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SCOPE AND CONTENTS:

The two-pion exchange three-body nuclear force is
discussed, and an effective two-body interaction derived
which is capable of reproducing approximately its effect
in nuclear matter. Treating the three-body interaction as
a perturbation, the first order contribution to the binding
energy of nuclear matter is derived using the actual three-
body interaction, the effective interaction, and a recently
suggested method in which the three-body effects are taken
approximately into account by modifying the pion mass in
the one-pion exchange potential. Although the latter method
leads to a simple prescription for calculating the three-
body effects when no nucleon-nucleon cut-off is applied,
the calculation is shown to be considerably more difficult
for the realistic case when a cut-off is introduced, and the
modified pion mass is momentum dependent.

On the other hand, the effective interaction is

found to reproduce quite well the actual three-body effects
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in first order. This fact is used as a basis for calculating
the second order contribution using the effective interaction,
and so an estimate of the three-body effects in nuclear matter
is obtained. For a reasonable value of nucleon—nucleon
cut-off, the three-body forces are shown to contribute

approximately 6 MeV additional binding to nuclear matter.
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CHAPTER 1
INTRODUCTION

The study of the two nucleon interaction has been a
fundamental problem in nuclear physics, and although the
processes involved are not yet completely understood, enough
experimental data has been accumulated so that accurate

(1)

phenomenological or semi—theoretical(z) potentials can be
constructed. These twq—body potentials have then been applied
in calculations involving many-body systems, on the assumption
that many-body interactions are negligible. However, from a
meson-theoretical point of view, many-body forces may well be
important, and in particular the three-body force may play a
significant role in determing the binding energy of a many-
nucleon system.

The possibility of three-body forces in many-nucleon
systems has been discussed for some time(3’4), and the effects
due to both two-pion and three-pion exchange processes in some
many-body systems have been considered. Bhaduri, Loiseau and
Nogami(5’6) (to be referred to as BLN) have pointed out that
for the case of hypernuclei the three-body two-pion exchange
process may be expected to play an important role and‘have

calculated the effects of such a force to first order in

nuclear matter. More recently, Brown and Green(7) (to be



referred to as BG) have examined the NNN interaction in
nuclear matter, and have shown that, under certain assumptions,
the three-body interaction due to the two-pion exchange (TPE)
process may be considered as an effective two-body interaction,
similar in form to the one-pion-exchange potential (OPEP),
but with a modified pion mass. By using this method, BG do
not need to find the effective interaction in coordinate space,
and so the perturbation calculation is simple, at least for
the case in which no nucleon-nucleon cut-off is introduced.
As will be shown later, the prescription is not as simple
when an NN cut-off is applied and the modified pion mass is
momentum dependent.

In this work, the effective interaction due to the
three-body force will be derived in coordinate space, and
the contribution of this interaction to the binding energy of
nuclear matter will be calculated to second order. Consider-
" ~able attention will be devoted to the first order calculation,
where it will be shown how this interaction is related to
the more conventional three-body interaction of BILN, and to
the effective mass approach of BG. Although the primary
process to be considered is the TPE, some higher order effects
will be taken into account through the introduction of pionic

(8’9). It will be seen that these form factors

form factors
tend to suppress the high momentum components of the potential,
so that even though the effective interaction derived here

and the potential of BLN differ in some singular contact terms



characteristic of high momentum components, for realistic form
factors the two give very similar results when calculated to
first order.

As will be shown in Chapter II, the perturbation series
will require a knowledge of the two-body as well as the three-
body force in order to obtain the total second order contribu-
tion. 1In principle, one of the two-body interactions mentioned
earlier which fit all the available two-nucleon scattering
data could be used. Instead, the tail of the OPEP will be
used, in the spirit of the Moszkowski-Scott separation
method(lo). Two reasons motivate this choice. Firstly, it
is well known that for large distances (r>2F) the OPEP
approximates quite well the actual nucleon-nucleon interaction.
Secondly, by using the OPEP with a cut-off at small distances,
analytic evaluation of most of the required results will be
possible, a situation which would not normally prevail with
a more complicated NN interaction. For comparison purposes,
the OPEP contribution to nuclear matter will also be calcu-
lated. This will permit on accurate estimation of the
rélative importance of the three-body interaction, both in
first and second order.

In Chapter II the Rayleigh-Schrodinger perturbation
series to second order will be discussed briéfly, and the
single exchanée terms separated out for special considefation.

In Chapter III the three-body interaction for the TPE process



will be discussed, and from it the effective two-body interac-
tion, which is to be used in the remaining calculations, will
be derived. The first order effects of the BLN potential,

the BG potential, and the effective interaction expressed in
coordinate space will be discussed in detail, and differences
and similarities pointed out. The second order calculation
for the effective interaction will be derived in Chapter V,
and numerical results given in Chapter VI. Finally, the
importance of the three-body interaction will be discussed,

and some of the remaining difficulties and ambiguities

mentioned.



CHAPTER II
PERTURBATION SERIES TO SECOND ORDER

Nuclear matter, although a theoretical construct,
has been a useful many-body system for testing the effects
of an assumed nuclear force. It consists of an infinite
array of equal numbers of protons and neutrons, uniformly
distributed in space, but with the Coulomb interaction between
the protons inoperative. This means that the only inter-
action between the nucleons is due to the nuclear force, and
because theisystem is infinite in extent, surface effects
do not complicate the analysis. The main interest here will
not be in constructing a combined two and three-body inter-
action which can reproduce the expected binding energy per
particle at the equilibrium density, but rather in determining
the relative importance of the three-body as compared to the
two-body force.

The approximate effect of the TPE three-body force
to nuclear matter will be estimated using the Rayleigh-
Schrodinger perturbation series to second order. The system

Hamiltonian will be written as

Ht = HO + H , (1)

where H0 is the unperturbed Hamiltonian, consisting of any



effective one-body potential generated by the system of
nucleons, and H is the perturbation which in this case will
consist of the sum of a two and three-body interaction.
Because of the translational invariance of nuclear matter,
any effective one-body interaction must be independent of
the position variable, and so the unperturbed system wave
functions, |¢n>(n=0,l,2 «..), must be Slater determinants of
plane waves. These single particle wave functions will be
assumed to satisfy periodic boundary conditions in a large
but finite volume 2, which will eventually be allowed to
approach infinity.

The interaction term H may be written as
H=V+ W (2)

where V and W are given by

1
v(r.,r.) and W = 3 T wlr,,r.;r.) ., (3)
willws 2 1,3,k wel o awk

1
V = 5 X
|

i
with v and w being respectively the OPEP, and the three-body
potential to be derived in the following chapter. The
variablekgv is the position vector of the particle in the
vth state, and the sums are over all occupied single particle

states. To second order, the energy shift AE due to the

perturbation H is given by

" AE = <ho V6> + <o, | (V) 1/b(V+W)[¢6> , (4)



where
1 - oy><d,l

- v
EO H0

1.
b

with E0 being the unperturbed ground state energy. The terms

containing only the two-body interaction are

1

AE(l)(OPEP) <¢0|v|¢0> , (5)

and

AE (2) (OPEP)

1l

<oV 1/b V> . (6)

The standard reduction of these expressions in terms of plane

wave states gives
s oprp) = 3 1 <ijlv]i-ii> o
, ey
and
sg 2 (opEP) = % 5 g ijlvlitit><ivitlv]ij-3i> ,  (8)

IR R |
i,5 4,5 ei+ej es Ej

where €y is the energy of the particle in the state v. The
state labels i and j contain all the guantum numbers necessary
to specify the single particle states, and the sums over i

and j are to be taken over all occupied levels, while the
corresponding sums over i' and j' are over all unoccupied
levels. The diagramatic representation of these two-body
contributions is given in figure 1, where the wavy 1line
denotes the interaction v. (For simplicity, all the terms

of the perturbation series will be represented by open-

ended,‘rather than closed-loop, diagrams).



Figure 1.
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Schematic of the first and second order two-body

_contributions to nuclear matter. a) and b) are the
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Figure 2.
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first order, c) and d) the second order direct
and exchange contributions. The wavy line denotes

the two-body interaction.

‘ b
Schematic of the three-body cross term contributions,
<V 1/b W>, to nuclear matter. a) and b) represents
the direct and single exchange contributions,

while c) is. one of two double exchange contributions.



