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CHAPTER I

INTRODUCTION

Consider two random samples O : (Xl’ Koy ey Xm) and
On': (22, Xé, - Xé) of size m and n drawn from populations
having continuous distribution functions F(x) and F'(x) respectively,

)
where F(x) = F(x + &), for testing the hypothesis H A = O against

O:
the {two-sided alternative Hy: & £ O or against the one-sided

alternative H2: A6>0. Besides the well known parametric tests,
where the form of F and F' are known, several non-parametric tests
exist. Some of these tests which are involved in the results of
the following chapters are briefly described below. These tests
have been discussed in [I], [9], and {lé]. Since most of the tests
are Qery well known we have not provided a complete historical

bibliography.

In the following discussion let (X(l)’ X(Z)’ Swbg X(m))

denote the order statistics of Om formed by arranging Xl’ XZ' P
Xm in the ascending order of magnitude; X(i) being the ith order
statistic of Om. Similarly we represent the order statistics of
. ; i " s - ™

o) by (x (1) X(Z)‘ "y X(n))' The joint order statistics of

Om and O; obtained by pooling Om and Oé together and arranging
them in the ascending order of magnitude is denoted by (Zl, Z2,
vead B _Je ITat R, stand for the rank of X( ) in (Zl' Zyy eoes

m-n 1.
Z )'

m+n



KOLMOGOROV -SMIRNOV TEST

The empirical distribution function Fm(x) of O is defined as;
‘m

0 for x<x(l)

i .

(1.1) Fm(x) = = for X()$ ¥<X(5,9y) 17 1, 2, esey, m =1

1 for x;x(m).

Fﬁ(x), the empirical distribution function of 0} is also defined
similarly.
The Kolmogorov~Smirnov statistic to test HO against Hl is

&1.2) K = sup l Fr'l(x) - Fm(x)l.
X

The critical set of K (following the usage in[ié]) at level «
is i K : K };é(m, n, %% where o(m, n, @) is the smallest inteper
for which

P[K > 6(m, n, oc)]\< .,

+
For the one sided test of H, apainst H the statistic used is K

(0] 2°

where

+ - -
(1.3) K* = sup Pg(x) - Pm(x) .
X
The rejection region corresponds to larpge values of g% .
These tests are consistent and are sensitive to any difference

in the two populations. Smirnov has derived an asymptotic expression



=R
=R

+ under fairly general conditions. Simpler

fm~P[K>2

proofs of this derivation have been provided subsequently by Feller

[5] and Doob [3].

MEDIAN TEST

Several non-parametric tests based on the median of

Zl’ Z?, ceey Zm+n are known. However we shall confine our attention

to the one given in [9], where the test statistic § is defined by,

m
(.4) S =Z% [sign{Ri-%(m+n+18 +l:}
i=1
1 for x»0
with sign x = O for x = 0
-1 for x 0.

Let g * be the number of X - s exceeding the median 7 of Zl‘ Z2,
eees %o+ Tt is readily seen that § in (1.4) can be expressed
@

in terms of S * as

S* + % ifm+ n is odd and %€ Om

(1-5) S =

S* otherwise.

The S ~statistic may be used to test HO against Hl or against HZ'

In the former the critical region corresponds to both tajils of S,
each of size %, whereas in the latter only the right tail area of

size a is taken. This is primarily a test for differences in location.



TESTS BASKED ON THE NUMBER OF EXCEEDANCES

Define

-
i}

(1.6) Number of X -s >X!
(n)

jog]
]

Number of X' «~s< X(l)
A' = Number of X' -s5>X
(m)

B' = Number of X< —-s<le).

Haga test [8] is based on the statistic H where

(2..7) H=A+B -A' - B,

The critical region for the two-sided test for HO against H1 at

level a is determined by
(1,8) lH‘ Zhl(m, n, «), where

hl(m, n, @) is the minimum value for which

o
(1..9) P [H >/h1(m, n, on)] < 3

To test H, against H, we consider only the right tail values of T.

0

Haga test is sensitive to differences in the location paremeter of F

2

and F'.

For testing HO against H? Tukey l:].b,:] has sugpgested a simpler



statistic;
(1.10) E =A + B.

Here HO is rejected for large values of K . This is the locally

most powerful rank test for certain distributions.

RANK-SUM TRST

The test statistic for rank-sum test, suggested by Wilcoxon

[_1 7] is

(1.10) T+ = E R..
a

To test HO against H2, the critical region is given by
(1.11) T é,tl(m, n, «), where tl(m, n, a)
is the largest integer, satisfying

prom

(1.12) PLT* > ty(m, n, oc)] <

R
-

o bging the level of significance. For testing HQ against Hl’ both

tails of the distribution of T* are considered (each of size %).
Mann and Whitney Euﬂihave shown that, this test is consistent.

It is sensitive to difference in the location of F and F'. 1In fact

the test statistic used in ﬁcﬂ is



(1.13) U= mn + E&EE;,lZ - T* which

is a linear transformation of T*, They have also shown that U is
asymptotically normally distributed.

Alternatively one may consider T, vhere

(1.14) T = Tr ﬂ£m3i~ll

so that T ranges from O to mn. Obviously T has all the properties

Iy

of T*,

RUN TEST

Iy T, % 1 4 =
In Zl’ 62, ooy Zm+n replace Ai by X or X' according as
Zi is from Om or Oﬁ respectively for r = 1, 2, ..., m + n. "The test
statistic R for the run test is defined as the number of runs of X
and X' in the sequence so formed. The realisation of too few runs

i

indicates the X ~s.and X =-s clustering together separately, and this

leads us to doubt the validity of HO against H The test, therefore

1°

is the region of the sample space of Om and OA for which
R rl(m, n, a) where

rl(m, n, «) is the largest integer for which

(1.15) P [R $rl(m, n, Oc)]. < «

& being the level of significance,Clearly run test is sensitive to
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differences in location as well as in the shape of F and F'.

Wald and Wolfowtz [}6] have shown that this test is consistent for testing

HO against Hl’

have also shown that R is asvmptotically normally distributed.

provided F and F' satisfy certain conditions. They

Obviously the test statistic used in each of the tests des-

cribed above is a function of Z Zm+n' We state below a

s Dov eees
well known result [9j] used in the derivation of the distributions

of various test statistics.

Let T be any subset of size m of the set {l, 2y eery M+ n} of

integers. Then under HO’

(1.16) P [(Rl, Rm)

J ey

This implies that the occurrence of m,X =s in (Zl, cee, Zm+n) in
any m pnositions is equally probable. Thus if W 1is any test stat-

istic depending on (Ll, cen, Zm+n) then

(1.17) ¥ EN < w] = .
N e (Zl, Zoe ere Zm+n).-.~/ <w

(m+n>

where # { .3 denotes the number of elements in the set {.3 .



