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I. INTRODUCTION

The solution of crystal structures would be a routine
procedure if the amplitudes of the X-ray reflections from a
single crystal could be determined directly from the observed
intensities. If the amplitude (or "structure factor") were
known for each reflection, then the electron density could
be calculated at any point within the crystal. The atomic
positions could then be inferred from the positions of the
maxima in the electron density distribution throughout the
crystal.

But the structure factor is in general a complex
quéntity, having both magnitude and phase. The magnitude of
the structure factor can be determined directly from the ob-
served intensities (which are proportional to the square of
the amplitudes), but the phase of the structure factor cannot
be directly determined from the intensities (except in the
special case where the X-rays are anomalously dispersed).
This is the "phase problem" of X-ray crystallography.

Methods of crystal structure determination have been
developed which attempt to derive the phases of the structure
factors from the intensity values using statistical techniques.

One of these methods, the "correlation method",was developed



by de Vries (1965) as a refinement of a procedure described
by Woolfson (1961).

In an effort to evaluate the usefulness of the cor-
relation method, an attempt has been made to use this technique
to determine the crystal structure of copper ortho-arsenate,
Cu3(AsO4)2 . The compound was expected to provide a non-
trivial test of the method as its structure was unknown;
furthermore, since chemically related but crystallographically
independent structures had been previously resolved by other
structure determination methods, an evaluation of the merits
of the correlation method might be made.

The correlation method is described in detail in
Chapter II. Chapter III deals with the results of its ap-

plication to the structure determination CuB(AsO Chapter

4)2‘
IV attempts to predict the results that would have been

achieved in a Patterson analysis of Cu3(AsO and in a cor-

4)2’

relation analysis of (Zn,Cd)3(PO4)2,B—Zn3(PO and a—MgzP

4) 2 2077

and compares the predicted results with the results of the

structure determination method used. Chapter V is a brief

summary of the work.



II. THE CORRELATION METHOD

The Phase Problem

The aim of any direct method of crystal structure
determination is to derive the phases of the structure

factors, F directly from the intensity data. With the

HI

phases of a sufficient number of the larger F_ values known,

H
a Fourier synthesis may show the electron density associat-
ed with at least the heavier atoms of the crystal.

— .
The electron density p at any point r in the unit

cell having a volume V is

p(;) = & L F, exp 2ri -7
\Y H
H

Here H represents the position in reciprocal space of the
point (hkg) relative to an arbitrary crystal lattice point,
and FH is the structure factor of the X-ray reflection of
indices (hkg). Every point in the reciprocal lattice cor-
responds to a possible reflection from the crystal lattice.
The electron density can be evaluated if the FH values

are known.

In a crystal having a unit cell containing N atoms

located at positions ;l’ ;2' wiw wo g ;N the general expres-
sion for the structure factor FH is
N > >
F,= L f. exp 2ri H-r. ,
H 3=1 3 J



where fj is the scattering factor of the jth atom. Fy
is a complex quantity, and as such can have any relative
phase between 0 and 2mw.

The phase determination problem for an arbitrary
crystal reduces to a simpler problem when a crystal has
a centre of symmetry. In a centfosymmetric crystal, the

. . . . + =
atoms occur in pairs with coordinates - rj, and the general

is simplified:

N
FH = ¢ f£f. cos 2n ﬁ-?..
j=1 )

expression for FH

For a centrosymmetric crystal, then, F_ is a real quantity

H
and so can only be either a positive or a negative number.
As a result, the phase determination problem in a general

structure reduces to a sign determination problem in a

centrosymmetric crystal structure.

The Sign Relation

Because the signs of the various structure factors
are not mutually independent, it has been possible to de-
velop methods of sign determination. The following rela-
tionship among the signs of the structure factors proves
most useful:

Denoting the sign of the structure factor Fy as
s(H) , then it can be shown that the product S of the
three signs s(H), s(H'), and s(H+H') is probably positive.

This is particularly true when FH’ FH' , and F are

H+H'



all large. This "sign relation" is expressed mathemati-
cally as |
S(H) s(H') s(H+H') = S,

and S is probably +.

One derivation of this sign is due to Cochran
(1952). He begins with the premise than an electron den-
sity map of a crystal structure consists of large, high
density positive regions (representing the atomic positions)
superposed on a low but non-negative background. Mathema-

tically, this premise can be usefully expressed as J p3 av

is large and positive. v
Now
3 1 L o+ B fFuy .2
pT == r* % F_F_, F_, exp 2ri (H + - )T

v ga'pr o & H

and in the centrosymmetric case this reduces to

p3 - lg. F. F cos 27 (H + H' - ") .7
Vv

H "H' 7

r I I
H Hl H" H"

The expression Jp3 dV can now be written as

v

$r L Fy Py, Fo J' cos 27 (H + H' - #")-r av
v> H H' H"
v

This integral is zero unless the argument of the cosine
is zero. When H" = H+H' the integral has the value V.
As a result, the condition that.[deV is large and
positive is equivalent to the cogdition that

1 .
= Fa Fav Fram
ve H H'

is large and positive.



In order for the summation to be large and positive,
the individual terms must tend to be positive, particular-
ly when the F's are large. That is, the sign S in the
sign relation

s(H) s(H') s(H+H') = S
is probably +, as we wished to show. If a particular sign
relation can be shown to hold, and if two of the signs

involved are known, then the third sign can be determined.

The Probability Calculation

In order to use the sign relations as part of a
mathematical procedure to determine the signs of structure
factors, Cochran and Woolfson (1955) evaluated the proba-
bility P_(ﬁ,ﬁ') that the sign S will be negative rather
than positive. They expressed this probability in terms

of the "unitary structure factor", U

H and the "unitary

scattering factor", nj.

The unitary structure factor is defined as

N
Uu.=F_/ T £,
S £ N
N
Since I f. is the maximum possible value of FH (which
i=1
would occur when cos 2n§-;j = 1 for all j) then UHigives

the structure factor as the fraction of its maximum pos-

sible value.



The unitary scattering factor of the jth atom is
defined as
N
: «Wf & £a o3

J J j=1 J

nj bears the same relationship to UH as fj bears to FH.
The assumption is made that the values of nj do not vary
with H. Although rigorously true only for structures
with equal atoms, this condition is reasonably well satis-
fied for general structures in which no excessively heavy
atoms are present.

The expression which Cochran and Woolfson derived

for the probability that the sign S will be negative is

> > 3
P_(H,H') = 0.5 {1 + tanh[(e /e )]uH Uy Uger 11}, II.3.1
where
N
e3= P4 n.3
=1
and
N
e = I n.2,
j=1 J
provided H and H' are independent.
If #' = H, then
P_(2f) = 0.5 {1 + tanh[(e./2¢°)|U,.|(U2 - &)1} , II.3.2
- : 3 2H H ! T
For each group of three structure factors FH’ FH"
and F the probability P_ that the sign relation will

H+H'
fail to hold (that is, S will be negative) can be cal-

culated with one or the other of these two expressions.



The Correlation Equation

De Vries (1965) extended the calculation of P_ to
include the influence that the sign relations have upon
each other. His "correlation" method recognizes that dif-
ferent sign relations may have one structure factor (or
perhaps even two structure factors) in common. For ex-
ample, among the list of sign relations for an hkO0 projec-

tion might be the following three:
Sl =s(4,5,0) s(1,0,0) s(5,5,0)

By

and S3 = s(1,5,0) s(5,0,0) s(6,5,0)

The signs S have been given arbitrary subscripts, and

s(1,0,0) s(5,5,0) s(6,5,0)

the indices written as h,k,% rather than H. The sign

relations Sl and 52 have two factors in common, while S

and 83 have one factor in common. Multiplying the sign

relations Sl and 82 together we obtain

2

s.s. = s(4,5,0) s2(1,0,0) s(5,5,0) s(6,5,0)

172

I

s(4,5,0) s(6,5,0),
since the square of any sign symbol must be +1.
Similarly,

8283 =s(1,0,0) s(5,5,0) s(1,5,0) s(5,0,0) .

Now it may happen that among the list of sign
relations the following two occur:

s, = s(4,5,0) s(2,0,0) s(6,5,0) ,



and 85 = s(1,0,0) s(1,0,0) s(2,0,0) .

Then

S4S5 = s(4,5,0) s(6,5,0)

and therefore

8182 = 8485.

