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CHAPTER 1

Introduction

Two complete user-oriented computer programs in FORTRAN IV are
presented which utilize some new ideas on discrete least pth approxi-
mation [1 ] and, more recent ideas on generalized least pth approxi-
mation [2]. Least pth approximation with p=2 gives a discrete least
squares approximation. With sufficiently large values of p an optimal
solution very close to the optimal minimax solution can be obtained.
Values of p up to 106 have been successfully employed. Gradient
minimization algorithms due to Fletcher and Powell and, more recently,
to Fletcher are used. The user has to write all the required speci-
fications, the approximating functions and weighting functions in a

straightforward way.

The first program is described in Chapter V with a Tisting
attached in the Appendices and is applicable to design problems with
a single specification. Quadratic interpolation, if desired, is
employed to bring the discrete approximation solution closer to the
solution of the continuous approximation problem. Numerical examples
for which the minimax solutions ake known were chosen to illustrate
the work of the program. The solutions obtained are in excellent
agreement with the known ones.

The second program is described in Chapter VI with instruc-
tions as to its use and the listing being given in the Appendices. The
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program is directly applicable to such problems as meeting or ex-
ceeding design spetifications on several disjoint closed intervals
as in filter design and allows for situations more general than the
conventional problem of approximating a single continuous function on
a closed interval. There is no restriction on the number of variable
parameters, discrete point sets and number of intervals. The examples
which demonstrate that the program works, since the methods have already
been tested, were chosen in system modelling and multi-section loss-
less transmission-1line network design. Although the program is not
written for nonlinear programming we found it is also applicable for
problems with parameter constraints.

The programs are run on the CDC 6400 at the McMaster University

Computer Center.



CHAPTER 11

The Optimization Problem

The general optimization problem is to maximize or minimize a

function f(g), where

a
- 2
(2.1) ad .

is a vector of k independent parameters or design variables. Since
the problem of maximizing f(g) is equivalent to that of minimizing
-f(a) only the minimization problem is considered. The function to
be minimized is called the objective function and will be denoted by
the symbol U.

In general, a linear or nonlinear set of constraints may have
tobe satisfied either during the optimization process or by the
optimal solution. Each parameter might be constrained by an upper

and lower bound
(2.2) B SRRy

where
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are lower and upper bounds, respectively. A possible set of

h implicit constraint functions may be set as

(2.4) ca) >0
where | ) ;
cy (23)
¢, (2)
(2.5) < 2
o (B

and Q0 is a zero vector. Any vector a which satisfies the constraints
is called feasible. A region of feasible points a for which (2.2) and

(2.4) are satisfied is a feasible region R.

The problem of minimizing U subject to the constfaints is to

locate a point é such that

ne

(2.6) M f(%) = minf(a) < f(a)

,%ER
v
for any feasible a in the neighborhood of %. A point a is

called a constrained local minimum.



Methods which guarantee convergence to a global minimum for
all functions are not available. Since we cannot generally guarantee
to find a global minimum we restrict our discussion to local mimima.
The distinction between local and global minima is not essential from
the optimization point of view; it is,however, important when the
results of applying optimization techniques have to be interpreted.

Most optimization strategies reduce a constrained problem
into an essentially unconstrained one. This can be accomplished by
transforming the parameters and leaving the objective function un-
altered [ 3], [ 4], or by modifying the objective function by in-
troducing some kind of penalty [ 5] - [ 8]. Other methods for hand-
1ing constraints employ changes in strategy when constraint violations
occur, but they are not found to be so efficient and accurate. Further

details may be found in some of the general references [ 8] - [11].



CHAPTER II1I

Methods of Minimization

3.1 Direct search methods

Many direct search methods for optimization were proposed
between 1960 and 1965. Direct search methods are based on a
sequential examination of trial solutions which, by simple compari-
sons, give an indication for a further searching procedure. These
methods require only the evaluation of the function at a given point
and thus are applicable to general continuows functions. In general,
they do not give a rapid rate of ultimate convergence and hence are
inefficient for finding a minimum. Methods of this type are use-
ful in the early stages of optimization and can provide information
about a regibn in which a minimum is located. Many direct search
methods for unconstrained optimization are described by Kowalik and

Osborne [12] and by Box et al [i3].

In the last few years, however, relatively few papers have
been published on algorithms that do not require the calculation of
any derivatives. The main subjects of these recent papers are esti-
mating derivatives by numerical differences in order to use Davidon's
[14] algorithm, lattice approximations, and fitting a quadratic function

to calculate function values.



3.2 Gradient methods of minimization

In this section it is assumed that appropriate partial
derivatives exist and methods are described which utilize partial
‘derivative information to determine the direction of search for a
minimum. The partial derivatives may be defined analytically at
each point or must be estimated from the differences of values of

f(g).

For a continuous objective function f(g),with continuous

first and second derivatives, we can write, using Taylor's theorem
_ T walg
(3.1) fataa) = F(a)+(yf) ap+hap Glat+rsa)ag

where 0 < A < 1,

Aa]T

(3.2) AR =

Aak_

-

represents an incremental vector,




is the gradient vector containing the first partial derivatives and
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is the matrix of second partial derivatives, the Hessian matrix,

For twice continuously differentiable functions G exists and is sym-

metric, i.e., %T = G. A symmetric matrix G is positive definite if

for all 2 # Q
(3.5) QJTQ a > 0.

If G is positive definite for all x then according to (3.1)
(3.6) f(araa) > F(a)+(yf) ag

for all a. At a local minimum

(3.7) @) =9

must hold. Assuming the first and second derivatives exist, a point
is a minimum if the gradient vector is zero and the Hession matrix is

positive definite at that point.



Since the first partial derivatives of a function vanish at
the minimum the second-order terms in the Taylor series expansion
dominate in the vicinity of the minimum. It follows that the only
methods which will minimize a general function quickly and effi-
ciently are those which work well on a quadratic form and are
guaranteed to converge eventually for a general function. A1l others

may be slow, at least in the vicinity of the minimum, and often elsewhere.

The general quadratic function of k variables can be written

(3.8) Q(g) = c+b'g + ' Ay
with gradients
(3.9) =R+ M

where A is a kxk symmetric matrix, and ¢ and Q'are constants. If A
is positive definite

(3.10) -1

o<

=Rk

v
and 2 is unique and can be found in a finite number of steps.

We are interested in a quadratic approximation, such as
(3.8), to the objective function f(g), because a quadratic is the
simplest differentiable function that has a well-defined minimum.
In this case in the ith iteration the obvious quadratic approximation
to f(a) is
)T

G.ha;
~i%3i

Ne

(3.11) Fla) v Flag) + 402+ (0%,

where gi is the first derivative vector and gi is the second
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derivative matrix of f(a) at point 35 . The iterative process

known as Newton iterative procedure is defined by the equation

_ -1
(3.12) Bisn TR 7 (&)
The generalized Newton-Raphson method [15] has fast convergence

eventually, but frequently fails to converge from a poor initial

estimate of the minimum.

A quasi-Newton iterative algorithm that involves linear
searches does not require second-order derivatives of the function to
be evaluated [16]. The term quasi-Newton means that an attempt is
made to simulate equation (3.12), and a matrix 51 is used, which is
-1

an estimate of (G.)

85 Because linear searches are made, 2i41 May

be defined by the formula

(3.13) Bis1 T R4 - MR

where A is a multiple which is calculated at each iteration.

The recent papers on minimization algorithms propose modi-
fications to the iteration (3.12), so that it is not necessary for
2o to be close to the solution. Gradient methods that are used
at the present time are summarized in a general theory published

in reference [17].

The ideas resulting from equation (3.13) have been success-
fully employed in an iterative procedure in the gradient optimization
methods of Fletcher and Powell [18]. Generally acknowledged to be

among the most powerful minimization methods currently available,
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when first derivatives are analytically defined, is this method and
a more recent one due to F]etcher_[19]. As they are both used in

a program presented in this thesis, a brief discussion of tiie methods

follows.

3.3 The Fletcher-Powell method

The method presented by Fletcher and Powell is an jterative
method for finding a local minimum of a general function f(a) where
v
the gradient vector g (3.9) is defined analytically. It is based

upon Davidon's variable metric method [14].

In this method the matrix g from (3.8) is not evaluated direct-

ly but instead another matrix H is introduced and used as an approxi -
Y
-1

mation to G The increment ¢ is taken along the direction of

search s

(3.14) s = -Hg
so that

(3.15) $ = ag

where o is such that f(g+Ag) is a minimum with respect to A along
atas. The approximating matrix H s updated at each iteration using

the formula

81447 51 RaRA
(3.16) ﬂi+1 = ﬂi + 5 T
Ri i M H1¥1
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where

(3.17) 847 Rie1 7 B4 7wl
and

(3.18) Yi <8 T 4

are the changes in a and g during the ith iteration. If ﬂo is positive
definite initially then it can be proved inductively that all subse-
quent . are also positive definite. Since ﬂo is initially chosen

as the identity matrix, then all fi; will be positive definite. As

a consequence the method converges. When the method is applied to

the quadratic function it leads to a minimum in k iterations and it

is further proved that the matrix Hk converges to the inverse of the

. . -1
Hessian matrix Q .

The algorithm needs to find the multiple o at each iteration.
A sufficiently accurate minimum is obtained by evaluating the function
and gradient for different values of ) and using cubic interpolation.

The Tinear search usually requires considerable computing effort.

It is practicable to apply this method to find a Tocal minimum
of a general function whose first derivatives can be evaluated
quickly,even if only a poor initial approximation to a solution is
known. Both the proof of convergence and success in practice depend

on accurate location of the minimum in the Tinear searches.
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The termination criteria for the Fletcher-Powell iterative
procedure are as follows:

1. If the function value has not decreased in the last
iteration step, the search for the minimum is terminated provided
the gradient vector is already sufficiently small.

2. If the elements of vector a change by very small amounts,
and at least K iterations are performed, the minimization is termin-
ated.

| 3. If the number of iterations exceeds an upper bound pre-
assigned by the user, further computation is bypassed, and the
appropriate message indicates poor convergence.

4. If one of the successive linear searches indicates that
no minimum exists, further calculation is bypassed and the message

indicates that no minimum exists.

3.4 The Fletcher method

A method presented by Fletcher came as a result of further
development of the Fletcher-Powell method. He retains the positive
definiteness of H in the new algorithm, as it ensures a reduction in
the function value on each iteration, but a multiple o is not cal-

culated at a point where the function is minimized 10ca11y along the

direction of search.

The idea of replacing the linear search, which is time con-

suming, by a simpler way of reducing the function at each iteration
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has the consequence of abandoning the property of quadratic termina-
tion which guarantees fast ultimate convergence. If linear search is
abandoned, something else has to force a sufficiently large decrease

in f(g) at each iteration to guarantee convergence. The change in
function in one iteration would be expected by Taylor's series to be
approximately gTQ when § 1is small, but much less than that in absolute
value when the position of the minimum along the line is overestimated.
When that happens, the change in f(a) relative to QTQ, i.e. Af/ng ;

cannot become arbitrarily small.
The corrections are determined by

(3.19) § = -:lg

and trying the values of » = 1, w, w2,... for O<w<1 will eventually

produce a $ which satisfies the preassigned ratio Af/ng.

Another important feature is to retain a strict positive
definiteness of the approximating matrices if these ideas are to be
used. Failure may be caused by slow rate of convergence and due to
round-off errors in H which may become singular. So a new formula for

updating H was found

T T T T

(3.20) b=y, o it Rawati g 4 R 2ady
: i+l Al 5 T - 3 T T T

Ri i Ri i R % & i

where 85 and y; are defined in (3.17) and (3.18), respectively.
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The algorithm takes into account the above discussion on H
and A. It is desirable to have some guarantee that the H matrices

tend to G|
4"

so that the ultimate convergence for quadratic functions
can be proved. A suitable property refered as a Property 1 has been
defined in [19] which requires that, for quadratic functions, the
eigen values of i must tend monotonically to those of g'] in a certain
sense. The formula (3.20) possesses the required Property 1. It is
shown that the formula (3.16) also possesses that property [19]. The
two formulae can be combined together and they can be used to minimize
quadratic functions and thus permit as close an approximation to g']
as possible. The test which predicts which formula will be used is

the following

(3.21) Q,T,X i,yTHY

A4

If (3.21) is true the formula (3.20) is used, if not the
formula (3.16) is used. In fact when equality holds no preference is
important but it was decided to use the formula (3.20) to avoid pos-

sible singu]arity in H.

