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ABSTRACT 

This research programme has the general objective of 

establishing analytical techniques for analysis of indeterminate 

spatial frames and shells under dynamic loading. Although techniqu:s 

developed should have wide applicability, emphasis will be placed, 

for experimental and illustrative purposes on structural configurations 

common to machine structures. 

The present work is concerned with the dynamic analysis which 

is an extension of the static analysis, performed in the first stage 

[39] of the programme. 

For the initial stage of the project a highly redundant 

oblique four bar space frame was selected to investigate the nature 

of problems involved in the optimisation of generalized space frames 

subject to dynamic constraints. 

For establishing the inertial characteristics of the system, 

the discrete mass method has been used. The response of the system 

has been investigated under free and forced vibrations. 

In the free vibration analysis six ascending computed natural 

frequencies were in agreement within 15 percent of the measured 

frequencies. The amplitudes of vi~ration measured at different 

points away from the natural frequencies, were also in agreement. 

Related studies [40] will examine the optimisation problems. 

VI 



INTRODUCTION 

This research programme has the general objective of establish

ing analytical techniques for analysis of indeterminate spatial 

frames and shells under dynamic loading, and the design optimisation 

of these structures under the constraints of dynamic loading. Although 

the techniques developed should have wide applicability, emphasis will 

be placed, for experimental and illustrative purposes, on structural 

configurations common to machine structures. 

The present work relates to the second phase of the programme 

in which the problem is explored by discretizing the structure into 

a lumped mass system, with each mass connected by springs. The first 

phase of this programme i.e. the static analysis has already been 

completed. r~ore specifically, this thesis is concerned with dynamic 

analysis. The structure is studied experimentally and analytically 

under free vibrations. The effect of rigid body inertia is also 

investigated. Vibration response under steady state sinusoidal 

excitation is studied analytically and experimentally, with and without 

structural damping. Related studies will examine the optimisation 

problem. The following discussion reviews the overall programme~ 

Design synthesis essentially is an evolutionary spiral process 

involving a complex feed back interrelating the fields of creativityD 

past experience and tools of analysis. The role of the designer 

is to optimise the value of a synthesis on the basis of some criteria 

established through a balanced exploitation of the evergrowing information 
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ftom all three fields. The basic techniques and the criteria of 

evaluation themselves need refinement from time to time in the light 

of achievements in the foregoing areas. 

The process has been marked with rather slow progress in the 

field of mechanical engineering structures, mainly due to their complex 

nature. These have not received the intensive investigation that 

civil and aerospace engineering configurations have. Analysis of 

mechanical engineering structures has perhaps lagged behind because 

they are much_ more difficult to categorise than structures in the 

other fields where a few highly typical configurations can be recognisedi 

modelled and studied in a concentrated way. In addition, the 

analytical tools available until lately have had their own limitations. 

These methods can be broadly classified into two divisions 

{1) and (2). 

1. Methods based on exact solution of the differential equations 

describing the structure. 

Apart from the difficulties in setting up and solving the 

equations subject often to awkward condi~ions, the basic 

assumptions regarding complex structures have proved to be too 

restrictive for accurate solution. 

2. Approximate methods involvfng mathematical approximations 

can be subclassified into -
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(a) Those based on finite difference procedures. 

These are unsatisfactory in their formulation of boundary 

conditions and convergence characteristics, and 

(b) Those which 'approximate stress or displacement distribution 

by a series of analytical expressions and hence are 

unsuited for complex structures. 

The classical analytical tools are thus incapable of providing an 

integrated approach even for struct-ures of madera te comp 1 ex i ty. Hence 

it is not surprising that the practical design of mechanical engineering 

structures has relied more on past practical experience, supported by 

rough analytical checks wherever possible, rather than on the analytical 

toolse 

The need for a tool well suited to complex configurations was most 

acute. in the aircraft industry where the designer had to work within 

extremely narrow margins of practf~al expediency [3].* Extensive efforts 

over the years by numerous, and often isolated workers, culminated in 

the finite element approach which is a major breakthrough from the past. 

Based on structural as against mathematical approximation, the 

method essentially seeks to idealize the structure into an assembly of 

a finite number of discrete elements connected at a finite number of 

points, and then.proceeds to solve for the system response on an exact 

mathematical basis. The basis-of the technique is finite connect-

ivity which permits a complex continuous structure to be analysed by 

* Numbers in brackets refer to references. 
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a system of algebraic equations. Although earlier work was 

restricted to the field of areonautical engineering, recently results 

of applications to nonaeronautical problems [4], [5], [6] and 

extensions to three dimensional discrete elements [7] have been 

reported. 

It is realized that, although the finite element technique is 

still being developed, it provides a unified approach to the analysis 

of any type of structural assembly, from any field and with any 

combination of one, two or three dimensional elements of different 

characteristics [4]. .It thus provides a reliable analytical tool 

which is prerequisite to design synthesis. 

A rather limited amount of work appears to have been done on 

the general problem of elastic vibrations of structures and the problem 

of optimisation under vibrational constraints, although techniques for 

calculating the natural modes and frequencies of lumped mass spatial 

structures are fairly well es.tablished for essentially beam-like 

aircraft structures, and to a lesser extent the rectangular frames 

of civil engineering. V. H. Neubert [34], [35] investigated a 

symmetric foundation like structure under free and transient loadingsG 

The significance of rigid body inertia and structural damping in 

spatial frames does not appear to have been studied. Archer [8], [9], 

has provided two useful new papers in this field and has related it to 

the finite element stiffness matrix technique. In an attempt to 

improve the accuracy of dynamic analysis as it is affected by the mass 
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matrix; a consistent mass matrix construction is investigated that 

accounts for the actual distribution of mass throughout the structure 

in a manner similar to Rayleigh-Ritz formulation. 

Another method of analysis has grown out of the well known 

methods of Holzer, Myklestad and Thoms.on [38]Q It has been generalized 

by Pestel and Associates and is described as a method of transfer 

matrices. The computations require the trial values of frequency 

in the transfer matrices. 

Another powerful method of analysis has been applied to frames 

by Bishop [36], [37]Q This is also a trail-and-error method. 

Hurty [10] has developed a method for analysing complex structrual 

systemse In this method of analysis, the elastic and inertial 

properties of each component are determined seperately. And then the 

properties of the entire system are synthesized. Unlike Rayleigh-

Ritz [38] method, the mode shapes applicable to the entire system are 

not defined at the outset. Instead, they are synthesized from mode 

shapes that are selected for the seperate elements of the system~ 

The concept of optimum design has registered a drastic change 

since the advent of high speed digital computersG Earlier~ the 

magnitude of computation involved acted as a deterent, and a feasible 

solution was accepted in lieu of the optimum. With computers to 

handle the arithmetic, systemic design synthesis has become a reality. 
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Very many general techniques of optimisation appear in the 

literature that might be applied to structural optimisation. Most 

promising are the Direct Search Method first suggested ~Y Hooke 

and Jeeves and further developed by Flood and Leon [11], the Method 

of Successive Linear Approximation due to Griffith and Stewart [12], 

and the Random Method of Dickinson [13]. 