In chapter 2, Section 1 we derive exact expressions for the
joint distribution of (K*, S, E) and (K, S, H). In Section 2 we
give the method used for the computation of table of joint distri-
butions of (K', S, E, T) and (K, S, R). The computer programs
(Fortran) and some of the tables computed as given in the appendix.
In chapter 35 tests based on joint distributions are discussed.
Finally, how‘joint‘distributions can be made use of, in determining
significance probability bounds for any observation is also dealt

with.



CHAPTER 2

JOINT DISTRIBUTIONS OF SEVERAL

NON-PARAMETRIC STATISTICS

In this chapter we derive the joint‘distributions of some of
the test statistics described in the last chapter, for equal sample
sizes, say n. For this purpose we use a graphical representation of
the joint order statistics Zl‘ ZE’ eoo, Z?n as suggested by Drion [h].

Associate with every point (zl, Zoy cees Z'n) a minimal lattice path

2
in the (x, y) plane from (0, 0) to (n, n) by taking a horizontal or

a vertical step for each z according as it is from On or Oﬁ. It

is easily seen that there is a one to one correspondence between points
(Zl‘ Zoe eeen Z2n) and the paths from (0, 0) to (n, n). (1.16)

implies that each path from (0, 0) to (n, n) is equally likely and

has probability (Eﬁ_ .
)

The relationship between the test statistics under consider-

ation and the paths can be demonstrated in the following table.
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1.

EVENT

2. Set of paths from (0, 0) to

(n, n) corresponding to the event in 1.

i

it

t

i

paths

paths

paths

paths

paths

paths

paths

paths

not touching the line y = x + k.

not touching the lineé y = x 1 k.
which pass through (n - s, s).

which reach (n - a, n) vertically.
wvhich leave (O, b).horizontally.
which reach (n, n ;Va') horizontally.
which leave (b', 0) vertically.

for which the area enclosed by y = 0,

and the path is t.

for which the total number of changes

from horizontal direction to vertical

direction and vice versa is r - 1.
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The interpretation of {E = g} and {h = h} is terms of paths

may be seen through {A = ag s {b = 5} . {A' = aiz and B! = btg .

SECTION 1

In this section we give in the following theorems, the exact
expressions for the distributions of (x*, S, E) and (Kn, S, H)
‘under HO. However it is rather difficult to give closed expressions
for the joint distribution of statistics involving T. Thus in the

next section we propose to form tables of joint distributions for

smnall sample size.

Theorem 1.

Under HO
+ k Qe .
(2.1) PJK R s=5, B =el =553k s, e being
()
non-nepgative integers; and where
miE.(k~1’e) Ner-1 n-r-1 f-e+r-1 Ne-e+r-1
(2.2) - -
réaéx(o,e-k+l) n-s-1 s-k~1 n-s-1 s-k-1
n+k
q, = fm*0<k§n-pl,O$s<”5n0ee$2k-2
(2.3) 0 , otherwise.

Here, we assume that (2) = 0 1if a20 and b>0 and a<b or if b< O,
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Proof:

Evidently a, appearing in the statement of the theorem is the

k

number of paths from (0O, 0) to (n,n) corresponding to the event

{:K+ < , S =s, B = i} . Denote by Qk the set of all such paths.

SR

A path in Qk' therefore, satisfies the following conditions:
(i) it does not touch y = x + k.
(ii) it passes through (n - s, s), and
(iii) it leaves (O, r) horizontally and reaches (n - e + r, n)

vertically, the range of r being discussed below.

A typical vath belonging to Qk subject to the conditions of

(2.2) is OBLAC, as shown in the fig. 2.1.

Aln-e+r,n)

C(n,n)

(n-e+r,n-1)

&

L (n-s,s)
L

(0,r) (1,r)

fig. 2.1
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Evidently O& r£e. Furthermore from (i) we get r<k - 1 and e - rék - 1.

Thus r ranges from max (O, e - k + 1) to min (e, k - 1).

Hence

(2.4) a =j§: [ﬁumber of paths from (1, r) to (n - s, s) not touching
Ty =x o+ k] X [number of paths from (n - s, s)

tec (n -e +r, n - 1) not touching y = x + k] .

But by reflection principle ([6] Page 72 and [4]) it can be easily
seen that for two points (x, v) and (m, n) lying below ¥y = x + kK,
the number of paths from (x, v) to (m, n) touching or crossing
y-= x + k is (3“ ; ? ;‘f ; %) . Hence the number of paths from

(x, v) to (m, n) not touching y = x + k is
n m+n-X -3 m+n ~XxX -y
(2.5) (: m - x :) - <:m -y +k .> *

Therefore the expression for q, under conditions of (2.2) is given by

v min(e,k-1) n-r-1 n-r-1 Needr -l n-e+r-1
qk= - bl .
romax(0, e-k+l) n-s-1 s-k-1 n-s-1 s-k=1
If s 3,2~%~5 or if e> 2k - 2 or when both occur, it is obvious

that all paths will either touch or cross y = x + k. Hence 9 = 0,
proving (2.3).

We give below the joint distributions of (x*, 3), (k'. ®)
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and (E, S) in the form of a corollary.

Corollary.

L (5) e <ks o] 1) -(20)

o
1

1]
lm
r\¢/ )
o
Q

. n
2. (i“) 2 {K.+< % E = %: SZO

min(e,k-1)
2n~e— ?n e-2
n—r~1 —k-e

for 0L eg?k -2

r=max(0,e-k+1)

"

o otherwise.

on e n-r-1 n-e+r-l
3.(“) P[E::m S::ﬂ::q = E :
n n+l .
0 n-s-1 n=s-1

&

The last exvression in each case follows from the vath representation

in the figure,
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Theorem 2.

Under HO

k Pk
(2.6) PlK&=, 8 =85, H=h = , k, s, e being non-

negative integers, and

2: 41J. x%r~l
s—rl+2ik s-1-{2i+1)k
(2.7)
ZE: ~h+rl—l —h+r -1
-5-1+2ik s-1-(2i+1)k
25: n—r2~l i r -1
+2 :E: s-1+2ik s-r,-(21+1)k
r i
pk" 2
: n'h'Efl -h—r~l
ZE: n-s-1+2ik s-1-(2i+1)k
i
for 24k&n + 1, 2 cs 2K ogngok -2
SxS 3 3 0 U80S
and
(2.8) 0 otherwise.

In j{: r, ranges from max (1,h-k+1l, h-s)to
min(h-1, k-1, s) and

r., ranges from 1 to min (k-h-1, n-s, s-h).

2



Proof: Py is obviously the number of paths correswonding to the event
{K <§~, S =8, H= h} . Let Pk denote the set of all such paths.
The event {H = hz can arise in three mutually exclusive

ways [8] as indicated below.

(i) h=a + b, a' = b' = 0.
In fig. 2.2 OBLAC is a typical vath of this kind.

