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SCOPE AND CONTENTS: 

Steady state response of a single degree of 

freedom system provided with an impact damper assuming two 

unsymmetric impacts per cycle motion, and its asymptotic 

stability criterion are derived analytically. Stability 

regions are also determin~d for a wide range of parameters 

o f i m-p a c t d amp e r by u s i n g -a d i g i t a 1 com p u t e r • 

An experimental study is also made to verify th~ 

assumptions taken in the analytical ~olution and to obtain 

a general response of the system for a wide range of 

parameters of the impact damper. 
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ABSTRACT 

Steady state response of a single degree of freedom 

system with impact damper, with the main emphasis of two 

impacts {symmetric or unsymmetric)/cycle motion, and its 

asymptotic stability criterion are derived analytically. 

Stability regions are determined for wide range of parameters 

of the impact damper by using digital computer. 

Experimental study is also made to verify the 

assumptions taken in the analytical solution and to obtain 

general response of the system for wide range of parameters 

of the impact damper. 

As a result, it is ·found that unsymmetric two impacts 

per cycle motion exists and is stable for a wide range of 

parameters of the impact damper. 

Also, it is found that three and four impacts/cycle 

motions exist and are stable. 

·Stability boundaries are found to be a complicated 

function of the impact damper parameters. 
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NOMENCLATURE 

A displacement of the primary system in the absence of the 

impact damper 

c damping constant 

d clearance in which the particle is free to oscillate 

e coefficient of restitution 

Fo maximum force of excitation 

k spring constant 

M mass of primary system 

m mass of particle 

P perturbation matrix 

R remainder term 

n ratio of smaller time taken by the particle to travel ft"om 

N 

~I 

JL 

r 

t 

vl 

v2 

X 

xa 

xh 

xb 

one end of the container to the other to· the total time 

of the cycle < ~ > [ o~ n ~ 1] 
n/2 

natural frequency, JK/M 

forcing frequency 

ratio, forcing frequency/natural frequency 

time 

absolute velocity of the particle (O+~t ~ ~) 

absolute velocity of the particle (nlf L t ( 2~ ..(\...+~ -.; .!L_ 

displacement of ~1 

displacement i!T,mediately after impactcat t = 0> 

displacement immediately after impact (at t = ~ 
displacement immediately before impact (at t = 0) 

(vii) 



displacement immediately before impact {at t = ~) 
displacement of particle 

· relative displacement of particle with respect to M 

phase angle {initially unknown} 

· ratio of critical damping 

mass ratio, rn/M 

perturbation vector 

ratio d/A 

phase angle (due to damping) 

phase angle, y :: ol.. - lJ1 

(viii) 



1. INTRODUCTION 

1.1.Historical Review of Impact Damper 

The impact damper is a device for reducing the vibration 

amplitude of a mechanical system through the mechanism of momentum 

transfer by collision and conversion of mechanical energy into heat. 

* Paget (1) was the pioneer in making qualitative study of 

this damper. 

The idea of reducing the vibration of a mechanical system 

by attaching to it a container in which a solid particle is constrained 

to oscillate was conceived and investigated in 1944 by Lieber and 

Jensen (2). 

In that investigation, the authors assumed that the 

motion of a undamped single degree of freedom oscillator with an 

operating damper {referred to as an "acceleration damper") was still 

simple harmonic; that the impact of the primary system with the 

particle was completely plastic (i.e. no rebound); and that during 

a period of the sinusoidal forcing function· two impacts occur at 

equal time intervals and at opposite sides of the container (i.e. 

symmetric t\'IO impacts per cycle motion). As a result, they 

determined that for maximum energy dissipation per cycle, the clearance 

of the particle should belTtimes the amplitude of response. 

Grupin {3), in his investigation of this device, assumed 

the existence of symmetric b~o impacts/cycle motion {henceforth, 

unless otherwise specified, the motion will be assumed to be symmetric) 

and he determined the behaviour of the viscously damped primary 

* Numbers in parenthesis designate references at the end of the thesis. 

1 



system, by adding the effects of many impacts. It \'las shovtn that 

these assumptions result in two possible solutions, but it could 

not be shown which one of these prevails w~thout solving the problem 
\ 

by a more exact but longer numerical impact to impact method. 

By i ntr.oduci ng an unknown phase angle into the app 1 i ed 

harmonic force and assuming steady state of two equispaced impacts 

per cycle and neglecting the inherent damping in the system, 

Arnold (4) analysed the problem. His experimental evidence did 

not agree with the theory. 

A considerably simpler method for deriving the solution 

for two impacts/cycle motion, which requires only the consideration 

of tv1o successive impacts, was suggested by ~larbur·ton (5), and 

he used it to obtain the solution for the special case of an 

undamped primary system forced at resonance. 

Kaper (6) investigated the influence of impact vibration 

absorber (referred to as 11 di sconti nuous dynamic vibrati-on absorber") 

on the motion of a vertical vibrating system. Attention was paid. 

to the effectiveness in the case of free vibrations and of vibrations 

due to sinusoidal excitations, where structural damping was also 

taken into account. For certain configurations numerical results 

were given. 

Sadek (7) obtained steady state solution, assuming two 

unsymmetric impacts per cycle. The impact force-time curve is 

assumed to be of rectangular shape and of infinitismal duration. 

He used Fourier series to represent impact cycle. 

2 



Periodic symmetric two impacts per cycle were sought 

and their asymptotic stability boundaries were determined 

analytically be Masri (8). The stability analysis involved a 

perturbati.on of the phase space trajectory of the motion, and it 

is indicated that the solution was stable if the modulus of all 

eigenvalues of a certain matrix is less than unity. This matrix 

continuously related the perturbations immediately after each of 

the two consecutive impacts. Results of the anaylsis were verified 

by: (a) numerical step-by-step construction of solutions for all 

types of motion, (b) experimants with an electric analog computer 

(c) experiments with a mechanical model. 

The effectiveness of the impact damper on nonlinear 

systems is to be found in a recent work by Dokainish and Jha (9). 

A very simple stability criterion for these solutions, 

neglecting the inherent damping in the system, was developed by 

Egle (10}, and was used to determine the dependence of the 

stability boundaries on the paraweters of the system. 

Steady state response of a system of two degrees of 

freedom with impact damper and its asymptotic stability criterion 

are derived analytically, numerically and experimentally as was 

investigated by Dokainish and Agrawal (11). 

Dampers containing two particles in a single container 

and the effect of fi 11 i ng the con.tai ner with a fluid \'/ere i nves ti gated 

by Dokainish and Shah (12). 

3 



On the experimental side, the feasibility of using impact 

damping to reduce the vibrations of such diverse systems as ship 

hulls, cantilever beams, single degree of freedom systems, and 

turbine buckets was investigated by McGoldrick (13), Lieber arid 

Tripp (14), Sankey (15), and Duck\1ald (16), r'espectively. Estabrook 

and Plunkett (17) made an analytical study of impact damping in 

turbine buckets. 

Also, this type of dumping was employed in reducing the 

vibrations of telephone svritching relays. 

All the previous investigators have reported excessive 

noise level while the impact damper is 1n operation. 

1.2 . .QjJjective 

The objective of the present study is to investigate 

the behaviour of a single degree of freedom system provided 

with an impact damper, when the system is subjected to a 

sinusoidal excitation, and to study the effects of par~meters 

variations on the response and stability of the primary 

system. It is a.ssumed that two unsymmetr·ic ·impacts occur 

per cycle. 

The theoretical soluti is derived in Chapter 2, and 

its stability boundaries are determined in Chapter 3. The 

experimental studies that were conducted in the course of 

this investigation with a mechanical model, supplemented 

by numerical studies with a digital computer, are described 

in Chapter 4. The experimental results as well as 

4 



5 

theoretical results are discussed in Chapter 5. The conclusions 

drawn from this research work and recommendations for future 

work are also stated in Chapter 5. 

The digital computer programs to obt~in the steady 

state solution and stability region are given in AppendixJDC 



2. STEADY STATE SOLUTION ~V'ITH T~'70 

UNEQUALLY SPACED.IMPACTS PER CYCLE 

2 .1 • Introduction 

Experimentally, it \'las observed that a single degree of 

freedom system, provided with an impact damper, may exhibit a steady 

state motion with nonsymmetric two impacts per cycle. This type of 

. motion exists for certain combinations of the parameters of the 

system. Hence, analytical model is constructed which allm1s for two 

nonsymmetric impacts per cycle. The smaller time interval=~' 

and the other interval= (2 - n)~ where 0 ~ n ~ 1, figure 2.2 . 
...!1-

2,. 2 • Unequally-spaced-t\'IO-impacts/cycle solution 

A model of the system under discussion is shown in figure 

2.1. The free mass m is essentially a frictionless solid particle 

constrained to oscillate with clearance d in a container attached to 

the primary mass. The equation of motion of the primary mass M, 

between impa~ts, is 

M X + c X + k X = Fo 5 in ..o..t ( 2. 1 ) 

Following the method suggested by Warburton (5), assume the 

disturbing force to be Fo sin (.at + o<) where otis an unknm'ln phase 

angle. 

Equation (2.1) now becomes 

k x = F sin Cn t + o<) 
0 

( 2. 2 ) 

6 
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The complete solution of equation (2.2) is 

-6wt 
x = e ( B sin ( n w t ) + B cos ( 11 w t ) ) + 

1 l · 2 L 

( 2. 3) 

where 

6 = c I c 
cr 

c = 2VKM 
cr 

w = \JK/M 

~ = "1 -62 

r = _a_ I OJ 

A = Fo I K 

J< 1 r2 )
2 

+ ( 2 5 r )2 

'L = 0( -'\Jl 

.. 1 26r O<'\V<Ir 1p = tan 
1 - r 2 

\ 

For steady state motion with two unequally spaced impacts 

per cycle, if one impact is assumed to occur at time t = 0, then 

the next impact will occur at t = ~where 0 {;: n ~ 1, and the 

fo 11 o~ti ng impact at t = ~. In the case of equally spaced impacts, 

n tJould be equal to 1. Then as shm·m in figure 2.2, immediately 

8 
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preceding the impact at t __ = 0_, (t_ denotes the time immediately 

preceding the impact and t+ denotes the time immediately following 
• • d 

the impact), x = xb' x = xb' y = 2 and the absolute velocity of the 

particle = v2• 

The duration of the impact is very small compared to the 

natural frequency of the primary system, hence it is reasonable to 

assume that at t = 0+, the position of M and m remain unchanged, i.e. 

( 2. 4) 

while their respective absolute velocities are discontinuously 

changed to xa and v,, respectively. 

Similarily at t: (~_; X = xg' X: xg. andy: - ~· 

nrr, • • d After the impact, at t = (~)+' x = xh, x = xh and_ y = - 2. In 

this case, also 

X =X g h 
(2.5) 

To summarize, the system sho.uld satisfy the following 

conditions: 

at t =0 

t = ( n1r) 
..n... + 

X:X 
b 

X ::X 
a 

X= X 
9 

X =X 
h 

y = __g_ 
2 

y =-_g_ 
2 

y =-_g_ 
2 

. 
X=X 

b 

X::X a 

. . 
X:: X g 

X= X 
h 

v =V 
1 

1 1 



The equation of motion of M from t = 0+ to t = ( n1f) is 
_n.. -

_ & wt. 
x = e ( 8

1 
s i n( 1 uJ t) + B 

2 
c o s ( 1 w t ) ) + 

A s i n ( .(l..t + 1:"' ) (2.6) 

and the equation of motion of M from t 

is 

_ 6 w( t - n 1T) 
_(}_ [ ' X::e · B1 sin(~w<t-~))+ 

8~ cos(rlw(t- ~)~+A sinCn_t + Y) (2. 7) 

From equation (2.6), at t = 0+ 

x<O+) = x =·a +A sin T 
a 2 

and at t = <" lT) · 
-'1- - . 

6wnrr 
x ( _D~ ) = x = e -n. ( B sin <11 w n 1T ) + 

...J1_ - g 1 ....n-

( 2. 8) 

71 lJJll1T 
B

2
cos( A ))+Asin(nTf.+'L) 

( 2. g) 

An expressiqn describing the velocity of M (from 

t = (0) tot= <"~)) can be obtained by differentiating + ...n.._ 

equation (2.6) with respect to t, thus 

_6wt . . . 
X = e (B

1
1(,wcoshlwt) -B/lwsin(1.wt))_ 

1 2 



_ b UJt 

6 Lv e ( B sin ( rlwt) + 8 cos ('n Lut )) + A-o. cos(n.t + 1:') 
1 . . 

2 ~ . ( 2 .. 1 0) 

Equations (2.6) and (2.10) describe the displacement 

and velocity of r-1 during the time interval 0 ~ t ~ (n"'[). + ...t'L-

From equation (2.10) we get 

. 
X a 

= _ 6 w B + n w 8 + A _n_ cos 't" 
2 L 1 (2.11) 

. Tf • 
X (_Q__ ) = X = -5 we 

11-- g 

Similiarly, an expression describing the velocity 

of H for t = (~)+ to t = (~) can be obtained by 

differentia ti.ng equation (2. 7) with respect to time, 

thus 

A .n_ cOS Cn:t + ~) ( 2 .13) 

1 3 



So , at t == (~"!!:) .,.(\..+ 

(2.14) 

Since the motion of the system during impact must 

satisfy the momentum equation, then 

(2.18) 

·and from the definition of the cqefficient of restitution 

e, 

x _ v = _e<x _v) ( 2 . 19) 
+ + 

14 



From equations (2J8) ~nd ~J9) the follbwing 

relations that will be useful later on are obtained: 

- . 
X 

+ 

= (1 -}Je)x_ + ;J(1 +e) v_ 

( 1 + ~ ) 

. 
v = ( 1 + e ) x ~ + (}J - e ) v _ 

( 1 + fj ) 

X= (e-).1)V_+(1.,.)J)V+ 

( 1 + e) 

_ e ( 1 + )J ) v _ + ( 1 - ,u e) v+ 
X - -·--------------

+ ( 1 + e) 

Also, from equations (2.18) and (2.19) we_.get 

x _x =)JCV _v) 
a b 2 1 

X -X =}J(V -·V) 
h 9 .1 2 

X - V = _ e (x -V) 
a 1 b 2 

x _y =-e<x _y) 
h 2 9 1 

( 2. 2 O) 

( 2. 21) 

<2.22) 

( 2. 2 3) 

( 2.24) 

( 2. 2 5) 

( 2. 2 6) 

C.2. 2 7) 

In the steady state motion, the absolute velocity. 

of the particle is constant, and it is equal to: 

V = - ..-0:__- ( d + X - X ) (2~28) 
1 nTr a 9 

(2.29) 

15 



Thus, 

v - -
2 

n v 
( 2- n) 1 

From (2 .. 24) 

X ::: X + ,U ( V - V ) 
a' b 2 1 

( 2 . 3 0) 

= x -JJV:· 2 <2.31) 
b. 1(2-n) 

Substituting· for (2.26) in (2.31), we get 

xb _ jJ v 2 _ v = _e,X_en v· 

Thus 

or 

X = V 
b 1 

1( 2 - n) 1 

(2}J+2 -n- en) 

(2 -n) (1"+ e) 

a (2-n) 1 

en J 
( 2 - n) 

Substituting from (2.32) in (2.26) we get 

x = v t ( 2 ;U + 2 - n -en) · 2 AJ J 
a 1 -

. (2- n)(1 +e) . (2- n) 

Thus 

X - V 
a - 1 

( 2 - n -en - 2 )J e) 

( 2 - n) (1 + e) 

Simi la~ly from . ( 2 .• 25) 

X = 
h 

. 
X +·)J(V-V) 

g 1 2 

(2.32) 

( 2. 33) 

16 



· ,. x = x + 1 1 v [1 + n J 
. h . g ~ 1 ( 2 - n) 

::x +JJV 2 __ 
9 

. . 1 (2- n) 
( 2. 3 4) 

and from (2.27) 

. 
x =v _e<x-V) (2.35) 

h 2 g 1 

substituting from (2.35) in (2.34) we get 

. 2 
xg + )J y ___ 4.. :: - v n - e (x -v ) 

1
( 2 - n) . 1 ( 2 - n) 9 1 

Or 

2 }..1 n 
( 2 - n) ( 2- n) 

•rhus 

· _ V (-2)J -n+2e -ne) 
X-. ----

g 1 (1-~e) (2-n) 

Substituting from (2.36) in (2.35), we get 

Thus 

x = V (-2}J- n+2e-ne) . V [ 1 + )J 1 . 
h 

1 (1+e) (2--n) 

. ( - n + 2 e -n e + 2 )J e ) 
X :: V 

h 1 (1 +e) ( 2--=tl) __ _ ( 2.37) 

1 7 



Equations (2.8) 1 {2.11) 1 {2.9) 1 (2.12) 1 (2.14), 

(2.15), (2.16), (2.17)1· (2.4)1 (2.5)1 (2.33)1 (2.32)1 

(2.36) 1 (2.37) 1 (2c,28) can be \vritten as* 

X=B +Asin'L 
a 2 

x = 8 G: - B G + A.n~c os 'L' 
a .. 1 1 2 2 

( 2 . 3 8) 

( 2. 39) 

x ::G (B sinG +8 cosG
4

) + AG cos"t' + · 
g 3 1 4 2 5 

AGsin"T: 
G 

. ( 2. 40) 

x::GG(BcosG 
g 3 1 1 4 

B sinG) _G G (BsinG+ 
2 4. 2 3 1 4 

B cos G ) +A _n...(G cos '1;'- G. s1n't) 
2 _4 6 5 

(2.41) 

' .x = B +AG sin ... ( +AG cost:' 
h 2 G 5 . 

