autocatalytic model could be expected to fit data reasonably 

well only for low values of organism or substrate concentration. 

3.4 TWO-PHASE MODEL 

Eckenfelder (1959) proposed a three-phasemechanistic interpretat.ion 

of batch bio-oxidation kinetics w~ich coupled the various phases of 

sludge growth and BOD removal by a dynamic relat"ionship between the mass 

transfer of nutrients into the cell and the use of these nutrients in the 

function of cell metabolism. Mathematically, Eckenfelder expressed the 

reaction model by a discontinuous function consisting of two intersecting 

linear curves. At high concentrations of organic substrate, the process 

was describe4 as reaction limiting, ~or which the rate of disappearance 

of substrate was independent of substrate concentration but was a direct 

function of the generation ttme of sludge cells. By assuming this 

phenomenon to be indicative of logarithmic batch growth (constant 

generation time) and by invoking the concept of constant yield, the specific 

growth rate (rate of utilization of substrate per unit mass of micro-organisms) 

was a constant 

At some level of substrate concentration, the rate of mass transfer of 

limiting nutrient into the cell and the rate of growth of the sludge 

cells were considered to be identical. At concentrations belOW. this 

orequilibrium11 value, the growth rate, and hence the BOD removal, was 

thought to be limited by the diffusive nutrient fl~~. By assuming 

a constant surface area per organism, a constant mass per organism, 
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and a constant yield coefficient~ Eckenfelde~ ~uggested that the specific 

growth rate was a linear function of the l~iti~g ~utrient concentration: 

.. ! .2% ~ 
s dt 

Eckenfelde~ found th@ above equation adequately described the course of 

oxidation of most organic compounds in heterogeneous waste mixtureso 

This second order kinetic model wa~ later modified ~cCabe and Eckenfelder 

(1961)}, to the first orde~ kinetic ~res~ion~ 

c. .!!z ~ k y 
dt 2 

to describe the utili~ation of singl$ organic. compounds.. The apparent 

first order kinetic response of the system was ascribed to the use of 

non-specific measurements of substrate concentrations as BOD and COD. 

For heterogeneous waste mixtures~ the auth~ obseJrved a progressive 

decrease in the "reaction rate constan~" ~f) indicating that the proposed 

kinetic models were not fundamentally correct in the regions of low 

subst~ate concentrations. The autho~s suggest that this phenomenon may 

be ascribed to auto-oxidation in which the auto-oxidation rate deviates 

from first order kinetics with ttme as the remaining cellular constitutents 

become more difficult to oxidize. the amount of oxidation is felt to be a 

function of the degree of initial BOD remow.l by e.d~Gi'pt:ion, hwever • nc 

attempt was made to correlate th~ dependence. In order to obtain a reasonable 

empirical correlation~ the author$ advocate the use of ei~her a retardant~ 

typ~ ~eaction or a composite exponential for the substrate limiting regiono 

Adequate mathematical fits were obtained using the retardant fo~ul~ of 



Fair et al (1941): 

- .u = dt 
ky 

(l+mt) 

and of Fair and Geyer (1954): 

- ~ = ky(I,_)n 
dt 'Ymax 

where "m" is an empirical coeff.icient of retardation and "n" is an 

empirical non-unifo~ity coefficient. A more fundamental postulate 

for the observed phenomena involved the concept of sequential removal 
.., 

of several organic compounds, each with a characteristic kinetic mode. 
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The latter approach admitted the impossibility of represen~ing the progression 

of organic substrate disappearance, measured as BOD, by a single overall 

kinetic expression. 

Deviations of the mathematical fits employed from empirical data 

are ascribed by McCabe and Eckenfelder (1961) to the release of cell 

components by lysing and the use of oxygen for. '.'endogenous respiration'', 

both of which may effect non-representative measurements of substrate 

concentration as BOD. 

3.5 ENZXME KINETIC MODELS 

Since the utilization of soluble organic substrate by micro-organisms 

is viewed as an enzyme catalyst process, many microbiologists have accepted 

the concept of the Michaelis-Menton (1913) kinetic model. These workers 

represented the reaction of en·zyme with substrate as follows: 

kl 
E + S \

2
1 E.S 

E.S kJ _ _.,. ...... E+ p, 



where E = enzyme concentration 

S = substrate concentration 

E.S = enzyme-substrate complex 

P = product 
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By defining a system in terms of a single enzyme, a single substrate, 

a single product and no inhibitors, and applying the Stationary ·State 

hypothesis to the enzyme substrate complex for a batch system with no 

substrate or nutrient limitation, they obtained the following expression 

for the proposed kinetic ·model: 

vs v=-..o.;;.-
Km + s 

in which v = the rate of product formation 

V = maximum model velocity 

~ = Michaelis-Menton constant = 0.5V 

This expression indicates 'that the rate of product ·formation is gradually 

reduced from the maximum rate as substrate becomes limiting. 

The Michaelis-Henton model was verified as a suitable mathematical 

representation of the batch growth rate of pure bacterial cultures by 

Monod (1949). In his studies of bacterial growth, MOnod.empirically 

obtained constant yield values and app~ied them to the observed exponential 

and declining growth characteristics to obtain a mathmetical model for the 

rate of batch substrate disappearance: 

where 

.)1 = ..umax r~Cc+ c] 
1 

)J. = -
~ 

dC 
c 

dt 
= specific rawth rate 



Pmax ~ max~ value of specifi~ g~owth ~ate 

Km = Michaelis-Menton con~t~nt ~ O.S~ 

The Monod expression was verified fo~ ~~tch and continuou~ ~ure 

cultures systems by Novick (1955) and Herbert et al. (1956) and for mtxed 

culture continuous syst®m~ by Grieves et al. (1963), with the result 

that it has be~n widely applied to the activated sludge process6 
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Rather than recognizing Monodas model as~ curve fitting technique, 

sevexal workers have interpreted it as a kinetic mechanism and have asc~ibed 

deviations of experimental data from the· e~po~ential equation to the biochemical 

characteristics of the biological population u~der ~est expressed by a kinetic 

rate expressi~n~ 

Reynolds and Yang (1966), working with mixed microbial populations 

and complex synthetic wastes, obtained good empirical fit~ by augmenting 

the Monod expression with a kinetic expr~seion, first oxder ~elative to 

micro-organism concentration, acco~nting fo~ endogenous respiration under 

both batch and steady-~tate ~onti~ous ope~ation. Middlebrooks and Garland 

(1968) developed a s~il~r kinetic exp~ession based on the assumption that 

continuous activ~ted-sludge sys~ems incorporating solids separation an~ 

~ecycle are susceptible to-the effects of organism decay, the~eby neces

sitating a decay rate in any kinetic model fo~ ~he processa Simila~ kinetic 

models have been reported by Gram (1956), Stewart (1958), Andrews et ~1 (1964~ 

and Agardy et al (1963)e 

Other relationships betwee~ the ~ate of micro-organism growth and 

the substrate concentratioli have been proposed by m.icrobiologistse The 

relationship 
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where z and Kat are empirical constants, was proposed by Tessier (1936) 

and used by Spicer (1955) and Lipe (1961). Schulze (1964) studied 

the continuous growth of E. COLI, on an organic substrate of glucose and 

urea. His data on the removal of glucose was adequately fit by the 

Tessier expression and he suggested that· this equation would also apply 

to activiated sludge cultures. Contois (1959) suggested that the parameter 

by which growth should be measured is not cell mass, but population density. 

He studied the specific growth rate of pure bacterial cultures in stead-

state chemosats, and fit his data by the relationship 

where F = ..8- = ....sL. 
Cc VCc 

This equation expresses a dependence of specific growth.rate on the ratio 

of cell mass to culture volume. 

3.6 ADSORPTION MODELS 

Dean and Hinshelwdod (1966) consider the reactions of the microbial 

metabolic pathways to be mathematically analogous to the Langmuir Adsorption 

Isotherm. They mechanistically define biochemical reactio~s in terms of 

chemical reactiOns occurring on porous catalysts. By considering a matrix 

of high molecular weight enzymes to be representative of catalyst surfaces 

in which suitable reaction sites are determined by atomic spacing; they 

mathematically describe dynamic equilibrium between the rates of deposition 

and removal of substrate molecules in an adsorption context. 

By assuming that the rate of depo•ition of free substrate molecules on 

to the enzyme "surface" is proportioual to the amount of free surface (1 - tn, 



and to the concentration of substrate molecules in the ~~viro~nt (Cc) the 

rate of deposition i~ 

K' C (1 - o-) c 

In furth~r 2S$uming that the inverse proce&$ i~ ~roportional to the 

density of adsorbed substra.i:e moleules on the aurface 51 the rate of 

removal is 

By defining the adsorption phenomenon to be in a stat~ of dynamic 

equilibrium: 

therefore 
bCc 

1 + bCc 

The authors stipulate that the ad~oxbed molecules enter biochemical 

reactions at a rate proportional to their surface density: 

rate =: ~ere K is a constant 

By assuming KCc 
1 + bCc 

to be specific ~owth rate-» the author~ justify 

the adsorption isotherm by noting that it is mathematically similar t~ 

the Monod expression~ It should be note~ tth!\t the shape of the 11i:'ate 

equation" can be altered to fit vi~tMlly any specific g~owth rate data 

by ascribing empirical deviatio~s to adso~ption inhibiting effects caused 

by (a) catalyst poisoning (b) electrostatic repulsion and attraction 

forces on moleules and (c) decreased substrate diffusion due to 

product formation at reaction sites. 

Katz and Rohlich (1956) develop au adsorption mechanism to represent 

the removal of soluble organics by activated sludge. They consider a model 
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in which the diffusive flux of substrate through a water fiLm surrounding 

a microbial floc is the rate controlling step for substrate removal. 

Thus the diffusive flux is defined as the rate of adsorption per unit 

floc area and an empirical multiple of the coefficient of diffusivity is 

interpreted as the "kinetic reaction rate constant" characterizing the 

disappearance of substrate. Empirical justification for the adsorption 

mechanism is professed by the constancy of measured 11rate constant" for a 

series of chemostats operating over a range of steady-state substrate con· 

centrations. The data presen:ted indicate that the value of the rate 

constant was not independent of steady-state substrate concentration 

refuting the use of the adsorption mechanism as a kinetic model as 

advocated by the authors. 

Katz and Rohlich mathematically fit their data by the adsorption 

isotherm 

~ = K'C n 
M e 

where x' = mass of adsorbate (as BOD) originally present in solution 

M = mass of activated sludge 
Ce = ·equilibrium concentration 

K' ,n, = empirical constants 

3, 7 ZERO ORDER KINETIC MODELS 

Using the Jenkins modification of the warburg apparatus, Wilson 

(1967) studied the oxygen uptake curves exerted by mixed cultures of 

micro-organisms on simple substrates. He found that uptake vs time 

curves for phthalic acid, glutamic acid, tyrosine and leucin$ 

were independent of organic substrate concentration and dependent only 

on micro-organism concentration to a sharp break-point. The break-point 



in every c2~e coincided with tm ~xhaustion of extracellular substrate 

measu~ed as BOD5 and COD. Further $tudies with binary and te~~Y 

substrate mixtures indicated that the b~eak-point: coi1'1lciding with the 

el~ination of each substrate constituent remained clearly defined. 

Mixtures of amino acids ~cmpxised of more than three constituents 

resulted in compound uptake characteristics which approx~ated a first 

.order kinetic response. The author concluded that the apparent fir~t 

order rate plots widely reported for waste liquo~s are in fact summations 
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of a number of curves of zero order with respect to substrate concentration. 

The wwitch rate of micro-organism~ from one food source to another 

was observed to have a: significant effect on the shape of the oxygen 

uptake vs time curve fo~ complex subs~rates~ For ~ mixed microbial popul~tion 

in which each species was acclimated to a single constituent of a complex 

substrate, a net uptake curve resembling a second order autocatalytic kinetic 

mechanism was observedo 

While the jCeported "zero order•v phenomenon explains the variety of 

kinetic mechanisms prevalent in the literature, the use of oxygen uptake 

to predict kinetic respon$e must be questioned. 

Tishler and Eckenfelder (1968) observed zero order kinetic responeee 

with respect to substrate as COD for m~d ~ultur~utilizing synthetic 

feed mixtures of glucose, aniline and phenolo They found that the linear 

substrate removal rates characte~istic of each compound remained unchanged when 

binary and ternary mixtures were tested, each being a function of solids 

concentration. 

The overall organic removal rate for substrate mixtures was a 

summa.tion of the linear removal rates of the constituent compounds producing 

a resultant removal characteristic similar to ~ first order kinetic responseo 
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The authors postulate that the two-phase kinetic model reported by 

Garrett and Sawyer (1952) and Mccabe and Eckenfelder (1960) "is probably 

the result of zero order removal of readily ass~ilable compounds, followed 

by a slower zero order removal of other compounds, the latter being 

mathematically approximated by a first order type equation ... 

Monod (1949) was the first researcher to observe linear substrate 

removal. Using puxecultures of E.COLI growing on a glucose substrate, 

he observed a value· of the Michaelis-Menton constant of 4 mg/1. Thus, 

the Michaelis-Menton kinetic model 

reduced to Jl = Jlmax for Cc )) ~· Wuhrmann (l956) was the first to 

suggest that the non-linear removal mechanism commonly associated with 

complex wastes are actually a summation of a number of zero order removals 

of the sample compounds which make up the complex substances. 

3. 8 MATHEMATICAL MODEL 

Martin and Washington ( 1963) developed a mathematical model for 

the continuous~flaw, steady-state bacterial culture. In applying a mass 

balance to the microbial culture, the rate of change of solids in the 

reactor was ascribed to two contributing phenomena. The mass of micro-

organisms increased due to substrate utilization according to a "true" 

specific growth rate function and decreased due to microbial death. Both 

contributions were assumed to be linear functions of the steady state micro-

bia.l mass and combined to define an "effective" specific growth rate, which 

could be measured experimentally. Pure cultures of PSEUDOMONAS FLORESCEHS 

and ESCHERISHA COLI B. were studied on substrates of glucose, acetate and 
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glutamic acid in chem.ostat reactors. Steady-state concentrations of 

reactor substrates as· COD were observed as a function of the reciprocal 

of reactor residence time (i.e. specific growth rate). Hetling and 

Washington (1964) found that these data were adequately fit by a rectangular 

hyperbola of the type: 

Sc -A 
Jl =Jim s + B . c 

where Sc is a gross measure of organic concentration as COD 

A and B are constants characteristic of the system under study. 

This formulation is equivalent· to the Monod model if "A" is interpreted 

as the concentration of soluble organics due to metabolic end products 

and autolysis. The authors do not ascribe reaction kinetic validity to 

the empirical mod.el but indicate that other parabolic or exponential 

functions could be derived with equal reliability. 

3.9 EVALUATION OF REPQRT.ED MODELS 

Since most of the "kinetic mechanisms" advocated in the literature 

·incorporate organic substrate concentration indexed as oxygen equivalents 

and since oxygen is postulated to participate in several of the unknown 

elementary reactions comprising metabolic pathways, the validity of an 

overall kinetic rate expression defined relative to oxygen has little 

meaning. 

By defining a kinetic model in terms of the mass concentration of 

organic substrate, one makes the assumption that organic carbon participates 

in only one elementary reaction. 
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Since it is presently impossible to define the elementary reactions 

involving intracellular and extracellular organic carbon, it is not 

possible to define a kinetic mechanism representing substrate degradation. 

Therefore, the "kinetic" models reported in the literature have little 

reaction kinetic significance and represent, at best, curve fitting 

techniques. 

The practice of ascribing empirical deviations from a proposed 

model to the "kinetic" characteristics of the system quantitized by the 

addition of terms in a kinetic mechanism has no fundamental justification. 

These techniques merely add flexibility to an empirical correlation such 

that a broad spectrum of experimental data tends to "validate" postulated 

models in a mathematical sense. 

3.10 GWCOSE METABOLISM :QX MIXED MICROBIAL CULTURES 

The biological process in which glucose is metabolized by micro

organisms in an aerobic environment may be considered as a two-stage series 

process ~urphy(l966)). The first phase, glycolysis, is a fermentative 

process in which glucose is degraded to several products, notably pyruvate, 

with the liberation of energy usually stored in high-energy phosphate bonds. 

~aditionally, the carbohydrate anerobic metabolism of all organisms has been 

represented by the Embden-Meyerhof mechanism, with species differences in the 

ability to utilize substrate appearing insteps beyond the formation of 

pyruvate. Lamanna and Mallette (1965) report that although many bacteria 

ferment carbohydrates to pyruvates by the Embden-Meyerhof scheme, others 

possess alternative pathways and may utilize one or several. Pelczar and 



Reid (1965) support this contention and ascribe interspecies variations 

in the glycolysis metabolic pathway to differences in the enzymatic 

composition of different bacterial species. 
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Differences in the metabolic abilities of micro-organisms are also 

ma~ifested by the manner in which they further utilize the pyruvate in the 

second phase of glucose degradation. Several possible pathways exist 

leading to a number of end products. (Pelczar and Reid (1965)). In the 

presence of oxygen, the most likely scheme is the cyclic terminal oxidation 

of pyruvic acid to oo2 by the Krebs tricarboxylic acid cycle. 

From these considerations it is evident that not all micro-organisms 

metabolize the same substrate in exactly the same manner. The component 

species of a mixed microbial population may degrade glucose by one or 

several pathways effecting an unknOlm network of possible series and parallel 

reactions. The impossibility of predicting or measuring the rate controlling 

step precludes the formulation of a realistic kinetic model for substrate 

degradation. 

Because of the relationship between utilization of soluble organics 

and cell growth established by Garrett and Sawyer (1952), attempts have 

been made to model the growth phenomenon for biological waste treatment 

systems. Weston and Eckenfelder (1955) and Eckenfelder and O'Connor (1961) 

have proposed the use of the sigmoidal batch grow characteristic reported 

for putecultures •. (Pelczar and Reid (1965)). This approach takes no account 

of the competitive interaction effects prevalent in mixed cultures and further 

presupposes the absence of non-active biomass formed by imperfect cell 

reproduction. The data of Lamanna and Mallette (1965), reported for 
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studie~ on the expone~ti21 g~GWth of SAUMONELLA PULLORUM in a nonsynthetic 

nMt~i~nt brothv indicate that non-viable cells may comprise from approximately 

8 to 25 per cent of the total microbial populationQ Kount~ et al. (1959) 

and McKinney (1963) concluded that up to 25% of the volatile solids formed in 

the extended aeration proce~s may b~ inert non-biologically oxidizable solids. 

These considerationsv ~~upl@d with the presence of a dynamic environment» pre= 

~luded the ~~lection of ~ micxobiological ~esponse model for the mixed cultur~ 

M~~ in this investigationo ~ith no fundamental basis for response modelling, 

interpretation of the biological raw data wa3 9 the~efore, based on a mathe= 

matical response giving equal weight to all datao 



4a 1 SYSTEM OPERATION 

CHAPTER 4 

EXPjiRIMENIATION 

The micro-organic slurry under testJ cultivated in a biological 

reaction v~ssel, was pumped through the hydrocyclone in which the 

generated force fields separated the influent into overflow and under= 

flow exit streams. Representative grab samples were collected from 

both discharge streams md used to inoculate "identicaln batch reactors 

for an evaluation of the biological characteristics of. the separationo 

The operation2l ~haxacteristics of ~he system were observed by means 

of press~re gauges mounted in the entrance and exit streams of the 

bydrocyclone to deteDmine the energy dissip~tion across the unit, and 

~otameters inserted in the influent and the overflow lines to quanti

tize the operating and separatio~ level of the slurry flow. 

Swagelock valves o~ the hydrocyclone ~xit ports provided positive 

control over both discharge pressures and volume split. The infinite 

speed control for the DC pump drive afforded positive control for varia

tiQn of flow rate to the hydrocyclone or inlet pressureo The experi= 

mental apparatus is illustrated schematically in Figure No. 4. 

4.2 BIOLOGICAL REACTOR OPERATION 

In order to evaluate differences in metabolic activity of the 

sepa~ated exit fractions, random variation of environmental influences, 

both physical and chemical~ were min~ized by coincident evaluation of 

"identical" biological reactions with rridenticallyuu controlled chemical 

environments~ To ens~~e that the biological responses would be repre= 

sentative of th@ ch~~a~teristics of the micro-organism populations under 
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study, the level of environmental contamination was reduced by 

employing batch rather than continuous operation. This provided the 

added benefit of a rapid system response, not possible with a continuous 

biological process with its rather.slow approach to a "unique" steady-state 

level of operation. 

4.3 SYSTEM DEF!NITION 

4.3.1 Hydrocyclone Design 

The lack of theoretically sound criteria for the design of hydro-

cyclones has been ascribed by Bradley (1965) to the unresolved performance 

contributions effected by: liquid velocity profiles, non-ideal particle 

behaviour (short-circuiting, recirculation), non-ideal fluid behaviour 

(eddy propagation due to wall friction), air core formation, and location 

of the mantle of zero vertical velocity. Present design concepts have 

their genesis in empirical considerations which correlate hydrocyclone 

behaviour in terms of an efficiency of separation and in terms of a 
~ 

particle size (diameter) which has equal probability of migrating to 

either exit. 

The problems of hydrocyclone design have been further compounded by 

the wide variety of definitions and interpretations applied to both separation 

efficiency and critical particle diameter. The efficiencies reported in the 

literature have, for most cases, been selected to most accurately describe 

the specific purpose of the unit under investigation. The cumulative 

efficiency suggested by Kelsall (1953), the clarification number used by 

Fontein et al. (1962) and the weight or gross efficiency used by several 

workers, all defy fundamental considerations by yielding 100% efficiency when 

the total feed flow exits through the underflow with no separation having 



taken place at all. Tengbergen and Rietema (1961) discuss the 

impossibility of defining a single number to correctly relate how two 

exit streams can each take some fraction of two components. They attempt 

to define an efficiency that considers both streams, dependent only on the 

physical shape of the cyclone and independent of the fluid, the con-

centration, and the temperature: 

where 
<p> = mixture density 1 = inlet 

C = mass concentration 2 = overflow 

0 = volumetric flowrate 3 = underflow 

All of the correlations presently available for predicting the 

separation particle size r~quire prior knowledge of either specific 

hydrocyclone performance or the range of operating levels available 

for a unit of unspecified design. The equilibrium approach suggested 

by several workers, (Lilg,, (1962); Bradley, (1965);de Gelder, (1957)) 

considers a particle whose locus of zero radial velocity coincides with 

the mantel of zero vertical velocity for the fluid. The wide disagreement 

as to the form of the correlations for·~eequilibrium consideration arise 

from. the uncertainty as to the shape of the locus of zero axial velocity. 

Acceptance or rejection of these theories must be made empirically and 

the use of these formulations for hydrocyclones beyond the spectrum of 

unit size and slurry characteristics reported by the investigators is 
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questionable. Empirical correlations reported by such workers as Haas et al 

(1957), Yoshioka and Botta (1955) and Matschke and Dahlstrom (1959) 



have exhibited wide discrepencies one to another, and application beyond 

the region of slurry characteristics reported is considered dangerous. 

The residence time approach advocated by Rietema (1961) assumes 

prior knowledge of the available energy, the total flow rate, the desired 

50 per cent separation diameter and the physical properties of the slurry 

to be separated. Because this ~thod formulates hydrocyclone design on 

slurry characteristics and operational flexibility with no restriction on 

unit size, it was felt to be the most fundamentally acceptable and was 

used in this investigation. A detailed design analysis is·presented in 

Appendix No. I. 

Preliminary hydrocyclone design resulted in unit dDnensions too 

small to be practicable for fabrication or operation. The specific 

gravity differential between the biological solid phase and the liquid 

carrier medium, and the average microbial particle size were selected 

from the data of Lamanna and Mallette (1965); these were fixed physical 

properties of the test slurry. Further, the input energy level was 

restricted by the equipment available. Since these considerations had a 

significant influence on hydrocyclone.size requirements, and could not 

be altered, it was decided to select the smallest hydrocyclone which 

could be made and operated for this investigation. Since no precedent 

was available to uniquely establish this lower size limit, a group of 

hydrocyclones were fabricated ranging in size from 10 mm to 2 mm body 

diameter, the latter representing the size minimum for construction. 

The hyd%ocyclones were fabricated from materials capable of 

withstanding the high pressures expected and amenable to machine finishes 
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with low surface roughness (to impede eddy formation and particle recirculation). 

C,yclones larger than 5 mm.Dc were made of plexiglass, those less than 



5 mm D of brass. c 

To facilitate ~o~st~~~tion, the hydrocyclones were constructed in 
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~hree se~tion8 as illust~ated in Figure Noo So The upper and l.awer secti©ns, 

~ont~ining the exit ports»were machined and bolted to the central body section 

section to provide a ~ealed unit. The stainless-steel inlet and exit ports 

were threaded into the unit to provid~ convenient connection to system 

pipingo 

4.l~t Biological Reactor Desisp 

The biologi~l reactors were fabricated by glass-welding 350 ml 

Buchner funnels with fritted glass discs to the apex of 4-litre pyrex 

percolators. Compressed air~ supplied at 20 psi tg the ~tem of a Buchner 

funnel escaped from the fritted dis~$ ~s finely dispersed bubbles satisfying 

the design criteria of prQviding a. c~letely mixed, hydraulic regtme for 

the reactor contents and of pr@viding sufficient gas-liquid surface area. 

per unit reactor volume t:© ~intain near saturation levels of dissolved 

~xygen for th~ spectrum of biological solids levels carried during the 

inv®~tigation. Preltmtnary testing indicated that the level of mixing 

pxovided by air addition sufficiently approached complete mixing to 

eliminate the need for additional mechanical agitation. 

To minimize th@! 1Los~ of react~l'f cont-ents by evaporation, a wateroc 

cooled condensor wa~ mounted above each reactor and secured by means of 

~n inverted fUDnel adaptor $ealed with air-tight, plastic membrane 

~©ooection~ to both the reactor and the condensoro This effected the 

condensation ~nd return of most of the water vapo~~ being stripped from 

the reactor via exit gasese 
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A one inch diamet~r hole wa~ cut in ~~ch funn®l adapto~ to aceomodate a 

large volume pipette during sample colle~tio~s and an airtight~ rubber stopper 

between sample collections to facilitate teBting and to minimize the possibility 

of external contaminationo 

4.3.3 Organic carbon Source 

The reported work on biological growth kinetics have as$um~d g~owth 

limitation by a single organic or ~norganic nutrient so that the ra~e ~f 

degradation of the subject nutrient can be rel~ted to the rate of growth 

o'f biologic.al solids. The growth process can be defined as a biochemi~a.l. 

mechanism in which micr©=©rg~~isms Change soluble organic substrate int@ 

final products 21@~g a ne~ork.of possible reaction path~ all of which 

may consist of ~everal combinations of ~onsecutive and parallel ~eaetions • 

. The 'unique path is probably most dependent ~n pxoces~ reactant~ (the species 

of bacteria~ the composition of o~ganic ®~bst~ate) a~ the system environ

ment (pH:il concentration of trace elements, temperature~ pressure). Since 

the component reactions of any conversion pathway ma.y.be highly sensit:iv~ 

to environmental f~ctors beyond experimental eontrol 9 and since the ~eaction 

characteristics of the micro-organisms was of pr~ fmport~nce in thie 

investigation, it was decided to employ an organi~ ~~bstrate with a relatively 

short reaction path. thus~ the us~ of complex wastes ~revalent in field 

installations was considered undesirable and a simple dextrose solution wa~ 

employed as the organic react~nt. 