Minimisation of weight, weight stiffness ratio, cost, volume for 

homogeneous structures, etc. have been suggested as criteria for 

optimisation of structures. But, minimisation of weight appears to 

have been accepted as the most satisfactory one, even though the 

minimum weight design is not always the minimum cost design~ 

The optimisation of a statically determinate truss subjected 

to a single loading is a problem in analysis rather than synthesis. 

For strength design, member cross sections are proportioned to develop 

ma>timum allowable stress for the required failure mode. For optimum 

stiffness design based on minimization of weight per unit stiffness, 

(stiffness being defined as the reciprocal of strain energy) the 

members should carry stresses proportional to the square root of the 

product of the modulus of elasticity and specific weight. The constant 

of proportionality is based on stiffness requirements [14]. 

For a given determinate truss under multiple load condition the 

problem essentially remains the ~arne. All the member cross sections 

carry the maximum allowable stress, based on strength or stiffness design, 

under at least one load condition. The optimum design has come to 
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be recognised as a fully stressed design .. 

In the case of i1ndeterminate trusses, for a given configuration., 

applied loading and allowable stress, the cross sectional area of the 

members and hence the weight of the structure are functions of forces 

in the redundant members. Sved [15] has shown analytically that 

under single load conditions the minimum weight structure is always 

determinate. 

Using the Lagrange multiplier technique, l. C. Schmidt [16] has 

shown that under alternate loads numerous fully stressed designs of 

an indetenminate truss exist. Due to the prohibitive nature of 

computations involved in arriving at the minimum weight he has suggested 

two complementary relaxation methods to arrive at a fully stressed 

desig11. 

The beginning of the present decade marked a radical departure 

in the approach to structural optimisationo It came to be accepted 

as a problem in mathematical programming with Schmit [17] as the 

pioneer. Utilizing the joint force and displacement formulation of 

structural analysis as first proposed by Klein [18], he has optimised 

a fixed configuration three bar truss subject to three alternate loads. 

He treated it as a problem in nonlinear programming by adopting a 

modified steepest descent method designated as the method of alternate 

steps. On encountering an inequality constraint, which must be convex~ 

the search moves along a constant weight plane in the feasible region 

until the constraint is again contacted. It then steps back halfway, 



8 

and then continues to move along the steepest slopeo On the basis 

of numer·i~cal results he concludes that in terms of design parameter 

spac~ ~he minimum weight design need not be a fully stressed design 

lying at the apex of constraint hyperplanes. 

Subsequently [19], [20] in collaboration with Mallett and 

Kicher he extended the above to the problem of selecting a suitable 

configuration and material for the three bar truss. Various optimum 

designs were compiled by changing the material or configuration, 

one at a time in discrete steps. The best of all these designs was 

chosen. 

Dorn et al [21] have proposed a linear prog~a~ing method which 

selects the optimum combination of configuration and member cross 

section from wide classes of admissible trusses defined by a given 

number of admissible joints connected in all possible ways by linear 

members0 The optimisation is based on modified simplex method 

capable of handling large number of equations. The results provide 

an interesting study in the behaviour of optima due to change in load 

and the height-span ratio of the truss. The configuration remains the 

same for the load for a certain change in height-span ratio a', and 

then alters, as a continues to change. Thus a continuous spectrum 

is provided from which the value of a giving the absolute minimum 

weight truss and the configuration its~lf could be selected. 
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Best [22] has optimised a cantilever box beam by the steepest 

descent methodQ It has one unique feature. The partial 

derivations of stress and deflections with respect to the design 

parameters are calculated by the finite difference approximation using 

the stiffness matrix, which must be inverted to obtain the deflections. 

To avoid the time consuming process of inversion at every step he 

adopts an iterative scheme to obtain the deflections. Only the 

incremental stiffness matrix for a given change in design parameter is 

calculated which, in conjunction with the previously inverted stiffness 

matrix, rapidly converges to the required displacements on iterationsQ 

This feature is said to substantially reduce the calculation time~ 

Constraints on stresses and deflections are handled by a version of 

the reduced gradient method. His solution is a maximum stress solution, 

and thus forced to be on a boundary. 

The presentation of the structural synthesis as an unconstrained 

minimisation problem by Schmit and Fox [23] is uniquee It is based 

on the method of solving linear simultaneous equations by minimising 

the sum of squares of the residuals to zero. This expression is set 

up for the equality constraint defining the stressese To this is 

added penalty tenms for violated inequality constraints,. which are all 

simple upper and lower bounds. The actual quantity to be optimised, 

the weight, is treated as an inequality constraint, requiring that the 

weight be less than an arbitrarily defined draw down weighte The 

problem is now an unconstrained optimisation problem solved by a 
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gradient methodo It is repeated using progressively lower 

draw-down weights until the optimisation function can not be made 

zeroc This indicates that the draw-down weight is lower than the 

inherent minimum weight. The method thus actually requires a series 

of optimisations. It does not seem too applicable to complex problems; 

as the constraints must be expressed explicitly in order to set up 

the residua 1 s. 

ruled out. 

The implicit matrix form of equality constraints are 

Razani [24] has proposed an unconventional approach using an 

iterative technique in which areas are changed by successive increments 

from an initial feasible solution so that each member is fully stressed 

in at least one of the several possible load conditions. This gives 

a feasible solution forced to be on a boundary. The true minimum may 

not be on a boundary if the stress is indeterminate. 

The gradient projection technique has been successfully adopted 

by Brown and Alfredo [25] to optimise a portal frame and a two storey 

single bay frame. The search being at a feasible starting point 

until constraints are encountered. At this point the constraint 

hypersurfaces are approximated by hyperplanes and the gradient of the 

objective function is projected on the line of intersection of these 

p1aneso After a move along the indicated direction a correction is 

indicated due to the nonlinearity of the constraint hypersurfaceso 

The authors have proposed the use of ,only one design parameter for a 

member as variable, while the rest of the parameters for the same 
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member, are expressed as functions of the selected one. As moment 

of inertia of the members has a predominant effect on the behaviour 

of the structure~ other parameters are expressed as functions of 

moment of inertia. Inspite of this simplification the procedure 

seems too involved for complex structures. 
; 

Young and Christiansen [14] have provided the first known optimal 

structural design technique using vibrational constraints using an 

iterative technique. Adjustment of the member area to achieve a 

fully stressed design simultaneously with the required resonant 

frequency characteristic is the main feature. An application to pin 

jointed space truss is included. 
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THE PHYSICAl MODEL 

For the first stage of project it was decided to examine a 

simple but highly redundant space frame with generalized characteristicso 

An oblique and asymmetric four bar frame was selected see Figure 1~ 

The four bars, spaced on 24 inch centres» are welded at their base to 

a half inch thick aluminium plat~o At the other end the bars are 

spaced on two and a half inch centres and welded to a half inch thick 

aluminium plate. To avoid deflection of the base plate (as compared 

to the deflection of members) it in turn was bolted to a steel plate. 