Similarly there might be a pair of sign relations whose

IT.4.1

product is equal to S.S

253 resulting in another equation

of this fdrm.

De Vries calls such an equation between sign
relations a "cofrelation equation". The power of a cor-
relation equation lies in the fact that because the cor-
relation equation must be valid, the probability that
each of its constituent signs Sn will fail decreases.

To demonstrate this, the correlation equation II.4.1
can be rewritten as

By = Byi4Se

by multiplying both sides of the equation by the sign S,-

Assuming for convenience that each sign relation has a P_
value of 0.20 when considered individually, then the proba-
bility P_*, which includes the influence of other sign

relations, can be calculated.

Because the correlation equation must hold, Sl

can only be negative if the product S,S S_. is also negative.

27475
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Mathematically,

P_*(s;) P_(8,) P_[(8,8,8.)

P ¥(s)) ~ PL(S)) P (5,5,5.) °

Now the product 828384 will be negative when all

three signs are negative, or when two are positive and one

is negative.
That is
* = §
B (828485) P_(Sz)P_(S4)P_(SS) + P_(Sz)P+(S4)P+(SS)

+ PL(S))P_(S))P (S5) + PL(S,)P, (S)P_(S)

= (0.20)3 + 3(0.20) (0.80) (0.80) = 0.392.

Then ‘
P.*(S)) _0.20 0.392 _ . o,
P_*(S,) _ 0.80 0.608 :
and P_*(Sl) = 0.14 .

This is less than the probability P_(Sl) = 0.20 that the‘
sign relation Sl will fail. The probabilities that the
other three sign relations will fail are decreased in
the same way.

The greater the number of correlation equations
in which a particular sign relation is involved, the smaller
its probability P_* of failing will become. Some sign
relations will be involved in a large ﬁumber of correlation
equations and so have their calculated probabilities of

failing greatly decreased. Other sign relations may not

be involved in any correlation equations, and their cal-
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culated probabilities will be unchanged. As.a result,
the correlation method can be used as a reliable guide in
determining which of the sign relations hold. 1In effect,
the correlation method serves to determine the signs of

the sign relations.

The Sign Determination Method

The procedure of determining the signs of the
structure factors is begun by listing all the sign re-
lations which occur among the signs of the larger struc-
ture.factors. The probabilities P_ that each sign
relation will fail are calculated from the appropriate
Cochran and Woolfson equation (II.3.1 or II.3.2).

The correlation method is then used to determine
the signs S of the‘sign relations. The sign relation
with the smallest probability of failing is assumed to
be correct, and given the sign +. Letter symbols are
then substituted for each of the signs of the structﬁre
factors involved in that sign relation. For example,
the sign relation

s(H) s(H') s(H+H') = 8
becomes
a b - ab =+
Wherever these three structure factors appear in the list

of sign relations, the corresponding letter symbol
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is substituted.

The sign relation with the next lowest P_*
value is assumed in turn to hold. Letter symbols are
again assigned, with as few new symbols as possible being
used. The procedure is continued until a significant
portion of the structure factors have been assigned
letter syﬁbols (or products of letter symbols) for their
signs. It then remains to determine whether each of the
letter symbols stands for + or -.

Woolfson (1961, p.21) shows that the signs of
two of the letter symbols can be chosen arbitrarily for
any two-dimensional projection with plane group symmetry
pP2.

In the hkO projection, for example, for a structure
where the unit cell contains N atoms with coordinates
Xj, yj with respect to an origin at 0,0, the structure
factor of index hk is

N
(Fhk)O,O = jilfj cos 27 (hxj + kyj) =
If the origin is changed instead to the centre of symmetry
at %,0 the structure factor equation becomes
N

= I

1
770

h
(Fpy) . £, cos {27 (hxj + kyj) + 21 3}
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Similarly

and
g g = el (Fry) .
2'7 0,0

The changes in the signs of the structure factors
with a change in origin are summarized in Table 1. 1In
Table 1, + represents no change in sign, while - re-
presents a change in sign, referred to the sign of the
structure factor with the origin at 0,0.

Structure factors having both h and k even are
the "structure invariants" (group 1l). Their signs are
independent of the choice of origin. However, structure
factors with one or both of h and k odd have signs which may
change with a change in origin.

To take a specific case, consider two signs, one
from group (2) with the letter symbol a, and another from
group (3) with the letter symbol b, both assigned with
respect to an origin at 0,0. Then with respect to the
alternative origins, their signs are given in Table 2.
The four possible origins give the four possible combi-
nations of sign for a and b. As a result, any
combination of + and - for a and b is permissible, for it
will be the cofrect combination for one of the four origins.

The choice of sign for these two symbols is arbitrary.



TABLE 1

Changes in sign of a structure factor F

hk*
ORIGIN Group 1 Group 2 Group 3 Group 4

h even h odd h even h odd

k even k even k odad k odd
0,0 + + + +
%,.o + - + -

1
0,5 + -+ - -
11
22 *
TABLE 2

Signs of two letter symbols, taken from Groups 2 and 3

ORIGIN SIGNS

0,0 +a, +b
2,0 —a, +b
o,% +a, -b
1 N
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In general, two signs can be allotted freely,
one to each of two symbols taken from groups (2),(3), or
(4) , but not two from the same group. Once the origin
of the projection has been fixed in this way, all other
signs must be found with respect to this origin.

In addition it is sometimes possible to determine
a few signs of structure factors through the use of an in-
equality relationship. Harker and Kasper (1948) made use
of Cauchy's inequality,
N 2 | N 2 N 2
il ajbjl < (jil Iajl )(ji
to derive a number of inequalities holding for the unitary

structure factors.

For example, taking

and

b. = /n. cos 2m H-r. .
J J J

the Cauchy relation becomes

u2c¢1/2 (1+0

H 2H) ’

provided nj is assumed to be independent of H.

When both UH and U2H are sufficiently large, this inequa-

lity will show that U is positive.

2H
Another substitution for aj and bj leads to the

relation

2
(UH + UH') & (1 + U

pegt) 3+ 0

H-H') :
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Similarly

H—H').

(U + U)o« (L= Uy ) (1 -0
These inequalities may be sufficient to determine the
signs s (H+H') or s(H-H').

With as many as possible of the letter symbols de-
termined by fixing the origin and by using the inequality
relations, there wiil still be undetermined symbols. One
way of dealing with them is to select the two (or perhaps
three) of the remaining letter symbols which occur most
frequently among the remaining undetermined signs. Since
these two (or three) can each be + or -, there are four
(or eight) combinations of possible signs for these struc-
ture factérs.

Among these combinations should be the one correct
set of signs relative to the fixed origin. To find the
correct set, each combination of signs can be used in
turn to obtain an electron density map; and from the group
of maps it should be possible to choose the one giving the
actual location in projection of the heavier atoms of

the structure.



IITI THE STRUCTURE DETERMINATION

OF Cu3(AsO4)2

Experimental Work

Crystals of copper ortho-arsenate were prepared
by K. Neelakantan by slowly cooling a melt formed from the

precipitate recovered from the reaction of Na,HAsO

5 4 and

CuCl2 in an agqueous solution.

The greehish coloured crystals were obtained usually
as needles with a as the needle axis, but sometimes as
platelets developed on (001). The Cu content of the cry-
stals was determined to be 40.3%, as compared to the

calculated 40.69% Cu content of Cu3(AsO The density

4)2'
measured with a pycnometer is 4.83 gm/cc; it agrees roughly
with the calculated density, 5.04 gm/cc, assuming four
molecules of Cu3(AsO4)2 per unit cell.

The cell parameters b and ¢ were determined from a

Weissenberg film of the [100] zone which had superposed

upon it for calibration purposes an Al O3 powder pattern

2
exposed through the Weissenberg screen in three equally
spaced positions across the film.

The © values of the high angle powder lines of A1203 were

accurately known from the hexagonal lattice constants

I

a = 4.75903(3) ﬁ and ¢ 12.9908(2) K (Cooper, 1962), where

17
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the figure in brackets gives the uncertainty in the last
digit. Thus the high angle reflections of Cu3(AsO4)2
could be determined accurately on the calibrated film,
with errors caused by film shrinkage thereby eliminated.

A least squares refinement of the Cu3(AsO reciprocal

4)2
axes, b* and c*, using the accurate 0 values was then
carried out.

