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ABSTRACT 

This project is a study involving the application 

of the ALTRAN system to rational function integration. A 

discussion and the implementation of two methods are given, 

one by Hermite [HER 12] and a second by Horowitz [HOR 70] . 

Included is a brief discussion of the integration of the 

transcendental part over the rational field using polynomial 

factorization over the integers. Furthermore, an extension 

for multivariate rational function integrat i on and 

multivariate polynomial factorization i s included. 
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CHAPTER l 

INTRODUCTION TO SYMBOLIC ALGEBRAIC MANIPULATION 

1 .l Introduction 

While much has been accomplished in the way of 

solving mathematical problems using numerical techniques on 

digital computers, many of these techniques fail to give 

exact solutions in terms of closed forms. To obtain 

solutions in terms of closed forms, analytical techniques 

must be employed which not only are well structured, but 

are carefully defined to enable one to perform operations 

on mathematical expressions without concern to their 

numeric value. 

The application of analytical techniques on a 

digital computer is called formal symbolic computation and 

can include symbolic integration, symbolic differentiation, 

solutions of simultaneous equations, power series manipula­

tion, polynomial factorization as well as substitution and 

simplification of expressions. 

Before the last decade using a digital computer to 

perform formal symbolic manipulation was a tedious task due 

to the slow speed of the machines, their small storage 

capacity and the demand of having to program in machine 

langu age . On e of the earliest examples was a program fo r 

performing symbolic differentiation written by Nolan [NOL 53] 
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using a Whirlwind machine. In the later part of the last 

decade systems such as Alpak [BR0 63], Formac [TOB 67,a], 

SACl [C0L 71], MATHLAB [ENG 65] and REDUCE [HEA 67] became 

available for performing formal symbolic computation, while 

some of these earlier systems were designed to manipulate 

polynomials in several variables. The ALTRAN [BR0 73], 

MATH LAB and REDUCE2 [HEA 70] systems provide the user with 

the capability of manipulating rational functions in severa l 

variables. These later programming systems have offered a 

powerful set of logic, passing and testing functions. Many 

of these systems include the capabilities to pe r form pattern 

matching, symbolic to numeric conversion as well as 

constructing recursive procedures. 

This project is primarily concerned wi th the formal 

symbolic integration of rational funct i ons i n several 

variables, including symbolic factorization of multivariate 

po l ynomials. Programs written in ALTRAN system to perform 

these exercises will be demonstrated . 

1 .2 Brief History of Symbolic Integration by Computer 

The f i rst investigation into symbolic integration by 

a digital computer came from the are~ of Artificial 

I ntelligence in the work of Slagle•s SAINT [SLA 61]. In 

SAINT a pattern matching routine is applied to determine 

the proper t ran s forma ti on ne eded t o obt ain re s ul ts from 

tabulated formulas. Three years after Slagle•s SAINT, 
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Manove using the MATHLAB system [MAN 68] developed a 

rational function integration program. Manove's implementa­

tion relies upon the method of Hermite [HER 12]; a method 

that has attracted considerable interest during the last 

decade . Unfortunately, Manove's program has difficulty 

when factoring the denominator of rational functions . A 

third system for perform i ng formal symbolic integration 

using a digital computer was developed by Moses [MOS 67]. 

Called SIN, Moses was able to develop a more superior and 

f aster algorithm than SAINT using a more sophisticated 

pattern recognition program for finding the optimal method 

to perform integration. Much of the pattern recognition 

program depends upon decision pr ocedures such that of the 

method chosen and applied to the integrand, the exact 

results will easily be obtained. 

The integration of rational functions in SIN makes 

used of the method of Hermite. 

Tobey in his Ph.D. thesis [T~B 67,b] concentrated 

on the formal symbolic integration of rational functions. 

He has given a complete discussion and analysis of the 

problem including an algorithm for performing the integration 

using Hermite's method. Included in his discussion is an 

analysis on performing e f ficiently the greatest common 

di viso r c a l cul at i on using t he Eu c l idea n alg ori thm, as we ll 

as partial fraction decomposition. Algorithms for perform-
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ing these functions are also discussed. 

In the beginning of this decade Horowitz [H0R 70] 

using the SACl system performed a complete analysis on 

rational function integration by applying modular arithmetic 

to Hermite's method. In addition, Horowitz developed a new 

and more efficient method for finding the rational part of 

the integral of a rational function . This method involves 

the solution of a system of linear equations which are 

easier to obtain over that of partial fraction decomposition. 

Horowitz left the transcendental part unfactorized. 

Tobey [T~B 67,b] discussed a numerical t echnique 

for obtaining the transcendental portion of a rational 

integral. His method involved approximating t he roots of 

the denominator of the transcendental part num erically 

while continuing to use a symbolic approach. Tobey also 

discussed the need for faster polynomial factorization 

algorithms. 

Since Tobey's thesis, Musser [MUS 71] and Wang 

[WAN 73] have developed more efficient polynomial factoriza­

tion algorithms using modular arithmetic. Much of what these 

people have accomplished has been implemented in this project 

to factorize multivariate polynomials of the transcendental 

part of a rational integral. 

1.3 Purpose of this Project 

The purpose of this project is to implement both 
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the Hermite and Horowitz methods for rational function 

integration in the ALTRAN system. While the ALTRAN system 

is a rational function system, our interest here is to 

extend the capability of ALTRAN to perform the integration 

of rational functions. In performing this exercise several 

algorithms have been implemented in ALTRAN to perform 

polynomial square free factorization, complete partial 

fraction decomposition and the solution of linear simul­

taneous equations. In addition, an extension of Horowitz's 

algorithm to perform the integration of multivariate 

rational functions is discussed and implemented using 

ALTRAN. 

In continuing the study for integrating the 

transcendental part, the polynomial factorization algorithm 

of Wang has been implemented using the modular arithmetic 

capability of ALTRAN. 

The project is concluded by using an algorithm to 

integrate the transcendental part employing factorization 

of the denominator, partial fraction decomposition,while 

using a simple pattern matching program. However the 

integration of the transcendental part is not complete in 

some cases, since it requires computation over irrational 

and complex fields which are at present beyond the 

capabilities of the AL TRAN system. 
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1.4 Outline of Further Chapters 

In Chapter 2 we will briefly discuss the ALTRAN 

system, listing some of its capabilities, specifically 

those used in implementing some of the algorithms discussed 

in later chapters. Included in Chapter 2 is a discussion 

of Hermite's and Horowitz ' s method as well as a description 

of their implementation in ALTRAN. 

In Chapter 3 a discussion of Wang's algorithm for 

multivariate polynomial factorization is described including 

its implementation in the ALTRAN system. 

In the last chapter a discussion of the integration 

of the transcendental part along with a description of its 

implementation in ALTRAN is given . Program listings and 

results have been included in the appendix. 



CHAPTER 2 

INTEGRATIO N OF RATIONAL FUNCTIONS 

In this chapter we will discuss ALTRAN and its 

application for symbolically computing the integrals of 

rational functions . 

2 . l Introduction to ALTRA N 

ALTRAN, short for algebraic translator, is both a 

language and a system for performing formal algebraic 

computations on algebraic data . Bas i cally it is capable of 

performing rational operat i ons on ra t ional expressions in 

one or more variables with i nteger coeff i cients. 

The ALTRAN system is composed of a transla t or, 

interpreter and run time library and has been written almost 

entirely in FORTRAN IV. Considerable effort was made to 

achieve a po r table system without sacrificing efficiency , To 

avoid machine limitations, both macros and primitive 

subroutines are used. Macros permit extensions of the 

implementatio n language while primitives allow for the 

efficient coding of critical ope r ations. 

As a programming language ALTRAN supports the 

e l eme ntary ar it hm etic oper ations ( +, -, *, ; , ** ) while 

more complicated operations such as symbolic differentiation 

and greatest common div~sor are provided through procedure 

7 



calls to library routines. 

Syntax and semantics of ALTRAN have been based on 

that of FORTRAN and PL/I, but with the extensions of new 

data types. Data types in ALTRAN include LABEL, LOGICAL, 

INTEGER, RATIONAL, REAL and ALGEBRAIC. ALGEBRAIC is an 

attribute for declaring rational functions. These last 

8 

four attributes can also be associated with precision 

attribute SHORT or LONG, a storage class attribute AUTOMATIC 

or STATIC and a scope attribute INTERNAL or EXTERNAL. 

Default attribut~are SHORT, AUTOMATIC and INTERNAL. A 

parenthesized list associated with the ALGEBRAIC attribute 

is called a layout and serves to declare the maximum 

exponent associated with the determinates (independent 

variables of rational functions). For example, LONG 

ALGEBRAIC (x:20,y:30) A,B declares A and B to be internal 

automatic ALGEBRAIC's with long integer coefficients. The 

maximum exponent for x and y are 20 and 30 respectively. 

Arrays for all data types can be declared using the 

array attribute. For example, the declarations 

RATIONAL ARRAY(5,6)A 

ALGEBRAIC (x:20,y:30) ARRAY (2,3)B 

•declar~A to be a 5*6 array of ratiorial numbers and B to be 

a 2*3 array of ALGEBRAIC in the indeterminates X,Y. 

There are four classes of operators in ALTRAN, these 

include arithmetic, relational, logical and special. Special 
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operators include dollar "$", used for multiple assignments, 

colon ":"-used in the layouts, equal "= " for assignment, 

and comma 11
," for representing lists. 

Expressions in ALTRAN are written by combining 

constants, variable, array elements, function calls and 

algebraic references with the arithmetic operators. An 

algebraic reference, while similar to a function call, 

denotes a value ob t ained by substitution rather than by 

execution of a function. For example, if A is ALGEBRAIC in 

the variable X and Y, then the expression 

A (5**3,T) 

would result in the simultaneous sub s titution of 53 and T 

for X and Y throughout the expression of A. 

ALTRAN also supports assignme nt statements which 

are similar in appearance to those of FORTRAN and PL/I. 

In addition, there are a modest number of control statements 

which include Do group, labels and jumps, if groups, etc. 

Input and output are handled by the functions READ and 

WRITE . Input is in a free-format whi le output is in a 

standard format that is input compat i ble. 

An ALTRAN program consists of a collection of one 
. 
or more procedures each beginning with a procedure declara -

tion and ending with an END statement. A procedure may be 

a subroutine or a func ti on depending on whether or not it 

ret urns a value using the RETURN statement. Only the first 

procedure, PROCEDURE MAIN has no RETURN statements. 
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The ALTRAN system also has a variety of library 

procedures for numerical and symbolic manipulation. These 

include procedures for numerical analysis, testing and 

conversion of numerical values, algebraic analysis, algebraic 

computation, modular reduction, array operations and matrix 

computation, truncated power series computation and input­

output. A more extensive discussion, including examples 

can be found in the ALTRAN user's manual [BR~ 73]. 

2.2 Definitions and Theorems 

The purpose of this section is to introduce some 

of the basic definitions and theorems needed in the analysis 

of Hermite's and Horowitz's algorithms. Since more formal 

proof to each of the theorems can be found in the literature, 

only a brief discussion is given for each proof. 

2.201 

2.202 

2.203 

A rational function R(x) is defined as a numerator -

denominator pair of polynomials A(x)/B(x), where 

A(x) and B(x) have integer coefficients, are 

relatively prime and where the leading coefficients 

of B(x) is positive. 

A rational function R(x) = A(x)/B(x) is called 

regular if the degree of the numerator A(x) is less 

than the degree of the denominator B(x). 

A polynomial B(x) of positive degree over an integer 

domain I is said to be irreducible over I if it can-
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2.204 

2.205 

not be expressed as the product of two polynomials 

of positive degree over I. 

If B(x) is a polynomial of positive degree over 

field F and if "a" is its leading coefficientss 

then there ex i st distinct, monic, irreducible 

polynomialss B1 (x)s B2(x), ... sBk(x) over F such 

that 
n n 

B(x) = a*B 1 (x) 1*B 2 (x) 2* 
n 

*B (x) k 
k 

where ni are positive integers, i=l,2s·· · ,k, the 

degree of (Bi) >O and where the 

degree(B) = Ik (n i *degree (B . )), 
i = 1 1 

this factorization being unique except for order 

[HOR 70] . The proof to this theorem can be given 

by proving the theorem of uniqueness of prime 

factorization in principal ideal rings [VAN 53]. 

A polynomial B(x) of positive degree is said to be 

square-free if it cannot be written in the form 

B(x) = C(x) o2 (x) where O(x) is a polynomial of 

1 1 

positive degree. Thus a polynom i al which is square 

free has only roots of multiplicity 1. 

Suppose B(x) = a*B 1 (x) 1*B 2(x) 2*, ... ,Bk(x)k where · 

a El , B; is pri mitive and has a pos i tive leading 

coefficient for l ~ i ~ k. In addition a El and deg 

(B,, (x)) >O and all Bi 's are pairwise relatively 
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prime. Then a rrk Bi i(x) is called the square 
i=l 

free factorization of B(x). 

1 2 

If B1 (x) and B2(x) are two relatively prime 

polynomials over a field F,m = deg(B 1), n = deg(B 2), 

m,n>O and if A(x) is an arbitrary polynomial of 

degree less than m+n, then there exists an identity 

A(x) = C(x)*B 1(x) + D(x)*B 2(x), where deg 

(C(x))<n, deg (D(x))<m, C(x),D(x) sl[x] 

[HOR 70] 

Proof follows that of [WAN 53,pp.88]. 

By hypothesis, the greatest common divisor of B
1
(x), 

B2(x) is equal 1. Then the following identity 

ho 1 ds: 

R(x)*B 1(x) + S(x)*B 2(x) = 1 

Multiplying both sides by A(x) gives 

A(x) = (R(x)*A(xD*B 1(x) + (S(x)*A(x))*B 2(x) ( 2. i} 

To reduce the degree of (R(x)*A(x))to a value less 

than n we divide this polynomial by B2(x): 

R(x)*A(x) = G(x)*B 2(x) + C(x) ( 2. 2) 

where deg(C(x))<n. 

Substituting this into equation (2. 1) gives: 
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A(x) = C(x)*B 1(x) + (G(x)*B 1(x) + A(x)*S(x))*B 2(x) 

i.e., A(x) = C(x)*B 1 (x) + D(x)*B 2 (x) where 

Deg D(x)<(Deg A(x) - Deg s2(x)}, i.e., 

Deg (D(x))<Deg(B 1 (x)) 

This completes the proof. 

Let A(x)/B(x) be a regular rational function, whose 

denominator B(x) can be resolved into powers of 
n1 n2 nk 

prime polynomials B1 (x) , B2 (x) , ... ,Bk(x) , 

k n. 
i.e., B(x) =IT Bi(x) 1 

i=l 

This rational function can then be represented as 

a sum of partial fractions whose denominators are 

powers of prime polynomials into which the denominator 

B(x) resolves. This summation called the partial 

fraction decomposition of a rational function is 

given by 
k n. 

A(x)/B(x) = .L Ai(x)/Bi(x) 1
, where 

1 = 1 

n . 
Deg Ai(x)<Deg Bi(x) 1 or Ai(x) = 0 if Deg Bi(x) = 0 

[HOR 70] 

For the proof let k = 2, such that B(x) 
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Using 2.2T2 we can write 
n n 

A(x) = C(x)*B 1(x) 1 + D(x)*B 2(x) 2 

Dividing both sides by B(x) we obtain two partial 

fraction terms 

n n 
A(x)/B(x) = D(x)/B 1 (x) 1 + C(x);B 2(x) 2 , where 

n n 
Deg D(x)<Deg B1 (x) 1 , Deg C(x)<Deg B2(x) 2 

By induction we can prove the theorem for K>2 

The partial fraction decomposition of a rational 

function is unique. 
[HOR 70] 

Given a regular rational function A(x)/B(x) whose 

denominator has the factorization 

k 
B(x) = b rr B

1
.(x), where the B.(x) are pairwise 

. 1 1 1 = 

relatively prime polynomials, there exist polynomials 

A .. (x) for l:.;:j:.;:n., l:.;:i:.;:k , such that the rational 
1 'J 1 

function A(x)/B(x) can be represented as 

k 
A(x)/B(x) = L 

i=l 

.n; 
L A . . (x)/B.(x)j, where 

. 1 1 , J 1 J= 

Deg A .. (x)<Deg B
1
.(x) 

1 'J 
[HOR 70] 

This summation is referred to as the complete partial 

fraction decomposition. From 2.2T3, we can write 

rational function as: 



k n. 
A(x)/B(x) = I A; (x)/B; (x) 1 

i = 1 

Using the remainder theorem we write 

n. 1 
A. (x) S 1 (x) B i (X) 

1- r
1 

( x) = + 
1 

n. 2 
r 

1 
( x) = s 2(x) B.(x) 1

- + r 2(x) 
1 

rn (x) = sn. (x) 
i - 1 1 

+ 
n . 

Dividing both sides by Bi(x) 1 

+S (x) n. 
1 

Ai(x) S l (X) s2 (x) 
+ 2 + • • • + 

sn_(x) 
1 = 

n. 
. n. 
Bi (x) 

1 B i (x) B i (X) Bi(x) 1 

and setting 

A .. (x) = S. 
1 'J J 

j = l, ... ,n. 
1 

A; ( x) 

n. = 
B.(x) 1 

1 

n . 
I

1 
A .. (x)/B.(x)j 

1 ' J 1 
j=l 

Substituting this last summation into equation 

(2 . 3 ) fori = 2,3, ... ,k , we obtain 
k n. . 

A(x)/B(x) = I I 1 a .. (x)/B.J(x) 
i=l j=l 1 'J 1 

1 5 

(2.3) 

(2.4) 
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2.2T7 

1 6 

A complete square free partial fraction decomposition 

of a regular rational function is unique. [HOR 70] 

Let R(x) = A(x)/B(x) be a regular rational function 

then 

J R(x)dx = S(x) + 1 ~ 1 di log(x-b 1) 

where s(x) is a regular rational function and 
n 
I di log{x-bi) is the transcendental part of 

i = 1 

(2.5) 

integration, b. are in complex number field~ and 
1 

are distinct roots of B(x) where d;E~ for 

i = 1 ' 2 ' • • • ' k [HAR 16] 

For the proof let us write B(x) as 

n n 
B(x) = a*(x-b ) 1*(x-b ) 2* 1 2 

where b.£~ 
1 

Using theorem 2.2T7 we can write 

R(x) = A(x)/B(x) 

where 

k A. 
1

(x) A. 2 (x) 
=I ~1'~......- + 1, 

i=l (x-b;) (x-bi ) 2 

+ .... 
+Ai,n;(x) 

n . 
(x-bi) 1 

(2.6) 
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J R(x) 
k 

J 
A. 1 (x) k [ A. 2 dx = l: 1 , + l: 1 , -

i = 1 (x-bi) i=l - "[.X-bi) 

A. 3 A;,n.(x) ] 1 , 

(x-bi) 2 1 
n. 1 

(ni_ 1)(x-bi) 1
-

2.2T8 

k 
= l: A. 1log(x-b.) + S(x) 

i=l 1 , 1 

where S(x) is a rational function and A. 1 = d i • 1 , 

If R(x) is a rational function, the the rational 

and transcendental parts of J R(x) dx ar e unique. 

[HOR 70] 

2.3 Hermite's Method for Rational Function Integration 

Hermite's method [HER 12] for the integration of 

rational functions can be divided into two parts. In the 

first part we obtain the com plete square free partial 

fraction decomposition, while in the second part we obtain 

the rational part of integration using a reduction method. 

A general algorithm describing Hermite's method is given 

in Figure 2.1. 

In performing the complete square free partial 

fraction decomposition, we make use of the algorithm 

RSQDEC to obtain a square fee partial fraction decompos i t i on . 

During the execution of RSQDEC we compute the square free 

factorization of the denominator using the algorithm PSQFRE 



READ AB 

If AB non regular put it in this form 
AB=AB*+R1, where AB*=A/B is 

regular rational function and degree 
of R1<degree of B 

I r I~ Factori..zation algorithm such that 

~ B=afl y . i(x) ,y. is square 

I I I ~ ·------1.-· =_l...=.:;:c..;;J_~~-T-"'-~l.==:::___--------' free polynomial 

I ~(f)o, _______________ ~_l~----------------~ 

I 
Construct matrix E for performing 

I 
u ~ partial fraction decomposition 

I ~(/)~. ~~~--~'----~~~ Solve system of linear equation to 
~ I obtain Ai such that 

I I . _________ A_I_B_==i_!=l_A_1,· ~(x_>_I_Y_i_i_(x_> __________ ~ 
::<: 1- -1-
~ I I ,------C-o_m_p_u_t_e_A_

1
_· ,-J-. ':-(x_,),..._s_u_c_,h,.....-t_,h,.....a_t ____ , 

::r:: ~ ~I Ai(X)/Yii= J.tl _A_i_,_,-""j---;-.---
"" ..... - Wi Y. 1 (x) 

~ I ~ .l--r---
1 

I S=A1,1/(Y1(x)*a), I=2 
I=I+l I 

r 
~-- . __ - _-_-___,_! __ -. 

Compute Rp, Sp such that 

I I ..-i f i Ai ,j ' ffi . E -.- = Rp + f Sp 
f@ J=l YiJ 

r 

I_ 

I 
R=R+Rp/a*w., S=S+Sp/a*w. 

J J 

Yes_~ 
R=R + f R1 
S=S 

Figure 2 .1 Her mite Algorithm 
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followed by computing the partial fraction terms using the 

algorithm MATSFD. Once we have completed these steps, we 

then proceed to compute the complete partial fraction 

decomposition using the algorithm PCDEC. 

A brief description of these algorithms follows: 

Algorithm PSQFRE:-

Input is any polynomial B(x} while the output is 

the square free polynomials Q1 ,Q 2 , ... ,Qk represented by a 

vector such that 

1) Initialize: set Q=O, 0=0 

2) Obtain the linear term: 

set E = GCD(B,dB/dx) 

If E = 0 then set F = B; else F = B/E 

~) Add to the vector Q: 

if deg(D) = deg(F) go to 4), if QfO add D/F to Q 

4) Test for an end to the algorithm: 

if E is an integer add B to the vector Q, then 

end; else set B = E, D = F and return to step 

2 ) . 

Let n = Deg (B(x)), ni = Deg (Bi(x)) such that 

1 9 



k 
B(x) = TI 

; = 1 
B.(x)i 

1 

Our purpose is to obtain Ai(x) which satisfies 

theorem 2.2T3 such that 

A(x)/B(x) 
k 

= I 
i = 1 

A./B.(x)i 
1 1 

This equation can be rewritten by multiplying both 

sides by B(x) such that 

20 

(2.7) 

where 

Ai(x) = 

Ei (x) = 

in. 1 1-

I 
j=o 

n-in. 
1 

I 
j=O 

Xj a. . 
1 , J 

e. . xj 
1 , J 

where a .. , e .. c:I. 
l,J l,J 

To compute A
1
. we must compute a ... This can be 

1 , J 

obtained by equating the coefficients for the same powers 

in x in both sides of equation (2.7). 

Before this can be done, the procedure MATSFD 

constructs a matrix E composed of the coefficients e .. as 
1 , J 

follows: 
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Algorithm MATSFD: -

Inputs to this procedure are both B(x) and the 

resolvers list (B 1 ,B 2 , ... ,Bk). Output is matrix E shown in 

Figure 2.2. Matrix E will be employed to compute the 

partial fraction terms of any rational function. 

l) Initialization: 

set i = l 

2) Compute the vector Q: 

set Ei = B(x)/Bi i(x}, Q equal to the vector of 

coefficients Ei, placing Q in the first column 

of the ni group. Set j = 2, ni=deg(Bi(x))i 

3) Construct the remainder of ni columns: 

shift downward by one place all the elements 

in vector Q while placing an element of value 

zero into first location. Add Q to the matrix 

in the jth column of the ni group. If j f ni, 

set j = j+l and repeat step 3). 

4) Set i = i+l. If i>k then end; else return to 

step 2). 

n-in. 
Since E

1
. = I 1 e .. xj where e .. EI, the 

j=O l,J l,J 

coefficient matrix for the numerator of the partial fraction 

terms is given in Figure 2.2. This matrix will also be 

employed when computing the transcendental part. 



e 1 ,n-n
1

, 0, . . . ' 0'. . . 
. 

e e 1,n-n1-l, 1 ,n-n
1

, . 
. 

e . 
1,n-n1-1, . 

. . 
e 1 ,n-n1, . 

e1 '1 . . e 1 ,n-n1-1,. 

e1 ,0 e1 '1 ' . 
0, e1 ,0' . 

0, 

0, 0, 

. 
. 

e 1 ' • l ' 

e 0' . 1 ' ., ,/ 
----------v-~------------

. e 
k,n-knk 0' . . . 

e e 
k,n-knk-1, k,n-knk 

. 
ek,n-knk-1· 

. 
. 

. . 

ek,1 ' . 

ek,O ' ek, 1 

0 ek,O 

. 0 

0. 0' . 

. 

0 

e 
k,n-knk 

e 
k,n-knk-1 

ek, 1 

ek,O 

~~------------v- ~ 
k 

Figure 2.2 Coefficient MATRIX E 
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Procedure RSQDEC is now employed to obtain the 

partial fraction decomposition. From the left-hand side 

of equation (2.7) we construct a constant vector C from the 

polynomial A(x). From procedure MATSFD we have constructed 

the coefficient matrix E. Using the vector C and the 

coefficient matrix E we then can proceed to solve a linear 

system of equations, the solution being the coefficients 

a . . . From these the polynomials A
1
.(x) can be constructed. 

1 , J 

Algorithm RSQDEC: -

Input is the rational function A(x)/B(x), while 

the output is the terms A; and Bi, i=l, ... ,k such that 

k . 
A(x)/B(x) =I A.(x)/B. 1 (x) 

. 1 1 1 1= 

1) Factorization: 

Set Q = PSQFRE (B(x)). The result is a linear 

list (vector) of all the square free polynomials 

of B(x). 

2) Construct the coefficient matrix: 

E = MATSFD (B(x),Q). Here we obtain the 

coefficient matrix given · in Figure 2.2. 

.. 3) Construct the constant vector C: 

Pl ace th e coefficients of the nu mera tor A( x ) 

of the rational function in vector C. 
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4) Solve the system of linear equations: 

Here we solve a system of linear equations 

Ea = C using the ALTRAN procedure ASOLVE. The 

solution a is a vector listing the coefficients 

of A1 . Set n
0 

= 0, j=l 

5) Construct Aj: 

n +n . 
1 0 J- i-n 

A . = I a. x o 
J i = n 1 

0 

If i = n, the end; 

repeat this step. 

set j=j+l 

else n = n + n. 1 and 
0 0 J-

To compute the complete partial fraction decomposi-

tion, we now make use of procedure PCDEC. 

Algorithm PCDEC: -

that 

Input is two polynomials A , B and integer i such 
a a 

i 
Aa/Bai = 1/W I Yj(x)/Baj(x) 

j=l 

where W is a constant de t ermined during the computation of 

the algorithm. Output is vector Y and constant W. 

1) Initialize variables: 

Set m = degree (A (x)), 
a 

n = deg re e ( Ba(x)), 

W = {LDC (B (x))}m-n+l 
a 



(where ldc represents the leading coefficient 

term) , 

y = 0 

Q = W A (x), Set j = 1 
Ci. 

2) Compute q• and Yj such that: 

Q = B (x) Q • + Y. 
Ci. J 

If Deg (Q 1 )<n, Set Yj+l = q• and end; else 

set Q = q•. 
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Set j = j+l. If j>i then end; else repeat this 

step . 

Procedure RDEC provides the steps necessary to 

obtain the complete partial fraction decomposition. 

Algorithm RDEC : 

Input is the regular rational function A(x)/B(x). 

Output are the terms of the complete partial fraction 

decomposition such that 
k 

A(x)/B(x) = I 
i = 1 

1 i . 
--w ( I A .. (x)/B.J(x)) 
.. 1 1,J 1 
1 J= 

These include an array of the terms A . . and vectors 
. 1 , J 

for the terms B. and w .. 
1 1 

1) Perform partial fraction decomposition: 

Call RSQDEC (A(x)/B(x)). Set i = 1 



2) Perform the co mplete partial fraction 

decomposition for A. (x)/8 . i(x): 
1 1 

Call PCDEC (A;(x), B;(x),i) Set i = i+l 

If i>k then end; else repeat step 2}. 

Let us now consider computing the rational part of 

integration using a reduction method. After computing the 
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complete square free partial fraction decomposition we have 

the equation 

I A(x)/B(x)dx I 
k 1 i . 

= I w I A . . (x)/B.J(x) dx 
i=l i j=l 1 'J 1 

= I ~ I J A .. (x)/B.j(x} dx 
i= l i j=l 1 'J 1 

What is necessary is to integrate the terms A .. (x)/B . j(x) 
1 , J 1 

with respect to x for i >l. 

Since B;(x) is a square free polynomial, 

gcd (B ; (x), dB;(x)/dx) = 1 

From theorem 2.2T2 there exist two polynomials C(x) and 

D(x) such that 

C(x) B; (x) + D(x) dB; (x)/dx = A . . (x) 
1 , 1 

for i >l. 

Then, 

f 
A .. ( x ) 

1,1 dx = 
B;i(x) I C (X ) 

B; i-1 (x) 

dB;( x ) 
D (X) dx 
-~---dx 
B;i(x) 



Using 

which 

where 

integration by parts, we have 

f 
A. i(x) 
~---- dx = 
Bi 1 (x) 

can be written as 

J
A;,;(x) 
----'r--- d X = 
s

1
1 (x) 

f 
C{x} 

+ f dx 
B;i-l(x) 

D(x} 
( i - 1)8 . i - 1 ( X ) 

1 

__ -___.:0::...:(>-=;x~)-::--- + J 
(i-1)B . i-l(x) 

1 

dD(x)/dx 
(i-l}B

1
i-l(x) 

~ ( x) dx 
B;1-1(x) 

( 1 dD(x} 
H x) = C(x) + (i-1) dx 

Since the deg(C(x)) < deg(B 1. (x)) and the deg(dD(x)) < dx 
deg{Bi(x)), we find that the deg{H(x)) < deg(Bi(x)) 

Now 1 e t 

* A . . l = A . . l + H(X) 
1,1- 1,1-

where the * deg(A . . 1(x)) < deg(B.(x)). 
1 , 1 - 1 

Proceeding in the same fashion we reduce by one the 
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dx 

{ 2. 8) 

(2 . 9) 

(2.10) 

* i -1 exponent of B
1
. (x) in A .. 1(x)/B. (x) until we arrive at 

1 , 1 - 1 

I Ai,l(x) 
--:::-=--o...---.-- d X 

Bi(x) 

which is the transcendenta l part. Our result is then 



J Wx+ 
k 

1 
k A. 1(x) 

x dx = I S i (x) + I 1 
' dx 

i=2 i=l 8; (x) 

where k 
I s1 (x) is the rational part of integration and 

i=2 

Ji~l ::(;) dx is the transcendental part. 

This formulation is implemented by the procedures HERMl 
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(2.11) 

and HERM2. The procedure HERMl uses the reduction procedures 

descr i bed above. 

Algorithm HERMl: -

Inputs will be a vector A. 1 , A. 2 , ... ,A .. obtained 
1, 1t 1,1 

from algorithm RDEC, Bi(x) and the integer i. Output is a 

pair of polynomials R(x) and S(x) such that 

I 1 , J dx = 

J 

i A . . (x) 

j=l Bij(x) 
R(x) + J S(x) dx 

1) Initialize the rational and transcendental 

parts: 

Set R = 0, S = A .. 
1 , 1 

2) Use the identity discussed in theo r em 2.2T2: 

Call PEDCD (Bi,dBi/dx) to compute C(x), D(x) 

such that 

C(x) Bi (x) + D(x) dB; (x)/dx = 1 

PEGCD is a user defined algorithm. Set j=i. 



3) Implementation of theorem 2.2T2: 

4) 

5) 

Call EGCD (Bi,dBi/dx,S,C,D) to compute CC(x), 

DD(x) and W, an integer such that 

W.S = CC(x) Bi(x) + DD(x) dBi(x)/dx 

where Wsi. 

W*S insures that the right hand side of the 

above equation has coefficients over the 

integers. 

Compute the rational part: 

Set R = R - DD(x)/[W ( j- 1 ) s)-1] 
1 

* Compute A. . 1 : 
1 'J-

Set s = A. . 1 + CC(x) + 1 dDD(x} 
1 , J- ( j -1} dx 

Set j = j -l. If j > 1 return to step 3} 

6) Compute the transcendental part: 

S = S/(W~Bi(x)), 

then end. 

Procedure HERM2 will perform the integration for 

any regular rational function. 

Algorithm HERM2: -

Input is a regular rational function A(x)/B(x) 

whi l e the output is 2 polynomials R( x ) and S( x ) such th at 

I ~f~~ dx = R(x) + I S(x) dx 

29 
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Procedure HERMl calls upon procedure HERM2 and RDEC. 

1) Initialize RandS: 

Set R = 0, S = 0 

2) Compute the complete partial fraction decomposi-

tion: 

Call RDEC(A/B) to compute the complete partial 

fraction terms. 

3) Initialize the transcendental part: 

SetS= A1 , 1;B 1 (x) 

Set j = 2 

4) Reduction procedures: 

Call HERMl((A . l' A. 2 , ••• ,A .. ), B .. ) 
J, J, J,J J,J 

to compute Rp and SP such that 

I J? 1 dx = R + S 
J 

j A .. (x) J 

i=l B/(x) P P 

5) Sum the rational and transcendental parts: 

Set R = R + R /W . , 
p J 

S = S + S /W . p J 

w. is obtained from RDEC 
J 

Set j = j+l 

If j~k return to step 4); else end. 

The purpose of procedure HERM is to act as a 

supervisor for the integration of any rational function 

over the i ntegers . If the rat i onal funct i on is not r egular 

HERM converts it to a regular rational function plus a 



polynomial. 

Algorithm HERM: -

Input is any rational function called AB = A(x)/ 

B(x). Output is the integration of this function. 

1) Initialize: 

Set Rl = 0, AB* = AB, R = 0, S = 0 

2) Test if AB is a regular rational function: 

If degree (A(x)) <degree (B(x)) 

go to step 4); else compute A*(x) and Rl 

such that 

A(x) = Rl (x) B(x) + A*(x) 

Then AB* = A*(x)/B(x) 

3) Integration of polynomial Rl: 

Set R = J Rl dx using the ALTRA~ system 

procedure PINT. 

4) Integration of the regular rational function: 

Call HERM2 (AB*(x)) to integrate the regular 

rational function from which rational and 

transcendental parts, Rx and Sx are computed. 

5) Compute the final rational and transcendental 

parts: 

Set R = R + R , ' = S X ~ X 

A listing for the algorithm HERM is given in 
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Appendix A. 

2.4 Horowitz•s Method for Rational Function Integration 

By Hermite•s algorithm we were able to compute 

polynomials C and D such that 

I _8_{__ti d X = 
£TXT 

C(x) 
( )* * k-1() B2 X •.. Bk X 

D(x) dx 
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(2.12) 

where C(x) is the rational 
( ) * * k-1 ( ) B2 X ••• Bk X 

part. 

Using Hermite•s method, we first obtained the 

partial fraction decomposition as described in Section 2.3 

and then apply a reduction process to the partial sums 

for 2~i~k. 

i 
l: 

j = 1 
A. ./B. j 

1 'J 1 

Instead of Hermite•s method, let us consider 

equation (2.12) above where C(x) and D(x) are undetermined 

polynomials. Differentiating both si-des of equation (2.12) 

we have 



But 

!il~J = 
BTXT 

I ( k-1 C 82 ... 8k )-C(8 2 
k -1 2 ( 82 ... 8k ) 

k 
<I (i-1)B 2 ... s. 1 s~ 
i=2 1- 1 

8i+l .•. Bk) 
[HOR 70, pp.103] 

Subst i tuting equation (2.14) into (2.13) we obtain 

MU= 
BTXT 

8 k-1)}/ 
k 

( )( k-1) where B = B1 ... Bk B2 ... 8k 
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(2.13) 

(2.14) 

(2.15) 



k k 
Bii-l(x) Let U(x) = TI Bi (x), V(x) = II 

i = 1 i=2 
n-2 i m-2 

c •.u = I e.x where e. = I {j+l)c.+1u .. , 
i=O 1 1 j=O J 1-J 

n-2 i m-1 
C.H = I f.x where f. = I c .w . . ' 

i=O 1 1 j=O J 1-J 

n-1 ,... i m 
D.V = I :::t·X where g . = I d. . v. 

i=O 1 1 j=O 1-J J 

Thus, if A(x) = 
n-1 
I 

i=O 
then 

m 
a. = \ {{j+l)c.+1u .. + c.w . . +d .. v.} 

1 j~O J 1-J J 1-J 1-J J 

If H = (c 1 , ... ,c, d 1 , ... ,d) and A= (a 1 , ..• ,a ), m- o n-m- o n- o 

then H is a unique vector satisfying the equation 

EH = A 

where E is the coefficient matrix given in Figure 2.3. 

A flowchart showing the steps necessary in 

Horowitz's algorithm is given in Figure 2.4. A brief 

description of these procedures used in Horowitz's 

,algorithm follows: 

Algorithm MATX: -

Inputs are the po l ynomials U and V and vector 

34 



k 
u = n Bi(x), 

i = 1 

k 
v = n 

i=2 

35 

The polynomial W is constructed within this 

procedure. Output is the coefficient matrix given in 

Figure 2.3. 