(2.42) 

. \ \ 

x = BG _BG +A_n_G cost: _A.n.G sinl:: 
h 11 2 2 6 5 ( ) 

2.43 
\ ' x ::G (B.sinG +BcosG )+Asin'L 

b" 7 1 • 8 2 8 
(2.44) 

. . ' ' . . ' 
x =G G (BcosG -B sinG.)_G G (B sinG+ 

b 17 1 8 2 8 2 7 1 8 

B cOS G ) + A ..n. cOS T 
. ·2 8 . 

X =X a b 

X :: X 
g h 

• 
X = G V 

a 9 1 

. 
X = G V 

b 10 1 

(2.45) 

( 2 .4 6) 

(-2 .4 7) 

<2.48) 

( 2 .4 9) 

*The values of G1 , •••• G87 are given in Appendix 1. 

1 8 



X. :: G V 
g 11 1 

( 2 . 5O)· 

x ::G V 
h 12 1 

( 2. 51) 

(2.52) 

· Equations (2.38) to. (2.52} are 15 equations in the 15 

. . . ~ ' 
unknowns: xa' xa, xg, x

9
, xh, xh, xb, xb, B1 , B2 , B1 , B2 , 

n, T, v
1

• 

By a series of substitutions from each equation into 

some of the others, they finally could be reduced to tv;o 

equations in T and n. 

substituting from equations (2.46), (2.47) into 

( 2. 4 2) 1 ( 2. 4 4) and from ( 2. 4 8) in to ( 2. 4 9) 1 ( 2 . ? 0) , 

(2~51) and (2.52) we get: 

x.:.:B G +B G +AG cos£: +AG sin''t' r2 53) 
9 · 1 21 2 22 5 6 H -- • ._. 

X
9 

= B G. -- B G - 8 G -- B G + AG cos l'· 
1 2 3 2 2 4 1 2 5 2 2 6 17 

AG sin't 
18 

' x = B + A G s i n '1' .. -. A G cos "'( 
g 2 6 5 

. (2.54) 

•(2.55) 

' ' x = B G - t5 G + A G cos 'L _A G sin 'Y ( 2. 5 6) 
h 1 1 2 2 17 18 

' ' ·X =BG +B G +Asin't: 
a 1 27 2 2 8 

(2.57) 

1 9 



. ' ' ' ' . 
. x ::: B G - B G - B G ._ B G + ASLC OS L ( 2 . 5 8 ) 

b 1 2 9 2 30 1 31 2 32 . 

xb = G x · 33 a (2.59) 

. 
X :: G X 

9 34 a ( 2 , 6 Q) 

X :::G x· 
h 35 a (2.61). 

- d :: G· X +X -X 
36 a a 9 

( 2.62) 

Substituting from equations (2.59), (2.60), (2.61) 

in (2.54) 1 (2.56) 1 (2.58) We get· 

X :::BG _B G +AG cos'"t'_AG sin1:'(2 63). 
a 1 5 2 2 53 4 1 . . 4 2 • 

' \ 

x =B G. -B G +AG cos?: _AG sin'L(2 .64) 
a 1 4 3 2 44 4 5 4 6 . . 

' ' xa = B G 
4 

_ B -G +AG cosT 
1 5 2 55 51 . ( 2. 6 5) 

Substituting from equations (2.38), (2.39), (~.55), 

in ( 2 • 5 3 ) ,_ ( 2 • 6 3 ) , ~ 2 • 6 4 ) , ( 2 • 6 5 ) , ( 2 • 5 7 ) , · ( 2 • 6 2 ) , we 

get 

' ·B ::BG BG (2.66) 
2 1 21 + 2 22 

B G -B G ·+AG cos't'+AG sin'L ::.0 (2.67) 
1 59 2 60 61 4 2 

\ \ 

B ~BG +BG 
2 27 2 28 

20 



21 

"' ' ·B G - B G + AG cos '"L ~ B G + B G :: 0 
, 1 2 2 6 3 1 54 2 55 ( 2 . 7 0) 

. . . ' 
-d ::B·G -BG _B -tAG cosrt ... AG sin'l 

. 1 5 G 2 6 ~ 2 6 5 66 ( 2 . 71 ) 

Substituting from (2.66) into (2.69) we get 

' 8 ::BG. +G (BG +BG) 
2 . . 1 27 2 8 1 21 2 22 

Thus· 

' B::BG+BG 
2 1 67 1 6 8. 

:(2.72) 

Substituting from (2. 72) into· (2. 66) we get 

' .... 
B::BG .. G (BG +BG) 
. 2 1 21 2 2 1 6 7. 1 6 8 

Thus 

~ ' B :: B G + B ·G 
.2 1 6 9 1 70 

( 2 . 7 3) 

Substituting from (2.72) and (2.73) into (2.66)~ 

( 2 • 6 7 ) 1 ( 2 • 7 0 ) 1 ( 2 • 71) 1 we get 

. ' BG -BG +A(G cos'l+G sine) :::0(2.74) 
1 71 1 7 2 ' 61 42 . 

. ., . . . 

B G + B G 
4

+ A ( G cos "L + G sin 1: ) == 0 ( 2 . 7 5) 
1 7 3 1 7 6 2 46 ·. 

' . B G + B G + A G cos T :: 0 
. 1 75 1 76 6 3 

(2.76) 

' B G. + B G ~- A ( G cos 't + G s·i nc) = - d ( 2 . 7 7) 
. 1 7 7 1 78 6 5 . 6 6. 

Equations (2. 74), (2. 75) 1 (~. 76) 1 (2. 77) are four 



equation·s in four unknowns s 1 , Bi,t, and n •. From (2.74) 

and (2.75) we get 

B=_A(G cos'T+G sin't) (2.78) 
1 80 81 

B. == _ ·A ( G c os 't T G s i n 1' ) ( 2 . 7 9 ) 
1 82 83 . 

Substitut~ng from. (2.78) and (2.79) in {2.76) and· 

(2.77) we get 

G COSt+G sin r = 0 
84 85 

( 2 . 8 .Q) 

G cos r + G sin 't = ~· p'"' 
86 87 

( 2. 81 ) 

Equations (2.80) and (2.81) are two equations in 

two unknowns (t, n). 

and 

Thus 

Solution of equation (2. 81) for"!:' results in 

sin 't' 

... 1 

1:· =tan 

The solutions of (2.81) satisfying equation {2.80) are 

the required solutions. 
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In order to have real values for sin Y and cos~ 

the clearance d cannot be arbitrarily large, it should 

satisfy the relation 

2 2 2 
fJ ~ ( G .. G ) 

86 87 

The physical interpretation of this restriction 

is that for d exceeding this limit, -the actual 

system will not have a two-impact .. ·per-cycle (equally 

spaced or not) steady state motion. 

The two sets of signs appearing in equation (2.82) 

correspond to two distinct steady state solutions. 

Since the conditions that were used to obtain 

equation (2.82) are the exact conditions that must be 

met by the system if it is in the steady state motion 

with two impacts per cycle, then, as seen from equation 

(2.82), there are two possible steady state solutions. 

The analytical criteria of deciding which solution will 

be valid, if any, will be furnished by the stability 

analysis of the solutions. Such an analysis is carried 

out in Chapter 3. 

With the values of T_and n determined from (2.80) 

and (2. 8_2) , B1 , Bi, B2 and Bi can be found from (2. 78), 

(2, 79), (2. 72) and (2. 73). Since 
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_swt 
X=e ( B 

1 
s i n ( tt w t ) :.. B 

2 
cos ( 1_w t )) + 

A sinCnt +1."") 0 ~ t ~ ( n-rr) 
+ _n_ -

x = e 

then the motion of the~ primary· system is determined. 

2,3. Special Case; 

For the special case of n = 1 (symmetric two 

impact-cycle motion), the steady state solution (8) 

is considerably simpler. In -this case, 

. 
X X = ::: - X ::: -X X = -X X xb a b g h .J J ::: -h a g J 

' ' 
:- B = - 8 B= -B ~ 1 1 2 2 

The relation bet-v1een xb, xb' X a' Bl' B2' A and T 

can be put in the matrix form 



' 2 5 

• 
1 0 0 0 -1 -S X 0 

b 

0 0 1 -1_UJ 6vJ -C X 0 
b 

·o h h _s . 
0 1 0 X 

1 2 a 
( 2 . 8 3) = 

0 1 0 81 e _c 
B1 0 

2 
• f' 

1 6' o. 0 0 0 B d --1 . 2 .2 

1 0 6' 0 0 0 A d 
'"'\--

2 "2 
/ 

From the solution of (2.83), expressions for A,. Bl, 

B2, in.terms of the known parameters can be obtained. 

'l,hus, 

A N ( ~) (2.84) = 
b 

B = -~-(81). (2.85) 
1 6. 

B N ( B2) ( 2 . 8 6) = 2 /J 

where 

N (A) = _cL [h (o' e _ a' w 6) _ ( <5" e + n CJ' w )( 1 + h )] . 
. 2 1 1 2 2 1 1 \., 2 2 

N ( B ) = _!!_ ( 1 + h) (o"" _ ·r:r ) C 
1 2 .. 2 2 1 

N(B) =_Q_ h (o'- 6"' )C 
2 2· 1 1 2 

t Symbols in (2.8.3) are given in Appendix 'Y::. 



D. = h [ C ( ~ _ c> ) - ( S + C ~ ) o' e + ( S +Co' ) $ w ((] 
1-2 1 2 11 1 2 

+ ( 1 + h ) (< S · + C G"' ) 0"' e + ( S + C o' ) n w Q' J 
2 2.1 1 . 1 l. 2 

Equation (2.84) can be put in the form 

2sin~·+Hcos-r =-P (2.87)· 

·.where 
·-

H 2 
(
( ( (t_ 6"'1 ) + 0"1 ~2 ( 5 w - e ) ) h. + ( 6"' S' ( a _+ n OJ ) ) ( 1 + h2 ) 1 = _o_ 2 2 1 1 2 1 \. 

· (&6"'w-r/e )h +(6'e +no'w)(1 +h) -·· 
. 2 12 1 11 iJ2 2 . 

solution of Equation (2.87) for T results in: 

. J 2 2. 
sinT= - 2P.! H H +4 -P 

2 H + 4. 

c o st = - p H + 2 J H2+ 4 - p2 

H2
+ 4 

( 2 . 8 8) 

Again, in order. to have real values of sin T. and 

cos T , the clearance d cannot. be arbitrarily large; 

it should satisfy the relation p 2
--' H2 + 4. 
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CHAPTER 3 

3.STABILITY 

3 .1·. Theoretical considerations •• 

Now that we have a particular steady state solution 

for· the system under consideration, we can.proceed to 

investigate the stability of this solution. The type ·af 

stability that we are concerned with in this case is 

asymptotic stability. 

Let the differential equation of motion of our 

system be expressed in the form 

z = F" < z _, .... -~ z .. t > 
1 4 

( 3.1) 

and let a particular solution of (3.1) be 

_...... -
Z= S(t) ( 3.2) 

If this solution is perturbed slightly, so that 

the solution is said to be asymptotically stable if 

Lim lfi(t)\ = 0 for i=1, .... A 
. t-:-t""oo . 

( 3.4) 

So we perturb our solution immediately after one impact, 

and then determine the deviation of the resulting 

solution from the steady state conditions immediately 

after the following impact. By repeating this process 

over and over again, we can determine the propagation 

(similar to change with time) of the initial perturbations 
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in the solution. The s~ability or instability of the 

solution is determined by whether or not the deviations 

from the steady state solution decay or grow, as the 

number of impacts is increQsed indefinitely (i.e. t + ~). 

The differential equations of motion of our system, 

between impacts 

can be 

where 

and 

.X = _ u.}x _ 2 6 w x + Fo s i n ..n... t 
M 

y = 0 
1 

put in the form 

dx = T<x., t) 
dt 

-
X = 

X = X 
1 

. 
X = X 

2 

X = y· 
3 

1 

"' X - . 

x1 

X 
2 

x3 

X 
4 

4 
- y· 

1 

f ( X , t) 
1 

( 3.5 ) 

f = - ulx _ 2 b w x + Fo s i n_n. t 
2 1 2 - M 

f 3- X 
4 

f -4- 0 

2 8 



The first partial derivatives of the four functions 
-+ 

f. (x t) i = .1, ••• ,4 with respect to their five 
~ . I -

variables, x1 , .•. x 4 , t, exist and are continuous (8) and 

if the initial conditions are specified then the solution 

exists and is unique. 

This type of motion can be represented in ~he phase 

. plane by a periodic process as shown in Fig. 3$1. On the 

analytic trajectories AB and CD, the motion of the system 

is governed by equation (3.5). On the stretches BC and 

DA, where the small impact time is idealized to be 

infinitesimally small, equation (3.5) does not apply, 

but the motion of the system is determined by the impact 

conditions, equations (2.18) and (2.19). These equations 

relate the conditions at C and A to those at B and D, 

respectively. 

Now let the solution curve be perturbed slightly 

right after an impact, e.g. at A, then the perturbations 

at point A are continuously related to the perturbations at 

point c. 

If at -Cl- t = ( t.t
0

) + the steady state solution is 

perturbed by a small amount [ (0), then the time of the 

next impact, .n...t = nll' + At' is determined by a relation 
0 

of the form 

' £::t.t 
0 
=g<S,J 

(0) 

~ b.t' ) 
0 
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~-~·-r 
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X 

, ,. , ........ 

B 

. 
y 

1 

' ' ' \ 
\ 

' 
I 

X 

I 
I 

I 
/ 

/ 

b 

__., .. 
y1 

A 

Fig. (3.1) Phase plane representation of 

periodic 2 u nsym.metri c impacts 

per cycle motion 
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or 

( 3 .6) 

The deviation of the solution from the steady state 

at .n. t = (nn + 6t~) + can be put in the form 

The deviation of the solution from steady state 

at ..tl.t = (2n + lit u) can be put in the form 
0+ 

J = ~ J. + R2 <f > 
q~> (1) (1) 

= P P -; + R' < J ) 
2 1 f-co) (O) -where P1 and P2 are constant matrices, and R1 , R2 contain 

all terms of f i higher than the first power. 

Since the tv1o impacts per cycle solution repeats 

itself. after intervals of ...n..t = 21r, the perturbation at 

t = (4n + 8t 111
) will be 

0 + 

By following the perturbed solution from one impact 

to the next one, we obtain the continuous transformation 

~ 

; = p p 
"" 2 1 (2n .. 2) 

( t ) 
(2 n) 

(3.7) 
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- ' 
t(O) + R 

-7-

( ,. ) 

"'co> 
( 3 .8) 

It is worth noting that if the sign of P did change 

after each impact, the net effect would be to multiply P 

in .(3.7) by (-l)n+l. This has no effect on the stability 

criteria, which depends on (8)the modulus of the 

_eigenvalues of P. 

Consider the linear part of equation (3.8), i.e. 

-
~ 

n+ 1 
= ( p p ) 

2n +2) 2 1 

Equation (3.9) will be ~symptotically stable if 
n 

Lim P = 0 
n~oo 

The requirement th~t 

Lim 
n 

p = 0 
n~t::!O 

( 3,9) 

is satisfied if and only if (8) all the eigenvalues 

of P have modulus less than _unity, i.e. if 

( i =1_, .... _,4) 

Thus, our problem is to determine P and to examine 

its eigenvalues. -
Since our system has two degrees of freedom, t 

should be 4-component vector. A proper choice of the 

components can be the two displacements and the two -

velocities. However, it is more natural for this system 
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if the phase angle between the motion of the particle 

and M is used as one of the components, instead of the 

displacement of the particle. In other words, the initial 

perturbation will consist of small variation of the 

steady state value of x,x,v and T. 

The conditions that we have are: 

S·teadv State Perturbed 

At .o..t=O At _n.t=(O+At) + 0 + 

X = X X = X +6.X ao ao ao 

y =_Q__ y =_Q__ 
2 2 . . 

X X . . 
= X = X +AX ao a a 

0 0 

v = _v v =-<V +b.V ) 
/ 1 0 10 10 

L= t 't "L +IJL 0 = 
0 0 

At ..n.t {ntr) ' = At ..n.. t = { n-rr + D. t ) + 0 
+ 

X = _x X =- (X h +A xh ) h 0 0 0 

y d d - - - y = -
2 2 . . . -( x + 6X ) X = X X = 

ho h h 0 0 

v = v2 v = v +{).v 
0 20 20 
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At 

t = '(. 
0 

.n_t ;: (2Tf) . + 

d y=-
2 

. . 
X = X 

ao 

v =- v 
~0 

At 

" X= X +b.X 
ao ao 

y = _!!__ 
2 

3.2 . Determination of P 1 

Wi thou,t any loss of generality, w and Jt can each 

be taken as unity. Then for the general case (..a.. "I f, 

x = e 

_ St 
X ::e L6 sin 1,L1_ cos 1UB

1 

o£:t{~ 
+ _Cl- .-

(3.11) 
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Now 

(. 3.12 ) 

( 3 .13) 

where the 0 subscript refers to the unperturbed conditions 

(i.e., X =X 1 X = i ·,etc.) oa a oa a 

and 

From (3.12) and (3.13) 

B =X -Asint 
2 o a o o 

( 3 .1 4) 

In finding the perturbed values of B and B the 
. 1"0 20 

quantities with 0 subscript in the abqve equations should 

be replaced by their petturbed values. Thus, 

B (O+Llt ) =(x +LlX) -Asin(T'+bl') 
2 o a a o o 

0 0 

( 3.16) 

and 

B {O + ll t ) 
1 0 

Since 6 L0 is a small quantity of order f. , then to 
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first order approximation. 

