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ABSTRACT 

The resilient modulus and Poisson's ratio of granular materials used in flexible pavement 

structures is highly nonlinear, stress/strain path and direction-dependent. Resilient 

properties are very important for realistic flexible pavement design. By far, several 

important aspects, such as the effect of stress path, major principal stress rotation, initial 

stress state and inherent fabric, on the cross-anisotropic resilient properties are not fully 

understood. The main objective of this thesis was to study the cross-anisotropic resilient 

properties of granular materials along various stress paths from both initial isotropic and 

initial anisotropic stress states. Extensive resilient modulus stress path tests were 

performed for this purpose. 

In this research, the resilient behaviour of the test material for initial isotropic stress 

states along various stress paths was investigated first, with particular interest in the 

stress/strain path dependency. New resilient modulus equations were then developed, by 

taking into account the effect of confining pressure and resilient strains. These equations 

can be used to estimate the cross-anisotropic resilient modulus corresponding to initial 

isotropic stress states. Selection of Poisson's ratio was also investigated. 

The effect of initial stress state on the resilient responses was studied through a 

series of stress path tests with constant confining pressure and constant vertical stress, 

respectively. Based on the experimental findings, revised equations for resilient modulus 

and Poisson's ratio were proposed to account for the effect of ratio of initial horizontal 

stress to vertical stress (Kini). The proposed eq~ations can predict the cross-anisotropic 
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resilient properties for various stress paths corresponding to initial isotropic/anisotropic 

stress conditions. 

In order to provide a more comprehensive insight into the complex resilient 

properties of granular materials along different stress/strain paths for various initial stress 

states, a micromechanics approach was introduced to back-calculate the degree of fabric 

anisotropy. The variations of fabric with stress path, initial stress state and final stress 

state (i.e., state which corresponds to the peak stress during cyclic loading) were 

investigated. To provide a reliable prediction of initial/inherent fabric anisotropy and 

fabric evolution in constitutive s with embedded microstructure, an evolution law of 

fabric anisotropy was developed. 
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Ph.D Thesis - Y. Liu McMaster University - Civil Engineering 

1 INTRODUCTION 

1.1 BACKGROUND AND MOTIVATIONS 

For flexible pavements, the unbound granular base/subbase serves to provide adequate 

support to the upper asphalt concrete (AC) layer and distribute the load from surface 

traffic, as well as to keep the subgrade from excessive deformation. A well compacted, 

high quality granular base can reduce the thickness of the upper AC layer, and extend the 

service life of the pavement, which in tum reduces the cost of construction and 

maintenance. In areas where rigid pavements are generally not used, a thin AC layer over 

a well compacted, high quality granular base layer is the most economical and effective 

type of pavement. Since the shear stresses in granular base/subbase layers are usually far 

less than the shear strength of the materials, the overall structural performance of 

pavement greatly depends on the mechanical properties of granular base/subbase layers, 

particularly on their resilient modulus and ability to resist permanent deformation. 

The tools available for pavement design have significantly advanced over several 

decades. Specifically, computerized numerical modelling techniques are now available 

for complex analysis and design. However, sophisticated and reliable analysis and design 

rely heavily on accurate characterization of the pavement materials for design inputs. As a 

result, a proper understanding of the mechanical properties of granular base/subbase 

materials, particularly the deformation prior to failure and the resilient responses, is a 
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prerequisite for a proper, rational design of flexible pavement structures. 

The characterization of granular base/subbase materials for pavement design is not 

a trivial task, for the following reasons: 

(1) The resilient response of granular materials is highly nonlinear and generally 

depends on both stress state and stress path. Under the application of a single rolling 

wheel load, appropriately designed and constructed pavements respond mainly in a 

resilient manner, with the plastic/irrecoverable strains being negligible compared to the 

resilient strains for each stress repetition. However, the accumulated irrecoverable 

deformation may not be neglected given a large number of repeated load applications, 

even though the shear stress level is far below the shear strength of the material. Owing to 

the initial compaction during construction, the base/subbase experiences plastic 

deformation, hopefully "shaking down" to an elastic response. The granular layers are 

designed to have resilient responses under subsequent traffic loading, provided the load 

does not exceed the shakedown limit of the material. If the stress level induced by traffic 

load is increased above the shakedown limit then additional plastic deformation continues 

to occur. 

(2) Subgrade soils and the granular materials in a pavement structure are subjected 

to large numbers of load repetitions at stress levels well below their shear strength 

(Brown, 1996), and stress histories induced in a pavement due to a rolling wheel load are 

quite complex. Figure 1.1 illustrates the stress pattern due to a moving wheel load, which 

is transient and repetitive. For an element in the system, the stress pulses consist of 

vertical, horizontal, and shear components, which result in the rotation of the principal 
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stresses. The stress path applied in the laboratory, however, is usually limited by the 

equipment and cannot reproduce the in-situ stress paths existing in the pavement, which 

in turn can lead to unrealistic estimates of resilient modulus for pavement design. 

(3) The particle sizes of soils used for pavement construction vary over a wide 

range. These materials usually have more uncertainty and variability compared with 

''textbook" soils. Large size samples (representative volume element) are required in the 

laboratory to obtain representative behaviours of the materials. Therefore, it is difficult to 

define a simple rule for the resilient behaviour of the granular material specimen, since 

the global and local deformation of the specimen may be different under cyclic loading. 

Wheel load Wheel load Wheel load 

~ ~ 
Pavement Pavement Pavement 

0"1 = O"v 0"1 4- .,~ .. 0"3~ 
0"3 

0"3 

0"1 
0"1 

Stress 

0" h Horizontal stress 

T Shear stress 

Fig. 1.1 Stress changes due to rolling wheel load (Lekarp, 2000) 

A granular material can be considered as a collection of discrete particles with 

different types of interaction among particles, including interparticle friction and 

interlocking. On one hand, the particulate nature of the material leads to its nonlinear 
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behaviour. On the other hand, its non-spherical particle shape and the fabric anisotropy as 

a result of disposition history and past loading, cause directional variation of shear 

resistance (strength) and stiffness; i.e., anisotropy in strength and stiffness. Anisotropy of 

soil can be inherent anisotropy or stress-induced anisotropy (Casagrande and Carillo 

1994). Normally, inherent anisotropy is produced through sedimentation of naturally 

deposited soils, or artificially prepared/compacted materials. Stress-induced anisotropy is 

induced by subsequent loading, which causes particle rearrangement through movement 

and rotation towards some preferential directions. Alternatively, one may use the terms 

initial and subsequent anisotropy to indicate the sequence of the events. For granular 

material in a pavement system, the manner that the granular layers are laid, the method of 

compaction and the subsequent traffic loading, all influence the resilient response of 

pavement. The directional variation of stiffness relative to loading directions may have 

significant effect on the performance of the system. From a theoretical point of view, the 

anisotropy must be included in any analysis due to its effect on the development of 

stresses and strains. 

Over the years, numerous studies have been carried out on granular materials and 

subgrade soils, from which different constitutive equations have been proposed to 

characterize the resilient behaviour of these materials. In general, the resilient behaviour 

is highly nonlinear, and is affected by various factors such as stress state, moisture 

condition and the nature of the applied stresses. The nonlinearity has been studied 

extensively via cyclic triaxial tests, and the cross-anisotropy has long been recognized. 

However, the triaxial stress conditions are very different from those in situ, since the 
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principal stress directions in triaxial tests are fixed in the vertical and horizontal 

directions. The effect of principal stress rotation on the resilient properties of granular 

materials is not fully understood and is not taken into account in the existing resilient 

modulus equations. 

The anisotropic characteristics of clay and sand, either at small or large strains, have 

been investigated extensively (Zdravkovic and Jardine, 1997, Tatsuoka 2000, etc.). 

Zdravkovic and Jardine (1997) reported that the stiffness of soil depends strongly on the 

stress path direction and principal stress axis inclination. The test results for anisotropy of 

sand and clay, however, may not be readily applied to granular base/subbase materials in 

a pavement. This is because the behaviour of coarse aggregates is generally more 

sensitive to anisotropy than that encountered for typical sand and fine-grained soils, most 

likely owing to the strong interlocking of large size angular particles. Research has found 

that the ratio of horizontal stiffness to vertical stiffness of soil tends to increase with a 

decrease of grain size. For example, the ratio of horizontal to vertical modulus may vary 

from 1.2 to 4 for clays and from 0.5 to 1.0 for sand, while the ratio for aggregates could 

be as low as 0.1 (Lings et al. 2000, Chaudhary et al. 2003). Usually, naturally deposited 

soils develop higher horizontal stiffness than vertical stiffness. However, in a pavement, 

due to the orientation of the load, the long sides of granular particles tend to lay flat, 

leading to the vertical stiffness in the granular base being consistently higher than the 

horizontal stiffness. In addition, most of the current findings are on the anisotropy of sand 

and clay at very small strains (less than 0.001 %), while the resilient strains in granular 

base/subase ranges from very small to intermediate levels (0.001%- 1 %). 
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At present, several important aspects, such as the effect of stress path and principal 

stress rotation on the resilient properties of granular materials are not taken into account 

in material characterization for pavement analysis due to lack of proper laboratory 

equipment, testing capabilities, and the uncertainty and variability of aggregate 

behaviour. Although cross-anisotropy has been known for a long time, it is still widely 

ignored in modelling of unbound granular materials. It remains unclear how these facets 

of behaviour should be modeled and how the pavement performance may be affected. 

The need for proper characterization of granular base/subbase materials in the 

pavement structures has received more attention in recent years. The Guide for 

Mechanistic- Empirical Design of New and Rehabilitated Pavement Structures for the 

Design of Flexible Pavement Structures (NCHRP, 2004) has replaced the largely 

empirical AASHTO (American Association of State Highway Officials) 1993 design 

guide. The new guide requires the use of nonlinear stress-dependent resilient modulus as 

essential parameters to describe the behaviour of granular materials subjected to moving 

traffic, which represents major progress in pavement design. However, the granular 

material in the new design guide is still considered to be isotropic and stress-path 

independent. As a result, different loading stress paths and continuous principal stress 

rotation experienced in situ cannot be simulated. The use of isotropic resilient modulus 

may lead to inaccurate predictions of response of pavement structures and under-estimate 

the critical response of the pavement structures. 

For the success of pavement design, the precise stress-strain relations are needed; 

more research is required on the resilient deformation behaviour of aggregates under 
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general stress states. 

1.2 OBJECTIVE 

The main objective of this thesis is to study the resilient properties of granular materials 

used in flexible pavement structures under various loading conditions. The findings are to 

improve the analysis and prediction of the performance of flexible pavements, and hence 

provide improved design. In order to achieve this goal, the research focuses on the 

following tasks: 

• Study the resilient behaviour of granular materials under general stress states by 

performing systematic testing using an advanced triaixal test apparatus. The 

influences of stress state and stress path are characterized with the anisotropic 

resilient behaviour of granular materials being explored. 

• Improve, where possible, the existing resilient modulus equations for granular 

materials that are most important in the design of flexible pavements, and 

generalize more rational resilient modulus equations. 

• Investigate the stiffness and fabric anisotropy of granular material as well as their 

influence on their resilient modulus under different stress states along various 

stress paths. The initial anisotropy and induced anisotropy are quantified based on 

measured resilient modulus. A link between anisotropy and the applied stresses is 

established within the framework of this research. 

1.3 THESIS OUTLINE 

Chapter 2 presents a review of the basic features of resilient behaviour of granular 
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materials, particularly the nonlinear stress dependency and cross-anisotropy. The 

influences of various factors, including stress state and physical properties, on the 

resilient properties of unbound granular materials are summarized. Existing resilient 

modulus equations and their limitations are discussed, with some pending problems such 

as the influence of stress path and cross-anisotropy being presented. This comprehensive 

literature review provides insights and appropriate direction for the research in this thesis. 

Chapter 3 describes the test set-up, material, as well as the details of the testing 

program. The procedure for the determination of resilient properties from stress path tests 

is then described. Typical experimental results are presented in order to demonstrate the 

consistency and repeatability of the test results. 

Chapter 4 explores the resilient behaviour of granular materials along various stress 

paths corresponding to initial isotropic consolidation. Following a mathematical 

description for the determination of cross-anisotropic elastic properties, typical test results 

from repeated triaxial tests are presented. The effects of stress paths, stress states and 

resilient strains on the anisotropic resilient properties are analyzed, and stiffness 

anisotropy due to stresses and applied stress paths is discussed. Resilient modulus 

equations that take into account the effect of stress path and cross-anisotropy are 

developed based on the experimental results. Selection of appropriate resilient Poisson's 

ratios is suggested. 

Chapter 5 presents the results of stress path tests for various anisotropic initial stress 

states. The influence of Kini, or the initial stress state, on the anisotropic resilient 

properties is discussed. Based on the observation and analysis, revised resilient modulus 
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and Poisson's ratio equations are proposed to account for the effect of initial stress states. 

Chapter 6 investigates the fabric anisotropy of a granular material for different 

stress paths. Following a discussion on the effect of fabric anisotropy and stress 

conditions on the resilient properties, a model that describes the stress-strain behaviour of 

granular materials is derived from the micromechanical analysis of granular material 

deformation. The evolution of fabric with stresses is then investigated. A quantitative 

evolution law is proposed to account for the initial and subsequent fabric anisotropy. 

Chapter 7 summarizes the conclusions and directions of future work. 
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2 LITERATURE REVIEW 

2.1 INTRODUCTION 

This chapter presents a review of the literature on the resilient behaviour of unbound 

granular materials. The resilient deformation characteristics of granular materials are 

described. Factors affecting the resilient behaviours are discussed, and the anisotropy of 

granular materials is reviewed. Resilient modulus equations proposed by researchers, 

particularly the widely used equations, are presented in this chapter. 

2.2 FUNDAMENTALS 

2.2.1 Material characterization 

Within a mechanistic framework, the structural design of pavement relies on proper 

characterization of the load-deformation response of the pavement materials 

corresponding to repeated traffic loading. Since the shear stresses developed in unbound 

granular material layers are usually much lower than their shear strength, the deformation 

characteristics are the major consideration for pavement analysis. In general, the 

deformation of unbound granular materials subjected to cyclic loading is characterized in 

terms of a resilient (recoverable) deformation and a permanent (irrecoverable) 

deformation, as shown in Fig. 2.1. The resilient strain is important for the short-term 

response of the granular base/subbase layer and the permanent strain characterizes the 

long-term deformation behaviour of the granular base/subbase layer. 
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Mr resilient modulus 
Er resilient strain 
Ep permanent strain 
Ea axial strain 
ua repeated deviator stress 
CTa repeated axial stress 
CTc constant confining pressure 

Fig. 2.1 Strains during one load cycle and definition of resilient modulus 

The deformation of a granular material under cyclic loading is related to its physical 

properties and the amplitude of applied cyclic stress. When the cyclic stress is small, the 

resilient strain dominates compared to the permanent strain, thus the deformation of the 

granular material can be considered as stable. When the applied cyclic stress reaches a 

certain threshold value, the permanent strain becomes dominant and the deformation of 

the granular material may become unstable, which could lead to ultimate failure of the 

material if the cyclic stress reaches its shear strength. 

The resilient response of granular material is usually defined in terms of the 

resilient modulus and a Poisson's ratio. For cyclic triaxial tests with constant confining 

pressure (CCP), Seed et al. (1962) defined the axial resilient modulus Mr as the ratio of 

repeated deviator stress ad to the recoverable axial/vertical strain Ev,r; i.e., 

(2.1) 

(2.2) 

with aa and ac being the axial stress and confining/cell pressure, respectively. The 
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resilient Poisson's ratio vis defined as 

Eh,r 
v=--

Ev,r 

where Eh r is the recoverable horizontal/lateral strain. 
' 

2.2.2 Resilient deformation characteristics of granular materials 

(2.3) 

AASHTO designation T307 -99 specifies the standard test protocol for resilient modulus. 

The stress paths applied to specimens to determine the resilient modulus are generally 

limited by the equipment. They can to various degrees reproduce/simulate the in-situ 

stress paths and stress states in soils. In a CCP triaxial test, repeated vertical pulses are 

applied on the test sample at a constant confining pressure, and the variation of in-situ 

horizontal and shear stress induced by moving traffic load cannot be reproduced. 

Figures 2.2 and 2.3 show typical responses of crushed limestone under repeated 

axial loading (ad = 25 kPa and SO kPa, respectively) at a constant confining pressure of 

50 kPa from this study. The sign convention is "+" for compression and "-" for 

extension. It can be seen that the material developed large plastic/non-recoverable 

deformation in the first load application. However, the recoverable/resilient deformation 

dominates compared to the plastic deformation in subsequent load cycles. If the repeated 

load is well below the strength of the material, after a large number of load cycles, the 

deformation in every load cycles may be "fully" recovered, which corresponds to the 

resilient behaviour of a material. The deformation response indicates that the granular 

material is nonlinear and depends on the amplitude of the applied stress. 
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Fig. 2.2 Deformation characteristics for repeated CCP tests 
uc=SO kPa, ud = 25 kPa 
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Fig. 2.3 Deformation characteristics for repeated CCP tests 
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For a well compacted material, small cyclic deviator stresses lead to very small 

resilient strains with the overall volume decrease, which indicates that the material 

becomes more compacted under cyclic shearing; see Fig. 2.2. Accordingly, one expects 

that stiffness of the material increases. When the amplitude of repeated cyclic deviator 

stress becomes larger, as shown in Fig. 2.3, both vertical and horizontal resilient strains 

increase. When the repeated cyclic deviator stress exceeds a certain level, an increase of 

specimen volume may be observed. The phenomenon of volume increase associated with 

particle rearrangement and induced by cyclic shearing is called resilient dilatancy. This is 

typical for dense compacted materials. As such, the apparent resilient Poisson's ratio is 

greater than 0.5. It should be noted that resilient dilatancy does not happen for linear 

elastic materials. 