The a parameter was determined from a rotation
photograph about the glaxis which had superposed uéon it

a TiO2 single crystal rotation pattern. The lattice para-

meters of TiO2 were determined by Cromer and Herrington

[} [}
(1955) as a = 4.5929(5) A and ¢ = 2.9591(3) A. The camera
diameter D could be calculated accurately from the trans-

lation distance T along the TiO, rotation axis and from

2

the measured spacing An between the + nth TiO layef lines

2
on the film:

An

-1 iy
T
The average of the values of D calculated in this way

tan(sin

was‘used along with the measured spacings between the
Cu3(AsO4)2 layer lines to calculate a.

The monoclinic angle B was measured on an h0g pre-
cession film to an accuracy limited by the smallest angular
division of the measuring instrument.

The lattice constants determined from the Weissenberg
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and precession photographs are:

a = 6.327(5) g; b = 8.642(5) g; c = 11.313(5) X; g = 92.04(4).
The observed systematic absences are 0k0 absent for k odd,

and hOg absent for 2 odd,and these determine the space

group of Cu3(AsO uniquely as P21/c.

4)2
Two crystals were used for the single crystal study.
The first, needlelike in shape and measuring 0.16 x 0.08 x
0.08 mm3, was used to obtain the equi-inclination Weissenberg.
photographs nkf (with n = 0,1,2) with Ni-filtered Cu Ka
radiation. A NaI(T&) scintillation detector and an elect-
ronic counting system were used to record the intensities
of the reflections in the three layers.
The observed count rates, NObs of the stronger

reflections were corrected for the dead time 1t of the de-

tector to give the true count rates, N 5
true

Ntrue = Nobs / 1 - Nobs T (Korff,p.257,1955) .

The dead time was determined to be 0.36 ﬁ sec. It
was found that the correction was significant for about
25% of the reflections; that is, for those which had-NObs
greater than 125 counts/sec. The count rates of all the
reflections were corrected for the background noise.

A second crystal, platelike in shape and measuring
0.24 x 0.08 x 0.04 mm> , was used to obtain the integrated

photographs containing reflections indexed as h0f% and hkO,

with Zr-filtered MoKe radiation. For both projections the
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integrated intensities were measured on a Joyce-Lobell
recording microdensitometer on three films exposed for dif-
ferent times. Scaling factors between the films were cal-
culated for both hO0f% and hkO0 by comparing all those re-
flections which could be measured on more than one of the
three films. The average scaling factors between films
were used to obtain the (average) integrated intensity
value of each reflection.

For both the Weissenbérg and precession films, un-
observed reflections were assigned an upper limit of in-
tensity by visual comparison with neighbouring observed
reflections.

Absorption corrections to the hk0 precession in-
tensities(obtained with a plate-shaped crystal aligned
approximately normal to the X-ray beam) were negligible
(Buerger, 1960, p.207), but the h0Of% precession intensities
were corrected by using a cylindrical approximation
(uR = 0.84) . Absorption corrections to the Weissenberg
data (obtained with a needle-shaped crystal) were also
made by using a cylindrical approximation (pR = 0.98).

Lorentz and polarization corrections were made to
the precession and Weissenberg intensity data using FORTRAN
programs written for this laboratory by I.D. Brown and

A. K. Das.
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The magnitudes of the structure factors FH and the

unitary structure factors U, were then calculated using

H
the corrected intensities. The approximate scaling for
the structure factors was known from the results of an

earlier trial structure for Cu3(AsO Visual measure-

4)2'
ments had been made of Weissenberg and precession films
by-C. Calvo and the intensity values had been used to

test a model based upon the interpretation of the
Patterson projections. Although the model proved un-
successful, Fehlmann et al. (1964) have shown that the re-
sults of a number of random trial structures, when con-
sidered together, can yield a scaling of the structure
factors which is approximately correct. The visually
measured hk0 data was scaled on the basis of the Patterson
model, and used in the initial phase of the sign deter-
mination process.

The values of the unitary structure factors of the
reflections which were used in the>sign determining process
are given in Tables 3, 4 and 5, along with the correctly
scaled values calculated after the structure had been de-
termined. The hkO0 values, in particular, were overestimated
because of the method of scaling and because of errors in

the visual estimation of the original data.



TABLE 3

Comparison of the initially and finally scaled unitary
structure factors, Uy, for the hkO0 projection.

h k 2 Initial Final h k & Initial Final
| U | | Uy | | Uy | | Uy |
0 8 0 .25 .15 4 2 0 .35 .21
010 O .25 .11 4 6 0 .23 .14
1 5 0 .45 .38 4 8 0 .25 .10
1 7 0 ;28 .15 4 9 0 .25 .07
1 8 0 .54 .34 5 3 0 .21 .12
110 0 .25 .11 5 7 0 .23 .09
2 1 0 .28 19 5 8 0 .56 .37
2 3 0 .24 .19 6 0 0 .61 .46
2 6 0 .28 .22 6 3 0 -2 .13
2 9 0 .33 .20 6 4 0 .25 .16
31 0 .35 .24 6 5 0 .24 .06
3 5 0 .27 .21 7 3 0 21 .09
3 7 0 .70 .42 7 4 0 <27 .11
3 8 0 .26 .10 7 5 0 .49 .33
4 0 0 .41 .34 7 6 0 .26 .14

4 1 O «32 e



TABLE 4

Comparison of the initially and finally scaled unitary

structure factors,

U

23

! for the h0g projection.

k 2 Initial Final h k 2 Initial Final

ol 1ol ol 1ol
0 8 o 31 s 32 6 0 8 s 30 .26
0 10 - S .28 7 0 4 w2 .20
0 12 .30 « 27 8 0 0 .20 .16
0 14 .40 .36 -1 0 2 K. .16
0 12 + 20 .17 <1 0 8 .41 «39
0 14 « 26 «21 -1 0 12 .24 w2l
0 4 - 25 23 -3 0 4 «31 27
0 14 +26 .26 -3 O 6 .25 s 22
0 2 wdd 17 -3 0 8 .22 .20
0 4 «37 «33 -4 0 4 «33 «29
0 6 .48 .44 -4 0 14 «36 .34
0 8 .36 + 32 «5 © '8 +35 .30
0 10 .42 «38 -3 0 12 .41 «35
0 12 22 +L.D -6 0 4 .36 «32
0 0 .41 .34 -6 0 6 .34 : e 1 §
0 38 .23 19 -6 0 10 .40 .34
0 12 v 22 «20 -7 0 2 .20 w8
0 0 .60 .46 -7 0 4 w23 w2l
0o 2 .26 «22 -7 0 8 .26 .24
0 4 .59 «52 -8 0 4 +29 23



TABLE 5

Comparison of the initially and finally scaled unitary
structure factors,

for the 0kf projection.

-
h k & Initial Final L Initial Final
gl gl |0 | |
0 0 4 .64 .52 12 .25 .20
0 0 8 .39 .32 7 .20 .15
0 0 10 .35 .28 8 .25 .19
0 0 12 .34 .27 9 .23 .18
0 1 4 .24 .20 12 .20 .15
0 2 1 .20 .15 7 «23 .18
0 2 4 .21 .17 9 «23 .18
0 2 6 .23 .18 11 .36 .28
0 2 8 .23 .19 3 .24 .18
0 211 .23 .18 4 .21 .16
0 3 1 .51 .40 6 .25 .19
0 3 3 .28 .22 7 .37 .28
0 3 5 .39 .31 8 .24 .18
0 3 7 .24 .19 10 .22 .17
0 310 .34 .27 1 .20 .15
0 311 .32 .25 3 .28 -5
0 312 .23 .18 5 .24 .18
0 4 5 .39 .31 7 .21 .15
0 4 9 .30 .24 3 .22 .16
0 4 10 .23 .18 7 .23 .16
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The Sign Determination Procedure in Cu3(AsO4)2

The reflections listed in Tables 3 to 5 are the
strongest in each of the three major projections of

Cu3(AsO The thirty-one hkO reflections have a

4)2'
lower limit of 0.21 on IUHI, while the forty hO0f re-
flections range down to 0.19, and the forty 0k re-
flections range down to 0.20. Because these |U|
values were large, it was expected that among these
reflectioné, sign relations of the form

s(H)s(H'")s(H+H') = g
would have relatively small probabilities of failing.
A FORTRAN program was wWritten to determine all the sign
relations occurring among the selected reflections, and
to compute the probability P_ from the Cochran and woolfson
equations. A second program was written to determine
all correlation equations holding among the sign relations,
and to compute the probability P_* which included the
influence of the correlation equations upon the individual
sign relations. The sign relations found.are liéted with
their probabilities in Tables 6, 7 and 8.