B(O+~t):::B +D.X -Ab..t:cosT 
0 2 ~ 0 0 

2 0 p 

( 3 .18) 

and 

where 

a _ A (.n.sin 1:- b cos l') 
0 0 

Equation (3.10) describes the motion of the primary 

system immediately after t = 0 
+ o. to 

..n... 
to irnrnediately 

prior to t = 
' n li + b. t., 

Thus, the time during_which 

equation (3.10) is applicable is ..st. t = nTt +AT 

\ 

where A T : < At - b. t > _ 
0 0 

Hence, 

fB-(O+~t) l 1 0 

s i n ( n ( n 1f + ~ T ) ) + B (.O + D. t ) 
~ ~ 2 0 

36 



where 

_ & nlf 

Co_ e ~(B10sin(~1_)+B 2 cos(~il_))+ 
0 

c -
1 

c = 2 

c = 3 

Since 

c = 
0 

b +(b +b)e 
3 1 2 

·6n1T 
_n_ 

e (asin(~1_) 

A.c o s ( n 1r + ?: ) 
0 

equation (3.20) reduces to 

(3.21) 

'3 7 



The time required by the particle to travel from one 

end of the container (where y = ~) to the other end 

(where y = - ~) is the absolute distance travelled 

divided by the absolute velocity. Hence, 

(n1T+~t0 ) -Ato 
------------------ = 

. y ( n 11 + 6 t:) + X ( n 1T + ~ t 0 ) - ( Y ( t:J 0 ) + X (At o )) 

-(V +D.V) 
1o 1o ( 3.22) 

substituting for the values of the quantities on the left 

hand side of (3.22) then 

( 3 0 23) 

·Replacing 6T in (3.21) by its value form (3.23) we ·--.·.co ... 

obtain 

/).X = d A X + ~ d ~X - c d 6. v + -~ Q d 6 ~ 
h o 5 a o _o.. 2 a o 3 3 1o .o- 4 ( J • 2 4 ) 

where 

3 6 



where 

since 

d =-
3 

d = - __ fl-__ c_4..;..____ 
4 V + ..!1-C 

1 3 
0 

If (3.24) is now substituted in (3.23), then 

b.T=dAX -i-dAX +d~V +dAl 
1 a 

0 
2 a 

0 
3 1 

0 
4 .o 

d =..r>-(1-C1). 
1 - V + ...cLC 

1 3-
0 

-~hen by using (3.25) 

+ d AX 
2 a 

() 

+ d t:..V 
3 1 

0 

+ { 1 + d ) b. L
0 

4 

( 3.25) 

(3.26) 

Using equation (3.11) to find the velocity at 

' ·t = ( n "lT • b to ) 
1 

then 
...n... 

' X. ( n7r+ ~) 
_D.- ... 

+ 



· where 

1 sin(fl_( n~~D-T )) J B
2 

( 0 + L\t) + 

A..n..c o.s ( nTI +AT ... r ... A L) 
0 0. 

:: p + p ~ X 3 + p D.. *a + p 6 T + p b. L 
0 0 1 ~ 2 0 3 .4 

P =9 e 
0 0 

P = 9. e 
1 f 

p = g e 
2 2 

_st~-rr 
...{l.. 

+A .f.)_ cos ( nrr + 'L) 
0 

-6nrr · 
_fl.. 

p ::e (g. _ _Lg) -A_n...sin(n\f+L) 
3 J _o_ ·O 0 

P = g e 
4 4 

g = - ( f 
0 1 

B + 1 
0 

g - - ( f _Q_+ f 
1 1-rt 

flJ - - j_t-
2 ~ 

g = ~( f 8 -
3 _n_ 1 2 

0 

- A_n_ sin ( niT.+ 1:' ) 
0 

f 8 ) 
2 2 

0 

) 
2 

f 8 ) 
2 1 . 

0 

(3.27) 
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g f f\ cos -c . f 
.... -a 

-4 2 1 
~--

5 f sin ( r1 D_IT) ' c ~ nrr _.rl OS( -) 
1 - -$2. l . .. ~?_ 

f 5 co· ' nn· + )'L sin <t~ ) :.:: s ( 1_,-_5~-_:_ ) 
2 -

From equations (2.18) and (2.19) 

and 

where 

Hence; 

x = < k x ) + ( k .:v ) 
+ 1 2 

' v -· < k x ) + < k :-v ) 

k 

+ 3 4 

2 . 

(1 ·1-}J) 

}J( 1 +e) 

(1·r)J) 

.. 
:.:- X __ uX 

ho ho 

= k < p ~ x ·t- p ~ X. . + p ~-~ ·r -=· p A ~r -.> 
1 · 1 .a 0 2 a 0 3 4 ° 
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._. 

Also, 

t' . v ( nn + o) = V + c. V 
A · - 2 2 

0 0 

:z . k ( p ~ X + p .6 X. + p :6. T + p A -c- ) 
31 a 2 ~ 3 4 

0 0 

noting that 

k p k v k x ( nn-) + k (_y ) 
. 

- = :: -X 
1 0 2 10 1 ..()_ - 2 10 h 0 

and 

k p k :V = k x (_fl_lT) + k (y(nn) :V 
3 0 4 10 3 0.. - 4 n 2 

0 

and rep lacing AT by its value from ( 3. 25) , then 

and 

6X :_-k(.p+pd)4X_k(p+pd)~X + 
h0 1 f 3 1 ·ao 1 2 3 2 a

0 

( k - k p d ),6. v k(p+pd)bL 

= k 
3 

2 1 3 3 1 
0 1 4. 3 4 (3.28) 

( p + pd. )~ X + k ( p + p d ) A X + 
1 3 1 a

0 
3 2 3 2 3

0 

( k p d - k )& v + k ( p -t p d ) AT ( 3 .2 9 ) 
333 4 1 3 4 3 4 . 

0 

Equations {3.24), (3.28'), (3.29) and (3.26)' can be 

expressed in a_matrix form as: 
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d v,o. d. 
~X I I ho 5 ...n. 2 

aX J - k (p + p d ) _k(p t-Pd} 
ho 1 1 3 1 1 2 3 2 

= 
IJ.v I k (p+pd) k(P+P ·d) 

20 3 1 3 1 . 3 2 3 2 

ATO I I d d 
1 2 

._ c d 
3 3 

·k - k p d 
2 1 3 3 

k p d - k 
3 '3 3 4 

d 
3 

v. 
I I b.Xao ~d 

..n. 4 

_ k (p + p d ) 1 

1 4 3 4 
I /::.X ao 

k(p+pd)\\AV 
3 4 3 4 10 

1 + d J l bL. J 4 

(3 .30) 

~ 
w 
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3.3. Determination of P
2 

:Now 

and 

For the general case 

x::: e 

c o s ( 1 ( t - ~)) ] + A s i n ( n.t + Y) ( 3 . 3 1 ) 

_ & ( t - n-rr) . · 

X= e .n- [-tSsin(1(t- ~))+1, cos(n(t-W))J:, 

·_6(t-nrr) . 

B
1 

+ e _0- [-Dcos<1,<t-':))_ 1si~<rft--~))J 

' B .,. An.c os C.n_t+ r). < 3. 32) 
2 

X .. 

(nn-) 
+ 

\ . = _ x = B + A s 1 n ( h1r .,. Y ) 
h 2 . 0 

0 0 

( 3. 33) 

. 
X 

( nTr) 

' \ . 

= - x = 11 B - f> B + An. c o s ( n -rr + r) ( 3 . 3 4 ) . 
h

0 
~ 10 2 0 o 

+ 

From (3.33) and (3.34) we get 

' B :: _ x -A sin(n1T+T) 
~ ho o 



and 

B = _1 ( _ x + b 8' -A .n. c o s ( n 1r + 1:' ) ) . ( 3.36) 
1 11 h 2 0 

o L o · o 

' 
.... 

In .finding the perturbed values of B and 
10 

the quantities with 0 subscripts in the above equation 

should be replaced by their perturbed. values. Thus, 

\ 

( x + ~ x ) _ A sin ( nlf+ T + 6 L1 
ho ho 

0 

( J . 3 7) 

·and 

·, 

Ancos ( nlr+ t+ 6i) J 
0 () 

( 3. 38) 

since b l' is a small quantity of order E , then to first 
0 

order approximation, 
\ \ 

B(nlT+nt) = 
2 I) 

.... B -6 X _ A ~ l:' c o s (n Tf+ t) ( 3 . 3 9) . . 
;.. 2 .. -~ h 0 0 

. ' 0. 0 

and 

. \. ' 
B(nTr+L\t) (3 .40) 

1 0 

where 

Equation (3.31) describes the motion of the primary 
' t • d' 1 OIT+At0 sys em ~rome ~ate y after t = to immediately prior 

fl.-
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4~ 

rfhUS 1 the time during \'lhich equa tiOU 

\ 

( 3. 31) is applicable is nt ::;: (2-rr - n n ) + b T where 

.... ,, ' 
6. T = (At - ~ t ) 

0 0 

From equation (3.31) we get 

' sin{n(2Tr-nnr+6T )).,_g' . , 
L _o_ 2Cnlf+ ~t) 

c o s ( 11 (21T- nIT+ 6T') )]+ A sin ( 2; + t. T + l + l!.. L') L ~ o o 
.. ,~ ' 

' ' .... ''' ' = c ·• c b. X + c L\X -1- c ~ T +cAt ( 3.41) 
0 1 h

0 
2 h 0 3 4. 0 

where 

_ 5 ( 21T- n rr) 

c' = e ..o. [ri 5 inc 11 ( 2Tr- nlT)) 
o 1o L ...0.. + 

B co s ( f} ( 2 Tr- n rr) ) J + A s i n l
4 

20 ~ _(l.. 

' 
C = e 2 



' 
C = e 

_ 6 ( 2TT -~nn) 
..0.. ( ;:l s i n ( 1' 2TT;_nTT)) 

4 

t3 
1 

-t) 
2 

. ' 
b 

3 

Since 

c 

-

-

= 0 

Acos(nrr+.'L)cos(t2~nTT))) +Acosl 

B 11, c o s ( 2Tf- niT) 
1o ..(L ..n.. 

B 1l s i n ( 2TT- nTr) 
2 .f).. _o_ 

0 

S (2TI-nTI) 
S1-

' 8 co s ( 11 ( 2IT- lin)) 
2o L _o.. 

X (21T) 
_(")_ + 

s' sin <n < 211- nrr)) + 
10 l .('-

equation (3.41) reduces to 

' h.. X 
a 

0 

\ ' '\ ' \ \ 

= - c !). X - c ~X ., c [). T - c h. T 
1 ho . 2 ho. 3 4( 3 .04 2 ) 

The time required by the- particle to travel from 

one end of the container (\oJhere y = - ~) to the other 

d end hvhe·re y = 2 > equals the absolute distance travelled, 

divided by the absolute velocity. Hence, 

,, ' 
( 21IT- nrr + ~ to ) - b to 

--0_ 

47 

= 
[Y< 2TT+bt':)-~- x(2Tf+At:)J- (y(nTI+6.t: )+x<nn+f)tJ] 

v +b. v 
20 20 



. ' 
Thus, 

\ \ 

21T- n TI + D. T = d + Xa ~D. X~ o- (- xh~ ~ Xh) (3.43) 
.-0-- V+~V 

2o 2o 

substituting for the values of the quantities on t.he left 

hand side of ( 3·. 4 3) , then 

' L.\T (3.44) 

' Replacinq AT in (3.42) by its value from (3.44), 

we obtain 

·where 

' d - -
2 

' 
d - -

3 

2lT- nrr 

\. 

c4 - ~-- " 
V+n.C 

2 3 
0 

.\ 
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If (3.45) is now substituted in (3.44), then 

(3.46) 

where 

Since 

JJ.l ' \ 
=D.T+&T 

0 6 

then by using (3.46) 

,, ... . ..... . ... . ' ' 
6't = d ~X +d b. X +d ~V ... (1 +d )!lT (3.47) 

0 h
0 

2 h 11 3 2 0 4 ° 

Using equation (3.32) to find the velocity at 
\\ 

t = ( 2 1T + tJ. t o ) _ , then 
..n.. 

' :.. b ( 21T- nrr + 6 T )' , 
= e · .n.. [ _ S sin(~ 2Tf -:::~AT)) 

+ 11co 5 (ll. { 2Tr- nlT-~ b. 1'))] B \ + 
L L ...n.. - 1 (n-rr .. ~ t ) 

0 

' _ b ( 2IT-n1T+6T ). 
' 

e -a. [- b cos( rt 3rr-~ u.T )) . 

_ 11 sin (71( 2Tr -nrr+ D.T )) ] a', ,· 
L L · .a- 2(nTf+ht) 

(:J 

' .. 
~A..n.cos(21T+6T+ ~1:" +'l) 

·. . . 0 0 
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where 

_f>(2TT-nlT) 
' ......o_ . \. 

P. :: e g . + An. cos 'to· . - ~ 

_J b( 2JT-nTT) 
' _o_ 

' p = e g\~ 
1 

_ 6 ( 21T- n if) 

' ...0..... 
g' p· = e 

2 2 

~6(2Tf-n11) 
' 1l-

(- ~ g' ' p = e +9 ) - A .o..S in 1:' 
3 _n... 0 (l 

3 

_ 6<2Tf- nil) 
' ..D-

p = e g. _ A!Lsin'L 
4 4 0 

' ' ' ' ' g= _f B _f B 
o 1 10 2 2 

0 

/ 

' 
g = 1 

' g -
2 

\. 

g -
3 

8 + t'.21_ s 
1 1 . 2 . 

0 ..n.. 0 

' g = 4 

' ' ' _a f
1 

+A f cos('t + 2Tf) 
2 . 0 

' f -1 
6 sin ( 1_ ( 2~ nlT)) -1_ cos <tt< 2TT _::lT)) 

t' -
2 

cS cos(·t_< 2:n'TT)) + 1 sin(\( 21~ nn)) 



and 

:F'rom equations (2.18) and (2.19). \'le get, 

X =k X+l< v 
+ 1 2 

• ·v=kX+kV 
+ 3 4 

\ 

·HeQce, 

and 

,, 
X ( 2 IT+ ~t) = X + 6 .X' 

_o_. ,. + a 0 a. 

,, 
v (2TI+nt) = 

_n_ 

= k < p 6 x + p' 6 x + p' · ~ r' + p' fJ 1:: > + 
1 · 1 h0 . 2 h

0 
3 4. 

k . 6. v + k p' + k v 
2 20 1 0 2 20 

= k < r5 h.X + p' ~ x +,; or'+ pAT' ) · + k 11V + 
3 1 h 2 h 3 4 ° 4 20 

k p' + k v 
3 0 4 20 

Noting that 

\ 

k p +k 
1 0 2 

v = k x< 2 TI) +k< 
2(1 1 _n_ 2 

and 

k ' + k v = k .x <~) + k v· < 2 n) = 3~ 4 2 3 ...()... - 4 ..()_-
0 
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\ 

and rep~acing AT by its value from (~.46) 1 then 

A X = k ( p' + p ... d' ) D.. X + k ( p + p' d' ) D. X + 
ao 1 1 3 1 ho 1 2 3 2 . h., 

< k +k p' d') Av +k <~+P ... d') ~1:: 
2 1 3 3 20 1 4 3 4 

( 3. 4 g) 

and 

' ' ' ' ' ' . 

-6 v = J< (p + {J_ d ) 1:1 X + k ( p + p . d ) AX + 
10 3 1 3 1 h, 3 2 3 2 h 0 

'' ·, '' ·, ' ( k p_ d + k ) .6 v .,. k ( p + p d ) b c:o ( 3 . 50) 
3 3 3 4 20 3 .4 3 4 

Equa ti oris ( 3 • 4 5 ) , ( 3 • 4 9 ) , ( 3 • 50 ) and ( 3 • 4 7) can be 

expressed in a matrix form as: 



' v2o d' .... 
d f:.X· 

a.o 5 ..tl- 2 

...... ' ' ' ' ' \, 

AX k (P +P d) k(p +Pd) 
a. 1 1 3 1 1 2 3 2 0 

' = ' ' \, ' ' \ ;v -k (p +Pd) - k (p •P d) ~1 
0 3 1 3 1 3 2 3 2 

~T~, I l d' 
\ 

d 
1 2 

j 

' ' c d 
3 3 

' ' (k t-k p d) 
2 1 3 3 

' ' 
-kpd~k 

3 3 3 4 

' d 
3 

v2o d ' I _n... 4 

k (p +P d) I 
1 4 3 4 

. \, ' 
-k(p •P d)l 

3 . 4 3 4 

' 
t 1 + d 

4 

16X ho 

I A xho 

·I ~v 2c 

I ·Dt~ 

( 3 . 51 ) 
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From ( 3 30) a n d ( 3 51) we get 

\ \ 
\ ' ~d' t ' ~d ~xa d _c d 

0 5 .o- 2 3 3 ..t"l- 4 

·' ' \ ' ' ' \ 
' ' k

1
c p' ... p' d, > 1 6.xa k(p.p d) k, ( p • (J d ) ( k 2 + k1 p3 d 3 ) 

0 , 1 3 1 2 3 2 4 3 4 
; 

' . ' ' ' ,-\ ' \ ' , , , I l:lv k 3 ( p • p d 1 ) - k3 ( p + p d ) -k p d ... k ·k ( p + 'p d ) 
1o 1 3 2 3 2 3 3 3 4 3 4 3 4 

~ \ ' 
,. .. 

l· arr;,. d d d 1 • d 
1 2 3 4 

OR 

' p p 6xa 
0 1 1 12 

ll . ' p p 
xa. 