1) Initialize: 

2) 

Set m = deg(V), n = deg(U) + m 

k 
W - - 2: (i-1) U/Bi • dBi/dx 

i=2 

Construct set of vectors: 

Set Lv to the coefficient of 

Lu to the coefficient of 

Lw to the coefficient of 

Set i = 1. 

polynomial 

polynomial 

polynomial 

v' 

U and 

w. 

3) [Construct the first m columns of the coefficient 

matrix E.] 

Place column Lw in the mth column of the matrix E 

Set j=O, ~·J=W.X 

a) Set Xl = (W + (j+l) . U) .Xj and vector Lw to 

the coefficient of polynomial Xl, placing 

vector Lw in the (m-1-j)th column of matrix E. 

Set j = j+l 

If j < (m-1) go to a). 



0 0 ' . . . . . . . . 0 ' 0, vm~ 0 . . . . 0 0 

wn-m-l +(m-l)un-m' 0 ' vm-1' vm' 

vm-2' v m-1' .. 
~n-m-2+ (m-l)un-m-l' wn-m-l+(m-2)un-m' . . . 0 0 . 

' .. 
wn-m-3+ (m-l)un-m-2' wn-m-2+(m- 2)un-m-l' • 

. 
0, 0, . vm 0 

vm-1 v m 
w 1+u , 0. n-m- n-m . 

vm-1 
w 2 +u 1 ' w 1 ' n-m- n-m- n-m- v 1 ' v2' 

' 

wo+(m-1 )ul, w1+(m-2)u2, . w n-m-2' VO' v 1 ' 

( m- 1 ) u0, w0+(m-2)u1, .. . 0 VO' . . ' 
~ 

0 (m-2)u0• . . 0 . . . ~ . 
0, 0, . 

' , v2 . . 
' 

, w1 +u 2, w2' 0 0 
\ 

vl v2 
. 

• wo+ul' wl' 0 0 vo vl 

0, 0' . . . . . . . . . . . uo, \'10 0 0 . . .. 0 vo 

m columns n-m columns 
Figure 2.3 Coefficient MATRIX 
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4) [Construct the n-m columns of matrix E.] 

Set i = m+ l 

Set j = 0 

b) Set p = N-j Place vector Lv in the pth 

column of matrix E, set j = j+l. If 

j > (n-m) then end; else shift up one 

place all the elements in vector Lv and 

place element of value zero on the bottom. 

Repeat step b). 

The purpose of procedure RINTG is to integrate a 

regular rational function. 

Algorithm RINTG: 

Input is a regular rational function A(x)/B(x) 

while the output is the rational part R(x) and the 

transcendental part S(x). 

1) Compute the square free factor of the 

deno minator B(x): 

Call PSQFRE (B(x)) to obtain the square free 

2) Compute the polynomials U and V: 

Set k 
U=IT B., 

. l 1 1 = 

k . 1 v = n B. 1
-

i = 2 1 
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(I) 

t9 
E-< z 

OJI 

I 

I 
I ,_ ,_ 

READ AB=A/B 
AB Rational Function 

If AB non regular put it in this form 
AB=AB*+R1, where AB* is regular 
rational function, R1 € I[x] 

-I 
Factorization Algorithm 

k 
yii(x) B = II 

i 
I 

k 
u = II Yi {x) 

i=l 

k 
Yii-l(x) v = II 

i=2 
l 

k 
w = -.~2 (i-l)Bl .. *Bi * •• *Bk 

~= 

Construct matrix E for unknown coefficient 
from equation C'*U+C*W+D+V 

Construct the constant vector from the 
coefficient of numerator A. 
Solve system of linear equation 

r- - ,...- - ~ -
Cm-1 an-1 
Cm-2 an-2 
. . . 
Co E 

. 
= 

dn-m-1 
. 
. . . . 

do - ao --~ - -
I 

n-1 
c == [i~O Ci xi] 

n-m-1 
xi D = igo d· 

~ 

I 
R = C/V s = D/V 

-+ 
R ~ R + f R1 S == S 

/ Write AB,R,S / 

Figure 2.4 Horowitz Algorithm 
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3) 
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Compute v. ' 1 u. ' 1 
H. 

1 
such that 

m i k i- 1 V(x) = I v.x = II B . 
i=O 1 i=2 1 

(2. 16) 

n-m i k 
U(x) = I U.x = II B . 

i=O 1 i = 1 1 
(2.17) 

n-m-1 
w.xi = I 

i=O 1 
(2. 18) 

Construct the coefficient matrix E: 

Call MATX to construct the coefficient matrix 

E given fro m the equation 

where 

A = C'U + CW + DV 

m-1 
C(x) = I 

i=O 
i C. X , 

1 

n-m-1 i D(x) = I d.x 
i=O 1 

m-2 
C' (x) = I ( i + 1 ) 

i=O 

(2.19) 

ci+1 
xi 

4) Solve system of linear equation: 

Construct constant vector F from the coefficients 

of the numerator A(x) . So l ve the system of 

linear equations 



using the Altran procedure ASOLVE 

5) Compute polynomials C(x) and D(x): 

m-1 . 
Set C(x) = I h.xm-l- 1 

. 0 1 1= 

where the first m elements of H are the 

coefficients of C. 

n-1 
Set D(x) = I h.xn-i-l 

1 i=m 

where (m+l)th to (n)th elements of Hare 

coefficients of D. 

6) Ratidnal and transcendental computation: 
k 

Set R = C(x)/( IT Bi i-l(x)) 
i=2 

k 
S = D(x)/( IT Bi(x)) 

i = 1 

Procedure RINTG acts as a supervisor procedure 

for Horowitz•s algorithm. It•s primary purpose is to 

reduce any nonregular rational function into a regular 
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rational function plus a separate polynomial. Procedure 

RINTGS calls upon procedure RINTG to perform the integration 

of the regular rational function. Steps taken by RINTGS 

are similar to those in procedure HERM. 

2.5 Discussion on the Methods and Empirical Results 

It is clear from Hermite's algorithm that 

considerable computation time is needed for complete partial 

fraction decomposition. This time depends upon the 

coefficient bound, the coefficient bound being related to 

the norm of the coefficients of a polynomial, and the order 

of the denominator of the input function. From the examples 

the time taken to perform complete partial fraction 

decomposition in itself is greater than the time taken for 

the complete Horowitz algorithm. 

In the more efficient implementation where modular 

reduction [HOR 70] is used to compute the complete partial 

fraction decomposition the execution time is proportional to 

O(n 4 .cB 2) where n is the degree of the denominator Band CB 

is proportional to the coefficient bound. However the 

difference in the computation time of modular reduction over 

I is approximately equal to direct computation when both n 

and CB are small. In addition the time taken by the reduc­

tion technique due to Hermite's is proportional to the square 

of the numb er of the square fee po ly nomials of the denominator 

[HOR 70, pp. 96]. 

Ti1e method discussed by Horowitz avoids the partial 
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fraction decomposition and instead requires the solution of 

a system of linear equations. Execution time of Horowitz's 

method depends upon having an efficient procedure~ such as 

ASOLVE in ALTRAN~ to compute these solutions. In addition~ 

Horowitz's method is not dependent upon the number of square 

free polynomials of the input denominator B. 

Due to the storage of partial fraction decomposition 

required by Hermite's algorithm, this method requires more 

storage than Horowitz's algorithm. While the problem is not 

an academic one, it could become serious for small algebraic 

systems. 
A comparison of execution times for Hermite's and 

Horowitz's method is given in Figure 2. 

2.6 Extension of Rational Function Integration to 
Multivariate Rational Functions 

A multivariate polynomial F can be written as 

m i 
F(x 1 ,x 2 , ... ,xn) =.I fixl 

1 = 1 

where the coefficient fi is a polynomial in (n-1) variables 

over the integers, 

and 

with respect to x1 . 

A multivariate rational function is simply the 

ratio of two multivariate polynomials. In performing 

multivariate rational function integration, all operatjons 

are performed with respect to main variables (main 



indeterminate). All definitions and theorems discussed in 

section 2.2 concerning polynomials of a single variable 

with integer coefficients can be extended to multivariate 

polynomials over the integers. For examples in the case 
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of the square free polynomial factorization, a multivariate 

polynomial B(x 1 ,x 2 , ... ,xn) can be factored into s1 ,s
2

, ... , 

Bk such that 

.a * 

nk 
... *B k ( X 1 ' X 2 ' ... ' X k ) 

where the degree (Bi (x 1 ,x 2 , ... ,xn)) is with respect to x1 

and is greater than zero and as I[x 2 ,x 3 , ... ,xn]. The 

only change required is in the procedure PSQFRE where 

derivatives are taken with respect to x1 instead of x. 

In the same fashion it can be shown that t~e integration 

of the multivariate rational function A(x 1 ,x 2 , .•. ,xn)/ 

B(x 1 ,x 2 , ... ,xn) can be written in the form 

J A/B dx 1 = y82(xl , ... ,xn)B3(xl , ... ,xn)2 ... Bk(xl , ... ,xn)k-1 

+ J D(x1 , ••• ,xn) 

yB 2(x 1 , ... ,xn)B 3 (x 1 , ... ,xn) ... Bk(x 1 ,x 2 , ... , xn)dxl 

k 
where B(x 1 ,x 2 , ... ,xn) = ai~l Bii(x 1 , ... ,xn) 
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The method discussed in section 2.4 due to Horowitz 

applies as well to multivariate rational functions. In the 

case of matrix E given in Figure 2.3 the coefficients of 

the matrix will be polynomials in (n-1) variables. Again 

when solving exactly the system of linear equations with 

multivariate polynomials as coefficients, the ALTRAN 

procedure ASOLVE is used. 

Examples are given in Figure 2.5. 
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Example 1 

v AS 

( X"f.• 2 + X + 1 ) I ( C X + .l ) ""'1- 2 + ( X + 2 ) ) 

" R. 
-11(X+1) 

" s 
CX-1) I ( ( X+1} + ( X+2) > 

Example 2 

v AB 

1 I ( ( X - 3 )"f--\1-3 + ( X - 2 >"""3 • ( X- 1 )""+2 "~- ( X+""2 + 1 ) ) 

v R 

37+x•+4 - 227+x+•3 + 342•x•+2 + 14B•x - 400 > 1 

4 0 0 "" ( X - 3 ) +• 2 '+ ( X - 2 ) ""'+2 "" ( X - 1 > ) 
y s 

37+X•""3 + 138-¥-X++z + J3~X + 142 ) I 

( 400 "" < X - 3 > "'~- ( X - 2 > + ( X - 1 > • ( X"'.lf-2 + 1 > ) 

Example 3 

v AB 

v R 

. 
v s 

( X++2 + 2+X + 2 ) I ( ( X + 1 > ...... 3 ~ ( X + 2 )..,+2 + ( X + 3 ) ) 

( i3"~'X + 34 ) I ( 4 + ( X + 1 ) • ( X + 2 ) '~- ( X + 3 ) ) 

Figure 2.5 (a) Examples on Univariate Rational 
Function Integration 
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Example 4 

v AB 
1 I < < X + 1 ) + C X•-""3 + 1 ) .., .. .,3 ) 

v R 

- c 2e•x••6 - 12•x••s - 4G•x••4 + 43•x••3 - 15•x••2 - o4•x + 1a 1 1 

( 16 2 + < X + 1 ) -++ 3 -\1- ( X,.. • 2 - X + 1 l ... + 2 ) 

., s 
- 2 ... < ?+X - 20 ) I ( 81 ~ ( X + 1 ) ~ ( X•""'2 - X + 1 ) > 

Example 5 

v AB 

v R. 

v s 

- < 5279-+x••s + 23791•x•• 4 + 25640~x-+•3 + 488~"?-x+•z - 1254•x + 396 l 

( 7128+X""+3 ) + ( X + 1 ) :lf-+2 "' ( X + 3 ) ) 

- c 5279•x•+3 + 15908•x++2 + 10684•x + 31636 > 1 

( 7128•X ) • ( X + 1 ) + ( X + 3 ) • ( X"~-""'2 + 2 ) l 

figure 2.5 (b) Examples on Univariate Rational 
Function Integration 
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v R 

v s 
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)( ( 1_ ) -'>-.:r , . I ( ( X C1. ) + X (-3) ) ~ ;;.2,... ( X (i) -'~- ~2 + )((2) + X(J) ) ) 

· ( X( l ) .:r•3~ X( 2 ) + X( i)+•3~ X ( 3 ) ~ 4 2 + X(1)• • 3~X(~) - J.:rX(i)~.:r2~XC2>•XC3) 

- 3 ·r '< ( j_ ) >~· "' 2 '<- X ( 3 ) "~- {- 3 - ;: -1' X ( 1 ) ::.. • 2 .:r X ( 3 ) "~- "' 2 - 4 .:r X ( 1 ) "~- X ( 2 ) .,.. X ( 3 ) >~- '~- 2 -

l.t "'' X(1J+X(3)"" "' 4- L;.+X(1)-"' X (3)+-'~-3 + L;.~X(2)+X(3)4+3- iG>~-X(3)++5 ' + 

4 -r·XC5)'?- .I;l-4) I ( 2 .r;. ( X (l) + X (.3')) T ( X<2> + X(3)-'~-+2 + X(3l)) 

X( l )~ X ( 2 ) •~ z ~X ( 3 ) - & ~x c : > ~X (2J ~ X<3)+-'~- 3 + 2+X(1J+X(2l""XC3}++z -

c .l;l. X (1) ~X (3)~~ 4 + X (1)¥ X < 3 >~•3- ~.t+ X (2)++zvX(3)++2 + 3+X{2)+X(3)++4-

6 -;-X ( 2 l ''"X ( 3 ) +_,_3 + 3 "' X <: J-l<-ll5- 4 .rrX ( 3 ) >r + w. ) I 

( X( 1) + X D> • ( X C2 l + X ( 2 ) ~ ~z +- X ·( 3 ) 

Figure 2.6 Example on Multivariate 
Rational Function Integration 
Using Horowitz method 



HERMITE 

Complete partial fraction final time 

19.2 22.828 

55.0 68.297 

6.51 8.169 

45.9 58.756 

67.1 73.20 

Table 1 
Comparison between Hermite and 

Horowitz methods 
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HOROWITZ 

16.648 

45.849 

5.780 

43 . 802 

54.752 



CHAPTER 3 

POLYNOMIAL FACTORIZATION OVER INTEGERS 

The purpose of this chapter is to discuss polynomial 

factorization. We will begin with a brief history followed 

by a discussion of Berlekamp•s [BER 67] and Zassenhaus 

[ZAS 69] algorithms followed by a description for univariate 

and multivariate factorization over integers [WAN 73]. 

3 . 1 Introduction to Factoring Problem 

In the area of symbolic algebraic manipulation, 

polynomial factoring is an important operation not only as 

an operation in itself but also in the operation of 

symbolic integration and that of solving polynomial 

equations. Because of this importance the goal of many 

researchers has been to obtain an efficient algorithm for 

factoring polynomials. 

One of the first methods employed to factor 

polynomials was provided by Kronicker•s algorithm [VAN 53, 

pp.77]. This technique involved finding a set of integral 

factors for the given polynomial to be factored, choosing 

an elemen t from the set of integral factors, computing by 

interpola t ion a unique polyno mial and testing to see if 

this unique poly nomial could be di vided i nto th e gi ve n 

polyno mial. If the division was exact a factorization was 
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found and the method could be applied recursively to the 

two factors . Else the unique polynomial would be discarded 

and another element from the set of integral factors would 

be chosen. 

When the degree and number of coefficients of the 

given polynomial to be factored are small, Kronecker's 

algorithm performs well . For a large number of coefficients 

considerable time is required to factor the giv en polynomial 

into primes. If the degree of the given polynomial is 

large, then an enormous number of possible choices must be 

made in finding unique polynomials. An increase in either 

the number of coefficients or the degree of the given 

polynomial causes an exponential growth in the co mputing 

time. Attempts to decrease the computation time of 

Kronecker's algorithm have not relieved the basic problem 

of exponential growth. Because of this alternative methods 

have been developed for performing factorization. 

One of these more efficient algorithms has been 

mod p factorization by Berlekamp [BER 68]. Berlekamp's 

algorithm has paved the way for algorithms based on mod p 

factorizations rather than on integer factorizations. 

At the suggestion of Zassenhaus [ZAS 69], one can 

combine Berlekamp's algorithm and Hensel's Lemma to obtain 

a pract i ca l method of factoring po l ynomials with integer 

coefficients. This of course has been successfully 



demonstrated by Musser [MUS 71] and has been extended to 

multivariate factorization by Wang [WAN 73]. 

3.2 Factoring Polynomials over Finite Fields 

Let U(x) be a square free polynomial in the 

Euclidean Domain ZP[x]. Our goal is to find a set of 

irreducible factors 

such that 
r 
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U(x) =IT Fi(x) [modulo p] 
i = 1 

( 3 . l ) 

where each Fi(x) is a distinct relatively prime polynomial 

over Zp[x]. Berlekamp's algorithm [BER 67] is the basis 

for much of this work and is briefly outlined for the 

benefit of the reader. 

Berlekamp's technique is to make use of the Chinese 

remainder theorem which is valid for polynomials as well 

as integers. If the set of residues (s 1 ,s 2 , ... ,sr) are 

any r-tuple of integers over the integer field Zp, the 

Chinese remainder theorem implies that there exist a 

unique polynomial V(x) such that 

V(x) = si [modulo Fi(x)] 

for i=l, ... ,r. 

( 3. 2) 

If V(x) can be found, then we can also obtain the 

factors F
1
.(x) of U(x) for if r~2 and s.ts., ifj, we will 

1 J 



find that gcd (U(x) ,V(x)-si) (where gcd stands for the 

greatest common-divisor) is divisible by Fi(x) but not by 

Fj(x). 

Since we can obtain further information about the 

factors of U(x) from solutions V(x) of equation (3.2), let 

us consider equation (3.2) more closely. In the first 

instance, the polynomial V(x) satisfies the condition that 
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= s . 
J 

V(x) [modulo Fj(x)] ( 3. 4) 

for j = l , ... , r [ KN U 6 9, p p. 3 8 2] . 

Therefore, 

V(x)P = V(x) [modulo U(x)] (3.5) 

where the deg {V(x)) < deg (U(x)). 

In the second instance, 

V(x)P-v(x) = (V(x)-O)(V(x)-1 ),, •. ,(V(x)-(p-1)) { 3. 6) 

is an identity for any polynomial U(x) when working in 

modulo p. If V(x) satisfies equation (3.5), then it follows 

·that U(x) divides the left hand side ·of equation (3.6). 

Thus every irreducible factor of U(x) must divide one of 

the p relatively prime factors of the right side of equation 

(3.6) with all solutions of equation (3.5} having the form 

of equation (3.4) for some s 1 ,s 2 , ... ,sr. In this case 



there are exactly pr solutions of equation (3.4). 

Solutions to equation (3.4) thus provide the basis 

to the factorization of U(x). If we consider the degree 

of U(x) to be equal to n, we can construct an nxn matrix 

Q of row vectors qk where 

n-1 
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xpk - I qk . 
' 1 

i X [modulo U(x)] (3.7) 
i =0 

Then 
n-1 

v.xj V (X) = I 
j = 1 J 

is a solution to equation ( 3. 4) if and only if 

V Q = V or V (Q-I) = 0 

-
where V is the coefficient vector of V(x). This reduces 

the problem to finding null space vectors and thus a set 

of irreducible vectors (independent vectors). The number 

of these irreducible vectors is equal to the number of 

prime factors of U(x) over Zp[x]. 

To obtain the residues si, different techniques 

have been discussed by Berlekamp [BER 67] and Collins 

[COL 69]. In both successive elements of the finite integer 

,field are searched using the gcd (U(x),V(x)-sj) divisible 

by F .. In order to obtain all the irreducible polynomial 
J 

this search is repeated until the number of irreducible 

polyno mials are equal to the number of irreducible vectors. 
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3.3 Zassenhaus Algorithm using Hensel's Lemma 

Much of what is to be discussed in this section is 

based upon the studies of Musser [MUS 71]. 

Zassenhaus has suggested that by using Hensel's 

Lemma one can construct a factorization mod pj from a given 

factorization mod p. The algorithm to be discussed is for 

two factors and is simplE to extend to more than two. 

Let p1 = p and let 

U(x) = F(x)*G(x) [mod p1] ( 3. 8) 

There exist two polynomials C(x), D(x) £ zp
1 

[x] such that 

C(x)F(x) + D(x)G(x) = 1 [mod p1] 

Since (U(x)-F(x)G(x)) is divisible by p1 from equation 

(3.8), we can compute 

T(x) = (U(x)-F(x)G(x))/p 1 

where the deg (T(x)) ~ deg (U(x)) 

Thus we can write the identity 

c1 (x)F(x) + o1 (x)G(x) = T(x) [mod p1] 

Using Hensel's Lemma let 

Then, 

( 3. 9) 

(3.10) 

(3.11) 

(3.12) 

( 3. 13) 
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U(x) = F (x)G (x) n n 
(3.14) 

To prove this, multiply equation (3.12) and (3.13) 

to obtain 

Fn(x)Gn(x) = F{x)G(x) + p1(F(x)c 1 (x) + G(x)o 1 (x)) 

2 + p1 o1 (x)c 1 (x) 

F(x)G(x) + plT 2 = +p 1 c1 (x)o 1 (x) 

= U (X) + p 2 o1 (x)c 1 (x) 1 

- U(x) [mod p1
2J 

where 2 p1 o1 (x) C l (X) vanishes. 

Since we wish to continue computation until we 

obtain a Fn(x) and Gn(x) such that 

[mod pj] 

Here F and G become Fn and Gn respectively and we return 

to equation (3.10). 

Much of what is to be discussed in the following 

(3.15) 

two sections is based upon a paper written by Wang [WAN 73]. 



3.4 Factoring a Univariate Polynomial over the Integers 

The following algorithm to be discussed involves 

the factorization of a square free primitive polynomial. 
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If the given polynomial fails to be a primitive polynomial, 

that is where all of its coefficients are relatively primed, 

then the given polynomial is divided by its content. That 

i s 

pp(U(x)) = U(x)/cont(U(x)) 

where the content of U(x) is the gcd of the coefficients. 

I n the case that the given polynomial is not square free, 

we can obtain a square free polynomial from the equation 

D = gcd (U(x), d(U(x))/dx) 

where 

U(x) = U(x)/D, 

D being a factor. Separate factorization must be done for 

D and U/D. 

In the process of choosing a prime number p, we 

should satisfy both the previous conditions, i.e., 

" U(x) = U(x) [mod p] 
" 

where U(x) is a square free prime polynomial over Zp[x], 
" 

· U(x) having the same degree of U(x). Since Wang's 

algorithm requires that we construct factors over modulo 
2j 

p , we can estimate the integer j from computing a 

coefficient bound B. The coefficient bound B for the 



57 

polynomial U(x) where 

n 
U(x) = I 

; = 1 

i 
U • X , 

1 

satisfies the relationship 

(3.16) 

Thus, j is the smallest integer which satisfies the 

relationship B<p 2j 

Factors of a univariate polynomial over the integer 

can be constructed by the following steps. 

1) First factor over a finite field (modulo p) 

using algorithm discussed in sect i on 3.2. From 

that we obtain 

[mod p] 

2) Then applying Zassenhaus's algorithm we can 

then find 
" " U(x) = F1 (x) F2(x) 

3) Using an algorithm TRUEFACTOR, we can find all 

the irreducible polynomials over the integers 

as follows. If U(x) is a monic polynomial then 
A A A 

F1 (x), F2(x), ... ,Fr(x) are all monic polynomials. 

Else we calculate polynomials H1 (x), H2(x) , ... , 

Hr(x) us i ng the relationship 



Hi (X) 1 d C ( U ( X ) ) 
A l 

[mod 
2j 

= ldc(F.)- F. p J 
1 1 

r A p2j] = Fi IT ldc(F 1) [mod 
j = l 
jti 

where ldc stands for the leading coefficient. · 

If F. or H. divides U, F. or pp(H
1
.) will be an 

1 1 1 

i rreducible factor of U. Otherwise, the irreducible 

factor will be equal to the product of two or more of F. 
1 

or Hi until all the irreducible polynomials are found. 
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3.5 Multivariate Polynomial Factorization over the Integers 

In this section we will discuss briefly Wang•s 

algorithm for factorization of multivariate polynomials. 

It is assumed that the given polynomial is both square free 

and primitive . If not, the content and primitive part are 

factored separately. The polynomial U is now a function 

The first step is to begin with variable substitution. 

We first wish to find a set of integers {a 2 ,a 3 , . .. ,an} such 

that U(x) = U(x 1 ,a 2 , . .. ,an) is a square free polynomial 

' with degree equal to the degree of U(x). Values of a 1 are 

found by trial and error. First choices for the integers 

a 1 should be 0, l and -1 since they usually make the 

coefficients of U( x ) sm a ll in size. Since each a. which 
1 
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is non zero could cause some intermediate expression growth 

when using the extended Zassenhaus algorithm, it is more 

than desirable to use as many zeros as possible for 

substitution. If the zeros can not satisfy our square free 

conditions, we change one of the zero variables to ±K 

where K = 1 ,2,3, ... until our square free conditions are 

satisfied. At this point 

where UI. E: Z, i=O,l, ... ,m 
1 

The second step is factoring the polynomial UI(x 1 ) 

over the integers using methods discussed in section 3.4. 

At this point 

The third step involves the construction of 

multivariate factors. If A is the set of elements 

{a 2 ,a3 , ... ,an} over Z [x 2 ,x 3 , ... ,xn]' then the ideal 

generated by A can be defined as r riai where 

i =l ,2, ... ,n [VAN 53, pp.49]. If k is any integer greater 

than zero then Ak is defined as the ideal generated by all 

the po lyno mia l s of the form 
n 
II 

i=2 
c. a. 1 

1 
where c.::::O 

1 



and 

n 
I 

i=2 
c. = k 

1 

If given two polynomials F and G, their main 
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variable being x1 and their coefficient over Z[x 2 ,x 3 , ••• ,xn]' 

then 

F = G 

if F - G 

k [mod A ,p] 

[mod Ak,p] 

and the degree Fin x2 ,x 3 , ... ,xn is less thank. At this 

point we can define the ideal S as (x 2-a 2 ,x 3 -a 3 , ••• ,xn-an) 

s uc·h that 

r 
= II 

i = 1 
F. 

1 
[mod S] 

where Fi are the true factors of U(x 1 ,a 2 ,a 3 , ... ,an) over 

the integers given by the second step. To construct the 
A 

multivariate factors for U we must compute Fi such that 
r A 

U(x
1

,x 2 , ... ,x) =II F. n . 1 1 
1 = 

k 2j 
[mod S , p ] , 

this being an extension to the Zassenhaus algorithm. For 

two factors, 1 et 

If we 1 e t y i = 

t hen 

U(x
1

) = F(x
1 

)G(x
1

) 

x.- a. , 
1 1 

i=2,3, ... ,n 

[mod S] 



and 

where 

and 

[mod (s 2 ,p 2j)] 

j 
[mod (S 2 ,p 2 )] 

Since F(x 1 ) and G(x 1 ) are relatively prime 

polynomials, we can find 

where i = O,l, ... ,n and n is equal to the degree of U(x 1 ) 

Since any polynomial can be represented by 

where 

Then, 
ml 

T(xl ,y2' ... ,yn) = I t. [a.F + s.G] 
i=O 1 1 1 

m 
= F(x 1 )( I 1 t.a.(x 1 )) 

i = 0 1 1 
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Now 

i =j 
+ G(x

1
)*( I w.f3.(x

1
)) 

i =0 1 1 

where j is the degree (W
1 

(x
1

)) and 

for i=O,l, ... ,j 

To continue as was done in Zassenhaus using 

Hensel's Lemma (section 3.3), we can find Fn and Gn such 

that 

where 

j 
Fn = F- I w . f3.(x

1
) 

i = 0 1 1 

j 
G = G- I w.a.(x

1
) 

n i=O 1 1 

What we now wish to prove is that 

F 
n 

and G 
n 

E: Zp2j(xl ,y2, .•. ,yn) 

j j 
F G = F G -[F I w.a. + G I w. 8. J 

n n i =O 1 1 
i=O 

.1 1 

j j 
+ [ I w.a . . I w. f3 .] 

i=O 
1 1 

i=O 1 1 

62 



But 

Thus, 

j 

I 
i=O 

j 

c I 
i=O 

w. a. · 
1 1 

j 

I w. a. · 
1 1 i=O 

w.s.J 
1 1 

j 

I 
i=O 

w.s. 
1 1 

- 0 

Allowing FnGn = V(x 1 ,y 2 , ... ,yn) [mod s2] one 

repeats the calculations letting Fn and Gn for F and G 

respectively until R2 = 0 or until K is equal to one plus 

the degree of U in x2 ,x 3
, ... ,xn. 

To extend this algorithm for more than two factors 

we can employ the following simple technique. First, let 

U(xl ,y2, ... ,yn) = FlF2 F [mod S] r 

Let G = F2F3 F [mod S] r 

U(xl ,y2, ... ,yn) = Fl G [mod S] 

Using the extended Zassenhaus algorithm we can 

obtain 

It can be shown that 
A 

G(xl,y2, ... ,yn) = F2F3 ... Fk [mod S] 
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Set u = G such that 

r 
u = n F. 

i=2 1 
[mod S] 

= F2 G [mod S] 

where r 
G = n F. 

i=3 1 
[mod S] 

and repeat the Zassenhaus algorithm to obtain F2 and G. 

Continue this process until we obtain Fr. 

In the fourth step we apply the algorithm called 

TRUEFACTORS to the polynomial 

A 

U(x 1 ,x 2 , ... ,xn) = F1 (x1 ,x 2 , ... ,xn) 

to obta i n the actual factors. Here the computation is 

more complex since we are dealing with two type modulo 
k 2j 2j 

[S ,p ] instead of modulo [p ]. 
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3.6 Implementation of Wang•s Algorithm for Factoring 
Multivariate Polynomials 

There are eight major steps in Wang•s algorithm 

for computing the irreducible factors of a multivariate 

polynomial U over Z. A flowchart designating these steps 

is given in Figure 3.1. 

The first procedure VSUBT substitutes a set of 

integers {a 2 ,a 3 , ... ,an} into U such that 
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is square free and the degree of UI is equal to the degree 

of U. 

In the second step we make use of the Altran 

function HPRIME to return a prime number p larger than its 

argument. If UI [modulo p] is a square free polynomial with 

its degree equal to the degree of U, we go to step 3. Else 

we repeat this step to obtain a larger prime number p using 

function HPRH1E. 

In the third step we obtain an arreducible poly­

nomial over GF(p) using a procedure called PFOINT. This 

procedure obtains a set of factors z1 ,z 2 , ... ,ZT such that 

[modulo p] 

It is in this step that we employ Berlekamp•s algorithm 

de s cribed ear li er . 

In the fourth step we compute the coefficient 



boun d using a procedure called CBOU ND. It is from this 
2j 

procedure that we compute the modulus PQ equal to p 

In step five, procedure PFCI performs the 

Zassenhaus algorithm from which we compute an array F 

such that 

UI - F *F * *F - l 2 . . . T [modulo PQ] 

In step six we obtain the univariate factors 

using the procedure TRUFAC. The results are factors over 

the integrals, that is, 

whe r e r~T. 

In step seven we apply the extended Zassenhaus 

algorithm to obtain the multivariate factors v1 ,v 2 , ... ,Yr 

such that 
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[modulo (PQ,Sh)] 

In the final step, we again apply the procedure 

TRUFAC to obtain the actual factors FAC 1 ,FAC 2 , ... ,FACL 

where 

\ 

The result is expressed as a vector. 

The follo wing algorithms listed in the flowchart 

of Fi gure 3 . 1 wi ll brief l y be dis cussed . 
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Al gorithm VSU BT: 

Input is the multivariate polynomial U of n 

variables . Output is an array of integers used for 

substitution in U. UI is a univariate polynomial such 

that 

1) Initialization: 

Set K1 = 1 , M = 1 , i = 1 

2) Test the leading and trailing coefficient 

term of U: 

If a variable or variables of the set 

{x 2 ,x 3 , ... ,xn} can be factored from the leading 

coefficient term of U, assign a value of K1 
to the variable or variables. Do the same 

for the trailing coefficient term except that 

the ass i gned value will be (K1+l)J mod 5 instead of 

K1 . Set the remainder of the variables equal 

zero. These values correspond with the 

elements of the vector A. 

3) Substituting into U and testing a square free 

polynomial and a nonvanishing leading coefficient 

term of U: 

Set UI = U(x 1 ,a 2 , ... ,an). If degree (UI) = 

degree (U ) and UI is a sq uare free pol ynomial , 

set A = (a 2 ,a 3 , ... ,an) and end. 
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4) Else reinitialize the set {x 2 ,x 3 , ... ,xn}: 

If x1 is not one of the factors of the leading 

or trailing coefficient term of U, set ai 

equal to zero. 

5) Set xi+l to a new value: 

Set j = i+l 

From i = j to n, do; if a; = 0, set ai = K1 
and return to step 3, else continue 

6) Define new values for K1 : 

If K1>0 set K1=- K1 and go to step 7), 

else set K1=-K1+1 If K1<(M+5) go to step 7) 

else set M=M+l, K1=M go to step 2). 

7) Initialize for another trial: 

Set j = i = 1 and return to step 4. 

Algorithm PFOINT: 

This procedure is a supervisor program for the 

factorization of polynomials over a finite field. Input 

is the univariate polynomial UI and prime number p. 

Output is an array Z containing the irreducible polynomials 

. z1 ,z 2 , ... ,Zm over the GF[p] such that 

[mod p] 

where m is the number of i rreduc i ble po l ynom i al s . 
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1) Compute xpi [modulo UI]: 

Call CPBQ (UI)p) to compute 

[modulo UI] for i=O to degree (UI)-1. 

2) Construct the Q matrix: 

Place the coefficient of polynomial qi in the 

ith row of the matrix Q for i=O to degree 

(UI)-1. 

3) Compute the independent vector: 

Call NULLSP(Q,p) to compute the independent 

vectors from which the corresponding factors 

V can be constructed. 

4) Compute the irreducible polynomials: 

Call BRLKPF(UI,V,p,r), where r is the number 

of factors of independent vectors V, to obtain 

irreducible polynomials Z over GF[p] such that 

UI = Z1*Z 2* ... *Zn 

where m=r. 

Algorithm CPBQ: 

[mod p] 

Input is UI, the univariate polynomial over 

GF[p], p prime number. Output is Q array of polynomials 

such that 

[modulo UI] 
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1) Initialization: 
k Set K = [Log 2p], L=2 , M=P-L, B=x, 

j=deg (UI) 

where [Log 2p] is the greater integer less than 

or equal to Log 2p. 

2) Compute xp: 

Set B = rem(B 2 ,UI)p If M<L go to step 3, else 

M=M-L, B = rem(x·B,UI)p 

3) Test for iterating on L: 

Set L = L/2 . If L40 return to step 2. 

4) Compute xpi: 

Set C= l , Q1=l and for i=2, .. . ,j do; 

C = rem(B•C,UI)p, 

Q. = c 
1 

continue. 

When computing the function rem, calculations are 

perfo r med modulo p. 

Algorithm NULLSP: [KNU 69] 

Input is the Q matrix obtain from procedure CPBQ, 

p prime number. Output is V an array of polynomials 

computed from the independent vectors while r is the number 

of in depe nde nt vecto rs . 

1) Initialization: 

Set vector C = - 1. 



Set r=l, v1 =1 and n=matrix order 

Set k = 1 . for i = 1 to ~I, set q . . = q . . - 1 
1,1 1,1 

2) Scan the kth row of matrix Q for dependence: 

If there is some j i n the range O~j~n such 

that qk .to and C.<O, then do; 
'J J 

Multiply column j by -1/qk · ,J 
Add qk . times column j to column i for all 

' 1 

it j . Set C .=k, k=k+l 
J 

If k>n end; else repeat this step; else, 

3) Compute polynomials from independent vector: 

Set r = r+l 

For j=l, ... ,n construct vector B such that 

{ 
1 if j=k 

B. = qk,s if C 5 =j~l J 

0 otherwise 

n-1 1 Set vr = l: Bl + l X 
1=0 

Set k = k+l 

If k>n then end, else return to step .., 
L • 

• Algorithm BRLKPF: 

Input is UI the univariate polynomial over GF[p], 

V an array containing polynomial factors computed from 

the procedure NULLSP, p prime number and r the number of 

factors. Output is T a vector containing the irreducible 
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"I - T *T * *T L · - 1 2··· r 

1) Initialization: 

Set vector S = T = 0, 

i = 1, s1 = UI, k = m = 0 

2) Employ another factor from V: 

i = i+l, VI = V. 
1 

3) Employ another polynomial from S: 

Set k=k+l For j=O to p-1 do: 

If degree (Sk)=O go to step 4, 

else G = GCD(VI-j, Sk)p 

[modulo p] 

(this operation being performed modulo p) 

If degree (G) = 0 continue do loop 

If degree (G) = degree (Sk) go to step 4, 

else place G in vector T in proper positior. 

depen ding upon its proper degree. (Call 

procedure ORDPOL) 

Set m = m+l, sk = (Sk/G)P 

If m=r go to step 6, 

If Sk=O go to step 5 else continue do loop 

4) Push the remainder onto the stack: 

Set Sk in T (call procedure ORDPOL) 

5) Te s t s t ac k S before tryin g anoth er f ac t or: 

If there is an element in vector S not used 
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in step 3, return to step 3; else set S=T 

and return to step 2. 

