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The objective of this study is to compute numerically 

the deformations on an elliptical cross-sectional bourdon 

tube by solving the partial differential equations as pre-

sented by Lee [Reference 12]. 

The partial differential equations and boundary 

conditions are reduced to a set of simultaneous linear 

equations by approximating partial derivatives to the 

corresponding difference quotients using finite difference 

techniques. 

The next step involves the solution of this set of 

linear equations. The direct method of inverting the 

matrix was not possible due to the memory limitations of 

t.he computer. There fore, a block iteration technique \HS 

used, but it was found that convergence was not possible. 

The next method evolved was that of double itera tion. For 

this me thod a convergence test was applied which indica ted 

that con v ergence was possible, but the r ate of c o nverge nce 

was ve r y low. 
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It is not practical to use this method, unless the 

convergence rate is improved. At the present no method 

is available to improve the convergence rate effectively. 

Therefore the study concludes with suggestions that either 

the convergence rate should be improved by evolving new 

methods or an entirely new formulation of' the problem 

should be made. 
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CH2\PTER 1 

INTRODUCTION 

The bo~rdob tube is the basic element of a pressure 
.. 

measuring instrument of such fundamental importance 

and widespread application, it is not surprising that it 

has been the subject of many· studies. However, most of 

these _analyses are highly approximate because of many 

simplifications. Flackbarth [1], Wuest [2], Goitein [3], 

Clark and Reisenner [4] in their studies used a strength 

of material. approach or a compounded known solution of 

simpler problems. Jennings [5] compared some of these 

results together with his own theory. While Mason [6] 

has compiled sensitivity and life de.ta, and has compared 

this data against some simplified theories. Kardo s 

[7], [8], [9], [10] h a s ca:!:"ried out some tests on 

bourdon tubes and has given some design consider ations. 

For the first time Dressler [11] presented an 

exact formulati o n of the problem in terr:cs of ela s tic 

shell theo ry. Lee [12] carrie d out an ex t ensive literature 

survey in his Ma s terws thesis . He also reanalyse d 

Dre ssler's theory with a differe nt approach, checked and 

complete d the formulations . He gave t h e final forms of all 

necessary equations, boundar y conditions , etc. fo r the 

solution of the thre e gove rning parti a l differe ntial 

equations of t he b o urdon tub e wi th an e ll iptica l cros s -

section. 
1 
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The aim of this thesis, has been to solve these 

partial differential equations with boundary conditions 

as presented by Lee, by nurnerical analysis and computer 

techniques. 
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CHAPTER 2 

ELASTIC SHELL THEORY FOID1ULATION 

2 .1 GEOMETRY OF 'l'HE BOURDON 'l'UBE: 

Various shapes are used for the cross-sections of 

.. bourdon tubes. The elliptical cross-section poses the most 

complicated condition, and an attempt has been made to 

attain solutions for this shape which, if successful, will 

ensure success with other shapes. The tube can be taken 

as a section of a torus with an elliptical cross-section 

and a constant wall thickness, and clamped to a rigid wall 

at its opening. Internal fluid pressure causes a compli-

cated overall distortion of the tube where the deflection 

at the free end serves as a measurement for the pressure. 

The free end of the tube is closed by a plug. 

Any point on the central shell of the bourdon tube 

can be defined [Fig.2.1] with parameters a, representing 

the angle sweeping out the ellipse, and S defining a 

section of the torus: from the entrance at B=O . to the plug 

at B=BL. The radius of the torus is p, and the ellipse 

has semidian1eters a and b. 

3 
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I I 

I 

~ . ,,, i 
clamped end 

end 

Fig.2.1 Geometry of a 
bourdo n tube 

Fig. 2.2 Infinitesimal 
element of a 
tube 

Lines of princip~l curv~tures are defined by lines 

a and B. The metric coefficients of these lines are given 

by 

= ( ) 1/2 = gBB p~a.cosa 

= 0 

Curvature of the parametric lines are g i ven as: 
I 

A. Line B: 

4 

[ 2. 2] 

B . Line o. : k (n) = 
a 

-- - 3/ 2 a. b/( cr ) · Jaa 



An infinitesimal element of the tube can be repre-

sented as shown in fig. 2.2. h' being half thickness of 

the tube. 

' ' ' ~ 
- ~ 

Fig . 2.3 Resulta nt forces a nd moment s 

Fig. 2.3 illustrates an infini tes imal element of the 

central shell of the tube. The postive directions of the 

resultant forces per unit of length along the shell edge) 

are as indicated. 

F ,Fss are tensile forces. 
a a 

F 
af3 ,FSa are shear forces. 

F a3 ,FS3 are tra::1sverse shear forces. 

M 
aS 

t-1 
' Sa 

are bending moments. 

M ' ~BB are t'tl is t i:lg moments. a a 

5 
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The third moment components (Ma 3 ,M63
) are zero for 

shells. Local moving axes x, y and z are taken as indicated. 

The x-axis, tangent to the line S=constant, the y-ax is, 

tangent to a=constant, and z forming a right handed system. 

The local displacement alcng x,y and z are u, v and w 

respectively. 

The expressio ns for the above forces and coup les are 

as follow: [12] 

Stress Resultants: 

F'ss = E ' .[(g ss )-l/2.u,s-k~g)_v-(k~n)+v.k~n)).w 

-1/2 + v.(g a ) .v,] 
o. - a 

F a a 
t:;', -1/2 (n) (n) (g) 

="" • [(g ) . u, -(k +v.k a ) .w-·v .k
6 

.u 
aa a a "' 

+k~g) .v]/2 

Str ess c oup l es : 

? 
/(g )-).v-1, +v / g .w, ] 

aa a aa aa 

[ 2. 3] 

M :::;. a. I-' 
• • T ' (g) -1/2 ·-2 -2 , = -D. [1/g ·"'' : - [v.KB . (g ) +(a -b ) s1na ,-.0 ~o · ' ·· etc~ a a a a ·- · ·~ ""· · 

2 
/(g ) ) .w , + v/g r' r2 · ~,.; , , o] aa a ~P PP 



7 

[2. 4] 

Transverse shears: 

= -(g8 o )-l/2.Ma rv a-(g )-l/2.M +k(g)_(M -M ) 
~ ~~,~ aa aa,a 13 6S aa 

[ 2. 5] 

Where 

E' = 2Eh'/(l-v2 ) 

E and v are the coe fficient of elasticity and Poisson's 

ratio respectively of the material of the tube. 

2.2 EQUILIB RIUM EQUATIONS: ·------

By considering the shell element to be .in equilibrium 

I ' under the external forces and moment resultants, three 

equilibriU<'11 equations can be obtained in te rms of th e displace -

ment components (u, v and w) and their partial derivatives 

with respect to a and S. This system of three partial differ-

ential equat ions are arranged in a matrix form as presented 

in ~he table [2.1] corresponding to the gene~a l form: 

f.., (v) + :F = 0 ... 



I 
I 

I 
! 
l 

l 
I 
I 
I 

I 
I 

I 
L . --------

Tabl e 

r 
I, - I 

, I 

l ---- - ·-- -·------ -------- ·- ----,---------- --- ----+ --------- - -- --

8 
-------------- . --- - ----

----;c~/3-) Free 
Terms 

'? z 

I 
I 

I 
I I 

. --- ----·-- -----___________________ l ___ l 
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In the table (2.1] the unknown functions u(a,S), v(a,S) 

and w(a,S) are the headings. The first three columns include 

the linear differential operators. The fourth column 

contains the free terms of differential equations determined 

by components Fa' FS and 

load. In this case: 

F of external bounda~y or surface z 

Fa = Fs = o 
F = -p z 

where p is the fluid pressure. 

2. 3 BOUND..Z\P.Y CONDITIONS: 

To solve the system of eq~ations, appropriate rela-

tions between the forces, moments, displacement or functions 

of these quantities at the edge or boundary of the shell 

must be specified . 

Dressler [11] and Lee [12] derived the boundary 

conditions as follow: 

(a) At the clamped edge or rigidly fixed edge of the tube 

(i.e. at S=O): 

(i) u = 0 

(ii) v = 0 
[2. 6] 

(iii) w = 0 

(iv) w t 6 = 0 
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Fig. 2.4 The a,S-domain 

(b) The tube can be ·considered symmetrical about a=O and a=TI; 

u being antisymmetrical and v and w symmetrical about these 

boundaries. From this symmetry condition, boundary conditions 

at a=O and a=n are given a.s 

( i) u = 0 

(ii) v, = 0 a ( 2. 7] 
(iii) w, = 0 a 

(i v) w 'aaa = 0 

(c) The Free end conditions: 

. By asst~ing the plug to be completely flexible the 

boundary conditions will be simplified. This simplification 

won't effect ~isplacement app~eciably, however, this may 

not yield correct ~tresses. Boundary conditions with these 

assurnp tions at S:::SL are given below: 

-1/2 , -1/2 (n} (n) · , 
( i ) { g a 0 ) • v , 0 + v . \ g ) . u , - [ k 0 + v • k ] . w= R/ ( C I R . E ) 

;.; IJ tJ ao. a IJ a 

Where R = pnab 

a.nd CIR = n . [2 .. (a2+b 2 ) J l/ 2 
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( ;;) ( )-1 ( )-1 [k(g) ( )-1/2 ( 2 b2) ........ g a a • w, a a +v g . w, - a • g +v a - . 
~~ ~~ aa aa ~ aa 

(iii) (g 00 )-l/~u, 0 +(g )-l/2 v +k(g) v = 0 
~ ~ ~ a a • 'a S • 

-3/2 -i· -1/2 
(iv) {gss) .w'SSS+( 2 -v).(gaa) .(gss) .w,aaS 

-1/2 (q) -2 -2 . 
-(gaa·gss) . [k 8- • (2v-1)+(2-v)1 • (a -b )slna.cosa. 

-3/2 ·-1/2 (g) -2 -2 
(gaa) ].w,Sa-2(1-v).(gss) .[kB .(a-b). 

. -3/2 - -1 ~1/2 
sJ.na.cosa. (g ) -a.cosa. (g ) . {gsa) -

aa aa ~ 

( 2. 8] 

2. 4 DEFLECTION OF A POINT ON THE CENTRl'I.L CROSS-SECTIONAL AXIS 

Let the cosines of the angles between the moving, 

local x,y,z-axcs and fixed X,Y,Z-axes be denoted by table 2.2 

X y z 

X ,X, 1 ml r..l 

[ £2 m2 n2 

~-~~3~ n:_ 

y 

z 

'l'ABLE 2. 2 

These cosines are known functions of a and B for 

any point on the central shel.l of the bourdon tube. 



~----~L---------·------------~x,u' 

Fig. 2.5 A t yp ical cross-sectio~ of the b o u r don tube 

' 12 

. J 

A typical cross-secition at angle B is illustrated in 

Fig. 2.5. 

Let u' ,v' and w' be components of the displacement of 

point A on the cent~al shell in ter~s of the fixed co-ordinate 

system, while u,v and w are displacement components in terms 

of the moving system. The relation between the displacement 

vectbrs of the two systems is given as: 

u' = 2 u 1 

[2.9] 

For ~=90° (i.e . at point E), the displ a c ement vectors 

s y stem the disp l acement vector a t point L (c ent~e point of 
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cross-section of the tube) can be g i ven as (ug
0

, v 9
0

,0). 

The total deflection £ of point Lis given as: 

n ( I 2 .L I 2) 1/2 
N = U9Q r V90 [2.10] 

At pointE, the cosines of the angle between the moving 

axes and the fixed axes is denoted by table 2.3 

X y z 
t- · 

X cos S sin S 0 
-

y sinS cos S 0 

z 0 0 1-l 
'--· -

TABLE 2.3 

From equation (2.9) the relation between the loca.J. 

and fixed displacement vector is given as 

[2.11] 

From equations [2.10j and I2.11] we get 

1 = ( 2~ 2 4 . a S}l/2 u 90 .v9 0+ .u90 .v 90 .s 1n ~ .cos [2.12] 

For the given angle B, let 6p be th e change in radius 

of curvature o f central axis of cross-section of the bour don 

tube. Kardos [8] give a relation 

[2.13] 



The sensitivity of the bourdon tube is defined as 

Sen. =' 
E 
p 

14 

[2.14] 

Equations [2.12], [2.13] and [2.14] ean be combined to 

find the sensitivity of the bourdon tube for any value of S. 

Sen 

(2.15] 

2.5 TEANSF'ORHATION 'IO DI MENSI ONLESS VARIABLES: 

It is more convenient to formulate the problem in 

d imensionless v ariables. The parameters of the bourdon 

tube in dimensionless form are given as: 

RO = p/h' 

A = a/h' 

B = b/h' 

[2.16] 

Similarly metric coefficients and curvature can also 

be defined in dimensionless fo£m as given below: 

GB = lgsl/h' = RO + A.cosa 

GA ,q .. , /h' (A 2 . 2 8 2 2 > 112 = -- . s1n a+ . cos a -a:. [2.17] 

GBB = (GB) 2 

GAA = (GA) 2 

CBN = k~n) .h' -- Bcosa/(GA.GB) 

CBG = kJg) ,hI = A.Sina/(GA.GB) [2.18] 

CAN = k(n) .h' = A.B/(GAA) 3/ 2 
a 

The local displacement components can also be defined as 
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dimensionless quantities as: 

U = u/h' 

V = v/h' [2.19] 

W = w/h' 

The given PDErs can also be written in dimensionless 

form, by dividing these equations by E'/h' 2 (i.e. by 2E/(l-v )) 

(1) 

These equations in dimensionless form are: 

(1-v) 1 + [-CBG _ (A2 -B~.sina .cos a] . 
2GBB " U'SS + GAA . U'aa GA (GAA)2 

( 2 2) . 
U [CBG CBG L v [A. cos a CBG. A -B . s1na. cosa 1] 

,a - · 7 -' GA" GA.GB- GAA . . 

(l+v) CBG·. (v - 3) 
u + 2. Gl\ . GB · vI ~s - 2. GB 

CAN 
v,S + 3(GAA)37 2 .w'aaa 

+ CAN W + 2.CAN.CBG 
3.GA.GBB . 1 SSa 3.GBB---

Cl--N 
W'Si3 - 3GAA . [CBG 

+ 3.(A2 -B 2 ) .sina .cos a 1 
(GAA) 3/ 2 

W _ [CAN+ v .CBN + 
1 aa GA 

C ( 2 2) (c 2 8 . 2 • AN r A -B . OS a - 1n a ) 

3. GA • (G/1-A) 2 

2 2 CB G.(l+v).(A -B). 
------~-

(GAA) 312 

.1( 2 2)2 .• . 2 2 
sina .cos a+CBG .CBG - - A -B .sln a.cos a + 

(GAA) 3 

y • A • cos a J ] T •• 

GAA . GB • w
1 

I a. - [CBG. (CBN+v. CAN)-CBG.CAN 

i3 .A._B __ ~ v .CBN ] ] .N 
• '(GAA) 5/2 G/I.A 

= 0 (2.20] 

( 2 ) (l+v) CBG ( 3 ) U 1 V 
2GA . GB" U, cd3 +2GB. v- . 'S + GBB. 'SS + 

v -' eta 



(3) 
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+ (1-v) [A.Cosa _ CBG.CBG _ ~BG. (A2
-B

2
) .sin~.cosa].V 

2 " GAA.GB ---- (GAA) 3/2 

CBN W + CBN W . _ CBN [CBG + 
+ 

3
(GBB)3/2 • 'SS_S' 3GAA---:-GB • 'Saa 3GA.GB" 

(A
2

-B
2

) .sina.Cosa) .W, _ [CBN +~.CA~ + (1--v) .CBN 
(GAA)3/2 aS GB 3GAA.GB 

[CBG_:__(A 2d!~-- .Sina.Cosc:_ _ ;._G~oscY.]] W,S 

= 0 [2.21] 

(CAN+v.CBN) 
GA 

U,a + CBG.(CBN+v.CAN) .U- (CBN~~-CAN) 

1 w + 
3 (GAA)2 • raaaa 

2 ~v 2 
'ac:SB - 3GBB 

2 2 . . 
[(A -B ) .s1na.Cosa ~BG] 
- -----( GA;)2-- GP.. 

3GA..Zl •• GEB 

W 1 [6.(~2 -B 2 ).Sina.Cosa + 2CBG]. 
' aSS- ~G~)3/2. (GAA)3/2 

W _ [CBG. (3~v). (A2
-B 2 ) . C 2.CBG.CBG 

. , Jj? . S:Lna. osa- --
3 

------
aaCJ. 3. (GAA) - .GBB .GBB 

• ( 2+Jv) _ (3-_v) .A.Cos~-J W (BG.CBG t 

3 
• GAA • ( G BB ) 3/ 2 • ' 8 S -- - 3 • GAA . . 

A C et r l ) CB~ (A 2 B 2 ' S. "' ( ""..!.. ) • o s • • , + v ~ ~J • - J • 1. no .. 1..-0 s c: • : , v , 
+ 3. (GAA)-~GB -- ---3 . (G~.l\.) S/--y------- -,-

4 (A2 B 2) ( ..., 2 r . 2 ) 19 ( 2 n 2) 2 c . 2 C 2 + . -- . cos 1::t - .::~ 1 n 0~ _ • A - o • 0 l n a . c s a] . 

3 ( GAA) 3 3 ( GAA) 4 -

. w' aCI. 
- [--C_BG_.C_B_·)G ( 2 2) . (CBG) J . A -B .SJ.na ,Cos a + 

(GP.A) 2 --3 .GA-

) 1 ~ 2 2 r• • 2 _ \ + 2 . C BG • t .t-> - B ) • 0 1. n 0. • ( 1 + v ; 
- - ---:;- t G' l;~ :. I 2---------

...). \ ... u .. .. 

~n ~2 2 2 ~ -L:oG. ( d -B ) .ccs c: . (3 +.J V) 
------3. (G~)S/2 
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1-_, 

2 2 2 . 2 2 
+ CBG.A.Cosa (l+v) + CBG.(A -B) .Sln a.Cos a 

3. (GAA) 3/ 2 .GB . 3. (GAA) ?/2 

CBG. v 
312 

] . W,N + {CAN.CAN + CBN.CBN + 2.v.C~~.CBN] 
3. (GAA) '"' 

.w 2 = p. (l-v _- )/2E [2.22] 

The boundary conditions are writ ten in dimens.ionless form 

and given below 

Along S=O; 

(i) u = 0 

(ii) v = 0 

(iii) w = 0 

(iv) = 0 

Along a=0° and a=l80°; 

( i) 

(ii) 

(iii) 

(iv) 

lUong 

u = 0 

V, -a 

W, -a 

w 'aaa 

S==S ; 
L 

0 

0 

- 0 

(i) · ~B. vIs+ ~A. u, C'i -CBG. u- (CBN+v .Cl>.N). ~·'l 

= p . (j_- 'J
2

) .A.B 

2E (~-(A2+B2-)Jl/2 

[2.23] 

[2.24] 



(ii) 

{iii) 

(iv) 

V, + CBG.V = 0 a 

18 

1 (2-v) 1 
W + W - • [ CBG. ( 2 v -1) 

{GB~) 3/2- . 'SSS GAA.GB • 'aaS GA.GB 

+ 
(2,.;.v). (A2-B

2
) .Sina .Cos a ] 2. (1-v) r 

3/2 • W,aS - GB • LCBG. 
( GAA) --·- ·· -

(A2-B2 ) .Sina . Cos a 
(GAA)3/2 

= 0 

lLCos q ] 
G~~.GB - CBG.CBG • W,S 

[2 . 25] 

The deflection of a point of centr al axis of cross-se ction 

of bourdon tube can be expressed as a dimensionless varia ble 

as belovl: 

AL = 9../h' [2.26] 

From equations [2.10], [2.19] and [2.26] we get 

[2.27] 



CHAPTER 3 

COMPUTATIONS OF THE DEFOP11Z\.TION OF A BOURDON TUBE 

3.1 FORMATION OF A SYSTEM OF SH1ULTA.~EOUS LINEAR EQUATIONS: 

The deformation of a bourdon tube with an elliptical 

cross-section can be obtained by solving the three partial 

differential equations (2.20), (2.21), (2.22) and the sixteen 

boundary conditions (2.23), (2.24) and (2.25). 

The best available technique, to solve PDE's, is 

finite difference apprxima tions as given in detail in 

Appendix A. With the help of this method PDE's can be 

transformed to a set of simulta neous linear e q uations. 

The domain over which PDE's hold good consists of 

an area over which a varies from oo to 180° and B varies 

from 0 o to SL .This domain can be cov ered with rectangular 

spacings by divid i ng the a -side int o n inte r vals of width 

'h' each and div iding the B-side into m intervals of widt h 

'k' each. 

