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PREFACE 

The concept of "ring of quotients" of a ring 

was introduced by R. Johnson [ 17 ), Y. Utum1 [ 24 ] and 

others, and a generalized ring of quotients was studied 

by G. Findlay and J. Lambek ( 7 ). N. Fine, L. Gillman 

and J. Lambek [ 8 ) considered this concept for the ring 

C(X) of all real-valued continuous functions on a com

pletely regular Hausdorff space X, in which case the 

maximal ring of quotients is realized as the ring of 

all continuous functions on the dense open subsets in 

X, modulo the equivalence relation which identifies 

two functions if they agree on the intersection of 

their domains. In a recent paper [ 1 1 B. Banaschewski 

has generalized this result to arbitrary commutative 

semi-prime rings by describing the maximal ring of quo

tients as a ring of functions (with variable domain) 

modulo a suitable ideal. 

In ( 8 J, many results actually concern extensions 

of the ring C(X) which are more general than their maxi

mal rings of quotients, and it is a further study of 

these extensions that this thesis is devoted to. A 

brief synopsis of the material presented here 1s given 

below. 

v 
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In Chapter O, we collect together the basic defi

nitions and theorems which we utilize in the ensuing 

chapters. In particular we list the definition of real 

,~ compact space, ring of quotients of a ring, Archimedean 

F-ring, and some examples of dense ideals of C(X). 

In Chapter I, we introduce the quotient-like 

extension Q~X) associated with a filter base ;::;. consist

ing of dense subsets of X in a manner suggested by t 1 ) 

and observe that these extensions can also be described 

as direct limits of suitable direct systems which relates 

themto (8]. Further we give a necessary and sufficient 

condition for such a quotient-like extension to be a ring 

of quotient of C(X) and a self-contained proof of the 

particular case of Banaschewski's theorem (Theorem 6, 

Chapter I)(cf.[l]) as 1t applies to the rings C(X). 

Finally we describe certain relations between continuous 

mappings from a space X into a space Y and homomorphisms 

from a quotient-like extension of C(Y) into that of C(X). 

In Chapter II, we consider the natural partial 

order on an extension ring Q:JX) of C(X), showing that 

the resulting partially ordered rings are Archimedean 

F-rings. Further we establish a necessary and suffici

ent condition for certain rings Q~(X) to be totally 

unreal, i.e. to have no unitary algebra homomorphisms 

to B. Finally we introduce the m-topology on a commu-



tative F-ring with unit, and apply this to the exten

sions Q~(X) of C(X). 
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In Chapter III, we study a specific type of 

injective system (B~, ~~~) in which all B" are normed 

algebras over the reals with unit and 'fa(~ are norm

preserving embeddings which generalizes the injective 

system (C*(D))(D E ~) with respect to the restriction 

homomorphisms, where * denotes boundedness. The main 

object in this chapter is to obtain a connection with 
l ; " the projective cover of the Stone-Cech ~ompactif1cat1on 

of the underlying space (in the category of all compact 

Hausdorff spaces and continuous mappings); our result 

is that the maximal ideal space of Q;(x) is the projec

tive cover of~ X if ~ contains all disconnected dense 

open subsets of X, where Q~(X) is the injective limit 

of the injective system (C*(D))(DE!O- ), a.nd ~X denotes 
v 

the Stone-Cech compactification of X. The analogous 

·~ partial generalization for arbitrary commutative semi

simple rings with unit and Hausdorff maximal ideal 

space is proved independently. 

In Chapter IV, we consider certain generaliza

tions of the preceding work. In the first section, we 

replace the range space R (the field of real numbers) by 

t (the field of complex numbers), and show that analo

gous results to those obtained in Chapter I and II hold1 
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our main tool here is the complexification of a real 

algebra. We prove that the maximal ring of quotients 

of the ring of all complex continuous functions on X 

is isomorphic to the complexification of the maximal 

ring of quotients of its subring of real functions, 

and that the maximal ideal spaces of the two rings of 

quotients are homeomorphic. In the second section we 

discuss relevant extensions of the algebra C~U) of all 

unrestrictedly differentiable functions on an open sub

set U ~fin, and show among other things that the maximal 

r1ng of quotients of C~(U) is totally unreal. 



CHAPTER 0 

Preliminaries 

This chapter is a collection of all the basic 

definitions and results which will be needed in the 

ensuing chapters. 

Section la Rings of Functions. 

Let X be a topological space. Let C(X) denote 

the ring of all continuous functions from X into the 

reals B, under the functional operations; the subring 

of bounded functions in C(X) is denoted by C*(X). It 

is obvious that C(X) and C*(X) are commutative rings 

with unit 1. They are also lattices under the pointwise 

definition of order. It is clear that C(X) is semi-prime, 

i.e. there is no nilpotent ideal except (o), and it is 

known as semi-simple, 

In studying C(X), we assume that the space X is 

a completely regular Hausdorff space. The standard refer

ence for the theory of C(X) is [12] and[23]. 

Definition• Let f t C(X). The set of points in 

X for which f vanishes is said to be the zero set of f 

and is denoted by Z(f). The complement X-Z(f) is said to 

be the cozero-set of f and is denoted by Coz(f), 

1 
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Theorem la Every completely regular space X has 

a compactif,ication ~X, with the following equivalent 

properties. 

i) Every continuous mapping ~ from X into any 

compact space Y has a continuous extensition <?f from ~X 

into Y. 

1i) Every function f in C*{X) has an extension to 

a function f~ in C(~X). 

' 
Def1n1t1ona The compact space ~X is said to be 

v 
the'Stone-Cech compactifioation of X. 

Theorem 2a Let X be a completely regular space. 

X is open in ~X if and only X is locally compact. 

Theorem 3• Every continuous function on a dense 

open set V in X can be continued to an open set (~V) in 

~X. Every continuous function on a dense cozero-set in 

X can be~_,continued to a cozero-set in ~X. 
" 

Definition• A space X is said to be realcompact 

if every real maximal in C(X) is fixed. 

Theorem 4a Every completely regular space X has 

a real-compactif1oation v X, contained in ~X, with the 

following equivalent properties. 

1) Every continuous mapping ~ from X into any 

·I , 

:. .( 

/ 

·.•·, 

-~ .... ' 
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real compact space Y has a continuous extension ~0 from 

YX into Y. , 

ii) Every function f in C{X) has an extension 

to a fun~tion fv in C(vX). 

Theorem Sa X is realcompact if and only tf, to 

each homomorphism <p from C( X) onto fi there corresponds 

a point x of X such that ~(f) = f{x) for all f f C{X). 

Theorem 6a Let <f> be a unitary homomorphism 

from C( Y) into C( X). If Y is real compact, then t here 

exists a unique continuous mapping ~ of X into Y such 

that <f(g) = g oi' for all g € C(Y). 

Section 2a Rings of Quotients . 

According to a well-known theorem of algebra, 

an integral domain can be embedded in a field, called 

its field of quotients. The simplest form of this i s 

the theorem concerning the integers and the rational 

numbers. Many generalizations have been given in whtch 

a "ring of quotients" is constructed for a given r i ng 

'(e.g. 1, 7, 8, 17, 22, 24]. 
; \ 

Theorem 7• Let A be a commutative rtng with unit 

and S be a multiplicative submonoid of A consisting of non-

zero divisors of A. Then there exists an extension ring 



E 2A such that 

i) All elements in S are invertible in E; 

ii) E is generated by AU s-1; 

moreover, E is uniquely determined up to a unique iso-

morphism extending the identity on A. 

Definitions The ring E obtainen in Theorem 7 

is called a classical ring of quotients of A with res

pect to S and is denoted by A(S-11. If S is the monoid 

of all non-zero divisors of A, then A(s-1] is called the 

fu:.'..l ring of quotients of A. 

4 

Definition• An ideal D in A is said to be dense 

if its only annihilator in A is 0, i.e. D is dense in A 

if for all a f A, aD = 0 implies a = o. 
Note that a principal ideal (d) is dense precisely 

when d is a non-zero-divisor in A. 

More generally, we can speak of denseness of any 

subring. If A is a subring of B, then we shall say that 

A is dense in B provided that A has no non-zero annihi

lator in B. 

Definition• A ring A is called semi-prime if it 

has no nilpotent ideal except (0)-equivalently (for com

mutative A), if it has no nilpotent element except o. 
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Proposition 8s For commutative ring A with unit 

1, the following holdsa 

i) A is dense. 

ii) If D is dense and D ( D' then D' is dense. 

iii) If D and D' are dense, so are DD' and D ~ D' • 

iv) If A ~ 0 then 0 is not dense. 

Let B be a commutative ring containing A and having 

the same unit element e. For b ~ B, we write 

b-lA = {a E A I ba ~ A } • 

Obviously, b-lA is an ideal in A. Forb = 0 or e, b-1A 

is dense; it is A itself. 

Definition* An extension ring B ~ A of a ring A 

is called a ring of left quotients (or rational extension) 

of' A if for any a, b in B, b ~ 0, there exists a c in A 

and an integer k such that ca -:- ka ~ A and cb + kb '!- 0. 

It is obvious that the reference to the integer 

k is redundant if A contains a unit, i.e. B is a ring of 

quotients of A if for every b f B, b-1A is dense in B. 

Definitions A maximal ring of quotients of a 

ring A is a ring Q ~ A of quotients of A such that there 

exists no proper extension ring E ) Q which is also a ring 

of quotients of A, and denoted by Q(A). 

Theorem 9• Any ring A has a maximal ring of (left) 

quotients Q which is unique up to isomorphism over A. 
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Remark la Let A ( B c c. Then C is a ring of 

quc•tients of A if and only if B is a ring of quotients 

of A and C is a ring of quotients of B. 

Remark 2s If B is a ring of quotients of A and 

D is a dense ideal in A, then D is dense in B. 

Theorem lOs Let B ) A. If A 1s semi-prime, then 

B is a ring of quotients of A if and only if b•(b-1A) F 0 

for all non-zero b f B -- that is, for 0 'I: b ~ B, there 

exists a f A such that 0 F ba f A. 

Definition• A r~.ng A is said to be von Neumann 

regular if for each element a, there exists an element 

x (in general, not unique) such that axa =a. In the 

commutative case, this may of course be written a 2x = a. 

Theorem lla If A is semi-prime, then the maximal 

ring of quotients of A is von Neumann regular, and the 

converse holds if A is commutative. 

Some examples of dense ideal in C{X). 

1. Let (X, a; ) be a completely regular space. 

Then an ideal A in C(X) is dense if the Zariski topology 

determined by A, i.e. the topology generated by the sets 

Coz( f), f ~ A, coincides with 'J • 

2. Every free ideal 1n C(X) is dense. 
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Let C0 (X) denote the family of all functions in 

C( X) having compact support and C00 (X) denote the family 

of all functions in C(X) vanishing at infinity. 
:·-~ 

3. C0 (X) (hence Ccx(X)) is dense in C(X) if X is 

locally compact. 

4. An ideal A in C(X)(or C*(X)) is dense if and 

only if U Coz( f) ( f E: A) is topologically dense in X. 

5. A prime ideal P in C(X) 1s dense if Z[P] 

has a non-isolated cluster point. 

6. Every maximal ideal in C(X) is dense if X 

is perfect. 

Section 3a Lattice Ordered Rings. 

Definitiona · A partially ordered ring is a ring 

A together with a partial ord~r relation 4- such that 

foi.la, b f A 

i) a~ b implies a + c ~ b + c for each c f A, 

and 

ii) a~ o and b~ o implies ab~ o. 

Definitions A partially ordered ring A is said 

to be Archimedean if for every pair a, b of elements of 

A, with .a 1: 0, there is an integer n such that na ~ b. 

Definitiona A ring homomorphism e of a lattice

ordered ring A into a lattice ordered ring A' is called 



an f-homomorphism if one of the following equivalent 

cor.tditions is satisfied for a, bE Aa 

i) e(a v b)= ea v eb and e(a I\. b)= ea 1\ eb; 

ii) e \al = lea\ ; 

iii) a "b = 0 implies ea ~ eb = o. 

8 

Definitiona A subset I of a lattice-ordered ring 

A is said to be ani -ideal of A ifa 

1) I is a ring ideal of A, and 

ii) a~ I, b f A, and I bl ~\a I imply b € I. 

Def1n1t1ona A lattice-ordered ring A is called 

an F-ring if the following holdsa 

a I\ b = 0, c 4 0, implies that ca 1\ b = 0 and 

ac 1\ b = o. 

Note that every totally ordered ring 1s F-ring, 

since, in a totally ordered ring, a A b = 0 implies either 

a = 0 or b = o. 
If A is an F-ring, we will call a subring of the 

ring A a sub-F-ring if it is also a sublattice of the 

lattice A. 

Theorem 12• If A is an F-ring, then• 

i) Every sub-F-ring of A is F-r1ngr 

1i) Every }-homomorphic image of A 1s an F-r1ng. 



Definition• An ideal I in a partially ordered 

ring A is said to be convex if whenever 0 ~ x ~ y, and 

y ~ I, then x ~ I. 

9 

Theorem 13• Let I be an ideal in a partially 

ordered ring A. In order that A/I be a partially ordered 

ring, according to the definitiont 

a+ I~ 0 if there exists x fA such that x~ o 

and a: x(mod I), it is necessary and sufficient that I 

be convex. 

Theorem 14~ For a convex ideal I in a lattice 

ordered ring A, the following are equivalent. 

i) I ls 1. -ideal. 

ii) a E I implies \a\ ~ I. 

iii) a, b ~ I implies a v b E I. 

iv) a v b + I = (a + I) v {b + I)--whence A/I is 

a lattice. 

v) a + I ~ 0 iff a _ \a\ (mod I). 

Section 4a Categories and Direct Limits. 

Definition• A category ~ consists of a class 

of objects and with each pair A, B of objects a set M(A,B) 

called the set of morphisms f 1 A ---7 B such that for 

any three objects A, B, C in ~ there is given a mapping 
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M(A,B) X M(B,C) >M(A,C) denoted by (f,g) ~ g.f 

which satisfies (1) f 1 A ~ B, g a B ~ C, h a C ~ 

D implies h•(g.f) = (h.g)•f. (2) For each object A 

in ~ there exists a morphism eA in M(A,A) such that 

eA•f = f for all f in M(B,A) and f.eA = f for all f in 

M(A,B). 

Definitions A set (I,~ ) is called directed (up 

directed) if for any j, k in I there exists i in I such 

that i ::P j, k. 

Definition: For a directed set I, a system 

(Di, f 1 j)i, j ~ Iis called a direct system in (;. over I 

if Di € ~ for each i E I and for each pair ( 1, j) with 

i ~ j the morphism f ij 1 D i > Dj satisfies f jk" f ij = 
fik for i ~ j (' k and fii = eo

1 
• 

Definitions Let (D1 , f 1 j) i, j f I be a direct 1 

system in (;_ • A family of morphisms { Di ____:;,. X) i E I is 

called a compatible family with respect to the system 

if for any pair ( i, j) with i ~ j, Di ~ Dj ------?X • 

Di~ X. Lis called the direct limit (or colimit) of 

the system(D1 , fij) in the category~ if there exists a 

compatible ( Di ~ L) 1 ~ I such that for any compatible 

family ( Di ~ Y) 1 ~ I there exists a unique morphis'lll L 

-----7-Y for which D1 ----7 L ~ Y = D1 ~ Y for each 1 E" I J 

{D1 ---+ L) i, I is called a limit family. 



CHAPTER I 

Algebraic properties of the ring Q~. 

Section ls Direct limits. 

Let X be a completely regular Hausdorff space and 

J;J- be a filter base of dense subsets of X. For D E: f!7. , 

let c0(X) denote the ring of all real-valued functions f 

on X which have continuous restriction fiD to D. Put C~(X) 

= nY~ c0 ( X). Since D ( E implies c0 ( X) :> CE( X) and for 

f, g ~ C~(X) with f € Co( X), g Ei CE(X), f t g f C0 , (X) 

for some D' ~fa with D' C. D n E, C ,rq.( X) is a ring of func

tions. Now let Zn( X) = { f € Co( X) I f/ D = 0 1 and put z~ X) 

= D~~ z 0 (X). Then z 0 (X) is an ideal in c 0 (X), and Z~(X) 

is an ideal in C .J X) since for any f E- C~( X) w1 th f E. c0 ( X) 

and h € Z~( X) with h E. ZE( X) , fh E z0 , (X) for some D' E .-S-

with D' ~ D (\ E, and f "!" g E Z~(X) whenever f, g t: Z_JX). 

Finally we put Q~( X) = C ~X) /Z_,s,( X). Then Q~ X) is a com

mutative semi-prime ring with unit. 

Proposition la 

i) C0 (X) (\ Z,JX} = Zn(X) for any D ~,s-. 

ii) The restriction rD I f ~ f\D induces an 

isomorphism c0 ( X) /Z0 ( X) --4 C( D) for each D £ ;J . 

11 



1ii) The natural mapping v a C,s.(X) > Q~(X) 
determines, for each D € ,91 , an embedding 3o t C( D)--? 

Q ~X) such that y( f) = 30( f\ D) for f E c0( X). 

i v) For any D, E E. ,& where D c E, 3o( f I D) = 
jE( f) for all f E C(E). 