The probabilities P-* determined the order in which
the sign relations could safely be assumed to hold. Letter
symbols were substituted for the signs of the reflections
occurring in "accepted" sign relations, with as many
signs as possiblé being expressed in terms of a small number

of letter symbols.



TABLE 6.

SIGN RELATION

Co
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1,
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8
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4
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29
EX)
4
X
2
3y
4y
44
5
6
2
3
4
4y
2
4y
4
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3
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3
4y
6
3
4y
Se
2
3
4y
4
S5e
6y
6y
Ts
2
3y
G4y
by
b4y
3
3
4y

SIGN RELATIONS AND PROBABILITIES FOR THE HKO PROJECTION.
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TABLE 7.

SIGN RELATION
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2y 8
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« 00000
« 00000
«00000
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«00377
«00000
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SIGN RELATION
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«103
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«130
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« 046
«003
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«012
«010
« 006
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« 004
«030
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s U95
«075
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e 056
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«003
0 004
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«019
«003
« 004
«N01
«032
«138
« 050
e 023
«183
«095
«181
«161
« 069
0277
«088
e159
e152
0074
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«259
0032
e N07
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« 084

28

p—%
« 00000
«00000
«00000
«C0001
«00070
« 00000
«00000
«00000
« 00000
«00000
« 00000
«00000
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« 00000
« V0469
«00000
« 00000
«00030
sLVL27

003411
«00010
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« 00000
«00000
« 00000
« 00000
« 00000
« 00000
«00000
«00000
« 00007
«01634
« 00814
«07355
« 00000

«03251
«00203
«00000
«02858

«01177
«01987
« 00727
«15878
«00000
«00000
«00000
«00000
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The hkO0 projection had thirty-one sign relations
with a calculated P_* value of zero (to five figures).
All thirty-one relations were accepted. The process of
assigning letter symbols to the signs of the reflections
was begun by assigning the letter symbols "a" and "b"
to the large and frequently occurring signs s(-1,5,0)
and s(3,7,0). With the sign s(5,8,0) next taken as "c",
a total of fifteen signs could be expressed in terms of
the three letter symbols by means of the thirty-one
accepted sign relations. The assignment of the letter "4d"
to s(3,1,0) permitted a total of twenty-three signs to
be expressed in terms of four letter symbols.

Sign relations having the next lowest P_* values
were then accepted, and five more expressions for signs
were obtained. The final sign relation to be accepted
had P_* = 0.00218. The process was terminated then because
new letter symbols would have been necessary in order to
continue.

After the structure had been determined, it was
found that seventeen of the eighty-nine sign relations
were in fact incorrect. Through the use of the correlation
method, only two of these seventeen incorrect sign relations
were among the fifty-one accepted relations. (One sign was
predicted incorrectly as a result.) The other fifteen were

among the thirty-eight unaccepted relations.



TABLE 9

Predicted and correct signs of the structure factors
in the hkO projection.

h k 2 -Letter Predicted Correct

Symbol Sign Sign
0 8 O -d = -
1 5 0 -a + +
1 7 0 + + +
1 8 0 - - -
110 O a = =
2 1 0 + + +
2 3 0 -a + +
2 6 O ad = -
2 9 0 -d - =
3 1 0 d + +
3 5 0 -a =+ +
3 7 0 +. + +
3 8 0 + + #+
4 0 O = - -
4 1 O + + +
4 2 0 a = -
4 6 0 -ad + +
4 8 O d + +
4 9 O - - -
5 3 0 - - -
5 7 © = - -
5 8 0 + o +



TABLE 9 (continued)

Predicted and correct signs of the structure factors
in the hkO projection .

h k 2 Letter Predicted Correct
Symbol Sign Sign

6 3 O a - -

6 5 0 ~ =~ +

7- 3 0 | ad - -

7 5 0 a - -



32

The origin of the hk0 projection was fixed by
taking the two signs s(3,7,0) and s(5,8,0) as +. The
twenty-eight signs could then be expressed in terms of
two unknown sign symbols. The predicted signs (with
a = - and d = +) are shown in Table 9 along with the
signs eventually found £o be correct.

With two possibilities (+ or -) for each of the
letter symbols, there were four possible sets of signs.
For each possibility an electron density map was computed
using a Fourier'synthesis program written for this lab-
oratory by J. S. Rutherford.

Three of the four electron density maps had peaks
on the glide plane at 1/4 b. 1In two of these maps,
however, the glide plane peak was not even the largest
of the peaks which appeared and certainly not of double
weight as required by the space group symmetry. Although
the third electron density had a peak on the glide plane
which was sufficiently strong, there were five other single
weight peaks in the asymmetric unit, rather than the
expected four. This possible electron density distri-
bution did not refine, and the remaining electron density
was selected as the most probable of the four.

The remaining electron density map (calculated with
a=-and d = +) is illustrated in Figure 1. Contéur lines

are drawn at arbitrary but regular intervals, with the
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zero level contours appearing as dashed lines.

Five distinct peaks are apparent. Since copper and
arsenic atoms have very similar scattering factors, the
peak positions were taken temporarily as the location of
five copper atoms. Structure factors were calculated,
using these x and y coordinates and compared to the ob-
served structure factors. A reliability index, R, was
computed, where

R=1 || Fy (obs)| - |F, (cale) || /  Fy(obs),
H H

H
R was found to be 0.31 after one cycle of least squares
refinement of the atomic positions (using a program

written by J. S. Stephens). With none of the eight oxygens
yet being included in the calculation, this was considered
an encouraging figure.

In the 0k projeétion, thirty-two sign relations
having effectively zero P_* values were accepted immediately.
The sign s(0,0,4) was given the letter symbol a, s(0,3,1)
was given the symbol b, and s(0,4,5) the symbol c. It
was possible to express fifteen signs in terms of these
three letter symbols. Since only four more signs could be
obtained by assigning a fourth symbol, only the three
symbols were used. A sixteenth sign, s(0,0,8) was shown
to be + by applying the Harker-Kasper inequality
2 )

U £ 1/2 (1L + U

H 2H

with H = 0,0,4.



TABLE 10

Predicted and correct signs of the structure factors

in the 0kt projection .

h k 2 Letter Predicted Correct
Symbol Sign Sign
0 0 4 a - -
0 0 8 + + +
0 0 10 a - -
0 0 12 a = -
0 0 4 + + +
0 3 1 + + +
0 3 3 a = =
0 3 5 a - =
0o 3 7 4 + +
¢ 311 a - -
0 4 5 s + +
0 4 9 a - -
0 7 4 + - &
0 7 6 + + +
0 7 8 a - -
0 7 10 a - -

35
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With the sign s(0,0,8) known to be +, two of the
sign relations were known to be incorrect. None of the
ten other sign relations later found to be incorréct was
included among the thirty-two sign relations which were
accepted.

To fix the origin of the projection, s(0,3,1) and
s(0,4;5) were takeh as +. The predicted signs of the
0k% projection are listed in Table 10.

With sixteen signs expressed in terms of the single
letter symbol a, two sets of signs were possible. Because
one set (a = +) had all signs positive and was therefore
unlikely to be correct, only the electron density map
corresponding to a = - was calculated (Figure 2).

Just four of the five heavy atom peaks of the asym-
metric unit could be positively located from the electron
density map. However, after two cycles of least squares
refinement, the sign of the calculated structure factor
could safely be accepted as the sign of the observed
structure factor for fifteen additional strong reflections
where the calculated and observed magnitudes agreed
closely. An electron density map calculated with thirty-
one reflections showed the fifth peak clearly. The R
factor then calculated was 0.28.