As the PDE's have partial derivatives, which are 

fourth order in terms of l<l, so two more ima.g i nary lines are 

dra'l.vn around the domain a.s shown in Fig . 3.1 by dashed lines. 

At all the points in the doma in, the thr ee given 

PDE's hold good and on the boundar ie s the s i xteen given 

boundary conditio n s hold good . The followi ng e uqations are 

the given PDE's and BC's tr a n s formed into l i near e q uat ions 

by usin g fin ite d i ff e r e nce approx i ma t ion, s i mplifie d and 

g:>:"O "Ll p e d. 

l9 
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(1) u
0 

_
1

• (A1) + U_
1 0

.(A2-A3) + u
0 0

• (-2.A1-2.A2+A4) 
. ' ' ' 

+U1 , 0 • (A2+A3) + u0 , 1 • (A1) + v_1 ,_1 • (B1) + V~,- 1 • (-B2) 

+ v1 ,_1 • (-B1) + V_1 , 1 • (-B1) + v
0

, 1 • (B2) + v
1

, 1 • (Bl) 

+ \'1 0 ,_ 2 • (--F3) .+ ~v_ 1 ,_ 1 .(-F 2.) + w0 ,_1 • (16.F3) ~ v-;1 ,_1 • (F2) 

+ W_ 2 , 0 . (-F1-F4+F5) +. W_
1

, 0 . (2.F1+2.F2+16.F4-8.F5) 

+ WO,O" (-30.F3-30.F4+F6) + w
1

,
0

. (-2.F1-2 . F2+16.F4+8.F5) 

+ w2 ,
0

• (F1-F4-FS) + w_
1

,
1

• (-F2) + w
0

,
1

• (16.F3) 

+W
1

, 1 .(F2) +W
0

, 2 .(-F3) = 0 [3.1] 

(2) u_ 1 ,_1 .(B1) + u
0

,_
1

.(B2) + u1 ,_1 .(-Bl) + u_
1

,
1

(-Bl) + u
0

, 1 . (-B2) 

+U, 
1

.(B1) +VO _,.(D1)+V_ 1 0
.(D2-D3) +VO 

0
.(-2Dl-2.D2 

.l., , .J.. _, , 

+ D 4 ) + V 1 , O • ( D 2 + D 3 ) + V O , l • ( D 1 ) + W O , _ 2 • (-G 1 +G 4 ) 

+ W-i,-1 . (--G2+G3) + w
0

,_1 • (2.G1+2.G2-8.G4) + w1 ,_1 • (-G2 

-G3) + W_
1 1

• (G2-G3} + w0 1
.(-2.G1-2.G2+8. G4) 

. ' , 

(3.2] 

( ":! \ 
__ , 

u _1 , 0 . < -c 1) + u 0 , 0 . < c 2) + u 1 , 0 • ( c 1) + v 0 , __ 1 • (-E 1) + v 0 , 1 • ( E 1) 

+ w0 ,_ 2 . (Hl-H6) + W_
1 1

_1 .(H3-H4) + WO,-l· (-4.Hl - 2H3 

+ 1 c H 6 ) ' ~ T ' - • ~ • H " ) + r.l . ( H 2 n 5 !1 7 t u 8 ' o. . -r w1 ,_1 . \ h - -r •: v· _ 2 , 0 .•.. - •. . -- . .. n J 
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+ W .... l,O" (-4.H2-2.H3+2.H4+2.H5+16.I-17-8.H8) + HO,O" (6.Hl 

+ 6 • H 2 + 4 • H 3 - 3 o . H 6 - 3 o . H 7 + H 9 ) + w
1 

, 
0 

• ( -4 • H 2-2 • H 3 

-2.H4-2.H5+16.H7+8.H8) + w2 , 0 . (H2+H5-H7-H8) + w_
1

,
1

.(H3-H4) 

+WO_.l" (-4.Hl-2.H3+16.H6) + w1 , 1 • (H3+H4)+W0 , 2 • (Hl-H6) 

[3. 3] 

BC's along S=0° are: 

(i) u = 0 o,o 

( ii) vo,o = 0 
[3.4] 

(iii) wo,o = 0 

(iv) wo,l = wo,-1 

BC's along· a==O and a=l80° are: 

(i) uo,o = 0 

(ii) v-1,0 = vl,O 

(iii) w_ 1 , 0 = w1 , 0 

[ 3. 5] 

(iv) w-2,0 = w2,0 

BC's along S=SL are 

(i) u_1 , 0 . r-o2J+ u 0 , 0 ro3] + u 1 , 0 • [o2J + v 0 ,_1 .l-01J + v 0 , 1 . [OlJ 

? 2 ~ ~ 
+ w

0
,

0
.[04] = p.(l-v'").A.B/[2.E.(2(A"+B.G)).c.o] 

(ii) w
0

,_
2

• [-Pl] + w
0 

_1 • [16.Pl] + w_? 
0

• [-P2+P3] + w_
1 0

[16.P2 
I · · ._. I I 

-8.P3] + h1o,o· [-30.Pl-30.P2] + w1 ,
0

. [l6.P2+8P3] 

+ ';•i 2 '0 , [-p 2 -P 3] + w 0 '1 . [.l6 . p 1] + w 0 I 2 . [-p 1] = 0 
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(iii) u0 ,_1 . [-Rl] + u0 , 1 . [Rl] + v_1 , 0 • [-R2] + v0 , 0 . [R3] + v1 ,
0 

. 

• [R2] = 0 

(iv) w0 ,_2 . [-Ql+Q4] - w_1 ,_1 . [Q2-Q3] + w
0
,_1 . [2.Ql+2.Q2-8.Q4] 

+Wl,-l" [-Q2-Q3]+W_l,l" [Q2-Q3]+WO,l" [-2.Ql-2.Q2+8.Q4]_ 

+Wl,-l· [Q2+Q3]+w0 , 2 . [Ql-Q4] = 0 [ 3. 6 J 

In the ab?Ve equations, Al, Bl etc. are coefficients 

of the PDEs and the BCs and are defined below: 

Al (1-v) 1 = 2GBB . 
k2 

.A2 
1 = 

GAA.h 2 

A3 1 CBG (A
2-B.2 ) .Sina .Cosa 1 -- [- - - - -211 . 

GA ') J 

(GAA)' 

\) 
A4 = - [CBG.CBG + GA (A.Cosa 

GA.GB 
CBG. (A

2 -B 2) .Sina .Cosa)J 
GA-t\ 

Bl = 1 + v 1 
2.GA.GB . 4h.k 

CBG. ( v -· 3) 
= 1 

B2 
2.GB 

. 
2.k 

Cl CA1'J+V .CBN 1 = . 
2.h GA 

C2 = CBG. (CBN+v.CAN) 

Dl 1 1 -- GBB 
. 

k2 

D2 (1 -v) 1 = 2. G1Lt\ . . 
h2 

D3 = (A 2 B2 ) S. C . 1 
[ r n G . - : .. ~L n ;:x . C SC/. J 

· .... n + --------;~·~· ·~ -) ·3 1 2 • 2-: h 
\ "'.t-L'-C. 
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04 = Q-v) [A.Cosa _ CBG.CBG _ CBG. (A
2

-B
2

) .Sina .Cosa .. 
2 • G~~.GB (GAA)3/2 J 

El = CBN+v . Cl\N 1 
GB . 2. k 

Fl = CAN 1 
3 . ( GAA) 3 I i . ;-: h 3 

F2 = CAN 

3.GA.GBB 
. 2 

2.h.k 

F3 = 2.CAN.CBG 1 
-3GBB- . 

12
k2 

F4 = 

FS = 

CAN 
3.GAA . 

..., ' (A2 ·B 2 ) s · . C . ' 1 [CBG + :..·. - . 1na . os a ) 
(GAA} 3/ 2 . 12h2 

CAN 
3.GA . 

( A 2 B 2) . ( C · 2 S . . 2 ) [ - . os a. - 1n a 

(GAAJ:
2 

_ CBG. (l+v). (A
2

-B
2

) .Sina .Cos a. + CBG.CBG 
lr:!A" ' 3/2 ,..... -~J 

4 ( "2 "2) s· 2 c 2 A c 1 
• -'"l. -.J:j • 1n a. os a+ v .. os a ]]· 

( GAA) 3 GAl\. GB l2h 

F6 = - [CBG. (CBN+v.CAN) - CBG.CAN - v.B.Sina 
GAA.GB 

Gl = 

G2 -

G3 = 

(A2 -B 2 ) .Sina .Cosa 
GA 

CBN l 

3. (GBB)J/ 2 . ;k 3 

[~±B ____ + v .CBN ] ] 
{G_l\A) 5/2 GAA 

CBN (A
2

-B
2
.sina .Cos a ] 1 

. (CBG + <1 2 • 4hk 3.GA . GB (GAA ) ~ ; 
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G4 = _ [CB1Hv.CAN_ + (1-v) .CBN 
GB 3.GAA.GB 

[CBG. (A 
2 ~B 2 

)_. Sina. Cos a 
GA 

H1 = 

H2 = 

H3 -

H4 = 

HS = 

H6 = 

1 

3.(GBB)
2

.k
4 

, 
..L 

3 • ( GAA) 2 . h/f 

2· 1 
-3 .GAA. GBB . 

h2.k2 

2 [(A
2 -B2

) .Sina .Cos a CBG ] . 1 
3. GBB- . -

GA 
2h.k

2 
(GAA)

2 

1 
3 • ( GJI.A ) 3 I 2 • 

2 2 
ICBG. (3 - v). (A -B ) 

3. (GJ\A) 312 .GBB 
S

. C 2.CBG.CBG 
• lna . osa - J.GBB 

• ( 2 + 3v) _ (3-v) .A.Cos a ] ____ 1_ 

. 3 .GAA. (GBB) 3/.2 12k2 

7 
____ [~BG.CBg_ + A.Cos a . (l+v ) _ CBG. (P.

2
-B

2 ) .Sina . • Cos o. . (7+ v ) 

H 3.GAA 3. (GA~)2.GB 3(G~~)5/2 

H8 = 

1 ] . --2-
12h 

[ _ CBG. CBG. (~~ -B~_) • Sina . Cos a+ 

(GAA) 
2 

19 ( 2 2)2 . 2 2 • A -B .Sln a. Co s o 

(CBG) 
3 

3.GA 

3 . ( GAA) 4 - --



H9 -..... ) 

01 = 

= 

., .., 1 · ~ ( A2 B 2 ) ·s · · c· 
sin""' a .cos"- a . (9+5. \! ) + r--· - . lna. os a 

13. (A
2

-B
2

) 
2 

(GAA)7/2 

. 3 c 3 J .Sln Cl.. OS Cl. 

3.GA • (GAA)S/2 

2 2 2 8 • ( A2 - B 2 ) 
3 

Sina . Cos a . (Cos a -Sin a) ·+ 
(GAA)9/2 

v.CBG . 1 

3 • (GAA)3/2 J • 12h 

[CAN. C.'\!'UCBN. CBl'T+2\>. CAN . CBN] 
f.·<J:I'~'''• "~ ~/l ~ \~. j ' ¥'"' I 

1 
GB. 2k 
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02 GA.2h 

03 - -CBG 

04 = -(CBN+v.CAN3 

Pl = 

P2 = 

P3 = 

R1 = 

R2 -

R3 = 

Ql = 

Q2 = 

Q3 = 

Q4 = 

1 1 
GBB 

. 
12k

2 

v 1 
GAA . 

12h
2 

-[CBG + 
v . (A2

-B
2

) .Sina .Cos a 1 1 
12h Gl\ (GAA) 2 • 

1 1 
GB 

. 2k 

1 1 
GA . 

2h 

CBG 

1 1 
---3 . 

2k 3 
(GB) 

(2 - v ) 1 
GAA.GB 

. -2--
2h .k 

1 - ------
GA. GB 

2 2 
[CBG.( 2 • "-l) + (2-v).( P-. -B) 8 . c , 1 

v (GAA) 372- . J.n a. OSCI.J. 4h.k. 

2. (1- v ) C. -qG (A2 B2 ' ,.., ·· r - , - J .~ln et. . ~OS CI. 
-GB-- -·--3 ;-;;-------

(GAA ) · ~· 

- lL Cos :x 
GAA.GB CBG. CBG] • --l~k 

It can b e obs e rved t hat these c oef f icients a re funct i ons 

of the parameters of t h e bourdon t ube, grid wi dths h and k 
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and value of a~ To compute these coefficients, for the given 

bourdon tube, h, k and a, subroutine 'COE' is written and 

described in detail in Appendix D. 

From the equations [ 3. 5] (i.e. BC' s along a=O and 

a=l80°) it can be noted that these boundaries serve as a 

mirror for W and V (i.e. for a given B, values of V and W 

on points inside the domain are . the same as those on the 

equidistant points outside the ' domain lying on imaginary 

lines). Similarly from the equations [3.4] (i.e. BC's long 

B=O], it is observed that thisboundary (i.e. B=O) serves as 

a mirror for W. Also values of all the deformations (i.e. 

U, V and W) are zero on this boundary. While studying the 

equat~ons [3.6] (i.e. at BC's along S=SL), it can be noted 

that these are complicated and one has to solve for the values 

of U, V and W on the first imaginary line after B=BL and for 

values of W on the second imaginary line as well. (because 

PDE's contain partial derivatives, which are third and fourth 

order in terms of W) . 

So now the domain over which unknowns are to be solved 

has been increased in area. The domain over which the values 

of U and V are to be solved consists of a varying from 0° to 

180° and S varying from k to (BL+k) , and that over which 

the values of W are to be solv ed consists of a varying from 

0° to 180° and B varying from k to (BL+2k). Therefore the 

total n umber of unknowns are [2 (n+l). (m+l) + (n+l). (m+2)] or 

(n+l). (3m+4). 
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At all the points in the given domain except at 

S=O, all the three difference equations [3.1], [3.2] and [3.3] 

are written, and at boundary S=SL all the four difference 

equations [3.6] are written. This produces (n+l) (3m+4) 

linear equations to be solved for the same nurr~er of unknowns. 

This system of simultaneous linear equations can be 

written in the usual from of 

Ax -- b [ 3. 7] 

Where A is a matrix of order (n+l). (3m+4) and b and 

x are vectors of length (n+l) .(3m+4). 

- 3. 2 ARRANGE~1ENT OF THE SYSTEH IN BLOCKS 

If this sytem is solved directly (i.e. by inverting 

the matrix). The storage required in the computer is more 

than the square of the o~der of the matrix A. This will be very 

la~ge for a reasonable grid size (e.g. for n=l8; m=30, the 

order of the matrix A is 1786). Again if this problem of 

storage is solved by storing the matrix in the discs or the 

magnetic tapes the number of multiplications and divisions 

is the cube of the order of the matrix A, and also a lot of 

time is required in transferring data from discs or tapes to 

the computer memory, which will require much computer time 

which is not advisable for any practical purpose (e.g. for 

the matrix A of the order 1736, it \vill take about 40 computer 

hours to solve it) . 

The best available technique to solve such a larqe 

but sparse matr ix is the block iteration method, which is · 
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discussed in detail in Appendix B. To utilise the method to 

its full extent, subsystems are made in a way , which minimize 

the storage r equirements. This is described below. 

The information, that the coefficients of PDE's, 

thereby those of difference equations are functions of a only 

(i.e. they are independent of S), is of maximum use here. 

Because if a subsystem is written by writing a difference 

equation with any value of B and a var~ing from 0° to 180° 

and another subsy stem is written by writing the same difference 

~quation with any other value of B and a varying from 0° to 

180°; the blocks i.e. submatrices involved ',vill be identical. 

So if one of the many identical blocks is stored in the 

computer memory, others need not be stored. 

It can be observed that many blocks contain the 

elements, all of which have values e q ual to zero. These 

blocks nee d not be stored. All the rest of the blocks 

contain non-zero elements lying on a few diagonals. These 

blocks can be stored as rectangular matrices with their rows 

being non-zero diagonals of the original blocks (e.g. say a 

(19xl9) block has all the elements which have values eaual 

to zero except the elements on three diagonals, this block 

can be stored as a (3xl9) matrix). 

Also these subsy stems must be written in a 

so that the diagonal blocks must have values wh ich are 

bigger in magnitude t han tho se in o t he r blocks. 



- 0 Al3 Al5 Al4 Al6 
1! ll.ll Al2 +Al6 
I -ll.l3 0 A.l3 --Al4 Al5 Al4 Al6 2i Al2 All l\12 
I 

3! Al2 All Al2 -Al3 0 A13 Al6 Al4 Al5 Al4 Al6 

.I 
' . I 

-Al3 0 Al3 Al6 Al4 Al5 Al4 Al6 l Al2 All Al2 m·-lj -I I -Al3 0 Al3 Al6 Al4 Al5 Al4 Al6 mj Al2 All Al2 
+, I A46 0 A44 A4S 0 0 0 0 0 rn .L 

1 

rn+2 1 
0 A20 A22 A21 -A23 A2S A23 

3 1 -·A20 0 l\20 A2l A22 A.21 -A25 0 A25 A23 ·m+ j 
lti I -A20 0 A20 A21 A22 A21 -A23 -A25 0 ll.2 5 A2 3 

m ·· l i 
I . i 
i 

! 
-A20 0 A20 ll.21 A22 A21 -A23-Jl.25 0 A23 A2S ' i.-2m! 

-.A20 0 A20 A2l A22 A21 -A23 -A25 0 A23 A25 m+l .! 

_m+21 A54 0 . .:.ASS 0 ASS AS6 0 0 
11.31 0 -A32 A36 A34 A35 " +3 I H . ... • m. ~ ' 

l\31 A32 0 -A32 A34 A33 A34 A3S. ~ rn+4 j 
A3l A32 0 -P.32 A35 A34 A33 A34 A35 ~m+s ·I 

! 
I 
I 

I A31 A32 0 -A32 A35 A34 A33 A34 A35 
~m+l i 

rm+21 A31 i\32 0 -A32 A35 A34 A33 A34 A35 

0 0 0 A67 A66 A65 A66 A67

1 

~ -~ I _ m+~, I 
I 0 - 0 0 -A77-A76 0 A76 A77 ~m+ J I .• : 1- ..J ...,. 

Fig. 3.1 Matrix K w 
0 
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-VECTOR X Number VECTOR b 

ul l 0 
./ 

u2 2 0 

u m 0 m 

u m+l m+l 0 

vl m+2 0 

v2 m+3 0 

v 2m+l 0 m 

~~m+l 2rr.+2 B4 
I 

l vll 2m+3 B3 

w2 2m+4 B3 

jW 3m+2 B3 
::n 

wm+l 3m+3 

I , : vl 
m+2J 

3m+4 
l I. ' . 

Fig· . 3.3 
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Keeping all this in mind the system of simultaneous 

linear equations is divided in a fashion as illustrated by 

matrix A in fig. [3.2], vec't_.pr x and vector b in fig. 3.3. 

These are obtained by 'vvriting the subsystems for 

equation [3.1] in a way as discussed before for B varying 

from k to SL. Thereby forming m subsystems of (n+l) equations 

each. The (m+l)th subsystem is formed by using Equation 

[3.6(iii)] at S=SL. Similarly m more subsystems are formed 

for equation [3.2] and the (2m+2)th subsyst~~ is formed by 

using· equation [ 3. 6 ( i) ] . Again another m subsystems are 

formed for equation [3.3]. Then (3m+3)th and (3m+4)th 

subsystems are written for equations [3.6(ii)] and [3.6(iv)] 

respectively. All these subsystems consist of (n+l)linear 

equations. Hence all the submatrices and subvectors are 

of order (n+l). l\.11 summatrices required in matrix A 

(i.e. All, Al2 etc) and subvectors required in vector 6 

(i.e. B3 and B4) are defined and computed in subroutine 

'MATRIX' described in detail in Appendix D. 

3.3 ITERATION PROCESS: 

Once all the s"Lilimatrices and sl.lbvectors are defined 

the iteration can be started after assuming initial values 

U .( 
0 ) 

1 
·v ( 0 ) d T • ( 0 ) f th d f • • . an ,AJ. or 1 e e .o.rma-c1ons. 

l l l 

Intermediate deformations UI, VI and WI are def i ned 

after (k+l)th iteration as below: 



-A14.W
2 

(k)_A16.w
3 

(k)] 

) 

(1.1·1·) UI . (k+ 1 ) 11-1 [ A12 TJ {k) 12 u (k) 13 v {k) = A • - • l • 1 -A- • . + 1 +A • . 1 1 1- 1 1-

-A13. V .. . 
1 

(k) -A16. W. 
2 

(k) -Al4. W. 
1 

(k) -AlSW. (k') 
1~~ 1- 1- l 

i=3,4, ... ,m 

(iv) UI (k+l) = A44- 1 .[--A46.U l(k)_A45.V (k)] 
m+l m- m 
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(v) VI
1 

(k+1 ) = A22- 1 • [-A20.u
2 

(k)_A2l.V
2 

(k)+A23.Wl (k)_l>.2S.w
2 

(k) 

(vii) VI. (k+l) = A22-l. [A2 0.U._
1 

(k)_A20.U.+l(k)_A2l. V:_
1

(k) 
l 1 - 1 l. . 