Proof a 

12 

1) Clearly Co(X) n Z (X) 2 Z0(X). Let f f Co(X)(\ 

Z~(X) and f E' ZE(X), E G' ;:;-. • Suppose f ~ z 0 (X); then there 

exists a point x0 E D such that f(x0 ) 'F 0, and fiEnD= o. 

But D is completely regular,hence there exists an open 

neighborhood V of x 0 such that rlv ~ 0 where E 0 D nv ~ ¢. 

Hence r\E ~ 0; this 1s a contradiction. 

ii) We show io is an epimorphism. Let fin C(D). 

Define f* on X by f*(x) = f(x) if x € D and f* • 0 if 

x f X ' D; then clearly f* t Co( X) and f* \ D = f. Hence 

there exists f* 1n c0 (X) such that f0 (f*) = f; i.e. 0 is an 

epimorphism. Ker( \0 ) = z0(X) 1s trivial; thus F0 induces 

an isomorphism• 

c0 (X)/Zo(X) ) C(D). 

ii1) For f ~ c0(X), j 0{riD) = V(f) is well defined, 

since for rt and r~ 1n c0(X) such that ry I D • riD • r~ID, 
then f!- r~ (Z0(x), i.e. rt- f~t Z_JX); thus iJ(rt>

l>(f~) = \l(ff- f~) = 0; i.e. 'V(f!) = Y(f~). Now for 

r ~ C(D), 1f j 0(r) = O, then there exists f* 1n c0 (X) such 
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that f*\D = f; then Jn(f*\D) = v(f*); this implies that 

f* E ZE( X) for some E t: ~ • Hence f* I D (\ E = 0. But 

f*ID ~ C(D), and E ~ D f D implies that f*ID = 0; i.e. 

f = o. Hence Jo is a monomorphism. 

iv) Let f E C(E), and f* be an element in 

CE(X) ~ Cn(X) such that f*\E = f; then by (iii) 

jD(f*\D) • Jn(f\D) = Y(f*); 

on the other hand, 

Q.E.D. 

Now, the family of rings (C(D))Dt.S. together 

with the restriction mappings fDE 1 C(E) ~ C(D) for 

each pair D, E f~ where D ~ E fo~m a direct system, and 

the proposition shows that the maps Jn a C(D) ~ ~~(X) are 

compatible with respect to this systema i.e. if D, E ~~. 

D C E, then the following diagram is commutative 

C( D) ~(X) 

\ 
C(E) 

Theorem 21 Qc;o(X) is the direct limit of the direct 

system ( C( D), f DE) D, E ~.s , with ( Jo) 0 ~ ~ as a family of 

limit homomorphisms, in the category of all rings with unit 

and unitary ring homomorphisms. 
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Proofs To prove this we have to establish that 

for any given unitary ring homomorphism fo a C(D) ~ R 

(R is arbitrary ring with unit) such that for D, E in,.&, 

with D < Es ~0(f1D} = ~E(f) for f € C(E) (i.e. the 

family ( <f0 ) D € ;o. is co!llpatible), there exists a unique 

unitary ring homomorphism Cf 1 Q ;o.< X) ~ R such that 

'f o Jn = <fD for each D € ~ { cf. a Theory of Category by 

B. Mitchell Chapter II § 2.) 

First we show the uniqueness 1 Let q• a Q»( X)~ 

R be another ring homomorphism such that <p' o Jn = qD 

for each D €' ;:::>- • If u be any element in Q4 X), then 

there exists a. member D in ;3- such that for some f E c0 ( X) , 

Y ( f) = u, hence by iii) c4 f+~pc7itlo'Yl i 

<\l'(u) = <ll'(v(f)) = 'f'(Jo(fiD)) = <f0 (f\D) 

= (c:po JD)(f\D) =<::p(v(f)) ='f(u). 

Now we establish a ring homomorphism <f 1 Qfi}o( X) ~ R 

with q> o Jo = 'J> 0 • Let u f Q:J_X} an element; then there 

exists f ~ c0 (X) for some D such that ~(f) = u. Define~ 

by Cf ( u) = 'f D( f\ D). We show that <p is well defined. For 

any u f Q..s.(X) if u = y(f) = y(g) for some f, g E C..&.(X) 

with f ~ CD(X), g ~ CE(X), then by iii) JD(f\D) = jE(giE), 

and by iv) Jof\ E( f\D n E) = Jon E(glD n E) since D n E ~ 

D, E. But then by hypothesis ~0(fiD) =~D~ E(t\D ~E) = 

<f Df\ E(giD (\E) = <fE(giE); this shows that 'P depends only 
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upon u, not upon the choice of representative f; thus 

<f is well-defined, Clearly 'f is a ring homomorphism. 

Finally for f E" C( D), ('Po jD)( f) = cp ( jD( f* I D)) 

= <J' ( v ( f*)) = <f'0 ( f* \D) = <fD( f) where f* € CD( X) such that 

f* ) D = f. Q.E.D. 

Remarks The ring Q~(X) can be made into a ffi

algebra in the obvious way, namely ru = v(r)u for rt" IR, 

Proposition 3a Let u1 , •••• , uk be elements in 

Q~(X) and P be a polynomial in k indeterminates over~ 

such that P(u1 , ••• , uk) = 0, then there exist r 1 , .•• , 

fk in C~(X) with P{f1 , ••• , fk) = 0, and ui = v(fi) for 

each 1 = 1, ••• , k. 

Proofs Let r 1 in C~(X) such that u 1 =)I (f1)(1 = 1, 

. . . ' ~ nl 
k), and let P = L- r 1 k • x1 n , •• , n • • • • • and 

f1 ( CD (X) ( 1 = 1' k)·; put D = k 
D1 Then P(u1 , . . . ' ~ • 

1 

uk) = L r 1 
nl nk L (rnl, nk) · . . . ' nk ul • • • uk = n ' • • • • • • • • 

u~l ••• u~k = L (rnl, ••. • nk> v(f~l) ••• v(f~k) = L jD( 

r n 1 , ••• , n k) • j D ( f~ 1 1 D) • • • j D ( f ~ k \0 ) = j D ( L r n 1 , -- n k ( 

f~1 1D) ••• (f~klD)) = O. Hence P(ftiD, ••• ,fklD) = 0. Now 

define f!(i=l ••• k} on X by f! = f 1 Don D and fl = 0, on-D; 
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then f! E C,s( X) ( i = 1, ••• , k). Also, P( f!, ••• , f~) = 0. 

Moreover, y(f!) = jD(f!ID) = jD(f1 \D) = v(f1 ) = ui •. 

Q.E.D. 

Remarka One also shows that the same result holds 

for several polynomials P1 , ••• , Pm such that Pi(u1 , ••• , 

uk) = 0 (1 = 1, ••• , m). We observe that. if lQ is the 

unit in Q~(X), then for any e in C~,(X) su.ch that v(e) = lQ 

there exists a D E ~ such that e = 1 on D. 

Corollary la u is invertible in Q~(X) iff there 

exists an element f in C~(X) such that u = Y(f) and f is 

invertible in C~(X). 

Proof• There exists u• in Q~X) such that uu• = lQ 

i.e. uu• - lQ = o. By the above proposition there exists 

f, f' and e in C~(X) such that ff' - e = 0 holds, and lQ = 

v(e), u = v(f), u• = y(f'), and also f(x)•f'{x) = e{x) = 1 

for x ~ D, for some D f ~ 

Define f*, f'* by 

f*(x) = f(x) and f'*(x) = f'(x) on D 

f*(x) = 1 and f'*(x) = 1 on 1\.1 D. 

Then f*, f'* in C~(X). Thus f* is invertible in C~X) and 

Y(f*) = Jo(f*l D) = Jo(f\D) = Y(f) = u. 

Corollary 2a 0 # u 1s a zero divisor in Q~X) iff 

there exist f in C~(X) such that u = Y(f) and f is a zero 

divisor in C~(X). 
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Section 2a Ring of guotients with respect to an embedding. 

Let f!:J. be a filter base of dense subsets of X. 

We note that C(X) S C~(X) since C(X) ~ CD(X) for each 

D £SO. , but X need not itself belong to ~ • Also we 

note that the natural mapping \) g1 ves an embedding of C( X) 

into Q~{ X) ; it is clear because C( X) (\ Z,.e.{ X) = 0, e.nd hence 

f + Z~(X) = 0 for f ~ C(X) implies f = 0. 

To say a ring B()A) is a ring of quotients of A 

with respect to an embedding' a A ---?B means that the 

ring B is a ring of quotients of ~(A) ~ B. Also we note 

that Q~(X) is a ring of quotients of C(X) with respect to 

the embedding 'Y if and only if each C( D), D E ~ is a ring 

of quotients of C(X) with respect to the embedding given 

by the restriction f ~ f\ D. 

Proposition 4a Let ~ be a filter base of dense 

subsets of X. A necessary and sufficient condition for 

Q~(X) to be a ring of quotients of C(X) with respect to 

the embedding v is that a For each D ~ ~ , for any f E C( D) 

and open subset U of D, there exists an open subset V in 

X such that V (\ D C U and f I V (\ D has a continuous ext en-

sion to V. 

Proof a ~;~.l.l..QX.: Let f, 0 ~ g in C( D) and U = 
f x ~ D \ g{ x) F. 0} an open subset of D. By hypothesis there 
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is an open subset V in X such that VA D ~ u. 
r-

Let a~ Vn D and.f be the continuous extension 

of f IV(\ D to V. Then there is a function h in C( X) such 

that h(a) F 0 and hlcv = o. Define a function u on X by 

"' u(x) = f(x)•h(x) for x in V 

= 0 for x in CV. 

Then clearly u € C(X) and f·hiD = uiD, and g.hjD F 0 

since g(a)•h(a) F o. This shows that C(D) is a ring of 

quotients of C(X) with respect to the embedding u ~ u\D • 

. ~t.~z_: Let f t C(D) and U be any open subset 

of D. Then there is an open subset V' in X such that U = 

V' (\ D. Let a t v• n D, then there is g in C( D) with 

g(a) F 0 and g(x) = 0 for x f D' U. By assumption there 

is an h in C(X) such that f.h\D = uiD for some u E C(X) 

and g.h\D F 0 in C(D). Let c t U such that g(c)•h(e) F 0. 

Then there is a neighborhood V" of c in X such that h\V" 

F 0. Put v = v• (\ V" F ¢. since c E2 v• ' V". Then v n D ' u' 
and f·h\D = uiD implies f = ulv ~ D ; then ulv (h\V ~ 0) 

h I V (\ D 'fi"iV 

is the desired continuous extension of f to the open set 

V in X. Q. E. D. 

Remark• Evidently the condition in Proposition 4 

holds for every dense open D. 
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Lemma 5• Let A be a countable dense subset of 

~rrational numbers and let .,...., • A ---7 {1, 2, ••• , 3 be a one 

to one mapping. For each x t ~ define a fUnction f byr 

f(x) = ~ 1/~(a), 
a< x 
a €' A 

then f is continuous at each point of Q but f(a+) > f(a) 

at each point a ~ A. 

Proof a First we show that f is not continuous at 

each point of A. To see this take any a 0 E A, then 

lim f(x) = L" l/J\
2(a) = ~ 1/~(a) = f{a0 ); 

x~a~ a< x a (ao 
x~ a0 

on the other hand 

lim + f(x) = L l/l'-2 (a) = L 1/~(a) + 
x...,.a

0 a <x a <ao 
ao~ x 

L 2 1/-,... (a)> f(a0 ). 

a 0 ~a< x 

Secondly we show that f is continuous at each point q of 

~· Clearly 

11m f(x) 
X ~q-

on the other hand 

11m f(x) 
X~ q+ 

= f(q); 

= 1nf cl:: 1/ ~(a)) 
X) q a< x 

= 1nf ( ~ 1/~(a) + 
x> qa<q 

t:=. 1/)'.2 (a)) 
q <a< x 

= f(q) + 1nf 
X>q 

( 
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Let n0 (~ 1) be given natural number, and take a 

point Sno E A (\ [q, q + *
0 

1 such that /\(Sn
0

) ~ i\(a) 

for all a E A (\ [q, q + ~0 1 ; next take n1 (natural 

number ) n0 ) such that Sno 4: A t\ [ q, q + 1 J , and pick 
nl 

a point Sn1 ~ A(\ [q, q + 11 such that .f\Jan1 > ~?\(a) 
n1 

for all aE A(\ [q, a+ ~1 ]. Hence, inductively, take 

a natural number nk(> nk_1) such that &nk-l fA(\ 

[q, q + 1 1 and an ~ An fq, q + l J such that _?\(an ) ~/\(a) 
nk k ~~ k 

for all a ~ An rq, q + 1 ) • Let P be the set of all 
nk 

nk(k = O, 1, 2, •••• )defined by above process. Then for 

any ~ , ~· with n~ ( nk' in P, it is clear that !'(Snk) ( 

7'- (an ) a now clearly 
k' 

Hence inf ~ L. l/7'-.2 (a) 1 = o. This con.cludes 
x>qlq<a<x 

that f is continuous at the point q. 

Corollary• C(Q) is not a ring of quotients of C(B) 

with respect to the embedding f ~ f\Q. 
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Proofa If f is the function defined in Lemma 5, 

then g: fiQ E C{Q). Since every open subset V in R 

intersects with A, the function glvn Q can not be extended 

to V; by the previous proposition, C(Q} is not a ring of 

quotients of C{R). 

Theorem 6 a ( Banaschewski L 1].) Q~{ X) is a maximal 

ring of quotients of C(X} with respect to the embedding f~ 

f + Z~(X} if ~ is the set of all dense open subsets of X. 

Proofa From the Proposition 4, clearly Q~(X) is 

a ring of quotients of C(X). We shall show that for any 

A, a ring of quotients of C(X), there exists a monomor

phism of A into Q~( X). 

Take any a € A and consider T = ~ f ( C l af E C 1 , 
where C denotes C(X); then Tis a dense ideal in A; thus 

the set V = dfl) Coz(f)(f { T) is a dense open subset of 

Xr Le. V €~ • 

For each a E A define a function a* a X _____... R by 

a*{ x) = { a:f) ( x) /:f( x) if x ~ Coz{ f) :for some f ~ T 

= 0 if X ~ Vr 

this is well defined because if x E Coz(f) and x € Coz(g) 

for some f and gin T. Then ((af}g)(x} = ((ag)f)(x) 

implies (a:f)(x)/f(x) = (ag)(x)/g(x) for x ~ Coz(:f) A Coz(g) 

= Coz(fg). Hence a*, thus defined, belongs to Cv(X), and 

clearly a*= a if a~ C(X) since a*(x) = (a:f)(x)/f(x) = a(x) 
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for some Coz(f) containing x. 

Now we show that the mapping a ~a*+ Z (X) of A 

into Q'l!:t{X) is a monomorphism. We show first that this map

ping is a ring homomorphism. If Ti = t f E C!aif f c} for 

ai ~ A{ i=l, 2). Then T = dfTl (\ T2 is a dense ideal in A. 

For V = l.) Coz (fX f E T), then it is easy to see that V = 

v1 () v2 where Vi = U Goz (g){g E Ti). 

Take an element x E V. Then there is an f E T 

such that x E Coz(~where f € Ti(i=l,2); hence a1f + a 2f = 
{a1 + a 2)f belongs to C(X). Thus {a1 + a 2)*(x) = 
{alf){x)/f{x) + {a2f)(x)/f{x) = at(x) + a~}x) for x E Va 

This shows that {a1 + a 2 )* - {at+ a~) E Z~(X), and in 

the same manner {a1 ·a2)*- {at·a~) E Z~(X). This concludes 

thu.t the mapping a ~ a* + Z~(X) is a ring homomorphism. 

Finally we show this mapping is one to one. For 

any a1 , a 2 in A, let at - a~ E: Z,.s.(X). If f E T = T1 f\ T2 , 

where T1 , T2 are defined as above, then f(at - a~) = 
f·at- f·a~ in Z~(X), since Z~(X) is an ideal. Consider 

the equalitya 

f·al - f.a2 = (f•al - f·at) + (f.at- f.a~) + (f·a~- f.a2). 

Note that (f.a1 - f·at)(x) = (r.a1 )(x) - f(x}•(fa1 )(x)/f(x) 

= 0, for all x ( Coz(f)~ Vi: hence (fa1 - fat>lv = 0, where 

V = v1 0 v2 a similarly {fat - fa~) I V = o. 
Thus both (fa1 - fat) and (fa~ - fa2) belong to 

Z$(X): consequently f{a1 - a2) = 0, on some dense open 

subsets of X, but f(a1 - a 2) is element of C{X)J hence 
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f(a1 a2) = 0 for all x <: X. This implies that 

T(a1 - a2) = 0; but T is dense ideal in A; hence a 1 = a2. 

This completes the proof. 

Note a A maximal ring of quotients of C(X) is 

von Neumann regular. 

Proposition ?a A necessary and sufficient con-

dition for Q~(X) to be a von Neumann regular ring is the 

following a For each D f ~ and f ~ C( D), the subset ( E (\ 

Coz( f)) U IE«:E ( E (\ Coz( f)) belongs to ~ for some E ~ D 

in J::; • 

Proof. §.yj_f.ic;i_enc.z: Let u E Q~(X) with u = Y( f') 

for some f' E Cs(X) and put f' I D = f for some D in ~ • 
' ' ) 

Note that E 1\ Coz( f) and IEtE( Coz( f) (\ E) are E-o pen 

subsets of E and disjoint. Put E' = (E ncoz(f)) L) 

IECE(E n Coz(f)). Define a function gonE' by 

g(x) = 1/f(x) for x tn E ~ Coz(f) 

then clearly g f C(E'); hence there is a g' in C~(X) 

such that G' I E' = g and f' 2g• = f' on E' ; hence we have 

u2v = u where v = ~(g'). 
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.J~.~g_~~~J~~-: Let D E J7. and f E C( D) be given, 

and let u = Y( f') where f' \ D = f for some f' E C~}X). By 

the hypothesis there is a v in Q~X) such that u2v = u. 