6) Terminate the algorithm: 

Place Sk and any element in the vector S not 

employed in step 3 in vector T and end. 

In step 3 we have employed a procedure called 

CPGCDl to obtain the monic greatest common divisor of A 

and B over GF[p], that is GCD(VI-j, Sk)p. 

Algorithm CPGCDl: 

Input is the prime number p, two univariate 

polynomials A and B over GF[p]. Output is a univariate 
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polynomial C which is the monic greatest common divisor of 

A and B over GF[p]. 

1) Compute the remainder: 

Set R = rem(A,B)p 

r 1 = denominator (R) 

where r 1 E I 

2) Modify the remainder R to be in GF[p]: 
-1 Set C = R r 1 [modulo p] 

A = B, B = C 

3) Test to terminate the algorithm: 

I f sto, return to step 1 ); e l se 

( A) - l A = A* 1 de [modulo p] 

and end. 
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Algo r ithm CBOUND: 

Input is the univariate polynomial UI over I[x] 

of degree m and the prime number q. Output is the integer 
2j 

j from which the modulus q can be computed. 

1) Search for the maximum absolute coefficient 

2) 

of UI: 

S e t X 1•1 A X = ~i A X ( C , m + 1 ) w he r e r~ A X i s a f u n c t i o n 

that searches the coefficient vector C of UI 

for the maximum absolute value. Set j=l. 

2j 
Compute modulus q 

If 3 • l l d c ( u I ) I • X MAX< q 2 j then end; else 

set j = j+l and repeat this step. 

Algorithm PFCI: 

Input is UI univariate polynomial, p prime number, 
2j 

modulus PQ equal to p , G an array of polynomials over 

GF[p] such that UI = Gt G2* ... * GT [modulo p] where T is 

the number of irreducible polynomials. Output is the 

vector F containing polynomials F1 ,F 2 , ... ,FT such that 

UI = F1*F2*···*FT 

1) Initialization: 

Set U = UI [mod ulo p] p 

For 1 = 1 to T do: 

[modulo PQ] 

[modulo p] 



2) Iterate over index i : 

For i=l to T-1, do: 

Bp = rem(Up, Gp(i))p 

Call PEGCDX{GP(i), BP) to compute SP and Tp 

such that 

3) Zassenhaus algorithm: 

Call PFHl (UI,p,PQ,Gp(i),Bp,Sp,Tp) 

to compute A,B such that 

[modulo p] 

[modulo PQ] 

Set Fi = A, UI = B, CP = BP and continue to 

iterate over the index i~ 

4) Terminate algorithm: 

Set F = UI*(ldc UI)-l 
T 

and end. 

Algorithm PFHI: [MUS 71, PP·l30] 

[modulo PQ] 

This procedure is the Zassenhaus algorithm 
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described earlier. Input is UI the univariate polynomial, 
2j 

p prime number, PQ the modulus p , Gp(i) and Bp 

univariate polynomials such that 

[modulo p] 

SP, TP univariate polynomials such that 



[modulo PQ] 

Output are two univariate polynomials A and B over GF[PQ] 

such that 

UI :: A B [modulo PQ] 

1) Initialization: 

Let GP(i), BP, SP, TP be polynomials over 

GF[p] using the ALTRAN function MREDPO. 

Set Q = p 

2) Test to terminate the algorithm: 

If Q = PQ then end 

3) Compute polynomials Y and Z. These will be 

used in Hensel's Lemma: 

Set~~= (UI-Gp(i)Bp)/Q 

If Q2<PQ call .procedure PSEQT(Q,GP(i), Bp, 

SP, TP, W) to compute Y and Z such that 

W = Gp(i) Y + Bp Z 

then go to step 4); 

[modulo Q] 

else QT = PQ/Q and set AT,BT,ST,TT to Gp(i), 

BP,SP,TP [modulo QT] respectively. Here 

again the ALTRAN function MREDPO is employed. 

Call PSEQT(QT,AT,BT,ST,TT,W) to compute Y and 

Z such that 

W = AT Y + BT Z [modulo QT] 
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4) Hensel• s Le mm a: 

Compute As and B s such that 

As = QZ + Gp ( i ) 

Bs = QY + B p 

If Q 2 ~PQ then end . 

5) Recompute Sp and Tp 

Set TM = (A S + B Tp- 1)/Q s p s 

Call PSEQT (Q,Gp(i), Bp,Sp,Tp,W) to compute 

AT and BT such that 

TM = Gp(i)AT + B BT p [modulo Q] 

Set sP = S -Q•AT p [modulo Q] 

Tp = T -Q·BT [modulo Q] p 

Set Q = Q2, Gp ( i ) = As, B =B p s 
and return to step 2). 

Algorithm EX ZH: 

Input is the modulus number PQ, U the given 

multivariate polynomial of degree M, A an array of integers 

obtained from VSUBT, Han array of polynomials H1 ,H 2 , •• qHir 

such that 

ir is the numbe r of polynomials i n H. Output is th e vector 

Y of polynomials such that 
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U = Y *Y * *v 1 2 · · · ' i r [modulo (Sj,PQ)] 

where j is the power of the ideals of S. 

1) Initialization: 

2) 

Set Y = 0, 

[modulo PQ] 

Set 1 = 1 

Compute all multivariate factors: 
i r 

Set F = H 1 ' G = IT H . 
1 

[modulo PQ] 
i = 1 + 1 

M = deg{F*G,x 1 ) 

For i=O to ( m -1 ) do: 

(a ) Ca 11 PEGCDX{F,G,i) to compute 
A 

j j' a. 
1 

and B. 
1 

such that 
A 

xi a.F + B.G = jj 
1 l 

{b) Multiplying both sides by jj-l [modulo PQ] 

we obtain ai and Bi such that 

a.F + B.G =xi 
1 1 

(c) Continue the do loop on i 

Set j=2, R
1 

= {FG-W) 
A A 

[modulo PQ] 

[modulo PQ] 

3) Compute F and G: 

Set w1 = R1 [modulo Sj] using the procedure 

~1DSRPK. 
A 

Set F = (F-EB.W.) 
1 1 

[modulo PQ], 



[modulo PQ], 

The index over summation depending on the 
i degree of w1 where w1 = Ew;x 1 

4) Test for the termination of the two factor 

algorithm: 

Set R1 = (FG-H) [modulo PQ] 

"' "' Set F=F, G=G, j=j+l and return to step 3); 
"' else set v1 = F, W=G, 1=1+1. If L ~ ir then set 
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Y=Y(x1 ,x2-a2, . .. . ,xn-an) and end; else return to step 2). 

Algorithm MDSRPK: 

The purpose of this procedure is compute any 

polynomial [modulo Sj] where S is the ideal. Input is R1 
a multivariate polynomial, and an integer j . Output is 

a multivariate polynomial w1 such that 

1) Initialization: 

Set w1 = 0, m = degree (R1 ,x 1 ) 

j = m 

2) Scan the terms for the coefficient of x1j: 

Set F1 = coeff(W 1 ,x 1 j), H = 0 



3) Test the first term of F1 : 

Call procedure EXPOHR(F 1 ) to obtain the first 

term Fx after expanding and placing F1 in 

canonical form. From procedure EXPOWR we 

obtain the list of exponents of the variable 

F as a vector D. 
X 

n 
If the sum I di is less than j, add Fx to H. 

i=2 
d. 
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n 
Set Fl = F1-Fx II 

i=2 
X. 1 

1 
Set LK=maximum sum if 

LK=O 
If F1to repeat this step. 

4) Construct wl : 

vJ 1 = w + H x, 
j 

1 

If j <O then end; 

else return to step 2) . 

The purpose of procedure EXPOWR is to place the 

function F1 in canonical form after expansion such that 

values of the exponents of the variables in the first term 

can be obtained. 

For example, let 
3 4 2 3 5 1 2 7 5 

Fl = x2 x3 x4 + x2 x3 x4 + x2 x3 x4 

af t er expansion. Placing F1 in canonical form, 

3 51 3 4 2 2 7 5 
Fl = x2 x3 x4 + x2 x3 x4 + x2 x3 x4 



\ READ U 
polynomial\ u is Multivariate 

I 
I/P u (xl, x2, ... ,xn) 

VSUBT 
0/P (a2, a

3
, ... ,an), UI (x

1
, a

2
, •.• an) 

L choose the 

I 
Prime number P 

I/P UI,P 

PFOINT 
0/P z such that UI = zl *Z2 * •.. ZT [MOD p] 

I 

I/P UI,P 

CBOUND 2J 
0/P PQ= p 

I/P ur,p,Pq,z 

PFCI 
0/P F such that UI = F 1 *F 2* •••• F T [MOD PQ] 

I 
I/P ur, PQ, h=lrF 

TRUFAC 
0/P H such that UI= Hl*H2 * .•• *Hr 

I 

I/P PQ, H, U 
EXZH 

0/P h,Y such that U= Y *Y * *Y 
1 2 • • • r 

[MOD Sh] 
·- . -· 

I 
I/P PQ, h, Y 

TRUFAC 
0/P FAC such that U= FAC

1
*FAC

2
* ••• *FACL 

I 
~ WRITE FAC ~ 
"'-----~ 

Figure 3.1 Multivariate polynomial Factorization 
algorithm. 

80 (a) 
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First term will be x2
3x3

5x4
1 while the second and third 

3 4 2 2 7 5 terms will be x2 x3 x4 and x2 x3 x4 respectively. 

Algorithm EXPOWR: 

Input will be F1 , multivariate polynomial in (n-1) 

variables x2 ,x 3 , ... ,xn. Output is Fx, the first term of 

the polynomial F1 after expanding and placing it in 

canonical form. D is a vector containing the values of 

exponents of the variables x2 ,x 3 , ... ,xn in Fx. 

1) Initialization: 

Set D = 0, i = 2 

2) Compute the first term of F1 after placing 

it in canonical form: 

Set D; = degree (F 1 ,xi), 

F1 = 1 de (F 1 ) with respect to X;. 

If F1to, set i=i+l 

If i~n (n being the number of variables) 

repeat this step. 

Else set Fx = F1 and end. 

Procedure TRUFAC [WAN 73] obtains the true factors 

of the given multivariate polynomial U over I[x 1 ,x 2 , ... ,xn] 

after co mputing the factors in mod ulo (Sj,PQ). 
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Algorith m TRUFAC: 

Input is the given multivariate polynomial U, j 

is the power of the ideal S, Y is a vector of polynomials 

such that 

[modulo (PQ,Sj)] 

PQ being the modulus number, ir is the number of irreducible 

polynomials in vector Y. Output is FAC, a vector containing 

the multivariate polynomials such that 

where iT ~ ir 

1) Obtain the direct true factors: 

2) 

For i = 1 to i r do: 

Set us = ldc(u,x 1 )·U, 
ir 

z = y . IT ldc(Y 1 ,x 1 ) [modulo (Sj,PQ)] 1 1 = 1 
14 i 

If the rem(US,Z) = 0, place pp(Z) on the list 

FAC, 

Set u = U/pp(z) and continue executing the 

loop; 

else set y . 
1 

on a vector l and continue 

Test for special case and initialization: 

At t his poi nt we have two vec to rs, L and FAC. 

If L i s an empty vector, then end. 
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If L contains less than four elements, place 

U on vector FAC and end; 

else set ~1=1, r =to a number of nonzero elements 

in vector L, u1 = degree(U,x 1);2,US = U·ldc 

(u,x
1

) 

3) Increase by one the combination of polynomials 

in one true factor: Set M = M+l 

4) Test for termination: 

If U=l then end. 

If M~r-1 or M>u 1 place U on vector FAC and 

end 

5) Select combination of polynomials: 

Call procedure LLIST to obtain E 

a multiplication of M polynomials chosen from 

vector L with their degree not exceeding u 1 • 

Also we obtain EE the multiplication of the 

leading coefficients of the remaining (r-m) 

polynomials in L. If E=O then there are no 

combinations that can be found. Thus place U 

on the vector FAC and end. 

If all combinations of M polynomials from L 

have been chosen, return to step 3). 

6) Test the comb in ation chosen fro m vector L: 

Set Z = E·EE [modulo (PQ,Sj)] 
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If rem(US,Z) = 0 place pp(Z) on the vector FAC 

and delete all the polynomials that are used 

to constructE from vector L, set U =U/pp(Z) , 

u1 = deg(U,x 1 )/2, r=r-m, U = U·ldc(pp(U),x 1 ) 

Delete from vector L any polynomial with 

degree greater than u1 . 

Return to step 4); 

else return to step 5) to select an alternate 

co mbination. 

The purpose of procedure LLIST is to choose m 

polynomials from a vector L containing r polynomials. The 

degree of the multiplication of m polynomials with respect 

to x1 must be less than u1 . 

Algorithm LLIST: 

Inpu t is the i nteger u1 , a vector L containing ir 

factors and m the nu mber of combinations required to 

construct one true factor. There is an external integer 

IH used to indicate all possible alternative combinations 

of m out of ir factors. 

Output E is the multiplication of m polynomials 

chosen from vector L in which its degree is less than 

u112 and EE the multiplication of the leading coefficient 

of the re main ing (ir-m ) polynomials in the vector L. 
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l) Initialization: 

Set E = 0, EE = 

If vector eta (C being declared as an external 

array) go to step 2); 

else set ci=i for i=l tom. Go to step 3). 

2) Compute the indices of them polynomials: 

Call procedure XPOINT (m,ir,m) to compute the 

indices of the m polynomials and place these 

indices in vector C. 

3) Test them combination: 

Set E =multiplication of them polynomials 

If degree (E,x 1 )<u 112 , j=l and go to step 4); 

else set IH = IH- l. 

If IH = 0 then end; 

else go to step 2) to obtain an alternate 

combination of indices to compute E in step 3). 

4) Compute EE: 

If j t any one of indices of the m polynomials 

of L that construct E then set 

EE = EE•ldc(Lj,xl) 

Set j = j+l 

If j>ir then end; 

else r epeat this step . 

The las~ procedure XPOINT is a recursive procedure 



that allows each of indices (elements) of vector C to 

point to one of polynomials in vector L. 

Algorithm XPOINT: 
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Input is the integer m which indicates to a pointer 

that its value is to be changed. ir is the number of 

factors in vector L and M is the number of polynomials 

required in one true factor. 

Output is the vector C (declared as an external 

array) having the values of its elements recomputed. 

l ) Test on vector c: 

For j = l to M do: 

If c . 
J + (ir-m+j) go to step 2) ; 

else continue for loop. 

2) Test for pointer m1 : 

If C + ir-m+m1 , set C =C +l m1 m1 m1 

and end. 

3) Change pointer m1-1: 

Call procedure XPOINT (m 1-l ,ir,m) 

to change pointer C m1- l · 

Set Cm =Cm _1+1 
l l 

and end. 
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For example , consider 

3 2 3 (3x 1 +4), (2x 1 +7x+3), (Sx 1 +7x1+4) 

where we will use these polynomials to construct the true 

factor terms. While in this example ir=S, the number of 

eombinatfons . required to construct one true factor is chosen 

to be equal to 3. Let u1 = 15/2, where the value 15 

comes from the degree U where we have divided U by all 

direct true factors. The external integer IH = C(ir,m)=lO 

is all the possible co mbi nat ions of having m factors out 

of ir polynomials. After calling procedure LLIST, the 

vector C is initially zero. Thus, c 1=1, c 2=2, c3=3 and 

now the co mbination for the new factor E is formulated. 

Fi rst E = L1 ·L 2 ·L 3 where deg E=lO. Since deg(E)>u 1 , we 

attempt to apply another co mbination of m elements of L 

out of ir factors. Set IH=9 and call procedure XPOINT 

(3,5,3) to obtain the new indices for vector C. These 

indices are c1=1, c 2=2, c3=4 . Compute E=L 1 ·L 2·L4 where 

deg(E) = 9>u1. Set IH=8 and again call procedure XPOINT 

{3,5,3). We return from this procedure with new indices 

for vector c, c1=1, c 2=2,c 3=5. Again we compute 

E = L l • L 2 • L 5 \'i i t h d e g ( E ) = 1 0 > u l . S e t I H = 7 , c a 1 1 t h e 

procedure XPOI NT ( 3,5 , 3) for a third time . In execu t ing 

XPOINT, c3=5 . But we have tested for possible combinations 
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(1 ,2,3), (1 ,2,4) and (1 ,2,5). Thus we must change pointer 

c 2=3 and c 3 =4 such that we have the combination (1 ,3,4). 

This is of course performed recursively. Returning from 

XPOINT, we compute E = L1 ·L 3 ·L 4 where deg(E) = 7<u 1 . 

In LLIST vie compute EE = [ldc(L 2 ,x 1 )·1dc(L 5 ,x 1 )]=20 

and return to procedure TRUFAC. 

In TRUFAC we will test to see if the given 

combination L1 ·L 3 -L 4 can lead us to a true factor. 



Example l 

v I NFUT POLYNO~TAL 

v Ll 

v OUTPUT IS THF FAC TORS OF T~F I NFUT POLY NOM IAL SUCH THAT 

89 

I j v U =F ( 1 ) .{tF-. .. (. 2.) '' • .••• • "F ( J) 

v F ( l) 

v F(2l 

-X( l )U-Il-.2 --····-'"" ·- X-(l)*X -(2) + X .. (2)i;i~2 

Example 2 

v INPUT POLYNOMIAL 

X<l>**4- X(l)**3*X(~) + 3*X(1>**3 ~ X(l)**2*X(2)**2 + 

X(ll*'IT2*X(2)'1fX(3) • ~*XC1J 4Ht2'1l'X\3)- !3*X(l)"'*2 + X(ll*XC2)**~-x-(3) + 

3*X(ll*X(2)*X(3) + 15*X(ll*X(3) + 6*XCl) " X(2)**~*X(3) - 2*XC2)**2 • 

15*X'(2l*Xf3T---- 30 - ···- --

v oUTPUT IS THE FACTORS OF T~E INFUT POLYNOMIAL SUCH THAT 

=F (I l *F (2) u •••• e'lt"f'"(J) 

v F < 1) 

. . X ( U * * 2" ·· .. · -x <1 ) *X"( 3)' + X ( 2 > *X ( 3 ) + z··· . 
v FC2) 

Figure 3.2(a) Example on Multivariate 
Polynomial factorization 
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Example 3 

lJ 

I. ( 1 ) il i~ 4 + ;>: ( 1 l ~' * -~ * • ! 2 ) ~:- :X ' 3 ) + ·~ ( 1 l u u 3 >< X < 2 ) + j\ t l ) * -~:- 3 '' X ( 4 l ... 

Xlll**3 * XISl + Xl l l**2*XI2l* X13l*X(5) + XCll**2*XI2l*XCSI + 

X ( 1 ) * ~} 2 *X ( :l.) ~}X ( 4 l + /.. ( Ll * {~ 2 {}X ( 4 l {~X { 5 ) + X { ll i}.A { 2) *X < 3.) * * 2 {<X { 4) + 

X(li* X(2)* Y(31*XI4) + "(ll*X( 3 )*~(4)**2 + X(l)OX(3l*X(4l*X<5) + 

X l 2 I * X I ·3 ) i~ i:- ? i} X ! 4 l * X I 5 l + ) ( ?. ) ' ' ) I ·:. l * X ( 4 ) * )r, ( 5 ) t X ( 3 I * X ( 4 ) * * '?. * X ( 5 ) 

OUTPUT IS THF FACT ORS OF TI-E I I\J FUT POLY NOMIAL SUCH lHAT 

L=F(ll~F<2>*-••••*FIJ) 

F ( J I 

F l ? l 

X Cll**2 + )'( 3 )~< XI4) 

FC 3 l 

X (l) + X(2)UX(]) + X(6) + X( 11) 

Example 4 

v INPUT POLYNOMIAL 
.., u 

X<1>~+4 + X(1)~~3~X{2) + X(1)+~3~X(3) + X<1>~~3~X(4) + 

X(1}~+z+X(2)+X(4) + X(l)+~z+X(3)+X(4) + X(1)++z+X(3) + XC1)~X(2)~X(3) 1 

X{i)+X(3)+~2 + X(i)+X(3)+X(4) + X<2)+X(3)+X(4) + X(3)~~2~X(4) 

v OUTPUT IS THE FACTORS OF TH E INPUT POLYNOMIAL SUCH THAT 

v U=F{1)~f(2)+ ••••• ~F(J) 

.., F(l) 

v F<Z> 

v F(3) 

X<1) + X{4) 

XC l} + X<2 > + X<3> 

Figure 3.2(b) Example on multivariate polynomial 
Factorization 



CHAPTER 4 

INTEGRATION OF TRANSCENDENTAL PART 

In this chapter we will briefly discuss the 

integration of the transcendental part of the rational 

function integration performed over I[x 1 ,x 2 , ... ,xn] field. 

The implementation of this discussion will also be given. 

4.1 Introduction to the Basic Problem of Integrating 
the Transcendental Part 

As a result of section 2.2 the integration of a 

regular rational function Q can be given 

J Q(x)dx = R(x) + J S(x)dx 

where it has been shown that 

J S(x)dx = J s0 (x)/T(x)dx 

is purely transcendental and where R(x), s0 (x), T(x) s 

F[x], T(x) being a square free polynomial and degree 

(S
0

(x))<degree (T(x)). [HAR 12] 

The integration of the transcendental part can 

be obtained explicitly using only ring operations in F[x] 

if and only if the following relation holds: 

S 0 ( X ) = c d T (__u 
dx 

where c is a constant. The proof due to Tobey [TOB 67, 
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( 4 . 1 ) 
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pp.III 4] follows: 

J S(x)dx = J s0 (x)/T(x)dx 
t 

= I 
i=l 

c.logV. 
1 1 

( 4. 2) 

where the v. 
1 

are distinct irreducible polynomials in F(x) 

and c. 
1 

£ F. Differentiating both sides of equation ( 4. 2) 

we have 
t 1 

dV. 
S

0
(x)/T(x) = I c . 1 ( 4. 3) 

Vi dX i = 1 1 

or 
t t dV. t 

s0 (x) II v . = T(x) I 1 II v. c. crx i = 1 1 i=1 1 j=1 J 

jti 

Since v . 
1 

is relatively prime to 

dV. t 
c . 1 II v. , 

1 dX j = 1 J 

jti 

then Vi divides T(x) for all value of i. But, T(x) divides 

t 
S0 (x) II Vi and gcd (T(x),S 0 (x)) = 1. Hence T(x) divides 

i=l 
t 
II 

; = 1 
v. which can be written as 

1 

t 
T(x) = k II 

i = 1 
v . 

1 

w h ere k i s a c o n s t a n t . No vi i f t = 1 , w h i c h i s t h e c a s e 

whe n T( x) is an irreduci ble pol yno mial over F[ x] , t hen 

T(x) = k Vi (x) 
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Substituting this into equation (4.3), we obtain 

s0 (x) V l (X) = k Vi (X) c, 
d v 1 
dX 

or 

S
0

(x) = k 
d v 1 

c, dX = c, 
dT 
dX 

With this test we are able to integrate the 

transcendental part using limited precision rational field 

arithmetic. 

4.2 Algebraic Extension Field K of F 

Any field K which contains field F as a subfield 

is an extension of F. If a 1 ,a 2 , ... ,an are elements of K, 

then F[a 1 ,a 2 , ... ,an] is the set of elements inK which can 

be expressed as the quotients of polynomials in a1 ,a 2 , .•. , 

an with coefficients in F. If a; £ K is a root of 

polynomial U{x) £ F[x], then ai is algebraic with respect 

to the field F. Kronecker [ART 59] proved that there 

exist an extension field K of field F in which a polynomial 

U(x) £ F[x] with roots a1 ,a 2 , ... ,an can be completely 

factored, if not in F[x], in some K[x] where F<K<F [a 1 , 

a 2,a 3, ... ,an]. Both the Kronecker theorem and equation 

(4. l) indicate the nature of the minimum algebraic 

extens i on f i e l d of F within whic h the transce ndenta l part 

of the integral S(x) may be cnmputed. However a 



theoretical difficulty remains in determining the optimal 

extension of the field R in which the transcendental part 

S(x) of F[x] may be computed. 

An example due to Tobey [TOB 67] presents us with 

the nature of the problem. Consider 

S(x) 

where the integration of S(x) over R[x] rational field is 

unobtainable using test discussed earlier. However in 

R ( 12) [x], 

S (X) = 1-/2 (7x 6+212x+/2-l) 
2 (x 7+/2x 2+(/2-l)x-l) 

+ l+/2 (7x 6-2/2x-h-l) 
2 (x7-/2x 2-(12+l)x-l) 

and 

l 14 8 7 4 3 2 = 2log(x -2x -2x -2x -4x -x +2x+l) 

7 /2 2 -+ l 1 o g ( x - 2 x - ( 12 + 1 ) x - 1 ) + co n s t a n t 
72 x7+!2x 2+(12-l)x-l 

While the fact that JS(x)dx can be calculated over 
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R(l2)[x], it is not clear how one can obtain the monic 

irreducible polynomial x2-2 as the one to determine the 

algebraic extension field. 

While Tobey has discussed the mathematical 

techniques of extending the integration of the transcen­

dental part over the extended rational field, he did not 

describe any precise algorithms for integration of the 

transcendental part over an optimal extended field R[a] 

where a is an element of the irrational number set. An 

attempt has been made in this project to deal with only 

a part of this problem. This is to be discussed in the 

next section. 

4.3 Nature of the Problem Solved in ALTRAN 

Because ALTRAN is incapable of performing 

operations over irrational arithmetic, that is square 

roots, cubes roots, etc. of integers, we are constrained 

to perform the integration of the transcendental part 

S(x) = s0 (x)/T(x) in the following ways: 

a) s
0

(x) = k dT(x) where k is a constant. 
dx 

Then, 

J S(x)dx = k logT(x) 

b) T(x ) is a po l ynomial of second order 

(ax 2+bx+c). Then 
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J S(x)dx = 
J 

= f 

+ f 

aox+bo 
dx 2 a1x +b 1x+c 1 

a0 ( 2a 1 x+b1 ) 
dx 

2a ( 2 ) 1 a1x +b 1x+c 1 
aObl 

(bo - 2al 
2 a1x +b 1x+c 1 

dx 

- 1 arctan 

96 

(2a 1 x+b 1 ) 

v'4a 1c1-b 1
2 

( 4. 5) 

Special format statements have been used in ALTRAN to 
-1 represent the arg uments of log, square root and arctan 

functions. 
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4.4 Implementation 

Consider S(x) = s0 (x)/T(x) where T(x) is a 

square free polynomial. Making use of Wang•s algorithm 

[WAN 73] described in Chapter 3, we perform the factoriza­

tion of the polynomial T(x) over the integers such that 

T(x) (4.6) ' 

where v1 1., v2 . and v3 . are polynomials of degree one, 
' ' 1 ' 1 

two and higher than t wo respectively. In addition V3 · 
' 1 

is an irreducible 

nj=O the complete 

polynomial over 
n. 

term ( nJ V . • ) 
i=l J, 1 

the integers and if 

will vanish. 

Using the partial fraction decomposition algorithm 

discussed in section 2.2, we can obtain 

n l Al . n 2 A2 . n3 A3 . S(x) = L _,_1 + L _,_1 + L _,_1 
· 1 v, · · 1 v2 · · 1 v3 · 1= ,1 1= ,1 1= ,1 

where the degree A<degree V (Theorem 2.2T4) . 

Then, 

A3 . __ ,_J dx 
v3 . 

'J 

( 4 . 7 ) 



h V If A - ,,, \ I ' c were Z. = 3 . 3 . -lj/·v 3 ., , a
1
., s

1
., 1)J 1 are 

1 ,1 ,1 1 ,1 

constants over the rational field while yi is a constant 

over the irrational field, n3 = n3 , 1 + n3 , 2 then Fi can 

be computed as shown in equation (4.5). 

The first step is call the supervisor procedure 

MVFOI to perform the factorization of the denominator of 

the transcendental part over the integers. It is clear 

from previous discussions that the factored polynomial 

has only a multiplicity of one such that 

In the second step we call procedure PFDEC to 

compute the partial fraction decomposition. It is in 
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this procedure that we have a modified set of instructions 

similar to procedure MATSFD. In this procedure we divide 

T(x)/Ti(x) instead of Ti(x)i. It is in this procedure 

that we compute the coefficient matrix for the polynomials 

Aj,i' j=l,2,3 followed by solving a system of linear 

equations to obtain a vector A such that 

r 
s0(x)/T(x) = I 

i = l 

where degree (Ai)<degree (Ti). 

In the third step we perform integration using 

a pattern matching procedure. 



This procedure is called TRPT and performs a test 

to indicate if is possible to integrate the given trans­

cendental part over the rationals using equations (4.1) 

and (4.5). The last equation enables us to obtain the 

arctan-l term over the irrationals. 

Algorithm TRPT: 

Input is the transcendental part A;/Ti where Ti 

is the irreducible polynomial over I. Output is the 

coefficients COl for the logarithmic term, C02 for the 

inverse arctan function, arguments XLN of the logarithmic 

function, XART of the inverse arctan function and Z and 

integer. In practice C02 and XART are divided by the 

square root of Z. 

l) Initialization: 

Set Z = 0, COl = 0, C02 = 0, XLN = 0, 

XART = 0 

2) Apply the test C dt/dx: 

If deg (Ai/(dTi/ dx)) f 0 

then go to step 4). 

3) 'Compute the coefficient and argument of the 

logarithmic function: 

Set COl = Ai/{dT;/dx) 

XLN= T., 
1 

then end. 
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4) Compute the coefficient and argument of the 

inverse arctan function: 

If deg (Ti)>2 then end; 

else set M = ldc(ai)' 

Nl = coeff(Ai ,x 0) 

C = ldc(Ti) 

p = coeff (Ti,x 1
) 

q = coeff(Ti,x 0 ) 

Set COl = M/(2·C) 

XUl = T. 
1 

c o 2 = ( 2 • N 1 • c - p • t~ ) I c 

XART = a·x·C + p 
.... 

Z = 4•q•C - p'", 

th en end. 
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The purpose of procedure INTRPT is to act as the 

supervisor for the integration of any transcendental part. 

Algorithm INTRPT: 

Input is the transcendental function s0(x)/T(x) 

while output is the coefficients COEFl, COEF2, the 

arguments of logarithmic and inverse arctan function XLOG 

and XARTN respectively, the integer . XS the square root 

of which divides COEF2 and XARTN. In addition there exist 

as output a vector L containing all terms not possible to 

i ntegrate over the rational field. 



1) Compute the irreducible polynomials: 

Call procedure MVFOI (T(x)) to compute 

PT 1 ,PT 2 , ... ,PTr' the irreducible terms such 

that r 
T(x) = II 

i = 1 
PT. 

1 

Output is represented as a vector called PT. 

2) Compute the partial fraction terms: 

Call procedure PFDEC(T(x) ,PT ,s
0

(x)) to 

compute A; such that 

r 
= I 

i = 1 

Set i=l. 

A./T. 
1 1 

3) Compute coefficients and arguments: 

Call procedure TRPT(Ai/T;) 

Obtain the terms COl;, C02;, XLOG;, XARTN;, 

xs . 
1 

If COEFl; and COE F2; = 0 then add Ai/Ti to 

vector L. This indicates that integration is 

not possible over the rational field. 

Set i=i+l, if i>r then end; else repeat 

this step. 

Wi th regard to mu lt ivar i ate tr an scen den t a l part, 

our defini t ions and theorems discussed earlier in this 

1 01 

chapter can be extended. Our constant of integration over 



102 

the rationals in our previous equation will now be a 

multivariate polynomial over the rationals. For example, 

equation (4.1) can be modified to read 

where C £ R [x 2 ,x 3 , ... ,xn], continuing in the same fashion 

for the other equations. In addition to the extended 

rational field, it can contain irrational elements from 

the irrational set as well as polynomials with rational 

powers. In this case the denominator of the transcendental 

part can be factored into roots whose variables are raised 

to rationals. For example, 

While procedure INTRPT can perform integration of 

multivariate transcendental part, given that the integration 

will be possible over R[x 1 ,x 2 , ... ,xn] with the solution 

being in the form of logarithmic and/or inverse arctangent 

functions, it is not capable of factoring the type of 

example shown above. 



l 03 

v Tl-' 

( X ( l ) -:~ " 5 -:< Y ( 2 ) + 5 .;:- ;i.. ( l ) -:~ " c; + X ( l l ·:* ''1- 4 >< X ( 2 ) >~ ~;. 2 -!lo X ( 3 ) + 5 *X ( 1 ) * * 4 ·:} Y ( 2 ) + 

"- ( 1 ) " .;; 3 ·:r X ( ;;> l + 5 .;~ X ( l ) >H:· J ·:< ;z ( :1 l + X ( 1 ) >H:· £~ ir X ( 2 ) iHi 2 -i< X ( 3 ) + X ( 1 ) i:· * 2 ' } X ( 2 ) ih1- 2 + 

-4-r.·r n l -~fl'7'~··-rrzr--+-2"G"il-7\\rl -~:-·-wz--··· x--rrr-*~<:--rzr-rr-~*-x--<-:t1-+-rv<~~x c 1 l i~X < ~) -n~>2*x c 3, + 

X ( l ) '-f X ( 2 ) >< :.. ( 3 l + 2 0 ' ' X ( l l ;: X ( 2 l + X < 2 l .;:. i~ 2 '~~ X C 3 ) '~ '' 2 + 2 0 *X ( 3 ) ) / 

( X (l) + X(2)'~~X(3) l .;;. ( X ( J )iH~J + 4) -i< 

X(ll"*2 + X(l)'~X(2) 

v C 0 ETT (rr- - - -

5 

v XU) C_3 ( l l 

X. (ll + X ( 2 )ii X (1l 

+ A. ( ]) 

v--c u I:FTT?T - ­

X(.2l I 2 

- - -- --- -------- --·--------- - --- --- -----1 

v XL CG ( ? l 

X ( 1 ) .;1 ·:! 2 + X ( 1 ) -.:- X ( 2 ) + X ( 3 ) 

- XC2l'"'2 

v XARHH? l 

2 ; ;.~-, ( 1 ) + X ( 2) 

v---x-s-<2 > 
------ ---- -- ·------------ --- --------- -----1 

- ( X(2)iHI2- 4>1 X (3) 

v L < J ) 

X(2) I ( ,X(l)>H13 + <+) 

v ·-- ----- ------------;;-cf 1,.....-- - -

v l--l r; EPE H !TEGRi.i t (S( X l l::S IJ!V ( CCE Fl Cil''LOG \XLO G (Il l l 

v I= l 

v t• 2 

v --+ S'l lf--r COCFz---r-rD 5 0 R I ( " s-rrn-' 'AlTCTA r. I X7'\Rit--;-n-ITSQRTTX'ST1TM 

v I =l 

v tv 2 

v + ~ Lt'l < Ii\!T E G R i\ L L ( I l ) l 

v I=l 

Figure 4.1 Example on Transcendental 
Function Integration 

......... -· . 
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4.5 Conclusions 

It has been shown that the ALTRAN system is capable 

of performing complex algebraic operations. Not only can 

large problems be executed, but it is capable of performing 

modular arithmetic operations for the purposes of multivariate 

factorization. 

In performing the integration of rational functions 

to obta i n the rational part, Horowitz•s method has the 

advantage of saving execution time and storage space over 

Hermite•s method. With regard to the rational part the 

method is well defined and solved. However in the case 

with integration of the transcendental part defined over 

an extended rational field, it is not completely solved. 

What is necessary is a symbolic algebraic system capable 

of performing operations over an extended rational field in 

addition to dealing with polynomials having rational 

exponents. In this regard we have found ALTRAN incapable 

of performing such operations. 

It is possible that partial solutions for the 

integration of the transcendental part is defined for 

denominators that can be factored over the integers, their 

solutions being in terms of logarithmic or inverse 

arctangent functions. 
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A Listing of the Program HERM 
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1 
2 
3 
L; 
!) 
6 
7 
c 
9 

11:' 
11 
12 
13 
14 
1:; 
lb 
17 
1e. 
19 
20 
21 
22 
23 
24 
25 
2t 
27 
26 
29 
3;j 
.31 
32 
.33 

~~ 
36 
37 
38 
39 
40 
't1 
42 
43 
4Lt 
Lt5 
46 
47 
48 
49 
Sli 
51 
52 
53 
54 
55 
56 
57 

ALTRAN VERSION 1 LEVEL g 

PROCEOUR~ HERM .CAB,R,S) 
v-------------------------------~~~--------------------------------~------------
v-------------------------------~----~--------------------~---------------------v 
v 
v 

INPUf. 11. 
OUTPUT·· . .. 

