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pth approximation with a single specified function, and more generalized 

discrete least pth approximation with various specifications, which may 

also be used for nonlinear programming, are presented. Values of p up 
6 

to 10 can be used successfully in conjunction with efficient gradient 

minimization algorithms such as the Fletcher-Powell method and a recent 

method due to Fletcher. It has already been demonstrated how efficiently 

extremely near minimax results can be achieved on a discrete set of sample 

points using this approach and the programs written verify this. The 
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range of specifications. They are suitable for electrical network and 

system design and such problems as filter design. 
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CHAPTER I 

Introduction 

Two complete user-oriented computer programs in FORTRAN IV are 

presented which utilize some new ideas on discrete least pth approxi

mation [1] and, more recent ideas on generalized least pth approxi

mation [2 ]. Least pth approximation with p=2 gives a discrete least 

squares approximation. With sufficiently large values of p an optimal 

solution very close to the optimal minimax solution can be obtained. 

Values of p up to 106 have been successfully employed. Gradient 

minimization algorithms due to Fletcher and Powell and, more recently, 

to Fletcher are used. The user has to write all the required speci

fications, the approximating functions and weighting functions in a 

straightforward way. 

The first program is described in Chapter V with a listing 

attached in the Appendices and is applicable to design problems with 

a single specification. Quadratic interpolation, if desired, is 

employed to bring the discrete approximation solution closer to the 

solution of the continuous approximation problem. Numerical examples 

for which the minimax solutions are known were chosen to illustrate 

the work of the program. The solutions obtained are in excellent 

agreement with the known ones. 

The second program is described in Chapter VI with instruc

tions as to its use and the listing being given in the Appendices. The 

-1-
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program is directly applicable to such problems as meeting or ex-

ceeding design specifications on several disjoint closed intervals 

as in filter design and allows for situations more general than the 

conventional problem of approximating a single continuous function on 

a closed interval. There is no restriction on the number of variable 

2. 

parameters, discrete point sets and number of intervals. The examples 

which demonstrate that the program works, since the methods have already 

been tested, were chosen in system modelling and multi-section loss-

less transmission-line network design. Although the program is not 

written for nonlinear programming we found it is also applicable for 

problems with parameter constraints. 

The programs are run on the CDC 6400 at the McMaster University 

Computer Center. 



CHAPTER II 

The Optimization Problem 

The general optimization problem is to maximize or minimize a 

function f(~}, where 

( 2 .1} 

is a vector of k independent parameters or design variables. Since 

the problem of maximizing f(~) is equivalent to that of minimizing 

-f(~) only the minimization problem is considered. The function to 

be minimized is called the objective function and will be denoted by 

the symbo 1 U . 

In general, a linear or nonlinear set of constraints may have 

tobesatisfied either during the optimization process or by the 

optimal solution. Each parameter might be constrained by an upper 

and lower bound 

(2.2) 

where 

a < a < a 
'Vi', - "' - i\JU 
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(2.3) and ll 
~u = 

are lower and upper bounds, respectively. A possible set of 

h implicit constraint functions may be set as 

( 2. 4) c(a) > 0 
"' "' - "' 

where 

r 
cl 

1:!. I c2 
(2.5) ,t = I 

I 
I 

l ~h 
and R is a zero vector. Any vector~ which satisfies the constraints 

4. 

is called feasible. A region of feasible points a for which (2.2) and 
"' 

(2.4) are satisfied is a feasible region R. 

The problem of minimizing U subject to the constraints is to 

locate a point ~ such that 
"' 

v !::. v 
U = f(a) = minf(a) < f(a} 

"' ~t.R "' - -v 
(2.6) 

for any feasible ~ in the neighborhood of ~· A point ~ is 

called a constrained local minimum. 



5. 

Methods which guarantee convergence to a global minimum for 

all functions are not available. Since we cannot generally guarantee 

to find a global minimum we restrict our discussion to local mimima. 

The distinction between local and global minima is not essential from 

the optimization point of view; it is.however, important when the 

results of applying optimization techniques have to be interpreted. 

Most optimization strategies reduce a constrained problem 

into an essentially unconstrained one. This can be accomplished by 

transforming the parameters and leavi ng the objective function un

altered [ 3], [ 4], or by modifying the objective function by in

troducing some kind of penalty [ 5] - [ 8]. Other methods for hand

ling constraints employ changes in strategy when constraint violations 

occur, but they are not found to be so efficient and accurate. Further 

details may be found in some of the general references [ 8] - [11]. 



CHAPTER III 

Methods of Minimization 

3.1 Direct search methods 

Many direct search methods for optimization were proposed 

between 1960 and 1965. Direct search methods are based on a 

sequential examination of trial solutions which, by simple compari

sons, give an indication for a further searching procedure. These 

methods require only the evaluation of the function at a given point 

and thus are applicable to general continuo~ functions. In general, 

they do not give a rapid rate of ultimate convergence and hence are 

inefficient for finding a minimum. Methods of this type are use

ful in the early stages of optimization and can provide information 

about a region in which a minimum is located. Many direct search 

methods for unconstrained optimization are described by Kowalik and 

Osborne DiJ and by Box et !l 03]. 

In the last few years,however, relatively few papers have 

been published on algorithms that do not require the calculation of 

any derivatives. The main subjects of these recent papers are esti

mating derivatives by numerical differences in order to use Davidon's 

D~ algorithm, lattice approximations, and fitting a quadratic function 

to calculate function values. 

-6-



3.2 Gradient methods of minimization 

In this section it is assumed that appropriate partial 

derivatives exist and methods are described which utilize partial 

derivative information to determine the direction of search for a 

minimum. The partial derivatives may be defined analytically at 

each point or must be estimated from the differences of values of 

For a continuous objective function f(~) with continuous 

first and second derivatives, we can write, using Taylor's theorem 

( 3. 1) 

where 0 2. A. 2. 1 , 

(3 .. 2) 

represents an incremental vector. 

af 1 

(3.3) 

-' 
aa1 1 

af I 
aa2 I 

. I 

. I 

. I 
;~k j 

7. 
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is the gradient vector containing the first partial derivatives and 

a2f aa,-z 
a2f 

aa2aa1 
( 3. 4) 

is the matrix of second partial derivatives, the Hessian matrix. 

For twice continuously differentiable functions G exists and is sym-
rv 

metric, i.e., GT =G. A symmetric matrix~ is positive definite if 
'V 'V v 

for all ~ r R 

(3.5) ~T~~>O. 

If~ is positive definite for all~ then according to (3.1) 

(3.6) 

for all ~· At a local minimum 

(3. 7) 

must hold. Assuming the first and second derivatives exis4 a point 

is a minimum if the gradient vector is zero and the Hession matrix is 

positive definite at that point. 



9. 

Since the first partial derivatives of a function vanish at 

the minimum the second-order terms in the Taylor series expansion 

dominate in the vicinity of the minimum. It follows that the only 

methods which will minimize a general function quickly and effi

ciently are those which work well on a quadratic form and are 

guaranteed to converge eventually for a general function. All others 

may be slow, at least in the vicinity of the minimum, and often elsewhere. 

The general quadratic function of k variables can be written 

(3.8) Q(~) = c + ~T~ + ~T~~ 
with gradients 

(3.9) 

where~ is a kxk symmetric matrix, and c and~ are constants. 

is positive definite 

If A 

(3.10) 

v 
and ~ is unique and can be found in a finite number of steps. 

We are interested in a quadratic approximation, such as 

(3.8), to the objective function f(~), because a quadratic is the 

simplest differentiable function that has a well-defined minimum. 

'V 

In this case in the ith iteration the obvious quadratic approximation 

to f(~) is 

(3.11) 
T T f(a) "'f(a.) + Q.t.~.t- ~(t.a 1.) G

1
.t.a 1· 'V 'V 'V 1 ~ · vl I\; 'V 'v 

where ~i is the first derivative vector and ~i is the second 



10. 

derivative matrix of f(~) at point ~i The iterative process 

known as Newton iterative procedure is defined by the equation 

(3.12) 

The generalized Newton-Raphson method [15] has fast convergence 

eventually, but frequently fails to converge from a poor initial 

estimate of the minimum. 

A quasi-Newton iterative algorithm that involves linear 

searches does not require second-order derivatives of the function to 

be evaluated [16]. The term quasi-Newton means that an attempt is 

made to simulate equation (3.12), and a matrix H. is used, which is 
'Vl 

an estimate of (~i)- 1 . Because linear searches are made, ~i+l may 

be defined by the formula 

(3.13) 

where A· is a multiple which is calculated at each iteration. 
1 

The recent papers on minimization algorithms propose modi

fications to the iteration (3.12), so that it is not necessary for 

~0 to be close to the solution. Gradient methods that are used 

at the present time are summarized in a general theory published 

in reference [17]. 

The ideas resulting from equation (3.13) have been success-

fully employed in an iterative procedure in the gradient optimization 

methods of Fletcher and Powell [18]. Generally acknowledged to be 

among the most powerful minimization methods currently available, 



11. 

when first derivatives are analytically defined, is this method and 

a more recent one due to Fletcher [19]. As they are both used in 

a program presented in this thesis, a brief discussion of the methods 

follows. 

3.3 the Fletcher-Powell method 

The method presented by Fletcher and Powell is an iterative 

method for finding a local minimum of a general function f(a) where 
"' 

the gradient vector~ (3.9) is defined analytically. It is based 

upon Davidon•s variable metric method Q4]. 

In this method the matrix G from (3.8) is not evaluated direct-
"' 

ly but instead another matrix H is introduced and used as an approxi -
"' 

mation to ~-l. The increment~ is taken along the direction of 

search ~ 

(3.14) 

so that 

(3.15) o = aS 

"' "' 
where a is such that f(~+A,t) is a minimum with respect to A. a long 

a+ t..s. The approximating matrix~ is updated at each iteration using 
'\, '\, ·v 

the formula 

(3.16) 

T 
~. y .y1. H. 

1<V 1 '\, "'1 
- T 

~i ~;~; 



12. 

where 

(3.17) 

and 

(3.18) ~i = ~i+l - ,Qi 

are the changes in ~ and ~ during the ith iteration. If ~0 is positive 

definite initially then it can be proved inductively that all subse

quent ~i are also positive definite. Since ~0 is initially chosen 

as the identity matrix, then all H. will be positive definite. As 
'Vl 

a consequence the method converges. When the method is applied to 

the quadratic function it leads to a minimum ink iterations and it 

is further proved that the matrix ~k converges to the inverse of the 

H . t . G-l ess1an rna r1x . 
'V 

The algorithm needs to find the multiple a at each iteration. 

A sufficiently accurate minimum is obtained by evaluating the function 

and gradient for different values of A and using cubic interpolation. 

The linear search usually requires considerable computing effort. 

It is practicable to apply this method to find a local minimum 

of a general function whose first derivatives can be evaluated 

quickly,even if only a poor initial approximation to a solut~on is 

known. Both the proof of convergence and success in practice depend 

on accurate location of the minimum in the linear searches. 
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The termination criteria for the Fletcher-Powell iterative 

procedure are as follows: 

1. If the function value has not decreased in the last 

iteration step, the search for the minimum is terminated provided 

the gradient vector is already sufficiently small. 

2. If the elements of vector a change by very small amounts, 
'V 

and at least k iterations are performed, the minimization is termin-

ated. 

3. If the number of iterations exceeds an upper bound pre

assigned by the user, further computation is bypassed, and the 

appropriate message indicates poor convergence. 

4. If one of the successive linear searches indicates that 

no minimum exists, further calculation is bypassed and the message 

indicates that no minimum exists. 

3.4 The Fletcher method 

A method presented by Fletcher came as a result of further 

development of the Fletcher-Powell method. He retains the positive 

definiteness of~ in the new algorithm, as it ensures a reduction in 

the function value on each iteration, but a multiple a is not cal

culated at a point where the function is minimized locally along the 

direction of search. 

The idea of replacing the linear search, which is time con

suming, by a simpler way of reducing the function at each iteration 



14. 

has the consequence of abandoning the property of quadratic termina

tion which guarantees fast ultimate convergence. If linear search is 

abandoned, something else has to force a sufficiently large decrease 

in f(~) at each iteration to guarantee convergence. The change in 

function in one iteration would be expected by Taylor's series to be 

approximately aTo when o is small, but much less than that in absolute 
'il "' "' 

value when the position of the minimum along the line is overestimated. 

When that happens, the change in f(~) relative to ~Ti, i.e. ~f/~Ti , 

cannot become arbitrarily small. 

The corrections are determined by 

(3.19) 

2 and trying the values of A= 1, w, w , ... for O<w<l will eventually 

produce a i which satisfies the preassigned ratio ~f/~T~· 

Another important feature is to retain a strict positive 

definiteness of the approximating matrices if these ideas are to be 

used. Failure may be caused by slow rate of convergence and due to 

round-off errors in ~ which may become singular. So a new formula for 

updating H was found 
"' 

(3.20) ~i+l = ~i -

T o.y.H. 
'Ul'Vl'Ul . 

T 0. y, 
'Ul '\ll 

T 
H ·Y·O. 'Ul'Vl'Ul 

T o · Y· 'Ul '\Jl 

+ (1 

T T 
Y· H.y. 8.8. + '\Jl 'Ul'\Jl)'Ul'Ul 

T T o · v. o · Y· 'Ul 't1 'Ul '\Jl 

where ii and ~i are defined in (3.17) and (3.18), respectively. 
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The algorithm takes into account the above discussion on H 
'V 

and A. It is desirable to have some guarantee that the H matrices 
'V 

tend to ~-l so that the ultimate convergence for quadratic functions 

can be proved. A suitable property refered as a Property 1 has been 

defined in [19] which requires that, for quadratic functions, the 

eigenvalues of H must tend monotonically to those of G-l in a certain 
'V 'V 

sense. The formula (3.20) possesses the required Property 1. It is 

shown that the formula {3.16) also possesses that property [19]. The 

two formulae can be combined together and they can be used to minimize 

quadratic functions and thus permit as close an approximation to G-l 
'V 

as possible. The test which predicts which formula will be used is 

the following 

(3.21) 

If (3.21) is true the formula {3.20) is used, if not the 

formula {3.16) is used. In fact when equality holds no preference is 

important but it was decided to use the formula (3.20) to avoid pos

sible singularity in~· 

In most cases for A = 1 convergence will occur and so the 

method requires only one evaluation off and~ per iteration which 

results in the efficiency of the algorithm. If A = 1 is not sue-

cessful in reducing f sufficiently, then a A is determined by cubic 

interpolation and the largest of this value and 0.1 is used. Thus 

the possibility of obtaining a local minimum along a line is retained 

when it is necessary, in which case more than one evaluation of f and 



~ is used in one iteration. The property of quadratic termination 

has been replaced by a property in which the approximating matrix 

~has to tend to the inverse Hessian ~-l in a certain sense. 

The termination criteria for the Fletcher iterative pro

cedure are based on the same ideas used for the termination of the 

Fletcher-Powell method. 

16. 



CHAPTER IV 

Some Design Objectives 

4.1 Error criterion 

Most electrical network design problems can be formulated 

as approximation problems. Evaluation of the difference between a 

specified function and an approximating function leads to an error 

criterion. Let us define a weighted error function or deviation 

between a specified function and an approximating function as 

( 4.1) 

where 

~ 
e(~,x) = w(x)(F(~,x) - S(x)) 

S(x) is the real or complex specified 

function, 

F(~,x) is the real or complex approximating 

function, 

w(x) is the positive weighting function, 

~ is a k dimensional vector represent

ing the adjustable parameters. 

The approximation problem when all the functions from (4.1) 

are continuous and real is illustrated on Fig. 4-1. 

-17-



• w, F ,S 
S(x) 

F(~,x) 

-------" w(x) 

L X 

---1- -· -·--··- -·--- .. 
~ 

e .1 e! 

....._ _, ---
e(x) 

Fig. 4-1 Continuous approximation problem 

ln general, more can be done for a finite point set of in-

dependent variables than for the whole interval. With a discrete 

set some values of the independent variables can be isolated or 

approximation can be done on several disjoint closed intervals as 

18 . 

is shown in Fig. 4-2. Of course, in a case when a curve has to be 

fitted to experimental data discrete approximation may be the only 



approach possible. It is appropriate then to consider discrete 

approximation. 

Fig. 4-2 Discrete approximation problem 

X 

In many problems of interest a relatively modest number of 

well-chosen sample points result in solutions to the design problem 

sufficiently good for all practical purposes. 

A discrete version of the error function (4.1) is given by 

(4.2) 

19 . 



20. 

where I is a sample set of n points. 

A purpose of the weighting function w(x) is to emphasize or 

deemphasize various parts of the difference between the approximating 

function and the specification to suit the designer•s requirement. 

Thus the optimum with respect to one weighting function may not be an 

optimum with respect to another. 

We may define a norm on a closed interval [xa,Xb] 

(4.3) 
Xb 1 

II e II P ~ { S I e (~ ,x) I P dx }iJ p ~ 1 

xa 

called the Lp norm for the continuous case, and a norm 

(4.4) ll~llnp ~{2: lei(,~)IP}t P ~l 
id 

where 

(4.5) 

called the ~P(n) norm as a discrete approximation to (4.3). The 

process of minimizing the objective function defined as the LP 
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or tp(n) norm is called least pth approximation. The solution is 

termed a best approximation with respect to I lei lp for the continuous 

or ll,tll~ for the discrete case. A widely known case is for p = 2, 

namely least squares approximation. An important limiting case 

where p approaches infinity is minimax, Chebyshev or L and t (n) 
00 00 

approximation. In this case we may define 

( 4.6) 

and 

( 4. 7) 

the Chebyshev or uniform norms. 

In network and system design, the optimal responses usually 

turn out to be equal-ripple, although equal-ripple responses do not 

necessarily yield optimal solutions in the minimax sense. 

It remains to point out that the optimization of the objective 

functions when defined as the uniform norms, by any of the well known 

methods for differentiable functions is unsatisfactory because such 

methods attempt to reduce the norm of the gradient function to zero 

whereas in the minimax problem, the gradient may be discontinuous. 

In spite of this some successful algorithms and computer pro

grams with objectives in the form of (4.6) and (4.7) for a certain 

class of functions have been reported [~ - ~] and a good survey of 
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practical minimax approximation is presented in [23]. 

Least pth approximation does not suffer from this difficulty 

of minimax objectives. Therefore least pth approximation with values 

of p, l<p<oo, has been proposed and used to obtain optimal designs 

which produce the results close to the minimax reponse. For the 

special error criterion of (4.4) where p = 2, a simplified method 

has been developed [3], [24] and [25]. Ternes and Zai [26] and [27] 

have extended a least squares method to a least pth method using for 

minimization in place of ll,tll~ the following objective function 

U = L (e.(rt))P for p>2 and p even. . I , I\. -
lE: 

(4.8) 

They developed an algorithm for least pth approximation [27] usable 

with moderately large values of p, say of the order of 10. After

wards, values of pup to 1012 have been successfully employed min-

imizing the tp(n) norm in conjunction with efficient gradient min

imization algorithms such as the Fletcher-Powell method and the 

recent method due to Fletcher [1]. Bandler and Charalambous generali

zed the objectives so that least pth approximation could be used to 

meet or exceed circuit or system performancy specifications [2]. 

More recent theoretical work has been published on conditions 

for optimality in least pth approximation with p-+ oo [28] from which 

conditions for a minimax approximation [29] fall out. 



CHAPTER V 

Practical Least pth Approximation 

5.1 Scaling 

The obvious reason why large values of p are desirable in 

the least pth objective is that the corresponding optimal approxima

tions tend to become minimax approximations. It was pointed out 

that discrete approximation was more practical, therefore from now 

on we restrict the discussion to discrete 1east pth approximation 

only. 

We consider the minimization of the ~P(n) norm (4.4) which 

is our objective 

(5.1) for 1 < p < oo. 

The scaling of functions and variables in an optimization 

problem is often crucial to the successful functioning of existing 

methods. Intuitively, we mean by 11Well-scaled 11 that similar changes 

in the function or variables lead to similar changes in the objective 

function. In a contour diagram of a well-scaled function of two 

variables the contour lines would not deviate too far from concentric 

circles and in this case we would hope that a method of steepest 

descent [12] waul d work satisfactorily. When the contours are exactly 

concentric circles, steepest descent gives the optimum in one step. 

-23-
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To alleviate the ill-conditioning in (5.1) for very large 

values of p, a scaling was proposed [ 1] which modifies all the terms 

which have to be raised to the power p such that they are less than or 

equal to unity. Let 

(5.2) 

and rewrite (5.1) in the form 

(5.3) 

( 5 .4) 

It is always true for all iE I that 

ei (a) 
IM(~) I < 1 

where there is at least one i for which equality holds. Large errors 

will be emphasized by large values of p and the contribution of the 

other terms in the summation will become very small. 

Assuming that the ei(~) for all iEI are continuous with 

continuous derivatives, the gradient of (5.3) is given by 

e.( ) l:E. ( ) 
vU(a) = (L I~~ lp) P L lei~ lp-2 
rv 1\i iE I(~} i d M(,~} 

( 5. 5) 

where 



( 5 .6) 

;.11 
a I 
aa2j 

I 
I 
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and * denotes the complex conjugate. 

We note that M(~) and also U(~) is positive and l<p<oo. 

5.2 Quadratic interpolation for a function of a single variable 

It is assumed that a sufficient number of sample points have 

been chosen along the x axis so that the discrete approximation problem 

adequately approximates the continuous problem. However, it should be 

remembered that function evaluations are often by far the most time 

consuming parts of an optimization process. So the number of sample 

points should be carefully chosen for the particular problem under 

consideration. These arguments apply, of course, to any formulation 

which involves sampling. If the requirement is to concentrate more on 

minimizing the maximum deviation it is suitable to sample points in the 

neighbourhood of the maxima of the weighted error function. As one 

usually cannot know the positions of the maxima in advance, it is common 

to space the sample points uniformly along the axis. Retaining the 
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maxima among them and reducing the number of the sample points by 

removing from the objective function those which do not contribute to 

the summation considerably may save computation time. Even more can 

be done if the approximations to the actual maxima replace the sample 

points in their neighborhood. 

It is assumed that, in the neighborhood of the extremum, the 

function is adequately represented by a quadratic form. This assumption 

is the same as the ones we made in Chapter III, where we assume that in 

the neighborhood of the minimum the function to be optimized can be 

approximated by a quadratic form. The function is evaluated at three 

points, a quadratic interpolation polynomial is fitted to it, and the 

maximum of this interpolant is formed. This point replaces one of the 

initial points. This assumption has been thoroughly tested in practice 

and found satisfactory. 

The basic algorithm involving quadratic interpolation applied 

to the weighted error function which is a multimodal function may be 

explained as follows: 

Assume that the weighted error function is continuous on the 

closed interval [xa' xb]. Let 

(5.7) ki 

be the set of n sample points at the beginning of the jth iteration. 

Before the searching procedure for the extrema of the weighted error 

starts, the end points of the interval are added to the given set (5.7), 
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if they are not already included. A set {X; (j)} is used to construct 

n +l ·(or n + 3, if x1 f xa and xn f xb) subintervals over [xa' xb]. 

Each subinterval is divided by a predicted n
5 

equidistant grid of 

points. Let 

( 5.8) { (i ,j)} k-1 2 +1 zk ' - ' ' ... 'ns 

be the set of equidistant grid of points on [xi(j) ,xi+l(j)] interval. 

The extrema of the error function are found by the sequential examina

tion of the values of the weighted error function and by comparison 

with the greatest on the subinterval obtained up to that time. If it 

happened that both neighbouring points have absolute values of the 

weighted error less than the current one, then the extremum ~i(i,j) 

is found by applying the quadratic interpolation 

(5.9) 

where 

( 5.10) 

and 

(5.11) 

t:, ( • • ) 
e - e (z l,J ) 

k - k k 

X {j) - X (j) 
t:, z ( i ,j) - z ( i ,j) = i + 1 i 

t:,i = k+ 1 k ns 

t:,. 
1 

This point replaces X;{j), the left end point of the current subinterval. 

Immediately after the extreme point is located on the grid, the 

point on the grid next to the extremum replaces the left end point of 

the next subinterval. This is done in case there are more than one 
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extremum on a single subinterval. Thus the other extrema, if they 

exist, are 11 removed 11 to the next subinterval by removing its left end 

point. However, if it is found that there are no extreme points on 

the next subinterval, the end point is again set to its previous value. 

All the extrema are selected by applying this searching pro-

cedure on every subinterval and these points replace the nearby left 

hand side point obtained up to that time, and the new set {xf j+l)}, 

is! for the (j+l)th iteration is thus obtained. This set does not 

necessarily contain the end points of the interval, but they are in

cluded in the searching technique at the next iteration to avoid 

shrinking the interval. 
-

~i-1 ~i 
-- .... 

. I 

A 
"-., /--": 
·"------~' . : I . : 

~ I 
~ I 

/ 
0 " / '])__ 

I. 

I 

0 

:\ 

'\ 
I 

\ 

z1(i-I,j) 

X. (j) 
1-1 

z (i-l,j) z (i-l,j) 
2 3 

' 

z (i-1,j) z (i-1,j) 
4 1 5 

' ' 
z (i ,j) 

z (i-1,j) 
6 x.(j) 

1 1 

( J. ' x .. 
1+ l 

X. 1 1-

z ( i ,j) 
1 I ( j) 

l X. 
1 

(j+l) 

z (; ,j) 
2 3 

z (i ,j) 
.4 I ( j) 
t xi+l 
(j+l) x. 

1 

v 
z ( i 'j ) 

5 

Fig. 5-1. Iterative searching procedure for finding maxima on two subintervals. 
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In an effort to keep the number of the discrete points in the summa

tion (5.3) constant, at the end of the searching techniques we select 

n sample points among n+2 according to the absolute value of the 

corresponding weighted error function. If the error at one end point 

of the interval has a considerably large value relative to the other, 

the other is omitted. But if both end points have considerable errors, 

two neighbouring points are omitted among four successive internal 

points where the absolute values of the weighted error function are 

the smallest. 

A scheme of this procedure for ns = 5 is illustrated 1n Fig. 

5-1. 

Selection of the extreme points is significant especially 

within the first iteration. Once they are found, they do not usually 

move too far away in the next iterations. 