Ac-a<>(n,n)

(n-h+b,n-1)

(n-s,s)

(0,b) (1.0)

fig. 2.2

Under conditicns of (2.7) let us examine the range of b.
14b&h -~ 1, moreover b4k - 1 and h - b<k - 1 since a path

belonging to P, has to pass throush (n-s, s), it follows

k
that
bés and h - b £ s.

16
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Therefore b ranges from max (1, h -= k + 1, h - s) to min(h - 1,

s, k - 1).

(ii) h = a -~ b' and a' = b = O.
A typical path of this tyve is OBLAC in fig. 2.3. A similar

examination shows that b' ranges from 1 to min(k = h - 1, s - h,
' A(n-h-b,n) C

n - s).

s B aeeed

0 B'(b,0)
fig. 2.3
(iii) h = b - a', a = b' = O.

Here OBIA'C is a typical path, and one can easily verify that

a' has the range as b' in (ii).

. g(n,n)
a'
. 3 A' é
4§$ ’ (n,n-a')
47 (n-1,p-a')

. -‘B s
(0,53 177 vy




Therefore

1

p, = sum of the number of paths of (1), (ii), (iii) passing through

(n - s, s) and not touching the lines y = x * k.

[H

EE: {number of paths from (1, rl) to (n-s, s) not touching

r
1 y = x # K} X {-number of paths from (n - s, s) to

(n ~h +r,, n~1) not touching y = x # k} .

1!

.

j{: [iﬁumber of paths from (r2, 1) to (n - s, s8) not touching
Ty v = x % kg X ipumber of paths from (n - s, s) to
(n -h - r,, n - 1) not touching v = x +k;} number
of paths from (1, h + r, ) to (n - s, s) not touching
y k} X {number of paths from (n - s, s) to

(n -1, n - r, ) not touching y = x +1a§]

where the ranges of r and r, are as in (2.7).

Thecrem 3 of Takacs [] ] can be restated as follows:
For two points (x, y) and (m, n) lying inside the region formed by
y = x + k the number of lattice paths from (x y) to (m, n) not

touching v = x * k is

m+n-x-y M+N-X~Y
(2.10) E - .

m-x-2ik m-y+{(2i+1)k

M-y - - TRex-k 7
where i ranges from max (_SHZkJ -} 2)}*11 )to min ({ 2; [n 2};1& ).

Expression (2.7) for p, follows when (2.10) is used in (2.9). The

last part of the theorem is obvious.

18



The following results giving expressions for the joint

distributions of (K , H), (K , S) and (S, H) under H, can be

stated as.corollaries.

Corollary,
_ n
1. (ann> P [K <-E, H = h] = Z P = Ty
) s =0
where

min(h-1,k-~1)

jg:: 2n-h-2 2n~h-2

k(1 hekel) 7 n-2+2ik n-r-1-(2i+1)k
- 1, h-k-

k-h-1

n-h=2r~2 2n-h=-2r-2
+2 E -
- n-2+21ik n-r-l1-{2i+1)k
I = 1

=
for 1< k&n +1 0£hg2k -2
and
0 otherwise.
an
2. <2nn) p{}( <~E, S = ¢ :2 D, = ¥
h =0
where
j{: n n 2
T <;—21;> ) s-(2i+1)k

for 1<kén + 1 9-:}5< S<EL}§
and

O otherwise.

19



3. (i")}v[s = s, H = h]

. mln(h—lg S) (n_r_.]_> n-'h+r—1
=P -
n+l §
r=max(1l,h-s) n-s-1 n-s-1
min(s-~h,n-s)

n-r.} Nn~h«-r.].
+22 .
s-1. n-s-1

,r:l

Here too the last expression in each case follows directly

by reasoning based on the path representation.

20
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SECTION 2

As mentioned earlier, here we first attempt to derive the joint
distribution of K+, S, BE and T. We have already observed that the
derivation of joint distributions of test statistics essentially
involves the enumeration of paths from (O, 0) to (n, n). Here too
we shall have a similar counting proceedure. However, it has not been
possible to give an exact expression for the distribution of T. There-
fore by using a recurrence relation [16], tables of distribution of T
for m$11é53have been computed., Wilcoxon, Katti and Wilcox [17], give
the critical values and probability levels for T for one sided as well
as two sided tests for sizes 0.01, 0.02, 0.05, 0.10 for sample sizes
m=n=53%tom=n =50 including all combinations of m and n within
these limits. Here they have resorted to the~method of generating
functions. Milton [1i} by making use of difference equations has
computed the critical values of T which can be used for one sided as
well as two sided tests of sizes 0.0005, 0.0025, 0.005, 0.001, 0.01,
.025, 0.1 for m£20, n& 40, As the joint distribution under consideration
involves T, we are interested in preparing similar tables for small
sample sizes.

For our purpose, let N(x, y, k, b, t) denote the number of paths
from (0, 0) to (%, y) not crossing y = x + k, with B =b and T = t.

Evidently it satisfies the recurrence relation:
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(2.11) N(x, y, k, b, t) =N(x -1, y, k, b, t -~ y)

I

+ N(x, y -1, k, b, t)

with boundary conditions:

l for y¢k b=y t=0
(2.12) N(O, ¥, k, b, t) =

O otherwise
and

l for x$n b=0 t =0

i)

N(x, O, k, b, t)

O otherwise.

From (2.11) and (2.12) we first obtain N(n - s, s, k, b, t) for

(2.13) 0Lkgn

n + k

0<&s4 >

0<bgMin (k, s)

(n - s)bst<(n ~s)s - (s - b).

From fig. 2.5 it is evident that the number of paths from (n - s, s)
to (n, n), not crossing y = x + k with A = a, such that the area bounded

by ¥y = s, x = n, and the path is tzis the same as N(n - s, s, k, a, t).
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- (n,n)

(n-s,s)

- m e e e e i e e e - -

(0,0)

fig. 2.5

Denote by N*(n, n, k, s, e, t) the number of paths from (0, 0)
to (n, n) not crossing y = x + k%, passing through (n - s, s) with
E=e, and T = t. It may be readily seen that N*(n, n, k, s, e, t)
corresponds to the event {K+ = k y S =8, E=e, T= 1‘3 . We can now

get, N*(n, n, k, s, e, t) as,

H

(2.14) N*(n, n, k, s, e, t)

Z X N(n - s, k, i, 3
i J

x N(n - s, s, k,e-—i,t-—s2

- J)
where the ranges of i and j are determined by the following relations.

0<i&min (k, s8)
04e - i< min (k, s)
(2.15)

(n - s8)isjs(n - s)s - (s - 1)

(n-—s)(e-—i)ét-sz—jé(n;s)s-(s~e4-i),



2k

One may easily obtain values for P [nK =k, S=s5,E=¢,T= {],
from the above, which in fact are computed for n4 20, but are not included
here because of its enormous length.

Next, we compute the joint distribution of K, S and R. Let
N(x, y, k, r) be the number of paths from (0, 0) to (x, y) with K<k
and R = r.