AU 
R s 

RATIONAL FUNCTION 
RATIONAL PART OF INTEGRAL 
TRANSC~NDENTAL PART 

v------------------------------------------------------------------------------­
v---------------------------------•~----------------------------~---~-----------LONG ALGEaRAIG<XlAd,A,B,~,S,F,Z,Y,G 

INTEGER ~,N,HI C . 
ALGEBRAIC J\LTRAI'I HERH2 . 
R=D 
S=~ 
IF<AB==ClGO TO LF 
A= ANUH ( ABl 
B=AD::::N(AB) 
tl=DC:G(A,Xl 
N=OC:G(fJ,X) 

v---------------------------------------------~---------------------------------v------------------------------------------------------------------~-~~~-----~-~ 
v 
v 

IF THE DENOMINATOR IS A CONSTANT US~ THE ALTRAN 
PROCEOUKf PINT • 

v-------------------------------------------------------------------------------
v-------------------------------------------------------------~-----------------IFCN<>O)GO TO Li 

R=PINTtAB,X) 
GO TO LF . 

v--------------------------~----------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 

IF THE D~GREE OF THE NUMERATOR (A) IS LESS THAN THE 
O~GREE OF THE DENOMINATOR (8) CALL THE RATIONAL 
INliGRATION P~OC~DURE • 

v--------------------------------------------------~-- ··------·--~~---~---------­
v-----------~--------------------------------------------------~----------------L111. IFCMcG~iN)GO TO L2 

HERM2£AB,N,R,S) 
GO TO LF 

v--------------------~-------·-~-~-~----~---~---·--·------·----~----~~~-~-----•~ 
v----------------------------------------------------·--------------------------v 
v 
v 
v 
v 
v 

IF lHE DL.GR::E OF THE NUMERATOR (A) IS . GR::.A TER THAN TH£ 
D~GR~~ OF THE DENOMINATOR lBl THEN DO DIVISION IN THE 
INT~G£~ DOMAIN o . 
INTEGRAl~ THE POLYNOMIAL BY THE ALTRAN PROCEDURE PINT 
AlW THE !<.£GULAR RATIONAL PART BY TH:': RATIONAL INTC:GRATION 
PROCEOUR~ • . · · 

V•••••-••••••··--·--·~---------·-·----------~---------···----------------·-··-·· 
v--------------------------------------------~---·-----------·------·------·--·· L211. C=COc:FPO (EXPAND (8), X, N> ~¥ (H-N+1) 

A= c.v.,~ 
F= c~ e1 
!. = M~ U 0 ( A , B , X , Y ) 
Z=ZIG 
G=PINTCZ,Xl 
Y=Y/F 
N=Ot:GCADEN(Y) ,X) 
H € P .. N 2 ( Y, N, R, S) 
I<=R+G 

' 
. .. . .. ·.-.. ..... 



58 
59 

• ... 
2 
3 
4 
5 
0 
7 
8 
g 

10 
11 
12 
13 
14 
15 
16 
17 
16 
19 
z c· 
21 
22 
23 

LFA R:: TURN <R, S> 
END . .. 

PROCiDURE POCEF <C,NI,N) 
¥-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------v INPUT " C UNIVARIATE POLYNOMIAL 
v NI IIH EGi:R SUCH THAT THE POL YN OHI Al B CAN BE 
v EXPRESSED AS B=C.,X"'",.NI • 
v N THE MAXIMUM DEGREE OF U 
v OUTPUTA A V ~ CTOR SUCH THAT ITS ELEMENTS ARf EQUAL TO THE 
v COEFFICIEt\TS OF 6 • 

v-------~---------------------------~------------~------------------------------
v--------------~------------------------------~---------------------------------LONG ALGEB~AIC <X>B 1 C 

INT~G~R J,H,NI,N ,A 
ARRAY ( 1A~lJ A 
VALUE C,NI,N 
B=C 
8=8"~-X..,~NI 

H=N-1 
DO J=H 0 -1 
A(J+i)=.~O~FPOCt:XPANOCB) ,X,J) 
OOt:NO . 
RETURN (A) 
END 

" 



1 
2 
3 
4 
5 
t 
7 
t 
g 

10 
11 
12 
13 
14 
iS 
16 
17 
18 
19 
20 
21 
2:2 
23 
24 
25 
26 
27 
2t 
29 
30 
31 
32 
33 
34 
35 
3£ 
37 
38 
39 
L.rU 
41 
42 
43 
44 
45 
Lt6 
47 
46 
49 
5C 
51 
52 
53 
54 
55 
56 
57 

HLI~HN VC~~1UN ~ L~V~L ~ 

PROC~DUR~ rlERM2<AO,N,R,S) 
v-------------------------------------------------------------------------------v--------------------------------------------·----------------------------------v 
v 
v 
v 

INPUT A9 
. .• r ~ 

OUTPUT R 
s 

REGULAR RATIONAL FUNCTION 
DeGReE OF THE DENOMINATOR 
RATIONAL PART OF INT~GRAL 
TRANSCENDENTAL PART 

\1-------------------------------------------------------------------------------v-------------------------------------------------------------------------------LONG INT~GER WF 
LONG ALGEBRAIC <X>AO,R,S,ACOM,BF,BI,RP,SP,C 
INTEGE~ J 1 II,N,L 
ARRAY(1ANJC 
ARRAY(1AN)8F 
ARRAY(lANJWF 
ARRAY(1AN lAN)ACOM 
LONG ALGE~RAIC ARRAY ALTRAN ROEC 
LONG ALGEaRAIC ALTRAN HERM1 
R=u 
s=u 
C=U 

v-------------------------------------------------------------------------------\1-------------------------------------------------------------------------------v COMPUTE THE COMPLETE PARTIAL FRACTION DECOMPOSITION BY CALLING 
v PROC~DUR£ RD£C SUCH THAT 
v AB= ACOM(1 1 1)/(WFC1)•8F(1}) + ACOM<2,1}/(WF(2)•8Ft2))+ 
v ACOM<2,2)/(WFC2l+BF(2)•~2)+ •••••• , ••••••••••• •••••• •••••••• 
v • •• ••• •• ...... +ACOM(L,L) /(WF<L>•BF(L)•+L) 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------RDEC<Aa,N,ACOM,BF,WF,L) 
v-------------------------------------------------------------------------------
v----------------------------------------------------------------------~--------v INITIALIZE THE iRANSCENDENTAL PAR.T SUCI-i THAT 
v S =A C 0 ~1 ( 1 , 1 ) I ( B F ( 1 ) + ~~ F ( 1 ) ) 

v----------------------------------~-----~-----------------~----------------~---¥-------------------------------------------------------------------------------S=S+ACOH<1,1)/(HF(1)•8F(1)) 
DO J=2 1 L · · 

u 0 I I=1 fN 
C<II>=ACOH<J, I) 
DOC:t-10 
BI=GF(J) 

\1-------------------------------------------------------------------------------
v----~-~--···----~~------------------------------------~-----~----~~----------~-v PERFORM THE RC:OUCTION PROCEDUR. ~S FROM J=2,3t•••• ,L 
v CALL PROCEDURe HERM1 TO COMPUTE RP, S SCH HAT 
v RP+INTEGRALCS)=INTEGRAL[SUM(ACOM(J,!)/8FCJ)¥•I•HF(J))] 
v WHERE I=2,3 7 ••• ,J 
v-------------------------------------------------------------------------------
v---------------~----------~----------------·----------~---------~--------------HE~MiCC,ui,J,N,RP,SPl 

v-- ·--------~----------------~~----------------·---·--------~------~------·--~---
v-------~---------------------~----~--------------------------------------------v ADD TO THE RATIONAL AND TRANS~ENDENTAL PART BOTH RP,SP ... 
v RESPECTIVlLY. 
v SET J=J+1 ANO T~ST IF J LESS OR E Q A L,REPEAT THE REDUCTION 

., 



~~ 
6C 
61 
62 
63 . 
64 
65 

1 
2 
3 
4 
5 
6 
7 
e 
g 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 

v PROCEDURE ,ELSE R ~TURN. . v------------------------------------------------------------------------------­v-------------------------------------------------------------------------------
R=K1'RP/WF (J) 
S=S+SP/WF(J) 
DOEI~O 
F<:C:TURN CR,S) 
EIW 

PROCeDURE OIFFXCF,X) 
v-------------------------------------------------------------------------------
v---------------------------~------------------------------------~--------------v 
v 
v 

INPUT "' F 
X 

OUTPUT A 

UNIVARIATE POLYNOMIAL 
VARIABLE OF DIFFERENTIATION 
RATIONAL FUNCTION • 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------INTEGER K,.L 
LONG ALGEBRAIC F,X,POL,FD,G 
VALUE F X 
IF<F==DfRETURN(F) 
K=DEG (F X) 
IF<K==OfRETURN CO) 
FO=AOEN ((F)) 
G=EXPANOCANUH(F)) 
POL=O 
DO L=1,K 
POL=POL+L~x~~(L-1>•COEFPCCG,X,L) 
OOENO · · 
RETURN~POL/FDl 
END 

II L 
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2 
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I.; 
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6 
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6 
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12 
13 
14 
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17 
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1S 
2L 
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22 
23 
24 
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26 
27 
28 
29 
3 G 
31 
32 
33 
34 
35 
36 
37 
38 
39 
4G 
41 
42 
43 
L,Lt 
Lt5 
46 
47 
46 
49 
50 

ALTRAN VERSION 1 LEVEL 9 

PROCEDURE HERMi(A,B,I,KH,R,S> 
v-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------v INPUT 
v . ... 
v 

" II OUTPUT 
v 
v 
v 

A 
8 
I 
K~l 
R 
s 

ARRA Y CONTAINS POLYNOMIALS 
UNIVARIATE POLYNOMIAL 
THC tXPONENT OF THE POLYNOMIAL 8 
ARRAY SIZ E 
RATIONAL FUNCTION 
RATIOI~AL FUNCTION SUCH THAT 
R+INTEGRAL lS)=INT EGRAL (A(1)/8(IJ+A(2)/BCI)+~2+ •• 

••••••••+A(I)/8(!)++!) 
¥-------------------------------------------------------------------------------v-------------------------------------------------------------------------------LONG ALGEBRAIC (X)A,B,8D,S,R,C,O,GC,DD,W1,H,RX 

INTEGER J,N,M,I,KH 
AR RAY(1AKH)A 
LONG ALGEBRAIC ALTRAN EGCD 
LONG ALGEB~AIC ALTRAN PEGCO 
LONG ALGEBRAIC ALTRAN DIFFX 
VALUE A,B,I,K H 
R=u 

\1-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
\1 

SET S=A(l) ,N=O ~ G<B>+lLM=N-1. CALL PROC ~ DUR~ P~GCD TO COMPUTE C,O,RX 
SUCH THAT B+C+D~£DI~F(8))=RX 
WH ERE OEGCCJ<D E G<DIFF(Bll,DEG<D><D E G(8) ~ 

v-------------------------------------------------------------------------------11-------------------------------------------------------------------------------S= A (I) 
N=CEG(8,X>+1 
I"'=N-1 
BD=DIFFXCB,X) 
IFCOEGCBD,X1,NE. O>GO TO LNO 
C= G 
0=1 
RX=80 
GO TO LC 

LNOA PEGCO <B,BO,N,M,C,O,RX) 
LCh DO J=I,2,-1 

JF(S,EQ,C)GO TO L1 
EGCO<S,B,BO,C,D 7RX,CC,00 7W1) 
R=R-00/(Hl•(J-lJ+B • •(J-11) 
H=OIFfX(OO,X)+(J-ll • CC 
H= H/ ( Hi• (J-1)) 
S=HtA (J-1) 

Ll" CONTINUE 
OLl C: NO 
S=S/B 
RETURN CR,S) 
t:ND 

113 

., 



1 
2 
3 
I., 
5 
6 
7 
8 
g 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
3~ 
. 33 
34 
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45 
46 
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ALTRAN VERSION 1 LEVEL 9 

PROCEDURE ~GCD CA,Z,Y,C,O,R,RR,SS,W) 
\1-------------------------------------------------------------------------------
v-------~-----------------------------------------------------------------------v 
II 
v 
II 
v 
v 
v 
v 
v 
v 

INPUT A . .• z 
'I 
c 
0 
R 

OUTPUT RR 
ss 
w 

UtliVERIATE POLYNOMIAL 
UNIVERIATE POLYNOMIAL 
UNIVERIATE POLYNOMIAL 
UNIVERIATE POLYNOMIAL 
UNIVERIATE POLYNOMIAL 
INTEGER SUCH THAT R=Z4 C+Y•D 

AND OEG(C)<OEG(Yl,DEG(D)<OEG(Z) 
UNIVERIATE POLYNOMIAL 
UNIVERIATE POLYNOMIAL 
INTEGER SUCH THAT A¥W=RR•Z+SS+Y 

v-------------------------------------------------------------------------------11-------------------------------------------------------------------------------LONG ALGEBRAIC <X>A,Z,'I,C,O,RR,SS,R,W,H,Q 
LONG INTEGER V 
I N T C: G E R M , I~ 
VALUE A,Z,Y,C,O,R 

v------------------------------------------------------------------~------------
v----------------------------------------------------------~--------·-----------v .., 
v 
v .., 
v 

IFC=O SET RR=8,SS=A 1 W=R AND RETURN,ELSE SET RR=A4C,SS=A~D, 
N=OEG(V) AND t1=DE.G<RR) 
IF M LESS THAN N SET S=R AND RETURN ,ELSE SET 
RR=R.E11AINDER <<ER4 LOC<Y> ..... <H-N+1)) Y) , 
SS=Z+QUOTIENT ( <F.R+LOC (Y) "~-+( M-N+1)) /Y) 
W=R .. LDC(Y) .. +(M-N+i) AND RETURN. 

\1-------------------------------------------------------------------------------v-------------------------------------------------------------------------------

L1" 

L2t. 

IF< C.NE.OlGO TO L1 
RR=O 
SS=A 
W=R . 
RETURN (RR,SS,W> 
RR=A 4 C 
SS=A .. D 
M=DEGCRR,X) 
N=OEG(Y X) 
IF<M.GE!N>GO TO L2 
H=R. 
R E TURN ( R R , S S , rl) 
V=COE:FPOCEXPANO<Y) ,X,Nl "~-"'tr1-N+U 
H=V~·fi!R . 
Q= AQUO ( H1 Y 1 X, RR) 
SS=V•SS+U .. £ 
I~=V+ R 

· RETURN (RR,SS,W) 
END 

" 



1 
~ 

2 
3 
4 
t:: ._, 
6 
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8 
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1C 
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12 
13 
li.f 
1:1 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
2<:1 
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31 
32 
33 
34 
35 
36 
37 
38 
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4 G 
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4 2 
43 
44 
45 
46 
47 
48 
49 
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51 
S2 
53 
54 
55 
:.>6 
57 

ALTRAN VERSION 1 LEVEL 9 

PROC£DURE PlGCD<AA,8J,N,H,R,S,F) 
v------------------------------------------------------------------~------------
v--------- ~ -----------------------------------------------·---------------------\1 
v 
v 
II 
v 
v 

INPUT AA 
. .• 8 8 

OUTPUT R 
s 
F 

U ~ IVARIATE POLYNOMIAL 
UNIVARIATE POLYNOMIAL 
UNIVARIAT E POLYNOMIAL 
UNIVARIATE POLYNOMIAL 
I NTEGER SUCH THA T 

R~AA+S~BB=F AND DEG<R)<DEG<BB),OEGCS)<OEG<AA) 
~------------------------------------------------------ ·-------------------------v-------------------------------------------------------------------------------LONG ALGEB RAIC CXlAA,BO,R,s,z , zr ,c,Y,F 

LONG INTEG ER A, B 
I N T E G E R I , J 1 tH , J C , t11-1 t N N , N 1 t1l M N = IH N- 2 
ALGC: B t~AIC AR R. AY f.IL Tf<AN ATk.AN S 
A LG~ BRAIC ALTRA N AOE T 
LONG ALGEBRAIC ARRAY ALTRAN SOL EQ 
LOI~G INTEG E I~ ARf\A Y ALT RAN POC EF 
ARRAY(lAN)A 
At<.RA Y (1A~) 8 
ARRAYC1AMN,1AMN)Z 
AR RAY(1AMN71"MN>ZI 
AR KAY(1"'11NJC 
AR.'KAY(1AMN)Y 
VALU~ AA,B 8 , N,M 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v IF OEG<BB>= O S~ T R = J ~S=1,F= BU AN D ~ETU ~ N ELS C: 
v SET CO EFFICi i NT OF A ,BB IN VECTO R A, 'D R C: ~P ECTIVELY AND CONSTRUCT 
v MATRIX Z SUCH THAT 
v A ( 0 > A (1) . . .. . ' . ' . ' ... • • • • . . ' . .tU G > • • • • • • • • •••• • ••• 
v • • • • A ((j) A ( 1) • ••• . . . .. • •••• • • • • • • • • A ( N l • • • • ••••• • • • • 
II • • • • • • • • • • • • • ••• • ••• • • • • • ••• • • • • • ••• • ••• •••• • ••• 
II •••• I t I t • • • • •· ... .. ... • ••• " ... • • • • ... ' . ' .. ... ' 

• •••• 
II . . . ' • • • • • • • • • • • • • • • • • ••• • ••• • • • • •••• • ••• • ••• • ••• v • • • • • ••• • • • • • ••• ACQ) A ( 1) • • • • t t t I •••• • ••• • ••• A(N) 
II 8( 0 ) B ( 1) • • • • • • • • • • • • •• • • • • • • • • • • B ( M) • • • • • ••• •••• v • • • • B ( 0) B ( 1) •••• • ••• • • • • • • • • .. ' . . . . ' sntl • ••• • ••• 
II • • • • . . . ' • ••• •••• t t I I I I I t I •• t •••• •••• . ' .. . .. ' • • • • 
II • • • • • t •• • 4 ~ • ' . . . ' ... • • • • • • t • ' .. ' • ••• . .. ' • • • • • ••• 
II • • • • • • • • . . ' . .. . . . •• •• B ( 0 ) B ( 1) • • • • • • • • • ••• . .. , . 8 ( M) 
v------------------------------------------------··-----------------------·-----'1-------------------------------------------------------------------------------

L1A 

IF<D cGCBO,X),N E, G>GO TO Li 
R=O 
S=1 
F= 88 
RE TU ~ N <i~,S,F) 
S= I) 
~<. = 0 
Z= G 
C=u 
A=POCt:F<AA,l!,N) 
B=POCEF (BB,O, 11) 
t·IM =M-1 
00 J=i,MM 
DO I=i,N 

., 



56 
59 
6G 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
8(: 
61 
82 
83 
64 
85 
86 
87 
bB 
69 
9l 
91 
92 
93 
94 
95 

Z <I+J-1 ,J> =A <I> 
DOi:NU 
OO END 
DO J=l·l, MN 
JC=I·IN-J 
DO I=1,M 
Z (I+ JC, J > = 8 <I> 
OOC.ND 
DOENO 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v COMPUTE THE RESULTANT OF TH~ TWO POLYNOMIALS AA AND 88 BY CALCU-
v LATING THE DETERMINANT OF TH E TRANSPOS~O MATRIX z. 
v SOLV~ THE SYSTEM OF LINEAR EQUATIONS z•Y=C 
v WHERE C IS THE CONSTANT VECTOR 
¥-------------------------------------------------------------------------------v-------------------------------------------------------------------------------Z!-=ATRANS ( Z> 

CC1>=ADETCZI> 
F=C<1> 
Y=SOL;:::QCZ,C,MN) 
~1 H = 1"11-1-1 
NN=N-2 

v-------------------------------------------------------------------------------
v------------------------------------------------------------------------~------v CONSTRUCT THE POLYNOMIAL R AND S SUCH TliAT TH ~ FIRST N ELEMENTS 
v IS THE COEFFICIENT OF R AND THE REHAINOERS ARE THE COEFFICIENT 
v OF S. 
¥-------------------------------------------------------------------------------
v----------·--------------------~------------------------~----------------------DO J=Ht1, O, -1 

K=R+YCMM-J+1)¥X~~J 
OOEtW 
DO J=I~N,0,-1 
S=S+Y(HN-J)+X••J 
oo::ND . 
RC::TURN (R, s, F> 
END . 

I IV 

" 



1 
2 
3 
4 
s 
t 
7 
6 
g 

10 
11 
12 
13 
14 
15 
16 
17 
16 
19 
2U 
21 
22 
23 
2 4 
2 5 
26 
27 
2f 
29 
3 C 
31 
32 
33 
3Lt 
35 
36 
37 
3e 
39 
~ (: 
41 
42 
43 
/.o'T 
LtS 
46 
'+7 
48 
4g 
sc 
51 
52 
S3 
54 
ss 
56 . 
~7 

ALTRAN VERSION 1 LEVEL 9 

PROC~DUR£ RO~C<AA,N,XZ,Y,W,K> 

v-------------------------------------------------------------------------------
v----------~--------------------------------------------------------------------
\1 INPUT AA R~GULAR RATIONAL FUNCTION (A/8) 
1/ ... 
v OUTPUT 
\1 

\1 

v 
v 
v 
1/ 

N DEG REE OF THE DENOMINATOR 
XZ MAT~IX WITH POLYNOMIAL EL ~ MENT. 
Y A~ R AY CONTAINS THE S QUAR ~ FREE POLYNOMIALS 
H INT EGER ARRAY SUCH THAT 

K 

AA=XZ<1,1)/(W(i)•Y(l))+XZ(2,1)/(W(2)¥Y(2) )+ 
XZl2,2)/(W(2)+Y(2)••2>+ ••••• , •• ,,,,,,,,,,,,+ 
XZCK Kl/(W(K)•Y<K>••K> 

TH ~ ~XPbNENT OF TH E MAXI MUM FACTOR OF 3. 
v------------------------------------~------------------------------------------v-------------------------------------------------------------------------------LONG ALG E B ~AIC <X>AA,AB,XZ,ZI,XX,Y,AI, 3I 

LONG INTEGER W1 Z,VI 
INTEGER K1 N,J 1 l,L 
A R RA y (1 A N J y 
/~R RAY (lAN) XX 
ARR.AY(lAN)Z 
A R :<.A Y ( 1 "I'D Z I 
A R RAY(1AN}l~ 
AR RAY(lAN,1AN)XZ 
LONG ALGEBRAIC ARRAY ALTRAN RSQD EC 
LONG ALGEBRAIC ARRAY ALTRAN PCO EG 
VALU E AA,N . 
AB=AA 

Z I=O 
Y= O 
~-~ = u 
XZ= Q 

v-------------------------------------------------------------------------------
v----------~--------------------------------------------------------------------v PERFOR M PARTIAL FR ACTION DECOMP OITIO N d Y CALLING PROC~OURE 
v R S QD~C SUCH TH AT . 
v AA=XX(1)/(Y(i) + Z<1l)+XX(2)/(Z(2)~Y(2))++2> •• +XXCK)/(Z(K) 4 Y(K)4•K) 
11----------------------------------------------~--------------------------------v-------------------------------------------------------------------------------R S QD ~ C(AB,N,XX,Y,Z,K) 

v-------------------------·---·-----·----~-----·-------------------------------­
v--------------------------------------------------------~----------------------v 
v 
v 

IF XX(l)=OfOR D[G (XXti)) LESS THAN OEG<YC!)) THERE IS NO FURTHER 
O E GO ~lPOSIT ON AD D XX(!) TO XZCI11l ANU St: T WCil=1,ELSE CALL 
P~OC £0UR E PCDlc TO COMPUTE THE cOHPL~TE PARTIAL FRACTION T~RMS 

v------------------------------~--·-~--·-~--------------------------------~----­
v------------~----~-~--------~-------------------··--·---~-·-···----------------DO I::1iK 