The structure was excited on the top plate in the three orthogonal 

x, y and z directions. 

THEORETICAL ANALYSIS 

As the stiffness matrix was obtained from the previous work [39]9 

it was necessary to derive the mass matrix to investigate the dynamic 

behaviour of the structure. For deriving the mass matrix, the decision 

was made to gross lumping of masses. Techniques for calculating 

the natural modes and frequencies of complex structure by lumping the 

masses are well established. but the labour involved was too mucho 

THE MATHEMATICAL MODEL 

The analytical procedure uses two mathematical models - static 

and dynam_i c.. The 1 atter is usually ~n extension of the previous one" 

Accuracy of analytical results depends upon the number of mass points 

selected, but it increases the labour involved~ As a compromise 

each member was discretise·d into three equal lengthsQ 
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For the whole analysis, the top plate was treated as being rigid 

due to its relatively small size and comparatively large thickness. 

The plate mass was lumped at its centre and four corners., The mass of 

each span was lumped at its endsm. ·The analysis was performed by 

considering the rigid body -inertiai. Thus the mass of the whole 

structure was lumped at thirteen discrete points, which from hereafter 

will be referred as nodes or stations. The various node positions 

are shown in Figure 1. 

ANALYSIS 

The analysis was restricted to motions of small amplitudeso In 

the theoretical analysis, the elastic and inertial properties of each 

element are detenmined seperately. Lagrange's equations are written 

for each component. As related to each separate component, 

lagrange•s equations constitute a set of independent equations of 

motiono However, when the components are attached to each other 

to fo~ a structural system, it is necessary that the displacements 

of connected components be compatible at their point of connectiono 

This compatibility requirement11 gives rise to a set of constraint equations 

which serve to relate the coordinate systemo Through the use of these 

equations of constraints a set of system - generalized coordinates is 

determined. The number of system generalized coordinates is equal 

to the total number of component coordinates minus the number of 

constraint equationse 
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The objective of the analysis is to formulate and solve a 

syst~m of equations of motion, t~e solution of which yields the 

dynamic response of the system. Written in matrix form and using 

the generalized coordinates, these equations appear as· follows for an 

undamped structural system: 

where: 

[M]{q} + [K]{q} = {Q(t)l 

{q} = a column matrix of generalized dtsplacements 

{q} = a column matrix of generalized accelerations 

[M] = a square symmetric matrix of generalized masses 

( 1) 

[K] = a square symmetric matrix of generalized stiffnesses 

{Q{t)} = a column matrix of time-dependent generalized forces 

For a damped system, this matrix equation will be modified by the 

addition of a damping term. Two different concepts are frequently 

used in describing linear damping in structures. the 01 Structura1" 

damping concept and the "viscous .. damping concept. For structural 

damping, Equation ( 1) is modified as follows: 

where: 

[M]{q} + (1 + ig} [K]{q} = {Q{t)} (2} 

g = structural damping factor 

i = the unit imaginary number 

The analysis has been classified into three categories as follows: 



(1) Response of the structure to free ~ibrations· 

(2) Response of the undamped structure to steady-~tate 

sinusoidal excitation. 

(3) Response of the damped structure to steady-state 

sinusoidal excitation. 
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FREE VIBRATIONS 

For undamped free vibrations Equation ( 2 ) reduces to: 

(2a) 

These equations are derived from similar equations formulated 

for each one of the components seperately. Consideri for example, 

the sth component of a system. The equation for this component 

under free vibrations is written as follows: 

where 

( 3) 

.. ,. 

{dl
5

, {d!s = column matrices of time-dependent displacements 

and accelerations, respectively, in system coordinates 

[m]
5

, [k]
5 

= square symmetric matrices of generalized mass and 

stiffness coefficients, ·r~spectively~ pertaining 

. to· sth component in system coordinates 

Equations similar to Equation ( 3) may be written for all components 

of the system .. All of these equations may then be written compactly 



in the following uncoupled fonm for a system having an arbitrary 

number of componentso 

where 

[m]{~} + [k]{d} = 0 

[m] = 

[k] = 

{d} = 

[m]l 

[m]2 

[k]l 

' ' ' [m]r. 

' ' 

(k]2 

' 
' [k]r 

' 

[m]s 
' 

[k]s 

' ' 

' ' ' 
.. 

and {d} = 

16 

(4) 

Equation (4) can be considered as a set of equations of motion for 

a group of components not connected toqether. These equations of motion f 
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various members are connected to each ·other to form the system 

equations by using displacement compatibility conditions. These 

displacement compatibility relationships are thought of as equations 

which introduce kinematic constraints among the components of displace

ment vector {d}, so that these may no longer be regarded as generalized 

displacements in the connected system. If there are g components in 

the vector {d} and if there exists f constraint equations then there 

will be h = g - f equations which will be independent. In general, 

if each mass has 6 degrees of freedom, a system of n masses will have 

6n degrees of freedom. As, the system has been discretised into 

thirteen masses, the vector {d} will have 78 components. However, 

all these displacements are not independent. So {d} and {q} can 

be related by a transfonmation matrix [B], as follows, 

{d} = [B]{q} 

Substituting Equation (5) into Equation {4) we get 

[m][B]{q} + [k][B]{q} = 0 

Premultiplying the above equat;on by the transpose of the 

transfonmation matrix, [B]T, gives 
.. 

[B]T[m][B]{q} + [B]T[k][B){q} = 0 

(5) 

This equation is compared with Equation (1). The following 

identities are clearly shown: 

[M] = [B]T[m][B] 

[K] = [B]T(k][B] 
{6) 
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As already indicated, the generalized stiffness matrix was 

obtained from the first phase, so the generalized mass matrix was 

derived in this way. Since the plate is regarded as being rigid, 

the motion of the five plate ma~~es are not independent of each other. 

Their displacements are related by an equilibrium matrix [31]. Motion 

of the corner masses is defined in terms of the central mass dis-

placements. 

If vector {d}P has displacement of any corner mass, and the 

vector {d}c has displacements of the central mass, then 

where: 

[H]T ~ transpose of equilibrium matrix 

In this way thirty displacements of five masses are represented 

by six displacements of the central mass. By using these constraints 

we derive a [B] matrix of the order of 78 x 54. So the column vector 

{d}, which had 78 components, reduces to column vector {q}, which has 

54 componentse 

form: 

where 

And the transformation matrix will be of the following 

[I] 

(B]= 

[I] = is the identity matrix. 

Finally the generalized mass matrix is derived from Equation (6). 