--A2l.V . . 
1 

(k)+l\2 3.W . 2 (k)+A25. vJ ~ 
1

{k)_A2 5.W . ,, (k) 
1 + - 1- ~ - lT ~ 



(k) 
-A23.Wi+2 J i=3,4, ... ,rn 

34 

(viii) VI (k+l) = A55-l. r-A54.U (k)~ASS.V (k)_A56.W (k)+B4] 
m+l ..> rn m-1 rn 

(xi) WI. (k+l) A33-l. [-A31. U. (k) ""A32. V (k) +A32 V (k) 
l = l i-1 . i+l 

3 5 (k) 34 w (k) 34 (k) -'P . . • W. 2 -A .. l -A .W.+l l- l- l 

i=3,4, .•. ,rn 

(xii) WI (k+l) = A66-l. [-A67.W 
2

(k)_A66.W l(k)_A65.W (k) 
rn+l m- m- rn 

-A67.W ,
2

(k)] 
IDT 

(xiii) WI (k+l) = A77-l. {A77.W 
2

(k)+A76.W l(k)_A76.W +l (k)] 
rn+2 m- rn- m _ 

.•. [3.8] 

The (k+l)thapprcximation for deformations is given as 

below: 



(i) u. (k+l) 
= u. (k) + G.[UI. (k+l) -U .· (k) 1 i=l ,2, •.• ,m+l 

1 1 1 1 

(ii) v. (k+l) = v. (k) 
+ G.[vt. (k+l) -v. (k) l i= 1 I 2 I • • • 1 m+ 1 1 1 1 1 

(iii) w. (k+l) = 
J_ 

w. (k) 
l 

+ G.[WI ~ (k+l) -W. (k)] 
1. 1 

i=l 12 1 • • • lm+2 

[3.9] 

Where G is the matrix of convergence. Usually G 

is a diagonal matrix. The most common form of G is: 

G = a.I 

Where a. is a scalar and is chosen to get the fast 

convergence for the process, as explained in section B.4 

of Appendix B. 

Variables l1 (k+ ]_) , Ver (k+l) , ERR (k+ 1 ) and RER (k+l) 

which are required to find the rateofconvergence and to 

test the criterion of convergence, as discussed in section 

B.2 of appendix B, are computed next. 

3. 4 EIGENVJYI.TJES OF JACOBI ITERATION MATRIX: 

As defined in Appendix B, Jacobi iteration matrix is 

J = -D-l[L+U] 

The biggest and the smallest eigenvalue~ of a matrix 

can be computed with the h e lp of power method as discussed 

in detail in Appendix C. 
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It can be observed from equation [C. 2] that bvo 

equations for the iteration of the eigenvalues can be 

written as below: 

. (k+l) (k) 
Xl = J.x [3.10] 

(k+l) 1 . (k+l) 
X ; AMAX(k+l) • Xl [3.11] 

Where AMAX(k+l) is the largest element in vector 

.(k+l) 
Xl • 

Comparing equations [3.10] and [B.2] it can be noted 

that the two iteration processes are similar except in the 

former case vector b is a null vector. 

The equations [3.8] can be used for this iteration 

as well, except in equations[3.8(viii)], [3.8(ix)], [3.8(x)] and 

[3. 8 (xi}] , B3 and B4 are taken as · null vectors. Aft8r iteration 

process [3.8] is carried out, the 

VI. (k+l) and WI. (k+1 ) is searched 
l l 

b . t 1 . . u (k+ 1 ) 1gges e ement 1n I. 
. l 

d . 1 (k+l) an g1 ven a va ueAHAX . . 

From the equation [3.11] the (k+1)th approximation for u. 1 l 
~' v • 

l 

and w. is given as 
l 

( i ) U . ( k + 1 ) = U I . ( k + 1 ) / AMAX ( k + l ) 
l l 

(ii) v. (k+1 ) = 
l 

(iii) w. (k+1 ) 
l 

VI. (k+1) /A!-1AX (k+1) 
l 

= ~li. (k+ 1 ) /A~1AX (k+ 1 ) 
l 

A quantity DX is d e fined 

i=L·, 2, •.. ,m+l 

i=l,2, •.• ,m+1 

i=l,2, •.. ,m+2 

[3.12] 
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ox= 
AMAX(k+l)_&MAX(k) 

AMAX (k+l) 
[3.13] 

If this quantity DX is very small, of order 10-p 

(where p is an integer) , the biggest eigenvalue of the matrix 

J is taken as AMAX(k+l), otherwise the iteration is carried 

on until the value of DX comes down to order of 10,_P. 

Once the biggest eigenvalue of the matrix J is 

computed, its smallest eigenvalue can be calculated, as 

discussed in Appendix C, by finding the biggest eigenvalue 

of the matrix (J-Aj,bi),where AJ,b is the biggest eigenvalue 

of the matrix J. For this the iteration equation [3.10] 

can be written as 

[3.14] 

The same iteration process [3.8] can be used with a 

little modification in values of UI. (k+l~ VI. (k+l) and WI. (k+l), 
l. l. l. 

as given belovT. 

UI~k+l) 
l. 

VI. (k+l) = VI (k+l) l -A V (k) 
l. i [3.8] J,b i 

WI (k+l) = WT (k+l) I -A w (k) 
. i -'-i [3.8] J,b i 

[3.15] 

h d 'f' d 1 f U (k+l) (k+l} d WI.(k+l) T ese mo 1. 1.e va ues o I. , VI. an 
l. l. l. 

are used in equations [3.12] to complete the iteration. Say 

A1 is the biggest eigenvalue of this matrix (i.e. matrix 

(J-AJ,bi)), then the smallest eigenvalue (A.J,s) of matrix J 

is given as 

[3.16] 



38 

~ 

These value~ of ~J b and ~J can be used to find , . ,s 

the value of a, which gives the fastest convergence. Also 

these values can indicate "'?hether the convergence is possible 

or not (convergence is not possible if the values of ~ J,s 

and ~J,b lies on different side of 1. (i.e. if ~J,b>l and 

A.J <1)). ,s 

The parameters of a typical elliptical cross-

sectional bourc1on tube a:re taken and the eigenvalues of Jacobi 

iteration matrix are computed. It was found that ~J,b>l and 

~J <1, which means that convergence is not possible. ,s 

Different arrangements of matrix A were tried to find 

ill conditioned region. It was fou..'"ld that ill conditions v1ere 

due to the subsystem arising from boundary conditions at 

S=SL (i.e. from the equations [3.6]). In the iteration 

equations [3.8] there are four equations due to these boundary 

conditions,namely· equations [3.8(iv)], [3.8(viii)], [2.8(xii)], 

and [3.8(xiii)]. These equations are deleted from the iteration 

process, thereby keeping values of Um+l' Vm+f' Wrr:+l and Hm+ 2 at 

the level of initial approximation. 

After deleting these subsystems from the system of 

equations, eigenvalues of the Jacobi iteration matrix were 

computed. Here the eigenvalues were better i.e. both AJ ,s 

and ~J . are less than 1. But these values indicate very ,o 

slow convergence [value of A.J,b is approximately equal to 1 

and value of /..J is less than -1]. A computer subroutine . ,s 

'EIGEN' is written to find eigenvalues and described in detail 

in lippendix D. 
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3. S DOUBLE ITEFATION ~1ETHOD: 

Because the subsystems at the boundary S=SL are deleted 

from the iteration process it requires double iteration i:.o 

solve for the deformations at the boundary. 

In this process some initial values for the deforma-

tions aL all the o.po,ints are , taken as before and after deleting 

the four iteration equations from [3.8] the iteration is 

carried for deformations at all points except for U and V 

at S=SL+k and for W at 6=SL+k and at S=SL+2k. When this 

iteration gets converged, deformations ~t boundaries are 

calculated as described below. 

From equation [3. 7] and figs. (3.2), (3.3} and (3.4) 

we get 

= A44-l. [-A46.U 
1

-A4S.V (k)] 
m- m 

[3.17] 

'-1 
=ASS • [-A54.U +ASS.V 

1
-A56.W +B4] 

m m- m 
[3.18] 

-1 = A66 . [-A67.W 2-A66.W 1 -A65.W -A67.W 2 1 m- m- m m+ [3.19] 

[3.20] 

Substituting [3.20] into [3.19] and grouping we get, 

= A80-l. [2A67.W 2+2A66.W 2+A80.W 1+A65.W ] 
m- m- m- m [3.21] 

\ 

Where 
-1 

ABO = A67.A77 .A76-A66 

The equations [3.17], [3.18], [3.21] 2.nd [3.20] are 

used in sequence to compute the deformations at the boundary 

of the free end (i.e. at S=B-) • A subroutine 'FREEND' is 
.L 



written to compute the deformations at the free end and 

described in detail in appendix D. 
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When the deformations at the boundary S=SL are computed, 

these and the values of deforma·tions at other points, as 

obtained at the end of last iteration process, are taken as 

the initial approximation and the modified iteration process 

is carried out again until convergence, and after the con

vergence values of deformations at the boundary S=SL are 

obtained. 'The process goes on repeating itself until 

deformations at the free eud also converge. A subroutine 

'BORDON' is written to carry out this process and described 

in detail in Appendix D. 

It was found that the process is progressing in the 

right direction, (i.e. toward conve~gence), but it is very 

slow, as indicated from the eigenvalues. A very large amount 

of computer tiroe will be required to obtain convergence, and 

this is not a practical result. Thus, the iteration process 

has £ailed so far in finding the solution to the problem. 

I ~ 



CHJ..PTER 4 

CONCLUSIONS 

As explained in the Chapter 3, when attempting a 

solution of the system of linear equations, which were 

formed by using finite difference approximations on the 

given PDEs and BCs, the method of block iteration using 

single iteration failed as convergence was not possible 

in that case. Then the double iteration method was 

applied which was not a complete failure as it was found 

that convergence was possible, but the convergence rate 

was extremely slow. Again a few techniques were used 

(i.e. use of a reduced grid size and the use of different 

relaxation factors for differetn subsystems) to increase 

the convergence rate, but it was of no use. As a last 

resort the computer was booked for three hours. Again a 

few arrangements were tried and also the iteration process 

was carried for a longer time. However, the result was the 

same i.e. convergence was possible but the convergence rate 

was low. If the iteration was carried on with the present 

rate of convergence it would have taken approximately forty 

hours of computer time before it would have converged. 

Therefore, this method was discarded because of impractability. 

Work on this project was discontinued at this point because 

it was considered that the;defined scope had been covered, 

and although no practical method of solution has been 
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developed some possible alternative methods of approach are 

suggested for further work. 

1. Use a variable grid size on the domain of the bourdon 

tube. This may give an increased rate of convergence. 

It is a trial and error method and it will take many 

trials to obtain the right va·riation of grid size along 

the domain. 

2. Use the matrix of convergence G of the form shown in 

the equation [B.22], but as it is pointed out there, it 
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is not economical to find the right combination of 

relaxation factors, which will give the fastest convergence, 

because the number of unknO'ivns is approximately 2000. 

3. Evolve some new technique to increase the rate of con

vergence. 

4. Formulate the problem from an entirely different 

approch, for instance instead of eJ.astic shell theory, 

use a finite element technique. 



APPENDIX A 

FINITE DIFFERENCE APPROXIMATION 

Finite difference representations for partial 

derivatives are the most frequent approach to the numerical 

i~!cgration of PDE's. The partial derivatives are replaced 

by the difference quotients in the independent variables and 

the result used for an approximation of derivatives. In 

general the domain over which the PDE holds has dimensions 

equal to the independent variables. For the special case 

of only two independent variables x andy, the domain is 

two-dimensional and can be represented on a plane surface 

[fig. A.l]~ The domain can be covered with a network of 

rectangular spacings. The spacing· bett·reen any t-.;·10 adjacent 

vertical lines (the x-direction}is taken as h, a constant, 

and between any two horizontal points (the y-direction).as 

k, a constant. The value of the dependent variable f 

(f=f(x,y)) is specified at all the points within the domain. 

In particular if one point on the rectangular grid spacing 

is given the co-ordinate x,y, then the points around have 

co-ordinates (x+h,y+k), (x,y+k), (x-h,v+k), (x-h,y), 

(x-h,y-k), (x,y-k), (x+h,y-k) and (x+h,y). The corres-

ponding values of the function f are fl:l' fO,l' f-l,l' 

f-l,O' f_ 1 _1 , fO,-l' fl,-l and fl,O respectively. 
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The method of replacing the partial derivatives by 

finite differences follows directly from Taylor's series 

expansion, which is given in two dimensions.as, 
h2 

f(x+h,y+k) = f(x,y) + h.f,x + k.f,y + ~ . f'xx 

+ h.k. f'xv + 
k2 

-f + 
h3 

f'xxx 2T . ~'yy n· . ... 

+ h 2k f + hk 2 . f + 
k3 

f -2!. 3f· 'xxy 2! 'xyy 'yyy + ... 

[A .1] 

E'rom this series finite differences in central difference 

form are obtained as: 

1 f, = - . 
xxxx h4 
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f'xxx 

f'xx 
. 1 . 

= 12 h 2 . [- f- 2 , 0 + 16 f -1 , 0 - 3 0 f 0 , 0 + 16 f 1 , 0 - f 2 , 0 ] '/ 

f,x 
1 = 12h • [f-2,0 -Sf_l,O + 

First and second derivatives can also be written in 

less accurate form using three points. 

f,xx 

Mixed derivative can be written by a combination of pure 

derivatives: 

f,xy 
1 

= 4hk [f_l -1 - f, __ l - f_l 1 + fl,l] 
I ..._ I I 

f 'xxyy 

Other derivatives can also be 'I..Yritten in the sarae 

fashion. 
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APPENDIX B 

B.l BLOCK ITERATION ME~HOD: 

An iterative method is a rule for operating on a 

previous approximate solution to obtain the improved solution. 

Iterative methods are prefered for solving large sparse 

systems (such as those arising from finite difference approxi-

mation for PDE's), because they· can take advantage of zeros 

in the matrix and tend to be self correcting, and hence 

tend to minimize round off errors. One of the biggest 

drawbacks of the iterative method is the possibility of slm•7 

or irregular convergence. 

In the block iterative scheme several unknowns are 

connected together in the iteration formulae in such a T..vay. 

that a linear subsystem must be solved before anyone of 

them can be determined. The equations are divided into groups 

and the subsystem of equations belonging to a given group is 

solved for the corresponding unknmvn using approximate values 

of other unknowns. 

Say the given system of linear equations is Ax=b, then 

the unknowns are divided into N groups so that x
1

, •.. ,x m, 
belong to group x1 ; xm +1 , ... ,xm belong to group x2 ; etc. 

1-·~ 2 
In general X +l' •.. ,x belong to group Xk. The matrix 
- mk-1 mk 
~is similarly divided into blocks i .. , where the submatrix 
- lJ 

A .. has m. rows and (m.-m. 1 ) colwnns, and the :5 vector is 
lJ l J ]-

divided into N groupa ~ 1 , ... ~N. Then the system can be 

written 



All Al2 AlN xl r~l 
A:21 A22 Jl..2N x2 82 

= 

-
~1 ~2 

Naturally, the blocks are chosen so that soving each 

subsystem is as simple as possible. 

- -Approximate values of unknown subvectors x
1

, ... ~ 

· x-(k} i~k} f th kth · · are g1ven as 1 , ... _~ a ter e 1terat1on. 

A vector xi of the same length as vector x, divided 

into subvecotrs XI./· .•. XIN, has its (k+l) th approximation 

defined as 

or 

XI .(k+l) 
l 

N 

j=l 
j~l 

x-I<k+l) = :J·x<k> + o-1 £ 

-(k) 
A .. X. ] 

1] J 
[B .1] 

[B. 2] 
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Where J is known as the Jacobi iteration matrix and is 

defined as 

-
J = -

- -and D, L and U are defined as 

L =r~~l 0 

[(l 

- - -
A = L + D + U 

• 0 l 

• AN ,N-1 OJ 

[B. 3] 

[B. 4] 



0 = 

-
~N 

and u = 
0 1 

0 

~-1 N f 

L. 0 

then (k+1)th approximation for unknown vector xis given as 

x{k+1> = xr<k+1> [B. 5] 

It is desired that i(k) + h = i-1 S as k+oo. 

B. 2 CRITERIA OF CONVEPGENCE: 

(i) The error vector er, divided into N groups ER1•··E~, 

after the kth iteration is defined as 

or 

fi~k) -
1. 

s. -
1. 

u 
2: 

j=1 

: - (k) 
A .. X. 

l.J J 

er<k> = 5 - A x<k) 

A quantity ERR(k) is defined at kth iteration as 

( '1\l ) 
i i ( (k},2Jl/2 lH er~ J 

ERR(k) = 

[B. 6] 

[B. 7] 

[B. 8] 

48 



The value of ERR(k) would become zero, when the 

solution vector acquires the desired value. But for 

practical purposes convergence is assumed when ERR becomes 

very small (order of 10-p were p is any pre-assigned iteger). 

The quantity HER(k) defined below at kth iteration 

will indicate the rate of convergence. 

[B. 9] 

The smaller the value of RER, the faster is the 

convergence. If RER has a value equal to 1, the system 

is static. If it is more than 1, the system is diverging. 

(ii) Another criterion of convergence is obtained by deter-

mining the change in the value of the solution vector after 

each iteration. 

A vector d;((k) is defined at the kth iteration as 
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- (k) )/-. (k+l) 
- X Xl [B.lO] 

and a quantity Ver(k) is 

V (k) er 

defined at the kth 

r ~ (dx.)2]1/2 
. 1 l - ~= - ~~,-.-'--::-N::-~--

iteration 

[B .11] 

As k+oo, Ver(k)+O. But for practical purposes again 

"k) 
convergence is assumed when Ver( is very small (of order 

of 10-p ;;.;here p is any pre-assigned integer). 

The rate of convergence can also be defined at the 

kth iteration by the quantity ~(k) as 



(k) V (k) /V (k-1) 
, ~ = er er [B. 12] 

This will behave similarly as RER. 

B.3 CONDITION OF CONVER.GENCE: 

To - obtain the convergence of the block iteration 

process vlith any initial vector x (O) and any value of the 

vector 6, it is necessary and sufficient that all the 

eigenvalues of the Jacobi iteration matrix J be less than 

unity in modulus, thus 

I A .I <1 .. J . j=l,2, ..• ,N [B.l3] 

B.4 CONVERGENCE PR0110TION TECHNIQUE: 

The frequently used technique [18], is to form a 

general equation of convergence promotion which replaces 
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the successive iteration equation [B.S]. This general equation 

of convergence promotion is applied at every iteration, and 

becomes a part of the iteration procedure. This general 

equation is 

- ( k + 1 ) - ( k ) t G= • ( x-~1.- ( k + 1 ) _ X ( k ) ) 
X = X + [B.l4] 

Where ~ is the matrix of convergence promotion 

coefficients and t is a relaxati on factor. In a simple 

approach ~ is taken as a diagonal matrix. 

By sul)sti tuting [B. 2] into [B .14] vle get 

- (k+l) - (k) (k) ·--1 k 
X = X + t G. (J X + D - b - X ) 

or 

[B. 15] 



A matrix B is defined as 

B = I + t G. (J-I) [B .16] 

Then equation [B.lS} becomes 

-(k+l) : -(k) : =-1 -
X = B.x + t G.D .b [B .17] 

[B.l7] is a new iteration process, the rate of 

convergence depends upon the eigenvalues of the matrix B. 

The biggest eigenvalue of B must be as small as possible. 

The most usual form of the matrix of convergence G is 

-
G = ai and t = 1 [B • 18] 

where a is a scaler. 

Substituting [B.18] into· [B.l6] we get 

or 

B = I + ai (J-I) 

B = (1-a)I + aJ [B .19] 

Now we want to find a, so that the eigenvalues of 

matrix B are as small as possible in modulus. As it can be 

observed from [B.l9] that B is a matrix polynomial of J, 

therefore, each eigenvalue of 3 is the same scaler poly·

nomial of the respective eigenvalue of J, i.e. 