Let v = y(g') with g' t Cn,(X) and g = g•\n•. Then u2v = u 

implies that f2g = f on some E ~ ~ , E C D (\ D' • By a 

well-~nown theorem, we have 

E = IE( E (\ Coz( f)) U SE( E I) Coz( f)) U IECE( E (\ Coz( f)), 

SE denotes the E-boundary, where IE(E r'l Coz( f)) r'l aE(E (\ 

Coz(f)) f\ IE~E(E r'ICoz(f)) =¢and rE(E A Coz(f}) = IE(E n 
Coz(f)) U SE(E n Coz(f)). 

Now we claim that ~E(E ncoz(f)) = ¢. If there is~ 

point pin SE(E 0Coz{f)), then for any E-neighborhood up 

of p, f2g - f = 0 implies 

g(x) = 1/f(x) 

for a.ll x in Upf\ (Ef\ Coz(f)) 1: ~.but then g(x) = oo 

as x tends to p, p ~ E. This contradicts the fact that 

g is continuous on E.; thus we have SE(E0 Coz(f)) = ¢, 

and since E ~ Coz(f) is E-open, we have 

E = {E f\ Coz( f)) V IECE(E (\ Coz( f)); 

this completes the proof. 

Remark la The ring Q~X) can be a von Neumann 

regular ring and still be rationally in~complete. Let 

X be a V1-set; that is, a totally ordered set with the 

property that for any nonempty countable subsets A and B 
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of X with A < B there exist element u, v and w satisfying 

u <A ( v .( B ( w. Then if the <11 1-set X is endowed with 

the interval topology the space X is what is called a P

space without isolated points [12). Hence C(X) is not 

rationally complete. Take any proper dense open subset D 

of X and let ~ = t D ! then clearly Q~( X) = C( D), and hence 

QJ X) is not rationally complete either. But D is again 

P-space, hence C(D) is a von Neumann regular ring, and so is 

Q~(X). This is an example of a non-maximal ring of quotients 

of C(X) which is a von Neumann regular ring. 

Remark•2a The ring Q..$.(X) can be a von Neumann 

regular ring without being a ring of quotients of C(X) 

(w.r.t.V.}. Take X= R, and~ the set of all relati"\rely 

open dense subsets of Q, the rational numberst then clearly 

Q~(Q} is the maximal ring of quotients of C(Q) and a von 

Neumann regular ring. Moreover we have C(X) ( C{Q) ~ Q~(Q) 

with the embeddings1 

fQ 1 C ( X) ----7' C ( Q) by PQ ( f) = f \ Q and y • a C ( Q) --+ 

Q~Q) by v• (g) = g + Z~(Q) I also the composition v' 0 fQ I 

C(X) ~ Q)Q) is an embedding. As was shown previously, 

C(Q) is not a ring of quotients of C(X) w.r.t. the embed

ding fQ a Hence Q!?Jt( Q) is not a rinp; of quotients of C( X). 

Now we show that Qh( X) ~ Q.&( Q). Define <f a Q~ X) ? QJ._ Q) 

by <:f(u) = fiQ + Z,a..(Q) for u (~(X) with u = f + ZJX). 
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We show <:pis ontoa Take any v E: Q,.e.(Q) with v • g + Z..&(Q), 

define g* on X by 

g*(x) = g(x) on Q 

= 0 on "" Q. , 

then g* E C~(X) and let u = g* + Z~(X); then ~(u) = 
g*IQ + Z~(Q) = g + Z~Q) = v; hence f is onto. Since 

fiQ + Z~(Q) = 0 implies f E Z~(X), and hence~ 1s one to 

one. Clearly ~(f) = (<f-1 o v' o fQ)(f); thus QJX) is 

a von Neumann regular ring without being a ring of quo

tients of C(X) with respect to the embedding v • 



Section 3a Induced homomorphisms. 

Let ~ and ~ be two distinct filter bases of 

dense subsets of X; we say .e. is finer than £" if and 

only if for each F € l' there exists a D in ,& with 

DC F. 
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Proposition 8a Let ~and S be two filter bases 

of dense subsets of x. If » is finer than 3'"" • then there 

is a unique embedding <f a QJX) -~> Q,3(X) such that for 

any F ~ ~ and D E: ~ with D £ F the following diagram 

commutes. 

Q;-{ X) Q,a.( X) 

Jp 1 r jD 

f ----+ fl D 
C(F) C( D) 

Proof a Define 'PI Qs-( X) )' Q~X) by <f( jF( f)) = 

jD(f\D) for f f Cp(X}. Then Clearly~ is a monomorphism• 

and from the definition of ~ the uniqueness is evident. 

Remark la In particular if ~ is finer than ~ 

and ~ is finer than~, then <?> a Q~{ X) 

an isomorphism. To see this, define '' a Q~(X) 

by 'f' (v) = jF' (fl F') where v = jD' (f), f t: C{D'), F' c D'. 

F'E ~ , D' t ~. Then (~o q')(v) =<f{jF,(fiF')) 

• J0 ( fl D) (DC. F', D € ~ ) = v, and hence 'f o <f' == 1d. 



Similarly <t' 0 q>= id. Hence <f is an isomorphism. 

Remark 2t Also if ~.f 2-, then clearly ~is 

finer than s-- , but the converse need not hold. 

Remark 3• In particular, if Rr is finer than 

a.nd QJ. X) is a. ma.xima.l ring of quotients of C( X), a.nd 

~ is such that Q~ X) is a ring of quotients of C( X) 
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~ 

( a.lwa.ys with respect to the em beddings), then ~ is a.n 

isomorphism. Hence if Q~~X) is a. maximal ring of quo

tients of C(X) and ~ (consisting of dense open subsets) 

is finer than ~ , then Cf is a.n isomorphism. 

Example a Let -S"' be the set of a.ll dense open 

subsets of X a.nd ~ be the set of a.ll disconnected dense 

open subsets of X, then ~ is finer than S'" 1 hence 

The following discussion is another approach to 

obtain a. maximal ~ing of quotients of C(X). 

Let 5> be the family of all filter bases r of 

dense subsets of X such that Qs' X) is a ring of quotients 

of C(X). On j we define a.n ordering in the following way; 

for two member ~, ~ in } , .fot~ ~if a.nd only if 

.s;; ~ ~ r i.e. eaah member of ~ is a. member of ~ • 

Then clearly the set ~ with the ordering " ~ " becomes 

a. partially ordered set. 
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Now let (; be a chain in ~ and 

~··. UL = ~ Fd I F01 E ~ , .for some ~ in C J • 
Then V~ is again a filter base. of dense subsets of X; 

for let F", F~ in UG with Pci t; ~ and F~ E ~ , and 

~ ~ ~ , then there exists :r~ in ~ such that F~ s;: F.,.,. 
Since .SS~ is a filter base , there is F~ ' ~ such that 

F; f. F; (\ ~ -' F~ (\ Fp. And QU(.(X) is a ring of quotients 

of C(X) since each C(F), .F £ U L is a ring of quotients 

of C( X). Thus the part tally ordered set ( 1 , ~ ) is in

ductive, hence there exists at least one maximal filter 

base rtt of dense subsets of X such that QJI\( X) 1s a ring 

of quotients of C(X). 

Remarkz Let »1 and ..e-2 be two filter bases of 

dense subsets of X such that D1 n D2 in dense for all 

D1 € -{3-1 , D2 E -B' 2 • Denote 

r91 /' ~2 = { 01 f\ 02 \ 01 t $1' 0 2 t ~ 1, 

then clearly .591 1\ ~2 is a filter base of dense subset, 

s 1noe for any two E' and E" in -&1 1\ r9-2 

E' ("' E" = ( D1 n D2 ) n ( Di (\ D2) 

= ( 01 1\ Di) n ( D2 n D2) 

> D () D' = E, D ~ -'d-1 , D' €. --B"2. 

We also denotea 

,el V ..{1'2 = t D \ D ~ ~ 1 ° r D € -9 2 1 • 
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~1 \1 ~2 need not be a filter base of dense subsets, but 

we shall show that ( ~1 V \92) V ( 19-1 1\ t9-2 ) ii 5?J- is a 

filter base. For E' , E" of Rl , we have three cases a 

i) If E', E" E ~ 1 v -i72 , then clearly E' (\ E" 

contains some member E of 50' • 

ii) If E', E" ~ Xt-1 1\ A1'2 , then also clearly 

E' (\ E" contains a member E of ;a.. • 

iii) If E' ~ )0'-1 V -{}2and E" € }j'-1 1\ ~2 , then 

E' (\ E" = E' f\ (D1 (\D2), D1 f -& 1 , D2 E ..92 ; the either 

E' (\ D1 or E' f\ n2 contains some member of ~1 I\ -B-2 ; 

hence E' f\ E" contains a member of -& • This shows that 

~ is a filter base. 

Theorem 9• For a maximal f11 ter base Y1( in ~ , 

the ring ~X) is a maximal ring of quotients of C(X). 

froofr Let ~ be the set of all dense open sub

sets of X. We claim that~ ~ rrt , where ~ is of course 

a filter base of dense subsets. Note that 0 n M is dense 

for all 0.: <:! , M € Yl( • 

Let ~ = ( n-vrn.) U (>:YAm.); then by above remark 

~· is a filter base of dense subsets containing<} andY~; 

clearly Q~(X) is a ring of quotients of C(X); the maxi-

mal1 ty of 'Ytt implies that 1fC. ~ m• which means that YTt ~ l1"C 

and ~ ~ )'Jt.. Hence ~ ~ }1t ; thus by the previous propos i

tion the ring Q~(X) can be embedded into the ring QntX). 
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Q~{X) is known as the maximal ring of quotients of C(X), 

hence QnfX) is a maximal ring of quotients of C(X). Q.E.D. 

In what follows we shall describe the relation 

between a continuous mapping from a space X into a space 

Y and homomorphism from Qs-(Y) into Q,e.(X) where ,S. and ~ 

are filter bases of dense subsets of X and Y respectively. 

Let <:p • X---? Y be a continuous mapping with Cf'-l(F)E~ 

for each F € S"" ; then <f induces a homomorphism from QS'"( Y) 

into Q~(X). Namely, a mapping <f* 1 Q~Y) -7 Q)X) defined 

by 
'f *( u) = f o <f' + Z~{ X), 

where u =~{f), f 6 C~(Y), is a homomorphism. 

To verify this we define a mapping <f# 1 C~(Y) ~ 

q#(f} = f O<f { f E CJ Y)). 

Then evidently q. # is a homomorphims induced by 

~ and it carries the constant functions onto the constant 

functionsr for any x € X, q#(r)(x) = (r OCf )(x) = r. 

Let 'Y1 C:O.(X) ---->Q~(X) and f• C.;-(Y).. >Qrr(Y) 

be the natural homomorphisms. Consider the following 

diagrams 

C;1 Y) 
Cf# 

~ 
Q (Y) 

!t 

--7' C~(X) 

// 

_,/ 
/ 

/ 

v 
Q~(X) -----~ 

/f 
/ 

./ 

// 

'P• 



We first show that the homomorphism )) o c:p# 

annuls the Ker f = Z~ Y). Let f C: Kerf = Z ~( Y), then 

rl F =. 0 for some F €. ,5:'-' and ( )I o <f #) (f) = Y (f#( f)) = 
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f o 'f + Z ,s< X). Also ( f o 'f ) ( 'f -1 ( F)) = 0 , <r" 1 ( F) E r9-- ; 

hence ( V o 'f#) (f) = 0. Thus the homomorphism vo 'f# 

induces a homornorph ism 'f* a QsJ Y) > Q) X) and the 

diagram is commutative; i.e. q*(u} = ( Yo<f#)(f), where 

u =JA(f). Hence C{=""(u) = V(f oq>) = f o'{' + Z~X). 

We call '!'* the homomorffiism 1nduc~d by c:p. 

Propos 1 t ion 10 a Let q>* a Q J Y) > Q~(X) be 

the homomorphism induced by a continuous mapping ~ 1 X 

----7) Y. Then 1* is a monomorphism if ~ has dense image. 

Proof I since Cf* ( u) =:= f 0~ + ZM X) ' where u = r< f) , 

Cf* is monomorphism iff f o 'f E ZJX) implies f E Z~Y). 

This is again equivalent to saying that there exists a 

D E fJ. such that <::f>( D) c Z( f) implies there exists F E 5"' 

with F f: Z(f). 

Now we show that 'f( D), for each D € Jj. , is a dense 

subset of Y. Since ~(X) is dense in Y, for any 0 # U, 

~(X) ~ U F ¢• Then this would mean that there is a point 

:x: € X such thatq(:x:) E: U; i.e. <f-1 (U) 1:¢ and open in X; 

hence D n <f-1 ( U) #: ¢; thus c::p (D) (\ U F ¢. 
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Finally let u = ~{f), f ~ CF(Y) and ~*(u) = 0, 

then there exists D If ;:;:;. such that q (D) <;, Z( f); i.e. 

f lq.(D) = 0; thus fl 'f{D)r\ F = 0, but43{D)(\ F is a dense 

subset of F since q.-1(F) E ;2r ; hence f IF == 0; i.e. F C. Z( f). 

Q.E.D. 

Proposition lla Let q a X ~ Y be a homeomor

phism with dense image such that every continuous func

tion on a dense open set V in q(X) can be continued to an 

open set () V) in Y, then 'f induces an isomorphism between 

a maximal ring of quotients of C(Y) and that of C(X). 

Proofs Let ~ and ;;of be the set of all dense open 

subsets t:>f X and Y respectively. First we show that q-1(D' )f 

B for each D' f .....&.'. Let V be any non void open set ln X. 

Suppose V (\ lf-1 ( D' ) = {6 , then ~ ( V) n D' = {6. But 'f( V) is 

an open set in ~{X); hence there is an open set U in Y such 

that Cf(V) =~(X) n U; thus we have'f(X) (i U n D' = {6, 

which is a contradiction. 

Hence <f induces a homomorphism q*, and q* is 

clearly one to one from the above proposition. Now we 

show q * is onto. To show this it is enough to show that 

q# 1 C_.$(Y) ~ C:}(X) is onto. 

Take any h € C ~(X) with h 6 CD{ X) for some D ~ fV. • 

Clearly '(-1 is a continuous mapping from 'f{ X} onto X. Hence 

h o 'f-1 is continuous on 'f(D) (open in q>(X)), and, by hypo

thesis there is a dense open D' ::> q( D) 1n ~ and g in 



CD' (Y) such that gj<f(D) = h o ~-1. Then clearly q#(g) 

= g o q> = h o cr-1 o <:p = h. Q.E.D. 

Corollary la Q~(X) '= Q.\l, (~X), (~, C)' the set 

of all dense open subsets of X and ~X respectively). 

Corollary 2a If 'r a X _ ____,_,.. Y is a homeomorphism 

with open dense image, then 'f' induces an isomorphism. 

Let <f • X -~)' Y be a cont 1nuous mapping w1 th 

the following property• 

(*) <p-l(F) €",& for each F€s;-', 

where ~ and 6: are filter bases of dense subsets of X 

and Y respectively. Then the homomorphism<f * a Q~Y) 

--~> Q (X) induced by cp satisfies the conditiona 

(**) 'f*( )J-(C(Y)) f v(C(X)) where tv, Y are the 

embeddings, and for each F t ~ there exists D € tS-> such 

that ~*(jF(C(F))) ~ jD(C(D)). 

Proposition 12a Let i' • Q~(Y) -~> Q#(X) be a 

unitary homomorphism and Y be a hereditary realcompact, 

where rB- and ~ are the sets of all dense open subsets 

of X and Y respectively. Then 1lS = <r* for some continu

ous mapping <f • X ___,. Y satisfying ( *) iff if satisfies 

( **). 



Proofs We only need to show the "if" part. 

Without loss of generality we may put jp(C{F)) = C(F) 

and j 0 (C{D)) = C(D) for FE- f' and D 6~ • Since F is 

realcompact, i'(C(F)) C C{D) implies that there exists 

a unique continuous mapping~· s D~ F such that 

\( ( fl F)( x) = (( fl F) o <t>' )( x) for each x € D and for all 
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f ~ C(Y). While ~{C{Y)) C C{X) implies that there exists 

a unique continuous mapping ~ a X ~ Y such that if{ f) ( x) 

= ( f o 'f ) { x) for each x E X and for all f f C( Y). Since 

f = fiF in Q~(Y), ~(f\F)(x) =~(f)(x) for each x ~ D and 

for all f f C{Y), and hence {flF)(q•(x)) = f(~'(x)) = 
f(<f{x)) :for each x~ D and for all f € C(Y). Hence 'P'{x) 

= ~(x) for each x E D. This means that~· = ~ID. Then 

clearly D '- cp-1 (F). But D 1s dense and q--1 (F) is open, 

hence <f-1 (F) € JiP • Thus q induces a homomorphism <i *a Qs-( Y) 

-~)o Q_s (X). To show <p* = \jr , let u f Qsl Y) with u = f( f) 

= jp(flF') for some F € ~ • Put D = cp-1(F). Noting 

j 0 {giD) = g\D and jp(f\F) = f\F, q•(u) =V{f o<.f) = 

j D {{ f o '4> ) \ D) = ( f o ~ ) \ D = ({ f I F) o ~ ) I D = '* { fl F) = 

~{jp(f\F)) ='f(u). Q.E.D. 