The following is a list of some arguments used for the quadratic 

interpolation technique in the subroutine NEWSET: 

indic(l) may have values 1 or 2. 

indic(l)=l indicates that quadratic interpolation is not 

applied on a subinterval; 

indic(l)=2 indicates that a quadratic interpolation is 

done, and the left end point of the next subinterval is 

temporarily removed. 

indic(2) may have values 1 or 2. 

indic(2)=1 indicates that quadratic interpolation was not 
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applied on a previous subinterval; 

indic(2)=2 indicates that a left end point of the sub

interval was temporarily removed and if indic(l)=2. 

the left end point will be set to the new extreme point 

on the subinterval, otherwise it will be fixed to the 

value it had before the searching technique was applied. 

indic(3) may have values 2, 1, -1 and -2. 

indic(3)=2 indicates that a new set of points does not 

include the left and the right end points of the in

terval [xa.xb]; 

indic(3)=1 indicates that xb is included in the new 

set of points; 

indic(3)=-l indicates that xa is included in the new set 

of points; 

indic(3)=-2 indicates that both xa and xb are included in 

the new set of points. 

q.i. indicates the number of quadratic interpolations done on the in-



ns 
( 2) ... indic(l) indic 

1 indic{l) ... 1 
m+ 

-----

k+l, ... ,ns 

-r---
1 
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~···· 
_j_Y_es_ --~ 
+ e I 
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zmax I 
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no 
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Fig. 5-2 Flowchart of subrcutine NEWSET 
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5.3 Computer program 

A computer program in FORTRAN IV is written for minimizing a 

function defined as a least pth objective where all the functions 

from (4.1) are real. Although the program is used simply by calling 

the name FMCLP, it contains 14 different subprograms. A list and a 

brief description of all the subprograms is given below: 

FMCLP 

s 

FAPP 

w 

WERR 

NEW SET 

FUNCT 

GROCHK 

Supplies all the data for the function minimization 

and coordinates the other subprograms in the pack

age; 

Defines a specified function over an interval; 

Defines an approximating function over an interval 

and the gradients w.r.t. variable parameters; 

Defines a weighting function over an interval; 

Computes a weighted error function at each sample 

point; 

Redefines a sample point set using quadratic inter

polation to include all the extreme points; 

Finds the absolute maximum weighted error and 

computes the least pth objective {5.3) and its 

gradients (5.5); 

Checks the gradients w.r.t. all variable parameters 



FMFPC 

FMNFC 

INPUT 

FINAL 

before the optimization process starts; 

Minimizes a function using the Fletcher-Powell 

optimization technique described in the section 

3.3; 

34. 

Minimizes a function using the Fletcher optimiza

tion technique described in the section 3.4; 

Prints the input data for the optimization process; 

Prints the optimum solution after function minimiza

tion; 

WRITEl and WRITE2 Print the intermediate results. 

S, W and WERR are function subprograms and the othPrs are sub

routine subprograms. 

A user of the package FMCLP is supposed to write the following 

subprograms from the above list: S, FAPP and W where he defines his 

own design problem in a straightforward way. More detailed instructions 

about how this should be done to fit the given package are available 

in Appendix I. 

Subroutine NEWSET is written according to the algorithm and 

the flowchart given in Section 5.2. ·The other subprograms require 

more e~lanation. 
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The output of the function subprogram WERR has a value of the 

weighted error at a single point x for a particular vector ~' i.e. 

(5.12) 
b. 

WERR = (F(a,x)-S(x))·w(x) . 
'V 

This subprogram is called for each sample point as many times as there 

are the changes in the vector~· 

Subroutine FUNCT keeps the values of the weighted error of each 

sample point in an n-dimensional array, finds the maximum absolute 

value among them and computes the objective function and its gradients 

according to the equations (5.3) and (5.5), respectively. The flow

chart of FUNCT is given in Fig. 5-4. 

Subroutine GRDCHK checks the gradients of the approximating 

function, which a user has to supply, indirectly through the gradients 

of the objective function (5.5), before the optimization procedure 

starts. The criterion used for checking the gradient is the relative 

comparison between the analytical and the numerical gradients against 

a small given number n 

(5.13) U(ai+Mi)-U(ai) 
tJ.a. 

1 

<n, i=l, ... ,k 

-4 -1 where in particular tJ.=lO and n:lQ . If it happens that 

(5.14) U(a.+tJ.a.)-u(a.) 20 1 1 1 <l 0-
M; 

i=l, ... ,k' 
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then a small quantity lo- 20 replaces the denominator in (5.13) to 

avoid the possible division by zero in that case. The gradients are 

checked only once, for the starting values of~ and~· If (5.13) does 

not hold, the program will terminate and wait for a user•s interven

tion. 

FMFPC and FMNFC are subroutines available for function minimiza

tion. The user has to specify which method is going to be used, how 

many times and the stopping criteria for the minimization procedure. 

There is the possibility of choosing both at one run. For more detailed 

instructions see Appendix I. 

The subroutines INPUT, FINAL, WRITEl and WRITE2 are called only 

when certain data or results are desired to be printed out. How this 

is handled is explained in Appendix I. 

All the subprograms are coordinated by FMCLP. Fig. 5-3 illus

trates how all these subprograms are tied to FMCLP and is useful in 

understanding the organization of the whole program. A flowchart of 

FMCLP, given in Fig. 5-5, shows in more details how this is actually 

done. 

The program terminates when the stopping criteria for the 

optimization method, Fletcher-Powell or Fletcher method, are satisfied 

or when the relative change in the objective function in two successive 

iterations is less than a small prescribed quantity e:, i.e., 
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(5.15) 
U (~j- l) -U (~j) 

U(~j -1) 

The listing of the program described in this Chapter is 

attached in Appendices II and III. 
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Compute 
errort-e(x:i:) 

Find 
M+-max)errori) 

i 
Set 

, 1•1, ••• ,n 

, i•l, ... ,n 

&_! + o. j•l ••••• k 

i + 1 
j + 1 

~------~Supply the gradients of the approximating function 1 

~ ""'l' '"'····~.::: ""'"""''"' '"' 

I 

$ 
I 

I 
1.._ ----~ ---

gradj+)error1/M)P-
2

•error1 /M•w(x1)·gradjl 

gj + gj + gradj 

(4.3) is computed 1~ U: 
n -

U+M(i~l)errori/M)P)P 

(4.5) is computed in gj: 

+ 1 

Fig. 5-4 Flowchart of subroutine FUNCT 
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Diac:ret:e point set to be read? ~>'•Ill ---------

no 

Disc:rete points are set 
equidistantly on the interval 

xi+xa+(~-xa)(!-1)/n-1, i•l, ••• ,n 

~-~-------~ ~----------

~~\ yea 
Quadratic: interpolation ·----·· 

to be used? 1 

no 

·------~1 CALL NEWSET 

40. 

Print thatLr<o . II then any 
number of improved extreme poin~_? ___ j 
quadratic: ·-------- .. 

interpolation : yea 
is zero '\Pri~-t-· / 

nnmber ot applied quailratic: interpolation• 
and a new eet xi' arrori, i•l, ••• ,n 

'---------------r------------' 

~··-- -[ CALL GIDCHK 

,..t 

( Gradient• correct? 

...... ~-----·-')'II 

\ r 
/no~-\_, STOP ) 



\ 
~---, 

First lllinimization? J 
I no 

yes o\ Read ~ 

/want to change the starting points 
and the optimization method? 

es ' Read 

~-l \optilllization. method to be used / 

·-----, ~ \and the stopping criteria. I 
\•i' 1•1, ... , 

, ' I 

I The input data 
procedure 

'------~~-~- --

no~~ --~--------

for j_the optimizatio~)-?'es 1-~L INP~-l 
to be printed out? I . _ 

no 

----. 

Print 
optimization method 

stopping criteria and I 
the starting values of ~ I 

E the chosen optimization method 

! 
r-- ·------. 

'

CALL FMFPC 
.Fletcher-Powell method is used 

--~--~- ~~-~---7 
Print 
u, zu, time elapsed and 

numer of function evalua~ions 

: . 
----------·------~--~--------·-

c:;:CALL FINAL 

' . 7 
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Fig. 5-5 Flowchart of subroutine FMCLP 
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5.4 Examples 

As mentioned before, using larger values of p, the more 

nearly is the maximum error emphasized and with extremely large 

42. 

values of p we approach the minimax solution. Two numerical examples, 

where the rational minimax approximations to the functions are known, 

were taken for comparison with results obtained using least pth 

approximation ~2]. The reason why rational approximating functions are 

chosen in the least pth objective is that adequate comparison between 

minimax and least pth approximation may be done, and there exists a 

unique rational function 
,Q, 

(5 ~ 16) 

\ L a.xj 
= =P ,Q,..:.,(.--x"T'") = j =0 J 

Qm(x) 

which minimizes the uniform norm. The uniqueness is proved by 

Chebyshev [ 30]. In this case the defect has to be included in 

Chebyshev•s theorem. It is known that if the functions form a 

Chebyshev set, the best approximation to a function over a closed 

interval is characterized by the maximum error occurring at k+l points, 

the sign of error alternating. 

The initial approximation and the starting point set in the 

examples were chosen to be the same as in the minimax approximation 

problem~. The initial approximation was obtained by rational 
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interpolation where the zeros of the Chebyshev polynomial (k+l)st 

order, Tk+l [31], transformed on the interval [xa,xJ are used as 

supporting points. As a first trial for the point set x, the extrema 
"' 

of the (n+l)st order Chebyshev polynomial were taken. There is no 

special reason for choosing these initial points with least pth 

objective, but it is shown that they provide a good initial guess for 

the minimax algorithm. A computer program which calculates the start

ing values of~ and~ is given in Appendix IV. 

Test 1 

Approximate 

(5 .17) 

on the interval [-1,1] by a rational function (5.16) with t=l and 

m=3. Use the weighting function w(x)=l. 

An initial set of 12 points is chosen over an interval [-1 ,1] 

and all the test quantities for the Fletcher-Powell and Fletcher method 

were set to lo-6. The value of p=l04 was found to be large enough to 

bring the least pth close to the minimax solution. The results are 

presented in Tables 5-l and 5-2. 

From Table 5-l we may draw the conclusion that good results 

were obtained with both optimization techniques. Also, it may be 

noticed that the Fletcher method was more efficient than the 



~------------------------~------- "'"-- -·--" ------~~,-- ---- -------- -···---- ------------ -- -, 
I 

Starting I 
values I 

I 
I 
I 

, Least pth solution 1 

j for p=l0
4 

_ _j 
~----- 1 I 
I Fletcher-Powell ! Fletcher I 

Minimax 
sol uti on 1}?2] 

------;~--1-l 
ao -l.OOOOOxlO-l 

·--- ~ --~--. -~--~-----i--- ----~ -------- -~------~----· -------~--~ 
-9 .99928xl o-2 : -9 .99274xl o-2 

! -9 .99274xl o-2 I 

: , .04887 , .04887 I al 1.04878 

bl -4.92007xl 0-l 

b2 7.77810xlo-2 

b3 6.04748xlo-4 

U or M 

Number of iterations 

Number of function 
evaluations 

1.04887 

-4.91425xl0-l 

7. 77872xl0-2 

-2.60009xl0-5 

M=8.68978xl0- 5 

4 

I I 

-1 -1 I -4.91425x10 -4.91425x10 · 

7.78725xl0-2 7.78725xlo-2 

-2.59776xl0-5 -2.60049xlo- 5 

U=8.69170xl0- 5 U=8.69326xlo-5 

5 ', 5 

420 115 

I I ' Execution time 
in seconds 

I - I 14 i 
- _________ _j ___ - --- _____________ j ________________ j __ --

Table 5-l ~ 
~ 



Minimax solution 

x where 
'\, 

the extreme errors 

·---~ 

occur extreme errors 

-1.00000 8.68978xl0-S 

-7.23512xl0-l -8.68938xl0-S 

-l.l9232xl0-l . 8.68977xl0-S 

4.72848xl0-l -8.68975xl0-S 

8.65372xl0-l , 8.68972xl0-S 

1.00000 -8.68977xlo- 5 

- . ~--. ~- -

Least pth solution for p=l04 
-i-

Fletcher-Powell Fletcher 
, _______ --- -- --t ---- -- --

i 
--- --- -· ----

! 

working set of~: er(or (l) at 
at the optimum tne op imum 

I working set of ~· er,cor (a) at 
at the optimum the opt~mum 

----
8. 68987xl 0- 5- - 8.69123xl0-S -1.00000 -1.00000 

-9.59493xl0-l 3.42715xl0-S -9.59493xl0-l 3.42850xl0-S 

-7.25986xl0-l -8.68983xl0-S -7.25929xl0-l -8.68834xl0-S 

-7.25825xl0-l -8.68983xl0-S -7.25829xl0-l -8.68833xl0-S 

-1.19127xl0-l -8.68976xl0-S -1.19lllxl0-l 8.69252xl0-S 

-1 .18506x10-l 8.68972xl0-S -1.18495xl0-l 8.69248xl0-S 

4.73739xl0-l -8.69024xl0-S 4.73912x10-l -8.68853xl0-S 

4.824llxl0-l . -8.67694xl0-S ' 4.82510xl0-l -8.67500xl0-S 

8.65710xl0-l 
i 

8.69016xl0-S 8.65783xl0-l 8.68912xl0-S 

8.99065xl0-l 
i 

7 .93572x10-5 8.99070xl0-l 7. 93431 xl o-5 ! 
i 

9.12197xl0-l 7 .1545lxl0-S 9.12197xl0-l 7.1533lx10-S 

1.00000 : ...,8.68953x10-S i 1. 00000 -8.69069x10-S 

Table 5-2 

---t 

+=
Ul 



46. 

Fletcher-Powell method because it requires fewer function evaluations 

and is less time-consuming. 

Test 2 

Approximate 

(5.18) f(x) 

with respect to the weighting function w(x)=l on the interval [-1 ,1] 

by a rational function with t=2 and m=2. 

This example is remarkable because it works near degeneracy 

defined in the Chebyshev theorem [30], and meets the artificial poles 

for almost every combination oft and min the rational function (5.16) 

[~]. In true degeneracy of degree one, there is one less extremum of 

the error curve than is expected with a minimax algorithm, and essen-

tially the numerator and denominator of the rational approximation 

contain a common linear factor which must be divided out to reduce 

the rational function to its lowest terms. In the numerical examples 

it is not at all unusual to find that the numerator has one zero that 

differs from a denominator zero by some small amount, ;.e., to have 

a rational approximation nearly degenerate of degree one. 

The comparative results between the minimax and least pth 

approximation obtained by the Fletcher optimization technique for 
4 

p=lO are presented in Tables 5-3 and 5-4. 



----------- -~---~-- --------

Starting Minimax 
values solution 

:----·-- - -·----·-·- -··---------.-------··---- ----···---- --- --- -

ao l.OOOOOxl0- 2 

! 
a, -3.33600 i 

I 

4.76782xlo1 : 
a2 i 

I 

bl 1. 76567 i 

b2 3.19620xlo1 I 
i 
I 

I I 
' ------~ 

U or M 

Number of iterations 

Number of function 
evaluations 

! Execution time 
I in seconds 
L ---------

I 

1.41450 

-1 .06530xlo1 

4.16169xlo1 

-4.0103 

2.82628xlo1 

M=2.38113xl0-2 

8 

Table 5-3 

Least pth solution 
4 for p=lO 

obtained by the Fletcher method 

1. 41448 

-1.06519xl01 

4.16157xlo1 

-4.00940 

2.82620xlo1 

U=2.38154xlo-2 

13 

586 

9.2 

------------------ -- ---------·-· 

~ 
"--.1 



------ --------~- - - -~e:~-~--~~~-so:tion f~~ p=~o 4 ______ l 
Minimax solution ! obtained by the Fletcher method I 

I I 

x where the 
extreme errors occur · 

i--------------------------- -·j 

-1.00000 

-3.08573xlo-1 

-6.15510xlo-2 

5.42007xlo-2 

1 .96670xl o-1 

5.52892xl0-l 

' ' ---------- ------ t-- ---------------------------------

1 working set of x I errors at 

~~:~-~~=-~~~o:s _____ ! ___ at the optimum -----1-- the ~-~-i~um -~ 
-2 I -2 -2.38108xl0 -1.00000 f -2.38025xl0 

2.38108xlo-2 

-2.38109xlo-2 

2.38108xlo-2 

-2 .38113xlo-2 

2.38108xlo-2 

Table 5-4 

-9.59493xl0-l 

-4.34766xl0-l 

-3.15535xl0-l 

-6.18947xlo-2 

5.46342xlo-2 

1.93965xlo-l 

1 . 9 40 11 X 1 0- l 

5.52292xlo-1 

6.20236xl0-l 

8.0965lxl0-l 

1 .00000 

! 

-2.15823xlo-2 

1 . 77356x 1 o-2 

2.38026xlo-2 

-2.38007xlo-2 

2.37994xl0-2 

-2.37976xlo-2 

' -2.37976xlo-2 

2.38004xlo-2 

2.27473xl0-2 

1.42303xl0-2 

3.68693xl0-3 

--- ~---- ----- --- -·. -

+::> 
CXl . 
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Test 3 

There was an attempt by Rice to extend the Chebyshev theorem 

to include non-linear dependence of F(~,x) on~ that the same charac

terization of best approximations holds for all continuous S(x) [32], 

but this applies only to a limited class of approximating functions 

~]. Unfortunately, there are many useful choices of F(a,x) which do 
~ 

not fulfil Rice's conditions of best approximations [33]. 

The third example is another that might be expected to give 

trouble. Due to Curtis and Powell [33], it is the approximation of 
2 X x by a1x+a2e over 0~ x~2. It may be verified that the error func-

tion of the approximation 

(5.19) x2 ~ 8.465x - 2.0239ex 

takes its maximum absolute value at the three points x=O, x=l.l227 

and x=2, the error at these points being +2.0239, -2.0239 and +2.0239, 

respectively. In fact, the best approximation is 

(5.20) x2 ~ 0.1842x + 0.4186ex 

the maximum absolute error is 0.5382 and this error occurs at just 

the two points: x=0.4064 and x=2. Not only do the approximating 

functions fail to form a Chebyshev set, but also the error curve has 

only two extrema instead of the three that would normally be antici

pated according to the Rice's theorem. The least pth results for 

this problem are given in Table 5-5 and again show the success of 
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FMCLP. The estimates of the best approximation agree to four figures 

with those given by Curtis and Powell. 

Initial approximation [ 1
1 l 

Fletcher method: 

Stopping criteria 10-6 

~-- ----- ---------- ·-·------- ---r-- -- - ---
n 

p 

function evaluation 

I 
I execution time in seconds 
L__ ----- ------ --- --------

Table 5-5 

Test 4 

10 

105 

0.1848 

0.4184 

0.5382 

0.4066 

2.000 

0.5382 

67 

1.3 

The computer program is used to solve an electrical engineering 

desigrr problem. The problem is stated: find a second order model of 

a fourth-order system with a given transfer function 

( 5. 21) G(s) = s+4 
(s+l)(s 2+4s+8)(s+5) 
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The transfer function of the second-order model considered 

is 

(5.22) 
a3 

H(s) = 2 2 
(s+a1) + a2 

Using the inverse Laplace transform the responses for (5.21) 

and (5.22) are 

(5.23) ( ) 3 -t 1 -5t 1 -2t( ) S t = 20 e + 52e - 65 e 3sin2t +11 cos2t 

and 

( 5. 24) 
a 

F( ) 3 -e1t . a,t =- e ·s1n a2t 
'V ~2 

respectively, where 

The results for different values of p and different numbers 

of sampling points n, but the same product n x ns, over the range 

O<t<lO are given in Table 5-6, agreeing with those given in [28 ]. 

Using the quadratic interpolation the locations of the extreme 

points were found precisely, and the solutions are closer to the 

minimax solution. Both solutions, for n=lO and n=25, are better than 

for n=50 where the quadratic interpolation was not employed. More-

over, the case n=lO is less time consuming, because this sampling 

takes the least number of points for the objective function (4.3) in 

comparison with the other two cases under consideration . 



----,----------------··-----·----··------- -

p=2 

i 
I 

i 

n=10 n =5 ' s 

a1=1.27339 
-1 a2=6.54190x10 

a3=2 .17787xlo-l 

M(a)=2.05859xlo-2 
'V 

tM=2.51460xlo-1 

U(a)=4.71528xlo-3 
'V 

f.e.=41 

q.; .=2 

1. 6 sec 

n=25 n =2 ' s 

a1=1.05489 

a2=-7.67814x1o-1 

-1 a3=1.618192xi0 

M(a)=1.32708x1o-2 
'V 

-1 tM=2.46234x10 

U{i)=l.21662x1o-2 
'V 

f.e.=30 

q.; . =3 

2.3 sec 

---------------l 
n=50 n =1 1 ' s 

---¥·----.---------·---- --

a1=1.01687 I 
-1 a2=7.8915x10 
-1 a3:.:1.61435x10 

M(a)=1.28696x1o-2 
'V 

-1 tM=2.0408lx10 

0(a)=2.06679xlo-2 
'V 

f.e.=36 

q.; .=0 

5.1 sec 
·---+-, -----·-------- ·-- ---+--- ------·--·--· ........... -

p=lO I a1=7.37873x1o-1 

. -1 a2=9.2622x10 

a3=1 .2862x1o-l 

M(~)=8.9565x1o- 3 

-1 , tM=l.67727x10 

I U(,e)=8.4364x1o-3 

f I f.e.=38 

1. 5 sec 

-1 a1=7.46289x10 

a2=-9.23825x1o-1 

-1 a3=1.27596x10 

M(a)=8.76150x1o-3 
'V 

tM=1.73062xlO-l 

U(,e)=8.2421xlo- 3 

f.e.=32 

q.; .=3 

2.5 sec llj_ q.i.=3 

----------~------

-1 a1=7.43325xl0 
-1 a2=9.29377x10 

-1 a3=1.2812x10 

M(a)=8.5446x10-3 
'V 

-1 tM=2.0408lx10 

) -3 U(a =9.1834x10 
'V 

f.e.=31 

I 

I 
I 
i 
I 
I 
I 

I 
q.i .=0 J 

4.5 sec · 
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CONT 1 D 

r---------,...--- ----------

n=10, n =5 s n=25, n
5 

=2 
--+---------+------ --- ~-

a
1
=6.79369x10-l 

a2=9.55429x1o- 1 
p=101 

I 
I I a3=1.21997xlo- 1 

I 
I M(~t)=8.9563x10- 3 

tM=1 .67727x1o-1 

. U(a)=8.2055x1o-3 
I 'V 

f.e.=35 

q.i .=1 

a1=6.8047x1o-l 
-1 a2=-9.5471xl0 

a3=1.2206x1o-1 

1 M(it)=8.1300xlo-3 

i tM(~)=l.73062x1o- 1 

U~)=8.1866x1o- 3 

I f.e.=35 

I q. i .=1 

1.3 sec j 2.5 sec 
-·-------·· -~ 

p=103 a1=6.737x1o-1 i 
a
1
=6.77142x1o-l I 

I 
' 

a2=9.5590x1o-1· a2=-9.5556x10 -1 

a3=1.2168x10 -1 a3=1.21735x10 -1 

'M(a)=8.1125x10-3 M(a)=8.0905x10-3 
'V 

'V -1 
tM=1 .67727x1o-1 tr4=1. 73062x10 

U(a)=8.ll82x10-3 
' 'V I 

U(~)=8.0957x10- 3 

f.e.=28 f.e.=29 

q.; . =0 q.; .=0 

1. sec 2.3 sec 

Total f.e.=l42 f.e.=126 

for 9.6 sec 

n=50, ns ~~- ---l 
I 

---------- ---· 
-1 a1=6.88905xl0 
-1 a2=9.52106x10 

a3=1.2334x10-l 

M(it)=7.9450xl0- 3 

tM=2.0408lxlO-l 

U~) =8.0045xlo-3 

f.e.=35 

q.; .=0 

5. sec 

a1=6.8510xlo-l 

a2=9.5289xl0-l 

a3=1.2294x10-1 

M(~)=7.9009x10- 3 

tM=2.04082xl0- 1 

U(~)=7.9068xl0- 3 

f.e.=26 

! 

' 

I 

I 

53. 

I q.; .=0 I 

4. sec I 

f.~.=1-~-;l 
for 18.6 sec I 

_-t___. fo~ 5.4 s~:_l_ -- ------'------ ---------------- ____ I 

Table 5-6 
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Remark: The optimum result for a2 is true for both positive 

and negative values from Table 5-6 because this does not effect the 

approximating function (5.24) where 

sin a2t ; sin(-a2 t) 
. -a 

2 



CHAPTER VI 

Generalized Least pth Approximation 

6.1 The objective functions 

The applicability of least pth approximation may be extended 

to a wider variety of design problems and a wider range of specifi

cations than considered in Chapter V if the least pth objective 

function is written in a more general form [ 2]. 

We will evaluate all the functions at a finite discrete set 

of values of x taken from one or more closed intervals. 

Define real weighted error functions related to the upper 

and lower specifications, as shown in Fig. 6-1, respectively as 

( 6 0 1) 

where 

F(~,xi) is the approximating function; 

Su(xi) is an upper specified function; 

SR.(xi) is an lower specified function; 

wu(xi) is an upper positive weighting function; 

wR.(x;) is an lower positive weighting function; 

~ is an vector containing the k independent parameters; 

-55-



S,F,w 1 

I 

x. is the discretized independent variable; 
1 

Iu and IR- are appropriate index sets. 

I ~~.,---« wu(x;) 

56. 

! ( ) I . F(~,xJ) l c~c:>-C-<>--<)~-W 9.-X-i _}eb-: -0..-4--<>-'-t::Lb/.-o--~-c:J,_' ';;:_· -o-'-<>-· __.·~S_u_( x_i ____ x 

I£ 

Fig. 6-1 Example of a design problem with 

upper and lower specifications. 

A special case of (6.1) when Su=S
1 

and wu=w£ leads to the 

common form of a real weighted error function defined in (5.1). 

We will slightly modify the error functions by introducing 

a constant ~ which is used for shifting the level of the originally 

defined errors functions (6. 1) [34] such that 

(6.2) 

The above expressions may be obtained by redefining the 



specifications which are going to be used in the error function 

(6.2) as follows 

(6.3) 

s I (X 1:' ) =S (X ) + s 
u i's u i w (x.) u 1 

I I 

where Su (xi,t) and S
1 

(xi,t) are the artificial upper and lower 

specified functions, respectively. 

Therefore, the modified error functions are in the following 

forms 

(6.4) 

A certain flexibility in the formulation of the optimiza

tion problem is possible when the artificial margin t is introduced. 

A more detailed discussion will come later. 

Let 

( 6 0 5) 

It is quite possible that some of the upper and lower error 

57. 

functions tend to -oo and +oo, respectively, in which case they may be 



S,F,w 

simply ignored.by a proper formulation of the problem. 

We will consider two possible cases which may happen in 

function approximation with upper and lower specifications: the 

specification may be violated and the specification may be satis

fied. 

6.2 Case !-Specification Violated 

I 

When the specification is violated, some of the e (a) or u. '\, 
1 

-e
2

. 
1 
(~) are positive, as is illustrated in Fig. 6-2. (The illus-

1 

tration is made for ~=0, for convenience). 

1 

~ F(~,x) 

I 

l_l 

--T· 
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X 

Fig. 6-2 Example of a design problem when the specification is violated. 
Case I is applicable. 



We wish to make as small as possible all those e (a) and u. ~ 
1 

-e£. (~) which are positive, in an effort to meet the specification, 
1 

and the following objective function was proposed [34] to be min-

imized: 

(6.6) 

where 

(6. 7) 

and 

p> 1. 