Only eleven of the hO2 reflections could be expressed

in terms of two letter symbols (Table 11.) Instead of at-
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Figure 2

The electron density map of the 0k% projection
with the final atomic positions superimposed



TABLE 11

Predicted and correct signs of the structure factors
in the h0Of projection.

h k 2 Letter Predicted Correct
Symbol Sign Sign

0 0 12 -ac + -

1 0 12 -a + +

2 0 4 a - -

3 0 8 ¢ + +

4 0 O : wei = -

5 0 12 ac = -

6 0 4 ~ac + +
-1 0 8 = - -
-3 0 4 -3 + +
-5 0 8 ¢ + C 3
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tempting a Fourier synthesis with these few signs, the

X and z coordinates were found by the pairing of the
common y coordinates of the atomic positions found in the
hk0 and 0k& projections. The calculated R factor for the

h0? projection using these coordinates was 0.30.

Refinement of the Trial Structure

The approximate y and z coordinates of six of the
eight oxygen atoms were found from a sequence of dif-

ference syntheses, computed from the equation

=

¢ {F(obs)-F(calc)} cos 2r (ky+z).

p (obs) —p (calc) = —
bc
; k,2

During this sequence it became possible to distinguish
between the two arsenic peaks and the three somewhat
weaker copper peaks.

The x coordinates of the six oxygen atoms found
from the difference syntheses, and the x,y,z coordinates
of the remaining two oxygens,were found by using the fol-
lowing two postulates about the chemical bond arrangement:

(1) The arsenic atom would be at the centre of a
regular tetrahedron, with four oxygens at the
corners at a distance of about 1.7 %.

(2) Groups of one arsenic and two copper atoms bonded
to the same oxygen atom would be found in an‘
electrostatically plausible planar arrangement

having the arsenic-to-oxygen vector as the right
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bisector of the copper-to-copper vector.

The remaining unknown oxygen coordinates were
readily found through the use of these postulates, except
in the case of two of the oxygens. These were initially
.assumed to be bonded to the wrong arsenic atom, and so
had their postulated x coordinates interchanged.

The Mo Ko radiation data (hO2 and hk0) and the
Cu Ko radiation data (nkf) were at first used independently
for the refinement of the atomic parameters; the computer
program used for the least squares refinement was designed
to accept only one set of scattering curves for each atomic
species. To permit refinement of the two sets of data
together, the Mo Ka radiation data was converted to "pseudo"
Cu Ko radiation data by applying the following reasoning:

The calculated structure factors for molybdenum and
copper radiation differ because of anomalous dispersion
by the copper and arsenic atoms of the structure. The

scattering factor f can be represented as
f = fo + Af' + iAf"

(International Tables, 1962, p.213), where Af' and Af"
are the real and imaginary dispersion corrections. Setting
Af™ = Af'+(Af"2/2(fo+Af')), the difference GF between the

calculated structure factors is given by

. talo cale
s = Brg Fuo
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w
{fj + Afj(Cu)}cos 2nH-T, -

J .

{f. + AfT(Mo)}cos 20T,
o1 3 j ]

RS

N
z

1

o=

m m o -
{Afj(Cu) - Afj(Mo)} cos 27 Her,.

=1 J

The difference GF could be calculated with good accuracy
for each reflection since the atomic parameters ;j were

known to a good approximation when the conversion was

made (R = 0.08 for the Mo data, and R = 0.13 for the Cu

data) .
The assumption was then made that
obs obs | _ eale; _i1,calec
l pseudo—Cu| - IFMo = | Cu | IFMo :
That is,
obs obs
| pseudo—CuI |FMo |+ 6F :

obs

Table 12 lists the F
Mo

values at the time of the conver-
sion, and the GF value corresponding to each. The sign of
Fcalc was used in making the conversion.

With the correction 6F applied to the hOf& and hkO
structure factors, the final refinement of the atomic para-
meters was made, using all the data with the Cu Ko scat-
tering curves.

After several cycles of least squares refinement, the

final unweighted R factor for all 647 reflections was 0.09,

while the R factor calculated with l/c2 weighting was 0.11.



« TABLE 12. CORRECTIONS APPLIED TO MOK, OBSERVED STRUCTURE FACTORS,

H K L FOBS c
0 2 0 90616 =1.46
0 4 O 5le14 2409
0 6 O 2718 =382
0 8 O 76652 8e 46
010 O 4117 1,33
1 1 0 39.89 1.90
1 2 0 80425 7038
1 3 0 *11003 ‘1001
1 4 O 41609 0el7
1 5 0 207.31 =-11.34
1 6 0 %#19,09 =1,12
1 4 0 7348 =4458
1 8 0 134¢34 10.28
1 9 0O 25670 1e23
110 O 31682 =1e13
1 11 0 #24,49 =6407
2 0 O 48424 0657
2 1 0 149434 =7,53
2 2 0 3713 =2,78
2 3 0 111.30 0016
2 4 0 3271 =2460
2 5 0 *18653 4031
2 6 0 113,75 579
2 7 0 19,48 2691
2 8 0 *%19426 =0.29
2 9 O 94409 11.06
2 10 0 37425 =537
2 11 0 #23445 le17
3 0 0 *#13,56 =0,43
3 1 0 166661 =11466
3 2 0 13,92 =-4,02
3 3 0 1547 =051
3 4 0 60487 =3,14
3 5 0 102,99 =1.15
3 6 O 35686 =0666
3 7 0 188495 =18.61
3 8 O 54410 =2470
3 9 0 %22.94 1s57
3 10 0 24,89 0.31
311 0  83.81 4419
4 0 0 17725 953
& 1 0 120.53 ’8.09
4 2 0 119,57 8402
4 3 0 66016 =1.78
4 4 0 53463 6627
4 5 0 22486 2092
4 6 O 58648 =3,70
4 7 O 21657 =1le65
4 8 O 35015 =3,01
4 9 O 27.10 4065
4 10 0 %22,70 3.48
5 0 0 *25.36. °O.37
5 1 © 44494 5661
5 2 0 ,’16!90 =620
5 3 0 58640 4631
5 4 O 39.99 Ce67
5 5 0 24042 =2455
5 6 0 #19,44 =1,01
5 7 0 33,26 4657
5 8 0 124449 =10,03
5 9 O 29675 4650
5 10 O 14437 220
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L FOBS H K L FOBS é
0 200616 18440 5 O 8 77606 =11611
0 3734 3641 5 0 10 5880 =4440
0 #1934 =2,88 5 0 12 5965 6656
0 47.21 -1.39 6 0 0 224.91 18.40
0 62637 =4,6C 6 0 2 93,63 9.83
0 25628 =4435 6 0 4 20595 =16.12
0 %2217 5.92 6 0 6 56.89 -9e06
0 *20,05 =103 6 0 8 B7e46 Teb2
0 42412 =-6415 6 0 10 33662 =031
0 42,18 561 7 0 0 30634 5661
0 %19,82 0,68 7 0 2 21435 =633
0 *#19,26 =-1,18 7 0 & 7090 =8.21
0 32643 191 7 0 6 16663 le11
0 38455 316 7 0 8 30646 1692
0 107,83 10,38 8 0 O 55699 =9417
0 44486 532 =1 0 2 141496 =13,21
0 73,68 6448 =1. 0 4 106,01 -8.,98
0 59425 =9,17 -1 0 6 18,73 8424
0 44459 5628 =1 0 8 194456 13,04
0 28472 =3,08 =1 0 10 #24,06 =-0661
0 6342 le42 =1 0 12 8245 =6.04
0 2588 =1,78 -1 0 14 2139 3.02
2 %*16488 =2442 =2 0 2 *¥18678 =0e47
6 *%15,94 =0,16 -2 0 & 41413 =10626
8 147473 =10439 =2 0 6 45460 =56,16
10 125402 9.81 =2 0 8 50600 8e71
12 100496 9639 =2 0 10 37445 7402
14 117427 =11485 =2 0 12 #2176 0.10
2 6870 722 =2 0 14 33,92 0.90
4 29¢44 =037 =3 0 2 101.29 3455
6 21400 =2,99 =3 0 &4 166011 =8.98
8 53.13 978 =3 0 6 11910 =9.14
10 71493 891 -3 0 8 94687 5633
12 68485 =114,57 =3 0 10 41429 6407
14 74469 =13435 =3 0 12 57648 0619
0 52631 0057 =3 0 14 9554 4459
2 19,08 =3,46 =4 0 2 43457 0.21
4 151,18 L4e34 =4 0 4 155439 ~-10436
6 61.63 10,67 -4 0 6 18655 =559
8 34486 259 =4 0 8 17.48 lell
10 1723 =T7441 =4 0 10 51690 1.19
12 20,6C =8,03 -4 0 12 24470 36,21
14 74.19 -1.01 -4 O 14 95.54 4.59
0 #22,09 =0e43 =5 0 2 *12.86 0.56
2 110447 =3,28 =5 0 & 25699 5486
4 194481 12428 =5 0 6 %1578 =2650
6 225665 106449 =5 0 8 12139 =14,90
8 147¢14 =11498 =5 0 10 *16.62 =3e45
10 149,91 =10481 =5 0 12 113.31 14,20
12 6707 6627 =6 0 2 56059 =5691
0 208.95 9653 =6 0 4 12935 =9.33
2 36018 4469 =6 0 6 114486 9404
4 34.76 0.34 “6 o 8 24.48 1.98
6 #¥20420  0e41 =6 0 10 113647 =15.28
€ %1721 =3436 -7 0 2 6461 1051
10 17470 =5425 -7 0 4 69.84 3.09
12 19.09 =2.,26 -7 0 6 2le74 =6602
0 %#12,82 =0,37 -7 0 8 70669 =4,21
2 *12,91 569 -8 0 2 30.78 Sel7
& 56607 6.12 -8 0 4 79640 14053
6 *21612 =3,34 -8 0 6 2784 =0671
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(x10).