The following characterizes a prime ideal P in C(X) 

via the maximal ring of quotients of C(X)/P. We first 

show the main clue of this idea~. 



Lemma 13• Let C be a commutative ring with unit 

e and B be a C-module with the property that for a fixed 

prime ideal P in C there is no element b in B such that 

the order ideal O(b) = ~ c ' C I cb = 01 = P; then the 

same holds for any essential extension of B. 

Proofa Let Q ~ B be an essential extension of 

B, and suppose there were an element q ~ Q such that 

0( q) = l c ~ C l cq = 0 1 = P; then q -F 0 since P is a 

proper ideal. Thus there exists an element c E C such 

that cq € Band cq -F 0 since Cq n B -F (o). 

Now we show that O(cq) = P. Let p ~ P, then 

pcq = cpq = 0 since O(q) = P; hence p € O(cq). Conver

sely let,a € O(cq), then acq = 0; hence ac € O(q) = P. 

But c ~ P since cq -F 0; thus a € P since P is prime. 

Hence O(cq) = P. But cq ~ B; this is a contradiction to 

the hypothesis. 

Remarks Let B be a rational extension ring of a 

ring C and B' = <f (B) where <f 1 B _.,. B' is a ring isomor

phism. Then B' can be made into a C-module in the fol

lowing way• For any b' ~ B', define cb' = <::p (c) •'f>( b) 

where b' = ~ (b) , b € B. By straightforward checking 

this gives a C-module structure. Then the ring isomor

phism becomes a C-module isomorphism. We observe that 

for any bE B, O(b) = O(q(b)), order ideal 1n c. 
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Corollary la Let X be without isolated points 

and B any rational extension of C(X), then there is no 

b in B such that the order ideal O(b) in C(X) is prime. 

Proofa It is enough to show that there is no f 

in C(X) such that O{f) in C{X) is prime {by the above 

lemma). Suppose there were an fin C(X) such that O(f) 

= P for some prime ideal in C(X); then fg = 0 for all 

g ~ P, and Coz(f) C Z{g). This implies that Coz{f) ( (\ 

Z(g)(g E P). It suffices to assume P is a fixed idealr 

then the associated prime Z-filter has a cluster point 

and hence rlZ{g) is a singleton. It follows that Coz(f) 

~~since X has no isolated point. This is a contradic-

tion. Q.E.D. 

Corollary 21 Let P and P' be two prime ideals in 

C(X) then Q(C(X)/P) ~ Q{C(X)/P') over C(X) if and only if 

P = P'. (Q denotes a maximal ring of quotients.) 

Proofa The "if" part is trivial. For the "only 

if" part, assume P ~ P'. For any non-zero element 

u € C(X)/P, clearly the order ideal O(u) = P 1n C(X); 

in other words for any non-zero element u in C{X)/P, 

O{u) ~ P'. This 1mpl1es from the Lemma that there is no 

element u• 1n Q(C(X)/P') such that O(u') = P'; in parti

cular there is no element u• in C(X)/P' such that O(u')= P'. 
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But this is a contradiction because for a non-zero ele-

ment u' in C(X)/P', O(u•) = P'. Q.E.D. 

Corollary 3• Let P be a prime and M be a maximal 

ideal 1n'C(X). If C(X)/M is isomorphic to a ring of quo

tients of C(X)/P over C(X) then P is maximal. 



Section 4a Classical ring of guotients. 

Let S be a multiplicative submono1d of C(X) 

consisting of non-zero divisors of C(X) (abbreviation: 

m.s.) and :§Y(S) be the filter base generated by the 

cozero sets of S, then C(X)[s-1] is a classical ring 

of quotients of C(X) with respect to s. Now we have 

the following proposition. 

Proposition 14s Let S be a m.s. of C{X) such 

that, for f ~Sand g ~ C(X), Coz(f) = Coz(g) implies 

g ~ s. Then C(X)[s- 1J~ Q~(s){X). 

Proofa For an f € C(X) and a g ~ S, define a 

mapping fg-1 ~ (fg-1)* + Zf(S)(X) of C(X)[s-1] into 

Q&"(S)(X) where (fg-1)* is defined by (fg-1)* \ V = fg-1 

and vanishing outs ide of V for some V € rc S). Then 
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clearly this mapping is a homomorphism and one to one 

since if (fg-1)* € Z~(S){X), then fg-1 \ V = 0 for some 

V C. Coz( g) 1 Thus f\ X = 0; hence fg-1 = 0 in C( X)[ s-lJ . 

Now we show the mapping is onto. Let u ~ Q~ S) (X) 

with u = Y (h), h ~ Cv(X), V ~ S'(S). Then there exists 

a ginS such that V = Coz(g). Let g' = g/l+h2. Then 

g' ~ C( X) and Coz( g) = Coz( g'). Thus g' 4E s. Define a 

function f on X by f z hg'. Then clearly f € C(X) and 
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(fg•-1)* + Ziis)(X) = u since (fg'-1)* I v• = fgt-1 = h 

for some v• C Coz(g'). Q.E.D. 

Thus for a m.s. S of C(X) consisting of non-

zero divisors of C(X) satisfying the condition in the 

proposition, the ring Qs-(s)(X) can be regarded as a 

classical ring of quotients of C(X) with respect to S, 

i.e. the image of the f E S under the underlying natu

ral homomorphism are invertible and Q~s)(X) is generated 

by these inverses and the image of C(X). 

The proof of the following statements are straight-

forward. 

1. If S is the set of all non-zero divisors of 

C( X), then Q&\ 8 ) (X) is the full ring of quotients of C( X). 

2. For any m.s. Sin C(X), the ring ~s)(X) is 

a ring of quotients of C(X). 

Remar'ka We have seen in (2) that for any m.s. 

S the ring Q~(S) (X) 1s a ring of quotients of C(X) with 

respect to the obvious embedding. From the previous 

section if the filter basis ~(S) is finer than the 

filter basis of all dense open subsets of X, then 

Q~( 8 ) (X) is a maximal ring of quotients of C( X). 
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Now we have a questions If QS1S)(X) is a maximal 

ring of quotients of C(X), then does this imply that ~(S) 

is finer than the filter basis of all dense open subsets 

of X? For the time being we shall leave this as a pro

blem. However, we give here some examples that provide 

some partial answers to this question. 

We note first that the classical ring of quotients 

of C(X) is the maximal ring of quotients of it if and only 

if for any f € C(U), where U is a dense open, there exists 

a g f: C( V), where V is a dense cozero set, such that f I U {\ V 

=gU{\V[81. 

1. If X is separable space then every open dense 

subset contains a dense cozero set, hence Q~(S)(X) is a 

maximal ring of quotients of C(X) if S is the set of all 

non-zero divisors. 

2. Every metric space need not be separable, but 

every open subset of a metric space 1s cozero set; hence 

every dense open set itself is a dense cozero set. 

3. Let X be an ~1-set endowed with the interval 

topology; then X is P-space without isolated points; 

hence every zero set is open; more precisely, every contin-

ous function vanishing at a point p vanishes on a neigh

borhood of p. Thus no proper cozero set is dense. Clearly· 

~X has no isolated points. Then ~X is the space that is 

compact without isolated points such that the maximal and 
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classical (full) ring of quotients of C(X) do not coin-

cide. 

4. Let X be a topological space in which every 

open subspace is paracompact such that every subset of 

X, all of whose points are isolated, is countable. Then 

as is well-known every open subspace of X is Lindelof; 

thus every dense open subset itself is cozero dense sub

set. Hence the maximal and classical (full) ring of 

quotients of C(X) coincide. 

Let A be a finite set of non-zero divisors of 

C(X) containing unit and S be the set of all finite pro-

ducts of elements of A, then S is a m.s. Since, for each 

f 'C(X), Coz(fn) = Coz(f) for integer n ~ 1, we see that 

the filter basis ~(S) generated by the cozero sets of 

f ( S is the set of all finite intersections of the co

zero sets of f' A. Let T = f~ A Coz( f); then T is the 

smallest member of ~{S) contained in every member of f(S). 

Hence we have the following. 

Remark• If S is a m.s. generated by the finite 

set A, then Q)( S) {X) is a maximal ring of quotients of 

C{X) if and only if Coz{~f ) is discrete. 

Proofa Q~S) (X) ~ C{T), where T = Coz(TI"f) ( f € A), 

and C(T) has no proper rational extension iff T is discrete. 



CHAPTER II 

Order and Topological properties 

of the ring Q~(Zl_ 

Section la Archimedean F-ring. 

In the ring C~(X) defined in Chapter I, one 

defines a partial order in the usual function way, that 

is, for any f and g in Cb(X), f ~ g iff f(x) ~ g(x) for 

all x E X. Next for any f and g, the function k defined 

by the formula 

k(x) = f{x) Y g(x) 

satisfiesa k ~ f and k » g1 furthermore if f ~ Co(X) 

and g E c0 , (X), D, D' ~ ..& , then k e. c0 (\ D' (X), and for 

all h such that h q f and h ~ g, we have h ~ k. There

fore f v g exists in C~.,(X)• It is k, and (fv g)(x) = 
f( x) 'V g( x). Dually f 1\ g exists and ( f 1\ g) ( x) = 

f( x) 1\ g( x), and f 1\ g E Cn (\ D' (X). This shows that the 

ring C~(X) is closed under the meet and join and hence 1s 

a lattice ordered ring. Also the partial order is purely 

algebraically determined, i.e. f? 0 iff f = g2 for some 

g E C.$-(X). 

43 
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Now Z~( X) is an j -ideal, that is for f f. Z .s< X) if 

l g I 4, I f 1 , then If I D = 0 for some D E;} , hence lg \ \ D = 0 J 

thus g I D : 0, 1. e. g E Z ~X) • 

. Hence the ring QJX) inherits a partial order 

which is a lattice order. Thus one has u ~ v, u = v(f), 

v = v(g) if f ~ g, and the natural homomorphism v is a 

}-homomorphism, Le. y (f v g) = v (f) V v(g) and v (f 1\ g) • 

"'j (f) (\ v (g). Also one shows the following a 

V(f)~ V(g) iff flD 'g\D for some D €!3-. 

Since V(f)-' \J(g) implies Y(g- f)~ 0, it follows that 

there is an h ~ 0 in C;oJX) such that (g - f) r h € Z~(X), 

i.e. g - f = h on some D in~ • The converse is trivial. 

Now let nu ~ v for all integers n, where li = Y( f), 

v = Y (g) , then nf ' g holds on some D in ,&, ; this implies 

that f = 0 on the D; hence u = 0. Also if u A v = 0 and 

w Q 0 where u = v(f), v = V(g) and w = v(h), then fAg= 

0, h ~ 0 on some D in»- • This implies that for each 

x ~ D, f(x) = 0, or g(x) = 0, or both are 0. Hence 

(h(x) • f(x)) A g(x) = 0, i.e. hf A g = 0; thus wu A v = 

0. One has the following. 

Proposition la For any filter base ~, the ring 

Q~X) is an archimedean F-ring. 

For an F-ring one has the following identities 

( t 91)a 
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i) if w q 0, then (u v v)w = uw v vw 

(u A v)w = uw 1\ vw 

ii) I uv I = lul•tvl 

iii) u2 ? 0 for each u 

iv) Uf\ v = 0 implies uv = o. 

Remark a The partial order in the ring ~.J X) is 

also algebraically determined, i.e. u ~ 0 iff ti = v2, 

v € Q~(X), and each positive element u > 0 has a unique 

positive square root Vii, and for any u, 1 u( = u V -u is 

also [,;"2 • 

We recall that the mapping jD 1 C(D) 

defined by jo(fiD) = Y(f), f € Co(X), is an embedding. 

Since )J is a g -homomorphism, so is jo. Hence we haver 

Proposition 2a Q~(X), with its partial order, 

is a direct limit of the direct system (C(D), f0E>D, E€~' 

with (jD)Df~ as limit homomorphisms, in the category 

of all semi-prime commutative F-ring and lattice-order 

ring homomorphisms. 

Remarka For any two elements u ~ 0, vq 0 in_a 

commutative semi-prime F-ring, if u2 = v2, then u = v. 

To show this let 8 = u(u - v)2 and t = v(u "' 2 ·. / , then 

both s ~ 0 and t~ 0, and s + t = (u. + v)(u ·..-) 2 = o. 
Hence s = t • o. Thus I ..t - v)3 .. ., - .:: 0. But the 



46 

ring is semi-prime, hence u a v. 

Here one shows that the unique unitary ring homo

morphism 'f • Q~(X) ~ R, coming up in the proof of the 

Theorem 2, Section 1. Chapter I, satisfies the two condi

tions i) u ~ 0 implies <f(u) ~ O, and ii) 'f (lui) = 
\ ~(u) I . Incidentally, the ring R here is an arbitrary 

commutative semi-prime F-r1ng in the category. The first 

condition is clear because there is an element v in Q~(X) 

suoh that u = v2 and Cf( v) 2 ~ 0 in the F-r1ng R. For the 

condition ii) let u E Q~(X), then [<f( lui)] 2 ,= q( Jul2) 

= <f ( u 2 ) = l <p ( u) \ 2 , and <f ( 1 u 1 ) ~ 0 and \ q. ( u) ! ;:;. 0 • It 

follows from the remark that <f ( I u \ ) = I <f ( u) I • 

As usual for each r E IR, r.u = dfY( r)u gives a 

vector lattice structure on the ring Q~(X), since for 

1' ~ 0, u = )) (f) ~ 0, we have ( rf) I D ~ 0 for some D € so- • 

Now if the ring R is a vector lattice over, at least the 

field of rational numbers Q, then the cond\tions 1) and 

i1) imply that the ring homomorphism preserves the meets 

and joins. Since Qb(X) is a vector lattice over1 ~, 

u v v = l/2,(u + v- IU- vi) and ~(l/2·1Q) = 1/~·eR, 
'P being a unitary ring homomorphism• thus <p (u v v) = 

1/2• (<p(u) + <f(v) - I <f(u) - q(v)l) = f(u) v <f(v) since 

the fi is a vector latticeJ and the same hold for meets. 

We have the followings• 
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Corollary 11 If Cf a Q~(X) ~ IR, the reals, is 

a unitary ring homomorphism, then it is ani -homomorphism. 

Proofa Define a homomorphism ~D I C(D) ---7 m for 

each D { ?i} by <f0 = 'Po Jn· Then for any D, E E ~ with 

D ~ E, we have 'fo( f\ D) = ( 'fi o JD)( f I D) = <f( Jo( fl D)) = 

~(jE(f)) = ~E(f) for f ~ C(E). This means that the family 

{~0) 0 € 50-- is compatible with respect to the direct system. 

Hence~ is the one which is uniquely determined. Thus 

is a 1-homomorphism. 

Corollary 2a Let JQ. be such that (\ D F ~ ( D E }2r ) ; 

then there exists a unitary ring homomorphism, hence an J
homomorphism, from Q~(X) into the reals IR. 

Proof• Let Po €" () D( D ~-& ) be a fixed points 

for each member D E ~ , define a mapping 'fn • C( D) ---? B 

by ~0(f) = f(p0 ), then clearly each 'n is a ring homomor

phism and moreover for each pair D, E in~ with D £ E 

and each f ~ C{E), we have ~E(f) = f(p0 ) = (fiD)(p0 ) = 
<t>0( rl D) r this means the family ('fo) 0 ( ~ is compatible 

with respect to the direct system. Hence there exists a 

unique unitary ring homomorphism <f 1 Q~( X) ~ IR. 
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Section 2a Real ideals. 

Proposition 3• Every prime ideal P in Q~(X) is 

an 1-ideal and the residue class ring Q~(X)/P is totally 

ordered and the mapping r ~ r + P is an order-preserv

ing isomorphism of the real field into the residue class 

ring. 

Proof• Let 1 vi~ 1u 1 with u ~ P and u = Y(f), 

v = v( g), then lgt ~ \fl holds for some D e ,e. • Define 

a function h on X bya 

h(x) = g2(x)/f(x) for x f D 'Dn Z(f) 

= 0 elsewhere. 

Since \ g l ~ \ f \, g( x) /f(x) is bounded for each 

x ~ D - D t\ Z(f), and hence h is continuous on D, i.e. 

h ~ Cn(X), Thus Y(h) d(f) = 'V(hf) = v(g2) = v2 is an 

element of the prime ideal P; hence v E P, thus P is 

an 1-ideal. 

Since Q;s.(X) is anF-ring, for each u in Q~(X) 

\u\ 2 • u21 hence (u- lUI )(u + \UI) = 0 holds; thus either 

u- tu\ € P or u + lu\ € P1 the former implies u + P 4 0, 

the latter implies u + P '0. 

For the last part, clearly the mapping is an iso

morphism and r;;. 0 implies r + P ~ 0, 



Defin1t1ont A maximal ideal M in a ring A is 

called real iff its quotient field A/M is Archimedean. 