Consider next the cross term involving both V and W,

given by
2 (?) (c.7.y = <¢0|v 1/b w|¢0> , (9)

where the abbreviation C.T. stands for "cross term". Because
of the presence of the two-body operator, any intermediate
states can differ in at most two single particle excitations
from the ground state. Since single partible excitations are
not permitted because of the requirement of the conservation
of linear momentum, only two particle excitations are possible,
and these give rise to several diagrams, some of which are
shown in figure 2. The assumption will now be made that the
major contribution of the three-body force comes from the
single exchange terms, so that diagrams such as figure 2c¢ may
be neglected. The validity of this assumption will be
discussed later, but accepting it for the time being permits

AE(Z)(C.T.) to be written as

<ijklv]i'y'k><i'y'klw]ijk-Jik>
si+ej—€!—ai .

i"j3
(10)

re(?) (c.r.y = L 5

i,j,k 1i',3"

N -

Because of the Hermitian nature of V and W,
<¢0|v 1/b w|¢0> = <¢O|W'1/b v|¢0> , (11)

and so the total contribution to the second order energy due
to the cross terms is 2 AE(Z)(C.T.).

Finally, there are the terms involving only three-
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body interactions, given by

reD) (r.B.) = <¢0|W|¢0> , (12)
e (1.B.) = <polW 1/b Wley> (13)
where the abbreviation T.B. stands for "three body". Again

assuming that the major contribution to AE(l)(T.B.) and
AE(2)(T.B.) is given by single exchange tefms, these expressions

simplify to

AE(l)T.B.) =

2 ¢ <ijk|wlijk-jik> , (14)
i,j.k
and
AE(z)(T.B.) I . <ijk|w]i'j'k><i'?'llw|ijk—jil>
2 5,5k i',5,0 EiFeyTE  TES
(15)

The diagramatic representation of these contributions is
given in figures 3 and 4.

As can be seen from figures 2 through 4, if only
single exchange terms are considered, the nucleon in the kth
(ox Rth) state is always a spectator. This fact permits the
derivation of an effective interaction, for on inspecting
equations (10), (14), and (15), it will be seen that a term of
the form <k|w|k> (or <2|w|%>) can be immediately evaiuated,
and the sum over k (or 2) performed to give N, the number of
nucleons present. This integration over . gives ul(r,,r.),

whl W]

the effective interaction due to the three-body force. Then

wel'anj

U = % r ulr.,r.) ,
4
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Figure 3.

three-body force to nuclear matter.

11

Schematic of the first order contribution of the

a) is the

direct contribution, b) the single exchange

contribution.

e e - e - - -
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--Figure 4. Schematic of the second order three-body contri-

bution, <U 1/b U>, to nuclear matter. a) is the

direct contribution, b) the single exchange

contribution.
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with ,
- N .
u('gi,“lgj) = 5 | 95k w(ﬁi'ﬁj'ﬁk) ’ (16)
and equations (10), (14), and (15) become
- ot v N
AE(Z)(C.T.) : % 31 <1jlv|2 3€>j;'2€!ullj jis> (17)
i,31%,3" i3 i3
pe (1B = 1 ¢ <ijlulij-ii> (18)
i,J
and -
. . sy <y s 2 s
2e ) (7.8, =% 5 % <lj'ull€3+z<f€?_l‘.‘l” 11> (19)
i,ji',3" i 73 i)

In the following chapter the form of u, based on the
definition given in equation (16) will be found, and in
Chapters IV and V explicit expressions for the first and
second order contributions of v and u will be derived. It is
worth noting that similar expressions hold for a A-particle
embedded in nuclear matter, the only difference being in the
form of u. In this case, the perturbation expansion to

h nucleon state

second order given above is exact, with the xt
being replaced by that of the A-particle, for the A-particle -
is of necessity a spectator, and so only single exchange

terms can contribute.



CHAPTER IIX
THE THREE-BODY POTENTIAL

Quantum field theory attributes the nuclear force
to the exchange of virtual mesons between the interacting
nucleons. Besides being an intutively satisfactory des-
cription of the interaction mechanism, this method of analysis
permits the nuclear force to be described in terms of a
series of processes, the importance éf which depends mainly
on the nucleon separation. Hence at large distances, the
one-pion exchange process is believed to be the main contri-
butor to the two-nucleon force, while at smaller distances,
higher order processes, such as the exchangé of more than
one meson, or the exchange of heavier mesons, become important.
In a similar way, the three-body force can be described in
terms of meson exchange, and the lowest order process which
contributes is the two-pion exchange depicted in figure 5a.
Although the TPE is the fundamental process to be
considered, it is nevertheless possible to include in an
approximate way higher order effects, such as those depicted
in figure Sb,‘through the use of pionic form factors(7).
Their effect is similar to that obtained by introducing an
NN cut-off when considering the two-nucleon interaction, in

that they suppress the effects of the short range part of the

13



Figure 5.

-------- r--g; | X"-(}---Z

14

The process which gives rise to the TPE three-body
force is_shown in a), where the blob on the N3
line represents the N* resonance. In c) the

geometry of the situation is sketched, while b) is

a schematic of some higher order processes which

are included in the form factors.
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potential, although the suppression is less severe than

with a cut-off. The functional dependence of the form factors

has considerable theoretical and experimental basis(s’g), and
the following form will be assumed:
KZ(qZ) K'(qz) _ oc(mz)dm2 (20)
2 2 - 2 2
q +u o I+t m

where K and K' are the vertex and propagator form factors
- respectively, u is the pion mass, and the spectral function,

a(mz), will be assumed to have the form

alm?) = sm2-p%) - (1-&) §(m%-n?) , (21)

where £ and n are constants which can be partially fixed by
experiment. Different values of £ and n give rise to different
form factors, and calculations will be performed with two sets
of reasonable values.

The three-body interaction due to figure 5a will be
derived in the static approximation in wHich the assumption
is made that the three nucleons are at rest, and that the
energy of the exchanged pions approaches zero. For the

single exchange terms, the nucleon labelled N, in figure 5a

3
always appears as a spectator particle, and so the S-matrix

for this process is identical to that for the ANN case given
in reference 5, where N3 takes the place of the A particle.

Then in units of A = ¢ = 1,

4nf§

S = —=3l10> ! dd, 49,
(2m) "

(3)
(2191 (9o-92) <% ISan 192°

2
(qi+u2)(q§+u )
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—-i( 2 )
X () K (a2) K(gD) K'(gD)e ALMLwW2E2 (22)

where f2 is the pseudovector N coupling constant, g and‘gé
N wal

are the momenta of the exchanged pions, andwgl and‘\g2 are the

2 31 andv\g\2 are the

Pauli spin matrices for the two nucleons, whlle«%l andv&2

coordinates of the nucleons Nl and N

are the corresponding isospin matrices. The scattering matrix,
(3)

(3) _ o
iﬂl'SﬂN L&2>, for a zero-energy pion is given by

<qy 1830 1a,> = 2ni 6(0) xtad) K(ad) {(a+B) L(g;- vw2)(03 a)

1ay792) &3
* (g5-97) (95-95)1 + 2D} e e ' (23)
where A, B,.and D are constants in the nonrelativistic
approximation, with (A+B) being related to the p-wave 7N
scattering, while D is related to the s-wave scattering.
Since experimentally the mN s-wave scattering is known to be

(11)

very small , D will be taken to be zero. When equation (23)

is substituted in equation (22), the S matrix takes the form

S = -2mi §(0)w , (24)
where
_ arFl k2 (%) k' (@) %2 (q2)K" (q2)
W o= — 6NZ(A+B)T1'£2 dg,d (gl ql)(g wQ) 1 5 _é , 22 2
(2m) " W W - (ql+u )(q2+u )
“ilgy.ry79 ) i(gy-q,).r
X[(‘g )(03 w~\1)+( 3 g\l) (g3.%2)] e vl Wl a2’ ) e Wil Wl w3 o

(25)

w is a function of the three nucleon coordinates, al, r2 and
. ¢ ™
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I3r and is interpreted as the three-body interaction. From
this expression it will be shown how the potential of BLN,
the modified pion mass approach of BG, and the effective
interactionin coordinate space may be derived.