Traditionally, the st~ength of organic wastes has been me~eured in 

terms of the five-day Biochemical OXygen Demando Sch~oepfer et ·at (1960) has 

indicated that this is not a conserved parame~er, but one which will 

differ for similar abo lute concentra.tion~ of ~ubstrate. Murphy (19 66}) 



recommends the use of conserved parameter such as organic carbon or 

chemical oxygen demand to measure biological substrate utilization. 

For this investigation, organic carbon was used as the limiting nutrient 

to observe the growth phenomenon. 

4.3.4 Mixed Microbial Qultures 

Helmers et al. (1951) and Heukelekian et al. (1951) have reported 
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that the products of the biochemical reactions (when acclimated micro-organisms 

and a soluble organic waste are contacted in the presence of oxygen and 

nutrients) are cellular protoplasm and energy. These observations led 

Garrettand Sawyer (1952) to conclude that organism growth, indicated by 

an increase in microbe weight, is evidence of the utilization of food 

and thus, m~cro-organism growth must be considered in the investigation 

of the kinetics of the substrate degradation. 

Several workers have investigated the growth phenomenon using 

pure cultures where only one micro-organic species is permitted. This 

technique has the advantage of simp.lifying the kinetic interpretation of 

data but is based on the erroneous assumption that the culture under study 

typifies the mixed cultures prevalent in prototype waste treatment facilities. 

The competitive and mutuallistic interactions among the various species 

in a mixed culture which preclude the formulation of a kinetic model were 

tolerated in order that this laboratory investigation would have some 

relevance for field application. The use of mixed cultures provided 

the added benefit that the effects of interspecies as well as intraspecies 

size and shape distributions on slurry classification could be studied. 



4.4 EXPER~mNTAL TECHNIQUES 

4.4,1 Initial Microbial Ingculum 

Two continuous reactors were seeded w!th the filtered effluent 

~atman No.1) of a bench seale continuous reactor which had operate~ 

for several months in a chemical environment ~tmil2~ to that selected for 

this investigation. 
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One reactor was operated in a substrate adequately rich in nut~ients 

to encourage growth of predominately rod-shaped bacteria., The othe~ 

reactor wa~ operated in an identical nutrient environment save for a 

lack of buffering capacity which promoted low pH levels favouring the 

growth of yeast. After a period of 10 days, the contents of the two 

re2ctors·were mixed to provide approximately equal numbers of bacteria 

and yeast and experimentation commenced. The two distinct micro""organi.sm 

~hapes were maintained throughout the experimental period tn app~ox~tely 

the same proportion by numbers in an effort to qualitatively evaluate 

the contribution of particle shape to the classification performance of 

the hydrocyclon®~. 

4.4.2 System Preparation 

Prior to each xun~ the biological reactors weTe washed with ~oap 

and tap water, purged with fifty ml of concentrated sulphuric acid ~d 

rin~ed with distilled water to reduce the level of micro-organic contamination 

both in the porous diffuser and on the walls of thezeactor. TO remove a~y 

biological solids.build-up in the hydrocyclone piping network» ten litre~ 

of tap water were pumped through the system at maximum flow rate before 

and after every run. The test slurry was allowed to ,recycle th~ough the 

apparatus fir approximately ten minutes prior to sample collection to 

promote steady-state aystem operation. 



A one litre aliquot of prepared nutrient solution was added to 

each reactor from a common batch supply prepared prior to each run and_ 

seeded with a two litre grab sample from the appropriate hydrocyclone exit 

stream at which time tte.experimental run commenced. 

4.4.3 Sampling 

Three replicate grab samples from the centroid of the reactor 

contents were pipetted through the sanpling port of the funnel adaptor 

at regular time intervals. Prior to each run the filtering properties 
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of the test biological floc were observed to determine optimum sample 

volumes which were selected on the basis of a max~ allowable filtration 

time of fifteen minutes.· This precaution was necessary to reduce the 

possibility of non-representat~ve measurements of biological solids and sub .. 

strate levels as a function of time. Preliminary experimentation indicated 

that refrigerated sample storage at 4°c did not preserve the biological and 

chemical characteristics of the slurry. These observations are in accord 

with those of Ellison (1932) who found evidence of psychrophilic bacteria 

metabolism at temperatures as low as 5°C. Agardy and Kiado (1966) report 

similar findings and conclude that biological activity can change the 

biological, physical and chemical characteristics of the waste when stored 

at low temperatures (0 - 10°C). It has been fairly well established that 

freezing will curtail biological activity (Agardy and Kiado, (1966)). 

However, experiments performed by Morgan and Clarke (1964) and Fogarty and 

Reeder (1964) indicate that significant errors will occur in certain 

analyses performed on the thawed samples. The colloidal chara~ter of a 

sample will be altered by the freezing and thawing process promoting 

coagulation, which phenomenon will affect the dissolved and suspended 

solids content of the waste. (Agardy and Kiado (1966)). Having eliminated 



the possibility of sample storage, it became essential that filtration 

time not exceed sampling intervals. Triplicate ten or owenty ml samples 

were used throughout this investigat;on. In all cases, the filtrate of 

the first replicate collected was used for an organic carbon analysis. 

4.4.4 Air Supply 

A constant and equal supply of air was supplied to both reactors 
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to provide an adequate dissolved oxygen level (approximately six mg/1) and 

a high degree of mixing. A cylinder of glass wool inserted in the air line 

prevented air contamination of the porous diffusers which could result 

in non-uniform air flow rates and reactor contamination. Throughout the 

investigation, individually calibrat~d rotameters were valved to maintain 

a constant air flow rate of 6 •1/mi.n at one atm pressure and 75 °F. 

4.5 ANALYTIC TECHNIQUES 

During the course of an experimental run, theconcentration of 

soluble organic carbon and non-filterable suspended solids were monitored 

as a function of time for both biological reactors. Microscopic examin

ations of the test slurry, and overflow and underflow exit streams were 

performe4 to provide an indication of the relative distribution of micro

organism shape' size and type effected by the hydrocyclone. 

4.5.1 Determinati~n of Suspended Solids Concentration 

The suspended soldis concentration was determined gravimetrically 

using Sartorius weightconstant membrane filters (47 mm DIA; o.45)l pore 

DIA) in conjunciton with a six stall millipore vacuum filtration apparatus. 

Preparatory to each run, the membrane filters were individually washed with 

one hundred ml of distilled water to ensure. the absence of weight contributing 
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~nd carbon ~ontributing $Oluble contaminants. Each filter paper was then 

pl,g,~~d in a tagged aluminum. foil dish, placed in a mechanical convection 

oven at lOJ°C for 0.5 hours (Standard Methods (1965)) and dessicated to room 

temperature. A~ they were required during a run, the filter papers were 

individually removed from the de$iccator, weigh~_d to the nearest lo-4 gms 

on a Mettler type No. 15 b~l~nce and mounted on the filtration apparatus to 

ac~ept ~~~volume of Teactor contentso .After filtration,- each membrane 

filte~ was returned t~ its aluminum foil dish, redried and reweighed as per 

aboveo The sample volume and the weight of non~filterable suspended solids 

were combined to define the suspended solid~ ~oncentration and expressed as 

mass per unit volume. Three replicate measurements were made for every 

suspended solids determination. 

4.5.2 Determination of Soluble Qrganic carbon Concentration 

The filtrate from one of the replicate determinations of suspended 

solids concentration was immediately collected~ treated and analyzed for 

soluble organic carbon content using a ,Beckman model IR 315 infrared 

carbonaceous analyzer. 

Inorganic carbon present in the sample.s was converted to 002 by 

titration with two drops of concentrated hydrochloric acid and liberated 

by means of a. five minute helium purge, (Schaffer et ale (1965))., Twenty 

rnicrolitre aliquots were then syringe-collected and injected into the 

~nalyzer until three successive determinations produced output signals 

~Which differed by le"s than 1% of full scale output. The total organic 

carbon concentr£tion as mg/1 was determined by linear interpolation from 

five point analyzer calibration curves made for each run using.solutions 
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of a stable organic compound (sodium oxalate in distilled water) of known 

carbon concentration. These standard solutions were capped and stored at 

4°c between runs. All glassware used for the collection and storage of the 

test samples was washed and dried in an automatic laboratory washer employing 

a distilled water rinse cycleg 

4.5.3 Microscopic Examination 

An approximate quantitative measure of.the nature of population 

s~paration.relative to size~ shape and type of organisms present in the 

test slurry and the overflow and underflow exit streams was :made using 

an Olympus microscope with.a phase contra~t attachmento 

4.5e4 Additional Testing 

Periodic pH determinations were made during the course of each 

run using a Beclonan expanded· scale model 76, pH metero 

One hundred ml samples collected from overflow and underflow streams 

were allowed to quies for approximately one hour to determine the settling 

characterist~cs of each exit. 

4 .. 5.5 Run Duration 

Testing continued until the substrate carbon concentration reached 

a level which remaira:l constant for at least Oo5 hours (i .. e .. steady-state). 

4. 6 VARIABLES UNDER STUDY 

Based on an evaluation of the literature (Hsiang (1967)), the 

operational variates exerting the most significant influence on hydrocyclone 

classification and thickening performance were selected to be: 



(1) volumetric flaw rate 

(2) volume split 

(3) slurry characteristics (particle size distribution and 
concentration) 

(4) inlet pressure 

(5) pressure drop 

Preliminary testing revealed several predictor variates to be 
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mutually dependent for the system operational levels of greatest interest, 

negating the use of all operational variables as system parameters; 

Independent of 
Volumetr.ic Volume Slurry Inlet Pressure 

Variate Flowrate Split Characteristics Pressure Droo 

Volumetric 
Flowrate - No Yes No No 

Volume 
Split No - Yes No No 

Slurry 
Characteristics Yes Yes - Yes Yes 

Inlet 
Pressure No No Yes - No 

Pressure 
Drop No No Yes No· -

Since the test slurry consisted of a dynamic, non-equilibrating, 

living biomass, no positive control could be exercised on its properties, 

thereby precluding its status of a predictor variate. Preliminary 

evaluation of the test system, therefore, indicated no experimental variables 

of interest which could be selected as mutually independent test parameters. 

The operational characteristics of the apparatus were such, however, that 

inlet pressure and volumet.ric split were relatively mu_tually independent 

and controllable over the range of interest for this investigation; the 

former being a function of the level of influent volumetric flow rate 
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and the latter being a function of the level of underflow-exit valve 

throttle. 

Inlet pressure and volume split, being mutually independent in an 

operational sense and controllable .over a discrete range of interest for 

hydrocyclone geometry were selected as predictor variates and were 

investigated with hydrocyclone size in a three variable experimental 

analysis. 

4.7 EXPERIMENTAL DESIGN 

Investigation of the thickening and classification responses for 

a meaningful number of predictor variate levels suggested the use of 

statistically designed experimentation in the interest of research 

~fficiency.· Hunter and Wu (1967) have noted that this experimental 

philosphy provides a measure q,f the interactions between variables, the , 

simultaneous action of variables on the response variates and the most 

promising direction of change for predictor variates to maximize the 

r.esponseo 

The implementation of this approach presupposes the existence of a 

smooth, functionalrelation correlating measured response to various levels 

·of the predictor variates which can be represented to any required 

degree of approximation by. employing a sufficient number of terms in its 

polynomial representation (Box, (1967))o Since the upper and lower bounds 

of predictor variate levels were fixed by the operational characteristics 

of the test system~ the steepest ascent approach to response maximization 

could be empla~ed; but, system responses could only be measured over a 

well-defined spectrum of variable levelsQ Since the experimental region 

under investigation may have represented a near stationary section of the 
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response surface» in· which case a fil'$t ordlel' polynomial w·ould not 

ade~uately define the surface, provi~io~ was ~de for inclusion of second 

order effects by employing a second order central composite designo !h~ 

five level, three variable, statistical design illustrated geomet~ically 

in Figur~ Nos 6 was employed for the predictor variates of hydrocyclone 

diameter (x1), inlet pressure (x2) and volume split (x3) at the following_ 

factor levels (Hunter, (1960)) •. 

Coded Levels 

Run 
Noo xl x2 XJ 

1 1 -1 1 
2 1 -1 cool 
3 1 1 . -1 
4 1 1 1 
5 -1 1 al 
6 -1 1 1 
7 -1 cool 1 
8 -1 -1 =1 
9 -2 0 0 

10 2 -~ (() 0 
11 : 0 2 0 
12 0 ca2 0 
13 0 0 2 
14 0 (]) ... 2 
15 0 0 0 
16 0 0 0 
17 0 0 0 
18 0 0 0 

~ .::·~ =="'== 

o e ey C d K 

~ b +2 +1 0 -1 -2 

XI= DC 
(mm) 

10 8 6 4 -2 

x2 = p 
(PSi) I 200 170 140 110 80 

x3 = VS 
(OF/UF) 

3/1 2.5/1 2/l L,S/1 1/1 
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CHAPTERS 

DATA AlfA:LXStS 

5. 1 TREATMENT OF RAW DATA 

Due to the limitations imposed on sampling frequency by the 

analytic techniques employed and on run du~~tion by.the u~s of~ 

monasaccharide carbohydrate source, fem data ~®~e available for the deter-

mination of:unit rate infonmti©lllo Interpolation techniques were investic:> 

gated in an effort to find a suitable method for generating more datae ~ince 

only a discrete set of approximate values of empirical data was gene~ated 

in the laboratory, and the degree of reliability of these data was not 
--......_____ ___________ --;-- ----~----- -----~--~·--~---·~--------·------- ...... -----~--

well established (Appendix No. II), it was not feasible to defin® aa· 

interpolation polynomial ~o fit the data exactlyo Hildebrand (1956) has 

noted that such a polynomial coulcf be represented by a curve which 

oscillates violently about the curve representing the true function. In 

addition.~ since the organic carbon concentration data were !:o be used for 

numerical differentiating~ the effects of the deviation of the g~~erated 

function from the true function would be :magnified am result in unreliable 

data interpretatione It was~ therefore, ewident that raw data smoothing 

must precede an interpolation prGee8s. 

5elml Data Smoothing 

In place of determining a ~olynomial approximation to a certain 

function by requiring that values .. of the appt"oximatiotil. agree with the 

known approximate values to the true f~cti~n. Hildebrand (1956) and 

Nielsen (1965) suggest that it is p~efe~able to ~equire that the 

approxtmation and the true function agree as well ·as possible over the 

domain specified by the raw data. Te thi~ end~ the Gram modificat.ion 

of Legendr®'s Principle of Least-Squares was used_ to develop smoothing 
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formulae whieh put full and equal weight on primary data. In place of 

approximating the true function by a single~ least-squadr(f;lS polynomial of 

specified degree over the entire r~nge of dat£ @et, Hildebxand(l956) reports 

the desirabiity of replacing each datMm by· the value ~aken on by a least~ 

squares polynomial of a degree relev.ant to a sub~ange of raw data centered 

at the point for which the entry is to be modified. This technique as8umes 

that the true function can be approximated by some polynomial of speci2fie~ 

degree over each subrange of data points but it also admit~ the possibility 

that a polynomial of fixed order may not be sati$factoxy over the entire 

domaino 

Rather than artifi~lly forcing the r~ data to conform to an 

approximating polynomial of arbitrary order~ ~ mathematical criterion wa~ 

established for evaluating the best order of mathematical response based 

on the raw data. Using the proposition that ·nfo:r equally spaced in.te~vals 

of the independent variable, the nth differences of ~ polynomial of the 

nth degree are constantiv (Nielsen (1965)) a forward difference table of 

the 5th rank was established for each set of primary datao The difference 

column exhibiting the ~mallest mean square based on the residual sum 
' . -

of squares about the column mean determined the mathematical degree of 

smoothing to be employed for each datm aeto 

5.1.2 Interpolation Techniques 

The Lagrangiarn technique of. ®Xp~essing an interpolation fo~ula 

explicitly in. terms of smoothed data was in-vestigated to determine the 

amenability of the d2ta to this type of analysis. .Violent oscillations 

were observed in the generated functions for both smoothed and raw d~ta, 

indicating the data to be ill-conditioned. This was ascribed in part to 
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the low degree of reliability of the raw data in an analytic sense and 

in part to the existence of a potnt of inflection in the esttmated true 

function, both of which seriously reduce the power of Lagrangian analysis. 

In general, the degree of the generated Lagrangian Polynomial is one less 

than the number of data points and hence, this method ·artificially forces 

an order on an experimental curve, the mathematical accuracy of which is. 

a function of the number of data points. Furthermore, the Lagranian method 

does not allow easy determination of the truncation error relevant to the 

result offered by interpolation based on a given number of ordinates, or 

easy determination of the number of ordinates needed to reduce the truncation 

error below prescribed limits. For these reasons, Lagrange Polynomial 

interpolation was not considered acceptable for this investigation. 

Preliminary studies indicated Bessel's finite difference inte~polation 

used in conjunction with a central difference table to be a realistic method 

of interpolation. ·Equally acceptable and more readily adaptable to this 

study was the use of the smoothed, least-squares approximation p·olynomial 

generated in the smoothing process. By selecting an nth degree polynomial 

of the form 

F(x) = a
0 

+ a1(x- x0 ) + a2(x- x0)(x- x1) 

+ ~(x- x0 ) ••••• (x- xn-l> 

..... 

the unknown coefficients could be obtained from a forward difference table 

of the smoothed data. Interpolated data could then be obtained from the 

defining polynomial without distorting the polynomial of best fit. 

The smoothing formulae used in this investigation are presented in 

Appendix No. III. 
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5 • 2 REVISED RAW DATA TREATMENT 

It was found that this method of data treatment selected "best 

orders of fit" which did not result in a minimum -residtal sum of squares 

at the appropriate degrees of freedom for an assumed difference table variance 
n . 

distribution off2 (where n = the difference rank). This _suggested that an 

unknown source of variance was present. Rather than devising a search 

technique to provide a "best fit" for the variance, it was decided to 

treat the data by least-squares polynomials of increasing arithmetic order 

until the polynomial exhibiting the minimum residual mean square was 

determined. Terms in the generated expression accounting for sums of 

squares significant at the 95% level relative to the residual sum of squares 

for the appropriate degrees of freedom were retained to define the approxi-

mation to the "true" function. 



RESULTS AND JNTEVQtATION 

6 .1 PRIMARY DATA 

6ale1 Specific Growth Rate 

Since specific growth rate is def~d to be the velocity of organic 

carbon removal per. unit mass of micro-organisms (~B :fc) v it 151 evideHt 

that the magnitude of this quantity will b~ £ fu~tion of the type and extent 

of data treatment used for the ra. data m&$$ C@~centration~ of organic carbon. 

and suspended solids. 

With the exception of run No. 9~ the raw data for the concentratio~ 

of organic carbon indicated an arithmetic linea~ decrease with ttme to 

~teady state levels~~ Within the limitation imposed by tM fr~quency of 

$8mpling, these curves indicated a point of disc~ntinui~ between a constant 

velocity and a "null" velocity of carbcEn deei:ease, thereby suggesting a 

piecewise approach to dat~ fitting. Inter$ecting arithmetic linear .least-

squares curves pr©vided highly significant fits at the 95% confidence l~vel 

and the:Ble smoothed data were used to ealculafl:e !$. , (Figures No.7 . through 
dt 

No. 24). 

The raw carbon ~nd solids data we~q also regressed in a non-piecewise fa~h9 

ion over the enti.i'e domain of eadn INno Least squares polynomials of in..., 

creasing arithmetic order were fit to the data until the polynomial ~ibiting 

the lowest residual mean square was dete:aniMdo The~e fit~5 were also highly 

significant at the 95% confidence lev~l ~nd were used to ~lculate a different 

Et af specific growth ~ate values. 

Since the regressed ~arbon data were differentiated for the evalu@tion 
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of unit rates, it is obvious that treatment of these data will be highly 

d f f . 1 f 1 dec B significant in e ining any unct1ona response o -- • ecause 
CB dt 

carbon data has been traditionally expressed by a kinetic mechanism containing 

carbon concentration to some power, and because the rate of increase of 

suspended solids has been demonstrated to be a function of the velocity 

of carbon uptake, specific growth rate is usually plotted as a function 

of organic carbon concentrationo 
1 dCc 

Figures No o 25 through No o 42 illustrate the dependence of - -d on 
CB t 

Cc for which raw carbon data were fit ·in a piecewise fashion over the domain 

of each run~ The slight dependence of unit rate on carbon is an expression 

of the variation in suspended solids levels over the course of each rune The 

constant velocity of carbon decrease to steady-state levels, coupled with 

the small increments in suspended solids relative to the initial levels, 

result in specific growth rates which are almost independent of the con~ 

centration of organic carbon above steady-state carbon values and which are 

zero below those levels. These curves resemble the two-phase kinetic 

mass transfer model proposed by Eckenfelder (1959). 

Figures No.25 through Noo42 illustrate the functional relationship 

of specific growth rate on organic carbon for raw data regressed into 

polynomials of best fit over the total domain of each run. These curves 

exhibit a strong dependence of specific growth rate on the concentration 

of organic carbon over the entire range of carbon levels prevalent throughout 

each test. Neglecting the drop-off in unit rate at the upper levels of 

organic carbon (which signify a slight lag in the initiation of carbon 

removal with time), these plots. resemble the enzyme kinetic models of 

Nichaelis-Menton, Monod (1949), Tessier (1936) and Schulze (1964) as well 

as the first and second order and second order autocatalytic kinetic models~ 
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prev~lent in th~ literatureo The mathematical model· of Martin and 

Washington (1964) could also be easily fit to the~e curveso 

Since both families @f $pecific growth rat@ eu~e~ a~e derived from. 

data which are significant at the 95% 1~~~1, ~hen &pecific growth rate may 
be argued to be both highly depe~d~nt oti the ~~• eo~eentration of organic 

carbon and virtually indepe~ent of the mass concentration of organic 

carbona 

It may be concluded that specific growth rate,within our ability t~ 

measure it,is ~meaningless quantity for~ batch proce~s and its us~ as a 

justification for kinetic models or as. a que.ntity for design must be 

questioned. It is evident that the fu~~icnal fo~ of specific growth rate 

is highly dependent on: 

(1) the type of data. fitting employed for carbon~ 

(2) ·the number of data entries ira ~he 99Steady-state" region of 

carbon levelso 

Since significa~tly diffe~ent re~ti~nahips betwee~ specific growth 

rate and organ~c carbon concent~~tioft we~e obtained when the range of data 
. . . 

entries for each run was considered to eoneist of (ODe and-two domainsD the 

question ari~~$ as to which method of treatment ill 0~most justifiable"~ 

When each data set wa~ ~oneide~ed as a siagl.f5 ~oma.in, high o~dex-

polynomials were observed to fit the raw c!a,ta, ~:!:'~ly well, several time~ 

resulting in ~esidual mean square~ mot mignifieant at the 99.9% level. Xt 

was feltD however, that only those e@efficiefit~ accounting f~ a reduction 

in the total sum of squar~~ ~ignifiea~t at the 95% level {relative to the 

~esidual sum of aqua:i'es) should· })e retained in the regression equa.tions (} Th!~ 

variation in treatment resulted :tn several r~poe5sioo lines wbo$~ r~esidual 



mean squares were significant at the 95i. level. Relative to the method 

of piecewise fitting, this regression technique in general, represented 

a decrease in the goodness of fit. 
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Therefore, piecewise smoothing of the raw organic carbon data as a 

function of time was considered to 1M! the moat •ccoptable method of data 

treatment. 

6.1.2 Organic Carbon 

The change in mass concentration of organic· carbon with ttme is 

presented in Figures 7-24 .. for the overflow and underflow reactors·of 

each run. 

For all.but one of the expertmental runs, the mass concentration 

of extracellular soluble organic carbon (hereafter defined as carbon) 

decreased at uniform rates to steady-state levels •. Arithmetic linear 

removal characteristics with respect to time have been reported for several 

~ingle aliphatic and aromatic organic compounds in mixed culture studies 

for which the extent of reaction has beeq indexed as COD or.compound mass 

concentration: -~ilson (1967),·Tischler aad_Eckenfelder (1968), Rao attd 

Gaudy (1966), Krishnan and Gaudy (1966) and Banerji et. al. ·(1968)). 

This phenomenon, interpreted in a kinetic sense, indicates that 

the rate of carbon removal is indepe~ of both the carbon concentration 

and the micro-organism concentration, stnce both of these quantities change 

with. time. 
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The fact that the biological reaction system is independent of carbon 

concentration further suggests that mass transfer does not define rate ltmit• 

ation. The reaction constraint would appear to be exercised by the metabolie 

pathways of the micro-organisms. 

The velocity of carbon removal is plotted against the initial mass 

concentration of micro-organisms for the overflow and underflow reactors 

of each run in Figure No. 43. Statistical Analysis (Appendix No. IV ) 

indicated a linear correlation to be significant at the 99.9% level. A 

correlation coefficient "R" of 0.58126 was obtained for all the data con

sidered as one set, indicating that the correlation line removed only 

33.79% of the total sum of squares. Therefore a term of at least second 

order would be statistically significant at the 95% level in a regression 

equation. 

The velocity of carbon disappearance appears to become less dependent 

on the mass concentration of micro-organisms above a suspended solids level 

of approximately 900 mg/1. Neglecting data entries_ above this value, a 

correlation significant at the 99.9% level was obtained, which removed 

approximately 73.1% of the total sum of squares. Although this represents 

an improvement in the fit, second order effects are still significant at 

the 95% level. 

Grouping the data according to overflow and underflow fractions resulted 

in correlation lines which were significant at the 99.9% level arul w~ich de

fined residual sums of squares from the regression line which were not signi· 

ficant at the 95% level. (Figures No. 44 and No. 45 ). Linear. regression on 

the grouped data including all entries indicated second order effects to be 

significant at the 95% level. Therefore it may be concluded that the velocities 

of carbon removal for the overflow and underflow fractions of this test were 

both linear functions of the initial mass concentration of micro-organisms to 

a suspended solids level of approximately 900 mg/1, and that above this level, 

the carbon removal rates exhibit only slight dependence on the solids value •. 
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Linear relationships between these variables have been reported by 

Wilson (1967) for studies on batch oxygen uptake by mixed cultures g~owing 

on single substrates; by Tischler and Eckenfelder (1968) for studies on 

the batch removal rates of glucose, phenol and aniline as COD using mixed 

cultures; and by Banerji et al. (1968) for studies on the batch degradation 

rate of potato starch as total COD by acclimated mixed cultures of micro-· 

organisms. The fact .that the dependence of dCc on. c8 decreases signific-
dt 0 . . 

antly at CB0 levels greater than 900 mg/1 suggests t~at a process constraint 

limited the uptake of organic carbon. Since oxygen and nutrient levels were 

maintained at values greater than those defining growth l~itation and since 

limitation due to biological space would not be expressed at such a law 

suspended solids concentration, no fundamental explanation can be offered 

for this phenomenon. Four of the data entries at suspended solids levels 

greater than 900. mg/1 (*) accrue from runs during which.the frequency of 

sampling did not allow for the determination of sufficient information to 

accurately determine the. rate.of disappearance of carbon. Therefore, the 

critical value of 900 mg/1 is most probably an expression of experimental 

error for the subject data entries. The same characteristic for glucose 

metabolism by acclimated mixed cultures has ~een reported at critical sus

pended solids levels of 1200 mg/1 by Banerji et al. (1968) .and 3500 mg/1 by 

Wuhrmann (1956). 