2.3 FACTORS AFFECTING RESILIENT PROPERTIES 

2.3.1 Introduction 

The resilient properties of granular materials under repeated traffic load are generally 

influenced by factors with various degrees of importance, including stress level, moisture 

content, degree of compaction and the physical properties of materials. 

The findings of the extent and impact of factors, such as fines content, gradation, 

maximum particle size, and particle shape, on the resilient response of granular materials 

are somewhat inconsistent. Different or even completely opposite conclusions are often 

reported in the literature. The discrepancies found in the literature emphasize the need for 

more intensive research in this area. Aspects, such as the effect of stress path and 

15 



Ph.D Thesis - Y. Liu McMaster University- Civil Engineering 

principal stress rotation on the resilient properties of granular materials, are generally not 

taken into account in material characterization for current pavement analysis due to the 

inability to measure the required properties because of lack of proper laboratory 

equipment and testing capabilities. Even though the importance of principal stress 

rotation on the mechanical behaviour of aggregates has long been recognized, it is still 

widely ignored in modelling of unbound granular materials owing to the complexity of 

the problem itself. An argument for neglecting the effect of principal stress rotation is that 

the complexity, uncertainty and variability of aggregate behaviour sometimes undermine 

the influence of this effect. 

2.3.2 Physical properties 

Numerous studies have shown that the resilient modulus of granular materials depends on 

the physical properties of the material, which include: aggregate/soil type, particle shape, 

gradation, density, moisture content (or the degree of saturation), fines content, etc. 

(Hicks 1970, Thorn and Brown 1988, Brown and Selig 1991, Heydinger et. al. 1996, 

Kolisoja 1997). As the impact of physical properties of materials on resilient response is 

not a focus in this research, only major influencing factors are described below. 

(a) Density and compaction 

Density is an important factor for the resilient modulus of granular materials. In general, 

the resilient modulus is expected to increase with density, due to the fact that the particles 

of the material are closer and more interlocking occurs (Hicks 1970, Rada and Witczak 
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1981, Y au and Von Qu, 2002). However, when other factors, such as compaction 

methods, moisture content, particle shape, and fines content are taken into account, the 

influence of density on resilient modulus is not as clear as revealed by contradictions in 

the literature. Thorn and Brown (1988), and Brown and Selig (1991) suggested that the 

density has no significant effect on the resilient modulus. Hicks and Monismith (1971) 

showed that the resilient modulus of partially crushed aggregates tends to increase with 

density, while the effect of density is negligible for fully crushed aggregates. They also 

noted that when the fines content in the partially crushed aggregates increases, the effect 

of density on the resilient modulus is reduced, which shows that interparticle locking is 

more important than density. Besides, Barksdale and Itani (1989) suggested that the 

resilient modulus increases with an increase of density at low bulk stress (sum of 

principle stresses), while at high bulk stress, the effect of density is undermined by the 

effect of bulk stress. Such diverse observations indicate that the impact of a physical 

property on resilient behaviour of a granular material may be influenced by the 

interaction with other properties, and should not be evaluated separately. 

The effect of density or compaction method on resilient modulus can be interpreted 

from the viewpoint of micromechanics. For a collection of granular particles, any 

variation in the degree of compaction or density will change the internal structure or 

particle arrangement and interaction among particles in the ensemble. It has been known 

that particle contacts contribute to the deformation and strength properties through inter­

particle cohesion and friction (Desai 2001). Any deformation of the ensemble is 

accompanied by particle movement (either rotation or slip at contacts or both) and 
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particle deformation, including breakage. Since different compaction (dynamic, static, 

and kneading) methods may induce different fabric, it is expected that the resilient 

modulus of the same material will be affected by both density and how the density is 

achieved; i.e., the compaction method. It is important to recognize that laboratory 

compacted samples may not be representative of compaction in situ, where gyratory 

compaction is commonly used. 

The recent study conducted by Stolle et. al. (2009) shows that compaction method 

has a profound influence on the moisture sensitivity and the relation of resilient modulus 

to bulk stress. The difference in the resilient modulus of the specimen prepared by impact 

method and vibration cannot be explained by the variation in density but should be 

considered to be the consequence of varying fabric and inter-particle locking, which 

depends on compaction method. 

(b) Moisture content 

The degree of saturation or moisture content has significant influence on the resilient 

properties of unbound granular materials. It has been shown that environmental wet-dry 

cycles also cause variations in resilient modulus. The LTPP (Long Term Pavement 

Performance) experimental data (Y au and Von Qu, 2002) indicates that the moisture 

content and density are important factors for higher strength unbound aggregate 

base/subbase materials. More specifically, the resilient modulus of unbound granular 

materials tends to decrease with increasing moisture content or the degree of saturation; 

see, for example, Haynes and Yoder (1963), Hicks and Monismith (1971), Dawson 
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(1996), and Barksdale et al. (1997). Usually, coarse materials are not as sensitive as fine­

grained materials to the moisture content. On the wet side, the excess pore water pressure 

may develop but dissipates quickly under drained conditions due to the high permeability 

of the material. The effect of moisture content is more significant to the resilient response 

ofunbound aggregates with high percentage of fines. 

(c) Fines 

The influence of fines on the stiffness of materials is controversial, but appears to depend 

on the gradation and particle angularity of aggregate. According to L TPP experimental 

data (Yau and Von Qu, 2002), the amount of fines is generally important for the resilient 

modulus of lower strength unbound aggregate base/subbase materials. Hicks and 

Monismith (1971) reported that increased fines content reduces Mr for partially crushed 

aggregates, but increases Mr of fully crushed aggregates. Thorn and Brown (1987) 

observed that the resilient modulus decreases with an increase of fines. 

In addition to fines content, the nature of fines, plastic or non-plastic, is considered 

to be key for the diverse observations regarding the variation of Mr with respect to fines 

content. It has been reported that increasing plastic fines content may reduce resilient 

modulus. When non-plastic fines is added into clean aggregates, the initial increase of 

non-plastic fines tends to increase the stiffness of the material, since the fines fill the air 

spaces among particles and increases the number of particle contacts. However, excessive 

amount of fines may lubricate the interface of large-size particles and reduce the 

interlocking of particles, which leads to a reduction of resilient modulus. Barksdale and 
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Itani (1989) showed that beyond a certain amount of fines in the aggregate, the resilient 

modulus decreased dramatically. Tutumluer and Seyhan (2000) proposed an optimum 

fines content of 7% for crushed aggregates to achieve high stiffness. Stolle et. al. (2009) 

showed that the stiffening effect on resilient modulus due to confinement is less when 

more fines are present, which indicates that fines may act as a "lubricant". 

(d) Gradation and particle shape 

Gradation has some influence on the resilient modulus of material, even though it is not 

considered as a major influential factor for resilient modulus. Thorn and Brown (1988) 

studied the behaviour of crushed limestone with different gradations and found that the 

stiffness ofuniformly graded aggregates could be slightly higher than that of well-graded 

aggregates. Plaistow (1994) stated that gradation has an indirect effect on the resilient 

behaviour of granular materials since it affects the moisture sensitivity and density of the 

material. More specifically, well-graded materials can achieve higher densities than 

uniformly graded ones since small grains fill the air space between large particles. Thus, 

well-graded materials tend to have higher stiffness when compared to that of uniformly 

graded materials. Heydinger et al. (1996) and Van Niekerk et al. (2002) confirmed this 

for limestone and sand, crushed masonry, and crushed concrete. For gravel, Heydinger et 

al. (1996) found no big difference in stiffness between well-graded and uniformly graded 

ones. Studies by Stolle et al. (2005) and Guo et. al. (2006) have shown that aggregate 

gradation has a small effect on the resilient modulus of tested materials. 

When the effect of particle shape is concerned, for the same gradation, crushed 
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materials have higher resilient modulus than uncrushed ones; see Hicks (1970), Lam et al. 

(1982), Barkdale and Itani (1989), and Thorn and Brown (1989). This is attributed to 

angular and subangular particles crushed materials providing better interlocking between 

particles, which yields higher values of Mr than materials with rounded and sub-rounded 

particles. Lam's (1982) study showed that crushed stone aggregate yields slightly higher 

values of Mr than rounded aggregate, with Mr increasing with density, particle angularity 

and/or surface roughness. 

2.3.3 Stress history, load frequency 

Stress history may have some impact on the resilient behaviour of granular materials as a 

result of progressive densification and particle rearrangement under repeated application 

of stresses. However, this can be reduced by preconditioning. In addition, if the applied 

load is well below the strength of materials, substantial permanent deformation can be 

avoided, which in turn considerably reduces the influence of stress history. 

The impact of load duration and frequency on the resilient behaviour of granular 

materials is not significant. In general, the resilient modulus of granular materials 

increases slightly with an increase in load frequency. 

2.3.4 Stress and strain 

Stress is the most important factor that affects the resilient properties of granular 

materials. In the past, owing to the limitations of equipment and testing capabilities, most 

resilient modulus testing was limited to CCP triaxial tests. Under CCP test conditions, the 
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resilient properties of unbound granular materials are found to depend on the confining 

pressure/bulk stress and the applied deviator stress. Numerous studies, such as those of 

Hicks (1970), Uzan (1985), Sweere (1990), and Rada and Witczak (1981), revealed that 

the resilient modulus of granular materials generally increases with an increase in the 

confining pressure/bulk stress. 

Compared to the effect of confining pressure/bulk stress, the influence of deviator 

stress on resilient modulus varies. Some researchers observed that the resilient modulus 

tends to decrease with an increase of deviator/shear stress. According to LTPP data (Y au 

and Von Qu 2002), the decrease of resilient modulus with deviator stress is more 

significant for fine-grained soils than granular base/subbase materials. Some experimental 

results showed that the resilient moduli of some base/subbase materials are almost 

independent of deviator stress (Hicks 1970, Stolle et. al. 2009). Croney and Croney 

(1991) observed that resilient modulus for crushed gravel can increase with an increase in 

deviator stress. Kolisoja (1997) and Van Niekerk (2002) argued that for coarse materials, 

when the applied deviator stress is low, the material exhibits stress stiffening, but when 

the applied deviator stress is closer to the deviator stress at failure, the material exhibit 

stress softening. All these observations are consistent with those obtained by Lam (1982), 

Stolle et al. (2005}, and Guo et. al. (2006), who found that, even though the resilient 

modulus of granular base/subbase aggregates from various sources was not affected 

substantially by the deviator stress, an increase in the deviator stress level may either 

increase or decrease the resilient modulus depending on the properties of the specific 

material. Similar observations can be found in the L TPP data report. 
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It should be noted that strain hardening of Mr (i.e., an increase of Mr with deviator 

stress) is rarely observed for sand and clay, whose stiffness (both the elastic modulus and 

shear modulus) tends to decrease with an increase in shear strain that depends on the 

applied shear stress. When the shear stress-induced shear strain is at level of 0.0001%, the 

material can be considered as linear elastic, which corresponds to the maximum shear 

modulus. The modulus decreases with the strain amplitude when the strain level is larger 

than 0.001%. Experimental evidence can be found in Santucci de Magistris et al. (1999), 

Tatsuoka (2000), and Kweon and Kim (2000); among others. 

The resilient Poisson's ratio also depends on the applied stresses and strain levels. 

When the confining pressure increases, the lateral deformation is restrained and the 

resilient Poisson's ratio decreases. Higher deviator stress may induce large lateral 

deformation partially due to dilation, which results in increased resilient Poisson's ratio. 

Hicks (1970), Brown and Hyde (1975) and Kolisoja (1997) all reported the similar 

findings under CCP test conditions. 

2.3.5 Stress path 

As mentioned in the previous section, due to the unavailability of proper equipment and 

testing capabilities, most of the resilient modulus tests are limited to CCP triaxial tests. 

The important effect of stress path and major principal stress rotation experienced in situ 

can therefore not be fully simulated. Research on the influence of stress path on the 

resilient behaviour of granular materials is very limited. 

According to Lekarp (1997), Allen and Thompson (1974) compared the results 
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obtained from CCP and VCP (variable confining pressure) tests and found that when the 

bulk stress is smaller than a specific value, the resilient modulus from CCP tests is higher 

than that from VCP tests; when the bulk stress is larger than the specific value, the 

modulus from VCP tests is higher. The difference in resilient modulus between these 2 

types of tests was found to vary with the stress level. Brown and Hyde (1975) suggested 

that stress paths (VCP and CCP) have no influence on the resilient modulus, provided that 

the confining pressure in CCP test is equal to the mean confining pressure in VCP test. 

These conclusions may be questionable as the test materials in those studies are 

considered as isotropic. In other words, these analysis and findings would be inaccurate if 

the resilient properties of granular materials are direction-dependent. 

In contrast to the findings of Brown and Hyde (1975), Seyhan and Tutumluer 

(2005) found that the stress path has an influence on the resilient properties of crushed 

stone. More details are presented in the following section. 

2.4 ANISOTROPY 

In addition to stress dependency, the resilient properties of unbound granular materials 

are direction-dependent; i.e., the stiffness in the horizontal direction is different from that 

in the vertical direction. Since soils and granular materials have horizontal bedding, it is 

often assumed that the stiffness properties do not vary in horizontal directions. 

The deformation properties of granular materials are inherently anisotropic and can 

also become more anisotropic at more anisotropic stress states. Anisotropy (inherent 

anisotropy and stress-induced anisotropy) is a fundamental aspect of resilient behaviour 
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of granular materials that is often ignored. Before research on the cross-anisotropy in soils 

and granular materials is reviewed, the description of cross-anisotropic elasticity is 

introduced. 

To describe the stress-strain relation of a cross-anisotropic elastic material, 5 

parameters are needed. They are elastic modulus in the vertical direction Ev, elastic 

modulus in the horizontal direction Eh, shear modulus in the vertical plane Gvh• Poisson's 

ratio for the effect of vertical strain on horizontal strain Vvh• and Poisson's ratio for the 

effect of horizontal strain on horizontal strain at right angle vhh. Within this study, the 

resilient moduli M~, M~, G~h (shear modulus in the horizontal plane, which can be 

obtained from Eh and vhh) and G~h are surrogates for elastic moduli Eh, Ev, Ghh• and 

Gvh ofHooke's law. 

Table 2.1 summarizes previous investigations on cross-anisotropy in soils and 

aggregates. It can be seen that the effect of anisotropy on unbound aggregates has not 

been investigated as much as that on sand and clay. 

Hardin (1978) proposed that the elastic modulus Ei = :::for sands in any particular 

direction i is a unique function of the normal stress ai working in direction i, independent 

of the normal stresses acting in the other orthogonal directions, which was later extended 

to a general form (Hardin and Blandford 1989, Jiang et al. 1997, Hoque and Tatsuoka 

1998, among others). The elastic modulus Ei in any direction is assumed to follow a 

power law, 

(a·)m 
Ei = CJ(e) -

1 

Pr 
(2.4) 
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where f(e) is a void ratio function indicating the effect of density, Pr is the reference 

pressure (=1kPa), m and Ci are regression constants, which depend on the stress history of 

the material. 

Jiang et al. (1997) investigated small strain (~0.001 %) deformation characteristics 

of well-graded sandy gravel using large square prismatic samples (23x23x57cm). At each 

stress state, very small load/unload cycles of vertical stress CTv, with strain increments less 

than 0.001%, were first applied at constant confining pressure; then very small 

unload/load cycles of horizontal stress ah, with strain increments less than 0.001%, were 

applied at constant vertical stress. To explore the inherent anisotropy and stress induced­

anisotropy at very small strain, the cyclic triaxial tests were performed at various isotropic 

and anisotropic stress states, with ratios of avfah ranging from 0.5~2.2. The assumption 

of Vvh = vhh was employed in the study to determine the horizontal elastic modulus. The 

test results showed that at isotropic and anisotropic stress states, Eg, where "0
" denotes 

strains less than 0.001%, is consistently higher thanE~. Moduli, Eg and E~ are unique 

functions of (av)m and (ah)m, respectively, where m = 0.5. Therefore, the ratio of Eg /E~ 

increases in proportion to (avfah)m, which indicates that the stress-induced anisotropy 

increases with an increase in avfah. They found that Eg JE~ = 2 at isotropic stress states. 

As a result, they concluded that the sample has similar inherent anisotropy for both elastic 

and plastic deformation. However, they reported that E~ and Eg deviate from the 

trendline and become smaller when avfah > 2.2 or avfah < 0.5. 
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Table 2.1 Previous investi~ations on cross-anisotroE~ in soils. 

Reference Material Stress state Apparatus Test Assumption Strain level 
Eh!Ev at isotropic 

stress state 

Graham & Houlsby Lightly over 
Isotropic Triaxial Proportional loading Eh=(vhhr 2-4% 1.8 

(1983) consolidated clay Ev Vvh 

Hoque et al. 
Sand 

Isotropic 
Triaxial RPL !J.uv > O;!J.uh = 0 

Vvh = vhh -0.002% 0.8-1 
(1996) Anisotropic !l.uv = O;!J.uh > 0 

Jiang et al. 
Gravel 

Isotropic 
Triaxial RPL !J.uv > O;!J.uh = 0 

Vvh = Vhh -0.001% 0.5 
(1997) Anisotropic !J.uv = O;!J.uh > 0 

Zdravkovic & Jardine Normal to over Isotropic 
HCA Various combination -10% 

(1997) cosolidated clay Anisotropic 

Lings et al. Over consolidated Isotropic 
Triaxial with bender !J.uv > O;!J.uh = 0 -0.0001% -4 (2000) clay Anisotropic !J.uv = O;!J.uh > 0 

Kuwano 
Sand 

Isotropic 
Triaxial with bender !l.uv > O;!J.uh = 0 -0.0008% -0.56 (2000) Anisotropic !J.uv = O;!J.uh > 0 

!J.uv > O;!J.uh = 0 

Chaudaahary et.al Isotropic T . . I . h b d !J.uv = 0; !J.uh > 0 
Sand naxta wtt en er !J. > O·!J. = O·!J. = 0 -D.005% -o.n (2004) Anisotropic HCA Uz ' Ue ' Uze 

!J.Uz = O;!J.ue > O;!J.Uze = 0 
!J.Uz = O;!J.ue = O;!J.Uze > 0 

!J.uv = !J.uh/4 > 0 
Seyhan.et.al (2005) !J.uv = !J.uh/2 > 0 

Eh=(vhhr Tuturmluer & Seyhan Aggregate Isotropic Triaxial RPL !l.uv = !J.uh > 0 0.3-0.5 
(1999, 2000) !l.uv = 4!J.uhf7 > 0 Ev Vvh 

!J.uv = 3!J.uhf4 > 0 

Adu-Osei et al.(2000) 
Limestone !J.uv > O;!J.uh = 0 Elastic work 

Masad et al.(2004) 
Gravel 

Anisotropic Triaxial RPL !l.uv = -2!J.uh > 0 potential 
0.41-Q.64 

Kim et al. (2005) !J.uv = -!J.uh > 0 

AnhDan et al. 
Gravel 

Isotropic 
Triaxial RPL !J.uv > O;!J.uh = 0 -0.001% 

Depending on 
(2006) Anisotropic !J.uv = O;!J.uh > 0 stress level 
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Similar results have been reported for poor-graded sands (Hoque and Tatsuoka 

1998), an undisturbed gravel (Koseki et al. 1999), and a well-graded gravel with 

crushed sandstone inside (Kohata 1997). 