Evidently
N(x, y, k, r) = Nl(x, v, k, r) + NZ(X’ ¥y, k, r)

where N1 and N2 are the number of paths from (0, 0) to (x, y) with

nK=% and R = r, reaching (x, y) horizontally and vertically respectively.

Obviously the following recurrence relations hold.

(2.16) Nl(x, vy, k, r) = Nl(x -1, v, k, ) + N2(x -1, y, k, r - 1)

(2.17) NZ(X’ v, k, r) = Nl(x, y-1, k, r - 1) + Nz(x, vy -1, k, r)

with boundary conditions

1l for r =1 and x4k
(2.18) Nl(x, 0, k, r) =

0 otherwise

_— 1 forr =1, y<k
(2.19) Ny (0, ¥, k, 1) =

O otherwise.

From (2.16), (2.17), (2.18), and (2.19) we obtain the values for
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Nl(n - s, s, k, r) and N2(n - s, s, k, r) for

1<k%n

2 2
(2.20)

2min (n - s, 8) +1 forn-s #s
1€ rg
2s for n - s = s.

Let N*(n, n, k, s, r) be the number of paths from (0, 0) to (n, n)

with nK=k, S = s, R = r, then
N*(n, n, k, s, r) = E:[Nl(n - s, 5. k, i).Nl(n -s, 8, k, r -~ 1i)
‘ T

+ Nz(n - s, s, k, i).Na(n - s, 5, k, v - i)
+ Nl(n - s, s, k, i + l).N?(n -8, s, k, v - 1)

+ Na(n -5, 8, k, i + l).Nl(n -8, 8, k, v - ii].

The range for i is determined from the fact that 1 as well as r - i
have the same range as that of r in (2.20).
It is easily seen that N*(n, n, k, s, r) is the number of paths

corresponding to {xﬂ(g k, S =8, R = g} . From this we get the

probability for {nK k. S =8, R = r} . Appendix D gives table of

n n
2. For s> p)

I

p [nK =k, S =18, R r] for n€ 20, and s& , we get P

from the relation,

HnK =k, S=s, R=r] =P[nk =k, S=n-s, R =1,



It may be remarked that recurrence relations were also used by
Birnbaum and Hall [ 2] to derive P(nK<k) and P(nk*< k) for n = 1,
to 40, and by Zayachkowski and Marliss [20] to obtain P(K& _rrkﬁ) for
m=n=1tomngdng20.

A1l computations have been carried out on CDC 6400 at McMaster

University.
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CHAPTER 3
D

TESTS BASED ON THE JOINT DISTRIBUTIONS

In this chapter we discuss tests based on the joint distributions
derived in the previous chapter. For clarity of ideas)we may consider

tests of HO against H and for our reference give below the table of

l’
distribution of {K, é} for n = 6, which is computed from the joint

distribution of {K, R, S}.

\;\\Kg\ 6 | s k4 3 2 1
S - | SR R
3 00k329 | 004329 | 002164
L 019480 | 017316 | 015151 | 00216k
5 034632 | 056277 | 017376
6 060606 | 090909 | 064935
7 090909 | 123276 | 00216k
8 o 075757 | 129870 | 010622
9 086580 | 021645

10 023467 | 021645
11 010822
12 002164

Table 3.1

The basic supposition for the Kolmogorov-Smirnov test is:

- 27 -
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Pk = k| ] > Pk = H] fork>k, -

In other words, the probabilities of various values of K under Hl
are completely ordered, and P(nK = kIHl) decreases with k. Thus it is

reasonable to construct the critical region of the Kolmogorov-Smirnov

Test of size o as {nK:;ka? where ka is the smallest integer for which

P[nK 3 k| H J<a.

In the example k = 5.

. 05
Similarly it is reessonable to expect P[B = rlHl} to be completely ordered for

different r and decreases as r increases. This led to the critical

region of size «, based on R as mentioned in Chapter 1. From table

3.1 it is clear that H, is rejected at level .05 when the observed

0
number of runs is less than or egual to 3. It may therefore be remarked
_that the ordering of various values of the statistic plays a significant

role in determining a test.

The above discussion suggests us to accept the relations:

P[nK = kl’ R = r|H1]>P[nK = k2, R = rlHl] for kl> k2 and for every r
(3.1) and
Plak = k, R = r |8 > P[uk = k, R = r Ju ] for ri<r, and for every k

which induce a partial ordering on the sample space. Obviously a complete
ordering either for K or for R follows directly from these. Thus one

is motivated to consider a test based on a new statistic which under

some alternative may induce a complete ordering on the sample space.

For example let,



(3.2) L=R-2+n - kK.

Suppose for a specified alternative Hi(:Hl'

(3.3) plL = .QllHi] > P[L =£2| H*T for Zl< 22.

Then the rejection region of size a based on L is given by {L.s.ﬁa%

where ‘zd is the largest integer such that

Plre

In the example one can verify that £ 05 * L,

Observe that the sample point corresponding to {nK,: L, R = 4}
lies in the critical region of the test based on I, whereas it does not
lie in the critical region of the test based on either K or R. Ve
shall come to this point later.

The test statistic nK varies from 1 to n, and R ranges from 2 to
2n, while L ranges from O to 3n - 3. Thus L partitions the sample space
into larger number of regions then the other two. Moreover since X, R
and L are discrete, the probability of the critical region under HO

(level attained), seldom reaches the size say a. From these two remarks

we may expect

(3.4) P[L <4 HO_] » P[nKk> x IHO]

a -

plrg £ lu)y plrer ju,]

29



to hold good more often, which impiies that the power of the L-test

is likely to be more than that of the other tests.
For a = .05, that (3.4) holds in the example is easily seen.
Analogous to L, we may consider tests‘based on the joint distri-

bution of several statistics. For instance, to test H, against some

0

altenative HEC’.H?, we may construct a test statistic L* as a function
of K¥, S, E and T as

L* =n° + 4n - K" =S - E - T,

which is very much similar to L, provided,

P14y ] myfyefis = £y us] for £1< £3.

Table 3.2 gives P[nK+ =k, S=858, E=e, T= t] for n = 5.

The corresponding table of P [L"‘ = /Z*J may be referred to in appendix B.