If Ju and J£ are empty then U(~)=O and we have just met or 

exceeded the artificial specifications. The larger the value of P, 

the more nearly.would we expect the maximum error to be emphasized, 

since 

(6.8) 
I 

~a~[eu. (~,1;), -e£. (~,~;)]=timU(~,~;), 
1 ,J 1 J 

p~ 

hence minimization of (6.6) is an effort to meet the specification. 

6.3 Case !!-Specification is satisfied 

I 

When the specification is satisfied all the -eu. (~,1;) and 
1 

e. •(a,~;) will be positive as it is shown in Fig. 6-3. Again for 
"'. 'V 1 
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convenience, ~=0 is chosen, 

S, F ,w i 
i 

l 

l i 
I 

L X ---

Fig. 6-3 Exuple of a design problem when the specifieation 

is satisfied. Case II is applicable. 

60. 

Now, in an effort to exceed the specification by the greatest 

amount, the following objective function was proposed [34] to be 

minimized 

for 



(6. 10) 

and 

p.::_l. 

Again, the larger the value of p the more nearly would we 

expect the minimum error to be emphasized, since 

(6.11) ~a~[eu. '(~,~), -et.'(~,~)]=limU(~,~), 
1 ' J 1 J p-+-oo 

6.4 Scaling 

If p is very large we have ill-conditioning in both cases 

resulting from the numerical evaluation of [±eu. ']±P and [+e
2

.']±P. 
1 1 

By proper scaling 'tie can alleviate the ill-conditioning and also 
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define only one objective function which is valid for both cases [34]. 

Let 

(6. 12) 

and define an objective function 

(6.13) 

and its gradients 



(6.14) 

where 

(6. 15) 

if M(a,t,;) <O 
'V 

with Ju(~,~) and Jt(~, ~ ) defined in (6.7) and Iu and It defined in 

( 6. 1 0) , and 

(6.16) 
~ p>l for M(a, ~ ) > O, 

q=p sgn M(~, ~ ) { "' 
p~l for M(~, ~ ) < O. 

If e . '(a,~) and et · '(a,~) for iElu and iEIQ, respectively, u, ~ 1 ~ ~ 

are continuous with continuous partial derivatives, the proposed 

objective function is continuous everywhere with continuous partial 

derivatives. · The objective function (6.13) and partial derivatives 

(6. 14) still remain continuous even when, for some i's, eui • and/or 

62. 

et i' are discontinuous or continuous with discontinuous derivatives, 

simply because those points are ignored if eui'/M and/or-e t i'/M are nega

tive and M>O. This is very suitable for the wide variety of net-

work and system design problems, especially in filter design. 



6.5 Discussion 

The artificial margin ~ which is constant during optimi

zation does not affect the location of the minimax optimum (p+oo), 

Its important role, however, is evident for a finite value of p. 

The value of the parameter~ can be chosen so that theM of (6.12) 

is always positive or negative during optimization. When M is 

positive, only sample points which satisfy the conditions in (6.7) 

are considered and, therefore, there is a saving in gradient 

computation. But in this case it may happen that M=O, when the 

function is continuous but the derivatives are discontinuous. On 

the rare occasions when this situation causes a failure of the 

gradient minimization algorithm, one can change the value of ~ and 

restart the optimization process. If the value of M is chosen to 

be negative this possible failure is avoided. 

6.6 Computer program 

63. 

A computer program in FORTRAN IV has been written, which 

utilizes the least pth approach described in previous sections. The 

program consists of 15 separate subprograms. 

FMLPO Supplies all the data for the optimization process and 

coordinates the other subprograms in the package; 

FUNCS Defines upper and lower specified functions; 

FCTAPP Defines an approximating function and its gradients 



with respect to variable parameters; 

W Defines upper and lower weighting functions; 

FCT Calculates artificial upper and lower specified functions 

according to the equation (6.3); 

EPSNP Calculates upper and lower weighted error functions; 

ERRO Selects the weighted error functions of interest for the 

objective function (6. 13) according to the equations 

given in (6. 15); 

FUNCG Computes the generalized least pth objective function 

(6.13) and its gradients (6. 14) w.r.t. variable parameters; 

GRDGHK, FMFPG and FMNFG are subroutine subprograms which 

have the same role as the subroutines GRDCHK, FMFPC and FMNFC, 

respectively, in the FMCLP package. 

INPUT, FINAL, WRITEl and WRITE2 are subroutine subprograms 

which have already been introduced in section 5.3. 

FUNCS, W, FCT and EPSNP are function subprograms, and the 

others are subroutine subprograms. 

A user of the package is supposed to write the following 

subprograms by himself: FUNCS, FCTAPP and W in a straightforward 

way. More detailed instructions may be found in Appendix V. A 

user has to arrange the intervals, not necessarily disjoint, such 
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that each of them has only one specification. For example, if the 

original design problem has upper and lower specifications for 

the same values of the independent parameter x, two intervals with 

a single specification have to be formed, one with the upper and the 

other with the lower specification. A two-dimensional array is 

constructed of the'input data, where the first of the two subscripts 

relates to the type of the specification and the second denotes the 

appropriate intervals. The elements of the array may have values 

+1 if there is an upper or -1 if there is a lower specification in 

a given interval. 

Let 

(6. 17) 
ei 11 (~,t;)~(+l) ·eui (~,d 

ei 11 (~,r;)~(-l)·e.e.i<~,~) 

Then the expressions for the generalized least pth approxi

mation (6. 13)-(6. 16) may be redefined in a form suitable for pro-

gramming: 

(6.18) 

(6. 19) 

(6.20) 

where 

(6.21) 
~ J(~,t;) if M(~,t;)>O 

K={ 
I if M(a,r;)<Q 

'V 
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Function subprogram EPSNP computes the upper or lower 

weighted error at a single point x for a current variable vector 

~· A flowchart of function EPSNP is shown in Fig. 6-5. 

The flowcharts of the subroutines ERRO and FUNCG are 

available in Fig. 6-6 and Fig. 6-7, respectively. The list of 

the symbols used in the flowcharts are given on the page 67. A 

scheme presented in Fig. 6-4 illustrates how the subprograms are 

connected to each other. The flowchart of FMLPO is given in Fig. 

6-8. 

If the gradients of the approximating function are not 

supplied correctly, the program will terminate and print out the 
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appropri~te message. Also, suitable diagnostic messages are printed 

out whenever there is any unusual exit. 

When the criteria for the optimum have been satisfied, the 

optimum solution, the discrete point set with the articifial weighted 

errors in each interval and the execution time in seconds are printed 

out. 

The computer program of the whole package FMLPO is given in 

Appendices III and VI. 

Most of the symbols used in the flowchart are in agreement 

with the corresponding ones used in the theory. Those which differ 

or have not been mentioned yet are 



emax corresponds toM(~,~); 

n1 is a total number of intervals; 

jr is a current interval; 

kj is a number of discrete point set at (j 1)th interval; 

x1 ,j is a left end point of (j 1)th interval 

x2 . is a right end point of (j 1)th interval; ,J 
x3,j is a characteristic number of (j 1)th interval with the 

information about upper or lower specification; 

m. is an integer which determinates the interval where 
J 

the selected point belongs; 

grad; is the gradient of the approximating function zF(~,X;); 

E is a small quantity used as a stopping criterion of the 

iterative procedure in FMLPO. 
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A value of F(~,xi) for a particular----~ 
zi and ~ is computed only once, indicator-!, jl 

!otherwise is sav~~~r~~~e previou~-~~~-u~ati~n: 

~ 
~icator-1 

-------· 

I 

~--

~
---- --

CALL FCTAPP ' 
IF(~,xi) is obtained! 

-------, 

I If t-o, it is J 
superfluous to use L artificial specificat~ons: 

),, 

---~--'~ <::>'~----~--~-----------
1-;p~~~~~;~~~xi)-FUNCS(xi,ji)) •w(x1 ,j 1) I 

I m~('~'"<~:;cr-:;-, ~"•••ulp <, ~~j-,~··v(>,j~ -- I 

c-:fumJ 
Fig. 6-5 Flowchart of function subprogram EPSNP 
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I 
j+j+l 
i+l 

Define a statecent function 
as a function s~bprogram EPSNP: 

e(xi)•EPSNP 

Should a computation of the error 
function at each point be done? 

yes 

indicator + 1 
j + 1 
i + 1 
I. + 0 

ld + 0 

£:: kt+l 

\ 
I 

I 

If the value of the approximating function has been 
already calculated for the current values of x and ~· 

it would not be calculated again 
R.R. + 1 

apt+aptt 

F(~ ,x.~,)+ap.~, 

I"" ! indicator+O 
."""" H+l . 

.___,...l __ __. ·~ ~ .. ~: I 

- --- • yell__ ----- __j 

----C) 
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~----- -

I ----~' ~~+1 I 
I 1 <1+1 I 

~ 
-~ 

l I_ 

Ftg. 6·6 

<!!;/ .. -«:.~. ~. 
no / ,, _/ 

----;;--:t-t---=:==-· .. - --- y;;;' -_.-
,n + n+l I -·- . -· J 

X ·h +X ' 

error + t D. error 
FD + ap I. 

--- 1 

l 

I 
! 

----- l 

flowchart of subroutine ERRO 
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i+i+l 

j+l 

1•1 

i 

( enter ) 

Supply the points of interest (6.15) 

and emax using the subroutine ERRO: 

Set: 
gr. ... 0, .i.•l, ••• ,k 

i + 1 
j ... 1 
II. ... 1 

------------------! 
Determinate the interval jt where 

the aelected errori belongs: 

no 
,...-~------

,_> 
~---------~------------

r~,xp + r1 l 

_____ _!l(l_ 

Supply the gradients of the approximating function I 
grad1 , L•l, ••• ,k by the subroutine FCTAPP I 

72. 



----~ 

( 
i yes 
I 

return ) 

Fig. 6-7 Flowchart of subroutine FUNCG 
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CD 
.---------- ----l 

The input data for the optimization 
procedure to be printed out? 

no 

I 

b-------u r-------------------L-----------------, 
Go to the chosen optimization method 

CALL FMNFG CALL FMFPG 

\ B.ead 
r---"""pt:imization method to be used 

I 

and the stopping criteria 

optimization method, 
stopping criteria and 
start·ing values of ~ 

Nev Fletcher method is used , Fletcher-PoweLl metbo4 
I 

is ueedJ 

-·----r--------J 
es ----1•1 CALL WRITEl & WRITE2 

Print 
u, ~U, ~· time elapsed and 

au.ber of function evaluations I r--- ____________________ ! 

optimum solution 
1 execution time, xi, errori' i•l, ••• ,m; 

no 

Is a relative change in 
function value<£7 

no 

Last iteration? I 

__::c
~ 

yes 

Ffg. 6-8 Flowchart of subroutine FMLPO 
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6.7 Examples 

Four examples were chosen to illustrate the work of the 

package. The first example is with the objective function as in 

case I, the second when it is as in case II, the third the low 

pass filter design problem without and, fourth, with parameter con

straints. 

Test 1 

A problem for system modelling, the same as used in Test 4 

in Chapter V, is solved again. In this case upper and lower speci

fied functions are chosen to be the same: 

{6.22) 

with the artificial margin ~=0, over the range tE[O,lO]. 

When one function approximates the other, it always corres

ponds to the situation in the case I. 

We consider the same interval I twice, once as Iu and 

secondly as It. 51 uniformly spaced points were chosen over the 

range [0,10] including 0 and 10, and a starting vector 

1 

1 

The Fletcher-Powell and Fletcher optimization techniques 

were used with the stopping criterion E=l0-6. The results are 
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shown in Table 6-2. Also, the list of errors in both intervals and 

selected errors for further optimization, for p=2 is given in Table 

6-l. With p=2, the following parameter vector is found 

1.01647 

0.78927 

0.161400 

77. 

The results from Table 6-2 are in excellent agreement with 

those in Table 5-6 when n=50 and ns=l, i.e. the case without quadratic 

interpolation. Also it is evident that the Fletcher method is more 

efficient. 

Test 2 

The same optimization problem was chosen as in the Test 1, 

but this time the artificial margin is set to be different than zero, 

in particular 

s=2 x1 o-2 

therefore the artificial upper and lower specificatio~are distinct. 

Two possible cases may occur now: the specification may be violated 

and the specification may be satisfied. 

The same initial set of sampling points and the starting value 

~ as in Test l was used. From the Table 6-3, we may conclude that 

the starting objective function belongs to case I. The Fletcher optimi

zation method is used with the same stopping criterion as in the Test 

l and already for p=2 the problem is in case II, also is illustrated 



- --------- ---~-1------ -------------- _l ____ --------------------r---------------- ------- ------------- --
~ 1 selected errors: 

sample : independent II error: I nonnegative upper 

points , variable in- I upper=lower & nonpositive lower --- -------~------------r---
1 I o . o -8 . 882 10-16 

' 2 
2 i 0.2 1.288 10-

3 0.4 6.985 lo- 3 

4 0.6 -1.173 10-3 

5 0.8 -5.906 lo- 3 

6 1.0 -6.635 lo-3 

7 1.2 -4.701 10-3 

8 1.4 -1.736 10-3 

9 1.6 1.033 10-3 

10 1.8 2.944 lo- 3 

11 2.0 3.810 10-3 

12 2.Z 3.755 10-3 

13 2.4 3.043 lo-3 

14 2.6 1.970 10-3 

15 2.8 7.868 10-4 

16 3.0 -3.253 lo-4 

17 3.2 -1.258 lo-3 

18 3.4 -1.963 10-3 

19 3.6 -2.437 lo- 3 

20 3.8 -2.702 lo-3 

21 4.0 -2.795 lo- 3 

22 4.2 -2.754 lo-3 

23 4.4 -2.617 lo-3 

24 4.6 -2.419 10-3 

25 4.8 -2.183 lo-3 

I 
I 
i 
I 
I 

1.288 10-2 

6.985 10-3 

1 .033 10- 3 

2.944 10-3 

3.810 10- 3 

3. 755 10-3 

3.043 10-3 

1 .970 10-4 

7. 867 10-3 

7.341 10- 7 

1.215 10-6 

1 .263 10-6 

1 .058 1 o-6 

-8.882 10- 16 

-1.173 10-3 

-5.906 10-3 

-6.635 10-3 

-4.701 10-3 

-1.736 10-3 

-3.253 10-4 

-1 .258 10-3 

-1.963 10-3 

-2.437 10-3 

-2.702 10-3 

-2.795 10-3 

--. ---------· ----------··-----·----
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CONT'D 79. 
----- ------ -~ ~-- -- ·r·---- ---

~ selected errors: ' 

sample I independent 1 error: i nonnegative upper • 

points j variable in I upper=lower +I ~ n~~-positive _l~~e~i 
----------------r-----------------+·----~-----~------ ------- -- . 

' 26 ! 5.0 ~,· -1.933 10-3 i . -2.754 10-3 

27 ! 5.2 -1.681 10-3 -2 .617xlo- 3 
I I 

I 

I 

28 ' 5.4 I -l.44o 1o-3 -2.419 10-3 

29 5.6 ' -1.215 10-3 -2.183 10-3 

30 5.8 -1.011 10-3 -1.933 10-3 

31 6.0 -8.301 lo- 4 -1.681 10-3 

32 6.2 -6.723 10-4 -1.440 10-3 

33 6.4 -5.371 10-4 -1.215 10-3 

34 6.6 -4.231 lo-4 -1.011 10-3 

35 6.8 -3.284 10-4 -8.301 lo-4 

36 7.0 -2.510 10-4 -6.723 lo-4 

37 7.2 -1.886 10-4 -5.371 lo-4 

38 7.4 -1.391 10-4 -4.231 10-4 

39 7.6 -1.005 10-4 -3.284 10-4 

40 7.8 -7.081 10-5 -2.510 10-4 

41 8.0 -4.848 lo-5 -1 .886 l0-4 

42 8.2 -3.199 10-5 -1.391 10-4 

43 8.4 -2.013 10-5 -1.005 10-4 

44 8.6 -1 .182 10-5 -7.081 10-5 

45 8.8 -6.211 10-6 -4.848 10-5 

46 9.0 -2.597 lo-6 -3.199 10-5 

47 9.2 -4.265 10-7 -2.013 10-5 

48 9.4 7.341 Jo- 7 -1.182 lo-5 

49 9.6 1.215 l0-6 -6.211 l0-6 

50 9.8 1.263 10-6 -2.597 l0-6 

51 10.0 1.058 lo-6 -4.265 lo- 7 

' L_ _______ --L-.- --- ---------- ________ ! 

Table 6-1 



,--
! 

al 

a2 

a3 
M(~) 

tM 
U(~) 

execution time 1 

p=2 

Fletcher Powe 11 

1.01647063 

7.8927025xl0-l 

1.61400086xl0-l 

1.2880047xlo-:2 

2.0xl0-l 

2.09004705xlo-2 

7.5 

·------------------·-t·· ----------·---~~1 02 - - -- --- ---- ---· 
Fletcher Fletcher-Powell Fletcher 

1.01647060 6.8785026xl0-l ------~----------

7.8927036xl0-l ! 9.5318185xlo- 1 i 9.5318177xlo- 1 

1.61400093xl0-l i 1.2318597xl0-l 1.2318599xlo-1 
-2 ' -3 3 

1.2880048xl0 '· 7.988425xl0 7.98842~xl0-
2.0xlo-1 2.0xlo- 1 2.0xl0-

2.09004705xl0-2 8.04667205xlo-3 8.04667205xlo-3 

7.2 10 7.4 
---·--· ··-----' -~·· --·---~------ -·--~ 

! 
) 
I 
I -, 
I 

I 

- .. J in se~onds ____ +l--------------
1 p=lO 
i Fl e~~~~p~~e-ll __ l _______ -Fletcher Fl etcher-Powe 11 

---------- ------ . . i p=lo4 

a1 I 7.4276852xl0-l 7.4276856xlo- 1 ! 6.844480xlo- 1 

1 a2 I 9.295083xl0-l 9.295085xl0-l j 9.540875xlo- 1 

II a3 , 1.2803127xl0-l 1.2803137xl0-l j 1.228672lxlo-1 

1 M(~) I 8.592078xlo-3 8.59209xl0- 3 j 7 .947445xl0-3 

I 
i -1 -1 :. -1 

tM 1 2.0xl0 2.0xl0 2.0xl0 

I U(~) ! 9.22275978xl0- 3 9.22275978xlo- 3 7.94802468xlo- 3 

1 execution time ! 13.7 6.7 8.6 
: in seconds , 
i I 
'------------ ------- ___ J _______________ -·-·- --·--------- ---

Table 6-2 

Fletcher 1 

---------------------------1 
6.844475xl0-l I 
9.540873xl0-l I 
1 .2286716xl o- 1 

7.947439xl0-3 

2.0xl0-l 

7 .94802476xl0-3 

6.8 I 
I 
I 

-- ________ j 

o:> 
C> 
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in Table 6-3. The optimal solutions for dUferent values of p are 

presented in Table 6-4. The artificial margin s does not affect the 

optimal solution of the variable vector ~· It has the same value as 

the corresponding vector from the Table 6-2. 

The starting vector a was 
'\, 

I ~ 
and the following vector was found 

for p=2. 

Test 3 

0.92369 

0.83516 

0.14720 

The computer program was used in the optimization of a five 

section cascaded transmission-line low pass filter which has been 

considered by Carlin [35]. The terminations of the filter are unity, 

the length of the ith section ~i and the normalized characteristic impe

dance of the ith section Zoi' such that a maximum insertion lossy in the 

passband, from 0 to 1 GHz, is not more than 0.4 dB, while maximizing y at a 

point in the stopband. All section lengths were kept fixed at 2.5 em so that 



t;=2xlo_2; 
J·· -------

sample 
points 

2 
3 

4 

5 

6 

7 

8 

9 

10 
11 

12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 

23 
24 
25 

Initial values 
~ '-----~~---- -· --·· -·----1-------·--··---- ····-------------------

! selected errors 
upper errors; I nonnegative upper 
lower=upper+2t; i nonpositive lower 

i 
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p=2 

upper errors; 
1 ower=upper+2t; i 

---- --·-·········------------~---·-----

-2.DOOxlD-2 

1. 293xl o-1 

2.057xl0-l 
2.380xl0-l 

! 
-------r---------

1 -2.000xlo-2 
I -----! 

-1 2.429xl0 
2.304xlo-l 
2.070xlo-1 

1. 772xl o-l 
1.445xlo-l 
1. 115xl o-1 

8.009xlo-2 

5.178xlo-2 

2.74lxlo-2 

7.360xlo-3 

-8.373xlo-3 

-2.007xlo-2 

-2.820xlo-2 

-3.334xlo-2 

-3.608xlo-2 

-3.699xl0 -2 

-3.660xlo-2 

-3.533xl0 -2 

-3.354xlo-2 

-3. 15lxl0 -2 

-2.944xlo-2 

I 
! 

1. 293xl o-1 

2.057xlo-l 
2.380x1o-l 

2.429xlo-1 

2.304x1o-1 

2.070x10-l 

1. 772xlo-1 

1. 445xl o-1 

1. ll5xl o-1 

8.009xlo-2 

5. 178xlo-2 

2.74lxlo-2 

7.360xlo-3 

-8.99lxl0 -3 

-1.535xlo-2 

-2.32lxlo-2 

-2.728xlo-2 

-2. 727xlo-2 

-2.469xlo- 2 

-2. 124xlo-2 

-1.818xlo-2 

-1.615xlo- 2 

-1. 532xl o-2 

-1.55lx10 -2 

-1.643xl0 -2 

-1. 776xl 0 -2 

-1. 919xl o- 2 

-2.054xl0 -2 

-2.168xlo-2 

-2.255xl0 -2 

-2.314xlo-2 

-2.348xlo-2 

-2.360x1o-2 

-2.356x10 -2 

-2.340xlo-2 

-2.314xlo-2 

-2.284xl0 -2 

., ---·--··-·--] __________________ _j _____ _ 



CONT•o 
.. - .- --, -- - - --··- ··--·---

' 
I 

sample 1 upper errors; 
points : 1 ower=upper+2~ 

; 1 

selected errors 
nonnegative upper 
nonpositive lower 

-· ----· -- ·-+-------·-- ---------: ----------·-·--·------- ··-·· --·j· 
26 -2.748xlo-2 

I 

27 -2.570xlo-2 

28 -2.417xl0 -2 

29 -2.289xl0-2 

30 -2.186xl0-2 

31 -2. 106xlo-2 

32 -2.047xlo- 2 

33 -2.005xl0 -2 

34 -l.978xlo-2 

-35 -1.962xlo-2 

36 -l.954xlo-2 

37 -1.952xlo-2 

38 -l.954xlo-2 

39 -l.960xl0 -2 

40 \-l.965xlo-2 

41 -l.972xlo-2 

42 -1.978xlo-2 

43 ·-l.984xlo-2 

44 -l.989xlo-2 

45 -1.993xlo-2 

46 -1.997xlo-2 

47 -1.999xlo-2 

48 -2.001xl0-2 

49 -2.002xlo-2 

so -2.003xlo-2 

51 -2.003xlo-2 

Table 6-3 

upper errors; 
lower=upper+2~ 
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' 
------------~--·---.>--------- --- ---~~ 

-2.25lxlo-2 

-2.218xlo- 2 

-2.186xl0-2 

-2. 155xl0 -2 

-2.128xlo-2 

-2. l03xl0-2 

-2.082xl0-2 

-2.063xl0 -2 

-2.048xlo-2 

-2.035xlo-2 

-2.025xlo-2 

-2.017xlo-2 

-2.0llxlo-2 

-2.006xlo-2 

-2.003xlo-2 

-2.000x10 -2 

-1. 999xl o-2 

-1.998xlo-2 

-1.9978xlo-2 

-1.9977xl0-2 

-1.9977xlo-2 

-1.9979xl0 -2 

-1.9982xl0-2 

-1.9986xlo-2 

-1.9989xl0-2 

-1. 999xl o- 2 



Fletcher 
---- -r ·--- -- -- T 

l q=-p=-2 
! 

f----- ---~----

al 

a2 

a3 

M(~) 

i 9.2369xlo- 1 

tM 

U(~) 

function 
eva 1 uati on s 

.

1 

execution time 
in seconds 1 

I i L__ ____________________ _ 

8.3515xlo-1 

1.4720xl0-l 

-8.9912xlo- 3 

0.2 

-1.8963x10- 3 

33 

8.4 

q=-p=-1~----- -r-
q=-p=-102 

7. 7204xl0-l 
, 1 

9.1379xl0-

1.3053xlO-l 

-l.llOSxl0-2 

0.2 

-9.983lxlo-3 

21 

5.9 

__. ______ -----·-·-·· 
6.9015xl0-l 

9.5224xl0-l 

1.2338xl0-l 

-1.1987xl0-2 

0.2 

-1.1899xlo-2 

23 

6.5 

---- --------- ----·-·- -· 

Table 6-4 

l 
i 

q=-p=-104 I ·--· -----l 
6.8446xlo-1 / 

9.5408xlo-1 i 

1 .2287xlo-1 

-1 .205xlo-2 

0.2 

-1.205lxl0-2 

33 

9.8 

- .L -· -----·---

co 
~ 



85. 

the maximum stopband insertion loss would occur at 3GHz and the 

normalized characteristic impedances are used as variables. 

The insertion loss is given by 

(6.23) 1 
y = 10log10 2 

1- I PI 

where P is the reflection coefficient, therefore the corresponding P 

to the insertion loss may be considered in the optimization problem 

because there is an finite upper bound on IPI which is 1. 21 uni

formly spaced sample points were used in the passband and a single 

point at 3GHz. The artificial margin ~ for one case is set to be 

zero and for the other 0.02337. The weighting function is set to be 

1 everywhere. The starting value of the variable vector ~ was 

3.180 

0.443 

4.38 

0.443 I 
3.180 J 

Results obtained using the Fletcher method for the value of 

p=l03 are presented in Table 6-5 and the response is shown in Fig. 

6-9. More details about the computation of the reflection coefficient 

are given in the Appendix VII. 

Although, for physical reasons the symmetrical results for 

the variables are expected, symmetry was not assumed. ~ does not 

affect the optimal solution. The reason that it was considered was 
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Fletcher method 

1 . .. --- -- -- - --- -~ -- - ---. --------------------------- --- . -~ 

p=l03 
I ~=0 ~=2.337xlo- 2 

r -r-- ---------· -----

al 

I 

3.1525 3.1508 

a2 4.4203xl0-l 4.4165xlo-1 

a3 '· 4.4212 4.4194 ; 

a4 4.4159xlo-l 4.4169xlo-l 

as 3.1526 3.1508 

M 3.9466xlo-5 -2.3330xlo- 2 

XM 3.0700xlo-l 3.0 

u 3.9466xlo-5 -2 

I 
-2.3330xl0 

Function evaluations 177 79 

Execution time J 17 13 
in seconds I 

I 

______ _j_ ~--·. --------· J 

Table 6-5 
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to bring the objective function into the case when the artificial 

specification is satisfied. 