AnhDan et al. (2006) extended the research conducted by Jiang et al. (1997) and 

Kohata et. al. (1997) and performed tests on the same material using a true triaxial 

apparatus. With the true triaixal apparatus, the elastic moduli at strain levels of 

0.001% and 0.0003% in the vertical and horizontal directions, respectively, could be 

studied directly and no assumption of vhh was required. Some of the test results are 

similar to those reported by Jiang et al. (1997); i.e., E~ and Eg are unique functions of 

O'h and O'v, respectively, and can be expressed as 

(2.5) 

(2.6) 

where Pr and er are the reference pressure (=1kPa) and void ratio, respectively. Egr' 

E~r' mv, and mh are regression constants. 

Similarly, vertical Poisson's ratios Vvh and Vhv were found to depend on the 

ratio of O'vfah, given as 

(2.7) 

(2.8) 

where Vvhr and Vhvr are the values of Vvh and Vhv when O'v = O'h, respectively. nvh 

and nhv are regression constants. Vvh and Vhv are constants at isotropic stress states. 

28 



Ph.D Thesis - Y. Liu McMaster University - Civil Engineering 

However, some findings were not consistent with relevant studies conducted by 

Jiang et al. (1997) and Kohata et. al. (1997). At isotropic stress states, when the stress 

is low, Egis greater thanE~. When stress is at a level of 400 kPa and higher, Eg and 

E~ becomes nearly same. These fmdings indicate that the inherent anisotropy, 

quantified by (1- E~jEg) at isotropic stress states, is not a constant, but changes 

with stresses. As the specimens were compacted vertically during preparation stage, at 

low stress levels during the test, the soil structure may have been more stable in the 

vertical direction than the horizontal direction; Eg is in turn consistently higher than 

E~. When the stresses increase, soil fabric rearranges and the contact normal tends to 

become co-axial with the major principal stress direction in response to the increasing 

stresses. As such, it is possible that the material becomes isotropic when the applied 

stresses reach a certain level or higher. 

It should be noted that the previous research fmdings appear to be contradictory 

to that from the resilient modulus testing, where the vertical resilient modulus not only 

depends on av but also on ah. One must be aware that for the testing conditions of the 

studies reported in the previous paragraphs, the strain levels are approximately 

0.001%. When Eg was investigated, the strain Eh is much smaller than Ev and can be 

considered negligible, which leads to Eg being independent of ah, and vice versa. 

Therefore the conclusion may only be accepted conditionally for very small strain 

behaviour of coarse grained materials. For granular materials in pavement practice, 

the resilient deformation, normally develops within very small to intermediate strains, 

needs further investigation. 

Several researchers have studied the anisotropic resilient behaviour of 

aggregates (Barksdale et al. 1989, Tutunnluer 1995, Tuturmluer and Seyhan 1999, 

29 



Ph.D Thesis - Y. Liu McMaster University- Civil Engineering 

2000, 2004, Karasehin and Dawson 2000, Adu-Osei et al. 2000, Masad et al. 2004, 

Kim et al. 2005). 

Adu-Osei et al. (2000) developed a testing protocol using a triaxial set up to 

investigate the influence of stress level on the anisotropic resilient properties of 

crushed limestone and aggregates. Three types of stress paths, triaixial compression, 

triaxial shear and triaxial extension, as shown in Table 2.1, were applied to the 

sample. All tests were conducted at anisotropic stress states, where avfah ranges from 

1.6-2.4. For each stress path test, very small load/unload cycles were applied on the 

samples. The anisotropic resilient properties back-calculated from the tests are results 

from 3 different stress paths. The cross-anisotropic moduli are shown to increase with 

an increase in bulk stress, with the vertical resilient moduli being consistently higher 

than the horizontal moduli. It should be noted that the effect of stress path on the 

resilient response of aggregates could however not be identified. In addition, the 

cyclic load/unload used in the tests was small, being at lower bound of stresses 

typically experienced in a pavement. The resilient properties obtained from the tests 

could be considered to be more quasi-elastic. 

Seyhan and Tuturmluer (2005) investigated the directional dependency of 

resilient modulus and Poisson's ratio of a selected crushed aggregate. They conducted 

6 constant stress path tests using an advanced triaxial apparatus. Of all tests, 5 

"identical" samples were tested for 5 different stress paths, with slope of stress path 

k = l:lqfl:lp = t'"v-t:.:h = 1.5, 0.75, 0, -0.5, and- 1, respectively. To minimize 
O"v+2 O"h 

the effect of material property variations, a single sample was tested for the 5 stress 

paths (stress path sweep) in the sequence of k = -1.0, -0.5, 0, 0. 75, and 1.5. 

The cross-anisotropic resilient moduli computed from the 5 different stress path 
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tests and stress path sweep test, generally increased as the applied bulk stress and 

vertical deviator stress increase. Higher vertical moduli than horizontal moduli and 

higher vertical Poisson's ratios than horizontal Poisson's ratios were obtained from all 

tests. The vertical Poisson's ratio decreased with an increase in the bulk stress. For 

both vertical and horizontal Poisson's ratios, stress paths having k = -1.0 and 0, 

yielded the highest and lowest Poisson's ratios, respectively. 

There are some discrepancies in the results between stress path tests and stress 

path sweep test. When compared to stress paths with positive k, stress paths with 

negative k often yielded higher vertical moduli and lower horizontal moduli given 

constant bulk stress. However, this trend changed for stress path sweep test, where 

higher vertical moduli were obtained for stress paths with positive k at low bulk stress 

levels (0-400 kPa), and horizontal moduli from each stress path were very close. The 

effect of stress paths on the anisotropic properties was not thoroughly investigated in 

their study. Despite the discrepancy and limited numbers of tests, their test results 

show that the direction of stress path does have an influence on the anisotropic 

moduli, though the influence is not quite clear. The variation of stress path effect on 

the resilient moduli from the stress path tests and stress path sweep test need further 

investigation by taking into account the stress and strain level commonly encountered 

in granular base/subbase layers. 

Practical engineering problems invariably involve the rotation of principal 

stress, as well as changes in the intermediate principal stress. It should be noted that 

even though the VCP test is superior to the CCP test in simulating the field loading 

conditions, the principal stresses during the VCP test are only in the vertical and 

horizontal directions. The overall picture of the field loading conditions is not fully 
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reflected in VCP tests as the stress history associated with the rotation of principal 

stress cannot be reproduced. Consequently, the effect of principal stress rotation 

(shear stress and reversal) on the resilient response of aggregates cannot be explored. 

The hollow cylinder apparatus (HCA) provides an opportunity to look into the effect 

of stress path, particularly principal stress rotation on the anisotropic resilient 

behaviour of granular materials. 

By far, the influence of principal stress rotation on the resilient properties is not 

fully understood. Chan (1990) demonstrated that resilient strains are unaffected by the 

rotation of principal stress. He also showed that the principal resilient strains coincide 

with those of the stresses. The fmdings are somewhat questionable as granular 

materials are highly nonlinear and anisotropic, and the principal stresses do not 

necessarily coincide with principal strains unless the principal stresses act along the 

material axes. 

In addition to the effect of stress path, other aspects, such as the effect of the 

mineral type, particle shape, fines content on the anisotropy of resilient properties are 

not well understood. Owing to the limited knowledge of the behaviour of coarse 

granular materials subjecting to cyclic loading, more research on the anisotropic 

property of granular materials under general stress conditions is required. 

2.5 EQUATIONS FOR RESILIENT MODULUS AND POISSON'S RATIO 

2.5.1 Resilient modulus as a function of stresses 

Various relations have been proposed to describe the dependency of the resilient 

modulus on stress variables. Most of those in the literature are empirical equations 

based on the analysis of experimental results with regression techniques. Inherent in 
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these equations is the assumption that the resilient properties of granular materials are 

too complex to combine the theoretical principles of soil mechanics with simplicity 

required in engineering practice. The most appropriate and simple relations for 

realistic characterizing the granular materials have yet to be found. 

Table 2.2 presents some of the equations found in the literature, along with their 

test conditions and limitations. Among these nonlinear equations, the k- 8 model, 

Uzan equation and AASHTO equation are the most popular in engineering practice. 

Hicks (1971) recommended the use of a simple relation between resilient 

modulus and bulk stress, commonly known as the k-8 model, given by Eq. (2.10) in 

Table 2.2. Some researchers (Brown and Pappin, 1985, Uzan, 1985) have pointed out 

that this model has serious limitations leading to inaccurate results in pavement 

analysis, as it is unable to discriminate the effect of confining pressure and deviator 

stress on resilient modulus. Furthermore, it fails to recognize the effects of dilation 

and accumulation of permanent shear strains on a material's stiffness, in other words, 

the model may be insufficient for describing the effect of deviator stress for some 

subgrade soils or granular materials that have a high percentage of fmes. 

Realizing the effect of deviator stress on resilient modulus, Uzan (1985, 1992) 

improved the k-8 model by including the effect of deviator stress. The Uzan equation, 

as described by Eqs. (2.22) and (2.23) in Table 2.2, also known as the universal 

constitutive equation, is widely used. It generally yields better results than the k-8 

model and fits the LTPP Mr test data fairly well. To avoid the unrealistic prediction of 

Mr at low deviator stress when the regression coefficient k3 is negative, the Guide for 

Mechanistic - Empirical Design of New and Rehabilitated Pavement Structures for 

the Design of Flexible Pavement Structures, recommends a modified version of the 
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Uzan equation, as presented in Eq. (2.24) in Table 2.2. However, it should be noted 

that these equations are only capable of modelling either increase or decrease of Mr as 

the deviator stress increases, which depends on whether the coefficient k 3 is positive 

or negative. The popularity of these equations rests in their ability to fit the 

experimental data well. The main shortcomings are that they do not have theoretical 

basis and the success to fitting data is primarily for conventional compression loading 

paths. 

Van Niewerk (2002) examined the influence of deviator stress on the resilient 

modulus by performing a series of CCP and VCP triaxial tests. The resilient modulus 

and Poisson's ratio were determined by solving the following equations 

(2.30) 

(2.31) 

He noticed that for coarse grained materials, at lower ratios of adfad,f (deviator 

stress at failure), the materials displayed stress stiffening behaviour; but at stress 

levels closer to failure, the materials exhibited stress softening behaviour. Therefore, 

he suggested that triaxial testing should be extended to more severe loading conditions 

to measure the important stress-softening behaviour. To model the behaviour observed 

in the tests, a parabolic resilient modulus equation was proposed to account for the 

stiffening effect of confining pressure, and initial stiffening and subsequent softening 

effect of deviator stress, given by Eq. (2.28) in Table 2.2. However, the parabolic 

resilient equation does not reflect the influence of stress paths or differentiate the 

resilient properties in different directions as the results from VCP tests are based on 

the assumption that the tested material is isotropic. 
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Table 2.2 Resilient modulus equations 
Reference Equation Test Isotropic Anisotropic Limitation/Drawback Symbols 

Dunlop ( 1963) ( ) kz .-' . . k1- k9 : regression constants 
Monismith (1967) Mr = k1 a3/Pr (2.9) CCP Neglectmg the effect ofdev1ator stress 9 _ + . b lk - a1 a2+a3. u stress 

Hicks (1971) Mr = k1 (9)k2 (2.10) CCP .-' Neglecting the effect of deviator stress q = av- ah 

I 
p = (a1 + 2a3)/3 

Boyce ( 1980) 

Pappin & Brown 
( 1980, 1985) 

Johnson et al. (1986) 

Kr = p Evol Gr = adj3Eq (2 11) J 3/2( )2 2nd. . f h 
2 2 • / Poor prediction of strains particularly 20 = T oct : mvanant o t e 

E 1 = pc(1- {Ja jp )/K (2.12) CCP .. . . ' d · vo _ c d 1 volumetnc strams (Sweere, 1990) ev1ator stress 
Eq - P (qjp)/(3G1) (2.13) u: constant Poisson's ratio 

Ev = p(pfpr)"-1(1- aaJfp2)jK1 (2.14) h=a1a2+a1a3+a2a3 
Eq = CP/Pr)d-1q/(3G1) (2.15) CCP .-' Neglecting shear stress-induced by Toct = 1/3 
lleq = ((p2/pr)d(q2/p2)- (2.16) dilatancy in volume ~ Ca1-a2)2 + (a2-a3)2 + (a1-a3)2 

(PdPr)d(qtfp1))/(3G1)lh h: 2"ct invariant of stress 

P ed
. 

1
. · .

1
. d 

1
. Toct: octahedral shear stress 

M k (] 1 )kz (2 17) CCP .-' r 1ct unrea 1st1c res1 1ent mo u 1 at fi 
r = 1 2 Toct . low deviator stresses Pr: re erence pr~ssure. 

·--~ Pa: atmousphenc pressure (=lOOkPa) 
Lade & Nelson (1987) Mr = k1PaCC9Jt~)2 + 6fzv(1 + (2.18) CCP .-' Poisso_n'~ ratio not a constant, Evol: volumetric strain 

u)/(1- 2v)fPa) 2 unreahst1c Eq = 2/3(Ev- eh): shear strains 

Brown et al. (1987) G = K a ( fa )kz (2.19) CCP .-' Predicti~g unrealistic resilient moduli at a= (1- c)KtfG1, . 
r 1 d P d low deviator stresses c, d, h, K1 and G1: matenal parameters 

Brown (1975) M = K ( fa )kz (2 20) CCP .-' Predicting unrealistic resilient moduli at P~o qlo P2• q2: stress state land 2 
Tam & Brown (1988) r 1 P d • low deviator stresses l = ~ llp2 + llq2: length of stress path 

Pezo (1993) M k k k (2.21) CCP .-' Predicting unrealistic resilient moduli at Et :tangent stiffness 
Garg & Thompson (1997) r = 1 ad za3 ' low deviator stresses Etr= tangent stiffness at reference 

Uzan (1985, 1992) Mr = k1 (9 /Pa)kz(adfPa)k' 
Mr = k1 (9 fPa)kz(Toct/Pa)k' 

(2.22) CCP 
(2.23) 

AASHTO (2002) Mr = k1 (9 /Pa)k2 (T0 ct/Pa + 1)k3 (2.24) CCP 

Tuturmluer & Seyhan h 
(1999, 2000, 2003) Mr = k1 (9/pa)kz(adfPa)k' 
Karasehin & Dawson (2000) M: = k4 (9/Pa)k•(ad!Pa)k• 
Adu-Osei et al. (2000) c:h = k7 (9/Pa)k•(ad/Pa)k• 

(2.25) CCP 
(2.26) & 
(2.27) VCP 

Van Niekerk (2002) Mr = k1 (a3/Pr)kz(k3(a3jad,{ )2 + (2.28) VCP 
k4( a3jad,{) + 1) 

Konrad (2006) Et = Etr (av/Pr)k' (2.29) VCP 

.,.' 

.,.' 

.,.' 

.,.' 

.,.' 
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CEN (Comite Europeen de Normalisation, 2004) also uses Eqs. (2.30) and (2.31) to 

determine the resilient properties from VCP resilient modulus tests, which may result in 

lower resilient modulus and Poisson's ratio than obtained from CCP tests. However, the 

resilient moduli and Poisson's ratios from VCP tests computed by using Eqs. (2.30) and 

(2.31) are not real vertical moduli or real vertical Poisson's ratios as it assume the 

material is isotropic. 

Apart from resilient modulus, an alternative way of modelling the resilient response 

is to use resilient bulk modulus and resilient shear modulus. To obtain the resilient bulk 

modulus and resilient shear modulus, Boyce (1980) proposed an empirical relation to 

predict the recoverable volumetric and shear strains. Boyce's model, which assumes that 

the material is isotropic, unfortunately gives poor prediction of strains, particularly 

volumetric strains (Sweere, 1990). Boyce's model was subsequently modified by other 

researchers (Pappin & Brown 1980, 1985, Elhannani 1991, Jouve and Elhannani 1993 as 

reported by Brown 1996 and Lekarp et al. 2000), with more parameters being introduced 

to give a better fit to the experimental data. Nevertheless, the determination of the 

parameters is not an easy task, and therefore has not been received well by design 

engineers, who prefer simple and reliable procedures. 

Pappin and Brown (1980, 1985) extended the model developed by Boyce to a 

contour model, in which the stress dependency of resilient deformation is included in the 

formulation. The recoverable shear and volumetric strain depend on the length of stress 

path applied, and are expressed as contours in the p-q stress space, shown in Fig. 2.4. The 

contour model is however an improvement over Boyce's model, as it is capable of 
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predicting resilient test results much better. The limitation of the contour model lies in it 

not being able to describe the shear-induced dilatancy of some granular materials. 

q Failure q Failure 

0 0 
p p 

Fig. 2.4 Contour model in p-q space (Brown and Pappin, 1985) 

With regard to modelling cross-anisotropic resilient behaviour of unbound 

aggregates, Tuturmluer and Seyhan (1999, 2000, 2003), Karasehin and Dawson (2000) 

and Adu-Osei et al. (2000) assumed that the resilient modulus in different directions 

obeys the Uzan equation and thus, can be represented by the same stress-dependent 

formulation with different values of coefficients. 