Remarks From the Proposition 3, we have seen 
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that for any maximal ideal M C Q~( X) , the quotient field 

Q~( X) /M is a totally ordered field containing S1\ isomor

phic copy of the reals ffi, and every Archimedean ordered 

field is order-isomorphic to a subfield of the field of 

reals R, hence a maximal ideal M in Q~(X) 1s real if and 

only if Q~(X)/M 1s isomorphic with m. 

Proposition 4a If (fa Q,s(X) ~ lR, the reals, 

is a nonzero homomorphism, then the kernel. kerl:f = M~ is 

a real maximal ~.deal, and q> ~ Mq> is a one-to-one corres-

pondence between the homomorphisms fr~ Q~(X) into a and 

the real maximal ideals. 

Proofa Observe the ring homomorphism <p o v from 

C(X) into R is an onto mappingr hence so is~ • Thus the 

ker~ is a. real maximal ideal. Since distinct homomor

phisms onto R have distinct kernels, the correspondence 

between the homomorphisms of Q~(X) onto ~. and the real 

maximal ideals, is one to one. 

Remarka Clearly for any ;a. , 1f ('\ D -1: ~ ( D E f} ) 

then by the above proposition there are plenty of real 

maximal ideals, the number of such ideals 1s at least the 
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cardinal number I (\ D I. This implies that if the space X 

has isolated points, then the number of real maximal ideals 

is at least the number of isolated points, since every iso

lated point is contained in every member of ~ • 

Definition• A ring (or algebra) is said to be 

totally unreal if it does not have any real ideal. 

The necessary condition 1n the following proposi

tion has been conjectured by Professor Banaschewski. 

Proposition 5• Let each member D of ~ be real

compact; then the ring Q~(X) is totally unreal if and only 

if()D=~(DE;o..). 

Proof& Sufficiencya It; is evident, since if nn F J6 

( D E 50 ) , then by Corollary 2 to Propos 1 t ion 2, there is a 

real maximal ideal. 

NecessitY• Suppose there were a real maximal ideal; 

then there is a unitary ring homomorphism f from Q~{X) 

onto the reals ~. Let D be a member of ~ • Then the map

ping 'o jD is again a homomorphism from C(D) onto R since 

the mapping r ~ ~o j 0(r) is a nonzero homomorphism from 

R into R and hence is the identity mapping. Since each D 

is realcompact, to the homomorphism f o j 0 , there corres

ponds a point x0 of D such that ~ o j 0(f) • f(x0 ) for all 
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f E C( D). Now we claim that each member of Rr contains 

the point x0 • Let E be a member of~; then there exist 

a member D' in~ such that D' S D n E; hence Jo(f) = 
Jo•(fiD') for all f G C(D). Similarly, the mapping q o Jn• 

is a homomorphism from C{D') onto a. and since D' is real

compact, there corresponds a point y0 of D' such that ( 

'0 Jo•) ( f') = f' {Yo> for all f' € C{ D') I In particular 

( ~ o Jo•) ( f\ D') = f( y0 ) for all f ~ C( D). Since (<f o Jod 

{fiD') = (~ o Jo)(f) for all f ~ C(D), 1t follows that 

f(x0 ) = f(y0 ) for all f ~ C(D), and since D 1s a completely 

regular space we have x0 = Yo. Thus x0 f: D' and hence x0 € E. 

One concludes that x0 ~ (\D ( D E ;7 ) which is a contradic

tion to the hypothesis; this completes the proof. 

Remarka If X is realcompact, and each point of X 

is a q~ , then every subspace . of X is real compact C 12 J . 

Now we have the followinga 

Corollary la Let X be a separable realcompact 

space without isolated points such that every closed subset 

1s a G5 -set; then the maximal ring of quotients of C(X) is 

totally unreal. 

Proofs Let A be a · countable dense subset of X 

such that A = U { a 1l, where the index set I = [ 1, 2, ••• J . 
i € I 
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For each i ~ I, let Ji be a countable index set; then 

\ail = f"\ 
j E J i 

vi,j where Vi,j is an open set containing ai 

for each j. Then A = U ( (\ V ) = (\ ( U V ) 
i f I j E J i i ' j q> f 1 i c; I 1 • f( i ) 

I 

where ~ is the set of all functions <f w1th domain I such 

that <f(i).::: J1 for each i E I; hence A itself is an inter-

section of dense open sets. On the other hand, the set X

f a1, a2, ••• , Sn ~ , ai (:; A ( i = 1, ••• , n) is a dense open 

subset of X. 
(X) 

Hence (\ (X - fa1, 
i = 1 

()(J 

•.• , a 1 1 ) = C ( U { a 1 , 
i = 1 

• • • • a 1\) • X - Ao thus X - A ls an 1nterseotlon of dense 

open sets. Consequently, the intersectlon of all dense open 

subsets of X is empty, and also by above remark every sub-

space is realcompact. Hence the maximal ring of quotients 

of C(X) is totally unreal. 

Corollary 2a For a separable metric space X 

without isolated points, the maximal ring of quotients 

of C(X) is totally unreal. 

Proofa A separable metric space is realcompact, 

and every closed set is a G8 -set, hence every dense open 

subset is realcompact; thus the proof is evident. 

Remark a Every maximal ideal in Q ~X) is real 

if and only if each member of ~ is pseudocompact. 
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f1:2.2f.• For a member D of ~ , an element f E C( D) 

and a maximal ideal M in Q~(X) we have the following• 

For some natural number n; I Jo(f) + M I = \Jn(f) \ + M ~ 

n•lQ/M iff \Jo(f)\ = jD( If\)~ n·lQ iff \f\ ~ n where lQ/M 

and lQ are units in Q~(X)/M and Q~(X) respectively. Hence 

the assertion holds. 

Examplea The following illustrates an example of 

a ring of quotients of C(X), in which every maximal ideal 

is real. Let ~ be the first uncountable ordinal. Let 

Z = W(GV1 ) = {o-lo--<~ ~.andY= Z ffi ••• ~Z, Lee the 

free join of finitely many Z; then clearly Y is locally 

compact and pseudocompact, and ~ ~y - Y I > 1. Let X be 

the one-point compactificat ion of Y, and ~ = 1: Y !. Then 

Q~(X) is a ring of quotients of C(X) in which every maximal 

ideal is real. 



Section 3• Residue class fields. 

For a maximal ideal M in Q.$( X), let M' be the 

preimage of M under the natural homomorphism v ; then 
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M' ts a maximal ideal in C~(X) containing Z~(X). Denote 

Z(M') = tZ(f) \f € M'~· Then one checks that for any 

f <== C ,a. ( X) , f E. M ' 1 f and only if Z ( f) ~ Z ( M ' ) , 

Let f ~ C~(X) with f ? 0, and let r be any positive 

real number. The function fr, defined by 

rr(:x:) = ( f( x)) r 

is an element of C~(X). Hence it is possible to define 

exponentiation in the ring Q~(X) bya For any r) 0 and 

u ij 0 in Q~(X) define ur = Y(fr) where u = v(f), f is non

negativea then ur depends only upon u and r, not upon the 

particular representative fa For if u = v( f) = y (g), then 

f = g on some D in ~ if and only if fr = gr on this D. 

Furthermore for any r ~ 0, and a~ 0 in Q~(X)/M, 

where M is a maximal ideal in Q~(X), a= M(u) = u + M, 

u E Q~(X), define ar, by ar = M(ur); then also ar depends 

only upon a and r, not upon the particular representative u. 

Since if a= M(u) = M{v), then u- v € M, then 

f- g € M' where f, g and M' are preimagesof u, v and M 

respectively. Note that Z(f- g) = Z(fr- gr), and since 

Z( f - g) t: Z(M') hence Z(-fr - gr) E Z(M'); thus fr - gr ~ M'. 

Consequently y(fr- gr) = v(rr) - v(gr) = ur- vr € M, 

hence ar = M(ur) = M(vr). 
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Clearly the following are val1da For any a > 0 

in Q)}(X)/M,ar as = ar+s, (ar)s = ars; if a < b, then 

ar < br; and if a is infinitely large, then so is ar 

(r > 0). Hence, in a completely analogous way to(12.•§13.2] 

one obtains the corresponding results, that isa 

Proposition 6a The transcendence degree over the 

reals IR of a non Archimedean field Q,$( X) /M is at least C. 

Definitions An ordered field K is said to be real-

closed if every positive element is a square and every poly-

nomial over K in one indeterminate of odd degree has a zero 

in K. 

From the definition of exponentiation, for any maxi-

mal ideal M, every positive element of Q~(X)/M is a square; 

for if a> 0 in Q~(X)/M ,then a= M(u), u:> 0 and u = v2 , 

v € Q~(X); hence a = M(u) = M(v) 2 = b2, b E Qrl1(X)/M. 

Now for any odd number n, let sn + u1sn-1 + ••• + un 

be a polynomial over Q (X) with one indeterminate s. Put 

q(S) = sn + f 1sn-1 + ••• + fn' where fi(i = 1, ••• , n) 

are representatives of ui(i = 1, ••• , n), ann each f 1 is 

continuous on some D (:- ~ • Define a mapping f a X --?an 

by 
f(x) = (f1 (x), ••• , fn(x)), 

then clearly f is continuous on the D. ~ that for each 

point a = (a1 , ••• , an) €- Rn, let p1 (a), ••• , Pn(a) denote 

the real parts of the (complex) roots of the polynomial 
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Pa(S) = sn + a 1sn-l + ••• + an•taken such that p1 (a)~ 
~ p2(a)~ ••• ~Pn(a); then the functions pi(i = 1, ..• , 

n) 1 IRn___,. IR are cent inuous [ 12]. 

Define a function g1 a X __.,. IR., by gi = p 1 o f, 

then g 1(i = 1, •••» n) is continuous on the same D, and 

clearly for each x ~X, g 1(x)(i = 1, ••• , n) are the real 

parts of the roots of the polynomial Pr(x)(S) = sn + r 1(x)sn-1 

+ ••• + fn(x). 

On the other hand, since the field of reals is real-

closed, the polynomlal Pf(x)(S) has at least one real zero. 

Hence for each x ~ X, there corresponds at least one 

index 1. (1 ~ 1 ' n) such that g 1(x) is a zero of Pr(x) (S); 

Le. for each x t X; 

= q(g 1 )(x) = o. 
This implias that q(g1 ) ••. q(gn) = 0 in C~{X). hence 

v(q(g1)) •.• ~(q(gn)) = 0 in Q~(X). Since M is a prime 

ideal, hence there exists an index 1 (1 ~ i ~ n) such that 

v(q(g1)) EM, i.e. Y(q(g1)) = Y(gi)n + v(f1 )•Y(g1)n-l + 

+ "1 ( f J' - vn + ud vn-1 + ••• r n - 1 ••• 

belongs to M. Thus one has the following. 

Proposition z, For any maximal ideal M 1n Q~X), 

the field Q~(X)/M is real-closed. 



Section 4a m-topology. 

Let A be a commutative F-ring with unit e. 

For a positive invertible element u in A, define a set 

Wu bya 

Wu = { s l ls \ ::: u } ~ 
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Let ~ denote the family of all Wu• We show that ~ is 

a filter base on A. Take Wu, Wv in~, where u, v are 

positive invertible in A. Since A is P-ring~ we have 

(u " v)-(u-1 v v-1 ) = u(u-1 v v-1) 1\ v(u-1 v v-1 ) = 
(e v uv-1) A (vu-1 V e)~ e; on the other hand (u A v)• 

( u -1 v v-1 ) = ( u A v) u -1 v ( u 1\ v) v-1 = ( e 1\ vu -1 ) V 

(uv-1 A e) .( e, i.e. (u 1\ v)(u~·l v v-1) = e. Thus u A v 

is positive invertible, and clearly Wu 1\ v ( Wu 1\ Wv • 

Now if A is divisible as an additive group, then 

one shows that ( 1) ~ o ~ W for all WE: of:r r ( 2) a For any 

W f J.,. , there exists V If .,e. such that V + V ~ W: ( 3) t 

W = - W for each W t;;J]. • (1) and ( 3) are trivial. For (2), 

let W = Wv• Since A is divisible additive group, there is 

a u E A such that 2u = v, and u-1 exists, namely u-1 = 2v-1. 

Then clearly Wu + Wu ~ Wv• Hence we have the followings 

If A is a commutative F-ring with unit e and divi-

sible as an additive group, then there is a unique topology 

on A, compatible with the group structure of A, for which 

the family f Wu + s I s € A, Wu ~ ;t. ~ is a basis for the 
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topology. The resulting topology will be called the 

m-topology • 

Moreover, if A is convex, i.e. all x( ~ e) are 

invertible, and the multiplicative group of all positive 

invertible elements of A is divisible, then one has that 

( 4) s For each W € .fr , there exists V 'f> such that 

VV ' W; ( 5} a For each a ( A, W E .8- , there exists V c-ot 
w1 th aV, Va ' W. For (1.1-) g let W = Wv: then there exists 

u, positive invertible, such that ? 
U'- = Vo Put V = Wu, then 

clearly VVC W. For (5), let W = Wv~ u = (e v \a\)-1vo 

and put V = Wur then aV' w. Thus we have the followings 

Proposition 81 If a commutative F-ring A with 

unit is divisible as an additive group and convex, and 

the multiplicative group of all positive invertible ele-

ments of A is divisible, then the m-topology on A is com-

patible with the ring structure. 

Corollary 1: In addition to the proposition, if 

A is Archimedean, then the m-topology is Hausdorff. 

Proofr For each positive integer 1, there exists 

a positive invertible element u 1 such that iu 1 = e. Let 

a ~ {;) Wui • Then 1a I ~lit, i.e. 1\al ~ iUi = e. This 

implies that kjal' e for all k = ::!:" 1, ± 2, • • • • • 
Thus Ia\ = 0, hence a = o. Q.E.D. 



Corollary 2a Under the same condition as in 

Corollary 1, the zero ideal of the ring A is m-closed. 

Proofa Let a ( rm(o), where rm denotes the 

closure operator with respect to the m-topology; then 
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every neighborhood Wu + a of a contains the o; in 

particular Wui + a contains the o, where u 1 is defined 

as in Corollary 1; i.e. -a E Wu for all positive inte
i 

ger i, hence 1-a I = l al ~ ui as Corollary 1, we have 

a = o. Q.E.D. 

It has been mentioned that the ring Q~(X), for 

a filter base of dense subsets of X, is a commutative 

F-ring. Clearly it is convex and divisible as an addi-

tive group. Also the multiplicative group of all positive 

invertible elements of Q~(X) is divisible. Thus we have 

the following proposition. 

Proposition 9• Them-topology on Q~(X), for any 

~, is compatible with its ring structure. 

Proposition 101 The ring Q~(X) endowed with the 

m-topology is Q-r1ng, i.e. the set of all invertible 

elements is m-open. 

Proofs Let s be an invertible element; then 

\ s I ~ 0. If t € W 1 s 1 ; 2 + s, then It - s l ~ lsi /2. 
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Lets= V(f), t = l>(h}; then \h- f\ ~ \f\/2; thus his 

invertible in C( D) for some D E-tS • Hence t is inver-

t1ble. Q.E.D. 

Corollary la Every maximal ideal in Q~X) is 

m-closed. 

Corollary 2s Every ideal in the maximal ring 

of quotients of C(X) 1s m-closed. 

Propos1t12n +.1• If X has dense cozero sets 

D ~ X, tnen, for ~~y ~ containing such D, the natural 

mapping Y • C( X) ----7- Q~( X) is not m-cont inuous. 

Proof a Take h € C( X) with Coz( h) = D € ,5- and 

h( x) > 0 for all x E D. Let p = y {h) and suppose v-1 ( Wp) 

= \ f ~ C( X) t lY( f) I ~ p 1 is an m-neighborhood of 0 in 

C(X), i.e. there exists a positive invertible q ~ C(X) 

such that 1 g\ ~ q implies \Y(g)\ ~ p. In particular, 

~(q) .C:. p and hence qiE~ h\E for some E E:-(5., EC D. 

Thus, by continuity, q ~ h and hence q(x) = 0 for all 

x ~ D which contradicts the existence of q-1 • Hence ~ 

is not m-continuous. Q.E.D. 

Remarks As a simple example, consider an ordered 

field K. Evidently K satisfies all those conditions in 

Proposition 8r thus the m-topology defined on K is compa

tible with the ring structure of K. 



CHAPTER III 

Systems of Algebras and Their Limits. 

Section 1: AnJect1ve and Projective Systems. 

Let (Bot, <fo<[l ) ()(,~'-I be an injective system of 

~-algebras with unit and unitary algebra homomorphisms. 

Then, the injective limit B, as a rir1g, can be m.ade 

into an IR-e.lgebra by defining .A.~( x} = ~o~- (l\ x) ( x E Bo() 

where ('fa~) is the family of limit homomorphisms; this 

is then the injective limit in the category of all R-

algebras with unit and unitary algebra homomorphisms. 