In order to derive the three-body potential of BLN,

consider initially the case in which
H(q2) = Kz(qz) K'(qz) = 1. (26)

Because the integrals over .3\1 anci.“'c";[m2 in equation (25) are
divergent, it is necessary to remove the singular terms
appearing in w(ﬁl’aﬁZ;fﬁ) due to these divergences, and the

standard procedure is to replace

% by - X . (27)

o. o
ww wa W I
where the coordinate variable r corresponds to the momentum
variable g, and remove it from the integral, The integrations
ww .
over g, and g, may now be done using equation A2, and after
wal w2

applying the gradient operators using equation A7, the
following expression for w is obtained:

Cp A

' A
where_'ai = £1_£\3’w¥~ = Iy I3 and {A,B}+ = AB + _BA. The
functions appearing in equation (28) are defined as follows:

A A A
S = -
JLm(r) 3(gg.r)(vv€\5m.r) wg\z.‘c ’
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_ 3 3

T (r) =1+ — + ,

s HE (ur)2

Yu(r) = e " ur ,

with Cp given by(lz)
wieZaes)  wfe2 (7 045 (p)dp
Cp - 47 - 2 2, 2 ! (29)
ot p +u

(0]

*
where 033(p) is the cross section in the 7+N-N reaction.
'The anticommutator in equation (28) may be expanded to give

more explicitly

C ,
W) = - B(1,.1,) (2000, + 25 ,(8) T (v) + 25,,(R) T (o)
- A
+ [18(9,.9) (,f,{z'?‘) (2.9) - 2s12(>’<‘) - 2512(9)
- %ﬁl\ﬁz Tu(x) Tu(y)]} Yu(X) Y, (y) . (30)

Consider now the case when form factors are included.

The only difference is that
~idy - 2.2 ®
e o, (m”)dm -ig.x _ 2 2 2
‘%&l S35 7 [%&lj S5 € Twaw = 2T {ma(m ) Ym(x)dm ’
' o)

q1+ll 0

(31)

where the explicit form for the form factors has been substi-
tuted from equation (20). If the gradient operators are now
applied to both sides of the correspondence given in equation

(31), the following relations may easily be obtained:

u3Yu(x) > [ 3o (m?) _Ym(x)drr.l2 : (32)
o]
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and
(o]

T, (%) Y (x) »J m30 (m?) T (x) Ym(x)dm2 . (33)

(0]

ﬂ3
In the next chapter, the first order effects of W{ﬁ'%) in
nuclear matter will be derived, but the important point to
note now is that in deriving equation (30), the singular
contact interaction terms with respect to the variablesda
andwx have been explicitly removed from w£§,¥).

The modified pion mass approach of BG is based on
the definition of the effective interaction given in equation
(16). An examination of equation (25) shows that if w is

substituted in equation (16) the'£ integration may immedi-

3
ately be done to give (21r)3 6(ql—q ). The g, integration
wil MA

may then be done, so that

2

f 2 .

N Su -ig.r

= —— T, a . . = 34
- A1 \Lz‘J P Q@ aozze e B9
whe re _
su? = ~2p (a+B) ¢%H2(q?) , (35)

and p = N/Q, the density of nuclear matter. Now if

l6u? | <<u?+q?,

2
Sy A 1 _ 1
Vool 53]

(36)
(q2+u2)2 g +u g +u

where ﬂz = u2 + duz. If equation (36) is substituted in

equation (34), uga) becomes
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2
£! ,
: N 1 1 -iqg.r
() = ===5—5 T,.T dg(o,.q) (0, .qQ) [=5=—s = ] e Wi'w
(37)
. . . (11)
Howevexr, the OPEP (without form factors) is given by
(x) fy 8 (1 -a) (0, o) b (38)
> Y(E) F omr—5—5 T,.T T4 Oned)—""+— &
w2z w2 | SR E N2 2, 2

Hence the effective interaction uga) may be viewed as

‘eontaining two parts, one the usual OPEP with pion mass u,

W

he other an OPEP with a modified pion mass Y. This is the

resgription used by BG to calculate the three-body effects,

)
]

and its first order contribution will be discussed in the
fellowing chapter. Note however, that because of the
integration over I, ugg) contains contact terms with respect
to the Varlables“511£3 and¥£21£3, and so for this reason
it is expected that the effects of uga) will be somewhat
different from those of w(x,y).

W Wn
The alternative method to introducing the modified

pion mass, and as will be seen in the next chapter the more

(o))

esirable one, is to integrate equation (34) with respect to
g and so find ugﬁ) in coordinate space. Removing the singular
wh

contact terms according to the prescription given in equation

(27), and substituting for the form factors from equation

(20) gives
ac_p e 2
u(z) = =B (1,.7,) (6;.7) (0 .V)qu R CoBly e ™k,

(39)



21

The integrals are evaluated in Appendix A and the operator

(o .V)(oz.v) applied. The final result is
Wwal W aml wn

u(r) = Clry.1,) [07.0, 9o (x) + 51,(F) g ()], (40)
where
4
c- %
3u3
go(r) = ¢ Yu(r) + °2Eu(r) + Cg Yn (r) + C4En (r) .,
gt}(r) = CSTu(r) Yu(r)+02(Eu(r)+Yu(r))+06Tn (r)Yn (r)+¢4(En (r)+Yn
E, (r) = e ™,

and the constants < through Cg are given by equation (A.10).

For comparison purposes and later use note that the OPEP is

given by
V(“J;‘) =B 1. 2[01 -95 £ (x) + Slz(r) £ ()], (41)
where B = féu/3, fc(r) = Yu(r), and ft(r) = Tu(r) Yu(r).

Using the form factors given in Table I and the
constants given in Table II, the central and tensor parts,
Cgc(r) and Cgt(r), of u(ﬁ& are plotted in figures 6 and 7,
and compared with the central and tensor parts, ch(r) and
Bft(r), of OPEP. The introduction of form factors modifies
the short range part of the interaction, and in the case of
form factor III introduces an eXxXtreme suppression in the
tensor part of u(ﬁj. Since the major contribution to the

binding energy comes from the tensor part of the interaction,

(r)),
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Figure 6.
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“The central part of the OPEP, B.fc(r), and the

central part of the effective interaction, C.gc(r),

for the form factors I, II, and III, plotted

against r.
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Figure 7.
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The tensor part of the OPEP, B.ft(r), and the
tensor part of the effective interaction C.gt(r),
for the form factors I, II, and III, plotted

against r.
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it is this suppression at short distances which characterizes

the main effect of the form factors.



CHAPTER IV
THE FIRST ORDER CONTRIBUTIONS OF W AND U

Three different ways of describing the NNN inter-
action have been introduced in the previous chapter, and it
is now desirable to understand what the important differencs
‘between these prescriptions are when each is applied to the
calculation of the three-body effect in nuclear matter. The
fact that the effective*interaction u&g) contains some
singular contact terms which are absent in waﬁﬁx) has already
been pointea out, and these are exvected to lead to differ-
ences in the contributions of uga) and wgﬁ,z). In this
chapter, the first order contribution of the NNN interaction
will be examined in detail, and the differences obtained
_when it is calculated according to each of the above
prescriptions discussed. 1In order to obtain the effects of
the contact terms in u&a}, and to understand the modifications
introduced by the form factors, the first order contribution
of both w and u will first be calculated with d, the NN cut-
off, taken to be zero. The results will then be generalized
to the more realistic case in which d is non-zero, and the
contributions of w and u will be compared using the form
‘factors given in Table I. The difficulty with the modified

pion mass approach of BG when an NN cut-off is introduced will

25
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€ n Comments
1.0 (arbitrary) Corresponds to no form factor
0.28 1.676 ref. 8
0.0 2.214 ref. 9. Eg. 56 is satisfied

Table I. Parameters for use in the spectral function given
by equation (21). Each row corresponds to a different pionic

form factor.

Parameter Value Comments
Ac 197.32 MeV-F
Ky 1.36 F 1 ref. 20
o 0.170 F 3 ref. 20
ﬁz/M 41.5 MeV—F_2 ref. 20
£ ' 0.0800 ref. 21
U 0.700 F—l Average of'uo, u+, and u‘
Cp 0.460 MeV ref. 21
B 3.68 MeV ref. 22
C 0.955 MeVv

Table II. Numerical values for constants used in calculating

the first and second order contributions.
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be discussed, and finally, the first order contribution of u,
given by equation (40), will be obtained.
The prescription for introducing form factors into
vv&&dﬁ) has already been obtained (equations (32) and (33)),
.. and so <W>/N may first be calculated without form factors,
and their effect introduced when the calculation is complete.

Bon (&)

have calculated the first order effect for A-particle
in nuclear matter, and their result can be carried over
unaltered to the NNN case, with one exception. If the total

isospin I, and its 3-component, I are denoted by (I, I3),

37
then for the nN system the i-spin is (1/2, I3) or (3/2, I3),
while for N* it is (3/2, I3). Hence for the reaction
w+N+N*, onlv four of the six initial states are coupled to
the final state. On the other hand, for the TA system, I=1

only, and so all initial states are coupled to the final state.