The equation of motion 



[M]{q} + [K]{q} = 0 

for free vibrations can also be written in an alternate form 

by premultiplying Equation (7) by [6] = flexibility matrix 

Equation (7) reduces to: 

or 

{q} = -[o][M]{q} 

An alternate form of equation (7) can also be written as: 

Assuming a solution of the form 

{q} = {U} sin wt, 

equations (7), (8) and (9) yield alternate forms of frequency 

19 

(7) 

(8) 

(9} 

(10) 

equations. Substituting Equation (10) into Equation (7) we get 

w2[M]{U} - [K]{U} = 0 (11) 

This is an eigenvalue problem. The solution for w2 is 

obtained by the JACOBI rotation method [14]~ This method diagonalizes 

the symmetric positive definite matrix by applying successive rotations 

So [M] is diagonalised in the following fonm 

where: 

[M] = [V][D][V~T 

(D] = a diagonal matrix 

[V] = modal matrix 

(12) 



Substituting Equation (12) in Equation (11) we obtain, 

Premultiplying both sides of Equation {13) by·[v]T, we ·obtain:·"'' 

Noting, for an orthogonal transformation 

(V][V]T = unity, 

so the above equation can be written as, 

[V]T[K][V][V]T{U} = w2[D][V]T{U} 

If 

[H] = [V]T[K][V], and 

[Y] = (V]T{U} then 

[H]{Y} = w2[D]{Y} 

[D] is factorised as 

[D] = (G][G] 

Equation (14) reduces to, 

Premultiplying equation (15) by the inverse of matrix [G], we 

have 

20 

{ 13) 

( 14) 

( 15) 



If 

[G]-1[H][G]-1[G]{Y} = w2[G]{V} 

[G]-1[H][G]-1 = [Q], and 

[G]{Y} = {Z}, then 

[Q]{Z} = Cll
2{Z} 

The eigenvalues so obtained are true eigenvalues but true 

eigenvectors are obtained from the following equation 

{U} = [V][G]-l{Z} 

21 

( 16) 

So in this way mode shapes and natural frequencies were obtained. 

Equation (8) can also be solved, in a similar way. After 

substituting Equation {IO) into Equation (8) we get 

[o][M]{U} - 1
2 

[I]{U} = 0 
(l) 

If [M] is factored so [M] = [L]1[Lj 391nd Equation (17) is 

premultiplied by [L], Equation (17) becomes 

[L][o][l]T[L]{Ul -! {I}[L]{U} = 0 
2 

( 17) 

w 
If we write [L]{U} = {P}, and [l][o][L]T = [R] then the problem · 

reduces to simple eigenvalue problem; 

(R][PJ = !~p] . 
w 

Here matrix [R] is essentially a symmtric matrix, hence can be 

diagonalised by JACOBI plane rotations. The diagonal elements will 
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be the inverse of the natural frequencies. Again, natural frequ"encies 

so obtained will be true, but mode shapes have to be obtained 

from 

{U} = [L]-l{P} 

Sim11ar1M the eigenvalue problem of equation (9) was solved 

by using library subroutine EBERVC. It is interesting to note 

that the time taken by the computer in three different cases was very 

much different. Solution of Equation (7) took 17 minutes of time~ 

while solution of Equation (8~ and Equation {9) took 6 minutes and 

29 minutes respectively. The fonm resulting from Equation (8) 

is usually preferred in calculati~g lower frequencies [35] 

STEADY-STATE ANALYSIS 

Equation (1) is for an undamped structural system under steady~state 

excitation. 

Consider again the equation 

[M]{q} + [K]{q} = {Q(t)} 

In analysing the system, the classical normal mode approach will be 

adopted and it will be referred as modal analysis. It should be 

observed that the excitation functions Q(t) are arbitrary functions 

of time. The above equation can be re-written as follows: 

[6][M]{q} + {q} = [6]{Q(t)} ( 18) 
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To use the modal analysis the eigenvalue problem resulting from 

Equation (8) will be utilized. 

Again factorising [M] = [L]1[L] and on substitution in 

Equation (18) 

[o](L]1[L]{q} + {q} = [o]{Q(t)} 

Premultiplying Equation {19) by [L] 

[L][o][L]1[L]{q} + [L]{q} = [L][6]{Q(t)} 

Substituting [L][6][L]T = [R] 

Equation (19a) becomes 

[R]{Y} + {Y} = [L](o]£Q(t)l 

Assuming the transfonmation, 

[Y] = [V]{fl} 

where: 

[V] = modal matrix 

( 19) 

(19a) 

(20) 

{n} = column,matrix consisting of a set of time dependent 

generalised coordinates 

Substituting above transfonmation in Equation (20) 

[R][V]{n} + [V]{n} = [L][o]{Q(t)} 
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Premultiplying the above equations by [V]T 

Noting that [V]T[V] = unity, 

and putting [V]1[L][o]{Q(t)} = fN}, 

the above equation reduces to 

[V]T[R][V]{n} + {n} = {N} (21) 

In view of its eigenvalue problem, Equation (21) can be re-written 

1 
{fl} + {n} = {N} 

2 
wr 

which represents a set of uncoupled differential equations of the type 

r = 1~~ 2 •••• , n, (22) 

which have precisely the fonm of the differential equation describing 

the motion of an undamped single-degree-of-freedom system. Hence modal 

analysis uncouples the equations of motion by means of a linear trans

formation; the transformation matrix. is just the modal matrix~ 

Assuming sinusoidal excitatiori 

N(t) = N sin wt 

each equation is solved in n coordinates and then displacements are 

transfo~ed to q coordinates by the following transfonmation 
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(23) 

The Steady-state solution of Equation (20) in ori·ginal coordinates is 

(24) 

where w is frequency of excitation. 

STEADY-STATE VIBRATIONS WITH STRUCTURAL DAMPING 

When structural damping is considered then the equations of motion 

of the system are given by Equation (2), which is written below. 

[M]{q} + (1 + ig)[K]{q} = {Q(t)} (25) 

It is customary to assume t~at the hysteretic damping matrix is 

porportional to the stiffness matrix [41], implying that all the 

coefficients of g have the same value. 

The structural damping concept, as considered here, is valid only 

in dealing with steady state hanmonic response. The reason for this 

is that the damping force is considered to be proportional in magnitude 

to the amplitude [ 38], but 90° out of phase ,,; th it. Since the 

damping force is 180° out of phase with velocity, this means that the 

concept of structural damping holds rigorously for motion in which 

velocity and displacement differ by 90°. This is true in harmonic 

Therefore, one is interested in solving Equation {25) to 



obtain the steady state response to a harmonic exciting force 

Again dividing Equation (25) by [K] and applying the linear 

transformation of Equation (23), it will be uncoupled into the 

following fonn. 

The force Nr(t) is represented as follows: 

where: 

Nr(t) = N e·iwt 
or· 

N
0
r = magnitude of force 

w = frequency of excitation 

The steady-state solution is written in the following form 

N0 r eiwt 
=-------
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(26) 

where the response lags behind the force by phase angle 

given by following relationship: 

This is 

9r 
tan ·.p = --- (27) 

1 "" {~)2 
wr 



As in the case of undamped motion, the generalized response 

vector {q} may be found using transfonmation Equation (23), from 
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the separate responses expressed in normal coordinates as determined 

from Equations (26) and (27). 

The following computer programmes were used in the analysis: 

SUBROUTINE GMASM 

This subroutine calculates the generalized mass matrix. 

SUBROUTINE EVERVC 

This subroutine calculates the eigenvalues and eigenvectors of 

a unsymmetric matrix resulted from the eigenvalue problem of 

Equation (9). 