All the equations listed in Table 2.2 are based on the results of CCP or VCP triaxial 

tests. Owing to the limitation of the stress levels and stress paths applied in typical tests, 

the equations mentioned above are unable to fully describe the resilient response of 

unbound aggregates under more general stress conditions. More research must be 

conducted on the influence of stress path on the anisotropic resilient behaviour of 

granular materials. 
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2.5.2 Poisson's ratio as a function of stresses 

Compared to resilient modulus, very little research has been carried out on the resilient 

Poisson's ratio. In engineering practice, Poisson's ratio is often assumed to be constant 

for simplicity. Previous studies however have shown that Poisson's ratio of granular 

materials is stress- and direction-dependent. Under CCP triaxial test conditions, the 

Poisson's ratio v, strictly speaking the vertical Poisson's ratio Vvh' clearly depends on the 

confining pressure and the applied axial deviator stress. It decreases as the confining 

pressure increases, and increases as avfah increases. Hicks and Monismith (1971), 

proposed a third-degree polynomial expression to model the variation of Poisson's ratio 

with stresses, given as 

(2.32) 

where a0 , a1 , a2 , and a3 are regression constants. 

To account for the observed behaviour in the VCP and CCP tests, Van Niekerk 

(2002) developed two Poisson's ratio equations 

(2.33) 

(2.34) 

where A0 - A2 , B0-B3 are regression constants. 

As mentioned previously, when Poisson's ratio is greater than 0.5, the material 

exhibits dilatant behaviour, which for a truly linear elastic isotropic material is 
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impossible. As shown in Figs. 2.3(b) and (c), the material is subjected to volume increase 

due to the shear stress. The larger the ratio of avfah or adfad,f, the bigger the Poisson's 

ratio. 

2.6 SUMMARY 

The basic features of the resilient behaviour of granular materials are nonlinear, 

stress- and direction-dependent; i.e., anisotropy. The anisotropic resilient properties of 

granular materials are influenced by many factors, including physical properties and 

stress conditions. With regard to physical properties, the moisture and density are the 

most important, while the impact of stress level and stress/strain path on the resilient 

responses is most important of all the influential factors. 

The influence of stress level on the resilient properties has long been recognized. A 

number of empirical resilient modulus equations have been proposed in terms of various 

stress variables. The k-8 model, Uzan equation and AASHTO equation are now widely 

used in practice. In general, resilient modulus and Poisson's ratio, depend on the level of 

confining pressure and deviator stress. 

Research has shown that resilient modulus and Poisson's ratio are direction­

dependent. Granular materials in pavement generally display higher vertical resilient 

modulus and Poisson's ratio than horizontal ones, attributed to vertical compaction and 

horizontal bedding plane. 

The potential importance of stress path and principal stress rotation on the resilient 

response has been noted, but due to the limitation of equipment and complexity of 
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materials, how these facets influence the resilient behaviour is unclear and needs to be 

investigated. In view of the state-of-the-art for pavement analysis, proper characterization 

of the material properties is crucial for realistic analysis of pavement performance. 
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3 TESTING MATERIALS, EQUIPMENT, DESIGN 
AND PROCEDURES 

3.1 INTRODUCTION 

This chapter presents the experimental program including the test matrix, the equipment 

for the resilient modulus test, material, and procedures for sample preparation and testing. 

The performance of the testing system and repeatability of the results are also discussed. 

3.2 EXPERIMENTAL DESIGN METHODOLOGY 

3.2.1 Paths of loading and unloading 

Under a moving wheel load, a representative element in a granular base layer is subjected 

to stress changes that involve both the magnitude and the direction of the principal 

stresses. Based on the analysis of the Federal Aviation Administration's (FAA) National 

Airport Pavement Test Facility (NAPTF) full-scale test data, Tutumluer and Kim (2003) 

obtained stress paths (loading and unloading curves) induced by a single pass of a slow 

moving dual wheels configuration. Figure 3.1 shows the stress paths in p-q space of the 

subgrade based on measured horizontal and vertical stresses at points TO #1 and TO #2. 

As flav = !lp + ~ !lq, !la h = !lp - ~ !lq, it can be seen that when the wheel approaches, 

the soil element is loaded with an increase in stresses. Initially, !lah is higher than flav. 

As the wheel continues to approach, flav gradually approaches !lah. Afterwards, flav 

becomes greater than !lah (It should be noted that !lah may decrease whereas flav 

increases during this stage). When the wheel passes the centerline of the element, it is 

41 



Ph.D Thesis - Y. Liu McMaster University- Civil Engineering 

unloaded with a decrease in stresses. 

1 0 - Dual Gear TOII1- Tr.affic Pa!tl North 

ua1 GeorTOII1- Trarnc Pa!ll South Unloading 
- Dual Gear T0*2-Tr.orrrc ?am N0<1h TO# 1 N 
- Dual Gear T0*2- Trarfte f'a'.h South 

~ 8~========~====~--~--+---~~----~ 
til 
0.. ......._, 
~ 6 +---------"..--+" 
b 

~ ::~~~~~~~~~:::~:~:~:::~~:~::>+--~----~ :t X a:: 
II Gear ITo #21 
z o~~~:4:~'1L.~~~--t---~F~=~. 

8 10 

Fig. 3.1 Actual rolling wheel stress paths from the National Airport Pavement Tests 
Facility (Tutumluer and Kim, 2003) 

Referring to the principal stress rotation induced by moving wheels illustrated in 

Fig. 1.1 and the stress variations in Fig. 3.1, it is observed that stress changes within a 

pavement layer are quite complex as a vehicle passes. Such a loading history is not 

adequately reflected in the standard resilient modulus test. Moreover, CCP test has 

limited capability to evaluate the anisotropic resilient properties. In order to understand 

the influence of stress path on measured resilient properties of an anisotropic material, 

multiple stress path tests are considered in this study. Figure 3.2 schematically shows the 

loading paths used for the resilient modulus tests, which are commonly encountered 

within a pavement layer. Table 3.1 summarizes the stress increments along these stress 

paths corresponding to different initial stress conditions. 
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q 
CTC/CCP 

CTE 

q = O"v- ah 
PL: Proportional loading 
"t': denotes initial 

Fig. 3.2 Schematic of stress paths in testing depicted in stress spaces 

Table 3.1 Explanation of stress paths 

Stress Path • 

IC Isotropic compression 

CTC Conventional triaxial compression 

CTE Conventional triaxial extension 

PL Proportional loading 

k=O 

k=3 

k = -1.5 

k 

Stress increments 

!J.av = !J.ah > 0 

!J.av > O;!J.ah = 0 

!J.av = O;!J.ah > 0 

!J.av = (2k + 3)/(3- k)!J.ah 

• Stress path in testing is followed the definition by Desai (2001) 

3.2.2 Initial stress state 

The resilient modulus of a granular soil is known to be not constant but a state dependent 

quantity. In general, the initial stress state can be used as an indicator for the stress-

dependency of resilient modulus. The in-situ initial vertical stress Uv at a point of interest 

in a pavement layer can be estimated as the overburden stress, with the initial horizontal 

stress u h being determined as 

(3.1) 
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where K0 is the coefficient of earth pressure at rest. In this study, Kini is used to replace 

K0 to quantify the ratio of horizontal stress to vertical stress at an initial stress state. 

Within the framework of AASHTO T 307-99 Resilient Modulus Testing Protocol, 

the hydrostatic pressure corresponding to Kini = 1 is applied on the specimen prior to the 

resilient modulus test. Obviously, this stress state is different from real stress conditions 

in the field. During pavement construction, granular soils are usually well compacted, 

which induces substantial volume densification and strong fabric (or internal structure). 

Significant horizontal residual stresses may develop in the granular layers as a result of 

compaction. As observed in both laboratory and field tests, the large lateral earth 

pressures may even be higher than the vertical stress (i.e. , Kini > 1 ). For example, 

Uzan(1985) reported lateral residual stresses of 15 kPa and 40 kPa in compacted 

cohessionless and cohesive materials, respectively, behind retaining walls and bridge 

abutments; Stewart et al. (1985) measured horizontal stresses up to 35 kPa in railway 

blasts; Selig (1987) carried out a tank model test of 2 layer (sand/clay) soil systems and 

found that the horizontal compressive stresses which developed at the bottom of the sand 

layer, were as high as 10 kPa and 20 kPa after 20 and 50 applications of loading cycles, 

respectively; Ryden (2004) reported a horizontal residual stress of 32 kPa due to 

compaction in the unbound granular base layer from surface wave testing. These 

observations are consistent with the following well-accepted equation (Schmidt 1966) for 

overconsolidated soils 

K
0 

= (1- sincp)OCRsin¢ 

where¢ and OCR are friction angle and overconsolidation ratio, respectively. 
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In order to understand the influence of initial stress states on the measured resilient 

properties of an anisotropic material, both insotropic and anisotropic initial stress states 

are considered in this study. 

3.3 TESTING PROGRAM 

To investigate the resilient behaviour of granular materials with special reference to 

anisotropy, the following two test series, which accommodate the effect of initial stress 

state and stress path, were conducted: 

• Test Series A: This series of tests was carried out to study the influence of the 

applied stresses along various stress paths ( -1.5 ~ k ~ 3.0). The specimens were 

subjected to isotropic consolidations and stress paths with various combination of 

confining pressures and deviator stresses. 

• Test Series B: This series of tests was performed to explore the effect of Kini on 

the resilient properties. The specimens were subjected to different anisotropic 

consolidations, with Kini in the range of 0.5 to 2, and stress paths (k = 3.0 and 

-1.5) at a selected initial lateral confinement of 50 kPa. 

The stress paths and initial stresses adopted for the tests are presented in Figs. 3.2 

and 3.3, respectively. Details of test program are given by Tables ALl and AI.2 in 

Appendix I. When examining the effect of stress path, the same specimen was used to 

study resilient behaviour for different stress paths provided that the permanent strain did 

not exceed 1%. This allowed reducing the effect due to the variability between 

specimens. 
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a"v(kPa) 

50 !00 !50 

Fig. 3.3 Initial stresses employed 

3.4 DESCRIPTION OF TESTING EQUIPMENT 

The test device used for this study is a Wykeham Farrance Dynamic Hollow Cylinder 

Apparatus. The apparatus is a digitally controlled, servo-pneumatic (closed loop) system, 

which is capable of performing isotropic and anisotropic consolidation, standard triaxial 

tests, as well as HCA and resilient modulus tests. It can also perform K0 consolidations, 

stress/strain path control tests, cyclic/dynamic stress path tests and other user defined 

tests. 

Figure 3.4 shows a picture of Wykeham Farrance Dynamic Hollow Cylinder 

Apparatus. The axial load is applied though a pneumatic controlled actuator. The cell 

pressure and back pressure are controlled through pneumatic valves. Axial load, axial 

displacement, radial displacement, pore water pressure, volume change and cell pressure, 

are measured by different types of transducers, including load cell, Linear Variable 

Differential Transducer (L VDT), pore pressure transducer, and volume change 

transducer. An Integrated Multi-Axis Control System (IMACS) is linked to a laptop to 
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provide critical control, timing and data acquisition for tests and the transducers. Detailed 

information about the testing equipment is presented in Tables Al.3 of Appendix I. 

1: Combined load cell 
2: Top cap 
3: Triaxial cell 
4: Test specimen 
5: Base frame 
6: Base pedestal 
7: IMACS 
8: Panel for drainage valve 
9: Volume change transducer 
10: Bladder air/water cylinder 
11: Digital servo valve 

Fig. 3.4 Wykeham Farrance Dynamic Hollow Cylinder Apparatus 

3.5 MATERIALS 

A coarse sand with angular particles derived from crushed limestone was selected for the 

stress path tests. Figure 3.5 shows a photo of typical particles of the material, and Fig. 3.6 

presents the particle size distribution curve obtained from sieve analysis. Following the 

standard test methods ASTM D4254-00 and D4253-00, the maximum and minimum void 

ratios were measured as 1.201 and 0.520, respectively. The specific gravity of the 

material determined according to the standard test method ASTM C127-07 is 2.75. 

Before testing, a specimen was compacted to 95% of maximum dry density, with the 

moisture content being controlled at 5%. 
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Fig. 3.5 Particles of crushed limestone 
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Fig. 3.6 Grain size distribution 
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3.6 TEST PROCEDURES 

3.6.1 Sample preparation 

McMaster University- Civil Engineering 

Cylindrical specimens, 100 mm in diameter and 200 mm high were fabricated in a split 

mould for stress path testing. A 0.6 mm membrane was first attached to the pedestal and 

secured with an 0-ring. Thereafter the mould was placed around the pedestal and the 

membrane was stretched around the mould. The material was placed in the mould in 4 

equal layers, with each layer being compacted uniformly to a nominal thickness of 50 mm 

by a steel tamper of 50 mm diameter. Before the next layer of loose material was poured 

into the mould, the surface of the sample was scratched to avoid layering at interfaces 

between adjacent layers. The specimen was compacted with the density of each layer 

being strictly controlled. This allowed consistency to be established between the 

specimens. After completion of the compaction, the top cap was placed on the sample and 

the membrane was sealed around the perimeter of the top cap. 

3.6.2 Specimen setup 

Before dismantling the split mould, a vacuum of 10 kPa was applied on the specimen so 

that it could stand by itself. The axial actuator was brought up as needed to fix the 

specimen on the base frame, and the chamber was assembled and filled with de-aired 

water. As shown in Fig. 3.7, two LVDTs were attached to the specimen at mid-height to 

measure the vertical and radial deformation. The limitation of the equipment lies in that 

only one L VDT is used for displacement measurement in each direction, while the normal 

practice is to use two LVDTs. The strain level (0, 0.5%) in this research is far less than 
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5% and the nominal height to diameter ratio is 2, so the effect of end friction may be 

considered to be very small (Bishop and Henkel 1957, Barden and Khayatt 1966). The 

end friction was minimized using a highly polished platen with centrally located polyester 

filter cloth. Before conditioning a specimen, a cell pressure of 100 kPa was applied on the 

specimen and the vacuum was released at the same time. Thereafter, the cell pressure was 

maintained and 750 repetitions of a load equivalent to a maximum axial cyclic stress of 

100 kPa were applied for conditioning. The load pulse was haversine shaped with a 

frequency of 0.2 Hz. During the cyclic loading stage, the drainage valve remained open to 

minimize the potential for the build-up of excess pore pressure. 

LVDT 1 

......__ __ LVDT 2 

Fig. 3.7 Representation of the specimen 

3.6.3 Consolidation 

Following the conditioning stage, isotropic or anisotropic consolidation was performed 

according to the selected value of Kini. During consolidation, the vertical and horizontal 

stresses were brought to desired values by adjusting the cell pressure and axial load 
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gradually. The readings of each transducer measuring the axial and radial deformation, 

cell pressure, and load cell throughout the consolidation were recorded to calculate the 

deformation of the test specimen. 

3.6.4 Cyclic loading tests 

After completion of consolidation, the specimen was subjected to stress paths listed in 

Tables ALl and AI.2 of Appendix I. In each test, 50 cycles of haversine-shaped load 

pulses was applied to the specimen. As the impact of loading frequency on the resilient 

properties is of little significance and the interest of this research is not on the frequency, 

but on the stress path, a frequency of 0.2 Hz was used throughout all stages of stress path 

tests for a good and stable performance of the test apparatus. The readings of L VDTs, cell 

pressure, and load cell for each load cycle were recorded at 0.1 s interval. 

3.7 PERFORMANCE AND REPEATABILITY 

To verify the repeatability of the specimen preparation method and stress path tests, 

preliminary tests were conducted on two specimens. The density and moisture content of 

the specimens were controlled at 1845 kg/m3 and 5%, respectively. Following the test 

procedure, the specimens were preconditioned and consolidated at a cell pressure of 100 

kPa. Thereafter cyclic deviator stresses were applied with controlled lluh and lluv. A 

typical example of raw data on the measured stresses and deformation is presented in Fig. 

ALl of Appendix I, it can be seen that the noise in the data is very small. The responses 

for each sample from both CCP and VCP tests are shown in Fig. 3.8. One observes that 
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the repeatability following the designed test procedure is satisfactory since the response 

curves are very close when the 2 specimens were subjected to same stress paths. 
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Fig. 3.8 Repeatability of stress path tests (Continued) 
(a) ac = 100 kPa b.ah = 0 b.av = 100 kPa 

(b) ac = 100 kPa b.ah = 67 kPa b.av = 167 kPa 
(c) ac = 30 kPa b.ah = 0 b.av = 60 kPa 
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Fig. 3.8 Repeatability of stress path tests 
(d) (Jc = SO kPa L\(Jh = 35 kPa L\(Jv = 0 

3.8 SUMMARY 

This chapter presented the methodology for the experimental investigation. Based on the 

measured stress paths in pavement layers obtained from full-scale tests, an extensive 

testing program was implemented to investigate the resilient behaviour of a granular 

material for various stress paths. The influences of initial stresses, residual horizontal 

stresses induced by compaction during construction, applied stress levels and stress paths 

on the resilient response of granular base/subbase were all considered in the test program. 

In addition, the test apparatus, the specimen preparation method and test procedures 

were described in detail. Control tests were conducted to evaluate the repeatability and 

reproducibility of the proposed stress path tests. The results of the control tests 

demonstrate the repeatability and reliability of the proposed testing procedures are 

satisfactory. 
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4 RESILIENT BEHAVIOUR FOR ISOTROPIC 
CONSOLIDATION 

4.1 INTRODUCTION 

This chapter explores through a senes of CCP and VCP triaxial tests the resilient 

behaviour of granular materials that has been subjected to initial isotropic consolidation. 