3(AsOu)2

OBSERVED AND CALCULATED STRUCTURE FACTORS OF Cu

Reflections marked * were unobserved,

TABLE 13,
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TABLE 13 (continued). STRUCTURE FACTORS OF Cua(Asou)z.
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The values of o were taken as one—tenfh of the FH value

for those reflections having F_ greater than 40, and as

H

one-third of the FH value for all weaker reflections.
Table 13 lists the observed and calculated structure

factors of Cu3(AsO4)2.

Description of the Structure

Table 14 lists the final atomic coordinates in the
asymmetric unit and the isotropic temperature factors for
each atom, together with their estimated standard devia-
tions. Bond lengths and bond angles are listed in Table 15.

Figure 3 illustrates the structure of Cu3(AsO4)2,
projected along the a axis. The copper atoms are re-
presented by the dark circles, the arsenic atoms by the
double circles, and the oxygen atoms by the open circles.
The illustration is intended to represent one unit cell
about the point (1/2,0,0),6 and bonds to atoms outside this
unit cell are shown as broken bonds.

The arsenic of the AsO4 groups shows the usual
tetrahedral coordination. The average As-0 bond length
between As(1) and 0(1), 0(3), 0(5), and 0(7) is 1.68 A,
while the average between As(2) and 0(2), 0(4), 0(6),
and 0(8) is 1.69 R. The tetrahedral angles subtended by
As(l) range from 102.9° to 116.20, a larger variation

than for As(2) where the range is from 105.6o to 113.80.
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Atomic Coordinates and Isotropic Temperature

Factors of Cu3(AsO4)2
Atom Atomic Coordinates Temperature Factor
x y z

Cu(1l) 0.2415(8) 0.1641(4) 0.6322(3) 1.01(8)
cui{2) 0.6162(9) 0.0211(4) 0.8778(4) 1.25(8)
Cu(3) 0.9082(8) 0.1900(4) 0.4315(3) 1.03(8)
As (1) 0.4143(6) 0.1134(3) 0.3680(2) 0.77(6)
As (2) 0.8960(6) 0.0602(3) 0.1506(2) 0.78(86)
0(1) 0.6065(33) 0.2381(20) 0.4188(14) D:79(27)
0(2) -0.0322(35) 0.2403(21) 0,1061(13) 0.86(28)
0(3) 0.2076(38) 0.1311(21) 0.4568(15) 1.21(32)
0(4) 0.0858(40) -0,0731({21) 0.1207(15) 1.33(35)
0(5) 0.3377(37) 0.1539(19) 0.2286(14) 0.84(28)
0(6) 0.6707(43) -0.0050(23) 0.0840(17) 1.47(34)
0(7) 0.4815(38) -0.0706(17) 0.3602(14) 0.82(29)

0(8) -0.1314(41) 0.0526(19) 0.2977({186) 1:25(31)
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TABLE 15

Bond Lengths and Bond Angles in Cu3(AsO4)2

In the Cu(l) trigonal bipyramid:

Bond lengths 0 Angles (average error is 1.6°)
cufly -~ 0L3) 2.01(3) A 0(3) -Cu (1) -0(5) L32.2%
- 0(5) 2.00(4) o(5) - -0(8) 125.3
= 0(8) 2.16(4) 0(8)~ -0(3) 102.5
- 0(2) 1.93(4) Q(2) = =0{7) 173.7
- 0(7)  1.93(4) 0(2)- ~0(3)  8l.1
0(2)- -0(5) 850.1
0(2) - -0(8) 97.4
0(7)~ -0(3) 92.8
O(7)=~ =0{5) 92.7
BE7)= -0(8) 85.6

In the Cu(2) octahedron:

Bond lengths 'Angles (average error is 1.59)
cu(2) - o(1) 2.05(3) A 0(1)-Cu(2)-0(4) 81.4°
- 0(4) 1.92(4) 0(4)- -0(5) 89.5
-0(5) 2.03(3) 0(5)- -0(6)II 101.5
-0(6)II  1.89(5) 0(6)II- -0(1) 91.7
-0(6) I 2.37(3) - o(e)I- 40(7) 175.4
-0(7) . 2.77(3) 0(6) I- -0(1) 84.8
0(6)I- -0(4) 84.7
0(6)I- -0(5) 117.5
0(6)I- -0(6)II 82.4
0(7)- -0(1) 95.4

o(7)- -0(4) 99.9



TABLE 15 (Continued)

Bond Lengths and Bond Angles in Cu3(AsO4)2 48
0(7) -cu(2) -0(5) 63.3°
0(7)- ~0(6)IT 93.0
o(1)- -0(5) 185.2
o(4)- -0(6)II 165.9
In the Cu(3) trigonal bipyramid:
Bond lengths Angles (average error is 1,623
Cu(3)-0(2) 2.09(3) A 0(2)-Cu(3)-0(4) 88.9°
-0(4) 2.13(3) 0(4)- -0(8) 112.0
-0(8) 1.93(3) o(8) - -0(2) 158.9
-0(1) 1.95(3) 0(1) - -0(3) 175.0
-0(3) 1.97(4) | 0(1) -0(2) 98.8
o(1)- -0 (4) 78.7
o{1)— | -0(8) 88.4
0{3)= =0 {Z) 78.2
) 0(3)- -0(4) 105.1
| D{3) = -0(8) 93.2
In the As(l) tetrahedron: -
Bond lengths Angles (average error is 1.89)
As (1) -0(1) 1.71(4) A 0(1)-As(1)-0(3)  107.4°
-0(3) 1.69(4) G(1)- -0(5) 111.4
-0(5) 1.67(3) o(1l)- -0(7) 116.2
-0(7) 1.65(3) 0(3)- =0{5) 109.8
0(3) - -0(7) 108.1

0{3)~ -0(7) 102.



TABLE 15 (Continued)

Bond Lengths and Bond Angles in Cu3(AsO4)2

In the As(2) tetrahedron

As (2)

Bond lengths

0(2)
0(4)
0(6)

o(8)

1.70(4)
1.71(2)
1.68(4)

1.68(3)

0
A

49

Angles (average error is 1.80)

0(2)-As(1)-0(4)

0(2)- -0(6)
0(2)~- -0(8)
0(4)- -0(6)
0(4)- -0(8)

o(6)- -0(8)

111.2°
113.8
111.4
106.1
105.7

108.2
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Figure 3

The structure of Cu3(AsO4)2 projected down the x-axis

0S
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The Cu(l) atom is bound to five oxygen atoms in
a fairly regular trigonal bipyramidal arrangement. The
equatorial oxygens 0(3), 0(5),and 0(8) are at an average
distance of 2.08 X from the Cu(l), while the axial oxy-
gens 0(2) and O(7) are at a distance of 1.93 ﬁ,

The éu(2) atom is surrounded by six oxygen atoms
in a distorted octahedral arrangement. The equatorial
oxygens O(l), 0(4), O(5), and O(6) average 1.97 g from
Cu(2). One axial oxygen atom, 0(6), is at a distance of
2.37 &; a long bond of 2.77 ﬁ from the copper atom to
O(7) completes the octahedron.