AI::XXC ) 
OI=Y(J) 
VI=ZCl) 
IF<<Alc EQ.tll.OR, <DE:GCAI,Xl<D E. GtBI,Xl))GO TO L2 
J=IQUO(O~G CAI,Xl ,O EG<BI,X)) +l 

v--·-------------------------------------------------------------------·--·------
v-------------------------------------------·-----~-------~---------------------v 
v 
v 

~~~F~~7rT~~(~?~f~ET~U~~R~~~~ FRACTIO.N DECOMPOSITION 
XXCI)/Y(I)++I=ZI<1)/YCll+ZIC2)/Y<Il• 42+., •••••• +ZICI)/YCil••r 

... 
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sg 
oo 
61 
62 
63 
64 
65 
66 
67 
(;13 
69 
70 
71 
72 
73 

1 
2 
3 
4 
5 
6 
7 
6 
g 

10 
11 
12 
13 
14 
15 
1E 
17 
18 

v SE: T 1i <.P = Z (1) • LOC ( Y <I>> J~.+ <D EG <X X< I> >- 0 EG ( Y <I>)+ 1> 

v-------------------------------------------------------------~-----------------v-------------------------------------------------------------------------------ZI=PCOcC<AI,BI,J,N) 
DO L=l J 
XZ CI 1 d =ZI (L) 
DOt:Nu 
L=OcG(AI Xl-OcG<OI Xl+i . 
H<I>=VI•~OEFPOCEXPiND<BI>,X,DEG(8I,X))++L 
GO TO L1 

L2A XZ<I,1l=AI 
W(1)=1 

L1" CONTINUE 
DO END 
R E TURN ( X Z , Y , ~~ , K ) 
EtW 

PROC e DURE REP <A,G> 
v-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------v 
v 
v 
v 

INPUT " 
OUTPUT A 

A UNIVARIATE POLYNOMIAL 
8 UNIVARIATE POLYNOMIAL 
J INTiGER SUCH THAT B=Z•A++J 
WHERE Z IS POLYNOMIAL 

v------------------------------------------------------------------------------­
v-------------•---------------------------------~--------~----------------------LONG ALGcBRAIC<X>A,8 

INTEGER J 
VALUE A 8 
J=O ' 

Li" !F(AGCD<A,B),£Q,1) RETURN (J) 
B=B/A 
J=J+1 
GO TO L1 
END 

.. 
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lC 
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12 
13 
14 
1S 
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17 
lti 
19 
2[; 
21 
22 
23 
21.. 
25 
26 
27 
26 
29 
30 
31 
32 
33 
34 
35 
3t 
37 
36 
39 
40 
41 
42 
43 
44 
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L.8 
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?1 
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ALTRAN VERSION 1 LEVEL 9 

PROCEDUR£ RSQD~ C(AA,N,XX,Y,Z,K) 

v-------------------------------------------------------------------------------
v--------~----------------------------------------------------------------------v 
v 
v 
v 
v 
1/ 

v 
v 

INPUT . .. 
OUTPUT 

AA 
N 
XX 
y 
z 

K 

REGULAR RATIONAL FUNCTION (A/8) 
uEGRE£ OF THE DENOMINATOR (8) 
ARRAY CONTAINS POLYNOMIALS 
LI NE AR LIST OF SQUAR~ FRE ~ FACTORS 
ARRAY CONTAINS INT~G~RS SUCH THAT 
AA=XX(1)/(Z(1)~Y(l))+XX(2)/(Z(2)~Y<2>~~2)+ ••••• 
••• .,,.+XX(K)/(Z(K)+Y(K)++K) 
THE EXPONENT OF TH E MAXI MUM FACTOR OF B. 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------LONG ALGEBRAIC <XlAB,A,B,Y,XX,AA, E,F,G 
LONG INTEGER U1 1 Z 
INTEGER ~,K,N,KH1,I,KO,KH,J,RN 
ARRAY (1A~U XX 
A K. RA Y ( 1 "N) Y 
ARRAY(1AN)Z 
AR"R..AY(1AN)F 
ARRAY ( 1" t-d G 
AR. R. AY(lAN 1AN) E 
LONG ALGEbRAIC ARRAY ALTRAN SOL~Q 
LONG INTEGER ARR AY ALTRAN HATSFO 
LONG ALGEBRAIC A R~AY ALTRAN PSQFR~ 
LONG ALGEBRAIC ALTRAN CONT 
LONG INTEGER AR~ AY ALTRAN POC EF 
ALG~8RtiC ALT RAN TLNGTH 
VALUE AA,N 
AB::AA 
XX= O 

v------------------------~-----------------~--------------~---------------------
v---------~~-----------------~--------------------------------------------------v SET A=NUH ERA TOR OF AA · ,B1=CONTE NT OF TH i DENOMINATOR OF AA AND 
v S=PRIMATIV~ PART OF THE DENOMINATOR OF AA. . 
v CALL PROCEDURE PSQFR~ TO OBTAIN TH~ SQUARE FRiE POLYNOMIALS,THEN 
v ORDER THES~ POLYtiOMIALS USING PROC EDURE TLNGTH SUCH THAT 
v B=Y(1)TY(2)T~2~ •••••••• ~Y(K)•~K 
v IF THERE IS NO MORE FACTORIZATION THEN S~T XX(l)=A,YCil=B , 
v Z<i>=Bi ANO KcTURN. . 
v-------------------------------------------------------------------------------
v------------------------------------------------------------------~----------~-

Ll~"-

A=ANU/1 ( AB) 
8= AD EN ( AB) 
Bi=CONT(B) 
f:l= 8/81 

. Z=PSQFRE(B,Nl 
TLNGTH<N,B,Z,K,Y) 
Z= 0 
IFCK<>1)G0 TO Ll 
XX<K>=A 
YCKl::B 
Z<K>=CH 
RETURN(XX,Y,Z,K) 
KM1=K-1 . . , ... 

v-·----·---~---------··-~--~----------------··•••••••••··-··--·----~---~------~· v---------~---·--~----------·--·-------~------~------~---------~w--~--~--------w 



56 
59 
t;G 
61 
b2 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
eo 
81 
82 
63 
t4 
b5 
66 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
96 
9S 

1CO 
101 
1G2 
103 
1{;4 
lliS 
1 (' b 
l.L7 
108 
10CJ 
110 
111 
112 
113 
114 
115 

v IF THERE IS ONLY ONE FACTOR AND ~AISED TO POWER K THEN SET 
v XXCK>=A, Z<KJ=B1,XXCIJ=O,Z<K>=l FO~ I=t, ••• ,K-1 AND RETURN 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------DO ·~=1, KtH 

IF<OtGCY<IJ,X)<> G>GO TO l2 
DO END 
XXCKJ=A 
ZCK>=B1 
00 I=1zKM1 
XXCI>=u z (I> =1 
DO END 
RC. TURNCXX, V,Z,K> 

v-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------v CONSTRUCT THE COEFFICIENT MATRIX USING PROCEDURE MATSFO. 
v CONSTRUCT TH~ CONSTANT VECTOR F BY PLACING TH£ COEFFICIENT 
v OF THE NUMERATOR (A) IN IT. 
v SOLVE SYSTEM OF LINEAR EQUATION USING PROCEDURE SOLEQ SUCH THAT 
v £•G=F 
¥-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------L2" E=MAT~~D<B,Y,K 7 N> XX=:POCt.F(A,G,NJ 

DO I=1,N 
F<IJ=XX(N-It1) 
DOC:IW 
G= SOLEQ < E, F, r~) 

¥-------------------------------------------------------------------------------
v------------------------------------------~---------------~--------------------.v 
v 
v 
v 

CONSTRUCT XX<IJ,Z(!) 
SET NO=O,J=1l 
XXfJ>=SUM OF G(I)+X-¥- ... <I-NO> l WHERE I=NC,.,, •• NO+NJ-1 
IF I=N-1 THEN END ,ELS~ NO=NO+NCJ),J=J+1 AND RtP~At THIS STEP, 

v----------------------------------------------------------------~-~---·--------v-------------------------------------------------------------------------------KM 1=0 
KG=1 
00 1=1 K 
M=DEG<~<Il ,X> 
IF<N<>ClGO TO l3 
XX<Il=O 
Z<I>=l 
GO TO L4 

L3" F:.N=I-tH 
Kl"ll=KMl+RN 
Kl·l=KiJ +kN•l 
XX<I>=U 
DO J=Ku,Kr-1 
XX<I>=XX<I>+G(J)~X ... +tKH•J) 
DO END 
KO=KH+1 
Z<IP=Bl 

Ll.r" CONTINUE 
DOEtlO 
kETURN(XX,Y,Z,K) 
t:NO 

.. 



1 
2 
3 
4 
5 
6 
7 
c 
g 

10 
11 
12 
13 
11~ 
15 
16 
17 
18 
19 
2C 
21 
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45 

ALTRAN VERSION 1 LEVEL 9 

PROC€0URE PCOECCA,B,J,KH> 
v-------------------------------------------------------------------------------. 
v------------------------------------~------------------------------------------v I NUT 
\1 

\1 

\1 

v OUTPUT 

. UNIVARIATE POLYNOMIAL A 

.• 8 
KM 
J 
XX 

UNIVARIATE POLYNOMIAL 
AK P. AY SIZi 
IN1EG~R SUCH THAT J=DEGCA)/0EGC8)+1 
AKRAY CONTAINS POLYNOMIAL SUCH THAT 
A/B(J)~+J=SUM OF CXX(I)/8(J)••I> ,WHERE I= 

1,2, ••• ,J 
\1 

v 

v------------------------------------------------------------------~-----------­v-------------------------------------------------------------------------------LONG ALGEB~AIC <X>A,B,Q,QO,AO,XX 
INTi:: G c R fJ, f·l, K M, I , J 
Af<. RA Y ( 1" K1·1) X X 
VALUE A,B,KM,J 
H=OEGCA,X) 
N=OEG(8iX) 
XX=iJ 
I=J 

'11-------------------------------------------------------------------------------
v-------------------------------~-----------------------------------------------\1 

v 
TO P~RFORM COHPLET~ PA~TIAL FRACTION O£COMPOSITION 
Q:A¥LDC(8)++(0EG<A>-DEG(8)+1) 

SET 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------. Q=C0 ~FPO(EXPANO (8) ,X,N)¥+(M-N+1) 
Q=Q+A 
XX=O 

v--------------------------------------------------------------------~----------
v----------------------------------------------------------------------------~~-v XXCJ>=REMAINDER (Q/8) AND Q=QUOTIENTCQ/8) 
v IF O~G CQ> LESS THAN OEG( 8) SET XXC1l=Q AND RETURN, 
v ELS~ SET J=J-1 AND GO TO STEP Lie 
'11-------------------------------------------------------------------------------
v----------------------------------------~-~------------------------------------Li"' QD=AQUOCO,B,X 1 AD> 

XXCI>=AO 
IFCO~G(QC,X><N)GO TO l2 
Q=QO 
I=I-1 
GO TO l1 

L2A · XX(1):QO 
RETURN (XX) 
END 
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ALTRAN VERSION 1 LEVEL 9 

PROCt:DURE TLNGTH<IK 1 i:l,Y,KM,7.) 
v-------------------------------------------------------------------------------
v--------------------------------------------------------------~----------------v INPU T" "' 
v ... y 
v 
v 
v OUTPUT"' 
v 
v 

f) 

II\ 
K1·1 z 

UNIVARIATE POLYNOMIAL 
ARRAY CONTAINS SQUAR~ FREE POLYNOMIALS SUCH THAT 

8= Y ( 1) ~+ N ( 1) + Y ( 2) 4 + N"' ( 2 > • , • • • , • • + Y ( L) "'+ N ( L) 
O E G KE~ OF 8 
THE EXPONENT OF THE MAXIMUM FACTOR OF B • 
A LIN EAR LIST OF THE SQUARE FREE POLYNOMIALS SUCH THAT 

B=Z t 1) +•1+ Z (2) +•2.11-, •., • •. •. • • Z (KJ'1) +,.KM 

v------------------------------------------------~------------------------------
v----------~--------------------------------------------------------------------LONG ALGEBRAIC<X>B,Z,Y 

ItHEGC:R I,IK,KM 
ARRAY(1AlK)Z 
A i(. f.< A Y ( 1"' I K) Y 
I IH:: G E R A L T R A I l ~~ E P 
VALU E IK,B,Y 
Z=1 

v-------------------------------------------------------------------------------
'1-----------------------------------------------------------~-------------------v 
v 

0 R 0 t R 1 H t:.: P 0 L N 0 tH A L S S U C H T H AT P-0 L Y N 0 M I A L Z < I> WILl BE RA I S E D 
TO POWE~ I AND PLACED IN LOCATION I IN VECTOR z. 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------00 1=1 IK 
IF<Y<If.EQ,QlGO TO Li 
K rl = R;:: P { Y (I ) B ) 
8 = 3/ Y < I > "'+ Kfl 
Z < K~O = Y ( I> 
DO END 

Ll"' RE TURN(KH,Z) 
END 

" 
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13 
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~, 

3t 
37 
38 

ALTKAN Vc:.RS!ON 1 LLVt.l g 123 

P?.OCEOUR£ CONT <88) 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 

INPUT A B8 
OUTP.IJTA Z 

UNIVARIATE POLYNOMIAL OVER INTEGER 
CONTENT OF BB . 

v-------------------------------------------------------------------------------v----------------------------------------·---------------------------------------LON~ ALG~BR~IC(~lB .lBB,Z 
LONG INT~GtR A,C ,u 
INTt:GC:R tJ,I 
VALUE Bf3 
B=ANUH<BB) 
O=AOENC88) 
H=OEGCB,X> 
IF<M<>Q)GO TO L2 
Z=1 
Z=Z/0 
KETURN (Z) 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 
v 
v 

CONSTRUCT V~CTOR Z SUCH THAT POLYNOMIAL 0 WILL BE 
EQUAL TO tc• 
0 =Z<M>•x••<M-1l+Z<M-1>•x++(M-2)+,.,, ••••••• , •• +Z(Q) 
AND CONT~NT OF 8 WILL 8~ fQUAL TO ••• 

GCOCZ(M) ,ZCM-il, ••••••••••••• ,z<Ol> , 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------L 2" Z = C 0 E F P 0 ( E XP AN 0 ( f3) , X, ~I) 

~I= t·l-1 
0 0 I = ~l,_ I.: , - l 
A=COEFt->OC £XPAN0(8) ,X, I> 
Z=IGCOCZ,A> 
C=Z · 
IFCC.EQ.i) GO TO LF 
DO END 

LFA Z=Z/0 
RETURN CZ) 
END 

., 
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. 38 
39 
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45 
46 
47 
48 
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A L l ~-<; A N V C: ;{S I 01\ 1 L t. V t. L 9 

PROCEDURE MATSFD<B,F,L,NJ 
v----------------------------~---~---------~------------------------------------v -- --------~-.---- -------------------------------------------------------------- ;_-
" 1/ 
1/ 

" " 

INPUT B 
. .• F 

L 
N 

OUTPUT Z 

UNI~ARIATE POLYNOMIAL 
ARRAY CONTAINS THE SQUAR € FR EE POLYNOMIALS 
TH E EXPONENT OF THE MAXIMUM FACTOR OF B 
ARRAY SIZE 
MATRIX USED TO COMPUTE TH E PARTIAL FRACTION TERMS 

v-------------------~-----------------------------------------------------------\1-------------------------------------------------------------------------------LONG ALGEBRAIC (X)B,BI,F,CI,FI,C 
LONG INTEGER Z 
INTEGER NOtNOI,I,KI,IZ1J1,L,NtNI,II,J 
LONG INTEGEK ARR AY ALTKAN POCtF 
INT~ GER ALTRAN REP 
ARRAY(1AN)F 
AR~AY(lAN 1 1AN)Z ARRAY(iANJC 
VALUE B,F,L,N 
NO=O 

11-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v INITIALIZATION SC:T I=i 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------DO J1=17L 

BI=FlJll 
IF<OEG(BI,X}==O> GO TO L4 

v--------------------------------------------------------•----------------------
v------------------------------------~-----------------~------------------------v SET FI=B/F(Il••I.PLACE THE COEFFICIENT OF FI IN VECTOR C.THEN 
v SET J=2 ANO C IN THE FIRST COLUMN OF THE N(l) GROUP. 
v CONSTRUCT THE REM AINDER OF THE N<I> COLUMNS OY SHIFTING DOWNWARD 
v ALL THE tL £HENTS IN VECTOR C BY ONE PLACt ,WHILE PLACING AN ELEMENT 
v OF VALUE ZERO I~ THE FIRST LOCATION, ADD C TO THE MATRIX IN THE 
v J TH COLUMN OF THE NCI> GROUP,JF J IS NOT EQUAL TO N(Il SET J=J+1 
v AND REPEAT THIS STEP, 
v-----------------------------------------------·--·----·------------------·----
v-------------------------------------------------~-----------------------------CI=BI•"~-J1 

KI=O C.: G<CI, Xl 
NI::;;NO+KI 
FI=B/CI 
NOI=N0+1 
DO J=NOI,NI 
II=NI-J 
C:POGEFCFI,li,N) 
DO I=i1N 
ZCI,J)=CCN-I+i) 
oo c: rw 
DO END 
NO=rH 

v----------------------------------------·--------------------------------------
v----------------------~-~-----------------~-~----·-~--------~------------------v CONTINUE LOOPING BY SETTING I=I+i.IF I GREATER THAN K THEN END, 
v ELSi RETURN TO COMPUTE V~CTOR C FROM TH~ BEGINING OF OUTER 00 LOOP. 
v-----------------------------------------------~~--------------------------·--· 

... 



5t v-------------------------------------------------------------------------------
59 L4A CONTINUE 
6C OOt:NO 
61 K~TUR,q CZ> 
f-2 t:NO ·• 

1 
2 
3 
4 
r.; _, 
6 
7 
e 
9 

10 
11 
12 
13 
14 
lS 
16 
17 
1c 
19 
2 L 
21 
22 
23 
24 
23 
26 
27 
26 
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3i.i 
31 
32 
..,"l 
.)._ 

34 .,­.... ? 
36 
37 
38 
39 
4t; 
41 
42 
43 
'+4 
iS 
i6 
17 
+8 
t9 
; L 
~1 

PROC !::OLJRE PSQFRf. ( BR, I Kl 
v----------------------------------~-------------------~------------~-----------v-------------------------------------------------------------------------------v 
v 
v 
v 

INPUT " BR 

IK 
OUTPUTA Q 

P~IMITIVE UNIVARIATE POLYNOMIAL SUCH THAT 
BR=8<l>•Bt2)~•2• ••••••••••••••• •B<K>••K 

OEGRE~ OF BR 
LIN~A~ LIST OF THE SQUA~E FRE~ FACTORS 

v-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------LONG ALGcBKAIC <X>Q,U,di,E,F,B,BR 
INTEGER r 1ra,IK 
ARRAY (1" K) ll 
LONG ALGEB~AIC ALTRAN OIFFX 
VALUe BR,IK 
IQ= D 
I= li 
Q=O 
r.- ;t u- ' J 

B=8R 
v-------------------------------------------------------------------------------v-----•-------------------------------------------------------------------------v 
v · 
v 
v 
v 
v 
v 
v 
v 
v 

FINO TH C GCO BETWE~N BR AND ITS DERIVATIVE WHICH IS 
EQUAL TO 8(2)+8(3)••2••••••••••••••••••••8(K)++(K-1) 
CONSTRUCT Ei=BR/GCO WHICH IS EQUAL TO ~1 WHERE 
E1 =8C1)+8(2)~, •• ,, ••••••••••••••••• ,•BlK) 
RtPEAT THIS STEP FOR GCD OBTAINED a~FORE AND SET IT 
EQUAL TO E2 WHERE 
E2 =B<2>•B(3)+,,,,,,,,,,,.,,,,,,,,+B(K) 
FROM WHICH B(i)=Ei/~2 • 
CONTINU E THIS UNTILL ALL THi SQUARE FREE FACTORS ARE 
COMPUTED ~ 

v----------------------------------------------------~-~-----------~------------
v-----------------------------------------------------·--·-------~--------------L2A 

L1" 
Ll,.A 

L3A 

L8" 

BI=DIFFX(B X) 
E=AGCOCB,Bi,l> 
IF CDt:GCE,Xl==O)GO TO L1 
F= B/ C: 
GO TO L4 
F=B 
IF (!==0) GO TO L3 
IFCDEG<DtX>==DEGCF,X>>GO 
Q<I/l+1>=u/F 
IQ=IQ+l 
IF COt:G(E,X)==OlGO TO L8 
I= 1 
8. - ·--:::. 
D=F 
GO TO L2 
QCIQ+l>=B 
k.t:TURN ( .Q) 
OlD 

TO L3 
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ALl KA N Vt:. ~:::; 1 UN 1 Lt. V.t:L - 131--- - ------- ---- --------------------------

PROCEDUR E SOLEQ (A,B,N> 
¥-------------------------------------------------------------------------------
v---------~------------------------------------------------------~--------------v 
v 
v 

INPUT A . .. 
ou TPUTA 

A MATRIX N+N 
8 CONSTANT V~CTOR 
R TH E UNKNOWN VECTOR SUCH THAT A+R=B 

v-----------------------------------------------------------------~-------------v-------------------------------------------------------------------------------

L1A 

L 3A 
L4A 

L2A 

LS" 
LbA 

LONG ALGEBRAIC CX>R 
LONG INTEGER CfA,B,BIG,F,O 
INTEGER I 1 II,II ,J1,J,K,JK,N 
ARRAY ( lANJ R 
ARR.AY <1"N 1 1 ... rn A 
Ar.;Rl\Y(1ANJ B 
ARRAY (iAN, 1AN) F 
ARR.A Y ( 1ANJ C 
LONG INTEGER ALT RAN ABS 
VALUE A,B,N 
B=-B 
F=A 
C=O 
0=1 
DO II=1,N 
J1=1 
BIG=-1 GOO •JG 
DO I=l,N 
DO K=1 II 
IF<C<KJ.cQ.IlGO TOLl 
OO£ND 
IF(IJIG,GE,ABSCA<I,II>»GO TO L1 
BIG=ABS(A(I,II)) 
J1=I 
CONTINUE 
00010 . 
CCII>=J1 
III=II+1 
00 J=1tN 
IF<II.tQ.NlGO TO L2 
DO JK=IIIlN · 
IFCJ,EQ,J >GO TO L3 · 
FCJfJKl=(A(Jl,II>•A(J 7JK)•A(J,II>+A(J1,JK)}/0 
GO 0 L4 
f(JfJK) =-A (J 1 JK) 
COt~ INU£:: 
DO EN D 
If(J,SQ,Ji)GO TO L5 
KCJl=CA(J1 1 II>~8(J)-d(J1>•A(J,II)}/0 
GO TO L6 
fdJ)=-8(J) 
CONTINUE 
oou~o 
D=A C J1 I I> 
IFCO,EQ,u>GO TO LF 
B=R 
A=F 
DO END 
DO 1=1,N 
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4 
s 
6 
7 
6 
g 

10 
11 
12 

LFA 

K= C <I> 
r<<Il=B<K> 
OOE.ND 
R=R/D 
RETURN<R> 
CNO .• 

PROCeDURE ABS <AZ> 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------II 

v 
INPUT ,., 
OUTPUT A 

A2 
A2 

lt•T C:GcR 
AUSOLUTE VALUE 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------LONG INTC:Gt:R A2 
VALUt.: A2 

IF (A 2, L T .t:J > A 2=- A 2 
RETURN ( A2) 
END 

' 

" 



APPENDIX B 

A Listing of the Program RINTGS 

The following procedures are listed: 

1. RINTGS 

2. RINTG 

3. MATX 

128 
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ALT.RAN VERSION 1 LEVEL 9 ----,-zg 

PROC EDURE RINTGSCAB,R,S> 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 

INPUT "' AB 
OUTPUTA R 

s 
RATIONAL FUNCTION 
RATIONAL PART INTEGRAL 
TRANSCEND ENTAL PA RT 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------LONG ALGEBRAIC<X>AB,A,B,R,S,F,Z,Y,G 
LONG INTEGER C 
INTEGER ~ N 
LONG ALGE~RAIC ALTRAN RINT~ 
VALUE AB 
R=O 
S= O 
IF<AB== O>GO TO LF 
A=ANUM<AB> 
B=ADEN ( AB> 
H=DEG<A,X) 
N=DEG (8 X> 
IF<N<> OJGO TO l1 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 

IF TH E DENOMINATOR IS A CONSTANT USE THE ALTRAN 
PROCEDURE PINT • 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------R=Pi rH<AB,X> 
GO TO Lf 

li"' IF<H.GE.N>GO TO L2 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 

IF TH i DEGREE OF TH E NUMERATOK <A> IS LESS THAN TH E 
DiG REf OF THE DENOMINATOR {8) CALL THE RATIONAL 
INTEGRATION PROCEDURE • 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------RINTG<AB,N,R,S> 
GO TO LF 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 
v 
v 
v 

IF TH E DEGREE OF TH E NUM ERATO R CA> IS GREATER THAN THE 
DEGR EE OF THE DENOMINATOR (8) THEN DO DIVISION IN THE 
INT EGER DOMAIN • 
INTEGRATE THE POLYNOMIAL BY THE ALTRAN PROCEDURE PINT 
AND THE REGULAR RATIONAL PART BV THE RATIONAL INTEGRATION 
PROC EDURE • 

v-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------l2"' C=COEFP0(£XPAN0(8) ,X,N> -¥-•(M-N+1) 
A= C"" A 
F= c+ l3 
Z=AQUO<A,S,X,Y> 
Z=Z/C 
G= PI NT ( z, X) 
Y=Y/F 
N=DEG<ADEN(Y) ,X) 



C) 
('V) 

(/) 

z 
l!H.-' ~ 
1-+::J 
Z~l-0 
H!ILI.IZ 
~tY~lll 

< 
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...J 



1 
2 
3 
4 s 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
4 0 
41 
42 
43 
44 
45 
46 
47 
48 
49 
5 0 
51 
52 
53 
Sl.t 
55 
56 
57 

-------------------------------------------------------------------------- Jjf ALT RAN VERS I ON 1 LEV EL 9 

PROC EDU RE RINTGC AB,N,R,S> 
¥-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------v 
v 
v 
v 

I NPUT " AB 
N 

OUTPUT" R 
s 

REGULAR RATIO NAL FU NCTION 
DEGREE OF THE DENOMINATOR 
RATIONAL PART I NTEGRAL 
TRANSC END ENTAL PART 

¥-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------LO NG ALG EBRAIC(X)AB,R 1 S,A,BP,Z,U,V, E,F,G,W,BI 
I NTEGER I 1 K,JK,N,IK 
ARRAY(1ANJF 
ARRAY(iAN)G 
ARRAY(1AN 7 1AN) E 
ARRAYC1ANJZ 
LONG ALGEBRAIC ARRAY ALTRAN PS QFRE 
LONG ALGEBRAIC ALTRAN CONT 
LONG ALG EBRAIC ARRAY ALTRA N SOL EQ 
LONG INTEGER ARR AY ALTRAN POC EF 
LONG ALGEBRAIC ARRAY ALTRAN MATX 
VALUE AB,N 
R=O 
S=O 
U=1 
A=ANUM<AB> 
SP=ADENCAB) 
BI=CONTCBP> 

v------------------------------------------~-----------------------------------­v-------------------------------------------------------------------------------v 
v 
v 

CALCULATE THE CONTENT OF AB AND CALL PSQFRE TO FIND 
TH E SQUARE FREE FACTORS OF TH E PRIMITIVE PART OF 
DENOMINATOR AB • 

v---~-----------------------·---------------------------------------------------¥-------------------------------------------------------------------------------BP=BP/BI 
Z=PSQFRECBP,N) 
DO IK=l1N 
IFCZ<IKJ, EQ,Q) GO TO LO 
DO END 

LO" IK=IK-1 
v-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------v 
v 
v 

IF TH E NUMB ER OF THE SQUA RE FREE FACTOR S IS EQUAL TO ONE, 
LET THE FUNCTION AB BECOME THE TRANSCENDENTAL PART 
AND RETURN • 

¥-------------------------------------------------------------------------------¥-------------------------------------------------------------------------------IF<IK<>1>GO TO L1 
R= O 
S=AB 
RETURN CR,S) 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 
v 

CONSTRUCT ••• 
U =B<1>~B(2)~,,,.,, •• ,.,, •••• ,.,,,.,., •• ,,,, 4 B(K) 
V =Bl2)~8(3)~ •• , •• , •••• ,.,,.,, •••• ,,., ••• •BlK)••(K-1l 
E IS THE UNKNOWN N•N CO EFFICIENT MATRIX FOUND BY 
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v 
v 

CALLING PROCEDURE MATX • 
F CONSTANT VECTOR • 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------L1A DO I=iiiK 
U=U•Zt ) 
OOEND 
V=BP/U 
I=DEG<V,X>-1 
K=OEGtU Xl-1 
E=HATX<f 1U1 V,N,IKl 
F=POCEF(A,u,N> 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 
v 
v 
II 
v 
II 

SOLVE THE SYSTEM OF LINEAR EQUATIONS TO FIND THE 
COEFFICIENTS OF THE NUMERATOR OF BOTH RATIONAL AND 
TRANSCENDENTAL PARTS • 
DENOMINATOR OF RATIONAL PART IS EQUAL TO CONTENT OF 
DENOMINATOR AB MULTIPLI ED BY V • 
DENOMINATOR OF THE TRANSC ENDENTAL PART IS EQUAL TO 
CONTENT OF THE DENOMINATOR AB MULTIPLIED BY U • 
RETURN R , S • 

v-------------------------------------------------------------------------------11-------------------------------------------------------------------------------G= SOLEQ<E,F,N) 
W=BI 
JK=1 

L8A !F(G(JK)<> O lR=R+G(JK)~X•~I 
I=I-1 
JK=JK+1 
IF<I.G E.O>GO TO L8 

L1 0 A IftG(JK)<>UlS=S+G(JK>•x~~K 
K=K-1 
JK=JK+1 
lf<K.G E.O>GO TO L10 
R=R/ 0-4"" V) 
S=S/ <W""U) 
RETURN <R, S) 
ENO 
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ALTRAN VERSION 1 LEVEL 9 

PROCEDURE I'IATX <F ,U,V,N,K) 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 
v 
v 
v 

INPUT ,.. F 
u 
v 
N 
K 

OUTPUT,.. M 

LIN EAR LIST OF TH E SQ UA RE FREE FACTORS 
POLYNOMIAL EQUAL TO B<1>• B(.2)•,,,,,,,,,,,,,,,•B<K> 
POLYNOMIAL EQUAL TO 8(2)•(8(3J••2)•,,•<B<K>••<K-1>> 
DEGREE OF DENOMINATO R AB , 
NUMBER OF SQUA RE FRE E FACTORS , 

UNKNOWN COEFFICIENT MATRIX. 
v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------LONG ALG£BRAIC<X>F,U,V,X1,W~R ,M 

INTEGER N,J, Hi,JK,Ji,NJ,K,Jx 
ARRA '(( 1ANJ F 
ARRAY (iAN) R 
ARRAY(1AN iAN)M 
LONG ALGEBRAIC ALT RAN OIFFX 
LONG INTEGER ARK AY ALTRAN POC EF 
INTEGER ALTRAN REP 
VALUE F,U,V,N,K 
W=O 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v WHERE 

CALCULATE W=W<2>+W(3) -------------+W<K> 
W<I>=-<<I-1)~U/8(!))+QIFFX(8(Il,X} 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------DO J= 1 K 
X1=U/FlJ> 
JX=REP<F<J>,V> 
W=W+JX•OIFFX<F<J>,X>+Xi 
OOEND 
W=-W 
J=O 
Hi=DEG<V,X> 

LSA R=POCEF(V,J,N) 
JK=N-J 

v-------------------------------------------------------------------------------v-------------------------------------------------------------------------------v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 

CONSTRUCT MATRIX M SUCH THAT IF C IS TH E NUMERATOR OF 
RA TIONAL PART AND 0 IS TH E NUMERATOR OF TRANSCENDENTAL 
PART , THEN ••• · 
C =C<H-1)¥X••<M·1)+ClM-2>•x••<H-2)+,,,,,,,.,,,+C<D> 

AND ••• 0 =D<N-M-i)+X+•<N-H-1)+,,,.,,,, ••••••••••••••••+0(0) , 
FROM TH E UNKNOWN COEFFICIENT MATRIX CONSTRUCT THE 
EQUATION Q+V+C•W+U•DIFF<C,Xl 
WHERE DIFF<C,Xl TAKES TH E PARTIAL DE RIVATIVE Of C WITH 
RESPE CT TO X , 
RETURN WITH THE MATRIX M • 

v-------------------------------------------------------------------------------
v~----------------------------------------------~------~-~~--------~--------- ----00 J1=1 1 N 

H(Ji!JKJ=R(Ji> 
OO EN U 
J=J+ 1 . 
IFCJ,LT. CN-'H1))GO TO L5 
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L7A 

L9A 

R = P 0 C E'F < W, 0 , N ) 
NJ=N-J 
DO J1=1 N 
HCJ1tNJf=R<J1) 
DO ENu 
J= O 
W=W""X 
IFCJ.GE. <M i -1> >GO TO L9 
X1=W+(J+1) "" U 
R=POCEF (X!,J, N> 
NJ=NJ-1 
JK=J+1 
DO J1=1,N 
HCJ1 1 NJJ=R<J1> 
OO ENU 
J=J+1 
GO TO L7 
RETURN <M> 
END 

---· - ·----~ --------- ----· 



. 
J. 

2 -, 
v 

Lt 
t: 
~ 

b 

7 
8 
g 

.l G 
1 1 
:1. 2 
13 
lit 
l S 
1 6 
1 7 
1 6 
1 9 
2C 
2 1 
22 
~ 7 

C v 
24 
zs 
2b 
27 
28 
2 9 
30 
31 
32 
33 
3<+ 
35 
36 
37 
38 
39 
4 L 
41 
4 2 
£;.3 
it it 
4 5 
Ltt 
4 7 
46 
it9 
50 

1 
52 
53 
5 4 
5~ 
::16 
Sl 

A L Tfd\ N V L. ~'· S l 0 N :1. L t. V c L '3 

P~OC~JURL k iN T GS I Ab , N V, ~ , S l 

v------------------------------------------------------------------------------­
v------~---------------- - ------- - -------------------- - -- - - - --------~--- ---- -----
v lN°Ui. " All r-";.;1,T 10 1 ~/~l FlJI'1CTIOt·J 
v 0 U I fJ U T " 1-;; F. A T I 0 N A L P i~.t._ T I i\1 E. G R /.l. L 
v S H ; A t·l S C d -1 iJ c. I~ T "l PA RT 
v--------------------------- - - - --- - ~-- - -- -- ------------------- - ----------------­v---------------------- ---- -----------------------------------------------------i: X f r:: i;;.N AL I ilTt:G ,::F~ N X =N V 

LONG ALGt. Hi ~ ii. I C ( X ( NX)) AJ , A, U, r( , S ,F, Z ,Y, G , C 
INL: Gt.: P. M, 1l, I~ V 
L O I ~G A LG ;:::J r~ id(; ALT P. A I~ r. lhT G 
VALU..:. 1-n> 
R = ~..o 
S- "• -u 
IF< AB== Ul GO TO LF 
A=ANU!1 {A o l 
u =AD t. N I A8 ) 
r·i=OEG I I~ , X { l ) ) 
N= Oc:G i d 1 X<:.. J) 
l FI N<> ,) J GU TO Ll 

v------------------------------------------------------------------------------­
v - ~------ - ----- - -------- - ------ -- - - ------- - ----- - --------------- - --- - -- - - - --- -- -v IF LH:: u:.G ::, t_i:_ il F TH::: D .::. : Wi·lii'~~Tdr~ 1-il T il r~ ~S P :. C T TC 
v X < 1 l t:-.1Hl A L h r< 0 U S r. TtE A L n ,: 1-\ ;'J P f\. 0 C :: u U r\ t:. P HiT , 
v--------------------------------- -------- -------------------------------------­v-------------------------------------------------------------------------------

r<:. =PINT ( A8 , X ( 1 )) 
GO TO LF 

l l " I F< M ~G t ,N ) G O TO L2 
v---------------------- ------------------------ --------------------------------­v------------- ------------------- ------- -------------------------------- --------v l F T HE O;:.G >\ '- t. OF TH ~ I,JU :·1::: RA T OK (J.U I'II Td Ft:S P : CT TO 
v X < 1 ) I::- L L. S S Hi /l. l ~ T H :. J t. GR. t. 1: 0 F HE u E i~ 0 I•H IJI1 T 0 P. 
v ( d ) GA LL TH E. RAT I UNAL IN T::G hA TIO N PKOC~D U RE • 
v---------------- - ------------- - - - --------------~------------------------------­v- ----------------- --------------- ------------- ------------ ---------------------RI NTG ( AB , N, F: , S> 

GO TO LF 
v-- --------------------- ----- -- --------- -- -------------------------------------­v---------------------------- ----------- -- --------------------------------------
v I F T H t: 0 i: G R i:. ::: 0 F T H c: N U !'I i: f< A T 0 f;: ( A ) VI l T d R ::: _; P .:. C T T 0 
v X(l) IS ~~cAT~R THAN T H~ DEG~~i OF TH~ D E NOMl~ A TO R 
v ( B ) T H t. i'J U 0 0 I v I S I 0 N • 
v IN TEGRAT E T H~ PO LY NOM iAL 8 Y Trl ~ A LT k AN PROCcO UPE 
v FINT AN ~ ~H t. K~ G U LA~ k ATIONA L Pi-\ RT 8Y THE ~~ T I O NA L 
v IN T LGRATION P ROCED 0 2C . 
v----------------------- ----- -------------------------------------------- -------
v---------- ~- ------ -- --------- - -- - - ------ -- ---------- - -------- - -----------------L 2 " C = C 0 r..:. F P 0 ( ::: X? A t l 0 ( 8 ) , X ( 1 ) , i ·~ ) '~- lJ. ( f1 - N + 1 ) 

A= C-~'- /J. 

F= C"'" d 
Z= AQ UO ( A, a , X ( 1> , Y> 
Z= Z/C 
G= PI IH l Z, X ( 1 ) l 
Y=Y /F 
N= fJt: G ( AOI::N (Yl , X ( i )l 



se 
ss 
t i.J 
b i 

L FA 

K. I I ~ T t:; ( Y , N , R, S ) 
r;. = ~+ G .. 
k.c TL.l t-< 1 ~ <R, S) 
C: NO 

1 P~OG~D U R E CON T ( u 8 ) 
2 ¥-------------------------------------------------------------------------------
3 v--------------------- ----------------------------------------------------------4 v INPU T BU M UL TIV A ~ I A T : PO LY NOMI AL OV ~R INT ~ G~ ~ 
5 v OUT PUTr. Z C U N T ~N T OF 88 
6 v-------------------------------------------------------------------------------
7 v---------------------------------------------------------------------------- ---8 t.XT i r\. i ~A L 1 1-l T c:. GC: F. NX 
9 L 0 N G A L G L. 1:3 i~ A I C ( X ( N X ) ) ti , .J 8 , Z , ~ , C , U 

1 0 I N T = G E ~ ~ , I 
11 V A LU ~ dU 
i2 B= ANUt·l( rJBJ 
13 D=ADc NC 88 ) 
14 M = J ~ G C ~ ,X( l )) 
1 5 I FC M <> ~ >GO TO l 2 
1 E: Z= 1 
17 Z=ZI D 
15 t=e. r.: TU r~ t~ <Z> 
1 9 v-------------------------------------------------------------------------------