Moreover, if each B~ is a normed algebra with 

norm ll • ll~ , and the <po{~ are all norm-preserving em

beddings, then one sees that the injective limit B can 

be made into a normed algebra, the norm II • II defined 

in the following waya If u ~ B with u = Cf) ~) for some 

o<. ( I, define II u II = t\ fo( ll Then definition of 11 u II 

is independent from the choice of the representation 

'f<A( fot). To see this, let u = 'f.,~.( fot) = 'f~( f~), f"" £ B"", 

ft'-' <e B~. Then there exists 1 ~ o( , ~ such that <f1 o t,. ( fo() 

= Cf 1 o q:>f'l" ( f~ ) • Since 'fo£ ( o<'" I) 1s one to one, hence 

61 



62 

u f o(ll.co = = \I f(311~ 

Clearly II u II = 0 iff u = 0 a ll uv II = 1\ f~ • g-1 II ~ 

l\ f-( ll-1 • ll g 1 II = ll u ll • ll v II 1 II u + v II ~ II u II + ll v II; 

and (\ rl. u II = \ol. \ • 1\ u II • B as a normed algebra is then 

the injective limit of the injective system {B~, f~~) in 

the category of all normed algebras (over the reals) with 

unit and norm-decreasing unitary algebra homomorphisms. 

In what follows we shall discuss specific injec-

t 1 ve systems ( B(l(., o/i(l ) in which all Bo< are normed algebras 

over the reals w1 th un1 t and the <Pa<'(!> are norm-pr~servlng 

embeddingsa B will be the injective limit. 

Definition~ An up-directed set I is called o--

directed, if for any countably many ~1 , ~2 • 
•• 8 ' in I 

there exists eX. E I such that o{ >r:- o<1 for all 1. 

Proposition la If I is~ -directed and all Bo< 

are complete, then B is complete~ 

Proofa Each B~may be assumed to be a normed 

unitary subalgebra of B. Let (fn) is a Cauchy sequence 

of B with fn t Bo<n for suitable o<n· Then there exists 

ol...{ I such that()(~'\ for all 1, and hence (fn) in B.,t• 

Hence one has f = limB~fn and since B« is a normed sub

algebra.D f = limBfn • 



Proposition 21 If I'~ I and the injective 

system on I is the restriction of one on I', then 

there exists a natural homomorphism from B into B' 

which is embedding. 

Proof• Let (B' o!.' , <f' ot' ~·) and (B"', 'f-<P') be the 

injective systems over I' and I respectively. Since the 

family of restrictions ~: 1 B~--_,> Bi of limit homo-

morphism~~~, 1s compatible, there exists a unitary homo-

morphism 'f s B ----?- B' such that q• = 'f o <fo<' for each 

o<. f I, and clearly <f is one to one. 

Now we discuss an injective system (B~, f~~) with 
( 

injective limit B and limit homomorphisms (fo~,) satisfying 

the following condition' 

~~ Each B« 1s a ring with the prope~ty that each 

prime ideal is contained in a unlque maximal 

ideal and 2 for.ol.~@, if Po< C B"' and P~ c B~ 

are prime ideals such that <f"..c( :g., ) s ~( P~) , 

then <e< (Moe) ~ $( f%. ) for the maximal 

ideals M4 )- P« and M~ ~ P~ • 

We shall provide an example of an injective sys

tem which satisfies the condition (*) in Section 2. 

Lemma 3• Let (B~, ~«~) be satisfying the condi

tion(*) and M be a maximal ideal in B. For eacho<, let 



M~ be the maximal ideal in B~ containing ~l(M); then 

U <frA ( ~ ) = M • 
0( 

Proofc Since ~« is monomorphism, we may put 
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Mo< = <t ( M«). Let M' = ;dIM I)(; then clearly M' ) M and 

is proper subset of B. From the condition(*), for any 

M~ , M~ there exists 1 ~ o( , 0 such that M1 ~ Mol, M~. 

This imp:L1es that for any u, v in M' there exists 1 such 

that u, v f M{, and for any u t B and v t: M' there exists 

1 such that u E B-[ and v€ M-y. Hence M' is an ideal; i.e. 

M' = M. 

Corolla.rya Let (B~, ~~~) be a system satisfying 

the condition (*) and such that all maximal ideals in BoC, 

for eacho< • are real; then the same holds for B. 

Proof a Since M = ~ 1Mot , IRe~ + Mol = Bo( implies 

IRe + M = B. Q.E.D. 

We have another approach to obtain this result 

as we shall see, In fact the following arguments will 

give something more. 

Lemma 4a Let (Mo~) r;1.. € I be a system of maximal 

ideals such that each M ~ C Bo( and, for o( ~ ~ , 'fct< M«) ~ 

~~(M~). If, for each«. Mot = ker eol. where eol. I B.,~ R 

is a unitary algebra homomorphism, then the family (9o()~~I 

is compatible with respect to the system (B~, ~~f). 
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Proof t 'Pot( Mo< ) C ~~( M(3) implies ~(!> o <poi(!> ( ker eo<)~ 

~(!>(ker ~); whence (e0 o <fo(~) (ker Go~) =0; i.e. ker Go(= 

ker (e~ o ~~~ )r Let this be denoted by N. But there is 

at most one isomorphism from ~/N onto IR, and therefore 

Q.E.D. 

Proposition 5a Let (B~, ~~~)be a system satis

fying condition(*). If all maximal ideals in B~, for 

each~ , are the kernels of unitary algebra homomorphism 

into IR w1 th norm $. 1, then the same holds for its 1nj ec-

tive limit B. 

Proofs Let M be a maximal ideal in B, and let 

M~) ~-l(M) be the maximal ideal in Bot• From(*). we 

have <fo((Mot) ~ Cf(!>(M~), for each o< ~~ • Let Mo~. = ker eo{ 

where e.,~. s Bot ---7 IR is a unitary algebra homomorphism. 

By Lemma the family (e.,~.) o{f I is compatible wlth respect 

to the system (PO( , 'fo({?> ) • Hence there exists a. unique 

unitary algebra homomorphism 'f 1 B ---'l>- IR such that Cf o 'fo< = 
E>ot for each o< • Now p for eacho< , q.-1 ( M) ( ker eo/ = 

ker( q o <f~<). l''or any u f M, and let u = <t'a~( fo~): then 

fot E q>"/ ( M) ; thus 'f ( u) = <f ( <fa~ ( fot ) ) = 0; 1. e. q ( M) = 0. 

Hence M C kercp ; 1. e. M = ker<f Finally, for each 

\lull if IISco~l\~1. Le. 



66 

Notation: A(A) denotes the space (endowed with 

the weak topology determined by the Gelfand representa

tion of A) of all continuous unitary algebra homomorphisms 

of A into lB.. 

Proposition 6a Let all B~be complete. Then, 

if for all B~ the norm is the spectral norm, the same 

holds for B. 

/\ 
Proof: It has to be shown that tl u l\ ,$'. 1\ u !lex>, 

where u = ~~{f~). Since each B~ is complete normed sub

algebra of B and symetric, any algebra homomorphism 9~ : 

Bd~a can be extended to an algebra homomorphism ed a 

B ---?IR, where B is the norm completion of B. 

eol\ B. Then II u \1 = II fo~.llot = ~c(u}'LI(Bo~)( ~ot(9.( )\ = 

tv 

Let eo< = 

sup \ 8ot ( fot) l = sup \ eo~ ( u) I ~ sup I 6( u) \ = 
601e A{B") 6ot € .t:.(Bo~) f) E6(B) 

\1 u II<X> • 

The dual system of (E~, o/~~) can be discussed 

as follows• 

For any o(~ ~ , define a mapping <f:~ '4 ( B~) ----7 

A ( Bol) by <p~ ( e~) { fot) = e~ ( 'fo(~( t;,.. ) ) and f! • A( B) ---7> 

.6. (Bo() by (\>*(e) ( fo{) = e( <fo<~( t;x)) for each f-'< € Bo~· 

Then it is not hard to show that~~ and~: , thus 

defined, are continuous. Now we have the following pro-

position. 
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Proposition ? a The correspondence B~ ~.a( B"") 

( B ~A( B)), ~ol(' ~ <fo~,*~ ( 'fo1 ~ 'f!') is a contravariant 

functor from the category of all normed rings with unit 

and continuous homomorphisms to the category of all com-

pletely regular Hausdorff spaces and continuous mappings. 

As a result one has that the dual system (~(B~), 

q~ ) is a projective system. Now we see that A(B) is the 

projective limit, with respect to ~«*e of the dual system; 