[B. 20 J 
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If ~J,b and ~B,b are the biggest eigenvalues of ~ and B 

respectively and ~J,s and AB,s are the smallest eigenvalue of 

- -J and B respectively then for ariy ct 

AB b = (1-a)+et.AJ,b 
' [B. 21] 

A = (1-a.)+o.t.J,s B,s 



All other eigenvalues of the two matrices7lie 
oa!i'-"" 

inbetween. 

A. < A. < A b J,s J J, 

Fig. (B.l) illustrates the variation of eigenvalues 

of the matrix B. The upper line indicates A.B,b and the lower 

line A.B . Obviously when a=l, the eigenvalues of matrix 
- ,s 
B are equal to those of matrix 5. 

For accelerating the convergence the best a that 

may be chosen is to make absolute eigenvalues of B as small 

as possible. In the case illustrated in Fig. B.l (a), the 
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value of a must be more than 1, to accelerate the convergence. 

Fo:r the case illustrated in Fig. B .1 (b) , when A. is J ,s . 

less than -1. The value of a must be less than 1, so that 

values of A.B,b and A.B,s are small. 

In the third case illustrated in Fig. B.l(c), where 

both A.J,b and A.J,s are greater than 1, the value of a must 

be negative to make absolute value of all eigenvalues of 

matrix ~ less than 1. 

In the last case illustrated in the Fig. B.l(d), when 

AJ,b >1 and A.J,s< 1, there is no value of a, which can transfer 

the non-convergent iterative process to convergent one. This 

is the worst case and fer this case convergence is not 

possible. 
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·~ ~ 
C( 

G ;\J,b 

0 A 
(b) J,s 

Fig. B.l Variation of the biggest and the smallest 
eigenvalue of matrix B with coefficient a 
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Fig.B.l 

(c) 

(dl 

0 A . ' J ,s 

Variation o~ the biggest and the smallest 
eigenvalue of matrix B with coefficient a 
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It can be noted that the relaxation.factor t, and the 

coefficient a play the same role and it is possible to use 

the re~axation factor t instead of a in the above develop

ment, when matrix G is considered as the unit matrix I. 
The matrix of convergence G can also be ass~~ed to 

have the form given below: 

al 

G = [B.22] 

In this case to find the best combination of a1 , ... ,aN 

for the fastest convergenc~ it is a matter of trial and error, 

and it may not be practical when N is greater than three [18]. 
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APPENDIX C 
' l 

POWER METHOD 

·An important 'iterative procedure used to find one 

eigenvalue at a time is the power method [14]. To illustrate 

the procedure, let the eigenvalues of the matrix A be real 

and distinct, and adopt the convention 

[C .1] 

Where /\
1 

is the largest eigenvalue. Staring with an almost 

.:.. ( 0) 
arbitrary vector x a sequence is ge~erated, which after 

{k+l)th operation is 

x<k+l> = R<k+l> A x<k> 

where R(k+l) is chosen to make the 

of largest absolute value equal to 1. In 

is merely the largest element in i(k+l). 

[C. 2] 

. - (k+l) component 1n x 
. 1 

other ~lords :Tk+IT 
R 

As shown by 

Von Mises, this sequence will co:1verge to the vector x
1 

-k+l -(i.e. eigenvector), x +x
1

, corresponding to the eigenvalue 

A1 , when convergence has occured. 

-(k+l) : -{k) 
X = A X [C. 3] 

Tt b " t 1 1 t th · 1 ' s.;nce x- (k+l) ~ can e useo o ca~cu a e e e1genva ue Al' ~ 

and x{k) must be a scalor multiple \l of .each other. The 

test of convergence is usually. 

or 
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A (k+l) - A (k) 10-p 
1 1 < [C. 4] 

A (k+l} 
1 

Where p is an integer. 

The rate of convergence of x(k) to x
1 

is dictated 

largely by the ratio of A2/A 1 ; if this ratio is approxi

mately equal to 1.0, convergence is slow, whereas wide 

separation of Al and A2 leads to a rapid convergence. Also, 

the initial choice of i(O) controls the rate of convergence. 

If it is almost orthogonal to the dominating eigenvector, 

convergence will be a slow process. The advantage of the 

method is that it yields i(k+l) as a function of i(k) and 

not of x(k-l), x{k-2 ) , •.• An error made in one step of 

calculation is self correcting by the continued use of 

approximations. 

This method can be extended to find the lowest 

eigenvalue (i.e. AN)as well. This can be done by finding the 

eigenvalues of the matrix [A-A 1IJ. All eigenvalues of this 

new matrix will be less in magnitude than eigenvalues of 

matrix A, by a quantity A1 . i.e. eigenvalues of this matrix 

are: 

It can be observed that the absolute largest eigenvalue 

of this new matrix is jAN-All. This can be found by the power 

method, as described above. Once this is knm·m AN can be 

computed. 



D.l PURPOSE AND SCOPE 

APPENDIX D 

COMPUTER PROGRAM 

The purpose of the computer programs, described in 

this appendix, is to set up a system of linear equations in 

the form of the submatrices as explained in Chapter 3 and 

then to solve this system. For this purpose one main pro

gram and a few subroutines are written. The p=ograrn is 

58 

of a very general nature, and can be used for any bourdon 

tube wi·th an elliptical cross-section, and any given number 

of intervals in both directions. When a different number of 

intervals is used, changes must be made in the common state

ments to change the dimensions of the variables, as described 

in section D.3. 

D.2 .r-IAIN PROGRAM: 

The purpose of this program is, to read the given 

information about the parameters of the bourdon tube and the 

number of invervals in \'Thich the domain is devided, and to ask 

the computer to execute the subroutine BORDON, if the 

deformations are to be computed, or to execute the subroutine 

'EIGEN' if the eigenvalues are to be computed. 

Variable Notations: 

A - Semi-minor axis of the elliptical cross-section of the 

bourdon tube in inches. 



Read values of 
A , B , A NEvi , RO , 
BL AH, P, C, N, 

H, I. 

NO 

Cli~LL BORDON CALL EIGEN 

c r STOP·) 

Fig. D.l. Flow chart of ~he main program . 

. -
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B - Semi-major axis in inches. 

~~EW - Poisson's ratio of the materials of the bourdon tube . 
. 

C - Coefficient of elasticity of the materials in psi. 

RO - Radius of curvature of the central axis of the cross-

section of the tube in inches. 

BL - Coiling angle of the bourdon tube in degrees. 

AH - Thickness of the bourdon tube in inches. 

P Fluid pressure in the tube in psi. 

N - Nwnber of intervals in which the domain is divided· in the 

a.- direction. 

M - Number of in·tervals in \vhich the domain is divided in the 

s- direction. 

I - I=O if deformations are to be computed 

I=i if eigenvalue of the Jacobi iteration matrix is 

required. 

Fig. D.l shows how the main program works. 

p. 3 C0Ml"10N STATEMENTS: 

The purpose of a common statement is to transfer value 

of an argument from a subprogram to another subprogram, or 

from a subprogram to main program or vice versa. This can 

also be used in the case, when dimensions of a given variable 

changes with changes in da~a. In that case dimensions in the 

common statements have to be changed only. The remainder of 

the program remains the same. 

In the program, four labelled common blocks are used, 

namely .MP.'I'.RIX, DEFORM, VJORK and REL ;. The variables used have 
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notation as given below. 

All, Al2 etc : The different submatrices arranged-in matrix 

A. as explained in Fig. (3.2), the values of 

their elements are calculated in the subroutine 

MATRIX. The first parameter of the dimensions 

is always the same with any change in the 

values of N or M. But the second parameter must 

be given a value equal to the value of (N+l) . 

B3,B4 - Subvectors as indicated in fig. 3.3 and calculated in 

the subroutine MATRIX. Dimensions of these subvectors 

must be given a value equal to the value of (N+l) • 

U,V,W - Deformations at each point on the bourdon tube after 

each iteration. The first parameter of dimension of 

these variables must be given a value equal to the 

value of (N+l) and the second parameter of dimension 

of U and V must be given a value of (M+l) and the 

value.of (M+2) is given to that of W. 

VI, VI, WI - Inte:rmediate deformations in the process of 

iteration as calculated with the help of equation 

[3.8]. Th~ dimension of these- variables behaves 

similar to those of u, V and W. 

X, Y ~ Work vectors with dimension equal to (N+l). 

D, E, F -Work matrices, with dimension having the first 

parameter constant and the second with value equal to 

the value of M. 

REL - Relaxation vector, usually c.ll the elements have t.he same 



value. But they can be given different values if 

required for faster convergence. The dimension of 

this vector is equal to the value of M. 

EIG - Work vector with dimension equal to that of REL. 
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Whenever values of N. or M are changed, dimensions of 

these variables must be changed as indicated above. 

0.4 SUBROUTINE 'BORDON' 

The purpose of this subroutine is to find deformations 

on the bourdon tube by solving the system of simultaneous 

linear equations, which are formed--due to use of finite 

difference approximation on the given PDE's and BC's. The 

block iteration method! as described in Appendix B, is used to 

solve this system. This swJroutine puts the double iteration 

method, as discussed in Chapter 3, in computer language. 

The· notation of the variables used is the same as 

used in sections D. 2 and D. 3. Notation for other variables 

is given below: 

PI - Value of 1T 

H - The spacing betv1een two adjacent points on a constant 

13-grid. 

Ak - The spacing between two adjacent points on a constant 

a.-grid. 

NI - The number of iterations for finding deformation at all 

points except those at the free end. 

KI - The number of iterations for finding deformations of the 

points on the free end. 
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INT - The maximum number of iterations to be carried out before 

iteration process is stopped, in the case of no 

convergence. 

IKT - The maximum number of computation of deformations at 

free end is to be done before the computer is stopped, 

in the case of no convergence. 

RMAX - Value of the element of the error vector which has the 

highest absolute value. 

EMAX - Absolute value of ~mx. 

ESUM - Sum of the square of the elements of the error vector. 

AMAX - Absolute value of the element of vector dx: (as defined 

by equation [B.lO]), which has the highest absolute 

value. 

SUM - Sum of the square of the elements of the vector dx. 

DX - An element of the vector dx. 

KZ - Total number of the elements in the vector dx. 

VERN - Value of Ver(k+l) as defined by equation [B.ll] . 

. ERR- Value of ERR(k+l) as defined by equation [B.8] 

Al'1EW- Value of 11 (k+l) as defined by equation [B.l2] 

. (k+l) 
RER - Value of RER as defined by equation [B.9] 

ER - Value of ERR(k). 

VER - Value of Ver(k). 

BETA- Value of B at different grid point along a=90°. 

FL - Deflection of centre point of cross-section in dimen-

sionless fonn. 

AF - Ratio Pv/6-p. 
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SEN - Sensitivity ratio of the bourdon tube. 

Other variables are wcrk variables. · 

The working of this , subroutine is explained in the 

flow chart [fig . D.2]. The first step is to cal~ulate 

elements of the subvectors and the submatrices after defining 

the grid size in which the domain is divided. This is 

accomplished in the subroutine "MATRIX". [This subroutine is 

explained in section D.6]. After all the submatrices and 

subvectors are set, the block iteration method is used as 

explained in the Chapter 3. In case of divergence the 

computer will stop. In case of no convergence in a specified 

number of iterations, the . computer is stopped again. If 

convergence occurs, defor mations at the free end are 

computed and the whole iteration process is repeated. - If 

convergence at the free end does not occur in a specif i ed 

number of iterations again the computer is stopped. If it 

converges, defle ctions at points on the central ax is of the 

cross-section of the bourdon tube are compute d. In all cases, 

when the program 1s diverging, or it is not converging in a 

specified number of ite rations, or it has converg ed, a punched 

output is obtaine d for deformations at all points, so tha t they 

can be used in any way required. For instance, if the 

itera tion proces s is to be continued, these value s can be used 

for initi a l a pprox i ma tions. 



Compute the g r i d size a nd the 
d i men s i o n les s parameter s of t h e tube 

[~ALL MATRIX .---=r-_· - -
Feed t h e i n i t ia l appr ox i ma tio n f or 
de forma tio n s to s tar t ite r a t ion 

~-= 0 

G-fill: :1°+1] 
L--=c-

c ompute th e. in-t ermedi a te O.e formati o ns 
o f the tube , I-1axi mum a bso lute J 

v a lue i n the 9 rror vecto r and the 
no r r::-ta lized s um of el ements o f tbe 
e rror vecto r is a lso computed. 

~--------·--=---·-t --- ~-

No r malised sum o f de v i a ti o n of these 
values from l a st va lues is c omputed. 
Also the biggest a b s olute v alue o f the 
devi a tion is c omputed. 
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i te Nr~ 
R, Al'!E i1 , 
~-'TAX } E R 
'AAX, R 

Compute the deflection at 
the centre point of cross
sectio n s a nd the sensitiv it 

~~ · 

lN·-=~·l a pproxima tio n f o;--_-, l deforrrations is c ompu t e cJ__j 

-~ 
t_Ye s 8 [ CF~i :L --?RBEN~ J 

yes ,/ 
" / :_u < IK1' ) 

~;Y,/' 
.. 

t·~ (j 

Punch and '"rite 
o f 'de f o r ma t. ions 

FE'rURN '-....._ _____ _ 

Fig . D.2 Flmv c hart f Qr the ~·ub:n:.-butine 
(~ 
\!:_~ 

I BORD ~IN! 
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D. 5 SUBROUTI NE "FREEND" 

The purpose of this subroutine is to find deforma tions 

at the free end with the help of deforrn~tions at other points 

using equations [3 .17] 1 [3 .18] , (3. 21] and [3. 20]. 'rhe error 

vector at the end point is also computed. Deviations 

of these values of deformation from the last valves of 

deformation is computed as well .. 

The variables used in this subroutine have the same 

notations as used in the subroutine "BORDON". The ·.vorking 

of this subroutine can be explained b y the flow chart [Fig~ D.3]. 

Va lue s o f the defo r mations at f r ee end are 
comp uted. Al s o the sum o f the s q ua r e of . 
eleme nts of the erro r vector is comp uted. 

~------------r-·----------~ 

J 
, No r na l i.sed sum of d e ,ri a t ion o f the 
from the old value s is c omputed. 

new va lues 

[ Relaxatio n f a ctor is app l ied at fr ee e nd 

·---

· G ·rur:JJ 
Fig . D. 3 . F l ow char t f o r t~su..o:co utine " FP.EEND ' 

J 



Compute the grid size and the dimen- -] 
sionless parameters of the tube 

[cALL ~1ATRIX 

- - - -- -------·-----·---·-- ------------··---, 
f'eed the initial value of the vect·or 1 

to start the iteration I 
. . I 

Element with the _biggest absolute valu 
is searched and the new v ector is 
computed :Qy div iding the inter:-nediate 
Y~ctbr_ by this value. 

~X = --r 
CJ 

Yes 
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Punch the. v a. luj:.J 
of the elements 
of the v e ctor 

~---- ·---

Fig. D.4. Flow c har t of the subroutine 1 EIGEN' 



D. 6 SUBROUTINE "EIGEN" 

The purpose of this subroutine is to compute the 

biggest or the smallest eigenvalue of the Jacobi ·iteration 

matrix. The iteration is carried out as explained in 

Chapter 3. The element having the biggest absolute value 

is searched. The vector is divided by this value and 

iteration is continued until convergence occurs. The 

notation of the variables used is the same as used in the 

subroutine "BORDON". The working of this subroutine is 

explained by the flow chart in fig. D.4. 

D. 7 SUBROUTINE "MATRIX" 

The subroutine "HATRIX" is used to determine the 

elements of the submatrices and the subvectors. As most of 

the block matrices are banded matrices, they are stored in a 

fashicn which conserves the memory space in the computer. 

For example an n xn matr i x, which has a total of m non-zero 

diagonals, is stored as an mxm matrix. The notation for the 

variabl~s, used in this subroutine, is the same as used 

in the subroutine "BORDON". The working of thi s subroutine 
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can be exp lained with the flow chart, illustrated in Fig. D.S. 

Here first the coe fficients Al, A2 etc. are computed with the 

help of the subrout i ne "COE" [P..s explained in section D. 8]. 

Then the values of the elements of the subve ctor s and sub 

matrices are comput e d, and the se values are transferred t o 

ether subroutine's, where they are used, with the help of the 

COt1!'-10N stateme n t , labelle d MATRIX. 



START 

ALPHA= 0.0 

= I + [i;LL . COE __ =_] 
______ I_ 

Comp ute values of the elements of the 
Ith row of various subvectors and 
subma trices and modify values cf the 
boundary elements. 

_I_ 
~------------~ AL_P_H_._A_=_A_~P_H_~A __ +_~-~--

Fig. D.S. Flow chart for the subroutine ' ~ffiTRIX ' 
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D. 8 SUBROUTINE"COE" 

The purpose of this subroutine is t~ calculate the 

coefficients (i.e. Al, A2, etc) of the PDE 1 s and the BC's, 

for the given bourdon tube and for given values of h, k and 

a. The notation of the variables used is the same as used 

in the subroutine "MATRIX", except for the notations 

given belo,.,: 

ALPHA - The given value of a, corresponding to which the 

coefficients are calculated. 

SI - Sina 

CO - Cosa 

DI value of (A2-B 2 ) 

GB, GA, GAA, GBB, CAN, CBN and CBG are as defined in Chapter 

2. The working of this subroutine is explained in the flow 

chart in fig. D.6. The expression for all these 

coefficients (i.e. Al, A2, etc) are defined in Chapter 3. 

D.9 SERVICE SUBROUTINES 

A few service subroutines are also written. The 

purpose of these subroutines is to multiply submatrices, or _ 

to subtract vectors or to . solve a system of equations. These 

subroutines are as given below: 

D. 9 .1 Subrout.ine 1 BNDPRD 1 
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The purpose of this subroutine is to multiply a banded 

matrix, as stored in the subroutine ''HA.TRIX" 1 to a vector which 

is a column of a matrix. The working of -this _subroutine is 

illustrated in fig. D.7 with the helo of a flow chart. 



START 

Compute SI, CO and DI 

~pute GA, GB, GAA, 
L____' CAN, CBN and CBG 

,.-----.----'-i . 
Compute A1 , P. 2 etc~ 

EuRN ) 
Fig. D.6 F l ow ChRrt . for the sub ro utin 1 COE ' 

D.9.2 Subroutine 'ADDVEC': 

The purpose of this subroutine is to add the scalar 

multiple of two vectors to get a resultant vector. The 

flow chart of this subroutine is illustrated in fig. D.8. 

D. 9. 3 Subroutine 'SOLVE' : 
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The purpose of this subroutine is to obtain a soluation 

vector X, of a set of simultaneous linear equations. 

lLX = B 

Where A is a banded matrix as stored in the subroutine 

'MATRIX', and B is a given vector. Two library subroutines 

DIAG3 and BNDSOL are used to assist the subroutine. Also, 
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START 

Yes :_~, 

~~ 

Yes 

v es 

No 

z ( I ) = z ( I ) +X ( KJ I I) • y ( L iYl I J ) 

Fig. D. 7. Flm.,r c hart f o ::- the s ubrout i n e " BNDPRD " 



I = I + 1 

f . 

START 

I = 1 

no r-------1...-

X(I) ~ A.X(I)+BYli) 

c RETURN ) 

Fig. D.8. Flow chart for the . subroutine 'ADDVEC' 

matrix A is not destroyed during ~he computation. · The flow 

chart for this subroutine is illustrated in fig. D.9. 

D.lO ARRANGEMENT AND LISTING OF THE COMPUTER PROGRAM ; 

The program deck is arranged as shown in fig. D.lO. 

The listings for the computer programs are given in the 

following page s . 