The resilient responses of the material along different stress paths are described, which 

include typical stress-strain loops and resilient stress-strain relations. Resilient moduli and 

Poisson's ratios are presented, along with the directional dependency and the stress/strain 

path dependency. Both the inherent and stress-induced stiffness anisotropy are 

characterized in terms of stress state. New equations are developed to characterize the 

resilient modulus and Poisson's ratio of cross-anisotropic granular materials for general 

stress/strain conditions. 

As stated in Chapter 3, each stress path test consisted of 4 levels of cell pressure 

(ac = 30, 50,100 and 150kPa). For each designated confining pressure, 4-5 levels of 

repeated stresses were applied on the specimen to obtain the corresponding stress-strain 

responses and the resilient properties. For each stress path test, the stresses and the 

corresponding deformations of the last 5 cycles were averaged to obtain the representative 

stresses and resilient strains that were used to calculate the resilient moduli and Poisson's 

ratios of each stage. 
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4.2 STRESS-STRAIN RESPONSES 

4.2.1 Stresses and strain loops 

(a) Isotropic material 

For an ideal linear elastic isotropic material, the stress-strain relations are expressed as 

Ev = llav - E2v!:lah ( 4.1) 

(1- v)!:lah- vllav Eh = ____ E ___ _ (4.2) 

Scrutiny of Eq. (4.2) reveals that the coefficient associated with llah is not~, but 

rather 
1;v. This is due to stress contributions coming from 2 principal stress directions. 

For this reason, the horizontal stiffness appears to be greater than the vertical stiffness 

when interpreting the experimental results; i.e . ...!...... > E. 
1-v 

The shear modulus G and bulk modulus K, can be related to E and v via 

E 
G=---

2(1 + v) 

E 
K=----

3(1- 2v) 

(4.3) 

(4.4) 

where Eq. ( 4.3) also holds for cross-anisotropic material, with G, E and v being replaced 

with Ghh' Eh and vhh' respectively. 

For CCP tests, in which !:lah = 0, the relations of Ev vs Eh and Evol vs Yoct (volume 

vs octahedral shear strain) are given via 

= (4.5) 
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(4.6) 

(4.7) 

Eval 3{2 1 - 2v 

Yact 4 l(1+v)l 
(4.8) 

F h h · h 11 0 d 1 5 k 3 0 1 l -- llav -- Zk+
3 the or ot er stress pat s wit LJ.(Jh > an - . :::; < . , et 

llah 3-k ' 

relations of Eh vs Ev and Eval vs y oct are given by 

Ev L- 2v 

Eh 1-V- LV 
(4.9) 

!J.ah 
Eval = 3Eact = E1 + Ez + E3 = y(t + 2)(1- 2v) (4.10) 

2...[2 2...[2 !J.ah 
Yoct = -

3
- (El- E3) = -

3
-y l(t- 1)(1 + v)l (4.11) 

For L =F 1 Eval = 3{2 l(t + 2)(1- 2v)l = 9{2 1- 2v 
Yact 4 (t- 1)(1 + v) 4 lk(1 + v)l 

(4.12) 

Equations (4.1) through (4.4) indicate that the stress-strain relations for an ideal 

isotropic material are linear and depend onE, v and/or L (or k). It can be seen from Figs. 

4.1(a) and (b) that the trends ofvariations ofah vs Eh and av vs Ev are similar and stress-

path dependent, whereas the relations of p vs Eval and Tact vs y act are independent of 

stress path, see Figs. 4.1(c) and (d). 

Equations (4.5), (4.8), (4.9) and (4.12) reveal that the relations of Ev vs Eh and 

Eact vs Yact are linear and depend on stress path, as demonstrated in Figs. 4.1(e) and (t). 

An important observation for a linear isotropic material is that the major principal strain is 
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coaxial with the major principal stress. For the IC loading path, L = 1, Eh = Ev, therefore 

Yoct = 0, which implies that there is no shear strain coupled with volume change. 
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Fig. 4.1 Predicted responses of a linear isotropic material (continued) 
E = 1SO MPa v = 0.3 

CJd = CJ1 - CJ3 = SO kPa CJc = SO kPa 

57 



Ph.D Thesis- Y. Liu 

~ 
~ ._., 
A 
II 

'U 
0 

b 

,-..... 
<:1:$ 

A.. 
~ ._., 
0"' 

M 

---('.1 ----.,.. 
II 

'U 
0 

1-> 

McMaster University- Civil Engineering 

150 .-------------------------------------~ 

125 

100 

75 

0 

I 
I 

I 
I 

I 

I 

I 
I 

I 
I 

/ 
/ 

/ 

I "'"' . / 
I / 
·v 

0.025 

I 
I 

/ 
/ 

/ 

/ 
/ 

/ 

0.05 

/ 
/ 

/ 

1 

(c) 

/ 

/ 
/ 

/ 

O.Q75 

/ 
/ 

/ 

K 

/ 

/ 
/ 

/ 

v 
----0.2 
--0.3 
- -·- 0.4 

0.1 0.125 

30 .-------------------------------------~ 

/ 

20 

G 
10 

1 v 
----0.2 
--0.3 
-·-·- 0.4 

0 

0 0.025 0.05 

Yoct = v'2l f:q I(%) 

(d) 

Fig. 4.1 Predicted responses of a linear isotropic material (continued) 
E = 150 MPa v = 0.3 

ad = 50 kPa ac = 50 kPa 

58 



Ph.D Thesis - Y. Liu 

0.125 

0.1 
,-...., 

~ 
'-" 

k=~q/~p 
---- 0.5 v = 0.2 
-.-.- 0.5 v = 0.4 
·-----4-- -1.5 v = 0.3 
1-o-- -1 

/ 
/ 

McMaster University- Civil Engineering 

/ 
/ 

/ 
/ 

/ 

/ 
/ 

/ 

g 0.075 !-----A- -0.5 
'--e-- 0 

/ 
/ w 

M 

~ w 
0.05 

0.025 

0 

1-----'*- 0. 5 

1

-1 
-+--1.5 
'---8---- 3 

/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

0 0.01 0.02 0.03 0.04 0.05 

Yoct = "21 Eq I(%) 

(e) 

0.08 .-------,---------------, 

0.04 

0 

I 
~ I 

;f. I 
):': I 

i. I 

I 

9 ,"' 

k=~q/~y­

v = 0.2- 7..:"'0.5 
v= 0.4 .:::.._ 0 5 

~\)// ' ··0· -1 ):': I 
): I 

~-.~ ,../---( <> -~.5 .I 

//// · ·4 -0.5 I 

//// v=0.3 ~- 0 
-~- 0.5 

-0.04 +-.....-,...-,.--.--t---.--.--.--,--,--r-,..--,....-,r-"T---,---.--r---r--J 

-0.025 0 0.05 0.075 

(f) 
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With respect to the nonlinear isotropic material, Eqs. (4.1) and (4.2) do not hold, but 

the equations for the stress-strain relations are similar and one must proceed 

incrementally to capture changes in stiffness due to stress sensitive moduli. For nonlinear 

isotropic materials subjected to the same stress paths and initial stress states, the overall 

trends of the stress-strain relations are similar to those of linear isotropic materials, but 

variations are nonlinear, as shown in Figs. 4.2(a) through (d), which summarize the 

responses of a nonlinear isotropic material, whose elastic modulus is assumed to be 

pressure-dependent. Based on this assumption, the relations of p vs Evol only depend on v 

and E, and are independent of stress path. The r oct vs y oct relation is however not only 

depends on v and E, but also on stress path, as seen in Figs. 4.2(c) and (d). When the 

values of I k I are the same, the Toct vs y oct relations are identical given constant v. With 

respect to the trends of Ev vs Eh and Evol vs Yoct given constant v and L (or k), they are 

identical to those of linear isotropic materials, respectively, as Eqs. ( 4.5), ( 4.8), ( 4.9) and 

(4.12) still hold for nonlinear isotropic materials. 
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(b) Linear anisotropic material 

The cross-anisotropic elastic constitutive relation is expressed as 

1 Vhv Vhv 

Ev Eh Eh 

Vvh 1 vhh --
Ev Eh Eh 11azz f1Ezz 

Vvh vhh 1 11axx 11Exx -- --
l:layy f1Eyy Ev Eh Eh 

(4.13) 
1 11rxz 11Yxz 

Gvh l:lryz f1Yyz 

1 11rxy f1Yxy 

Gvh 
1 

Ghh 

where the x- y plane corresponds to the 2 orthogonal directions in the horizontal plane in 

which the material is isotropic and z is the vertical direction. The 8 has been introduced 

here in front of stresses to reinforce the fact that the properties are obtained through stress 

probe experiments that induce changes in strain relative to same initial states. The 

symmetry of the elastic stiffness matrix requires (Love, 1927) 

(4.14) 

The shear modulus in horizontal plane, Ghh• can be related to Eh and vhh via 

Eh Ghh ____ _ 
- 2(1 + vhh) 

( 4.15) 

When replacing the Cartesian coordinates (x,y,z) with cylindrical coordinates 

(r, e,z), the shear modulus in vertical plane Gvh can be determined independently from a 

hollow cylinder test where 11rxz = l:lrxy = 0, via 
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!J.r zfJ 
Gvh =- (4.16) 

!J.YzfJ 

For an axial symmetric system, in which we only consider direct stresses, Eq. (4.13) 

becomes 

1 Vvh Vvh --
Ev Ev Ev 

[66z l [6Ez l Vvh 1 vhh -- -- !J.ar = !J.Er (4.17) 
Ev Eh Eh !J.a 8 !J.E8 

Vvh vhh 1 
-- --

Ev Eh Eh 

where the four independent parameters, Eh, Ev, Vvh and vhh• can be determined when the 

stress and strain increments are known. Eq. (4.17) can be rearranged as 

1 

Ev 

[6f' 
- ( !J.a 8 + !J.ar) 0 

-~ue] 
Vvh 

[6Ez l -
-!J.az !J.ar 

Ev 
= !J.Er ( 4.18) 

-!J.az !J.afJ -!J.ar 
1 

!J.EfJ 
Eh 
vhh -
Eh 

For tests under triaxial stress conditions, the stress and strain increments satisfy 

!J.Ev , and !J.Eh, respectively, Eq. ( 4.18) becomes 

1 

Ev 

[ !J.~v -2/J.ah /J.~J 
Vvh 

= [!J.Ev] 
-!J.av Ev !J.Eh 

(4.19) 

1- vhh 

Eh 
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Assume that Ev = 150 MPa, Eh = 50 MPa, Vvh = 0.3 , and vhh = 0.1 , the 

responses of an ideal linear cross-anisotropic material subjected to various stress paths are 

predicted using Eq. (4.19), as shown by the summary of results presented in Fig. 4.3. In 

contrast to the linear isotropic material, one observes: 

• The trends of ah vs ch and av vs Ev for various stress paths, in particular the 

trends of ah vs Eh, are different from those for the linear isotropic materials, see 

Figs. 4.1(a) and (b), 4.3(a) and (b). This may be attributed to the anisotropic 

nature of the material. 

• The stress-strain relations in terms of invariants are very different and are stress­

path dependent. Figures 4.3(c) and (d) show that both the bulk modulus and shear 

modulus are direction and stress-path dependent, whereas the bulk modulus and 

shear modulus of a linear isotropic material are constants. 

• The trends of Evol vs y oct and Ev vs Eh are different from those of isotropic 

materials given v and L (or k), see Figs. 4.1(e) and (f), 4.3(e) and (f). For the IC 

loading path, the volume change is coupled to shear strain due to the anisotropic 

nature of the material, with Ev being smaller than ch. There is however no shear 

strain coupled with volume change for the linear isotropic material subjected to IC 

compression as Ev and ch are the same. 

• The major principal strain is not necessarily co-axial with the major principal 

stress, such as stress paths with k = 0.5 and 1.0, for which the major principal 

strain appears in the direction of the minor principal stress, as reflected by Fig. 

4.3(±). 
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(c) Test specimen 

Figure 4.4 presents typical responses of the first load cycle of a test specimen subjected to 

various stress paths under the same initial stress condition as idealized ones in previous 

sections. The effect of plasticity is small when compared to the resilient response. In 

comparison to the linear elastic isotropic/anisotropic and nonlinear elastic isotropic 

materials, one observes: 

• The responses of the test specimen along various stress paths all show some 

degree of nonlinearity and display a resilient hysteresis loop during loading and 

unloading process. Hysteresis was also observed in later loading cycles. It should 

be noted for some cases where one observes large hysteresis loops, the resilient 

response however dominates. There is some similarity in the nonlinearity of the 

stress-strain relations with nonlinear isotropic materials. But all responses are 

stress-path dependent. 

• An examination of the stresses and strains reveals that the relations of av vs Ev 

and ah vs Eh depend on stress path. Therefore, the suggested use of tangent 

stiffuess to characterize the resilient response of granular materials proposed by 

Konrad (2006) may not be accurate in reflecting the dependency of resilient 

modulus on stress path. Despite the nonlinearity, the trend of ah vs Eh is similar to 

those of the linear anisotropic material, with the dependency on stress path being 

less sensitive, as shown when comparing Figs. 4.1(a), 4.2(a), 4.3(a) and 4.4(a). 

This suggested that the test specimen's properties in the horizontal directions may 

be less influenced by stress path, which would need further investigation. 

69 



Ph.D Thesis - Y. Liu McMaster University- Civil Engineering 

125 

<> 
100 0 

~ 75 
~ *0.5 
'-" - .. 1.0 

..c: + 1.5 b 
<1 50 A .. 2.0 

25 

0 

-0.05 0 0.05 0.1 0.15 0.2 

(a) 

150 ...-------,------------------. 

~ 100 

~ 
b 

<1 
50 

0 

4 
/ .· k=~q/~p 

)I( 
)K -0 -1.0 

)K ··· A·· -0.5 
;j( 0··0 

0.025 

f:y(%) 

(b) 

0.05 

)I( 0.5 

- 1.0 
--+-1.5 
·····A2.0 

H 3.0 

0.075 

Fig. 4.4 The first cycle response loop of test specimen (continued) 
ad = 50 kPa ac = 50 kPa 

70 



Ph.D Thesis- Y. Liu 

~ 

~ 

McMaster University- Civil Engineering 

150 .-----------------__,..---, 

125 

k=L1q/L1p 
-~ -1.5 
··0··-1.0 

A -0.5 
00 

0.. 100 
II 

···*· 0.5 
- 1.0 

... + 1.5 
--ts- 2.0 
-B-3.0 

75 

50 

-0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 

3eoct= Evol (%) 

(c) 

30 ~----------------~ 

0 0.05 0.1 0.15 0.2 

Yoct = v21 Gq I(%) 

(d) 

Fig. 4.4 The first cycle response loop of test specimen (continued) 
ad = 50 kPa ac = 50 kPa 

71 



Ph.D Thesis - Y Liu 

0.4 

0.3 

,-.., 

'Ct-
'-" 0.2 

0 
r£ 
II 

t:: 0.1 
0 w 

(") 

0 

-0.1 

0 0.05 

0.1 
k=~q/~p, c<> 

1"-
¢ -1 5 I \\ 

D······-1·0 \ \J 
• I C'l 

·b. -0.5 \-;: 
0 0 I 0.05 

-*--0.5 
,-.., 

1.0 'Ct-
'-" + 1.5 
r£ b. ... 2.0 

0 .. 3.0 
0 

-0.05 

-0.1 -0.05 

McMaster University- Civil Engineering 

~ 
4;;~ k=~q/ ~p 

0.1 

Yoct=v21 Eqi(%) 

(e) 

Co"" 
I; / 

(o"<:" I 
I 

I 

I 

0 0.1 

(f) 

0.15 

¢ -1.5 
D-1.0 
A -0.5 
0 0 
•* 0.5 
-~1.0 

+ 1.5 
-ts- 2.0 
0 3.0 

0.2 

--

0.15 0.2 

Fig. 4.4 The first cycle response loop of test specimen 
ud = SO kPa Uc = SO kPa 

72 



Ph.D Thesis - Y. Liu McMaster University - Civil Engineering 

• Figures 4.4(c) and (d) reveal that the different resilient bulk modulus and shear 

modulus are obtained when the stress path is changed due to the anisotropic nature 

of the material. In general, the bulk modulus for stress paths with k ~ 0 is higher 

than those having k < 0. However, if resilient dilatancy occurs, negative bulk 

modulus is observed, such as for stress paths having k = 3.0. 

• The trends of Evol vs y oct and Ev vs Eh are stress-path dependent, which are 

similar to those of the linear anisotropic material, but the variations are nonlinear. 

In addition, resilient dilatancy may be induced by large deviator/shear stress for 

some stress paths with k = 2.0 and 3.0, which is however impossible for the 

idealized isotropic elastic material. 

• For the IC loading path, volume change is coupled to shear strain due to material 

anisotropy, which is similar to that for linear anisotropic material. 

• The major principal strain is not necessarily co-axial with the major principal 

stress, which is consistent to observations made for the linear anisotropic material. 

Scrutinizing the experimental results and the predicted responses of the idealized 

materials, one concludes that the difference in the resilient responses of the specimen for 

various stress paths is attributed to the nonlinear anisotropic nature of the material. 

For all stress paths applied within the framework of this research, there are 

noticeable differences in the patterns of deformation responses. As shown in Figs. 4.4(a), 

(b) and (f), for the IC loading paths with ilq = 0, the material is consistently contractive 

in both vertical and horizontal directions despite the difference in the magnitude of 
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horizontal and vertical strains. Fork > 0, the material is contractive vertically, but may 

be either contractive or expansive depending on the slope of stress paths and the 

material's anisotropy. When the ratio of llCJv/ l:!.CJh is small (such ask = 0.5), both CTv and 

ah increase with av only increasing slightly faster than ah, while the lateral confinement 

is high enough to resist the vertical load, the specimen is contracive in both the vertical 

and horizontal directions. For a stress path with larger k, such as k = 2.0 or 3.0 with 

higher llavf l:!.ah, the much quicker increase in av can induce lateral expansion of the 

specimen, which is similar to what is normally encountered in axial compression tests. 