This leads to the relation

<W>NN/N = (4/6).(Cp(NN)/Cp(AN)).<W>AN . (42)
Using eguations (4) and (5) of reference (6),
<W> <W>Nﬁ c o 2 2
N T TN = i D (kFlﬁjzl){1+ (3 cos exy—l) TU(X)
XT (W)} Y (x) Y (y)ag dy . (43)

~ where D(kFr) = 331(kFr)/kFr, CcOoS exy = ﬁ.x/xy (the geometry

is shown in figure 5c¢), and j1 is a spherical Bessel function
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of order one. Now define

F(q) = J dr D2(kFr)e—iﬁ'£ , (44)
WA
so that
p? (kpr) = 1 = | F@eidhaq . (45)
(2m) “
Writing
1 =% ] D%k |x-v|) Y (x) Y (y)dx 4
c Flaw i u u w G

it is shown in Appendix B that by using equation (45), IC

may be reduced to

4
I, = 8u [ aq o —2l4 . (46)
o (g™+u”)

Similarly, if

It = ue[Dz(kFlgixl)(3coszexy-l)Yu(x)Tu(x)Yu(y)Tu(y)%§ q% ’

I, may be written in g-space as

t
It=16J dq qG—FfE‘%—z. (47)
0 (g™+u™)
On collecting terms,
2 © oo
2C o
<W> 4 2 F 6 F(q
N=%’[“[dqq 2(q;2+2[dqq 2(;2]'
u o (g™+u™) o (@”+u™)

(48)

Consider now the prescription given in equations (32)
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and (33) for introducing form factors. Multiplying equation
(32) by x2jo(qx), integrating over all x, and making use of

equation (Dl) gives

2

® 2, 2
u . [ dm2 m o {m) (49)
o

mw(q2+u2) q2 + m2

Similarly, on multiplying equation (33) by,xzjz(qx), inte-
grating over all x, and using equation (D2), the following

correspondence is obtained:

” 2
1. J am? —2m) (50)
0

22 22 + m2

Then when the effects of form factors are included, <W>/N

becomes
2 oo ©o 0
2C_p 2 2 2 2
W 2
<N> _ g dq q2 F(q) [ ( dm2 mza(m ;)2+ 2q4( d? a(mz)) 1.
u g +nm g- +m

0] 0

This expression may be rearranged slightly to give

oo oo

2, 2
dmzu(mz)_qu dmZa (m%) , 2

2 2

u 4d

2 oo
2C_ o
<W> 2
- = — j dq g F(q)[(}
o 0

co

2 2
+ 2q4(‘ alnddnsy 2y (51)
o g + m

The first order contribution of u(aa is less compli-

cated to derive. From equation (Cl) only the exchange term
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of equation (18) contributes, and upon doing the i-spin and

spin sums using equations (C2) and (C4) <U>/N becomes

<U> 3f§]

where

J GUZqu-i X
u'(r) = d .
WA .\% (q2+u2)2

Replacing the sums over ki and kj by integrals, and using

the relation

ik.r _ 4w ,3
[ d Kk einm = 3 kF D(kFr) ’
equation 52 becomes
2
3f.p
Lt ~—D— | u'(x) D (kpr)dr (53)
lemy wh

In terms of F(g) and u'(q) = (27r)3 6u2q2/(q2+p2)2, the Fourier

of u'ga), equation (53) gives

2
<U> _ 3ExP _6u2q2F(g)
N - 22| %9232 (54)
l16n™n ¥ (gT+u”) .

Substituting for 6u2 from equation (35), this expression may

be rewritten as

2

. 2 o0 ©
6C_p 2
aq q®(| an® 22 p(q) . (55)
U o . o a +nmnm
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Comparing <U>/N with <W>/N given by equation (51), the two

are seen to agree only if
o]
[ dm? a(m?) = 0 . (56)
0

Thus, provided that the spectral function, a(mz), is chosen
in such a way that equation (56) is satisfied, the contact
terms appearing in <U>/N will be of no importance. If the
spectral function given in equation (21) is substituted in
equation (56), the condition £=0 is obtained. For one of
the form factors used in later calcuiations, this condition
will be satisfied, while for the other £=0.28.

In order to ascertain how sensitive the difference
between <W>/N and <U>/N is to the value of £, both quantities
were calculated for the more realistic case of non-zero d.
When a cut-off is introduced, the expression corresponding
-to -equation (51) ma? be found by substituting for Dz(kFr) the
quantity D2(kFr) 8(r-d), so that F(g) is replaced by'ﬁ(q), where

da
F(q) = F(q) - 4 { p? (kpr) j_(ar)r’ar . (57)
o)
Details of the evaluation of <W>/N are given in Appendix F,
and the results are compared with the contribution of <U>/N
in Table III. For form factor III the results are identical,
- as equation (56) would predict. Perhaps more important is

the fact that the results are very nearly the same for form
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Form Factor I IT III
d(F) 0.8 130 el 0.8 1.0 1.2 0.8 1:0 ;0
<W>/N -1.77 =1 .30 ~0.906 | B0.3186 0.088 -0.049 1.05 0.491 0.117
<U>/N -3«17 -2.40 =172 0.378 0.088 ~0.082 1.05 0.491 0.117
<U-W>/N -1.40 -1.10 =081 0.062 0.000 - . 033 0.00 0.000 0.000
Table III. Comparison of the first order contributions of the three-body interaction

W, and the effective interaction U.

All energies are in MeV.
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factor II, where £=0.28. This result will lend support to
the assumption that even for form factor II the delta-
functions in u give a negligiblé contribution, and so u may
be used to calculate the second order three-body contribution
to nuclear matter.

BG calculate the first order contribution of u by

making use of equation (37), according to which

<U> _ <V(u=u)> _ <V (u= u>
N N N b8

However, on comparing equations (34) and (38), the OPEP is

seen to be related to uﬁa} through the correspondence

q +u q +u

which when substituted in equation (54) gives

3825 2
V> N dg & F(q) (59)
N - .22 | %33 2 -

l6m°y g+

Then if no NN cut-off is introduced, the three-body effects
can be obtained by modifying the pion mass in the OPEP
contribution as equation (58) indicates, and this is the
prescription given by BG. However, when an NN cut-off is
introduced, the result is more complicated because of the g
dependence of ﬁ. BG make the error of replacing l/(q2+ﬂ2)
by the Fourier transform of the cut-off Yukawa, and so in

effect have neglected the momentum dependence of u. Instead,
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what should be done is to find the potential corresponding to
1/(q2+ﬁ2) in coordinate space, cut it off at r=d, and then
find the Fourier transform of this cutoff potential. However,
because of mathématical difficulties in carrying out this
procedure, and because the simple result given by equation (58)
will no longer hold, it does not seem useful to pursue this
method any further.

Consider now the first order contribution of the
effective interaction, u§§), given by equation (40). Because
of equation (Cl) only the central part contributes, and
using techniques exactly similar to those used in obtaining

equation (54), <U>/N becomes

<U> _ _2 Q_B 5
N = "7 5 | 9c.(@) Fla)a"dq , (60)
where
. . 2
g.la) = jo(ar) g (r)rTdr
d

There is however, one important difference between equations
(54) and (60) which should be noted at this point. In
deriving the effective interaction in coordinate space, the
contact terms with respect to the variabledﬁ\have been
explicitly removed, while in equation (54) the contribution
of such contact terms still remain. Of course, if an NN
cut-off is introduced, equations (54) and (60) will give

indentical results, and for convenience equation (60) will
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be used throughout in the first order calculation of u. The
contribution of v is given by a similar expression which can
be found by setting C to B and gc(r) to fc(r) in equation (60),
and when equation (Fl) for F(g) is subsituted in equation (60),
the integral may be done numerically to obtain both <U>/N

and <V>/N.

The examination in this chapter of the first order
contribution of the three-body force to nuclear matter has
indicated that the effective interaction, u(r), describhes
quite adequately the first order three-body effects involving
the single exchange terms, and on this basis u will be used
in the following chapter to calculate the second order three-

body effects.



CHAPTER V
THE SECOND ORDER CONTRIBUTION OF U

-In the previous chapter, the first order contribu-
tions of w and u were compared, in order to see how the form
-factors modify the short range part of thé interaction. The
conclusion was reached that provided the form factors at
least approximately satisfied equation (56), the effect of
the spruious contact terms in u would be negligible. The
same conclusion will be assumed to hold for the second order
calculation, and so u rather than w may be used to calculate
the second order contribution of the three-body interaction.
Because of the similarity in form between u and v, the
equations obtained for the calculation of u may easily be
modified to permit a second order calculation of the OPEP
contribution, and so the two and three-body results may easily
be compared. To show how the calculation proceeds, the
contribution of the cross term, <U 1/b V> will be calculated,
and the method of obtaining the OPEP contribution, <V 1/b V>,
and the pure three-body term, <U 1/b U>, from this result
will be given.