Table of P(nk" =k, S =5, E=e, T=1).10° =} for n = 5.

k s e t p k s e t P k s e t P
O O 0 0| 003968 | 1 3 O 9 | 003968 | 2 3 3 18 | 007937
0O 1 O 1 | 003968 10 [ 007937 | 2 3 4 17 | 003968
2 | 007937 11 | 011905 18 | 007937
3 | 011905 12 | 007937 19 | 003968
L | 015873 13 | 003968 | 3 3 315 | 007937
5 1 011905 | 1 3 1 11 { 007937 B 16 | 007937
6 | 007937 12 | 015873 17 | 007937
7 | 003968 13 | 015873 18 | 007937
0O 1 0 4 | 003968 14 1 007937 | 3 3 4 17 | 007937
5 1007937 |1 3 213 | 003968 18 | 007937
6 | 019841 14 | 007937 19 | 007937
7 | 023810 15 { 003968 | 3 3 519 | 007937
8 | 023810 | 2 2 2 10 | 007937 20 | 007937
9 | 015873 11 | 007937 | 3 % 6 21 | 003968
10 | 003968 12 | 015873 | 3 4 0 16 | 003968
1 1 1 5 | 007937 13 | 007937 | 3 4 1 17 | 0079%7
6 | 007937 4 ] 007937 | 3 4 2 18 | 011705
7 1007937 |2 2 313 | 007937 |3 4 319 | 015873
8 | 007937 14 | 007937 | 3 4 L 20 | 011905
1 1 2 9 | 003968 15 | 007937 [ 3 4 5 21 | 007937
1 2 0 8 |007937 |2 2 4 16 | 003968 | 3 L 6 22 | 003958
9 007937 |2 3 012 | 007937 |4 L 4 23 | 007937
10 | 015873 13 | 007937 |4 4L 5 21 | 007937
11 | 007937 14 | 007937 | b 4 6 22 | 0079%7
12 | 003968 15 | 00%968 |4 4 7 23 | 007937
1 2 1 7 [|007937 |2 3 113 | 007937 | 4 4 8 24 | 003968
8 1 015873 14 | 015873 |5 5 10 25 | 003968
9 | 031746 15 | 015873
10 | 031746 16 | 007937
11 [ 031746 |2 3 2 1% | 007937
12 | 015873 14 | 015873
1% | 007937 15 | 023810
10 | 003968 11 | 023810
11 | 007937 17 | 011705
12 | 011905 |2 3 315 | 007937
13 § 007937 16 | 015873
14 | 003958 17 | 0158673

Table 3.2
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For this it is easily seen that for o« = .05, the levelsvattained
by the tests based on L*, K', S, E, T are .07619, .039685, .003968
041746, 043653 respectively, and that the level attained for L* is
higher than that of any other.

In [}A], Vincze has considered a test based on the joint>distribu—

tion Kkt and S+ where

R" = Min.<i, Fi(x) - F (%) = K{)
n n n

and 8* = RT - K.

Let,
P =P nk* =k, ns* = s|H,]
Qs = Plnk* =k, ns¥ = s]Hl].

The test suggested corresponds to the region in the (k, s) plane, say

K(«) where,

K, = {&,sh F;>€h£

Ca being the smallest number for which

v < .
Z Iks\a

(x, s)é,Ka

Vincze discusses this test for a specified alternative, where
he assumes the distribution F(x) and F'(x) under the alternative, and

computes the power of the test. We may also construct a test based on several



statistics similar to that of Vincze and compute the power of the test

where the alternative is specified.

Hitherto cur discussion was limited to tests, where the statistic,

under the alternative induces a complete ordering on the sample space.

However, we observe from (3.1) that (X, R ) induces a partial ordering on

the sample space. In general it may be noted that the consideration of

several statistics simultaneously leads to a partial .ordering. For

example, the relations,

(3.5)

plnx?

p[nk*

p| nk?

P [nK+

divide

i

ky, 5 =8, E=e, T:tlI—IZJ

> plax*t - k,, S=5 FE=e T= tlHZ] for“kl> k,,
kK, S =8, B=e, T=tH]

>P[nK+ =k, S =5, E=¢, T-= t]HZ] for s,> s,
=k,S=s,E=el,T~t]H2]

>P[nK+ =k, S=85 FE=e, T-= t}HZJ for e‘l > e,
=k, S=s5,F = e, T=t1]H2]

>Pink" =k, S =85, E=¢, T = tZ]H?:l for t,> t,

the sample space into sets which are partially ordered.

33



In such situations following Switzer [li], we are able to give
significance probability bounds for any observation on the basis of the

joint distribution of several statistics under H To illustrate this

0'
let us again consider (K, R).
In the following discussion, we say (k, r) dominates (k', r')

if

P[nK = k, R = r|H [ 3PlK = k', R = r'|H ].

-

Let (k, r) be observed. Obviously if the rejection region, say @ of an
admissible test contains (k, r) it must also contain all points (k', r')
dominating (k, r).

Therefore

P[¢]HOZ}>/L(1<, r),

where L(k, r) is the probability under H_ of all points (k', r') dominating

0

" (k, r), the expression for which is given by

. |
L(k, r) = Z Zn_ P[nK = k', R = r']HO].

r'=2 k'=k

In other words when (k, r) is observed, no admissible test can reject HO
at levels less than L{(k, r). Alternatively, if any admissible test
has size less than L(k, r), then HO is accepted when (k, r) is observed.

It is easily seen that in the example given in Table 3.1,
L(k, 5) = .082250.

Therefore when (4, 5) is observed HO is accepted at level .05.
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Similarly if (k, r) is in the acceptance region © of an admissible
test, then all points dominated by (k, r) must also be in the acceptance
region.

Therefore

FiélHéjé’ U (k, r), where

_ 2n k '
u (k, r):Z Z PnK:k',R:r']HO].

rt=r k'=0

Hence, if € is the rejection region,

o] HJJ€1 - g (x, r) = U (k, 1) say.

This means that, when (k, r) is observed, any admissible test of size

greater than y(k, r) will reject HO.
For example, from Table 3.1 U (4, 4) = .032454., Hence HO is

rejected, against H., at level .05, when (4, 4) is observed. Recall that

1

if (&4, 4) is observed the test based on L rejects Hy, against an alternative

which is a subset of Hl.

Combining both we may say that if for some (k, r)
U(k, r)>a>L(k, r), where

a is the level of significance, then we neither accept nor reject HO.

For example

]

‘L(B, 3) = ,011984 and

142836,

i

(3, 3

Thus at level a = .05, a decision to accept H. or not to, based on the

0
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joint distribution of (K, R) for n = 6 is not possible, when (3, 3) is
observed. Interesting enough to note that the run test rejects HO under
the same situation.