0 21 22 

= 
AV~ I p p 

31 32 

6.~1 I p p 
41 42 

.• 

r 
v1o d d 

5 -:s;::- 2 

·I- k, ( p + p d ) 
1 3 1 

-k, ( p + p d ) 
2 3 2 

lk(P•Pd) 3 , 3 , 
k(P•P d) 
3 2 3 2 

I . d1 d2 

p p 
13 14 

p p 
23 24 

p p 
33 34 

p p 
43· 44 

vf.o 
d4 -C3 d3 I I AX 

~ ao· 

(k.kpd )-k 1 (P+P d.) 
2133 4 34 I I A~ao 

' 

k3p3d3 .. k4 k<P•P d >I 
3 4 3 4 

I ~v,o 

d 
3 

6. xa 
0 

. 
hXa 

dl 

AV 
1o 

I I l\Lo 

1 + d 
4 

(3 . 52) 
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g?ecial Case 

In the special case of synunetric two impacts/cycle 

motion (i.e. n = 1), let the perturbations at_t = 0+ be 

~X , ~X , ~V , ~To and the resulting perturbations at 
0 0 0 

1T ' \. ' ' t = (-)+ be ~X , ~X 1 6V 1 6T • 
A 0 0 0 0 

In this case, the stability matrix will be (8): 
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• • 
. Yo d ' d .ox 

0 5 ..n. 2 

•'\ 
-k(p .pd) -k (p .p d) ~xo 

1 1 3 1 1 2 3 2 

' = 
AVO k ( P +P d ) 

3 1 3 1. 
k ( P .p d ) 

3 2 3 2 

' d b. To d 
1 2 

• Symbols are given tn Appendix '1l1 

- c d 
3 3 

k - k p d 
2 1 3 3 

k p d - k 
3 3 3 4 

d 
3 

Vo d I \ b xo 
,..(l. 4 

-k(P+P d) I 
1 4 3 4 

/ 6-Xo· 

k ( p + p d ) I. I b vo 
3 4 3 4 

1 + d 
4 

1 .. I t:/ro 

U1 
en. 



3.4. Stability Boundaries 

The stability boundaries are the curves on which 

the modulus of the largest eigenvalue (S) equals unity. 

The characteristic polynomial of the matrix P 

is 

P-i\ p p p 
11 12 13 14 

p P-A p p 
21 22 23 24 =0 ( 3.53) 

p p P-7\ p 
31 32 33 34 

p p p P-i\ 
41- 42 43. 44 

which·can be put in the form 

-
4 3 2 

cp ( i\) = i\ - a ?\ +a "A _a i\ +a = 0 
1 2 3 4 

I 

( 3. 54) 

from the theory of matrices, it is known that if the 

eigenvalues of P are 

a= 7\ .,.?\ ... i\ +A 
1 2 3 4 

( 3. 55) 
a =A (A +i\ .. 1\ J +A (?\ + ?\ ) + 1\ "A 

2 1 2 3 4 2 3 4 34 

a = i\ (A A .. i\ 1\ + i\ A ) + i\ A i\ 
3 1 2 3 24 34 2 3 4 

a =Ai\ i\ i\ 
4 1 2 3 4 

Guided by some knowledge about the behaviour of the 

eigenvalues of P, we will assume tha~ on the boundary, 
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one of two cases occurs: 

a) I "1 I = 1 

b ) I A 1 \ = I A 21 = 1 _; A 1 - A 2 

Case a): 

If one of the eigenvalues (e.g.,A) is real and 
1 

equal to !,-1, then from (3.54) and (3.55) 

_1 ~ a 4__~ __ ?._4._ = 7\ 1 .. -~ 1 
C1 + a 

1 3 

?\ =a 
1 0 

-t i b 
0 

2 
_j a -~

o 

By us~ng (3.54) and (3.55), it is found that 

( 1 )(a 1 )2~<. a--a )(a1 a -O) a - .. Q - 1 4 3 2 4 4 . 3 . 

( 3 . 56) 

( 3. 57) 
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CHAPTER 4 

EXPERIMENTAL STUDIES 

4.1. Introduction 

The objectives of the present experimental study 

are: 

(a) to show th~ existence of two unsymmetric impacts 

per cycle motion. 

(b) to study the variation of the value of ( N) 

due to variations of d )J, r, -- • 
Fatk 

(c) to show the existence of motions, other than 

two impacts per cycle motion 

(d) to study the general response of the system 

for a wide range of parameters of the impact damper 

(e) to verify the assumptions made in determining 

steady state solutions. 

In order to obtain some information relevant to these 

matters, the following experiments and studies were 

conducted as described below: 

1 - experiments with a mechanical model 

2 - numerical studies involving a digital comouter 

4.2. Experimental Model 

A schematic diagram of the experimental model is 

shown in Figure (2. 1 ). The photographs of the test rig 

and actual model are shown in Figures (4. 1) and (4.3), 

resf'ectivelv. 
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The primary mass is a simple rectanqular 

box with rigid stops at the ends to constrain the movement 

of the frictionless solid particle (m) to oscillate 

horizontally within a certain clearance (d). The particle 

is a hardened steel ball that is usually used in ball 

bearings. The stops upon which the ball made collision 

were made of mild steel but had been case hardened so as 

to obtain high coefficient of restitution. Two springs 

are used, the first is a leaf spring which supports the 

primary mass and produce restoring force and the other one 

is a helical soring. 

4.3. Electronic Measure~ent 

A capacitance pick-up,with associated electronic 

equipment, is used .to find the displacement of the primary 

mass. Velocity and acceleration of the primary mass are 

obtained by integrating with respect to time the output of 

an accelerometer attached to the primary mass. This integration 

is ac~omplished by using an integrating network in conjunction 

with an operation amplifier. A force gauge is used to 

keep F
0 

constant. 

4.4. Experimental R~sults 

(a) characterisiic of the system without impact 

damper. 

The equivalent characteristic constants of 

the system are: 
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t~ = 4. 5 1 b 

K = 24 lb/in 

w = 7.4 cycles/sec 

o = _o.o 2 9 

(b) Characteristic of the System with Impact Damper in 

Action: 

The effect of various parameters of impact 

65 

damper namely mass ratio and gap ratio on the system responses 

is investigated. • 

Six free mass ratios ranging from ~ = 0.0136 to 

~ = 0.084 are used. The free mass strokes are varied from 

d = 0.0625 inch to d = 0.1875 inch. 

The ratio of vibration amplitude (with the impact 

damper in action) to A which is the maximum amplitude r . 

obtained (with impact damner removed) is plotted versus 

frequency ratio. The results are shown in Fioures (4.6) 

to (4.14). 

The variation of the unsymmetry ratio N is plotted 

also against the frequency ratio. The results are shown 

in Figures (4.15) to (4.21). 

The velocities, displacements and accelerations of 

the primary system, with the impact damper in action are 

shown in Figures (4.4-a) to (4.4-f). 

The displacement of the primary mass versus its 

veloci-ty, with impact damper in it, is shown in Figures 

(4~4-h). Determination of o is shown in Aopendix IV. 
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( b ) 

Fig. (4. 4) (a),(b) Displacement and velocity curves 

for different parameters 
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(c) 

(d) 

Fig. (4. 4)(c),(d) Displacement and acceleration 

r• r\1 c::. ff""' r rl iff~ r~n t n~ r~ t""'n ~+ ~ rc 
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(e) 

( f ) 

Fig. (4. 4) Displacement and acceleration curves 

for (e) 3 impacts I cycle (f) mu It i pie impacts I eye re 



., 

Fig.(4.4)(g)Displacement curve.;effect of 

the impact damper 

F i g . ( 4 . 4 ) ( h ) x _ x c u rve for t h e i m· pact 

damper 
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4.5. DIGITAL COHPUTER STUDIES 

An alternative approach to the above analytical 

studies is the direct step-by-step solution of the basic 

equation of motion on a digital computer. The disadvantages 

of this· digital computer approach are the difficulty of 

exhibiting the results in a general form and certain 

computational problems in the investigation of marginal 

stability regions. The advantage is the fact that at 

least for .specific cases, a complete picture of system 

response can be obtained to any desired degree of 

accur acy. 

The equation of motion of the mathematical model 

Fig. {1.1), between impacts, is 

/ 

M x + c x + k x = F sin C.n .. t) 
0 l (4.1) ••• y = -X 

If immediately after the ith impact at t n t. 
J.. 

X ( t. ) = X. 
I+ I 

.y(ti) = Y. 
+ I 

-• Derivation IS 1n Appendix 

SG 



x<t.) = x.. 
I+ I 

y< ti) = Y. 
+ I 

Then the motion of M and m is described during 

the time interval from t. to the time immediately 
].+ 

preceeding the next impact, t(i+l)_by 

- 0 w ( t _. t.) 
x = e 

1 
(Di sin'1_w(Lti) + 

Ei cos 1_ w ( t- ti))+ A sin C.n.t- 'I') 

/ 

y = _ X + ( X . + y. ) + ( X. + y. ) ( t - t j) 
I I 1 I ~ t ( t 

t i+~ " ( i +1 )_ 

where 

E . = X. - A s i n ( ..n.. t. -·lp) 
I I I . 

. . 
D =-1 (6E +5- Arcos(JL.t.-lJl)) 

i ~ j W 1 • 

From the impact conditions at t(i+l)+ 

x(t. ) = x (t ) 
(1+1) (i+1) 

+ 

y(\i+1)) = y (\i.1)) 
+ 

( 4. 2) 
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. 
X( t ) = 

( i + 1) 
+ 

y ( t ) 
' ( i +1) 

=-ey(t ) 
( i +1)_ 

+ 

( 4 ~3) 

Conditions (4.3) can now ·be used as new initial 

conditions in equations (4.2) for the time interval 

t (i+l) + to t _{i+2 ) • This process can be repeated over 

and over again so as to obtain the time behaviour of 

the model. 

A digital computer program to find the "exact" 

sequence of initial conditions and the resulting motion 

according to (4.2), for any given set of parameters and 

11 initial" initial conditions was written in FORTRAN IV 

language, and executed by means of the CDC 6400 computer, 

in the Computing Center of McMaster University. 

Besides furnishing further checks on the validity 

of the data obtained from the theoretical 2 impacts/cycle 

solution, it provides also (by propagation of round off 

errors) convenient means of simulating the actual 

propagation of small perturbations in the steady state 

solution. 

Among the basic features of this program were the 

following ones: 

at t 

(a) the R.H.S. of equation (4.2) was evaluated 

= ( t. + j x 6 t) repeatedly ('\vi th j increasing by unity 
~ 
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each time) until the quantity {~- IYI) becomes negative. 

Then the Newton~Raphson method \~as used to find ti+l for vlhich 

~-~ - /Y/ £: (_ 

where E was usually chosen to be 0 (10- 6 ). 
\ 

(b) In the case of equally spaced impacts, when a 

periodic solution would pass the test designed to determine 

. if it had reached steady state conditions, the program 

would then discontinue that solution and s ·tart constructing 

a new one corresponding to a new set of the parameters 

Fo ( d w, r, rc--· ,.)J , o ' e and ·Fo/k • 

Solutions that did not pass the unequally spaced 

two impac·ts-··per-cycle steady state ·test (including the · 

equally spaced ·t-v;o-impacts per cycle steady state) were 

te:r·mina·ted after reaching a specified number of impacts • 

(c) Single precision arithmetic was employed 

throug.hout the program which ·requir.ed, for ~t: .1..2!.. an . 
\ 60 ..o-. 

execution time of approximately 1 sec/100 fmpacts. 

Table (4.1) shows a typical digital computer 

output. 
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31 69.15 -2.7077 -4.00 -2.54 3.4462 -.5950 
32 70.97 -1.0471 -4.00 3.25 2.2363 - • . 712 8 

.33 73.17 3.0088 4.00 -.38 -5.6048 .6651 
34 75.49 -2.8337 -4.00 -2.36 3.4646 -.5926 

.. -··-· 
35 77.33 -.8009 -4.00 3.34 2.1345 -.7130 
3p 79.48 2.9717 4.oo -.46 -5.6691 .6632 
37 81.71 -2.7216 -4.00 -2.52 3.4476 -.5952 
38 83.54 -1.0256 -4.00 3.26 2.2280 -.7133 
39 85.74 3.0109 4.00 -.38 -5.6110 .6659 
40 88.05 -2.8311 -4.00 -2.37 3.'~620 -.5935 
41 89~88 -.8329 -4.00 3.33 2.1453 -.7142 
42 92.04 2.9830 4.00 -.44 -5. 664'+ .6649 
43 94.29 -2.7405 -4.00 -2.50 3.4481 -.5957 
44 96.11 -1.0174 -4.00 3.27 2.2?11 -.7146 
45 98.30 3.0138 4.00 -.39 -5.6170 .6668 
46 100.61 -2.8281 -4.00 -2.38 . 3.4609 -.5942 
47 102.44 -.8558 -4.00 3.33 2.1533 ~.7150 

48 104.60 2.9895 4.00 -.44 -5.6610 .6657 
49 106.86 -2.7520 -4.00 -2.49 3.4487 -.5958 
50 108.68 -1.0074 -4.00 3.27 2.2153 -.7151 
51 110.87 3.0134 4.00 -.39 -5.6213 .6671 
52 113.17 -2.8229 -4.00 --2.39 3.4598 -.5945 
53 115.00 -.8711 -4.00 3.32 2.1590 -.7153 

54 117.17 2.9924 4.00 -.43 -5.6576 .6660 
55 119.43 -2. 7'589 -4.00 -2.48 3.4495 -.5957 
56 121.25 -.9967 -4.00 3.28 2.2104 -.7152 

•57 123.44 3.0117 4.00 -.39 -5.6 2lt4 .6671 
58 125.74 -2.8175 -4.00 -2.40 3.4588 -.5946 
59 127.57 -.8825 -4.00 3.32 2.1635 -.7153 
60 129.73 2.9940 4.00 -.43 -5.6546 .6661 
61 132.00 -2.7640 -4.00 -2.48 3.4501 -.59 5·6 
62 133.82 -.9870 -4.00 3.28 2.2063 -.7152 
63 136.01 3.0100 4.00 -.40 -5.6269 .6670 
64 138.30 -2.8128 -4.00 -2.41 3.4579 -.5946 
65 140.13 -.8918 -4.00 3.32 2.1673 ·-.7152 
66 142.29 2.9953 4.00 -.43 -5.6521 .6662 
67 144.56 -2.7683 -4.00 -2.47 3.4507 -.5955 
68 146.39 -.9789 ' -4. 00· 3.28 2.2029 -.7152 
69 148.57 3.0087 4.00 -.40 -5.6290 .6669 
70 150.87 -2.8089 -4.00 -2.41 3.4572 -.5947 
71 152.70 -.8996 -4.00 3.31 2.1704 -.7152 
72 . 154.87 2.9964 4.00 -.42 -5.6500 .6663 
73 15Y.13 -2.7719 -4.00 -2.47 3.4512 -.5954 
74 158.96 -.9721 -4.00 3.29 2.2001 -.7152 
75 161.14 3.0076 4.00 -.40 -5.6308 .6669 
76 163.43 -z. s·o58 -4.00 -2.42 3.4566 -.5948 
77 165.26 -.9061 -4.00 3.31 2.1730 -.7152 
78 167.43 2.9974 4.00 - • . 42 -5.6483 .6663 
79 169e70 -2.7749 -4t'OO -2.46 '3·.4516 -.5953 
80 171.53 -.9665 -4.00 3.29 2.1978 -.7152 
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TABLE 4.2(a) 

THEORETICAL RESULTS 

CASE<l> SY MME TRIC 2 I MPACTS/CYCLE 

D=.l FG/K=l. WN=l• 

'vJ= 1. 2 5 R=l.25 D0=3. U=.l 

T=6.28 A=l.62 

A> FIRST THEORETICAL SOLUTIO f <STAclLE) 

Zl=-7.10543E-15 Z2=-1.25865 E-14 

N= 5.00000E-Ol THET= 2.48175 E+OO 

Bl= 9.17221 E- 0 1 B2=-1.1327 0 E+ 00 

Bll=-9.17221E- 0 1 B21= 1.13270 E+ l!O 

XA=-1.36862E-01 XG= 1.36862E-Ul 

OXA=-5.78534E- 0 1 DXB=-1.44633 E+OO 

DXG= l.LI-L+-63 3E+OO DXH= 5.78534 E-ul 

Vl=-l.u8475 E+ OO V2= 1.08475l:::+UO 

XMAXAl=-5.132llE-01 XMAX1=-8.31380 E-Ul 

XMAXA2= 5.13211E-Ol · XMAX2= 8.31380E-Ol 

B> SECOND THEORETICAL SOLUTION <UNSTABLE) 

Z3= 7.10543E-l5 Z4= 1.60804E-14 
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102 

N= s.oooo oE- Ol THET=-l.53175E+OO 

Bl=-4.53185E-02 82= · 5.59650E- U2 
() 

Bll= 4.53185E-02 B21=-5.59650E-02 0 
XA=-1.56735 E+OO XG= 1.56735t:+UO 

DXA= 2.B5845E- 0 2 DXB= 7.14612t:-v2 

DXG=-7.14612E- 02 DXH=-2.85845C:-u2 

Vl= 5.35959E-02 V2=-5.35959E- 02 

XMAXA3=-9.654 0 2E- 0 1 XMAX3=-1.46395E+OO 

XMAXA4= 9.65402E~ O l XMAX4= l.46395 E+GO 

0 

0 



T/\8LE Lte2 (b) 103 

ThEORETICAL RESULTS 

CASE(2) UNSY~~ETRIC 2 IMPACTS/CYCLE 

0=.1 FO/K=1. E=.a vJN = 1 • 

\.V = 1 • R:::l. DO=lO. u:::.l 

.··\.. 

) 

AJ FII-<ST THEORETICAL SOLUTIOi''! CSTAt1LEJ 

Zl= 1.56319E-13 Z2=-1.cll33LiE-ll 

N= 3.39162E-01 THET= 2.94365E+OO 

81= 3.18933E+OO l32= 1.16020E+u0 .) 