-..From equation (17).- the direct contribution of <U 1/b V>.is

AE(2)
- 1 1 LI I | T U | «
-——%——(C.T.) = 5% T X <13'V|l g><ity fulij> (61)

i, 3 4,3 ’

! e.+e.~el-¢e!
i 3 1 ]

36
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The single particle energies, ey, will be taken to be the free
particle kinetic energy,‘ﬁzki/ZM, where M is the nucleon
mass. Then

(ki+k?-k 2_y1

'2 .2
R S

fﬁ

= 5§ ) . (62)

.+te.—€!-¢l
€5 57€3i €5
Momentum conservation in nucledar matter requires that

q = =k, - k! , (63)

ki - k.
Wi we L wel wJ ww)
so that equation (62) simplifies to

2

h
—_—e Ve = L2 -
€i+€j € €j M \.%\' &%ﬂii fﬁ)

. (64)

Because of the condition given by equation (63), the four sums
over momenta appearing in equation (61) reduces to three sums

over the variables k., k. and q, where the sums are
le WA

j
restricted so that
;| <x
wal

poo ksl <kp

| (65)
|g+&i|>kF ’ |$jjg|>kF .

According to equations (Cl3) and (Cl4) any terms
linear in Slz(g) cannot contribute to AEéz)(C.T.)/N, and so
equation (61l) reduces to two terms, one involving only the
central parts of v and u, the other involving only the tensor
parts. According to the results given in Appendix C, the
i—spin and spin sums for the central contribution will give
a factor of 12x12, while the i-spin and spin sums of the

tensor contribution will give a factor of 12x24. With these
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substitutions equation (61) may be written as

(2)
Za (c.r.) = -B:.& Mam2 o [144f (q)g,(q)+288f (q)g, (q)]
N 2N 62 § ki'kj'q ‘3.(3ﬁ§ii§j)
(66)

where the j0 and j2 transforms have been defined and

evaluated in Appendix D. Using the relations

5 — 93 dk , as @ > =, (67)
k (27)
and
aki 9k 4n’k;
g.(g+k. —k.) - “15q ©(a/2kp) . (68)
weow owlown]

discussed in Appendix E, equation (66) simplifies to

(2) o
AE
d 18 M 2
N (C.T.) = —g;§’g§B.c.kF { dqg P(q/sz)[fc(q)gc(q)+2ft(q)qt(q)],
(0]

(69)
where the constants B and C have been definéd by equations
(40) and (41). Since the function P is known analytically
(equation (E2)) this integral may be evaluated numerically,
and a value for AEéZ)(C.T.)/N may be obtained.

The direct OPEP contribution, AEéz)

easily be found by setting C to B, 9. to fc’ and 9. to ft in

(OPEP) /N, may now

equation (69). Hence
b2 22 [ 2 2
a _ 18 M ;
N (OPEP) = —3;7162 B kn [ dq qP (q/2kp) [f_(q) + 2£. (a)].
o

(70)



39

Similarly, the pure three-body contribution, AEéz)(T.B.)/N,
may be found by setting B to C, fc to 9o’ and ft to 9e to

obtain

(2)
AE4
N

(T.B.) = ——L% —%
st° A

czkg J dg q P(q/2kF)[gi(q) + 2qi(q)].
0

(71)

The exchange contribution of <U 1/b V> is

g (2)

: 3 - (O I} D v
== (C.T.) = % 3 g Siilv]itite<ilitlulii g,
sy c.+€.~c.—-¢".
’ 1 J 1 J

Making use of the spin sums given in Appendix C, evaluation

proceeds as for the direct term, so that

(2) )
AEeX (C.T.) = _B-_C _Pﬁ(ﬂ)Z 7 [36fc(q)gc(S) 144P2 (cosesq)ft (q)gt(s)]
N . 2N /ﬁz 9] ki'kj,q vgv. (g+5l—v£<wj) y

| (73)

wherewa =‘ﬁ+517§j' Replacing the sums by integrals using

equation (67), and using the generalized Euler functions G0
and G2, discussed in Appendix E and tabulated in reference (13),

equation (73) becomes

(2)

AE 27 M
N (C.T.) = —== B.C — | adq sds[GO(q/kF,s/kF) f. (@) gc(S)
27 4

where g runs from 0 to «, and v runs from max(O,q—ZkF) to

q + 2kF'
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The same correspondence as was used with the direct
contribution may be used to find AEéi)(OPEP)/N and

AEéi)(T.B.)/N, with the results

AEéi)(opEP)_iZBZ % |adqlsdasIG.£ (q)f_ (s)-4G. £, (qQ) £, (s)]
N T 5.3 0 g2 |3095A8 et 1T TS 2t At tSI
(75)
and
(2) '
AE
ex _ 27 2 M -
N (T.B') = -2—1—73— C /ﬁz Jqqusds[Gogc(q)gc(S) 4G2gt(q)gt(s)] ’
' (76)

where it is understood that G0 and G2 have the same arguments
as in equation (74).

All.the required first and second order results have
now been obtained. In Appendix F some of the details
concerned with the numerical evaluation of these contributions
has been discussed, and in the following chapter the various
results given in Tables IV and V will be discussed, with a

view to determining the importance of the three-body force in

nuclear matter.



CHAPTER VI
DISCUSSION OF RESULTS

In Chapter IV the first order contributions of w and
u were considered in detail, and the effects of the form
factors on the short-range part of the effective interaction,
u, discussed. Assuming that the three-body interaction could
accurately be described by u&a), the second order contribu-
tions were derived in Chapter V. Using the parameters given
in Table II and the integration methods discussed in
Appendix F, the first and second order contributions of the
OPEP, v, and the effective interaction, u, have been calcu-
lated and tabulated in Tables IV and V. The contributions
for various values of the cut-off have been given, although
the most realistic value is probably for d=1F, and in the
following discussion all results taken from Table IV and V
will refer to the column in which 4=1F.

Although the two-body contributions given in Table IV
are not of primary importance here, a brief discussion of
these results will point out several facts which also hold
for the three-body contributions. The first order contribution,
-u«;»MAEﬂl)(OPEP)/N,-iS~seen~t0 be small -- about 3 MeV attraction,
while the second order contribution is almost 20 MeV

attraction. This would seem to indicate that the perturbation

41
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Cut-off (F) 0.8 1.0 1.2
re (D) (opEP) /N ~4.04 ~3.16 * 3,38
se{?) (opEP) /N ~28.0 15,7 -8.94
ae{2) (opER) /N ~7.9(4) ~3.7(8) ~1.717)
aE () (opEP) /N -35.9 ~19.5 -10.7
AEéi)/AEéZ)(%) 28.4 24.1 19.8
s (D) /ag (2) (5 11.3 16.2 22.0
AE (v) /N ~39.9 ~22.7 ~13.1

Table IV. First and second order OPEP contributions, The
direct and exchange contributions are shown separately, and
the total contribution, AE(v)/N is given. All energies are

in MeV.
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series is not converging, and that higher order terms should
be considered. However, as was pointed out in Chapter IV
only the central part of the OPEP contributes is first

order, while the tensor part gives a large contribution in
second order, and so it is possible that by the third order
the contributions will have become small. Third order
calculations have been performed using the OPEP and this
possibility has been confirmed.(l6)

The total OPEP contribution, AE(v)/N, is seen to be
about 23 MeV attraction, which when combined with the average
kinetic energy per particle of 23 MeV gives a net binding
energy per particle of approximately zero. However, at
d=0.8F, the potential energy contribution is now sufficient
to give a binding energy of approximately 17 MeV per particle,
and so the contribution is very sensitive to the value of
the NN cut-off. The result will also be seen to hold for
the contribution of the effective interaction, and BLN, in
their consideration of the first order contribution of w,
have reached a similar conclusion.