A peneral treatment is similar, for which one needs only the

joint distribution of various statistics under HO’ which was dealt in

Chapter 2.
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APPENDIX A

COMPJTER PFRUOGRAI TO TASULATE

THE JUINT DISTRIBJITION OF (K+s0sEsT) Adww

THE DISTRIBUTICON UF L%

DIMENSTUN L{E195)sLA(Z8371 ) simIid(2092C)smAX{2020) o INGEL21 1

DIMEMSTION TEST(484)

NT=u

DO lu TAR=1s11
FMAXS=RTALI-IX

DO 10 15=1+1AX0
[SR=T5-1
NT=RNT+1
MINCIXs 1S )=HT
NT=NT4 (IX=1) 2 0T = (IX+T S )
MAXLIX o1& )Y=NT
CCNTINUE

N1A=Z1

NT=u

DG 2¢C 'SzlsNIA
MAXE=2%15-1

DO 2zv l1E=1sMAXE

NT=NT+1

MINSE([5s IE)=NT

NTanT+2% (IS- 1) (NIA-15)=(nlAa-1u)%(1e~-1)

q
A

)
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20 CONTINUE

LTEST=0
INITIALISATION FOR N
DO 5uue N=2sNI
NA=N=-1
NB=N+1
DO 12 1=1+28371

12 LA(I)=C
TPRUB=0
PT1=1.0

DO 13 I=1sN

3 PT=(PT#(N+1))/1

DO 14 1=1s4864

\,

14 TEST(I)=veu

CTEST=0-U
WRITE(6s1uL1GINSPT

101C FORMATI(IZ22+F2C.0)
INITIALISATION FOR ¥ INCLUDING SETTING UP CF BOUMNDARY VALUES
DO 4000 K=1sNB
KA=K-1
IYMAX=(N+KA) /2
IF(IYMAXeGTolnA) TYMAX=NA

DO 1420 I=156195

DO 1040 IX=1sNA
ISM=1

IF{K«GTs1) I5M=T18M+1



o4

1070

1380

1085

1090

DO 1040 15=1s15Y
SMINT=(18=1)%IX+1
MAXT= (IX=1)+(15%1)+1
DO 140 IT=1NT s MAXT
MOD=MINCIXS 15)

OD=1200+ 1T = INT

COMNT INUE

IF(IVEAXSGLGal) GC TO 2001

CGHPUTATIUN OF VALUES ALUKG THL EDIAN

DO 2Lty IY=2s1YHAX
IYA=1IY+1

[ XX =N-1Y

IF(IY.GT.K) o TO 1880
[FILIYWLEGGR) GO 10 1uT70
MOL=IN(TsIYA)
LIMCGDY=1
IF(IXMARGER.1) GO TO 20040
I XMIN=2 |

GO TO 1u9b

[ XMIN=TY~K
ITATN=MIN{1s1)
A=Y AKX (TXE TN oNT)

DO 1o85 I=1MInsINVAX
Lil)=u

IXMIN=TIXYTN+1

DO 200 ITX=1X1Hs TXHAK

OTAGONAL

39



DO 2uul 15=1+1YA

[SR=15-1

MINT=TSR*IX+1
MINTA=ISR¥ (I X-1)+1
MAXT;ISR*IX%(IY~ISR)*(IX~1)+1
O 20l 1TT=MINT o« MAXT

MOD={IMN(IXs15)

T MODA=MIN(IX=1513)

2000

Zuu ]

MOD=MGD+T T— ITNT

IFC(HINTA+IY )« GTWIT) GO TU 2uuv

MODA=IOCA+T T (I RTA+TY)

LOHOD )Y =L (F0D) +L (HODA)

CONTIRLL

COMPUTATION OF VALUES AT (Hsi) AND

PRINTING FOR EACH K58 AND T
FMMA=TYMAKS2

MINS=1

IF(KaGTe2) inINO=nR-1

DO 4Uu) NE=MINS e A

IF(NS.GTL1) GG TO 2500

IF (S LTarMwA) GO TC 3300

IF (< LESNY GO TO 3500

Lo



3307

NTA=PN

NEA=Z%N

LP=1

GO TC 34Ue
MINT=NSR¥NOR
MAXE=2#%N5R+1

DO 3350 NE=1.MAXLE
NEA=NE=-1

MIRTA=MINT+ (N=NOR)YF(NE-1)

DC 3355 NT=AIRTASHAXT
LP=vy

MAXT=HS

TF(NELLTWRS) MAXTI=NE
IF{ReLToHAXTD) HAKI=K

DO 2310 I=1+0AXI

15=1
MINJ=IX®(I5-1)+1

MAXI= (IX=1) ¥ (NS=15) 40T nd
DO 3310 J=cilndsiiAXd

16=1

FOD= TN (TR [5)+d=1IND
[S=NE+1~1

IF(ISGTaMAXT) GO TO 3310
JA=(NT=INT ) +1=(J=1)

MINJA=IX#{106~1)+]

.

MAXT = 2% NSRH (n = NS i LT = { 2% NS

C o
&S

(n=-11011.



PAXJA= (IX=1) % (NS=15)+HiilnJA
IF(JASLTMINJA) GO TO 3310
IF(JAGTMAXJA) GU TO 3310
MODA=MIN(IXs IS) +JA=MINJIA
LP=LP+L (0D) %L ({0DA)

331y CONTINUE
IF(LPeLTel) GU TO 3350
NTA=NT
NEA=NE-1
LTEST=1

GO TO 3240d

Al

3340 LTEST=4

3350 COMTINUE
GU TC 4viun

3400 NEL=RNEATL

NTE=NTA+]

MOD =P TNSE (NS o 1S )+ RNTE—- ( (H-NED

LPCH=LP=LARTD)
LACIOD) LD

IF(LPEK.LTW1) GG TG 3429
PROG=LPEK/PT
TPROL=TPRULFFROS

KK=N~-KA

KT=N®H-NTA

MODT = KKK S LA KT+



4100

NG

b3

TEST (SOOI ) =TELT (HOLT ) +PRUG

IF(FRONL T CulLl00%) GO TO 2420 -
WRITE (69341 INsKAsNIKSNEASNTALPEK s PROUR s TIPROB
FORVMATIOTI1ue2F20veb6)

IF(LTESTe5Gel) GO TO 3340

CC 5uUl I=1s484
IF(]EST(I).?Q;J.C) GC TO 2000
I'n=1-1

Ka=i-14

IF(NelTeln) Ka=l

NOSR=N-TA

IF(fellTealf) NOR=C

Nep=2%N-TA

[F(2¥nelTeln) NEL=U
NTo=N¥N=TA

IF(N*H.LT.&ﬁ) NTE=
CTEST=CIESTHTESTI)

WRITE (6410 ) Ps TAsKASNIRsnIEsNTEs TLOTII) »CTELT
FORMAT(211wsI20us316s2F2066)
CONTIRUE

STOR

END



APPENDIX B

Table of P (L*

1_*

=i

)
hCROENRS: Ne]

=

(N NEN; Ne

p
=2

166667
166667
333333
166667
166667
=3

050000
050000
100000
100000
050000
150000
150000
100000
050000
100000
050000
050000
=4

014286
014286
028571
028571
014286
028571
042857
071429
028571

057143

042857
071429
ok 2857
057143
085714
057143
0571473
042857
057143
028571
028571
042857
028571
014286
014286