Below susp.ended solids mass concentration levels of 900 mg/1, ·the 

relationships between dCc and CB are: 
dt 0 

(1) 

(2) 

for the overflow population 

~ = 0.218106 CB 
0 

for the underflow population 

dCc = 0.17462 CB 
dt 0 

- 5.23643 

+ 3.98624 
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Fu~tther analysis indicated that both slopes are significantly different 

from zero at the 95% level and that both slopes 2re ~ot ~ignificantly 

different from each other at the 95% levelo The~efoxe the two slopes were 

pooled to provide a better overall est~te. The resulting expressions 

are~ 

(1) for the overflow population 

dec 
== Oel897361 ·~ 

dt 0 
= 5.23643 

(2) for the underflow population 

dCc = 0.1897361 CB 
dt © 

+·3.98624 

Microscopic examinations of the underfl~ and @Verflow fraction~ of the 

seed populations were performed to provide an approximate quantitative 

indication of the predominant species fo~ each run. Filamentous bacteria, 

rod""'.shaped bacteria and spherical yeast cells were observed to vary in 

predominance throughout the duration of experimentation. Grouping th~ 

overflow and underflow data independently according to dominant mic~obial 

shape (Figures No.46 and Noe47 and Noe48 ) re~ulted in linear correlations 

dC 
between __£ 

dt 
and CB which were significant at the 95% level for the 

0 

rod shaped overflow and underflow and for the spherical shaped overflow 

treatmentse A lineax coxrelationp ~ignificant at the 90% level, was 

obtain~d for the spherical shaped underflow treatmento These grouping$ 

exhibited no significant second order ~ffects at the 95% level when data 

entries at solids levels greater tha .9.00 mg/1 we'i:'e discarded; significant 

correlations could not be obtained when these data were retained. The 

filamentous shaped groupings did not exhibit significant cor~elation, p~ob~bly 
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due to the low number of initial degrees .of freedom. All correlations 

exhibited slopes significantly different from zero. 

Further testing based on the six groupings (Appendix No. IV ) indicated 

that: 

(1) the slopes of the stx groupings we~e not significantly 

different, one from the other, therefore a pooled slope 

was determined, 

(2) the vertical displacement between the 6 data sets was 

not significant, 

(3) at the 95% significance level, a single line through all 

the data considered as 1 set gave as good a fit as individual 

lines through each data set. · 

Therefore, it is concluded that the rate of removal of carbon is a 

linear function of the illfl:ial. ·concentration of micro .. organisms below 

suspended solids levels of 900.mg/l. In this region, the best correlation 

is obtained if individual lines are draw~ through the data· grouped into 

overflow and underflow fractions: 

dCc = 0.1897361 CB 
dt 0 

5 .• 23643 (overflOw) 

dCc = 0.1897361 c8 dt 0 
+. 3.98624 .(underflow) 

Both lines have the same slope at. the 95% confidence level~ and there is 

no significant vertical displacement between the curves at the 95% confidence 

level. Thus the overflow and underflow fractions of the seed population 

exhibited the same·earbon removal characteristics. ~e rate of increase of 
. '.· + 

the carbon removal velocity with suspended solids was 0.1897361 - .0.03904 

mg/1 carbon/hr/mg/1 solids. Rao and Gaudy (1966) reported a range of 
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values £ram 0.286 to 0.698 mg/1 gluco~~/h~/mg/1 solids at 2l~5°C and 

Banerji et al. (1968) report a value of 0.296 mg/1 glucose/hr/mg/1 solids. 

Above a mass concentration of micro-o~ganitimB of app~oxi~tely 900 mg/1, 

the velocity of carbon removal appean ~o be independent of the ~usp~nd~d 

solids levelo No fundamental significaaee· is asc.ribed to thi~ phenomeDoii. 

From the data of mass concentration of carbon as a function of tine, 

it is evident that stea~state carbon level~ of approximately 20 mg/1 

(rather than zero) were observed for almost eveTy rune This would suggest 

that the micro-organisms require & ~hr.eshold level of c~~bon before it 

can be transported into the cells (mass transfer·inhibition) or that 

residual organic carbon~ probably tied up in compounds secreted by.the 

micro~organisms du~ing a~tive metabolism, was present in the reactor i~ 

a form not readily available ~s an energy sour~e to the cells. The latter 

explanation would seem to be more feasible and ha~ been repoted by Rao 

and Gaudy (1966), Tischler and Ec~enf~ldei (1968) and Gaudy, Komol~it 

and Bhatla (19.63). For runs No. 1 and No. 5 ., the earbon exhibited r~sp~©!tive 

steady-state levels of approxiniately 80 mg/1 and 45 mg/1. Since it waa> 

expected that dextrose would lbe ~ead:tly uHd by the llllicro-organisms even at 

law concentrations, no fundmme~~l e~pla~tion can be offered for these 

phenomena. other than the possible inhibit-toil @f dat:!:'ose metabolism by 

some unexpected mechanism. Similar observa~ioo~ wexe rep~rted by Rickard.et 

alo (1965) but no explanation was offered. 

The data. of :ron Nos o 2 ,· 6 , . 7 1 indicate a significant increase 

in the carbon mass concentration at approximately one hour after the 
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initiation of' "steady-state" conditions. This suggests that an organic 

substance(s)', derived from dextrose metabolism was excreted into the 

medium (Gaudy, Komolrit and Bhatla (1963)). 

6.1.3 Suspended Solids 

The ch~nge in the m£9~ concentration of suspended solids with time 

is presented in figures 7-24- for the overflow and underflow reactors of 

each run. 

Since the media compositions used in this investigation provided 

nutrient levels in excess of those defining growth limitation (Bennett 

(1967); M~Lean (1968))- the shape of the growth curve was assumed to be 

a function of the mi~'K'obial population. Several investigations have 

. defined the growth cha~acte~istie to be an expression of the physiological 

condition of the micro-organism populationo The change in suspended solids · 

with time has been ascribed to be a function of: the number of nucleii 

present per bacterium for the dominant species of a mixed culture by 

JL.a.mann~ and Mallette (1965); the degree of starvation of the ~«:!clima.ted culture 

inoculum by Clifton (1957) ~nd Rao and Gaudy (1966); the duration of the phase 

of adjustment to a new ~nvi~onment by Lamanna and Mallette (1965); and the size 

·of the seed inoculum by Rao and Gaudy (1966)o The shapes of the growth 

characteristics observed in this study are ~~c~ibed in part to the large 

degree of scatter prevalent in the suspended solids data due to inherent 

e!'x-cors in the membrane filter technique (Appendix Na. II ) and in part to 

the small incr~ment in mass relative to the total population observed in 

most runs. 

As noted previously, Kountz,. et al. (1959) and McKinney (1963) concluded 

that up to 25% o.f the suspended solids :fom~d in the extended aeration process 
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ma;y be ~ine~ The· data of Lamanna and :Mallette (1965) reported for studie~ 

on the exponential growth of SALMONELLA PULLORUM i~ a non-synthetic nutrient 

broth, indicate that non=viable cells may comprise from approximately 8·to 

25% of the total microbial population. Washington, Hetling and Rao (19 64) 

studied the long term growth of mixed microbial cultures using a. glucose 

carbon feed in semi-batch operationo They found that dull!'ing the first eight 

months of operation, viable cells.comprised from 45 to 60 percent by mas~ of 

the total populatione Thereafter this level decreased to the range of_25 to 29 

percent by mass. Martin et al. (1965) observed the growth of PSEUDOMONAS 

FLUORESCENS on glutamic ac~d in a continuous reactoro They observed a 

constant value of 56 percent viability as measured 'by organism rcporductiono 

Although a definitive determination of the true fraction of the bio

chemically active portion of a culture is questionable, the above findings 

indicate that a significant fraction of a micro-organism population may be 

inert relative to organic subst.rates Therefore, it could be expected that 

the growth characteristics of the micro-organisms of this study lvoere signific· 

antly damped by the presenc~ of .a large ma_ss of inert solids relative to the 

total mass of solids. 

The shapes of the smoothed growth curve~ were influ~nc~d to m large 

extent by the data entries. after the occurrence of stead-st~te level$ fo~ 

soluble organic carbon. Lamanna and Mallette (1965) ha.ve noted that the 

so called "phase of microbial decline" is often so irregular as not to be 

fitted easily to some mathematical function. Thus, the smoothed growth 

curves may not be good approxtmationa to ~h~ t~u® growth curvesa 

From Figures No •. 7 through No. 24 it can be seen that the increase· 

in suspended solids to the point of substrate ogexhaustion" (i.eo steadyo 

state) was approximately the same fo~ both ~v~rfl~ and underflow reactors. 



This suggests that both the overflow and underflow fractionsof the 

test slurry were the same. Microscopic examinations of the overflow 
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and underflow populations for each run revealed no noticeable difference 

in the type or relative numbers of species present, suggesting that a 

preferential separation was not effected by the hydrocyclones used in 

this investigation. 

Since the reciprocal of the suspended solids concentration was used 

to determine specific growth ·rate, and since the magnitudes of solids 

were large relative to the magnitudes of organic carbon velocities, the 

growth characteristic did not exercise a significant influence on the 

shape of the specific growth rate vs carbon response. The presence 

of a large number of inert solids could, hawever, significantly affect 

the magnitude of unit rate as a function of carbon. 

6.2 DESIGN IMPLICATIONS 

Within the scope of· this experimental study, it has been·concluded 

that the rate of decrease of soluble ~tracellular organic carbon appears 

to be independent of the organic carbon and a linear function of the 

concentration of micro-organisms. Since the concentration of suspended 

solids does not decrease as the reaction proceeds, then the velocity of 

carbon disappearance, interpreted in a kinetic sense, does not allow 

for discrimination between reactor sizes dictated by CSTR or PFTR designs 

limits (Levenspiel (1967))~ 

Since the rate of carbon decrease varies linearly with 'the con

centration of suspended solids, then an optimum (i.e. mini.mwn) reactor 

size would be defined when the concentration of micro-organisms is 

maximized. 



This maximum level may be determined by: 

(1) the increasing difficulty of tx-ansfe'!:':ting sufficie11t quantities 

of oxygen to the reactox ($© t~t oxygen tension does not define 

rate l~itation) as the concent~ation of suspended solids increases~ 

(2) the increasing difficulty of providing adequate solid-liquid ph~88 

separation in subsequent stages of the process as the concentrati@~ 

of suspended solids increaseso 

These factors should be balanced against the increased benefits that accrue 

from minimizing reactor volume. 

Since the dependence of specific gxowth rate on organic carbon cannot 

be determined at the 95·% confidence level, it is not feasible to use this 

quantity as a basis for reactor design.· 

This investigation has indicated that the velocity of substrate dis

appearance· is independent of the suspended solids level as well as the organic 

carbon value for a single batch test. The~efore, it is advocated that ~ 

number of batch laborato~y experiment- be pei'form2dl using acclimated mixed 

microbial cultures and the subject organi~ waste to define.a relationship 

between the velocity of organic decrease and the ~oneentxation of ~~spended 

solids over a range for the latter which .brackets the practical maximum 

levelo Micro-organisms would then be removed from the process so that the 

practical maximum level is not excededo With this information it would be 

possible to determine an optimum reactor residence time knowing the inf~uent 

and desired effluent organic concentrationo 

This procedure assumes that organic wastes met in pi'actice will 

exhibit similar removal characteristics to tthe dextrose carbon source used 
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in this investigationa Recent stu©lite$ o~ EnOre complex wastes (Wilson (1967), 

Tischler and Ekenfelder (1968)) suggest that this is a reasonable assumption. 

For waste steams consisting of a variety of o~ganic W&$tes, it would be 

necessary to determine if any mutual inhibition effects are pxes~nt, in 

which case it may· be feasible_ to inv~atiga.te separate tereatment faciliti.ea 

for these compounds if they originate from different sources or separation · 
.,!; 

techniques if they originate from a common source. 

Laboratory - Prototype Scale Ue 

By wasting a fraction of the test micro-ot'ganism population at frequent 

levels~ and maintaining adequate quantities of trace nutrients, then ® pro-

cess of natural selection will determine the predominant microbial ~pecies 

in a batch study, thereby approx~ting prototype continuous operation.· 

No laboratory-prototype scaling woul~ be expected for the characteristics 

of the microbial population or the organic waste •. Studies may be required 

to determine differences in laboratory-prototype mixing characteristics., 
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6. 3 . HYDROCYCLONE EVALUATION - CLASSIFICATION 

The central c©mposite ~tatistical design employed in this investi~ 

gat ion was analyzed (Apperndix No o V ) to determine the effects of the. 

system variates (Hydrocyclone size» inlet pressure; volume split) on 

the biokinetic and separation response variates. 

6.3.1 Biological Response 

The facts that specific g~owth rate appears to be a meaningl~$S 

quantity in an absolute sense and that organic carbon removal velocity 

appears to be a linear function of the concent.ration of suspended solids» 

suggest that a meaningful measul'e of th® r-elative abilities of the overflow 

and underflow micro-organism fractiO~$ to ~®~W® organic carbon is 

not available. If the assumption is made. that the ~pecific gro'tt~th rat.e 

responses of the overflow and underflow fractions are independent of the 

techniques of da.ta treatment in a relative sense, then these quantities 

may be used in the statistieal analysiso Since a single number representa~ 

tive of the difference between the two fr~~tions was required at each 

treatment· for the analysis, it was decided that: 

(1) since the specific growth rate was almos~ independent of organic 

~arbon concentration for pr~ry data fitted in a piecewise 

fashion (Figures No.25 through Noe42 ) ·thea the difference 

between the mean values (overflow • underflow) of specific 

growth rate over the domanin of testing would provide the 

best estimate. 

(2) since the specific growth rate was highly dependent ~n th~ 

organic carbon concentration for priJnary data fitted by the 

best possible polynomial for a ~ingle domain.defined by each 
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run, then the ratio of areas (overflow/underflow) defined 

b h 1 dC Y t e -- --£ vs C plot from the lower limit of cc to the c8 dt · c 
1 . dC 

maximum value of C --S. would provide the best estimate .• 
B dt 

Difference in Means 

The experimental design matrix is illustrated in Table No. 1 To 

estimate the first order effects in the expertmental region, a 23 facterial 

experiment comprising 12 tests including 4 replications at the centre point 

(to estimate the error) was performed. Applying the method illustrated in 

Appendix No. V the· estimates of the ·coefficients of the response surface 

n 
I b x1 

i=O 1 y = 

were obtained. 

An analysis of variance (Table No. 2 ) indicated that the lack of 

fit was not significant at the 95% level relative to ~xpertmental·error. 

Since, however, none of. the first order terms were sign~ficant at the 95% 

level relative to the residual mean square, it would appear that either the 

response was ind·ependent of the test variables or only second order terms 

(incorporated in the estimate b0 ) were significant. Analysis of the first 

order model with interaction effects included (Table No. 3 ) indicated 

only the constant term of the·response equation to be significant at the 

95% level. The residual sum of squares obtained including interaction 

terms represented an improvemen·t over that obtained for first order effects 

only (11.0% of total vs 28.7%). The lack of fit estimate again was not 

significant relative to the error est.imate at the 95% level. 
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Source ss 
1-- --

Bo .01390 

Bl .00100 

B2 .00013 

B3 .00042 

ERROR .00238 

LACK 
OF FIT .00385 

~SIDUAL .00623 

ANALYSIS OF VARIANCE 

_FIRST ORDER. ~HODEL 

BIOLOGICAL -MEANS 

DF HS Error 
-

F 

1 .01390 17.51693* 

1 .00100 1.26296 

1 .00013 e 17010 

1 .00042 .53175 

3 .00079 1.00000 

5 .00077 .. 96942 -
8 .00078 .. 98089 

TOTAL SUM OF SQUARES = 0.02169 

Test 

Residual 
·-

17.85820* 

1. 287 57 

.17341 

.54211 

1.01948 

. 98831 

1.00000 

SUM OF SQUARES REMOVED BY MODEL ::: 71. 3% OF TOTAL 

Estimated Coefficients Variance 
-- --- ~ --.. -·------ --.. --......:..--·--· --· .. 

Bo .03403 6.6 X ~o-s 
-

Bl - a0lll9 9.9 X lo-s 

B2 .00411 9.9 X lo-s 

B3 - .00726 9.9 X 10-5 

-



TABLE NO. 3 119 

ANALYSIS OF VARIANCE 

FIRST ORDER NODEL AND INTERACTION 

BIOLOG !CAL - MEANS 

F Test 

Source ss DF MS Error Residual 
·~ - .___,....,. 

f.Bo .. 01390 1 .01390 17.51693* 23.16077* 

Bl .00100 1 .00100 1.26296 1.66988 

B2 • 00013 1 .. 00013 . .17010 .22490 

B3 .00042 1 .00042 .53175 .. 70308 

B12 .• 00027 1 .00027 .33740 .44611 
B13 . .00150 1 .00150 1. 88948 2.49826 

B23 .00027 1 .00027 0 •. 34091 .45675 

Bl23 .00176 1 .00179 2.25405 2. 98029 

~RROR .00238 3 .00079 1.00000 1.32219 

~t~K OF .00002 1 .0000_2 .02528 .03342 
~ESIDUALI .00240 4 .00060 s75632 1 .. 00000 

TOTAL SS = .02169 
SS REMOVED BY MODEL ~ 89% OF TOTAL 

Estimated Coefficients Variance 
-·-

Bo .03403 6.6 x lo-5 

Bl - .01119 9 .. 9 ~ lo-5 

B2 .00411 9~9 x to-5 

B3 - .00726 9 • 9 X 10 -.) 

Btz - .0057 8 9.9 x to-5 

B13 - .01369. 9.9 x to-5 

B23 .00581 9.9·x to-5 

B123 .01495 9.9 X 10-5 



Second order effects were estimated by augmenting the 23 factorial 

design with 6 more treatments with coded levels of t2 ·for each of the 
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3 primary variates. The analysi~ of variance for thi$ model (Table No. 4 ~ 

.again indicated an adequate fit but resulted in a response equation with 

only the constant term significant· at the 9S% levelo The residual sum ef 

~quares represented approximately 18% of the totalc 

It is concluded that for the region of experimentation defined by 

the range in the predictor variates, the response was constant and inc 

dependent of the predictor variates at the 95% confidence level; no 

information was generated as to the direction or the magnitude of changes 

in the predictor variates which would improve the response. 

Therefore, for the materials and methods of this study, the overflo~ 

fraction of the test slu~ry removed organic carbon at a faster ~ate pe~ 

mass of micro-organisms than. did the underflow fraction.. With 95% con~ 

fidence, this _difference in the specific growth rate was detennined to be 

0 .. 03403 (Hrsr"'l! ltlo01768 at the 95% level. 

It is concluded tha.t the hydrocyclones used in this investigation 

provided a preferential cla,ssifica.tionl) in a biokinetic sense!) of a mixed 

population of micro-organisms~ 

Ratio of Areas 

The experimental design. matrix is defined in Table No.1 ·• Following . 

the same procedure as before, an analysis of variance for the fir~t orde~ 

model indicated the lack of fit to be significant at the 95% level, 

suggesting that higher oxde~ terms a~e significant. Considering the first 

order model with interaction effects includ.ed (Table No.6 ) showed the 

mathematical fit to be significant at the 95% level. The· only e~efficient~ 

to be significant at the 95% level are: 



Source ss 
Bo .01340 
Bl .00082 

Bz .00019 

B3 .00008 

B12 .00027 

B13 .00150 
B23 .00027 

B123 .00179 

B11 

Bzz .001211 
B33 

ERROR .00238 

f.i~K OF .00239 

RESIDUAL AOOJ.+]7 

TABlE N08 4 

ANALYSIS OF VARIANCE 
SECOND ORDER NODEL · 

BIOLOGICAL - MEANS 

F 

DF MS Error 
·-· -· 

Test 

Residual 

1 .01942 24.47387* 28.47085* 
1 .00082 1.03009 1.19832 

1 .00019 .2~244 . 28203 

1 .00008 .10390 .12087 

1 .00027 . 33740 e3925Q 

1 .00150 1. 88948 2.19807 

1 .00027 .34091 .39658 

1 .00179 2. 254.05 2.62218 

3 .00070 \!}&86-0 1.6294'' 

3 .00079 1 .. 00000 1.16332 

4 .00060 .75432 v 877 51 

7 .00068 
I 

• 85961 lcOOOOO 

TOTAL SS = 0.02520 
SS REMOVED BY ~IDDEL ~ 82% OF TOTAL 

Estimated Coefficients Variance ....__- -- ... - -
B...,. .03955 1.ss x to-4 

Bl -.00715 s.oo x to-s 
-

B2 -.00347 5.00 X 10-) 

B3 -.00227 s.oo x to:-5 
B12 -.00578 9.9 x 1o-s 
B13 -.01369 9.9 X lQ-.J 

B23 .00581 9.9 X 10-~ 

B123 -.01495 9.9 X lQ-5 

B11 -.00960 3.6 X lQ-~ 

B22 -.00105 3.6 x lo-.5 

B33 -.00316 -:f. 6 X lQ-5 
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Source ss 
·-

Bo 13.49764 

Bt .04105 

B2 .05214 

B3 .02555 

ERROR . 03031 

LACK 
OF FIT .91521 

TABLE NO. ~ 

ANALYSIS OE VARIANCE 

FIRST ORDER MODEL 

BIOLOGICAL - AREAS 

F 

DF MS Error 
---

1 13.49764 1335.88391* 

1 .04105 4e06318 

1 .05214 5.16073 

1 .02555 2 .. 52877 

3. c01Q1Q 1.00000 .. -
,, 

5 .18304 18.11601* 

Test 

Residual 

114e 20248-/.• 

.34735 

.44118 

.• 21618 

.08549 

1.54871 

t{ESIDUAL .94552 8 .11819 11.69750 . 1.00000 

TOTAL SS ~ 14.56191 
Q 

SS REMOVED BY MODEL = 93e5% OF TOTAL 

Estimated Coefficients Variance 
-· -- . ·- ·-- -· - . --· .. -

Bo 1.0605675 8.43 X to-4 

Bl .0716363 1.263 X lo-3 

Bz - • 0807338 1.263 X 
10-3 . 

83 .0565138 ,. 1.263 X lo-3 
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TABLE NO.6 

ANALYSIS OF VARIANCE 

FIRST.ORDER NODEL AND INTERACTION 

BIOLOGICAL - AREAS 

F Test 

Source ss DF MS Error Residual 

Bo 13.49764 1 13.49764 1335.88391* 808. 70314* 

Bl .04105 1 .04105 4.06318 2.45973 

B2 .05214 1 ~05214 5.16073 3.12415 

BJ .02555 l .02555 2.52877 1.53084 

B12 .51234 1 .51234 50. 70716* 30.69656* 

B13 .00444 1 .00444 .. 43898 .26574 

B23 . 26237 1 .26237 25.96760* 15.71999* 

B123 .09961 1 .09961 9. 85876 5.96819 

ERROR .03031 3 .01010 1.00000 .60537 
LACK OF .03645 1 .. 03645 3.60754 2.18389 VTIT' -

RESIDUAL .06676 4- .01669 1 .. 65188 1.00000 

-

TOTAL SS ~ 14.56191 

SS RffiviOVED BY MODEL :!: 99 • 5·% OF TOTAL 

Estimated Coefficients L Variance ~ -- __ ,_ 
-··- -

Bo 1.06057 8 .. 4199 X Io-4 

B1 .071636 1.263 X lo-3 

Bz - .080734 II 

B3 .056514 " 
B12 - .25307 rr 

B13 .023546 II 

B23 - .181099 " 
B123 ... .111586 It 
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(1) the constant term 

(2) the interaction between xl and x2 

(3) the interaction between x2 and x3 

Therefore, all of the predictor variates must be retained in the 

analysis. 
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Proced.ing on to a second order model, the fit was found to be highly 

significant at the 95% level, the model accounting for 99.42 %of the total 

sum of squares. The lack of fit sum of squares and the error sum of squares 

were pooled to define a resid~l mean square with which to estimate the 

significance of the various coeffic~nts. 

The response surface was defined to be~ 

y = 0.9933 -0.2531 x1x2 

-0.1811 x2x3 

-0.1226 x12 

+0.06276 x2
2 

+0.03426 x 32 

at the 95% confidence level. 

canonical transformation of the fitted equation (Appendix No. V) 

was performed to simplify the interpretation of the response surface. The 

canonical form of the second order model is: 

y - 0.9933 = 2 
1.83398 x1 - 1.861915 x2

2 + o.027934 x3
2 

where Xi are frearordinate transformations of xi. 

It is noted that the coefficient of X32 is small relative to the other 

coefficients, and is probably not significantly different from zero. The 

canonical response surface, neglecting x3 dependence is mapped in 

Figure No.49 • 
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Source ss 
-------
Bo 20.55762 

Bl .00063 
Bz .03644 

B3 .03271 

B12 .51234 

Bl3 .00444 
Bz3 • 263.37 

Bl23 .09961 

B11 
Bzz 1.65378 
B33 

ERROR .03031 
LACK OF 

• 09474 IPTT 

£~SIDUAI .12_~~-

TABLE NO. 1 

ANALYSIS OF VARIANCE 

S:CCOND ORDER HODEL 

BIOLOGICAL - AREAS 

.::-· 

·F Test 

DF MS · Error Residual 

1 19.1o829 11391.17927 1Q69o61626 

1 .00063 .06217 .03516 

1 .. 03644 3.60671 2 603989 

1 .03271 3.23713 1. 83086 

1 .51234 50.70716 28 .. 67904 

1 .00444 .43898 .• 24828 

1 .26237 25.96760 14.68680 

1 .09961 9. 85876 5.57593 

3 0.51793 51.2800 28.99'900 

3 .01010 1.00000 .56558 

4 . .02369 2.34416 1.32581 
..• 

7 - - .. 0178·6 
~- - i 

1.76809_ .._.._, 1.000001 
TOTAL SS ; 21.83599 
SS REMOVED BY MODEL :!:: 99 .. 994% OF TOTAL 

·-
Estimated _ ~oeff~c-~~n~-~_:.__ Variance -· -- --

Ho .99334 2.3576 X 1Q-3 
Bl .006265 6.315 X lo-4 

Bz - .047724 " -
B3 .045213 " 
B12 - .253066 1 .. 26299 X 10-j 

Bl3 .023546 1t 

Bz3 - .181099 " 
5123 

. ' 

' ·l11586 I : " -
B11 - .0'12259 4.631 x lo-4 
B22 .0627& " 
B33 .03426 " 
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The region of experimentation has a large degree of curvature as 

indicated by the significant second order terms. The centre of the contours 

defining the response surface was found to coincide with the centre point 

of the expeximental design due to the absence of first order effects signi

facant at the 95% levelo The ~entre of the design is a saddle point which 

indicates that either increasing the absolute value of X1 for a given value 

of x2 or decreasing the absolute value of x2 for a given value of x1 would 

improve the responseo The response at the centre of the design was 0.9933 

t 0.1020 at the 95% confidence levelo 

The relative evaluation of the biological characteristics of the 

partitioned slurry is subject to question due to the poor estimators used 

to define the response. 