In most cases for A = 1 convergence will occur and so the
method requires only one evaluation of f and g per iteration which
results in the efficiency of the algorithm. If » = 1 is not suc-
cessful in reducing f sufficiently, then a A is determined by cubic
interpolation and the largest of this value and 0.1 is used. Thus
the possibility of obtaining a local minimum along a line is retained

when it is necessary, in which case more than one evaluation of f and
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o is used in one iteration. The property of quadratic termination
has been replaced by a property in which the approximating matrix

Q has to tend to the inverse Hessian g'] in a certain sense.

The termination criteria for the Fletcher iterative pro-
cedure are based on the same ideas used for the termination of the

Fletcher-Powell method.



CHAPTER 1V

Some Design Objectives

4.1 Error criterion

Most electrical network design problems can be formulated
as approximation problems. Evaluation of the difference between a
specified function and an approximating function leads to an error
criterion. Let us define a weighted error function or deviation

between a specified function and an approximating function as

ne

(4.1) e(a,x) = w(x)(F(g,x) - S(x))

where

S(x) is the real or complex specified

function,
F(g,x) is the real or complex approximating
function,
w(x) ~is the positive weighting function,
a is a k dimensional vector represent-

ing the adjustable parameters.

The approximation problem when all the functions from (4.1)

are continuous and real is illustrated on Fig. 4-1.

-17-
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Fig. 4-1 Continuous approximation problem

In general, more can be done for a finite point set of in-
dependent variables than for the whole interval. With a discrete
set some values of the independent variables can be isolated or
approximation can be done on several disjoint closed intervals as
is shown in Fig. 4-2. Of course, in a case when a curve has to be

fitted to experimental data discrete approximation may be the only
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approach possible. It is appropriate then to consider discrete

approximation.

Fig. 4-2 Discrete approximation problem

In many problems of interest a relatively modest number of
well-chosen sample points result in solutions to the design problem
sufficiently good for all practical purposes.

A discrete version of the error function (4.1) is given by

a) ie(g,xi) = w(x; ) (F(a,x;:)-S(x;)) » el

(4.2) e.l(
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where I is a sample set of n points.

A purpose of the weighting function w(x) is to emphasize or
deemphasize various parts of the difference between the approximating
function and the specification to suit the designer's requirement.
Thus the optimum with respect to one weighting function may not be an

optimum with respect to another.

4.2 L_and 2 (n) norms
p —P

We may define a norm on a closed interval [xj,Xp]

Xb 1
(4.3) el 2{5 ez P &xfp p o
Xa

called the Lp norm for the continuous case, and a norm

1
(4.4) gy 42 el p 2
where

r e_l(gﬂ
- ep(3)

(4.5) e(a) - i
? 1‘
| en(g)J

called the zp(n) norm as a discrete approximation to (4.3). The

process of minimizing the objective function defined as the L
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or 2p(n) norm is called least pth approximation. The solution is
termed a best approximation with respect to |Ie|lp for the continuous
or ||%||g for the discrete case. A widely known case is for p = 2,
namely Teast squares approximation. An important limiting case
where p approaches infinity is minimax, Chebyshev or L_and zw(n)

approximation. In this case we may define

A

(4.6) |le]],, = max]|e(a,x)|
Xa**p
and
(4.7) el |" éma§ les(3)]
ie

the Chebyshev or uniform norms.

In network and system design, the optimal responses usually
turn out to be equal-ripple, although equal-ripple responses do not

necessarily yield optimal solutions in the minimax sense.

It remains to point out that the optimization of the objective
functions when defined as the uniform norms, by any of the well knoWn
methods for differentiable functions is unsatisfactory because such
methods attempt to reduce the norm of the gradient function to zero

whereas in the minimax problem, the gradient may be discontinuous.

In spite of this some successful algorithms and computer pro-
grams with objectives in the form of (4.6) and (4.7) for a certain

class of functions have been reported [20 - [2] and a good survey of
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practical minimax approximation is presented in [23].

Least pth approximation does not suffer from this difficulty
of minimax objectives. Therefore least pth approximation with values
of p, 1<p<=, has been proposed and used to obtain optimal designs
which produce the results close to the minimax reponse. For the
special error criterion of (4.4) where p = 2, a simplified method
has been developed [3], [24] and [25]. Temes and Zai [26] and [27]
have extended a least squares method to a least pth method using for
minimization in place of |]g||g the following objective function

(4.8) U= Ez; (ei(g))'p for p>2 and p even,
: le
They developed an algorithm for least pth approximation [27] usable
with moderately large values of p, say of the order of 10. After-

wards, values of p up to ]0]2

have been successfully employed min-
imizing the zp(n) norm in conjunction with efficient gradient min-
imization algorithms such as the Fletcher-Powell method and the

recent method due to Fletcher [1]. Bandler and Charalambous generali-
zed the objectives so that least pth approximation could be used to

meet or exceed circuit or system performancy specifications [2].

‘More recent theoretical work has been published on conditions
for optimality in least pth approximation with p -~ = [28] from which

conditions for a minimax approximation [29] fall out.



CHAPTER V

Practical Least pth Approximation

5.1 Scaling

The obvious reason why large values of p are desirable in
the least pth objective is that the corresponding optimal approxima-
tions tend to become minimax approximations. It was pointed out
that discrete approximation was more practical, therefore from now
on we restrict the discussion to discrete least pth approximation

only.

We consider the minimization of the Qp(n) norm (4.4) which

is our objective

p=t

for ]<p<oo_

(5.1) i) = ()_le;(p) 1P
1e

The scaling of functions and variables in an optimization
problem is often crucial to the successful functioning of existing
methods. Intuitively, we mean by "well-scaled" that similar changes
in the function or variables lead to similar changes in the objective
function. 1In a contour diagram of a well-scaled function of two
variables the contour lines would not deviate too far from concentric
circles and in this case we would hope that a method of steepest
descent [1Z] would work satisfactorily. When the contours are exactly

concentric circles, steepest descent gives the optimum in one step.

-23-
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To alleviate the ill-conditioning in (5.1) for very large
values of p, a scaling was proposed [ 1] which modifies all the terms
which have to be raised to the power p such that they are less than or
equal to unity. Let

(5.2) M(a) g?a}( le; ()]
€

and rewrite (5.1) in the form

(5.3) U(a) = M(g)(z l;%g‘-)- p)% .
iel "
It is always true for all iel that
(5.4) la—%gl[ <1
R

where there is at least one i for which equality holds. Large errors
will be emphasized by large values of p and the contribution of the
other terms in the summation will become very small.

Assuming that the ei(g) for all ieI are continuous with

continuous derivatives, the gradient of (5.3) is given by

1-
' ) ei(g) P’—pR' e]' (,@l) p-2
(5.5) o yu(a) (1}; I—n-@-l ) 1; I—M—(g—)‘l
e:*(a)
Re( & ag ye.(a))

where
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ey
Q
—

(5.6) v é

| %%
and * denotes the complex conjugate.
We note that M(a) and also U(a) is positive and T<p<e.

5.2 Quadratic interpolation for a function of a single variable

It is assumed that a sufficient number of sample points have
been chosen along the x axis so that the discrete approximation problem
adequately approximates the continuous probiem. However, it should be
remembered that function evaluations are often by far the most time
consuming parts of an optimization process. So the number of sample
points should be carefu]]j chosen for the particular problem under
consideration. These arguments apply, of course, to any formulation
which involves sampling. If the requirement is to concentrate more on
minimizing the maximum deviation it is suitable to sample points in the
neighbourhood of the maxima of the weighted error function. As one
usually cannot know the positions of the maxima in advance, it is common

to space the sample points uniformly along the axis. Retaining the
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maxima among them and reducing the number of the sample points by
removing from the objective function those which do not contribute to
the summation considerably may save computation time. Even more can
be done if the approximations to the actual maxima replace the sample

points in their neighborhood.

It is assumed that, in the neighborhood of the extremum, the
function is adequately represented by a quadratic form. This assumption
is the same as the ones we made in Chapter III, where we assume that in
the neighborhood of the minimum the function to be optimized can be
approximated by a quadratic form. The function is evaluated at three
points, a quadratic interpolation polynomial is fitted to it, and the
maximum of this interpolant is formed. This point replaces one of the
initial points. This assumption has been thoroughly tested in practice

and found satisfactory.

The basic algorithm involving quadratic interpolation applied
to the weighted error function which is a multimodal function may be

explained as follows:

Assume that the weighted error function is continuous on the

closed interval [xa, xb]. Let

be the set of n sample points at the beginning of the jth iteration.
Before the searching procedure for the extrema of the weighted error

starts, the end points of the interval are added to the given set (5.7),
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if they are not already included. A set {xi(J)} is used to construct

n+1(orn+ 3, if Xy # X and X, # xb) subintervals over [xa, xb].

a
Each subinterval is divided by a predicted ng equidistant grid of

points. Let
(i,d) -
(5.8) {z, } o, k—1,2,...,ns+1
be the set of equidistant grid of points on [xi(j),x1+1(j)] interval.
The extrema of the error function are found by the sequential examina-
tion of the values of the weighted error function and by comparison
with the greatest on the subinterval obtained up to that time. If it

happened that both neighbouring points have absolute values of the

A~

weighted error less than the current one, then the extremum 21(1’3)
is found by applying the quadratic interpolation

5> (1,3) =, (i,3) ’ek]l"ek_ﬂ AL
(5.9) 7,0 =gy 2T€, ] -+!ek+1! - Te R
where
(5.10) e\ : ek(zk(i,j))
and
. . @) Q)
(5.11) Y A Zk+](1,3) ) Zk(1,3) _Xin _ X!
S
(J)

This point replaces X0 the left end point of the current subinterval.

Immediately after the extreme point is located on the grid, the
point on the grid next to the extremum replaces the left end point of

the next subinterval. This is done in case there are more than one
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extremum on a single subinterval. Thus the other extrema, if they
exist, are "removed" to the next subinterval by removing its left end
point. However, if it is found that there are no extreme points on

the next subinterval, the end point is again set to its previous value.

A11 the extrema are selected by applying this searching pro-

cedure on every subinterval and these points replace the nearby left

j+
f,a 1)}’
iel for the (j+1)th iteration is thus obtained. This set does not

hand side point obtained up to that time, and the new set {x

necessarily contain the end points of the interval, but they are in-
cluded in the searching technique at the next iteration to avoid

shrinking the interval.

Ai—l By

I

N \’\9 P /"
|
I
|

i
!
|
! ;
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|

i

\/"i'x‘-. o
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| L b
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| | :
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——————— n g
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X‘i-g\]) ' ' ' A . el
, (.3) , (5,9) , (3,3) , (1,3) (1,3)

1 . 2 3 . 5
< (3) Q)

! i 1 X+l

(3+1) (3+1)

Xi-1 *

Fig. 5-1. Iterative searching procedure for finding maxima on two subintervals.
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In an effort to keep the number of the discrete points in the summa-
tion (5.3) constant, at the end of the searching techniques we select

n sample points among n+2 according to the absolute value of the
corresponding weighted error function. If the error at one end point
of the interval has a considerably large value relative to the other,
the other is omitted. But if both end points have considerable errors,
two neighbouring points are omitted among four successive internal
points where the absolute values of the weighted error function are

the smallest.