Test 4 

Constraints are put on the parameter vector a such that they 
'V 
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are not satisfied at the optimal solution of the unconstrained problem 

given in Test 3. 

Although the package FMLPO is not written for nonlinear 

programming, the constrained problem also may be considered. The 

constraints on a parameter may be considered as upper and lower 

specifications on an approximating function defined as a single 

variable parameter over the dummy point.outside of the working set 

of points. This dummy point has to be defined as a new interval for 

each specification, which is not so practical, but it works. The 

variable parameter vector ~ is constrained by 

(6.24) 0.2<a.<4.0, 
-1-

i=l,2, ... ,5 ' 

i.e., the solutions from Table 6-5 for a3 are infeasible. For the 

problem given in Test 3 and considering (6.24), results are pre

sented in Table 6-6. The response is shown in Fig. 6-10. 



Fletcher method 

1- - - D=lo3 - - - -- --T- - ~=~------------ 1 - t,;=2.337xlo-2 

~------·---------+--· ------------------ ---- -----
1. 

Function evaluations 

, Execution time 
I in seconds 

L__ ___ ------------

2.9429 

4.1069xl0-l 

4.0 

4.1069xl0-l 

2.9429 

4.7403xlo-5 

8.02xlo-1 

4.7403xl0- 5 

Table 6-6 

55 

31 

2.9422 

4 . 1 070x l 0- 1 

3.9998 

4.1070xl o-l 

2.9422 

-2.3322xlo- 2 

3.0 

-2.3322xlo- 2 

157 

55 
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CHAPTER VII 

Conclusions 

Two user-oriented computer programs in FORTRAN IV for the 

discrete nonlinear least pth approximation [1] and generalized least 

pth approximation [2], respectively, have been presented in this 

thesis. The instructions on how to use the packages are given, il

lustrated with simple examples. 

The first program treats the case when we have only one speci

fied function. The package can be used for fitting one function or 

data to another continuous function when the error function happens 

to be real. If ouadratic internolation is aoplied, the specified 

function and the approximating function have to be continuous on a 

given interval. Employing quadratic interpolation the sampling for 

the objective function may take fewer points for equally successful 

solutions in comparison with the case which does not consider quadratic 

interpolation, and may save some computation time. Using quadratic 

interpolation the location of the extreme points were found more 

precisely and the solutions are closer to the minimax solutions for a 

given value of p. The computer program can be rearranged such that 

the specified function and the approximating function are both complex, 

which is useful in electrical engineering design problems. 

-91-
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The second program is an extension of the first program and 

is applicable to design problems with upper and lower specifications. 

The program is directly applicable to such problems as meeting or 

exceeding design specifications on several disjoint closed intervals 

as in filter design. Although the program is not written for non

linear programming we found that it is also applicable for problems 

with parameter constraints. 

The methods presented abandon the linear programming subproblem 

which many of the minimax methods do. The advantage over the direct 

minimax methods is that they use very efficient gradient methods such 

as Fletcher-Powell [18] and a recent method by Fletcher [19]. From 

the experimental results, the Fletcher-Powell algorithm was found to 

be reliable. The method, however, was found to be slow in comparison 

with the method proposed by Fletcher. The latter method requires fewer 

function evaluations to reach the optimum and is less time consuming. 

The larger the value of p that is used, the more nearly the mini

max solution is obtained, but more function evaluations are required 

to bring the objective function close to the optimum. For practical 

purposes smaller values of p may be used to attain a satisfactory solu

tion, hence the objective function will be minimized faster. We can 

start with a smaller value of p, increase it after each complete optimi

zation and terminate when the relative change in the objective function 

in the successive iterations is less than a prescribed small quantity. 

This can be a disadvantage if the starting point is close to the mini

max optimum, which rarely happens in practice. 
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Typically less than 3 minutes of CDC 6400 computer time and a 

core requirement of about 14K10 is sufficient to optimize the type of 

examples given in this thesis to a high degree of accuracy from a good 

starting point. 



APPENDIX I 

Usage of FMCLP Function Minimization for Continuous Least pth 

Purpose 

Approximation ) 

To minimize the objective function of k variables a defined 
'V 

as a discrete least pth objective with a single speci

fication (5.3) using gradient methods. 

How to use Set the input deck as follows: 

~-········ .... 

.. DATA DECK 
__ L --

/ (~PACKA~E --~~CLP 
/ FUNCTION W . r . ... --- ···--· -·- -------- -···· . 

/FUNCTION S 
//SUBROUTINE FAPP 
I r -

, MAIN PROGRAM 

1. Main program 

Write the main program as indicated below: 

(i) Dimension the following arrays 

3 

2 

1 

4 

6 . 

sl 

A(K), ASTRT(K), G(K), GRAD(K), Y(K), PY(K), DUMl(K), DUM2(K), EPS(K), 

H(M), X(N2), ERROR(N2),IPA(ITER) 

-94-
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where 

K is the number of variable parameters, 

M = K(K+7)j2, N2 = N+2, 

N is the discrete point set, 

ITER is the maximum number of times the optimization method is 

used. 

(ii) rall the subroutine FMCLP as follows: 

CALL FMCLP (A, ASTRT, G, GRAD, Y, PY, DUMl, DUM2, EPS, H, X, 

ERROR, IPA) 

(iii) Add STOP and END cards. 

2. Subroutine FAPP 

This subroutine calculates the approximating function and its 

gradients with respect to variable vector a. 
'V 

Write subroutine FAPP as follows: 

SUBROUTINE FAPP (X, K, A, APP, GRAD, INDIC) 

DIMENSION A(l), GRAD(l) 

where X, K, A and INDIC are input and APP and GRAD are output variables. 

c 

1 

GO TO (1, 2), INDIC 

Compute the value of the approximating function 

APP = F(A, X) 
'V 

RETURN 

C Calculate the values of the gradients of the approximating 

function 
aF(A, X) 

2 GRAD ( 1) = -a--.A,_"'--
1 



aF(~, X) 
GRAD(2) = ---

aF(~, X) 
GRAD(K) = ---

RETURN 

END 

where INDIC may have the values 1 or 2 which indicate whether the 

approximating function or all the gradients should be calculated, 

respectively. 

3. FUNCTION S 

Function S is a subprogram of a single input variable X and 

defines a specified function 

S = S(X). 

Add RETURN and END cards. 

4. FUNCTION W 

Function W is also a subprogram of a single input variable X 

and defines a weighting function 

W = w(X). 

Add RETURN and END cards. 

96. 

An example which shows how to set these subprograms is the same 

as Test 3 in the Chapter V. The listings which define this problem 

follow. 



c 
( 

c 
r 
( 

(' 

( 

(' 

c 

( 

c 
c 
c 

SUt:1ROLJTTNF WHICH CALCULATES APPROXTMATIN\, 
FUNCTION AND ITS GRADIENTS WITH RFSPFCT TO 
VARIARLF PAqA~FTEPS 

DIMFNSinN A(1),GRADC11 
Gn TOC100,?00) ,Y~IflTC 

100 ADP=A(l l*X+A(?l*FXP(X) 
RETlJRN 

?00 GPArJ(l)=X 
\,RA!"'I(?l=FXP!Xl 
RFTlJRN 
FI\!D 
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FUNCTTnN S (X) 

Fl JNCT TON SURPROGRA~ IAfY I CH DF F J NF S 
SDECIFJFD FUNCTION 

S=X**? 
RFTURN 
END 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

FUNCTION W!Xl 

FUNCTION SU8PROGRA~ WHICH DEFINES 
WEIGHTING FUNCTION 

W=l• 
RETURN 
FND 
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6. Data Deck 

Parameters to be supplied as data are defined below: 

N 

XA, XB 

NSUB 

!READ 

X(I), I=l, N 

K 

ASTRT(I), I=l, K 

IGRDCH 

MET 

MAX 

The number of sample points forming the discrete 

point set. 

The left and the right end points of the interval 

of the independent parameter. 

The number of subintervals over [XA, XB]. 

Integer which denotes whether or not the 

discrete set of points in [XA, XB] will be read. 

If IREAD=O, the discrete point set 

will be arranged equidistantly over 

the interval; 

If IREAD=l, the discrete point set 

will be read from data. 

The discrete point set over the interval. 

The number of the independent variable parameters 

~· 
Starting values for the K variable parameters. 

Gradients to be checked if IGiiJCH=l, it should be 

set to 0 if gradients are not to be checked. 

Optimization method to be called: 

if MET=l, Fletcher method will be called; 

if MET=2, Fletcher-Powell method will 

be called. 

Maximum number of permissible iterations. 



ITER 

IPA(I), I=l, ITER 

!OPT 

I PRINT 

I DATA 

EST 

EPS(I), I=l, K 

EPSl 

DIF 

Has already been defined in the main program as 

a length of the working array. 

Vector containing the values of p for different 

least pth objectives. 

Denotes how many times the optimization is re

peated with different starting points and/or 

different optimization techniques. 

Intermediate output is printed out every !PRINT 

iteration; it should be set to 0 if no inter

mediate output is desired. 

Input data is printed out if IDATA=l; it should 
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be set to 0 if input data is not to be printed out. 

Minimum estimated value of the objective function. 

Small test quantities used by the Fletcher method. 

Small test quantity used by the Fletcher-Powell 

method. 

Small test quantity used by the subroutine FMCLP. 



Conditions 
. ---~-- -

!READ = 1 

t -

Cl) 

cu 
E ..... MET = 1 
~ 

I-
a.. MET=2 
0 ..... 

"' -

Setting up the data deck 

Number of cards I Parameters Type 
-----~------------- -- -----·------ --------- --~. - ·----··· ·---- --·-- -- --------------- ----------- . -------- . 

1 K, N, NSUB, !READ, INTEGER 
!OPT, ITER, IGRDCH 

1 XA, XB REAL 

As many as required by N ; X(I),I=1,N REAL I 
I 
I 
! 

1 I EST, DIF REAL 

As many as required by K ! 
ASTRT(I), I= 1, K REAL 

1 MET, MAX, !PRINT, !DATA INTEGER 

As many as required by K EPS(I), !=1, K REAL 

1 EPS1 REAL 

As many as required by IPA(I), I= 1, ITER INTEGER 

ITER 

Format 
-----------------------

7!10 

2E16.8 

5E16.8 

2£16.8 

5E16.8 

4!10 

5E16.8 

5E16.8 

8!10 

...... 
0 
0 



' 

Recommended values for some of the parameters 

NSUB = 5 

MAX = 100 

EPS(I), I = 1, K, each 10-G 

DIF = 10-4 
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EST A lower bound of the minimum of the objective function may be 

obtained from physical reasons. If the true minimum is not 

known, choose EST to be small enough (negative values are 

allowed). For approximation problems 0 is convenient. 

The following list illustrates how to set the data for the 

example for which listings have been shown. Both optimization methods, 

Fletcher-Powell and Fletcher, are called. 

? 1 0 10 0 ? 4 

n.OF nn :?.OF no 
o.OF 00 l.OF -4 

1.0F 00 leOF no 
1 50 1 1 

1.0F -6 l.OE -6 
.? 1 0 JOO 1000 

1e0F 00 l.OF: 00 
? t;Q 1 1 

1 • OF -6 
;:> 10 100 1000 

1 



c c c c 

1 

2 

5 

7 

8 
g 

c c c 
c 

11 
12 

c 
c 
c 

13 

14 

15 

11'> 

19 
21 

f\t't't.IWJ. A J.1 

Listinq of the Package FMCLP 

SUEIROUTINE F'ICLP IA,XSTPT 1 G 1 G~A0 1 V 1 PV 1 DUM1 1 0UM2 1 EPS 1 H 1 X 1 ERROR, IP~I 

SU'l~J UTHIE WH lCH COORDINATES THE OTHER 
SUllRDUT!N<:S Ill: THE PACKAGE FMCLP 

EXTERIII~L FUNCT 
E~TERNAL S W 
DIMENSION !111 1 )STRTI1l 1 G11l.t Yl1l 1 PVI1l 1 OUM1111 1 DUM2111, i:.PS 
1g~~o~'Hl.K~R~~111, Xlll, ERRDI<I11, lPAI11 

LOGICAL CO~V,UNITH 
[PRIZl=WE~RIZ 1 S,~,A,GRAOl 
Utl!TH=,TRUE, 
qEAIJ !5, 40) Nl ,N 1 NPOO, !READ, !OPT, ITER, !GROCH 
READ !5,421 XA,Xt 
XA9=XB-X A 
NP:tH1 
IF «<REA!l,[O, U l IREA!l=2 
GO To 13,11, !READ 
XI21=XA 
K=N-1 
llEL TA=XA 8/K 

~~~~2f~~ ~ ~I•OELTe 
CONTINUE: 
XIN+1l:XO 
GO TO 4 
~~HE~~~4~~ 1 <XIIl 1 I=2,NPl 
READ 15, !.21 EST CIF 
REA'l 1~, 421 IXSfliTIIl ,I=l,N1l 
DO 5 I =1, Ni 
A II l =X~TRT I~ I 
Cf'N T I NUE 
DO 6 1=2, NP 
II=I-1 
E~RD~ Ill =ERR! X II I l 
W11ITE !6,511 II 1 XIII 1 ERRDR!Il 
C!'1'HINU~ 
IGRDCH=1 
CALL ll':WSET IX AfXB, NPOD,S 1 H1 A, GRAD, ~,X,~RROR ,I Oil 
WPITE 16,431 trl 
IF !IOil '!,'!,7 
WRITE 11'> 1 451 
00 8 I=2,NP 
I!=t-1 
f PRO~ Ill =ER" IX II ll 
WPI T E 15 , 511 II, )(!I , ERROR I I I 
CONTINU:: 
E"RCIR 111 =ER~OP 12 I 
00 11 I=:OAN° 
e~~n~o~= HAX11ERRORI1l,nROR!Ill 

WDITE 1<>,431 
WRITE 16,4'!1 
W0 ITE 16,471 l'<RORI11 

QATA FO~ T'-IE OPTIMALITY 
FO~ THE OPT!~1IZATION METHOD USED 

l)r 3'! l<=l,IOPT 
KD.=1 
IF IK-11 12,12~11 
RrAD 15,421 IX >T~TIIl 1 !=1fN1l 
READ 15, 4c·l '1ET 1 ~AX, IPRl'l , FlAT A 
IF I MET, ~rJ.11 RtAO 15,421 IEPSIII ,I=1,N1l 
IF lt1ET, E':l,21 READ 15,421 :;:PSl 
READ !5,4CI II 0 Aili.I=1 0 ITERl 
D n 3 8 KK = 1, IT E 'l 

OPTIMIZATION 

IP= I o A I'< I< I 
IF (I(K,GT ,1) FF=F 
IF IKR,::O,OI GO TO 13 

~ 1lrf~x§Ht~f, 
CO"'TINU:; 
IF IIGR'JCH,N~.1l GQ TO 15 
~~L~Kg~~g~~~~~~'~bGJ:v,v,G~AO,N,X,ERROR,IP,DUMil 
IF IIDATA,ED.GI GO TO 16 
11=2 
~~L~~~~~~~.~~E~~~~:AX,N1,IPRI~T,IDATA,EPS1 0 EST,EPS,XSTRTI 
INOEX=O 

~~ 1~p~f~t;E0:1!'lb·r~Eie 
C~ll WP!Tft ltl 
C~ll SEGOI<D !Ttl 
IF (I(P,'lE,OI GO TO 20 

R7rr2oo~ll~r 
CO'lTitiU=: 
GALL FM"'FC IN1,A,F,G,H,UNITH,EST,EPS,HAX,IPRINT 0 I~XIT,GRAO,N,X,t~R 11JR 1 IPI 
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A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
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~ 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 

.A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
~ 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
~ 
A 
A 
A 
A 
A 
A 
A 

1 
2 
3 

" 5 

" 7 
8 
9 

1(j 
11 
12 
13 
14 
15 
1& 
17 
18 
19 
20 
Z1 
22 
23 
24 
c.s 
26 
27 
28 zg 
3C 
~1 
32 
J_;j 
34 
35 
3t 
~7 
38 
39 
40 
'+1 
"2 
4~ 

44 
45 
<.f 
47 
48 
.. c; 
5(• 

;~ 
53 
54 
55 
5t 
S? 
o8 
~g 

t J 
bl 
£2 
t~ 
b~ 

b5 
(6 
i:.7 
t~ 
V3 
7;. 
71 

''-73 
74 
75 
7o 
77 
78 
79 
8 ~ 
91 
82 
83 
a~ 
85 
8E. 
87 
88 
ag 
% 
':11 
92 
'" <34 
95 
9o 



21 

22 

23 

2ft 
25 

2& 

27 

28 

29 
30 c 
31 

32 

31+ 
35 

36 

g 
g 
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DO 21 !=1t~'l1 
OU'I11II=AIII 
CONTitiU~ 
CALL S:COND lT 21 
CALL FINAL !A,F,N11 
T=T2·T1 
W~ITE !">,'+11 T 
GO TO 27 
IF !IPRHJT,i;:Q, a1 GO TO 23 
CALL WPITE1 Ul 
CALL SECOND (Ttl 5F (KR,NE,OI GO TO 25 

a7ri~oO~~~~t 
CO"'TINU:: 
CALL FMFPC !FUNCTtN1oA,F,G,EST 0 EPS1,MAX,IER,H,IPRINT 0 GRAO,N,X,E~RO 

ig61 ~L I=t N1 
0U112<li=Ahl 
CONTINU': 
CALL SECONO !T21 
CALL FINAL !A, F, Nil 
T=T2•Ti 

~~~~Li~~~Hi T 
IF !M,E1.il GO TO 28 
GO TO 30 

~~rr~x§at~L 
CONTI NUl;: 
CONTINUE 

KR=O 
WRITE l&;ltl+l IP 
WRITE lb, 4t>l 
00 32 I=2,NP 
II=I-1 
WRIT'! !6,5il It,X!II 0 ERRORIIl 
Cni'HINUE 
CALL NEWSET (XAfXB,NPOO,S,W,A,GRADtN,XtERROR,IOil 
WRITE 1'">,1t3l IQ 
IF !IQll 35,35,33 
WRITE lbt451 
!)0 3ft I=2,NP 
II=I-1 
E?R.O~ !Il =~RR(X !Ill 
loJ"lTE (6, 51) I I, X II l, ERROR II l 
CONTI IIU;:: 
E~R.OR.(11=ERRORI2l 
DO 3<; I= 3 NP 
EPROR I il =~MAXi !ERROR I 1l, ER.ROIH!) I 
CONTINUE 
~RITE 16 0 '+81 
WRIT'! !"> ,1+'31 
~d~6~H!¥~~bbH;~RORiil 
Hsg~9§~ d~!~f}~~~ 
IF IFTST,LT,DIFl GO TO 3'3 
CO!-lT I ~lUI;: 
CONTINUE 
RETURN 

FORM4T 
FCliUAT 
FOR.'1AT 
FOR.MAT 
FORMAT 
FORMU 
FO'!MAT 
FORMAT 
FORMAT 
FOR.MAT 
FORMAT 
FORMAT 
END 

( 611~1 
11HO,I/25X, 4 EXECUTION TIME IN SECONOS=•,FtO,SI 
I?EH>o81 
11H1,t4X,•NUMSER OF Q,I,••,I3l 

~;~~:a~~~ ·~ET =~~ 1t ~DEPENDENT VARIABLE • 1 15X f 4 ERRORS"Il 
(/13Xt•INDEPENDENT VARIABLE",1SX,•ERRO~S•/ 
(13X,t.21,121 
I//15X,•AESOLUTE VALUE•) 
115x,•oF t'AXIMUM ERROR•Il 
(1H1 18X 1•JNITIAL S'!T OF INDEPENDENT VARIAD~E•,9x 1 •£RRORS•tl II9tl.X,t.23,12o 10X 1 E23,12) 

•••••••••••••••••••••••••• t ••••••••••••••••••••••••••••••••••••••• 

F'lJ!'lCTI.OIIJ W~RR IZ 1 S 1 W1 8,GRADI 

FUNCTION SUBPR.OGRA~ WHICH CALCULATES 
WEIGHTED ERRCR FUNCTION 

~'~~~~~hN 5 ~~1l 1 G~A011l 
CALL F'Ar>P IZ'tfll, ElAPP,GRA0,11 
WERR=IAPP-SIZI l•~ Zl 
RCTUR,N 
EIID 

........ , .............................................. ' ......... . 

A S7 
A 9A 
A <,c; 
A H0 
A 1 u 1 
A 1 c 2 
A He 
A 1U4 
A 1L5 
A Hb 
A H7 
A 1C 8 

: li6 
A 111 
A 112 
A 1F 
: !1~ 
A 11b 
A 117 
A 118 
A 11'3 
A 120 
A 121 
A 122 
A 123 
A 124 
A 125 
A 12o 
A 127 
A 128 
A 12'3 
A 13G 
A 131 
A 132 
A 133 
A 134 
A 135 
A 136 
A 137 
A 138 
A 1~'3 
A 140 
A 141 
A 1 ~~ 
A 1 .. 3 
A 144 
A 145 
A 1'-E: 
A 147 
A 148 
A 14'3 
A Hu 
A 151 
A 15 2 
A 15 3 
A t;4 
A 15 5 
A 156 
A 157 
A 158 
A 159 
A lbO 
A 1&1 
A H2 
A 1&3 
A 1e't 
A 105 
A 16b 
A 1&7 
A 1o8 
A 1b9 
A 17 0 
A 171 
A 17C:• 