6. 4 HYDROCYCLONE EVALUATION - THICKENING 

The Rietema = Tenbergen thickening efficiency for each run was used 

to define the response variate tested in the statistical design (Table Noe 1); 

the experimental design natrix is illustrated in Table Noo lo 

An analysis of variance on the first order model (Table No. 8 ) 

indicated that the fitted equation was significant at the 95% level and 



TABLE NO. 8 

ANALYSIS OF VARIANCE 

FIRST ORDER MODEL 

·THICKENING 

·i 

F Test 

Source ss DF MS Error Residual 

Bo 603.01870 1 603.01870 2121.68474 1029.35475 
·• 

B1 30.64271 1 30.64271 107.81450 52.30719 

82 4. 84072 1 4.84072 17.03177 8.26312 

BJ 5.97715 1. 5. 97715· 21.03025 10.20302 

ERROR .85265 3 .28422 1.00000 .48516 
LACK 
OF FIT 3.83393 5 . 76679 . 2.69789 1. 30890 

RESIDUA] 4.68658' 8 • 5'8582. 2~06118 1.00000 

TOTAL SS : 649.16585 

· SS REMO~D BY MODEL ~ 99. 27 8% OF TOTAL 

Estimated Coefficients Variance 

Bo 7.08883 .• 023685 

Bl 1.95712 .035527 

B2 0. 77787 .035527 

B3 - 0. 86437 .035527 
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accounted for 99.278% of the total sum of squares. The lack of fit sum 

of squares and the error sum of squares were pooled to define a residual 

mean square with Which to estimate the significance of the fitted coefficients. 

All terms in the first order model were found to be significant at the 95% 

level. 

A check of the interaction e~fects (Table No.9) showed them to be 

\lOt significant at 95%. A~second order model exhibited a significant lack 

of fit at the 951 level. Ther~fore, the response surface was defined to be 

a plane·· (i.e. no curvature evident a~ tthe 95% confidence level). 

n1e fitted coefficients· indicate that separation efficiency is more 

dependent on hydrocyclone size than on inlet pressure or volume split. The 

re.sponse surface suggests that increasing hydrocyclone size and inlet pres

sure and decreasing volume split would increase thickening efficiency. The 

most promising magnitude and direction of change ·in the various predictor 

variates to increase the response can be estimated, (Table No. 11 ). 

·. 
It is rec-ommended that the first order experimental design be 

performed at successive points along this path, with each new experimental 

region being defined by the previous one. 

When higher order terms become significant a second order design 

should be performed to describe what t>1ould hopefully be a response 

maxima. 



TABLE NO. 9 

ANALYSIS OF VARIANCE 

FIRST ORDER MODEL AND INTERACTION 

_THICKENING · 

F Test 
,. 

Source ss DF 

Bo 603.01870 \ 
B1 30.64271 ··1· 1 

B2 . 4.84072 1 

B3 5.97715 1 

B12 1.46976 ·. 1 

B13 1.21914 1 

B23 0.92820 1 

·Bl23 0.16503 1 

ERROR 0.85265 3. 
H¥K O"F 0.05180 1 

RESIDUA! 0.90445 4 

TOTAL SS = 649.16583 
SS REMOVED BY MODEL ~ 

MS Error Residual 

603.01870 2121.68474 . 2666.89149 

30.64271 107.81450 135.51947 

4.84072 17.03177 21.40840 

5.97715 21!'03025 26.43437 

1.46976 5.17124 6.50009 
1.21914 4.28947 5.39174 
0.92820 3.26583. 4.10504 

0.16503 0.58063 0.72983 

0.28422 1.00000 1.25697 

0.05180 0.18226 0.22909 

0 .226).1 o. 79556 1.00000 

99.999% OF TOTAL 

Estimated Coeffi.cients Variance 
-· 

Bo 7.08883 0.023685 

Bl 1. 95 712 0.035527 

B2 o. 77787 0.035527 

BJ -Oo86437 0.035527 

Bl2 0.42862 0.035527 

BlJ 0 .39()37 0.035527 

B23 0.34062 0.035527 

B123 -0.14363 
... 

0.035527 
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Source ss 

Bo ~038. 74 

Bl 52.55163 

Bz 2.77472 

BJ 5. 28i25 

B12 1.46976 
813 1.21914 

B23 .92820 

B123 .16503 

B11 
B22 9le659 
B33 

ERROR .85265 

b~CfiT 9.99011 
!RESIDUAL ~0.84276 

. TABLE NOo 10 

ANALYSIS OF V,ARIANCE 

SJCOND ORpER MODEL 

THICKENING 

F Test 

DF MS Error Residual 

1 937.73927 ~299 .. 37879. 605.39705 
1 52.55163 184 .. 89971 33.92691 

1 2. 7747.2 . 9.76269 1.79134 

1 5.28425 . 18.59232 3 .. 41147 

1 1.46976 5.17124 0.94886 

1 1.21914 4.28947 0."78707 

1 0.92820 3.26583 0 .. 59924 

1 0.16503 ·o .5~063 0.10654 
-

3 ~0.553 107.4971 19.724 ·. 

3 .,28422 1.00000 Oml8349 

4 2.49753 8.78740* lo612J8 
]· 1. 54897 5.44994 tGooooo 

TOTAL SS = 1205.634 
SS REMOVED BY MODEL ~ 99 .:983% OF TOTAL 

Estimated Coefficients Variance 
Bo 6 .. 84973 0 m066J17 

Bl 1. 81231 0.017764 
B2 0.41644 " 
BJ - 0.57469 II 

B12 0.42862 .0.035527 
B13 0.39037 n 

B23 0.34862 If 

8123 - 0.14363. If 

B11 - 0.93894 II 

822 1.41856 0.0130~.7 

B33 0.34706 II 

13] 
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TABLE NO. 11 

CALCULATION OF PATH OF STEEPEST ASCENT 

THICKENING 

xl x2 X3 
(Hy4rocyclo~ (Inlet (Volume split) S1Ze) Pressure) (over/under) (mm) (psi) · 

Base Level 6 140 2.5 

Unit 2 30 o.s 

Estimated Slope 1.95712 0.77787 -0.8643 7 

Unit x Slope 3.91424 23.3361 -0.43219 

Change in Leve 1 for 
~ 5mm Change in Xl 5 29.8093 -0.55208 

Series of 1. 6 140 2.5 

possible Trials 2. 11 169.8093 1.94792 

3. 16 199.6186 1.39584 

4. 21 229.4279 0.843 76 

5. 26 259.2372 0.29168 

-



CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

7.1 CONCLUSIONS: 

It is concluded.that, for ~he ~aterials and methods 

of this investigation: 

( 1 ) Re a c t 1 on K i n e ti c v a 1 i d i t .v can not be c 1 a i me d 

for a proposed mechanism of organic carbon removal by 

mixed cul tur.es of mi croor~ani sms·. The shaoe of the 

organic carbon vs. time characteristic is defined 

by curve _fitting te(hniques. 

(2) At the 95% confidence level, the velocity· 

of organic carbon removal ao~eared to be independent 

of· the mass concentrations of organic carbon and 

suspended solids· for single batch tests. 

(3} At the 95% confidence level, the velocity of 

orqanic carbon removal appeared to be a linear function 

of the initial mass conc~ntration of susoended solids for 

the serie~ of batch runs comprising this investiqation. 
-

( 4 ) Far the ind.i...vidual batda e~ts of this investigation, 

m3.crohial ''grbwth" was not evident• rrbm tire o:t'gandc car~on removal 

velocity. This phenomenon may be ala&ed; '<tO the absolute •qu:anttity 

.of orgaiJ,:i!c carbd'l:fl relBitive to the :!hiti~l microorganism ct"Git(tent11'a1t"iC[)n. 

(5) The deg~ee of dependence of specific growth 

rate on organic carbon is highly sensitive to the type of 

data tr~atment used for the organic carbon vs. time plot. 
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The use of specific qrowth rate to characterise a batch 

biological reactor system must be nuestioned. 

(6) At the 95~ confidence level, diffe~ences in 

the rate of removal of organic carbon could not be 

detected between the overflow and underflow fractions 

of the seed oooulation, or between the nredominant 

microbial shaoes ~revalent thrnuqhout the tourse of 

the investiqation. 

(7) Based on the Rietema-Tenqbe~~en efficiency 

response, it inoears that the thickenin~ or separation· 

efficiency would be imnroved by increasin~ hydrocyclone 

size and inlet ore~sure and decreasin~ volume split. 

7.2. RECOMMENDATIONS 

It is recommended that: 

(1.) ·B~o16qical reactor desfnn be based on a 

series of batch tests over a range of suspended snlids 

levels bracketinn the nractical maximum level. 

(2) The use of small size hydrocyclones ·be 

further investi~ated to define maxima·for thickeninq 

efficiency. This would be esoecially useful for bench-scale, 

continuous reactor studies incorporating suspended solids 

recycling and wa~tina. 

(3} A more accurate technique for determfninq the 

level of viable microorganisms be developed. 
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APPENDIX X 

DESIGN OF HYDROCYCLONES 

Theory 

Theories oo the sep~r~tion in hydrocytlones have been 

de~eloped based on the concept of the stability radius, at 

wh1~h centrifugal· forces acting on the particle are balanced 

by the ·drag forces exerted by the radial flow. According to 

these theoriesD o~rtic1es ~ossessinq stabil1ty radii smaller 

than.the radius of the overflow exit migrate to the overflow, 

all other par~icle~ are discharged through the underflowo 

Rietema (1961) uuesti~n$ the validity of the stability 

~adius conceot9 since it assumes that all particles attain 

th~ir stability radius before being discharged. He presents 

an alternate the~ry whi.ch indicates that separation 1s a 

fufiction of oarticle residence time and which admits that 

equilibrium conditions may not occur in the hydrocycloneo-

lhe residence time approach is based on a particle diameter, 

DpSO' which has an eoual nrobability of migrating to either 

exit when injected along the center ·11ne of the inlet nozzle. 

Referring to the following Figure and considerinq a 

particle which discharges throuqh the underflow port, the 

radial distan'e ~~vered by the p~rticle relative to the carrier 
D 01 °A fluid «tn res;dence time T) i·s R where R = 2 = 2 = F 

ttoerefore R g: 

where VF ~-radial ~elocity component of the carrier. fluid 
r 



FIGURE 50 _.....,_,.,_... __ _ 

0 

o4 = Diameter Gas Core 
D = Uiameter of Hydrocvclone at its base 
o1 = Inlet Uiameter 
o2 = Overflow (Vortex Finder) Diameter 
IL, = U n d e r f 1 o "' U i am e t e r 

..i 

l = Lenoth of Hvdrocvclone 
r · = Length of Vortex .Finder 

DEFINITION OF THE HYDROCYCLONE 

144 

L 



l 

therefore 

·,---:·.: 
··. 

VP = radial velocity .componeftt of the particle 
r 

o1 = diameter of fnl~t nezzle 

o =diameter· of ·~ydrocyelone at its base 

DA = diamete~ of gas core 

~0:prdt • ) ~rdt ~ R 

By assuming that the axial (tnd radial velocity cnmponents of the 

carrier fluid are constant 

where 

J 
T f T · ·V 
V F dt = . . VF ~l " . VF,. L 

r r Fz F 
0 0 z 

VF = axia1 velocity car~nonen~ of the carrier fluid 
z 
l = length of eyclone 

i3y assuming· that the radial velocit.v .comT>e~tent of the particl~ can 
. . 

he reasonab 1y a{lproximated b.Y Stoke's 11\'' : 

where /J.p = density difference het\~en · fttrtie1e a~ff ea·rr;er fluid 

Vp9 = tangentiat cnmponertt of the tAPtie1e velecit.v 

)J = dynamic liquic' viscosity 

r 

thP.refore L • " 

\'~lere 

... ~ •·. . . 

. ·l45· .. 



!~.v assunin!] that the axial vt!locity of thP. p~rticle is_ equal to that of 

the fluid mediun.and is constant, then for seraration t'·;e .rad-ial velocity 

of the particle is constant , 

_ r1erefore dt ... l crr-vp-rr 
z 

For a liquid cyclone orterating Hith arras core, the static pres-surf' drop 

is equal to the centrif'ul1~1 t1~arl 
- u~ D IZ 

· (AP)s ~ f. :(VFo)?. . dr 

. R r 
Therefore, the· s~naration fomul a ~ecoo1PS 

? 
( f)n5,) ,_~ Ap •L 

1~ •VF;r 
z 

VF 
• (~P)s = r l n 

p.-: v:- - ., 
F Fz 
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n.v asst~ninq s.me relationship bet\IIP.en the axial and inlet velocities of the 

carr;er fluid: 

VF = c1Vr = c1 ~-Z r 0 · 1r .. ·1 
t.rhe.re r.1 =· ~o:::~ un~!c-Fi nert funct inn 

Q = total volt.netric flo,..,rate 

Therefore : ( ) 2 V 
~Drso ~- L _lAf)s = ?_:"r 1 n < F r: -L - P.) 

. )A pFQ 1l P, VF 
z 

The riqi1thanu side of the above equation contains only cyclone dif;lcns.i ens 

and velocity r~tios. TherefQrP., it is concluded that fo_r a cyclone of 

spec tfied sha?e tht~ dimensionless. qrout:t 

will be constant. 
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.r:1us, the dimensionless· group 

2 
coeso> 6p L ~)Jl 

p ~ 
is a meaningful characteristic of a given hydrocyclone. 

By assuming that the static pressure drop can be approximated by 

the pressure drop across the cyclone, the cyclone correlation nunber cySO 

c;an be defined 

This development has asslllled that 

(1) turbulence effects can be neglected 

(~) gas core develops 

(3) the cyclone has :the shape of a cone 

(4) there is no short circuiting, hindered discharge or 

recirculation. 

For ODtimt.r.J hydrocyclonE! design, the cyclone corrP.lation number should 

be minimized since this 

(1) minimizes the total pressure drop required 

(2) .maximizes the capac~ty of the· cyclone 

(3) maximizes the smallness of thP. oarticle which can be separated 

Using a sus!)ension of quartz ffnes in water,· Ri etema (19151) investigated 

the effects of hydrocyclone geometry on Cyso· He observed an optimum 

val~ of 3.50 for c150 corresponding to hydrocyclone ·shapes defined by 

where 

1:. = S· 0 t 

01 °2 1 o- = o.28; 0 = n. 34; 0 = o.4 

o2 = overflowd1ameter 

1 ·= vortex finder length. 
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_Knowing the •••11art1e pressure dro", the 50 per cent separation diameter 

and the physical properties of the solid and liquid phases, it is 

poaa1ble to des1gn a hydrocyclnne in accordance with the optimum shape 

defined hy R1etema. 

The inlet Reynolds ntfflber can be detennined· for optimum cyclone 

geometry 

4ofQ 
Reinlet • w6r' 

From CySO 1t follows ~hat 
2 

~'FQ " (Dp50) Ap l( Ph_ 
JJ cyso· 

. ? 
(D .;0) ·- Ap (AP )T 

. Re. 1 = 6 5 -.2" 2 -1n et · • 
.)1 

Re 
Riet~ma (l9t:l) has_ correlated ~~iet__ and the dimensionlP.ss groups :_ 

. Pf ;c~P)J Pf 2/t.P)T 
0 (Ai) " and oc;r-> " ' - ~r ~F 

fNJt1 t-lhich the hydrocyclone diameter D and the hydrocyclone ca!)aci ty 0 can 

~e detennined. 

For opt1mllll separation, the hydrocyclone dimensions,heing fixed 

ratt·os ~f t!, ·can :ft@ ealeuta!M. · ·· 
neslgn 

Using the da~a of.Lanaanna and Mallet~e (1965). t_he physical .design 

pro()erties of the microtdal slurry \'Jere selected to he: 

o,so = l.JJ 

Pp • 1.10 gms/cc 
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Fron the performance charaet~rist1 es of the pump, the avai 1 able pres sure 

dro!:' Has selected to h.-; 14C !S i. 

Therefore 

-F. 
'.th~r·e "nsn = 1 u = 3. 281 x 1 n · Ft. ., 

l\p = (1.10 • 1.'1"} = f'.l 'l;~/CC = fi.234 lhm/ft··' 

~.PT =··140 r.~/ft .. ···= ·2.018 x.104 lbf/ft 2 
... . 

u = i";. 72 ;< 1: .. ~-·# H~fl{ft.-sf~c.) at :r,oc 

Therefore · · 

0 < l mm. 
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APPENDIX II 

MIJlt BJIIA§II TTY. 

IIOCHEMlCAL.TECRNIQUES 

Su.sp.ended So lid a DeterainaCiofts 

The dece~iaati~~ of ~uspen4ed solids concentration by the membrane 

filter technique ha• se~eral iohereftt erro~s whi~h could seriously influence 

data interPrecatiefte 

B~sch et ~l (i962) Dele~ &bat fresh. membrane filters contain ~oluble 

ma~e~i~ls vht~h ~7 •~ removed when.accepti~g a sample, and ~esult. in 

non-~epra~ent~tive tare value8o· ~@Sts by the Millipore Filter Corporation 

(196ll indicate that &fi ~~h a~ :l.S% of the membr~ne weight may be 

lost by boiling in distilled water. Wtrmeberger·et al (1963) report similar 

findings and ~dvocate min~izing ~his source ~f e~or by pre-soaking 

fX'esh filters in distilled vater.for l hour agitated at .5.minute inte:rva.lso 

J?relimina-ey testing in the course. of this investigation indicated 

that distilled ~2ter filt~!' washes of 100 ml a.liquots, passed under vacuum)) 

resulted in steadyo$t•te ~~~e values. Therefore~ a 100 ml distilled water 

charge was applied to eaeb fresh filte~ prio~ t~ use during this study~ 

Winneberger et al (1963) studied the $ignifi~ance of filter cake 

hydroscopicity on suspended.solids determinatiOnso Afte~ desication 

fo~·24 h~urs spent filters were placed on an analytical balance and 
·' 

chan1ei in weight ••r• $1UJened as a function of time. Their resultS~ 

~how that a ~api4 ~~~ease in weight occu~ed during the period from 

O.S to 4.0 minutes. In thi5 investigation, this e~~or wa$ minimized by 

·using a standardization time between removal from the.desicator and 

.\Waigh!ng less than Oe5 minutes. Since a desicated atmosphere was 
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maintained in the balance, filter eake hydroscopiclty was not considered 

a major source of error. 

It has been rEPorted that after rapid drying over a 4 hour interval, 

spent filters lose weight ae a slow uniform rate over a 4 day dessication 

period ~inneberger et al (1963)). This error, minimized by using a 

destcation treatment of 25 hours~ wa~ ~onsidered insignificant in this 

studye 

Wi~eberge~ et ~1 (1963) also studied the effect of oven drying 

©~ ~olid~ determinatio~~ •. Ten desiccated ~pent filters, each with a 

xesidue of approximately 8.50 ing. were weighed, then.placed inside a 

forced air oven at 103°Co At regular interv~ls the filters were removed~ 

cooled in desiccator& 0 ~eweighed ~nd returned to the oven. 

The authors obs~rve~ a pe~n~nt mean weight loss of loOl 

m~af~er one h©~~ of oven drying. This was ascribed to volatization of 

the suspended solids cake ~t the oven temperature. McLean (1968) using 

1 hou~ oven drying at l03°C observed a weight decrease of 0.81 per cent 9 

plus or minus 0.63 per cent at a 99 per cent confidence level for residue 

weights of from 0.5 to Oe30 .mgo (after ac~ount·ing for a weight decrease in 

the filterpiper)o No provision wa~ DMAde foK' ~~suring or minimizing this 

source of error in thi~ inve~tigation. 

A ~ignificant source of ~i"ror was expected to be induced by the 

exposure of each filter pape~ and its foil dish to the laboratory 

environment for approximately 15 minutes during testing. Contamination 

by particulate matter settling f~om the air onto the media and adhe~ing 

to the foil dish from ~ont~ct with unclean surfaces could not be 

controlledo To minimize these phenomena~ a control ·filter was assigned 

· · t~ each group of six filters and its change in weight was used to correct 
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for environmet.ltal contamination. 

Organic cazbon-Peterminations 

Schaffer et al (1963) reported that organic carbon measureme~ts can 

be effected by the Beckman IR 315 infrared analyzer with a _sensitivity 

of 0.21 mg/1 _for a standard solution of 1 mg/1 organic carbon, if 

4 determinat.ions are made and averaged.. These results were obtained 

using high gain values indicating that the instrument noise to signal ratio 

did not decrease sensitivity, or accuracy. Since lower gain values were 

used throughout this investigaeion, decreases in accuracy were ascribed 

to operator techniques. Since calibration curves were made for 

each test run using standardized operator techniques, significant errors 

were not expected for o~ganic carbon determinations. Sample contmnination 

through ·contact with glassware remained a possibility but its effects 

were presumed to be insi_gnificant. 

Organic determination by the combustion infrared method are reported 

to be singularly free of interferences (Richard et al (1965)~ This technique, 

however, exhibits a positive response to dissolved carbon dioxide, carbonates 

and bicarbonates. The_ sample preparation employed in this study, (pH adjustment 

~ollowed by a helium surge) has ~een sh~wn to be completely effective in 

removing inorganic forms of carbon and representative organic carbon 

detenninations were. asawnetf (Richard. et al (1965); Schaffer et al (1963)). 
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In place of approximating the t!ata !:y a s1n?Jle least-squares 

f'!01:1?1omial of specified de9ree over the entire ran'-!e of values9 each data 

~nt:ry \·las replaced hy a 1east-sq1Jarcs po1ynomia~ of. urbest order 11 relevant 

to a suhran~e of noi nts centered at the point for tt:11ich the entry \JaS to 

In '.lfmPral , the data of eac '-, suhran~e ~·~er~. fit t-·y a pol,ynoui a 1 of 

tf-te forn 

t ,, . . 
h fJ ( ) • • •" .JI 1 "' .~ • 'll e 1'1 '~ tf ere .. i ,~·~ 1 s dn 1 ::-!e!?ree ro yt.nt11 a 8 1 ,l ...... 

s(}r~arcs, th~ square.s of the residua·ls ·were to be minimized. 

If ~: • r. P. 
1 .:1 

n , ' . 
I o (b P + b1P1 + .. • • • • + t: P - v': ) = rr- (b.) 

~ o o · r; n ··· J 1 
.1=fl 

= . n for i ~ j , the nor.l1a 1 e{pJa ti ens reduc~ to t'·'e sc t 
.., 

r•(p L~ l- r~(r v.) = n . n n· n-·.J 

.f! .. sPt nf ~n1ynomia1s t11P-f'!tin, this criterion arP thr nrthnf:onal 

(i~il';'15:?:i (1964)) 

P 
0 

(x) :g 1 

P 1 (x) ~ ·x - x 
., 2 ., 

1 '· (i'1 - .., i L. ) 

pi+l(>:) ~ plpi- .t'!Ttii2 - 1) pi-1 

m = the ~numher of given data for the sutrange (ockt) 

{ril ~<=ll + 1 
t!-

= 
X = 



154 

The datB! entries can he replaced hy '8smoothed 1
' ya lues defined by: 

and 

In this fashionl) the follt»tifl!j least-squares approxina.tion polynomials 

were devefop~d to ~month th~ raw data" Sunerscript 1 denotes the 

lat~st datw~ modification. 

First Order 3 Point Leasl:·J~Jart:•s AprroximatiQ!l 

yl = i f 5Y1 + 2Y2 ~ Y3] 

~· ~ l rv + y + v 1 .; i 3 ·-- i - 1 . i . i + 1 -· 

·u I -
1 r \I . + l•'/ + ~y ] -'r:a = r. ... -Jm-2 . · m-1 ... M 

F.!r!.'t Order 5 Point least-Sq_uares. AprroximJ!!ion 

yl :;?!. t [3yl + _2y2 + Y:, • Ysl 

yl g +rr [4y1 + 3y2 + ?.y3 ~ y ,] 

Yi ~ ·} [yi-2 + yi-1 + y~ + Y;+l + y1+2] 
v 0. ~ J ('1 · + ~v . + ~v + lly J 
.. m-1 fO .Jrn- 3 t..·'m· 2 ·-J"m-1 ·~ M· 

Y g - 1 r " . + 'ti . + ?" + 3" J 
m - ! .-Jm-4 .. ·'m-2 ... ·'m-1 . Jm· · 

Second Order 5 Point Letst-Sauares Approxination 

Y1 = k [31y~ ct 9y2 - 3y3 Cl 5y4 + 3y5] 

Y2 § k (9y1 + 13y2 + 12y3 + 6y4 • Sy5] 

.Yi ~ k [-Jy1·2 + 12Y1-1 + 17Y1 + 12Yi+1 - 3Yi+2] 

Y~-1 = k [-Syrn-4 + 6Ym-3 + llym-2 + 13Ym-1 + 9Ym] 

Y~ = k [3YP1 .. 4 - 5Yrn-3 = 3Ym-2 + ~Yrtl-1 + 31Ym] 



Third Order 5 Point least-Sg,uares Approximation 

.vj = k [69yl + 4~2 - 6yJ + 4y4 - YsJ. 

Y2 = ~'! [2y1 + 27y2 + 12y3 - ~y4 + 2y5] 

Yt = k [-Jyi-2 + 12Yi·1 .+ l_7.Yi + 12Yi+1 -Jyi+2] 

Yt;-1 = is- (2Ym-4 -nym-3 + 12Ym~2 + 27Yr.·•-1 + 2Yrn] 
1 . ·' 

Y;.l t= 7./f (·.Yrn-4 + 4Ym-3 -G;tm-2 + '~Ym-1 + 69Ym] . 