73 
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No 

I = 1 
I = I+1 J = 1 

Yes 
J = J +l 

D(I,J) = A (I,J) 

No 

CALL DIAG 3 

________ _J 

/ l FETURN 
-----· 

Fig . D. 9 F1m·l c h a r t for the s ubro u ti n e ' SOL'ilE ' 



' 
I I 

l 
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DATA 

Subroutine 'SOLVE' 

Subroutine "ADDVEC' 

Subro utine 'BNDPRD' 

Subroutine 'COE' 

Subro uti!1e ' HA'l'RI X' 

Subro ut i ne 'Eigen' 
r---------------·-------------------L~ 

Subroutine ' FREEND' 
·-------------------------+~ 

Subroutine 'BORDON ' 

Ha i n Pr ogra m 

Fig. D.l0. Se tting of t hP. p r og r a m d e c1< . 



c 

c 
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P R 0 G R Mt, T S T < I !~PUT ' 0 U T PUT ~ T .A P E 5 = I \! P U r , T /'. P c 6::.: CUT P U 1: , Pu NCH l 

C 0 1•i '''· 0 N I M A T R I X I A 1 1 ( 3 ' 1 9 l ' A l 2 ( J ' l 9 l ' / 1. 1 3 ( 3 ' l 9 l ' /'4. l 4 ( 3 ' l 9 l ' ,t::, l 5 ( 5 ' 1 9 l ' 
1 A 2 0 ( 3 ' 1 9 l ' A 2 1 ( l ' 1 9 l ~ A 2 2 ( 3 ' l 9 l ' A .2 3 ( 1 ' J 9 l ~ A l 6 ( l ' l 9 l ' A 2 5 ( 3 ' 19 l ' A4 6 ( l ' 
2 1 9 l ' A 3 1 ( 3 ' l 9 l ' A 3 2 ( l ' 1 S l ' ;;.. 3 3 ( 5 ' l 9 l ' A 3 4 ( 3 ' l 9 l '.A. 3 :, ( 1 ' 1 9 l ' /', 4 4 ( 1 ~ l 9 l ' A 4 
3 5 ( 3 ' 1 9 l ' A 51-+ ( 3 ' 1 9 l ' A 55 ( 1 ' 1 S ) ' A 56 ( 1 ' l 9 l ' /'d 6 ( 5 ' l 9 l ' A 6 5 ( 5 ' l 9 l ' A 6 6 ( l '1 9 
4 l ' ;:,., 6 7 ( l 'l 9 l ' A 7 6 ( 3 ' 19 l ' ~ 7 7 ( 1 '1 9 l ' B 3 ( 1 9 l ' 84 ( 1 9 l ' .A 8 0 ( 3' 19 l 

C 0 'vi ~-1 0 N IDE F 0 R ~-1 1 U ( 1 9 ' 3 1 l ' I/ ( 1 9 ' 3 l l ' I'; I 1 9 ' 3 2 l ' U I ( 1 9 ' 3 1 ) ' V I ( 1 9 ' 3 1 ) ' v; 1 ( 
11 9 ,32) , X(l 9 l ,Y(19l 

C 0 ~l :V 0 N I \'i 0 R K. I D I 3 ' l 9 l ' E { 5 ' l 9 l ' F ( l ' 1 9 l 
C O~~ON I REL I RE LI3 Ul,EIGI3 C) 

READ l5,3l A , B , ANE~ ' RO ,BL 
READ (5,4l AH , p ,(,N, M,J 

I 
; I 

C DEFOR ~AT I ONS ARE COMPU TED ' IF 1= 0 , OTHE RWI SE EI GENVA L0E OF THE 
C IT ERA TI O~ MA TRIX I S COVPUTED. 
c 

IF II.E Q. Ol GO TO 1 
CALL EI GEN I A,B, ANEW ,RO, BL'N' M'AH'P'Cl 
GO TO 2 

1 CALL BORDON IA , B ,A NEW ,RO~ B L'N' M ' AH 'P'Cl 
2 STOP 
c 
3 FOR tvi AT (5 El6.7l 
4 FO R~ AT 13 El6.7,3I3l 

END 



c 
c 
c 
c 
c 
( 

c 
c 
c 
c 
c 
c 
c 
c 

c 
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e e a e e e e e • • • 0 $ • • • D e e C e e e e e • C e e • e e e • • • e e e • • e e • • • • • e e e 0 e • e • e • e • • e • e e • 

• 

PURPOS E 
TO C O ~PTE THE DEF ORMATI ONS 0 ~ A BOURDON TU BE BY SOLVIN G THE 
SYSTEM OF S I MULTA NEO US LE NEAR EQUATIONS, WHICH ARI SES DUE TO 
US I NG FI NITE DIFFE RENC E TECH NIQUE ON T~E GIVE N PARTIAL DIFFEREN
TIAL EQUA TI ON S AND BO UNCARY CO NDIT I ONS , US I NG BLOCK ITE RAT ION 
TEC HNIQUE . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ~ . . . . . . . . . . . . . . . . . . . . . 
• 

C O~,j ~~o N I r - ~ AT R I X I A 1 1 I 3 ' l 9 l ' A 12 ( 1 ' l 9 l ' A 1 3 ( 3 ' 1 9 l ' A 14 ( 3 ' l 9 ) ' A 1 5 ( 5 ' 1 9 l ' 
}t, 2 \.J ( 3 ' 1 9 l ' A 2 1 < 1 d 9 l ' i-\ 2 2 ( ?. d 9 i ' A 2 3 ( 1 ' 1 9 l ' A 16 ( 1 d 9 l ' A 2 5 ( 3 d 9 l ' A4 6 ( 1 ' 
2 1 9 l ' A 3 l ( 3 ' l 9 l ' A 3 2 ( l ' l 9 J ' A '3 3 ( 5 ' l 9 l ' A 3 4 ( 3 ' l 9 l ' .4 3 5 ( 1 ' 19 l ' A 4 4 ( 1 ' 19 l ' A 4 
3 5 ( 3 ' 1 9 l ' A 54 ( 3 ' 19 ) • P1 5 5 ( 1 • 1 9 l ' t>. 56 ( l ' 1 9 l ' A 3 6 ( 5 ' l 9 l ' A 6 5 ( 5 ' 1 9 l ' A 6 6 ( 1 'l 9 
4 l ' A 6 7 ( 1 ' l 9 l " \ 7 6 ( 3 ' 1 9 l ' A T7 ( 1 ' 1 9 l ' B 3 (19 l ' B 4 ( 19 l ' A 8 0 ( 3 ' 1 9 l 

C 0 f'v'Y. 0 N I D E F 0 R f~ I L { l 9 ' 3 1 l ' 'v ( 1 9 ~ 3 1 l ' w ( 1 9 d 2 l ' U I ( 1 9 ' 3 1 i ' V I ( 1 9 ' 3 1 l ' l'v' I ( 
11 9d2 l ,X( l9 l ,y( l9 l 

C 0 t.W 0 N I '11 0 R K / D ( 3 ' 1 9 l ' E ( 5 ' l 9 l ' F ( 1 d 9 l 
CO~~O N I REL/ R ELI3 ~ l•EIG(3 0 1 

C DETER MINE THE GRID SIZE AND DI MENSIONLE SS PARA MET(RS OF BO URDON 
C TU BE • 
..-,_ 

c 

PI =lr . *A TAN(l.J 
H = P I I F L_ 0 A T ( N ) 
AK =BL*P IIIl 8 0 . *F LOA TI Ml I 
A=2 . '*A/AH 
S=2.-:l-B / AH 
R0 =2 . *RO /AH 
NN =N+1 

C DE TER MI NE THE ELEMEN TS OF THE BLOCK MA TRI CES AND TH E bLOCK VEC TORS 
c 

c 

MJ= r>1-2 
MK =i'-1-1 
lv. L= ~~ + 1 
~', M = f'-1+2 

C FEE D THE I NI TIAL VALUES OF DEFOR MATIO N TO START ITERATION. 
c 

DO 2 I=l, NN 
DO 1 J= 1 ,_ML 
U(I,Jl= O. O 
V(I,Jl= O. O 
vJ < I , J l = o • o 

1 CONTINU E 
\·J < r , rv1 iv1 l = o • o 

2 CONTINU E 
c 
C START ITE RATION 



r 
'-

KI= O 

C FEED I N TH E VA LUE OF ! NT AND I KT. 
c 

IKT=J. 
3 CON TI i'-l UE 

NI=N J+1 
c 
C CO MPU TE THE I NTER MEDIATE D EFOR 1 ATION~ OF THE TuBE . MAX I MUM 
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C ABSO LUTE VALUE I N THE ERR OR VEC TOR AND THE NOR~A LI SED S0M OF 
C E L E~ E N TS OF ERROR VECTOR I S ALSO C O~ P U TED. 

c 

4 

Ef'.'AX= U. 0 
ESU f~ = 0 . 0 
CALL BND PRD IA1z , u , x ,l, v , NN , ML,2l 
CAL L BNDPRD IA13,v,y , J ,l• NN , ML,2l 
CAL L ADDVE C I X,Y, NN ,-1.,-l.l 
CALL BNDPRD IA15 ' W ' Y '5'2~ NN , MM ,ll 
CALL ADDVEC IX, Y, NN ,1.,-l•l 
CAL L BNDPRD I A16' W'Y'l' G' NN , MM ,1l 
CALL ADDVEC ( X,Y, NN , l .,-1.) 
CALL BND PRD I A14' W' Y'3' l ' NN, MM ,2l 
CALL ADDV EC IX, Y,NN ,1.,-l.l 
CALL BNDPRD I A16, w, y ,l, G, NN, MM ,3l 
CAL L ADDV EC IX,Y, NN ,l.,-1.) 
CALL BNDPRD 1All' U' Y' 3 '1' NN , ML,1l 
CA LL ADDVE C (y , x , NN ,-1.,1.) 
CA LL SO LVE 1Al1•X, NN '3,DI 
DO 4 J=1, NN 
ESUM =ES UM +YIJl **2 
I F I A B S I Y I J l ) • L E • E f\1 A X l G 0 T 0 4 
E !v1.~X = ABS IYIJl l 
RHAX =YIJ) 
UI(Jdl=XIJI 
CONTINUE 
CALL BNDPRD I A12 ' U' X'1' 0 , NN, VL,1l 
CAL L BND PRD I A 12 ' U' Y ' 1 ' ,J! N N 'tl: L ,-3 l 
CAL L ADDVEC IX, Y, NN ,-1. '-1. l 
CALL EJW PRD IA:3'V'Y'3'l' NN , ~ L,ll 
CALL .A,DDVE C ( X,Y, NN ,1.,1.l 
CALL Bt'-JD PRD IA13,v,y,3,1, NN , ML,3l 
CALL ADDVEC ( X,Y, NN 'l• ,-1· l 
CALL BNDPRD IA14' ~ ' Y '3'l' N N,~M ,1l 
CALL ADDVE C (X,Yd\JN ,1. ,-1· l 
CALL BNDPRD I A 15' W 'Y'5'2' NN ' M~ '2l 
CAL L ADDVEC (X, Y, NN ,1.,-1.l 
CALL BNDPRD IA14' W' Y'3'l' NN,MM,3l 
CALL ADDVEC (X,Y,N N'1·'-1•l 
CALL BN0PRD I A !6' 0 'Y'1' C , NN , ~M ,4l 
CALL ADDVEC ( X, Y, NN ,1.,-1.) 
CAL L BNDPRD I A1 1' U'Y' 3 '1' NN , ML,2l 
CALL ACDVEC (Y, X, NN ,-1.,1.) 
CALL SOLVE I A11 ,X, NN '3'Dl 
DO 5 J=l, NN 



IF U BS <Y<Jl J oL E . E r·~A X l GO TC 5 
Ut!l, X= A 3 S ( Y ( J l l 
Rf'/.,t!X =Y(J) 
UI (J,2l=X(Jl 

5 CON T H\UE 
DO 6 I=3,M 
II=I-2 
IJ=I-1 
I K=I+i 
IL=l+2 
CALL BNDPRD IA12 ' U' X'1, 0 • NN•ML,IJl 
CALL BND PRD <Alz , u ,y,1, u • NN , ML•IKl 
CALL ADDVEC I X, Y, NN ,-1.,-1.1 
CALL BNDPRD < A 13,v,y,3,1, NN,~L,IJl 

CALL ADDVEC (X, Yi NN •1•,l• l 
CALL BND PRD <Al3'V'Y'3'1, NN , ML,I Kl 
CALL ADD VEC <x ,Y, NN •l·'-l•l 
CALL BND PRD ( A l 6 • W ' Y 'l' C , NN ' ~~ 'III 
CALL ADDVE C <x , Y, NN ,l.,-1.) 
CALL BND PRD <Al4, w,y, 3 ,l• NN , MM •IJl 
CALL ADD VEC ( X, Y, NN •l·'-l•l 
CALL BND PR D (A15, w,y,5,2• NN • MM •II 
CALL ADDVE C (X, Y, NN ,1.,-i.l 
CA LL BND PRD <Al4, W, Y, 3 ,l• NN'MM'IKl 
CAL L ADDVEC ( X,Y, NN ,l.,-1.) 
CALL BND PRD < Al6 ' ~ 'y,1, G • NN , MM ,lll 

CALL ADDVE C (X, Y, NN •l·'-1·l 
CALL BN DPRD <A11'U' Y'3'l' NN , ML'I l 
CALL ADDVEC (Y,X, NN ,-1.'1•1 
CALL ~OLVE I A11 , X, NN '3,Dl 
DO 6 J=1,NN 
ESU M=ES UM +Y(Jl* * 2 
IF (/l. BS IY(Jl ).Lf:: . EMAX) GO TO 6 
E ~~A X=ABS ( Y ( J I l 
R ~-1 A X= Y < J ) 
UIIJ,Il=X (Jl 

6 .CONTINUE 
CALL BND PRD (!l,2 ~ , u ,x,3,1,NN, M L' .21 

CALL 8~DP~D <Az1,v,y,1, G, NN, ML•2l 
CALL ADDVEC ( X, Y, NN ,-1.,-l.l 
CALL BNDPRD <A23, w,y,1, U, NN , MM ,ll 
CALL ADD VEC (X,Y, NN '1•'l•l 
CALL BNDPRD <A25 ' W'Y'3'1' NN, MM,2l 
CALL ADDVE C <x , Y,NN,1.,-1.l 
CALL BNDPRD (f23, w,y,1,u, NN , MM ,3l 
CALL ADD VEC (X,Y,NN,1.,-1.l 
CAL L BNDPRD <Azz,v,y,3,1, NN, ML,1l 
CALL ADDV EC (Y,X, NN ,-1.,1.) 
CALL SO LVe <Azz ,X, NN '3'Dl 
DO 7 J=l,NN 
ESUM =ES UM+Y (Jl ** 2 
I F ( f... 8 S ( Y ( J l l • L E • E fv1 A X l G 0 T 0 7 
Efi.',AX =A BS (Y(J .l )· 
R r'~ A X = Y ( J l 
VI<Jd)=X(J) 

I 
I I 
I 
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C1j_ L L BNDPR D I A2v ' U ' X ' 3 •1~ NN , M L ,ll 

CA.LL oND PRD IA2 J , U ! Y•3 'l' NN • ~ L·3l 
CALL /~DDVEC (X,Y, N['·J,1. •-1· l 
CALL Bi.,!DPR D IA2l, V , Y ,l, v • ~N , M L,11 

C/l,LL ADD VEC I X,Y , Nf\: ,1. •-1· l 
CALL BNDPRD IA21 , v ,y,1, 0 , ~N • M L, 3 1 

CALL ADDVE C r x , Y, NN •1·•-1•1 
CALL 81\!D PR D I A25' ~ ' Y ' 3 •1, NN • M~ •11 
CALL ADDV EC I X' Y ' NN ' l • • 1. I 
Ct.1. LL BND PR D I A25 , ~ • Y • 3 •1• NN• MM •31 

CALL ADDVEC (X , Y• NN •1• •-1. I 
CALL BND PRD : A 23 • W ,Y•1• 0 ~ ~N , MM ,41 

C.~. LL ADDV EC ( )'( ,y, NN •1·•-1·1 
C"'LL 8ND PRD 1Azz,v,y,3,1• NN•ML•2l 
CALL ADDVEC ( Y, X, NN •-1.•1·1 
C..'..LL SOLVE I t-.2 2 'X' NN ' 3 'D I 
DO 8 J= 1, m~ 
ESU M=ESU M+YIJI**2 
I F ( ,1\ 8 S I Y ( J l l • L E • E 1,~ A X l G 0 T 0 8 
EJ.A A X:.: A 8 S ( Y ( J } I 
R i~AA X=Y (J) 

VI (J, z l=X(J) 
8 CON TI NUE 

DO 9 I = 3, i'lt 
IJ=I-2 
IK=I-1 
IL=!+l 
I M=I+2 
CAL L 8NDPRD I A2 G, u ,x, 3 ,l• NN• ML•IKl 
CAL L BND PRD IAz L , ~ ,y,3•1• N N • M L•IL) 

CALL ADD VEC rx,Y, NN •1·•-1•l 
CALL 8ND PRD ( A2 1•V•Y•1• 0 , NN•ML•IKl 
CALL ADDV EC I X•Y• NN •1·•-l·l 
CALL BN DPRD I A? l•v,y,1;~, N N•ML•ILl 

CALL ADDVEC !X,Y,NN•1·•-l•l 
CALL BNDPRD IA23• w,y,l, G,NN • MM •IJI 
CALL ADDVEC IX,Y,NN•l••l•l 
CALL BND PRD I A25 ' w'Y' 3 •1• NN • MM •IKI 
CALL ADDVEC !X, Y, NN ,l.,1.l 
CALL BNDPRD I A25 ' W'Y'3•1• NN• MM •!Ll 
CALL ADDVEC (X,Y, NN '1·•-lol 
CALL BNDPRD !A2 3 • W•Y•1• 0 • NN • MM ,JMl 
CALL AD DVEC ( X, Y, NN •1·•-1•1 
CALL BNDPRD 1Azz ,v,y,3,1, NN , ML,Jl 
CALL ADDVE C (y,x,NN•-1·•1•) 
CALL SO LVE 1Azz,X,NN•3•DI 
DO 9 J=l•NN 
ESU M =ESUM~Y(Jl**Z 
IF (A HS(Y(Jl }.LE.EMAX l GO TO 9 
Elv1 AX= .A.eS ! Y ( J I I 
RMAX=Y(Jl 
VI!J,J)=X!Ji 

9 CON TI NUE 
CALL 8ND PRD IA3l• U•X•3•l• NN •ML,1 ·) 
CALL 8ND PRD !A3z,v,y,1, J , NN •ML•21 
CALL ADD VEC (X,Y, NN •-1·•1·1 
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CALL bND Pi-W { fi3t-+ ' ':,' ' Y ~ 3 ~ 1 ~ :·(N d-',H ' 2) 
CALL ADDV EC {X,Y,N N , 1 . •-l~l 

CALL BND PRD I A35 ~~,y,1~ 0 , ~ N , ~M , 3 l 

CALL ADDVE C ( X, Y, NN •l.,-1. 1 
CAL L ADDVE C IX, R3,NN,l .,l.l 
CALL BNDPRD ( A 36, w ,y, 5 , 2 • NN ' M~ 'll 

CALL ADD VEC (Y , X , NN •-1., 1~ 1 

CALL SO LVE IA 36, X,NN ,5•El 
DO l U J=l,NN 
E SU~ = ESJM+ Y(J ) **2 

I F < A B S ( Y < J I l • L E • E i": A X l G 0 T 0 1 0 
Er'-~AX = AB S I Y < J l l 
RH.A X=Y I J l 
\!J I ( J d l =X ( J l 

10 CON TI NUE 
CALL BNDPRD ( A3 1;u,X'3'l' NN, ML•2l 
CAL L BND PR D I A3 2' V 'Y'l' ~ 'NN, M L•1l 
CALL ADDVE C (X , Y, NN ,-1.,-1.1 
CALL BNDPR D IA32'V'Y'l' 0 ' NN, ML ,3l 
CA LL ADD VEC ( X, Y,NN ,1.,l.l 
CALL BND PRD I A34 ' W' Y' 3 'l 'NN • MM ,1! 
CALL ADDVEC (X,Y,N N•l·•-1•1 
CALL BND PRD ( A34 ' ~ ' Y ' 3·l~NN•MM •3l 
CALL ADDVE C <x , Y,NN ,l.,-1.) 
CALL BNDPRD IA3 5 ' W' Y' l' U' NN, MM ,4l 
CALL ADDVE C (X,Y,NN,l,,-1.1 
CALL.. ADDVE C (X, B 3 , NN d.d~l 

CALL BNDPRD I A3 3' ~ ' Y '5'2, NN , MM ,2l 
CALL ADDVEC ( y , x , NN ,-1.,1.1 
CA LL SO LVE IA33 , X,NN ,5•El 
DO 11 J=l,NN 
ESUM=E SUM +Y(Jl**2 
IF I JI.BSIY (Jl ).LE.E ~ItA, Xl GO TO 11 
n-1AX=ABS { Y ( J l l 
Riv':AX =Y(J) 
vJ I I J, 2 l = X ( J ) 

11 CON TI NU E 
DO l 2 I= 3 'M 
II=I-2 
IJ=I-1 
IK=I+l 
IL=I+2 
CALL BND PRD (A31' U'X'3'1' NN ,ML,]I 
CALL BND PRD <A3 z,v,y,1, 0 , NN,ML,JJI 
CALL ADDVEC (X,Y,N N•-1·'-1=1 
CALL BND PRD I A32 •v,y,1, u , N N,~L~IKI 

CALL ADD VEC ( X ,Y~ N N'1·•l•l 
CALL BND PRD I A35 , w,y,1, u , NN, MM •Jil 
CALL AD DVEC ( X,Y , NN •l·•-l•l 
CAL L BND PRD I A34 • W•Y•3•1• NN• MM •IJI 
CALL ADDV EC (X,Y• NN •1·•-l·l 
CALL BND PRD IA34' W'Y'3•l• NN ,MM,IKI 
CALL ADDVEC $X,Y, NN •1·•-l•l 
CALL BND PR D I A35 ' W'Y'l' O, NN• MM ,ILl 
CALL ADDVEC (X,Y, NN 'l·'-l•l 
CALL ADDVEC IX, B3•N N,l.,l.l 
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CALL BND PRD l f33 ' ~ ' Y ' 5'2'~ N ' M~ ~Il 
CALL ADDVEC IY, X, f\!N ,-1.,1.) 
CALL SO LVE (A33,X,NN'5,El 
DO 12 J=l,NN 
ESU M=ESUM+YI J l ** 2 
IF I ~BS I Y I J) l . u: . E f'-~.A Xl GO TO 12 
E"-1AX ::.:Jl.BS ( Y I J l l 
Rr,~AX = Y I J l 
1-.II (J,Jl=X(J) 

12 CONTI NUE 
c 

81. 