IJ11=-3.22397E+OO t321= l.7081Ut.+u0 

XA=-2.14346E+OO XG= 2.96736E+CJO 
) 

DXA= 1.84505E+OO DXB= 2.918U6E+u0 ... } 

DXG= 5.33583E-01 DXH= 1.60660E+UO 

Vl= 7.09090E+OO V2:::-3.63926E+OO 
) 

XMAXA1=-6.87111E-Ol XMAX1=-3.43550E+u0 

XMAXAZ= 5.99201E-Ol XMAX2= 2.99502E+UO 

8) SECOND THEORETICAL SOLUTION 

Z3= 2.b4217E-14 Z4=-5.25548E-ul 

THUS SECOND THEOI\ETICAL SOLUTION DOES f~OT EXIST 



5. DISCUSSIONS AND CONCLUSIONS 

5 .. 1.. Discussion of Theoretical Results 

The theoretical two impacts per cycle solution 

derived in Chapter 2 is ~ompared in Fig.(5.1) with the 

results obtained through digital computer. 

In regard to Fig ·<5. 1) the following remarks can be 

made: 

(a) in the case of symmetric two impacts per cycle 

motion (which is a special case of unequally spaced 

two impacts per cycle with N = 0.5), we get the two 

distinct curves,abe andeca, corresponding to the two 

theoretical solutions obtained from equation (2.81) by 

(b) in the case of unequally spaced two impacts 

per cycle, 'f.tle get the curve cd, corresponding to the one 

theoretical solution of equation (2.81) for T which 

satisfied equation (2.80). The other solution forT 

did not satisfy equation (2.80). It should be noted 

that the valpe of N-varies gradually from 0.5 (at c) 

to 0.312 (at d). 
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(c) 

(~) from 
A 

X -
A 

X 
the ratio rnAax = (Ax) was found by evaluating max 

_6wt · 

e r 8 5 i n ( Tl UJ t ) + 8 c 0 5 ( n w t )] + 5 j n (..o.t + 7:') 
A L 1 L 2 L 

o~t ~ nv 
._Ct.. 

at ..n.. t = j x tJ. t, ( j = 0 , 1, 2 , ••• ) , with ll t = 0 • 0 1 up to 

~t = nrr and by evaluating (~) from 

10 6 

- 6 w ( t - n lT) 

~= e · .n. [~ Sin1_w(t- ~)+ B: cos1_w<t -~}sin(.,_ur) 
A A ~~t~21f 

_n_ ....fl-

atnt =niT+ jx 6t, (j = 0,1,2, ••• ), with llt = 0.01 up to 

-"-· t = 21r ~ 

(d) in the case of symmetric two impacts per cycle, 

the t\vO solutions corresponding to T 1 and T 2 coalesce at 

the extremes d = 0 for which 

_, H 
1:'=r =tan (--) 

1 2 2 
and at d 23 197 ( h P

2 + 4 - p2 -- 0) ' th Fo/k = •. w ere .~ , s~nce en 

. -1 2 . 
't' = 1:' = tan ( -) 

1 2 H · 
d For Fo/k > 23.197, T is complex; consequently our 

two impacts per cycle solution does not exist. 

(e) at d = 0, the same value for (x) will be 
A max 

found as if the system is treated as a single degree-of-

freedom oscillator with a natural frequence w' = w 

11 + 1-1 



(f) the stability analysis indicates that the 

t 2 curve is entirely unstable, the t 1 curve is only 

partly stable and the curve cd is completely stable. 

The stability boundaries were determined by the 

method described in Chapter 3. 

(g) stable solutions obtained through the 

digital computer agreed with the theoretical solution 

and the stability analysis. Also, no two impacts per 

cycle solutions (symmetric or not} were found outside 

the stable region. 

(h) .outside the stable region, the digital 

computer results show that for Fo~k 22.25, the 

resulting motion is irregular. 

(i) it is obvious from Figures (5.2}, (5.3), 

(5.4) and (5.5) that for some parameters for which two 

impacts/cycle motion was not stable, stable periodic 

solutions with multiple impacts/cycle could be shown 

to exist. 

Even for cases in which no stable periodic 

motions were established, the impact damper was often 

effective in reducing vibration amplitudes. On the 

other hand, for some stable periodic solutions, the 

impact damper resulted in an increase of vibration 

amplitude instead of a decrease. Stability alone is 
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not the critical parameter deciding the effectiveness 

of the impact damper. 

{j) when the free mass is locked to the 

vibrating system, the number of impacts/cycle will be 

infinite. 

As the gap (d) is increased slightly, the impact 

damper begins to operate and a reduction in the 

amplitude of vibration occurs. The number of impacts/ 

cycle starts to decrease from infinity to a large value. 

Generally, these impacts will be distributed at random 

over the cycle. 

This state of affairs continues until an 

optimum condition is reached, after which this random 

distribution stops and a new state of a few impacts/ 

cycle starts. The number of impacts continues to 

decrease until the steady state of two impacts/cycle 

prevails. 

(k) it is obvious from Figure (5.6) that the 

increase in the mass ratio (~) caused a decrease in 

(x/A)max (i.e. caused an increase in the efficiency of 

the impact damper), for the same gap (d). This is to 

be expected since increasing the free mass weight will 

cause higher dissipation of energy from the vibrating 

system in order to traverse the free mass through the 
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specific gap (d). However, there exists an upper limit 

of the gap, for each mass ratio, which eventually leads 

to the ceasing of the state of two impacts/cycle motion 

and the start of irregular motion. 

(1} Figures (5.6) and (5.7} show the stable two 

impacts/cycle motion for different parameters. It is 

noted that the unsymmetric two impacts/cycle does not 

necessarily appear in all the responses for different 

parameters. Actually, in Figure (5.7) the case (2) 

does not have any two impacts/cycle motion. 

(m) Figures (5.8), (5.9} and (5.10) show the 

variation of the different parameters. The value of (N) 

is constant and equal to 0.5 in the case of symmetric 

two impacts/cycle motion, then N decreases gradually 

in the range of unsymmetric two impacts/cycle. The 

minimum value of N obtained during this work is 0.28. 

From Figure (5.9) it is clear that for certain 

parameters, the unsymmetric two impacts/cycle motion 

does not exist and the motion is only symmetric two 

impacts/cycle. 

Also, from Figures (5.1.1 }, (5.12), (5.13} and 

(5.14) it is obvious that a small change in mass ratio, 

damping factor, coefficient of restitution or frequency 

ratio does not affect the value of N appreciably. 

109 



Actually, the value of N is very sensitive to small changes 

in the gap factor. 

Figures (5.15), (5.16) and (5.17) show the effect 

of frequency ratio on the value of N for different gap 

factors. It is observed that !or the same gap factor 

the curve is not continuous due to the existence of 

multiple impacts/cycle motion. 

(n) Figures {5.18), (5.19) and (5.20) show the 

stable-solution curves indicating regions of symmetric 

and unsymmetric 2 impacts/cycle motion, for different 

values of damping factor, mass ratio and coefficient 

of restitution. 

(o) from Figure (5.21) it is obvious that the 

impact damper becomes most efficient (i.e. the amplitude 

ratio (x/A)max becomes minimum) at a certain gap factor 

(d/Fo/k). At this gap factor, the velocities of both 

primary mass and free mass are maximum, thus causing 

maximum dissipation of energy from the vibrating system. 

{p) Figures (5.22) and (5.23) show good 

agreement between theoretical and experimental results. 

(q) strictly speaking, if the mathematical model 

of FiQure (2.1) is started from a state of rest with 

the particle in the middle of its container, the impact 

impact damper will not operate if the ratio of the 
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container clearance to the original amplitude of the 

primary system is less than two. In actual situations, 

this condition will be remedied by the inevitable 

presence of friction between the particle and the primary 

mass or the initial displacement of the particle from 

the center of its container. 

(r) The dependence of the stability boundaries, 

for any given set of the parameters, on the frequency 

ratio is complicated. In the immediate vicinity of 

resonance (where the impact damper would be normally 

used} the stability boundaries enclose within them a 

sufficient range of system parameters to make the two 

impacts/cycle motion practically realizable. 

(s) the theoretical solutions and stability 

analysis for periodic motions with a different number 

of impacts/cycle, or with a different period than the 

one treated in this thesis, may be obtained, with some 

effort, by extending the methods used here. 

(t} since in practical applications the 

resulting amplitude rather than the existence of stable 

periodic motions is of prime concern, the impact damper 

fulfilled its role even when its motion was not steady. 
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5.2. Discussion of Experimental Work 

(a) The excessive {as measured by the human ear) 

noise level in the vicinity of an operating system 

resulting from the impacts, especially when the colliding 

surfaces are hardened, is such an intensity as to require 

muffling, if the damper is to function over an extended 

period. 

(b) In some cases, even though the two impacts/ 

cycle motion is not stable in the strict mathematical 

sense, the amplitude of the response is nearly constant 

and appreciably less than the resulting amplitude when 

the damper is removed. 

Figure {4.4) shows the effect of setting v= 0 

{by removing the particle from its container) while M is 

vibrating. Obviously, the increased response equals 

that attained by an equivalent single degree of freedom 

system subjected to the same excitation. 

As soon as v is returned to its former value, 

the motion of M resumes its former state. 

(c) The actual wave of the response is approximately 

sinusoidal, and the assumption that the velocity changes 

discontinuousJy is justifiable, as shown in Figure {4.4) 

( a ) , ( b ) • 
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(d) Figures (4.6) to (4.14) indicate that the 

motion of the impact damper is 

two symmetric impacts/cycle 

or two unsymmetric impacts/cycle 

or multiple impacts/cycle 

They also indicate that the two unsymmetric impacts/cycle 

motion exists and is stable. 

It is obvious that the efficiency of the impact 

damper increases as the mass ratio increases. There 

exists, however, an optimum mass ratio, after which 

erratic behaviour of the damper starts and the efficiency 

decreases. This erratic behaviour can be attributed to 

the fact that energy imparted to the free mass is 

inadequate to force it to the opposite side of the 

container. Thus, the free mass starts to oscillate and 

the amplitude of the vibrating system builds up and 

subsequently impact occurs between container and the 

free mass. Due to the impact, the vibrational amplitude 

decreases, resulting in a vibration wave form that 

resembles that of the beating phenomena. 

It may be also noted that if no compensation is 

made for the increase in the primary mass due to the 

addition of the free mass (as in our system), then the 

natural frequency decreases with impact damper in action. 
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It is also evident that the impact damper is most· 

efficient at resonance. 

From Figures (4.4)(a) to (f), it is clear that the 

ye loci ty of the primary mass \1h i ch is under impact 1 

changes at impact discontinuously, while the displacement 

does not change due to impact. Also, there is ~ sudden 

large increase in the acceleration at the moment of impact. 

(e) Figures (4.15) to (4. 21) indicate that the value of 

~ is not constant. For low frequency ratios N == 0.5 1 

i.e. symmetric t\·70 impacts/cycle motion. As the frequency 

ratio increases, the value of N decreases gradually to about 

0. 3 1 i.e. range of unsynunetric t.v1o impacts I cycle. lis 

the frequency ratio increases, a state of multiple impacts/ 

cycle exists. Increasing the frequency ratio again, the 

the unsymmetric two impacts/cycle appears again \'li·th N 

increasing gradually. 

impacts/cycle starts. 

Finally 1 a st.ate of symmetric t\·70 

It should be noted that sometimes 

the multiple impacts/cycle motion does not exist~ 
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5.3. Discus~ ion of the Results Obtained by "Sadek 11
• 

(a) Fourier series \-.ras used to solve the problem, theoretically, 

which is an approximate method. As a matter of fact, 

the only other author who used Fourier series, Arnold (4) 

his experimental results did not agree completely with his 

theoretical results. 

(b) His experimental model is vertic:al, \vhile his 

theoretical analysis is for a hor!~~Eta~ model. 

(c) No experimental work was done to get the values of 

N. 

(d) Figure 6(a), in his paper, shows the theoretical 

response curve \·Ji thout. impact damper, which is not correct. 

(e) He stated that "equally spaced impacts hardly ever 

occur for reasonably efficient behaviour of the damper" 

which is not correct. 

(f) 'rhe value of 6 for ·the experimental model vias taken 

as 0.004 v1hich is very lo'..'l compared with values of G for 

experimental models taken by all other authors, as 

follov1: 

Author 0 

f.lasri 0.1 

Grupin 0.1 

Shah 0.045 



5.4 CONCLUSIONS 

(1) The unsymmetric two impacts/cycle motion exists, for 

a wide range of parameters of the impact damper. and is 

stable. 

(2) The value of unsymmetry ratio N, varies from 0.5 to 

about 0.3. 

(3) Stability boundaries of the steady state solutions 

are a complicated function of the parameters of the 

impact damper and the system. 

(4) The results obtained by Sadek (7) are not correct. 

Some of the ~ain advantages of impact damper would 

be the relative simplicity of installation, maintenance 

and facility of variation of damper parameters. 

With more investiqation and development, the future 

of the impact drunner appears quite promising. For further 

studies, it would be worth considering the effect of using 

multiple particles, instead of one or two, in the container 

and the effect of various soft materials as impacting 

surfaces and the effectiveness of the impact damper \vi th 

random and impulse-like excitation. 
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APPENDIX I 

G = ttw 1 

G = 5 w 
2• 

_ (6wn-rr/_n_) 

G = e 
3 

G = 1wn-rr/_n_ 
4 

G = sin ( n-rr) s: 

G = cos(nrr) 
s· 

- b UJ ( 2-rT_ nTr )f_n.. 

G = e 
7 

G = ~w(21T_nTf)/_n_ 
8 

G = 
( 2- n -en- 2)-le) 

9 (2-n)(1 + e ) 

G = 
( 2 )J + 2 - n - en ) 

10 (2-n)(1 +e) 

G = ( 2 e - n - 2 )J -n e) 
f1 : (2-n)(1 + e ) 

G = 
( 2e- n - n e ~ 2 )J e) 

12 (2 -n)(1 + e ) 

G = n""IT"/_n_ 
13. 

G = - n 1 ( 2 - n) 
14 

G = G Gt 
15 3 



1 43 

G ,s = -G G. 
3 2 

G = Jl.. .G 
11 6 

G = -0- .G 
f8 5. 

G = G G 
19 1' 1 

G = G .G 
2:0 i' 2.' 

G = G . sin G 
21 3 4-

G = G . cos G 
22 3 4: 

G = G . cos G 
23 15 4' 

G ::: G . sin G 
24 15 4' 

G = G .sin G 
2_5 '16- 4 

G = G -.cos G 
26:: 16: 4· 

G = G . sin G 
27 7 8' 

G = G .cos G 
~·a .. 7 8 

G = G .cos G 
29 '1 '9 8 

G = G .sin G 
30 19 8 

G ::: G . sin G 
31 ·. 2o 8 

G. = G • cos G 
32:> 2.0. 8 
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G ;::: G I G 
'33'· 10 9· 

·' 

G. = G I G,. .. 
34 11! 9 

G = G I G_ 
35· :· 12 ., 9 

G 
3s = G 

1 j' 
I G·s·, 

G ::: G I G 
37 2:3':' 34 

G = G I G 
38 24. :3'4: 

G = G I G 
~9 25 34 

G = G l G 
40 26'. 34' 

G = G I G 
41 1 :r \ '34 

G = G I G 
42' 1 a· :34'. 

G = G I G 
4,3 1: ~s-:. 

G = G I G 
44, 2 ~5_:, 

G = G I G 
4,5 1.7' 35 

G = G I G 
46:: .. 18.' 35·. 

G = G I G 
4.7~ ?9' 3;3 ' 

G = G I G 
48·· 30. 33 .. 

G = G I G 
49 ~1 33 
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G = G I .G .. -?_0 __ 32 3.3 -

G = -fL. I G 
33 51-: ' : 

G = G G 5-2-- ~?- ~~ 9. 

G = G + G 
5"3 : ~38_ 40,_/ 

G ::; G G 
54 477 4a 

G = G + G .. 
55' .. : 48 5:0.: 

G .:: G . G 
5_G '36- 1 

G = G 0 G 
57:· ~6 ~-' 

G = G fl-
58 ·3s 

G = G G 
5~9 t:· 5'2'. 

G = G G ---Go· 2 53 

G = _(L G 
61• 4t 

G = _n_ G 
6_2, 45·; 

G .:: .fL G 
G·3· 5.f 

G = G 1 s·4 - s·?~· 

G = G G 
G5 .. 58 5 

G = 1 G 
6:6 .. 6 



G = 69 

G = 70 

G -
71 -

G -77-

G -78-

G -
79-

G -
81 -

G = 82 

G -83 ... 

14 5 

G /(1-G .G) 
27 22 28 

G .G /(1-G .G) 
28 21 22 28 

G + G .G 
21 22 68 

G - G .G 
59 60 68 

G -G . G + G .G 
1 2 68 44 6 s 

G ·.G :. G ;G -G 
70 44 2 67 43 

G - G .G + G .G 
1 2 68 55 69 

G
55

.G -G .G - G
54 70 2 67 

G.·- G G - G 
56 64. 68 69 

G G +G .GIG 
61. 7 4 6 2 72 79 

G G + G .G IG 
42. 74 46 72 79 

G .G 
6 2 71 

- G G IG 
61. 73 79 

- G .G I G 
42 73 79 
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G 
84 = G -G G -G 

(;;3 80 75 76 Gs2 

G = -G .G -G .G 
85 81 75 83 76 

G = 86 
G - G G 

65 ao· 77 
-G G 

82. 78 

G ;: G -G .G -G .G 
87 66 81 77 83 78 



APPENDIX II 

Derivation of Equation of Motion of the Mass Particle 

The equation of motion of the mass particle can be 

obtained by using Lagrange's equation (18), which states 

where 

__Q_coT)-~+ oV 
dt oq oq 0 q 

r r r 

= Q r 
( r = 1 ~ 2, -~·.~n) 

T = kinetic energy of the system 

V = potential energy of the system 

qr = generalized co-ordinates 

(ll .1 ) 

Qr = generalized forces at q which do not have r 

potential 

Now, kinetic energy of the particle is given by 

since 

1 . 2 
T =-my 

2 1 

oT =my 
o'Y 1 ~ 

1 

d ( 6T) =my = 
dt oY , 

1 

oT = 0 
oY 

1 

m(y+'x) 

+ X (see Fig. 1). 