For the case of larger deviator stress where plasticity develops, one can also have shear-

induced volume change causing dilation. 

Similarly, for negative k stress paths that correspond to a more rapid increase in ah 

than av , the specimen always has compressive deformation in the horizontal direction, 

while the vertical strain can be either compressive or extensive depending on the value of 

k. As shown in Fig. 4.4(f), a steeper stress path with negative k can cause substantial 

extension of the specimen in the vertical direction. 

The anisotropy of material behaviour can be seen clearly from Figs. 4.4(e) and (f), 

which show Evol vs y oct loops and Ev vs Eh loops obtained from stress path tests with 

different k, respectively. For isotropic compression with k = 0 and l:lq = 0, one observes 

that the shear strain is induced and tJ.t:v ::::: 0.21 (corresponding to fJ.EvoL ::::: 10.7) is much 
tJ.ch fJ.cv 

smaller than tJ.t:v = 1 (corresponding to tJ.t:voL = 3 for isotropic materials), which implies 
tJ.t:h fJ.Ev 

that the specimen is highly anisotropic and the deformation in the horizontal direction is 
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much higher than that in the vertical direction. Unfortunately, the effect of anisotropy on 

material response cannot be easily visualized for other stress paths involving variations of 

both av and ah, due to the fact that the effect of material anisotropy and the effect of 

anisotropic stresses on the deformation response are coupled and cannot be distinguished 

and separated visually. 

Similar trends of stress-strain responses are observed for each stress path at 

different confining pressures. However, an increase of initial cell pressure can increase 

the resistance to deformation as one would expect and reduce the material's anisotropy. 

Figure 4.5 shows the Ev vs Eh loops obtained from tests along stress paths of different k at 

an initial confining pressure of 150 kPa. For isotropic compression, it can be seen that 

t:.ev ~ 0.24 (corresponding to l::.evol ~ 9.4 ) is slightly larger than l::.t:v ~ 0.21 
~ 1::.~ ~ 

(corresponding to I::.Evol ~ 10.7) for ac =50 kPa, which indicates that the difference 
I::.Ev 

between the horizontal strain and the vertical strain appears to decrease. This would 

suggest that the material becomes less anisotropic when the initial confining pressure 

increases. The conclusion is consistent with the results for other stress paths shown in Fig. 

f::.E • f::.Ev 4.5. For example, when k = 1.0, ~ < 1 at ac = 50 kPa, while- > 1 at ac = 150 kPa, 
u~ /::.~ 

implying that the material anisotropy is reduced as a result of increased cell pressure. 
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4.2.2 Resilient stresses and strains 

Figure 4.6 presents typical resilient responses for all stress paths at an initial cell pressure 

of 50 kPa. The variations of ad(= a1 - a 3 ; i.e., (av- ah) fork > 0 and (ah- av) for 

k < 0) with the resilient strain E~ajor developed in the major principal stress direction 

(i.e., Ev for k > 0 and Eh for k < 0 ), are shown in Fig. 4.6(a). As expected, E~ajor 

increases as ad increases. In general, the relation of ad vs E~ajor is affected by stress 

path. For example, for the same value of ad, E~ajor fork < 0 is consistently larger than 

that for k > 0 whereas according to Eqs. ( 4.1) and ( 4.2), E~ajor for k < 0 is consistently 

smaller than that of k > 0 for an idealized isotropic material. This trend clearly indicates 

that the test specimen is anisotropic and has a strong fabric in the vertical direction, as 

one might expect. 
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The ad vs Ev,r relation for k > 0 does not vary much when the stress path is 

changed. In comparison, the relation of ad vs Eh,r fork < 0 varies with the stress path. 

The more significant change in the relation of ad vs Eh,r fork < 0, on the other hand, 

implies that the influence of stress path on the resilient response is affected by the relative 

direction between the major principal stress and the direction of deposition. In other 

words, inherent fabric is a factor that should be examined when stress path effect is 

concerned. 

Figure 4.6(b) presents the relations of l:lp vs Evol,r . One observes significant change 

in material response for different stress paths, which again indicates the influence of 

stress path and inherent fabric on material deformation properties. The relations of 

l:lq vs Eq,r presented in Fig. 4.6(c) confirm this conclusion. In other words, the resilient 

bulk and shear moduli both have strong stress-path dependency. One observes that in Fig. 

4.6(c) the dilatant resilient volumetric strain develops along the stress path with k = 3 

(Mv = 0), which is impossible for idealized isotropic elastic materials. This deformation 
L1ah 

phenomenon implies that fabric change takes place due to the increase in av while ah 

stays constant. On the other hand, as shown in Fig. 4.6(c) Ev,r < Eh,r is observed when 

. L1av L1a 
l:lq = flav - l:lah > 0 along stress paths w1th k = 0.5 (- = 1.6) and k = 1.0 (-v = 

L1ah L1ah 

2.5), which implies that the maximum resilient strain does not necessarily develop in the 

direction of the major principal stress direction that is normal to the plane of deposition. 

Figure 4.7 presents the resilient strain components for all stress path tests. In 

summary, there are 3 deformations patterns: 
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• Contractive in both the vertical and horizontal directions, such as for k = 

-0.5-1.5; 

• Contractive in the vertical direction, but dilative in the horizontal directions, 

such as for k = 2 and 3; when the deviator stress exceeds a specific value, 

resilient dilatancy may be induced; 

• Dilative in the vertical direction, but contractive in the horizontal directions, 

such as for k = -1.0 and - 1.5 etc. 

0.15 

0.1 

.--
~ 
'"-' 

0.05 .. 
;;; 

c.) 

0 

I 
k=~q/~p \ ~ Evolr = 0 
_.__0.0 I ' 

I I 

---€1--- -0.5 I I 

--lr---1.0 0\\ +: I II 
I 'I ---()---1.5 'I 

---+ 0.5 o\ ~ 
\ I' 

----- 1.0 I \1 
I I 

-A- 1.5 + 
-+-2.0 
--<>- 3.0 

---------------------

-0.3 -0.2 -0.1 0 

gh,r (%) 

0.1 0.2 0.3 

Fig. 4. 7 Resilient strain components for all stress paths 
ac =50 kPa 

Moreover, strain components for stress paths with k = -0.5 and 2 imply that there 

could be another two possible deformation patterns in some scenarios: 

• When k = 2, contractive in the vertical direction, very small strain (~ 0.001 %) 

in the horizontal directions; 
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• When k = -0.5, contractive in the horizontal directions, very small strain (~ 

0.001 %) in the vertical direction. 

The variation of Ev r vs Eh r along different stress paths is due to the combined 
' ' 

influence of Poisson effect, inherent anisotropy and deviator stress that contributes to 

shear-induced volume change. The change of resilient volumetric strains from 

compaction to dilation is also attributed to the coupling of these factors. It is interesting to 

note from Fig. 4.7 that for the IC test with k = 0, the ratio of resilient strain components 

Ev,r ~.!,indicating that the specimen has stronger fabric in vertical direction. 
Eh,r 5 

Figure 4.8 presents the relations Ev,r vs u1 for k > 0 and eh,r vs u1 fork :5 0. One 
Eh,r 0"3 Ev,r 0"3 

observes that the value of Eh,r I Ev,r for the IC loading test at a given ac is almost constant 

( * 1 ), implying that changes in the soil structure/fabric may be very small. For k = 

0.5~1.0, the variations Eh,riEv,r are also small, implying that changes in soil fabric might 

not be significant. For stress paths with k > 0, Ev,riEh,r tends to become negative with an 

increase of k, which indicates the material is compressed in the vertical direction and 

tends to expand in the horizontal directions. Similarly, for stress paths with k < 0, 

Eh,r I Ev,r tends to become negative as k decreases, indicating that the material is 

contractive in the horizontal directions and tends to expand in the vertical direction. The 

variation of Ev,r I Eh,r or Eh,r I Ev,r with atf a3 for different stress paths implies that the 

fabric of the material undergoes certain changes when the material is sheared along 

various stress paths, in particular those where extensive strains, either in the vertical 

direction or in the horizontal directions, are observed. 
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Fig. 4.8 Stress ratios applied and strain ratios for different stress paths 
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4.2.3 Effect of initial conf"ming pressures 

For conventional resilient modulus tests (k = 3.0), the influence of cell pressure on 

the resilient modulus has long been recognized. As shown in Fig. 4.9, at a given repeated 

deviator stress, an increase in cell pressure tends to reduce the vertical resilient strains, 

which in tum leads to an increase in the resilient modulus. And the increased confinement 

tends to restrain lateral expansion of the specimen. As a result, the resilient dilative 

volumetric strain decreases when the initial confining pressure increases. Once again, the 

relations of /1p vs Evol,r suggest that the test material is anisotropic. When resilient 

dilatancy occurs, the resilient bulk modulus becomes negative and the Poisson's ratio Vvh 

is greater than 0.5. The variations of 11q vs Eq,r clearly show that the resilient shear 

modulus increases as confining pressure increases. 
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Fig. 4.9 Resilient stresses and resilient strains for k = 3.0 

For the other stress path tests (k =F 0 ), an increase in the initial cell pressure also 

improves the material's resistance to deformation. For example, Fig. 4.10 shows the 

variation of resilient strain with stress for the stress path of k = -1.5. Given constant crd, 

the resilient strains Eh,r and Ev,r become smaller when the material is sheared at a higher 

confining pressure, and the data clearly show increases in both bulk modulus and shear 

modulus as the confining pressure increases. 
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Fig. 4.10 Resilient stresses and resilient strains fork = -1.5 

For the IC loading path, as seen in Fig. 4.11, for a given !J.ac, the measured resilient 

strains Eh,r and Ev,r decrease as ac increases. Therefore the resilient bulk modulus 

increases as one expects. Moreover, the ratio of Eh,r / Ev,r is consistently higher than unity, 

but decreases when the initial confinement increases, indicating that the inherent 

anisotropy of the material is reduced and the material becomes less anisotropic. This 

finding is consistent to the results obtained by AnhDan et. al. (2006), among others. 
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Fig. 4.11 Resilient stresses and resilient strains for IC loading 

4.3 DETERMINATION OF CROSS-ANISOTROPIC PROPERTIES 

The elastic properties can be determined from the measurement of stress increment and 

strain increment in triaxial tests. For CCP triaxial tests with lluh = 0, Vvh and Ev can be 

solved from Eq. (4.19) as 

(4.20) 

Alternatively, one can plot the relations between lluv vs llEv and llEh vs llEv to 

obtain Ev and Vvh• as shown in Fig. 4.12. For triaxial tests with lluv = 0, as shown in Fig. 

4.13, one can only obtain the following relations from Eq. (4.19) 

lluh Eh 

flEh 1- vhh 
( 4.21) 

llEv (1- vhh)Ev -
llEh 2vvhEh 

(4.22) 
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from which the values of Eh and vhh are coupled and cannot be uniquely determined. 
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For trixial tests with !J.ah =F 0 and !J.av =F 0, Eq. (4.19) is an ill-posed system since it 

has only two equations for four unknowns. Therefore, additional equations are needed to 

determine all of the cross-anisotropic elastic properties, which also requires necessary 

assumptions to decouple vhh and Eh from~. 
1-uhh 

Tuturmluer and Seyhan (2003) indicated that one can perform 3 slightly different 

but very close stress path tests (i.e., k ± 0.1 and k, respectively) to obtain the required 

numbers of equations. Therefore, for each stress path test listed in Tables ALl and AI.2, 2 

additional stress path tests were carried out. When applying Eq. ( 4.19) to each individual 

test, six equations can be obtained as follows 

!J.a 1 v -2!J.ah 1 0 1 !J.c. 1 v 
0 -!J.a 1 v !J.ah 1 Ev !J.c.h 1 

!J.a 2 -2!J.ah 2 0 Vvh !J.E 2 v v 
0 !J.a 2 !J.ah 2 Ev !J.c.h 2 v 

(4.23) 

!J.a 3 -2!J.ah3 0 1- vhh !J.c. 3 v v 
0 !J.a 3 !J.ah 3 Eh !J.Eh 3 v 

Equation (4.23) can be written as 

AX=E (4.24) 

where, A, X and E can be identified when comparing Eqs. (4.23) and (4.24). Equation 

( 4.24) is an over-determined system of linear equations. The least square method can be 

used to solve for the unknowns in X by solving ATE = AT AX . 

After the three components, which include 
1

-uhh , in X are determined, the 
Eh 

following assumption (Graham and Houlsby 1983) is adopted to decouple vhh and Eh 
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(4.25) 

The values of Eh, Ev, Vvh and vhh that are determined from the experimental data 

must be further examined to ensure that the compliance matrix in Eq. ( 4.17) is positive 

definite, which is a fundamental requirement for non-negative strain energy. To fulfill this 

requirement, Pickering (1970) and Raymond (1970) have shown that elastic properties 

must satisfy the following inequalities 

-1 < vhh < 1 (4.26) 

(4.27) 

In summary, the cross-anisotropic resilient properties of granular material for a 

specific stress path with constant k are determined experimentally in this study as 

follows: 

• Carry out 3 slightly different but very close stress path tests (i.e., k ± 0.1 

and k, respectively) to determine Eh, Ev, Vvh and vhh according to Eqs. 

(4.24) and (4.25); 

• Check the constraints of inequalities ( 4.26) and ( 4.27). 

Table 4.1 presents sample calculations for cross-anisotropic properties from 2 stress 

path tests. A comparison between the measured and predicted deformations indicates that 

the approach employed in solving for resilient properties is satisfactory. The results 
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obtained from the tests to check for the repeatability are also listed in Table 4.2. One 

observes that the resilient properties of "identical" samples are very close to each other 

for the same stress path. 

Table 4.1 Samples calculation of cross-anisotropic properties 

Test code ac(kPa) (tJ.ah, Mv)(kPa) Eh,r(%) Ev,r(%) 
Predicted Predicted h ( 
Evr(%) Ehr(%) Mr MPa) M;(MPa) vhh Vvh 

A_CTC 50 (0.15,50.07) -0.02435 0.03692 -0.02435 0.03692 135.6 0.66 

(0.15,50.07) -0.02435 0.03692 -0.02439 0.03763 20.7 132.6 0.26 0.66 

A_CTC 50 (2.83,52.77) -0.01629 0.03817 -0.01617 0.03699 

(-2.75,47.21) -0.03340 0.03778 -0.03328 0.03834 

(66.7,166.13) 0.08465 0.07839 0.08453 0.07847 50.5 165.1 0.15 0.27 

A PL2 100 (76.7,176.15) 0.09930 0.08082 0.09968 0.08121 

(56.76,156.27) 0.06982 0.07632 0.06946 0.0758 

Table 4.2 Results for tests of repeatability 
Test code t:Jc(kPa) (Mh, Mv)(kPa) Sample# M;(MPa) MP'cMPa) vhh Vvh 

I 150.9 0.56 
A CTC 100 (0,100) 

2 152.3 0.55 

50.5 165.1 0.15 0.27 
APL2 100 (66.7,166.7) 

2 51.6 168.5 0.15 0.27 

1 93.5 0.81 
A_CTC 30 (0,60) 

2 95.2 0.90 

I 41.6 100.2 0.14 0.21 
A CTE 50 (35,0) 

2 43.8 105.3 0.13 0.20 

4.4 RESILIENT MODULUS 

4.4.1 Resilient modulus and its dependency on stress 

(a) Stress path with k =f:. 0 

According to the previous discussion, the initial confining pressure and stress path have 

significant impact on the resilient modulus, as well as on the development of resilient 

strains. Figure 4.14 shows the variations of M~ and M~ (the vertical resilient modulus and 

the horizontal resilient modulus) with respect to the applied flav for stress paths with 
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k > 0 at initial confining pressures of 30 kPa and 150 kPa, respectively1
• The following 

are the major findings from the experimental data: 

• Along a given stress path, both M~ and M~ increase with an increase in the initial 

confining pressure. 

• For stress paths with k > 0, M~ increases with the applied llav. In other words, 

M~ increases with the overall vertical stress av. 

• For a given initial confining pressure, when vertical stress increments llav are the 

same, smaller M~ is obtained for stress paths of increased k (corresponds to larger 

deviator stress). The increase of M~ is small when k varies from 1.5 to 3.0. 

• The variation of M~ with llav also depends on k. When k = 1.5, M~ is almost 

constant irrespective any change of llav, whereas for k = 0.5 and 1.0, M~ tends to 

increase with llav. An opposite trend is observed for the stress path of k = 2 and 

3. In comparison toM~, one clearly observes that the deviator stress has an more 

substantial influence on M~, particularly for stress paths of increased k. It is likely 

that when k increases (llavf llah increases), the lateral confinement is not strong 

enough to resist larger deviator stress, which in turn leads to the development of 

extensive lateral strain even resilient dilatancy. As such, M~ decreases. 

• From a given initial stress state, M~ is consistently lower than M~ for the stress 

path tests of different k performed in this study. 

1 The complete results for all initial pressures employed in this study are shown in Appendix II. 
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Fig. 4.14 Resilient moduli and stress increments for stress paths k > 0 

Figure 4.15 shows the variations of M~ and M~ with respect to the applied l:lu h for 

stress paths having k < 0. Similar to stress paths with k > 0, both M~ and M~ increase 

with an increase in the initial confining pressure. M~ obtained from stress paths with 

k < 0 tends to increase slightly with l:luh, and the dependeny of M~ on l:luh appears to be 

independent of stress path. The influence of l:luh on M~ depends on k. Specifically, M~ 

increases with l:luh when k = -0.5, but decreases with l:luh when k = -1.0 and -1.5 as 

the extensive vertical strains occur. 