C NOR MALISED SUM OF DEVIATION OF THE NE W V~ L UES FROM THE OLD VA L U E~ 
C AND THE BI GGES T ABSO LUT E VA LUE I N THE DEVA TI ON VEC TOR IS CO MPUTED . 
c 

A~AX = O . O 
SU M=O. O 
DO 14 I=1,NN 
DO 13 J=1, M 
DX =O. O 
IF l UI (I, J l. NE. G. G) DX =I UJ(l,Jl- UI I'Jl )/ UIII,Jl 
SU ~ = S U M +DX*DX 
IF IABS I DXJ . GT . AMAX l ~ MAX =A BS I DX l 
DX =O. O 
IF lVII I'Jl. NE. U. O) DX :=I VII I'J)- VII,Jl )/VIII,Jl 
SUt-1=S U:·HDX*DX 
IF I ABS IDX! . GT. AMAX l AMAX =ABS IDXl 
DX= O. O 
IF ! WI( I,JJ. NE . 0 . G) DX :=! WII I'J)- WI l'Jl J/ WJ(I,Jl 
SU f\·1= SU r-HD X-*DX 
IF I AB SIDXl . GT. AMAX l AMAX =ABSICXl 

13 CONTINUE 
lt+ CO NTI NU E 

c 

KZ = 3* ('/~ *r\lN 

VER N=S QRT IS UM /FL OA TIKZl l 
ERR=SQRTIESU~/FLOATIKZ ll 

Arvi EW= 0 . 0 
IF I NI.GE.2l AMEW =VERN/VER 
RER=O . O 
IF I NI . GE . 2l RER =ERR /ER 
ER=ERR 
VER=VERN 
WR ITE (6,241 NJ,VER,AMEW,AMAX 
WR ITE 16,251 ERR,R MAX,RER 

C I N CASE OF DIVERGENCE PROGRAM IS STOPPED. 
c 

IF IERR.GT.1.E+G31 GO TO 21 
c 
C N E ~ VAL UE OF DEFORMATIONS AFTER EACH ITER ATION IS DE T~R MIN ED. 

c 
DO 15 I=l'M 
REL I I I =0 . 6 

15 CO NTINUE 
DO 17 I=l,NN 
DO 16 J=l,M . 
UIIJ,J)=UI(!,J l-U(!,Jl 



VI ( ! , Jl =VIII , j)-V I I,JJ 
WII J,J)= W I(I,Jl- ~ ( I,JJ 
U ( I , J) =U I I d l + R E L( J l *U I I I 'J l 
V (I, J l =VI i 'J l +REL I J l ~-VI I I 'J l 
',..; ( I 'J l ~ v: I I 'J l + R E L ( J ) * V~ I I 1 'J ) 

16 CONTINUE 
17 CONTINUE 
c 
C CO NDITI ON OF CONVERGENCE IS APP LIE D· 
c 

IF !VER .L T.1. E-4l GO TO 18 
IF ( ,'ll .LT. INTJ GO TO 3 
GO TO 22 

18 CALL FREEND ( N , NN ' M ' ~ J, M K , M L' M~ 'E V E R J 

c 
C END OF ONE ITERATION. 
c 

c 

NI=O 
KI= KI+1 
IF IEVER .LT·l· E- G4l GO TO 19 
IF ! KI.LT.I KTJ GO TO 3 
GO TO 22 
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C DE TER MI NE DE FL EC TIO N OF ~E N TRE OF CROSS - SECTION AND SENS ITI VITY 
C AT EACH GRID POINT ALO NG 8 ET A- DIRECTION• 
c 
1 9 viR ITE (6,261 

I=N/2+1 
BET /'>.=U . 0 
DO 20 J=l, tv':rv'l 
BE TA= BETA+ AK 
A L =SoR T I I lJ I I , J l l -:a 2 + ( V ( I , J l l * * 2 + 4 • * u ( I , J i * V I I ' J l * S I N ( 8 ETA ) * C 0 S ( 8 E T 

lA l l 
AF=SORT II BE TA*COS I BETA l-S I N! BE TAl l **2+ ! 2ETA*S I NI BETAl+COS!BETAl-l • 

1) **21 
SEN=AL*C/IAF*RO*P l 
WRITE (6,271 J,AL,SEN · 

2 0 CONTI NUE 
GO TO 23 

2 1 vJ R I T E ( 6 , 2 8 l 
c 
C PRO GRA M IS TER MI NATED IF CO NVERGE NCE DO ES NO T OCCUR I N A GIVEN 
C NU MBER OF ITERATIONS. 
c 
22 WRITE 16,291 
c 
C VALUES OF DE FOR ~A TION S AFTER THE LAST ITERATI ON AR E PUN CHED AND 
C WRITTE N' SO TH AT IT CAN BE US ED IN ANY ~AY REQUIRED. 
c 
23 CO NTI NUE 

PUNCfi 30, I( U(J,Jld=l, NN hJ=1, MLl 
PUN CH 30 , ({ V(I,Jld=l,NN),J=l, tv',L) 
P U N C H 3 0 ' ( I '1-i ( I ' J l ' I = 1 ' N N l ' J = l ' t"1 1"1 l 
viR I T E I 6 , 3 l l 
\'I R I T E I 6 ' 3 4 l ( I U I I ' J l ' I = 1 ' N N ' 2 l ' J = 1 ' M L l 
\v RITE I 6, 3 2 l 



c 
2 I+ 

75 
26 
27 
28 
-q 
,( ' 

30 
31 
32 
33 
34 

v\R ITE (6,34) ( (V( I •Jl d=J ' N1\,2l 'J=l, r-'·Ll 
I<I RITE C6d3i 
\"' RITE (6 , 34) (( \.J {J , Jld = lH~i';,2l,J=l ' Hrvi ) 
RETURN 

FORf·I.A T 
FCR rv /-\ T 
FOR I·.': AT 
FOR:'-1A T 
FOR \1,6, T 
FO RMA T 
FOR r•1 A T 
FOR i'~ A T 
FO RMA T 
FOR~·· AT 
FOR i,1 A T 
END 

(lH ,J5,3El4.3l 
(lH '47X,3El4.6l 
ClHl' *BE TA DEF LECTI ON 
( lH G, I3,2El6.6l 
(lrl v ,*ITE RATION IS DI VERG ING*) 
<lHu, *NO CO NV ERGENCE* ! 
C5El6 Q9l 
(lHl' *VA~UES OF 'u'*l 
(lHl, *VA LUES OF 1 V1 * l 
(lHl,*VAL UES OF 1 W' * l 
(lHO,l GE13 .3l 

SENS ITIVITY*) 
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c 
( ' • • • • • • o 8 • • • • • • • • • • e • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • e • 8 • • • • • • • • • • 

c 
( 

c 
c 
c 
c 
c 
c 
c 

PURPOS E 
TO DETER MI NE DEFOR~ A TI ONS FOR TH E POINTS LYI NG OJTSID E THE 
50 G N DAR Y 1-\ T F R E E END 0 F THE T J o E ' G I V EN T HE DE F 0 R r-{t., T I 0 N S AT T H E 
POI NTS LYI NG I NS I DE THE BOUNDARY . 

. . . . ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
I 

C 0 tJ; tv'. 0 N I (li A T R I X I A 1 1 ( 3 ' 1 9 l ' A 1 ? ( 1 ' 1 9 l ' .A 1 -:1, ( 3 ' 1 9 l ' A 1 4 ( 3 ' 1 9 l ' ;A 1 5 ( 5 ' 1 9 l ' 
1A20 ( 3 ,19l, A21 (1,19J,A 22 ( "3 , 19 l' A23(1 ,1 9 l'A16(l,19l' A2 5(3,19l' A46(1, 
21 9 l ' A 3 1 ( 3 ' 19 l ' A 3 2 ( 1 ' 1 9 l ' A 3 3 ( 5 ' 19 l ~ A 3 4 ( 3 ' 19 l ' A 3 5 ( 1 ' 1 9 l ' A 44 ( 1 ' 1 9 l ' A 4 
35 ( 3 d 9 l ' A5'+(3 ,1 9 l ' A55 ( 1 ,l 9 l 'A56( 1,191 ' A3615d9 l , ,\65 (5'19) ' A66(l d9 
4 l ' A 6 7 ( 1 ' 1 9 l ' A 7 6 ( 3 ' 1 9 l ' .A 7 7 ( 1 ' 1 9 l ' B 3 ( 1 9 l ' B 4 ( 1 9 l 'A 8 0 ( 3 ' 19 l 
· C 0 t..~ t· ' 0 ~~ I D E F 0 R M I U ( 1 9 ' 3 1 l ' 'v ( 1 9 ; 3 l l ' ·:; ( 1 9 ' 3 2 l ' U I ( 1 9 ' 3 1 l ' V I ( 1 9 ' 3 1 l ' '!: I ( 
119d2J,XI19J,Y(J9l 

CO MM ON / WORK / D(3 ,1 9 l~E( 5 ,1 9 J,F( l ,19l 

01 ,\ X=O. O 
ESU ~.t1 = 0 . 0 
CALL GND PRD I A66 ' ~ ' X '1' 0 ' NN ' K~ ' MK l 
CAL L BND PRD ( A6 7' W 'Y'1' 0 ~ NN , MM , M Jl 
CALL ADDVEC ( X,Y, NN ,2.,2.l 
CALL BNDPRD ( A65 ' ~ 'Y'5'2'NN,MM,M l 
CALL ADDVE C ( X,Y,N N,1.,1.l 
CALL BND PRD I AB~ , w , y , 3 ,1, NN , MM , MK l 

CAL L ADDVEC (X,Y,NN,J .,l.l 
CALL BND PRD IA8v' ~ 'Y' 3 'l' N N, MM , M LI 
CALL ADDVEC ( y , x , NN ,1.,-}.) 
CALL SO LVE ( Ag 0 , X, NN '3'DI 
DO 1 J=l,NN 
ESU M=ESUM+Y (Jl* * 2 
IF IA BS IY(Jl J.LE. Etv'iAX l GO TO 1 
EMAX=ABS(Y(JJl 
RVtAX=Y(JJ 
WI (J, ~·1 Ll=X(J) 

1 CONTINUE 
CALL BND PRD I A 77' ~;x ,l, u , N N , MM , M Jl 
CALL BND PRD I A76 ' W'Y'3'1' NN , MM , MKl 
CALL ADD VEC (X, Y,N N,1.,1.l 
CALL BNDPRD ( A 76, W I,Y~3' 1 ' NN , MM , M Ll 

CALL ADDVEC ( X,Y,NN,1 .,-15l 
CALL BNDPRD ( A 77' ~ 'Y'1' 0 , NN , MM , MM J 
CALL ADDVEC (y,X, NN ,-1.,1.1 
CALL SOLVE IA77,X,NN'1,Fl 
DO 2 J=1,NN 
ESU M=ES UM +Y(Jl**2 
IF IA BSIY(JJ l.LE. EMAX l GO TO 2 
EMAX =ABS IY(Jll 
Rf-"AX =Y ( J l 
WI ( J, ~"1M l =X ( J l 

2 CONTINUE 
CAL L BND PRD (A55'V'X'1' G, NN , ML, NKI 
CAL L BNDPRD ( A5 4'U'Y'3'1' NN , rv; L, Ml 



CALL BNDPRD CA56 ' ~ ' Y 'l' C ' N~ ' ~M , ~l 
CALL ADDVEC IX ~Y, NN ,1.,-1.) 

CALL ADDVEC {X , B4 , NN ,1.,1.) 
C ,ll. L L 8 N D P R D (A. 55 ' V' Y ' l , \; ' N N ' ~1, L ' 1'~1 L l 
CALL ADDVE C lY , X, NN ,-1 .,1.1 
CALL SOLVE (A55 ,X, NN ,l•Fl 
DO 3 J = 1, N i~ 

ESU M=E SUM +Y( J )**2 
IF ( A3S ! Y(JJ I .L F. . E iv'! !~. Xl GO TO 3 
Ef•\AX =ABS ( Y ( J l l 
R.\1 AX =Y{JJ 
VI (J, fi, LJ=X(JJ 

3 CONTINUE 
CALL BND PRD IA 46, u , x ,l, O , ~N , ~ L, M K l 

CALL BND PRD CA45 , v ,y, 3 ,1, NN ~M L, M l 

CALL ADDVE C (X, Y, NN ,-1.,-l.l 
Cll. LL BNDPRD !A4 4, u ,y,l, L , ~N , ~ L, M Ll 

CALL ADD VEC IY , X,N N,-1.,1.1 
CALL ~O LVE ( A44, X, NN '1'Fl 
DO 4 J=l, NN 
ES UM=ES UM +Y(JI**2 
IF !A BS ! Y(Jl J.LE.EMA XJ GO TO 4 
Er.', AX ==ABS ( Y ( J .l l 
R1v1AX=Y ( Jl 
U I ( J ' ~-1 L l = X ( J l 

4 CONTINUE 
c 
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C NORMS LIS ED SUrv; OF DEVIATION OF THE NE0 VA LUES FRO M THE OLD VALUE~ 
C IS CO MPUTED. 
c 

A:V,AX=O .O 
SUM =O .. O 
DO 5 I=1, NN 
DX =O.O 
IF ( UJ(J, iv1 LJ. E., v . Cl DX =I U I(J, .~ L)- U (J, fvi LIJIUI(I, M Ll 
SUM=SU~1+DX*DX 

IF !A BS!DXJ.GT.A MAXJ AMAX =ABS ( DXJ 
DX=O.O 
I F ( V I ( I ' ~·1 L l • N E • Ci • u l D X = ( V I ( I ' fvi L l - V ( I ' ;.1 L l l I V I ( I ' M L l 
S U i•l =SU M+ D X-~ D X 
IF ! ~B S!DXI.GT. A~A XI AMAX =ABS(DXI 
DX= O.O 
I F ( 'vJ I ( I ' r~ L l • N E • lJ • 0 I D X= ( ~~ I ( I ' r·'o L l - W ( I ' r-..1 L l l I ~·J I ( I ' M L J 
SU M=S Ui•H DX*DX 
IF !A BS!DXJ.GT.AMAXJ AMAX =A BS (DXJ 
DX= O. O 
I F ( WI ( I ' MfV: l • N E. l- • 0 l D X= ( 1d I ( I ' MM l- '•'~ ( I , H r-1 l l I hi I ( I , M M l 
SUr-1 =SU M+DX*DX 
IF ( ABS (D XJ.GT. AMAX J A~AX = ABS IDXl 

5 CONTI NUE 
KZ= 4* NN 
ERR =SORT(ESU J. IFL OA T! KZ II 
VER N=SQR T! SUM IFLOAT( KZ)) 
Of\1 =0 . 1 
DO 6 I=1,1\!N 
U ( I ' ~, L l = U ( I ' fv L l + m -'1-:i-1 U I ( I ' fvi L l - U ( I ' M Ll l 



V ( I ' 01 L ) = V ( I ' :\1 L l + C 1·1 ~- ( 'v I ( I ' .'. i L l - V ( I ' :-1 L l 1 
'A( J , ;v L)= \.; ( I ' ~': Ll +O ~·H< ( ',·<J (I , :<L 1- ',·i<. I , :,1 L )) 
vJ ( I , r-:. ~.1 l =\ti ( I , ~J. ~.1 l -t o:V: -* ( 'v. I ( I , i-'f'J. ) - ':·! ( i , r.r::,~ l l 

6 CONTINUE 

c 
7 

WR IT E (6 ,7) A~AX ,VER N , ERR ' R~A X 

RETURN 

F 0 R I•' A T ( 1 H U ' * 
END 



87 

S L' f3 R 0 LJT 1 1'\ E [ I G E ,'J I ~~ . , f3 , !l, f ·~ E v. • R 0 • t: '·- , i' • ; .. ; , .1\ H , F , C l 
c 
r 
~ • • • • • • • • 4 • • • • • • • • • ~ ~ • • • • • • • • • • • • e • ~ • • • a • • • • • • • • • ! • " • • • • • w ~ • • • • • • • • 

c • 
c 
C~ PURPOSE 
C TO OB TAI N Ti~E b i GGES T ~IGENVA LG E OF THE IT ERA TI QN ~ ATR IX uSING 
C PO\,~ER I~'E:: THOD . 

c 
c • • ~ • . • • • • • • . • • . • • ~ • . . • • • • . • • s • • • • • • • • • • • • • • • • • • • • • • • 5 • • • • • • • • • • • • • 

c 
c 

c 

C Oi11;1'; 0 N I i'-1 AT R I X I A l l I 3 ' l 9 l • A 12 I l ' l q l ' .A 1 3 I 3 ' l 9 l , A 14 ( 3 ' l C) l ' A l 5 ( 5 , l 9 l ' 
l A 2 0 ( 3 ' 1 9 ) ' f'l. 2 ] ( l ' l () ) ' f'.. 2 2 ( 3 ' l 9 ) ' I~ 2 3 ( 1 ' l 9 ) ' A l (; ( l ' l 9 ) ' .!:.. 2 5 ( 3 · ~ i 9 ) ' :c.. 4 6 ( l ' 
2 l 9 l ' A. 3 l ( 3 ' 1 9 l ' A 3 2 I l ' l 9 l ' A 3 3 ( 5 ' l 9 l ' A 3 4 ( 3 ·, l 9 l ' !-'. 3 5 I l ' l 9 l ' .!J... 4 4 I l ' l 9 l ' A 4 
:?. 5 I 3 ' l 9 l ' A 5 t.; ( '? ' 1 9 l ' f'l 5 5 I J ' l 9 l ' I~ 5 6 I l ' l 9 l ' A 3 (~ I 5 ' J 9 l ' ;; 6 5 ( 5 ' l 9 l ' !~ 6 6 ( l ' 1 9. 
4 J ' A 6 7 I l ' l 9 l ' !i7 6 I 3 ' l ? l ' f'l. 7 7 l l ' 1 9 l ' 8 3 ( l 9 l ' o ;_. I l 9 l ' A 8 i.J I 3 ' l 9 J 

C OH f,' 0 N IDE F :J R' 1 I U ( l 9 ' ? 1 ) ' v ( l 9 ' 3 1 l ' \;/ ( 1 9 ' 3 2 l ' U I ( 1 9 ' 3 1 l ' VI ( l 9 ' 3 1 l ' vJ I ( 
119 ' 32 l ' X ( 1 9 J ' Y I 19) 

C 0 1>~ 1-1 0 ~~ I vJ 0 R K I D { 3 , ] 9 l , E ( :" d 9 l ' F ( 1 d 9 l 
CO~!ON I REL I RE Ll3 vl • EI GI30 ) 

C DET~R~ I NE ThE GR I D S IZE A~D DI MENSION LE SS P ARA~E TE RS OF dOuR00N 
C TUBE . 
c 

c 

P I= 4 . -*PITAN I 1.) 
H=PI I FLOA Tl Nl 
AK = gL*P III 18 U. * FL OA T( MJ J 
A =2·* 1~/A H 

B=2.-*B I AH 
P0 =2.-~"RO I/l.H 

NN =N+1 

C DETER MI NE TH E ELEMEN TS OF TH E SLOCK MA TRICES AND T~E BLOCK VECTOR~ 

C ~ LL M A T ~IX ( A , S • RO • H,AK ' P 'C' N ~ NN , AN E~l 
I~ J = ~·1 - 2 
HK = H-l 
~~ L= ~H1 

f•':fv1 = ~l: + 2 
BEIG=-1.0 
DO l I = 1 , f"l 
RE L(IJ=1. 0 
EIG! I l=l.-R EL( I l+BEIG 