Since Q = 0 for the present case, then substituting 

proper values into equation (II.l) gives 

.. 
y = -X 
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APPENDIX III 

A r1ethod of Determining Coefficient of Restitution 

The steady state velocity of the mass particle {in 

the case of symmetric 2 impacts/cycle motion) can be said 

to be constant and is given by: 

Y=(d+2X)~ 
0 b 1f 

<ill.1 ) 

If at t = 0_, the absolute velocity of the mass 

particle is represented by v_ = V then at t = 0+, 

v+ = _v. 

Now recalling 

. . 
X = X ,., X = X 

b + a 

v = v , v = _v 
+ 

and substituting the appropriate values in equation (2.22) 

gives: 

. 
X 

b 
_ v(e-1- 2 JJ) 

( 1 + e) 
(Irr .2) 

substituting equation (III.l) into (III.2) ultimately 

gives 

Similarily from (2.23}, x is given be a 

(TII. 3) 

X 
a 

V(e-1 +2).Je) 
= ------------------ \ (IIT .4) 

( 1 +e) 
and substituting for V from equation (III.l) into 

equation (III.4) ultimately gives 

\IIT.5) 

1 4~ 



If equation (III.S) be substracted from (III.3) it would 

give 

( 1 - e -2 )..l e) x = ( 1 -.e + 2 p ) x 
b a 

on simplification, this gives 

. 
~ e = 1 - ( 1 + 2 .u) .><.b (ill .6) 

( 1 + 2 ).J ) - Xa 
)( . 

x. 
from which e 

b 
can be evaluated provided a is known. The 

*b . 
X 

velocity ratio (~) 
xb 

in equation (III.6) can be obtained 

by integrating \vith respect to time the output of an 

accelerometer attached to the primary mass M. 

. 150 

But since the value of e for hardened steel to hardened 

steel is known \Ali th quite a good degree of accuracy, and 

is equal to 0.8, this value of e (0.8) was taken for 

all theoretical calculations without actually determining 

it experimentally. 



APPENDIXJY 

EXPERIMENTAL DETERMINATION OF THE 

STRUCTURAL DAMPING FACTOR 

This was determined by measuring the peak 

amplitudes of free vibration of the system. 

The free vibrations trace of the system is 

shown in Fi~ure (~.1). The peak amplitude for eath cycle 

was measured. The value of the damping. facto~ was 

obtained by using the formula ( 18) 

1 rl 21T6 p = k 1 o·ge -
r2 J 1 ;_ 6

2 

where k = number of oscillations bet\"teen two points 1 and 

2 corresponding to maxima 

rl = maximum amplitude at point 1 

r2 = maximum amplitude at point 2 

Fig. 0Sl.1) 

The average value of S was found to be 0.029 
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APPENDlX 7JL. 

s - sin L' 

c - ..n.. cos L' 

?;, ..{)..lT 

h 
w 

sin <1_ -rr:) - e 
1 

- f)...n..IT 

h 
--w-

1T..0..) - e cos ( 1. 
2 ().) 

~ 
1T 1 + e -

1 2A 1 -e+2)J 

o' 1T 1 + e 
-2 2_(1_ 1-e-2)Je 

0 ..ll..1T 
w 

[- & Sin ( 1:.().) + 1_ COS( 1_ :,.n) ] ... e - we 
1 

s.n:rr 
U) 

[_{,COS( l:~) _ 1_ si n(1r:.tl.)] ,~ ·e - UJ e 
2 



,. c 
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c 
1 

c 
2 

b . 
1 

b 
2 

b 
3 

c 
~-

c 
4 

d 
1 

d 
2 

-

-

-= 

APPEND I X _TI_ 

blT ---
cos111T) e __n_ ( B . fllT B -AsinC: srn.~+ 

. 1 SL :2 0 -"'-·0 

61T --
Sl- (_Q_sin1111+cosfl1T) e 

' 
-'1- J'L. 

cSTr 

e - _c-_ (_1_ sin fllT) 

TL Sl-

(_21_ cos 2l.Tf) B 
..D- --'l,... 1 0 

_ (_2}_ sin 11 -rr) B 
....()_ .-n- 2 

0 

_GTI 
_eke ..n_)((sin 1llf)B +(cos 'l1T)B ) 

_n.. _.0.... io _0.- 2 o 

&IT ---
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6Tf 
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d lT -
'3 vo +..n...C 

3":-

_n_C, 
d 4; 

-4; V o +.....n-C, 
:t 

d 
(1LC- + C-· vo) . 3', t -5. vo +-fl-C 

3 

g - ( f B +f. B ) 
0 1 1 0 2 2 . 0 

91 ( f 6 f ) - ...__..._._ + 
1. 11 ~-

f, 
9,. - _1: 

.2 tt 
g __ - -~< f 8 - f 8 ) 

3 _n.. 1 2. 0 
2' 1 ·o 

g4_ - f A cos y - a .f 
?·: 1~ 

bTf 
- -'"1-

Po - g e _ A .f1_ cos r 
0 

f,lT ---_n...... 

p - g1 e 
1 

SlT 
_n_ 

p2 = 9, 
2 

e 



p 
3 

. f ., 

a 

--~ . 

( g - _§_ g ) e -n- + A .n.. s i n To 
3 _(")_ 0 

Slf - _()_ 

g e +A.nsinY 4 0 . 

b sin 1llT 
...{')_ 

i)_lT tt cos _()_ 

b cos ~ + 1_ sin~ 
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APPENDIX V!I 

KEY FOR COMPUTER 

PROGRM1S SYMBOLS 

Fortran Symbols 

Program for digital 
computer method 

A 

D 

u 

FF 

R 

E 

WN 

w 

PI 

o¢ 

TIM 

All other 
programs. 

A,V 

D 

AM 

N,AN 

FF 

R 

E 

w 

W1 

PI 

o¢ 

TIM 

Actual symbol used 
in mathematical 

model 

A 

)J 

n 

F/k 
0 

r 

e 

w 

Tf 

d 

T(=2Tf) 
_n... 
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Cont. 

PSI 

ETA 1, 
TI t. 

I+ 

XI X. 
I+ 

Yl y. 
I+ 

X X 

y 
y 

DX . 
X 

DXI . 
X. 

I + 

DYI Y. 
I+ 

EI E 

or D. 
t 

X1 (X /A) 
max 

THET THET ?: 

81 B 
1 

B2 B 
2 



15··~ 

Cont. 

.... 
811 B1 

... 
B21 B 

2 

XA X a 

XG X 
9 

XB X 
b 

XH X 
h 

DXA X 
a 

DXG X 
g 

DXB x 
b 

DX H X 
h 

V1 v 
1 

V2 v 
2 

RO p 

X MAX A 1} ~{,H~""_. (X/ A) 
· max 

( X ) First XMAX1 
Theoretical Solution 

max 

XMAXA2J · (X I A) 
max 

.nlT-' t ~ £TI 
..a.. fl.. 

XMAX 2 + - (X) 
max 



Cont. 

Second 

Theoretical Solution 

XMAXA31 
Q.(tL.!l1! 

........ .... .{l. 

XMAX3 -

(X /A) 
max 

(X) 
max 

(X /A) 
max 

( X ) 
max 



.APPENDIX 3ZJIT 

List of Equipment Used in Experimental Studies 

1. 1, amplifier unit, 250 VA Amplifier type 119567, 

Philips. 

2. 1, ammeter 

3. 1, vibration generator (exciter), moving coil vibration 

generator, model 790, Goodmans Industries Ltd., 

Wimbley, England. 

4. 1, capacitance transducer, type 51005-3 (co-axial) 

with a tuning plug type 51E03-4, DISA Elektronic, 

Herlev, Denmark. 

5. 1, oscillator, type 51E02-555, DISA Elektronik. 

6. 1, reactance converter, type SlEOl, DISA Elektronik. 

7. 1, cathode ray oscilloscope, type 564 storage oscilloscope, 

Tektronix Inc., s.w. Millikan Way, Beaverton, Oregon, 

U.S.A. 

8. 1, vibration pick-up pre~amplifier, type 1606, 

BRUEL and KJAER, Denmark. 

9. 1, microphone anplifier, type 2604, BRUEL and KJAER, Denmark. 

10. 1, 'accelerometer, type 4332, BRUEL and KJAER, Denmark. 

11. 1, force gauge, model 2103-500, Enderco Corp~ration, 

Pasadena, California. 

12. 1, frequency generator, model 103, Wavetak,· San Diego, 

California. 

13. 1, paper recorder, model 7702, Hewlett, Packard. 



14. 1, oscilloscope camera, model c-12, Tektronix, Inc., 

Portland, Oregon, U.S.A. 

1G 1 
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APPENDIX JX 

A4466. ADEL M· 
RUN(P) 
SETINDF. 
REDUCE. 
LGO. 
7 640C .END RECORD 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 

P f~ OG I~ A :v·J T S T ( Ii·J PUT ~ 0 U T PuT , TAPE 5 = I f\i PUT , TAPE 6 = 0 U T P iJ T ) 

D I G I T ;\ C 0 f-.~ r U T E R ; .. i E T H 0 0 T 0 G E T T HE - E X 1\ C T- r< 0 T I 0 :,~ 
OF A SINGLC OEGREE OF FREEDOM SYSTEM WITH AN 
0At11PER 

TO DETER~INE fHE FOLLOWING • 

ltJ R I T E ( 6 , t+ 7 0 ) 
~·:R I T E ( 6 , t._ 71 ) 
h'RITE (6,472) 
~·JRITE (6,1+73) 

1) TIME AT WHICH IMPACT OCCURS 
2 l D I S PLACE :·-1 EN T 0 F ( i·l, l P. T 

IMPACT I 

3) RELATIVE DISPLACE~ENT OF (m) 
W.R.T. (M) AT IMPACT 

Lt- ) VEL 0 C I T Y 0 F ( i'-"1 ) · J\ T I i··i P ;~, C r 
5) RELATIVE VELOCITY OF <ml 

W.R.T. CM) AFTER IMPACT 
6) RATIO (X/AlMA.X 

C WRITING DATA 
c 

PI=4.-x-ATAN( 1.·) 
\:-JN=l. 
FF=l. 
E=0.8 
u;o.1 
00=15. 

0=0.1 
F R = ltJ I < 2 • .lkP I ) 

1C;u0 R=W/WN 

c 
c 
c 

c 

T I M = 2 • * P I I Y.J 

IFCR.EQ.l.O}GQ TO 6 

CALCULATING THE PHASE ANGLE PSI 

PSI=ATAN(Z.*D*R/(1.-R*Rl) 
GO TO 8 

6 PSI=l.57 
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C C /, L C U LA T I N G T H E A i''l P L I T U 0 E iJ F i 'i 0 T I 0 1"'-. ~·ii T H U U T 
C Iri1PACT DAf"/iPER 
c 

c 

c 

c 
c 
c 

c 
c 
c 

c 
c 
c 

8 A=FF/SQRT<<l.-R*Rl**2+<2·*D*Rl**2) 

~RITE<6,23)C,FF,E,WN 

WRITE(6,24)W,R,DO,U 
t~J R I T E ( 6 , 2 5 ) T If/, ' A 
~·: R I T E ( 6 , 2 7 ) 
\:J F< I T E ( 6 , 9 ) 

ETA:.=SORT<l·-D*Dl 
JKL=O 

INITIAL CONDITIONS 

TI;-;::0.0 
XI=O.C 
YI=G.U 
DXI:::O.O 
DYI=O.O 
T=TI 
XX=O.O 
~;:H = U 
YY=D0/2s 
DO 6C !:::1,60 

JKJK=O 
AK=0.2 
Xl=C.O 

S 0 L U T I C; N B E T .v1l E E i~~ C 0 N S E C U T I V E I 1\ P /\ C T S 

EI=XI-A*SIN<W*TI-PSI> 
DI=(D*EI+DXI/W~-A*R*COS(~*TI-PSI))/ETA 

N=C 
5 T=TI+AK 

X=EXP(-D*WN*<T-TI> l*lDI*SIN<ETA*WN*<T-Till+EI*COS 
1 <ETA*WN*(T-TI) ))+A*SIN(W*T-PSI) 

Y=-X+XI+YI+(DXI+DYI)*(T-TI> 

CHF.:CK·I i\lG IF THe NEXT I f<P.tiCT I 5 REACHED 

ARG=D0/2.-ABS<Y> 
IF<ABS(Xl}.GT.ABS(X))GO TO 7 
Xl=X 

7 IF(ARG.LT.O.O)GO TO 10 
AK=AK+0.2 
N=N+l 
GO TO 5 

lu IF<Y.GT.U.O)GO TO 11 



c 

YY=-D0/2. 
GO TO 12 

11 YY=D0/2. 
12 CONTINUE 

K=O 
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C NEVJTON-RAPHSOf'l f-'iE THOD FOR SOLV I i·~G TFU\NSCUENT I AL 
C EQUATIONS 
c 

c 

1'+ T2=T 

15 T3=T-TI 
t:JNT=v!N*T3 
D vJ N T = - D 1:- \tJ N T 
IFCABS(DWNT).GT.85.0)GO TO 60 
EX:.:: EX P { D i·Jf'! T ) 
E':J=ETA-l~',<JNT 

S I = S I N ( E ·~A/ ) 
CO=COS ( E~·J) 
FT=-YY-EX*<DI*SI+EI*COl-A*SINCW*T-PSil+XI+YI+CDXI+ 

1 DYI H:-T3 . 
D X == E X ?:- ( E T A ~~- 1l.' N ~- C D I ~,{- C 0- E I ~~ S I l - D ~~- \~_.: N ~~ ( D I i<- S I + E I i(- C 0 ) ) +A~!. 

1 vJ-~C QS ( \'J-lk T -PSI ) 
FDFT=-DX+DXI+DYI 
Tl=FT/FDFT 
T=T-Tl 
IFCABSCTl}.LT.0.002lGO TO 21 
IF<M.EQ.100)GO TO 22 

i'·i = r•l+ 1 
GO TO .15 

22 VH\ITEC6,2) 
51 GO TO 48 
21 YI=YY 

IFCT.LT.TilGO TO 49 

C CO~PUTING THE CONDITIONS AT IMPACT 
c 

2C XI=EXPC-D*~N*CT-TI>l*CDI*SIN<ETA*WN*Cf-TI))+EI*COS 
1 (ETA*WN*(T-TI))l+A*SINCW*T-PSI) 
DX=EXP(-D*~~*CT-T!)l*CETA*WN*CDI*~OSCETA*~N*(T-Til) 

1 - E I -:f S I N C E T /-1 -'-<- \·~ N * C T - T I ) ) l - D -::- ~·J N -l~· ( D I ~- S I N < E T A. -* ~·~· i ·-~ -;,!.. ( T - T I ) ) 
1 + E I -~- C 0 S { E T A -:H :t\J ~- ( T - T I ) ) ) l +A-x- ':J ~- C 0 S ( vJ -x- T- P S I ) 

FDFT=-DX+DXI+DYI . 
DXI=DX+U*(l.+E)/(l.+U)*FDFT 
DY I =-[?:-FDFT 
TI=T 
Xl=Xl/A 



c 

!F({ABS<XX)-A8S(Xl)).LT.0.0000l)G0 TO 70 
XX=Xl 
GO TO 71 

71 1:! R I T E ( 7 , 1 ) I , T I , X I , Y I , 0 X I , D Y I , X 1 
52 GO TO 60 
t+9 JKL=JKL+l 

IF(JKL.GT.5)GO TO 60 
~:/ r-<. I T E ( 6 , 4 ) 

7 U ;-•1 f !· =II:~-':+ 1 
Lt-8 T=T2+4. 

6G 
5U 

c 
1 

27 

9 

2 
4 

23 

24 

25 
L~ 7 (j 

471 
472 
473 
300 

7 
8 

1 

1 

1 

1 

K=K+l 
IF(K.GT.l5JGO TO 60 
GO TO 14 
CONTINUE 
CONTINUE 

FORMAT(20Xti5,F9.2,F9.4,F9.2,3F9.4) 
FORMAT(2QX,6HI~PACT,4X,lHT,9X,lHX,8X,lHY~6X,lHX,8X, 

1HY,10X,1HX//) 
FORMAT(2QX,6H------,4X,lH-,9X,lH-,8X,lH-,6X,lH-, 

8X,lH-,lOX,lH-///) 
FOR~AT(25X,20H NO CONVERGENC ) 
F 0 R f /,A T _( 2 5 X , 2 0 H T F C UN D LESS T HAN T I )_ 
FORMAT(21X,6H D=,F5.2,6X,5HFO/K=,F5.2,9X,2HE=, 

F5.2, 7X,3HWN=,F5•2/) 
FORMAT(21X,6H J=,F5.2,9X,2HR=,F5.2,8X,3HDO=, 

F5.2,SX,2HU=,F5.2/) 
FORMAT(21X,6H T=,F5.z,gx,zHA=,F5.2///) 
FORMAT<4BX,lOHTABLE 4.2 ) 
FORMAT(48X,10H----------//) 
F 0 I~ ;~,.·I.A. T ( 4 1 X , 2 3 H D I G I T i.\ L C 01 "' P U T E F< 0 U T P U T ) 
FORVATC41X,23H-----------------------/Jl 
STOP 
END 

6400 END RECORD 
6l1-CO END FILE 



A4466. 
RUN(P) 
SETINDF. 
!~EDUCE • 
LGO. 
7 

16 6 

6400 END RECORD 
Pl~OGf~Ai,l T S T ( U<PUT tOUT PUT, T APE5 =InPUT, TAP C.6 =OUTPUT) 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

c 

c 
c 
c 

TO 0 E T E i < J'!, I N E T h t.: 0 :< E T I C r-\ L L Y • 
--------------------------

1 ) THE V /\LUE OF 
2 ) THE VALUE OF 
3) THE V!\LUE OF 
4> THE VALUE OF 
5 } THE VALUE OF 
6) ThE VALUE OF 
7 ) THE V /\LUE OF 
8 ) THE V 1\LUE OF 
9 ) THE VALUE OF 

10) THE VALUE OF 
11 } THE V/-\LUE OF 
12) THE VALUE OF 
13) THE V /-\LUE OF 
llt-) THE V ,L\L UE OF 

--------------------------
Vl i"< I T E ( 6 , 4 7 0 ) 
h'RITE(6,471) 
':Ji~ I T E ( 6, 4 7 2 > 
VJ F-<. I T E ( 6 , 4 7 3 ) 

\.·J R I T I N G D A T A 

Pl=t+.*ATAN<l.) 
D=U.1 
FF=l. 
AM=O.l 
E=0.8 
00=15. 
'o~J= 1. 
~·J l = 1. 