SUBROUTINE JACOBI 

This subroutine was used in the eigenvalue problem of Equations 

(7) and (8). This diagonalizes a real symmetric and positive 

definite matrix. 

MAIN PROGRAMME 

Three different main programmes were written corresponding to 

Equations (7), (8) and {9) for predicting the response of system 

under free vibrations. However, for predicting the steady state 

the response with and without damping, the programme corresponding 

to Equation (8} was used because it was more expedient. 
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EXPERIMENTAL ANALYSIS 

Concurrent with the theoretical analysis, the system behaviour 

was also investigated experimentally. Initially the structure was 

mounted on a square channel framework. Excitation at higher 

frequencies resulted in excessive vibration of the base plate. Cross 

stiffeners were added to the frame work to eliminate this vibration 

and the base plate was bolted down onto then. However, during 

the static test it was observed that the base plate still had some 

deflecti.on. Furthe!" improvements resulted in the base being 

supported on two steel bars of 611 x 6" cross section. 

For determining the natural frequencies of the structure it was 

excited by a sinusoidal force in three orthogonal x, y and z directionso 

A 30 pound electromagnetic vibration exciter was used as the force 

generator. Soft mounting was chosen. For exciting in the x and y 

directions, the shaker was supported on a square aluminum plate, which 

in turn was suspended by nylon strings from the pipe· superstructure9 

Figures 4 and 5. For the z direction, the shaker was mounted on the 

tripod which carried an inflated inner tube, Figures 6 and 7. 

Thirty two strain gauges were mounted on the four pipes near 

each node point. Figures 3 and 4. All the strain gauges were 

connected to a switch and balance unit. Output from the switch and 

balance unit was connected to a cathode ray oscilloscope. The shaker 

was powered through a power amplifier which in turn was connected to 



an R. c. generator. An ammeter was connected in series with 

the shaker to keep the current constant. This ensured constant 

amplitude of the exciting force. The amplitude and frequency 

of excitation was regulated on the control panel of the power 
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amplifier. Due to the complex nature of the structure experimental 

determination of the mode shape was not possible. 

A capacitance type proximity transducer, coupled through an 

oscillator and reactance converter to a cathode ray oscilloscope was 

adopted to measure the amplitude. The system of measurement is 

based on frequency modulation of a carrier wave. The transducer 

consi~;ts of a fixed electrode. Any flat conducting surface 

parallel to the fixed electrode can act as the moving electrode. The 

capacitance of the electrodes is in parallel with another fixed 

capacitance. The combination forms a series resonant circuit with 

an inductance. The change in distance between the electrodes, due 

to vibration of structure caused a change in reactance in the resonant 

circuit which is used to change the frequency of the signal delivered 

by the oscillator. The signal is,amplified and detected to provide 

a proportional D. c. voltage which was metered on the oscilloscope. 

The transducer was calibrated for each setting of observations, by 

the integral micrometer. The calibration enabled the displacement 

to be evaluated. The least count of the micrometer was 0.01 mm. 

The force gauge, piezoelectric type, was employed to measure the 

excitation amplitude. The force gauge was mounted in between the 
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shaker and the steel rod which is bolted to the structure, 

Figures 8 and 9. force applied to the Force Link is converted 

by the quartz crystal sensor to an electrostatic charge signalo 

This charge signal is proportional to the force applied along the 

sensitive force axis of the load cell. A charge amplifier is used 

to convert the electrostatic charge signal from the force link to 

a useful voltage signal corresponding in magnitude and polarity to 

the charge input. The electronics of the charge amplifier utilizes 

a feedback capacitor and feedback resistor to determine the time 

constant, frequency response, and gain characteristics of the charge 

amplifier. The calibration of the measuring system was accomplished 

by applying known static loads. The output of the charge amplifier 

was displayed on the screen of the cathode ray oscilloscopeo 

Amplitudes of vibration were recorded corresponding to two 

values of excitation. A force of 15.8 pounds amplitude was applied 

to take the observations away from the resonance. Near resonance 

observations were taken by applying the excitation force of 3.32 pounds 

amplitudee The force was kept constant by keeping the ammeter 

current to the required value, while changing the frequency~ Amplitudes 

of vibration were recorded on different stations, in different 

directions and under varying directions of excitations. The trans

ducer was oriented along the system axes and the observations were 

recorded. It:was possible to measure the linear displacement only. 
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The effect of rotations in the measurement of linear displacements 

could not be accounted for. Linear displacements were measured 

in the coordinate directions where magnitude of rotations was 

comparatively small. 
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' 
RESULTS AND CONCLUSIONS 

A comparative study of analytically calculated and experimentally 

measured natural frequencies is made in Table I of Appendix I. It 

can be seen that theoretical and experimental values of natural 

frequencies are in agreement. 

Table II of Appendix I shqws the values of six natural freq

uencies in ascending order, when rigid body inertia was completely 

neglected and when it was included on only plate station. Comparing 

the values of Tables I and II of Appendix I, it can be concluded that 

rigid body inertia plays an important role. This is because the 

magnitude of angular influence coefficients was comparable to the 

linear ones. The values of natural frequencies when rigid body 

inertia was considered on (a) all stations, (b) on plate only, 

(c) neglected all together, are in ascending order. 

The graphs (see Appendix II) are. plotted to study the steady-

state response of the structure. Each graph illustrates the 

theoretical and experimental response of undamped and damped structure. 

It can be observed that, away from resonance, the theoret1ca11y 

calculated and experimentally measured values of amplitude are very 

close. But, at the resonance no fixed pattern is observed. At some 

points experimental values are higher than the theoretical values, 

(see Graphs 5, 7, 12). And at other points the experimental 

values are lower than the theoretical values. The reason could 
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be that near resonance angular displacements are comparable in 

magnitude to linear ones. It is interesting to note that in all 

graphs there is no peak corresponding to second natural frequency. 

This is because the first and second natural frequencies are very 

close and the system response overlaps considerably. 

The graphs also show the response of the damped structure. 

The value of the damping coefficient was assumed to be .01. Away 

from the resonance, the effect of damping is negligible, so the 

response of undamped and damped structure .overlaps, except near the 

resonance. It can be seen {Graphs 1 through 12) that at and near 

the resonance experimental and theoretical values of vibration 

amplitudes do not follow any fixed pattern. In some of the graphs 

(nos. 4, 10, 11) the experimental values of the amplitudes of 

oscillation are lower than corresponding values of the amplitude of 

damped oscillation, while in others they are higher. This is 

because of the unpredictable behaviour of angular displacements, due 

to their random nature of variations and the actual value of damping 

is not known. 