The results lead to the following conclusion: as shown in Fig.l.1, when a rolling 

wheel moves immediately above a pavement section, the stress path experienced by the 

granular base element is similar to the positive stress path with a high ratio of l:lq f l:lp 

(close to 3) or lluvflluh. This change in stress conditions can lead to development of 

extensive lateral strain and a reduction of M~. When a moving wheel is not directly above 

the granular base element, whether approaching or leaving, the pavement element 

undergoes a major principal stress rotation that corresponds to stress paths with reduced 
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k. For stress paths having negative k, although M~ increases, the low ratio of !lqj!lp or 

llav / !lah may result in a drop of M~. The reduced M~ and M~ of granular base could lead 

to a situation where less than assumed support for the upper AC layer and underlying 

subgrade develops. Therefore, the selection of M~ and M~ is critical for realistic flexible 

pavement design. 
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Fig. 4.15 Resilient moduli and stress increments for stress paths k < 0 

(b) IC loading path 

Figure 4.16 shows that variations of M~ and M~ with applied stresses for IC loading 

paths. As outlined previously, the material is contractive in both directions during 

loading, with M~ and M~ increasing with the initial confining pressures ac and the peak 

stress a~ (= ac +!lac) in each stress cycle. Similar to stress paths having k =F 0, M~ is 

consistently lower than M~ within the framework of this study. The significant 

differences between M~ and M~ can be attributed to the inherent fabric. It can be seen 

that both M~ and M~ can be expressed as power functions of the mean effective stress 
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p( = aD, but with different regression constants. 
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Fig. 4.16 Resilient moduli and stress increments for IC compression 

(c) Validity of the Uzan and AASHTO resilient modulus equations 

Figures 4.14 through 4.16 clearly show that M~ and M~ depend on both the initial stress 

state and the stress path. Therefore, the characterization of resilient modulus simply based 

on final stress state (i.e., state which corresponds to the peak stress during cyclic loading), 

such as the Uzan and AASHTO resilient modulus equations, may be considered 

inadequate and incomplete for describing complex resilient properties of granular 

materials along general stress paths. Figures 4.17 and 4.18 show the variations of M~ and 

M~ as a function of the mean effective stress p(= e f3) and the deviator stress ad(= a1 -

a3). It can be seen from Fig. 4.17 that for stress paths with positive k, M~ increases with 

p and ad, but the extent of dependency on p and ad depends on k. More specifically, M~ 

tends to increase more with p and ad when k is small. Figure 4.18 shows that M~ may 
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either increase or decrease with p and ad, depending on the stress path along which the 

test is performed. For example, for stress paths of k = 0.5, 1.0 and 1.5, the horizontal 

resilient deformation is compressive, M~ increases with applied stresses; when k is 

increased to 2.0 and 3.0, M~ decreases with p and ad. This is attributed to higher k 

values inducing larger deviator stresses during loading, which in tum causes resilient 

dilation with horizontal extensive resilient strain developed and smaller values of M~. 
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Fig. 4.17 Vertical resilient moduli and stress increments for stress paths k > 0 
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Fig. 4.18 Horizontal resilient moduli and stress increments for stress paths k > 0 
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Similar to M~ obtained from positive k stress paths, M~ obtained from negative k 

stress paths may either increase or decrease with p and ad, depending on the applied 

stress paths, along which Ev,r may either be compressive or extensive, see Fig. 4.19. 
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Fig. 4.19 Vertical resilient moduli and stresses for stress paths k < 0 

As shown in Fig. 4.20, M~ obtained from negative k stress paths is found to 

increase with p, however, higher initial confining pressures yield higher M~ for the same 

final mean stress p. In addition, M~ also increases with ad, but the dependency on ad is 

slightly different for each negative stress path. 

According to Figs 4.17 through 4.20, one concludes that the dependency of resilient 

modulus, either M~ and M~, on p and ad varies with stress path. In other words, the 

coefficients associated with () and ad in the Uzan and AASHTO resilient modulus 

equations depend on stress path and are not fixed values. Therefore, one may argue that 

the Uzan and AASHTO resilient modulus equations, which are based on classical cyclic 

triaxial tests with constant confining pressure, are not appropriate for the characterization 
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of resilient modulus for various stress paths. Equations, which are based on standard 

resilient modulus tests, tend to over-estimate M~ and M~ for stress paths with k < 0. 

Caution must therefore be exercised when using these equations. 

125 125 

100 -·----+ 100 _.----· 
~ 150kPa~-- ~ ~ 

!50 kPa 

~ ~ 

~ 75 ~ 75 
'--" '--" ..r::: ..r:::._ ... 

~ 50 k=6q/6p ~ 50 k=6q/6p 
.---+ 30 kPa -+---0.5 dl=!..---+ 30 kPa -+-- -0.5 

25 ,_ 
------1.0 25 --11 --1.0 

~-1.5 ·-- -1.5 
0 0 

0 100 200 300 400 0 50 100 150 

p (kPa) crd (kPa) 

Fig. 4.20 Horizontal resilient moduli and stresses for stress paths k < 0 

4.4.2 Resilient modulus and its dependency on resilient strain 

(a) Stress path with k * 0 

As discussed previously, the dependency of M~ and M~ on applied stress varies with the 

stress path, due to the fact that various ratios of llavf llah lead to different resilient 

deformation characteristics. This section however focuses on the relations between 

resilient modulus and resilient strain for various stress paths. 

Figure 4.21 presents the variations of M~ and M~ with Eh,r and Ev,r for stress paths 

with k > 0 for initial ac of30 kPa and 150 kPa, respectively. Depending on the values of 

2 The complete results for all initial pressures employed in this study are shown in Appendix II. 
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k, three deformation patterns are observed for this material: (a) Ev,r > 0 and Eh,r > 0 

when k = 0.5- 1.5; (b) Ev,r > 0 and Eh,r-0.001% for k = 2; and (c) Ev,r > 0 and 

Eh,r < 0 fork = 3. This deformation pattern is closely related to the shear stress level, or 

resilient dilatancy in the tests. Moreover, for a given stress path, the relations of 

M; vs Ev,n M; vs Eh,n M~ vs Ev,r and M~ vs Eh,r vary with initial a,; i.e., both M; and 

M~ increase with an increase in a, given the same resilient strain. 
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Fig. 4.21 Resilient moduli and resilient strain components for stress paths k > 0 
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As can be seen from Figs. 4.21(a) and (b), the dependency of resilient modulus, 

either M~ or M~, on Ev,r depends on k given constant a c. Specifically, M~ increases as 

Ev,r increases, with M~ increasing more rapidly when k decreases. M~, on the hand, 

increases with Ev,r when Eh,r > 0 fork = 0.5-1.5, but decreases with Ev,r when Eh,r < 0 

fork= 2-3. 

For stress path tests with k > 0, one observes that Eh,r has an important influence 

on M~ and M~. As shown in Fig. 4.21 (c), the dependency of M~ on Eh,r varies with the 

sign of Eh,r; i.e., compressive ( +) or extensive (-). For example, fork = 0.5-1.5, given 

constant ac, M~ tends to increase with Eh,r when Eh,r > 0. Fork = 3.0, When Eh,r < 0, 

M~ increases as Eh,r decreases but to a lesser degree when compared to stress paths with 

k = 0.5-1.5. The trend forM~ variation fork= 2.0, however, seems to be different 

from the others. This is attributed to the fact that the level of Eh,r developed is very small 

(~0.001 %) compared to Ev,n which in turn could lead to round off errors. 

It is noted that within the range of the stresses in this study, the phenomenon that 

M~ decreases with extensive Eh,r (corresponding to higher deviator stress) was not 

observed. However, in reality, when the repeated deviator stress is greater than a 

threshold, such as the deviator stress at failure proposed by Van Niekerk (2002), the 

material may display stress/strain softening, therefore, it is very likely that M~ first 

increases with extensive Eh,r then decreases when the magnitude of extensive Eh,r 

becomes larger as resilient dilatancy becomes greater. 

Fig. 4.21(d) shows that the dependency of M~ on Eh,r is relatively independent of 
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the stress path, with M~ consistently increasing as t:h,r increases. When extensive t:h,r 

develops, M~ decreases and can be very low especially at a low confining pressure. 

For stress paths with k < 0, the major principal stress is in the horizontal direction, 

the specimen is found to develop compressive horizontal strain and possible compressive, 

extensive or very small vertical strain. The dependency of M; and M~, on resilient strains 

is well defined in Fig. 4.22. The influence of initial confining pressure on the relations of 

resilient moduli and resilient strains is consistent with those having k > 0. One observes 

from Figs. 4.22(a) and (d) that the dependencies of M; on Ev,r and M~ on t:h,r are 

independent of stress path, with M; consistently increasing with Ev,r. and M~ consistently 

increasing with t:h,r. However, dependencies of M; on t:h,r and M~ on Ev,r vary with 

stress path. As shown in Fig. 4.22(b), when Ev,r > 0, M~ increases with an increase in 

Ev,r· When Ev,r < 0, M~ also increases as extensive Ev,r decreases, but to a lesser degree 

in comparison to those having compressive Ev,r· Similar toM; for stress paths with k > 

0, M~ for stress paths with k < 0 may also exhibit stress/strain softening when the 

magnitude of extensive Ev,r becomes larger or resilient dilatancy becomes greater. The 

variation of M; with t:h,r is presented in Fig. 4.22(c). When Ev,r > 0, M; increases with 

t:h,r fork = -0.5. When Ev,r < 0, M; decreases with t:h,r fork= -1.0 and- 1.5. 

As such, one concludes that the resilient modulus M;.ninor in the direction of minor 

principal stress, tends to increase monotonically with the resilient strain t:;.ninor in the 

same direction. However, M;:z-ajor tends to increase with the amplitude of lt:J!"inorl, 

implying either compression or extension in the direction of minor principal stress causes 
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increased M;"ajor, which is likely the coupled effects of stress level and dilation. In other 

words, M~ can be expressed as a function of cJ!linor. While M~ can be expressed as a 

function of£ The relations of Mv vs £minor for £minor > 0 and £minor < 0 and h,r · r r r r ' 

M~ vs Eh,r for k > 0 and k < 0 are independent of k, respectively. The differences in the 

dependency on resilient strain between M~ and M~ may be attributed to the soil fabric or 

bedding plane orientation, which needs further investigation. 
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Fig. 4.22 Resilient moduli and resilient strain components for stress paths k < 0 
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Scrutinizing the experimental data reveals that the strain dependency of resilient 

modulus in this study is not consistent with the general understanding on the strain level 

dependency of modulus. According to the shear modulus reduction curve for most 

geomaterials, when the shear stress-induced shear strain is at the level of 0.0001%, the 

material can be considered as linear elastic, which corresponds to the maximum shear 

modulus. When the strain level is larger than 0.001%, the shear modulus decreases with 

an increase in the shear strain level. However, the strain level within the framework of 

this research ranges from 0-0.So/o. The dependency of the resilient modulus, either M; or 

M~ on resilient strains varies with direction and stress path. 

(b) IC loading path 

For the IC loading path, the specimen is loaded hydrostatically. As shown in Fig. 4.11, 

the ratio of c.h,rl f.v,r decreases as the initial confining pressure Uc increases, indicating 

that the deformation anisotropy decreases. Fig. 4.23 shows that both M; and M~ increase 

as Uc and c.h,r increase, but the effect of Uc is more significant, implying that the 

subsequent stress changes has less influence on the increase in the resilient modulus, at 

least for the conditions investigated in this research. As f.v,r / c.h,r is almost constant for a 

given Uc, both M; and M~ can be expressed as functions of f.v,r or c.h,r in addition to Uc. 
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Fig. 4.23 Stress and strain components for IC loading paths 

4.5 RESILIENT POISSON'S RATIO AND STRESS 

The use of constant Poisson's ratio for geomaterials is common practice. However, the 

experimental results in this study reveal that the resilient Poisson's ratio is not constant, 

but depends on direction and stress path. The relation between Poisson's ratio and stress 

appears to be quite complex as shown by the summary of results presented in Fig. 4.24. 

For stress paths with k > 0, as shown in Figs. 4.24(a) and (b), there is a systematic 

change in the way the Poisson's ratio vary with uvfuh as the stress path changes from 

k = 0.5-3.0. Given constant Uvfuh, both Vvh and vhh increase ask increases. When 

k = 0.5 and 1.0, Vvh and vhh decrease as uvfuh increases. When k = 1.5, Vvh and vhh 

seem to be independent of uvfuh, and can be considered as constant. However, when the 

extensive Eh,r occurs fork = 2.0 and 3.0, both Vvh and vhh increases as uvfuh increases, 
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and Vvh can even exceed 0.5 when resilient dilatancy occurs. 

In comparison to stress paths with k > 0, the variations ofvvh and vhh with avfah 

for stress paths with k < 0 are relatively small and can be considered as constant., see 

Fig. 4.24(c). Figure 4.24 (d) presents the variations ofvvh and vhh with a~fac for the IC 

loading path. In general, given constant ac, one observes that both Vvh and vhh slightly 

decrease as a~fac increases, but the variations are small. The trends of variations are 

similar to those for stress paths with k = 0.5 and 1.0. This might be attributed to the 

constraints on deformation as the specimen is densely compacted in both the vertical and 

the horizontal directions, which leads to reductions ofvvh and vhh· These results are in a 

good agreement with the findings reported by Chaudhary et.al. (2004) from IC tests and 

HCA tests with k = 0.5 on dense Toyoura sand. 

Overall, Vvh and vhh do not appear to be too sensitive to the confining pressure with 

the stress range studied. The value of vhh appears to be smaller than Vvh for all stress 

path tests. More specifically, Vvh may vary over a wider range of0.02-1.1 depending on 

the k value, while vhh is generally in the range ofO.Ol-0.3. For specimens subjected to 

hydrostatic compression, both Vvh and vhh vary in relatively small ranges with typical 

values being Vvh = 0.2-0.25 and vhh = 0.1-0.2. It is suggested that the higher value of 

Vvh reflects anisotropy of the material and resilient dilatancy induced by large shear stress 

during the test. The value of Vvh can exceed 0.5 and may even be greater than 1. As the 

dilatant behaviour of granular materials for pavement base layer cannot be neglected, 

selection of Vvh and vhh for mechanical analysis of pavement must be prudent. 
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4.6 STIFFNESS ANISOTROPY 

4.6.1 Stiffness anisotropy and deformation 

As the stiffness anisotropy can be quantified by (1-M~ IMn, it is explored next by 

examining the modulus ratio of M~ I M~ for each stress path. For isotropic materials, one 

expects M~ I M~ = 1. A value of M~ I M~ lower than unity stands for stronger fabric in the 

vertical direction than that in the horizontal direction. 

Figure 4.25 shows that relations between M~ I M~ and Evol,r I Ev,r (for k 2::: 0) or 

Evoz,rl2ch,r (for k ~ 0) for different strain paths. It can be seen that the stiffness 

anisotropy depends on the stress path along which stress increments are applied to 

measure the resilient deformation. For stress paths with k > 0, when extensive Eh,r 

develops, the modulus ratio M~ I M~ drops rapidly, and can be as low as 0.05 for k = 2.0 

and 3.0, see Fig. 4.25(a). For other stress paths with k > 0, although avlah > 1, the 

deviator stress are relatively lower than that of increased k, hence M~ I M~ decreases 

slower. 

For the IC loading path, as discussed already, for a given ac, both M~ and M~ 

increase as stress increases, but Eh,r I Ev,r almost remains constant, see Figs. 4.23 and 4.11, 

which implies changes in fabric are very small. It can be seen from Figs. 4.25(a) and (b) 

that at a given ac, changes in the stiffness anisotropy for the IC loading path are also very 

small and can be considered as constant. Therefore, there must be something behind that 

links the fabric and stiffness anisotropy, which need further investigation. On the other 

hand, the stiffness anisotropy decreases as ac increases. 
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Fig. 4.25 Stiffness anisotropy and deformation characteristics 

1.3 

For stress paths with k < 0, av < 1, the material appears to become less anisotropic 
ah 

along the loading path; as shown by the evaluation of M~ I M~ in Fig. 4.25(b ). When the 

material is compacted in both the vertical and horizontal directions, as discussed in 

previous sections, both M~ and M~ increases along the loading path (e.g. k = -0.5), but 

MP increases more rapidly than M~ , thus M~ I M~ increases. When extensive Ev,r 

develops fork= -1.0 and -1.5, M~ IM~ increases as MP increases and M~ decreases. 

Although the variation of stiffness anisotropy for each stress path varies, the 

stiffness anisotropy for all stress paths is reduced when confining pressure increases; as 

illustrated by the solid arrows that show the direction of increasing initial confining 

pressures in Fig. 4.25. Another conclusion that can be made is that theM~ I M~ may not 

be directly related to the resilient strain ratio, since MP IM~ may either increase or 
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decrease when the resilient strain ratio increases. 

4.6.2 Stiffness anisotropy and stress 

(a) Stress-induced stiffness anisotropy 

McMaster University- Civil Engineering 

As indicated already, M~ I M~ cannot be directly related to resilient strain ratio. In this 

section, the stiffness anisotropy, quantified by (1-M~ IMn, is examined to find its 

relation with the applied stresses. 

Figure 4.26(a) shows the variation of M~ IM~ with avlah at ac = 50kPa in this 

study3
. It can be seen that for some stress paths with k = -0.5-1.0 that corresponds to 

lower deviator stress levels, the material is contractive in both horizontal and vertical 

directions, the ratios of M~ I M~ change within a small range. For other stress paths, such 

as stress paths with k = 1.5- 3 or k:::; -1.0, a relation between M~ IM~ and avlah 

appears to be well defined. More specifically, M~ IM~ decreases when avlah is 

increased. The small variation of M~ I M~ when k = -0.5-1.0, may imply that the 

inherent anisotropy dominates the material's performance at relatively lower deviator 

stress level, and avlah has a secondary effect on the stiffness anisotropy. At increased (or 

decreased) avlah ratios or k values, the stiffness anisotropy tends to be governed by 

stress-induced anisotropy, which results in a well-defined relation between M~ IM~ and 

avlah; i.e., M~ IM~ oc (avlah)m 1 , where m1 is a regression constant. 