~!'..!!LQ.r._der 5 Point Least.;Snuares .l\pproximation 

Y1- = ~~lf- [912.y1 + soy2 • 7oy3 + ~o, ~ + 40~5 - 38y6 -+ 1oy7J 
Y2 = ~ [50yl + 712y2 + 310y3 •- l20y 4 - 130y5 + 140_y6 - 38y7] 

YJ = ~ [-70yl + 310y2 + 4?.4.v3 + JOily 4 + 50yi; - 130y6 + 40y7] 

Yi = 9J4 [2ny1_3 - 120y1_2 + 30oy1_1 + 525y1 + 300yi+l 

- 12Qy1+2 + 20yf~3] 
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·Yr;. 2 = !l~i.1 [40.Ym·f5 .. l3tJym·S .+ 50ym_4_ + 300ym-Z + 424·Ym_2 + 31 '-"m-l - 70y10 ] 

_·y;,,_ 1 = 9_~/f [-38ym_6 + l.tlOym-S- -1_3oy,_ 11 - 12_!l..Vm_3 + 310ym_2 + 712ym-l + 50yr.t] 

- , 1 r - · . . '] 
'!. = n-~ , lOy ,. - 33v ~ + 40y IP + 2nv __ - 3 - 70y _, + 50y 1 +912ym·;_ 
... ,:! ':J£'t- , M-o ~ m-~) m-~~ ·I ul• . :n- t. m-

Fifth Order 1. Poi r.t least-Squares ~':.PProxir:.ati on 
1 . 

yl = g2"4 [923_yl + fy2 - 15y3 + 20yl.! - 15y5 + 6y6 - y7] 

y 2 = ~ [y l + 143y 2 + 15.Y 3 ~ 2 '1y 4 .+_ 15,y5 - €y f; + y 7] 
I 1 . · . 

y3 = JOB [ -5y1 + 31Jy2 + 233_y3 + 100y4 - 75y5 + 30y6 - 5y7] 

_Yi = 211 (Syi-3 - 30Y1-2 + 75Yi~l + 131Yi + 75Yi+l - ·3nyi+2 + 5Yi+31 

Y~-2 "' J!.ar. -Sym-6 • 3"'m-!i • 75-'m-4 • ln(lym-3 + 223Ym-2 - 30YI'l-l -sym] 
. 1 . 

Yl = _..;. rv - 6v + ll';y -20v +15v +14-B:y + \1 ] iit-1 l54 ·"'m-6 · .. m-5 ., m-4 Jn-3 · .rm-2 · · m-1 "'n 

v• = ..J.r [-v- + ny·. -15v . + l)nv -1 ~\1 +ny +Cl'>"'v ] ,m '.:'2'f - "m-6 ~ m-5 Jm-4 ,_. __ r.l-3 '·.rm-2 · m.-1 · ... .;Jm 
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c 

., A~ALYSI~ OF dATCH DATA-
( T~E.POLLOCK 
c 
( Pn·{UGI~tw·i DET~.:.hl··1INES oE!JT ivi/\Tt-t[t'lATICAL COi~Rt.LI\TI<.h·J Oi~I)ER (5TH ORi)tJ< 
C i•!AX) fl<Oi ... i i:JIFFERl:NCE TAbLE uF l<{At~l J;\Tt\, St~·~OOTdS DJ\Ti\ LtSING LEAST-
( SQUAf-\ES uF !.PPI .. !OPRIAT[ Ot~L1Ef~~ OET[H,•'IJ;•H::S COEFFICIENTS OF POLYNOi-..·i-
C IAL OF ~EST FIT FROM DIFFiREkCE TABLE OF SMOOTHED CATA t A~D I~T-
C ERPOLATES AT MID JNTERVALS OF JND~PE~OE~T VARIA~LE 
c 
C PI~OGi~Ai\; RE~L.U~t:S LJI\Tf\ ~·:ITn t::~ui\L SP,:\ClNG \iF lt·,.wEPL:J,a..iEI· .. T V;\i•dl-\uLC: 
C Wl'fH ONLY ONE DEPENDENT VARIAdLE 
c 
C DEFINITIONS 
C DIA=HYDROCYCLONE DI f,t··1ETER 
C VS=VCLUME SPLIT 
( PI=INLET PRESSURE(~Sl) 
C PO=OVEI,FLO~J PRESSUi~E ( P~ I ) 

.C PU=UNDERFLO~·PRESSUR((PSI» 
C QI=INFLUCNT FLOWR~lE 
C . QO=OVERFLOW FLCWRAT£ 
C QU=UNDER&LOW FLCWRATE 
( T=TlfJ;E. 
C TT= INTERPOLATED. f\ND Si'-iUCTHED T ll·lE 
C CO=OVERFLOkJ RE/\CTOH CAf~BON tcor--AC 
C CU=UNDERFLOW REACTOR tARUON~CONC 
C ZMO=OVERFLCW REACTOR SGLIDS CONC· 
C Z~U=U~DERFLOW REACTOR SOLI~S tONC 

. C XX:.;;INTCRPOLATIOI'" AtlSCISS/, 
C YY=INTERPOLATION ORDINATE 
C NDATA=NO~ DATA SETS 
C NPTS=NO P6INTS IN EAC~ DATA SET 
C i··n NTi"<P=i'-!u . IN T ERPOLA TIc.;;"' PO I ;-~TS DES I RLO. . 
C Z=INTERP0LATED AND S~OUTHED VALUE OF INDEPE~DE~T VARIA~LE 

· C · ZZ=Jl'-~·TEI·U-'uli\T[L> A/'-~0- S~~-,uOTHlu VALLi[ OF vE.PE;iD[f-;T VA·I~lAt!LE 
C X=INUEPENOENT VARIAULE 
C Y=JfP~NU~NT VAR!AUL£ 
C L=COUNTER 
C SGR=SPECIFIC GROWTH RATE 
C FDlFlY=FIRST FORWARD_ DIFF~RlNCE 
C FDIF2Y=SECCNO FORWARD ~IFFE~ENCE 
( . FDIF3Y;;;TdiRD FCR\~ARD L>IFFI;:R~~lCE 

. C S=Si-iOOTHEU VALuE OF OEF-ENP.~i~T Vl\RlAolE 
c 

c 

OH,.iENSlON Tt99.l •(0(99) tCU(99) ,z;·.;QC99) tZI··'ilH99) tXX(99) tY(99) .,)~(99)' 
lZ(99)tZZl99)t~OLID~t99)~~A~ao~(qg),OCUl(99),SGR(99)tF~!FlY<99J~ 
lFDIF2Y(99)tFDlF3Y(99JtFDC?9)tSD(99)tTDI99)•5(99)tTT(99)tYY{99) 
DI~ENSION FbiF4Y(991tFCIF5Y(99),Q0(99)tCD(99JtDIFF.(99) 
C Q~;ir··: 0 N T ' T T t C 0 ' C U • Z r·10 t Z j· ·1 U t X X • N J l\ T A ' i': P T S ' N I N T R P ' Y ' X ' Z Z ' Z ' NT 
LL=l 

_99 CONTINUE 
WR!T£C6tl6~ 

C SYSTEM.DEFINITION ., 
~ 
C DATA INPUT 
c 

READl5t44lNRUN 



( 

REAli t ~ , 4 4 ) N P T S 
N I NTt:{P=NPTS-1 
NDATA=l8 
wn I T E. C 6 ' 3 8 ) ~~ R Ui--1 
R f. AD ( 5 , 2 1 ( T ( K J t K = 1 , N P T S ~ -· 
READC5t3l ((0(;{) tK=lti~PTSJ 
REAUC5t4)(CUf~ltK~ltNPT51 
REA~f3t5-~(l~O(K)tK~ltNPlS) 
REA) ( 5, 6 l ( z,·.·,u ( K l t K= 1 tNPT S) 

NEAD(5,7)(XX(K),~=ltNINTRP) 
iVlERV=2~~Nf)t\ T A 

C 0\IEHFLOW CAROQ;~ VS T x;,a.: DATA 
( 

c 

vJ R J T (. ( 6 ' 8 > 
DO lJJ E=ltNPTS 
v ( 1 >~co< r > 

l 00 X f"I J = T ( I l 
Ct\LL s~:ooJH 
DO lvl l;l.tNT. 
COCIJ=ZZ(l» 
TTlll=Ztil 

101 CONTINUE 

C UNDERFL01.' CARBOf·.t VS T Ir·~E 0/\ T/\ 
( 

c 

lr~R IT E ( 6, 9) 
DO 102 I:l')NPTS 
Y(R)=CUCIJ 

102 X(I)=Ttl) 
CALL St,~OOT H 
DO 1 u 3 I = l , NT 
CUCil=Zl.ti> 
lTCil=Z(l) 

103 CONTINUE 

C OVERFLO~ SOLIDS VS TiME DATA 
c 

' 

~lR I T E ( 6 , 1 v ) 
DO lUIJ. I=l.•f"'PTS 
Y < I ) :: Z ~10 ( I ) 

1 i.Ut XC I l =T { I l 
CALL SMOOTH 
DO 1 0 5 . I = 1 , NT 
Z ~10 ( I ) = Z Z t I ) 
TTCll=ZCI) 

!v5 CONTINUE 

C . UNDERFLOW SOLIDS VS riME bATA 
c 

WRITEC6tll) 
DO llJ6 I=l,NPTS 
Y( I l=Z~tU( I) 

106 X(I>=T(l) . 
. CALL Sr,iCOlH 

DO lu7 I=ltNT 
ZMU ( I ) = zz·c I l 
1fT(l)=Z«Il. 

I ""• 

• 
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107 CONliNUE 
( 
(; CAlCVLA 'f I c;·4 OF 5PEC IF 1 C Gt\QkrTH KATE US !1-..G I\ l I NE~\1~ f\PP~OX I r•ii~ T I ~n\ 

' 

c 

L=U' 
~'iR IT E l6, 12) 
~~IR I T E ( 6 913 > 

WRITEC6tl'+l 
NS=f\!T-1· 

~1'-.1 CONTINUE 
00 lv8 I=l•N5 
SOLIDS·(J)~(lMOClJ~ZMO(l+l))/2. 
CARUON( I )=teo·< I )+COC 1+1) )/2• '5 
DC 0 T C I J = ( C 0 ( I l - C 0 C l + 1 J 1/ C T T ( I + 1 ' ... 1 T ( I J D 
~GR(IJ=(le/SOLIDSliJJ*~'DT«ll 
ltJR E T E C 6, 36) T TLI ) , SGA·f ll ,.tAR BON Ct l 

108 CONTINUE .. · .·· 

If«L.GT.O) ~0 TO lll 
DO 1U9 l=ltNT 
zr..,lO ( I J =Zr,..:~JC I l 
CO(IJ=CUCI) 

1U9 CONTINUE 
WRITE(6tl5l 
L=l+l 
GO TO 110 

111 IF(LL•GT.MERVl STOP 
LL=LL+l 
GO TO 99 

·C FORMAT STATEMENTS 
c 

1 f ORi<A T C 3 I 3 J 
2 f0Rf•iAl<6FIJ.~l. 
3 FORI\~AT(6FIU .. 5) 
t~ FOR~ AT ( 6F l 0 41 5) 
5· FOR~1AT ( 6Fluo 5) 
6 fOR :'-lA 1 ( 6 F l·U .t 5 l 
1 FOf~f~A T ( 5F l!.i • 5) 
8 FORMATC1Hlt29H 
9 FORMAT<1Hlt3UH 

10 FORMATC1Hlt29H 
11 FORMATC1Hlt3~H 

. 12 FOR~ATflHlt5~H 
13 FORMATllHUt23H 
14 FORMAT(lH~tlUH 
15 FORMAT(1H~t24H 
16 fORMAT(lHlt42H 
17 FORMAT<BFl~•SJ 

OVERFLOW 'ARBO~ VS TlME·O~TA ) 
UNDERFLOW 'ARBON YS TIME DATA l 
OVERF~OW SOLIDS VS TIME DATA ) 
UNDERFLOW SOLIDS VS TIME DATA )· 
SPECIFIC GROWTH RATE USING A LINEAR APPROXIMATION 
QYERfLQW SATCH REACTOR J 
tiM~(HRSltlOXt28H ~~ECtFIC GROWTH RATECHRS-lJ 
UNDERFlOW ~ATCH REACTOR J 
HYDROCYC~~NE bATCH S!OLOGICAL PERFOR~A~CE 

·16 FORMAT(lH~,SH DIA=tFlOe5t4H VS~tFlOe5t4H PI=tFlOe5t4H PO=tFl0.5t4 
! PU=,rlOe5t4H Ql=tfl.V•5·94H.QO=tFlO•StliH QU=tFlOe5l 

19 FOR:,;ATI3H E~it33X.t.4H·PSltlOXt4H PSltlOXt'•H PSlt8Xt6H LlrJ1INt8Xt6H L 
lMINt8Xt6H llti.IN ·_)·:.· .. ··::· . . . . .. : 

36 FOR~' AT ( 1 Hv 'Flu • 5 t .l5X ,·F i.u.·. 5 t 21tX' F 10 • 3 J 
··38 FOR~:iA T ( lHv '7H SET·. NO· til) 
44 FORMAT«I3J .. 

END 
$iBFTC SMOOTH 

SUBROUTINE SMOOTH 
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c 
c 
c 

DIMENSION Tl9~ltCOI99l~CUI99l•Z~OI991tZMUI99l•XXI99l•YI99l•XI99l• 
lZI991tZZI99l•SOL10SI99l~~ARBONI99ltUCUTI991tSGRI99l•FUIFlYI991• 
tFDIFZYI99ltFDlF3YI99ltFUI991•SOI991•TUI99l•SI99l•TTI99l•YYI991 

DlMENSION fOIF4T1991tF~lf~Yl99loOgl99ltCOI991•0lFFI99l 
CO~~pN ToTltCO•CUoZMOtZMUtXXoNDAtAoNPTStNINTRPtYtXoZZtZoNT 

ESTAHLISH DIFFERENCE iAB~~ OF RAW DATA 

WRllE(6s2v) 
WRITE(6t-2ll 
wRITEC6t22) 
DO 200 l=ltNPTS 
FDIFlY( I )::d.).; 

FDIF2Y(l)=lla 
F 0 IF 3 Y t I l = (; • 
FDIFL•Y< I )=0·_· 
FDIF5Y(l)=U• 
CONTINUE 
FDSUi··t':-: U • 
SDSUro~;~o. 
T o"SUfv: = 0. 
aosur~~=o. 
cosu; .. , = u. 
NN=NPTS-1 
NNN=NJ·..a-1 
NNN~~=i'lNN-1 
N5::.NNNN-l 
N6-=N5-l 

•. 

DO 201· l=ltNN 
F D IF 1 Y ( I l = Y ( I+ 1 l -Y ( 1 ) 
FDlflY(l)=FDIFlY(I)/SQRll2.l 
FOSUM=FDSUM+FDIFlYlil 

2-01 CONTINUE . 
IF(NPTS.LE.6J GQ.TO 700 
DO 202 1 = 1 ,Nj-JN 
FDIF2Y(Il=Y<l+2l-2•*Yll+l,+Y(Il 
FDIF2Y(ll=FUIF2Y(1)/2• 
SDSUM=SDSUM+FDlF2Y(11 

202 CONTINU!:: 
DO 2U3 1=l9NNNN . FDIF3Y(ll=Y(l+3l~3•*Yt1+2l+3•*Ytl+lJ~Y(l) 
FDIF3Y(ll=FOIF3YCir/C2e*S~RTt2.)l 
TOSJM=TDSUM+FDIF3Y(l) 

2.03 CONTINUE 
DO 303 X=ltN5. 
F D I F 4 Y ( 1 l :,= Y ( 1 +I• ) -·4 • * Y ( ·1 + 3 ) +6 • * Y ( 1 + 2 ) -4 _. * Y f I-+ 1 ) + Y ( 1 } 

FDIF4Yti>=FDlf4YCll/40 
QDSUM=QDSUM+FD1F4Yll» 

3V3. CONTINUE 
DO 3v4 l;:ltN6 . , -

. FOIF5Yiii=YII+SI-5•*YII+4l+l0•*YII+3l-1D•*YII+21+5•*YII+ll-Yill 
FDIF5Yill=f~IF5YIII/I4o*5~RTI2oll . . 
CDSUM=CDSUM+FD!F~Y(ll 

304 CONTINUE 
DO 204 I=ltNPTS WRITEI6•231XIlltYIIltFUIF1Yil~tFOIF2Y11loFDif3YilltFDlf4YiiloFDIF5 

· 1 Y l I ) 
204 CONTINUE 



c 

' c 

205 

.Fl 01' J\L= t.:. 
S,T.OT AL= v. 
lTOTAL=U. 
QlOTAL=\..1• 

, CTOtAL=v• 
FDAV~FFDSU~/fLOATCNN> 
SOAVG=SDSUI\1/fLOA T t NNr1 J 
tDAVG=TDS~M/FLOATtNNNNl 
QDAVG=QDSUM/FLOAT(N~J· ~ 
CDAVG=CPSU~v&/FLOA.T ( N6) 
DO .20~ l=ltNN 
fD(l)=(FDAVG-FDjflY(I))**2 
FTOTAL=FTOTAL+FD«!) 
CONT l·NUf. 
DIFF(l)=FT0TAL/FLOATCNN-l» 
DO 206 l=lthNN . 
S0(1)=[5DAVG-FDIF2Y())J**2 

. SlOTAL=STOTAL+SD(i) 
. 206 CONTINUE 

DIFF(2)=5TOTAl/FLOATlNNN-ll 
DO 2u7 l=ltr.,.NNN 
lD(J)=(TOAVG-FDlf~Y(i))**2 

· .. c 

·207 

305 

TTOTAL;TTOTAL+SDCI) 
CONTINUE 
D J F F t 3 l = T TD TAl/FlOAT ·C NNNN -1 ) 
DO 305 l=ltN5 
QD(l)=(QDAVG-FDIF4Y(·l))**2 
QTOTAL~QTOTAL+ODCI) 
CONTI :·JUE 
~IFF(4)=QTOTAL/FLOATlNS-ll 

DO 3v6 I=ltN6 
CD(I)=fCDAVG-FDIF5Y(ill**2 
CTOTAL=CTOTAL+CO(l) .. 
CONTI~UE . 
DIFF(5J=CTOTAL/FLOATCN6-l) 
IFCNPTS.LEe3) NORD=l 
lf(~PTS.EUe4l NORD=2 
lf(NPTS.EU~~l NORD=3 
IFCNPTS.E0~6) NORD=4 
IFOJPTS.GT.6) NORD=5. 
DO 307 I =1 'NOf~D . 

DO 3"'8 J=ltNORD 
lF(DlFFtl)QLE·DlFFtJ)) K~K+l 

· 308 CON T la"iUE 
lf(K.EQ.NORU) GO T0-309· 

301 CONTINUE 
V.J R I T E ( 6 ' ~3"9 ) 

309 ORDER=FLOAT(l) 

C SMOOTHING OF RAW DATA AND. INTERPOLATION 
( 

NP=NPTS 
· NPP=NPTS-2 
NTT=NPfS 
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Nt~l=i.NPT S-3 
!F~Or<DER.EQ•2•) GO .T~ 21~ 
IF«ORDER.LG•3•» GO TO .211 
lf{OROER.EQ.4.J GO.~O •1~ 
IF(ORUEI~.EQ.S•» GO·T~ 311 

_.J R I l E ( 6 ,, 2'+ » 
· 700 ORDER= l• 

f-1\ARY=NPTS-Jl. 
c 
c 
( 
u 

( 

7~3 
7()1 

LEAST S(JUARES 3-POINT LINEAR S.'-;OOTHlNG 

DO 7U 1 i = 1 t 1 ,; ""~ 
S(l)r-{l•/6.l*l~e*Y(ll•2•*Yl2i•l•*Y(3!~ 
DO 7~~ K=l•MARY ' 
IFCK.Ea~·l) K=2 
SCK)=(1~/3•)*(Y(K-l)+T,K)+Y~~+l)» 
CONTINUE . . .. 
S C NPT 5) = ( l• I 6 •) * C -Y ( NPt 5•2) +2 • * Y ( NPT S-="1· i +5 e *Y ( NPT S) ) 
DO 7U3 J=ltNPTS:· i. 

Y(J)=S(J) 
CONTiNUE 
lftNPTS.LE•6) GO TO Suo 
GO TO 215 

21~ CONTINUE 
. ~·! R I T E [ 6 , 2 5 ) 

C LEAST SQUARES 5-POINT ~UA~RAT!C SM60THlNG 
c 

DO 2 50 X = 1 ; 1 ~ 0 ~.i 
.S(});(t./35•>*C3l•*Y(1)+9•*Y(2l-3.*Y(3l-5•*Y(4)+3e*Y(5)) 
5(2l=(1•135al*(9e*Y(l)+l3•*Y~2)+12•CY,3)+6•*Y(4)-5e*Y(~)) 
DO 251 K=3,f\PP · · · > . 

251 S(K)=(1~/3~•l*(-3•*YCK-2l+l2•*Y(K-1)+17•*Y(K)+l2•*Y(K+1)~3o*Y(~+2J 
.. l) ' 

S ( N P- 1 ) = ( 1 • I 3 5 ~ )' ·~ ( - 5 • * Y ( N P-4 ) + G • * Y tN P-3 ) + 12 • * Y ( N ~>-2 ) + 1 3 • ·~ Y ( i-i P -1 ) + 9 
l•*Y(NP)) 
. S ( N P l = ( 1 • /.3 ~ • ) * ( 3 • * Y ( N P-4 ) - 5-f * Y ( N P-3 ) - 3 • * Y ( N P- 2 ) + 9 • * Y ( j-.J P- 1 ) + 3 1 • * Y ( 
1 NP) J . · · · . · 

DO 252 J=l,NP 
. ·252 y·(Jl=S<J» 

. 25U CONTI r·-.!UE 
GO TO 215 

211 CONTI NUt: 
\'lfRITEt6,26) 

.... : . 
LEAST SQUAkES 5-PO!NT (UUl' SM001Hi~G 

DO 2 1 6 I = 1 t.l 'J ~ u . . . , . . · 
5(l)=(le/70ti)*(69•*TC1J+4e*YC2l-6e*Y(.3)+4•*Y(4)-Y(5)) 
SC2)=(1./35ti)*(2e*YC1J~27•*Y«2>~12•*Y«3)-8.*Yl4>+l~*Y(5)). 
DO 217 K=3tftPP . 

217 S(K)=(l./35m)*(-3.*YlK-2)+12•*Y(K-lJ+l7•*Y(K)+l2e*Y(K+l)-3.*YCK+2) 
1) . . 

SlNP-.ll=Cl~/35ei*C2.~YCNP~4)-6e*Y(NP-3»~12•*YCNP-2)+27.*Y(~P-ll+2e 
1 * Y ( N P ) l . · ·: . . 
SlNP)=tla17~.)*(~~fN~~4J~~•*Y1NP~3)~6•*YlNP-2)+4e*Y(~P-lJ+69.*Y(NP 

1 J , . 

DO 218 J=l\)NP 



21 B Y t J ·) = S ( J ) 
216 CONTINUE 

GO TO 215 
310 (;ONT I NUE 

~\'.ff 1 T E C 6 , 4 ~.- ) 

162 

c .} ' : 
C LEA;ST SQUARES 7-POINT FOU;~TH O:~DER S;•~OUTt-iiNG 
c 

c 
c 
c 

c 

DO 312 I=l•l~O;;; 
S(l)=Cl.l924e)*C912·~Yllt+SO•*Y(2)•70~*Y~3)+20e*YC4)+40.*Y(S}-38•* 

1Y(6)+l\Je{t·YC7)) 
SC2J=<le/924el*(50e*YliJ+712•*Y(2)+310.*YC3)-120e*Y(4)-130e*Y(5)+1 

140.*Y(6J-38•-s:·Y(7J,) . 
5(3)=Ct.l924eJ*C•70~*f(l)+310e*Y(21+4Z4•*Y(~J+300.~YC4)+50.*Y(5)-1 

130.*Y(6)+4u.*YC7JJ . 
DO 313 K=4tNNT 

,13 5(K)=Cla1924•1*ClOe*YCK•~I-120•*'tK•2J+3CO.~YCK-1J+524•*Y(K)+300•* 
1YCK+l)-12~.~YCK•2i+2~•*T(K+3)J 

S ( N 1 T - 2 ) ~ C 1 • 19 2 4 • ) * ( 4 C • * 'f C f\ l T-6 ., - 1 3 ~ • * Y C N T T- 5o ) + 50 • * Y ( r,~ l T -4 ) + 3 0 0 • -:z. Y 
l(NlT-3)+424e*Y~~tf•2J•~l~~*YC~TT-i)•70e*TCNTTl) 
SCNTT-ll=Cl.l924•)*f-38•~YCNTT-6)+t40•*YCNTT-5J-130e*Y(NTT-4)-120• 
l*YfNTT-3)+3l~.•Y(NTT•2)+712•*JlNTT-1)+50.*Y(N1T)l 
S(NTT)=tt~/924•1*_(10e*Y~NTT-6)-38•*Y(NTT-5>+40•*Y(NTT-4)+20•*YCNTT 

l-3)-7L.*Y(NTT-22~50e*YCNTT~ll+912•*YCNTT1) 
DO 4uu J=ltNP 

4:.>0 Y(Jl=5(J) 
312 CONTINUt:. 

GO TO 2~5 
311 ·CONTI f'!UE _ 

\·J R I T t: C 6 , it- 1 l 

D 0 3 14 I : 1 t 1 v \.1 J 
5(1)=(1.1924.)*(923•*V{l)+6•*Y(2J-1S.*Y(3)~20e*Y(4l-l5e*tC5)+6.*Y( 

16)-le*Y(7)). . . 
S(2)=~!.1154.J*(l•*Y(l)+l48•*Y(2)+15.*YC3)-20•*Y(4)+15.*YC5)-6.*Y( 

16·) + 1. ~-Y C 7) ) 
5(3}=tle/308el*(-Se*YC11+30e*Y(.2)+233e*Y(3)+100.*Y(4l-75•*Y(5)+3J. 

l~·Y(6)-5.-*'t'( 7 J) 

DO 315 K=4tNNT _ 
315 S CK} = ( le/2 31 • ) * C 5 • *Y ( K-3) •3 0 • lt'f ( K-2) + 75 • *Y C K-1) + 131• *Y C K) +7:,; • i:-Y ( ~+ 

llJ-3~·*Y(K+2)+5.*Y(K+3J) . 
S<NTT-2)=C].I3J8•)*(-5•*Y(NTT-6,+30•*Y(NTT~5)-75•*YCNTT-4)+1JO.*Y 
ltNTT-3>+233e*YCNTT-2)+30.~YCNTf-lJ-5•*Y(NTT)) 

S· ( N T T -1 ) = ( l • I 1 ~ctt -• · f-"! 1 1 1 *' C. ri T T • 6 J -- ~ • flo T t N t T-S ) + ·] 5 • ~ Y C NT T-4 ) - 2 0 • * Y ( N T T 
l-3)+15e*Y(NTT-2)+148•*YCNTT-iJ+le*Y(NTTJ) 

S ( NT l ) = ( 1 • /9 2'• • ) ·* ( -1 • «· Y :(NT T-6 ) + 6 • ;:. Y ( ~\ 1 T -5 ) - l 5 • * Y ( NT T-4 > + 2 0 • * Y ( NT T-
13l-l5•*YfNTl-2l+6~*Y(NTT•1)+92~•*Y(NTT)J 

DO 4ul J=l,NP 
4Cl Y(J)=SCJl 
314 CONTINUE 

C t::S T 1-\UL ISH lJ 1 f-FEREf~Ct- .T /',tilt: Of Sl··JOOTHEO u:, T A 
c 

21 ~ CQf-.JT I NUE 
SOC CONTINUE 

DO 219 K=ltNN 



FDIFlYCKJ=YCK+l»~Y(K). 
219. tONll ;·~UE 

IF(NP1S.LEe6~ GO TO 900 
DO 22U K:ltNNN . 
~DIF2Y(Kl=YCK+2)-2.*Y(K+l)+Y~K» 

22lr CONliNUE 

221 

316 

00 221 K= 1 tN;~NN 
FDIF3YCK):Y(K+3)-3e*Y(K+2~+3~*Y(K+l)-Y(K). 
CONTINUE 
DO -31() K~l"tN5 
FD1F4Y(KJ=YCK+4)-4e*Y(K+3)+6•*Y(K+2~-4e*YCK+l)+Y(KJ 
CONTI f~UE 
DO 317 K=ltN6 . . . 