A scheme of this procedure for ng = 5 is illustrated in Fig.
5-1.

Selection of the extreme points is significant especially
within the first iteration. Once they are found, they do not usually

move too far away in the next iterations.

The following is a 1ist of some arguments used for the quadratic

interpolation technique in the subroutine NEWSET:

indic(1) may have values 1 or 2.
indic(1)=1 indicates that quadratic interpolation is not
applied on a subinterval;
indic(1)=2 indicates that a quadratic interpolation is
done, and the left end point of the next subinterval is
temporarily removed.

indic(2) may have values 1 or 2.

indic(2)=1 indicates that quadratic interpolation was not
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applied on a previous subinterval;
indic(2)=2 indicates that a left end point of the sub-

interval was temporarily removed and if indic(1)=2,

the left end point will be set to the new extreme point

on the subinterval, otherwise it will be fixed to the

value it had before the searching technique was applied.
indic(3) may have values 2, 1, -1 and -2.

indic(3)=2 indicates that a new set of points does not

include the left and the right end points of the in-

terval [xa,xb];

indic(3)=1 indicates that xp is included in the new

set of points;

indic(3)=-1 indicates that X s included in the new set

of points;

indic(3)=-2 indicates that both x, and x, are included in

the new set of points.

q.1. indicates the number of quadratic interpolations done on the in-

terval [xa,xb].
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e ey
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Quadratic interpolation
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Az
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B t
[ indic(3)+indic(3)~1 ;

/tSJes“_ _ o

b RS
{_ {adic(3)+1indic(3)-3 |

: no

indic(3) Ifn> 4
n+l
1=5+1

Among 4 successive internal po—ints,

"'no XY X oA

i [
-—w=k <+ 3§, ntl x -x, e
L tekh te. w2ER
e O A *ne1 042

- -2, o+l i

R AT

X .+X
n+l “n+2 !

. ek+2, ol
L Lentle2-k

TR |
1.e. *17%5% |
l

v 2

Fig. 5-2 Flowchart of subrcutine NEWSET

|
!

; no i ‘

2 neighbouring are omitted at which | ;

the absolute values of the weighted |

indic(3)=-27%8 | error function are the smallest. [ —‘

1-=k + 2,4 X, =X € P

, L+ 42k fe. AR P

| {

-

1

J —_‘”“'—4

i.e. X 2 % EX v '1

U e e



33.

5.3 Computer program

A computer program in FORTRAN IV is written for minimizing a
function defined as a least pth objective where all the functions
from (4.1) are real. Although the program is used simply by calling
the name FMCLP, it contains 14 different subprograms. A list and a

brief description of all the subprograms is given below:

FMCLP Supplies all the data for the function minimization

and coordinates the other subprograms in the pack-

age;
S Defines a specified function over an interval;
FAPP Defines an approximating function over an interval

and the gradients w.r.t. variable parameters;

W Defines a weighting function over an interval;

WERR Computes a weighted error function at each sample
point;

NEWSET Redefines a sample point set using quadratic inter-

polation to include all the extreme points;

FUNCT Finds the absolute maximum weighted error and
computes the least pth objective (5.3) and its
gradients (5.5);

GRDCHK - Checks the gradients w.r.t. all variable parameters
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before the optimization process starts;

FMFPC Minimizes a function using the Fletcher-Powell

optimization technique described in the section

3.3;

FMNFC Minimizes a function using the Fletcher optimiza-

tion technique described in the section 3.4;

INPUT Prints the input data for the optimization process;
FINAL Prints the optimum solution after function minimiza-
tion;

WRITE]T and WRITEZ Print the intermediate results.

S, W and WERR are function subprograms and the others are sub-

routine subprograms.

A user of the package FMCLP is supposed to write the following
subprograms from the above Tlist: S, FAPP and W where he defines his
own design problem in a straightforward way. More detailed instructions
about how this should be done to fit the given package are available

in Appendix I.

Subroutine NEWSET is written according to the algorithm and
the flowchart given in Section 5.2. The other subprograms require

more explanatijon.
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The output of the function subprogram WERR has a value of the

weighted error at a single point X for a particular vector a, i.e.
A
(5.12) WERR = (F(a,x)-S(x))-w(x) .

This subprogram is called for each sample point as many times as there

are the changes in the vector a.

Subroutine FUNCT keeps the values of the weighted error of each
sample point in an n-dimensional array, finds the maximum absoTute
value among them and computes the objective function and its gradients
according to the equations (5.3) and (5.5), respectively. The flow-
chart of FUNCT is given in Fig. 5-4.

Subroutine GRDCHK checks the gradients of the approximating
function, which a user has to supply, indikect1y through the gradients
of the objective function (5.5), before the optimization procedure
starts. The criterion used for checking the gradient is the relative
comparison between the analytical and the numerical gradients against

a small given number n

U(ai+Aai)'U(ai) KL
Ad Y
(5.13) T(a:-+Aaﬂ-U(a1.T1 <n o, i,k
Aa

4 1

where in particular A=10"" and n=10"". 1If it happens that

(5.14) U(a;+aa ;) (a;)

=20 , " i=1,...,k ,
Aai <10
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then a small quantity 10720

replaces the denominator in (5.13) to
avoid the possible division by zero in that case. The gradients are
checked only once, for the starting values of x'and g. If (5.13) does
not hold, the program will terminate and wait for a user's interven-

tion.

FMFPC and FMNFC are subroutines available for function minimiza-
tion. The user has to specify which method is going to be used, how
many times and the stopping criteria for the minimization procedure.
There is the possibility of choosing both at one run. For more detailed

instructions see Appendix I.

The subroutines INPUT, FINAL, WRITE1 and WRITE2 are called only
when certain data or results are desired to be printed out. How this

is handled is explained in Appendix I.

A11 the subprograms are coordinated by FMCLP. Fig. 5-3 illus-
trates how all these subprograms are tied to FMCLP and is useful in
understanding the organization of the whole program. A flowchart of
FMCLP, given in Fig. 5-5, shows in more details how this is actually

done.

The program terminates when the stopping criteria for the
optimization method, Fletcher-Powell or Fletcher method, are satisfied
or when'the relative change in the objective function in two successive

iterations is less than a small prescribed quantitye, i.e.,
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The Tisting of the program described in this Chapter is
attached in Appendices II and III.
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™

Discrete points are set
aquidistantly on the interval
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number of improved extreme point? /
quadratic \

interpolation jyes

is zero

'\ Print
" \rumber of applied quadratic interpolations.
and a new set L error, , fel,voyn

/

Gradient

— yes ,
checking?> o “‘t CALL GRDCEK
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5.4 Examples

As mentioned before, using Targer values of p, the more
nearly is the maximum.error emphasized and with extremely large
values of p we approach the minimax solution. Two numerical examples,
where the rational minimax approximations to the functions are known,
were taken for comparison with results obtained using least pth
approximation [22]. The reason why rational approximating functions are
chosen in the least pth objective is that adequate comparison between
minimax and least pth approximation may be done, and there exists a

unique rational function

(5.16) R, (x) = = 40

which minimizes the uniform norm. The uniqueness is proved by
Chebyshev [3G]. In this case the defect has to be included in
Chebyshev's theorem. It is known that if the functions form a
Chebyshev set, the best approximation to a function over a closed
interval is characterized by the maximum error occurring at k+1 points,

the sign of error alternating.

The initial approximation and the starting point set in the
examples were chosen to be the same as in the minimax approximation

problem [Z]. The initial approximation was obtained by rational
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interpolation where the zeros of the Chebyshev polynomial (k+1)st
order, Ty, [31], transformed on the interval [xa,xg are used as
supporting points. As a first trial for the point set X» the extrema
of the (n+1)st order Chebyshev polynomial were taken. There is no
special reason for choosing these initial points with Teast pth
objective, but it is shown that they provide a good initial guess for
the minimax algorithm. A computer program which calculates the start-

ing values of a and x is given in Appendix IV.

Test 1
Approximate
(5.17) f(x) = *-1.1

on the interval [-1,1] by a rational function (5.16) with 2=1 and

m=3. Use the weighting function w(x)=1.

An initial set of 12 points is chosen over an interval [-1,1]
and all the test quantities for the Fletcher-Powell and Fletcher method

were set to ]0'6.

The value of p=]04 was found to be large enough to
bring the least pth close to the minimax solution. The results are

presented in Tables 5-1 and 5-2.

From Table 5-1 we may draw the conclusion that good results
were obtained with both optimization techniques. Also, it may be

noticed that the Fletcher method was more efficient than the



Starting
values

Minimax
solution [2]

e e e O

Least pth solution

for p=10

4

Fletcher-Powell

i
Fletcher

a, | -1.00000x10”"

a; | 1.04878

b, % -4.92007x10”]

b, % 7.77810x1072

b, % 6.04748x10™"
UorM

~ Number of iterations

Number of function
evaluations

© Execution time

in seconds

-9.99928x1072
1.04887
-4.91425x107"

7.77872x1072
~2.60009x10™°

M=8.68978x10™°

-9.99274x1072

1.04887

-4.91425x107]

7.78725x10~2

-2.59776x107°

U=8.69170x10°

420

14

Table 5-1

U=8.69326x10”

{
1
.

-9.99274x1072
1.04887

~4.91425x107]

7.78725x1072

-2.60049x10"°

5

115

3.5

e o]

4y



Minimax solution

X where

.the~3xtreme errors
occur extreme errors
~1.00000 8.68978x10°°
-7.23512x10"]  -8.68938x107°
~1.19232x10"" 8.68977x10™°
 4.72888x1071  -8.68975x107°
8.65372x10” 8.68972x10™°
5

| 1.00000

-8.68977x10°

Least pth solut1on

Eniaa——— -1

F]etcher Powe]]

e e 4
working set of x: error %) at '
at the opt1mum the op imum
~1.00000 : 8.68987x]0 -5
-9.59493x10™) | 3.42715x107°
-7.25986x107 | -8.68983x10°
-7.25825%107) | -8.68983x10™°
1.19127x1071 | -8.68976x107°
~1.18506x10”] 8.68972x107°
4.73730x10°) | -8.69024x107°
4.82411x10"" | -8.67694x107°
8.65710x10") | 8.69016x107°
8.99065x1070 | 7.93572x107°
9.12197x10"" | 7.15451x107°
1.00000 -8.68953x107°
Table 5-2

at the optimum

for p=]04

|
working set of

-9.59493x10”] 3
-7.25029x10"" -8
-7.25829x1071 ¢ -8
21.19111x107" 8
~1.18495x107] 8
4.73012x10"0 ' -8
2.82570x10"0 . -8
8.65783x10" 8
8.99070x10"" 7
9.12197x107" 7
1.00000

-8,

Fletcher

.00000 - 8.

error (a) at
the optimum
69123x10~
.42850x10°
.68834x10°
.68833x10
.69252x10”
.69248x10°
.68853x10
.67500x10
.68912x10°
.93431x10”
.15331x10°

69069x10"

5
5
5

-5

5
5

-5
-5

-5
-5
-5
-5

"Gy
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Fletcher-Powell method because it requires fewer function evaluations

and is less time-consuming.

Test 2
Approximate
(5.18) f(x) = VQSX-1)28+ 1-tan” ' (8x)
X

with respect to the weighting function w(x)=1 on the interval [-1,1]

by a rational function with 2=2 and m=2.

This example is remafkab]e because it works near degeneracy
defined in the Chebyshev theorem [30], and meets the artificial poles
for almost every combination of 2 and m in the rational function (5.16)
[21]. In true degeneracy of degree one, there is one less extremum of
the error curve than is expected with a minimax algorithm, and essen-
tially the numerator and denominator of the rational approximation
contain a common linear factor which must be divided out to reduce
the rational function to its lowest terms. In the numerical examples
it is nbt at all unusual to find that the numerator has one zero that
differs from a denominator zero by somé small amount, i.e., ~ to have
a rational approximation nearly degenerate of degree one.