2 C v--------- ------ ----------------------------------------------------------------21 v C 0 ~~!) T f, U C. T V::. C 1 0 R Z S UGH T rl AT P 0 L Y i ~ U :·11 f... L d ~~I LL t3 t.. 
2 2 v ::. tJUAL T O .. • • 
2 3 v [ j = Z ( ~~ ) ~ X ( .:.. J ~- + < 1·1- 1 ) + Z ( t-1- 1 > "~- X < 1 ) ·'~- i · ( r1 - 2 ) + • • • • • . , • " • + Z ( u ) 
2 4 v G C 0 ( Z ( 11 ) , Z ( tvl - .l. J , • • • • , • • ~ • , • • • , l { C ) ) • 
25 v----------------------------------------------------------------------- --------
2 6 v-------------------------------------------------------------------------------27 L2 r. Z= Cd t:: F POL:-: XPANO ( o ) ,X(1), r~ ) 
26 M=M-1 
29 DO I= H, L,- 1 
3 l A = C CJ i::: F P 0 ( :: ;( P A I-I 0 < i i ) , X ( 1 ) , l) 
31 l= AG CO( Z, A> 
3 2 C=Z 
3 3 IF<D t. G CC , X (i}). i.. Q • .j ) GO TO LF 
34 uo~ ND 
35 LFA Z=Z/ 0 
3t Ki TU ~N <Z> 
37 uw 



1 
2 
3 
1., 
s 
6 
7 
6 
9 

1 C 
1 1 
1 2 
13 
1 ~-+ 
1 5 
1 6 
17 
1 8 
1 S 
20 
2 1 
2 2 
2 3 
2'-t 
,·- h c. ..-
2b 
2 7 
2 8 
29 
3 C 
3 1 
32 
~ .. .:> .... 
34 
35 
3 E: 
3 7 
3 6 
39 
4- i.; 
41 
42 
4 3 
44 
4- 5 
46 
47 
4c 
4 9 
5 
5 1 
52 
5 3 
54 
55 
5 6 
5 7 

ALT KhN v ~RS lO N 1 L ~ V ~L 9 

PROC ~ O U KL ~ I N T G ( AG , N , R , S l 
v---- -- -------------- --------- ----------- ----------------------------- - --- - -- --­
v---------~---------- -- ----------- - ------- - ---------------------- ~-- -- - -- - - -- -- -
v I NPU T 1\ Ad k L. GU L A;: RI-\ Tlt) NA L FU I~C T IO r~ 
II N L) L G K t.. c. 0 F Tl10::. LJ.~: N 0 ill i-l A T 0 ,:..:_ Y./ 1 T H R. ~~ ~ ? ~: c T T 0 X (1 j • 
v OUTPUT A ~ ~A T lO N~ L FAkT I~ T E G~A L 
v S T t<..AN::lC c iW .: rH AL PA tH 
v------------------- ---- --------- --------------------------------------- ---- - ---v---------------------- ---------------------------------------------------------

~ X T ~ ~ N A L IN T tG ~ F NX 
LO NG AL Gc8RAI C l X < NX J} A0 , ~ , S , A , b P 1 Z , U ,V, ~ , F , G , W , Bl 
I N T ~GE~ I 1 K , JK , N ,I ~ 
A Fc8A Y ( i A t, l F 
A r:'-'~A Y ( i A N ) G 
A R I~ A Y ( 1" N, 1 A r~ ) E 
AR ·<-A y ( 1A f-j ) z 
LONG ALGf: f3r<k lC 
LONG .ALG t!:lr< AIC 
L 0 i~ G A L G d:: ~ A I C 
L O t ~ G AL Gc. tl i<A I C 
L Oi~ G ALGcrirUH C 
VA LU ..::. Ad , N 
·R= 0 
S= ,·, 
U- · - .L 

A= ANUM <A2 ) 
bP = ADEf'.~ ( At:l ) 
t3I = C 0 tH ( 8 P > 

A i<.RA Y A._ 11-~ AI~ PSQ FR.t: 
A d RAti cord 

A ~ ~ A Y A LT ~ AN A S O L V ~ 
~kRA Y AL T ~ A N POCE F 
A~ ~A Y AL T ~ ~ N MAf X 

v----------------------------------------------------------------------- -------­v--------------------------------- - -------------------------------------------- -
v CnLC ULAT C: THi.: CO N T ~:: IH OF 1.\ d f.II·W CJX LL PS ,J F !< :;: TO F i tW 
v Trl~ SQUAR~ FR_i F ACT O ~S OF T H~ P R I M~ TI V E PA RT OF 
v u ~ r.J o t·i I 1 ~ Jd 0 R J\F1 • 
v--------------------------------------- --------------------------------- -------
v --------------------- - ------- -- ------ - ~---- - ---------------- - --------- - - -- - - - - -

d P= ~3 P / tl i 
Z=PSClF i-,i:. ( :i P , N ) 
DO .IK= i N 
IF (l <I KL .::.o .U GO TO U: 
LJ 0 r:r~ u 

LLA lK =I K- ... 
v----------------------------------------- - - - - - ------- --- --- - --------- - ----~----v----- --------------- -- ---------------- ---- --------- ----------------------------
v I F IH ~ N U MB~~ OF TH L 5Q UA Ri F ~E i FACTORS IS EQ UAL TO ONE, 
v L ..: T THt FUNCT::: ON Ao Lh.: CO f'l ': TH :: TR -.iN SC c.. N O EN T ~ L PAf'' T 
v AND ReT URN , 
v-- --- --------------- ------------- ---- ---- ------ ----------------- ------ --- - -----v---------------------------- -- ------ -------·------------------- -- ------- -------

I F <l K<>l) GO TO L:. 
R::: u 
S= Ai:3 
RE. TU ~r~ U~ , Sl 

v--------------~~------ -----------------------------·--~-- - --~----------- -- -----
v--------------------------------- - ------------------------------- - -----~- - - ~ ---
v 

" ., 
C J t·l S T R U C T , • • 
U ;.8 ( l ) 'f t:3 ( 2 ) ~ , • • •• • • ,,,,, , .,,,, , , ,,, , , , ,,,, , '~· 1J ( K l 
v :;: IJ ( 2 )+ t:l ( 3 ) t,,, • • ••• • ••• • , •• ••• ••••• •••• • •3 ( K ) 'f.T CK- 1 ) 



51: 
5~ 
b C: 
6 1 
62 
63 
64 
bS 
Gt 
67 
68 
69 
i'U 
71 
72 
73 
7 4 
7'3 
7 6 
77 
7 8 
79 
8G 
6 1 
62 
83 
&~.;-
8S 
86 
t7 
88 
69 
9(, 
9 1 
92 
93 
<:It,. 
95 
96 
97 

v 
v 
v F 

IS T tL U i ~ K IW \i" ~~"N CCLFFlCI.:.N-1- ~iJ.\ T ;d X F G U 1~ D t: Y 
GALLING P ~ O C L~ U ~ ~ MATX. 
G(m~TAI~ -1 V ~ CTCH .. • 

\1------------------ -- ----------------------------------------------------------­v------------------ -- --------------------------------------------------- -- ------
Ll" DO 1=1,IK 

U= u.:r- Z ( U 
CJOD-lO 
V= 8P / U 
I= Oc:G <V, X ( l ) ) - i 
K=Ut.G ( U X( l )J -1 
E ~MA! ~ (~ 1 u,v, N , IK l 
F- P00 l:.F ( A, ,J , N) 

'1------------------ --- - --------------------------------------------------------­v------------------ --- ----- - -------------- - ------------------------------------ -
v SUL V ,~ THt. S Y S~f::.H OF L HkAK L 'J d/~I IONS TO FIN D THt 
v CU c FF lCic N f~ J F TH i NUM ~RA TO~ OF ~ OTH ~ ATiO NAL AND 
v T ~ANSCLND~NTAL PA RTS Q 

v £J:::NO r iJ.t~t:.T O f< OF t<A Tl U r~i\L PA ,H IS ~Q UA L TO COi'4l ~i·iT UF 
v G~NOMI~AT UK Ad MULTIPLI ~ O BY V • 
v L• t::!~Of-llh A T O r< OF Trl ..:: 1r<.'-I I JJC:..i~CJ ,.:: :'-JTAL PA r<.. T I S :~ ~ U A L TO 
v C (J tH t 1H 0 F 1' li t:. U C N U r'ii 1\ AT 0 K. A rJ MU L TI P L L:. 0 i:.~ Y U • 
v R~TUhN R , S • 
v--------- ------------------------- ------- ---------------------------- --- ------­v------------------------------------- ---------------------------------- --------

G=ASOLV C. <i:. , F) 
I~= O I 
J K=l 

L6" IF( G (J f< > .N:::.. u > ri.=~ +G(JK)~ X ( i ) "· +l 
l=I-1 
JK=J K+ .:. 
lf(I.G .::..C > GO TO .Lb 

L1 UA IF<G<JKl.N ~ . u J S=S + G ( JK ) +X ( 1 ) 44 ~ 
K= K-1 
JK=J K+ 1 
IF <K. GC: .tl ) GLJ TO Ll u 
R= R./( H+V) 
S=S/ ( W+U ) 
RE TU R ;~ <R, SJ 
t.NO 



1 
2 
3 
'1 

? 

c 
7 
8 
g 

1 G 
11 
12 
13 
1 4 
1 5 
i 6 
17 
1. b 
1 9 
2 [; 
2 1 
22 
~ < 
c.~ 

24 
25 
2b 
27 
? " - C 
2 9 
3U 
3 1 
32 
33 
34 
3 S .. . 
v O 
37 
3 8 
3 9 
Ltu 
4 1 
42 
lt 3 
lt li 
4 S 
46 
47 
4t 
4 9 
5C 
51 
52 
53 
St, 
t:: ~· :;:;>.., 

56 
57 

A L T ki~N Ve RS IO N l L t. Vc..L :J 

PROCt::JUf< f:. ,·JATX <F , U,V, N, Kl 
~------------------------------- - ------------------- - --------------------- -- ---­
v--------------------- -- ---------------- - --------- - - - ---------- -- -~ ---- -- ---- ---
v INPUT " F LIN ~ AR LI ~ T OF THi SQ UA ~~ F ~i~ FAC TO RS 
v U POL YHOHl., L c. Q LJ ~. L TO tJ ( l ) -i· J ( :?. J +. , , •••••••• , •• ,.,. E.l ( Kl 
v V P 0 L Y I~ 0 1'1 I A L L 0 U i~ l T 0 :) ( 2 ) .,.. ( 8 ( 3 l ""''~- 2. l '~- • • .;- ( ::1 ( I ~ l +.,.. ( K- 1 ) ) 
v N ULGkE ~ OF TH L u ~ NOM J~ATO ~ AJ ~ iTh R~SP~CT TO X( 1 ) 
v K N U 1'1 d u< 0 F :J Q lJ A ~C: FR. c c FACT 0 F, S • 
v OUT PU T" 11 UNKNOI·H" CO ,JF I C I ,:N T 11AT f<I X. 
v--------------- ··------------------------ -- ------------------------------ --- ---­v--------------------- ----------- -----------------------------------------------cX TEl\ i' JAL I i~ L_ G::i~. NX 

LONC; I~LG c.dk: J.\I C ( X ( I~X ) } F , U,V, Xl , W, R, t1 
I ~ T iG~~ ~ , J , M l ,J ~ ,J l , N J, K ,J X 
/.>.F, "'.A Y ( 1'• N l K. 
AR i~~li. y ( l AN, l AI·.j) t·l 
A h. KA Y ( l " ~o F 
L Ot~G A LG t: B;tAIC ALT1"AN 01FFX 
LONG A L G~d~A I C A~KA Y ALT RAN POC EF 
I NTc. GC:K /~ L Tt<A ti F, c. P 
VA LUe. F ,U,V , N,K 
W= 0 

v------------------------------ -- -------------- --------------------------------­v------------------ --- --- ------ --- ----- ---- -------- ---- --------- -------- --------
v Ci4 L CUL AT c. ~~ = ~H 2 l H J ( 3 ) ---- - - - ------ HJ <Kl 
v l' l licr;, .~ \HJ.. l =- C<I - l ) " Ui i3<l }) ""JI FFX ( -J ( ll , X(1 )) . 
v----------------------------- -------------------------------------------------­v--------------------- -- ---------- -- ----- ---------------------------------------DO J = l, K 

X1=U / F (J) 
JX= t::tP <F ( J ), V) 
H=W+J X•OlFFX ( f (Jl 1 X ( 1 Jl "'X1 
OO::":. iHJ 
~~ =- ~~ 
J =J 
Hl=Dr.:.G <V , x ( 1 ) J 

L3 " R=PO CEF CV ,..J , tn 
JK =N-J 

v------------- -- -------------- ----------- -- ------------------ -- -------- ------- --
v---------~-----------·· ------- - - - -- ------ - -- - -- - --~ ----- ---------------- - - - - ~ - - -v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 

C Ot·~STf<:Ul:.T f'1AT R IX i1 S UC H THAT IF C I~ Hi.:. h U I'EKA TO~ OF 
R ATION.L~ L PA r< T ANO 0 I:;;. TH ~ ,W,•lt:.R ATO i\ OF TRANSCC:N O:. t"l TA L 
P A F". r , n11::. N , • • 
C = C l M - 1 ) + X ( 1 l + + ( M - i ) + C ( M - 2 ) .,. X ( 1 ) + + ( 1·1 - 2 > + • • • • , , , t C ( u ) 

AHD ••• 
0 = 0 ( N - M - 1 ) + X ( 1 ) ~, + ( N - 11 - 1 ) + • • • • • .. , • , • • • , • , • • .,. 0 ( t; } , 
F ~ OM TH l UNKNU WN CO ~ FFIC I EN T MA Tk lX CON STRUCT TH£ 
~QUA TI O N O+ V+ C• Wt U•D I Ff <C, X( l )) 
N r:~ t.RC: _ . Ql F F CCfX( 1 )) TAK t:S Trl :: PAf'\ TIAL DEtU VATIV i:: OF C 
W1TH K~SPL CT 0 X( 1 ) • 
R.::: T U R i'l r'II l H T H r:: r-1 AT R I X 11 • 

v-------------------------------------------------------------------------------
~------------------------------------------------------------- - ------------ -----DO J 1=1, N 

M( JltJK ) =R <J l ) 
OO~NU 
J =J+l 

T .5:1 



V' 
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_J 

.:J 
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< 
f'­
_ _j 

<00''--"l ,..; --J r-) -T Li'lwt..._ ·..oO' o -rlN •"1 4' t!II.DI'­
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1 
2 
3 
4 
s 
6 
7 
8 
9 

10 
11 
12 
13 
it.. 
15 
1 r _o 
17 
18 
19 
20 
21 
22 
2.3 
24 
?C: 
~'"' 

26 
27 
2€ 
29 
30 
31 
3~ 
3~ 
34 
35 
36 
37 
36 
39 
4t 
~1 
1.;2 
43 
44 
LtS 
4c 
47 
4c 
Lt9 
50 
51 
52 
53 
54 
S5 
Sc 
57 

ALT~A~ V~RSIO~ 1 LEVtL Y 

PROCEDURE MVFOICN,M,U) 
v ------------------------------~-----------------------------------------------
v ------------------------------------------------------------------------------
¥ INPUT ~ NUMB~R OF VARIABLES 
v · ·• M OLGREE. OF U WITH 'RCSPECT TO XCU 
v U tiULTIVARIATE POLYNOtHAL 
v OUTPUT F A ~ RAY CONTAINING THE FACTORS CF POLYNOMIAL U 
v -------------- -----------------------------------------------------------------
v ------------------------------------------------------------------------------IN T ·~ f? E t~ ~ , 11 , A , q , P , D , P Q, I R , J z. I T 

ALGcJRAIC<X<NJlU,UI,UO,Z,H,~,Y 
AR RAY(1AM)Y 
ARF;AY ( 1"1'.) F 
ARO..AY(i"NlA 
ARRAY ( l"'t~ ) H 
Ar;, i<..A Y ( lA~\) Z 
ALG~8RAIC ALTRAN VSUBT 
ALGiBRAIC ALTRAN OIFFX 
ALGEBR~IC ALT RAN MREDPO 
INT EGER ALTRA N HPRIM~ 
INT~GER ALTRAN CBOUNO 
ALG~8RAIC AR RAY ALTRAN . PFOINT 
ALGi3RAIC AR~AV ALT~AN PFCI 
ALGE8RAIC ARRAY ALTR~N EXZH 
ALG~8RAIC ARRAY ALTRAN TRUFAG 
R'::AO U 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v CALL PROCEDURE VSUBT TO PERFORM VARIABLE SUBSTITUTION AND 
v TO OBTAIN TH~ INTEGER ARRAY A SUCH THAT 
v UI=UC<C1> 1 AC2>!••••••••,ACN)) 
v AND UI IS SQUAKE FREE POLYNOMIAL WITH DEGREE · EQUAL TO THE DEGR~E 
v OF U WITH RESPECT TO X(i), 
v -----------------------------------------------------------~-----------------­
¥ ---------~--------------------------------------------------------------------V S ULH C U, N, A, U I) 

v -----------------------------~-~-~-----~--~-----------------~----~------------
11 ---------------------------------------------~--------------------------------II 

v 
CHOOS E THE PRIME NUMB~R P SUCH THAT UO=UI (MOO P) AND UO 
IS SQUAR~ FREE POLYNOMIAL WITH O~GREE EQUAL TO THE O~GREE OF UI. 

v ---------4--------------------------------------------------------------------
v -------------------·-----~----~--~-~------------------------~-----------------
Ll" 

L2A 

0=2 
P=rlPRI~E (J) . 
UD=~!Kt::DPO ( C:XPAND < UI), P) 
IFCO~GCUC XC1J).NEaO£GCUI,XC1>>>GO TO L2 
IF WEG (AGCO<UD,01FFXCUD,X(l) > > ,X<1>) ,EQ,Q)GO TO L3 
G=P 
G·o TO L1 

v ~-----------------------------------------------------------------------------
v -------------------------------------~----~~-----~---------------~-------~----v 
v 
1/ 

OBTAI N THE IRR~DUCIOLE POLYNOMIAL OV~R GFCP) USING PROCEDURE 
PFOINT SUCH THAT -

UI=Z<1>•ZC2)•, ••• •ZCIR) CMOO P) 
v ---------------------------------------~-------------~----~·------------------
v ------~--------------------------~-----------~--~------------------~--------~-L3~ PFOINTCUI,H,N,P,z,IR) 

l't'-



5c 
59 
6 [. 
61 
62 
63 
61.;. 
65 
6b 
67 
66 
69 
70 
71 
72 
73 
74 
75 
76 
77 
7 f, 
79 
8C 
61 
62 
8:! 
84 
65 
86 
87 
88 
69 
90 
91 
92 
93 
gt,. 
95 
96 
97 
ge 
gg 

11)0 
101 
102 

" " v 

" " v 

rFcz.co· ... u> GO TO Ll 

COMPUTE TH~ CO~FFICIENT 
WHICH WE OBTAIN PQ SUCH 

BOUND 
THAT 

USING PROCEDURE CBOUND 
PQ=P"H· (2~lf-J) 

FROM 

-----------------------·-------------------------------------------------------D= C B 0 U rW ( U I 1 M, N, P) 
P!l= P++ ( 2-++ OJ 

v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------v 
v 

PERFORM ZASSENHAUS ALGORITHM 
UI=FC1)+F(2)+ ••• ~FtiR) 

TO OBTAIN 
<MOO PQ) 

THE VE:CTOR F SUCH THAT 

v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------F=PFCI<P,PQ,UI,Z,IR,M,N) 
v ----------------------------------------------------~-------------------------
v ------------------------------------------------------------------------------
" v 

OBTAIN TH t. 
SUCH THAT 

UNIVARIAT E FACTORS BY CALLING 
Ul=H(1)+H(2)+ •• ,+H(L) 

PROCeDURE TRUFAC 

v -----------------------------------------------------------------------------­
v -----------------------------------------~------------------------------------rl=TRUFAC(UI,l,F 1 IR,N,PQ,H) 

F=O 
00 IT=l7IR 
IFCZ<ITJeEQ, OlGO TO L4 
DO END 

Lt.;. I\ IT=IT-1 
v 
v 
v 
v 
v 
v 
v 

-~------------------------------~---- -------~----~---------------------~-------------------------------------------------------------------------------------EXTEND ED ZASSENHAUS ALGORITHM 
MULTIVARIATE FACTORS BY USING PROCEOUR~ 

TO OBTAIN 
(PQ,S~•J>fXZH SUCH 

APPLY TH C: 

U=Y(1)+'((2)""'•••+Y(R) (MOD 

THC: 
THAT 

---~-------------------------~----------~------------------~--~-~---~---~-----
--~---~-----------------·---~------------------------~----------~-------------l X ZH ( P Q, u, Z, A, IT, I~ , M, Y, J) 

v ---------------------------------------~-------------------------------------­
v -------~----------------------------------------------------------------------v APPLY TH E PROC~OURE TRUFAC TO OBTAIN THE ACTUAL FACTORS SUCH THAT 
v U=FC1)+F(2)~. ,.+F(K) 
v -------~-------------------~-------~~----·----------------------------··-----­
v ----------------------------------------------------------~-------------------F=TRUFACCU,J,Y,IT,N,PQ 1 M) 

R~TURNCF} 
~NO 

" 



1 
2 
.;) 

4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
2~ 
26 
27 
28 
29 
30 
31 
32 
33 
3-+ 
:)5 
36 
37 
3ti 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
5 0 
51 
52 
53 
54 
55 
56 
57 

ALTRAN VERSION 1 LEVEL 9 

PROCcDUR~ VSUGTCU,N,A,UX) 
v ----------------------------------~-----~-------------------------------------
v ------ ~-----------------------------------------------------·-----------------v INPUT U MULTIVARIATE POLYNOMIALS 
v · · • N N U 118 i:. R 0 F VA R I ABlES 
v OUTPUT A ARR AY CONTAINING INTEGERS USEC FOR SUBSTITUTION 
v UX UNIVARIAT~ POLYNOMIAL SUCH THAT 
v UX=U(X(l),A(2l, ............. ,A(N)) 
v -----------------------------------------------------------------------------­
v ------------------------------------------~-----------------------------------INTEGER N,M,A 7L,I,J,K1,CtZ 

ALGEBRAICCX(NJ)U,UX 1 0UX, OC,TRC 
AL GE BRAIC ALT RAN OI~FX 
AR RAY(iAN)A 
A R~AY(lAN)C 
VALUe U,N 

v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------v 
v 

SET ti=Ki=J=1fC=A=O 1 LOG EQUAL TO TH E LEADING COEFFICIE~T 
TERM AND TRC 0 THE !RAILING CO EFFICIENT T ~RH. 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------t·!=1 

C= O 
A= 0 
K1=1 
J=1 
L=O EGCU X(i)) 
LDG=CO ;:, ~POCEXPANUCU> ,XCi>,U 
TRC=COC:FPO (EXPAND ( U> ,X ( 1>, 0) 

v --------------------------------------------------~---------------------------
v ------------------------------------------------------------------------------v 
v 
v 
v 
v 
v 
v 

IF A VA RIABLE OR VARI ABLES OF THE SET (X (2) • • • X CN)) CAN 
B£ FA CTO RE D FROM THE LEADING CO EFFICIENT TEkH 0~ U,ASSIGN 
A VALU ~ OF K1 TO THE VARIABLE OR VARIABLES. DO THE SAME 
FOR TIE TRAILI NG COEFFICIEIIJT Tt:RH EXCEPT THAT THE ASSIGNED 
VALU E WILL BE (K1+1) 4 •J MOD 5 INSl ~ AD OF K1 
SET THE REMAIND ER OF THE VARIABLES EQUAL ZERO,PLACE THESE 
VALU ES INTO VECTOR A, 

v ------------------------------------------------------------------------------
v --------------~------------------------------------------------------~--------L(!A 00 I=2tN 

IF ( ( lJ E G C L 0 C, X <I> l • I '~ C: • 0 ) , 0 R, (DE G ( TRC , X ( D ) , N E • 0 ) ) G 0 T 0 L 1 
DO END 

Ll" 

LYA 

L2" 

GO TO L3 
DO !=2 N 
IF<AGC0CLDC,XCI'Jl.N~.Xti))GO TO LY 
A<I>=K1 
C(!l=i 
GO TO L2 
1F<AGCDCTRC 7 XCI)).Nt:.XCI))G0 TO L2 
IFCC({), EQ,llGO TO L2 
ACI>=IH00((K1+1>••J,5) 
J=J+1 
CCil=i 
CONTINUE 
DO i:: NO 

v 



55 
59 
bi.J 
61 
b2 
o3 
64 
65 
bb 
67 
68 
69 
7 lj 
71 
72 
73 
14 
75 
7E, 
77 
78 
79 
bC 
81 
82 
83 
64 
&5 
86 
87 
86 
69 
90 
91 
92 
93 
94 
95 
96 
97 
96 
gg 

~ 0 0 
• u 1 
~ 0 2 
• 0 3 
.J4 
• G S 
• G 6 
.0 7 
.o 6 
.u g 
L l (l 
Ll1 
~ 12 

i .~ 

v --------------------------------------------~--------------------------------­" -----------~------------------------------------------------------------------" SUlJSTITUTt: (A( 2),, •••• ,ACN))FOR CXC2),,,.,,,X( N)) IN U 
v 'Al1D LET TH e NErl POLYNOMIAL EQUAL TO UX. . 
v IF DEGREE UX IS EQUAL TO THE DEGRE E OF U WITH RESP::CT TO X(1) AND 
v T H E GREAT E S T C 0 11 M 0 N 0 I V I S 0 R 0 F U X , 0 IFF <U X , X ( 1 ) > € QUA L T 0 0 N E 
v TH£N ENO. 
v REINITIALIZE TH E SeT CXC2>,••••• XCN))IF X<I> IS NOT ONE: 
v OF THE LEADING OR TRAILING COEFFiCIENT TERM OF U SET ACIJ=O 
v SET J=I+i 
v -------------------------------~--------------------------------------~-------
v ------------------------------------------------------------------------------I= 1 
L3A UX=U 

DO Z=2 N 
UX=UXC~<Zl=A{Z)) 
oo :: t,ID 
UU X=DIFFXCUX,X(i)) · 
IFCO~G CUX,X(i)), EQ,L1GO TO L6 

L3'-.A I F CCCI),N E ,l)A<I>= b 
J=I+1 

v ------------------------------------------------------------------------------
v -----------------------------------------------·------------------------------" v 

" v 
v 
v 

" 

FRO M I=J TO N 00 
IFA(!)= ~ ,S E T A<Ir=K1 AND RETURN TO ST EP L3 FOR RESUBSTITUTION 
ANJ GO TO S T ~ P L34 TO REINITIALIZE THE ARRAY A,ELS~ SET K1=-K1+1 
DEFINe A Ne W VALUE FOR Kl IF K1 IS GKcATcR THAii ZeRO SET K1=-K1 
T~ST IF Ki LESS THAN (M+5f.IF TRU£ GO FOR ANOTHE~ TRfAL TO 
ST ~ P LX1 ELS ~ SET H=H+1 Ki=H AND Ri TURN TO STEP LO. 
INTIALIZ~ FOR ANOTH ER TRiAL, SET 1=1 RETURN TO STEP L34, 

v ------------------------------------------------------------------------------
y ------------------------------------------------------------------------------LLt" DO I=J N 

IF<ACif,hE. GlGO TO LS 
A<I>=K1 
GO TO L3 

L ~ " CON TINUE 
DOC: NO 
DO Z=2 N 
IF<ACZJ, ~ a. O >GO TO L51 
00 i:. N Cl 
GO TO L52 

L51A IF(K1.Gl,Q)G0 TO LX 
Kt=-K1+1 
IF(K1.LT,S>GO TO LX1 

L52" I'I= IHl 
K1=11 
GO TO LO 

LXA K1=-K1 
LXlA I=1 

IF<C(N),Nf.i)AC~>=U 
GO TO L34 

L6" IF<DEGCAGCOCDUX,UX>,X(1)),£Q.Q)RETURN CA,UX) 
IFCI,GE,N>GO TO L51 
GO TO L34 
t: Nf'J 

" 
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11 
12 
13 
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16 
17 
18 
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20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
'+2 

ALT RAN V~RSIO~ l LEVLL 9 

PROC~DURE CBOUN DCU,M,N,Q> 
v ------------------------------------------------------------------------------
v ----------------------------------------------------~-------------------------v 
v 
v 
v 
v 
v 

INPUT .. 

OUTPUT 

u 
M 
N 
Q 
J 

UNIVARIATE POLYNOMIAL 
OEG RE£ OF U 
~UMB E R OF VARIABLES 
P~I Me NU11 BER 
INTEGER FROM WHICH THE 
THAT D=Q•• (2-¥-•J> 

MODULUS CAN BE COMPUTED SUCH 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------INTEGER H,Q 1 C,.MAXG,LOC,B,J ,N,M1 

ALG Ed i<.HICCXCNJ)U 
ARkAY C 1-' CM-t1)) C 
INTEG~R ALfRAN MAX 
INTEGER ARRAY ALTRAN POCcF 
VALUE: U,M,N,Q 
111=!'1+ 1 
C = P 0 C.£ F ( E X P A N 0 C U ) , 0 , I-I+ 1 , N ) 
DO J-=1 7 tH 
IFCCCJJ.LT.O>C<J>=-C<J> 
DOEND 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
v 

CALL PROCEDURi MAX TO SEARCH FOR THE MAXIMUM COEFFICIENT 
CMAXG> OF TH~ POLYNOMIAL U,SET J=l 

v -------------------------------------------------------·----------------------
v -------------------------------------------------------------------------------MAXC=MAXCC,M+i) 

LDC=CO~FP0(£XPANGCU>,XC1>,H> 
IF<LOC.LT.O>LDC=-LDC 

v ----------------------------------------------~-------------------------------
v ------------------------------------------------------------------------------v . IF 3~A8S(LOCCU))+MAXC IS L€SS THAN Q••2••J TH~N END 
v ELSE SET J=J+1 AND RETURN FOR TEST AGAIN, 
v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------B= 3~· LOC+HAXC 

DO J=1 20 
IF<t3.Lf,0""""(2++J)) f~ETUr~N(J) 
OO t: NO 
END 

... 



1 
2 
3 
4 
I= ... 
6 
7 
6 
'J 

:!.0 
11 
12 
13 
14 
15 
16 
17 
1o 
19 
20 
21 
22 
23 
2LT 
25 
26 
27 
2b 
29 
3 (: 
3: 
32 
33 
34 
.35 
36 
37 
38 
3g 
40 
41 
Lt2 
l;3 
44 
45 
46 
47 
48 
49 
5(; 
51 
52 
53 
~4 

ALT ~ AN V ~ RSIO~ 1 L ~ V i l 9 

P~OCE OURE PFOINTCAX,NI,N,P,Z,M) 
v ------·-------------------------------------~------~--------~----------------­
v ----------------------------------- --------------------------------------------v 
v 
v 
v 
v 
v 
v 

INPUT AX 
· ·• NI 

N 
p 

OU1PUT Z 
M 

U N IVARIAT~ POLYNOMIAL 
OEGRiE OF AX WITH RESPECT TO X(1) 
NUMB ER OF VARIABLES 
P ~ IM i NUMB ~ R 
ARR AY CONTAINING THE IRREDUCIBLE POLYNOMIALS 
NUMBER OF IRREDUCIBLE POLYNOMIALS OVER GF<Pl SUCH THAT 
AX=Z(il+Z(2)~, ••• ,,~Z(M) (MOO P) 

v --------------~---------------------------------------------------------------
v ------------------------------------------------------------------------------INT EGER N,M,NI 1 ZZ,P 

ALG~BRAICCX(N)JAX,Z, W 
ARRAY(1ANI>Z 
ARRAY(1A~! 1 1ANilZZ ARRAY(iAN!JW 
INT ~ G~R ARKAY ALTRAN 
ALG~ 8RAIC ARRAY ALTRAN 
ALGEBRAIC ARRAY ALTRAN 
ALG EilRAIC ARRAY ALTRAN 

CPTOH 
CPSQ 

NULLSP 
BRLKPF 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v TO COMPUT x•~CP 4 I) MODULO AX CALL P~OCEOURE CPBQ WHICH COMPUTES 
v V~GTO R Z AS OUTPUT SUCH THAT 
v ZCU=x••CP+I) CMOO AX>,WHERE I=Q,,,,.,,,NI-1 
v ------------------------------------------------------------------------------
v -------------------------------------------------------------~----------------Z=CPdQ<AX,NI,P,~) 

y ------------------------------------------------------------------------------v 
v 
v 
v 

------------------------------------------------------------------------------CONST RUCT TH ~ ZZ MATRIX BY PLACING THE COEFFICIENT OF 
POLYllOIHAL ZCI> .IN THE I TH ROYI OF TiiE I-lATRIX ZZ FOR 
I=U, •••••• ,NI-l ,CALLING PROCEDURE CPTOM TO PERFORM THIS FUNCTIOh, 

v --------------------------~------------------------~--------------------------v 
------------·--------~-----------~-~----------------~-~----------~~-----------ZZ=CPTOH <Z, NI, N) 

v -----------------------------------------------------------~-----------------­
v - - ----------------------~--~----~-~-~-----~-----------------------~-~~--------y 
y 

TO COI1PUTE THE INDEPENDENT VECTORS CALL PROCEDURE NULLSP WHERE 
TH ~ CO ~R~ SPONDING FACTORS H ARE COMFUTEO. 

y ------------------------------------------------------------------~----------­
¥ ------------------------------------------------------------------------------NULLS P ( Z Z , IH , P , N , W , N ) 

v ---------~--------------·-----~---------~--~---------------------------------­
v -------------------------------------- ---------------------------------------v CALL PROCEDURE BRLKPF TO OBTAIN THE lRREOUCIBL~ POLYNOMIALS Z OVER 
v GF(P} SUCH THAT . 
v AX=Z(l)+Z(2)~., •••••+ZCM> (HOD P) 
v --~-------------------------------~--~---~--------~--·-------~-~--------------
v -------~------·-----------------------------~----------------~-------~--------Z=B~LKPF(P 1 AX,H,M,NI,N) 

RETU~N<Z,M~ 
£NQ 
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11 
12 
13 
14 
15 
16 
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2C 
21 
22 
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24 
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27 
28 
2'3 
30 
31 
32 
33 
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3S 
36 
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38 
39 
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41 
42 
43 
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ALTRAN VERSION 1 LEVEL 9 

PROCiOURE CP BQ CA,J,P, N) 
v -----------------------~------------------------------------------------------
v -------~-------------------------------------------------------------------~--
" " v 

" " 
" 

INPUT A .• J 
p 
• ••• OUTPUT Q 

UNIVARIATE POLYNOMIAL 
DC:..GkcE OF A 
F F. I 11 C: N U H 8 E R 
Th : NUMOE R OF VARIABL ES 
AR ~AY OF POLYNOMIALS SUCH THAT 

Q ( I ) = X ( 1 ) • • ( p+ Il 01 0 D A) 

v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------A L G ~B.~ A I C (X t N )) 0., 0, C 1. A , 0 

INT~G~R F1 L;MfN,J,I, N1 
ALG£dRAIC AL ~AN MMULPO 
ALGEBRAIC ALTRAN ~REDPO 
ARRAY ( 1AJ) Gl 
VAL U 2: A , t;, P 

v ------------------------------------------------------------------------------
v -------------------------------------- --~------------ ·------------------------v 
v 

" 
S~T K=LOGCP),L=2 4 •KtM=P-L AND B=X 
WH~RE K IS THt GREAT~R INTEGER LESS THAN OR EQUAL 
TO LOG(Pl ,WH CR.f.: TH~ BASE OF LOG FUNCTION IS TWO. 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------L=2 
Li" L=L+L 

IF(L.L E.P )GO TO Li 
L=L/2 
B=X(1) 
11=P- L 
L=IG!UO CL,2> 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v SET 8 ~QUA L TO THE R~MA INDE R OF 8+ 4 2/A CMOO P) 
v IF M IS LESS THAN L GO TO STEP 3tELSE S~T M=M-L AND 8 EQUAL 
v TO TH £ R~MAIND~ R X+B/A (MOO A) 

v ------------------------------------------------------------------------------
v -----------------------------------------------------------------~------------L2A C = M t1U L F 0 U3 , i3 7 P t 

AQUO<C,A,X CiJ ,u) 
NI=DC::::G <B,X (1) > 
C=I·IR::D POC EXPAN0(8) ,P> 
If(I1.LT,UGO TO L3 
M:: H- L 
B=C+X ( l> 
ArlUO(B,A,X(i) ,C) 
NI=D .:: G <C,X Ul J 
B = r·m t: 0 P 0 ( E X P A N D ( C ) , P ) 

v ---~---------~-----------------~--------~---~--------------~--~--~------~-----v S~T L=L/2,1F L IS NOT EQUAL TO ZERO GO TO L2,ELSE 
SET G=1tQ(1)=1 AND FOR I=2I••••tJ DO, v 

v 
v 

S~T C EuUAL TO THE REMAINuER Of B•C/A CMOD P) 
SET Q(!):=C ANO CONTINUE LOOPING. .. 

v ----------------------------------·-~--------------------·----------·-·------­
v ------------------------------·-----·-----------------~-----~--~-------------L3~ L=IQUO(L 2) 

lf(L,N~,b)GO TO L2 
" 



58 
59 
6 L ol 
62 
63 
64 
65 
66 
67 
68 
69 
7G 
71 

0= 3 C=i . .• 
Q(l)=G 
tl! =J-1 
00 I=2 1_J 
8=MHULPO<EXPAN0<0) ,EXPAND(C} ,P) 
B=MREOPOCEXPANO<B>,P> · 
AQUO<lJ,A,XC1) 1 C> 
Nl=uEG <C X ( 1) J 
Q(Il=MR E6PO(£XPANO<Cl,P) 
C= Q (I> 
DO~ND 
RETU i~N (Q) 
£NO 

~ 
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2 
"7 
v 

4 
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7 
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10 
11 
12 
13 
14 
15 
16 
17 
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23 
24 
25 
26 
27 
28 
29 
3G 
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32 

ALTRAN VERSION 1 LEVEL 9 

PROCEDURE CPTOMCO,L,N) 
v -----------------------------------------------------------------~------------
v ---------------~--------------------------------------------------------------¥ INPUT Q ARRAY CONTAI~ING UNIVARIATE POLYNOMIALS 
11 • •• L AKKAY SIZE 
v N ~UMBER OF VARIABLES 
11 OUTPUT QQ 11ATRIX CONTAINING THE COEFFICIC:NTS OF THC: POLYt\OMIALS 
11 IN ARRAY a. 
v--------------~------------------------------------~---------------------- ·-----11-------------------------------------------------------------------------------ALGE8RAICCX(N))Q 

INT EGER 01 QQ L,N I J 
ALG~BRAIC ARKAY ALfRAN POCEF 
ARRAY(lAUU 
ARRAY (.lAU Ul 
ARRAY(1AL 1 1AL)QQ 
VALUE Q ,N 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------
II FOR J=1 L 00 
II S~T ViCl6R Ql ~6 UAL TO THE COEFFICIENT OF POLY~OMIAL Q(Il, 
v TH ~N PLAC~ VECTOR Q1 IN J TH ARRAY OF MATRIX QQ. 
v ------------------------------~-----------------------------------------------
v ------------------------------------------------------------------------------DO J=l,L 

Ql=POC~F(Q(J) , ~ 1 L,N) 
00 I=1,L . 