163 

FDIF5YfKl=YC~+5)~5•*Y(K+4J+l0e*YCK+3)~1Q•*Y(K+2)+5e*YfK+l)-Y(K) 
CONTINUE . . 

c 
c 
c 

c 

317 
. .. . 

INTSR~OLATION U~lNG:POLYNtMIAL OF ~EST FIT 

.lf(ORDER.E0~2e, GO TO 222 
Jf(OHOER.EOe3e) GO T0 ... 223 
IFCORDER.E0.4~) GO Td~318 
IFCORDER.~Q.~.) GO TQ·3l9 

9l;0 CONTI i~uE , .. 

C LIN~AH INTERPOLATION 
c 

c 

1=2 
A H = X ( .I l-X ( I ..;. l ) 
AO=Y<I-ll 
Al=FDIFlYCl-1)/AH 

. BOLIN=AO~Al~XCI-l». 
·BlLIN=I\1 

DO 300· L=ltNINTRP 
YY(l):BOLIN+BlLIN*XX(L) 

30U ·COf'Jl 1 NUE 
WRITE(6t34J~OLINtU1LlN 

GO TO 226 
222 CONT l Nut: · 

C QUAURA TIC: INTERPOLATION 
c 

1=2 
,·AH=X< I )-X( X-1 » 
AO=Y(l-lJ 
Al=FlllFlY(l-ltlAH . 
A2=FDIF2Y(I~l)/(2.*AH**2J . 
BOCUAD=AO-Al*X(l-l)+A2*X(1-l~*X(ID 
BlQUAP=Al-A2*(X(I~lJ~XC.J)» 

B2QUAD=A2 
DO 3Ul L=ltNINT~P 
YY(L)=BOQUAD+XX(LJ*(SlUJA~~D20~AD*XX(L)) 

3~1. CONTINUE 
WMITE(6,35)d0Q~AU•cilOUA~td2UUAU 

GO TO 226 
.223 .. CONTINUE. 

·c 
C ·CUBIC fNTERPOLAllCN 
c. 



1~2 
A H~ X t,I ) -X ( 1 - 1 ) 
AO:;;;Y ( 1-1 > 
A~~PQIFlYCl-1)/AH 
A 2z? FD I F 2 Y ( I -1 ) I l 2 • *A r-f*·* 2 J 
A3::fDlF3Y(l-ll/13•*2•*AH**3J 
BOCWBE=A0-Al*X(!-lJ+A2*X(i-IJ*X(IJ-A1*X~I-ll*X(J)*XlJ+Il 

164 

B l CUB [:A 1 _,, 2 ~~ t X t 1 -1 I +X (. 1 ) ) ,. .. I\ 3 ·~ ( X ( l -l l * X ( I J +X C I -1 ) *X t I + ] ) +X C 1 > ·l* X C I + 
1 1 ) , 
B2Cu~E=A2-A3~(X(l-ll+X(l)+XCI~l)) 
B3CUBE=A3 
DO 3~2 L=ltNINTRP 
YY<Ll=BOCUBE+XX(Ll*CB1CUHE+XXC·L)*(B2CUBE+B3CUBE*XX(L))) 

302 CONTINUE .. 
WR I TEC 6 '3 7 J ~OCUdE 'Bl CUi:if t u2CUt~;:: tk33(uUE 
GO TO 226 

318 CONTINUE 
c· 
C FOUI-{11-f ORDER INTERPQLATlPi'• 
c 

c 

1=2 
AH =X C I J- X ( I --1 ) · 
AO=YCI-ll 
Al=FUI~lYCl-ll/AH 
A2=FDIF2Y(I-l)/C2.*AH**2l 
A3=FDIF3Y(i-ll/(3a*2•*AH**3) 
A4=FUIF4YCI-ll/(4.*3•*2•*AH**4J 
8 0 F H l H ::A 0-A 1 "~ X ( 1 -1 ) +A 2 *X ( I - 1 ) *X l 1") -A 3 *X l 1 -1 ) -~X ( I ) * X ( I + 1 ) + 1\ It ~i- X ( I - 1 ) 

1 *X ( 1 ) *X ( I+ 1 ) *X ( I +2) 
Bl F f~ T H = 1\ 1 -A 2 -.':· C X ( i -1 l +X ( 1 l ) + :, 3 ~". ( Y. ( I -1 ) * x· ( I ) +X ( I -1 ) -::·X C 1 + 1 ) +X ( 1 + 1 ) *X ( 

l I ) ) -A tl ~~ ( X C i -1 l *X ( I ) *X ( i + 1 ) +X ( 1.··1. ) *X< I ) *X ( 1 +;:? ) +X < 1 -1 ) *X ( I+ 1 ) *X ( I+ 2 l 
1 +X ( 1 l *X ( .I +.1 ) *X ( 1 +2 ) ) . 
U2FRTH~A2-A3*(X(I-l>+XCii+Xtl+l))+A4*(X(l-ll*X(IJ+X(l~l)~XCl+l)+Xl 

1 1 -1 J ~-X ( 1 + 2 l+ 1~ ( I H~ X ( 'I + 1 ) +X ( I ) *X ( 1 + 2 ) + X ( I + 1 ) *X ( I + 2 ) ) ·.~ · . 
B3FRTH=A3-A4*(X(I-li+XCI)+X(I+l)+Xtl+2)l 
B'• F R T H=A'• 

.DO 32V L:l,NINTRP 
YY ( L) =BOFf-{TH+XX ( L) * ( BlFl~ Tli+XX ( L) ~~ C d2fHTH.+u3FRT~f* XX ( L) +(j4Ff~Trf* XX C l J 

1-J{·XX(L))} 

320 CONTINUE 
W R I T E < 6 , Lt 2 ) BOF R T H t B 1 FR T H ' B 2 F ;~ T t1 t B 3 F R TH t £.31• F R T H 
GO TO 226 

·319 CONTINUE 

C FIFTH ORDER INTERPOLAT 10~~ 
c 

1=2 
AH=XCil-Xtl-1) 
AO=YCI-ll 
Al=FDIF!Y([-11/AH 
A2=FDIF2YCI-ll/(2.*AH**2) 
A3=FDIF3Yll-ll/l3.~2··*AH**3) .· 
A4=FDIF4YC1-l)/(4e*3•*2•*AH**4] 
AS=FDIF5YCI-l)/(5•*4•*3•*2~•AH**5) 
OOFITH=I\0-Al*XC I-l~J+A2.*X(.i-l )*X( i-)-/;3.*X( 1-1 )*X( I) *X( 1+1 )+l',t+*XC I-1) 
l*X(l)*X(l+l)*X(l~2)~X<I~l)*X(]J*X(I+ll*XC1+2)*X(l+3)*A5 
BlFITH=Al-A2*(XCI~tJ+X(IJJ+A3*(X(I-ll*X(I)+X(l~l)*XCI+I)+X(I+l)*X( I 

. 1 I ) ) -A 4 * C X ( i - l ·) -:t X ( . i ) * '.< t l +1 ) +X C 1 .- 1 J * X ( I ) *X .c I + 2 ) + X C 1 -1 l * X ( I + l ) ·.;:. X ( I ..;. 2 l 
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l ) + t, 5 -~ ( X ( i -1 ) *X l 1 ) * >; ( I + 1 J *X I I + 2 ) +.X ( I - 1 J *X ( I + 1 ) *.X ( 1 + 2 l *X ( I + '3 ) +X C I P~ X 
l ( I + l J * X ( 1 + 2 ) *X ( I -t: 3 J ·t· X ( 1 •-1 J * X ( ! J * X t I 4 l J *X ( I + 5 ) + X ( i - 1 J * X ( 1 ) ~- X ( I + 2 > ~~ X 
1( l+3) )-/\4*X( 1 l*Xl l+l}*XC 1+2) 
,B_?.FlTr.I=A2-A3*iXt I. .. ll.•"( 1. t+XC 1+1 J )+A!t*CXC'l-1 )*XC I )+XC 1-1 )*X( 1+1 l+X ( 
lf-1J*Xtl+2)+XCIJ*Xtl+J,+Xtll*XCI+2•+Xfi+!)*X{I+2))-A5*(XCl-l)*XCI+ 
11 j ;:~X ( I+ 2 ) +X t I J *X ' 1 + 1 ) * x· l I ·~-2 ) +X ( I -1 l ~-X ( 1 ) *X ( I+ 1 ) +X C 1-1 J *X C. I J ·*X ( I+ 2 ) 
1 +X :C I t l H• X ( l + 2 H~· X ( I + 3 ) ·f" ( l•l J ~·X ( I + 1 ) *X ' I + 3 J +X ( I -1 ) ·x- X ( I + 2 ) -~X ( l + 3 ) +X ( 
11, f *.X ( I + 1 l *X ( 1 -t· 3 l ~-X ( t ) *X C · J ._. 2 J *X ( I + 3 J + ·x ( 1 - l J -~ X ( I J i{· X ( I + 3 ) l 

B 3.f' I l hh.; A 3-J\ '+ * ( X ( 1-1 ) +X C I ) +X C I -~"l l +X ( l + 2 ) J +A 5 -~ ( X C I + 1 ) *X ( I + 2 ) +X ( I -1 I * 
1 X ( l +1 ) + X ( ! - 1 ) * X ( I + 2 ) +X f I ) '*X C l 4- 1 J +X C I ) *X C I + 2 ) +X ( I _; 1 ) * X ( I ) + X ( I + 1 l *X C 
1I+3l+X(l-l)*Xfl+3J+X(1J*XC1+3)+Xfl+2)*X(I+3Jl 

B 4 F I T H =A 4 -A~ * C X ( I + 1 J +X C I + 2 ) +X ( I -·1 J +X C I ) +X ( I + 3 J ) 
B5F I TH\=/,5 . · . 
DO 323 L=ltt"~JNTr~P . -~ . . 
YY ( L J =BOF I TH+XX CL H~ tt11 f 1 Tit+XX( L.. J ·:r C t1:2F l TH+XX C L) * ( L13F I Ti1+XX ( L J * ( BttF I 
1TH+B5FITH*~XCLJ)) l) 

323 CONTINU~ . 
W R 1 T [ ( 6 ~ 4 3 ) dO F I T t1 ' B 1 F I T H • L3 2 F I T r·l t ~\ :~ F 1 T H' l3 4 F I T h ' u 5 F I T H 

2 26 CONTINUE. . 
Nl"-NPTS+NlNTRP 
DO 233 K=ltNPlS 
1=2*K-1 
ZZti)=Y(K) ~ 

233 Z·<I>=f(K) 
DO 231 K=ltNlNTRP 
I=2*K 
Zl(J):-:YY(K) 

· 2 31 Z t I)= x'x ( K) · 

~·J R I T E. t .6 ' 21 ) 
\" R I T E { 6 ' 2 8 ) 
WrtlTECbt29J 
DO 232 I=ltNPTS . . 
\'~ R I T E ( 6 ' 3 v ) T C' I ) t Y ( I,) • FD I f; l Y ( I l • F iJ I F 2 Y C 1 t ' F U -I F 3 Y ( I ) t F 0 I F 41 ( I. l ' F D I F ~ 

1 Y ( I ) 
7.32 CONTINUE 

~v r~ I r E < 6 , 3 1 , 
\\tRITE(6,32) 
DO 234 I=l•i'·lT 
~~R I T E ( 6 , 3 3 ) l C I ) , Z Z C I ~ · 

. 234 CONTINUE 
c 
C FOR~'lA T ·s T A TEI'iEN T S· 
c 

20 FORMAT(}HLtl3H PRIMARY DATA) 
21 FORivtAT (1 Hv t 1 7H PI FF£RENCE TAHLE . 
2? FOR~AT~lHvtl~H·fiMtfHRil~)X•llH CONC(MG/L)tlX•llH FIRST DIFFt2Xtl2 

lH SECOND DIFFt2XtllH TttlHv D.IFr""t2Xtl2H FOURTH iiiFFt2XtllH FIFTH t.>I 
lFFJ . . . . . 

2 3 FORi~~ AT t l Hv ' F 9 • 3 t 3 X .• Fl ~ • 3 t 3 X .,.F 1 v • 3 ' 3 X ' F 1 v • 3 • 3 X t F i v • 3 ' 3 X , F lv • 3 • 3 X t F 1 
'liJ.3) . 

24 FOR~AT(1Hvt24H FIRST ORCE~· COW~ELATION 
25 FORMATClH0~25H SECOND CRD~R CO~RELATION 
26 FORi•lAT ( 1Hvt24H THIRD .QROt:l.: <:ORRELATION 
27 FOI~r·!J\ T ( lHl '14H Sr·t.OOTHED 0;\ Tit ) 
28 FCHI'·:l\l ( li:fLtl7U DlFFER£~'CE TArJLE .J 
29 FOf~;~,AT( lHvtl\.iH TJ,'•lf(Hf<S.tt3XtllH CONC:H .. ·:GIL)tl.XtllH FIHST OIFFt2Xtl2 
. ·1H StCONLJ LJ1Fft2Xt·llH lrtlf{'-i LJ1Ffs2Xtl2H fOllf\TH tiiFFt2XtJlH FIFTH vi 

lFF) 
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3U FORi~AT(lH~tF9.3t3X,Fl0.3t3X,fl0.3t3XtF10.3t3XtFl0.3,3X,Fl0.3,3X,Fl 
10.3) 

31 FOHf\·:.A. T ( lHv' 31H $l·•iOOT HED t\i1D I i'i TE f~POL ;, TEO DATA 
32 FOHfvJAl(lHv,l:...H 1It•iECHRS),3XtllH CONC(i.-iG/L•) ) 
33 FOR~AT<lHvtFlU.3t4XtF10.3l 
3 4 F 0 H ,.; A T ( 1 H ·.; ' 7 H B 0 L I t'~ = ' F 1 0 • 3 ' 3 X ' 7 H o ll I N = ' F 1 0 • 3 > 
3 S F 0 R , .. ; 1\ T ( 1 H v ' 8 H t) 00 lJ AD= ' F 1 ...; • 3 ' 3 X ' 8 H ti 1 Q :.J A L) = ' F 1 0 • 3 , 3 X , 8 H i.-. 2 w u /\ LJ = , F 1 u • 

13) 
37 FOR:I.I\TC1H•Jt8H BOCUBE=•Fl•)•3t8H B1CU"t3E=,Fl0•3t8H t:32CUi3E=tFl0•3t8H B 

13CUOE=tFl'-<•3> 
39 FOI~i'•iA T C lH 1 '21H ORDER NOT DETER!·'il NED ) 
40 FORMAT(1H~t25H FOURTH ORDER CORRELATION ) 
41 FORi\·i,.\T ( 1Hvt24H FIFTH ORul:.i< CO~<Rl.LATI0:'-1 ) 
42 FORi'.tJATC 1Hvt8H HOFRlH=tFli..••3t8H olFRT~.f:;;,Fl0•3t8H 62FRTH=tFl0•3tfHi l~ 

13FHTH=;Fl~.3t8H B4FRT~=,Fl0.3) . 
4 3 F Qf{ i·'l AT C 1 t-Ji... ' 8 H B 0 F I T h = ' F 1 ::; • 3 t 8 H . B 1 F I T ~I= t F 1 0 • '3 ' B H o 2 F I T H = ' F 1 0 • 3 ' 8 H 13 

13FITH::tFlU•3,8H G4FITH=tFl0e3,8H F5FITH=9Fl0e3) 
RETURN 
END 

CD TOT 0600 
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APPEND!}{ RV 
·dCc 

CORRELATION = REGRESSION ANAlYSIS OF ~-vs t 8 dt 0 

DEFXNITIONS 

~ correlatio~ coefficient 

Dofo degree of freedom 

slope 

varia nee of. t 

ro 

s2(t) 

S(c» 

y 

X 

= 
y 

sta~dard dev1atio~ of t 

dependent variable 

independent variable 

mean of y 
Q 

X measn of x 
1\ 
y estimate of y (least-squares) 

FOR~1ULAE 

Least-Sguares Fitting 
2 "" Ely :a I(y - y)2 gj ty2 = y 

I1X2 :iii I(~ = i)2 8 tx 2 -
E1xy 

<:=> 
§ txy C=> ~ Ey 

y = ~ whe~e N ~ I Data 

~ _ tx 
~- N 

t ly2 = I(y ·.., y)2 

t 1 2 I ln2 1 /'2. l § [ y= y ] 
t ly2 

-X 

IXY 

EX 

~Yolk (1958)) 



F = R2
( N - 2) 

( 1 - R2) 

R{ N - 2 
t = ----

/1 - R
2 

Conf;dence Limits of Slope and Least Squares Line 

s2<9> • t(y ~ 9~2 
N = 

s2 <Y > = s2 ~Yl 

s2
(lb) "' ~ 

t
1x 

s2(x) "' s2~x) 

Com~arison of Several lines 

l: 1 c 2,. ( t 1 ~XI D 2 
I X 

for ~ data sets and N 

l;T 

k 
= I 1111 

1=1 

k 
:s I C· 

i=1 .·1 

168 



tete 
N 
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Mean of Ripendent varia es 

Correlation t 95% 
Level D.F. Limits 

All Data· 109.438 32 13.8229 

All Data 
< 900 Solids 105.868 26 10.1567 

All Overflow Data 102.274 15 18.729 

All Underflow Data .116.602 15 22.5230 

Overflow Data 
( 900 Solids 92.7315 11 11.417 

Underflow Data 
(900 Solids 111.908 11 17.5 797 

All Spherical ~ • 
Overflow Data 82.0809 5 41.0581 

~11 Spherical S18pEd 
Underflow Data 97.1100 5 49.9154 

~11 Rod Shaped 
Overflow Data 107.100 .4 18.087 

~11 Rod Shaped 
rt.Jnderflow Data 111.214 4 26.7654 

IAll Filamentous 
Overflow Data 130.371 2 34.5247 

[All Filamentous 
Underflow Data 158.793 2 48.0723 

Spherical Shaped 
Overflow Data 

71.8846 <900 Solids 3 32.3208 

SplEr.Lcal Shaped 
Underflow Data 

91.6682 3 49.952 <goo Solids 

SlopeL~~eRegression 

"t 95% 
Level D. F. Limits 

.07401 32 .03740 

.15952 26 .03904 

.10262 15 .06514 

.06123 15 .05539 

.21810 ·11 .062147 

.17462 11 .06985 

.07005 5 .10796 

.04660 5 .09453 

.17710 4 .07314 

.09632 4 .07257 

.2438.4 2 .44643 

.14041 2 .45923 

.20009 3 .15755 

.15512 3 .16157 

Correlation Coefficient 

R2 R 
(Fraction Significant 

R ·ss Removed) at 95% 

.58125 .33786 Yes 

.85487 .73080 Yes 

.65498 .42899 Yes 

.51968 .27007 Yes 

.91887 .84437 Yes 

.85644 .73350 Yes 

.597"98 .35790 No 

.49307 .24312 No 

.95847 .91866 Yes 

.87890 • 77239 Yes 

.85685 . • 73418 No 

.68113 .46394 No 

.91914 .84481 Yes 

.86991 • 70477 No 
------

"'T 

~ 
I 

I~ 
!~ 

:tl/l ~ ~· ~ 
< 
Cll 

0 
td 

0 

tl ~ 
~ 

~~ 
:f;! 
~ 

a 
!ii 

-" 0 



Mean of 
Independent F 

Correlation Variable Intercept Ratio 

All Data 688 .. 252 58 .. 4979 16 .. 3281 

All Data (. 900 Solids 567.218 15oJ8Q5 70.5837 

All Overflow Data 576.298 4:ro 1285 llo2696 

All Underflow Data 820.205 67.6011 5.55005 

.Overflow Data 
- 5o23643 < 900 Solids 449.175 59c6664 

Underflow Data 
(. 900 So 1 ids 618.034 3.98624 30.2752 
All Spherical Shaped 
Overflow Data 563.244 42.6223 2. 78317 

All. Spherical Shaped 
Underflow Data. 804.819 59.6051 1.60607 
All Rod Shaped 
Overflow Data 589.755 2o65104 45.1775 
All Rod Shaped 
Underflow Data 805.370 33o6365 13.5742 
All Filamentous 
Overflow Data 578.958 . -13.815 5.52399 

All Filamentous 
Underflow Data 784.384 48.6574 1.73089 
Spherical Shaped Overflow 
Data < 900 Solids 353.856 1.08170 16.3310 

Spherical Shaped Underflo~ 
Data ,( 900 Solids 520 .. 741 10.8870 9.33328 

t Variance 
Statistic of Mean 

4.04080 '45 .8234 

8.40141 24.4038 

3&35702 77.2545 

2.35585 111.777 

.• 
7o7244 26.908'4 

5.50229 63.7947 

1.66828 255.032 

1.26731 376.936 

6.72142 42.4191 

3.68432 92.9631 

2.35032 64..3752 

1.31563 124.809 

4.04117 103.173 

3.05504 246o438 

Variance 
of Slope 

33.55xlo-s 

36 .056xlo-5 

93.463xlo-5 

67 .562xlo-s 

79 .7272xlo-s 

. 10.072xlo-4 

17.634xlo-4 

13.52lxlo-4 

.69 .4293xlo~s 

68 .. 344xlo-5 

10.7638xlo-3 

11.390lxlo-3 

24 .. 5153x10""4 

25.7836xlo=4 

Variance 
of Estimate 

15o58xl02 

68o33lxlol 

13.133xlo2 

19.002xlo2 

34.98lxlol 

82. 933lxlo1 

17.8523xlo2 

26.3855xl02 

25.4514x1o1 

55.7778xlo1 

25.750lxl01 

49.923 7xl0 1 

51. 5863xl0 1 

12.3219xlo2 

I 

I 

~If; nn 

< m 

n 
td 

© 



TABLE NOe 14 

SLOPES SI,NIFICANTLY DIFFERENT FROM 

ZERO 

,, 
CORRELATION (b) ~S{b). D. F. Slope STD. Dev. 

Slope 

All Data 0.07401 .0183165 32 

A 11 Data 
~. 900 So 1 ids 0.15952 a01S988J 26 

All Overf1 ow· 0" 102629 aOJ05716 15 

Al] Underflow 0~0612349· .0259926 15 

Overflow 0.2818106 a028236Q 1] < 900 Solids; 

Underf]ow 0.174620 .0317359 1 1 < -900 Solids 

All Spheri c·a 1 0.0700560 .0419928 5 Over 

All Spherical 0.0466004 .0367712 5 Under 

A11 Rod Over 0.177106 .02~3494 4 

A.11 Rod -Under· 0 •. 0963256 .0261447 4. 

All f."i 1. Over 0.243842 G 103749 2 

All fi ltl Under 0.140416 .106724 2 

Spheri ca 1 0.200090 .0495129 3 · Over <e 900 

Spherica~ 0.155127 .0507775 3 Under < 900 

SIGNIFICANT 
t b 

= Sfb) 
at 

4.0406~ 99.9% 

8" 401 ' 99.9% 

3.35~, 99% 

2.3559, 95% 

7.72439, 99.9% 

5.50228, 99.9% 

1 .. 668286, 80% 

1 • 26 7 31 ' '1 0% 

6.7214, 99% 

3.6843, 95% 

2.35031' 80% -
1.31564, 60% 

4 .. 04117, 95% 

3a055Q3f) 90% 



TABLE NO. 15 

SIGNIFICANT DIFFERENCE BETWEEN TWO SLOPES 

CORRELATIONS s 2 (y 1 ) 
lx2 

SIGNIFICANT 
UNDER + s2(~)P . bl - b2 

l: 1 X 2 t 2 t DF AT 
-TEST 

s2<92> 
1 95% 

, .. 

(1) All 
1606.775 

I 

Overflow 3213.55 . 04·13941 0 1.40519 2.81.256 1.03265 30 NO 
(2) All X 106 

X 106 

Underflow ... .... 

(l) Overflow 1179. 140 589.570 .0434860 . 4.38757 8.23428 0.95811 26 NO (2) Underflow .·· 

X 105 
X 105 ( < 9 0 o s o l·i d s·) .. 

Spherical 
{1) Over 4423.78 2211.890 .0234556 1.01238 1.95142 0.40718 10 NO 
(2) Under 

X 106 
X 106 

Rod 
(1 ) Over 812.292 406. 146 .080780 3.66581 8.16005 1 • 81380 8 NO 
(2) Under 

X 105 
X 105 

Fi 1. 
(1) Over 756.738 378.369 .1034320 2.39229 4.38310 .066489 4 NO 
(2) Under 

X 104 
X 104 

Spherical 
< 900 solids 
(1) Over 1748.053 874.027 .044963 2.10425 4.77897 .58309 6 NO -
(2) Under 5 

X 10 5 
X 10 

..,., 
(A; 

. '"------·- ------~ ·- ------ -



TABLE NO. 16 

POOLED SLOPE CALCULATIONS 

II' 

Correlation 1 1 Under I: x1yl I x2y2 bp s(b) DF 
Test 

All Data 
(1~ Over 1.44214 1.72227 7. 5026'02 4.00852 30 
(2 Under 

X 105 
X 105 x 1 o· 2 · 1 -2 X 0 

.. 
<900 solids . .:-:. 

p J Over 9.56956 1.43787 1.807361 4.53875 26 
2 Under 

X 104 
X 105 x 1 o· 1 X 10- 2 

...... ... •.: 

Spherical ... 

(1) Over 7.09232 9.09368 5'.461232 5 .. 76055 10 
(2) Under 

X 104 
X 1.04 x 1 a· 2 x 1 o· 2 

Rod 
(1) Over 6.49235 7.86022 1.213658 4.45365 8 (2) Under 

x 1 o4 
X 104 x 1 o- 1 x 1 a· 2 

Fi 1. 
(1) Over 5.83342 6.15431 1.769300 1.563623 4 (2) Under 

X 103 
X 10 3 x 1 o· 1 

Spherical 
< 900 solids 
(1) Over 4.21039 7.41350 1.68873 7.71118 6 
(2) Under 

X 104 
X 104 x 1 o· 1 x 1 o· 2 

: 

- '--------··------ '- ~· 

b .. p-
at 
951 

8.18539 
x 1 o· 2 

9.33167 
x 1 o· 2 

... 

1.28345 
x 1 o· 1 

1..027012 
x 1 a· 1 

4.34061 
I 

1. 88693 
x 1 o- 1 

t test on slopes 
t D1 ff. At from 

zero 

1.87166 90% 
~ 

4.18036 99.9% 

. "'. "'(, 

•. 

0.94804 60% 

2.72509 95% 

.1131541 NO -

2.189976 90% 

I 

J 
I 

J 
! 
i 

.... 