The comparative results between the minimax and least pth
approximation obtained by the Fletcher optimization technique for

p=104 are presented in Tables 5-3 and 5-4,



Least pth solution

Starting ; Minimax 4
values | solution for p=10
| obtained by the Fletcher method
Ca, o 1.00000x1074 | 1.41450 1.41448
| ; ! '
a o -3.33600  -1.06530x10" -1.06519x10" |
! i !
s, o 4ge782x10" | 4.16169x10" 4.16157x10'
by 1.76567 | -4.0103 -4.00940
R g
b, 3.19620x10" | 2.82628x10 2.82620x10]
i ! ,
— ——
CUorM | M=2.38113x1072 U=2.38154x1072
| |
é Number of jterations 8 13
Number of function - 586
evaluations :
Execution time - 1 9.2 i
| in seconds | |
L . . ol |
Table 5-3

WA



Least pth solution for p=104

Minimax solution obtained by the Fletcher method

|
|
|

|
|
i
!'
f
|

( X where the é working set of x errors at
extreme errors occur extreme errors % at the optimum the optimum

? ~1.00000 -2.38108x1072 ~1.00000 -2.38025x1072
| -9.50493x107! | -2.15823x1072
g -4.34766x107 ! ; 1.77356x10"2
| -3.08573x10"" 2.38108x1072 ~3.15535x10" ] i 2.38026x1072
-6.15510x1072 -2.38109x1072 -6.18947x102 | -2.38007x1072
5.42007x10"2 2.38108x1072 5.46342x1072 i 2.37994x1072
o 1.93065x10"0  -2.37976x102
1.96670x10°" | -2.38113x1072 | 1.94017x107" f -2.37976x10"2
5.52892x10" 2.38108x1072 | 5.52292x1071  2.38004x1072
: ‘ 6.20236x10"" 2.27473x1072
% | 8.09651x10""  1.42303x1072
1.00000 ~ 3.68693x107°

Table 5-4

k17
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Test 3

There was an attempt by Rice to extend the Chebyshev theorem
to include non-linear dependence of F(a,x) on a that the same charac-
terization of best approximations holds for all continuous S(x) [321],
but this applies only to a Timited class of approximating functions
[0]. Unfortunately, there are many useful choices of F(a,x) which do

not fulfil Rice's conditions of best approximations [33].

The third example is another that might be expected to give
trouble. Due to Curtis and Powell [33], it is the approximation of -
x2 by a]x+a2ex over 0< x<2. It may be verified that the error func-

tion of the approximation
(5.19) xZ % 8.465x - 2.0239e*

takes its maximum absolute value at the three points x=0, x=1.1227
and x=2, the error at these points being +2.0239, -2.0239 and +2.0239,

respectively. In fact, the best approximation is
(5.20) x? % 0.1842x + 0.4186€*

the maximum absolute errof is 0.5382 and this error occurs at just
the two points: x=0.4064 and x=2. Not only do the approximating
functions fail to form a Chebyshev set, but also the error curve has
only two extrema instead of the three that would normally be antici-
pated according to the Rice's theorem. The least pth results for

this problem are given in Table 5-5 and again show the success of
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FMCLP. The estimates of the best approximation agree to four figures

with those given by Curtis and Powell.

1
Initial approximation [1}
Fletcher method:

Stopping criteria 1076
n i 10
p g 10°
2 % 0.1848
0.4184
M(a) 0.5382 |
%M i 0.4066
| 2.000
U(a) | 0.5382
function evaluation i 67
execution time in seconds l 1.3

Table 5-5

Test 4

The computer program is used to solve an electrical engineering
design problem. The problem is stated: find a second order model of

a fourth-order system with a given transfer function

(5.21) G(s) = 5‘54 :
(s+1)(s“+4s+8) (s+5)
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The transfer function of the second-order model considered
is

a
(5.22) H(s) = 3
(s+a1) + a,

2

Using the inverse Laplace transform the responses for (5.21)

and (5.22) are

(5.23) S(t) = E%-e't + g%-e'St - E%’ -2t (3s1n2t +11 cos2t)
and
(5.24) F(a,t) = EQ_ 21t sin a,t
. 2
respectively, where
B
g = | *g
123

The results for different values of p and different numbers

of sampling points n, but the same product n x n over the range

s’
0<t<10 are given in Table 5-6, agreeing with those given in 28 ].

Using the quadratic interpolation the Tocations of the extreme
points were found precisely, and the solutions are closer to the
minimax solution. Both solutions, for n=10 and n=25, are better than
for n=50 where the quadratic interpolation was not employed. More-
over, the case n=10 is less time consuming, because this sampling

takes the least number of points for the objective function (4.3) in

comparison with the other two cases under consideration.



n=10, ng =5 n=25, ng =2 n=50, ng =1
p=2 | ay=1.27339 a;=1.05489 a,=1.01687
| a,=6.54190x10”" a,=-7.67814x10"] a,=7.8915x107"
az=2.17787x10"] a,=1.618192x10”] a;+1.61435x10™"
é M(a)=2.05859x10™ | M(a)=1.32708x10°2 | M(a)=1.28696x1072
ty=2.51460x10”" ty=2.46234x10”" t=2.04081x10”"
U(a)=4.71528x1073 | U(3)=1.21662x1072 | 0(a)=2.06679x10"2
2 f.e.=4] f.e.=30 f.e.=36
%. ‘ q.1.=2 q.1.=3 q.i.=0
% 1.6 sec 2.3 sec 5.1 sec
|
p=10! a,=7.37873x10”] a;=7.46289x10" a,=7.43325x10”
| 2,=9.2622x10”" a,=-9.23826x10”] 2,=9.29377x10""
a,=1.2862x10”] a,=1.27596x107] a,=1.2812x10""
M(2)=8.9565x10™> | M(3)=8.76150x10™> | M(a)=8.5446x107
 t,1.67727x107 ty=1.73062x10”" t=2.04081x10”"
U(2)=8.4364x10™> | U(g)=8.2421x10™3 | U(a)=9.1834x1073
f.e.=38 f.e.=32 f.e.=31
q.i.=3 9.i.=3 q.i.=
1.5 sec 2.5 sec 4.5 sec

1
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CONT'D
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n=50, ng =] W

n=10, ng =5 n=25, ng =2 |
p=10%  a,=6.79369x10”" a,=6.8047x10”" a,=6.88905x10”" i
a,=9.55429x10”" 2,=-9.5471x10"" 2,9.52106x107" |
a,=1.21997x10”"! a;=1.2206x107] a5=1.2334x10""
M(3)=8.9563x107° | M(3)=8.1300x107 M(a)=7.9450x10"°
ty=1.67727x107] | ty(2)=1.73062x10"" ty=2.04081x10""
U(3)=8.2055x107% | U(a)=8.1866x10"3 U(2)=8.0045x107>
f.e.=35 f.e.=35 f.e.=35 |
q.i.=1 q.i.=1 q.i.=0 |
1.3 sec 2.5 sec 5.sec %
| _
. p=10°| a,=6.737x10”" | ay=6.77142x10”] a,=6.8510x10""
a,=9.5590x10™" | a,=-9.5556x10"" a,=9.5289x10"
a,=1.2168x10”" a,=1.21735x107! a,=1.2294x10""
M(2)=8.1125x107> | M(2)=8.0905x10™> | M(a)=7.9009x107°
t,=1.67727x10"! t,=1.73062x107] ty=2.04082x107" |
U(a)=8.1182x107% | U(3)=8.0957x10"3 | u(p)=7.9068x107
f.e.=28 f.e.=29 f.e.=26
q.i.=0 q.1.=0 q.i.=0
1. sec 2.3 sec 4, sec
Total ‘ 'f.e.=142 f.e.=126 f.e.=128
for 5.4 sec for 9.6 sec for 18.6 sec

Table 5-6
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Remark: The optimum result for a, is true for both positive
and negative values from Table 5-6 because this does not effect the
approximating function (5.24) where

sin at _ s1'n(-a2 t)




CHAPTER VI

Generalized Least pth Approximation

6.1 The objective functions

The applicability of least pth approximation may be extended
to a wider variety of design problems and a wider range of specifi-
cations than considered in Chapter V if the least pth objective

function is written in a more general form [ 2].

We will evaluate all the functions at a finite discrete set

of values of x taken from one or more closed intervals.

Define real weighted error functions related to the upper

and lower specifications, as shown in Fig. 6-1, respectively as

e, (2% 0w, (%) (Flaux; Jrs (x;)) el

u.
(6.1)
e, (2,5 )=w, (x,) (F(a,x:)-S, (x:)) , iel,
where
F(g,xi) is the approximating function;
Su(xi) is an upper specified function;
Sz(xi) is an lower specified function;
wu(xi) is an upper positive weighting function;
Wz(xi) is an lower positive weighting function;
2 is an vector containing the k independent parameters;

-55-
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X; is the discretized independent variable;

Iu and Iz are appropriate index sets.

S.F.w

Fig. 6-1 Example of a design problem with

upper and lower specifications.

A special case of (6.1) when $,°S, and w =w, leads to the

common form of a real weighted error function defined in (5.1).

We will slightly modify the error functions by introducing
a constant ¢ which is used for shifting the level of the originally

defined errors functions (6.1) [24] such that
' e, (2,x.)
eu Q’xi’g eu Q’Xi =g
(6.2)
I( é +
e, (a.x;,8)=e, (2,x;)+¢

The above expressions may be obtained by redefining the
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specifications which are going to be used in the error function

(6.2) as follows

Sy (x8)=8 (% )ty

u 1

sg'(xi.a)=s£(xi)-ﬁg%;;)

where Su'(xi,g) and 59'(x1,g) are the artificial upper and lower

specified functions, respectively.

Therefore, the modified error functions are in the following

forms

eu'(g,xi,a)éwu(xi)(F(g,xi)-Su'(xi,a))
e, (gox; )2, () (F(gox;)-5, " (x:,8)).

A certain flexibility in the formulation of the optimiza-
tion problem is possible when the artificial margin £ is introduced.

A more detailed discussion will come later.

Let

eui(g,a)geu(g.xi,a) . el

eli(g,s)éez(g,xi.a) » el

It is quite possible that some of the upper and lower error

functions tend to -« and +~, respectively, in which case they may be
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simply ignored.by a proper formulation of the problem.

We will consider two possible cases which may happen in
function approximation with upper and lower specifications: the
specification may be violated and the specification may be satis-

fied.

6.2 Case I-Specification Violated

When the specification is violated, some of the e, I(g) or
i
-ez.'(g) are positive, as is illustrated in Fig. 6-2. (The illus-
i .
tration is made for £=0, for convenience).

S,F,w F(a,x)
N

N T Dt S, (x)
‘ - ~._)
: . Wi X
(x) .
L i . ‘Af 7‘7’
| " E
€028

Fig. 6-2 Example of a design problem when the specification is violated.
Case I is applicable.
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We wish to make as small as possible all those e, (g) and
. i
-el.(g) which are positive, in an effort to meet the specification,
; _
and the following objective function was proposed [34] to be min-

imized:
1
(6.6) Uaa)=( ) e, 'o)Pr 2. e, '(o)P)P
1edu(g,£) i 1€J£(g,§) i
where
Ju(%,g)é{ileui'(%,g)ip, el )
(6.7)
Jz(g.i)é{il-ezi'(g.z)zp, fel,}
and

p>1,

If Ju and Jz are empty then U(g)=0 and we have just met or
exceeded the artificial specifications. The larger the value of p,

the more nearly would we expect the maximum error to be emphasized,

since
' ] 1€JU(’%’€)
(6.8) max[e ~(a,£), -e, (a,€)]=einl(a,£),
1] ! J pre JEJQ(%aE) s

hence minimization of (6.6) is an effort to meet the specification.