QQ(Jl!)=Qi(ll 
OOENU 
DO EN D 
RETURN(QQ) 
END 

" 
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11 
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1 -3 
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15 
16 
17 
18 
1'3 
20 
21 
22 
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26 
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26 
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ALT kAN V~kSlOh l LEVEL 9 

PROC~UURE NULLSP<A,I1,P,R,V,N) 
v ------------------------------~-----------------------------------------------
v -----------------------------------------------------------------~------------v 
v 
v 
v 
v 
v 

It4 PUT .. 

OU 1PUT 

A 

~~ 
p 
I) 
R 

MATRIX CONTAINING THE COEFFICIENTS OF THE EQUATION 
x••PI MODULO UCX) , 

D~GRcE OF U<Xl • 
TH E PRIME NUMBER , 
ARRAY CONTAINING THE INDEPEND~NT VECTORS. 
NUMBER OF INDEPENDENT VECTORS • 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------ALG :: 8RAIC (XCNllV 

INTEG~R P,A,AR7VR,A1,N,R,K,I,C,L,J,S,H 
ARRAY ( iAI'. 1 lAi·l) Al 
ARRAY(iAMJG 
J\RRAY ( l"H) 1/ 
ARRAY (iAN, lA~I) A 
ARRAY(1AM 1 1AM)VR 
INTEGER ALTRAN lRECS 
VALUE A,N,P 

v -------------------------------------------------------------------~----------
v ------------------------------------------------------------------------------v 
v 

S£T VECTOR C=-1 FOR I=1,M 
SET A<I,I>=ACI,I>-1 

v ----------------------------------~------------------------------~-~----------
v ------------------------------------------------------------------------------DO I =1 1 t·: 

DO ,J = l, t", 
IF<I. EO.J) Ati,J>=A <I,J> -1 
DO C: N D 
OOt:NO 
Al=A 
V=O 
R= C 
C=-1 

v -------------------~------~----------------------------------------~---------­
v ----~------------------------~~----------~-------~----------------------------II 
II 

v 
v 
v 
v 
v 

SCAN THE ROW K OF MATRIX Q FOR OEPENDENCE.IF THERE IS SOME J IN 
THi RANGE BETWEEN 0 AND M SUCH THAT Q(K,J) IS NOT EQUAL TO ZERO 
AND C(J) IS LESS THAN ZERO,THEN MULTIPLY THE J TH COLUMN BY 
•1/QCK,J). 
ADO Q(K,J) liMtS THE J TH COLUMN TO THE I TH COLUMN FOR ALL 
IF K IS GREATER THAN M GO TO NEXT ST~P ELSE 
REPEAT THE SCANNING PROCESS, ' 

v ------~------------------------------~~-----------~~---------~--------------~­v ----------•-••••••~--·----~-----•~•-••••-•••-•••••••-••••a•••-•••--~~-------•• 

L51A 

L52A 

DO K=1,11 
I=K 
00 S=i z.t1 ,. < , 

I F ( < A ( J. f.. S ) • ~k .• 1J > • A N 0 • ( Li { S ) • L T t 0 ) > G 0 
GO TO L~2 · 
00 L=1 t1 
IF<S,EC,C(L))GO TO L52 
OOEtlO 
GO TO L5 

. CONTINUE 
DOi:/-10 

TO L51 

... 



58 v ----------------------------------------------------------------~-------------
59 ~ ----------------------------------------------------------------~-------------b J 
cl 
62 
63 
64 
65 
6b 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
7& 
79 
80 
c1 
52 
83 
8i.o 
8 ·­!:· 
86 
37 
5c 
b9 
9( 
91 
'32 
93 
<j4 
95 
96 
97 
98 
99 

100 
101 
102 
1u3 
10Lr 
105 
1~6 
107 
106 
109 
11L 
111 

v 
v 
v 
v 
v 
v 
v 
v 
v 

.. COMPUTE THE INUEPENDENT VECTORS AND THE CORRESPONDING POLYNOMIALS 
SUCH THAT R=F;,+1 • FOR J=1,••••• .,M CONS1RUCl VR • 
IF J=K VRCR,Jl=1 OR IF CCSl=J VR(R J>=Q<K S) 0~ IF J 
IS GR ~ AlCR THAN ok EQUAL TO MVRCR,JJ=O,ELSt I~ ALL THE ABOVE 
IF STATi:.t·l£tHS FAIL VR<R Jl=O, 
IF K IS GREATER THAN M ~0 TO THE NEXT STEP,ELSE 
R~PEAT TH~ SCANING PROCESS,FOR K=2, •••• ,.,R DO 

V<K>=VR<K,1l•X•¥O+VRCK,2l•x••1+,,,,,.~ •• 
•••••••+VRCK,M-1l•x••<M-1l • 

v -----------------------------------------------------------------------------­" ------------------------------------------------------------------------------

v 
v 

Lc11. 

L 3A 
L;,.A 

LS11. 

L7A 

L8A 

R=K-+-1 
DO ,J=1 1 f'l IFCJ.EQ.K)GO TO L3 
00 L=1,M 

I NOT tQUAL TO J , 
SET C (J) =K , K=K+1 

IFCCCL),EQ.J)GC TO L2 
DOC::NO 
VRCR,J>=O 

.GO TO L4 
VR<R,J>=A<K,U 
GO TO L4 
VRCR J)=1 
COIH tN U£ 
DOEHD 
GO TO L8 
AR=I i~ECS CA <I, S>, Pl 
DO L=11M 
A1 (L,SJ=-AR~A(L,Sl 
Al <L!Sl=IMOO£A1CL,S) ,Pl 
oo::rw 
DO .J=I,M . 
UO L = 1t t1 
IF<L.~u.S>GO TO L7 
A 1 U, L >= J\ ( J 1 L) +A < K, U ..,. A 1 ( J, S) 
A 1 ( J I L ) = If1 OD ( A l ( J , L ) 1 P) 
CONT NU[. 
DO END 
DO eND 
CCS>=K 
CONTINUE 
A=A1 
DO~ND 
J=M-1 
DO I=1,R 
DO L=i,J 
VCil=V (l)+IJR<I,U¥-X(l)+.Y. <L-1) 
OOEi-10 
DOC:ND 
Rt::TURNCR,V) 

END " 
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31 
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ALTRAN VERSION 1 LEVEL 9 

PROCcDURt uRLKPF CP,A,H,R,L,N) 
v -------------------------------------~ ---------------------------------------v 
v 
v 
v 
v 
v 
v 
v 
v 
v 

INPUT._ P 
A 

.• H 

R 
L 
N 

OU iPUT T 

TH E PRIME NUMB ~R 
UNIVARIATE POLYNOMIAL 
A~~ AY CO NTAINING POLYNOMIALS COMPUTED FROM PROCEDURE 
~ULL S P, 
NU MBiR OF FACTORS IN VECTOR H , 
ARR AY SIZE ~ QUAL TO THE DEG REE OF A 
NUMBER OF VARIABLES • . 
VECTOR CONTAINING ALL TH~ IRREDUCIBLE POLYNOMIAL 
T(1> 1 T<2> 1 ,,,,,,,.,,T(R) SUCrl THAT 

A=T(1J+T(2J•,••••••••••T(R) (MODULO P ) , 
v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------I NTi GiR P,P,P1 1 I,K,R,J,N,L 

ALGE 8RAICCXCN)JA,H,S,T, 8 I,C,G 
A R RA Y ( 1 "L) H 
ARRAY ( 1"U S 
A R RA Y ( 1" L) T 
AL G ~BRAIC ALTRA N MR EDPO 
ALG EBRAIC ALTRAN CPGC01 
ALG EBRAIC ARRAY ALTRAN OROPOL 
VALUC: P,A,H,R,N 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
v 
v 

SET S= u , T= O , M=O , SCll=A 
1=1+1 A ~D i HPLOY ANOTHER FACTOR HCI),IF H(I) HAS A VALUE 
EQUAL TO ZERO TH ~ N ENO,ELSE SET T= O,K=1. 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------S= Q 

T= O 
~I = 0 
Pi=P-1 
I=1 
S ( 1) =A 

L3'- I=I+1 
IF £1H I ) , E Q • 0 ) RET URN ( T> 
T=O 
K=1 
BI=H<I> 

v -------~------------------------------------------------~---------------------
v -------------------------------------- -------------------~------------~------v EMPLOY A N OTH ~ R POLYNOMIAL SCK),ASSIGN TOG GCO<H<Il-J,S(K)) MOD p, 
v IF OEGRi ~ OF G IS NOT EQUAL TO ZERO OR IF IT IS EQUAL TO 
v THt;: Ot:GR EC OF S(K) THEN SET G IN VECTOR T USING 
v PROC E DU R~ ORDPOL. 
v SET M=M+1 1 S<K>=REM(SCK>,G>,IF SCK>=O GO TO LX,ELSE IF M=R 
v GO TO L7,cLS E CONTINUE LOOPING. . · 
V ••-••••••••••••••••-••-•••-•••-••••-•-••-••••••••••••••••••••••••••••••••••••w 

v --------------------------------~·-~----~-·----------~~---~---~----~----------L4'- C=S ( K) 
S(Kl=O 
K=K+1 
DO J=O,P1,1 
IFCDt::G(CtX(1)),cQ, i.l )GO TO Lo 
G::CPGC01 P, (Ul-J) ,C, tO 

"' 



5t 
59 
6 C 
61 
62 
63 
64 
6S 
66 
(:,7 
oc 
o9 
70 
71 
72 
73 
74 
75 
76 
77 
76 -a ( -' 

80 
81 
62 
o3 
84 
85 
66 
87 
86 
69 
9 0 
91 
92 
93 
94 

G = NR~ DPO(£ XPANDCGJ,P) 
IFC DEG CG,X(i)), tQ, J J GO TO LF 
I F <D ~ G<G,X(l)). EQ .iJ ~G < C ,X<U>>GO TO L6 
T=02 0P OL(G,T,L,P, N) 
H=r-l+l 
Af\E>ICC,G,X<1> ,C> 
C=HR.C:OPO(i::.XPANO(C) ,P) 
I F <C.£Q. 0 )G0 TO LX 
!F( M,EJ. R>GO TO L7 

L F " C 0 N T I I~ L C: 
OO c ND 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
v 
v 
v 

IN SER T S(K) INTO VECTOR T, 
IF S(J) IS NOT EQUAL TO Z ~ RO RETU RN TO EMPLOY ANOTH ER POLYNOMIAL 
FROM VECTO R S , ELSE SET S=T AND RETURN TO EMPLOY ANOTHER FACTOR 
FROi1 VeCTOR He 

v ------------------------------------- ----------------------------------------­
v ------------------------------------------------------------------------------Lb" T=O ROPOL<C,T,L,P,Nl 
LXA DO J=l, F. 

I F< S <Jl. N~ . L lGO TO L4 
O O ~NU 
S=T 
GO TO L3 

v -----------------------------------------~-----------------------~-~----------
v ------------------------------------------------------------------------------v I NSiR T StK) IN V ~ CTOR T,THi N INS ERT ALL OTHER NONZ ERO POLYNOMIALS 
v OF VECTO R S INTO VECTOR TeTH EN ~NO, 
v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------L7A T=O RJ POL<C,T,L,P,Nl 

00 1=1 R . 
IFCSCII.N t . U>ORDPOLCSCI>,T,L,P,N) 
DOE NO 
R[ TU RN<T> 
~ NO 

"' 



1 
2 
3 
4 s 
6 
7 
8 
9 

10 
11 
12 
13 
11.t 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
lt1 
42 
43 

ALT KAN VEKSIO~ l lEVEL 9 

PKOCEOURt uROPOLCA,8,L,P,N) 
v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v INPUT A UNIVARIATE POLYNOMIAL 
v 
v 
v 
v 
v 
v 

· ... 8 AF<.R. AY GOIHAINING POLYNOMIALS -
L SIZ E OF ARRAY B 

OUTPUT B A~~AY B AFT~R INS~RTING POLYNOMIAL A INTO LOCATION 
I. 8EFORE INS ~ RTION 1 W ~ SHIFT OOWNkARO BY ONE LOCATION THE ELfM~NTS 
OF ARRAY 8 STARTIN~ FROM LOCATION It AFTER INS ERTION THE 
RESULTS OF ELEMENTS OF D ARE SUCH THAT THE DEGREE (8(1-1)) IS 

v· . lESS THAN THC: DEGREE OF(A) ~lHICH IS LESS THAN THE DEGREE (0(!+1)) 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------INTEGER I,M,N,J 1 P 1L 

ALGt:t3R.AIC CX<N> )A,d,F 
/\RRA Y ( i'•U 13 
VALU£ A,O,N 

v -----------------------------------------------------------------------~------
v ------------------------------------------------------------------------------v 
v 

" " v 
v 

SET M=D£GREE OF A~J=1. 
IF 0 IS NULL ARRAY ,THEN INSERT 
IF H IS GR EATER THAN THE DEGREE 
AND RCP EAT THIS TEST ELSE SHIFT 
ELL::l::::Jns oF ARKAY a STARTING AT 
A IN LOCA T IOI'-1 I • 

A INTO 8<1> ANO RETURN. 
OF 8(J) SET J=J+l 
OOWNWAKD BY ON E PLACE ALL THE 
THE l TH POSITION,ANO IN~ERT 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------L1A M=DEGCA,XC1}) 

J=1 
L2A IF(8(Jl.NE.G)GO TO L3 

8(Jl=A 
RETURN<B> 

L3A IFCH,LTeOEG<B<J>,XC1>>>GO TO L4 
J=J+1 
GO TO L2 

LL;A F=B (J) 
8(J)=A 
IF<F,2Q,Q}GO TO L5 
A=F 
J=J+l 
GO TO L4 

LSA RETURN (8) 
END 

v 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
!4 
15 
16 
17 
1t 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

1 
2 
3 
l; 
5 
6 
7 
t 
s 

10 
11 
12 
13 
14 
15 
16 
17 

A L H A N V .:: ~~ S I 0 f\ 1 L E V r. L 9 

PROC ~ OUR l CMONICCP,A,N) 
v -----------------------------------..... -------------------------------------------
v ---------~--------------------------------------------------------------------¥ 
v 
v 
v 
v 

INPUT P . .• A 

au TPU r " f., 

PF. It-1 ::: IWMBER 
UNl VARIATf POLYNOMIAL 
NU:-! Bt. R OF VARit1B LES 
UNI VAR IATE POLYNOMIAL 
FO RI1. 

AFTER PUTTING A IN THE MONIC 

v -----------------------------------------------------~-----------------------­
v ------------------------------------------------------------------------------I NTEGER P,L,KtN,M,J 

ALGEBR AIC(X(NJ>A,B 
ALG E8RAIC ALT RAN ~REOPO 
ALG~ ~RAIC ALT~A N IRECS 
VALUE A,P 

v --------------------------------------------------------------------~~--------
v ------------------------------------------------------------------------------v SET J EQUAL TO THE L ~ADING COEFFICIENT OF A,TH ~ N K IS THE 
v ~ E CIP R OCAL OF J MODULO P 
v S~T A EQUAL TO K•A MODULO P. 
v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------t-! = 0 t:: G < A , X < 1 ) } 

J = C 0 :: F P 0 { E X P A N 0 U; ) , X ( 1 ) , r~ ) 
K=IRt:GS<J,P) 
B=K-\1-A 
A=MR-:OPO (i:XPANO (8), P) 
Re TU RN (Al 
EN 0 

PROCEDURE MAXCC,L) 
v -------------------------------~---------------------------~-----------------­
v -----------------------------------------~-------------------------~----~-----v INPUT C Af"' t-::AY COrHAINHJG INTt:GERS 
v l AR RAY SIZE 
v OUTPUT ~AXI MAXIMUM INTEG~R IN THE ARRAY C 

v -----------------------------~-------~-~-----------------------------~-------­
v -----------------------------------------------------------------~------------INT £G2R L,C,MAXI,I 

AR ~A Y ( l"I.J C 
VALUE C L 
1-!AXI=C<l) 
00 I=2 L 
IF ( t1 A X f. L T, C ( I) ) M A X I= C < I ) 
OO ENO . 
RETUR14 (MAXI) 
£NO 

" 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
3(.' 
31 
32 
33 
34 
35 
36 

ALT kAN VcRSIC~ 1 L~VLL 9 

PKOGEOURE CPGCDl<P,A,B,N> 
V ----------------------------------e-------------------------------------------
v ---------~--------------------------------------------------------------------v 
v 
v 
v 
v 

INPUT P .• A 
8 
1\ 

OUTPUT C 

P ~ IM E NUMBER 
UNIVARIATE POLYNOMIAL 
UNIVARIATE POLYNOMIAL 
NUM8 £R OF VARIABLES 
MO NIC GREATEST COMMON DIVISOR OF A AND B OVER GF(P) 

v -----------------------------------------------------------------~-----------­
v ------------------------------------------------------------------------------INTEGER P,R1 ,N 

ALGEUR.AIC (X(tH)A,8,C R 
ALG~URAIC ALT RAN MRtDPO 
ALG E 8~AIC ALTRA N CMONIC 
INTEG ER ALTRAN l R£CS 
VALU E A,E,P 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
v 
v 
v 
v 
v 

SET R ~QUAL TO THE R~MAINO ~ R OF A/0 <MOO P) 
SET R1 TO THE RECIPROCAL OF THE DENOMINATOR OF POLYNOMIAL 
k AND C= k+R1 
LET A=B B=C 
IF B NOf £1lUAL ZERO RETURN TO STEP L2,ELSE SET C TO THE 
MONIC OF POLYNOMIAL A THEN END. 

v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------L2A AQUO(A,B,X(1),R) 

R.1=I RECS<AOENCRl,P> 
R=ANUN<R>"~-R1 
C=1'1R C: OPO(EXPAI'i0C F> ,P) 
A=B 
O=C 
IFCB.N E:. . ii )GO TO L2 
C = C H 0 :U G ( P , A , N ) 
F~ ETURN (G) 
END . 

.. 



~LT K AN VERSIO~ 1 L E V ~ L g 

1 PROC i DUR E PFCI< P, ~ ,C,G,T,NI,N> 

~ v ----------------------------------~------~------------------------------------
~ v -------------------------------------------------------------.----~------------4 v I NP UT P PRIM~ NUMBER 
5 v . ... ~l TH :. t·!OOULUS NUMB ER HHICH IS EQUAL TO P""-'f{2••J) 
6 v C UNIVARIAT~ POLYNOMIAL 
7 v G ARRAY OF POLYNOMIALS OVER GF<P> SUCH THAT 
e v C=G<il•G(2)••••••••G<T) (MOO P> 
9 v T NUMBiR OF IRREDUCIBLE POLYNOMIALS 

10 v NI ARRAY SIZE 
11 v N NUM8i~ OF VARIABLES 
12 v OUlPUT F AkRAY CONTAINS POLYNOMIALS FC1l, ••• ,., ,FCT> SUCH THAT 
13 v U==F(l).W.F(2l""•••ttse+FCT> 0100 M) 
~ ... 
15 
16 
17 
18 
19 
2 l: 
21 
22 
23 
24 
25 
26 
27 
28 
29 
3(i 
31 
32 
33 
3Lt 
35 
36 
37 
36 
39 
4 (o 
41 
42 
43 
41t 
ITS 
46 
47 
i.t8 
49 
~0 
51 
52 
1=7 ;; ... 

~4 
!55 
56 
';)7 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------INTEG ER ~,LC,P M~JJ Z I,T TI J1JI1K NI 

ALG Ed RAIC (X(NJ>~,G~,6P,A~,B~,b,S~,fp,A,8,F 
ARRAY(iANl)F 
ARRAY(1A~IlG 
ARRAY(iA~!)GP 
ALG E8R AIC ALT RAN M~EOPO 
ALG EB RAIC ALTRAN PFH1 
ALG EB RAIC ALTRAN PEGCOX 
INTEGER ALTRAN IRECS 
VALU ~ P,M, G,G,T 

v ------------------------------------------------------------------------------
y ------------------------------------------------------------------------------v SET CP=C <MOD P>,K=i AND GP=G <MOO P) 
v FOR !=1 TO T 00, 
v SET AP=GP<I>,BP EQUAL TO THE REMAINO~R OF CP/AP CMOO P) 
v ------~--------·-------·------------~-----------------------------------------
v -------------------------------------------~----------------------------------C P = 1·1 ;~ E 0 P 0 C t:: X PAN 0 C C ) , P ) 

K=l. 
00 I=1,T 
GPCI>==MREDPOC fX PANOCGCI>l,P) 
OOENO 
TI=T-1 
DO !=1 TI 
AP=GP < b 
AREM CCP,AP,X(l)~BP) 
BP=M R~OPOC fXPANUCBPl,P) 
J= O:.G ( AP ,X (1)) +1 
JI=O ~ GC8P,X(1))+1 

v -----------------------------~-----------------------------------------------­
v ---------~-------------------------~-~--------~-------~--------·-~--~~-~---~--y 
y 

v 
v 
v 

CALL PROC~OURE PEGCDX TO COMPUTE SP 1 TP SUCH THAT 
GP (I) .W.SP+iJJHTP=JJ WHERE JJ 1~ AN INTEGER. 
MULTIPLYING BOTH SP AND TP BY THS RECIPROCAL OF JJ (MOD P) AND 
ASSIGN TH~ N~H VALUES TO SP AND TP, 
NOH GPli)+SP+iJP+TP=1 CHOO P) 

v --------~-----------·------~----------·---------·-------------------~~------~-v ----~-------·---~-~----·-·-----------------~------------------·-~-------------P~GCOXCAP,HP,J,JI,JJ 7 K,SPtTP,N) 
JJ=l~ECSCJJ,Pl · · 
S P = 1·1 R f.: 0 P 0 C £X PAN C ( J J + ~ P) , P) 
TP=MP.C:DPOCC:XPANDCJJ""'TP) ,P) 

I..JU 

" 



58 
59 
6G 
61 
62 
63 
64 
65 
6o 
b7 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
76 
79 
80 

. .. 
v ------------------------------------------------------------------~----~------
v ------------------------------------------------------------------------------v 
v 

CALL PROCEDURE PFHI TO COMPUTE A1 8 SUCH THAT C=A•B 
SET F(ll=A,C=B AND CP=BP AND CONIINE LOOPING. 

C MOD H) 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------PFH1<P,M,C,AP,BP,SP,TP,A,B,Nl 

Fti)=A 
C=B 
CP=BP 
OO~NO 

y -------------------------------------------------------------~---~------------
v ------------------------------------------------------------------------------v 
v 

SET Z ~QUAL TO THE LEADING COEFFICIENT OF C ,THEN FCT) EQUAL 
TO MULTIPLICATIO~ OF RECIPROCAL Z AND C CHOD H) 

v ---------------------------------------------------------------~--------------
v ------------------------------------------------------------------------------Z=COEFPOCEXPANO(C)JX(1) ,DEGCC,XCi))) 

LC=IRECSCZ,Ml 
A=LC~C 
FCT>=MREOPO(EXPANDCA>,M> 
kETU~NtF) 
END 

' . ~ ., 



1 
2 
3 
4 
t:, 

"' 6 
7 
0 
g 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
2

,, 
" 21 

22 
23 
24 
25 
26 
27 
28 
29 
3 0 
31 
32 
33 
34 
35 . 
36 
37 
36 
3~ 
4 (; 
£;1 
42 
43 
44 
45 
4c 
47 
48 
49 
sc 
51 
52 
53 
54 
5S 
56 
57 

kLT ~AN V £ ~SIOh 1 L~VE L 9 

PROC ~ OURE PFH1CP, M,C,AA,BB,S,T,A,B,N> 
v ---------------------------------~---~---------------------------------------­' 
v ----------J------------------------------------------------------~------------v 
v 
v 
v .., 
v 

" v 
v 
v 
v 
v 

INPUT p 
. •• I'! 

c 
AA 
88 
s 
T 

N 
OUTPUT A 

B 

P fd t1 ~ N U ~1 8 E R 
/':OuULUS NUMBER 
UNIV ARIATE POLYNOMIAL 
UNIV AkiAT E POLYNOMIAL 
UNIVARIATE POLYNOMIAL SUCH THAT C= AA"' BB lHOO P> 
UNIVARIATE POLYNOMIAL 
UNIVARIATE POLYNOMIAL SUCH THAT 
AA+ S+ B!J"'T= 1 tHOO P) 
NU MBER OF VARIABLES 
U~IVARIATE POLYNOMIAL 
UNIVARIAT E POLYNOMIAL SUCH THAT 
C=A+ 8 (/100 !'I) 

v -----------------------------------------------------------------~-~---------­
v --------------------------------------------~--------- ·------------------------INTEGE ~ P,Q,M,Q2,QT,N 

ALG~B~AIC(X(N))C,AA,JB 1 S,T,A,a,u,AT,aT,ST,TT,Y,Z,AS,BS,TH 
ALG ~J ~AIC ALTRAN MREU PO 
ALG~ 8R AIC ALTRAN PS ~ QT 
VALU E P,H,C,AA,BB,S,T 

v -----------------------------------~----------~--------------------------~---­
v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
v 
v ., 
v 

S:::: T O=P, A=AA 
G=8B 
S=S 
T= T 

IF Q IS EQUAL TO 

( t1 00 p) 
(MOD P > 
(MOD P> 

(MOD P) 
N THEN END,ELSC: SET U=<C-A•8)/Q,Q2=Q•+z 

v -------------------------------------------------------------------------~----
v ------------------------------------------------------------------------------

L1" 

L2" 

A= t1 r< t: 0 P 0 (EX PAN 0 <A A) , P) 
B= ~1 R C: 0 P 0 ( C: X PAN 0 CO 8 > , P l 
S=l'1R. C:: IJF0( £ XPANO(S) ,P) 
T=t1Rf;: !JPO (eXPAND <T), P) 
O=P 
IFCt1t i ~ C: .MlGO TO L2 
RS: TU RN CA 1 a> 
U=!C-A+8J/Ll 
Q2= •,l+ll 

v -------------~·-~~------~---·--~-----~--~--~---------~--------·-----~-------~-
v ~-----------------·------------~---~--------·-~-~--~-~-~-·-----~-~-----~------v 
v 
v 
v 
v 
v 

IF Q2 IS GREATER THAN M THEN SET QT=M/Q 1 AT: A<HOO QT) BT=8 (MOD QT) 
ST=S (MOO QT> TT=T (MOO QTl AND 
CALL PROCEOUR~ p§ EQT TO COMPUTE Y1 Z SUCH 
AT+Y+ BT,.Z=U (MOO QT) THO::N GO · 10 STEP 

GO TO L3, 

THAT 
L4,ELSE 

v --------------------------------------~---·-------------·--------------------­
v ------------------------------------------------------------------------------IF<Q2,LEaHlGO TO L3 

QT=M/Q 
AT=MR~DPOC :XPANDCA>,QT) 
BT=MREOPO<iXPAND<B>,QTl 
S T=M ~EOPO(EXPAND<S>,QT) 
TT=MREDPO<iXPANO(J),QT) 

., 



58 
59 
bO 
b1 
62 
63 
6.:.. 
65 
6o 
67 
€:8 
6<:J 
7':. 
71 
72 
73 
74 
7S 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
~e 

P S E I) T .( Q .. T, AT, U T, S T , T T, U, Y, Z, N) 
GO TO Li+ 

v ---------------------------------~-------------------------------------------­
v ------------------------------------------------------------------------------v CALL PROCEDURE PSEQT TO COMPUTE Y,Z SUCH THAT A+Y+B+Z:U (MOD Q) 

v ---------------------------------------------------------------------~--------
v -----------------------------------------~------------ -------------------------L3h PS~QTCO,A,8,S,T,U,Y,Z,N) 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
II 
v 
v 

S~T AS=Q~Z,BS=Q+Y+B.IF a••2 IS GREAT~R THAN M SET A=AS,B=BS AND 
THEN E~D 1 cLSE SET TM=CAS•S+BS•T-1)/Q 
CALL PSEWT TO COMPUTE AT BT 
SET S=S-Q+AT,T=T-Q•BT,a=b2,A=AS AND d=~S,RETURN TO STEP L1. 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------LL;-1\ AS=Q+Z+A 

8S=Q+Y+B 
!F(Q+Q.LT.NlGO TO L5 
A=AS 
8=8S 
f-\ E TURN CA, B) 

L5h TM=(AS .... S+aS~T-1)/Q 
PSEQT(QfA,~,S,T,TM,AT,BT,N> 
S= s-1)"" t 
T=T-1-'~'-BT 
Q=Q2 
A= AS 
8=8S 
GO TO Ll 
END 

v 



1 
2 
3 
4 
5 
f 
7 
0 
9 

10 
11 
12 
13 
1L 
15 
16 
17 
18 
19 
2C 
21 
22 
23 
24 
25 
26 
27 
28 
2S 
3(! 
31 
32 
33 
34 
35 
36 
37 
38 
39 
4U 
41 
42 
43 
44 
45 
46 
47 
46 
49 
5C 
51 
52 
53 
54 
55 
56 
S7 

ALT~AN V~RSIC~ 1 LEVEL 9 

PROC~UURE P~GCOXCAA,BB,K,M,JJ,JK,R,S,Nl 

v-----------~-------------------------------------------------------------------
v------------------------------------------------------------------~-------------v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 

INPUT AA 
... bB 

N 
H 
K 
JK 

OUTPUT R 
s 
JJ 
TH::: 

UNIVA~lATE POLYNOMIAL 
U~IVARlATi POLYNOMIAL 
NU~IB :: R OF VARIABLES 
Dc.G~ ~ t: OF 88 
DiG REt OF AA 
Ir,TEGEi=: 
UNIVARIATE POLYNOMIAL 
UNIVARIATE POLYNOMIAL 
INTEGER SUCH THAT 
R•AA+S•B~=JJ+X++JK WHERE 

DEGREE OF BB AND OEG~EE OF 
THE DEGREE OF R IS LESS THAN 
S IS LESS THAN THE DEGREE OF AA. 

v-------------------------------------------------------------------------------
v--------------~----------------------------------------------------------------~N~~GiR ~,J,MI,JC,~M,~N,N,MtMN=M+K-2,JK,JJ,K,IC 

g L G t. t.lR. A I C (X OD ) A A, t3 8 1 k, S 1 Z t (.;, Y, A, 8 
ALG~8kAIC AR~AY ALTRAN SULtQ 
ALG~BRAIC AR~AY ALTRAN POC~F 
AR RAY(lAK)A 
Ak.:~A Y ( 1"1'1) 8 
ARRAY(lAI~I~11A~1N) z 
A r<..r:.A y ( 1 Af1N) c 
ARRAY ( l"NN} Y 
VALUi tA,Od,K, l'l,JK 

v-------------------------------------------------------------------------------\1-------------------------------------------------------------------------------v IF DEG<BB>=O SET R=O S=i,F=SB AND RETURN 
AA 

~LSE 
v SET ViCTORS A AND B fo THE CO~FFICIENT OF AND 88 RESPECT! VEL Y 
v AND COr·1PUT t:: TrlE I"'ATRIX z SUCH THAT 
v A< G) A.( 1) • • • • II t •• ', .. • ••• •••• Ann • ••• • • • • • • • • • ••• v . . . ' A c u> A(l) t c ' • t ••• • • • • • • • • •••• AOU . ' .. • ••• • ••• v • • • • • ••• • • • • ~ ... . ' .. • • • • •••• t • I I • ••• • ••• • • • • ••••• v . . ~ . • ••• • • • • • • • • • II I I .. • It • •••• •••• • • • • • • • • ' ... • ••• v • • c • I I t I • • • • , . ' . • • • • • • • • • ••• • ••• • ••• •••• • ••• • • • • v " ... • • • • • • • • . .... A(O) A ( 1) . .. . . •••• • ••• . ' . . • ••• A(N) 
v a c u l tH 1) • c • • •••• . . ' . • • • • • • • • •••• B ( M) • ••• I I I t • ••• v I f i I d ( ij) B t 1) " . . . • • • • . . . ' • • • • •••• .. '. 8 ( 11) • • • • • ••• v • • • • . ' . . • ••• • • • • •••• • • • • It t I •••• • ••• • ••• • ••• e t e I 

v •••• . . . ' •••• .. . . ' • t • • ••••• • • • • •••• • ••• • • • • • ••• . ' ' . v t ••• • • • • . ' .. • ••• •••• 8(0) 8 ( 1l ... , . . .. ' .•• It • . .. - B(N) 

v-------------------·---------------~------·--~------------------~-----~-----~--
v--------------------------------·-----------~-------------------~---·------·---

Ll" 

IF<D~G(BO,X(l)),NEtD)GO TO L1 
R=(J 
S=l 
JJ=l 
K t-: T URI·~ ( R , S , ,J J ) 
S - •l - .. 
I(= 0 
Z=J 
C=O 
A=POCEF(AA,u,K,N) 
O=POCEF(Bd,L,N,N) 
Mf1 =t1-1 . . 
00 J= 1 .1~11 

lOt:. 

" 



58 
~g 
60 
61 
62 
63 
c4 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
7'3 
76 
77 
7e 
79 
80 
81 
82 
83 
84 
85 
86 
67 
o8 
89 
90 
91 
92 
93 
91-r 
95 
96 
97 

.. 
DO I=i,K 
ZCI+J-1,J>=A<I> 
DOt:NiJ 
OOENu 

v-----------------------------------------------~------~--~---~-----------------v-------------------------------------------------------------------------------.., 
.., 
.., 

SET CCJK)=i 
SOLVE SYSTEM OF LINEAR EQUATIONS 
WHERE C IS "THE CONSTANT VECTOR 

Z""'Y=C .., ______________________________________________________________________________ _ 

v-------------------------------------------------------------------------------00 J=I'I, .MN 
JC=J-1-I 
00 I=1 1 M 
Z(I+JG,J)=B<I> 
OOEND 
OOEI-.JD 
CCJK>=1 
Y=SOLEO<Z,C,MN,Nl 

v ------------------------------------------------------~-----------------------
v ------------------------------------------------------------------------------v CONSTRUCT THE POLYNOMIALS R AND S SUCH THAT THE FIRST N ELEM ~NTS ARE 
v TH~ COEFFICIENTS OF R AND THE RE~AINDER ARE THE CO~FFICIENTS OF S. .., ______________________________________________________________________________ _ 
.., ______________________________________________________________________________ _ 

MM=MH-1 
NN=K-2 
00 J=HM.0,-1 
R=R+Y(HN-J+1) 4 X(l)++(HM-J) 
DO END 
DO J=NN~G,-1 
S=S+YCHN-J)+X(i)+•(NN•J) 
DO END 
IC=IGCOCAD~N<R>,ADENCS)) 
JJ=AOcN(R)~AOENCS)/IC 
JK=AD~N(R) 
R=ANUMCR)+AOENCSl/IC 
S=JK•ANUH(S)/IC 

LLA RETURNCR,S,JJ) 
END 

., 



ALTRAN V~RSIO~ l LEV~L Y 

PkOC~OURE PSEQTCQ, A,a,s,T,U,Y1,Z1,N> 
v --------------------------~-----------~--~~----------- ·-----------------------­
v -----------~-------------------------- ---------------------------------------v 
v 
v 
v 
v 
v 
v 
v 
v 
v 

INPUT . 

OUTPUT 

.• Q 
A 
B 
s 
T 
u 
N 
Y1 
Z1 

TH E MODULUS NUMBER 
U~IVA R IATE POLYNOMIAL 
UNIV ARIATE POLYNOMIAL 
U ~I VARIATE POLYNOMIAL 
UNIVARIATE POLYNOMIAL 
UNIVARIATE POLYNOMIAL SUCH THAT 
NUMBER OF VARIABLES 
UNIVARIATE POLYNOMIAL 
UNIV ARIAT E POLYNOMIAL SUCH THAT 

A•Yl+d•Z1=U (MOO Q) 

A.fS+S+T=1 <MOO Q) 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------INTEGE 2 ~,Q 

ALGE BHAIC(X(N)>A,B,S~TtU,H,Zl,Y1,Q1,V,W 
ALGEBk~IC ALTRA~ MR ~ OPO 
INTEGER ALTRAN IRcCS 
VALU E a,~,u,s,T,u 

v ------------------------------------------------------------ - ----------------­
" ----------------~-------------------------------------------------------------v 
v 
v 
v 

SET W=U MODULO Q,V=T~W AND Q1=QUOTiiNT OF V/A,Zi=RE~AINDER OF 
VIA. 
REASSIGN Ql BY MULTIPLYING Q1 8Y THE RECIPROCAL OF ITS 
D ~ NOMINATO R MODULO Q , REP~AT THIS SAME STEP FOR Z1, 

v ~-----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------1-l= ~l R. tDFOtEXPAND<U) ,Ql 

V=MR COPO(EXPANO<T+ W),Q) 
Q1=AC~LJO<V,A,X(l) ,ZU 
01=ANUM(01)•IR ECS<IM00(AOEN(Q1>,Q>,Q) 
Q1=H P~ OPOCiXP AN O (Qll, Q > 
Z 1 = A I~ iJ M ( Z 1 > ~ I R E. G S ( I H 0 t)( A 0 E N ( Z 1 ) , Q ) , Q ) 
Zi=Ht< t: DPC ( C:: XPAND < Z1), Q) 

v -----------------------------------------------------------------------------­
v -------~-----------------------------------------~-----------~----~---~--~----v SET Y1=S•W+B•Q1 MODULO Q THE N END 
v -----------------~-------------------------------------------------~---------­
v ------------------------------------------------------------------------------V=S+ w+8+Q1 

Y1= 1·1R::OP0( EXPAND (V) ,Q) 
i~ E TURN CY1, Z1) 
ENO 

10'+ 

v 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
'+2 
43 
Lt4 
45 
46 
47 
46 
49 
5 0 
51 
52 
53 
54 
55 
56 
57 

ALTRAN V ERSIO~ 1 Li VEL 9 

PROC EDURE TRUFAC<U,H,P,R R, N, PQ ,NI> 
v ------------------------------------------------------------------------------
v -----------~---------------~--------------------------------------------------
v I i ~ ? U T U HY U T M U L T I V A R l A T C: P 0 L n J 0 tH A L 
v H INT ~G~R U S~O AS POW ER OF I O~AL S 
v P Akk AY CO NTAI NI NG MULTIVA R I A T ~ POLYNOMI ALS 
v RR NUMG [ R OF POLY NOMIALS lN ARRAY P 
v N NU MBe R OF VA RI A1LES 
v PQ TH E MO DULUS N UM B~R 
v NI OEGRii OF U ~ITH R~ SP E CT TO X(l) 
v -------------------------------------- --------------------------------------­
v ------------------------------------------------------------------------------I NTEGER H 1 JK,~J 1 R R ,N,I,M,J,PQ ,I R ,U1 , NI 

EXT ER NAL l N T ~ G E R LK 
A. LG EdRAIC (X(Nl)PfU,Y, ~ ,us,z,FAC,L,CP,YP, ~ ,E ~ 
EXT ER NAL INT EGER H 
A R RA Y C 1" N I ) P 
ARR AY ( 1" tH l L 
AR RAY< 1 "tU > FAG 
ALG i 8RAIC ALTRA N MDSR P ~ 
ALG EOR AIC ARRAY ALT RAN AZ ~ R O 
ALG EBRAIC ALT RAN MRE DP O 
INT EGER ALTRAN FACT 
ALG ~ 8 R AIC AR~AY ALTRA N X URD~ R 
ALG ~ 8R AIC ~LTRA N LLIST 
ALG ~ ~RAIC ALT RAN PCONT 
VALUE U,H,P, RR ,N,P Q 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
v 
v 
v 
v 
v 
v 
v 
v 

O l3 TAII~ TH C. DI R.2. CT HW:. FACTO ?. S , FO R. 1=1 TO . .;;R DO, 
SET US EQ UAL TJ U TI ME S ITS L ~AD I NG COcFFICI ~ N T 
Z ~ QUAL TO Pti> T I M~S MULTIPLI CATI ON OF ALL TH e L ~ AO I~ G 
G 0 E F F I C I E. N T S 0 F P 0 L Y N 0 t-!1 A L S P C 1 ) , .. , • • , P C K R ) EX C ;::. P T T HE: L :: A 0 I t~ G 
CO EFFIC ldH OF P<Il • 
IF Trl i RE M A IND~R OF US/Z IS Z ~R O PLAC E Z ON TH ~ LI ST FAG 
Sf. r U=U/PPtZl ANO COiHINU E LUOPHJ G,HH c.F,L PP I S TH .:.. P F, H1.IriV E 
PA RT OF TH E GIV EN POLYNOMIAL , ~ L S[ I NSE~ T PCI) I NTO V ~C TO ~ L AND 
CONTINUE LOOPI NG« 

v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------FAC= D 

L= O 
JK= u 
JJ= O 
DO !=1 RR 
US=COE ~PC( £ XPANOCU),X( 1 ),0 £ G<U,X<1>J>•U 
Z=1 
DO J=1 RR 