1. e. for any continuous mapping Fo( a X---:) A( Be<), X a com

pletely regular T2-space, with Fol = 'f~ o F~ for each 

~~~ , there exists a unique continuous mapping F I X 

--? ..6(B) such that Cf: o F = Foe. for each o( • The uni

queness of F, if it exists, is clear. 

For each ol. , define F~ a Bo( ~ C*( X) by FJ'( f~) = 
A 
f q~, o Fl)l , then clearly FJ is an algebra homomorphism. 

A A A 
Since Fot(x)(fol) = fcA(Fo~(x)} = (fo~. o Fc;~.)(x) = ex(fo( o ~) 

= 9x(F~(fo~)) = F:*(ex)(fo~) = F~*(x)(fod where ex z C*(X) 
I' 

~ IR With 9X ( f) = f( X) , X E X and X .....,......, ex, f ~ f, 

f t C*(X), are 1 - 1; hence F!._*IX = Fot. Also II F!( f~) II x 
A II 'A \~ A \ = II ft~ o Fa( X= ~u~ X l {fot o Fo( )(x) .... ~u/L:.(Bo~) ( fo~. (e) 

~ I\ fo~llol, frJ. t Bo~, and hence F! is norm-decreasing. 

Now we show the family (FJ) ~ei is compatible with 

respect to the system ( Bo~_, q>olf!> ) • For o( ~ ~ • F~( 'fo<~ ( fo~)) { x) ----= ( ~o/{1:1( fo~.) o F~) ( x) = F~ ( x) ( <1'a~~( fa~ )) = (qc; o F~ ) ( x)( fo<) 
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I' 
= F o< ( X) ( f ot ) = f o< ( F ol ( X)) = F~ ( fo1 )( X) ; i • e • F@ o ~ Di (1 = F: • 

Hence there exists a unique algebra homomorphism F* a B 

---? C*(X) such that F; = F* o ~ol for each ~ • Thus by 

the proposition there exists a continuous mapping F 1 X 

~ L:::. (B) such that ~l o F = Fo< for each o( , namely F = 
F**l X, where F* a B ----> C*(X) is the algebra homomorphism 

A 

defined by F*(f) = f oF. 

Proposition Ba If all Bo1 are complete, then the 
-1 

set 0 of all invertible elements in lim B~ is open, and 
----+-

hence every maximal ideal in lim Bol is closed. _____,. 

Proofa First we show that for every element 

f f lim BP< for which II e - f l\ < 1 has an inverse ele-
~ 

ment g. If n e - f "< 1, then there exists ~ 6 I such 

that ll eo~. - f oJ.. II o1 < 1 where f = ~ol( fQ('), f.,( f: Bot. But 

B~ is complete, hence f has an inverse g~ in B~; and 

e = f,g = 'fo~.( fo1) • ~igo1). Now let U0 (e) = l_g € 1~ Bo< 

II e- g\1( lJ, a neighborhood of unit. Take an element 
_, 1 

f E 0, then f·f- = e; and then by the continuity of 

mult1pl1cat1on, there exists a neighborhood U(f) of f 

such that U(f)·f-1 f U0 (e). Hence, for arbitrary ele

ment hE" U(f), hr-1 E U0 (e); Le. II e- hf-1 1l < 1; 

thus hf-1 has an inverse element (hf-1)-1, h·f-l•(hr-1)-1 

• et i.e. 
-1 I 

h is invertible, hence h t o. i.e. U(f) ~ o: 
Q.E.D. 



Section 2• The ring Q)(X). 

~or each member DE~, the subset C~(X} of c0 (X}, 

consisting of all bounded functions in CD(X), is also 

closed under the algebraic and order operations discussed 

in the previous chapters. Therefore C~( X) = U CI!>( X) ( D E' Ah) 

is a subring and sublattice of C~{X). Thus z;(x) = 
C~( X) t'l ZrS.( X) is an ideal in the ring C~( X). We put 

Q~X) = C~(X)/Z~(X), and then one sees that the natural 

mapping ~* a C~(X) ~ Q~(X} determines, for each D E~ , 

an embedding 315 • C*( D) ---7" Q~ X) such that v *(f) = j~( f\ D) 

for each f E c;< X) and, for D ~ E, jf>( f I D) = j~( f) for all 

f E C*(E). ForD~ E, we denote the restriction homomor

phism f""""" f\D t C*{E) --)C*(D) by f~D' Each C*(D}, D '",.&. 

is a normed ring with the sup norm II f J( = sup lf( x)l, 
XtfD 

f E C*(D), and also ~(X) becomes a normed ring with norm 

defined in the manner described in Section 1. We have the 

following• 

Proposition 9• The ring Q~(X) is the injective 

limit of the injective system (C*(D),f~0 } in the category 

of all normed rings with unit and norm-decreasing unitary 

homomorphisms. 

The following shows the direct proof of semi-

simplicity of the ring Q~(X). 
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Proposition lOa The injective limit Q~(X) is 

semi-simple for any filter base ~ of dense subsets of X. 

Proofa Suppose the radical of Q~(X) is not O, 

then there is an element u ~ 0 in Q~X) such that 1 - ux 

is invertible in Q~(X) for all x E Q~(X); Le. 1 - u•jf,(f) 

is invertible for all f t C*(D) and all D E~ • Let u = 
jE(g), g ~ 0 in C*(E). Then, in particular, 1- j~(g). 

jE(f) = Jl(l- gf) is invertible for all f E C*(E). This 

would mean that 1- gf\D' is invertible in C*(D') for 

some D' <:: E, D' €: :3- and for all f E C*( E); 1. e. for each 

f, 11 - gf I I D' ~ r for some r > 0. But E is completely 

regular and D' is dense in E. Hence 1 - gf ~ r on E. 

Thus 1- gf is invertible in C*(E) for all f f C*(E). 

This is a contradiction. 

Proposition lla The injective system (C*(D)) 0 ~~ 
with the restriction homomorphisms satisfies the condi-

t ion ( *). 

Proofa For D £ E, we may assume that C*(E) is a 

subring of C*(D). Let PC C*(E) and P' C C*(D) be prime 

ideals such that P ( P', and M) P and M' ~ P' be the 

maximal ideals. Since C*(D)/M' = IR; for each f c C*(E) 

we have f + M' = r for some r ~ IR; i.e. f - r ~ M' (\ 

C*(E) I Thus C*(E)/C*(E) n M' = IR, Hence C*(E) (I M' is 
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a maximal ideal in C*(E) containing P. Consequently 

M ( M'. Q.E.D. 

We now apply the discussion in the previous sec

tion to the normed algebra Q~(X) in order to show how 

various results in [ 8) are consequences of these general 

results concerning injective limits of normed algebras, 

1. Proposition 1 implies that Q~(X) is a Babach 

algebra if ~is ~-filter base (i.e. closed under count

able intersections)[8, Lemma 4.5]. 
2, Proposition 5 implies that every maximal ideal 

is real [ R, Lemma 5.1] and closed. 

), Proposition 6 implies the norm is the spectral 

n.orm [ 8, Theorem 5. 2] , 

4. Finally we ha'\re .0.( Q~ (X) ) = 11m ~D f 8, Theorem 
T 

6.8]. This follows from Proposition 7 and the fact that 

Q.(Q1(X)) = f'l1(Q~(X)) = A(Ql(X)} = ~,i-: (C*(D)} t 6{C*(D)) 

~ Y1((C*(D)) ~ ~D, where ..Q.(.) and )')'(( •) denote the maximal 

ideal spaces with the Stone and the weak topology respec-

ti vely. 

Definition• An element z of a normed ring A is 

called topological zero-divisor if there exists a sequ

ence f Zn 1 in A such that i~f \I zn II > 0 and h ~CIO II zzn II = 0 • 



Remark& As is well known, a zero-divisor is a 

topological zero-divisor and topological zero-divisors 

cannot be invertible. 
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Notation a For an element f E A, we denote by 

SpA(f) the set of all real numbers r such that (f- re}-1 

does not exist in A. 

Lemma 12• If all B~ have the property that each 

non-invertible element is a topological zero divisor then 

the same holds for lim B~. 
---7' 

Lemma 13• Any non-invertible element in C*(D) 

is a topological zero divisor. 

Proofa Let f be a non-invertible element in C*(D); 

then there exists a maximal ideal M0 in C*(D) containing f, 

and hence containing f 2 • Thus the minimal element of 

SpC*(f2 ) is o. Let rn be a sequence of negative real 

numbers converging to 0. Then (f2 - rne) is invertible. 

Put Zn = (f2 rne)-1/ll(fZ- rne)-111. Clearly llznll = 
f\ 

1 and f 2 (M 0 ) = 0, hence 

II ( r 2 - r e ) -l II .: 
n " 

sup I r2(M) - rn j-1 1- I rn r1---). <D 
M E 11'( ( C*) 

as n -+OQ, where )'T((C*) is the maximal ideal space of 

C*. Hence we have ( f - rne) zn -~> fzn-~> 0 



as n ~ co • Thus -----=:.""> 0 as n -~')- oo • 

Q.E.D. 

Proposition 14• For any ~ , an element in 

Q~(X) is a topological zero-divisor iff it is non

invertible. 
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Section 3• Maximal ideal spaces and projective covers. 

In [ 3) and [13], the existence of projective 

covers in the category of compact Hausdorff spaces and 

continuous mappings has been established. The spaces 

were made up of filters in certain topologically defined 

lattices; in other words, for a compact Hausdorff space E, 

let R(E) be the collection of its regular open subsets, 

and fl(E) be the space of maximal filters ~ ~ R(E) whose 

, .. ,\topology is generated by the sets nv< E) =t ~ l V(;"IR. , 1JL f 

n (E) ) for each V E R( E). Then n (E) 1s an extremally 

disconnected compact Hausdorff space. Denote by limE the 

mapping n (E)~ E which assigns to each Vl ~ n(E) its 

limit. Then limE is a projection, closed, continuous and 

essential mapping (i.e. limE maps no proper closed subset 

of n(E) onto E). 

In the following, A0 denotes the set of all idem-

potents of A, and we proves 

Lemma 15• If A is a commutative regular ring with 

unit, then .0(A) = .0(AO). 

Proofa Define a mapping !l(A) 

M ~ M (\ A0 • We show the mapping is one to one. Let 

M f"'\A0 = M'f"\ A0 for any M, M'~ .(l(A). Take any a-: M. 

Suppose a ~ M' r then there exists x f A such that a 2x = aa 
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i.e. a(l- ax) f M'. Hence 1- ax~ M'. Since 1- ax 

is an idempotent, 1 - ax f M' (\ A0 , and hence 1 - ax E 

M n A0 • This implies that M ~ 1, a contradiction. 

Hence a·f M'; i.e. M = M'. To show the mapping is onto, 

let N ~ .Q(A0 ). Put M = AN = \ ae I a f A, e E N l . Then 

M is a proper subset, since if 1 € M, then 1 = ae for 

some a E A and e E N, and hence 1 - e = 1•(1 e) = 
ae(l - e) = Oa i.e. e = 1 E N, a contradiction. We show 

M is an ideal in A. Clearly AM < M. Now take any a1e1, 

azez in M. Pute = e1 EB e2 t'fl e1 e2 where EB is defined as 

rmg = ( f - g)2. Then clearly e E N and e 1e = el, e2e = 

e2. Thus alel + a2e2 = (alel :t a2e2)e t M. Hence M 1s -
a proper ideal in A. To show that M is a maximal ideal, 

take any a € A and let a ~ M. There exists x E A such that 

a2x = a, hence ax+ M, and hence ax~ N. Since ax E:: AO and 

N is a maximal ideal in the Boolean ring Ao, 1 - ax ~ N. 

Thus 1 - ax ~ M. This means that M is maximal. Since 

N is a maximal ideal 1n A0 and M) N, M nA0 = N. Thus 

the mapping is onto. For each e € Ao, put !19(e} = 

1 N E: .(l(A0
) \ N t e 1. then rt>(e) 1s a basic open set 

of ..Q.(A0 ). Note that for any a ~ A, there exists x f A 

such that ax ~ A0 • By straightforward checking one shows 

that .O..(a) I A0 = Sl.0 (ax) for a 'A and _Q(e) I A0 
• .0..0 (e) 

for e ~ A0 • This shows that the mapping carries a basic 

open set onto a basic open set and the inverse image of 



a basic open set is again a basic open set. Hence the 

mapping M ~ M f' A0 is a homeomorphism. Q.E.D. 

:~a For a subset U of a space E, let 
.1. 

U =dfCEIEU. Then it is easy to see that a set V is 
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.1. 
regular open set of E iff V = U for some open set U of 

E. Also it follows that V is regular open 1ff V = ~~. 

Let A be a semi-simple ring. For an ideal I in 

A, we write I* = t a E A I ai = 0 J • I 1s called an anni

hilator ideal iff I = I**• The family of all annihilator 

ideals of A will be denoted by j(A). For an 1deal I of A 

and a subset U of _n( A), we define the set .!1( I) and A( U) 

as followsa 

..Q(I) = {ME fl(A)J M i>I ]; 

6(U) =nM (M '"U). 

Noting that r.ruA)U = { M ~ .fi{A) \ M) ~U} one can easily 

show the following 1dent1t1esa 

{a) u.l • {Oo6)(U), where (.Q.o.6)(U) •df.Q(6(U)); 

{ b) I* -= ( D. o .Q )( I ) , where ( 6 o Q. ) ( I ) • d f A (Q. ( I )) • 

The following lemma is due to [ 8 J. 

Lemma 16 1 If A is semi-simple, then J(A) 'i8 B(.Q.(A)), 

and hence Q( A) o =: R{ .Q( A)). 

Proofs Define mappings :J(A) -~~ R( .O.(A)) by 
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I ~ .Q(I), and R(..Q(A)) ------7 J'(A) by V ~ 4(V). 

Since I == I** and by (a), {b), we have il(I) = _Q(I**) = 
(ilo ~ oQ)(I*) = (.QoA)(.Q(I*)) = il(I*).l., and for V = 

u! A(V) == .6(U.l) = (.6o.Q.ob.)(U) = ~(U)*; hence the map

pings I~ . .Q(I), V ~ Ll(V) are well defined. Since 

..Q(I (\ J) = .D.(I) (I .0.(J) = D<r•·») n ..Q(J**) and a (I**) 
..l. 

= .. 0.( I*) , the mapping I ~ .fl( I) is a homomorphism. By 

a straightforward checking one shows that ...0. o( .o. o .Q.. o t:. ) 

= id on R( ..O.(A)) and ( .6oGo b. )o .Q = id on j(A). For the 

last assertion, 1 t 1s well known in [20 , pp 44] that J(A) 

~ ~(Q(A) ~ Q(A) 0 • Q.E.D. 

Proposition lZa If A is a commutative semi-simple 

ring with unit and il(A) is Hausdorff, then J)(Q(A)) is the 

projective cover of Jl(A), 

Proofs Since Q(A) is regular, we have J}(Q(A)) ~ 

i)(Q(A) 0 ), and since A is semi-simple, Q(A)O ~ R(Jl(A)). 

Let n !!:. r\{ .Q( A) ) ; i.e. the space of maximal f11 ters 

'lJt C R( 0 (A)). Then clearly ..Q( R( ..Q( A)) ~ n under the 

mapping M .............., M' = i P \ P' t M, P' is the complement of PJ. 
Since .D.( A) is compact Hausdorff t 11m.i\(A) 1 n > ...Q(A) 

is the projective cover. Q, E. D. 

Corollary la Let ,$. be such that Q,e$ X) 1s the 

max1mal ring of quotients of C(X). Then the maximal ideal 
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space of Q~(X) is the projective cover of px. 

Corollary 2a Under the same condition as Corol

lary 1, ~m (~D) is the projective cover of ~X. 
D ~_e., 

In the preceding paragraph we have obtained 

algebraically the result that the maximal ideal space 

of Q~X) is the projective cover of ~X if Q~{X) is the 

maximal ring of quotients of C(X). Now we are interested 

in finding an analogous result in a more topological man-

ner. 

To proceed with this, let E be a compact Hausdorff 

space, O(E) be its topology and /\(E) be the space of maxi

mal filters ~~ O(E) whose topology is generated by the 

sets Aw(E) =iV1-} WtCVC., '1)c E t\(E)ffor each W ~ O(E). 

Then A(E) is an extremally disconnected compact Hausdorff 

space, and the mapping limE a A (E) ---+ E is compact, 

closed, essential and continuous projection [ 3l· 

Now let X and Y be topological spaces such that 

X is dense 1n Y. If '\Jt C O(Y) 1s a maximal filter in O(Y), 

then ~\X ( O(X) 1s a maximal filter in O(X) as can be 

seen as followsa Clearly ~lx is a proper filter on X 

since X is dense in Y. Let m ) uJx be a :f11 ter, lTC..~ 0( X). 

Take any member U of rr( ~ then U f\ V ;J. ¢ for all V € .... LJLI X. 
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Let U = u1 tl X and V == V' (\ X where ul t 0 ( Y) and V' ' V'L • 

Then ul t\ V' f: ¢ for all V' f CUt • Since q)(_ is maximal, 

u1 f 1J2._. Hence U f 'VliXr i.e. 7l'(= 'Vt/X. Moreover if 

'lJ( F 'Vl! , '1.Jl., ·1)[ .f 0 ( Y) then CVliX ~ <1>l I Xr because if 

tfL f: ·~ , then there exists U0 E. VL and V0 E t..Jl such 

that uo (\ vo = ~; thus (UO n X) (\ (V0 (\X) = ~. This 

means that av!.IX f: WI X. Now we show that for any maxi

mal filter m ~ O(X) there exists a maximal f1lter'Vl. ~ O(Y) 

such that WX =Oft. To end this, we define qj("PZ by 

'lJC'l'YL = t u • € o < Y) I u• r) x f; rrc. j . 
We show that ~ is a maximal filter on Yr Clearly 

~ t\= 1Jt'llt and U' n V' E q)"('?Yt whenever U' , V' E ~ • Let 

U' t V'C.m: and U' ~ W', W' ~ O(Y). Then W' = U' U w•, and 

hence W' (\ X = (U' r'1 X) U (W' (\ X) r thus U' (\ X ( W' (\ X. 

But W' (\ X ( 0 (X) , and hence W' (\ X f 7Tt • Therefore 

W' E "lX,rc • To show the max1mal1ty of u\lt ~ let ~ 2 ~ 

be a filter in O(Y). Take any member U'f ~ ; then 

uv (\ V' f: ~ for all V' E ~. Hence (U' (\ X) (\ (V' (\ X) 

f: ¢ for all v• E CU'tnt ; in part 1cular, ( u· n X) (\ v ;1: ¢ 

for all V E P'l ; the max1mal1ty of rrt implies that U' ('\ X t:PU 

Le. U' € ~ • Consequently, ~- <f~ft ai:'id rLf4r.IX ='"fft. 

Finally we show that, for any W € O(Y), /\w(Y)(X = 

(\ w C\ x< X) , where AwC Y) \ x =dr { ulx \ 1ll £ Aw< Y) ] • Clearly 

Aw<l"> I X' (\w (\ X{ X). Now take any 1JL € Aw (\ x<X). then 

VL!ft. is clearly contained in Aw(Y), and ~IX ='"ff(. 
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Thus Aw(Y)\x = 1\W!\X(X). 

From this consideration we have the following 

consequence a 

Lemma 18• Let X andY be the topological spaces 

such that X is a dense subspace of Yr then !\ ( Y) ~ !\ (X), 

given by the mapping'\)(~ v</ X, (Jl £ !\ ( Y). 

;Lemma 19 a For any VC. f 1\ (X), if U t <Vt , then 

'Vt t r/\{X)lim~i(U). 

Proofa Take an arbitrary member W ~ ~. then 

U (\ W I: ¢, and Aw< X) is an open ne 1ghborhood of nv'(. 

Let a E U (\ W. Take a member IL 1n /\(X) which converges 

to the point a. Then every member of rt intersects with 

W. Since lt. is a maximal filter, f'( contains W1 i.e. (t 

is a member of 1\ w< X). On the other hand n_ converges to 

the point a of U, hence ft. E li~i(U). Thus we have /\w(X)(\ 

lim~l(U) ;1: ~. Q.E.D. 

Lemma 201 Let ~ 1 K --7 (3X be a projective cover 

in the category of compact Hausdorff spaces and continuous 

mappings. Then for each dense subset D of X, ~-1 (D) is 

dense in K. 

Proofs Note that D is also dense in ~X. Since K 

is a compact space, rK~-l(D) is also a compact subset of 

K. Since 'f is onto, D = 'P(q>-1(D)) ( Cf( rK'f-l(D)). 
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Hence Cf( rK <f1 (D)) is dense in f3X. But <f ( r K cf1 (D)) is 

compact, hence is closed in ~XJ i.e. ~( rKcp-l(D)) =~X. 

Since K is projective cover, rK cfl( D) can not be a proper 

closed subset of K; i.e. rKcp-l(D) = K. Q.E.D. 

Corollary a K = ~<fl (D) for each dense subset 

D of X. 

ProofJ It is well known ['12, pp 96] that a compact 

space K is extremally disconnected if and only if K = ~ S 

for every dense subspace s. Q.E.D. 

Now take a member D of,.& , then a function 

f c C*(D) defines a continuous function f o<p on ~-l(D). 

Since K = ~q>l(D) the function f o<p has a unique con

tinuous extension fto K. Let ur be the element in ~(X) 

with uf = )>*(f) and f E C*( D) for some D € kh , where 

"Y* ~ C~{ X) "> Q~ X) is the natural mapping. Define a 

mapping Q~X) ~ C(K) by ur ~ t. Clearly this map

ping is well defined and the mapping 1s a norm preserving 

monomorphism. 

We have the following proposition for the pro

jective cover K of ~X. 

Proposition 21 a If ~contains all disconnected 

dense open subsets of X, then the maximal ideal space of 