= L) 10.% -
A* p A
n=>5 10
0 003968 11
5 003968 12
7 007937 13
9 007937 14
10 003968 15
11 007937 16
12 011905 17
13 007937 18
14 019841 19
15 007937 20
16 023810 21
17 011905 22
18 035714 23
19 019841 ol
20 031746 25
21 039683 26
22 035714 27
23 039683 28
2L oL%651 29
25 051587 20
26 039683 31
27 047619 32
28 055556 33
29 047619 3l
30 051587 35
31 047619 26
32 055556 37
33 027778 38
34 039683 59
35 031746 4o
36 0351746 4]
27 031746 Lo
38 015873 L3
39 015873 Ll
Lo 015873 ks
k1 011905 S
L2 007937 L7
43 003968 48
L5 003968 hg
=6 50
0 001082 51
5 001082 52
7 002165 53
9 002165 54

ps for n less than or equal 10.

p

001082
002165
003247
002165
005411
004329
006494
003247
011905
005411
012987
012987
014069
015152
020563
020563
020563
025974
028139
029221
033550
034632
040043
03571k
ok1126
036797
042208
00043
042208
040043
o4oOh3
036797
036797
03571k
031385
031385
024892
023810
020563
017316
016234
012987
008658
00649k
00649k

/Z*

55
56
57
58
60

p

00l 329
003247
002165
001082
001082
=7

0C0291
000291
00058%
000583
000291
000583
000874
000583
001457
001166
001748
001457
003205
001457
00l079
003497
004953
004662
006702
006702
007867
009324
010490
011364
013403
014569
017191
016900
020979
020396
023893
023601
027681
025932
030303%
030012
031760
031469
033508

£*

b5
L6
k7
48
49
50
51
52
53
Sh
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
las
75
77

0

5

7

9
10
11
12
13
14
15
16
17

p

034965
034674
036131
035839
036131
035548
034091
032343
029720
028555
026515
025641,
023310
021853
018939
017774
014569
013403
011072
00932k
008159
006410
005536
003497
002914
002331
001748
001166
000874
000583
000291
000291
=8

000078
000078
000155
000155
000078
00015%
000233
000155
000389
000311
000466
000389



p

000855
000544
001088
000932
001476
001243
002098
001943
002409
002797
003419
003652
004507
00k817
005828
006061
007537
007615
009324
009790
011422
011422
013753
014064
015618
016317
018182
018881
020513
021678
023232
024786
026185
027428
028361
029060
029526
029681
029837
029992
030303
030148
030303
029215
028904
027817
027350
026185
025330
o2h2h2
022455

p

021212
019658
018026
016472
014996
013442
011888
010334
009246
007770
006682
005672
004662
003963
003108
002642
002020
001476
001088
000932
000622
000456
000311
000233
000155
000078
000078
=9

000021
000021
000041
000041,
000021
000041
000062
000041,
000103
000082
000123
000103
000226
000144
000288
000288
000391
000329
000596
000514
000720
000782
000987

001049
001357
001440
001789
001892
002324
002427
003044
003209
003867
004011
004875
005060
005903
006211
007219
007589
008556
009111
010243
010983
012094
002999
014171
015117
016228
017153
018202
019128
020074
020876
021946
022460
023406
023715
024476
024681
025524
025668
026265
026532
026861
026841
026944
026553
026183
025463
024661
023817
022789
021822

12

p

020897
019848
018840
017770
016742
015487
014377
013184
012053
010860
009831
008782
007795
006870
005985
005162
00504
003784

003209

002694
002221
001.851
001481
001213
000946
000782
000535
000432
000329
000247
000165
000123
000082
000062
0000h1
000021
000021
= 10

000005
000005
000011
000011
000005
000011
000016
000011
000027
000022
000032
000027
000060

p

000038
000076
000076
000103
000097
000157
000135
000200
000206
000281
000287
000379
000401
000514
000541
000677
000714
000898
000953
001169
001229
001521
001602
001894
002024
002398
002555
002955
003199
003632
003951
ookl
004850
005423
005889
000506
007053
007735
008352
009044
009716
010490
011150
0113856
012611
013407
014062
014874
015518
016335
017044

5



017905
018641
019512
020232
021022
021634
022202
022614
022917
023122
023296
023355
023420
023458

p

023415
023258
023020
022689
022273
021840
021315
020779
020167
019539
018798
018067
017261
016389

’a*

98

99
100
101
102
103
104
105
106
107
108
109
110
111

p

015523
014641
013715
012801
011886
010998
010100
009250
008411
007626
006863
006149
005483
004860
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114
115
116
117
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119
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121
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124
125

p

00hk292
003751,
00%264
002820
002425
002073
001743
001472
001229
001007
000844
000671
000552
0004 3%

2*

125
127
128
129
130
131
152
133
13k
135
136
137
138
140

p

000352
000271
000206
000152
000124
000087
000065
00004 %
000032
000022
000016
000011
000005
000005
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APPERDI R C

COMPUTER PROGRAN TO TADZULATE

THE JUINT DISTRIGUTIUN UF (Ks5eR

rr

DI

~INAC(I50) s TN (150) o THC1EL) s IND(LE

MAX=172

LTEST=U

DO 1 I=1,15

INACT ) =0

ING L) =y

INC (1) =0

IND(1)=0

PNAT) =040

CONTIHUE

WRITE (642)

FORMAT (1H1 023X s 1 UHAPPERDIX Bs/)
WRITE(653)

FORGAT (1M 223XsSTHTALLE ~ JUIT

-5 THAN 21:/7)

LC=1
INITIALISATICH FOR N

DG 5Uv0 N=2s21

)

-
oy
>

OYsPHA{1IRC)

PROSABILITY P

e

2 Ys /)

TSTON LL(2121)sLB3(21:21)«TESTLEDY L2142,

=

o}

(LeSe)

b7

FUR

N
\

[

B
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200

48

DO 10U I=1sNR

PT=APTH(NR+T)) /1

DO 2v 1=1s21

DG 2u J=1:42

L_(IQJ):U

IRITIALISATION FOR K AND SOTTING UP BOUSADARY VALUES

o ey .
DO 5020 K=1e0R

,_
e
-
—
i

—
i
—
—
-
[
'
[a—

COHPUTATIGN'QF VALUES ALUGRG THI b olAn DIAGONRAL
D 20ul TY=2sIYNMAX

IYR=1Y~-1

IFCIYR«LESK) GO TO 1420

[ XMIN=TYR-X

DO 1010 I=1eIXHIN

DO 1010 J=1s21

LLATsJ)=0

LE(T s ) =0



10310 CORTINUL

o)

GC TO 103¢C

1020 LB(1s1)=1
IXi4IN=2

1030 TXMAX=N~-TYR
IXi=K+TY

IF(IXAAXSGT e TXK)

COMPUTATICHK CF P

TABULATING THDW

IF(IXIAX LG 1) GO

ATHS FOR EA

e
)