8 
B 

~ 
~ 
B 
8 e 
~ 

1 
~ ;; 
s 
E> 
7 
8 
g 

10 
11-



c 
c c g 

1 

3 

4 

5 

6 
7 
c 
~ 
q 
ta 
11 

c 
1l 
14 
15 
16 

c 
17 
111 
19 
20 
21 
22 

2~ 
24 
c 
25 
26 
27 
2~ 
29 

3l 
c 
31 c 
32 
'33 

SUBROUTINE NEWSEl !XA 1 XB,N~OO,S,W 1 G,GRAD,N,X,[RRO~,IQII 

SUB~OUTINE W~!CH CALCULATES THE NEW SET OF THE INDEPENDENT 
VAPIABLES WHICH INCLUDE ALL THE EXTREMA OF THE WEIGHTED 
ERROR FUNCTICN 

~~~~~~~aN 5 ~~11 1 G~AO 111 1 X!11 1 ERROR 111 
EPRIZI=WE~R!Z ~~Wi8 1 GP.Aul 
r=fP.s. N!ZI=ABS<WE~t< • ,:::,w,s 1 GRAOII 

ER=O 
Nti:N+ 1 
Nt1N=N+2 
X (11 =XA 
X !NNNI=X B 
I I= 2 
I0=1 
lt10=1 
rrn = o 
00 2'3 I=t,NN 
!F (Xf!I-XII+lll 1,2'3,2'3 
ZHIN=X II tll 
ZHAX=X!II 
IO= IND 
INIJ=1 
Z=ZHAX 
EHAX=EPSN !Zl 
Et!IN=EFSN IZM!tll 
IJELTA=IZMIN-ZMAXl/NPOD 
NP001=NPQDt1 
Mt1=1 
~IN=NPOIJ 1 
DO 7 K=1 NPQI) 
ETREN=EP SN ( Zl 
I F I E T RE N- E HA X l E , 6 , Z 
E '14 X= ETRE N 
MM=K 
ZHAX=Z 
ZTEST1=ZHAX+OELTA 
ETEST 1=E PS!l !Z T lOS Tll 
IF IE'1AX-<:TE<;T11 6,6 1 3 
ZTEST2=ZMAX-IJ=L TA 
IF IX A-I Z'IAX-fl~L 1Al l 4,4,6 
ETEST 2=EPSN IZES 1 Zl 
IF IE'1AX-ETEST21 E,6,5 
It'D=2 
GO TO ~ 
Z=Z+OELTA 
CONTINU:: 

IF !XA-!ZMAX-O<:LlAll '3,'3,13 
IF 1'1M-'lPOOl 11f 10,13 
Grl T'1 It~ ,111 NO 
Q1=EPSN( Z11AX-0"L TAl 
~2=EPSN!ZMAX+D~L lAI 
PA:IEMAX 4 2,-01-Q<I 4 2, 
IF qa) 12,13,12 
Zt1A X: Zi1A X t 1•12- '11 I •OEL lA IRA 
I'li=I'li+ 1 
ZMIN=ZTO:ST1 

JF II-11 14t14 ,17 
IF IZt<AX-ZMlNI 15t29,29 
GO TO 129,161 1 INo 
X !11 =Z'14 X 
XI<P=X 121 
Xl2l=Z11lN 
GO TO 29 

IF IXII-11-ZMAX) 18!21!21 
IF !Z'1AX-ZMINl 1St2 ,2 
GOTO 123 1 201 1 11\u 
X II l =Zt1A X 
IF lXlii -ZMINI 22,25,25 
XKP=X IH t I 
X!I•1l=ZMIN 
GO TO ?5 
GO TO 125,241 1 IC 
X (I)= XKP 

I~ l~~~~~x1f~i'?r '~1,29 29 
IF IEPS'I !Xliii -EFSNIX d•111 l 28,29,29 
II=II-1 
CONTINUE 
Ii:H~jNIXI21l-EFSNIXI11)) 30,31,31 

IF III-21 32 1 51,32 

IF 1Ilt21 42,33,42 
JJ=NN/2+1 
IF IN-?1 39,39 1 34 
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c 
c 
c 
c 
c 
c 
c c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c c 
c 
c 
c c 
c 
c 
c c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c c 
c 
c 
c 
(.; 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c c 
c 
c 
c 
c c 
c 
c 
c 
c c 
c 
c 
c c 
c 
c 
c 
c 
c 
c c 
c 
c 
c 
c c 
c 

4 
5 
b 
7 
b 
9 

10 
11 
12 
1~ 
14 
1~ 
16 
17 
18 
19 
2G 
21 
22 
C;3 
24 
25 
2b 
27 
28 
2'i 
3G 
31 
32 
33 
34 
~5 
36 
n 
38 
.::,<, 
I.C 
'+1 
42 
~~ .... 
4C 
~c 

1.7 
4E 
t.Cj 
5t 
:;1 
52 
~ :: 
54 
5? 
5 f~ 
57 
~p 

5g 
E:u 
!::1 
b2 
0~ 
61. 
c5 
tb 
&7 
oe 
69 
7S 
71 
72 
73 
74 
75 
7t 
77 
78 
79 
H 
et 
82 
e.:. 
M4 
e:; 
86 
87 
88 
89 
9l 
91 
92 
93 



~'+ 
35 

~~ 
3~ 
39 

4n 

41 
c 
4~ 
4'1 
c 
44 

45 
46 
47 
c 
48 

49 
so 

c c 
c 
c 
c c 

1 

2 

7 

c 
c 
c 
c 

IF" IEPSN IX IJJ-11 l-EPSN IX IJJ+ll l l 
JJ=JJ-1 
GO TO 37 

35,36,36 

JJ=JJ+1 
IF (~P<;>j IX(JJ-1) l-EPSNIX(JJ+ll )) 38,39,39 
JJ=JJ-1 
[ll" 40 K= 2, JJ 
I=JJ+ 2-K 
)(!l=XII-11 
CONT!NU;: 
JJJ=JJ+i 
DO 41 K=JJJ,NN 
I=K+1 
XII-ll=l(l!l 
CONTINUE 

IF !II-11 46,<.1 46 
IF IEPSi'IIXIrl"'tlli-EPSNIXI2lll 50,44,44 

DO 45 I=2,NN 
XIIl=XII+ll 
CONTINUE 
IF I I I +1 l 5 J, 4 7, ~ o 
IF lt:PS'l IX Ill l -EFSN IX INN Ill 50 , 50,4 ~ 

DO 49 K= 2 ,NN 
I=NN+ 2-'< 
XIIl=XII-11 
CO•lT!NUE 
CmHINUE 
RETU~"' 
EtlD 

.................................................................. 
SUJROUTINE FUtlCT IN1,B,O'lJ,G,GRAO,N,X,E~ROR,IFl 

SUBROUTinE WI-ICH S[LECTS THE MAXHJU:1 ERROP 
AND COMPJT<::S THE OE'JECTIVE FUNCTION ANJ ITS 
GRAJIENTS w.~.T. THE VARIABLE PlPA~ETERS 
IN THE LEAST P-TH SENSE 

El<'TER'JAL S W 
Dl1EtlSIOfl ~111, Glllt GRAOI1l, Xl1l, t:RRORill 
EP~IZl=WE~RIZ,S,k,B,GRAOl 
02JP:'), 
G>·AIJP=r., 
DCl 1 K=i, N1 
G IKl = n, 
CnllTHJU:: 
'IN=tHl 
~PRORill=O, 
01" Z 1=2, 'lN 
EPRnR III =ERR IX II ll 
GO"l T I 'JIJE 
Dn 4 I=Z, NN 
IF ln'lSI":<'IORITll-E 0 RORI1ll 4,4,3 
EPRO~!ll =AESic"!RORIIll 
CO"'TI'W~ 
on & I =2, "'N 
Z=X I I l 
OEC=:::RWl R II lIE RRCRI 11 
0"L=n'1SI DECl 
!1!)J I= O~L ••IP 
G~nOI=~~L••IIP-2l•OEC 
0'3JP:(18JP+0'3Jl 
gaLh ~~~PN:z,N1,E,APP,GRAo,2l 
GPADIKl=~RAOI•WIZl•GRADIKl 
GIKl=G!Kl +GRAD (Kl 
COI'-ITINU": 
CnNTINU:: 
PP=1.1IP 
0 B J = E R qo R I 1 l • ! 0 B ~ P• • P R l 
GPP=08JP••IPR-1, l 
DIJ 7 K=1, N1 
G (I() =GRP•G(Kl 
CO 'IT I NUE 
RETU~"l 
END 

.................................................................. 
SUBROUTINE GROCHK !N,X,G,PY,Y,GRAO,NP,XP,ERROR,IP,OUM1l 

SUBROUTINE IHICH CHECKS T;iE GRADIENTS 
W,R, T, ALL V~RIABLE PARAMETERS 

1 ~fHENSION X(1l, (111, PYI1l, Ylll, GRADI1lo XP!1l, ERRORI1l, OUM11 

105. 

c '34 
c '15 c c,e, 
c Y7 
c 98 
c '39 c 1[ .; 
c 101 c 1C2 c 1J..l c 1L4 
c 1U5 c 1Uf: c 1L7 c 1(8 
c 1U9 
c 110 c 111 c 112 c 113 
c 114 c 115 c 116 
c 117 c 118 c 119 c 12 (• 
c 121 c 122 
c 123 c 124 
c 125-

0 1 
0 z 
0 3 
0 4 
0 5 
0 0 
0 7 
0 8 
0 c; 
0 1U 
D 11 
0 12 
0 13 
0 l~ 
0 15 
0 1b 
c ll 
0 1R 

8 ~~ 
0 21 
0 ~'-
') <::3 
0 24 
0 25 
0 do 
0 27 
0 28 
0 2'i 
0 3C 
0 31 
0 ~2 
0 33 
0 34 
0 3S 
0 36 
0 37 
0 38 
0 3':l 
0 4G 
0 41 
0 42 
0 43 
0 44 
0 45-

E 
E 

~ 
E 
E 
E 

1 
2 
3 
4 
5 
f.: 
7 



1 

3 

4 

5 

c 
6 
7 

II 
9 

10 

H 

c 
G 
c 
c 
c 
c 
c 
c 
c 
c 

1 
?. 

3 
4 

5 

I I I I I I I I I I I I It I I It I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I It I I I I I I I I 

SIHJPOLITI "l£ nWFC !N, X 1 F 1 G1 H 1 UN ITH 1 HST ,EPS 1 MAXFtl 1 IPPINT, EX IT, GKAO 
1,N~,xo,E~~OR 1 IP) 

PURP:JSE 
TO FitlfJ A LOCAL ~IPHMUII OF A FIINCTIO'J OF S·oV'::~AL VAi';IA8l~S 
ASSUMING Tf<AT ITS G0 ADENTS CMI BE CALCLILATC:fl EXPLICITLY 
BY THE: t'oTHOO OF FLETCt'f~R 

T>-IE MeTHOD IS DESCRI9EO H' THe:. FOLLO~ING A~T!CLE 
R, FLETC .. ER 1 A ti£W A"PROACH TO VAPn'lL:: MEl'"IC ALGCRITHI"S, 
Cr1MP, JflURtAL, VOL,13, 197~, PP,317-~2c, 

'Jiti•W;IO"J Xl11, Gl11, Hl1l, E:PS!tl, GRA0!1l, XP!1l, Ef;IR0R(11 
LOGICAL CONV,UNITH 
CP'1'to1q /9LK/ Kl) 
CALL SEC OliO <T ~~ 
KO=u 
CALL FUNCT l'J, X1 F ,G,GPAO,NP, XP 1 ERRO~,IPl 
IF <F,LT,FESTI GC TO 23 
l\nJS=1 
ITN=~ 
STE 0 =1. 
IDX=N 
I[lG=NHI 
IH=I'lG+'J 
IF (,tJOT,UNITHl GO TO 2 
I J= IH +1 
OIJ 1 I =1, N 
DO 1 J=!, N 
t<<IJ1=3. 
IF < I , E'l, J l H I I J l = 1. 0 
IJ=IJ+1 
Cr'l"'V=, TRUE, 
GDX=O, 
00 o I =1, N 
Z=~. 
I J= I H +! 
IF (I, E:~, 1 l GO T C '+ 
IT= I -1 

~~l~Ht!]r ~l(J) 
I J= I J +t~- J 
CfJIH I NUE 

~~Z~HtrJ1~G<Jl 
IJ=IJ+1 
CO"'TINU~ 
IF (AEJS(Zl,GT, 10 PS<IJl CONV=,FALSE, 
I" <IfJX+ll =Z 
GOX=GfJX+G <II•Z 
CONTINUE 
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E 8 
E 9 
E 1[ 
E 11 
E 12 
E 13 
E 14 
E 15 
E lb 
E 17 
E 18 
E 19 
E 2G 
E 21 
E '-' E 23 
E Z4 
E 2S 
E <b 
E 27 
E 2H 
E 29 
E 30 
E 31 
E 32 
E 33 
E ~4 
E 3? 
E 36 
E 37 
[ 38 
E ~9 
E "L 
E '<1 
E' 4~ 
E i. .) 

E 44 
E t.<; 
E 4t-

F 
F 
F 
F 4 
F 
F b 
F 7 
F 8 
F g 
F 1(• 
F 11 
F 12 
F 1 ~ 
F 14 
F 15 
F 16 
F 17 
F 18 
F 1~ 
F z~ 
F 21 
F zc 
F C,.:; 
F 24 
F 25 
F Zt 
F d 
F 2b 
F zg 
F 30 
F 31 
F ~2 
F 33 
F 34 
F ~5 
F 3o 
F 37 
F 38 
F 39 
F 4C 
F 41 
F 42 
F 43 
F 44 
F 45 
F 46 
F 47 
F 48 
F 4<; 
F sr. 
F !>1 



c 

7 

8 

CJ 

10 

11 
iZ 

13 

14 

1o; 

16 
17 

19 

20 

21 

22 

23 
2't 

25 

21; 

27 

IF C I PRINT, EO, ~ l GO T 0 7 
IF IMOOCTTI\ 1 !PRHTl,NE,Dl GO TO 7 
CALL SECOND IT4l 
TP1E=T4-T3 
f~~lT~~ITc2 CX,N,G,FoNFNS,ITN 1 TIMEl 

IF CCO~tl/ l GO T 0 24 
IEXIT=2 g

1
:Gox, GE, 0, l GC TO 24 

IF CITN, L T,N,AND,UNITHl Z=STEP 
H=z,• CFEST-Fl/GDX 
IF IW,LT.Zl Z=H 
STEP= Z 
GOJC=GOX• Z 
DO q I:o1 1 N 
HCIOXHI=HCIOX•II•Z 
XCII=XCII +HCIOX.II 
CONTHIUE 
f~L 1F~~~~ ;F J~f ~, ~b' ~~ G~~O ,NP ,x P, ERRCP., !PI 
NFNS= NFNS +1 
I EX IT=3 
IF llT~EQ,MAXFNI GO TO 24 
GPOX=O, 
0 0 1 J I= 1, N 
H(!OG+II =HCII-GC II 
GP!)X:GPOX+HCII •H CIDX+II 
CO'IT!NU<:: 
OGOX:zGPOX-GOX 
IF IF,GT,FP-,1a01•GOXI GO TO 12 
!EX IT=4 
IF IGPOX,LT,O .. AI\O,ITN,GT,NI GO TO 24 
Z=l, • CF- FP) +GPOX +GDX 
W:oSOP.T 11, -GOX/ Z•GP'JX/ll•A'lS C Zl 
Z=1,- IGPDX+W-Zl/ CDGDX+2,•Wl 
IF IZ,LT.~.ll z,~,t 
!) 0 11 I= 1 1 N 
XCI l =X !I l -H CIOX+ll 
CDNT ItJU:O: 
GO TO 14 
F=FP 
00 13 I=i,N 
GIIl=HC!l 
Cf11HINU~ 
!F I·JGDX, GT ,1, l CO TO 15 
G~X=GPOX 
Z=4, 
~TEP=Z•'>TEP. 
Gt' T 0 6 
!<" IGPI:X, LT ,0, 5•GOX) STEP=2, •S TE.P 
•)r.fiOG=·J, 
GO 19 1"1 1 N 
Z=J, 
I J= IH +I 
IF l!.t:),tl GO TC 17 
II= I-1 
or tb J=1,II 
z,z+HIIJI•HCIOG+.I 
IJ=IJ•N-J 
COiiTHWC: 
on 19 J=I,N 
Z:oZ+H !IJI •HIIOG+ Jl 
r J= I J •1 
CO'lTINU" 
Q(,H'JG=OGHOG+Z'"H( IOG+Il 
~ c I I =Z 
CONT!Nt.:C 
IF IOi.HOG,LT,u,Ol OGHDG=DGDX•0,01 
IF IIJGOX.LT.OGHOGI GO TO 21 
W:o1, J +OG HOG/DG IJX 
on 2 o I= 1, N 
I' II 0 X+ I I = w• HI I 0 X +II - H I I I 
CO'IT I NUE 
OGDX=OGD X +DGHOG 
DGHOG=DGOX 
I J= IH on 22 I=t 1 N 
W=H ( IDX+ I I /'JGIJ X 
Z=HIIl/fJGHDG 
DO 22 J=I 1 N 
I J= I J +1 
H IIJI =HI IJI HI•HI IDX+Jl-Z•HIJ) 
IT'I=I TN•1 
GO TO 2 
IEXIT=5 
IF CI=YIT,EO,il ~0=1 
IF IIPP.PIT.~Q,Jl R::TURtJ 
GO TO 125 1 2& 1 27 1 2C> 1 28l 1 !EXIT 
i-ir>ITC: lbo.lCl !EXIT 
GO TO 2CJ 
~~I t5 ~~ 1 311 ISX IT 
WRIT>: I'> 1 32 I I ':X IT 
GO TO 29 
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F 52 
F 53 
F 54 
F 55 
F 50 
F 57 
F 58 
F 59 
F tL 
F cl 
F c2 
F b3 
F bL. 
F t5 
F 66 
F b7 
F 68 
F f;g 
F 7c 
F 71 
F 72 
F 73 
F 74 
F 7S 
F 76 
F 77 
F 7 8 
F 79 
F 80 
F 81 
F 82 
F 83 
F e<. 
F 8 5 
F % 
F 87 
F 83 
F ~g 
F C,l 
F 'il 
F 'i2 
F 9~ 
F <;<. 
F 9'> 
F % 
F g7 
F s& 
F c,g 
F 1 C C 
F 1J1 
F 1 u 2 
F 1L 3 
F 1J4 
F 1 1 c:: 

F LL 
F hl 
F 1, ~ 
F L c 
F :.ll 
F 111 
F 112 
F 1' ' 
F 111. 
F 115 
F 111J 
F 11i 
F 118 
F 119 
F 12 C 
F 1<1 
F 122 
F 123 
F 121. 
F 12 5 
F 126 
F 127 
F 12~ 
F 1~'3 
F 13[ 
F 121 
F 132 
F 1 o 3 
F 1~4 
F 13S 
F 13 t 
F 137 
F 1.: ~ 
F 1:;g 
F 1L.l' 
F 141 
F 142 
F 143 
F 144 
F 145 
F 14(, 
F 14 7 



i?ll 
2'l 

c 
30 

31 

32 

33 

c 
c 
c 
8 
c 
c c 
c c 
c 
c 
c 
c 
c 

1 c 
.C 

2 

3 

4 

5 
c 
c 
f, 

7 

c 
c 

c 
c 

8 

'l 

~~HiN~~,331 I!:XIT 
RETURN 

FnRt1AT 11 1 1H0 1 •IEXIT=• 1 I21 •CRITE'!ION FO~ CPTIMUM ICHANGC: IN VECTOR 
1 X ,LT,t;PS) HA'; EE~'I <;~TI::.FI!;:Il'"l 
Fn~t1AT 11,1HO,•IIXIT=•,I2,'EITHER OF THE FJLLOW!t<G THINGS HAS HAP!= 

1EtiEO•,tt'lX,•t. EFS t:HCSEIJ IS TOO St1ALL' 1 1,'JX,'2, r;RADIENTS ARE: NOT 
2 ro~REC '" 1 1 1 'lX,•!, MATRIX H GOES SINGULAR•! 
FO~HAT I/,1HDt'IEXIT=•,I2 1 •MAX!MUM NUMBER OF ALLOWABLE ITERATION H 

1AS BEEN EXCEEu:o•l 

1 ~£~H~~S~,~~~OO~~~~~~~=~I2,•FUNCTION VALUE LESS THAN MINIMUM ESTIMA 
ENIJ 

'I. t e 'I I I t • I I I I I t I I It t t t t t t I t I It t t • I t I I I I It I t tIt t t t t t It I t t t I t t t t t t 

SUBROUTINE FMFPC IFUNCT,N,X 1 F, G,EST 1 EPS 1 LlMIT 1 IEi'1 1 H 1 IPRINT 1 GRAD 1 NF 
1,XP 1 ERROR,IPl 

PURPOSE 
TO FINO A LOCAL MINIMUM OF A FUNCTION OF SEVF.'!AL VARIABLES 
ASSUMING T~AT ITS G~ADIENTS CAN 8E CALCULAT~D EXPLICITLY 
BY THE I'ET~OD OF FLETCHE't AND POWt:LL 

THE METHOD IS DtSC'!IBEO IN THE FOLLOWING ARTICLE 
R, FLETCHE'l AND t',J,U, POWELL A ~AF!OU CNIVERGENT 
DESCENT METHOD FOR HINI~IZATI6N, COMP, JOURNAL, 
VOL,&, 1'lE!t PP,1&3-1&d, 

COHI10N /BLK/ KO 

OIMENSIONEU CLMMY VARIABLES 
DIMENSION H(1J 1 )(1), Gl1) 1 GRADI1l 1 XP(1l 1 ERP.OP.Iil 

CO~PUTE FUNCTION VALUE AND GRADitNT VECTOR FOR INITIAL ARGUMENT 
KO= ~ 
CALL SECOND IT3l 
C~LL FU).JCT IN 1 X,F,G,GRAO,NP, XP 1 ERROR,IPl 
KOUf'IT::Q 
NUHF=1 
CALL S~CONO IT'+l 
1I'1~=T4-T3 
IF IIP~INT,r::O,~) GO TO 1 
Ct.LL WRITE2 IX,N,G,F,tWMF,KOUtJT,TIMU 
CONTINUE 

RESET ITERATICN COUNTER. AND GENERATE IDENTITY t1ATRIX 
l"R= 0 
K~= 0 
tJc=•HN 
"l:'=N2 •N 
N-1="l3+1 
K=N31 
00 5 J=t,N 
H IK) =1, 
N J= N- J 
I" ('IJ) 6,6,3 
00 4 L =1, NJ 
KL=K+L 
HIKLl~O, 
CflNT I tiUE 
K=KL+1 
Cf'NTINUE 

SHRT ITERATICN LOOP 
IF IKflU~T ,EO, c l GO TO 7 
IF IKK,NE,IPRI'HI GO TO 7 
KK= 0 
CALL SECOND IT4l 
T!'1E=T~-T 3 
CALL WRITE2 IX,N,G,F,NUMF 1 KOUNT,TIHEI 
CONTINUC: 
KOUNT~KOUNT+1 
KK=KK+1 

SAVE FUNCTION VALUE, ARGUMENT VECTOR AND GRAOir::NT VECTOR 
OLOF=F 
or 11 J=t ,N 
K=N+J 
HIKl=GIJl 
K=K+N 
H IKl =X!Jl 

OETE~MINE DIRECTION VECTOR H 
K J+N1 
T ~. 
0 10 L= 1, N 
T T-G lll'HIKl 
I IL-Jl 8 1 '!,9 
K K+N-L 
G TO 10 
K 1(+1 
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F 148 
F 1'+Q 
F 1'> [• 
F 1? 1 
F 1 S 2 
F 1 S..) 
F 1 ~ 4 
F 15S 
F 15 6 
F 1~7 
F 1? B 
F 159 
F 1bG 
F 161- • 

G 1 
G 2 
(j 3 
G 4 
G 5 
G 6 
G 7 
G 8 
G g 
G 10 
G 11 
G 12 
G 1~ 
G 14 
G 15 
G 16 
G 17 
G 1~ 
G 1'i 
G 20 
G 21 
G 22 
G 23 
G 24 
G ., . ... 
G 26 
G 27 
§ 28 
\.> 29 
G 30 
G 31 
G ,jz 
G 33 
G ~4 
G :'? 
G ~t 
G 37 
G 38 
G 39 
G 4" 
G 41 
G 42 
G 43 
G 44 
G 45 
G 4€: 
G 47 
G 48 
G <,<; 
G SG 
G 51 
G 52 
G 53 
G 54 
G 55 
G 50 
G 57 
G 58 
G 59 
G tG 
G 61 
G E:.2 
G E.3 
G E:.4 
G t5 
G &6 
G b7 
G 68 
G 69 
G 70 
G 71 
G 72 
G 73 
G 74 
G 75 
G 76 



10 

11 c 
c 

c c c 

1" c 
c c 
c 
c 
c 
13 c g 
c 
14 

c 
c 
c 
15 
H> 
17 
c 
c 
18 

g 

19 
c 
c 

c 
c 
c 

21 

c 
c 
c 
21 
c 
c 
22 

c 
c c 
c 
c 
23 

c c 
c 
c 
?4 
25 
26 

'?? 

CNHINUE 
I<IJI=T 
CONTINUE 

CHfCK WHETHER FUNCTION WILL DECREASE STt::PPING 4LONG H, 
OV:~, 
Hti~M:n, 

GtiRH= 0, 

CALCJLATE JIRECTIONAL DERIVATIVE AND TESTVALUES FOR DIRECTION 
1/ECTO~ H ANIJ GQADIENT \/ECTOR G, 

DO 12 J: 1, N 
HNR M= HNR M ~A BS ( H (~I I 
GNRH=GNRM~A851G(J)) 
DV:OY+HIJI•G<Jl 
CONTINUE 

REPEAT SEARCH IN DIRECTION OF STEEPEST DESCENT IF DI~ECTICNAL 
OERlVATIIIE APF~ARS TO BE POSITIVE OR ZERO, 

IF' IDYl 13 1 57,57 

REPEAT SEARCH IN DIRECTION OF STEEPEST DESCENT IF DIRECTION 
VECTO~ H IS S~ALL CQMPA~ED TO GRADIENT VECTOR G, 

IF IHNP~/GNR'1-EPSl 57,57,14 

SEARCH HI"JI 1 1U~ ALOttG DIRECT ION H 

SEARCH ALONG ~ FOR POSITIVE DIRECTIONAL DEPIVATIVE 
FV=F 
ALFA=2,• IEST-Fl/[Y 
A'1BD A =1, 

USE ~STIMAT~ FOR STEPSIZE ONLY IF IT IS POSITIVE AND LESS THA~ 
1, OTHERWISE TAKE 1, AS STEPSIZE 

IF IALn l 17,17 1 15 
IF (ALFA-AHBOAI 1& 9 17,17 
AI1'!0~=ALFA 
ALFA=O, 

SAVE FUNCTION AND DERIVATIVE VALUES FOR OLD ARGUMENT 
FX=FY 
IJX=DY 

STEP ARGUMENT ALONG H 
0() 19 1= 1. tl 
X <I l =X <I l + At19 0 A •H I l 
CNJTINUE 

C0'1PUT~ FUtiCTION VALUE AND GRAOidiT FOR NE~ AF.GU11ENT 
CALL FU'lCT IN, x, F,G, GRAD,NP 1 XP, nROR 1 IPl 
NLI'1F="JU'1F~1 
FY=F 

CO••PUTE DIP:OCliONAL D~RIVATIVE OY FCR 1\EW ARGUMENT, TERMINATL 
SEAPCH, IF CJY IS POSITIVE, IF DY IS ZERO THE ~·UII1UM IS FCI.JNu 

DY= 0, 

8$=B~+elfi~Hn> 
Cr·'H!IIU~ 
IF IDYl 21,41,24 

TE~~INATE s~APCH ALSO IF THE FUNCTION VALUl INDICATES THAT 
A MI~IMU'1 HQS BEEN PASSED 

IF IFY-FXl 22 9 24,24 

~EPEAT SEAPCH AND DOUBLE STEPSIZE FOR FURTHER SEARCHES 
At18DA=A~BDA~ALFA 
ALFA=AM'liJA 

~NO OF SEARCH LOOP 

TE 0 MINATE IF THE CHANGE IN ARGUMENT GETS VERY LA~GE 
IF IHN~~•AMI3DA-1,E10l 18,18, 23 

LINEAP SEARCH TECHNIQUE INDICATES THAT NO MINIMUM EXISTS 
IER=2 
GO TO 62 

INTE~POLATE CLBICALLY IN THE INTERVAL DEFINED eY THE SEARCH 
ABOVE AND C~M~UTF THE A~GUMENT X FOR WHICH THE INTERPOLATION 
POLYNOMIAL IS ~INIMIZED 

T=a. 

~~3!~~~e~~yf'l~~f~~DX+OY 
ALFA=A•1AX1 IA'3S !Z l ,ABS lOX) ,ABSI OYl l 
DALFA=ZI ALFA 
IJAL FA =flAL FAH'JA LF A-OX/ At FA•OY /A LFA 
IF l!'lALFAl ?7,?_7,27 
W=ALFA•SQPT IIJ~LF tl 
ALFA:OV-OXHHW 

IEFA!~5~~z;~,?~tig 
Gfl T 0 30 
A L FA= I Z t [I Y- W l I I Z +OX ~ Z + 0 Y l 
f. L FA= A LF A • A M'l f) A 
on 31 I=1,N 
XIIl=XIIl +IT-ALFAl•HI!l 
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G 77 
G 78 
G 7g 
G 80 
G 81 
G ez 
G 8~ 
G 64 
G 85 
G 8Eo 
G 67 
G 88 
G 89 
G % 
G 91 
G 92 
G g:; 
G 94 
G 95 
G 910 
G Y7 
G 'l8 
G '19 
G HO 
G 1C1 
G ll2 
G H3 
G H4 
G H'> 
G ll a 
G ll7 
G HB 
G 1L9 
G 11L 
G 111 
G 112 
G 113 
G 114 
G 11 S 
G 116 
G 117 
G 118 
G 11S 
G t<u 
G 121 
G 122 
G 123 
G 124 
G 12~ 
G 126 
G 127 
G LZP 
G 12" 
G 1:1.. 
G . ·. 1 

G to2 
G 133 
G L~ 
G 13S 
G 1 ~ E 
G 137 
G 13b 
G 1~'l 
G 141.; 
G 141 
G 142 
G 143 
G 144 
G 145 
G 14t 
G 147 
G 148 
G 14'l 
G 15G 
G 151 
G 152 
G 1~3 
G 154 
G 1~::: 

G ts6 
G 157 
G 158 
G 159 
G 1bG 
G 161 
G lo~ 
G 1b3 
G 1t 4 
G 1f:S 
G leo 
G 167 
G H8 
G 1t9 
G 17G 
G 1i' 1 
G 172 



31 c 
c 
c c 
c 
c 
c 

3ft 

3~ 
3& 
37 

38 
39 
40 

c 
c 
Lt1 c c c 
42 

41 
c 
c c 
c 

ftLt 

ft5 

4"> 
c 
c 
47 
c 
c 
48 

ft9 

50 
51 

52 
c 
r 
c 
c 
c 
51 

54 

c 
c 

CO'ITINUE 

TERMINATE, IF THE VALUE OF THE ACTUAL FUNCTION AT X IS LESS 
THftN THE FU~Cl!ON VALUES IT THE I~TE~VAL ENDS. OTHEPWISE REDUCE 
THE INTERVAL EY CHOO~ING 0\IE EIJO-POl'H tOUAL T!J X IIIlO Pt:PiOn 
THE INTERPOLATION. WHICH (~10-PO NT IS CHOO~EN IJEPENOS ON THE 
VALUE OF THE fUNCTION ANO ITS GRADIENT ~T X 

Nl!MF=NU'1F+1 
CALL FU:JCT IN 1 X,F 1 G,GRAO,NP,XP,ERROR,IPI 
IF IF-FXI 32,.J2,3-l 
IF IF-FYI 41,41,~3 
OALFA=C. 

8~L~~=B~C~~~GCII•HCil 
COIIITINU<=" 

±~ l~~f~~~3~5 36A~~~~ 
IF CJX-JALFA1 37,41,37 
FX=F 
DX=OALFA 
T=ALFA 
AM'30A =AL FA 
G0 TO 2~ 
IF CFY-FI 40 39 loO 
IF IDY-JALFAJ 46,41,40 
FY=F 
D'I'=DALFA 
AHBIJA=AHBDA-ALFA 
GCl TO 24 

TEPHINATf1 IF FUNCTION HAS NOT DECREASED DUPING LAST ITERATION 
IF IOLDF-FtEPSI 57,1o2, 42 

COMPUTE DIFFE~ENCE VECTORS OF ARGUMENT AND GPAIJIENT FROM 
TWO CONSECUTI~E ITERATIONS 

DO 43 J=1,N 
K='ltJ 
1-PO=GIJI-HIKI 
t<=!,HK 
1-IIO=XIJI-HIKI 
CONTINO': 

TEST LENGTH OF APGU~ENT DIFFERENCE VECTOP AND IJIRECTION V~CTOR 
IF AT LEAST N ITERATIONS HAVE BEE~ EXECUTED. TERMINATE, IF 
BOTH ARE LESS THAN EPS 

IER=~ 
IF CKOUNT-NI 47,44,4ft 
T=O. z=a. 
00 45 J= 1 ,N 
K='J•J 
W=fiCKI 
K=K~N 
T=TtA'lSIH CKII 
Z=ZHI•H(I() 
CONTI 'IU~ 
IF (fi'IR 1-EPSI 4c ,4b,47 
IF CT-~PSI b2, '>2 ,47 

TEP~i!NATE, IF ~lUMBER OF ITE RATIOI\S WOULD EXCEED L !MIT 
IF CKOUtH-LI'1ITI 48,55,55 

PREPARE UPD~TING OF HAT~IX H 
ALFA=O. 
DO 52 J=1,N 
K=JtN3 
W=~. 
DO 51 L=1,N 
KL=Ntl 
W=WtH IKL I •H CKI 
IF IL-JI 49,50,50 
t<=K•N-L 
GO TO 51 
K=K•1 
CONTINUE 
K=NtJ 
ALFA= ALF A •w•H I Kl 
f'CJI=W 
CONTINUE 

R~PF.AT SEAPGH IN DIPECTION OF STEEPEST DESCENT IF RESULTS 
A~E NOT SAT IS FACTORY 

IF IZ•ALFAI 5,,2,53 

UPDATE MATRIX H 
K=N11 
DO 5Lt L=1,N 
KL=t~2 •L 
on 54 J=L ,N 
NJ:IJ2tJ 
HI K I =H CK l +H IKL I • H CtJJ I IZ- HIll 4 H ( J I I AL FA 
K=K•t 
GO TO 6 

END )F ITEP.AT ION LOOP 

11 o. 

G 173 
G 174 
G 175 
G 1H 
G 177 
G 178 
G 17'3 
G 180 
G 181 
G 1!12 
G 1!13 
G 184 
G H'i 
G t6o 
G 187 
G 188 
G 18'3 
G 19G 
G 1'31 
G 1 '32 
G 1(j3 
G 1 <J<. 
G 1'.;5 
G 1'30 
G 1<:17 
G 1'38 
G 199 
G zoe 
G 2(1 
G 2l2 
G 2L 3 
G 204 
G 2LS 
G 2Lo 
G 2 0 7 
G z u e 
G 209 
G 210 
G 211 
G 212 
G 213 
G 214 
G 215 
G 2lt 
G 217 
G 218 
G 219 
G ~20 
G 2d 
G 222 
G 222 
G 22~ 
G ~C.5 
G 22t 
G ~ 2 7 
G ZC:.B 
G 2i.9 
G 2::'l 
G 23t 
G 2 > 2 
G 2~-' 
G 2~'
G 235 
G 23b 
G 2~7 
G 2oe 
G 239 
G 240 
G z~t 
G 242 
G 2"3 
G 244 
G 245 
G 24b 
G 247 
G 248 
G 249 
G 250 
G 251 
G 252 
G 253 
G 2S4 
G 255 
G 25b 
G 257 
G 2~8 
G 2?'3 
G 2cU 
G 2tt 
G 262 
G 2b3 
G 2t4 
G 265 
G 21:1:> 
G 267 
G 21:8 



c 
55 

56 

c 
c 
57 

58 

c 
c c 
c 
c 
59 
60 

61 
62 

63 
64 

65 

56 
67 c 
6~ 
&<! 
71] 

71 
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NO CONVERGENCE AFTER LIMIT ITERATIONS 
I':R=1 
IF IKK,I\IE,IPRINTl GO TO 56 
gg~~r~5~TE2 IX,N,G,F,NUHF,KOUNTl 
GO TO 62 

REST0RE OLO VtLUES OF FUNCTION AND ARG~HENTS 

e~~~~~~/= 1 ,N . 
X (J l =H (I( l 
CONTINU:: 
25~~=~H~~! 1 <N,X,F,G,GRAO,NP,xP,ERROR,IPI 

REPEAT SEARCH IN O!PECTION OF STEEPEST DESCENT IF DERIVATIVE 
FAILS TC BE SLFFICIENTLY SMALL 

IF IGNRM-EPSI 61 1 61 1 59 

TEST FOR REPEATED FAILURE OF ITERATION 
IF" <IERI o2,6lJ ,60 
IER=-1 
GO TO 2 
IER=a 
I!=IE"+Z 
IF III.~O 2) 1Cl=1 
IF IIPRINT,EQ, J) RO:TURN 
GO TO (b3o64,65~t61, II 
~grH ~~ ,&81 IE 
WRITE 15,691 IER 
GO TO I;J7 
HRITE !5,7al IER 
GC> TO 67 
~N~~N (6' 71) I ~R 

FOR~AT (1HO,•I~R=•,I2,• EDRQR IN GRADIENTS CALCULATIONS 4 l 
FOR'1AT (1H0, 4 EP=•,rz,• CPITS:~ION FCI< OPT!f1UM 1-'AS BEO:N ~ATISFI~u•l 

1FgR~~T0:~~~2~~~~:=•,Iz,• MAX!~UH NUHBER OF ALLOWA~LE ITERATIONS HIS 