Turning now to the effective interaction contributions
given in. Table V it is seen that for a realistic form factor
(either II or III) the first order contribution of u ranges
from 0.1 MeV to 0.5 MeV repulsion. BG in using their modi-
fied pion mass approach concluded that the first order
contribution of the effective interaction is approximately

1.2 MeV repulsion. The reason for this disagreement can be
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Form Factor I II ITT

Cut-off (F) 0.8 1.0 1.2 0.8 1.0 1.2 0.8 1.0 1.2

he ) (rBy | -3.17 ~2.40 ~1.72 0.379 0.088 0.082 1.05 0.491 0.117
he (2 (c.ra/m | -25.6 ~13.8 ~7.50 ~7.32 ~4.74 ~3.04 ~6.44 ~4.66 -3.22
ne2 (coroy | -7e208) | <3300 | -1.409) | -1.909) | -1.0(9) | -0.57(6) | -1.6(8) | -1.0(4) | -0.59(4)
he(?) (BN | -5.89 ~3.06 ~1.60 ~0.521 | -0.378 | -0.267 | -0.483 | -0.398 | -0.313
he{2) (r.B/N | -1.6(9) | -0.74(8)| -0.32(3) | -0.12(6)| -0.08(0)| -0.04(7) | =0.09(2) | -0.07(3)| -0.05(0)
hE (2) /n(Total) | -40.5 -20.9 -10.9 -9.96 ~6.28 -3.93 -8.70 ~6.17 -4.18

he (D /a5 () 5y | 7,82 11.5 15.8 3.80 1.40 2.10 12.1 7.95 2.79

AE (u) /N -43.7 -23.3 ~12.6 ~9.58 ~6.19 -3.84 ~7.65 ~5.68 ~4.06

AE (u) /AE (v) (%) | 110. 103. 96.2 24.0 27.3 29.3 19.2 25.0 31.0

able V.

First and second order contributions

of the effective interaction u.

The total contribution,

E(u)/N, is given, as well as the ratio, AE(u)/AE(v), of the three-body and two-body contributions. All

nergies are in MeV.
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traced to the error in BG's method of imposing on NN cut-off,
already discussed in Chapter IV. In second order, the total
contribution of u is approximately 6 MeV additional attrac-
tion, so that altogether the total three-body contribution,
AE (u) /N, would appear to be approximately 5.5 to 6 MeV of
additional binding to nuclear matter. When compared with
the OPEP value of 23 MeV, the three—body force is seen to
contribute 20% to 25% of the two-body contribution to the
potential energy per particle.

From equation (42), a partial estimation of the
contribution of the three-body ANN interaction to the binding
energy of a A-particle in nuclear matter can be obtained,'
using the results given in Table V. The first order contri-
bution, AE(l)(ANN), can be unambiguously determined, and is
given in the first row of Table VI. In second order, the
>, where the subscripts indicate explicitly

term <U 1/b U

ANN ANN
the origin of the effective interaction, will give no contri-
bution, since for a A-particle it will proportional to 1/N.
However, the term <VNN 1/b UANN> will contribute, and its
contribution is given in Table VI as AE(z)(ANN). The total
contribution, AE(ANN), is seen to be unrealistically large,
for the binding energy of a A-particle in nuclear matter is
believed to be approximately 30 Mev(s) (note that for a A-
particle in nuclear matter the kinetic energy is zero), and

so this result would indicate that the three-body force gives

rise to almost all of the binding energy. However, it is
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Form Factor I II IIT

cut-off (F) 0.8 1.0 1.2 0.8 1.0 1.2 0.8 1.0 1.2
g 1) () ~15.1 ~11.4 -8.19 1.80 0.424 0.390 5.00 2.34 0.557
222 (2 -193. ~99.5 ~51.9 ~47.4 ~29.9 ~18.7 _41.4 -29.4 ~19.9
AE ( ANN) -208. -111. ~60.1 -45.6 ~29.5 ~18.3 ~36.4 ~27.1 ~19.3
sE D /aE (2) (3 7.82 11.5 15.8 3.80 1.40 2.10 12.1 7.95 2.79

Table VI.

nuclear matter.

All energies are in MeV.

First and second order contributions of the three-body ANN force to A-particle binding in
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well known that the two-body AN4forces alone tend to give an
overestimate of the A-particle binding, and in fact the.
three-body forces were originally introduced as a possible
mechanism to suppress the two-body effects.'

The reasons for the unrealistically large values of
AE (ANN) are not clear. One possibility is that the second
order term given by <V

1/b Wy~ may give a sizeable

AN NN

contribution and so perhaps cdncel some or all of the contri-

bution due to <VNN 1/b WANN

as readily as the other second order terms, since the A-

>. This term cannot be calculated

particle will no longer be a spectator, and so an effective
interaction cannot be determined. Another alternative ié
that the two-pion exchange process may not be the only one
‘'which gives a sizeable contribution to the three-body force,
and for example the double exchange of the o-meson has been

r(2 3)

suggested as a possible contributo .
" There is also some question as to whether the use of
form factors as ¢pposed to the introduction of explicit cut-
offs in the variables x andvx gives a realistic method for
calculating the contributions of the three-body force. When
the first order contributions given in Table VI are compared
with those given by BLN in reference 6, the agreement is only
qualitative in nature. Both methods of calculation predict
that in first order the three-body force gives rise to a slight
repulsion which is very sensitive to the NN cut-off, but the

quantitative agreement is very poor. This indicates that

the method of calculation used here is quite ambiguous, and
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that if explicit cut-offs had been introduced in the variables
X andgz, a very different second order contribution might
have been obtained.

No further examination of these questions will be
undertaken here. However, the several ambiguities in the
calculation of the three-body contributions both to nuclear
matter and to A-particle binding should be noted, and all
numerical values should be regarded with suspicion until
more detailed calculations can be performed.

In conclusion, a brief discussion of the main
assumptions which have gone into the calculations of the
results summarized in Tables IV through VI will be given.

The derivation of the three-body force has been
carried out in the static limit, and although the exchanged
pions cannot strictly be of zero energy, the main contribution

to the first order energy comes from a region near q=lF—1,

while in second order the corresponding value is q=2F—1.
Because the main contribution comes from such small g values,
the assumption of the static limit would appear justified.
However, unless a more precise three-body interaction is
derived, and the calculation repeated with it, no definite
conclusion can be reached.

A second assumption concerned with the three-body
force is that the TPE process is the main contributor to the

three-body interaction. Higher order processes, such as

the exchange of more than two, or of heavier mesons can be
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expected to be of some importance, and some such processes

(L9)

have been considered by other workers However, in the
same way that the OPEP tail can reproduce approximately the
effects of the two-nucleon force, it is perhaps reasonable to
suppose that the tail of the effective interaction due to

the TPE process can reproduce reasonably well the three-body
effects.

In connection with the perturbation expansion, two
basic assumptions have been made. 1In the first place, the
series has been truncated after second order, on the assump-
tion that higher order terms are not important. Because
the tensor contribution in second order has led to a value
very much larger than the first order contribution, this
assumption would seem to be quite unjustified. However, as
has already been mentioned, the effects of the third order
terms have been calculated for the OPEP, and the conclusion

~was reached that tﬁird and higher order terms are indeed

quite small. Because the effective interaction is weaker
than the OPEP (figures 6 and 7) a similar convergence can
be expected for this case as well.

The second assumption concerned with the perturbation
series, and one which is less easily justified, is that only
single exchange terms contribute. The double exchange terms
have been calculated in first order for the three-body

(L9)

interaction w' ", and found to be approximately 12% of the

single exchange term. In the results presented in Table V,
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the assumption has been made that the single exchange terms
also dominate the second order contribution, although it
would appear possible that the great number of double exchange
terms which contribute in second order may combine to give

a contribution comparable in size to that of the single
exchange terms. It is worth noting, however, that for the

ANN interaction, the first order term and any second order

terms involving V can only have contributions from the

NN
single-exchange terms, because in these cases the A-particle
is always a spectator.