....... 
~ 



TABLE NO. 17 

ANAL VSI S OF S I .. X CURVES· COLLECT! VEL Y 

AND INDIVIDUALLY 

(Data > 900 solids discarded) 

SUM OF SQUARES 

Correlation Ilx2 l: 1 y2 t 1xy t 1c 2 

Total 1.89515 6.59964 3.02330 4.82304 
X 106 x 1 o4 · X 105 

X 104 

Means 5.07724 2.09225 8.60358 1.45791 
X 105 

X 104 
X 105 

X 104 

Difference 1.38742 4.50739 ~~2. 16 295 3.37196 

X 106 
X 10 4 

X 1 o5 
X 103 

Set No. 

1 2·. 1042-5 9.97215 4 .. 21039 8.42456 
X 105 

X 103 
X 104 

X 10 3 

2 4.77897 1.51969 7.41350 1 ... 15004 
X lOS x 1 o4 

X 10 4 x 1 o4 
.. 

3 2.39640 9.15829 4.42770 8.18083 
X 105 

X 103 x 1 o4 
X 10

3 

4 3.91704 6.94647 4.37910 4.89565 
X 105 

X 103 
X 104 

X 10 3 

5 2.39229 1.93~43 5.83342 1.42243 
X 104 

X; 10 3 x- 1 o3 
X 103 

6 4.38310 1. 86260 .- '6.15431 8.64126 
X 104 

X 10 3 
X 103 x 1 o2 

Sum 1.38742 4.50739 2.16295 3.52880 
X 106 x 1 o4 

X 105 
X 104 

* Pooled Slope 

175 

I 1 y2 . 51 ope ! 
i 

1.77660 1.59529 
X 104 x 1 o· 1 

6.34346 1.69454 

X 103 x 1 o· 1 

1.13542 1.55897 
X 104 x 1 o- 1 * 

1.54759 2 .. 000.90 

X 103 x 1 o- 1 

3.6965-7 1.55127 

X 10 3 x 1 o- 1 

9.77463 1.84765 

x 1 o2 x 1 o- 1 

2.05082 1.111796 
X 10 3 x 1 o· 1 

5.15001 2.43842 
X 10 2 x 1 o- 1 

9.98474 1.40410 

X 10 2 x 1 o- 1 

9.78592 
X 103 
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. ANALYSIS OF VARIANCE 

1 Test the relative significance of using ~east-squares lines 

through each data set and of using a correlation line through 

each data set with a.pooled slope. 

Sum of Squares with Pooled Slope =s 1..13542 x 104 

Dof• §l 21 

Sum of Squares with least Squares Slope = 9.78592 x 103 

Dofo g 16 

F §l [1.13542 X 104 - 9.78592 X 103]/5 
9.78592/16 

§ 0.512835 at 5~ 16 p.Fe 

F = 2.85 0.05,5,16 Gil NS at 95% 
• tl 

~. (1) use pooled slope {0~155897) 

{2) use 1.l3452 x 104· as error estimate 

Determine if there is a significant ve~tica1 displacement · 

between the curves. 

Sum of Sq~ares due to Error Estimate= 1.13542 x 104 

D.F. = 21 

Sum of Squares due to Vertical Displacement = (total SS 
= mean SS = error SS) 

at 1 D.F.~ 

6.83141 X 10] 
f = 1.13542 X 104121 

= 0.126349 at 1, 21 D.F. 

F 0 • 0 5 ' 1 I 21 ·~ ~ 4 • 3 2 ··. ' 
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Therefore, at 951 there is no significant vertical displacement 
/ 

between the curveso 

Test the relative si~nif1cince of using a single 

lea~t-squares line through alJ the data considered as one 

set and of using individual lin~s with a common (pooled) 

slope through each af the sets. 

Sum of Squ~res for One Line Through All Oat~ As One Set 

~ 1.7766 X 104 

D.F. = 26 

Sum of Squares for Pooled Slope Line Th~ough Each Set 

(; error) = 1.13542 x 10 4 

DGFQ = 21 

f g (1.7766 X 104 
o 1.13542 X 104]/5 

1 •. 13542 X ~04 121 

= 2.37177 at 5, ~1 D.F. 

foo05,5g21 = 2 •68 

Therefore, ~-t 95% level can use a single correlation line. 

4 Test to see if the overall slope is significantly different 

from zero 

t = b - 0 s(b) = 2.056, ·sig.at 95% 

Therefore, slope is ~iffere~f from zero at the 95% level. 
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T.E.PULLOCK JUNE 1969 
HEGi~ESS I Oi'".J-((iRRELA T I UN ANALYSIS 
PROGRAM ACCEPTS N 5ETS OF DAT~ FOR W~i~CH LINEAR LEAST SQUARES LlhE 
-S ARE TO 8E FIT TO EACH. SET AND CALCS FOR EACH SET= 

1 LEAST SQUARES LINE . . 
2 S 1 GN IF I CANCE OF LINEAR COI<!Rt.LA T I ON 
3 F RAllO ANU T STATISTIC 
4 CU~FIUENCE LIMITS Of SLOPE 
5 CONFlUENCE LIMITS OF LEAST SQUARES LLNE 

CONSIOEIUNG ·THEN SETS OF DATA_TO B-E ONE SEr,Pr~OGi~A;•I DETEI<AINES 
RELATIVE SlGNIFICANCE OF= 

-1 SINGLE CORRELATION LINE VS INDIVIDUAL CORRELATIUN LINE 
FOR EACH OF THE N SETS 

2 PUOLEl> SLOPE. F01< EA<..H OF THE I~ SETS VS I Nl.J IV I DUAL SLoPES. 
FOR EACH 0~ fHE N SETS 

3 D 1 S P LACEr~ t. NT 0 F T H t:: lf ~ D t.: P C. f-.. U E 1-... T V A r~ I A b L E 0 V C. R T HE ;~ SET 5 

DEF INI T lOr.~s 
X=INDEPENDENT VARIABL~ 
Y=DEPENDENT VAR1ABLE 
SUfVIY =SUfv1 OF Y 
Sut-.1X.=SUf"l OF X 
YS=SQLJI\Rc OF Y 

· XS=SQUARE OF X 
5Uiv1Y ~=SUi\1 OF. YS. 
SUi·-'JXS=Sul\·1 OF XS. 
YMEAN=MEAN OF Y VALUES 
XMEAN=MEA~ OF X VALUES 
R=CORRELATION COEFFICIENT 
SLOPE=SLOPE OF LEAST SuUARES LINE 
THCPT=INTERCEPT OF LEAST SQUARt:S LINE 
F=FRATIO STATISTJC 
T=T STATISTIC , 
YLS=LEAST SQUAF~E VALUE OF Y: 

' 

SSY=SUX OF SQUARES OF Y RELATIVE TO YMEAN 
VARYM=VAR·IANCE OF YMEAN 
VARSLP=VARIANCE OF SLOPE 
VARYLS=VARIANCE .OF FITTED LINE 
M=NO. OF DATA PTS IN EACH SET 
N=NO.OF DATA SETS 

·osY=SQ0ARED DEVIATION UF Y FRO~ YLS 
SDYLS=S l 0., DEVIATION OF Y I~ELA T I VE T.u YLS 
SDSLP=STD·· DEVIATION OF SLOPE 
SUM1C5=SU~ OF SQUARES OF bEVIATlUN REMOVED 6Y THE CURKELATIG~ 
SU~lLS=SUM OF SQUARES OF DEVIATION OF Y FROM YLS 

DIMENSION Y(l0tl50),X(l0tl5G}tSU~Y(10)9SUMX(10)tYSCIOtl50)9X5Cl0tl. 
15G),5UMYSCl0),5UMX5(10)tYMEAN(lO),XMEAN(lO),XY<lOt150ltSUMXY(l0)tS 
lU M 1 Y S ( lli } ; ~ U :-.i 1 X S ( 1 0 ) ' S U f'.-11 X Y ( 1 0. l ' R ( 1 0 ) ' SL 0 P E ( 1 0 ) ' T R C P T { 1 0 ) ' F. ( 1 0 l ' 
1 SSY<lu),S5X(l0)tfC6)tDSY(!Utl50)tVA~YM(l0)tVAR5LP<lO)tVARLS(l0 
1 ) ; S Ui;i 1 C S ( 1 u l ' SU 1\11 L S ( 1 <.: ) 'i·1 ( 1 0 ) ' .S D Y f.~ ( 1 0 ) ' S D S L P ( 1 0 ) ' Y L S ( 1 0 ' 15 0 > ,-v AH X r·i 
1 ( 10) 

DATA INPUT. 

N=2 
NSETS=2 
DO 1001 KKK=ltNSETS 
lF(KKK.GE.9l N=6 
READC5tll (fl:( I) ti=l,N) 
:DO. 1000 I= 1 t N 



MO=:~ < 1 1 
DO 1 ou J= i • i't;O 
READ(5,2l X(ltJ)tY(ltJ) 

100 CONTINUE 
c 
C LEAST SQUARES ANALYSIS 
c 

SUivlY (I) =0• 
SUtJiX < I ) = 0 • 
SU1\tlYS ( I J = u • 
S U ~ .. 1 X S ( I ) = v • 
sur-~xv (.I, =u. 
DO 101 J=ltMO 
SUMY(J)=SUMY(I)+Y(l,J) 
SUM X C I > = SU ~-1 X ( I ) +X ( I ' J ) 
YS(f,J)=Y(J,J>**2 
XS(l,J)=X(J,J)**2 
SUMYS(l)=SUMY5(J)+YS(l,JJ 
SUMX5(J):5UMXS(I)+XS{ItJ) 
XY(ltJ)=X(J,J)*YCltJ) 
SUr·AXY <I) =SUt·tXY (I ) +XY ( 1 t.J) 

lOi CONTINUE 
YMEAN<IJ=SUMY(J)/FLOATCMCl)) 
XMEAN(I)=SUMX(I)/FLOAT(M(l)) 
SUMlYS(ll~SuMYS(l)-YMEAN<Il*SU~Y(J) 
SU~lXS(Il=~UMXS(I)-XMEAN(ll*SUNX(l) 
SUMlXY(J):50MXY(I)-XMEAN(l)*SU~Y11). 

S L 0 P E < I ) = S U vtl X Y ( I ) IS U tvi 1 X S ( I ) 
TRCPT (I J=Yi:iEAN( I )-SLOPE( I l~·XIl;[f\,~( I) 
R(IJ=SUMlXY(l)/SQRT<S~MlXS(l)*SUMlYS(l)) 

S Ur·'i 1 C S ( I ) = ( S U:4 1 X Y ( I l ) * * 2 IS U rvi 1 X S < I l 
FC I l==C (R( I >**2)*fLOAT<r\j~( i )-2) )/( 1.-K( I )**2) 
T( I )::(RC I H~SQRT<FLOATCi~( I )-2)) )/SQRT{ 1.-R( I >**2) 
~~ R I T E ( 6 , 3 ) 
WRITEC6t7l 
~-.J R I T E ( 6 , 4 l I 
v.JRITEC6t5l 
DO 10 2 J = 1 , rJi 0 
WRITEC6t6l X(I,Jl,YCI,Jl 

102 CONTINUE 
WRITE(6,8J 
D 0 1 \.J 3 J = 1 ' i'v~ 0 
\~R l T E ( 6 '9 ) Y ( I 'J) 'X ( I 'J ) t Y !J C 1 'J} 'XS C 1 'J > 'X Y t I , J) 

103 CONTINUE 
WRITEC6tlJ) 
WRITE(6t9)SUMYCl)tSUMX(l)tSUMYS(I)tSUMXS(Il,SJNXYCil 
W R I T E ( 6 ' 11 J Y t-·1 E AN ( I l 
WRIT£(6tl2)XMEAN(l) 
WRITEC6tl31 SLOPE(!) 
WRITEC6tl4lTRCPT<Il 
\'VR I T E ( 6 ' 15 ) R C I l 
WRITE<6tl6)F(l) 
WRITE<6tl7)TCI) 
WRITEC6tl8) 
WRITE<6t37) 
DO 1U4 J=_ltf"10 
YLS11tJ)=TRCPTCl>+SLOPECI)*X(ItJ) 
WRITE(6tl9)XCltJ),yLS(I,J) 



lui+ CONTINUE 
SUM!LS(l}=50MlYSCI)-SUMltS(I) 

c 
c 
c 

105 

1000 
c 

CONFIDENCE LIMITS OF SLOPE + LEAST SQUARES LINE 

SSY(l)=U. 
DO 10~ J=l ,rv10 
OSY(!,J)=CY(I,J>-YLSCI,Jl)**2 
SSY( I )=SSYC I l+DSY( I ,J) . . 
CONTINUE 
VARLS C I> =SSY C I) /FLOAT ( M <.1>.~2) 
VARYM<I>=VARLS(l)/F~bAT(M(I)) 
VARSLPCI>~VARLSCI)/SUMlXSCil 
SDYM(Il=SQRTCVARYMCI>). 
SDSLPCI)=SQRT(VARSLP(l)) 
~-JR IT E ( 6, 2 v) 

WRITEC6,21) VARLSCI) 
WRITE(6,221VARYMtl),SDYMCI) 
WRITE(6t2j)VARSLPCil,SDSLP(l) 
CONTINUE 

180 

c 
c 

ESTIMAT~ OF RELATIVE ~IGNI.FJ~A~CE OF LINEAR.CURRELATIONS bETwEEh 
SETS OF UATA 1AKEN INDIVI0UALLY AND COLLECTIVELY 

c 
\v R I T E C 6 ' 2 4 ) 

c 
C SUf··i OF SQJA~< ES FOR (Oi··IPAF< I SOi·~ iJF. SEVEHAL LINEAR CCit-<r~ELA T I iJi'··!S 

c 
XSUt·t1=U • 
Y SUivi~ 0. 
XYSUi·.tj=J • 
csur,l=U. 
YLSUr'~l=O • 
DO 1U6 l=ltN 
XSUV=XSUM+SJ~lXSCI) 
YSUM=YSUM~5UMIYSC!) 
XY~UM=XYSUM+SUMlXY(!) 
CSUM=CSJM+SUMlCS(J) 
YLSUM=YLSUM+SUMlLSCI> 

1U6 CONTINUE 
c 
C SUM OF SQUARES FOR TOTAL 

.( 

rllM = o 
DO 107 I=ltN 
M['.1=l'~tvl+~·1 C I ) 

107 CONTINUE 
T SUtv1X=O • 
T sur~ov =o. 
TSUf/IYS=u. 
T SU~JIXS=J • 

· T sur:.1x Y=O. 
DO 108 l=l.tN 
MU=i"i ( I ) 
DO lv8 J=ltMU 
T SU~iX·= T .SUivlX+X C I, J) 

TSUMY=TSUMY+YCitJ) 
TSU~YS=TSUMYS+(Y(J,J))**2 



(. 

c 
c 

c 

to a 

TSUMXS=TSUMXS+(X(J,J))f*2 
TSUMXY=TSUMXY+X(!,J)~Y(1,Jl 
CONTINUE 
TYMEAN=TSUMY/FLOAT(~M) 
'TXMEAN=TSUMX/FLOATCM~) 
T SlJi'11l X= T SUI··'lXS- T Xf.1EAN~* T SUi'! X 
TSUMlY=TSUMYS-TYMEAN*lSJMY 
TSUMlB=TSUMXY-TXMEAN*TSUMY 
TSU~lC=<TSU~lB1**2/TSUMlX 
TSUMlL=TSUMlY-TSUMlC 
TSLOPE=TSUMlB/TSUMlX 
TTRCP'T = TY;~iEAN-T SLOPE*T Xt .. iEAN 
TR:TSUMlB/SURTCTSUMlX*TSU~lY) 
TF=<TR**2l*FLOAT<MM-2)/Cl.-TR**2l 
TT=TR*SURT<FL0AT<MM-2))/S~~T<l.-TR**2) 

SUMS OF SQUARES FOR MEANS 

Z S U !v1 X .:> = U •. 
zsur·.1YS=G. 
ZSUr--1XY=u• . 
DO lU9 I=l,N 
. ZSUMXS::ZSUMXS+(SUMXCi))**2/FLOAl(M(l)) 
ZSU~YS::Z5UMYS+SUMY(l)**21FLOAT<MCI)) 
tSUMXY::ZSUMXY+SUMX(Il*SUMY(Il/FLOATCM(I)) 

109 CONTI r~UE 
ZSU:·:tX S=ZSUrvlX S- T SUi ... IX*~t-2/ FLOAT ( !'il./1) 

ZSU~YS=ZSUMY5-TSUMY*~2/FLOAT<MM) 
Z SUr"' X Y = ZSUi·JtX Y- T SUt•lX* T 5U•'"lY /FLOAT ( lvlfti) 
ZSU~cS::ZSU~XY**2/ZSU~XS 
ZSUML5=Z5UMYS-ZSUMCS 
ZSLOPE=ZSUMXY/ZSUMXS 
DIFFX~=TSUMlX-ZSUMXS 
DIFFYW=TSUMlY-ZSUMYS 
DIFFBW=TSUMlB-Z~UMXY 
DIFFCW=DIFFU~**2/DIFFXW 
DIFFLW=DIFFYW-DIFFCW 
PSLOPE=XYSU~/X5UM 
WRITE(6,25) 
vJ R I T E ( 6 , 2 7 l 
WRITE(6,26)TSU~lXtTSUM1Y,TSUM1B,TSUM1CtTSUM1L'TSLOPE 
WRITE(6,28)Z5UMXS,ZS~MYS,lSUMXY,zS~MCStLS~MLS'ZSLCPE 

181 

.. 

WRITE(6,29)D!FFXW,DIFFYWtDIFFbW,piFFCW,DIFFLW,PSLOPE 
DO 11 u I= 1 , N 
WRITE(6,3v.)I,SUi .. ilXS( I) ;su; .. nYSC I) ,SUNlXY( I) ,SlJi\lflCS( I) ,Sui•11L5( I) tSLC 

lPE C I ) 
110 CONTINUE 

C ANALYSIS OF VARIANCE 
c 

WRITtC6,32) 
WRITE(6,33) 
A=ZSU~~LS 
B=TSUMIL-lSUMLS-DIFFLW 
C=D IF FL \tJ-YLSUrvl 
D=YLSU~-1 

WRITEl6,34lAtBtCtD 



WRITE<6t35) 
AA=ZSUr·,1LS 
BB=TSUMlL-ZSUMLS-DIFFLW 
CC=DIFFLW 
WRITE(6t36)AA,BBtCC 

1001 CONTINUE 
c 
C FORI·1AT · STJ\TEI-1ENTS 
·c 

1 F 0 Rr~1AT ( 6 I lt l 
2 FORiViAT ( 2Fl0. 5) 
3 FOR~~TtlH0t44H LEAST SQUA~ES ANALYSIS OF INDIVIDUAL C0RVES 
4 FORMAT(lHLtl2H DATA SET NO. t2Xt13) 
5 FORMATC1H0,5H BUGS . tl5Xt7H CARBON 
6 FORMATClH 'FlU~4t~XtFl0e4l 
7 FORMATCl~U,llH E~HO CHECK 
8 FOR ~"·1 AT ( 1 H ~v· , 1 5 X , 2 H ' Y t 9 X ' 2 H X,' 9 X t 3 H Y 5 ' 8 X • 3 H . X S ' 8 X ' 3 H X Y » 
9 FOK~AlClH •l0XtlPElle4t5XtlPE11.4t5XtlPE11.4t5XtlPElle4·,sx,lPElle4 

1 ) 
10 FORMATC1Hu,4H SUM ) 
11 FORMATC1HU,l7H MEAN VAL0E OF Y= ,1PE11.4) 
12 FOR~ATClHUtl7H MEAN VALUF OF X= tlPElle4) 
13 FORMATllH0,21H LEAST SQUARES SLOPE= tlPE11.4) 
14 F 0 H1\1 AT ( 1 H U t 2 5 H LEAST SQUARES I NT E RC E P T = t 1 P E 11 o 4 ) 
15 FORMATC1H~tl9H CORRELATIO~ COEFF~ tlPE11.4) 
16 ·FoRviAT(lH0,9H F RATIO= tlPE11.4) 
17 FOR~ATC1HJ,l3H T STATISTit= tlPEllo4l 
18 FOR~AT(lH0tl2H FITTED LINE ) 
19 FOR~AT<lH t1PElle4t5XtlPE11.4) 

.... 

20 FORMATCIHG,5JH CONFIDENCE LIMITS OF SLOPE AND LEAST SCUARES LIRE 
. 1 ) 

21 FORMAT<1Hu,22H VARIANCE OF £$TI~ATE; t5XtiPEll.41 
22 FORi•·iAT<lHvtlBH VARIANCE OF l:lEA!'!= t5XtlPEli•'•'5Xt9H STD D.EV:: t5X9 

11 PE 11. '•) 
23 FORMATtlH0,19H VARIANCE OFJ SLOPE= t5XtlPE11~4,5Xt9H STD UEV= i5X 

1,1PE11.4) 
24 F OR.•iA T ( lHu, 116H EST IIviA TE OF RlL/\ T 1 VE SIGN IF J·CANC E. OF L I Nt:A: .. : CORI~t:: L 

lATIONS BETWEEN N SETS OF DATA TAKEN lNDIVIDUALLY AND-COLLECTIVELY 
1 ) 

25 FORMAT(lH~tl6H S0MS OF SGUARES 
26 FORMAT(lH~,6H TOTAL. t4XtlPEll.4tlXtlPE11.4,1XtlPEll.~,IX,lPElle4, 

11XtlPElle4tlXtlPE11.4) 
27 FORi.•l/\l(l2Xt7H SIGX5Qt3Xt7H SIGY£Qt3Xt6H SIGXYt4Xt7H SIGCSQt3Xt7H S 

11GYLS,4Xt6H SLOPE ) . . 
28 FORMATC1Hvt6H MEANS t4XtlPElle4tlXtlPE11.4tlXtlPE13e4tlXtlPEll.4~ 

11XtlPEllo4tlXtlPE13.4) 
29 FORMAl(lHUt7H DIFFCS t4XtfPE11.4,1XtlPElle4tlXtlPElle4tlXtlPEll.49 

11XtlPEllo4tlXtiPEll.4l 
30 FORMAT(lH t4H SETtlXtl3t2XtlP~lle4tlXtlPEll.4,1XtlPE11.4tlXtlPEllo 

14 , 1 X , 1 P E 11 o l~ , 1 X t 1 P E ~ 1 • 4 l .- . 
3 1 F 0 R fv1A T ( 1 H ' 4 H S UJ\'h 6 X:, 1 P E ll • 4 ' 1 X ' 1 P' E 1 1 • 4 t 1 X ' 1 P E 11 o 4 ' 1 X ' 1 P E 11 • 4 ' 1 X ' 1 

lPElle4tlXtlPE11.4l. 
32 FORMAT(lHUt21H ANALYSIS OF VARIANCE 
33 FOR~AT<1HJtl8H INDIVIDUAL SLOPES J 
34 FORil;AT.·<lH t7H i'.·IEANS= 9lXtlPEI1.4/ ·26H fviEANS SLOPE-POOLED SLUPE ,1 

1 X , 1 P E 11 • 4 I 1 61-1 B E T 1tJ E EN S L v P E S = , 1 X ' 1 P E 1 1 • 4 I 7 H E 1< R 0 R = 0 1 X ' 1 P E 11 ~~ 
14) 

35 FO~NAT(lHJtl3H POOLE~ SLOPE 



36 FCR~iAT<lH~t7H MEANS=,lXtlPE11.4/ 6H DIFF= ,1XtlPE11.4/ 7H ERR0R= 
1 tlXtlPE11.4) 

37 FORMATC1HG,~Xt2H Xt9Xt4H YLS) 
STOP 
END 

CD TOT 0296 

I 
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APPENDIX V 

ANALYSIS OF CENTRAL COMPOSITE STATISTICAL DESIGN 

{Johnson & Leone (1967) 
Davies (1967) 
~Ju (1963)) 

DEFINITIONS 

matrix of coefficient factors 

r·esponse matrix 

matrix of fitted coefficients 

[X] 

(Y] 

[B] 

s2 (.y > 

s2 (B} 

[Y] 

[SS] 

estimated variance ~f centre point 

estimat-ed v~riance of fitted coefficients 

matrix of estimated ~esponse from model 

matrix of sum of squares accounted for by 

fitted coefficients 

FORMULAE 

[ B ] • [r X l [X] J 1 
. [X] l [ Y] 

( S 2 ( B ) ] "' ~X ]1 [X ] J -1 S 2 ( y ) 

A 

[Y] = [X] [B] 

[SS] g [B] [X]~ [Y]. 

CANONICA( TRANSFORr~ATI ON 

(Davies (1967)) 

fitted equation: 

y = 0.9933 .., 0.2531 »\ 1x 2 = 0.1811 x2x3 ""' 0 .. ]226 x, 2 

+ 0.06276 X 2 + 
2 0.03426 X 2 

3 
( V-1 ) 



Determination of Centre of System 

The position of the centre of the system of contours 

represented by equation (V-1) is found by solving the 

following set of equations in x1 , x2 , x3 : 

185 

!L. = 0 = -0.2531 x2 - 0.2452 x1 ax 1 (V-2) 

:i
2 

= o = - 0.2531 x1 - 0.1811 x3 + 0.12552 x2 

:~ 3 = 0 • - 0.1811 x2 + 0.06852 x3 

yielding centre co-ordinate~ x15 of (o.o,o). 
Therefore, the centre of the system coincided with 

the centre of the ex~ertmental desi-gn at the 95% level 

where first order effects are not significant. 

Therefore, Y = 0.9933 
s 

where Y
5

= v(O,O,O) 

Canonical Form of Second Degree Egoatfon 

v - vs = all x12 + Bz2 x22 + 833 x32 

·where x1 are the transformed x1 and s11 are the solutions 

to 

bll - B;; 1 
~ bl2 

1 
2 bl3. 

1 
! b12 b22 - 8;1 

1 
2 b23 = 0 

1 
~ b13 

1 
2 b23 b33 - B;; 

(V-3) 



[811 gjl 1.83398 

822 = -1.861915· 

833 = 0.02793406 

Determination of Axes of Canonical Equation 

The o~thogona1 transformation which cha~ges equatio~ 

.(V-1) to its canon1ca~ form 1~ 

3 
xt = j!l mij (xj - xjs> 

where the m1j are determined from the set ~f .equations · 

3 3 
I [.I ~kj• mij =. 0] 

k= 1 J =1 
fori =_1,2,3 

where t kj are the element~ of the determinant (V-3) with 

the values s11 included yieldi~g: 

]86 

0.33143 - .s. 12626 99e·865182 

[m] = Oo59695l 4.718991 99.880 

= 4.13068 X 10,.;. 2 4e9l535 X 10-2 7.66577 

Caruonical Form 

Y - o .• 9933 = 1.83398 x1
2 - 1.861915 x2

2 + o.o27934 x3
2 

where .X1 :! 0.33143 xl - 5.12626 x2 + 99.86518 x3 

x2 = 0.59695 x1 + 4.71900 x2 + 99.880 x3 

x3 = = 4.13068 lt 10-2x
1 + 4o91535 X l0- 2x2 

+ 7o665J7 -2 x 10 x3 

X 10 
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T.E.POLLOCK 

PROGRAM DETERMINES FIRST AND SECOND ORDER RESPONSE SUI~FACE TO 
A CENTRAL CO~POSITE STATISTICAL DESIG~ 

,. 
PR06KA~ EVALUATES COEFFitlENTS OF FITTED ~ODELt THEIR VARIAhC£~-
AND PERFOf~l-·iS Ai'~ ANALYSIS uF VARIANCE ON THE RtSPQNSE SUf~FACE . . 