6.3 Case II-Specification is satisfied

When the specification is satisfied all the -e, I(g,g) and
: i
e '(g,g) will be positive as it is shown in Fig. 6-3. Again for

&



convenience, £=0 is chosen,

T\~////////, \ F(a.x)

s IL TI77777 777777777 SJL(X)

|

‘ (x)
e

i
| X
S | L. -

o

I, I,
)
“Cu®y,
e, (g.x) -, (2x)
I L L u |

Fig. 6-3 Example of a design problem when the specification

is satisfied. Case II is applicable.

Now, in an effort to exceed the specification by the greatest

amount, the following objective function was proposed [34] to be

minimized

D el
(6:9)  Ugoe)-typy Loey (RO Pz ey (o) 17517

for

60.
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(6.10)

and

p>T.

Again, the larger the value of p the more nearly would we
expect the minimum error to be emphasized, since

: . iel
(6.11) - maxle, "(a:£), -e, (a,£)1=1imU(z,z), y
1,J 1 J pre jel
L

6.4 Scaling

If p is very large we have ill-conditioning in both cases

'q2b <o %P
u, 17 and [+e21 1.
By proper scaling we can alleviate the ill-conditioning and also

resulting from the numerical evaluation of [te

define only one objective function which is valid for both cases [24].

Let

A ' ' -iEIu
(6.12) M(a £)=max[e ~(a,€), -e, (2.£)],
J

15J 1 jsIz

and define an objective function
§

: ) 1

3 ( sg) - » ( sg) a

(6.13) V(o) Mge)l 5 [ digly (RS
1eKu A 1ng N

and its gradients
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eys (a,£) —eg. (a,E) 11
(6.14) vU(a,e)= (1EK "%%%427__ [—M%%TE§—~—Jq)q
( £) |
(1€K [“MTE‘ET——- Ve”i (3,5)
'(2,¢)

a3 e ()

where
" Q{Ju(g,g) if M(a,g)>0 ’
o I if M(a,z)<0
(6.15)
Kgé{dl(g’g) if M(a,g)>0 ’
I, if M(z,£)<0

with Jy(a,g) and Jy(a,z) defined in (6.7) and Iy and Iy defined in

(6.10), and
p>1 for M(g,g)>0,

A
(6.16) ~9=p sgn M(a,&) {
p>1 for M(g,g)<0.

If eui'(g,g) and elil(g,g) for el and iel,, respectively,
are continuous with continuous partial derivatives, the proposed
objective function is continuous everywhere with continuous partial
derivatives. < The objective function (6.13) and partial derivatives
(6.14) still remain continuous even when, for some i's, eu1' and/or
'

€gs

;' are discontinuous or continuous with discontinuous derivatives,

simply because those points are ignored if eUi'/M and/or-egi'/M are nega-
tive and M>0. This is very suitable for the wide variety of net-

work and system design problems, especially in filter design.
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6.5 Discussion

The artificial margin g which is constant during optimi-
zation does not affect the location of the minimax optimum (p>«).
Its important role, however, is evident for a finite value of p.
The value of the parameter £ can be chosen so that the M of (6.12)
is always positive or negative during optimization. When M is
positive, only sample points which satisfy the conditions in (6.7)
are considered and, therefore, there is a saving in gradient
computation. But in this case it may happen that M=0, when the
function is continuous but the derivatives are discontinuous. On
the rare occasions when this situation causes a failure of the
gradient minimization algorithm, one can change the value of ¢ and
restart the optimization process. If the value of M is chosen to

be negative this possible failure is avoided.

6.6 Computer program

A computer program in FORTRAN IV has been written, which
utilizes the least pth approach described in previous sections. The

program consists of 15 separate subprograms.

FMLPO  Supplies all the data for the optimization process and

coordinates the other subprograms in the package;
FUNCS  Defines upper and lower specified functions;

FCTAPP Defines an approximating function and its gradients



with respect to variable parameters;
W Defines upper and lower weighting functions;

FCT Calculates artificial upper and lower specified functions

according to the equation (6.3);
EPSNP  Calculates upper and Tower weighted error functions;

ERRO Selects the weighted error functions of interest for the

objective function (6.13) according to the equations

given in (6.15);

FUNCG  Computes the generalized least pth objective function

(6.13) and its gradients (6.14) w.r.t. variable parameters;

GRDGHK, FMFPG and FMNFG are subroutine subprograms which
have the same role as the subroutines GRDCHK, FMFPC and FMNFC,

respectively, in the FMCLP package.

INPUT, FINAL, WRITET and WRITE2 are subroutine subprograms

which have already been introduced in section 5.3.

FUNCS, W, FCT and EPSNP are function subprograms, and the

others are subroutine subprograms.

A user of the package is supposed to write the following
| subprograms by himself: FUNCS, FCTAPP and W in a straightforward
way. More detailed instructions may be found in Appendix V. A

user has to arrange the intervals, not necessarily disjoint, such

64.
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that each of them has only one specification. For example, if the
original design problem has upper and lower specifications for
the same values of the independent parameter x, two intervals with
a single specification have to be formed, one with the upper and the
other with the lower specification. A two-dimensional array is
constructed of the input data, where the first of the two subscripts
relates to the type of the specification and the second denotes the
appropriate intervals. The elements of the array may have values
+1 if there is an upper or -1 if there is a Tower specification in
a given interval.

Let

e."(2,8)8(+1) eyi(ae) el

(6.17) A . o
e;"(2,6)=(~1)-ep:(a,8) , el

where I N I, = D.

Then the expressions for the generalized least pth approxi-

mation (6.13)-(6.16) may be redefined in a form suitable for pro-

gramming:

(6.18) M(%,g)émgx[ei“(g,g)] Gl 21U,

1
(6.19) U(a,g)=M(a,e)( ZKI-ﬁqégéé_Jq
-1 "(2,8)

(6.20) W(ge)= (Lo o3 (1T Trey (106))

where
J if M(a,£)>0
(6.21) & (g.8) i M(g,&)

I if M(a,£)<0
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A .
with J-Ju(g,g)u.k(g,g), and q the same as in (6.16).

Function subprogram EPSNP computes the upper or lower
weighted error at a single point x for a current variable vector

a. A flowchart of function EPSNP 1is shown in Fig. 6-5.

The flowcharts of the subroutines ERRO and FUNCG are
available in Fig. 6-6 and Fig. 6-7, respectively. The Tist of
the symbols used in the flowcharts are given on the page 67. A
scheme presented in Fig. 6-4 illustrates how the subprograms are
connected to each other, The flowchart of FMLPO is given in Figq.

6-8.

If the gradients of the approximating function are not
supplied correctly, the program will terminate and print out the
appropriate message. Also, suitable diagnostic messages are printed

out whenever there is any unusual exit.

When the criteria for the optimum have been satisfied, the
optimum solution, the discrete point set with the articifial weighted
errors in each interval and the execution time in seconds are printed

out.

The computer program of the whole package FMLPO is given in

Appendices III and VI.

Most of the symbols used in the flowchart are in agreement
with the corresponding ones used in the theory. Those which differ

or have not been mentioned yet are



gradi

corresponds to e.(a,&);
corresponds to M(a,£);
is a total number of intervals;
is a current interval;

is a number of discrete point set at (jI)th interval;

is a left end point of (jI)th interval

is a right end point of (jI)th interval;
is a characteristic number of (jI)th interval with the

information about upper or lower specification;

is an integer which determinates the interval where

the selected point belongs;

is the gradient of the approximating function gF(g,xi);

is a small quantity used as a stopping criterion of the

iterative procedure in FMLPO.
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i | B I | INPUT :

o BN £ et T O R
. J L

i
1
i

i Vo |
i 1 | i

r
FCTAPP { W ‘ FUNCG

Fig. 6-4 The organization of FMLPO

l WRITE1
e

WRITE2

89



enter |

'+ )
A value of F(e,xi) for a particular 1
x, and g is computed only once, indicator=l,
;othetvise is saved fram the previous computation.}

/imiicator-l yes

.

*.,._M,: .

CALL FCLAPP ;
!F(e,xi) is obtainede

R ——

1
l If £=0, it 1is
superfluous to use
i_ artificial specifications:

. ——

A

\

no

[ [ /yes — *;

| s M,,.W_A__L —

i EPSNP-(F(,E %, )-FUNCS (x,,31)) *w(x ,3y)

i

b——

-——

i
1?.1»sm)13(1~~(,;,,xi)—1-*c‘r(xi FUNCS, w, i;, &, xi j)) w(Z.jQI . ‘
e |

> Cote)

‘Fig. 6-5 " Flowchart of function subprogram EPSNP




Define a statement function
as a function sxbprogtam EPSNP:
e(xi)-EPSN?

i

function at each point be done?

no < Should a computation of the error

~"

| yes
indicator +« 1
j -

OO =

+ 4+ 4

i
2
ke

J+341
i+l

no

j=1 .
ki + ki+l
ye

If the value of the approximating function has been
already calculated for the current values of x and as

it would not be calculated again
22 + 2

o
L §

error, « e(xl)

e _1 b errorl-xa'j

T

™~
yes

indicator«l

ap ,+ap
yes ¥ ;:_ o
T TReEJTEP
28 « 2941 indicator+0

lno

no
28 = Kt
v.yes . |

SO S N —— ——— e}

~
indi c\w—;
.. “F(a,
~ no j..l._j(_m).

ny
451 (kg 1))

e - max(ei') , =
2

b

- T
DU -

o
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j+ 34l
1«1

2 +£+1

_ _ _.,_,_!es i .

1
14+ 142 n + n+l 1
[IES—— x'pex
: 2
error_ + error
o [
Pyt ap, |

{'\)m ">°\ e

7.

no

Fig. 6-6 Flowchart of subroutine ERRQ



|
Supply the points of interest (6.15)
and € pax using the subroutine ERRO:

Set:

gm* 0, =1,...,k
1+1

j+1

&+ 1

1+1+1
I+1
L1

Lel4l.

ot ]

Determinate the interval jI where

the selected errori belongs:

)
l‘(&,xi) - Fi
Supply the gradients of the approximating function
grad;, i=1,...,k by the subroutine FCTAPP

I T
I__CALL g 1

gradg+(error /e ) P_l-w(xi.j) ‘grad,

g,:-f,:&gtadl .

72.



(6.13) is computed in U:
n

o

U+ em(igl(etrorilemx)p)

L=l

(6.14) 1is computed in Bg» Lrl,.eu ke

—

1

n 1
LI

g, *+ (I, (error /e %) 8,

e R+l

no

| yes

return

Fig. 6-7 Flowchart of subroutine FUNCG
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enter

Read
kj‘ x:l.j' 1=1,2,3 and j-l,...,nI
a,, i=1,,...,k

Ps,t

:

< Discrete point \yes

sét to be read? /'
§ no

Discrete points will be arranged

equidistantly in each interval
j~*1

=

x

1 %1,y

+(x ) (1-1)/k,, i=1,...,k +1

2,171, 1

ves

“ o
[l ~ 4

et | 4 3

Read
xi, 1=2,...,k

r

Total number of discrete points is

b ¢
n=, L (kj+1)
Calculate ’
error el!l’SNP , 1=l,...,n

i

\i’riﬂt the starting value /

xi' errori, i=l,...,n

Select the m points for the objective
function by subroutine ERRO

CALL ERRO

Print the selected poi.m:s7
xi, error, , i=l,...,m /

\ and e ax’

:
<&-adienc checking? >¥ﬂ'-"*"“-——————
|00

CALL GRDCHK

U

es (G radients are correct?>

! no
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o .A,ﬁ._,,Ha—ni< Last iteration? >

-

]
< yes_ \ Read
First minimization? a ptimization method to be used
jno and the stopping criteria

Want change the starting point es Readi [
and the optimization method? FOE R ITARE i
- B
< The input data for the optimization \  yes __[ CALL INPUT '

proceadure to be printed out?

| no Princ

optimization method,
stopping criteria and
etarting values of R

e ]
!
Go to the chosen optimizationm method '
r*——{ | i
CALL FMNFG I [cawr vrpe
New Fletcher method is used { . Fletcher-Powell method 1s used.
—
— — T
-
[
The intermediate results\ yes _ ;
to be printed out? . CALL WRITEl & WRITE2
-
I}
ne Print
u, ZU' 4, time elapsed and
awsher of function evaluations

T

N }
CALL FINAL
Print the optimum solution 7

/
u, 2 and execution time, xi, error, , i-l,...,m/

L]

Is a relative change in yes
function value<e? >

_lno

yes

S

S

return

Fig. 6-8 Flowchart of subroutine FMLPQ
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6.7 Examples

Four examples were chosen to illustrate the work of the
package. The first example is with the objective function as in
case I, the second when it is as in case II, the third the low
pass filter design problem without and, fourth, with parameter con-

straints.