Q~ X) is homeomorphic to K. 
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,., 
Proofs Since the mapping uf ~ f is a norm 

preserving monomorphism of Q~X) into C(K), it is enough 
I"" 

to show that the family of all f separates the point of 

K. Take any a, b in K with a F b. 

Since A(~X) ~ ~(X) {~ K), we may assume that 

a, bare members of A(X), and hence ~ = 11mpx· Since 

a ~ b, there exists open sets U and V in ~X such that 

U n V = 91 and U l'\ X ~ a, V n X € b. Then, by Lemma 19, 

a <e rK qrl ( U f\ X) and b € f K <fl ( V C\ X). Let 

D = { U (\ X) U ( X (\ I ~XC ~XU) r 

then clearly D ( ~ r and define a function f on D by 

Then f ( 

{: 
i:f' X ( UI\X 

f(x) = 
if X ~ X f\ I pX4J ~XU • 

C*( D). Thus f 0 <f has an extension 
,., 
f(a) = 11m (fo'f)(z) =: 0, 

z...,. a 
z ' ce-1 < u (\ x) 

N 

f(b) =lim (f ocp){z) = 1. 
z ~b 
z E ~l(V (\ X) 

"' 

,f'>J 

f on K, and 

Thus the family of f separates the points of K. By the 

Stone-Weierstrass theorem the proposition holds. Q.E.D. 



CHAPTER IV 

Change of Range and Restricted 

Rings of Functions. 

Section 1. Complex-valued functions. 

We now replace the range space R by the complex 

number field C. In this section C{X) will denote the ring 

of all complex-valued continuous functions defined on a 

space X, and C(X,R) will denote the ring of all real-valued 

continuous functions on the space X, We shall attempt to 

obtain the analogous results that we obtained in Chapter 

I & II. 

Proposition la Let U be a dense subset of X. Then 

C(U) is a ring of quotients or C(X) iff C(U,R) is a ring or 

quotients of C(X,R). 

Proofa Let C(U) be a ring of quotients or C(X). 

Take f, g ~ 0 in C(U,R), then there exists h € C(X)IU 

such that fh E C(X)IU and gh ~ o. Let h = u + 1VJ then 

fh = fu + 1fv E C(X)\U, and hence fu, fv € C(X,R)jU. Since 

gh = gu + igv ~ 0, hence gu ~ 0 or gv # 0. This shows that 

C{U,R) is a ring or quotients of C(X,R). Conversely, 
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let f, g E t(U) with g ~ 0 and f = u + iv, g = s + it. 

Without loss of generality we may assume s ~ o. Then there 

exists h ( C(X,R)I U such that uh ~ C(X,R)IU and sh F 0; 

and also there exists h' ~ C(X,R)\U with vh' ~ C(X,R)\U 

and shh' F 0. Then hh' if C(X)\ U, fhh' t C(X)\ U and ghh' F o. 

This completes the proof. 

Let ~be a filter base of dense subsets of X. In 

the same way as described in the Chapter I, one obtains the 

ring Q~(X) associated with the ring C(X). The corresponding 

ring for the ring C(X,R) will be denoted by Q~(X,R). It is 

easy to check that the ring Q~(X) is a ring of quotients of 

C( X) if and only if, for each D E: ~ , C( D) is a ring of 

quotients of C(X). Hence we have the followings 

Corollary& Q~(X) is a ring of quotients of C(X) 

iff Q~ X, R) is a ring of quotients of C( X, R). 

Remark: In a completely analogous way to the 

Theorem 6, Chapter I, one shows that if ~ is the set of 

all dense open subsets of X, then Q~(X) is the maximal ring 

of guot1ents of C(X). The necessary and sufficient condition 

for Q~X) to be a von Neumann regular ring is the followings 

For each D€ ~ and f ~ C( D), the subset ( E n Coz( f)) L) 

IECE~E ~ Coz(f)) belongs to~ for some E S D 1n ~ (cf. 

Proposition 7, Chapter I). 
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Let A be a commutative real algebra w1th unit, 

and let A0 denote the cartesian product AX A in which 

algebraic operations are so defined that (a, b), a, b € A, 

behaves like a + ib. More precisely, define (a,b) + (c,d) 

=(a+ c, b +d), (a,b)(c,d) = (ac- bd, ad+ be) and 

( o< + i~) (a, b) • (<Aa - ~b, J.b + ~a), a<. ~ f. R. Then 1t 1s 

easy to verify t~at A0 is a complex algebra with unit (1,0). 

A0 is called the complexification of A[23]. Also it is not hard 

to check that if I is an ideal in A then its complexification 

Lemma 2a Let ~ be a filter base of dense subsets 

of X. Then Q~X) ':£ Q~(X,R)c as C-algebras. 

Proofs Let f f Q~X). We may assume that f f C(D) 

for some D f ;;;;.., • Then f == Be( f) + iim( f) and Re( f), Im( f) 

E C( D, R) J and hence Be (f), Im( f) ~ Q ;J_ X, R). Define a map

ping a Q~( X) > Q,a,( x, B) 0 by f ~ ( Re{ f), Im( f)). Since 

(Be(f +g), Im(f +g)) = (Be(f), Im{f)) + (Re{g), Im(g)), 

(R(fg), Im(fg)) = (Be(f).Be(g) - Im(f)•Im(g), Re(f)•Im(g) 

+ Im(f).Re(g)} = {Be(f), Im(f))(Be(g), Im{g)) and(~+ i~)· 

(Be( f) + 1Im( f))~ (o<, ~) (Be( f), Im( f)) = <"' + i~)( Be( f), 

Im(f)), the mapping is clearly a C-algebra homomorphism. 

Clearly the mapping is one to one. To show the ontoness, 

let (u,v) E Q~(X,R)c; then there exist f, g 1n C(D,R) for 

some D ~ .$. such that u : f and v ~ g 1n QA( X, R). Then 
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f -11- 1g € Q~ X) and clearly ( u, v) 1s the image of f + ig 

under the mapping. Q, E. D. 

Proposition 3• The maximal ring of quotients of 

C{X) is isomorphic to the complexification of tpe maximal 

ring of quotients of C(X,R). 

Proofa Let ~ be the set of all dense open subsets 

of X. Then, by Lemma 2, Q(C(X)) S Q~X) ~ Q~X,R) 0 'li 

Q(C(X,R)) 0 • 

Lemma_!±• For a commutative real algebra A wtth 

unit, and an ideal I in A, A0/I 0 ~ (A/I) 0 as C-algebras 

under the mapp1ng .·(a,b) + I 0 ~ (a+ I, b +I). 

Observations For a(,~~ R, ( o(+ 1~)((a,b) + Ic} = 

(ol, ~)(a, b) + I 0 gives a t-mod.ule structure on A0 /I 0 ; and 

~(a+ I) =~a+ I gives a R-module structure on A/I and 

hence ~ + I = ~·1. 

Proof• Since (a,b) + I 0 + (c,d) + I 0 = (a+ c,b +d) 

+ Ic ~ (a + o + I, b + d + I) = (a + I, b + I) + 

(c + 1,d +I), ((a,b) + Ic)((c,d) + I 0 ) = (a,b)(c,d} + I 0 = 

(ac- bd, ad+ be} + Ic ~((a+ I){c +I) - (b + I){d +I), 

(a+ I)(d +I) T (b + I)(c +I)) =(a+ I,b + I)(c + I,d +I) 

and ( <"A + 1 ~ ) • {( a, b) + I c) = (o< , ~ )( a, b) + I c ~ ( « + I , ~ + I ) · 

(a + I, b + I) = (~ p ~) (a + I , b + I) = ( o< + 1~) (a ? I ~ b + I) , 

hence the mapping is a t-algebra homomorphism. c_early the 
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mapping is onto. If a, b ~I, then (a,b) E Icr hence 

the mapping is one to one. Q.E.D. 

Definition• An ideal I in a complex algebra A is 

called complex if A/I~ C (the field of complex numbers). 

A complex algebra is said to be totally uncomplex if it 

does not have any complex ideal. A complex ideal is auto-

matically a maximal ideal. 

Lemma .5• Let M' be a maximal ideal in Q~X,R)c • 

Then there exists a maximal ideal M 1n Q~X,R) such that 

M' = Mc, and moreover if M' is a complex ideal, then M is 

a real ideal. 

Proofa Define M1 = ~ f \ (f,h) E M', f,h t Q__s,{X,R)! 

and M 2 = { g I ( h • , g) E M' , h • , g E Q.$ ( X, R) • We show 

M1 = M2• Let ft. M1 ; then (f,h) t M' for some h. Since 

M' is an ideal, (O,l)(f,h) = (-h,f) E' M'; hence f f M2; 

i.e. M1 ~ M2. Conversely, let g ~ M2r then (h', g) € M' 

for some h'. Similarly, (0, -l}(h', g) = (g, -h') £ M' r 

i.e. g ~ M1 • Hence M1 = M2 • Let M = M1 = M2. Clearly, 

1 ~ M, since (l,h) f M'a Suppose {l,h) € M' for some h. 

Then {1/1 + h2, -h/1 + h2 ) • {l,h) = (1,0) € M' r a contra

diction. Now we show M 1s an ideal in Q~(X,R). Let f,g ~ M. 

Then (f,h), (g,h') ~ M' for some hand h'. Clearly f + g~ M. 

Since M' is an ideal in Q~X,R)c, (f,o)(g,h') • {fg,fh') € M', 

hence fg t M. Similarly, let u € Q~X,R) r then (u,o) E 



QJX,R) 0 , and (u,o)(f,h) = (uf, uh) E M'a thus uf € M. 

Next, to show M' = M0 , it is enough to show that M' = 
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M X M. Clearly M' ( M1 X M2 = M XM, Let (f,g) f M XM. 

Suppose (f,g) 'f M' J i.e, (f,g) + M' F 0 in Q~X,R) 0/M'. 

Then there exists (u,v) € Q~X,R) 0 such that {(f,g) + M' )· 

((u,v) + M') = 1 = (1,0) + M'; i.e. (1,0)- (f,g)(u,v) = 

(1- (fu- gv), - (fv + gu)) ~ M'; hence 1- (fu- gv) ~ M. 

This implies that 1 ~ M, a contradiction. Thus M' • M0 • 

Now we show that M is a maximal ideal. By Lemma 4, 

(Q,&.(X,R)/M) 0 is a field, denote by K. For any f E Q..:&l(X,R), 

if f € M, then (f + M, o) F 0 inK. Hence there exist g, h 

in Q~( X, R) such that ( f + M, o) ( g + M, h + M) = lK = ( 1 + M, o). 

i.e. (1 - fg + M, fh + M) = 0 in K. Hence 1 - fg EM. 

Thus M is a maximal ideal. Finally let M' be a complex 

ideal. By Lemma 4, (Q~(X,R)/M) 0 = C = (R) 0 • Thus for any 

f f Q (X,R) there exists r E 1i such that ( f + M, o) = (r,o) 
~ 

and vice versa; 1.e. f + M = r. Hence QJX,R)/M = lh i.e. 

M is a real ideal. 

Remark• The same holds for algebras A, Ac 1f all 

1 + x2 , x E A are invertible. 

Proposition 6a If Q~(X) is totally uncomplex, then 

f\ ~ = ¢, and the converse holds, provided each member or 

)0) is real-compact. 



Proof a Suppose (\ RA I= ~. Then there exists a 

real maximal ideal M in Q~(X,R) such that Q~X,B)/M is 

the real field (Proposition 5, Chapter II). Hence M0 is 

a complex maximal ideal in Q~(X,R) 0 • Therefore there 

exists a complex ideal in Q~X); a contradiction. For 

the converse, we note that Q~{X,R) is totally unreal 

iff n ~ = ~J and by Lemma 6, the assertion holds. Q.E.D. 

Lemma 7• Let K be a formally real field. Then 

its complexif1cat1on K0 is a field. 

Proofa Clearly K0 is a ring with unit (1, 0). 

Let (a,b) I= 0 in K0 r then a I= 0 or b I= 0 in K. Since K 

is formally real a2 + b2 I= o. Clearly (a/a2 + b2, -b/a2 + 

b2) ~ K
0

, and hence {a/a2 + b2, -b/a2 + b2)(a,b) = (l,O)r 

i.e. each nonzero element of K0 is invertible. 

Corollarya If M is a maximal ideal in Q~(X,R), then 

M0 is a maximal ideal in Q~(X,R) 0 • 

Proofs Q~X,R}/M is a real-closed field, and hence 

a formally real fieldr25 ], thus (Q~X,R)/M) 0 = Q~{X,R) 0/M0 
is a field. Hence Me is a maximal ideal in Q~X,R) 0 • 

Proposition 8a For any filter base t&. of dense 

subsets of X, ..0{ Q;o.( X, R)) :?: il( Q,6J X)). 
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Proof• It suffices to show that ...0 a .Q( QJ X, R)) 9!t 

~c = !1(Q~(X,R) 0 ). By the previous Corollary one has a 

mapping e • ..Q(Q,.e,(X,R)) _____.:~ ..Q(Q~X,R) 0 ) by e(M) = M0 • 

ForM, N E Q., let e(M) = <.?(N); i.e. M X M = N XNJ then 

M = N, hence e 1s one to one. By Lemma 5, e 1s onto. To 

show e 1s homeomorphism 1t 1s sufficient to prove that 

e(~(fg)) = ~0((f,g)) for any f, g E Q~{X,R). This follows 

from the fact that fg ~ M iff f ~ M and g ~ M iff (f,g) ~ 

MXM=9(M). Q.E.D. 

From the remark following Lemma 5 and the above 

proof, c1ne obtains the more general. 

Corollary• For any R-algebra A such that 

(1) A modulo any maximal ideal is formally real,and 

(1i) all 1 + a2, a~ A, are invertible, one has 
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Section 2• 
(){) 

C -functions. 

The ring C~(U) of all real-valued unrestrictedly 

differentiable functions on an open subset U of an has the 

following properties a (a) for any f t CoO{U), if f(x) ~ 0 

for all x ~ U then the inverse f-1 off exists in C~(U), 

and if f(x) > o for all x ( U then there exists g ~ CGO(U) 

such ·t;hat f = g2 , (b) for any a E: U and real numbers r 1 
GO 

and r 2 such that 0 < r 1 < r 2 , there exists f € C (U) such 

that 

f(x) 

11 x - a II~ r 1 

all x 

II x - a!\ ~r2 
(e) all algebra homomorphism p a cflc U) ~ B are evalua-

tion maps ( 2 ]. 

From these facts one has that the topology of U 

(always understood as a subspace of Bn) is generated by 

the cozero sets of the functions of C~(U)r namely, let V 

be an open subset of U and a ~ Vr then there exists r 1 and 

r 2 with 0 < r1 < r2, and f x Ina - x 11 < r1 ~ C f x I 1\a - xU 

< r2~ c v. and a function fa E CGO(U) such that { X\ na- xu 

< rlS ( Coz(fa) C V. Thus V = U Coz(fa)(a E V). Hence 

for any algebraically dense ideal A 1n C CJl{ U), the set E • 

U Coz( f) ( f E A) i.s topologically dense in U. Next, we check 

that for any dense open subset E of U, the ring C~(E) is a 

proper rational extension or Coa(U) with respect to the map-



ping f ~fiE. dJ Clearly the ring C (E) is a ring of 

quotients of C~(U), and the extension is proper as can 

be seen as follows• The function g, defined by g(x) = 
"' 
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~ I xi - ail , where x = ( x1 , ••• , Xn) , a = ( a1 , ••• , Bn) , 

a f U ' E, is unrestrictedly differentiable on E but not 

on U. Since the ring C00(U) is locally inversion closed, 

one obtains that for the set fO' of all dense open subsets 

of U the ring of fractions Q;(u) = c_:tu)/Z,!;)-(U) of Ceo(U) is 

the maximal ring of quotients of C00(U) (of. ( 1 J and Chap-
dJ 

ter I) where C~(U) is the ring of all real-valued functions 

on U which are unrestrictedly differentiable on a member 

of £r which evidently contains Z~(U) as defined earlier 

(Chapter I) as an ideal. Also, for any filter base ~'of 

dense open subsets of U, the ring Q~U) is the limit of 
~ ~ the directed system ( C (D)) ( D € 50- ) with mapping <pD a C (D) 

<X) 

--~) Q~{U) as limit homomorphisms. 

Lemma 9• For any filter base 50- of dense open 

subsets of U, there is a one-to-one correspondence from 

6 = 6(Q~U)) onto n RJ-. 

Proof a Take <p c ~ , then pD : 'f o <pD a Ceo( D) --7 

fi is an evaluation mapping; hence there exists xD € D such 

that pD(fiD) = f(x0) for all f t C
00
(U). Now take any E 

then also there exists xE ~ E such that p1(fiE) • f(xE) 
co 

for all f € c (U). But Po(fiD) • pE(f\E), hence f(x0 ) • 
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00 
f{xE) for all f ~ C (U). Thus x0 = xE:: a, i.e. a= 

XD for all D € tS • Hence a E (\ ~ and <f( f) = g{a) for 
4'0 

f • <f>D( g), g € C {D) for some D f ~ • Conversely, this 

defines a <f E 6 for any a~ n~ . Hence the correspond.-

ing .6. -~~ (\~ by~ ~a is onto, and it is one-to-one 
d) 

since C (U) separates the points of U. 

Proposition lOa The maximal ring of quotients of 
ao 

C {U) is totally unreal. 

Proofs Let .& be the set of all dense open subsets 
eo 

of Ur then {\ ~ = ~. and hence .A(Q~U)) 1s void. Q.E.D. 

i 

Definition• A ring A is called real semi-simple 

iff the intersection of all real maximal ideal of A is 

zero. 

Proposition lla For any filter base ~ of dense 
cO 

open subsets of U, the ring Q~(U) is real semi-simple iff 

(\ ~ is dense in U. 

Proof• Let (\~ be dense in U. Suppose there 

were 0 1- f € (\Kerf( lf € A). Then f = ~h< g), g E c«>( D) 

for some D €~ • By Lemma, if g(x) ~ 0 for some x ~ D, 

then x ' (\ ~ r since if x E (l ~ , then there exists q> ~ ~ 

such that 'f( f) = g' {x) = 0, f = <fo• (g•) g• E: CGO(D•) for 

some D' t ~ , and g IE • g' I E for some E f. D ('c D' , E ' ~ • 
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Hence g(:x:) = 0, a contradiction. Thus g \ (\~ = 0, and 

hence g = 0 on D. Hence f = q0 (g) = 0, a contradiction, 

i.e. f = 0. Conversely, suppose A~ is not dense in U, 

then there is an open subset W £ U such that W (\ ( f\ ~ ) = 

~. Let c E w, find f € C~(U) such that f(c) ~ 0 and f(:x:) 

=' 0 for x ~ w. Note that g s ~D(flD) = ~E(fiE) for all 

D, E f Rh • Then, by Lemma, for each ~ € 6 , there corres

ponds an element a f n~ such that ~(g) = (fiD)(a) = f(a) 

= 0, i.e. g E (\Ker<:f'. But g ~ 0 because flD 1: 0 for all 

D '= ..$, • i.e. (\ Ker ct 1: 0, a contradiction. Thus (\ ~ is 

dense 1n U. Q.E.D. 

Remark• Many conditions which are known to hold 
dJ 

for any ring C (U) carry over, in virtue of their form, 
fP to the ring Q~(U) for any filter base ~ of dense open 

subsets of U, since Q;(u) is the injective l1m1t of rings 
dJ 

of the type C (D). For instance, the following which are 

related to the work 1n [ 2 J. 

(1) 
oO 

For any f € Q~( U) and <f e 4 ( Q ( U) ) with 

<f( f) 
~ 

= 0 there exists a g E Q~( U) such that <f (g) = 0 and 

(1 - g) 2 (1 

zero o< £ IR. 

( 2) 

( 3) 

tL> 
- f) + o(·1 is invertible in Q~U) for each non-

For any f E Q;( U), 1 + f 2 is invert1 ble. 
tiJ 

For the elements u1 , ••• , un E: Q~( U) corres-

pond1ng to the n Cartesian coordinate functions on U and 
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CIJ 
any q> ~ .6( Q,J U)), Ker(<f) is the ideal generated by 

u1 - q(u1 )•1, ••• , Un- ~(un)•l • 
g:) ClO 

( 4) For any f ~ Q~(U) and <p E" ~( Q.a(U)) such 
~ 

that <:f'( f) #; 0 then there exist o< ~ IR and g € Q,.e.(U) for 

which ~(ui- ~(ui)l) 2 + f2 = ~21 + g2, the u 1 , ••• , un 

are as in ( J) • 



PROBLEMS 

For further investigation the following problems 

could be considered-

1. Study real semi-simple rings of quotients 

of C(X). 

2, Let A be a commutative semi-simple ring 

wi·::;h unit whose maximal ideal space !XA) is Hausdorff. 

Find an explicit description of the mapping .QQ{A)) 

----~~ J)(A) given by Proposition 17, Chapter III. 
a> 3. For any maximal ideal Min Q~(U), is the 

quotient field Q:(U)/M real closed. 

4. Study the maximal ideal spaces of the rings 
C) 

Q~(U), in particular their relation to those of the 

rings Q ,J U). 

5. Let ~ be a filter base of dense open subsets 
d) 

of U; study the derivations of R-algebra Q~(U), 

6. For any filter base ~ of dense subsets of 

U, let C~(D) be the ring of all functions f = giD where 
(/J 

g E C (V) for some open neighborhood V of D in U and 
oO 

define Q~(U) in the obvious manner, and study those exten-

sions of C
00

(U). 

7. Discuss the rings Q(~(U) defined in terms of 

C(k)_functions instead of C~-functions. 
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8. In place of the bounded functions with 

supre:mum norm, as used in the discussion of Q~(X), 

consider c(k)_functions f whose derivatives up to 

order k are bounded with the usual norm Jlf II = 

sup±.. lf(i)(:x:>\ /it • 
X 1=1 
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9. Generalize to suitable sheaves of rings in 

place of the rings of continuous (resp. C~-) functions. 
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