FO~MAT 11HOf•I~R= 4fl2f• CHANGE IN A~GUMENTS GETS TOO LARGE, LIN~AR 

1e:~&ARCH !NO CATES HA NO MINIMUM EXISTS•! 

G Zb'l 
G C.iL 
G 271 
G 272 
G 27~ 
G 27<. 
G 275 
G 276 

& ~H 
G 279 
G 21'H: 
G 281 
G 21',: 
G 2b3 
G 284 
G 2&:; 
G <8& 
G <07 
G 288 
G 28'l 
G 290 
G 2':ll 
G 292 
G 293 
G 2'l4 
G 295 
G 2'36 
G 297 
G 298 
G 29'l 
G .lL u 
G 3u1 
G HZ 
G ~ iJ 3 
G 3\"· 4 
G 'L ~ 
G 3cs 
G L 7 
G 3: 8 
G 3 Vl 
G ~lu 
G 311 
G 312-

HS8ZODL 1111 SNO OF LIST 1111 



APPENDIX III 

Listings of the common subroutines for FMCLP and FMLPO packages 

Add the subroutines INPUT, FINAL, WRITEl and WRITE2 to both 

packages, FMCLP and FMLPO. They are similar to ones presented in the 

package for function minimization [36j programmed by V. K. Jha. 

Listings of the subroutines INPUT, FINAL, WRITE1 and WRITE2 

follow. 

-112-



c 
c c c 

1 

2 
3 

" c 
5 

6 
7 
8 

'3 

1ry 

11 

12 

13 
1'+ 

15 
16 

17 

1~ 

c 
c 
c c 

1 
2 

c 
3 

" 
5 

6 
7 

c 
c 
c 

SU9ROUTitiE INPUT H1ET,~·.~IAX,N, IPRIIHoiDATA,EPS1,EST,EPS,XSTRTl 

P~INTS THE II\PUT DATA 
FOR THE OPTHIZATION P~OCESS 

DHI~NSJON XSTRTI1l, EPS (1) 
WPI 1 E 16, 5) 
IF IM'"T, Nt;,1,AtW,MET.~IE,2l GO TO It 
INOEX=O 
GO TO 11,21, MET 
WRITE 16, 6) 
GO TO 3 
WPITE lo,7l 
CONTitJUC: 
WRITE 16,81 N 
WI>ITE (o, '3l MAX 
WPITE IS, 1Ql !PRINT 
WPITE lo,11l t' 
WPITC: IS,12l XSTRTI1l 
WPITE 16 1 131 1It>STRT!Il 1 I=2 1 Nl 
IF (MET, t0,1l WRITE u;,1'+l EPS Ill 
IF 1'1ET,EC,1l WRJTE 16,15) IIlC:PSIIl,I=2,Nl 
IF I MET, EQ, 2l WRITE. If'>, 16l EP:::> 1 
WPITE .u;,17l EST 
RETURN 

~~tlEd~t 181 

11H11.•I"lPt..T 
CALLtiJ•,n 

IJATA•,t,1X,10I•-•l,I/,1X 1 •FOLLOWING METHODS HAV 

11HO,•tr:OW FLETCHE"! M"THOO'"l 
11HO,•FLETCH"<!-POWELL MET~OD•l 
11H0,/1 x,•NUMBEP. OF INOEFENOE.NT 

I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 

SU'!ROUTitJE FiliAL IX 1 F,t0 

P~IIIITS THr R~SUL TS 
FOP THE OPTI~IZATION PROCESS 

DJME'lSIO N X Ill 
COHt1:)N /fJLK/ KO 

~~I1Ro!~o:~l GO TO 1 
W0 I TO: 16, ltl 
GO TO 2 
WPITE 16, 5l 
CO"'TINU!: 
WPITE (<,,6) F 
W PIT!: lo , 7 l II , X II l , I= 1, N l 
RETURN 

FORMAT 11H1l 
FIJ~'IAT 11HO,'+;X,•FOLLOHING IS THE OPTIMUM SOLUTION•,t,lt1X,•-------

1--------------------------•l 
Fnp~AT !1H0,44X,•P.ESULTS AT LAST ITEPATI0N'"/ 1 45X,•----------------

1--- ------., 
FOR~AT 11HO,II,It8X,•F =•,Et&,8,/l 
FORMAT 11HO,'+'-X,•Xt•,I2, 1=• 0E16.6l 
[tiD 

e I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 1 I I I I I I 1 I 

SU~ROUTINE WRITE1 INl 

PRINTS THE I HER!1EDI ATE RESULTS 
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I 
I 
I 
I 
I 

I 
I 

I 
I 

I 
I 

I 
t 
i 
I 
I 
I 

i 
I 
I 
! 
I 

! 
I 
I 
I 
I 
I 
I 
I 
I 

i 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

1 
2 
3 .. 
5 
6 
7 
8 
g 

10 
11 
12 
13 
1" 
15 
1b 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
2'3 
30 
31 
32 ,, 
~~ 
o~ 

~b 
37 
38 
39 
4; 
41 
42 
43 

"" 45 
4& 
47 
45 
~g 

oJ 
Sl 
':2 
c ~ 

54 
;;-

J 1 
J 2 
J ~ 
J 4 
J s 
J 6 
J 7 
J 8 
J g 
J 1C 
J 11 
J 12 
J 13 
J lit 
J 15 
J 16 
J 17 
J 1~ 
J 1 g 
J 20 
J <.1 
J 22 
J 23 
J 21t 
J ~5-

K 
K 
K 
I( 

1 
2 
3 
4 



1 

2 
~ 

c 
4 
5 

b 

7 

c c 
c 

c 
1 

1-lPIT':: ('), 41 
r,n TO (!, 21 , t1 
WP!TIO !6,51 
CO TO 3 
HPITE ('),I'll 
CO'lTI"lUO: won:: (o '71 
PETUR"l 

Fn~·ru c 1H1l 
FO~MAT !1HO,"OPT!MIZATiotl 9Y ~EW FLETCHER METHOO•,t,1HO,•----·-··· 

1--------------------------•1 
FO~~AT C1HO,•OPT!~IZATIO~ BY FLETCHER-POWELL METHOo•,t,lH0,•------

1·-······-------··-··---------···"l 
FO~IIAT ( 1HO,•ITERATI0tl"f2X,•FUNCTI0t<",5X!"TIME t:LAPS,;:O•,ax,•OPJ:.CT 

liVE "'13X,•VQ~IAELE VEC 0~ XCil" 69x~•GPAulENT V~CTOP GC!l",ll~U,•N 2~~gr::R ,5X,•EVALU~TIONS•,3x,• !SEC NO 'J",11X,•FUNCTION 4
1 /l 

................................................................. ' . 
SU9ROUTINE W~ITE'i: CX,N,G,F,NUMF,ITER,TIMEJ 

P~INTS THE HTE'IMEOIATE '<ESULTS 

Ol'1"NSION XCllL Clil 
WPITE Co,!l IT:.R,NUMF,TIME,F,C ()(CIJ,GCIJJ ,I=l,Nl 
~ETU~N 

FO~HAT C1HO,I5,7X,I5,5X,E1&.8,3X,E1bo8,12X,95CE1b,8,13X,E16,8,1,70 
!XI l 
Hl'l 

H~~ZD~O /Ill ~NO OF LIST /Ill 
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K 
K 
K 
K 
K 
K 
K 
K 
K 
K 
K 
I( 
I( 
I( 
K 
K 
K 
K 

L 
L 
L 
L 
L 
L 
L 
L 
L 
L 
L 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
1~ 
lo 
17 
18 
1Y 
c" 
"1 
22-

1 
2 
3 

" 5 
t; 
7 
8 
9 

lc 
11-



APPENDIX IV 

The Chebyshev polynomials 

The Chebyshev polynomial of nth order, Tn, is defined 

Tn(t) = cos(n arccos t), -1 ~ t ~ 1 

Tn has n zeros 

and n+1 extrema 

tk =cos (2k-1) 2n , 

= 1-2 sin2(k-0.5) 2n 

t - cos k7f k - n 

= 1-2 sin2 ~ 2n 

over the interval [-1,1]. 

k=l,2, .. ~n, 

k=O , 1 , ... , n 

Tn may be transformed on any closed interval [a,b] by intro

ducing the change in variable 

x = b-a t + b+a 
2 2 

where XE: [a ,b]. 

The zeros of Tn in the transformed interval are in 

xk = a + (b-a)sin2(k-0.5) 2n , k=l,2, ... ,n, 

and extrema in 

x - a + (b-a)sin2 ~ k - 2n ' k=O, 1 , ••. ,n. 

115. 
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The initial approximation for the Test 1 and Test 2 given in 

the Chapter V is obtained by rational interpolation where the zeros of 

the (k+l)st Chebyshev polynomial are used as supporting points. As a 

first trial for the points of the independent parameter the extrema 

of Tn+l were taken. The listing of a FORTRAN program which calculates 

the initial approximation and the starting point set is presented 

below. 

c 

c 

OIMENS!JN AI10l,(l10l,YI10l,ASTRTIHl,OETI100l,XI50l 

1~0 F0~'1ATI~I1•Jl 
2~0 FO~MATI////lSXI•~AT~IX IS SINGULAR IN SUBROUTINE SIMQ•/1) 
300 Ffl~MATI~Flu,5l 

REAfJI5,100l~,L,M 
REAOI5,388lXA,XB 
PI=3,1"15g 
XAB=X~-~ A 
XI2J:XA 
II=1 
J=IH1 

C C01"0 UTATION CF AN INITIAL GUESS X III CF THE INDEPENDENT 
C VARIABLE IN THE EXTREME POINTS OF THE CHEBYSH~V POLY~OMIAL 
C T<N+l l 
c 

c c 
c c 
c 

CONST=PI I 12.•JI 

5~sl2 ,i~eo~s" 
XII+2l=Q•Q•XA8+XA 

10 CONTINU~ 

15 

20 

1J5 

110 
115 

117 

118 

120 
130 

:134 

11S 

138 

11n 
137 

30 

1'5Q 
151 

X IN+3l=XB 

CALCULATION CF THE STARTING VALUES OF THE COEFFICIENTS OF 
THE RATI!JfiAL FU~JCTIO~J 9Y RATIONAL ItHERPOLATICN IN TH[ 
ZEROS OF THE CHEBYSHEV POLINOHIAL TIK+1l 

K=L+'H1 
CONST=PI/ (2,•Kl 
00 20 I=1,K 
O=SINIII-<i,5l•CO~STl 
Ylll=0•1•XA'l+XA 
G II l = FCT I Y I Ill 
CO•H INU~ 
OIJ 130 I=t,K 
OET II 1=1, 
II= I 
IF(Ll115 1115,105 
00 11~ J=1,L 
IA=II 
II= II +K 
PET I!Il=DET IIA l •y Ill 
II=II+K 
IFIM-11130 1 117 ,117 
r:lF"T IITl=-C.<Il•Y( ll 
IFltl-2l13G 1 118 1116 
f1 n 1 2 ,, J = 2 1 '1 
I~= I I 
II=TI+'< 
0 E T l I I I= 'J £T !I 0 l • Y !I l 
CONTPJUE 
CALL SIMQ<DrT,Gt~,KSl 
IF ( K <; ) 11 4 , 1 34 I 15 c 
L1=L+1 
IJO 13S I=t1L1 
A(Jl=Cdii 
I r P11 1 37 1 t37 1 1 18 
0 n 1 3 b J = 1 1 '~ 
I =L 1 + J 
AIII=C.tii 
cmn I 11u:: 
CO'IT I "lU~ 

~~r~¥ tll'~~~Il 
CO"'THIUo 
GC1 TIJ 151 
W~"ITE !61 2101 
CONTPIU~ 
CALL EXIT 



APPENDIX V 

Usage of FMLPO ( Function Minimization for Least pth Objectives ) 

Purpose To minimize the objective function of k variabl~a de-
"' 

fined as the generalized discrete least pth objective 

(6.13), using gradient methods. 

How to use Set the input deck as follows: 

,--
/DATA DECK 6 

/PACKAGE FMLPO 5 
-, 

FUNCTION W 4! 

FUNCTION FUNCS 3 
- --- -~·--· 

SUBROUTINE FCTAPP 21 
! 

MA.IN PROGRAM 

' 1----

' 

1. Main program 

~!rite the main program as indicated below: 

(i) Dimension the following arrays 

A(K), ASTRT(K), G(K), Y(K), PY(K), DUMl(K), DUM2(K), GRAD(K), 

EPS(K), H(M), XX(3, NINT), NUMB(N), INUMB(N), X(N), Xl(N), 

ERROR(N), EHELP(N), AP(N), IPA(ITER) 
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where 

K is the number of variable parameters, 

M = K·(K+?)/2, 

NINT is the number of intervals, 

N is the total discrete point set of independent parameter , 

from all intervals, and 

118. 

ITER is the maximum number of allowable usage of the optimiz

ation method. 

(ii) Call the subroutine FMLPO as follows: 

CALL FMLPO (A, ASTRT, G, Y, PY, DUMl, DUM2, EPS, H, GRAD, 

NUMB, XX, X, Xl, ERROR, EHELP, AP, !NUMB, IPA) 

(iii) Add STOP and END cards. 

2. Subroutine FCTAPP 

Subroutine which defines the approximating function in each 

interval and calculates its gradients with respect to variable vector 

a. 
'\, 

Write subroutine FCTAPP as follows: 

(i) SUBROUTINE FCTAPP (X, K, A, APP, GRAD, liNT, INDIC) 

DIMENSION A(l), GRAD(l). 

where X, K, A, liNT and INDIC are input, and APP and GRAD are output 

variables. 

INDIC may have a value 1 or 2 and indicates whether the 

approximating function in the liNT interval APP=F(~, X), or all its 

d . t ;)F(A. X) 
gra 1en s GRAD(I)= -v , I=l,K should be calculated, respectively. 

oA( I) 



(ii) Write the approximating function APP and all its gradients 

GRAD(!), I = 1, K for each interval liNT= 1, NINT. 

(iii) Add RETURN and END cards. 

3. Function FUNCS 

Function subprogram FUNCS defines upper and lower specified 

function Su(x) and St(x), respectively, in various intervals. 

FUNCTION FUNCS (X, liNT) 

GO TO (1,2, ... ,NINT), liNT 

1 FUNCS = Su/t (x) 

RETURN 

2 

NINT FUNCS = S I (x) u t 

RETURN 

END 

where liNT= 1, NINT is a current interval. 

Note If the upper and lower specified functions are defined 

for the same set of the independent variable x, consider the common 

interval (or subinterval) twice. 

4. Function W 

119. 

Function subprogram W defines an upper and lower positive 

weightirgfunction Wu(x) and Wt(x), respectively, in various intervals. 

Write subprogram W as follows: 



FUNCTION W(X,IINT) 

GO TO (1,2, ... ,NINT), liNT 

1 W = WU/i (X) 

RETURN 

2 

NINT W = wu/~(x) 
RETURN 

END 

where liNT= 1 ,2, ... ,NINT is an interval under consideration. 

120. 

An example which shows how to write these subroutines is the 

same as in Test 2 in Chapter VI, but with constraints on parameter a2 
such that 

0 ~ a2 ~ 1. 

The listings which the user has to write follow. 



r 
c 
c 
c 
c 

r 
( 

( 

c 
( 

SURROUTINF WHICH CALCULATES APPROXIMATING 
FUNCTION AND ITS GRADIENTS WITH RFSPFCT TO 
VARIABLE PARAMETERS 

DI~FNSION A!l)tGRAD!ll 
GO Tr)(l00,?00) dNDTC 

1 n n G" T n ( 1 , 1 , ? , ? ) , I I r-., T 
1 APP=A(1)/A(?l*FXP!-A(1 l*Xl*SIN(A!?l*X) 

RFTLJRN 
2 APP:A(?J 

RETURN 
?00 GO TO (?,3•4•4ltiiNT 

1 HP1=1./A!2l*FXP(-A(1 l*Xl 
HP?=HPl*SINCA(?J*X) 
HP~=HP1*COS(A(?)*Xl 
GRA!J(l)=-APP*X 
GRA0(2l=-l.IA!?l*APP+A(3l*X*HP1 
GRAD(3)=HP2 
RFTURN 

4 GPA!J(l)=O. 
GPAD(2)=1. 
GRA!J(~)=O. 
0 F"TlJRN 
~ND 

1 21 . 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

FUNCTI0N FUNCS(X,JTNT) 

FUNCTION SUBPROGRAM WHICH DFFTNFS 
Uf'PFR MID LOWFR 
SPECIFIED FUNCTION 

GO T0(1•1•?•1l•!TNT 
FUNCS=~.I?Oe*FXP(-X)+1.1~?.*FXP!-~.*XJ-FXP!-?.*X)/A~.*!~.*~IM 

*<?.*Xl+11~COS(?.*Xll 
~FTlJPr--1 

7 FUNCS=l.O 
RFT,JRN 

1 FUNCS=O.O 
RFTURN 
F ~!D 



c 
c 
c 
r 
( 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

FUNCTION WCX,IINT) 

FUNCTION SURPROGRAM WHICH DEFINES 
UPPER AND LOWER 
WEIGHTING FUNCTION 

Gn TO ( 1,1 '1 '1), I I NT 
I.J= 1 • 
RFTURN 
END 

122. 
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6. Data deck 

Parameters to be supplied as data are defined below: 

K 

NINT 

NUMB ( I) , I= 1 , N I NT 

XX(l ,I), I=l, NINT 

XX ( 2, I) , I= 1 , N I NT 

XX(3,I), I=l, NINT 

I READ 

The number of independent variable 

parameters ~. 

The total number of upper and lower 

intervals. 

Number of subintervals in each interval 

of independent parameters. 

The left end point of ith interval. 

The right end point of ith interval. 

Numbers in floating point which supply 

informations on the specified function 

in the ith interval: 

set XX(3,I)=l. for the upper 

specification and 

set XX(3,I)=-l. for the lower 

s peci fi cation. 

Integer which denotes whether or not 

the discrete set of points in each 

interval will be read. 

If IREAD=O the discrete set of 

points will be set equidistantly in 

each interval with NUMB(!) sub

intervals in the ith interval. 

If IREAD=l the discrete point set 

wi 11 be read . 



NINT 
X(I), I=l ,_L (NUMB(I)+l) 

I=l 

KSI 

ASTRT( I), I=l, K 

IGRDCH 

MET 

MAX 

ITER 

IPA(I), 1=1, ITER 

!OPT 

!PRINT 

124. 

Discrete point set of the independent 

parameter. 

The artificial margin ~. 

Starting values for a vector containing 

the K variable parameters. 

Gradients to be checked if IGRDCH=l; it 

should be set to 0 if gradients are not 

to be checked. 

Optimization method to be called: 

if MET=l Fletcher method will be 

ca 11 ed; 

if MET=2 Fletcher-Powell method 

wi 11 be called. 

Maximum number of permissible iterations. 

Has already been defined in the main 

program as a length of the working array. 

Vector containing the values of p for 

different least pth objective. 

Denotes how many times the optimization 

is repeated with different starting 

points and/or different optimization 

techniques . 

Intermediate output is printed out 

every !PRINT iterations; it should be 

set to 0 if no intermediate output is 

desired. 



I DATA 

EST 

EPS(I), 1=1, K 

EPSl 

DIF 

125. 

Input data is printed out if IDATA=l; 

it should be set to 0 if input data is 

not to be printed out. 

Minimum estimated value of the objec

tive function. 

Small test quantities used by the 

Fletcher method. 

Small test quantity used by the 

Fletcher-Powell method. 

Small test quantity used by the sub

routine FMLPO. 



Setting up the data deck 

Condi ti onsi Number of cards Parameters Type ; Format 
-----~~~- ---~---1---- ~ --- -· -· - -------~- . -- ·---- ·-

-------~·. -----·- . ------ - .... ________ -
i I 

1 I K,NINT,IOPT,ITER,IREAD. INTEGER i 6110 
I 

' I GROCH 

I=1, NINT i NUMB(!), (XX(J,I), J=1,3) 1 INTEGER, 3 REAL~ I10, 3E16.8 

I READ= 1 As many as required i X (J), J=1 (NUMB (I)+ 1) REAL 5E16.8 I 
I 

by NU~B(I), 1=1, NINT I 

' : 

1 l EST, DIF, KSI REAL , 3E16. 8 

t - As many as required ASTRT(I), I=l,K REAL l 5E16 .8 

by K ! 

MET, MAX, !PRINT, !DATA INTEGER 4110 
VI 
0,) 
E MET=1 As many as required EPS(I), I=1,K REAL 5El6.8 •r-
+l 

~ by K 0... 
0 - MET=2 1 EPSI i REAL 5El6.8 

As many as required IPA(I), I=l, ITER INTEGER 8110 

+ ' 
by ITER 

I 

__, 
N 
0'1 . 



Recommended values for some· of the parameters 

MAX = 100; 

EPS(I), I=l,K, each 10-6, 

DIF = 10-4 

EST A lower bound of the minimum value of the objective function 

may be obtained from physical reasons. If the true minimum 

127. 

is not known, for the case when the specification is violated 

EST=O is convenient, and when the specification is satisfied 

choose EST sufficiently negative. 

For the example for which listings were shown the data deck 

is presented below. The Fletcher-Powell optimization method is called. 

1 It l 'i n ('\ 

c,O n.F 00 lO.F 00 1.F or; 
c,O O.F 00 lO.F 00 -1.F (')() 

0 ?.OF 1 2.0F l 1.0E ()() 

0 ':3.0F 1 3.0E 1 -l.OE 00 
-1.0F 00 1.0F -4 ?O.OE -1 

l • FOO 1 • EOO 1 • Eno 
? 1 co 1 1 

,.oF -(, 

? 1 0 100 1000 }()()()(') 



c 
c c 
c 

1 

2 

3 
4 

5 

7 

8 

g 

1a 
11 

12 

c 
c c 
c 

13 
H 

c 
c c 

APPENUlX Vl 

Listinq of the Package FMLPO 

SliO~OtiTINE F1L 0 0 IA,XSTO:Tjr.,v,PY,OUI'll,OUH2,EPS,H,GRAu,NUMl•,XX,X,X1 
l,[R.•,ll",EH[Lf',AP, l>lU~B, IPA 

SU'l=!JIJTH1c: WHICH COO•~OI~HES THE OTHER 
SIJOROIJTl~IC') H THF: PACI<AGE FMLPO 

[~g ~~~L C ~~~CJ 1,1 ~ l~CT, FUtiGT 
DI'iENS!ON AI!! (11) YIU PYI1l, XSTRTI1l, OUH1111 DUMZI1lt I:.P~ 

1111, H<1lr G0 d,n1 Nu~IB<ilr :<x<3,1l, x<u, x1111, ERPo~<u, tH£LF 
2~Mt1ot~o;~d/~:~H~I l, J

0
AI1 

EP~IZl•EPSNPIZ,IINT,FCT,W,A,N1,GRAO,APP,PSI,XX,1l 
Ut!ITH•, TRUE:, 
READ 15,361 til ,NINT,IOPT,ITER, IREAO,IGRDCI' 
DO 1 I •1 , t<I NT 
~(;~'fu\GEH > "JU'1B <Il, <xx IJ,Il ,J•1,3> 

K=O 
IF II"C':AD,EO, 'Jl lP.EAD=2 
Gr TO 1~,'11, IREAQ 
DO 3 J•1, NINT 
K=K~1 
KL='<+NUi19 IJI 
REA·) 15,4•1> IYI!l,l•'<,Kll 
K=-><L 
R<::AD IS,'•cl Eo;T,UF,PSI 
WPITE 1&,37J PSI 
WPITE lo 1 44l 
READ 15, 4.Jl IXSToTIIl ,I•l,N11 

~9rr .~5hnrl 
I(= 0 ~ •' 
GO fCl lo,gl, I>EAD 
00 8 J=1, NINT 
IINT•J 
WPIT:;: 1'>,49! liNT 
I<=K+1 
KL•I<+NU'1B IJl 
007I=><,KL 
EPROR.Ill •ERR IX II l I 
L'=I-K+l 
IRITE 1'>,48) L,x<I> 1.E'!ROR.III 
EHEL.P Ill •ERROR II l .. Xx 13, Jl 
AP(Jl :ADP 
CO'HINUE 
K=><L 
CU.H!NUE: 
GO TO 11 
0 1J 11 J= 1 , N I' IT 
II'H=J 

t~~0~~~1~~~l TINT 
IF (llUM'J(Jl.~Q,Q) Z=X)(I1,Jl 
0 n 11 I= 1, L. 
IF IN'J'I11Jl,GT,Ql Z=XXI1,JI~IXX(2,JI-XXI1,Jll 4 (!-1l/NUMg(J) 
[P:EqR (Z l 
WPIT<: <6,49> r,z,r~ 
K•i(•t 
E"'~O'>IKl •':RRIZl 
:: H: L" { ~~ = <:RR~" ( K l •x X ( 3, J) 
X (I( l = Z 
A"IKl =A"P 
::I' A X • ': 1-<~ l P ( 1 l 
0012~=2,. 
Et'AX=At1AX11EMAX,EHELPIMll 
cnNTINU": 
W~ITE IS, 4ol 
WPITE IS, 471 
WRITE !5 451 cMH 
CftLL FP~~ IFCT,W,A,N1,K,GRAO,APP,PSI,2,NUMB,xx,x,x1,EPROA,EHELF,AP 

1,EMAX,N 1 HW"1B, 'Jit>.T, IP! 
WPIT~ (::,, 42) 
WPIT.;: (<;, 43! 
WRITE lo,48l IJ,)l(Jl,ERRORIJI ,J,.1,NI 

DATA FO~ THE OPTIMALITY 
FOR THE OPTHIZATION M::THOO USED 

On 35 K•1,IOPT 
I<R=1 

~~A~~<<~:45i·1~sHTm.r=1,~a> 
READ 15,361 >ICT 1 ~AX,IPf.HIT,InATA IF I MET, ~C.1l ''tAD 15,4Pl IEDS Ill, I=1,N1l 
IF I'FT,EC,2l READ 15,40) ~PS1 
RfA'J 15,361 IIDA(ll,I=1,ITERI 
DO 34 KK•1, ITt. q 

QPTIMIZATION 

IP= JDA IKK! 
IF <KK,GT .11 FF=F 
IF IKR.::I"J,Ol r.o 10 15 

~7r r~x§at~h 
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A 1 
A z 
A 3 
A .. 
A " A b 
A 7 
A d 
A g 
A H 
A 11 
A 1~ 
A 13 
A 14 
A 15 
A 10 
A 17 
A 18 
A 1'3 
A 20 
A 21 
A 22 
A 23 
A ~4 
A 25 
A 26 
A 27 
A 28 
A 29 
A 3G 
A 31 
A 3(:. 
A 33 
A 34 
A 35 
A .io 
A 37 
A 38 
A 39 
A 4" 
A 41 
A 42 
A 43 
A 44 
A 45 
A ... c_. 
A 47 
A "" A 4~ 
A s:. 
A ~1 
A ~< 
A ?3 
A ~4 
A S· c:: 
A ~- t. 

A S7 
A ~8 
A o;g 
A tC 
A t1 
A <:(. 
A t~ 
A t'-
A t:S 
A tb 
A G7 
A l8 
A t9 
A 70 
A 71 
A 72 
A 73 
A 74 
A 7S 
A 7b 
A 77 
A 78 
A 79 
A 8G 
A 81 
A b2 
A 8~ 
A 64 
A 65 
A et: 
A b7 
A 88 
A 89 
A 9G 
A Y1 
A <:;~ 
A 93 
A 94 
A gs 
A 'lt 



1€> 

19 

:?0 

23 

2'+ 

25 

2€> 
27 

28 

3'1 

31, 
35 

c 
36 
37 
38 
39 
4ry 
'+1 
42 
43 
44 
45 
46 
1,7 
48 
49 

CONTI 'IU-: 
IF (IGQ1CH,'E,1l GO TO 17 
C~ll Gf'.)GHK ltll{, ~~G~PY,Y 1 C.~AD 1 APP 1 P::.I,NUH8 1 XX 1 X 1 X1 1 [~P0~ 1 lHELF 1 AP 1 

1i~A~~~:~~~~?·~~~~ 6 I 1 ~0UH1l 
IF CIDATA, Ell,. l (0 TO 18 
~~l\~~~~~~.l~E~t;b:AX,N1 1 IPRINT,IOATA,EPS1 1 EST,EPS,XSTRTl 
~~'OEX=O 

r~ TiP~f~t:~~~il'tb'r~E~ry 
CALL ~RITE1 l1l 
CALL Sc:::OND CT 1l 
IF CKR.~;::, Ol GO 10 22 
DO 21 I=1 0 N1 
A II l =IJU'11 II l 
Cm4TINlF 
CALL FHiFG CN1,AlF1G,H!UNITH,EST~EPSfHAXtiPRINTfl~XIT,G~AO,APP,PSI 

itt 4U f1 8 , ~X 1 X 1 X 1 , ': R r: Ot<, E H t l P, A P , E '1 A x, N, NU 1'1 tl , N I NT t P l 
DO 21 I=1 1 N1 
Oll111 III= A III 
CONTINU;:: 
CALL SESONO CT 21 
CALL F!:-JAL CA 1 F 1 ~1l 
T=T2-T1 
W~'IT': 16 1 391 T 
GO T 0 29 
IF CIPRINT,;::r'), 'll GO TO 25 
CALL WRITE1 121 
CALL SECOND CT1l 
IF CKR,'4E,;;l GO 10 27 
1)0 26 J=1 0 N1 
A CI>=DU·l2 CI> 
cnNTHIU': 
CALL FHFPG CFUNGl 1 N1,A,F 1 G,EST 1 EPS1fHAX 1 IEP,H,IPFINT 1 GRAD,APP 1 P:,I, 

1Nll13 1 XX, X ,X1,c <RCR,EHELP, AP, EH ~X,tJ, ~~UHo,NINT ,I PI 
00 2~ I=t,N1 
0 11'1 2 C I l = A II l 
CONTINU;:: 
CALL SECOND CT :?I 
CALL FINAL CA,F,N1l 
T=T2-Tt 

~~5JLl~b~~~1 T 

~P=O 
WPIE 1?,411 IP 
WPITS (5,4'+1 
l(t.'= n 
Kfl=O 
DO 32 J= 1 ,NINT 
IINT=J 
W"ITC: Co 0 49l liNT 
KO=K'h1 
KL = KQ t'lU '1 q CJl 
00 H I=><O,KL 
L=I-K'1t1 
E"~=C:~'? CX C Ill 
W"IT:: 1&,481 L,XCil,ER 
Kti=KtH1 
cr,~n I "~U: 
KQ= KL 
CO'ITINU: 
WPITE ~~, 42) 
W~ITE 16,4~1 
WPITE CS,48l (J,Xi!Jl,ERRO~(Jl ,J=1,N) 
WRIT: Co,'+bl 
W0 ITE (<;,47) 