Test 1

A problem for system modelling, the same as used in Test 4
in Chapter V, is solved again. In this case upper and lower speci-

fied functions are chosen to be the same:

t 5t 2t(

(6.22) S '(t)=S '(t)=s(t)=m§ e” 3sin2t+11cos2t)

1 - 1 -
u 2 52 € " g5 ©

with the artificial margin £=0, over the range ta[O,TO].

- When one function approximates the other, it always corres-

ponds to the situation in the case I.

We consider the same interval I twice, once as Iu and
secondly as IQ. 51 uniformly spaced points were chosen over the
range [0,10] including 0 and 10, and a starting vector

1
1
1

The Fletcher-Powell and Fletcher optimization techniques

were used with the stopping criterion e=10'6. The results are
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shown in Table 6-2. Also, the 1list of errors in both intervals and
selected errors for further optimization, for p=2 is given in Table

6-1. With p=2, the following parameter vector is found

1.01647
0.78927
0.161400

The results from Table 6-2 are in excellent agreemént with
those in Table 5-6 when n=50 and ns=1, i.e. the case without quadratic
interpolation. Also it is evident that the Fletcher method is more

efficient,
Test 2

The same optimization problem was chosen as in the Test 1,
but this time the artificial margin is.set to be different than zero,
in particular

g=2 x1072

therefore the artificial upper and Tower specificationsare distinct.
Two possible cases may occur now: the specification may be violated
and tHe specification may be satisfied.

The same initial set of sampling points and the starting value
a as in Test T was used. From the Table 6-3, we may conclude that
the starting objective function belongs to case I. The Fletcher optimi-
zation method is used with the same stopping criterion as in the Test

1 and already for p=2 the problem is in case II, also is illustrated



.,.__,._,_]I.._.____.‘__ S
{

selected errors:

i

sample i independent error: nonnegative upper
points i variable in-I| upper=Tower & nonpositive lower
1| 0.0 -8.882 10716 1.288 1072
2 0.2 1.288 1072 6.985 1073
3 | 0.4 6.985 1073 1.033 1073
4 | 0.6 -1.173 1073 2.944 1073
5 0.8 -5.906 1073 3.810 1073
6 1.0 -6.635 1073 3.755 1073
7 1.2 ~4.701 1073 3.043 1073
8 1.4 -1.736 1073 1.970 1074
9 1.6 1.033 1073 7.867 1073
10 1.8 2.944 1073 7.341 1077
1 2.0 3.810 1073 1.215 1076
12 | 2.2 3.755 1073 1.263 1070
13 ; 2.4 3.043 1073 1.058 1076
o 26 1.970 1073 -8.882 1071
1 2.8 7.868 107 1 1,973 1073
16 | 3.0 -3.253100% . 5.906 1073
17 3.2 -1.258 1008 1 _6.635 1073
18 | 3.4 -1.963 100 _4.701 1073
19 3.6 ~2.437 1073 -1.736 1073
20 3.8 ~2.702 1073 -3.253 1074
21 4.0 -2.795 1073 -1.258 1073
2 4.2 -2.754 1073 -1.963 1073
.23 4.4 -2.617 1073 -2.437 1073
Y 4.6 ~2.419 1073 -2.702 1073
| 2 4.8 -2.183 107° -2.795 1073

¢
—_
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, i selected errors:
sample I independent error: i nonnegative upper
points variable in I  upper=lower & nonpositive lower

o |
26 5.0 -1.933 1073 - -2.754 1073
27 5.2 -1.681 1073 -2.617x1073 E
28 5.4 -1.440 1073 -2.419 1073
29 | 5.6 -1.215 1073 -2.183 1073
3 . 5.8 -1.011 1073 -1.933 1073 g
31 6.0 -8.301 1074 -1.681 1073 |
32 6.2 -6.723 1074 -1.440 1073 o
33 6.4 -5.371 1074 -1.215 1073
34 6.6 -4.231 107% -1.011 1073
35 6.8 -3.284 107% -8.301 107%
36 7.0 -2.510 0% 6723 107
37 7.2 -1.886 10°% - -5.371 107°
38 7.4 -1.391 1074 ~4.231 1074
39 7.6 -1.005 1074 -3.284 107%
40 7.8 -7.081 107° . -2.510 107 |
M 8.0 -4.848 1075 . -1.88 107° |
42 8.2 -3.199 107° -1.391 107% |
43 8.4 ~2.013 107° -1.005 1074 ]
4 8.6 -1.182 107 -7.081 107 |
45 | 8.8 -6.211 1070 _4.848 107° i
% | 9.0 -2.597 107° -3.199 107° |
47 L 9.2 -4.265 107/ -2.013 107°
a8 9.4 7.341 1077 -1.182 107°
49 . 9.6 1.215 1076 -6.211 1070
50 | 9.8 1.263 1070 -2.597 107°
51 5 10.0 1.058 1076 -4.265 107/

| i

Table 6-1
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p=10
Fletcher Powell | Fletcher Fletcher-Powell Fletcher
A 1.01647063 1.01647060 | 6.8785026x107! | 6.8785037x10")
e 7.8927025x10”] 7.8927036x107" | 9.5318185x107! | 9.5318177x10”"
o 1.61400086x107"  1.61400093x107" | 1.2318597x1071 | 1.2318599x10”"
- Ma) 1.2880047x1072 1.2880048x1072 | 7.988425x10°° 7,98842{x10-3
oty 2.0x107" 2.0x107" | 2.0x107! | 2.0x107
| u(a) 2.09004705x1072 | 2.09004705x107 | 8.04667205x10°% | 8.04667205x10">
execution time 7.5 7.2 | 10 | 7.4
in seconds S ? ,,,,, e
p=10 | p=10"
Fletcher-Powell Fletcher Fletcher-Powell g Fletcher
ay 7.4276852x1071 | 7.4276856x1071 | 6.844480x107' | 6.844475x10”]
a, 9.295083x10” 9.295085x10” ! 9.540875x1071 | 9.540873x10
a 1.2803127x1071 | 1.2803137x1071 | 1.2286721x107!  1.2286716x1077 |
M(a) 8.592078x107 8.59209x10"3 7.947445x10 7.947439x1073 |
ty 2.0x107! - 2.0x107] 2.0x107" ~2.0x107] |
U(a) 9.22275978x10™° | 9.22275978x1073  7.94802468x1073 . 7.94802476x1070
execution time | 13.7 } 6.7 8.6 | 6.8 ;
tin seconds ; f
O | ]
Table 6-2

08
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in Table 6-3. The optimal solutions for different values of p are
presented in Table 6-4. The artificial margin ¢ does not affect the
optimal solution of the variable vector g. It has the same value as

the corresponding vector from the Table 6-2.
The starting vector a was
Y
1)
1
1

and the following vector was found

0.92369

0.83516

-0.14720
for p=2.

- Test 3

The computer program was used in the optimization of a five
section cascaded transmission-line low pass filter which has been
considered by Carlin [35]. The terminations of the filter are unity,
the length of the ith section 2; and the normalized characteristic impe-
dance of the ith section Zoi’ such that a maximum insertion loss y in the
passband, from 0 to 1 GHz, is not more than 0.4 dB, while maximizing y at a

point in the stopband. A1l section lengths were kept fixed at 2.5 cm so that



£=2x10"

sample
points

1
O 0O N O s W N —
:

N NN AN NN N N e oemd el oad ed od md =l
G B W N = O W 0O ~N O U doWw N —wO

2.

Initial values

upper errors;
lower=upper+2¢

e e e

selected
nonnegative upper
nonpositive lower

errors

upper errors;
lower=upper+2z |

8

p=2

.000x10~
.293x10
.057x10
.380x10
.429x10
.304x10
.070x10
.772x10°
.445x10°
.115x107
.009x10~
.178x10°
.741x107
.360x10°
-8.373x10~
-2.007x10"
-2.820x10"
-3.334x10°
-3.608x10"
-3.699x10"
-3.660x10"
-3.533x10"
-3.354x10"
-3.151x10"
-2.944x10"

|
Ny

SN T 00 e = NN NN

2

1
1
1
1
1
1
1
1
1
2
2
2
3
3
2
2
2
2
2
2
2
2

2
2

NN O O A e = N NN NN e

.293x10"
.057x10”!
.380x107!
.429x10" ]
.304x10°
.070x10"
.772x107]
.445x10”
.115x10°
.009x10”
.178x1072
.781x10”
.360x1073

1

1
1

1
1
2

2

.000x1072
3

.991x10"

.535x1072
.321x1072
.728x1072
.727x1072
.469x102
.124x1072
.818x1072
.615x1072
.532x1072
.551x1072
.643x1072
.776x1072
.919x1072
.054x1072
.168x1072
.255x1072
.314x1072
.348x1072
.360x10"2
.356x1072
.340x1072
.314x1072
.284x1072

2.

i
;
|

i
i




CONT 'D

U selected errors
sample upper errors; .  nonnegative upper
points lower=upper+2¢ |  nonpositive lower
26 -2.748x10°%¢ |

27 -2.570x10™2 %

28 | -2.417x107% |

29 | 2281072

30 | -2.186x1072 |

3] -2.106x1072 |

32 ~2.047x1072

33 -2.005x107% |

34 -1.978x107% |

35 -1.962x1072

36 | -1.954x1072

37 | -1.952x1072

38 -1.954x10™2

39 | -1.960x1072

5 | -1.965x1072

a1 . -1.972x1072

42 -1.978x1072

43 l.ogax10?

44 -l.oeex102

45 | -1.993107%

46 | -1.997x10°2 |

47 - -1.999x1072 i

8 | -2.001x107% |

89 | -2.002x107%

50 | -2.00x107%

51 -2.003x1072 J

Table 6-3

]

upper errors; |
lower=upper+2g |

~2.251x1072
~2.218x1072
-2.186x1072
~2.155x1072
~2.128x1072
~2.103x1072
-2.082x1072
~2.063x1072 |
~2.048x1072
-2.035x1072
~2.025x1072
~2.017x107°
~2.011x1072 ’
~2.006x10"2 |
-2.003x10™2 %
-2.000x1072
~1.999x1072 |
-1.998x1072 ;
|
|

~1.9978x1072
~1.9977x1072
-1.9977x10"2
~1.9979x10™2
~1.9982x1072
~1.9986x1072
~1.9989x1072

-1.999x1072 |



M(g)

ty

U(a)

function
evaluations

in seconds

Fletcher

2

execution time

Q=-p=-2  gep=-10 q=-p=-10 g=-p=-10%
9.2369x107 | 7.7204x10" " 6.9015x10"] 6.8446x10"
8.3515x10" 9.1379%10" ! 9.5224x10" | 9.5408x10"]
1.4720x10"] 1.3053x10"] 1.2338x107  1.2287x107"
-8.9912x10"3 -1.1105x1072 -1.1987x1072 ; -1.205x10™2
0.2 0.2 0.2 0.2
-1.8963x10™3 -9.9831x1073 1.1899x1072 | _1.2051x1072
| | .
33 21 | 23 | 33
8.4 5.9 i 6.5 | 9.8
f |
‘ L
Table 6-4

"8
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the maximum stopband insertion loss would occur at 3GHz and the
normalized characteristic impedances are used as variables.
The insertion Toss is given by
(6.23) y = 10log,y ———
1- [p]

where P is the reflection coefficient, therefore the corresponding °
to the insertion loss may be considered in the optimization problem
because there is an finite upper bound on |p| which is 1. 21 uni-
formly spaced sample points were used in the passband and a single
point at 3GHz. The artificial margin £ for one case is set to be
zero and for the other 0.02337. The weighting function is set to be

1 everywhere. The starting value of the variable vector 2 was

3.180 ]
0.443
4.38
0.443

3.180 |

Results obtained using the F]etcher'method for the value of

3 are presented in Table 6-5 and the response is shown in Fig.

p=10
6-9. More details about the computation'of the reflection coefficient

are given in the Appendix VII.