The Cu(3) atom is bound to five oxygens in a
trigonal bipyramidal arrangement less regular than that about
Cu(l). The equatorial oxygens 0(2), O(4), and 0(8)
are at an average distance of 2.05 g from the copper atom with
0-Cu-0 angles ranginé from 88.9° to 158.9° instead of the
ideal value of 120° for the angles in the plane. The axial
oxygens O(1l) and O(3) average 1.96 g from the Cu(3) atom.

The framework of Cu3(AsO4)2 consists of sheets of
copper coordination polyhedra along the a and b axes,
connected together along the c¢ direction by discrete AsO

4

0
tetrahedra and by a long (2.77 A) Cu-O bond. The AsO4
tetrahedra share three oxygens with one sheet, and one with
the adjacent sheet.

The sheets themselves consist of zig-zag chains formed
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by cations which edge and corner-share oxygen atoms; In
alternate sheets the chains descend and climb the a axis.
In each sheet a chain is bound to the one below by 0(5)
atoms corner-shared between a Cu(l) cation of one

chain and a Cu(2) cation of the chain below.

As éan be seen from Figure 3, in each chain equi-
valent Cu(2) cations edge-share equivalent 0(6) atoms
across a centre of symmetry. The Cu(2) cations each have
a long bond to an 0O(7) in the adjacent sheet, and each
corner-share an O(5) with a Cu(l) in an adjacent chain.
The Cu(2) cations also edge-share 0(4) and O(l) atoms with
Cu(3).

Continuing the chain, the Cu(3) cation in turn edge-
shares 0(3) and 0(2) atoms with one Cu(l) cation and corner-
shares an 0(8) atom with another Cu(l) cation, related to
the first by a centre of symmetry. The O(7) atom is strong-
ly bonded only to Cu(l), and does not link cations of fhe
same chain.

The interatomic angles of the arsenic, oxygen, and
two copper groups (which had been expected to be planar)
are listed in Table 16. Except for the group containing
the long Cu(2) - 0(7) bond, the sum of the angles is close

to 360°.



TABLE 16

Interatomic Angles of the Arsenic, Oxygen

and Two Copper Groups

Atoms Angle (degrees) Sum
Cu(2)-0(1l)-Cu(3) 100.7
Cu(2)-0(1)-As (1) 124.2
As (1) -0(1)-Cu(3) 125.1

350.0
Cu(l)-0(2)~-Cu(3) 98.7
Cu(l)-0(2)-As(2) 126.4
As (2)-0(2)-Cu(3) 120..1

345.2
Cu(l)-0(3)-Cu(3) 100.2
Cu(l)-0(3)-As (1) 123 .0
As (1) -0(3)-Cu(3) 134.3

38%7.5
Cu(2)-0(4)-Cu(3) 99.0
Cu(2)-0(4)-As(2) 124.8
As (2)-0(4)-Cu(3) 136.2

360.0
Cu(l)-0(5)-Cu(2) 110.1
"Cu(l)-0(5)-As(1) - 1391
As (1) -0(5)-Cu(2) 110.5

359.7
Cu(2)-0(6)-Cu(2) 97.6
Cu(2)-0(6)-As(2) 119.2
As (2)-0(6)-Cu(2) 137.8

354.6
Cu(l) -0(7)-Cu(2) 105.4
Cu(1l)-0(7)-As (1) 129.7
As(1)-0(7)-Cu(2) 83.2

318.3
Cu(l)-0(8)-Cu(3) 106.2
Cu(l)-0(8)-As(2) 116.3
As(2)-0(8)-Cu(3) 137.5

360.0

53
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Arsenate Structures

The structure of Cu3(AsO is similar in several

4)2

respects to that of the mineral clinoclase, Cu AsO4(OH)3

3
(Ghose et al., 1965), which also has space group symmetry
P21/c.

While both structures show a cross-linking of
cation chains to form a sheet structure, the environment
of the cations of the two structures differs considerably.
Two of the three copper ions of clinoclase are octahedral-
ly coordinated,'each with one medium length axial bond
and one long axial bond (2.30 R and 2.99 R for one cation
and 2.31 ; and 2.84 g for the other). The single cation
of Cu3(AsO4)2 which shows octahedral coordination, Cu(2),
has axial bond lengths of 2.37 X and 2.77 X.

The remaining copper ion of clinoclase shows five-
fold coordination, with the oxygen atoms in a distorted
tetragonal pyramidal arrangement. The two cations of
Cu3(AsO4)2 which are five-fold coordinated have the oxygen
atoms arranged about them to form a trigonal bipyramid.

In clinoclase the AsO4 groups are found in the usual

tetrahedral arrangement, although the tetrahedron deviates

somewhat from regularity. A difference in length among

‘the As-0 bonds has been attributed (Ghose et al., 1965)

to the fact that the shorter bonds are of higher bond order as

the oxygen 1is less strongly bonded to a second cation.
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However, the differencebbetween the two "long" As-0
bonds, 1.746 X and 1.716 R, is nearly as large as the
difference between the average of the "short" As-0
bonds, 1.678 R, and the "long" 1.716 X bond. 1In

(o]
Cu3(AsO 0(7) has a "short" 1.647 A As-0 bond.

4)2’
0(7) is strongly bonded to only one copper ion, and the
same phenomena of varying bond orders within the AsO4
group may be occurring.

The mineral stranskiite, Cuan(AsO has a

)2

molecular formula similar to that of Cu3(AsO but

4)2’
the two structures differ considerably (Plieth and
Sanger, 1965). Stranskiite is triclinic, with space
group symmetry PI. The copper ion is located at a centre
of symmetry, and is octahedrally coordinated, having the
axial oxygens at a distance of 2.96 g. The zinc ions
show five-fold coordination, with an average Zn-O distance
of 2.05 A.

The AsO4 groups again show a tetrahedral arrange-
ment, but with longer As-O bond lengths (ranging from
1.74 % to 1.78 X) than are found in either clinoclase or
copper ortho-arsenate. The longest of the As-0O bonds in
stranskiite is formed with an oxygen which is corner-shared
between a zinc ion and the copper ion. However, the Cu-0

. (0]
bond is long (2.96 A), and so the oxygen is strongly bound

only to the Zn cation. This distinctly differs from the
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situation in both copper ortho-arsenate and clinoclase,
where an oxygen bound strongly to only one cation seems
to form the shortest As-O bond, not the longest as in
stranskiite,and may reflect a primitive stage of refine-
ment of the structure of stranskiite.

Stranskiite has one pair of the equatorial oxygen
atoms about the copper ion bonding to each zinc cation.
The zinc cations in turn edge-share oxygen atoms across
a centre of symmetry, thus forming a sheet structure with
the cations in a centred, planar array having a Cu ion
at the centre and'paired Zn ions at four corners. The
AsO4 groups link the cation sheet structures, with two
oxygen atoms lying in each sheet.

Only a few other arsenate structures have been
determined. Ag AsO, has an average As-0 bond length of

3

1.75 R, while in KH,

(Helmholz and Levine, 1942). Mngszo7 has terminal As-O

0
bonds averaging 1.64 A and internal (As-0-As) bonds

AsO4 the average bond length is 1.74 ﬁ

averaging 1.68 X (Calvo and Neelakantan, 1967). In NaAsO3
the terminal bond lengths are 1.68 g and the internal
bond lengths 1.77 g (Liebau, 1956).

It thus appears that the arsenates with the more
electro-positive elements have larger average As-0 bond

lengths than is the case for the less electro-positive

divalent metal ions.
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IV. EVALUATION OF THE CORRELATION METHOD

The Patterson Analysis of Cu3(AsO4)2.

An attempt was made to evaluate the relative
usefulness of the correlation method as a means of
solving a crystal structure. A definitive comparison
of the method with the traditional use of Patterson func-
tions is not possible, although it seems clear that the
application of fhe correlation method requires a minimum
of experience on the part of the crystallographer.

A criterion for the ease with which a structure
might be expected to yield to direct methods was given
by Woolfson (1961,p.42) who shows that a structure having
fewer than sixteen equal atoms (or an equivalent number
of non-equal atoms) should be soluble. 1In Cu3(AsO4)2
there are twenty heavy scatterers in the unit cell. Using
this number as the number of "equal" atoms, Woolfson's

criterion implies that Cu3(AsO has a structure ap-

4)2
proaching the limit in complexity which direct methods
might reasonably be expected to solve.