~~~~§H~~G~~bH:~AX 
IF CKK-1 l 34, ~~, 33 
FTST=ABS C CFF-F l I FFl 
IF CFTST, LT ,IJ!Fl GO TO 35 
CO~HHIU:: 
CONTINUE 
RETURN 

FORt~ AT 
FO~:IAT 
FORI1AT 
FO~·IAT 
FGR1~T 
FORMH 
FGR•lA T 
F0~'1AT 
F0R'·IA T 
FOR'1AT 
FC:V~:1A T 
FflR:1A T 
FnRilAT 
FOR;>1AT 
HID 

e I I I I I I I I I I I I I I I I I I I I I I I I I I I 1 I I I I I I 1 1 I I I I I 1 I I I I I 1 1 1 1 1 1 I I I I 1 1 1 1 1 I 1 I 
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A q-; 
A ...... ~1 

A ~~ 

A 1uL 
A H1 
A 1 'J 2 
A 1 L ~ 
A 104 
A H5 
A 1(,6 
A 1Li 
A 1G8 
A 1J9 
A 11 ~' 
A 111 
A 112 
A 11~ 
A 1~4 
A 115 
A 1H: 
A 117 
A 118 
A 119 
A 12u 
A 121 
A l2i 
A 123 
A 124 
A 125 
A 12£ 
A 127 
A 128 
A 129 
A 13~ 
A 1~1 
A 132 
A 1;:.3 
A 131. 
A 13~ 
A Ut 
A 137 
A 138 
A 1:!9 
A l4C 
A 141 
A 1~2 
A 143 
A 144 
A 14';) 
A 1'-'S 
A 147 
A 1~1) 
A 14q 
A 1~~ 
A 15. 
A 15'-
A 15: 
A 1~4 
A tSS 
A 1~6 
A 15 7 
A 15 8 
A 1:.9 
A 1':: L 
A 1 E:1 
A 1t2 
A H? 
A 1o" 
A 1t5 
A H6 
A to7 
A H:8 
A 169 
A 17C 
A 171 
A 172 
A 173 
A 174 
A 175 
A 176 
A 177 
A 17e 
A 179 
A 18•! 
A 181 
A 182 
A 183 
A 184 
A 185 
A 18b 
A 187 
A 166-



c c c 
c c 

c 
c c 
c 

1 

2 

3 

I> 

c 
c 
c 
c 
c 

1 

2 

.. 
5 

& 
7 

R 
'! 

10 

H 

FUNCTION FCT !Z,FUNCS,H,IItH,PSI,XXl 

FUNCTIO'~ ~UB~POGRAM WHICH DEFINES 
HODIFI~D U"'PE" nND LOWER 
SPECIFI~O FU~CTION 

EXTERNnL FUNCS,W 
DIMENSION XX!3,1l 
FCT =F UNC S ( Z, I I 'JTl +PS !"'X X ( 3, I IN T l /H !Z, liNT l 
RO:TURN 
EN'l 

.................................................................. 
FUNCTION EPSNP !2,IINTjFCT,W,A,N1,GRA0 1 APP 1 PSI 1 XX,IPOINTl 

FUNCTION SUBPROGRAM WHICH CnLCULATES 
UPPER ANO LO~C:R WEIGHTED E RPOR FUNCTIC!l 

EXTERNAL FUNCS ,H1FCT 
OHif;N'::ION A(l) t GR~O!ll, XX!3 1 1) 
IF dPOINTl 1,c,1 
CONTI'll.IE 
CALL FCTAPP !Z 1 N1,A 1 APP,GRAD,IINT,1l 
CONTINU:: 
IF (PSI> 3 1 4 1 3 
EPS NP= !A P P- FCT ( Z 1 FUNC S, W, II NT, PSI, XX l l •w ( Z, I I NT l 
RETU~N 
EPSNP:(APP-FUNCS!Z,IINTil•W!Z 1 IINTI 
~ETURN 
Et'll 

.................................................................. 
SUBROUTINE ::RR<1 !FCT, W!A, N1, Kf GRAO,APP ,PSI, I NOIC, NUMB 1 XX 1 X t X1 1 0::0:'<.0 

1R,EHELP, AP,E"'AX,N,INUf'l:l 1 NINT 1 P) 

SUB'l.OUTINF H~ICH SELSCTS THE WEIGHED 
i::'<'<CJR FUNCTICN OF ItrTEREST FOR 
THE OBJECTIVE FUt.JCTION ' 

EXTER'IAL FUNC5 1 W tFCT 
DI.'ICNSIOtJ A!1l 1 ~"'.Ail(1l, NUt18!1l, XX!3,1l 1 X!11 7 X1!1l 1 EPROR!1l, 

1EHELO !1) AP(l )f INU~1n (1) 
E""t!Zl=~PStJP!Z, INT,FCT 1 W1 A,N1.7 GRAO,APP,PS1 1 XX,!POINT) 
Gn TO !1,'!1, INOIC 
CONTINU:O 
IPOitH=l 
K=O 
KL=~ 

nNLj=1 ,NI'IT 

IF ( J, [r'l, 1 l G n T C 2 
KL=KL •L 
L=NUH1(Jl•1 
or o I =1 , L 
K=K + 1 
IF (J,E'Q,1l GO TC S 
oo .. K~:1,~L 
IF !X (lc') -X(ro(l()) ~,3,4 
AP!Kl=AP (KKl 
APP: A P ('() 
lPOINT=J 
G0 TO 5 
CONTitiUE 
EP~OR O<'l =l"R~(X !K l l 
EH~LP!Kl =~"ROR!Kl•XX!3,Jl 
IF !IPOUIT,NE, ~~ AP !Kl =APP 
IPOINT=1 
COtHHIU~ 
CONTI IJU~ 
E't'AX=EHt::LP!ll 
00 8 H=2, K 
E~AX=AMAX1(EMAX,EHELP!Hl) 
CO•HINU€ 
C01l T I tJU~ 
IF !EMAXl 1;] 7 11,11 
li'=-IA9S (!PI 
G0 TO 12 
IP=IAOS( IPI 
K=O 
N=O 
INUHi3 !1l =0 
~~Nf~/=1,NINT 
L=NUM'!(Jltl 
DO 15 I=1 1 L 
K=K •1 
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8 1 
8 2 
B 3 
B " 8 5 
13 6 
8 7 
8 8 
B g 
B 10 
B 11-

c c 
c c 
c c 
c 
c 
c c c c 
c 
g 
c 
c 

') 
0 
') 
D 
0 
0 
D 
D 
u 
I) 
0 
D 
0 
D 
D 
D 
D 
D 
D 
0 
D 
0 
0 
0 
D 
D 
0 
0 
0 
0 
g 
0 
0 
0 
g 
0 
0 
g 
0 
0 
0 
0 

B 
B 
0 
0 
0 
0 
D 

1 
2 
J .. 
5 
c 
7 
8 
g 

10 
11 
12 
13 
1" 
15 
lC 
17-

~ .. 
5 
0 

7 
8 
g 

10: 
ll 
12 
13 
14 
1S 
lt 
l7 
u 
l'l 
<G 
~1 
22 
C:3 
21. 

~€ 
27 
28 
C:9 
3C 
31 
32 
~3 
3" 
35 
3b 
37 
38 
3'l 

"" 41 
"2 
.. 3 .... 
45 
.. 0 
.. 7 
48 
49 
H 
51 
52 
53 
s .. 



13 
1'+ 

15 

1b 

c c 
c c 
c 

1 

2 
3 

4 
t; 

6 
7 

8 

c 
c 
c 
c 

1 

2 

r• no1 1 .. u,13 
H IEHELPibl 15,14,14 
N=N •1 
X 1 UJI =X ('<I 
EP~O~IHI=E~PQP(KI 
E~-<ELP(NI =API'() 
CO'lTINU:O 
HIU11!3 IJ•l J ='4 
CONTI NU;:: 
RETU'!N 
END 

e I I I I I I I I I I I I t t I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 1 I 

SU'3ROUTINE FU~IGT IN1fAf0!3J,G 1 GRAD,APP,PS!,NUM13,XX,X,X1,ERPOR,EHELP 
1 ,AP oE'IAX, N, INU'18 ,~liN , PI 

SUB~OUTINE W~ICH CO~PUTES THE OOJECTIVE FUNCTION 
AND ITS G~aDIENTS W.~.T. THE VARIABLE PARAMETERS 
IN THE LEAST P-TH SEIISE 

EXTERNAL FUNCS,W,FCT 
D!ME'IS!ON Al11 1 lRA011J1 Nl.lt-1'3111, XXI3,1l, Xlll, X1111, EPRORI11, 

1EHELP (1), API 1J, !NUMil( ) , G (1) 
09JP:Q, 
GRAOP=Q, 
00 1 '<=1,N1 
~0() :;1, 
CONTIIWE 
CALL ~~~0 IFCT,W,A,Nt,K,GRAO,APP,PSI,l,NUMB,XX 1 X1 X1,ERROR,EHELP 1 AP 

1~E,AXfN,INU~B,N!~T,!PJ 
uO 7 =1, N 
Z=Xtiii 
O<'L=E"?RO~I!I/E'1A) 
OBJ I: ilEL • • Ii' 
GPADI='l::Lu(ID-1) 
O'lJP=OllJP•O'lJI 
DD 4 J=l,NINT 
IF 1!-INU'I[l(Jq) I 2,2,t. 
IF I I- IN U !·18 I J l l ~ , 4 , 3 
IINT=J 
GO TO 5 
CONTI'IU€ 
CONTINUo 
ADP:EH[_LP III 
CALL FCTAPP IZ,Nl,A,APP,GRAO,IINT,2l no b '<=1 Nt 
G 0ADIKI=~~AQI 4 WIZ,IINTI•GRADIKl 
Gl'<l=Gio<I•PADIKJ 
CO\ITINUo 
CnNTI '!U~ 
P~= 1, I !P 
O'lJ=E:·tAX" IC'1JP•• FRI 
GP.P=OOJP••cP~-1.1 

27o<i=~~5~~1><1 
cnnrNu:: 
RCTURt; 
!:tiJ 

I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 1 I I I I I 1 I 1 I I I I I I I I I I I I I I I 1 I 1 I I I I I I 1 

SUBROUTINE G~OGHK CN~x,G,PY,Y,GRAD,APP,PS!,NUMB,XX,XP,x1,ERROR,EhE 
1 L P, A P, £"!A X, >IP, IN L M8, N HIT, !P, OU M 1 I 

SUP~OUTINC W~ICH CHCCK5 THE GRADIENTS 
W,R,T, ALL V~RIABL[ PARM10:TE~S 

DnCNSION XIU, Gill, I'Yitl 1 VIii, GRADill, NU~t'll11 1 YXI3,11, XPC1 
11 1 X1111 1 E-~,0~111 1 EHELP(lJ, APill, II\UM811l, OU~111l 
CA~L FU';t,T C:-JtXfF{t>'GRAD,APP,PS!,NU~IB,XX,XF,Xi,ER"OR,£HELF,AP,i::~IAX 

1~~ l ~~~{ ;N'HN , F 
OELX=1.€-4"XII) 
X II I =X I I ) • 0 EL X 
CALL FU'JGT I~,XfFNEW 1 PY,GRAD 1 APP,PSI,NU"'B,XX,XP,Xl,~~POR,EHELP,AP, 

1EIIAX,~JP 1 PI:Hn," NT,IP) 
Y II I= CF'l''W-Fl I iJELX 
DU'111II=V Ill 
Xl!l=XIII·D"LX 
CO'H !'lUi: 

~~ 1 ~sh~rii.LT.1.E-201 DUMll!l=i,E-20 
PYII =A1SICY!Il-GIIII/DUMt!III•tOO, 
CON T NUE 
WPIT (F), 61 
WI'IT lb 1 7J 
WP I T !Fl , 8 I II , X I II ,I= 1, N I 
WI'IT 1':>,'31 
DO .3 I=t,N 
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0 55 
0 ~E: 
D 57 
D '8 
D 5'3 
D tv 
0 E:1 
D o2 
D 63 
D 64 
D t:S-

" 1 
€ 2 
E ;; 
E 4 
E 5 
E i: 
E 7 
E e 
E 9 
E 1() 

E 11 
E 12 
E 13 
E 14 
E 15 
E 16 
E 17 
E 18 
E 1'3 
E 2: 
E 21 
E ?--< 

~ 23 
<~ 

E 25 

" 2b 
E 27 
E <8 
E 2<; 
E 3[ 
~ 3 l 
E ~2 
E 

3£:: ~ .3S 
E. ct 
E 37 
E 3~ 
~ ~c; 

E "'· E 41 
~ ~2 
( 4:3 
E ~-E C...5-

F 1 
F ~ 
F 3 
F 4 
F 5 
F 6 
F 7 
F 8 
F o 
F 1(. 
F 11 
F 12 
F 13 
F 14 
F 15 
F 1& 
F 17 
F 1A 
F 1'3 
F 20 
F Z 1 
F 22 
F 23 
F 24 
F 2~ 
F Zo 
F 27 
F 28 



3 

5 

c 
6 
7 

8 
g 

1n 
11 
12 

c 
c 
c c 
c 
c 
c c 
c 
c 

1 
2 

3 
4 

5 

6 
c 

7 

8 

• I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 

SUBROUTINE fHNFG IN,X,F 1 G,H 1 U~ITH 1FE~T,EPS,t14XHI, IPRitn,IEXIT,GRA::J 
1, AP P, PSI , NU .n, X X , XP, X 1, t Rr>::li<, E HELP, A P, E,·1A X, N P, HIU •8, N IN T, I P l 

PURPOSE 
TO FIND 4 LOC4L MINIMUM OF A FUNCTION OF SEVERAL V4PIABLE~ 
ASSUMING THT ITS G~AOEtHS CAt,t BE CALCULATED EXPLICITLY 
BY THE t1:0HOD OF FLETCHER 

THE METHOD IS DESCRI9ED IN THE FOLLOWING 4RTICLf 
R, FLETCHER 1 A tllW A0 PROACH TC VAI-!IA5LE MET"IC ALGCPITH>~S, 
C'JHP, JOURNAL, VOL,13, 1970, PP, 317-322, 

DIMi;;NSI:lN Xl1l 1 Cl1l, Hl1l, EPSI1l 1 GRADI1l, 1\UHaiU, XXI3,tl, XPI 
11lt X1(1l, ':?f"'JRI1l, EHELDI1l, AP11lo lNUHtJ(!) 
LO~IC~L CONV,U~ITH 
COM:10!1 19LK/ KO 
CALL SECONtJ IT3l 
I<Q: ~I 

C A L L "l!'l r, T ('I , X! F , r, , G P A 0 , A=> P , P S I , NUl! B , X X , X P , X 1 , E f; ~ 0 P , E H ": L P , A P , El-l A X 
1fi'P, I 'IU<I 'l, NitiT, l F l 

F IF,LT,F~STl GC TO 23 
tW~S=l 
IHI=O 
STEP=1, 
I !JX = ~~ 
I'JG.::=I'l+N 
IH= I ·1G+'I 
IF (,t!DT,UNITHl CO TO 2 
IJ=IH+1 
'1f11I=1,N 
'JO 1 J=I, II 
~fiJI=~. 
IF II.F'l,Jl HIIJl=1,3 
IJ=IJ+l 
Cf1'1V=. T'!UE, 
Gnx=o. 
DOE>I=t,N 
Z=), 
I.J:IH+I 
IF !I,E:),1l GO TC 4 
II-=I-1 

nz:H 1!] I !LJ > 
I J= I J +N- J 
CONTINU:: 

nz~HriJf~G(Jl 
I J= I J + 1 
CON T!t•U<:: 
IF CABSIZl,GT,[DSCill CONV=,FALSE. 
H!IDX+Il =Z 
GOX=GOHG Cil•Z 
CO"l T ItiU~ 

IF (JPDI'IT,r;:O, Ol GO TO 7 
IF 1'1001 ITN,IP"HTl ,N>, Cl GO TO 7 
CALL SE"CONO (14) 
Ti'1':= T4- T 3 
f~~iT~~ITE2 CX,N,G,F,tiFNS,ITN,TIMEl 

IF ICDNV l GO TO 24 
I':XIT=2 
IF !GOX,GE,J,l GC TO 24 
Z=t, 
IF IITN,LT,'I,ANO,UNITHl Z=STEP 
~ = 2, • ( Ft: S T- Fl I GO X 
IF (W,LT, Zl Z=W 
5 TE P: Z 
GDX=GDX•Z 
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1 
2 
3 
4 . 
6 
7 
8 
q 

1J 
11 
12 
13 
1'-
15 
16 
17 
18 
1<; " [ ~1 

22 
23 
24 

'" a. 
Z7 
28 
,c; 
3G 
~ 1 
52 

~~ 
'' zf: 
37 
~8 
~<; 
40 
41 
42 
43 
<.4 
't5 
<.(; 
47 
48 
't9 
5C 
51 
52 
53 
54 
55 
?c 
57 
5t: 
59 
b [J 
t1 
1:.2 
C3 
t<. 
t5 
bf-
b7 
t8 
b~ 
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11 