Although, for physical reasons the symmetrical results for
the variables are expected, symmetry was not assumed. ¢ does not

affect the optimal solution. The reasonthat it was considered was



Fletcher method

in seconds

L

p=10° £=0 £=2.337x10"2

2, 3.1525 3.1508

a, 4.4203x10"" 4.4165x107]
a5 4.4212 4.4194

ay 4.4159x107 4.4169x107!
a 3.1526 3.1508

M 3.9466x107° -2.3330x1072
Xy 3.0700x107] 3.0

U 3.9466x107° -2.3330x1072
Function evaluations 177 79
Executidn time 17 13

Table 6-5

86.
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to bring the objective function into the case when the artificial

specification is satisfied.

Test 4

Constraints are put on the parameter vector 2 such that they
are not satisfied at the optimal solution of the unconstrained problem

given in Test 3.

Although the package FMLPO is not written for nonlinear
programming, the constrained problem also may be considered. The
constraints on a parameter may be considered as upper and lower
specifications on an approximating function defined as a single
variable parameter over the dummy point.outside of the working set
of points. This dummy point has to be defined as a new interval for
each specification, which is not so practical, but it works. The

variable parameter vector a is constrained by
(6.24) 0.2§gi§4.0, i=1,2,...,5 ,

i.e., the solutions from Table 6-5 for ag are infeasible. For the
problem given in Test 3 and considering (6.24), results are pre-

sented in Table 6-6. The response is shown in Fig. 6-10.



Fletcher method

p=10> £=0

ay 2.9429

a, 4.1069x10""
ag 4.0

a 4.1069x70""
a 2.9429

M 4.7803x107°

-1

Xy 8.02x10

U 4.7403x10™°
Function evaluations 55
Execution time 31

in seconds

X 2
2.9422
4.1070x107"
3.9998
4.1070x107!
2.9422

-2.3322x1072
3.0
-2.3322x1072
157

55

Table 6-6

£=2.337x10"

89.
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CHAPTER VII
Conclusions

Two user-oriented computer programs in FORTRAN IV for the
discrete nonlinear least pth approximation [1] and generalized least
pth approximation [2], respectively, have been presented in this
thesis. The instructions on how to use the packages are given, il-

lustrated with simple examples.

The first program treats the case when we have only one speci-
fied function. The package can be used for fitting one function or
data to another continuous function when the error function happens
to be real. If ouadratic interpolation is abplied, the specified
function and the approximating function have to be continuous on a
given interval. Employing quadratic interpolation the sampling for
the objective function may take fewer points for equally successful
solutions in comparison with the case which does not consider aguadratic
interpolation, and may save some computation time. Using quadratic
interpolation the location of the extreme points were found more
precisely and the solutions are closer to the minimax solutions for a
given value of p. The computer program can be rearranged such that
the specified function and the approximating function are both complex,

which is useful in electrical engineering design problems.

-91-
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The second program is an extension of the first program and
is applicable to design problems with upper and Tower specifications.
The proéram is directly applicable to such problems as meeting or
exceeding design specifications on several disjoint closed intervals
as in filter design. Although the program is not written for non-
linear programming we found that it is also applicable for problems

with parameter constraints.

The methods presented abandon the linear programming subbrob1em
which many of the minimax methods do. The advantage over the direct
minimax methods is that they use very efficient gradient methods such
as Fletcher-Powell [18] and a recent method by Fletcher [19]. From
the experimental results, the Fletcher-Powell algorithm was found to
be reliable. The method, however, was found to be slow in comparison
with the method proposed by Fletcher. The latter method requires fewer

function evaluations to reach the optimum and is less time consuming.

The larger the value of p that is used, the more nearly the mini-
max solution is obtained, but more function evaluations are required
to bring the objective function close to the optimum. For practical
purposes smaller values of p may be used to attain a satisfactory solu-
tion, hence the objective function will be minimized faster. We can
start with a smaller value of p, increase it after each complete optimi-
zation and terminate when the relative change in the objective function
in the successive iterétions is less than a prescribed small quantity.
This can be a disadvantage if the starting point is close to the mini-

max optimum, which rarely happens in practice.
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Typically less than 3 minutes of CDC 6400 computer time and a
core requirement of about 14K]0 is sufficient to optimize the type of
examples given in this thesis to a high degree of accuracy from a good

starting point,



APPENDIX I

Usage of FMCLP ( Function Minimization for Continuous Least pth

Approximation )

Purpose To minimize the objective function of k variables a defined
as a discrete Teast pth objective with a single speci-

fication (5.3) using gradient methods.

How to use Set the input deck as follows:

| JDATADECK 6
 PACKAGE FMCLP 5 |

(7 FUNCTION W o 4
FUNCTION S 3

r/SUBROUTINE FAPP 2
~MAIN PROGRAM 1

1. Main program

Write the main program as indicated below:

(1) Dimension the following arrays
A(K), ASTRT(K), G(K), GRAD(K), Y(K), PY(K), DUMI(K), DUM2(K), EPS(K),
H(M), X(N2), ERROR (N2),IPA(ITER)

-93-



where

(11)

(iii)

95.

K is the number of variable parameters,

M = K(K+7)/2, N2 = N+2,

N is the discrete point set,

ITER is the maximum number of times the optimization method is
used.

Call the subroutine FMCLP as follows:

CALL FMCLP (A, ASTRT, G, GRAD, Y, PY, DUM1, DUM2, EPS, H, X,
ERROR, IPA)

Add STOP and END cards.

2. Subroutine FAPP

This subroutine calculates the approximating function and its

gradients with respect to variable vector a.

Write subroutine FAPP as follows:
SUBROUTINE FAPP (X, K, A, APP, GRAD, INDIC)
DIMENSION A(1), GRAD(1)

where X, K, A and INDIC are input and APP and GRAD are output variables.

GO TO (1, 2), INDIC

Compute the value of the approximating function

APP = F(Q, X)

RETURN

Calculate the values of the gradients of the approximating
function

aF (A, X)
GRAD(1) = —p—
1



96.

3F(As X)
GRAD(2) =

o,

" oF (A, X)

GRAD(K) = ———

A
RETURN
END

where INDIC may have the values 1 or 2 which indicate whether the
approximating function or all the gradients should be calculated,

respectively.

3. FUNCTION S

Function S is a subprogram of a single input variable X and
defines a specified function
S = S(X).
Add RETURN and END cards.

4. FUNCTION W

Function W is also a subprogram of a single input variable X
and defines a weighting function
W = w(X).
Add RETURN and END cards.

An example which shows how to set these subprograms is the same
as Test 3 in the Chapter V. The listings which define this problem

follow.



YDy M

S0 T T

AN NN

100

200

97.
SUBROUTINE FAPP(XsN1sAsAPP4GRAD, INDIC)

SURRQUTINF WHICH CALCULATES APPROXIMATING
FUNCTION AND ITS GRADIENTS WITH RESPFCT TO
VARTABLF PARAMETERS

DIMFENSION A(1)sGRADI(1)
G0 TO(100420C0) s INDIC
APP=A (1) #X+A(2)%FXP(X)
RETURN

GRAN{1)=X
GRAN(2)y=FXP(X)

RFTURN

END

® 0 0 6 & 0 080080 OGP OO OE LSOt OSSO e P OeE 00 s P g0 et e

FUNCTION S (X)

FUNCTION SURPROGRAM WHICH DFFINES
SPECIFIFD FUNCTION

t

S=X¥#3%*2
RFTURN
END

FUNCTION W(X)

FUNCTION SUBPROGRAM WHICH DEFINES
WETGHTING FUNCTION

W=1¢
RETURN
END



6. Data Deck

98.

Parameters to be supplied as data are defined below:

XA, XB

NSUB
IREAD

X(I), I=1, N

ASTRT(I), I=1, K

IGRDCH

MET

MAX

The number of sample points forming the discrete
point set.
The left and the right end points of the interval
of the independent parameter.
The number of subintervals over [XA, XB].
Integer which denotes whether or not the
discrete set of points in [XA, XB] will be read.
 If IREAD=0, the discrete point set
Will be arranged equidistantly over
the interval;
If IREAD=1, the discrete point set
will be read from data.
The discrete point set over the interval.
The number of the independent variable parameters
a.
Starting values for the K variable parameters.
Gradients to be checked if IGRDCH=1, it should be
set to 0 if gradients are not to be checked.
Optimization method to be called:
if MET=1, Fletcher method will be called;
if MET=2, Fletcher-Powell method will
be called.

Maximum number of permissible iterations.
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ITER Has already been defined in the main program as
a length of the working array.

IPA(I), I=1, ITER Vector containing the values of p for different
least pth objectives.

I0PT Denotes how many times the optimization is re-
peated with different starting points and/or
different optimization techniques.

IPRINT Intermediate output is printed out every IPRINT
iteration; it should be set to 0 if no inter-
mediate output is desired.

IDATA Input data is printed out if IDATA=1; it should

be set to 0 if input data is not to be printed out.

EST Minimum estimated value of the objective function.

EPS(I), I=1, K Small test quantities used by the Fletcher method.

EPS1 | Small test quantity used by the Fletcher-Powell
method.

DIF Small test quantity used by the subroutine FMCLP.



S

+ IOPT times

Condi tions

MET
MET

n

Setting up the data deck

_Number of cards

Parameters
1 ‘ K, N, NSUB, IREAD,
IOPT, ITER, IGRDCH

1 XA, XB

I
(
As many as required by N E X(I), T =1, N
1 | EST, DIF
As many as required by K | ASTRT(I), I =1, K

1 " MET, MAX, IPRINT, IDATA

As many as required by K : EPS(I), I=1, K

1 . EPSI
As many as required by IPA(I), I =1, ITER

ITER

INTEGER

REAL
REAL
REAL
REAL
INTEGER
REAL
REAL
INTEGER

Type

Format

7110

2%E16.
5E16.
2E16.

c© 00 o @

5E16.
4110
5£16.8
5£16.8
8110

00l
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Recommended values for some of the parameters

NSUB = 5

MAX = 100

EPS(1), I = 1, K, each 1078

pIF = 107

EST A Tower bound of the minimum of the objective function may be

obtained from physical reasons. If the true minimum is not

known, choose EST to be small enough (negative values are

allowed).

For approximation problems 0 is convenient.

The following 1ist illustrates how to set the data for the

example for which listings have been shown. Both optimization methods,

Fletcher-Powell and Fletcher, are called.

?

NeOF nn

04,0F 00

1.0F 00
1

1.0F -6
?

10F 0]0]
>

1.0F -6
7

10

50
10
50

10

10

2« 0OF no

1.0F -4

1.0F 00
1

1.0E -6
100

1.0F 0o
1

100

1000

1000
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Listing of the Package FMCLP
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APPENDIX III

Listings of the common subroutines for FMCLP and FMLPO packages

Add the subroutines INPUT, FINAL, WRITET and WRITEZ to both
packages, FMCLP and FMLPO. They are similar to ones presented in the
package for fun;tion.minimization [36] programmed by V. K. Jha.