It is concluded that the discrete lumping of masses gives 

satisfactory results. Due to the obliquity and assymetry of the 

structure the rigid body inertia played an important role. Away from 

the resonance, experimental and theoretical values of the amplitude 

of oscillation are in agreement. 
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FIGURE 3. OVERALL PICTURE OF SET UP 
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Figure 4. General View of Horizontal Excitation 

Figure 5. Detail of Horizontal Excitation 
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Figure 6. General Vie\AJ of Vertical Excitation 

Figure 7. Detail of Vertical Excitation 



FIGURE 8. GENERAL VIEW OF AMPLITUDE MEASUREMENT 

FIGURE 9. DETAIL OF AMPLITUDE MEASUREMENT 
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FREQUENCIES 

MODE 1 2 3 4 5 6 7 

THEORETICAL 
NAT,URAL 41.74 49.3 58.3 61.68 73.4 77.2 84.9 
FREQUENCIES 
C.P.S. 

EXPERIMENTAL 
NATRUAL 42.1 43.2 62.6 66.5 73.5 77.5 aa.o 
FREQUENCIES 
C.P.S. 

TABLE 1 

FREQUE~£! E§. · 

t 

NEGLECTING 
RIGID BODY 76.0 89.0 
INERTIA ON 

91.0 119.0 120.0 131 .. 0 

ALL NODES 
C P.S. 

CONSIDERING 
RIGID BODY 58.3 64.8 85.0 89.5 102.5 110.8 
INERTIA ONLY 
ON PLATE NODE 
C.P.S. 

TABLE 2 
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.-o. 8104l:E-0.2 
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. o. 22431E~04 
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~":""oo 72407E-02 _ 
Oe~8561E-02 

-Oo53807E-02 
Oo86589E-03 
Oa39l86E-02 
Oo43608E-02 
Oe66331E-02 

•Oo13782E-02 
Oa60139E-02-
0o 53740E-08' 
Oe37889E-02 

FRFQUENCY· 

o·e 54851 E-02 
-Oe15949E_;Ol 

Oo28710E-02 
Oc..43984E-Ol 
Oe42098E-02 
Oo16146E 00 
Oo62525E-02 

. 0 e 37"7'42 E-O 1 
Oc40170E-Ol 

-Ocl0102E on 
Oe44443E-02 

.... o. 79817E-01 
Oo96648E-02 

•O.l6299E 00 
'70o32603t:-Ol 

. - 0 o 4 6 71 0 E-0 1 
~0$334151:-07 
-:Oo9n394E 00 

FRFOUEf\lCY 

-Oe76625E-03 
....:oo16119E-01 
-Oo58546E-Ol 

o., 1 0784E-n 1 
--0.4~1086E-02 

Oo26082E-02 
Oo51653E-02 

-no253B3E-02 
-Oe15059E-02 

0 o 53 5 86 E-0 3 
Oe75632E>-02 

-0 o 866:43E-02 
·...:;0.,26ll-GJ E•02 

Oe537t:i7r=_-('12 
o. 1307l}[-02 

-o-~lli75E..;.02 
-Oe42872E-03 

Oo53167E-oz· 
...;.Oe1081'=3E-01 
Oe7421?E~02 
0 .6.881{ 3E-O 2 

;;...·o e64013E-02 

Oo41671E 03 

MODE SHAPE-

O;.;t2695G:-Ol 
-o "9874·7E•0'2 

Oo7Z074E-02 
. --Oo 22005E-01 

Oa 12499E-01 
·-Oe11022E-01 
-Oe?48?8E-01. 

- -0.2ll04E·-ol 
Oe~lt)'329E 00 
0 ol7A 78F-01 
O;o 122llE 00-
0., 2339f.J·E-01 
Oo12222E 00 
0 ~·12-372E-01. 
0 0 7399'5E-01 
0 c 16 1 ° GE -0 1 . 
o.·13074E oo 

-Oe15241E..:..O? 

0 o22744E. Oi~ 

. MODE SHA.PE; 

Oo 26000E-02 
Oall808E-02 
Oo47388F 00 
Oe1 03lJ,hF-02 

~Ool7805E-03 
-0 0 18651E-03 

0 e·5734 7E-02 
-o., 21407F-02-. 
-0.75946E .... 02 
-0 e ?B 9 9 1 E- 0 2 · 
-Oo'353~7E.-0.1 

CPS 

-..O<t40602E-02 
0 o 31J 83E-03 

-()"23C)?6F-tJJ 
-no 331 __ R7E-02 
c..Q o 2 3? 21. E-O 1 . 

Oo465B4E_-02 
Oa695?9E 00 

-0 o 1 6 02 l E.-0 2 
-oe i6150E•Ol 
-Oo74030E~02 
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.. -Oo 3 5()24£-02 
-Ool2411F~02 

Oo2696,qE•OJ 

CPS 

. -o'~6350AE;.;.02 
-Oc68l06E-02 
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Oo34849E-O~ 

-Ool0586E-n2 
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Oo68337E.-02 
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-Oo44323E-03 
0t~29104E-07 
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FREQUENCY 

Oo21357E-02 
-Co32830E-02 

Oc2l016E-()2 
-Oo70917E-02 
.Oc88692E-02 
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"MODE SHA.PE 
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-MODE SHAPE 
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FREQUEN~Y 
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F'REOUENCY 

,; .':'· , .. -.. -' .' ~ . . . . . -

MODE:SHAPE 

o_. i.3B74E--02-
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__ _Oe23428E~02• 
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M-ODE SHAPE 
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--0 o 2"0-0 30 E :-_. () 0 . 
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-MODE ·SHAPE. 
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·Oe 29167E--02 
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- . 
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- 0 6 25 8 8 6 E-0 2 
-0~91629E~03 
o. l9526E~02-
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-. :-. . .Oo3:i368 E....;02. _ 
-.Qe 176?8 E _ OQ. 

·..;.. o-_.}8 7Z9 E~P2 
-0•12468 E-()1-_ 
.. 0~38167E-02 

"""0e 13097E-06-
-~Oe526J9E-03 · 

'6• 77469t.;;..o2 
-n e10425:fi;-O 1 
:oo 1864~E-03 

-~Oe51434E•02 
o~-73953E-o2· 

. .0 a4.8975E-03 
· .... .o.13 66 5 e:-02 

Ool9190E-Ol 
Oo29624E-03. 
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-o o 3 5160E.,.0-3-
o o '59790F-0 3 

-~a o.42134E-02 
"7o. s ott6 E-o--2·~/~ 
--a o4I 143E.··o3 
-0.18739E-Ol 
-o e36545·E-os·. 
· ·Oo 59069E-04 

FREQUENCY. 

:-O.•? 2482 E-:o·z_ 
·qa-12119 E·-.o2 

-o e4-70T1E-02 -
o·-c 11 o s oJ:: -o 2 

.c0$'1.4:7I3E-02.· 
-Q.~5.56 1E:02-
. 0 e3:5970E-02 
··~a:o26499_E-..02:: · 
-~q,o l¥L8S IE _,o 4:~

Q •?880 ?iE .0'0 . 
O.t~.2.8946E-02 -·. 