12 

13 

14 

15 

16 
17 

18 

19 

21 

22 

21 
24 

25 

21'> 

27 

2~ 
29 

c 
30 

31 

32 

13 

00 CJ I=t,~J 
HIIIJX>Il =H!tr)X ti l"Z 
X(Il=X<Il t~(fllHil 
CO•JT I NU~ 
CALL Fill!GT !~,X,FP!H,GRAO,APP,PSI,NLMB,XX,XP,X1,L~RO~,EHELP,AP,LMA 

1 ~~N~~~~·~~?F~H'J•~b TO 23 
NFNS=NFNSt1 
!':XIT=3 
IF <!HI,EQ,MAXFNl GO TO 24 
GPI)X=,. 
00 10 I=t ,N 
HIIOG t!l =H! r>-G< Il 
GPOX=GPCJHH <Il •H !IJHil 
CONTINU~ 
or.ox=GP'J x-Gox 
IF !F,GT.FP-,u·:crt•GOXl GO TO 12 
!LXIT=4 
IF ( G POX , L T, 1 • , A~ D, IT N, G T, N l G 0 T 0 2 4 
Z=3,•<F-FPltGP~X+GDX 
W=SQR T !1, -G•J>:t z• GP'JXI Zl • A "JS ( Zl 
Z=1,- !GP'JXtW-Z l I !OGOXtZ,"Wl 
IF IZ.LT,Q,1l Z=t.1 
DO 11 I=t,N 
X(Jl=XIIl-HIIllHil 
CONTI•:L:: 
GO TO 14 
F=FP 
DO 13 I=1,N 
G!Il=Hill 
CONTI'W~ 
IF < IJ G OX , G T, 0, l G 0 .. T 0 15 
GDX=GPQx 
Z-=4, 
STEP=Z•>TEP 
GO TO 8 
IF !GPOx,LT.o.S•GDXl STEP=2,•STEP 
DCHI1G=O, 
on 19 I=1,N 
z=o. 
IJ=IH ti 
IF lloEJ.,1l GO TO 17 
II= I •1 

~~z~~~rjt,A1IoG•J> 
I J= I J tN- J 
CN!TH·IU= 
DO 18 J; I, N 
Z=ZtH!IJl "HIIlJGt~l 
IJ=IJ•1 
Cn'lTitJUE 
0 G>i D G = DG H 0 G t Z" H ( 1 DG t I l 
HI l =Z 
CrlNT I tJUC: 
IF IJGH)i,,LT,r,Q) Qr;HOG=%JX•0,01 
IF !tJGOX,LT.Ilr,bDU GO TO 21 
W=t,JtOGH~G/OGQX 
Of'l 20 1=1 ,N 
t..(!!JXtil =W•~II'JXtil-HCil 
Cn"'TINIF 
OG J X= Dr.Q X HJGH 0 G 
OGH~G=J';OX 
IJ=IH 

~~HHC)~~ fi~DGO X 
Z=HI!l/1GHOG 
00 22 J=I ,N 
IJ=I Jt1 
H (!J) =HI IJl tW<->H lDXtJl-Z•H(J) 
IT~=ITNt1 
GO TO 2 
IrxiT='> 
IF !IC:XIT,EQ,l) ~0=1 
IF <I PPl'JT, ':ll, 1) RETURN 
GO TO 125,2G,27,Z6,28) 9 !EXIT 
WPIT[ !1) 0 30> !EXIT 
GO TO 29 
WPITE lb,3U IO:XIT 
GO TQ n 
WPITE Co,~Zl I':XIT 
Gn To zg 
~PITE !~, l3l ICX!T 
CONTI tJU': 
RrTURtJ 

/QR:'~LJ~srHSl~I§H~=;!tfs·;~~}IfRION FCR OPTII'IUH !CHA~!G:;: IN VEC1GR 

FOq~AT !1,1HO,•IEXIT=•,t?,•fiTHER OF THS FOLLOWING THIN~$ HAS HAfP 
1EtiEO•,t1 'lX, "1, EFS GHO~i:tl IS TOO St1ALL•,t,gx,•z, GRAJI[tJTS ~RE: tWT 
2 C 0 R R E C l • , I, 'l X • ~, 1 AT R I X H GOES S HI GIJ LA R • l 

1 ~8~~~~N~f~~~~ 6 ~~~IT=•,Iz,•HAXIHUM NU~G~R OF ALLOWA8LE ITERATION H 

1 ~~1~~~~s'~aHo 0 H~Ho:rr2,•FuNcnoN vALUE LEss THAN t1INrMuH Esnu 
f.tl') 
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G 7l' 
G 71 
G 72 
G 73 
G 74 
G 75 
G 7E 
G 77 
G 76 
G 79 
G bC 
G 81 
G 82 
G 8~ 
G 64 
G 85 
G so 
G 87 
G 88 
G 59 
G % 
G 91 
G 92 
G 93 
G 94 
G 95 
G 9b 
G 97 
G 98 
G 99 
G Hu 
G 101 
G H2 
G 1l ~ 
G h'
G 105 
G hb 
G 1c' 7 
G 1L P 
G 1L9 
G 110 
G 111 
G 112 
G 113 
G 114 
G 115 
G l1E: 
G 117 
G :18 
G 11 CJ 
G 12l 
G 1<: 1 
G 1'-'
G li.3 
G 124 
G 12:. 
G ld. 
G 127 
G 125 
G 12<, 
G 1.:." 
G 1.31 
G 1~2 
G 133 
G 1 ~ 4 
G 1:.'5 
G 13t 
G 137 
G 1~ 9 
G 1:09 
G 14 G 
G 1~1 
G 14(: 
G 143 
G 144 
G 145 
G 146 
G 147 
G 149 
G 14'1 
G lSG 
G bl 
G l S 2 
G 1?3 
G 154 
G 1 ~ :: 
G 1~o 
G 1" 7 
G l ':do 
G 1:;; g 
G H G 
G lli 
G 162 
G 1U 
G 1 b'-1-



c 
c 
c 
c 
c 
c 
c 
c 
c c 
c 

c c 

1 c 
c 

3 

4 

5 
c c 
6 

7 

c 
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SU'3ROUTI~l':: F"1F"G IFUNGT 1 N,X,F,G,EST 1 fPS 0LHiiT,I£P.,H,IP2INT,GRAD,AP 

1P 0 PSI ,NU '1'3 0 XX, XP, Xi, EP.PuR,EHEl P, AP 0 t MAX, NP, I NUMB, 'II NT, IP) 

PURPOSE 
TO FIWl A LOCAL HINII1UH OF A FUNCTICN OF SEVERAL VARIABLES 
ASSUMING THAT ITS GPAOIENTS CAN 8~ CALCULAT~O EXPLICITLY 
BY THE 'IETI-00 OF FLETCH':R AND POI<t:LL 

THE METHOD IS DESCRIBED IN THL FOLLOWING A~TICLE 
R, FLETCHER AND ti,J,D, POWELL, A RAPIDLY CONVERGENT 
DE'SCENT ~ElHOD FOR HINP1IZATIO~t, CDHP, JOURNAL, 
VOL,6, 19~~. PP,163-1&8, 

COHfiON /8LK/ KO 
DIMENSION f'l1l, Xl1ll Gill, GRADitl, NUcl811l, XXI3,11, XPl1l, Xl(1 

1!, ERROP.IU, EHELPC1, AR11l, INUM811l 

COMPUTE FUNCTION VALUE AND GRADIENT VECTOR FOR INITIAL ARGU>~dn 
KO= G 
CALL SF:;OND CT1l 
CALL FUNGT ('It XfF 1 G,GRAD,APR,P SI,NUMB,XX, XP, Xi, ERROR, EHELP, AP, i:.liAX 

1 0 tiP,HIU.'1B,NIN, PJ 
KOUNT=O 
NUHF=1 
CALL SECOND ll4l 
TIHE=T4- T 3 
IF IIPRINT,EQ, Jl GO TO 1 
CALL WPITEZ (X 7 N0 G,F,NUNF,KOUNT,TIH£l 
CONTINU;:: 

RESET ITERATICN COUNTER ANIJ GENERATE IDENTITY 'lATRIX 
rn=o 
KK= 0 
N2=N+N 
N3=ti2+N 
N31=N3+1 
K=N31 
00 5 J=1, N 
Hll0=1, 
NJ=N-J 
IF <NJl G ,6,3 
00 4 L=l,NJ 
KL=K+L 
HIKLl=O, 
CONTIIW~ 
K=KL+1 
CONTINUE: 

STA?T lTERATICN LQOP 
IF CKOU'IT ,EQ,. l GO TO 7 
IF (I('<,NE,IP0 .I'Hl GO TO 7 
I<K=G 
CALL SfCOIID lT'!l 
TI'1c= T4- T1 
CALL WRITE2 IX,N,G,F,~lUMF,KOUNT,TIHE.l 
CONT!'lU.O 
KOU~T='<OIJNTt1 
'(1(:1(1(+1 

SAVE FUNCTIJN VALUE, ARGUMENT VECTOR AND GFADI~NT VECTOR 
OLDF=F 
IJO 11 J= 1 1 N 
K=~+J 
HIKl=G<Jl 
K=KHl 
H (I( l =X IJ l 

OETE~~INE DIRECTION VECTOR H 
K=JtN3 
T=Q, 
DO 10 L=1 ,N 
T=T-G<U •Hll<l 
IF IL-Jl 8,9,9 
K=K+III-L 
G0 T 0 10 
K=K+1 
CfltlT I NU': 
H (J l = T 
Cml T I ~<u:: 

CHcCI< WHETHER FUNCTION WILL DECRi:.ASE STEPPING ALONG H, 
OY= 0, 
Ht!qM= ~. 
GtH~i1= fl. 

CALCULATE DIRECTIONAL OE~IVATIVE AND TESTVALUES FOP DIRECTION 
VECT'JR H A~trl CPADIENT VECTOR G, 

DO 12 J=1 1 tl 
HN~t1=Hti~M+An<; ( H(J) l 
Gt!~c1: Gt•~11 +AY<; ( G ( J) l 
DY=DYtH(Jl 4 GLJl 
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' 3 

" 5 
t 
7 
8 
g 

H 
11 
12 
12 
14 
15 
16 
17 
18 
19 
2C 
21 
2C. 
23 
2~ 
25 
26 
27 
z~ zc; 
3L• 
31 
32 
33 
~4 
:s 
3E 
37 
.;e 
3C, 

"" 1;1 
4, 
43 
44 
'5 
4 (-
i.l 
L/j 
~.~ 

5t"l 

?1 
~2 
S3 
54 ,. ' 
50 
':>7 
58 
~g 
t:C 
t:1 
u 
E:3 
t4 
t:S 
bb 
u 
os 
t9 
H 
71 
72 
73 
74 
7S 
n 
77 
78 
7<; 
eu 
81 
b2 
t3 
t4 
e: 
er: 
87 
b8 
8'l 
9c 
<;1 
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c 
c 
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c c 
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18 

c 
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c 

c 
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c 
c 
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21 
c 
c 
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c 
c 
c 
c 
c 
23 

c 
c c 
c 
24 
2? 
26 

27 

28 

29 
30 

31 
c c 
c 
c 
c 
c c 

32 
33 

COtHINU<;: 

REPEAT SE4?.CH Iii DIP.ECTIOtj OF STt.EPEST DESCENT IF OPECTIONAL 
DEO!VATIV~ 4PFEA~S TO 0~ P~SIT!Vl OR ZERO, 

IF IIJYI 1~,57,57 

~EPEAT S~A~CH IN DIPECTION OF ST[EPEST DlSCENT IF DIR~CTION 
VECT~R H IS S~ALL COMPARED TO GRADIENT VECTOR G, 

IF IHNR'1/GNRM-EPSl ?7,57,14 

SEA'!CH H!NI"1UI' ALONG DIRECT ION H 

SEARCH ALONr; H FOR POSITIVE DIRECTIONH DEF'IVATIVE 
FY= F 
ALFA=2,• I~ST-F l/CY 
AHi3DA =1, 

US~ ESTI'IAT~ FOR STEPSIZE ONLY IF IT IS POSITIVE AMO LESS THAN 
1, OTH~PWIS~ TA'<E 1, AS STEPSIZE 

IF IALFA l 1711 ?, l5 
IF IALFA-At13!JAl 1&,17,17 
AHBOA=AL FA 
ALFA=O, 

SAVE FUNCTION AND DERIVATIVE VALUES FOR OLD ARGUMENT 
FX=FY 
OX=DY 

STEP ARGUMENT ALONG H 
on 1'3 1=1, ~ 
X!Il=X!Il •AM'lDA•H(!l 
CONTINUE 

C0'1PJT~ FUNCTION VALUE AND GRADI~NT FOR NEW APGUMENT 
CALL FUNGT !NfXfF!G,GPAD,A~P,PSI,NUMB,XX,XP,X1,EP~O~,EHELP,AP,tMAX 

1~~~~;~~~~~~I'I , F 
FY:F 

COMPUTE OIRECTIONAL OEPIVATIVE DY FO~ ~EW ARGUMENT, 
SEARCH, IF DY IS POSITIVE, IF DY IS ZERO HE ~1INI'1U>1 

OY=O, 
00 2 0 I= 1 N 
DY=OHGIII•Htrl 
Cn1~ T I NU~ 
IF 11Yl 21 1 41, 2~ 

TLRMUIATc. 
IS FUUI<u 

T~PMINATE SEA~CH ALSO IF THE FUNCTION VALUE INDICATES THAT 
A '1l'IIMU'' HAS BEEN PASSED 

IF IFY-FXl 22,2~,24 

REPEAT SrA~CH AND DOUBLE STEPSIZE FOR FURTHER S~A~CHES 
AM)QA=A~BDA•ALFA 
ALFA=A'13ClA 

~NO OF SEAPCH L'JOP 

TERMINATE IF THE CHANGE IN ARGUMENT GETS VERY LAR~E 
I" IHNP'1•A~8DA-1,E10l 18,13,23 

LINEAR S~A~CH T~CHNIOUE INDICATES THAT NO MJNI~UM EXISTS 
I!:~= 2 
G0 T 0 62 

!NTO:~POLATE C~BICALLY IN THE INTERVAL DIFI~ED EY THE SEARCH 
ABOV~ Mill COMFUTE THE A~GUMENT X FOR WHICH THE INTERPOLATI!<N 
POLY'WMIAL IS MINIMIZED 

T=O, 

g3 ~ ~~~:i~~vf; h ~§ d~ox •DY 
ALFA=AMX1 !Ans IZ l ,ABS IDXl ,ABSI DYl l 
DALFAcoZ/ ALFA 
DAL FA=DA L FAHH LFA-OX/ ALFA "'OY /A LFA 

~~AU~k~~h~~la!F 
ALFA=DY-OXHHW 

![F~e~b~~z;~r5~t~2 
GO T 0 31 
ALFA= IZ•DY-Wl I IZtDXtZtDYl 
ALF •\ = ALF A "'AM'lD A 
DO 31 I=1,N 
X (I l =X II l • (T-AL FA l • H II l 
CO"lTINU<: 

~~~~~~~~E~U~~T~~~ ~=t~~s 0 ~TT~~EA~~¥~~V~~N~~~~~ ~~H~P~¥~~E~~OUCE 
THE INTt:RVAL EY CHOOSHIG ONE END-POHIT ~QUAL 1'1 X AND Pt.Fcn 
TH~ INT~R 00LATION, WHICH END-POINT IS CHOOSEN ')~RENDS ON THE 
VALUC: OF THE FUNCTIOtl AND ITS GRADIENT AT X 

NU11F= tW'1 F t1 
CALL FUNGT !NtXfF 1 G,GRAD,A0 P,PSI 7 NUHB,XX,xP,X1,ER~OR,EHELP,AP,~MAX 

1l~JP, It!U'l8 ,NIN 1 PJ 
IF ( F- FX l 3 2, ::; <., ~ 3 
IF IF-FY l '+1, 41,33 
0/\LFA=G, 
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H 92 
., 93 
H o .. 
H 9s 
H go 
" '37 
H ':d 
H c;g 
H 1U c 
H 1u1 
H 1U 2 
H 1 L 3 
H 1[4 
H 1L5 
H HE> 
H 1L7 
H ll 8 
H 1 ': 9 
H lli. 
H 111 
H 112 
H 113 
H 114 
H 115 
H 1H 
H 117 
H 115 
H 119 
H 120 
H ld 
H 122 
H 123 
H 1<.~ 
H 125 
H 12b 
H 127 
H 128 
H 1"C 
H t3G 
H 1 "' 
H 1c2 
H 1o3 
H 1.'4 
H 1~5 
H l~t 
H 1:0 7 
H 13c 
H 139 
H 14 G 
H 141 
H 142 
'-1 1'd 
H 14 4 
H 1~5 
H 141: 
H 14 7 
H 1L ~ 
H 1~9 
H 15 0 
H 151 
'"' 15 2 H 153 
H 154 
H 155 
H 1 ': b 
H 15 7 
H 1S8 
H 1Sg 
~ 1t l 
H 1 o 1 
H 1l2 
H 1 E:3 
H lt4 
H 1t5 
H ilf; 
H H7 
H 108 
H 169 
H 17C 
H 171 
'"' 17< 
H 17 3 
H 17~ 
H 17? 
H 176 
H 171 
H 178 
H 179 
H lcl J 

H 1 a 1 
H te2 
H 18 3 
H H4 
H 18? 
H too 
H 1b7 



34 

35 
36 
n 

38 
3q 
40 

c 
c 
41 
c 
c 
c 
42 

43 
c 
c 
c 
c 

45 

4~ 
c 
c 
47 
c 
c 
43 

52 
c 
c 
c 
c 
c 
53 

'> 4 

c 
c 
c 
55 

56 

c 
c 
57 

58 

C'03'+I=tN 
DALFA= DAL~A+G<Il•H!Il 
CONTI NUo 

H :~~f~~~3~5 ~~ 8 5~ 8 

IF COX-DALFAf 3~,41 0 37 
FX=F 
OX=OALFA 
T=A L FA 
At''lD A =AL FA 
GO TO 25 
IF !FY-Fl 4 0 3'l 40 
IF IDY-JALFAI 46,41,40 
FY=F 
OY:OALFA 
AMBOA:A'~I30A-AL FA 
GO T 0 24 

TERMINAT E1 IF FUNCTI ON HAS NOT DECREASED DUPING LAST ITE RATION 
IF I 0 L OF-F+ EP S l 57, 4 2, 4 2 

CO~PUTE OIFFEGENCE VECTORS OF ARGUMENT AND GRADIENT FROH 
TWO CONS ECU TivE ITERATIONS 

[10 4 3 J: 1, N 
K=N +J 
1-C K l = G CJ l - H ( K l 
K=N+K 
HCKl=XIJl-HCKl 
CONT INU£ 

TEST LENGTH OF ARGUMENT DIFFERENCE VECTOR AND CIPECT!ON VfCTO~ 
IF AT ltAST N ITERATIONS HAVE BEEN EXECUTED, TERHH1AH, IF 
OO TH ARE L ESS THAN EPS 

IER= 1 
IF ('(fJUNT-Nl 47 0 44,44 
T=O, 
Z=o. 
on 4 5 J= 1, N 
K= tHJ 
W=H ( '( l 
K=K+N 
T=T+A RS CHIKll 
Z=Z+W•H(Kl 
CONTINUo 
IF CH ~IPM -EP S l 46 ,45, 47 
IF IT- E0 s l 62 ' b 2 '4 7 

T :ORI'!NAT E , IF NUMBER OF ITERATI OtlS WOULD EXC'EED LI MIT 
IF CKOUNT-LIMITl 48, 55 , 55 

P1EPARE UP D ATING OF MATRIX H 
ALFA=Q. 
DO 52 J=i ,N 
K=J+N3 
W=O. 
on 5 1 L=t,N 
Kl = N + l 
W=W+H I KL l•H Cl<l 
IF CL-Jl 49,5~ ,50 
K=K +'J-L 
GC' TO 51 
1<'=1( +1 
CO"' T I NUE 
K=N +J 
ALFA=ALFA+W•H I '< I 
1-' IJ l :W 
CONTI •WE 

REPEAT SEAPCH IN DIRECTION OF STEEPEST DESCENT IF RtSULTS 
AR C: NOT SATIS FA CTORY 

IF C Z • AL FA l 53 , 2, 53 

UO OAT E HATPIX H 
K=IH1 
on 54 L= 1, N 
KL=N2+L 
00 54 J=L, N 
NJ=N2+J 
H : K l = H CK l +H CK L l • ~ CNJ l I Z -H ll l •H ( J II AL FA 
K=K+ 1 
GO TO 6 

END OF ITEPA TION LOOP 

NO CONVEPGE NCE AFTEP. Li i1IT ITERATIONS 
E~= 1 
IF CKK,NE,IPR l'Hl GO TO 56 
CALL WPI TE2 CX ,N,G,F,tiU "1F ,KOUNTl 
CONTI NUE 
GO TO 62 

REST~RE OLD V~LUES OF FUNCTION A~O A~GU~ENTS 
DO 5~ J=l ,N 
K=N 2 + J 
XCJl=HCKl 
crnT I rJUS 
CALL FUtJGT CN,X,F,G,GRAD,APP,PSI,NUMO,XX,XP, X1,[PROP,fH~LP,AP,tMIX 
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H 18 8 
H ltl~ 
H 19( 
H 191 
H 1 ':!2 
H 1'33 
H 1 9 4 
H 195 
H 19 o 
H 197 
H 1<; 8 
H lg 'l 
H 2LC 
H 2Gl 
H 2o2 
H Zu~ 
H 2L'-
H 2l5 
H 2lb 
H 207 
H 208 
H 2G9 
H 21( 
H 211 
H 2 1 2 
H 213 
H 214 
H 215 
H 2 1 t 
H 217 
H 21E 
H 219 
H 220 
H 2~1 
H 222 
H 223 
H 224 
H 225 
H CZ6 
H 227 
H 2<:8 
H 229 
H 2~0 
H 231 
H 2:02 
H 2" ' 

"' 234 
H 2~0 

H 23~: 
H 2o7 
H z:;t 
H 239 
H 2"~ 
H 241 
J; 2L2 
rl z~? 
I"' 2:44 
H 2t..5 
H 244 f-
H 2 <, ( 
H '"e H 24': 
H ?0" --" H 2 '· 1 
H 25c:. 
H ;: : ~ 
H 2SL. 
H 2S~ 
H 256 
H 257 
H 2~8 
H 259 
H 2E:G 
H 2cl 
H 2b 2 
H ?t3 
H 2~4 
H 'c5 
H zco 
H 2l7 
H 2t e 
H 2cS 
H 27 l 
H 271 
H 21(. 
H '7!. 
H 274 
H 27S 
H 27(. 
H 271 
H 27 8 
H 279 
H 2~[ 
H 28t 
H 2b2 
H 21l~ 



c 
c 
c 
c c 
r;g 
60 

61 
62 

6J 

b4 

65 

66 
o7 
c 
6q 
6'3 
7a 

71 

1~~~~~~~~~:~INT ,I Fl 

~EP~~ T S~~"(CH l"l DIRECTION OF STt:EPEST OESCnn IF OE.RIVATIV~ 
FAilS TO Bt: SUFFICIENTLY SHALL 

IF IGNR'1-'.:PSl 61,61,59 

TEST FOR ~FPEATED FAILURE OF ITERATION 
IF I E Rl 6 2, 6 0 , 6 0 
IER=-1 
GO TO 2 
IER=J 
II=IER~2 

f~ lilRl2t~&o~~~ 1 RETURN 
GO TO 163,64,b~~EE>l, II 
~~ItB ~~, 68l IC 
WRITE lo, 6'3) I ER 
GO TO F:7 
WRITE 16,701 l~R 
GO TO 67 
WPITE 16, 71l I ER 
RCTURN 

FO~HAT 11HO,•IER=•,I2,• ~ 0 ~0R IN GRADIENTS CALCULAT!OMS•l 
FO~MAT 11HO,•rtRd,I2,• CPIT:O"ION FOR OPTI,JUM HAS BE":N SATISFIEu•l 

1 F2~~~TE=~~~ 5~~~~=•,Iz,• MAXI~UH NUMBER OF ALLOWACLE ITl~ATIO~S HAS 

1 F~~:~~H~~~8f~li~~··~~t•NgH~~~iN~= ::~~~~~JS GETS TOO LARGE, LINLAR 
EtJD 

HSBZOCZ Ill/ END OF LIST 1111 

, 37. 

H 2d4 
H C 6~, 
H 28b 
H 2t7 
H 2d8 
H 253 
H 2eo 
H 291 
H 2Y2 
H 2"3 
H 294 
H 295 
H 296 
H oS7 
H 2S8 
H zgg 
H ~;:;a 
H 3<.1 
H 302 
H 3U~ 
H 3c4 
H ~, t:.. 

H Jl; b 
H ~ [· 7 
H 3C8 
H 3C'l 
H 31[.; 
'"I > 11 
H 312 
H .!1Z 
H 31'
H ~1S-



APPENDIX VII 

Five section transmission line low pass filter 

(7.1) 

The ~ matrix of a lossless transmission line is given by 

A = 
'V 

~ 

! cos SR. jZ 0 sin SQ. 

1. 

j sin SR. 
Zo cos (3.Q., J 

where Z0 is the characteristic impedance of the transmission line, 

£ is its length and 

where c is the velocity of propagation in the medium and f is fre-

quency [37]. 

The reflection coefficient is given [37], from Fig. 7-1, as 

(7.2) 
I {j w) 

p(jw) = 1 + 2R
9 

v:ITwf · 
g 

The problem defined in Test 3, Chapter VI is to optimize the 

absolute value of the reflection coefficient (7.2) for the low pass 

fi 1 ter design. The impedances Rg = 't = 1 n. 

To compute the reflection coefficient and its gradients it is 

easier to assume that the load current is 1 instead of fixing the value 

of the input generator v
9
[37]. In this case 

-138-



Using the relation (7.1) we can write 

= 
cosSQ, i 
jsi n~ j 

~i 

Also from Fig. 7-1 

rg = -r 1 

Vg = v1 - IgRg. 

139. 

, i =5 '4, 3 '2 '1 . 

The adjoint network approach was used to calculate the gradients 

where V is not a function of design variables and g 
- 1 ) g. - ~ (v.r.-v.+1r.+1 , 

1 Loi 1 1 1 1 
i=l,2;3,4,5 

are the sensitivities which may be found in tables in [37]. 

The gradients of the !PI with respect to the variable char

acteristic impedances are given by 

kL \7 l9. v IP I = 2R- ·Re{ . "'{v ) }. 
"' -~ p g 



140. 

Fig. 7-1 Cascaded five section transmission-line net\'JOrk. 
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