1 CONTI NUE 
c 
C FEE D THE I NITI AL VALUES OF THE VECT OR To STAR T ITERATION• 
c 

2 

3 
c 

DO 3 I=1, NN 
DO 2 J = 1 ' f-1 L 
U(J,J)= D. G 
VCI,JJ= O. O 
v.J!I,JJ=1.0 
CO NTI NU E 
1'·.1 1 I , fi, LJ= O. U 
'vi ( I , fl: II: J = 0 • u 
CON TI NU E 

( 
' ! 
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c START ! TERATlOf'J 
c 

NI= U 
I NT =l OO 

4 CONTINUE 
NI::NJ+1 
CALL 13N DPRD I A 12• U • X •l• v•N~ • M L•21 
C.A.LL 8NDPRD I A13, v , y,3 ,1• NN •ML•21 
Cll.LL ADDVEC iX,Y,N N•-1• •-1. I 
CALL BND PRD IA15, w , y ,5,z, NN • M~ ,11 

CALL ADDVEC IX, Y, NN •l· •-1· I 
r I 

CALL 8NDPrW I A 16, w , y, l, L , NN • ~M '11 

CALL /\DDVE C I X ,Y, NN •l~•-1·1 

CALL. 5NDPRC IA14' W'Y' 3 •l• NN • MM •21 
CAL L ADDVfC I X ' Y ' f\1 N ' 1 • ' - 1 • I 
CAL L 8ND PI~D IA16; w , y ,l, ~ , NN • ~M ,31 

CALL ADDVEC (X,Y, NN •1·•-1· 1 
CALL BND PRD (All• U,Y•3•l•NN• ML•ll 
CALL ADDVEC IX,Y,NN•RELI1l•EIGI11 l 
CALL SOLVE I.A1l•X•NN•3•DI 
DO 5 J=1,NN 
UIIJdi=XIJI 

5 CONTINU E 
CALL !?.NDPRD I A1z, u , x ,l, G, NN •ML,ll 
CALL BNDPRD I Alz, u ,y,l, U, NN •ML,3l 
CAL L ADDVE C ( X,Y, NI'l •-1• '-1. I 
CAL L BNDPRD I A13 •V, Y• 3 • l , NN • ML •ll 
CALL ADDVE C (X, Y, NN •l•'l•l 
CALL Bf'..iDPR D I A13,v,y, 3 ,l• NN , ML•3l 
CALL ~~ DDVEC I X ' Y ' N ~~ ' 1 • ' - 1 • I 
CALL SNDPRD I A14' W'Y' 3 '1' NN , MM ,ll 
CALL J\DDVEC I X, Y, NN •1•,-l.l 
CALL B~~D PRD IA15, w,y,5,2• NN , MM ,21 
CALL ADDVEC I X ' Y' I'JN' 1 • '-1 • l 
CALL BND PRD IA14, W,y,3,1• NN • MM ,3l 
CALL ADDV EC IX,Y,N N,1.,-l•l 
CALL BND PRD IA16, w,y,l, G, NN•MM,4l 
CA LL ADDVEC (X,Y,N N,1. ,-1. I 
CALL RNDPRD IA11,u,y,3,l,NN,ML•2l 
CALL ADDVEC I X ' Y 'I'll~ ' R E L I 2 I ' E I G I 2 I I 
CALL SOLVE IA11,X, NN ,3•DI 
DO 6 J=1•NN 
UI (J,2l=XIJI 

6 CONTI NU E 
DO 7 I=3•M 
II=I-2 
L I=I-1 
IK=I+l 
IL=I+2 
CALl_ BNDPRD I Alz, u ,x,l, Q, NN •ML•JJI 
CALL BND PRD I A1 z, u ,y,l, u , NN •ML•IKl 
C.li.LL ADDVEC (X,Y, NN •-1·•-1.1 
CALL BNDPRD ( A13,v,y,3,1, NN •ML•IJI 
CALL ADDVEC IX;Y, NN d• •l• l 
CA. LL BNDPRD IA13•V•Y•3~l, NN • M L•IKl 

CALL A.DDVE C (X,Y,NN•l• •-1.) 



CALL Br\JDPRD IA 16' ~ ~ y ,l, ~ ' N N ' M~ '!Il 

CALL ~DDVC:C <x ~ v , ~m ,1.,-1.l 

CALL BNDPRD (A 14 ' v: ' Y ' 3 ' l ' NN ' ~', \1 ' j .J l 
CALL ADDVEC I X ~ Y ' N ~! ' 1 • ' -1 • I 
CI\LL B ~WPRD ( A 15 ' ':,· ' Y ' 5 ' 2 ' f\ N ' f-'11\': ' I l 
CA LL A.DDVEC €X• Y, NN ,1. ,-1· l 
CAL L Bf\!DPRD IA 14' ~ ' Y '3'1' NN , MM ,I K l 

CALL ADDVEC {X , Y , m~ ,1.,-1.) 

CALL BND PRD tA 16' ~ 'Y'1'~' NN ' M~ 'ILI 
CALL ADDVEC ( X, Y, NN ,1.,-l.) 
CALL BND PRD tA1 1' U ' Y '3'1' NN , ~ L,Jl 

CALL ADDV EC tx , y , r,H·hRE LI I J,EIGIIII 
CALL SO LVE ( All,X• NN ' 3 ' Dl 
DO 7 J=l,NN 
UI(J,Il=X(JJ 

7 CON TINUE 

8 

9 

C.ALL BND PRD IA2~' u ' X '3'l' NN , M L,2l 
C.A, LL BND PRD lA21 ' V ' Y '1' ~ ' NN , M L,21 
CALL ADDV EC (X , Y, NI'h -1. '-1. I 
CALL BNDPRD lA23, w, y ,l, u , NN , MM ,11 
CALL ADDVEC tx , Y, NN ,l .,l. l 
CALL Br-W DRD IA2 5,w,y,3,l•NN,~M ,2l 

CAL L ADDV EC (X' Y ' N~h 1. '-1 • I 
CALL BND PRD IA23 ' ~ 'Y'l' 0 ~ NN , MM ,31 
CALL ADDVEC (X,Y, NN ,1.,-l.l 
CALL BNDPRD t Azz,v,y , 3 ,1, NN, ML,li 
CALL ADDVEC t X, Y, NN ,RELllJ,EIG(1l I 
CALL SO LV E ! A22,X, NN '3'Dl 
DO 8 J=1 , NN 
VI CJdl=XIJl 
CO NTI NUE 
Cl\ LL BND PR D IA2 0 ' ~ 'X'3'l' NN , M L,ll 

CALL BND PRD CAzu , u,y ,3,l, NN , ML,3l 
CA.LL ADDVEC (X,Y, NN ,1.,-1.) 
CALL BNDPRD IA21,v,y , 1, U, NN , ML,1l . 
CALL ADD VEC (X,Y, NN ,1.,-1•l 
CALL BND PR D IA21,v,y ,1, G, NN ' ML'3l 
CALL ADD VEC (X,Y,NN, l.,-1.1 
CALL BND PRD (A25' W 'Y'3'1' N N ' M~ 'll 
CALL ADDV EC (X' Y ' NN • 1. '1 • ) 
CALL BND PR D IA25' ~ 'Y'3'l' N N,MM ,3l 
C.ALL ADt:)VE C I X,Y, NN ,1.,-1.l 
CALL BND PRD l A23 , w,y,1, U,NN, MM ,4l 
CAL L ADDVEC cx,v,r\)N '1·'-1·l 
Cf.L L BN DPRD <Azz,v,y,3,1,NN,ML,2l 
Cl'ILL .A.DDV EC (X,Y, NN ,RELl2l,EIGI2l l 
CALL SOLVE <Az z,X, NN'3 'Dl 
DO 9 J=1,NN 
VI (J,2l=X·(J) 
CONTI NUE 
DO 10 I= 3 ' i-1 
IJ=l-2 
IK=I-1 
IL=I+1 
I M=I+2 
CALL 3ND PR D ( .A 2 '~' , ·U' X ' 3 ' 1 ' I'! N • ~1 L ' I K l 
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C/~ LL BN DPRD ( A 2 ;_ ' U ' Y ' 3 ' l ' ~: N ' '-~ L ' I L. J 
CJl LL ADDVE C ( X , Y , i ~ 1\ ' 1 • '- 1 • i 
C.Ll. LL B~WPRD ( A2 1' V ' Y 'l' ~ ' NN , M L•IKl 
CALL ADDVE C ( X! y ' !\:,J.,- } .) 
CA LL BN DPRD IA 2 l , v ,y,l, J , N N , M L~ILl 

CALL ADDV EC ( X ' Y ' f\J ,"-l ' 1 • ' -· l • l 
CALL BNDPRD ( A 2 3 , i'•' , Y ' l ~ 0 , 1\! n ' f,~ f''l ' I J l 
CALL ADDV EC ( X' Y ' NN ' 1. 'l• l 
CALL BND PRD IA 25, 0 , Y , 3 tlt N N , ~M ,I K l 

CALL ADD VEC (X,Y, NN ,l.,1.l 
CALL BNDPRD ( A25 ' W' Y' 3 'l' NN , MM •ILl 
CALL ADDVE C ( X, Y, NN •1•!-1•l 
CALL BNDPRD ( A2 J , w,y,1, 0 , NN , MM,J MI 
CA LL ADlWE C ( X' Y ' NN ' 1. '·-1 • l 
CALL 8NDPRD I Az z , v , y ,3,1, NN t MLtil 
CALL ADDV EC ( X,Y, NN , RE L( I l•EIGI Ill 
CALL SO LVE ( A2 2, X' Ni'J' 3 'D l 
DO 1 0 J=1•N ,\J 
VI (J, I l=X(J) 

10 CON TI NUE 
CALL BND PRD (A3l, u , x , 3 ,1' NN , ML•ll 
C.A LL BND PRD ( A3 z, v , y ,J, u , NN , ML•2l 
CJl.LL ADDV EC ( X, Y, NN, -1. •1• I 
CALL BNDPRD ( A3 4, w,y,3,1• NN , MM ,2l 
CALL ADD VEC ( X, Y ' i'-!N ' 1 • '-1 • l 
CALL Bi'-!DPRD IA35, w,y,l, O, NN •MM ,3l 
CALL ADD VEC ( X,Y, NN •1·•-1•> 
CALL BNDPR D I A36' W'Y'5'2' NN , MM •1l 
CALL ADDV EC (X, Y, NN • RELI1l•EIG(l)) 
CAL L SO LVE ( A36,X, NN '5'El 
DO ll J=l• NN 
WIIJ,J)=X(J) 

11 CO NTIN UE 
CA!_L BND PRD IA31' U' X' 3 •1• NN , ML•2l 
C"' LL BND PR D I A3z,v,y,1, 0 , NN , ML,11 
CA.LL ADD VEC ( X ' Y ' NN ' -1 • ' - 1 • l 
CALL BND PR D IA3z,v,y,1, 0 , NN •ML•3l 
CALL ADDVEC (X,Y,NN•1• ,1. l 
CALL B~W P R D IA34• W' Y'3'l• NN•MM,ll 
CALL AD DVEC (X' Y, ~JN , 1. '-1. l 
CALL BND PRD IA34• W,Yt3,l• NN,MM•3l 
CALL ADD VEC (X,Y,N I\l '1·'-1•l 
CALL F3N DPRD IA35, w ,y,1, 0 , N N•~M,4l 

CALL ADDVEC (X,Y,NN•l·•-1•1 
C /',L L BND PR D IA33, w,y,5,2, NN• MM ,21 
CALL ADDVEC (X,Y, NN•REL(2J~EIGI211 

CALL SOLVE (A33•X•NN•5•El 
DO 12 J=1 '.NN 
vJI (J,2>=XIJI 

12 CmJT I NUE 
DO 13 I=3•M 
II=I-2 
IJ=I-1 
IK=I+1 
IL=I+2 
CALL BN DPRD IA3l' U'X'3'i•NN• ML,Il 



CAL. L 3 N D P R [; . ( 1"1. 3 2 ' V ' Y , ·1 ' ;,; ' N N ~ rc· L ' 1 J l 
C A L L A D D V E C ( X ' Y ' i'Jt~ ' - 1 • ' - 1. • l 
CALL BNDPRD I A32 ' V 'Y'l' ~ ' NN , ~ L,JKl 
CALL ADDV EC ( X,Y, NN ,1.,1.l 
C.U. L L 8 N D P R D ( 1-\ 3 5 ' ;., ' Y ' 1 ' :..; ' q 1\l ' f·'if/, ' I I l 
C.ALL :\DDVE C ( X ,Y~ ~JN d· ,-1· l 
CALL RND PRD IA34' ~ ' Y '3'1' NN , ~M ,IJl 
CALL ADD VEC ( X, Y, NN ,1.,-l.l 
CAL~ SND PRD I A34 ' W'Y'3'l' NN,V M,JKl 
CALL ADDVEC ( X,Y, NN '1·'-1•l 
CALL BND PRD I A 3S, w ,y,l, U , NN , ~M ,ILl 

CALL ADD VE C {X,Y, NN ,1.,-1.) 
CAL L BND PRD I A33 ' W' Y'5'2' NN , MM ,II 
CALL ADDVEC ( X, Y, NN , RE LIIJ,EIGIIJi 
CALL SO LVE I A33,X, NN '5,El 
DO 13 J=1,NN 
\•J I I J ' I I =X < J l 
CON TI NU E 
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13 
c 
c 
c 
c 
c 

EL EMENT WITH THE BI GG EST ABSO LUTE VAL UE IS SEARCHED AND THE NEW 
VECT OR IS COM PUTED BY DI VI DI NG THE I NT ER MED I ATE VECTOR BY THIS 
VALUE . 

R~-~A X = 0 . 0 
DO 17 I=1,NN 
DO 16 J=1,M 
IF I ABS <UI(J,JIJ.U:. Rr-.'lAXJ GO TO 14 
RMAX =ABS <UI(I,JI I 
.CI. MA. X=UI (I ,J I 

14 CO NTINUE 
I F I .tJ.. B S I 'vJ I ( I ' J I l • L E • R M A X l G 0 T 0 1 5 
RtvA X= .t..BS I I.A/ I (I ,Jj I 
Afv~AX=WI (I ,J l 

15 CO NTINUE 
IF IA BS IVIII,Jll.LE.R M/l.Xl GO TO 16 
RMA X=ABSIVI I I,J) l 
Afv1.AX =VI (I ,JJ 

16 CONTINUE 
17 CONTINUE 

DO 19 I=1,NN 
DO 18 J=1,M 
U(J,J)=IJJ(J,Jl/AMAX 
V(I,Jl=VI (J,Jl/AMAX 
\A/ ( I ' J l = \>J I I I ' J I I A M A X 

18 CO NTI NUE 
19 CONTINUE 

c 

IF (NI.EO.Jl AMA=O.O 
DX=ABS<<A MA X-A MAl iAMAXl 
vJRITE (6,231 NI'Ar,1AX 
.AMA=A tv'1 AX 
IF <DX .LE·1·E- 04l GO TO 2 0 
IF I NI .GE.I NTl GO TO 21 

C END OF ON E ITERATION. 
c 

GO TO 4 



20 A~A = AV A - BE IG 
\!/R ITE (6,24) M-1.!1. 
GO TO 22 

2 1 wRITE (6 ,25> 
c 

92 

C IN CASE OF NO CO NVERGE NCE ~ET THE PUNCHED OUTPU T OF THE VA LUES 
C OF THE ELE ~N T S OF THE VECTOR ' OB TAI NED AFTER THE LAST ITE RA TION • 
c 

PU NCH 26' ((U(I,Jl,I=l,f'<N l,J=1, Hl l 
P U f'.: C H 2 6 ' ( ( V { I ' J l ' I = l ' ~; N l ' J = 1 ' II; L l 
P u N C H 2 6 ' ( ( ~ ·, ( I ' J l ' I = l ' N N ) ' J = 1 ' f,~ M l 

22 CON TI NUE 
RE TURN 

c 
23 FOR~AT (1H ,J5,E21.9l 
2~ FORMA T (2H~'*THE EIGE NVAL UE OF THE ITER AT IO N MA TRIX =*, E14.7l 
25 F OR~A T (l HG , *NO CO NV ERGE NCE*) 
26 FOR ~ AT !5 El6 . 8l 

C:ND 



c 
c 
c 
c 
( 

c 
c 
c 
c 
c 
c 

c 
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• 

PURPOSE 
TO DETERMINE THE ELE VENTS OF BLOCK ~ ATRICES AND BLOCK VEC TORS 
STORED IN A GIVE N MANNER . 

o • • • • • e • • • • • • • o • • • • • • • • • • • • • • • • • • • • • • • • • • • • ~ • • • • • • c • • • • • • • • • • • e • • • 

• 

C 0 fv1,'V, 0 N I ~'1 A T R I X I A l l I 3 ' l 9 l ' A l 2 I 1 ' l 9 l ' ,'\ l 3 I 3 ' l 9 l ' A l 4 I 3 ' l 9 l ' A l 5 I 5 ' l 9 l ' 
l A 2 U I 3 ' l 9 l 'A 2 1 I l ' l 9 l 'A 2 2 I 3 ' 1 9 l ' A 2 3 I l ' l 9 l 'A 1 6 I 1 ' 1 9 l ' A 2 5 I 3 ' l 9 l ' A4 6 I l ' 
2 1 9 l ' t.. 3 l I 3 ' 1 9 l ' A 3 2 ( 1 ' 1 9 l ' ;\ 3 3 I 5 ' l 9 l ' A 3 4 ( 3 ' 1 9 l , A 3 5 I 1 ' l 9 l ' A 4 4 I l ' l 9 l ' A 4 
35(3 ,1 9 l, A54(3 ,1 9 l, A55(1 ,1 9 l,A56(J,19l'A3615,19l,A65(5,19l'A66(1,l9 
4 l ' /', 6 7 ( 1 ' l 9 l ' A 7 6 ( 3 ' 1 9 l ' /', 7 7 I l ' 1 9 l ' B 3 ( 1 9 l ' B l-1 I 1 9 l ' A 8 G I 3 ' l 9 l 

ALPH A= O. O 
DO 5 I=1, NN 
CALL COE IALP HA , ANEW ' A ' B 'RO'H' AK , A1, A2 , A3, A4 , B1, b 2'Cl'C2' Dl'D2,D3' 

1 D4 ,EJ ,fl,f2,f3,f4,F5,F6,Gl,G2, G3,G4'Hl'H2'H3,H4,H5'H6'H7'H8'H9,Q1, 
202,03,Q4,P1,P2,P3,Ql'02, 0 3,Q4,Rl,R2,R3l 

f, 11 I l 'I l = A2-A.3 
A11(2,I l=-2 · *A1-2 ·* A2+J-\4 
All I 3 ,J l =A2+A3 
Al21ldl=Al 
Al3 1l,Il=-!3 1 
A1312dl=B2 
Al 3 13,J l=Bl 
A1 4(1,J l=-F2 
A1412,Il=F3*16 . 
,A14(3dl=F2 
Al5( J, I l = -F1-F4+F5 
Al5(2,Il=2.*Fl+2 . *F2+F4*16 .-8.*F5 
A15 ( 3' I l =-3 G.*F3·-3 0 . *F4+F6 
Al514,II=-2·*Fl-2.*F2+F4*16 .+8.*F5 
Al515,J l=Fl-F4-F5 
Al611dl= -F3 
A20(J,Il= - Bl 
A2012dl=-B2 
A2013dl=Bl 
A2 llldl=Dl 
A22(l,Il=D2 -D3 
A2212,1 l=-2·*Dl-2s*D2+D4 
A22(3,Jl=D2+D3 
A231ld l=Gl-G4 
A25 1l,Il=G2-G3 
A25 (2,Il=-2·*Gl-2·*G2+G4*8• 
A.25 I 3' I l =G2+G3 
A3lll,Il=..:..Cl 
A3112dl=C2 
A3113dl=Cl 
A321ldl=-El 
A33(l,Jl=H2-H5-H 7+H8 
A33 ( 2 ,Jl=-4•*H2-2•*H3+2•* H4 +2•*H5+H7*16·-B·*HB 
A33(3,Il=6 . *Hl+6 . *H2+4 . *H3-30 . *H6-3 0 .*H7+H9 
A33(4,JI= -4 • *H2-2~*H3 - 2~*H4-2 • *H5+H7*l6 •+ 8 .*H8 