-o·.2a·404E-og -
· -0 o1:.7169·E~02· 

0 ~'3:~i 766 E-02 · · _ 
···;.;;O.ll0'2.9f:~02 

0 ~-3Q8::?0E...oO 2 
0~-3'·g-gt}5E-O 2•· 
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S U 3 R () U T I 1'1 F J .A. C 0 S I ( ~,\ , 0 , J \f F C , r· ~ , V ) 
DI~F~SI0~ O(S4,~4)~\/(~~~~h),X(~4l•IH(~4) 

C r--. 1 EXT P S T /\ T E :··/~ F "·1 T S R F .SET T I 1\1 G I ~'IT T I .. ~. L \! l\ L l_l ~ S nr- f'·~ ~. T PI X V 
IF(JVEC) 10,15,10 

10 0014 I=1tN 
DO 14 J=l ,~ .. 1 

IF<I-J) 12911,~_2 

11 \/(I,J)=loO 
GO TO 14 

12 \/(I 9J) =OeO 
14 CONTI ~!UE 
c 
15 f'-·4=C 
C ~I E X T P. S T A. T E f'··~ E NT S .S C ~. N F 0 R L ~~ P G E S T n F F ~1 I f\ G 0 f\\ r~. L 

lELE~ENT IN EACH ROW 
C X ( I l C 0 ~~ T l\ I r.J S L.L\ R G F S T .S r:- L :. r ~ o P·' I T H C< 0 '·" 
C I H ( I ) H 0 L D S S !=" C 0 f\1 r; .SUp, S C P I D T S D E F I f\.\ I N G P c~ ~ I T I n f\.1 n F C: L r=- '· 1 o 

c 
17 ~.~I =N-1 

DO 3 0 I= 1 , f.,': I 
X(Il=Oo 
r·iJJ=I+l 
DO 3 0 J=~-/J 'r-..1 

IF( X( I }-,1\PS(:':':( T ;,..)) ) } ?.0,20,30 
20 X<Il=ARS(Q(f,J)] 

IH(l)=J 
:3 0 C 0 f\1 T I r-.J U E 
c 
C N E X T 7 S T /\ T E ~I E r· .. l T S F I f\1 D F 0 R MAX I M U ~·1 S 0 F X ( I ) S 

lFOR PIVOT ELEMENT 
c 
4 0 0 n 7 0 I = 1 , ~.~ I 

IF< I-1 )6096(',h5 
t.,t5 IF(X~ .. ·/\X-X( I) )A0!l70,70 
60 x~ .. 1AX=X {I) 

IP=I 
JP=IH(l) 

70 CO~ITif\IUE 

c 
c 1\.1 [X T T \;! o s T t .. T F r ~ F ~~ T s T c:: .s T F n P x \4 ,~ X 

EPSI=loE-OA 
IF(XMAX-EPSI) 1000,J000,14P 

c 
1 4 8 r'.ll = ~·1 + ]_ 
c 
C ~!EXT J 1 S T A. T E ~.~ E f\JT S F 0 R C n \:PUT I f\\ G T .t~. ~,J G , S If',' , C 0 S , n ( I , I ) , 0 ( ..J , J l 
c 



IF(Q(IP~IP)-G(Jp,Jp)) 1~0,151,1~1 

150 TANG=-2oO*O(JD,JP)/(AqS(G(TP~IP)-0(JP,JP)) + 
lSORT( (Q( IP~IP)-Q(JP,JP) )~~-X-?+L:-o0~-0( JP,JP)-lHf2)) 

GO TO 160 
151 TANG=+2~0*Q(IP,JP)/(APS<n<IP,JP)-0(JP,JP)) + 

lSQRT({Q(JP,JPJ-O(JP,JP)l**2+4s0*C(TPtJPl**2l) 
1 6 0 C 0 S ~~ = 1 o I S 0 R T ( 1 o n + T A N G ~~ -l~? ) 

.S I r>..\ E = T A. (\\ G -x- C 0 .S f\1 

c 

0 I I =Q ( I P, I P) 
0 ( I P , I P J = C 0 5 t-..' ~- ~-? ~'f ( 0 I J + T tJ. ~.1 r., ~- ( .2 o ~H] ( I P ~ J P ) + T td\1 G -x- 0 ( J P ~; J P } ) ) 
Q ( J P , J P ) = C 0 S ~,] ~H~ 2 * ( 0 ( J P ., J P ) - T 1\.f'.l G ~~ ( 2 e ~~ 0 ( I P , J P ) - T A f ... ! G 1t 0 T I ) ) 

Q(!P,JP)=OoO 
C 1\! E X T 4 F S T A. T f ~'1 F ~.1 T S F 0 R P .SF U [I 0 R .L\ f\\ I< T H F F I r:. !='-'"{\.I \1 /I. L1 _l c c, 

c 
IF<O<IP,IP)-0(JP~JP)) 1~? ,]~~,153 

1 5 2 T E ~~ P = 0 ( I P ., I P l 
Q(IP,JP)=n(jp,jD) 
0(JP,JP)=TE~11P 

c 
C NEXT 6 STATEMENTS ADJUST SINE AND COSINF FOR 

!COMPUTATION OF Q(J,K),V(I,Kl 
IFCSINE)154.,155•l~5 

1 !:i L~ TF:~l1P=+C0Sr-,t 

GO TO 170 
155 TE~·~P=-COS~·I 

170 COSN=ABSCSINE) 
Sif\JE=TEMP 

c 
153 DO 350 I=l,MI 

I~(I-IPJ 210,3~0,?00 

?On IF<I-JPJ?J0~~so,?10 

210 IF<IH(I)-IP)230,2L0,230 
23n IF{JH(J)-JPl350,240,350 
ZL:-0 K=IH(I) 
250 TEMP=Q(I,K) 

c 

C'I(I,I<)=OeO 
~,"J=I+l 

X(I)=Oc 

c I'' E x T C) s T /\ T E ~~·~ E ~..~ T s s E A R c '-1 I N o E P L E T E n R n v.J FoR ~,l E 1;.1 H .A x Pi' r A 

c 
DO 320 J=t\1J9f\l 
IF<X< I )-,~.RS(O( I ,J))) 3rn.,3nn,32n 

?00 X<I>=ABS(n(I,JJ) 
IH(!)=J 

3? 0 COI'lT I ~\UE 
Q { I 'K ) =T E r·,1 P 

? 50 CONT If\\UE 
c 



c 

X( IP>=Oe 
X.<JP)=Oo 

C ~~EXT?(') ST.AT:::MEr''T.S FOP CH.tt'.IDI~ 1 G THF 0THr:-p f="LE~tcr-.1 rc:, OF n 

c 
D 0 5 3 ('l I = 1 ' ~~ 

c 
IF(I-IP)370,~30,4?0 

370 TEt··'P=0( I., IP) 
O(I,IP)=CCSN*T~~P+STNF*n(J,JP) 
IF(X( I )-/\ 0 5(0( I .,Jp))) ~Pn,'lo(),~0t1 

~Qn X(I)=ARS(Q(I,IP)) 

I~(Il=IP 
390 r:'l( J,JP)=-SJ1'·~~~Tr.t·'P+C0S~q~n( J,JD) 

IF(X(J)-ARS(Q{I,JPll)40n,530,530 
400 X( I )=A.BS(0{ I ,JP)) 