Tit-!:=2.~<-PI ;~··Jl 

DEL=D 
ET=l.-D**2 
ETA=SQRT<ET) 
R = ~·J 1 I ~v 

~~ 

THET 
81 
82 
Bll 
821 
XA 
XG 
DXA 
DX 
DXb 
DXH 

. Vl 
vz 

C A L C U L /~. T I N G T HE A f·,1 P L I T U D E 0 F j·J; 0 T I 0 1'J vJI T H 0 U T 
I 1'1lPAC T DA~v1PEf~ 



c 

c 

c 

A=FFISQRf( <l.-R*Rl**2+(2.*D*D>**2l 

f~O=DOI A 
WRITE(6,23)D,fF,E,W 
WRITEC6,24) Wl,R,DQ,A~ 

WRITEC6,25l TI~'A 

C=ANIZ. 

Gl =E TA*~·J 
GZ =DEL ~*"vJ 
G3=l.IEXP(DEL*W*AN*PIIWl) 
G LJ. = E T J\ -x- ~·J-l*" A H ~- P I I '~"! l 
G5=SINCAN,'(·PI) 
G6=COS ( Af-.p~-P I ) 
G99=D~L*W*(2.*PI-AN*PI)/Wl 
G7=loCIEXP(G99} 
GS=ETA*W*PI*(2.-ANliWl 

167 

G 9 = ( 1 • I ( ( 1 • + E l ~- ( 2 • -A 1\i ) ) l ~:- { 2 .. -/\ N -- E -;:- /\ :\- 2 • ~-I\ 1•i ~:- E l 
GlO=Cl.l((l.+El*CZ.-ANl ll*(2.*A~+Z.-AN-E*AN) 
G 1 1 = ( 1 • I < ( l • + E l ~;. ( 2 • - ;\ N ) l > -* ( - 2 • i!- A ,:, - ;, 1\ + 2 • .;;. E - !\ n -:;- C: ) 
Gl2=(l.l((l.+E)*(2.-AN)l )*(-A~+2.*E-AN*E+2•*AM*El 
G 1 3 = .t\ f\l ~~~ P I I l:J 1 
Gl4=-ANI(2.-AN) 
GlS=G3·l:-Gl 
Gl6=G3-X·G2 
G 17 =t•: l-:!-G6 
Gl8= 1,·!1~..{-G5 

Gl9=G7i!-Gl 
G20=G7~-G2 

G2l=G3*SIN<G4) 
G 2 2 = G 3 -x- C 0 S ( (j 4.) 
G2 3=G 15-l-(_COS ( G4 l 
G 2 4 = G 15 * S I;-~ C G4 } 
G 2 5 = G l 6 * S I I'" ( G '+ ) 
GZ 6=G 16-l!-COS ( G4) 
GZ7=G7~:-si~'~ (G8) 
G28 =G 7-~·cos < Gs > 
G 2 9 = G 1 9 ~~- C 0 S ( G 8 > 

G 3 U = G 1 9 ~:- S C'! ( G 8 ) 
G31 =G20-~S IN ( GS) 
G32==G20-~COS(G8) 

G33=GlOIG9 
G3Lt-=Gll1G9 
G35=Gl2/G9 
G36=Gl31G9 
G 3 7 = G 2 3 I G 3 L~ 
G 3 8 = G 2 I+ I G 3 L+ 

G39=G251G34 



G 4 C = G 2 6 I G 3 ~~ 
G4l=Gl7/G34 
G'i-2=G18/G3 1t 

G'+ 3=G 1 IG3 5 
G41+:::;G2 IG3 5 
GLi-5=Gl7 IG35 
G If 6 = G 18 I G 3 5. 
G'+7=G29/G33 
G'+8=G30/G33 
G L~ 9 = G 3 1 I G 3 3 
G5v=G321G33 
G51=\tJl IG33 
G52=G37-G39 
G53=G38+G40 
G54=G47-G49 
G55=G48+G5J 
G 56 ::G36~-G l 
G57=G36-:!-G2 
G 5 8 = G 3 6 * ~·J 1 
G59=Gl-G52 
G6U=G2-G53 
G61='"!1-G41. 
G 6 2 = ~·: 1 - G L+ 5 
G 6 3 = ~~ l - G 5 1 
G6L~=G57-l. 

G65=G58-G5 
G66=1.-G6 
G67=G271(1.-G22*G28) 
G68=(G28*G2lll(l.-G22*G28) 
G69=G21 +G2 2~:-G68 
G 7 (j = G 2 2 ~~ G6 7 
G71=G59-CJ60*G68 
G72=G60~-G6 7 
G73=Gl-G2*G68+G44*G69 
G74=-G2*G67-G43+G70*G44 
G75=Gl-G2*G68+G55*G69 
G76=-GZ*G67+G55*G70-G54 
G77=G56-G64*G68-G69 
G78=-G67*G64-G70 . 
G79=G7l*G74+G72*G73 
G80=(G61*G74+G62*G72)1G79 
G8l=CG42*G74+G46*G72)1G79 
G82=(G62*G71-G6l*G73)1G79 
G83= ( G'+6-r.-G11-G42~·G73) IG79 
G84=-G80*G75-G76*G82+G63 
G~5::-G81*G75-G76*G83 
G86=-GBO*G77-G82*G78+G65 
G87=-G8l*G77-G83*G78+G66 
TT=-G84/G85 



c 
c 
c 
c 

502 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

C H E C K I ;\1 G T HE Vi~ L U E 0 F ( THE T ) , f~ E ;\ L 0 R 
I i·l,/:..G I N/'·.RY 
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Sl=(R0*G87)**2-(G86*~2+G87**2)*(R0**2-G86**2) 
IF<Sl·LT•J•O)GO TO 5 
Sl=SQRT<SlJ 
S2=(R0*G86l**2-(G86**2+G87**2)~(RC**2-G37**2) 
IF(S2.LT.O.C)G0 TO 5 
S2=SORTCS2) 
T3=(-RO*G87+Sll/(-RO*G86-S2) 

F I F~ST T H E 0 R E T I C A L 
S () L U T I 0 N 

(;.\LCUL!\T ING THE Vl-\LUE OF (THET ) 

THET=AT ;\N ( T3 l 
P 5=-RO-i~G8 7+S 1 

P 6 =-F\O.X-G86 -S 2 
IFCP5.GT.CoO.ANU.P6.LT.Q.QJTHET=THET+PI 
IF{P5.LT.Q.Q.AND.P6.LT.OoOlTHET=THET+PT 
SN=S I f..! ( T:-iET) 
CN=COS<THET) 

CALCULI\ T I NG 

Zl=G86*CN+G87*SN+RO 
Z2 =G84~-CN+G8 5~·SN 
WRITE{6,450)Zl,z2 
WRITE(6,45llAN,THET 

Zl,Z2 

IF Zl=O·O AND Z2=0.0 , THEN THE 
FOLLO~ING VALUES OF N,THET,Bl,B2,3ll,a2l,XA, 
XG,DXA,DXG,OXG,DXH,Vl,V2,XMAXA,X~AX ARE A 
THEORETICAL RESULT 

.CALCULI\ T I NG 

Bl=-A*(G8C*CN+G8l*SN) 
Bll=-A*(G82*CN+G83*SN) 
82=Qll*G67+Bl*G68 
B2l=Bl*G69+8ll*G7J 
WRITE(6,452lBl,B2 
WRITEC6,4531Bll,B21 



c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

c 
c 
c 
c 

CALCULATING XI~' XG 

XA=U2+A*SI~(THETl 

XG=d2l+A-l:-SIN <AN-x-p I+THET) 
WRITE(6,454)XA,XG 

CALCULATING DX/:.., DX~, DXG, GXH 

DX A= B l.J!- E T !\ -~·vJ -D-*';~f-h·li2 +A .!k',r;J 1 ~x-c OS ( THE T } 
DXc=G337(-0XA 
DXG=G34·::-DXA 
DXH=G 3 5~:-DXA 
WRITE(6,455)DXA,DXB 
WRITE(6,456)DXG,DXH 

CACUL.L\ T I NG 

Vl=DXA/G9 
V2=Gl4*Vl 
WRITE(6,457)Vl,V2 

CAL CULl\ T I NG 

XX=C.U 
r=u.o 

Vl,V2 

AND XH;\X 

17o_ 

5u5 X=(l./Al*EXP(-D*W*T)*(Bl*SINCETA*W*T)+GZ*COS(ETA*~* 
1 Tl)+SlN(~l*T+THETl 

IF< CABS( X) l .c;r. (1\BS(XXl l )XX=X 
T=T+0.2 
I F ( T. G T • ( A 1"'-l ·Y>- P-I I';: 1 l ) GO T 0 50 6 
GO TO 505 

5 u 6 X r< I~ X A 1 = X X 
XHAXl=XX-~·A 

T=Ar~~(.p I lvJl 
5U7 S=T-(AN*PI/Wl} 

X=(l./Al*EXP(-D*W*S)*(Bll*SINCETA*~*Sl+B2l*C0S(ETA* 

1 W*Sll+SINCWl*T+THETl 
IFC CABS( X)) .GT. CAOS(XXl l lXX=X 
T=T+0.2 
IFCT.GT.(2.*PI/~ll}G0 TO 508 
GO TO 507 

5v8 XHAXA2=XX 

c 
c 

Xi'·1AX2 =XX 7(- A 
WRITE(6,458)XMAXAl,XMAXl 
WRITEC6,459JX~AXA2,XMAX2 

5U3 T4=(-RO*G87-Sll/(-RC*G86+S2} 



c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
( 

c 
c 
c 

c 
c 
c 

S E C 0 N D T H E 0 R E T I C A L 
S 0 L U T I 0 N 

CALCULATING THE VALUE CF (THET ) 

THET=/\TAN(T4) 
P 7 =-Ro~~G8 7-S 1 
P 8 =-RO~-G86+S 2 
IF<P7.GT.0.Q.AND.P8.LT·O·O>THET=THET+Pl 
IF<P7.LT.J.O.AND.P8.LT.Q.Q)THET=THET+Pl 
SN=SIN(THETl 
CN=COS<THC:T) 

CALCULI\ T I NG 

Z1=G86*CN+G87*SN+RO 
Z 2 =GBtv:*-CN+G 8 5*SN 
WRITE(Gt450)Zl,Z2 
WRITE(6,45llAN,THET 

Z1,Z2 

171 

IF Zl=O.O AND ZZ=O.O , THEN THE 
FOLLOV/ING Vf\LUES OF N,THET,[j1,F32,6ll,i321,XA, 
X G , D X t, , 0 X U ' D X G , D X H , V 1 , V 2 , X iv, A X !\ , X f'··i !~X 
THEORETICAL RESULT 

CALCULATING 3l,C32,U1l,b21 

Bl=-A*(G80*CN~G8l*SN) 
Bll=-A*(G82*CN+G83*SN) 
B2=Bll*G67+Gl*G68 
B2l=Bl*G69+Bll*G70 
WRITE(6,452JB1,B2 
WRITE(6,45j)8ll,B21 

CALCULI~ T I NG 

XA=02+A*SIN<THET) 
XG=82l+A*SIN<AN*PI+THET) 
WRITE(6,454)XA,XG 

CALCULf\.T H--!G DX;\, DXd, DXG, GXH 

DXA=Bl*ETA*W-D*~*B2+A*~l*COS(TH~T) 

DXB=G33-*DXA 
DXG=G 3 4-Y--DXA 
DXH=G35~X-DXA 

Ai~E A 



c 
c 
c 

c 

c 
c 
c 
c 

'l ~~ 'q 
- 0 ' 

l 

WRITE(6,455)DXA,DXB 
WRITE(6,456)DXG,DXH 

Cf.;LCULJ\ T I i\IG 

Vl=DX/\/G9 
vz~-:Gl4~x-vl 

h'RITE(.6 ,457 )Vl ,vz 

CALCULi\ T I i'JG 

XX=O.C 

V 1, V2 

1 72 

/\ND 

T=O.O 
X=(l./Al*EXP{-D*W*Tl*(Gl*SIN(ETA*~*T)+G2*CCS([TA*W* 

T))+SIN(~l*T+THET) 

IF( (A.BS(X)) .GT. (/\~S(XX)} )XX=X 
T=T+C.2 
IF(T.GT.(A~*PI/~l))GO TO 510 
GO TO 509 

Slu Xtl/\XA3=XX 
Xfl,t~ X3 =X X ~'-"A 
T = .A N -~- P I I \·J 1 

511 S=T-(AN*PIIWl) 
X=(l./Al*EXP(-D*~*S)*(Bll*SI~(ETA*~*S)+82l*C0S(ETA* 

1 ·\·.; 1r S ) ) + S I N ( V: 1 -~- T + T H E T ) 
IF( (f' . .f3S(X)) .GT. (/\BS(XX)) )XX=X 
T=T+o.z 
I F ( T • G T • ( 2 • ~* P I I ·,~ 1 ) } G 0 T 0 5.1 2 
GO TO 511 

5 l 2 X i·-'1/\ X A~~= X X 

c 
5 
6 

c 
c 
c 
r 
\... 

23 

24 

25 
45G 
I+ 51 
Lr5 2 
L+5 3 
L+ 54 

1 
~ 

l 

X 1\·1 f\ X 4 =X X~:- A 
WRITE(6,46l)XMAXA3,XMAX3 
WRITE(6,462)XMAXA4,XMAX4 

CONTI 1\lUE 
CONTINUE 

FOR~AT(21X,6H D=,F5.2,6X,5HFOIK=,F5.2,9X,2HE=' 
FS.z, 7X,3HWN=,F5.2/) 

FORMAT(21X,6H w=,F5.2,9X,zHR=,F5.2,8X,3HD0=, 
F5.2,8X,2HU=,F5.2/) 

FORMAT(21X,6H T=,F5.2,9X,2HA=,F5.211) 
FOR'':\T(28X,7H Zl=,[l2.a5,1CX,7H Z2=,El2.51) 
FORMAT(28X,7H N=,El2·5,1QX,7H THET=,El2.5/) 
F C !-\ f' ': /\ T { 2 B X ' 7 H B 1 = ~ E _]_ 2 • 5 , l 0 X ' 7 H i3 2 = , E l 2 c S I ) 
F 0 R i·,·Lt\ T ( 2 8 X ' 7 H 6 ll = , E l 2 • 5 , l C X , 71-l L3 2 1 = , E l 2 • 5 I ) 
FCR~AT(28X,7H XA=,El2.5,1QX,7H XG=,El2.51) 



173 
. ~ 

455 FORMAT{28X,7H DXA=,El2.5,1CX,7H DXS=,Ei2.5/) 
4 56 F 0 !~ f·.·l f\ T ( 2 8 X , 7 H D X G = , E 1 2 • 5 , I C X , 7 H D X l i = , E l 2 • 5 I ) 
Lt57 F0Rf•I/\T(28X,7H Vl=,El2.5,10X,7H . V2=,El2.51) 
L~62 FOR1'•IA T ( 28X '7HXi·:iAXA4=, E 12.5, 1 OX' 7H Xf1i/\X4::=, E 12.5 I) 
'+58 F01\I'IIA T ( 28X ,_7HXi·/i/\XAl =, E 12 • 5,1 OX, 7H Xf·iAX 1 =, E 12 • 5 I) 
4 5 9 F U f-\ i/i ;, T ( 2 8 X , 7 H X ;·•,f\ X A 2 = , E l 2 • 5 , 1 0 X , 7 H X i''i /\X 2 = , E l 2 • 5 I ) 
4 6 l F 0 :~!'--'!A T ( 2 8 X ' 7 H X t:, A X A :3 = , E 1 2 • S , 1 0 X , 7 H Xi'·, A X 3 = , E 1 2 • 5 I ) 
'+71.../ FOR!•1AT(48X,lC'HT/\!3L[ L~.l) 
4 71 FOR>1A T ( 4 8X, 1 OH---------- I) 
472 FOR~ATC41X,23H THEORETICAL RESULTS 
473 F0RMATC41X,23H --------------------

STOP 
END 

7 6400 END RECORD 
8 6400 END FILE 



A4466. 
RUN(P} 
SETINDF. 
REDUCE. 
LGO. 
7 6400 END RECORD 

ADEL f-1· 

PROGRAM TST (1NPUT,OUTPUT,TAPE5=INPUT,TAPE6=0UTPUT> 
c 
C STABILITY DETERMINATION FOR THE CASE OF 
C UNSYMMETRIC 2 IMPACTS/CYCLE 
c 

c 
c 
c 
c 

c 
c 
c 

c 
c 

WRITING DATA 

PI=4.*ATAN<l.) 
D=O.l 
ETA=SQRTCl.-D*D) 
E=O.S 
AM=0.1 
W=1. 
W1=1. 
00=3. 
V=5. 
AN=2.*0.3391615005 
THET=2.94365 
81=3.18933 
82=1.16020 
811=-3.22397 
821=1.70810 
V1=-7.09090 
V2=3.63926 