/"..33 ( 5 ' I J =H2 + H5 - H7 - H8 
A3 4 ( l ' I J =H3 -- H4 
.A 3 4 ( 2 ' I J =- 4 . *H 1- 2 • 0

"< H 3 + H 6 .,;-} 6 • 

A34 ( J ,Il= H3 + H4 
A3 5 ( l ,JJ=Hl- H6 
A44 (l,JJ= Rl 
A45 (l,Jl=-R2 
A45 ( 2 dl= R3 
A45 ( 3 dl=R2 
/::>.4 6 ( l , I l = - R 1 
A54(l,IJ=-0 2 
A54 \ 2 ,IJ= 03 
A54 ( 3 dl= 0 2 
.A55 (ldl= Ol 
A56 (ldl=04 
A65 (l,Il=-P 2 +P3 
A65 ( 2 d J= l6 . ~-P 2-8. * P3 
A65 ( J ,IJ=- 3 0 . *Pl - 3 0 . * P 2 
A65( 4, I l=l 6 . -r, P2 + 8 . * P3 
A.65 ( 5 ' I l =- P 2-P3 
A66 ( 1 d J=] 6 . * P1 
A6 7 ( 1 , I J =-P 1 
A 7 6 ( l' I l =02 - 0 3 
A76( 2 ,IJ=- 2 . *0 1-2 . *02 + 8 . *04 
I~ 7 6 ( 3 , I l =02 + 0 3 
A77( l 'I 1= 0 1-0 4 
B3 <Il=P * <1.- AN EW* * 2J/(2.*Cl 
8 4( I l = B3 ( I l *A~·8 /( 2 • *SOR T( <A*A + B-*B ll2.ll 

c 
C ELE ~ E N T S AT THE BOUNDA R IE S ARE DETE RM I NE D 
r 
'-

IF (I. NE .Zl GO TO 1 
A15 ( 3 ,Il= Al5(3 ,I l+ Al5(l,J l 
A3 3( 3 ,I l= A33(3 ~I J+ A33 (1,I l 
A65 < 3 ' I l = A6 5 < 3 ' I l + A65 < 1' I l 

1 I F ( I • N E • N l GO T 0 2 
A 15 (3d l = A 15 ( 3 ,r l + A 1 5. ( 5 d l 
A33 ( 3 ,I l= A33(3 ,I l+ A3 3(5,1 l 
A6 5( 3 d l= A65 (3d l+ A65(5d l 

2 I F ( I • N E . 1 J GO T 0 3 
A11(2d )=1·v 
All( 3d l = 0 . 0 
A12(1,Il= O. O 
Al3<2dl=O. O 
Al3<3dl= O. O 
A14(2dl= O. O 
A14(3dl= 0 .t.J 
A15(3d l= O. O 
A15<4d )= 0 . 0 
Al5(5d)= 0 . G 
A1 6 <1dl= O. O 
A20 ( 3 ,I l= A2 0 ( 3 ,J l- A2 0 ( l'I l 
A2 2( 3 ,I l=A2 2 <3~I l+ A22(l,I l 
A25( 3 ,Il= A2 5( 3 ,Il+A25<l,I l 
AJ1( 3 ,I l=A 3 1 ( 3 ,J l-A3 1(1,J l 
A3 3(4,J l= A3 3 (4d J+A33(2d l 
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A33 15 , I l= A33( ld J+ ,t:; 3315 d l 
;'!.. 3 u ( 3 ' I l = A 3 4 ( 3 ' I l + A :? 4 ( ::_ ' :i l 
A44 11dl=1. G 
/l.l-t512 ,I J= O. v 
l\ 45(3 d l= O. U 
A4 6(1dl= U. v 
A 54 ( 3 , I l = A5'• ( 3 , I l - .A54 ( 1' I l 
A65 ( 4 ,I l= A65 (4,J l+~65(2,J l 
A65 ( 5 , I l = A65 ( 1, I l + A6 5 ( 5, I l 
A7 6 ( 3 ,Jl= A76( 3 ,I l+ A7 6 (1,Il 

3 IF (J. NE . NN l GO TO 4 
Al 1(1,J)= 0 . v 
A11(2,J l=1. li 
A12 11dl= O. iJ 
A13(1d )= C . u 
A13(2,J l= O. O 
A14(1 ,Il= O. O 
A14(2, I l= O. G 
A15 ( 1 ,I l= O. G 
A15 (2,J l= O. O 
Al513d )= U. G 
A16( l,Il= O. u 
A 2 0 I 1 ' I j = A 2 J I 1 ' I l - /;, 2 0 ( 3 ' I l 
A22 ( 1' I l = A22 I 3 ' I l + A2 2 I 1' I l 
A2511~I l= A25 ( 3 ,I l+ A2 5(1,1 l 
A3111~Il = A3 1(1,Il- A3 1( 3 ,Il 

A33 <l 'I l= A33( l,Y l+A33(5,J l 
A33 (2d l= A33 14d l+ A3 3(2d l 
A3 4 ( 1 'I J =A34 ( 3 ' I l + A3 4 ( 1' I l 
A4 4(1 ,J J =1. 0 
A45(1dl= O. u 
A45 (2,Il= O. O 
A46 (l,Il= U. u 
A54(l ,Il= A541l,Il-A54(3,Il 
A65 (l,l l = A65 (l,Il+ A65(5 ,I l 
/l6 5 ( 2 ' I l = A 6 5 ( 4' I l + A6 5 I 2 ' I l 
A76 1 1 d l= A76 ( 3 d l+A76( 1 d l 

4 CONTINUE 
A36 11d l= A33( l,J l 
A36(2 d l=A33!2,J l 
A 3 6 ( 3 ' I l = t-'\ 3 3 ( 3 ' I l + /\j 5 ( 1 ' I l 
A36 ( 4ol l=A33(Lf,J) 
A36(5 ,J l=A3315d l 
A80( J,I l=A7 6(l ,I l *A67 (l,I J/ A7 7(l,I l 
A8li (2,I l= A7612 d l* A67(1d J/A7711d l-A66(1d l 
A 8 U I 3' I l = A 7 6 ( 3' I l * ~6 7 ( 1' I l I .A 7 7 ( 1 ' I l 
ALPHA=ALPHA+H 

5 CONTINUE 
RET URN 
E ND 

I I 
! 
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.SUBROG TI NE COE I A L PHfl. , /'l.NE" ' A ' l:! ~;:(G ~ H , f:.. i( , ,h.} , A2 ' /\3 , f..A , b l' b2 'Cl' C2 , D l' 
l D 2 ' C' 3 ' D 4 ' E l ' F l ' F 2 ' F 3 ~ F '+ ' F 5 ' F 6 ! c.; 1 ~ :; 2 ' G 3 ' G 4 ~ H 1 ' !-I 2 ' H 3 ' H ·~ ' H 5 ' H 6 ' H 7 ' H 8 ' 
2!-!9 , 0 1, 02 , 03 , 04 , Pl , P2 , P3 , Cl , Q2,Q3 , C4' Rl' R2'R3l 

c • • • • • • • • • • • • • . • • • • • • . . . • . . • • • • • • • • • • • • • • • • • • • • • 0 • • • • • • • • • • • • • • • • • • 

,... 
\._ 

C PURPOSE 
C TO FI ND ALL THE COEFFICIENTS INVOLVE D IN THE PAR TIAL D!FFE REN -
C TIAL EQUA TIO NS AND BOUNDAR Y CON DITIONS . 
c 
( • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • · ~ • • • • • • • • • • • • • • • • • • • • • e • • • • • • • • • • • 

c 
C EVA LUA TIO N OF METRIC COEF F ICI EN T AND CURVA TUR E AS DI MENS IO NLE SS 
C QU ANTITIES. 
c 

c 

SI=SIN I ALPHA) 
CO=COSIA LPH Al 
DI= A**2-B**2 
GB =RO +A-><-CO 
GA =SQR TI I A*S il ** 2+1 B* COl**2l 
GRB =G B* *2 
GA A=G A**2 
CBN =B-*CO/ I GA*GB l 
CBG =A*SI/ IGA*GBl 
CAN=IA*Bl/IGA**3l 

C EV ALU ATIO N OF ALL CO - EFFIICIENTS I NVO LVED I N THE GIVE N EQ UA TIONS 
C AND BO UNDARY COND ITI ONS . 

Al=ll.O - ANEW )/12.G *G68 )/IAK*AKl 
A2 =l. v /G AA /IH*Hl 
A3 =1C BG /G A+DI*SI*COI I GAA**2) )/I-2.*Hl 
A4= -IC BG** 2+ANEW /G A* I A*C O/ IGA *G8 l-C GG*DI*CO*Sl/GAAl l 
BI=II . O+A NEw)/12. C* GA*G Bl/14.*H*AKl 
B2=-CBG* I ANE W-3. 0 l/14. *GB*AKl 
Cl=-ICAN+ANE W* CBN l/GA/12.*HI 
C2=C BG*IC BN +ANEW*CANl 
Dl= l. O/(GBB*AK*AK l 
D2=(I.-ANEWJ/(2.U*GAA*H*Hl 
D3=-I}. C -ANE W l/(~. O*GAl* IC B G+DI*SI*CO/IGA**3ll/{2.*Hl 
D4=1} . G - AN [ 0 )12. j* I A* CC/I GAA*G B l-C ~G** 2 - C H G*DI*SI*CO/{GA**3 ll 
El=-IC BN +ANEW*C AN l/IGB*2•*AKl 
Fl=CAN/13. 0* 1GA**3l*2 • 0*H**3l 
F2=CA N/( 3.0*GA*GBB*2 • *H*AK*AK l 
F3=12.13.*C AN* CBG /G BB l/II2•*AK*AKl 
F4=-CANI3.1G AA *ICBG+3• 0* DI*SI*COIIG A* *3ll/(}2•*H*Hl 
FS=-( IC AN + ANE~' *C B Nl/GA+CANI3.1GA *IDI*IC0**2- S I**2liiGAA**2l-CBG*Il 

l~D +ANEWl*DI*SI*COI IGA**3l+CBG**2-4 • 0 *1DI*SI*CO l **211GAA**3l +ANE W*A . 
2*(0/(GAA*GBl ))/112.*Hl 

F6:-ICBG*IC BN +AN EW*CANl -C BG *CAN- ANEW * B*SI/lGA A*GB l-DI*SI*COIGA*I3 . 
l *A*B /IGA**5l+A NEW*CBN/GAA ll 

Gl=CBN13 . 0/IGB**3)/ 12. *AK**3l 
G2 =C BN /J. L/I GB*GAA l/12.*H*H*A Kl 
G3= -C BNII? . ~*GA*GB l*<CBG+ D I*SI*CO/IG A **3l )/14•*H*AKl 
G4=-( IC BN +ANtW* CANl/G B+I}. O- ANEWl*C5N/ 13. *GAA*GB l *ICBG*DI*S I*COIGA 

1-A*CO/GBl l I ( 12.*.AK l 
Hl=l. 0 /3. 0 /(G BB **2)/IAK**4l 

.v v ..... 
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H3=2 . U/1 3 . U*GAA*GBBJ/IH*H*AK*AK l 
H4= - 2 • 0/ 13 . *GBBl* I DI*SI*C O/I GAA** 2l-C 2GIGAl/12 • *H*AK*AKI 
H5= - l • / IGA**3li3 . * 16 . *D I *S I*CO/IGA**31 +2 . C*CBG J/Iz. * H**31 
H6= -I CGG* I 3 .- ANEW l* DI*S l*( 0/ 13 . *GBB*GA**31-z . *CBG**2*12 ~ 0+3 • *ANE~l 

II13 . *GB6l -IS.-ANE~ l *A*C0 /13. *GAA*GB* * 3l l /ll2·*A K*AK l 
H7= -I CBG**2/GAA+A*CO* II.+ ANE~ l /IGAA**2*G 3 1-C GG*DI*SI*CO~I7 . +A N E W l/ 

IIGA **5 1+4 . G*D I*IC0**2 -SI **2 l/IGAA**3 l-1 9 . *1DI*SI*COI**2/ IG AA**4ll / 
2136.*H*Hl 
HR= -I- 3 • *CBG**?*D!*SI*CO/IGAA~*2l+C 6 G**3/GA+2 · *CBG*DI*5I**2* 1l.+AN 

lE ~ J/IGA* *5l -C BG*D I *C0**2*13 .+ 5 . *ANE~ l/IGA**5 l+C BG*A* C O* Il.+ANE~ J/( 
?GA**3*GBI+C J G* I D I*SI*COl**2*1 9 .+ 5 • *ANE~ l/IG A**71+1-4.* D I*SI*CO/GA* 
~*5 - 13 · *Dl**2*S I *CO* I C0**2 - SI**2 1/I GA**7 1 +28 . *1DI*SI*C01**311GA**9 l 
4l/G A-C BG*ANEW /IGA**3l J/136 . 0* Hl 

H9=CAN**2+CB N**2+2 . *ANEW* CAN*CEN 
Ol =l.IIG B*AK*2.l 
02=ANEW/ I GA*2 • *H l 
03=-CBG 
04= -IC BN +ANEW* CANl 
Pl=l . /IG BB* l2.* AK*AK l 
P2=ANE W/IGAA*H*H*l2 .) 
P3=-ICBG/GA+ ANEW*D I*SI*CO/ IG AA**2 1 J/ll2•*Hl 
Rl=l.O/IG B*AK*2 .l 
R2 =1. 0/ IG A*2.*Hl 
R3=CBG 
Ql =l . /IG B** 3*2 . *AK**3 l 
02= 12.- ANEWI/ I GAA*GB*H*H*AK* 2•l 
03 =-IC BG*I2 . *ANEW-].l+I2.-ANEWl*DI*SI*CO/IGA**3l J/IGA*GB*4~*H*AKl 
04= - 2 •*1I.- ANEW l *ICBG*D I *S I *CO/IGA**3l - A*CO /I GAA*Gb l-C6G**2 111G3*A 

1K*l2.) 
RET URN 
END 
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c 
c • • • • • • • • • • • ~ • • • • • • • • • • • • • • • • • • • • • • .• • • • • 6 • • • • ~ • • • • • • • • • • • • • • • • • • • • • 

c 
c 
c 
r 
'-

• 

SUBROUTINE 8NDPR D 

C PURPOSE 
C TQ ~U LTIPLY A BAND ED MATRIX ~ ITH A SPECIFIED COLU MN OF ANO THER 
C GIVEN ~A TRIX . 
c 
C US.A.GE 
C CALL BND PRDIX , y,z , h ,L' N' K' Jl 
.
'-

C DESCRIPTI ON OF PARA METE RS 
C X THE GI VEN OA NJ ED MA TRIX STORED AS ST ATED I N RE MARKS . 
C Y - THE OTH ER GIVE N MA TRIX wHOS E ONE SPEC IFI ED CO L U~N !S TO 
C BE ~U LTIPLIED w iT~ THE BAND ED MATRIX X. 
C Z - THE RESA0LTAN T VECTOR . 
C L - TH E NU~BER OF NON - ZERO DIAGONALS ABOVE OR 3 ELO ~ OF THE 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 

DIAGONA L OF X. 
- THE NG~B ER OF TOTAL NON - ZERO DIAGO NA LS OF X, M=2* L+1 

N 
K 
j 

REf\1ARKS 

- NUMB ER OF ROWS OF MATRI X X OR Y OR VECTOR Z. 
- NUM ER OF COLUM~ S OF M A T~IX Y. 
- THE SPE CIFIE D (OL UMN OF MATR I X Y. 

A GIVE N MA TRIX A I S STORED AS X I N A MAN~ ER AS GI VEN BE LO w 

A(J ,Jl I S STORED I N LOC ATI ON XIL +1+J-I,Il AND AII,Jl I S ZERO 
I F ABS II-Jl IS GREA TER THAN L. 

METHOD 
COL UM ~ J OF MATRI X Y I S MU LTI PLIE D ~ IT H BAND ED MATRIX X AND THE 
RESU LT I S STORED AS VECTOR z. 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

DO 1 I=1,N 
ZIIl= LJ . O 
DO 1 KJ=l' M 
L rv1 = I + K J-L- 1 
I F IL M .LT~ 1 · 0R .L M . G T. N l GO TO 1 
LL=II-1l*t-1 +KJ 
LK= ( J -1 l * N+U.t: 
ZCil=Z<Il+X<LLl*Y(LKl 

1 CO NTI NU E 
RE TURN 
END 
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c 
c 
c 
c 

• • • • • • • • • • • • • • • • • • • • • • ~ • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • c • • • • 

,... 
'-
c 
c 
c 
c 

c 

.. 

S UB~OU TI N E ADDV EC 

PUR POSE 
To FI ND THE SuM OF Two VECT ORS OB TAI NED GY MULTIPL YI NG T ~ O GIVE~ 
VECT OR S ~ I TH Two GI VEN CO NS T AN ~ R E ~ PECTI VE L Y . SUCH THA T 

X=A -J:-X +B-*Y 

C US AGE 
C CALL ADDVE Ci x , y,N , A, Bl 
c 
C DESCRI PTI ON OF PARAM ETERS 
C X - THE F IRS T GIVE N VECTOR WHICH I ~ DES TRO YE D AND THE 
C RESAULT AN T VECT OR I S S TO RED I N TH E LOC ATI ON . 
C Y - THE SECON D GIVE N VEC TOR . 
C N - LE NGTH OF THE VEC TOR X OR Y. 
C A - THE FI RS T CONS TAN T. 
C B - T ~ E SE COND CONSTAN T. 
c 
C f-';ET HO D 
C THE VECTOR X I S MULT I PLIED wiTH CON STA NT A' AN D VECTQ R Y I S 
C MULTIP LI ED WIT H CONT AN T B ' THE RE 5 A0 LTAN TS AR E ADD ED AND ST ORE D 
C AS VECTOR X. 
c 
c • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • . • • • • • • • • • • • • • ~ • • • • • • • • • • c • • • • • 

c • 
c 

DI HENS ION Xl lJ, Ylll 
c 

DO l I=l, N 
XI I l =A*X I I l+ B*Y I I l 

1 cern I NU E 
RE TURN 
END 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
r 
'--

c 
c 
c 
r 
'--

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
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•••••• ft •••• 0 •• 0 •••••• • ••• • 0 •• ~ •••••••••• & • ~ •••••• . ••• •• •••••••••••• 

• 

SUBROU TI NE SOLVE 

PURPOSE 
TO SoLVE A SET OF S ! ~U LT ANEOUS LIN EAR EQUATIONS AX =B' ~HER E A 
IS A BANJED MA TRIX OF L DI AGONALS , w rTHO~ T GET f i NG A DE~TROYED . 

US/I. GE 
CALL SOLVE I A' X' N'L'Dl 

I 
I' 

DESCR IPTI ON CF PARAME TERS 
A - THE GIVE N BAND ED MATR IX OF L D I A G O~A L S , ~TORED AS STA TED 

BE LOW I N REMARK S. 
X -T HE VE CTOR OF OR IGI NAL CO NS TA NTS , DESTRO YED I N THE 

PROCESS AND REPLACED BY SOLU TI ON VECTJR . 
N - THE LENGTH OF VEC TOR X. 
L -T OTAL NU MBER OF NON - ZERO DI AGONA LS OF THE MA TRIX A • 
D - WORK ~ATR I X OF S IZ E L BY N. 

NAM E OF SUBROU TI NES US ED 
DI AG3 , BNDS OL 

RE1v1ARKS 
THE ~A TRIX A IS STOR ED AS A ~A T R I X OF DI MENS I ON L BY N' SU CH 
THAT ANY ELEMENT AII,Jl OF OR I GI NA L MATRIX I S STORED AS AIM, Il' 
WHERE M=J-I+1+1L-11/2 

rv. ~THOD 
A F T E R S T 0 R I N G r '~A H<I X A I N v~ 0 R K ,"1 A T R I X D ' THE G EN ERA L f!J E T t-: 0 D S 
OF SO LVI NG A SE T OF SI MULT ANEOUS EQUA TI ONS WIT H BAND ED MA TRIX 
ARE .APP LI ED . 

e e e e • e e e e e • e e • e G • e e e e e e • • • e e e • • e e • • e e e e e • e e e e e e • e e • e e e e e e e • • • e e e a • 

• 

DO 1 I=l 'L 
DO 1 J=l'N 
D I I 'J l =A I I 'J l 

1 CONTINUE 
I F I L • N E. 1 l GO T 0 3 
DO 2 I=l'N 
X(Il=X{ IJ/DIIl 

2 CON TINUE 
GO TO 5 

3 IF IL. NE.3l GO TO 4 
CALL DIA G3 I D,X , Nl 
GO TO 5 

4 M=L/2 
CALL BNDSOL I D'X'L' M' Nl 

5 RE TURN 
END 
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