IH(!)=JP 
GO TO 530 

c 
420 IF<I-JP)4'lO,~~O,~PO 

4?0 TEMP=Q(IP,J) 
Q (I P, I) =CO.St-1-~{-TF~t'P+S I ~·!F-~-n (I , JP) 

l~(X{JP)-A8S(O(IP,I)))440,4~0,~~8 

440 X( IP)=A.f?.S(O( Jp,J)) 
TH(JP)=I 

lj. r;:. 0 0 ( I , J P ) = - 5 I .~.If:- ~~- T F. ~,. D + c 0 c; ~· 1 -l{- n ( I , J D 1 
T. F ( X ( T ) - .r-. n S ( n ( J , ,.J P ) ) ) ~~- 0 0 , C::· 3 () , r:-, '?. n 

c 
LAO TEMP=n{Jp,J) 

Q(!P,Jl=CGSN*TF~P+SINF*0(JP,Tl 
JF(X(IPl-AGS(O(IP,J))) 4Q0,5QO,S00 

490 X<IPl=ARS<O<IP,Ill 
IH(IPl=I 

500 Q(JP,J)=-SINF*TFMP+COSN*~(JP,I) 
I~(X(JD}-~os(0(JD,l)) 1~J~~~~o,s3n 

510 X(JP)=.D-.P,S(Q(JP,J)) 
THLJP)=I 

c:; 3 0 C 0 ~1 T I ~-._llJ F 
c 
C NEXT 6 STATE~ENTS TEST FOP CO~PUTATION OF EIG~NCTn?S 

c 
IF(JVEC)540,~0,c:;40 

540 00 550 I=l,N 
T E ~,.1 P = V ( I , I P ) 
V ( I , I P ) = C n S N * T F ~-~ P + S I ,r-,q::- ~~- \l ( T , . ..J D ) 

5 50 V (I, JP) =-S I ~-\C"..!"!.T~t-.·1 r>+Crl.s~.H~V (I, JP) 
GO TO 40 

]_GOG RETURN 
Ef\ID 

cr·FNT 0 Y 



, NObE:CK. 
GMA.S~~ 

SUBROUTINE GMASM· TO 

lNPUT 

POlOO. 
DO 10 Q· · J =t , 78 
F ( I t J.) :: 0 e .0· 

c· KK=l 
:(L·=.o 

M~t,4 · 

KK=KK+6 

MATRIX 

DISCRETE ~~ASSES 



LL=LL+A 
~/ f\'1 =: 1 ~ •. ~ +6 
~--1 i\1 = N 1\\ + 6 

20 COf\!T I ~.\UE 
I(.K=49 

c 

c 

~·1 ~ .. ~ = L~ 9 
LL=r:;LJ. 
NN=54 

D 0 3 0 ~·1 = 1 , 5 
R F fl f) ( 5 ' ? } ( ( .A ( I ' J ) ' J = J ' A } ' I = 1 9 6 ) ' ( ( P. ( I ' .J ) ., J = 1 9 A ) ' T = 1 ~ c. 1 
J({~(I,J),J=l,6),I=lt6J 

DOl5 !=1'6 
0015 J=l'6 
C(J,J)=OoO 
D015 1<=1 t6 

15 C{I,J)=C(J9J}+A(J,K)*P(K,J) 

c 

D040 I=1t6 
r)040 J=lt6 
E(I,J)=0o0 

D040 l<= 1, 6 
LJ. n F ( I ' J ) = F. ( I ' J ) + C { I ' K ) ~-n ( '< , J ) 

00320 I =k:V., LL 
I I=I-I<.K+J. 
D 0 3 2 0 J = ~·~ ~·1 , N N 
j j = j- ~./,, ~/ + 1 

32n F(I,J)=~(II,JJ} 

??.:J l(i(=f(k'+6 
LL=LL+6 
\v'! ~,1 = \11\~ + 6 
N ~ =~-! f\.1 +6 

3 0 CONTI !'.IUE 
READ{ 5,101) ( P:VH I)' I=49,7P) 
00102 I=L,_G,7R 

102 F(I,I)=F(Itl)+P~·'l(I) 
C G=: f\.1 F RA. T F R R A.f'-l S FOR r·~; .1 T I c~l ~"AT'=? I X T Q .r... .. c.r'1 

D0210 I=lt78 
00210 J=lt5~-

210 TQAS~{I,J)=OoO 
D0330 I=l ,Ld3 

3 3 0 T P /\ s~v1 ( I , I ) = 1 o 0 
c 
C INPUT OF EQUILI8RIUM f·L~T'?IX 

c 
P E .6 f) { 5 , ? 1 0 ) ( { T q /\ S r· ' ( I , J ) !l J = L~ o , ~· !.o. ) <> I = 4 o , 7 P. ) 

C ll. U X = T R /V·.1 S P 0 S E 0 F T P £1. S. ~ ~ ~f-; . A .S S ' ' AT R I X 
c 



c 
D0250 I=l,S·4 

D0250 J=l,78 
AUX(J,J)=0o0 

00250 1<=1,78 
250 AUX(I,J)=AUX(I,JJ+TRASM(K~I)*F(V~J) 

C GENERATE GENERALISED MASS MATRIX 
D0260 !=1,54 
D0260 J=J,5L~ 

G ~. 4 ( I , J ) = 0 o 0 
DO 260 1(=1,78 

2 6 n G ~~~ ( I ' J ) = G ~1 ( I ~ J ) + ?\. U X ( I , I< ) ~~- T R !\ S ~.J ( K , J ) 
DO 340 I=J.,54 

340 l:vRITE(6,502) (G~·.H I SlJ) , .. J=l954) 
STOP 

2 FOPMAT(6Fl2o5) 
101 FORMAT(F12o5) 
230 FORMAT(6F12o5) 
400 FOR~·~ AT C 6El3 o 5) 
2 8 0 F 0 R.f'·~ A. T ( 3 C X ' 2 2 H f'·~ ,t. T R I X F I'J R I T E P /\ T I n ~.t , I I ) 
2 0 3 F 0 R fv; .A T ( 1 X , 6 F 2 0 o 5 ) 
306 FORMATClHO) 
502 FORMATC6El3o5) 

P ETUP f'l 
Ef\\D 



APPENDIX - IV, 

(LIST OF 'EQUIPMENT) 

100 

McMASTER UNIVERSITY LIBRJ 



101 

LIST OF· EQUIPMENT 

1. SPACE FRAME 

2. Goodman's Vibration Shaker (Model V.390A/200). 

3. Vibration Shaker Amplifier 

4. R. c. Generator 

5. Strain Gauges and Allied Equipment 

6. Switch and Balance Unit (Type 20SB4-2) 

7. Kistler Quartz Force Transducer (Model No. 932A, 
Serial No. 26452) 

8. Kistler Universal Dial Calibration Charge Amplifier 

9. Micrometer Proximity Transducer (Type DISA 51011) 

10. Oscillator (Type DISA 51E02 462} 

11. Reactance Converter (Type DISA 51E01) 

12. Strain Indicator (Type Budd Model P-350) 

13. Storage Oscillo~cope (Type Tektronix 564) 