VARIANCE OF COEFFICIENTS IS ESTIMATED FROM REPLICATES AT CENTRE PT 

DEFINITIONS 
NS~TS=NO OF SETS OF MEASURED RESPONSE ~ 
NTEST=NO CF EXPERIMENTS PERFOR~ED 
NCOEF=NO OF COEFFICIENTS TO BE E5TIMATED 
NCOEF=NO OF COEFFICIENTS lf"\j. 2ND OI~DER lviODEL 
NREPS=NO OF REPLICATES AT CE~TRE POINT 
X=MATRIX OF CODED VARIATE LEVELS OF SIZE NCOEF*NTEST 
Y=MEASURED RES~ONSE 
XTRANS~TRANSPOSE OF X ~ATRIX . 
C=MATRIX DEFINING COEFFICIENTS OF ESTIMATED P~RAMETERS 
CY=C*Y 
Cl~iN~ERSE OF C MATRIX 
B=MATRIX OF ESTIMATED (QEFFICIENTS ~ 
YMEAN=MEAN OF REPLICATE RESPONSES. 
YVAR~ESTIMATED· VARIANt£ OF MEASUREMENT 
BVAR=~ATRIX OF VARIANtE OF FITTED COEFFICI~NTS 
YEST=EXPECTED RESPONSE FROi ... i FITTED s·URF/\CE 
SSYDIF=SUM (Y-YEST)**2 
SS=ESTIMATED SUM OF SQUARES 
DF=DEGREES. OF FREEDOM 
YTOT=SS DUE TO ERROR 
SSYDIF~SS DUE TO RESID~AL 
ZMS=fviEAN SQUARE 
F=F RATIO RELATIVE TO ERROR ~EA~ S~UARE 
FF=F RAT I 0 RELATIVE TO RES I L>UAL i'lEAN SCI~ ARE · 

INPUT AND OuTPUT ORDER OF COEFFICIENTS (BJ IS 
Bl=(Xl*X2*X3J**O 
B2=Xl 
B3=X2 
B4=X3 
B5=Xl*X2 
B6=Xl*X3 
B7=X2~-X3 

B8 =X 1 *X2-*X3 
B9=Xl*Xl 
Bl O=X2-~XZ 
Bll:;X3*X3 

SUBSCRIPTS lt2t3 REFER TO INDEPENDENT VARIA9LES 

DIMENSION XC25t25ltYC25),XTRAN5(25t25)~((30t30),(Y(25ltC!(30t30)t 
lN1(25ltB(25l,BVARC25t25JtTERM(25),YEST(25)tYDtFF(25),yDJFF5(25)t 
1S5(25)tDF(25)tYY(25)tZMS(25)~F<25JtFF(25) 

NSETS=2 
MCOEF= 11. 
DO luUU KKK=ltNSETS 
WRITE(6t2ll 
DO 1000 KK=lt3 



•. 

. I 

c. 
C DEFINE ARRAYS TO BE ZERO 
c 

c 

DO lOiJ 1=1,25 
y ( I >·= 0 e 
CYCI>=O. 
NlCI)=O 
8(1)=0. 
T ERr:·~ ( I_)= 0 • 
YESTCIJ=CJ. 
YDIFFCil=:.;. 
YDIFFS(l)=Li• 
SS(J)=u. 
DF(I)=O·. 
YY(l)=Q. 
Z r,·tS ( I ) = 0. 

F(I)=U. 
Ff(J)=O. 
DO lUi..i J=lt25 
XCltJ)=U• 
X.TRANS C I ,J) =v• 
((ltJ)=0. 
ClCitJ)=O. 
BVAR(J,J)=V• 

lU0 CONTINUE 
WRITEC6,22l 
WRITE(6,23J 
~JR I T E ( 6 ' 2 4 l 
\'JRITE(6,25J 
READ(5tll NTESTtNCOEFtNREPS 

C DEFINE CODtO EXPERIMENTIAL LEVELS 
c 

c 

READ(5,2)CCXCitJ),J=ltMCOEFJ,I=ltNTEST) 
DO 1 u 1 I= 1, N TEST· . "~ 
READ ( 5 , 3 ) Y ( I ) . 
~oJ R I T E ( 6 , 2 v ) I , ( X ( I t J ) , J = l , r-~1 C OE F ) , Y ( I l 

101 CONTINUE 

C ·.TRANSPOSE X ~ATRIX 
c 

c 

DO 1U2 I=l,NTEST 
DO 1U2 J=ltNCOEF 
XTRANS(J,Il=XCltJJ 

102 CONTINUE 

C DEFINE tv!ATi~IX OF COEFFICIENTS FOR ESTii'-~ATES OF PARJ\iv~ETERS OF 
·c FITTED RESPONSE 
c 

WRITEC6t26) . 
DO 1U3 I=ltNCOEF 
DO liJ3 J=ltNCOEF 
DO lu3·L=ltNTEST 
C(I,JJ~C(I,J>+XTRANSCitLl*X(L•4> 

103 CONTINUE ~ . 
WRITE(6,27lC(CfitJ),J=liNtOEFJti=l•NCOEF) 

·DO 104 I=ltNCOEF . 
DO 1U4 J=ltNTEST 

··• .-
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c 

CYCil~CY(J)+XTRANS(IgJ·l*Y(JJ 

104-"CONTiNUE 
t~R IT E ( 6, 2 8 l 

C INVERT C >·lATRIX 
c 

c 
c 
c 

( 

DO 105 I:= 1 'NCOEF 
DO 1U5 J=ltNCOEF 
Cl<l<»Jl=C(l,J) 

105 CONTINUE 
N=3v ~-
NN=NGOEF 
ZERO=l.E-10 . 
CALL I NV ivt AT ( C 1 ' N t N N ' Z E R 0 t ! E r~.R·,. N 1 ) 

C 1 I 5 NOtrJ THE INVERSE CF C. 

WRITE(6,27)1(Cl(ItJ)tJ~lt~COEf)tl=ltNCOEF) 

':J R I T E ( 6 ' 2 9 ) · 

C ~VALUATION OF COEFFICIENTS OF FITTED MODEL 
c 

c 
( 

(. 

c 
c 
( 

DO 106 l=ltNCO£F 
DO 1L6 J~ltNCOEF · 
B ( I ) = C 1 ( I 'J ) * C Y ( J l +B ( I l 

106 CONTINUE 

EVALUATION OF VARIANCE OF FITTLD COEFFICIENTS 

NERROR=NTEST-NREPS+l .4 

IF<KK.GE.2l GO TO.lU0l f 
SUr"iY= v. 
SUfwJYS:O 11 

DO 107 !=NERRORtNTEST 
. 5 Uf'.) Y = S U t·~ Y + Y C I ) · 
SUMYS=SUMYS+Y(Il~YCI) 

107 CONTINUE 
· Y~EAN=SUMYrFLOATCNREPS). . 

YV Ar-<..= ( SUi:•iY s~ Y;·~E.t\jl"l*SUi··iY) IF LOt\ T ( NREP S-1} 
1001 CONTINUE 

DO lv8 I.=ltNCOEF 
DO 108 J=ltNCOEF 
BVAR(I,Jl=Cl(I,Jl*YVAR 

108 CONTINUE 
DO 2UU I=ltNCOEF 
\"JRITE(6,3u) I tB( I J tBVAR( I t·I) 

20J CONTINUE 
WRITEt6t38) 
WRITE(6t27l(tBVAR(!9JluJ=ltNCQ~Fiti=ltNCOEF) 

•. -i'. . 

ANALYSIS OF VARIANCE .· .~·· . . 

~~ R I T E ·( 6 ' 3·1 » 
WRITE(6,32) . 

. . WRITE(6,4J) 
SSYDIF=v • 

. DO 1U9 I=ltNTEST 
DO 2Ul J=ltNCOEF 

,· 
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c 

TER~(J)=X(I,Jl*Bl~l 
YEST<I>~YEST(l)+lERW.(J) 

201 CONTINUE 
YD IFF ( I l = Y ( I J ~ Y E:;., T ( I l 
YDIFFS(l)=YuiFFCil**2 
S5YDIF=SSiDIF+YDlFFS<Il 

109 CONTINUE . 
DO 11 U I = 1 , N C 0 E F .. ,. 
SS ( I ) = B ( I l *C Y ( I ) 
DF(l.)='l• 

110 CONTINUE 

111 

112 

113 

YTOT=;...• 
DO 111 I=NERRORtNTEST 
YY(l)=Y<I>-YMEAN 
YTOT=YTOT+YY(I)**2 
.CONTINUE 
NT=NCOEF+3 
SS<NT-2l=YTOT 
DFCNT-2)=FLOATCNREP5-l) 
SS < f'.lT ) = SS YD IF 
Df(Nll=FLOAT<NTEST-NCOEFl · 
SSCNT-ll=SSC~T)-SS(Nl-2) 
DF<NT-ll=DF<NTl-0F(NT-2l' 

· DO 112 I= 1, NT 
ZMS<I>=SS(l)/DF(J) 
CONTINUE 
DO 113 I= 1 'NT 
f(ll=ZMS<Il/ZMS(Nl-2) 
FF< I )=Zi·.,1SC I )/ll'•lS<NTl 
COi'J T I r\IU E 
DO 114 I=ltNT 
vJ R I T E ( 6 , 3 3 J I ,-5 S (. I l , D F ( 1 l t Z r.1 S ( I l. ' F C I l t F F ( I ) 
CONTI i··.JUE 
Z=O• 
DO 115 I=ltNTEST 
Z=Z+Y (I) -1{-*2 

115 CONTINUE 
ZZ=U. 
DO 116 l=l,NCOEF 
ZZ=ZZ+SS( I l 

116 CONTINUE 
ZZ=ZZ+SSCNTl 
WRITE(6,34) 
W R I T E ( 6 , 3 s· ) 

·wRITE(6,37) Z 
vJ R I T E ( 6 , .3 9 J Z l 
vJRIT£(6,36) 

. IF(KK.GE.2l GO TO lOUO 
. ·WRITE(6t41) 

1000 CONTINUE 
STOP 

)· 

C FORMAT STATEMENTS 
c 

1 FORl•lA T ( 3 I 4) 
2 F 0 Rf"i A T ( 11 F 5 • 1 l 
3 FOR~·1AT(F20.7) 
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20 FORMAT<lH tl~t2XtF5.ltlXtF5eltlXtF5•ltl~tF5.ltlXtF5•1~1XtF5•ltlXtF 
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. 15 • 1 ' 1 X, F 5. 1 ' 1 X ' F 5. 1 , 1 X t F 5 • 1 'l•.K j;F !j 1!>:1 t 2 X' F 10 • 5 » 
21 FOR:·iAT<lHlt19H SECOND Ol~Dt:R fviOOE_L » 
22 FOf~,··iAT ( lH t llrl ECt10 CtiECK ) 
23 FOR,v:ATC1Hvt36H CODED LEVELS OF EXPEI<Ir~·:ENTAL DESIGN ) 
24 FORi·-'i.l\TCH·I0t6H TRIAL tl5Xt25H FACTORS AND COEFFICIENTS t:30Xt9H f<ESP 

.lONSE ) 
25 FORi~AT(lH s6Xt3H Xlt3X,·3H X2t3Xt3H X3t3Xt3H ·x4,2Xt4H Xl2t2Xt4H X13 

lt2X,4H X23slXt5H Xl23t2XtliH Xllt2Xt4H X22t2Xt4H X33 ) 
2 6 F 0 R 7v·i AT ( 1 H 1 ' 9 H C Fv1A T R l X . » 
21 FORMATC11Fll.5) 
28 FOR~AT<lHutlBH INVERTEO t MATRIX ) 
2 9 F 0 HI·~ AT ( 1 H 1 , 2 ..... ti F I T T ED C 0 E F F I C It: N T S I ) 
30 FOR~ATC5X•2ti 8tl2t2H =tF20.9t5Xt!OH VARIANCE=tF20.14) 
31 FORfv:ATCltilt21H ANALYSIS OF VARIANCE » 
32 FOFV·iAT( 1Hvt7H SOURCE! 5Xtl5H SUi-1 OF SOUARESt 5Xt5H D.F. 9 5X,l2H f··iE 

1 AN SQUARE ' 15 X ' 7 H F TEST ) . ''· 
33 FORMAT(IHw~2~ Bt!3t3XtFl5e5t5X~FlQ.~t5XtFlOG5,5XtF10.5t5X,Fl0.5J 
3 4 F 0 R i···i A T ( 1 H v ' 1 5 H ERR 0 R F 0 R I = 12 ~ · ) 
35 FOR~·-1AT { 1H0tl8H RESIDUAL FOR J=l4 
36 FORf•':A T ( lHl '1 SH FIRST ORp,Er~ rvlODEL ) 
37 FORMATtlH~t22H TOTAL SUK OF SQUARES= ~Fl8•5 
38 FOH,··iA T C lHv'] 6-H. Vt'\R I /\NCE i•1ATf~ I X . ) 
39 FOI-(t·11\T ( 1Hvt26H ESTiiY!ATED. SUt-i~ OF SQUARES= tF15._5 
40 'FORi' .. ~AT ( lH t61Xt6H ERROR t7Xt9H RESIDUAL; ) 
41 FORHAT ( lHUt29t-l INTER1\CTION EFFECTS INCLUDED 

END 

CD TOT v259 

; ... '; 
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.. PRELIMINARY TESTING, TEMPERATURE AND PRESSURE EFFECTS 

TEMPERATURE EFFECTS 

Thermal Death 

Extended recyc iing of _the tes,t slurry th~o~gh the apparatus in an 

effort to obtain steady_-state operation preparatory to sample collection 

resulted in an increase in slurry temperature. Preliminary testing 

with a hydrocyclone of De= o·.s inches accepting a volumetric flowrate of 

1.81/oin inQxeased the temperature of the test slurry from an initial value 

of 23°c to approximately 45°C for an operating pe"riod of 0.5 hours. Such 

a change in the physical envirQnment was expected to have a significant 

effect on the number of viable micro-organisms in the mixed culture and 
~-7: .. 
". 

the rates of their metabolic proce1¥Jes. . l . 

The resistan~e of prot.oplasm to tempe~ature increases is dependent 

on the. strength of the weake$t chemical bonds. Lamanna and Mallette (1965) 

report values of from 1.3 t-o 8.3 Kca1/mole, depending· on atomic config~ra~ion, 

for the lowest bonding energies in bacterial protoplasm. Since proteins 

are thought to be formed by hydrogen bo-nding, their rupture is probably 

responsible for thermal death. Lamanna and Mallette (1965) conclude that 

hydrogen bonds are broken during the heat denaturation of proteins and that 

losses in biological activity are associate4 with this process. Thermal 
\ . 

. ~ ~ 

death has also been ascribe~ to the ~n:eltitig of deoxyribonucleic acid, a 

nucleic acid essential for tQ.e .. processe·s. of reproduction. The minimum 
~:"· 

temperature reported for 'this phenomenon is 70°C and hence "thermal death" 

effects in this study are related to an inability to metabolize substrate 

rather than an inability to reproduce. 
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Each mic.ro•organic spe~ie~ has ~·a cha1:acteristic temperature for 
ir 

which metabolic activity.1 :Ls. possibl®e Since the test slurry consisted 

of a mixed microbial population incubated at approximately 23°C, it wa~ 

expected that some fraction of the culture would experience a ~ignificant 

decx-ease in the xoate of metabolic activity for a temperature increase of 

about 20°C. Studies by Lamanna and Mallette (1965) indicate· that 

psychrophilic bact~ria metaboli.~e substrate well at temperatures not much 

higher than 20°C but exhibit e$~®ntially n@ growth above 3ooc. Further~ 

;;, 
the desaturation of protenaceous ma~erial is·an irreversible proces~ for 

some vegetative cells. (Deaq.,;and Hinchelwood (1966)). Therefore, 

exposure to an environment with a temperature far removed (say 15°c) 

from the incubation temperature could result 'in the permanent sterilization 

of some species. To min~ize the possibility of thermal death in this 

study, the test slurry was cycled th:rough the apparatus for a period 

sufficient to obtain a steady-state particle size distribution 

(iee. eltminate the presence of microbial floes) but ~h~~t enough to 

result in temperature increases in the test slurry of less than 5°C .. 

Thus, the possibility of the:~;,mal death was minimized • 

. \. 
} 

EFFECT OF TEMPERATURE ON SPECIFIC GROW-rH BATE 

Each species of mic:ro-orga.ni~ms is characterized by an optimum 

temperature defined relative to the velocity of sub~t~ate disappearance 

(Pelczar and Reid (1965)). This ·temperature is a function of th~ ~hemical 

a.rul physical properties of the ~anviromnent as well as the relative 

rates of· p~otoplasm synthesis and protein or enzyme denaturation. 

Dean and Hinchelw~~d (1956) report that below the optimum temperature 

the multiplication rate of bac~eria follows approximately the Arrhenius~ 



·~ . 

Van't Hoff relationship. 

lnK =AHa + C 
RT 

where AHa, ~ heat of activation 

R g gas constant 

T = temperature (OK) 

C = constant. 

k = ~eaction rate,constant 

·. 
·~ 

Since~ however, growth depe~s upon a complex system of. reactions~ 

each of which have thei~ individual ~emperature coefficients, the 

dependence· of reaction rate con~tant on temperature must be determined 

empiric~llyo Above the optimum temper2t~re the rate falls very rapidly 

~94 

as a result of the inactivation of enzymes which increase in ~ntropy due to 
x 

a bi'~ak.down of low ener11 hydrogen bonds a This phenomon is also comp l.ex 

and must be evaluated empirically. Lamanna and Mallette (1965) define 

a temperature ~oefficient · 

Q = l<T2 
AT Tl- .. 

·~.a::r 

r. 

which expresses the effect of tem.peratult'e :.9n the velocity of biological 

reactions by a ratio of the overall reaction rate constants for substrate 

disappearance at the extremes of a temperature range. By differentiating 

the Arrhenius-Van't Hoff relationship with respect to temperature~ 

The heat of ~ctivation is characteristic of a given reaction an~ for 

most biological reactions, is independ.nt of temperature (Lamanna and 
~ ·t; 

Mallette (1965)). Therefore,. the cltrange in :reaction ra·te constant for· 

small changes in temperature would b~.expecte~ to be small. Data 
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presented by Lamanna and Mallette (1965) indicate values of ~T for AT g 10°C 

to be less than 2-fo~ a $p~ct~ of tempeX'atures ranging from 0 to 120°C and 

v~lues of heats of activation less than those representing normal enzyme 

inactivation. Sometimes» biological processes exhibit.a considerable 

change in Q&T ='looc with temperature~ (Dean and H-inchelwood (1966))o 

This has been ascribed by Lamanna and Mallette (1965) to a strong dependence 

of temperature coefficient on the sensitivity ~f the internal and external 

environments to tempe~a.tux-e change~o Since protoplasm is a heterogeneous 

system the state of particular phases, the viscosity and the pH or 

oxidation-reduction potential may be affected differently by a. temperature 

·changeo Therefore, _in a biological system temperature variation may lea~ 

t:_o uncontro-llable and unkno~ «:hanges in numerous variables which a:re 

reflected in the temperature ~oefficient. 
~-

Lamanna and Mallett~,-·(1965) qu_estio~ the validity of applying 

t:~adlitional chemical theories to define"the effects of temperature on 

&-ates of biological processes. These theorie·s are based on the assumption 

that a chemical event can be halted only at absolute zeroo Sine~ vital 

biological activities cease at temperatures far removed from absolute 

zero, the Arrhenius Vanwt Hoff relationship may not. be valid. Lamanna 

and Mallette (1965) propose a theory of molecular resistance. to define 

biochemical reactiOn$ based on the fact that the free diffusion of 

~eaet~nts in protoplasm determines the rate of a biological evento 
li. 

1Based. on the hypothesis that __ .the hyd'·tation of ions a.nd molecules in thfJ 

aqueous environment provide the resistance to f~ee diffusion they found 

that the relationship 

b 



described the dependence of reaction rate on temperature, where 

v2 -and v1 =the rate of.biological processes at temperature 
T2 and Tl respectively 

x = the minimum temperature at which the event takes place 

b = the temperature coefficient 
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Wuhrmann (1954) studied the effect of temperature on the unit rate of oxygen 

uptake for mixed cultures of bacteria growing on a sugar. He found the f.ol-

lowing expression to fit his data: 

r 
log _l = 0.0315 (T1 - T2) 

r2 
when r 1 = unit oxygen upt_ake rate at tempera1:ure T1 · 

r 2 = unit oxygen up_take rate at temperature T2 

por a 5°C temperature increase from an initial value of 23°C, 

the increase in the velocity substrat~ disappearance would appear to be 

significant. To reduce the influence of temperature on the evaluation of 

the relative specific growth rates of the effected slurry separation, 

samples were allowed to cool slowly to approximately 23°C before inoculation 

into the nutrient environment. 

Therefore, the. possibility of thermal death was minimized by 

permitting a max~ slurry temperature increase· of 5°C and the possibility 
. ~ 

of measuring non-representa,tive specific growth rates was minimized by 
; ~t . 

evaluating the velocity of substrate disappearance at the initial 

temperature of the test slurry. 

PRESSURE . EFFECTS 

Since the test slurry was subjected to static pressures of up to 

200 psig in the inlet port; of the. hydrocyclone separators, preliminary 



testing was initiated to determine the effects of pressure on the 

metabolic activities of the micro-organism population. Pressure 

could modify the viscosity and elasticity of protoplasm and result 

in changes in the rates of metabolic p·rocesses. Lamanna and Mallette 

(1965) studied the effects of hydrostatic pressure on E.COLI and found 

that enzymes were not damaged at pressures below 2000 atmospheres. 
'!" 

Further studies made on the_ intensity of light energy emitted as a 
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function of temperature and pressure for a luminescent bacterial culture 

indicated that for temperatures close to that of incubation the rate of 

metabolic activity, measured as luminescent enzyme production, was 

relatively independent of pressure to approx~tely 100 atmospheres. 

Stanier et al (1963) have noted that bacterial cells are comprised of 

approximately 75 per cent water and since water is relatively incom-

pressible pressures of a few atmospheres would not have a significant 

effect on the metabolism of the microbes. 

Since the levels of pressure exerted in this investigation were 

much lower than those reported to be harmful to bacteria, the influence 

of pressure on.metabolic rates was considered negligible. 

Lamanna and Mallette (1965) suggest that a sudden rel~ase of 

pressure may be harmful to bacteria, which phenomena may be prevalent 

in the rapid discharge of the partitioned slurries from the hydrocyclone. 

Initial studies in which a culture of micro-organisms was partitioned 

intoacycloned fraction and an 11undisturbed" fraction which were inoculated 

into "identical" physical and chemical environments indicated that 



differences in the metabolic activities of the two portions, measured 

a·s spe~ific growth rate, could not be ascribed to pressure effects. 

Therefore, the influence of system pressure on the specific growth 

rates of the separated microbial slurries was considered negligible. 

TEST SLURRY PREPARATION 

At the completion of each experimental run, the contents of the 

overflow·and underflow test rea.ctors were mixed to define the seed 

population for the next run. Preliminary investigation indicate~ that 

~ediate inoculation of the seed population into a fresh environment 

resulted in a considerable delay·in the initiation of substrate 

disappearance measured as organic carbono Since the physical and · 

chemical nature of the new environment was identical to the seed 

environment, it was ~ot expected that the micro-organisms would require 

a. period of adaptation before being capable of utilizing substrate 

(Dean and Hinchelwood (1966)). Since the inoculation of the test 
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~eactors represented a dilution of an already small concentration of 

micro-organisms (less than 800 mg/1) it waBJ concluded that the retardation 

of substrate upt:ake was an expression of th~ low initial concentration of 

viable micr.o-organisms. lamanna and Mallette (1965) report similar findings 

and ~eport that the length of the lag phase decreases with increasing 

inoculum and quantitatively tends to be a linear function of the logarithm 

of the number of organi.sms in the inoculum. Dean and Hinchelwood (1966) 

report s~ilar results for studies of AEROBACTER AEROGENESo In order to 

mintmize the lag period, the concentration of the seed population was 

increased by a 24 hour batch growth between adjacent runs~ Further, 



~eed volumes representing 67% of th~ te~t reactor volume~e used. Dean 

and. Hinchelwood (1966~ provide data to in~icate. that the duration of the 

lag phase is a function of the age of the microb~al cells. Studies in 

~7hich AEROBACTER AEROGENES were transferred from a· growing culture to a 

fresh supply of the same medium defined by a carbon source of glucose 

suggested that the lag was a function of the age of the parent cells and 

the source of nitrogen. Using ~nium phOSfhate as a nitrogen source 

(as per this investigation) resulted i~ a lag duration which varied 

inversely with cell age to some minimum valv.e after which it varied 

directly with cell age.. This phenomenon is ascribed to a lack of 

diffusible co=enzyme intermediates required for the utilization of the 

nitrogen source in younger cells and chemical decay or loss of inter~ 

mediates by diffusion from the cell for old culturess These·results 

·are substantiated· by ~tanier et al (1963) who noted a dependence on 

inoculum volume.. For this investigation, 80 ·per cent of the culture 

by volume was wasted per day and replaced with tap water in order to 

minimize the accumulation of toxic matabolic products in the batch 

seed population. This procedure provided the benefits of reducing 

the lag period upon inoculation into a fresh medium; permitting a 

natural selection of microbial sp.ecies based <Qln characteristic rates 

of multiplication; and providing a nutrient environment adequately rich 

in trace elements... Further, the time between feeding the seed population 

and effecting a $lurry separation was standardized to afford some basis 

for relative evaluation of th~ test runso 
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APPEND I X VII 

NUTRIENT MEDIA 

Eckenfelder and O'Connor (1961} report that a carbon:nigtogen: 

phosphorous ratio of at least 4~_;5:1 is required for bacterial metabolism. 

In this investigation, nitrogen and phosphorous were supplied by 

dihasic ammonium phosphate; (NJ~4 } 2HP04 _c~~nic carbon was supplied 

by dextrose c6H12o6• Organic carbon was ·defined· to be the rroNth 

limiting nutrient by maintaining nitrogen and phosphorous 

in quantities exceeding those of the critical ratio. 

The trace elements necessary to sustain bacterial growth tJiere 

provided at leve 1 greater than those defining gro.,lth. 1 imitation by using 

tap t"'ater, augmented by the addition of iron, potassium and magnesium 

compounds to complete the nutrient Medium",.. 
. . 

the nut!'ient en vi ronn~.n~t employed in this study is 

defined by the foll0\4/ing mass';·.~. ratios·per unit reactor volume:. 
·.t 

plus trace elements (tap water). 
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