The Patterson function is a three-dimensional
radial distribution giving the vectorial separation of

electron density within a cfystal. The Patterson func-

tion is defined by
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P(0) = VJ‘p(i')) o(r + U) av

where U and T are vectors in the unit cell (Patterson,
1934) . Because the value of the integral (for a given
ﬁ) is small when the electron densities at the positions
Y and T + U are small, a large P(ﬁ) value implies that
there are atoms in the unit cell which are separated by
the vector U. From the information which the Patterson
function P(T) yields about interatomic vectors, it is
sometimes possible to derive the atomic positions.

P(a) can be written
z ]2

|F
h,k, g hk

P(u,v,w) = %

cos 27 (hu + kv + w)

where u, v, and w are the components of U. The thkglz
coefficients are known since they are directly related to
the measured intensity values.

Fourier syntheses can also be devised using data

from the nth

level of the reciprocal lattice only. For
example, the function

1 2
P (v,w) = £ kzz |Fnk2| cos 2n (kv + 2w)
7

(a "generalized Patterson projection") can be used in con-
junction with Po(v,w) to provide a meésure of the u
coordinate of the Patterson peak (Clews and Cochran, 1949) .
The three Patterson projections were computed for
Cu3(AsO4)2. In each of these there was considerable super-
position of peaks. The h0f. Patterson projection indicated

that the heavy scatterers would be found separated in the
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c direction by 1/4 of the unit cell length. The structure

as determined by the correlation method did, in fact, show

135

that the heavy scatterers were located at positions 8’8’8’

and % of the c axis.

The first and second layer generalized Patterson
functions Pl(v,w) and P2(v,w) were also computed, but
again because of much overlap the projections could not
be readily solved. It is of course possible that higher
layer data might have led to a solution of the structure
by the Patterson méthod, but the intensity data available

proved sufficient to permit a successful correlation ana-

lysis of the structure.

The Correlation Analysis of B—Zn3(PO4)2 and (Zn,Cd)3(PO4)2.

An attempt was made to apply the correlation method

to B—Zn3(PO and (Zn,Cd3)(PO two phosphate compounds

4)2 4)2'
whose structures had been determined by Patterson functions.
Both compounds had molecular formulas of the same M3(XO4)2
type (with the XO4_n group being tetrahedral) as Cu3(AsO4)2.
Unitafy structure factors were calculated for both

compounds from the final F,_ values, which were correctly

H
scaled since the structures were known. Sign relations
and then correlation equations were computed.

Table 17 summarizes the results of the correlation

method for the tywo compounds.
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TABLE 17

Results of a Correlation Analysis of

B—Zn3(P04)2 and (Zn,Cd)3(PO4)2
Structure Projec- Number of Number of Results
tion Signs Letter Sym-.
" Predicted bols Used
B—Zn3(PO4)2 hkO 32 i 29 correct signs
hog 1.7 2 16 correct signs
Ok ' 37 1 20 correct signs
(Zn,Cd)3(PO4)2
hkO 20 1 all signs correct
hog 17 2 all signs correct

0k2% 18 2 12 correct signs
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The h0% projection of B—Zn3(PO4)2 had been easily
solved from the Patterson projection (Stephens and Calvo,
1967) ; but the correlation method predicted four possible
electron density distributions. These four were computed
- from only seventeen structure factors, and the correct so-
lution might not have been obvious. There were, however,
many posgible solutions to the hk0 Patterson projection,
whereas one of only two solutions obtained by the corre-
lation method had twenty-nine of thirty-two signs correct.
The proper elecfron density map could probably have been
recognized from R factor calculations. The 0kf project-
ion resisted solution by either method.

For B—Zn3(PO the use of the correlation and

4)2'
the Patterson methods in conjunction would probably have
led to the solution of the structure more quickly than the
independent use of either.

The graftonite-like structure (Zn,Cd)3(PO as

a2 ¥
not soluble in projection, but instead was solved with
generalized hkn Patterson functions (Stephens, 1967).
The correlétion method predicted the correct set of signs
among the possible sets for each of the hk0 and h0%
projections. It seems likely'that both correct solutions
would have been recognizable from among the electron den-
sity maps, and from the subsequent R factor calculations.

For this compound, both the Patterson and the cor-

relation methods would probably have worked equally well.



~tures to yield to direct methods. The B—Zn3(PO
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According to Woolfson's criterion, one might have

expected both the B—Zn3(PO and (Zn,Cd)3(PO struc-

4)2 4)2

4)2 unit
cell contains twelve heavy scatterers, while the (Zn,Cd)3(PO4)2
has the equivalent of about ten equal atoms in the unit

cell. Both these numbers are fewer than the limit of six-

~

teen which Woolfson uses as a criterion for solubility

of structures by direct means.

The Correlation Analysis of a—Mg2P207

The structure of o-Mg,P,0, was determined after
the structure of a higher temperature phase was known
(Calvo, 1967). In passing from the high temperature phase
to the low temperature phase, the a and ¢ axes of the
monoclinic cell doubled, and weak reflections were intro-
duced. The correlation method would have been of particu-
lar value in the structure determinatioﬁ of the oa-phase
if it were able to determine the signs of the reflections
which were unique to the a-phase, and not observed in the
higher symmetry high temperature phase.

The correlation method is designed to express as
many signs as possible in terms of a few letter symbols.
Because signs known from the ﬁigh temperature form of Mg2P207
might be included among the signs of the low temperature

form for which letter symbols would be assigned, it was
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hoped that the number of possible sets of signs for the
unknown a-phase might be reduced.

Unfortunately, because of the very nature of the
sign relation which requires the sum‘of the indices of
two of the signs to be equal to the indices of the third,
few of the signs unique to the low temperature phase were
involved in the sign relations. As a result, few of these
unique signs could be assigned letter symbols.

The correlation method did predict twenty-two correct
signs in the hkO projection, for example (Table 18),
but none of these signs was unique to the low temperature
a-phase.

The actual structure determination was made by postu-

lating trial structures based upon the known g-phase.



TABLE 18

Predicted and Correct Signs of the Structure Factors

in the hkO Projection of a-MgzPZO7
k 2 [UHI Letter Predicted Correct
Symbol Sign Sign
2 5 0 «27 b + -
211 0 .25 -b = ¥
4 0 0 «18 -a + +
4 2 0 .24 = =
4 6 0 ~ .19 = -
4 8 0 .41 -a + +
4 10 0 « 16 a - +
6 1 0 .18 -ab + +
6 3 0 o9 ab - +
6 5 0 «28 -ab + +
6 7 0 .20 ab - =
8 O 0 «28. + + +
8 6 0 <17 - = =
8 8 0 .22 + + -
10 1 0 .34 b + +
10 3 0 .39 -b - -
10 5 0 « 15 b + +
10 7 0 .25 -b - =
10 9 0 .24 b + +
14 1 0 .28 -ab + +
14 3 0 .28 ab - -
14 5 0 w31 -ab + +
14 7 0 «27 ab - -
16 4 0 «15 a = -
20 O 0 .19 = - -
24 0 0 «25 a = =
24 2 0 .17 -a + +



V. SUMMARY

The structure of Cu3(AsO was determined through

4)2
the use of the deVries correlation method. The crystal has
space group symmetry P21/c with the unit cell dimensions

a = 6.327(5).A; b = 8.642(5) A; ¢ = 11.313(5) A; g = 92.04(4).
Two of the copper atoms are found in trigonal bipyramidal
arrangements while the third copper atom is octahedrally co-
ordinated. The arsenate groups are somewhat distorted
tetrahedra.

The correlation method used in the structure deter-
mination process ﬁinimizes the time and effort involved between
the acquiring of scaled structure factors and the pfbduction
of the electron density maps of the structure in projection.
The sequence of three computer programs (which calculate the
unitary structure factors, the sign relations, and the cor-
relation equations) requires a minimum of personal intervention.
The assignment of letter symbols is a mathematical problem,
and could probably be programmed for the computer as well,
and the final step of computing the possible electron density
maps is again performed by the computer.

The correlation method can be applied with speed and
simplicity during the preliminary stages of a structure
determination with the possibility that useful information
might be gained. 1Its use, in conjunction with other methods,
could speed the structure determination process considerably.
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