The results of the calculations presented here
indicate that the three-body force can contribute approximately
6 MeV additional attraction in nuclear matter. This number
is not meant to be a precise estimation of the three-body
effects, for many ambiguities still remain in the calculation.
In particular the results are sensitive to the form of the
““two-body interaction, and clearly a more realistic form of
the two-nucleon force could be used} Also, the NN cut-off
is a very important, but quite arbitrary parameter, and a
calculation which avoided the introduction of a cut-off
would be desirable. However, this would require a detailed
knowledge of not only the two-body, but also the three-body
force for arbitrarly small distances. Such a detailed

description of the three-body force is not available at this

time, either from a theoretical or experimental point of view.
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APPENDIX A

SOME RESULTS REQUIRED IN THE EVALUATION OF W AND U

The following integrals will be of use in calculating
the effective interaction in coordinate space:

3

[ da, q2 e—i.-g\'fn _ 4rm Joo q3 sin gqr dg _ 2Tr2 [u3Yu(r)—n Yn (r)]
(®+1?) (¢®n?) T 8 (a*+u?) (a®+n?) u? - p? ’
(A1)
where use has been made of no.5 p.63 and no. 25 p.66 of the
Bateman tablescM). On setting n=0 the Fourier transform of

the Yukawa function is obtained:

- 12 9
[d e 1% (A2)

2
2 2 :
q® + u s
Using no. 39 p.68 of reference (14) the following result may

easily be obtained:

2 _-ig.r 3.
J ag L& =" o 4m [ 9~ sin gr dq _ ﬂzu[zyu(r) - E; (@] .
0

-~ 2
B gty e * (q+u?)
(A3)
Finally, the following two integrals will be required in
evaluating the first order contribution of W:
—ig.rm 2
[%=%‘Ep(r) o (a4)
(g7+u")
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using no. 39 p.68 of the Bateman tables, and

[ dﬁ e_lgn'g‘-; _ 2{]2 [T]Yn (r) - UYU (r)]
(q2+U2)(q2+ﬂ2) e - n

using no. 25 p.66.
The effect of the operator le V)(c .V) on an
WA

arbitrary function of r, say f(r), will be required. Now

1 df(r)
and making use of the relatlons V(o2.r) =90, and
ww WL
gk &f o L&’ 1 af
wo'r dr’ T owe -2 2 3 dr ¢

this expression gives

(210 (D EW = 08 E @ * @D @R F T T @
: dx r
(A6)
If £(r) = Yu(r), equation (A6) gives
2 ~
EN?: 'YX) (‘o ‘57\) Y (r) = —3 [cl ,32+S (r) Tu(r)] Yu(r) ¢ (A7)
while for f(r) = Eu(r),
2 2 N
{01.9) (9, D)E, (x) = E5lo) 0,45, ) (DVIE (r)+551-20) .0,+5, () 1Y (x).
(A8)

From equation (39) the effective interaction is given by

() = —p° o( ) (07-7) (5, 7) o
u(r) = 0,.V)(0,.V da g [=————=
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: 2 X
2(1-¢) (1-&) -ig.r
- _ + | (A9)
(q2+u2) (q2+n2) (q2+n2) 2

Using equations (Al) and (A3) the integrals may be done to give

3 , 3
-5 iy (1) - e () + 20 ZneeddEE M v
H - M H =1

-(l-E)ann(r)]

Applying equations (A7) and (A8) u{gg may be written as in

equation (40), with ¢4 through ¢ _ given by

6

2

9]
Il

L= 4 - 41-5) i/t

e, = -1,

cy = 4002/ + a-onf /w3 ada®)
cy = -(1-0)% /w3,

g = 2 - 4(1-8) ¥¥/(2n?)

cg = 2(1-5)2 (/w3 + 4-5) 0P/ 3/ win®) . (@al0)



APPENDIX B
SOME RESULTS REQUIRED IN OBTAINING <W>/N

On substituting for D2 (k .ﬁ'YI) in terms of F(q)
ww

wl
in Ic one obtains
6 2

I = H 3 dg F{g) (} ¥ éx)e%gfﬁ-q§) :
(2m) "

But

l Yn(x)e¥gf§~dx = 47 fc(q) 7

wn

where fc(q) is given by equation (D1l), and so

°° 2
I, = 3u4 [ dq _aF(q) (B1)

2, 2.8
" (g”+u™)

Similarly, when D2 is replaced by its Fourier transform in

I, one obtains

+
L F(q) |axay €32 (X¥) (3cos28 -1}y (x)T ()Y (V)T (y)
t (2m) 3 e VA |CROL F W e e xy 'Yy U TRE L TR £
(B2)
Now
3 cos exy 1l = = i YZm(X) Y2m(y) ’ (B3)
and
i A
XX =4r z i*vr (@ v, & 3, @) , (B4)
%0 &n &n 2
, .
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with a similar expression for e 3J. when equations (B3)
and (B4) are substituted in equation (B2), the angular

integrations over x, y and g may be done, so that
L LRV VTN VW

I, = 1642 [ dq q® Flq) ([ 3ylax) T, (x) ¥, (x)x%ax)? . (BS)
0

Substituting for the integral over x from equation (D2), It

becomes

® 6
I, = 16 [ dq %F—-(—g% . (B6)
& (@™+u")



APPENDIX C
EVALUATION OF THE FIRST AND SECOND ORDER SPIN SUMS

I. First Order

The matrix elements for the central contribution are
of the form <l]|gwl.T ) (91-95) k(r)|ij> and <lj|(Tl (I2) (01-95)
k(r)|ji>, while for the tensor contribution they are
<ij|£§l'£2) Slz(;) k(r)|ij>and <ij|&$l}$2) Slz(;) EiEl [4i=,
where k(r) stands for any of the radial functions appearing
in the OPEP or the effeétive interaction. The state labels
i and j include all the gquantum numbers necessary to specify
the single particle states, so that, for example, |i> = |Timiki>
where T is the 3-component of the i-spin, m, the z-component
of the spin, and ki the linear momentum, all with reference
to the ith state. The first order contribution requires a
sum over all occupied states, and because of the nature of the
matrix elements, the i-spin and spin sums may be separated

from the sum over momentum, and done individually.

The direct i-spin sum is

z <TiTjL$l.T2IT > = <TiTj| 12 -1, iT3>
Ty o T T: e T
i3 i ]
where P’ is the i-spin exchange operatorasx The sum is now

easily evaluated to give

2Lk = 3 =0 . (C1)
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A similar result holds for the direct spin sum. The exchange
i-spin sum is

T
] ZT <Tile2P12-l|TjTi> =6 , (C2)
: p B

i3
with a similar result for the exchange spin sum.
For the tensor contribution, the spin sum may be
separated from the radial part by taking r as the quantization

axis to give

% <m,m. |30

m-,m- l J '
1]

Z Z MN\l:v‘M

Similarly the exchange spin sum gives zero, so that to first
order only the central part of the potential contributes.

Finally, the evaluation of the first order contri-
bution of u as given by equation (52) requires the following
relation:

_ 2
5 <min3| %klﬁ%)giZ'ﬁg'mjmi> = 2q° . (C4)

A
This may be proven by taking g as the quantization axis to

give

|oél)o(2)|m.m.> N

z <m.m.,
i z g i

m. m, J
1]

The sums are now easily performed to give equation (C4).
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II. Second Order
The i-spin sum for the central direct contribution.
is

X z <t.Tal(T4.7T Titi><t!Tii(t,.T T T >
R stz Iriri>eriif (g 15) | 0"

Closure may be used to reduce this sum to

onT _1y 2 _

pX <TiTj|(2P12 1) |TiTj> =12 . (C5)
T, T,

1]

The central exchange i-spin sum is
T <t.T.] (2P "1)2|T T.> = =6 (C6)
ij 12 joi ' ’

Ti,Tj

Similar results hold for the direct and exchange spin sums.
The spin sums involving the operator 512(;) may best

be evaluated by first expressing S12 in g-space and then

performing the summations. A typical matrix element appearing

in the second order contribution can be expressed as follows:

Ol

- o ig.r ~
<kikj|S12(r) k(r) lkikj> = { e’w’w Sy, (r) k(r)dr ,» (C7)

where g is given by equation (63). .Using equation (B4) and
wn

3)

-the- -relation

) Y:_ (x) , (C8)
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where qﬁu is a second rank tensor involving only the spin
variables, equation (C7) becomes, on performing the angular

integration over r,

o e _ 4T ~ X
<kikjlslz(r) k(r)|kikj> = -5 Slz(q) k,(q) (C9)
where
kz(q) = [ j2(qr) k(r)rzdr>. (C10)
d

A similar expression holds for the exchange matrix element,

with a replaced everywhere by S =ﬁ+w]3i_v1$\j‘

Consider now the direct spin sum given by

2 ~
T <m.m, S5, (q) |m,m.> ,
mi'mj i3'T12 i3

A

where closure has been used. On writing S,,(g) as in

12

equation (C3) the sums may readily be performed to give

2 - _
z <mimj|812(q)|mimj> = 24 ., (Cl1ll)

The exchange sum is given by

X <mimjlslz(q) Slz(s)lmjmi> .
my sy

This expression is slightly more difficult to evaluate

because of the appearance of both s and g in the matrix
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elements. However, by again taking g as the quantization
. A

axisk and expfessing (0,.s)(0,.8) in terms of it, the sum

may be evaluated in a straightforward but tedious manner

to give

z 4mimj|812(q) Slz(x)}mjmi> = 24 P,(cos B_) .

sq
m, ,m,
J (C12)
A final result which will prove useful is
T <mimj|812(q)ggl.ga)lmimj> =0 . (C13)
mi,mj _

This may be proven by taking g as the gquantization axis,'and
. wn

. o .
replac1ngvgl.vcwjh2 by 2P12 1l to obtain

(1),

3 I {2<m.m.|0(l)0(2)|m.m.>—<m.m
3z 31 i z

i ., o
m.,m. J
i'™5

(2) -
, lmimj} 12 .