IF ( J d ,d :_ • I> Z = Z + C 0 E f P 0 < EX P A rw ( P ( J ) ) , X ( 1 ) , 0 C: G ( P < J) , X ( 1) ) ) 
OO H JO 
v=z+P<I> 
IFCH. ~ Q.1)G0 TO LM1 
Y=nuSRPKCY,H,N> 

LMl" Y=M RC: OPO (EXPAND CY), PQ) 
AQUO(US,Y 1XC1), R) 
IF<R.~Q. u JGO TO L1 
JJ=JJ+l 



55 
5 9 
6 0 
61 
62 
63 
64 
6 5 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
60 
81 
82 
83 
84 
85 
86 

. 67 
88 
89 
<:10 
91 
92 
93 
94 
95 
96 
97 
98 
99 

1 00 
1 ll 1 
102 
103 
104 
105 
106 
107 
1 GB 
109 
110 
111 
112 
113 
114 
115 
116 
117 

Li" 

L 2" 

L(JJ)=P(l) 
GO TO L2 
CP=PCON TCY,N) 
J K=J < +i 
FA C CJ tO=Y/CP 
U=U/F I~C CJK) 
CONTINUE 
uo t:tw 

II -------------------- - ---------------------------------------------------------

v -------------------- - ---------------------------------------------------------
11 

v 
v 
II 

II 

II 

v 
II 

IF Vt: CTO R L I S C: HPT Y , TfEN f:f\iD , C:LS C:: IF L CONTAIN S TH~: NUMiER. OF 
POLYN0 f1I ALS Lt.S S TH AN FOU R ,PLA Ce. U ON VE CTOR F AG A l ~O D W , 
ELS£ S£T M =l, Ik=NUM B ~ R OF NON ZER O ~ L EM E N T S I N L,U l = O ~ G F~~ 
OF U OVE~ TWO ANO US=U• LCC (U) 
INCR C:: ASE THE NUM O~ R OF COM BINATI ONS rl BY ONL F O~ TH ~ POLY NO MIA LS 
), N ONE OF_1 Hc .Tl-!UE pACTO l~ S~I F U IS . E flUt~L TO ON ;: T H,:., tJ LNQ ,_:: Ls •: 
I F H I S G K t:. A T c. t< T H A 1~ 0 K. r:. Q U A L T 0 ( I R - 1 ) , 0 R. t1 I S L> k ;:. t:. T c. k T H A i ~ 
U1/2 7 PL ACE U ON Vi CTOR FAG ANO END. 

II ------------------------------------------------------------------------------

11 - -----------------------------------------------------------------------------

L3" 

L4" 

:...?" 
Lfj /\ 

IF ( JJ • t::r~. G) Rt: TUF, h ( F AC > 
IFCJJ.G i.4 >GO TO L~ 
FAC<.JK+i)=U 
F, i: TU RN ( F AC > 
~1= 1 
I tr.. =,JJ 
Ui= UC: GCU,X(l)) 
US=COiF PO< t:: XPAtlD!U) ,X( l) , D::::G CU,X<U >>"' U 
t·l = ~1+ 1 
IF {U . E l). 1 > RE T U t< N ( FA C) 
IF ( < 11. G c • <l R- i > > • 0 F~ • < 2"' i"l. G T. U 1 > ) G 0 T 0 L 3 
IH=F AC TCI R>ICF ACT ( M)+F AC T< IR- M>> 

II -----------------------------------------------------------------------------­

v ------------------------------------------------------------------------------v 
v 
II 

II 
II 

II 
II 

v 
v 
II 

II 

II 

II 

St:L t: CT C Ot-lB ir~ /~TIOH OF POLY NO t"ii.to~ L :.:>.S.::T IH U lUAL TO fH _. CO f1JINATIOI\ 
OF M OUT UF IR E L ~ M~NTS. 
CALL PRO CED URE LLIST TO OBTAIN A NEW CO MB I NAT I ON OF POL YNOM I ALS 
c I S E U U P. L T 0 i H 0::: f'l U L T I P L I C A T I 0 ~~ 0 F T H .:: C li 0 S t~ N H ::. L. t: t·l t . N T S \tl H C: R ::-
TH l DEGReE OF ~ IS LES S THA i ·~ Ul, ALSO OlH AIN t:c FF. 0 11 Pf<OC f:O UF. t:. 
LL IST , ~Hi Ef.:. E Et:_ IS TH:: l'J ULTI PLIC ATION OF TtiE ~, :: l·i/-1.hJi iJ G <I F' -I·i> 
LEAD I NG COC: FFIC i t..N TS ~ IF C. I S EJ~UA L TO ZC:R.O,PLAC t U ON FAC TH t. l·J Et\Q 
ELSE Si.T Y= E~E C 0100 <P O. fS~'"'rl > > , CI'=CONT f.: NT UF Y, YP=Y/ CP 
AND R t QUAL TO TH E QUOTI EN OF U S /YP ~ 
IF R I S r.OT C:t1UAL TO ZS:R O Rt::: TU RN TO STEP L7 ELSE I I~S :. R T YP I NTO 
F A~ U=U/Y P ,Ui= OEGR E ~ OF U AND I R=IR-M ' 
IF Ik IS EQ UAL TO Z ~RO R ~ TURN TO ST~ P L 5 , E LS ~ SET U=U TI M~S TH~ 
LEA DI NG COL FFICI ENT OF TH E LAST POLYNOMIAL I N V ~C TO R FAG. 

w -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------L7" LL I S T <U1,L,N, M 7 I ~ , RR , NI , ~ , ~~ ) 

IH=IH-1 
IF( C.: , :E Q.l;)GO TO L3 
Y= E+ EE 
IFCH. EQ .1>GO TO LM2 
'r= ~1DSKPK<Y 1 H,N} 

LM2A Y=NRC.:OPOC E: XPANO<Y> ,PQ) 
CP=PCONT<Y,N) 
YP=Y/CP 
AQUOCUS,YP,XC1>; R> 
IFCR,N E, O)GO TO l7 



119 
12 0 
121 
122 
123 
12Lr 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
14 0 
141 
142 
143 

F AC <J IO=YP 
U=U/YP 
U1= 0C: \3 "<U,X (1) l 
I R=I R-M 

IF<I ~.~G . U lGO TO LS 
U = C 0 iF P 0 <EX P At W ( FA C < J K l ) , X ( 1) , 0 E G (FA C LJ K l , X ( U ) l + U 
IF<rl.~Q,ilGO TO LM3 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------
¥ 

v 
v 
v 
v 

S ~ T U=i ( MOO <P Q s••rll l 
DELET E ALL TH E POLY NOMI AL~ THAT Ak~ US ED TO CONST kUCT E FROM 
V ~CTO R L US ING P ROC EOUR~ AZ ER O ALSO O E L ~ T ~ ANY POL YNOMIAL 
WITH OEGR£l GR~ ATf k THAN Ul/ 2 FkO M V ~C TO R L.AN O R: TU RN 
TO STEP L &~ 

v -----------------------------------------------------------------------------­
v ------------------------------------------------------------------------------

LM 3A 
U= t10SRPK<U,H Nl 
u = 1-1 R c: o Po < E x P A 1~ o <U > , Pen 
DO I=1 7 RR 
IF<2+0 C: G<L<Il ,XUl >~GT, Ul.ll<I>=C 
OOE.NO 
l=AZERO<L,M,N,Nil 
L=XORO ER <L,RR,N, Nll 
GO TO L6 
ENO 

I til 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
1-3 
1~ 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

1 
2 
3 
4 
s 
6 
7 
s 
9 

10 
11 
12 
1.3 
1'+ 
15 
16 
17 
18 
19 
20 
21 
22 
23 
2'+ 
25 

ALTRAN VERSION 1 LEVEL 9 

PROCEDURE AZERO<L,M,N,RR) 
y ----------~-------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
v 
v 
v 
y 

v 
v 
\1 

INPUT · ·~ L 
RR 
N 
H 
c 

OUTPUT L 

ARRAY CONTAINS MUTIVARIATE POLYNOMIALS 
ARRAY SIZE 
NUMBER OF VARIABLES 
NUMOER OF POLYNOMIALS IN ARRAY l 
ARRAY CONTAINING INTEGERS USED AS POINTERS TO POLYNOMIALS 
STORED IN ARRAY L 
ARRAY CONTAINING MULTIVARIATE POLYNOMIALS AFTER SETTING 
TO ZERO THOSE LOCATION POINTED TO BY VECTOR c. 

\1 ------------------------------------------------------------------------------

v ------------------------------------------------------------------------------ALGEi3RAIC CX(N))L 
EXTERNAL INTEGER ARRAY(lAM)C 
ARRAY(1ARRlL 
INTEGER M,N,J,I 1 R~ 
VALUE L, H, N 

DO I=l,M 
J= C <I> 
L(J)=Q 
DO END 
RETURN ( L) 

END 

PROCEDURE XORDER CL,RR,N,N!) 
v ---~-------------------------------------------------------------------------­
v --------------~--------------~~------ ·----------~-~-----------~---------~------\1 INPUT L ARRAY CONTAINING MULTIVARIATE POLYNOMIALS 
v RR NUMBER OF POLYNOMIALS IN ARRAY L 
v ~ NUMBER OF VARIABLES 
v NI ARRAY SIZE 
v OUlPUT LL AR~AY CONTAINING NONZERO MULTIVARIATE POLYNOMIALS 
v VECTOR L 

v ~-·--~~~-------------------------------~~--------------~----~-------~-------~­
\1 ------------------------------------------------------------------------------ALGEG~AIC(X(N))L,LL 

INTEGER r1N,J,RR,NI 
ARRAY(1AN }L 
ARKAY(lAk\I>LL 
J=O . 
LL.::O 
DO !.::1 Rl\ 
IFCLCif.£Q,O)GO TO L1 
J=J+1 . 
LL(Jl=LCI) . 

Ll" CONTINUE 
OOE.NO 
F: ETURt~ CLL) END . 

168 



1 
2 
3 
4 
5 
6 
7 
8 
s 

1 0 
11 
12 
13 
!Lt 
15 
16 
17 
16 
19 
2C 
21 
~? 
~~ 

23 
24 
25 
26 
27 
28 
2S 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

ALT ~AN V~RSIO~ 1 L E V ~ L 9 

PROC ~DUR ~ XPOINT (M1,N1,M) 
y --------------------------------------------------------------~--------------­
¥ --------~-----------------------------------------------------~---------------y 

y 

y 

y 
y 

y 

INPUT Hi · .• N1 
11 
c 

OUTPUT C 

NU MBER OF POINTERS USED FOR TEST 
NUMB ~ R OF FACTORS 
NU MBi R OF POINTERS IN ARRAY G 
iX TERNAL ARRAY USED AS POINTERS 
NEW COMBINATION OF M FACTORS USING VECTOR C TO POINT TO 
THEIR LOCATIONS. 

y -----------------------------------------------------------------------------­
v ---------------------------------------~----------·-~--------------~--------~-INTt:G ER 1\1 ,N 1-1 1 I 

EXTC:RNAL IllTtGtJ . ARRAY (iAM)C 
V A L U ~ ~~ 1 , ~J1 , 1'1 

v -------------------------------- ------- ---------------------------------------
v ------------------------------------------------------------------------------v FO R I=1 TO M DO 
v IF C(l)IS NOT EQUAL TO (Ni-M+I) THAT IS NOT EQUAL TO THE MAXIMUM 
v POSSIBLE VALUE,GO TO STEP Li,ELS~ CONTINUE LOOPING. 
y ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------00 1 = 1' 11 

IF<C<IJ.NE,CN1-H+I»GO TO L1 
oo:::r.w 
RE TURI'-J 

y ------------------------------------------------------------------------------
v ------------------------------~------------~----------------------------------y 
y 

v 

IF C( M1)IS NOT EQUAL TO <N1-M+M1) SET CCM1l=CCM1)+1 AND ENDfELSE 
CALL ~iCURSIVELY PROCEDURE XPOINT WITH ARGUMENTS M1-1 N1,M 0 
CHANGE THE VALUE OF POINTER CCM1-1) ,SET GCM1l=CCH1-1f+1eTHEN END 

v -------~-----------------------~------------------------------------~---------
v --------------------------------------------------------------------~---------L 1 " I F ( C ( ~H ) • t: r) , ( N 1- 11+ f11 ) ) G 0 T 0 L 2 

C < ,·!1) =C (t-:1) +1 
RETUKN . 

L2A XPOINTCM1-l,N1iM) 
C ( IU ) = C (l~; 1 -1) + 
RETURN 
END 

I UJ 

· v 



1 
2 
3 
4 
:;; 
6 
7 
8 
g 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
2Lr 
25 

1 
2 
3 
4 
5 
6 
7 
8 
9 

1 L! 
11 
12 
13 

ALT~A N VERSIOh 1 LEV£L g 

PROCEOU~E MULT<M,A,N1,N} 
v -----------------------------------------~------------~--------~--------------
v ------------------------------------------------------------------------------v 
v 
v 
v 
v 
v 
v 
v 

INPUT M 
A 
N1 
N 
c 

OU1PUT B 

NU MOCR OF POLYNOMIALS 
AR~AY CONTAINING MULTIVARIATE POLYNOMIALS 
AkRAY SIZE 
NUMB ER OF VARIABLES 
EXTERNAL ARRAY USED AS POINTERS FOR ARRAY A SUCH THAT 

E=B (C(l) > -'~-8(C(2) )+,,,, ,,-+B(C (If) l 
MULTIVARIATE POLYNOMIAL EQUAL TO THE MULTIPLICATION 
OF ALL B<CCJ)) POLYNOMIALS ,WHERE J=1,2,,,,M 

v ------------------------------------------------------------------------------
v -----------------------------------------~------------------------------------INT EGER I rl J N1,N 

EXT ~RNAL fNi E &~R ARRAY(1AM)C 
ALGE8 RAIC (X(N)lA,B 
ARRAY(1AN1>A 
VA L U E 11 , A , N 1 , N 
f3 =1 
00 I=l,M 
J=CCI> 
B=B+A(J) 

· OO c ND 
k ETURNCB> 
END 

PROC~OURE FACTCN1> 

v -----------------------------------------------------------------------------­
v --------------~------------~---------- -----------------------------~--~------v IN?UT N1 PO S ITIVE IhT EGER 
v UUTPUT FACTORIAL N1 SUC~ THAT FACT=N1 4 CN1•1)•,,,,, ••• •2•1 ,WHERE 
v Nl GREATER THA N ZERO AND EQUAL 1 WHEN N1 IS £QUAL TO ZERO, 
v -----------------------------------------------------------------------------­
v -------------------------------~---------------------·------------------------1 NT E G i R t\ 1 , FA C T 

VALU~ Ni 
IF<N1. t i),Q) RE TUF;N (1) 
RETU~NCNl•fAGT(Nl-1)) 
END 

. ' . 

1/ U 

" 



ALT ~AN VE~SIO~ 1 LEVlL 9 
; 

1 P R OC~OURi LLIST<U1 7 A1 N,M 7 R1 NR,NI,L8 1 LOC> 
2 v -----------------------------------~-- ---------------------------------------
3 v -------------------------------------- ---------------------------------------4 
s 
6 
7 
8 
g 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
2 G 
21 
22 
23 
24 
2!: 
2b 
27 
28 
2<:1 
30 
31 
32 
33 
34 
35 
36 
37 

_JE 
39 
4 0 
41 
42 
43 
44 
45 
46 
Lt7 
48 
49 
5£i 
51 
52 
53 
~4 
55 
56 
57 

v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 

I NPUT U1 
.• N 

A 
NI 
~~ 
R 
t~R 
IH 

OUTPUT U3 

LOG 

I NTEGE R 
N UMB ~ R OF VARIABLES 
ARk AY CONTAINING MULTIVARIATE POLYNOMIALS 
ARKAY SIZE 
NUMB ER OF CHOSEN FACTORS 
NUMBER OF POLYNOMIALS IN ARRAY A 
NUMB~R OF TOTAL FACTORS 
EXTERNAL INTEGER USED TO INDICATE ALL POSSIBLE ALTERNATIVE 
COMBINATIONS OF M OUT OF NR FACTORS 
MULTIVARIATE POLYNOMIAL EQUAL TO MULTIPLICATIO~ OF TH E 
M CHOS ~ N POLYNOMIALS SUCH THAT ITS DEGREE IS LESS THAN U1/2 
MULTIPLICATION Of THE LEADING CO~FFICI E NT OF TH~ REMAINING 
CNR-H> POLYNOMIALS IN ARRAY A. 

v -----------------------------------------------------------------------------­
v -----------------------------------~------------------------------------------INTEGER U1,N,M 1 R1 I 1 J,NR,NI 

ALGEdRAICCX(N)JLt1 A,LOC H 
t:XTC:~NAL I rH t: GER frl ' 
EXT~RNAL INTiG~R ARRAY (1AM)C 
ARF~AY ( 1AI'.I) A 
A L T R A I~ FA C T 
ALGEBRAIC ALTRAN r. ULT 
ALTf<.AN XPOINT 
VALU ~ Ul,A,N,M, R 

v -------------------------------~----------------------------------------------
v -------------------------------------- ---------------------------------------
" v 
v 
v 
v 
v 

SET LU=G AND LDC=1 
FOR J=1 TO IH DO , 
IF C= O SET CCL>=L,FOR L=1~2 •• H THEN GO TO L2 ELSE GO TO Li AND 
CALL PROC EDURE XPOINT TO ~O~PUfE THE INDICIES bF THE H POLYNOMIALS 
S~T H EQUAL TO MULTIPLICATION OF THE M POLYNOMIALS. IF DEGREE 

. OF H IS GR EATER THAN Ul/2 CONTINUE LOOPING FOR J. 
v -----------------------------------------------------------------------------­
v ----------------------~----~------~---------------~----------------~-------~--LB=O 

LOC=l 
00 J=l,.IH 
IFCC,N ~ . G >GO TO L1 
00 1=1,~1 
CCI>-=! 
DOcNO 
GO TO L2 

L1A XPOINTCM,R,Ml 
L2A H=HULTCM,A,NilN) · 

IFC2•D EGCH,X( )),LEeU1>GO TO L3 
DO END 
GO TO L5 

l.3A LB=rl 
v ----------------------------------------------------·~-~----~~-----~------~---
v -------------------------------~------ -------------~-~----~----~-·-----------y 

v 
v 
v 

SET L8=H. 
FO~ I-=1 TO R · DO, 
FOt< J-=1 TO M DO 
IF C(J) IS NOT EQUAL TO I CONTINUE LOOPING OVER J,THEN S£T LOC 

"' 



58 
59 
bl 
ol 
62 
63 
64 
65 
66 
67 
68 
6g 
7U 

"' 

v . '•EQUAL TO LDC TIMES ACI> ELSE IF CCJ> IS EQUAL TO I CONTINUE 
v LOUPING OV~R I~ON EXIT ~ROM THE OUTER LOOP RETURN'VALUES LB,LOC 
v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------

L4A 

LSA 

00 I=1,R 
DO J=l H 
IF<I.E6,ccJ>lGO TO L'+ 
OOEND 
LOC=LDC•COEFPOC~XPANDCACI)),X{1),0EG(ACI>,XC1))) 
CONTINUE 
uOENU 
R~TURNCLB LOC) 
END ' 

., 



1 
2 
3 
4 
5 
6 
7 
e 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
4B 
49 
5 0 
51 
52 
53 
54 
55 
56 
57 

ALTKAN VERS ION i LEV EL g 

PROCEDUR E EXZH t PQ ,U A , H , A ,I ~ , N ,M,Y,J) 

v ------------------------------------------------------------------------------
v -------------------------------------- ---------------------------------------\1 

v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 

I NPUT 

OUTPUT 

PQ 
UA 
H 

A 
I R 
N 
l'l 
y 
J 

TH E MODULU S NUMd EF 
M U LTI V A R IAT ~ POLYNOMIAL 
AP P.. AY GOiJTAI NS POLY NOMI ALS SUCH THAT 
U A < X ( 1 } 1 A ( 2 ) , A < 3 ) , • • • ,. t • , A U~ ) ) = H ( 1 ) .._ H ( 2 > "~· ••• • • ,-. H ( I k > 
ARRk A Y LO NTAI NING I NTEGER S USED FO R SUBS TIT UT I ON 
NUM8 E R OF POLYNOMIALS IN A ~ RA Y H 
NUMB ~ R OF VA RIA BLES 
DEGRC: E OF UA v-HTH RESP ECT TO X (1) 
AF.rz A Y COI'HAINS 1-IULTIVA RI AT E POLYt\OrHALS 
I NTEG ER SUCH THA T 
UA=Y(1) -'~' Y( 2 )+• •••"' Y<l R ) <HOD <S -~ O:< J, P Q ) ) 

Y.~ H ;::_ R r: S;:: (X ( 2 ) -A ( 2 ) , X ( 3 ) - A ( J ) , • • • • • •• , X ( t~ ) -A ( N) ) 
v -------------------------------------- --------------------------------------­
\1 ------------------------------------------------------------------------------HH r:: G E t~ 1\ 2. I R , P Q ·' A , J , I , I ;;( 1 , I 1 , 11 , ,Jl , J 2 , J 3 , I l , J J , l , I Z 

E XT Ei<N AL iiH t: GEk LK 
ALGE BRA IC<XCNl>U A ,U, H ,Y, G ,F,F 2 ,G 2 ,V, 2 1, R 2 , W1 , A LP HA , 8 ~ T A , C 
ARRA Y(1AM+1JALPH A 
Af.-, RA Y ( 1A l1 +1) (1i::T A 
AR F( AY(1AN)A 
A R F:. .4 y ( i A l1 ) H 
ARR AY ( 1AI·O Y 
A LG C B~ti C ALT RAN PEGCOX 
INT E G ~ R ALT kA N I RECS 
ALG EBR AIC A LTRA ~ MOSR PK 
ALG EBRAIC ALT RAN MR~ D P O 
ALG EBR AIC ALT RAN PSE QT 
VALU E PQ,U A ,H,A, I ~ ,N 
WR IT E PO,U A,H,A,I R,N 

v ----------~------------------------------------------------------------------­
\1 ------------------------------------------------------------------------------v S€T Y= O,L K= O AND CALL PROC E O U ~~ MO SR PK TO COMPU TE 0 EGF~E 
v Qf UA I I;! ( X ( 2 )7 X ( 3 )_, •• e (,X <Nl_l. _ .-- -- r 

~ ET IZ eQUA L TO ON r-. 1-'LU._, TH e O::.Gr< ::.c. OF UA IN <XU>, • • , X <t~ J) v 

v -------------------------------------- ---------------------------------------
\1 

Y= J 
LK-= t:1 
F= MOSRPK <UA, G, N) 
IZ=LK+1 
LK=-1 
I Ri=IR-1 

v ----------------------------------------·-------------------------------------
v ------------------------------------------------------------------------------
\/ 

v 
v 
v 
v 
v 
v 
v 
v 
v 

FO r< L=1 TO ( I ::;::. -1) DO 
SE T F=H<U ,G=H(L+i) +., , .. -~"H(J R ) 
U= U A (X ( 1) , X ( 2)- A ( 2) , * • ~ , • • , X ( N) - A ( N) ) 
R i=F~G-U <MOD PO) 

( 110 0 PQ> 
<MOJ PQ ) , 

iU =F-'~'G-U (M OD PQ) , . J 3 = DEG ~EE OF F + DE GR!:::E OF G 
FO R I=1 TO J 3 DO 
CALL PROC ED URE PEGCOX TO COMPUT E ALPHA<I>,BETA<I> 3UGH THAT 
F'~'ALPH A (l) +G+ s ~:: TA<I>=JJ+X(l)+-¥-J f \·nJC:R::: JJ IS AN HH l GER . 
~10 LJ IFY ALPrlA<I) 8t: TA<I> S UCH THA 
ALPHA<Il=ALPHA<f>• R~CIPROCA L(JJ) U1 0 0 PQ) 



58 
~g 

6 C 
61 
62 
o3 
6 4 
65 
66 
67 
68 
69 
70 
71 
72 
7 3 
74 
7 5 
76 
77 
78 
79 
8C 
61 
62 
83 
84 
85 
86 
8 7 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
96 
99 

1 00 
1 0 1 
10 2 
1l!3 
1 0 4 
105 
1 06 
1 0 7 
1 08 
i09 
110 
111 
112 . 
113 
114 
115 
116 
117 

" v 
BE TA <I> = Bt: TAL::> "~- f'.::: CIP F:OC AL<JJ) 
C 0 r IT I N U E L 0 0 PHI G 0 V C: k I • 

(i·10 0 p :)) 

v -----------------------------------------------------------------------------­
¥ ------------------------------------------------------------------------------00 l=1 ,I F< 1 

F= H ( U 
Ii=L+l 
G= 1 
DO .J=Il,I K 

G=G'9- H ( .J) 
u OC:iW 
G= r1i--,O::OP O< ::XPANO ( Gl ,P CJ.) 
U= lJA 
00 I= 2 , N 
U=UCX<Il= X<I> +A<I l) 
OOEtW 
U=1'1 h:. C::OP O( c~ XPA NO <Ul , P Q) 
R1=t-1Rt: OPO C;:: XPAND (F "' G-U) , PQ) 
Jl=DEG £F , X ( i ) > +i 
J2= DEG CG, X (1)) +1 
J 3= Jl+J2- 2 
ALP!iii = G 
Ot: TA= u 
DO I=1,J 3 
P::: G C 0 X ( F , G , J 1 , J 2 , J ,J , I , A L PH I~ ( l ) , 8 E T ~\ ( I ) , 1n 
IL=Ih~.EC S(JJ PU) 
AL PH A ( I >= r'l i<. tDPOL XPAi.JLH i\LP I1A (I) 4 IU , P!"l l 
BE T A ( I l = Hf:::C. 0 P 0 ( EX P;... N 0 ( L.i ::: T l~ < I l +I L> , P q > 
WR IT E 1\LPHA <I) , G ~~ TJ.'dl> , G, F 
DO eND 

v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------¥ 

v 
v 
v 
v 
v 
v 
v 

" v 
v 

St:T J=2 
CALL PROCiO UR£ MDS RPK TO CO MP UT ~ Wl SUCH THAT 
Wl= ~ i ( MOD s••J > 
S :~ T F 2 = F G 2 = G A l·JD J 1 = 0 ;::: G R;: .::: 0 F H 1 !>J I T H R t~ S P C. C T T 0 X ( 1l 
IF J1 I S ' E QUAL· TO J3 CALL P ~O C~D U RE PS ~ Q 1 TO COMPUT E ALP HA(J 3 +1 ), 
BC: TA <J 3+1 ). 
FOR K=G TO Jl DO 
F2=F 2 - B~ TA<K>~C W i(Kl 
G2=G2 - ALPHA <K>•CW1 ( Kl 

1-1 HER i... IH = 3 UM ( C \H <I I) "- X ( i ) "'.:;. I i 
CO NTI NUE. LOO PI I~ G OV O.: P K. 

( HOD PQ) 
( MOO p rl) 

) ,II= G,1 •• ,. ,J i 

v --------------------------------------- - --------------------------------------
v -------------------- -- ------------------------- ~ ------------------------------
L1A 

L3A 

J= 2 
Wi= H OSRPK < k l,J, ~ ) 
F 2 =F 
G2=G 
J1= Dt: Goa,xc1>> 
WRI Tt Wi 
IF<J1,LT .J3 >GO TO L3 
P S t: CH C P Q , G 1 F 1 DE T A ( 1 ) , A L P H A ( i } , X C 1 ) "H· t·l 1 !3 :: T A ( J .3 + :1.) t A l PH A ( J ~ + 1 ) , N ) 
ALPHA ( J3 +1 J =A NUt'\ ( ALP HA ( J 3 +1) ) +I R t: C S ( A l) :r~ ( ALP riA ( J .5+ 1 ) ) , P n ) 
8 E T A ( J 3 + 1 ) = A N U ~~ ( d [ T A ( J 3 + 1 ) ) + I R. E C S ( A 0 Lt j ( : j .;: T !H J 3 + 1 ) ) , P r)) 
DO I= u ,_J1 
Rl=CO Et-PCCcXPANDOii), XC 1> ,I> 
R2= t,1r< ::O PO( E XP ANO CRi+ f.lC: TA <I+1) l, PQ) 
F2=F 2 - R2 
8? = t l ~::: Q e 0 ( t.: X PAN D < iU "" A L P rl A ( I + 1 ) ) , P Q ) 



i~ 6 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
13 7 

138 
139 
14 0 
1~1 
1 4 2 
143 
144 
145 
146 
147 
148 
149 
15G 

WR IT ~ F2 G2 
DO ENO ' 
F2 =MR£D POC EXPANG CF 2),P1 ) 
G2=H R~D PO( ~ XP ANO <G 2 >, PU > 

v ---------------------------------------------------------------------- - -------
v ---------------------------------------------------------------- - -------------v St: T Rl =F2'f-G2 -U 0 ·10C P Q) 
v I F R 1 I S c : ~ U f~ l T 0 Z E f< 0 0 F J I S G h:::: AT C: K T H A t l I Z G 0 T 0 L 2 , c L S ;::: 
II SET J =J + 1 , F=F 2, G=G2 AiW ;[ TU RN TO ST C: P l 1 • 
v SET U=G2 ,YCL> = F2 AN6 C O NT I~U ~ LOOPING FOR L 
11 SE T Y<I R>= G2 T t-E~~ c:rw. 
II -------------------------------- - ---------------------------------------------

v ------------------------------------------------------------------------------R1=F 2"" G2-U 
Rl= t·IREDP C< C: XPAND ( F. i), Pr1 ) 
IF< R1. cQ.U lGO TO L2 
IF LJ. G::: • I l ) G 0 T 0 L 2 
J=J+l 
F=F 2 
G=G2 
GO TO Li 

L2 " Y<U=F 2 
U=G2 
DO END 
YCI R >= G2 

00 I =i , IR 
DO J 2 = 2 N 
Y ( I ) = Y ( f ) < X ( .J 2 ) = X ( .J 2 ) - A < J 2 ) ) 
OO ENO 
OOOJO 
RE TU KN CY, J ) 

uw 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
1(;. 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
2.7 
2b 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
4G 
41 
42 
43 
44 
4~ 
46 
It 7 
48 
49 
50 
51 
52 
53 
54 
55 
Sf:. 
57 

kLTRAN ViRSIO~ 1 LE~fl 9 

P~OCEOURE HOSRPKCF,K,N> 
v ------------------------------------------------------------------------------
v --------------------------------~--~----------------------------~-------------II 
v 
v 
v 
II 

v 

INPUT 
' .. 

OUTPUT 

F 
K 
N 
H1 

LK 

MULTIVARIATE POLYNOMIAL 
n ;TEGER 
tWM8 C: R OF VARIABLES 
HULTIVARIATE POLYNOMIAL SUCH THAT 

H1=F <MOO s•~K) 
INTEGER USED TO COMPUTE DEGR~E OFF IN(X(2),X(3) 1 ,., •• ,XCN)) 

y ------------------------------------------------------------------------------
y ------------------------------------------------------------------------------ALGEBRAIC (XCN))F,F1,FX~H,H1 

INTEGER lfJfMlUSUM,O,K,N 
~XTCRNAL N E G~R LK 
ilRRAY(2AN)0 
ALGEBRAIC ALTRAN EXPOWR 
VALUE F,K,N 

v -----------------------------------------------------------------------------­
v -----------------------------------------------------------------------~------II 
v 

" v 
v 
v 

SET F1 tQUAL TO THE COEFFICIENT OF X(i)++J • 
CO~IPUTE THE POHfRS OF THE VARIABLES IN THE FIRST TERM 
OF Fl AFTER PLACING IT IN A CANONICAL FORM USING PROCEDURE 
EXPOWR AND SET OSUH EQUAL TO THIS SUMMATION.FROM EXPOWR WE OBTAI~ 
THE INTEGER CO~FFICIENT FX,SET FX=FX•X<I)++Q(I) ,WHERE 0(1) IS 
THE £XPONENT OF XCI), 

" -----------------------------------------------------------------------------­
v ---------------------------------------------------------------------------~--

LiA 

H1=0 
H=DEGCF,X{i)) 
oo J=N,u,-l 
H=U 
Fi=COEFPCCEXPANO<Fl ,X<1) ,J) 
EXPOHR<F1,N,O,FX) 
GSU1·1= D. 
IFCFX.~Q.O)GO TO L2 
DO I=2 t~ 
OS Ut1=0 SUM+ D (I) 
F X::: F X+ X (I)+-\' 0 <I) 

y ------------------------------------------------------------------------------
y ------------------------------------------------------------------------------y 

v 
IF LK IS GREATER THAN ZERO TEST IF OSUM IS GREATER THAN LK.IF TRUE 
SET LK=OSUM. 

v ---~---------------------~-------·--~-~------------------------~~~----------~­
y ------------------------------------------------------------------------------IFCLK,LT.G)GO TO L12 

IF ( U~. L T • DSUI·I) LK=O SU!1 
L12" CONTINUE 

oor::,·w 
v ·-----------------------------~------------------·--------------~·-~~---------
v -------------------------------------- ----------------------~----------------v - - - -· -- - -· · --

s~r fl=fl•fX,lf U~UM 1~ LESS THAN K SET H=H+FX, 
IF Fi IS NOT EQUAL TO ZERO RETURN TO STEP li,ELSE y 

y 
y 

SET Hi=HitH~X(i)~•J.IF J=O THEN cND,~LSE J=J-1 AND RETURN TO 
COMPUTE Fi. 

v - ----------·-- ... ----- .. ----- --------·- ............ .., ______ .. _ --------..------ ,.., ................... . 

v --~------------------------~-------~-----------------------------~----------~-LZ" fl=f1-FX 

I I V 

" 



Xd 
I.L....J 

+ :x:c 
Ill--, 
:X: 't 
.-.0:+ 
~(.!) .... 

·-..-4 
!-.. .,...., ~ 
....J .. x :x: 

• t.l..l.ot 
:::l:Z"l: 
::t.+ z 
(!)_ .~ nOot 
OlL:::::Z::::> 
--~ III...JI-0 
lLlL ..-iOLLIZ 
HHIO~tt.J 

·.lJ•.J' ...:> ..-iNI"J 
u>..t• ...Ouh!hD 



1 
2 
3 
4 
5 
6 
7 
8 
9 

1G 
11 
12 
13 
14 
15 
16 
17 
18 
19 
2 0 
21 
22 

ALT~AN VERSIO~ 1 L ~ VEL 9 

PROCEpURE ~XPOWR CFF,N,01,FZ) 
v ------------------------------------------------------------------------------
v ------------------------------------------------------------------------------v 
v 
v 
v 

INPUT .. 
OUTPUT 

FF 
N 
01 
FZ 

MULTIVARIATE POLYNOMIAL 
NUHB~R OF VARIABLES 
AkkAY CONTAINING POW~RS OF XCI> 
INTEGEK CO£FFICIENT OF FF 

v ------------------------------------------------------~------------~----------
v ---------------------------------------~--------------------------------------ALG E8 KAIC CX CNl) FF ,FZ 

I N T C:: G E R t, , 0 1 , I N 
At<RAY(2AN)01 
VALU2: FF,N 
01=J 
DO IN=2 N . 
01CIN>=6EG<FF X<IN>> 
FF=CO£FPCU::XPANO<FF), XC IN), OiCIN>) 
IFCFF. EO.O>GO TO L2 
oo uw 
FZ=FF 

L2A RETUKNC01,FZ> 
eND 

It U 

... 



APPENDIX 0 

A Listing of the program INTRPT 

The followi ng procedure are listed: 

1. INTRPT 

2. TRPT 

3. PFDEC 

179 



1 
2 
7 .... ..,, 
::> 
6 
7 
f, 
g 

1 ( 
11 
1 2 
1 3 
1 4 
l S 
l b 
17 
16 
1 ~ 
2(; 
2 1 
2 2 
23 
2 ~ . 
2 ? 
2b 
27 
28 
29 
30 
31 
32 
.:) 3 
34 
3 5 
36 
37 
38 
39 
4 (1 
1+1 
:; 2 
43 
4"' 
45 
4 6 
~7 
48 
4 9 
50 
S1 
52 
5·3 
~Lt 
ss 
~6 
"i7 

t-~ L T k. A r~ v.: ;:;., s J 1) r, :.;_ ._ l. h L 9 

P i\ OC:::uur.;.: l i . HYT ( H, t·t ,T P ,F J ) 
v -------------~- -----------------------------------------------------~--------­
v - ----- ---- -- - ---------------------------- --------- - ----------- - ----~----------v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 
v 

I UI-' UT 

OU !PUT 

TP 
Fd 
CO c.F 1 
XL uG 
co :.: F 2 
XA RTN 
xs 

L 

H k TR .41'l::. C .~NO:.Ji T A L FU NC T IUf\ 
/:,i, F.: AY CO t n ,:, rt ~S I . <•-<LO UCl Y L ~~ POLY:.Wt-IIALS 
1l.td~ . A Y CONT Aif'lS CO F F F ICI ~~~ ~ T OF Trl :-~ LO ,_;k f; Ifr1HI ..:. FU NC TI GN 
Ai-<.~ . A Y CO t..T AI NS TH L AR.GU i'ld H OF LO GA '( l f H:HL FU ;iCTI O i ~ 
J.Ud··, AY CONTAi r~S COEF FIC li:: IH OF TH_ liN RSC: AF. CTAN FU NCTI ON 
/~RF<.A Y COHT AI NS THt:: AK.GUI·kN T OF TH r.:. HJV R.SE AKGTAN FU hCT IUI\1 
AK. F~ J.l. Y COl.iJA I NS TH l V14LU E:S TH IH T H t~ COC: FFIC H.iH AND H !.:: 
~~ K ~~ U I k N T 0 F TlL It~ V i K 3 C. A ~~ '-' T A 1'\ i1 u S T d c. 0 I II I tJ .: 0 B Y 
IT S :.) UUA i<: ROOT. 
.4i-<. RA Y COII TAII'J:) H<I~NSCU JCJ t.:~ T A L F UNC TIO N 'tiHIGri IS NO.T 
A b L ::: T 0 b c It H :::: G ~' A T t. D 0 V C: R T H::. k .ll. T I 0 i'l A L F I 0::: i... 0 S U L H T H A T 
H~ T E. G RA U S < X ) l= S UH(COE F l(Il-~'LOG ( XLOG(I)) )+ 

SUt'l ( CO C. F 2 (J) "' ARCTAN ( XA RTN <Jl/ SO URc ( XS CJ)))/ SQ Ukc CXS (Jl) 
+ S U ~I ( I NT E: G K A L ( L ( K ) > ) , W H d\ :: S 1) U ~ ~ I S T H E 
~Q U A ~~ ~O OT FUNC TI ON. 

v -----------------------------------------------------------------------------­
v ------------------------------ - -----------------------------------------------HH .:: G ::>~ N , i l , l . J 

ALGi: d f< A I C ( I. { r·l ) A 1L 1J ) T P , F d , S , .4 , l , C 0 ::: F 1 , XL 0 G, X fJ. ;, TN, X S , C 0 C: F 2 , L , H 
1-1 'r'. Rt' Y < 1 A tn x s 
A R >\ .'\ y ( J. A t~ ) XL 0 t_; 
AK.r<.i~ Y( l A f'.. ) XAr~T N 
t\ 22./l. Y( l A N) ~~ iL F1 
it!<f;;_H Y ( J.A (<} l.O ~ F 2 
AR RA Y( J. AN) A 
AR. Rt.. Y ( 1 A td FU 
AR.RA Y( 1 AI\ ) L 
.c. L G ::: 2 .• ...:. .A I c H L T j,: A r 4 c o ~~ r 
A LG ~8R A I C ALTKA~ T RP T 

A LG E ~ ~A I C A~~A Y ~ L T RAN PFD ~ C 

v ------- --- ------- - ---------- ----- --- - --- - ------~--- - ---------------- - ---------
v - - ---- ---- ----------- --- ---- --- --------------------------- - ------ --- --- ------ -v 
v 
v 
v 

S t T S T 0 T H c. i ~ U i·l f. R A T 0 F< 0 F T P l·li W H T 0 T H:: C 0 NT d H 0 F TIE 
TP O..::NO I'III~AT OR , 

GA LL P R OCED U R~ PF DLC TO OU TAl N T H ~ PA RTI AL F ~ACTIO~ 
T .:: t\ 11 S U C H T H A T T P == S U M ( A (l > I I. : H I )) 

v ------------------------------------- ~ ----------------------------------------v 
.J= i] 
S = AfW 1·1 ( T P) 
H = C 0 rH ( AG E. r I ( T P l 1 tl ) 
A= P F LJ t: C ( A 0 C: N ( T P J I H , F ll , l'l , S , t-1) 

v ---------------- -- ----------- - ------------------------------ - ------- - --------­
v -------- --- ---- ------- ------- -·- -------- - -------------------------------------II 

v 
v 
v 
v 
v 
v 
v 

FO R I=1 TON DO 
Sc.. T Z::: A (l ) I X tj C I l 

CALL P ROC i: GURl TRPT TU COt1PUT :: COC. F1<I>,CO t. F2(lJ, XLOG ( l ) 
XA R. TN <I >,X S <I >. 
IF CO EF1 1 COi F2f .:Q UAL TO C:R O , iW II~T O:: G K. ATICIJ C,.J, N B e. OONt: 
viiT HOUl r.. XT E14S ON FO k TH RA TION i\ L FI [ LO 1 AOu ··Z / H TO L, 

l LSc:. IJ IVI OE CO :: Fi<l) , CO Fe( I> BY H ANu P rdNT f\ i: SuLT S 
AtHi C O i HII~U E:. LOOPING. 

v ------------------------------------------------------------------------------
~ ----------------------------------------------------------------------------- -
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56 sg 
6 0 
bl 
62. 
b.": 
64 
bS 
66 
b7 
f::.t 
69 
7 0 
71 
72 
7 .3 
i"4 
7 5 
7 6 
77 
7 8 
7 9 
6 G 
81 
82 
63 
84 
65 

LlA 

L2A 

P A G.:: ( ) ~ 
~~ F. ITt: T P 
OJ I=1, N 
I F ( i\ ( I ) I t. ,-) • L ) G 0 T 0 L 2 
Z=A(Il/F 5 (1) 
T R P T ( Z , r·1 , L UrJ 1 (l l , XL 0 G ( I ) , C 0 E F 2 ( I ) , ·x AR T N ( l) , X S (l ) ) 
COcF l{lJ= CU~ Fl<IJ/H 
CO ~ F 2 < I >= COt F 2 (!)/H 
IF ( ( c u:. F 2 ( 1) • E: () I L ) • A ;W. ( c 0 t: F 1 ( I ) • .E ·::t. u )) G 0 T 0 L 1 
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