Listings of the subroutines INPUT, FINAL, WRITE] and WRITEZ

follow.
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APPENDIX IV

The Chebyshev polynomials

The Chebyshev polynomial of nth order, T , is defined

T (t) = cos(n arccos t), -1 st <1

Tn has n zeros

t, = cos (2k-1) %ﬁ ,
_ . 2 T _
= 1-2 sin“(k-0.5) T k=1,2,..40,
and n+l extrema
_ Km
tk = C0S =
i . 2 kr _
= 1-2 sin T k=0,1,...,n

over the interval [-1,1].
T, may be transformed on any closed interval [a,b] by intro-

ducing the change in variable

where xe[a,b].

The zeros of Tn in the transformed interval are in

N . 2 T - _
X, =at (b-a)sin“(k-0.5) s k=1,2,...,n,
and extrema 1in
_ . 2 knm -
X = at (b-a)sin By > k=0,1,...,n.
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The initial approximation for the Test 1 and Test 2 given in

the Chapter V is obtained by rational interpolation where the zeros of

As a

the (k+1)st Chebyshev polynomial are used as supporting points.

first trial for the points of the independent parameter the extrema

of Tn+1 were taken. The listing of a FORTRAN program which calculates

the initial approximation and the starting point set is presented

below.

OIMENSION A(1C)y C(10),Y(10) , ASTRYT(10),0ET(180),X(50)
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APPENDIX V

Usage of FMLPO ( Function Minimization for Least pth Objectives )

Purpose To minimize the objective function of k variab]esg de-
fined as the generalized discrete least pth objective

(6.13), using gradient methods.

How to use Set the input deck as follows:

“DATA DECK - 6
-~ PACKAGE FNLPO_ 5
FUNCTION W 4
CFUNCTION FUNCS 3
~ SUBROUTINE FCTAPP 2
© MAIN PROGRAM A

1. Main program

Write the main program as indicated below:

(i) Dimension the following arrays
A(K), ASTRT(K), G(K), Y(K), PY(K), DUM1(K), DUM2(K), GRAD(K),
EPS(K), H(M), XX(3, NINT), NUMB(N), INUMB(N), X(N), X1(N),

ERROR(N), EHELP(N), AP(N), IPA(ITER)
-117-



118.

where
K is the number of variable parameters,
M= K-(K+7)/2,
NINT is the number of intervals,
N is the total discrete point set of independent parameter ,
from all intervals, and
ITER is the maximum number of allowable usage of the optimiz-
ation method.

(i1) Call the subroutine FMLPO as follows:
CALL FMLPO (A, ASTRT, G, Y, PY, DUMI1, DUM2, EPS, H, GRAD,
NUMB, XX, X, X1, ERROR, EHELP, AP, INUMB, IPA)

(iii)  Add STOP and END cards.

2. Subroutine FCTAPP

Subroutine which defines the approximating function in each
interval and calculates its gradients with respect to variable vector
a.

Write subroutine FCTAPP as follows:

(i) SUBROUTINE FCTAPP (X, K, A, APP, GRAD, IINT, INDIC)

DIMENSION A(1), GRAD(1).
where X, K, A, IINT and INDIC are input, and APP and GRAD are output
variables. |

INDIC may have a value 1 or 2 and indicates whether the

approximating function in the IINT interval APP=F(Q, X), or all its
aF(Q, X)

gradients » I=1,K should be calculated, respectively.
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(ii) Write the approximating function APP and all its gradients
GRAD(I), I =1, K for each interval IINT = 1, NINT.
(iii)  Add RETURN and END cards.

3. Function FUNCS

Function subprogram FUNCS defines upper and lower specified
function Su(x) and Sz(x), respectively, in various intervals.
FUNCTION FUNCS (X, IINT)
G0 TO (1,2,...,NINT), IINT
1 FUNCS = Su/2 (x)
RETURN

NINT FUNCS = Su/z (x)
RETURN
END
where  IINT = 1, NINT is a current interval.
Note If the upper and lower specified functions are defined

for the same set of the independent variable x, consider the common

interval (or subinterval) twice.

4, Function W

Function subprogram W defines an upper and Tower positive
weighting function wu(x) and wl(x), respectively, in various intervals.

Write subprogram W as follows:
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FUNCTION W(X,IINT)
GO TO (1,2,...,NINT), IINT

1 W= wu/l(x)
RETURN

2

NINT W = W, (X)
RETURN
END

where IINT = 1,2,...,NINT is an interval under consideration.

An example which shows how to write these subroutines is the
same as in Test 2 in Chapter VI, but with constraints on parameter a5
such that

0<a, <1,

The listings which the user has to write follow.



AN D

AN AN

100

200

1

SURRNUTTINF FCTAPP(XsKsAsAPPsGRADS I TNT,, INNTC)

SURROUTINF WHICH CALCULATES APPROXIMATING
FUNCTION AND ITS GRADIENTS WITH RESPECT TO
VARIABLE PARAMETERS

DIMENSION A(1)sGRAD(1)

GO TN(100s200)sINDIC

GPTO (151822 )s1INT

APP=A{R) /A(D)*FXP(=A(1)#X)#SIN(A(D)*X)
RETURN

APP=A(2)

RETURN

GO TO (29234 s4)sTINT
HP1=1/A(2)#FXP(~A(1)%X)
HPD=HP1*SIN(A{D)%*X)
HP3=HP1#COS(A(2)%X)
GRAD{(1)Y=-APP*X
GRADI(2Y==14/A(2)*APP+A(3) ¥X*¥HP3
GRAD(3)=HP2

RFTURN

GRAND(131=0,

GRAD(Z2Y=1.

GRAD(2)=0,

PEFTURN

FND

FUNCTINN FUNCS({XsTINT)
FUNCTION SUBRPRNGRAM WHICH DFFINES
UPPFR AND LOWFR
SPECIFIED FUNCTION

GO TO(1s192s3)s1INT

FUNCS =2 /00 (#FEXP I =X )41 g /5D ¢ ¥FXP{wf g #X)oFXP (o2 ¢ #X) /BG4 # (2 *#STN

F(2 %X I+TTXCOS{ D %X )
RFTURN

FUNCS=1.0

RFTHRN

FUNCS=04,0

RETURN

FND
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TN N

1

........l....'...‘.......'.O......'I......O....l

FUNCTION WIXsTINT)

FUNCTION SURPROGRAM WHICH DEFINES
UPPER AND LOWER
WETGHTING FUNCTTON

GO TO (191s1s1)s1INT
W'zlo

RFTURN

END

122.



6. Data deck
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Parameters to be supplied as data are defined below:

NINT
NUMB(I), I=1, NINT
XX(1,1), I=1, NINT

XX(2,I), I=1, NINT
XX(3,1), I=1, NINT

IREAD

The number of independent variable
parameters a.
The total number of upper and lower
intervals.
Number of subintervals in each interval
of independent parameters.
The left end point of ith interval.
The right end point of ith interval.
Numbers in floating point which supply
informations on the specified function
in the ith interval:
set XX(3,I)=1. for the upper
specification and
set XX(3,I)=-1. for the lower
specification.

Integer which denotes whether or not

the discrete set of points in each

interval will be read.
If IREAD=0 the discrete set of
points will be set equidistantly in
each interval with NUMB(I) sub-
intervals in the ith interval.
If IREAD=1 the discrete point set

will be read.



NINT
1,> " (NUMB(I)+1)
I=1

s 1

KSI
ASTRT(I), I=1, K

IGRDCH

“MET

MAX
ITER

IPA(I), I=1, ITER

10PT

IPRINT

124.

Discrete point set of the independent
parameter.
The artificial margin &.
Starting values for a vector containing
the K variable parameters.
Gradients to be checked if IGRDCH=1; it
should be set to 0 if gradients are not
to be checked.
Optimization method to be called:
if MET=1 Fletcher method will be
called;
if MET=2 Fletcher-Powell method
will be called.
Maximum number of permissible iterations.
Has already been defined in the main
program as a length of the working array.
Vector containing the values of p for
different least pth objective.
Denotes how many times the optimization
is repeated with different starting
points and/or different optimization
techniques.
Intermediate output is printed out
every IPRINT iterations; it should be
set to 0 if no intermediate output is

desired.



IDATA

EST
EPS(I), I
EPS]

DIF

1, K
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Input data is printed out if IDATA=1;
it should be set to 0 if input data is
not to be printed out.

Minimum estimated value of the objec-
tive function.

Small test quantities used by the
Fletcher method.

Small test quantity used by the
Fletcher-Powell method.

Small test quantity used by the sub-
routine FMLPO.



IOPT times

Condition§

- f

IREAD=1

MET=1

MET=2

I=1, NINT

As

Number of cards

1

many as required

by NUMB(I), I=1, NINT

As

by

As

ot

many as required

K

1

many as required

K

1

many as required

ITER

Setting up the data deck

Parameters

e e
K,NINT,IOPT,ITER,IREAD. !

IGRDCH
NUMB(I), (XX(J,I), J=1,3)
X(Jd), J=1 (NUMB(I)+1)

EST, DIF, KSI
ASTRT(I), I=1,K

MET, MAX, IPRINT, IDATA
EPS(I), I=1,K

EPSI
IPA(I), I=1, ITER

Type

INTEGER

1 INTEGER, 3 REALS

REAL

REAL
REAL

INTEGER
REAL

REAL
INTEGER

é Format
efen et
E 6110

| 5E16.8

110, 3E16.8

92l



Recommended values for some of the parameters

MAX = 100;

EPS(1), I=1,K, each 1075,

pIF = 1074

EST A Tower bound of the minimum value of the objective function

may be obtained from physical reasons.

If the true minimum

127.

is not known, for the case when the specification is violated

EST=0 is convenient, and when the specification is satisfied

choose EST sufficiently negative.

For the example for which listings were shown the data deck

is presented below.

50
50

w» N O O
® e o O
cCoOmm
m ™

-140F 00
1e FOO

2 1C0
1.0F -6

The Fletcher-Powell optimization method is called.

00
no

1.0F
le

1
1

-4
E0O

100

O.F
O.F
2.0F
3.0E

00
0o

?20.0FE
1e

1000

laF
"’lo:
1.0E
-1.0E
-3
ENOD

1n0nn

nn
nn
no
00



APPENDLX VI

Listing of the Package FMLPO
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APPENDIX VII

Five section transmission line low pass filter

- The A matrix of a lossless transmission line is given by

?—
!

. . 1
| cos L jlg sin &
| z
(7.1) A= . . |

v J_é%lliﬁi cos 8¢
3 0 |

where Z, is the characteristic impedance of the transmission Tine,
£ is its length and

2nf

B ==

c
where ¢ is the velocity of propagation in the medium and f is fre-
quency [37].

The reflection coefficient is given [37], from Fig. 7-1, as

I,(Js)

V(jw
g g J

(7.2) p(juw) =1+ 2R

The problem defined in Test 3, Chapter VI is to optimize the
absolute value of the reflection coefficient (7.2) for the Tow pass
filter design. The impedances %} = ﬁ_ = 1Q.

To compute the reflection coefficient and its gradients it is
easier to assume that the load current is 1 instead of fixing the value

of the input generator Vg[37]. In this case

[Vﬂéirvﬁ Bl

‘_ILJ 1) |1
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Using the relation (7.1) we can write

— - ' i j —
Vi N ?ossﬁi JZois1nszi Vi+1 (254321
U IFEALLS RETy I.
i l 4). i i+]
L T i

Also from Fig. 7-1

Ig = --I.I

g V] - IgRg.

1}

v

The adjoint network approach was used to calculate the gradients

I {91
119

D = 72l g

g g 1—94

where Vg is not a function of design variables and

% =7 WiliYinlind, 1=1.2,3.4,5

are the sensitivities which may be found in tables in [37].
The gradients of the |p| with respect to the variable char-

acteristic impedances are given by

glol = 2Rg-Re{J-g—|— : Z(%gﬁ)}.
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=11
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Fig. 7-1 Cascaded five section transmission-line network.
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