The sums are easily performed to give the required result.

Similarly it may be proven that for the exchange term,

. Zm <mimj1812(q)£gl}&2)Imjmi> =0 . (C14)
i’ .



APPENDIX D
EVALUATION OF SOME INTEGRAL TRANSFORMS

The j0 transform of fc(r) is given by

’ e'_ur 2'
fc(q) = jo(qr) T dr .
d

This integral is easily evaluated to give

-ud .
fc(q) _ € [u sin qg + q2cos qd] . (D1)
4 Hd +
H q

The j2 transform of ft(r) is
£,(q) = | 3.(qr) h,(iur)ridr
t 2 2 ’
' d

where h,(iur) = Tu(r) Yu(r) is a spherical Honkel function of
second order. This integral has been done in reference (16),

and the result is

-ud ' .
, +
£, (q) = S— [39, (qa) (22¥d) - Bsingd * g cos gdy = (py
t ugq 1 2 2 2
ud ot q

For the effective interaction, the regquired j0

transform is

©o

g.la) = J Jo (ar) g(r)riar ,
a
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= : 2
= [ Jolar) [eg ¥ (r) + cyE (r) + c3¥ (r) + c,E (r)]lridr .
a

Now

2u2 fc(q)
2 2
2 2
E v+ q o+ g

{ jo(qr) Eu(r)rzdr = ud fc(q)
d

and introducing the notation f£U)(q) and fén)(q), 9. becomes

g (@ = c £ @ + et @) + o tuar M (@)

(w)
- d » 2 f
M gin g4 . u (q)] (03)
q 2 2 2 2
o+ q vt o+ q
(n)
-nd . 2n fo (a)
+ c4[ndfén) (q) -eq S;n qd2 + — 5]
n +gq n" + g

The j2 transform of gt(r) is given by

rCD
gt(q) = ¢g jz(qr) Tu(r) Yu(r)rzdr
‘d
rOO
+ e, 3, (ar) (B (x) + Yu(r)]rzdr
la
rco
+ Ce jz(qr) Tn(r) Yn(r)rzdr
‘4
rOO
+ Cy jz(qr)[En(r) + Yn(r)]rzdr
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The first and third integrals are just féU)(q) and fén)(q),
so it is only necessary to evaluate jz(qr)[Eu(r) + Yu(r)]rzdr.
' d
This integral may be evaluated by writing Eu(r) + Yu(r) =
-iyr hl(iur), and intragrating by parts. The final result is
- =ud —ud .
: . - e 2. e y sin qgd
JZ{Eu(r) + Yu(r)} d“j, (qd) + b=

2 2

' . 2
qd(u cos gd-g sin qd)] " 22g . féU)(q)

u2 s q2 v+t g
(D4)
Then
gt(q) = csféU)(q) + 02j2{Eu(r) + Yu(r)}
+ cgfM (@) + cy3,{E (1) + ¥ ()], (D5)

where the values for the constants c, through c, are the

1 6

same as given in equation (Al0).



APPENDIX E

THE EULER FUNCTIONS P, G AND G

0’ 2
The direct contribution to the second order energy

involves an integral over the variables k. and k., which is
Wl ww)

independent of the form of the two-body interaction. This

integral was first evaluated analytically by Euler(l7) and
the result is(ls)
: k.
%Ki %y _ a5 P/2Kp) B3
q. (gtk.~k.) 15 7F q ¢
W W w.'-l h«*]
where
P(u) = (4+l%u—5u3+%u5)ﬁn(l+u) + 29u2 - 3u4 -+ (4—l%u
+ 5u3—%u5)2n(1—u) - 4Ou2 ¢n 2 for u<l ,
= (4-20u2-20uS+4u’) in (1+u) + 4ud + 22u + (-4+20u2-20u°>
5 3 5
+ 4u”)n(u-1) + (406u -8u”)n u for u>l . (E2)

It may easily be shown that

lin P(u) = 26-32 4n 2
u->1

The use of this function greatly simplifies the second order

calculation, for it reduces the direct contribution to a
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single integration over q.

Because of the appearance of the variable.s\in the
exchange contribution (equation (73)), the integrations can
no longer be expressed in terms of P. However, the integra-
tions appearing in the exchange contribution which are
independent of the potential have been done numerically and

(13)

tabulated by Sprung . The correspondence between his

generalized Euler functions, G, amd G and the integrals

0 27
appearing in the exchange contribution may be seen as follows:
According to equation (73) the central exchance

contribution is proportional to the following integral:

aef2) dk. dk. dq
N (central) o b J 2 v(g,s) (E3)
gq.s
wa W
where y(g,s) is a product of jO transforms. Introduce the
following change of variables:
= -
By =8 T &
k: =k! -z ,
vl wel i
q=2z . (E4)

The Jacobian for this transformation may be shown to be unity,

so that equation (E3) becomes

g (2 ax. ds dq
X _ (central) o ml e W o(g,s) (E5)
N q.s Y g, 4

W W

where the proportionality constant is the same as in equation
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(E3). In equation (E5), the portion of the integral which

is independent of g or s 1is

S wil _ .3 2
e esq = kF lem Go(q/kF, s/kF) 7 (E6)

[ ao  4ag_ dak!
a

where G0 has been tabulated by Sprung in steps of q/kF =
s/kF = 0.1l. In on exactly similar manner, the tensor exchange
contribution may be expressed in terms of G2, and so the

exchange contribution is reduced to a two-dimensional integral

over the variable g and s.



APPENDIX F

NOTE ON THE NUMERICAL EVALUATION OF THE FIRST

AND SECOND ORDER CONTRIBUTIONS

The exact values to be taken for the parameters
-appearing in the potentials v and u are in some cases rather
arbitrary, either because of a lack of a unique definition
(as for u) or because the gquantity is not well known experi-
mentally (as for fé). In Table II a consistent set of values
for the required paraméters are given, all assumed to be
accurate to three significant figures.

The most difficult first order integration to perform
is that for determining <W>/N in the case of non-zero d. If
F(g) is replaced by g(q) in equation (51), and the g integra-
tion attempted directly, the integrand will be found to
oscillate, and fall off very slowly. Thé alternate method
is to subsitute for ;(q), and then reverse the order of the

r and the g integration. The g integration can be done

exactly, and there remains an integral over the finite

interval, o to d, involving r. The final result is
2 o2 d
<W> _ WL s Tp S Ty |
_— {8#£0) = 5 (d=0) u6 { D (kFr)(alYu(r) +a2Yn(r)
O -

a3Eu(r) e a4En(r))r2dr - 4w2£2} .
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where
a, = 4n2u (-2+2(1-8) WP+n?) 7 (WP-n?) - (1-0)n P/ (Pn?))
a, = an?n3 (1-8) (-2(1-8) -2 (1%4n?) /(2 n D) e/ 2Py,
az = 3ﬂ2U3 ’
a, = 3ﬂ2(1—£)2n3 .

All the first order integrations were done by dividing
the interval of integration into an arbitrary number of
subdivisions (five was found to be sufficient) and applying
a ten-point Gauss quadrature routine in each subdivision.

The first order contribution of <U>/N was obtained using
equation (60) rather than equation (55), the two results
being indentical provided that 4 is non-zero.

The evaluation of the first order contributions
requires an explicit form for F(g). This may be obtained in
a straightforward but tedious manner from equation (44), and

the final result is

piat = 200 - ) (2k 51931 e (2kpma) (F1)

k3
where §(x) is zero for x<0, and is unity otherwise.
Since the second order contribution involves integrals
over infinite domains, a check is necessary to determine at

what point the integration may be truncated. For the direct



69

contributions, the same method of integration as was used

in the first order calculation Was applied, and it was found

that carrying the integration out to q=30Fml was sufficient

to guarantee three figure accuracy, with the major contribu-
1

tion coming from a region near g=2F ~.

Because of the manner in which the functions G, and

0
G2 were tabulated by Sprung, a Simpson's rule integration
routine was used in the calculation of the exchange contri-
butions. The generalized Euler functions have been tabulated
only as far as q/kF = 5.9, with asymptotic expansions given
for larger g values. The calculation of the direct contri-
bution would indicate that g values to at least q/kF = 10

are important, and so the asymptotic forms were used to extend
the tables. However, since these expansions have an accuracy
of approximately 1%, the third figure of the exchange
contributions may be inaccurate. For this reason the last

digit in the exchange contributions is enclosed in brackets

in Tables IV and V.
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