CALCULATING CltC2,(3,C4 

AZ =(V/ETA>*<Wl*SIN<THET>-D*COS<THET)) 
Zl=SINCAN*Pl/ETA> 
Z2=COS(AN*PI/ETA} 
ZX=l.IEXP(D*AN*PI/Wl) 
Cl=ZX*(CD/ETA>*Zl+Z2) 
CL=ZX*Zl*(~./cTAJ 

882=-82 px-z I-* <·ET A/W 1) 
BB3=-ZX*(D/Wll*(8l*Zl+B2*Z2) 
C3=BB3+(8B1+ 
C3=BB3+(Bbl+BB2l*ZX+V*COS(AN*Pl+THET) 

z z z = v 1 0 + ~·! l {.~ c 3 
Dl=Wl*Cl.-Cl)/ZZZ 
D2=-\·Jl~- C21lll 



c 
c 
c 

c 
c 
c 

c 
c 
c 

c 
c 
c 

c. 
c 
c 

c 
c 
c 

03=-PI/ZZZ 
D4=-Wl*C4/ZZZ 
D5=-(Wl*C3+Vl0*Cll/ZZZ 

CALCULATING Fl,F2 

Fl=D*Zl-ETA*Z2 
F2=D*Z2+ETA*Zl 

CALCULATING GOtGltG2,G3,G4 

G0=-(Fl*Bl+F2*B2) 
Gl=-CFl*(DIETA)+F2) 
G2=-Fl1ETA 
G3=CETA/Wl>*<Fl*B2-F2*Bll 
G4=F2*V*COSCTHET) -AZ*Fl 

CALCULATING AKltAK2tAK3,AK4 

AKl=(l.-AM*E>ICl.+AM) 
AK2=AM*Cl.+E)ICl.+AM) 
AK3=Cl.+E)/Cle+AM> 
AK4=CAM-E)/(l.+AM> 

CALCULATING ROOtROltR02,R03,R04 

ROO=GO*ZX+V*Wl*COSCAN*PI+THET) 
ROl=Gl*ZX. 
R02=G2*ZX 
R03=ZX*CG3-(D/Wl)*GOl-V*Wl*SIN(AN*PI+THET> 
R04=G4*ZX-V*Wl*SIN CAN*PI+THET) 
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CALCULATING THE ELEMENTS OF THE MATRIX Pl 

BCltll=D5 
B ( 1 , 2 l = V 1 0 ·* D 2 I \.V 1 
BC1,3}=-C3*D3 
B C 1 , 4 ) =" V 1 0 * D 4 I ~v 1 
8(2,ll=-AKl*CROl+R03*Dl) 
BC2t2)=-AKl*CR02+R03*D2) 
8(2,3>=AK2-AKl*R03*D3 
8(2,4>=-AKl*CR04+R03*04) 
BC3tll=AK3*CROl+R03*Dl> 
BC3,2l=AK3*CR02+R03*D2l 
8(3,3)=AK3*R03*D3-AK4 
8(3,4l=AK3*CR04+R03*D4) 
BC4tll=Dl 
8(4,2)=02 
8(4,3)=03 
8(4,4)=1.+04 

CALCULATING ClltC2ltC3l,C41 

Zll=SIN CETA*C2.*PI-AN*Pl)/Wl) 



c 
c 
c 

c 
c 
c 

c 
c 
c 

c 
c 
c 

c 
c 
c 

Z2l=COS <ETA*<Z.*PI-AN*Pll/Wl) 
ZXl=le/EXP(D*(2.*PI-AN*Pl)/Wll 
AZl=CV/ETA>*<-D*COS(AN*PI+THETl+Wl*SIN<AN*PI+THETl) 
Cll= ZXI*((D/ETA>*Zll+Z21) 
C2l=ZX1*<1··/ETA>*Zll 
BBll=Bll*<ETA/Wll*Z21 
BB21=-B2l*<ETA/wl>*Zll 
BB31=-(D/Wll*LXl*{Bll*Zll+B2l*Z21) 
C3l=-ZXl*(BB11+5B21}-ZXl*CBB3l+V*COS(THET)) 
C41=-ZXl*<<AZl*Zll-V*Z21*COS(AN*PI+THET)l+V* 

1 COSCTHETl) 

ZZZl=V20+Wl*C3 
Dll=Wl*(l.-Cll)/ZZZl 
D2l=-Wl·~C21/ZZZ1 

D31=-t2.*PI-AN*Pll/ZZZ1 
D41=-Wl*C41/ZZZ1 
D51=-(Cll*V20+C3l*Wll/ZZZ1 

CALCULATING FlltF21 

Fll=D*Zll-ETA*Z21 
F2l=D*Z2l+ETA*Zll 

CALCULATING GQl,Gll,G2l,G3ltG41 

G01=-<Fll*Ull+F2l*B2ll 
Gll=Fll*(D/ETA)+f21 
G2l=Fll/ETA 
G31=-Fll*<ETA/Wll*Bll+Fll*(ETA/Wl)*~21 

G41=-AZl*Fll+V*F2l*COS(THETl 

.CALCULATING ROll,R02l,R031,R04l 

ROll=ZXl*Gll 
R02l=ZXl*G21 
R03l=ZL1*(-(D/Wl)*G0l+G31)-V*Wl*SIN<THET) 
R04l=ZXl*G41-V*Wl~SIN<THET> 

CALCULATING THE ELEMENTS OF THE MATRIX P1 

CCltl)=D51 
CClt2)=VZO*D21/Wl 
Cllt3)=V20*D4l/Wl 
C(2,1>=AKl*(ROll+R03l*Dll) 
CC2t2)=AKl*(R02l+R03l*D21) 
C(2,3)=-(AK2-AKl*R03l*D31) 
C<2t4)=AKl*(R04l+R03}*D41) 



c 

C(3,1)=-AK3*CROl+R03*Dlll 
C(3,2)=-AK3*CR021+R03l*D21) 
CC3t3)=-AK3*R03l*D31-AK4 
CC3t4)=-AK3*(R04l+R03l*D41) 
C(4tll=Dll 
CC4t2 >.=D21 
C(4t3l=D31 
((4,4)=041+1. 

177 

C CALCULATING THE ELEMENTS OF THE STABILITY MATRIX 
c 

DO 110 I=1t4 
DO 110 J=lt4 
A(l,J)=O.O 
DO 110 K=lt4 
ACitJl=A(J,Jl+C{I,Kl*B(KtJ) 

110 CONTINUE 
c 

·c CALCULATING THE EIGEN-VALUES OF THE STA~ILITY 
C MATRIX 
c 

c 

N=4 
NC=LJ 
EPS=O.OOOl 
CALL RUTI{A,NtNC,x,y,EPSl 

C CHECKING THE ABSOLUTE VALUES OF THE EIGEN VALUE-
C 

DO 603 I=lt4 
ABSEIG=SQRT(X(l}*X(J)+Y(l)*Y<ll) 
IF CABSEIG.GT.l.)GO TO 604 

603 CONTINUE 
WRITEC6t702) 
GO TO 500 

604 WRITEC6t701) 
c 
701. FORMAT<1Xt22H SYSTEM IS NOT STABLE/) 
702 FORMAT(1Xt18H SYSTEM IS STABLE/) 
500 STOP 

END 



A4466. 
RUN(P) 

ADEL M. 

SETINDF. 
REDUCE. 
LGO. 
7 6400 END RECORD 

c 

c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
lOOU 

c 
c 
c 

PROGRAM TST CINPUT,OUTPUT,TAPE5~INPUT,TAPE6=0UTPUT) 

DIMENSION Z(4,4),Y(4) 

DETERMINATION OF THE STEADY STATE MOTION OF 
A SINGLE DEGREE OF FREEDOM SYSTEM WITH AN 
IMPACT DAMPER IN THE SPECIAL CASE OF 
2 SYMMETRIC IMPACTS/CYCLE MOTION 

WRITING DATA 
PI=4.*ATANC1.) 
0=0.1 
£=0.2 
AM=0.4 
FF=l. 
ETA=SQRT<l.-D*D> 
00=3. 
W=l. 
Wl=l.25 

CALCULATING s,c,Hl,H2,SEG1,SEG2,THltTH2 

S=SINCTHET> 
C=\-Jl *COS ( THET) 
Hl=(l./EXP(D*Pl*Wl/W)l*SIN<ETA*PI*Wl/W) 
H2=(1./EXP(D*PI*Wl/Wl1*C0S(ETA*PI*Wl/W) 
SEGl=(Pl/2•*Wl))*((le+E)/(l~-E+2.*AM)) 

SEG2=<PI/2e*Wl))*((l•+E)/(l·-E-2.*AM*E)) 
THl=W*(le/EXP(D*PI*Wl/W))*{-D*SIN<ETA*PI*Wl/W)+ 

1 ETA*COS<ETA*PI*Wl/W)) 
TH2=W*(l.IEXPlD*PI*Wl/W))*<-D*COSCETA*PI*Wl/W)-

l ETA* S I N ( E T A* P I * W 1 I ~oJ ) ) . 

H3=CSEG2-SEGl)+SEGl*SEG2*(D*W-TH2) 
H4=SEGl*SEG2*(THl+ETA*W) 
H5=D*SEG2*W-SEGU*TH2 
H6=SEGl*THl+ETA*SEG2*W 
H=2.*W*(H3*Hl+H4*(l.+H2))/(H5*Hl+H6*(l.+H2}) 
HH1=(-2.*RO+H*SQRTCH*H+4-RO*R0})/(H*H+4) 
HH2=(-2.*RO-H*SQRT<H*H+4-RO*R0l)/(H*H+4l 



c 
c 
c 

c 
c 
c 
c-

lU 

c 

HH3=C-H*R0+2.*SQRTCH*H+4-RO*R0))/CH*H+4) 
HH4={-H*R0-2.*SQRTCH*H+4-RO*R0))/(H*H+4) 

CALCULATING THET 

THET=ATANCHH1/HH4) 

17~ 

CALCULATING THE ELEMENTS OF THE STEADY STATE 
M 0 T I 0 N ivl A T R I X 

N=6 
NA=6 
DO 10 I= 1, 6 
DO 10 J=lt6 
ZCI,Jl=O.O 
CONTINUE 
ZCl,ll=l•O 
Z(.1,5>=-l.O 
zcl,6>=-s 
ZC2t3)=1• 
ZC2,4)=-ETA*W 
z c 2 , 5 > = D * vJ 
ZC2t6)=-C 
ZC3,ll=l•O 
Z{3,4)=Hl 
Z(3,5l=HZ 
Zt3t6)=-S 
ZC4t2)=l.O 
Z(4,4l=TH1 
Z(4,5l=TH2 
Z(4,6l=-C 
Z(5,1l=l•O 
Z(5,2l=SEG1 
Z(6,2l=l•O 
Z(6t3l=SEG2 
Y(l)=U.O· 
YC2)=0.0 
YC3)=0.0 
YC4l=O.O 
YC5)=-D0/2•0 
YC6)=-D0/2.0 

C SOLVING THE SET OF LINEAR EQUATIONS 
c 

c 

\ 
! 

) 

') 

.) 

) 



c 
c 

c 
c 
c 
c 
c 

c 
c 
c 
c 

701 

40 
c 
c 
c 

c 
320 
321 
322 
323 
324 
325 

XB=Y(l) 
DXB=Y(2) 
DXA=YC3) 
Bl=Y(4) 
82=Y(5) 

WRITING THE FIRST THEORETICAL SOLTION 

WRITEC6t320)THET 
WRITE(6,32l)XB 
WRITE<6,322)DXB 
WRITE(6t323)DXA 
WRITEC6t32li-)Bl 
WRITEC6t325)82 

180 
. ... 

REPEATING THE SAME CALCULATIONS FOR TH~ OTHER 
VALUE OF THET 

LZA=LZA+l. 
GO TO (70lt40),LZA 
THET=ATAN(HH2/HH3) 
GO TO 1000 
CONTINUE 

WRITING THE SECOND THEORETICAL SOLTION 

WRITEC6t320)THET 
WRITE(6t32l)XB 
vJ R I T E ( 6 ' 3 2 2 ) D X B 
WRITE(6,323)DXA 
WRITEC6t324)Bl 
WRITE(6t325)82 

FORMAT<lOXt5HTHET=tE20.10/) 
FORMATC10X,5HXB =tE20.10/) 
FORMAT<lOXt5HDXB =tEZO.lO/) 
FORMAT<lUX,SHDXA =tE20.l0/) 
FORMAT(l0Xt5H8l =,EzO.lO/) 
FORMAT(lOX,5HB2 =tE20.10/) 
STOP 
END 

.\ 

.·) 
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A4466. 
RUNCP> 

ADEL M. 

SETINDF. 
REDUCE. 
LGO. 
7 6400 END RECORD 

c 

c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

c 
c 
c 

PROGRAM TST (INPUT,QUTPUTtTAPE5=1NPUTtTAPE6=0UTPUT> 

DIMENSION AC4,4) ,X(4} sY(4) 

STABILITY DETERMINATION FOR THE SPECIAL CASE OF 
SYMMETRIC 2 IMPACTS/CYCLE 

WRITING DATA 

D=O.l 
ETA=SQRT(l.-D*Dl 
W=l• 
Wl=l.25 
E=Oe2 
PI=4.*ATANC1.) 
81=0.91722131767 
82=-1.0847507256 
V=l.6245538642 
THET=2.4817503658 

CALCULATING CltCZtC3tC4 

AZ=(V/ETAl*(Wl*SINCTHET>-D*COSCTHET)) 
Cl=Cl.IEXPCD*PI/Wl) l*CCD/ETA>*SINCETA*PI*Wl/Wl 

1 +COSCETA*PI/Wl)) 
C2=Cle/EXPCD*PI/Wll)*(Cl./ETAl*SINCETA*PI/Wl)) 

·BBl=Bl*<ETA/Wl>*COSCETA*PI/Wl} 
BB2=-82*CETA/Wll*SINCETA*Pl/Wl> 
883=-(D/Wl)*{l.IEXPCD*PI/Wll*{SIN<ETA*PI/Wl>*Bl+ 
C3=BB3+Cl./EXPCb*PI/Wl))*CBBl+BB2)-V*(OSCTHET> 

1 COSCETA*Pl/Wl>*B2) 
C4=l.IEXPCD*PI/Wl)*(AZ*SIN(ETA*PI/Wl)-A*COSCTHET) 

1 *COS<ETA*PI/Wl)l-A*COSCTHET) 

Dl=Wl*(l.-(l)/(Vl0+Wl*C3) 
D2=-Wl*C2/(Vl0+Wl*C3) 
D3=-PI/CV10+Wl*C3l 
D4=-Wl*C4/(V10+Wl*C3) 
D5=-CWl*C3+V10*Cl)/(Vl0+Wl*C3) 

CALCULATING FltF2 

Fl=D*SINCETA*PI/Wll-ETA*COSCETA*Pl/Wl) 
F2=D*~OSCETA*Pl/Wl>+ETA*SINCETA*?I/Wl) 



c 
c 
c 

c 
c 
c 

c 
c 
c 

c 
c 
c 

c 
c 
c 
c 

G0=-(Fl*Bl+F2*B2l 
Gl=-CF1*(D/ETA)+F2l 
G2=-Fl/ETA 
G3=CETA/Wl)*(fl*B2-F2*Bl1 
G4=F2*A*COS(THET>-AZ*Fl 

CALCULATING AKltAK2tAK3,AK4 

AKl=(l.-AM*El/(l.+AM) 
AK2=AM*Cl.+E)/tl.+AM) 
AK3=Cl.+E)/{l.+AMl 
AK4=CAM-El/{l.+AM) 

ROO=G0*(1./EXPCD*PI/Wl)l-A*Wl*COSCTHET) 
ROl=Gl*(l.IEXPCD*Pl/Wl)) 
R02=G2*(l.IEXP(D*PI/Wl)) 
R03={1./EXP<D*Pl/Wl)}*(G3-(D/Wll*GOl+A*Wl*COSCTHETl 
R04=G4*{1./EXPCD*PI/Wl))+A*Wl*SIN(THET) 

CALCULATING THE ELEMENTS OF THE STABILITY MATRIX 

ACltll=D5 
A(l,2)=VlO*D2/Wl 
AClt3l=-C3*D3 
A< lt4l=VlO*D4/l<l;'l 
AC2tll=-AKl*{ROl+R03*Dl) 
AC2t2l=-AKl*<R02+R03*D2l 
AC2t3)=AK2-AKl*R03*D3 
AC2t4)=-AKl*<R04+R03*D4) 
AC3tll=AK3*CROl+R03*Dll 
A(3,2l=AK3*CR02+R03*D2) 
AC3t31=AK3*R03*D3-AK4 
AC3t4l=AK3*<R04+R03*D4l 
AC4tll=Dl 
A(4t2)=D2 
AC4t3l=D3 
A(4t4)=l.+D4 

N=4 

CALCULATING THE EIGEN-VALUES OF THE STABILITY 
MATRIX 

NC=4 
EPS=O.OOOl 

·CALL RUTI(AtNtNCtXtYtEPSl 



c 
c 
c 

603 

6U4 
·c 

701 
702 
500 

CHECKING THE ABSOLUTE VALUES OF THE EIGEN VALUES 

DO 603 I=lt4 
ABSE I G=SQR T {X ( I)* X ( I ) +Y {I) *Y (I) ) 
IF <ABSEIG.GT.l.}GO TO 604 
CONTINUE . 
~vRITEC6,702) 

GO TO 500 
WRIT£(6,701) 

FORMATC!X,22H SYSTEM IS NOT STABLE/) 
FORMAT<lX,lBH SYSTEM IS STABLE/) 
STOP 
END 

") 