[ X A= T XA

10 2021

DO 2000 IX=TXO TN e TXMAK

DO 1u50 IR=Z NP

LBCIXs IR =LLCIX s ITR=-11+LECTX IR

1050 CONTINUL

1055 LLOIXsIR)=LL{TX-1eIRI+ALELTIX~10

LL{IXel )=

2000 CONTIRUE

Y - K C ot Lo s
O 50wl TS=INS M

Sy — L& 1
S5R=15-1

MI=N-]15R

IF{ISR LT ) HRB=AISRHE

il

Ti—=1

N4

(s S K)

)

NINT

k9



2030

IF(IORGEQaND )Y NRUE=4*10R
DO 000 IR=2sNRE
IRA=TR-1
IF(INRALGTS20) IRA=2C
LT=0

DO 2020 I=1s1RA

[JA=TIR-1I

IF(IALGTL20) G0 TO 2020

LT=LT+LU (NI T L L (NI s IR=-1)

LT=LTHLBINTs Iyt o IR-1)

LT=bT+LL ORI e I+ ®LE{NT s I~1)

LT=bT+LE(NT s T+ )% LL(RT s IR-1T)

CONTIRUE
LTER=LT-LITISRs TR

IF(LUISR,IN) e} LTEN=0T

TF(PROD LT L0u0005) GO TC
IF(LC LT AX41) GO TG 2050
F(LTEST.0O.1) 60 10 2030
LTEST=1

MAX=ET S

WRITE (69205 0)

FORMAT(1H1 s 20X e 30 21H N K

LC=1

INATLC) =R

2]

-
AJ

P

Ve /)

e

50

P R



ING(LC) =K
[HC(LC) =15R

TND(LC)=]R

PHALLC)=FROZ
TF(LC.LTwmriAX) GG TO 2800
thENAK /3

DO 2500 I=1s¥

WRITE(éa?UéJ)INA(I)aINH(I)eINC(I)thD(I)sPNC(I)sIHK(I+W)e

~—INB(f4N)9INC(I+M)9IND(I+H)9FNA(I4M)9

50U

5062

*INA(I+2*H)slhﬁ(I*Z*ﬂ)aINQ(I+2*m)9INQ(I+2*M);PHA(1+2*H)

T

1Z2eF2e0))

W

FORGAT (1rta2uXs3 (1457
CONTIRUL

LC=LC+1

CONTIRUE

M=l C/ 0

IF(LCeGTe3%M) M=t
DO 5002 I=1sV

WRTITT (6 5001 ) IHACT) oINS CI) s THCETY o INDLT ) s PMACTY s THACTHY)
CIMB TN Y s INC TR & DU T+ ) s PHACT +01) s
TNACTA2500) s DAL CT4250) s TG (T42%5) 5 THD (T42%0) o PAA (T +250)
FORUVAT(IHs2UXs2(14523125F806))

CONTIHUE

STOP

END

51



52

APPENDIX D
TABLE = JOINT PROBABILITY P OF (KeS»R) FOR N LESS THan 2]

N NK S R P N NK S R P N NK S R P

1 1 0 2 «500000 6 1 3 7 ,002165 7 1 3 « 004371
2 1 1 3 333333 & 1 3 8 ,n10823 7 1 3 001748
2 1 1 4 4333333 6 1 3 9 ,021l645 7 1 3 «000291
2 2 0 2 2166667 6 1 3 10 .n2l645 7 2 3 «e001166
3 1 1 4 ,050000 6 1 311 .010823 7 2 3 007284
3 1 1 5 #100000 6 1 312 .002165 7 2 3 026145
3 1 1 6 050000 6 2 2 4 L,00l082 7 2 3 042832
3 2 1 3 .100000 6 2 2 5 004329 7 2 3 053030
3 2 1 4 +150000 6 2 2 6 ,010823 7 2 3 040793
3 3 0 2 «050000 6 2 2 T .019481 7 2 3 2« 020396
4 1 2 5 .028571 6 2 2 8 022727 7 2 3 « 006119
4 1 2 6 +0RBT14 6 2 2 9 ,019481 T 3 2 4 000291
4 1 2 T 085714 6 2 210 ,009740 7 3 2 5 ,001748
4 1 2 8 .028571 6 2 3 5 ,008658 7 3 2 6 ,004953
4 2 1 4 0142806 6 2 3 6 043290 7 3 2 T ,010490
4 2 1 5 057143 6 2 3 7 ,084416 7 3 2 8 ,015152
4 2 1 6 057143 6 2 3 8 ,p8B4416 7 3 2 9 ,013986
4 2 2 3 028571 6 2 3 9 ,047619 7T 3 2 10 ,010490
4 2 2 & <0RrS5T14 6 2 3 10 ,012987 7 3 3 4 001457
4 2 2 5 4114286 6 3 2 4 ,002165 7 3 3 5 007576
4 2 2 6 o057143 6 3 2 5 ,01b152 7 3 3 6 ,019231
4 3 1 3 .02857] 6 3 2 6 ,032468 7 3 3 7 033800
4 3 1 4 071429 6 3 2 7 .038961 7 3 3 8 ,033800
4 4 0 2 .0142806 6 3 2 8 ,n35714 7 3 3 9 ,018648
5 1 2 6 003968 6 3 3 3 ,002165 7 3 310 (009907
5 1 2 7 «015873 6 3 3 4 ,010823 7 4 2 4 ,000583
S 1 2 8 023810 6 3 3 5 ,025974 7 4 2 5 ,005245
5 1 2 9 015873 6 3 3 6 025974 7 4 2 6 ,013986
S 1 2 10 «003968 6 3 3 7 ,012987 7T 4 2 1 .017483
5 2 2 4 011905 6 3 3 8 ,004329 7 4 2 8 ,022145
5 2 2 5 «047619 6 4 1 4 ,001082 7 4 3 3 ,000583
5 2 2 6 «079365 6 4 1 5 ,n08658 7 4 3 & ,002040
5 2 2 T «079365 6 4 1 6 ,017316 7 4 3 5 004662
5 2 2 8 «039683 6 4 2 3 ,002165 7 4 3 6 ,006993
5 3 1 4 003968 6 4 2 4 ,007876 7 4 3 7 003497
S 3 1 5 «0°3810 6 4 2 5 ,008658 7.4 3 8 ,002331
5 3 1 6 035714 6 & 2 6 ,n12987 7 5 1 &4 ,000291
5 3 2 3 007937 6 5 1 3 ,002165 7 5 1 5 ,002914
5 3 2 4 4019841 6 5 1 4 009740 7 5 1 6 ,007284
5 3 2 5 ,023810 6 6 0 2 .,n0l082 7 5 2 3 ,0004583
5 3 2 6 023810 7 1 3 8 ,000291 T 5 2 4 ,002622
5 4 1 3 .007937 7 1 3 9 ,001748 7 5 2 %5 ,002914
5 4 1 4 .027178 7 1 310 ,004371 7 5 2 6 ,005828
S 5 0 2 +003968 7 1 311 .,005828 7 6 1 3 .000583
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