3 The complete results for all initial pressures employed in this study are shown in Appendix II. 
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Jiang et.al. (1997) and Tasuoka (2000) proposed that E~/E~ at very small strain 

decreases in proportion to ahfav. Referring to Eqs. (2.5) and (2.6), E~/E~ can be 

expressed as 

(4.28) 

Equation ( 4.28) implies that the stiffness anisotropy is independent of initial 

confinement. The results from this study, however, show that M~ / M~ not only depends 

on avfah, but also on ac· It is well recognized that for a given stress path, an increase in 

the initial confinement can reduce the stiffness anisotropy, as shown in Fig. 4.26(b ). 

Figures 4.25 and 4.26 imply that the initial stress state has an important influence on the 

fabric anisotropy and stiffness anisotropy. The stress-induced stiffness anisotropy can be 

approximated as a function of ac and avfah in the following form 
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(4.29) 

where m0 > 0, m1 < 0 and me> 0 are regression constants, Pr = 1 kPa. 

Equation (4.29) was used to fit the calculated ratios of M~ fM: from stress path 

tests with k * 0. Figure 4.27 compares the predicted M~ /M: and calculated M~ fM:. The 

regression coefficients and R2 are also listed. The equation is seen to provide a good fit to 

the calculated M~ /M: for stress path tests with k * 0. 
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Fig. 4.27 Predicted and calculated modulus ratio for stress paths with k * 0 

(b) Inherent anisotropy 

After compaction during construction or sample fabrication stage, the granular material 

develops an anisotropic fabric, which leads to an inherent anisotropy even when the 

material is subjected to hydrostatic stresses. 

Figure 4.28 shows that the inherent stiffness anisotropy obtained from the results of 
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IC tests. It can be seen that M~ fM; increases with ac, indicating that M~ gradually 

approaches M; and the material becomes less anisotropic. When a c exceeds a certain 

level, the material may become isotropic. The subsequent stress changes however have 

little influence on the stiffness anisotropy, at least for the conditions investigated in this 

research. Therefore, the resilient modulus ratio M~ f M; used to quantify the inherent 

stiffness anisotropy for an isotropic initial stress state can be expressed as a power 

function of a c. 
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Fig. 4.28 Inherent stiffness anisotropy 

An alternative way to identify the inherent stiffness anisotropy is to predict it from 

Eq. (4.29), which is used to provide an estimate ofthe stress-induced stiffness anisotropy 

in previous section. When avfah = 1, the term (avfah)m1 in Eq. (4.29) can be removed. 

Thus Eq. ( 4.29) becomes 
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(M~) _ (ac)mc 
Mv - mo -

r inherent Pr 
(4.30) 

Equation ( 4.30) indicates that M~ I M~ which is used to quantify the inherent 

stiffness anisotropy for an isotropic initial stress state depends on ac and m0 . It can be 

seen from Fig. 4.30 that the inherent stiffness anisotropy predicted using Eq. (4.30) is 

very close to that obtained from the results of IC tests. 

4.7 RESILIENT MODULUS EQUATION 

The resilient modulus test results for different stress paths reveal that the Uzan and 

AASHTO resilient modulus equations, which are currently used in engineering practice, 

are not able to properly characterize the resilient behaviour of granular materials for 

general stress conditions. 

In pavement engineering, the preferred method of modelling Mr is to estimate Mr 

based on stress variables such as mean effective stress, bulk stress, deviator stress. As 

discussed already, the tests results have shown that the influence of stresses on Mr is 

stress path dependent. Therefore, it is not a trivial task to estimate a design Mr under 

general stress states solely using stress variables. In soil mechanics, the strain-level 

dependency of modulus has been well recognized for a long time. As such, an attempt is 

made in this section to relate Mr with both stress and strain quantities. Considering the 

various deformation characteristics and variation of resilient moduli for different stress 

paths, it is unlikely that one can describe the complex resilient behaviour with a single 

formulation. Different formulations are proposed for different stages of a stress path. 
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4.7.1 Stress path with k > 0 

The significant influence of confining pressure on resilient modulus is well established; 

i.e., both M~ and M~ increase with an increase in the confining pressure. In addition, the 

test results have shown that both M~ and M~ can be expressed as functions of Eh,r· When 

Eh,r > 0 , M~ increases as Eh,r increases; When Eh,r < 0, M~ also increases as the 

amplitude of Eh,r increases, but in a different manner as that when Eh,r > 0 . It is 

noteworthy that the material may experience stress/strain softening when the load level 

exceeds the load applied in this study. Therefore, M~ for k > 0 can be described as 

for Eh,r > 0 

for Eh,r < 0 

M~ = k1a/2 (E~.r + k3Eh,r + k4) 
or 

tk' Mv = k' a kzc 3 r 1 c h,r 

M~ = k 5ac k 6 (ckr + k7 Eh,r + ka) 

or 
Mv = k' a k~lc lk~ r 5 c h,r 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

where k 1-k8 , k~ -k~, and k~-k~ are regression constants. Equations (4.31) and (4.33) 

are able to simulate the stress/strain softening resilient behaviour of granular materials. 

M~, on the other hand, is observed to consistently increase as Eh,r increases, and 

follows an exponential law 

(4.35) 

where k9 -k11 are regression constants. 

As no obvious stress/strain softening was found in this study, Eqs. (4.32), (4.34) and 

( 4.35) are used to fit the measured M~ and M~ , respectively. As mentioned previously, 

the trend of M~ fork = 2.0 seems somehow different from the other stress paths due to 
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very small Eh,r induced. When doing the curve fitting, the measured data fork= 2.0 was 

however also included. Figure 4.29 compares the predicted resilient moduli and measured 

ones. The coefficients and R2 are also listed. The figure shows that the proposed 

equations fit the measured resilient moduli for k > 0 fairly well. 
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Fig. 4.29 Predicted and measured resilient moduli from positive stress paths 

4.7.2 Stress path with k < 0 

When the major principal stress is in the horizontal direction, M~ and M~ are shown to 

depend on Ev,r and Eh,r, respectively. M~ is found to consistently increase as Ev,r 

increases, with extensive Ev,r yielding lower M~, and M~ consistently increases as Eh,r 

increases, with smaller Eh,r yielding lower M~. Similar to M~ for k > 0, M~ and M~ for 

k < 0 can be described as 

(4.36) 
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(4.37) 

where k12-k17 are regression constants. 

Equations (4.36) and (4.37) were used to fit the measured M~ and M~ from stress 

path tests with k < 0, respectively. Figure 4.30 compares the predicted resilient moduli 

and measured ones. The coefficients and R2 are also listed. The figure shows that the 

proposed equations give good fit to the measured resilient moduli. 
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4.7.3 IC loading path 

The analysis of M~ and M~ data obtained from IC loading paths shows that M~ and M~ 

can be estimated using ac and a~ using the following relations: 

(4.38) 

(4.39) 
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where k18-k23 are regression constants. In these expressions, ac reflects the influence of 

initial confinement on inherent fabric while a~ reflects the influence of stress increments. 

Alternatively, M~ and M~ from an IC loading path can be estimated by ac and the 

induced strain Ev,r or Eh,n since ch,r / Ev,r can be considered as constant along the loading 

path for a given a c. 

Mv - k (J kzsc kz6 r - 24 c v,r (4.40) 

Mh - k a kzac kz9 r - 27 c v,r (4.41) 

where k24 -k29 are regression constants. 

Equations (4.38) through (4.41) were used to fit the measured M~ and M~ from IC 

tests, respectively. Figure 4.31 compares the predicted resilient moduli and measured 

ones. It shows that the equations are capable of estimating M~ and M~ with confidence 

for the IC loading paths. 
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One observes that the coefficients k20 and k23 are very close, indicating that a~ has 

little influence on M~ / M~. The result is consistent with that in Eq. ( 4.30). In contrast, the 

initial confining pressure ac has more significant influence on the stiffness anisotropy, 

which can be seen from the coefficients obtained from the regression analysis. 

4.8 SELECTION OF RESILIENT POISSON'S RATIO 

The variations in Vvh and vhh with stresses were presented earlier in Fig. 4.24. Similar to 

resilient modulus, it is unlikely that one can use a single formulation to model the resilient 

Poisson's ratios. Based on the observation and analysis of the previous sections, the 

approximations for both Vvh and vhh depend on stress paths, or the deformation 

characteristics. 

For the IC loading paths and stress paths with k > 0, when the material is 

contractive in both directions (e.g. k = 0-1.5), the variations ofvvh and vhh with avfah 

are rather small. For simplicity and easy implementation in engineering practice, both Vvh 

and vhh may be considered as constant. The variations of Vvh and vhh for stress paths 

with k < 0 are small and can also be considered approximately as constant. 

For stress paths with noticeable extensive Eh,r (e.g. k = 2.0 and 3.0), Vvh and vhh 

increase as avfah increases. The ranges ofvvh and vhh are much wider than those of 

other stress paths without extensive horizontal strains, which have a remarkable influence 

on resilient dilatancy. In the structural analysis of flexible pavement, one of the critical 

locations is the bottom of base right beneath the wheel load, where extensive radial strain 

is usually observed. Therefore, Vvh and vhh at the bottom of base layer right beneath the 
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wheel load or for stress paths with k = 2.0 and 3.0 cannot be taken as constant for 

realistic analysis. Equation (2.32), a third degree polynomial proposed by Hicks and 

Monismith (1971) or truncated second degree polynomial, can be used to predict the 

resilient Poisson's ratios, with different coefficients for Vvh and vhh: 

(4.42) 

(4.43) 

where the coefficients a0-a2 and b0-b2 are functions of k, as shown in Fig. (4.24) 

Equations (4.42) and (4.43) were then used to fit the measured Vvh and vhh from 

stress path tests with k = 2.0 and 3.0, respectively. Figure 4.32 compares the predicted 

resilient Poisson's ratios and measured ones. It shows that the proposed resilient 

Poisson's ratio equations are "good enough" to estimate the Poisson's ratios along stress 

paths where extensive lateral strains are induced. 
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4.9 SUMMARY 

This chapter attempted to explore the cross-anisotropic resilient behaviour of 

initially isotropic consolidated granular materials along different stress paths. Different 

deformation characteristics were observed for the stress path tests performed in the study. 

In general, the possible combinations of deformations are: contractive in both the vertical 

and horizontal directions; contractive in the vertical/horizontal direction and extensive in 

the horizontal/vertical direction; and contractive in the vertical/horizontal direction and 

very small strain in the horizontal/vertical direction. The different patterns of stress-strain 

curves are attributed to both the anisotropic nature of the material and the influence of 

applied stresses. Owing to the various deformation characteristics, the variation of 

resilient modulus with stresses depends on stress path. For all stress path tests performed, 

M~ is consistently lower than M~. For stress paths with positive k, M~ increases with the 

stress, but M~ may decrease with the stress when k increases, as a result of the onset of 

extensive horizontal resilient strain. For stress paths with negative k, M~ increases as the 

stress increases, but M~ may decrease when extensive vertical resilient strain develops. 

The inherent stiffness anisotropy of the test material is found to depend on initial 

confining pressure. When ac increases, the stiffness anisotropy decrease, indicating the 

material becomes less anisotropic. It is found that for a given ac, the stiffness anisotropy 

from the IC tests almost remains constant, independent of the subsequent stress changes. 

For stress paths with k > 0, the stress-induced stiffness anisotropy increases as the 

stresses become more anisotropic; i.e., avfah increases. However, when the major 

principal stresses are in horizontal directions, the stress-induced stiffness anisotropy 

117 



Ph.D Thesis - Y. Liu McMaster University- Civil Engineering 

decreases as fiv/fih decreases. In general, the stress-induced anisotropy depends on fie and 

fiv/fih, with M~ fM~ decreasing and increasing as fie and fiv/fih increase, respectively. 

Test results show that the common preferred resilient modulus equations, such as 

the Uzan and AASHTO resilient modulus equations, are not capable of characterizing the 

cross-anisotropic resilient modulus for general stress paths. Based on the observation and 

analysis, several equations are proposed to approximate the cross-anisotropic resilient 

properties using combination of stress variables or stress and strain variables for different 

stress paths. It is found that for stress paths with k =t:. 0, M~ can be expressed as a 

function of fie and the resilient strain in the direction of minor principal stress. And M~ 

can be approximated as a function of fie and Eh,r· It has been shown that the proposed 

equations give good fit to the measured data in the stress path tests. 
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5 RESILIENT BEHAVIOUR FOR ANISOTROPIC 
CONSOLIDATION 

5.1 INTRODUCTION 

This chapter presents the resilient modulus test results under conditions of anisotropic 

consolidation. In particular, the resilient responses, and the stress/strain dependency of 

resilient moduli and Poisson's ratios corresponding to various anisotropic consolidation 

histories, are described. As explained in Section 4.3, the moduli and Poisson's ratios were 

obtained by carrying out stress path tests at the various stress levels and applying the least 

square fit together with the Graham-Houlsby assumption. Based on the test results, the 

effect of Kini on the resilient properties of granular materials for various initial stress 

states is identified. The influence of Kini on the stiffness anisotropy is also investigated. 

Finally, the resilient modulus equations developed in Chapter 4 are extended to take into 

account of the effect of Kini and stress/strain path on resilient properties of granular 

materials for general axi-symmetric stress conditions that are commonly experienced by 

base layers. 

5.2 RESILIENT STRESSES AND STRAINS 

For standard Mr tests, a seating load corresponding to a small deviator stress in axial 

direction is applied to maintain a good contact between the top loading plate and the 

specimen. Since the deviator stress induced by the seating load is relatively small 

compared to the applied confining pressure, the initial stress states can be considered as 
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approximately isotropic. However, as mentioned previously, based on in-situ 

measurements, residual horizontal stresses may be larger than the overburden stress, 

implying that Kini in a granular base layer can be greater than unity. Nevertheless, the 

commonly used resilient modulus equations, such as the Uzan and AASHTO resilient 

modulus equations, which originated from standard Mr tests, assumes that Mr depends 

only on the final stress states (i.e., bulk stress and deviator stress corresponding to the 

peak stresses during cyclic loading), with the effect of initial stress state and Kini being 

neglected. In this study, the effect of initial stress state and Kini is investigated by 

performing Mr tests on compacted specimens subjected to consolidation with different 

Kini values. In each test, the stresses prior to applying cyclic stresses (i.e., at the end of a 

consolidation stage) are taken as the initial stresses for Mr tests. 

Figure 5.1 shows the variation in void ratio before and after consolidation for stress 

paths corresponding to k = 3.0 and -1.5, respectively. It can be clearly seen that initial 

stresses have a negligible influence on void ratios of the densely compacted specimens. 
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Initial stress states may however play an important role on the resilient responses of 

granular materials. Figure 5.2 presents the relations between the repeated vertical stresses 

and resilient strains for various Kini when k = 3.0 and O"c = SO kPa. It is observed that 

the resilient responses vary with the initial stress states, even though the finial stress states 

are the same. The resistance of deformation to the vertical stress increases as Kini 

decreases. Whereas o-d for Kini = 2 is 2.5 times that for Kini = O.S when O"v = 1SO kPa, 

Ev,r increases by approximately a factor 6 and the magnitude of extensive Eh,r increases 

by approximately a factor 9. Hence the resilient dilatancy is more pronounced for a higher 

Kini· The apparent Poisson's ratio Vvh also appears to increase as Kini increases. 
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Fig. 5.2 Resilient stresses and resilient strains fork = 3.0 
o-h =SO kPa 

When the repeated load is in the horizontal direction, the differences in the resilient 

deformation response for various Kini conditions become smaller. As shown in Fig. 5.3, 

the increase in Eh,r with an increases m ah, is similar for all Kini although av ts 
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different. The relations of Ev,r vs Eh,r and Evol,r vs Eh,r also appear to be independent of 

Kini· Similar to standard Mr tests, the resistance of deformation to the repeated ah for 

k = -1.5 also slightly increases as Kini decreases. These observations imply that Kini 

may have different influences on the development of resilient deformations for different 

directions of major principal stresses. As a result, the impact of Kini on the resilient 

properties for different directions of major principal stresses is not same. 
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Therefore, one concludes that the resilient responses of granular material are 

affected by initial stress states. In other words, the resilient response for initial anisotropic 

stress states is different from that corresponding to isotropic stress states, which suggests 

that equations that neglect the influence of the initial stress state, in particular the 

anisotropic stress state, may not be able to characterize the resilient properties of granular 

materials under general stress conditions properly and need to be revised. 
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5.3 RESILIENT MODULUS 

5.3.1 Resilient modulus and it's dependency on stress 

As the density of the specimen after consolidation in test Series B is slightly smaller than 

that in Series A, the trends for the variation of M; and M~ in test Series B with stress are 

different from those of test Series A. Density-dependency of Mr is not addressed further 

here, although it is recognized that Mr does depend on density. 

Figure 5.4 shows the variations of M; and M~ with the applied vertical stresses (in 

terms of final stress states: Sl, S2; .. S8) for different Kini conditions when k = 3.0. As 

expected, the dependency of Mr on stress is influenced by Kini. The trends of either M; 

or M~, as a function of stresses are similar, but the magnitudes vary with Kini when the 

final stress states are the same. Both M; and M~ tend to increase as Kini decreases. M; 

for Kini = 0.5 is found to exceed 60% of M; for Kini = 1 and M; for Kini = 2 is 30% 

lower than that for Kini = 1. A noticeable variation in M~ with Kini is also observed. 
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Fig. 5.4 Resilient stresses and resilient moduli fork = 3.0 
ah = SOkPa 

123 

200 



Ph.D Thesis - Y. Liu McMaster University- Civil Engineering 

Figure 5.5 shows the variations of both M~ and M; with Kini in terms ofp and ad 

for k = 3.0. One observes that whereas M; is insensitive to p and ad, M~ shows 

sensitivity to both. And higher M~ and M; are obtained for a lower Kini when p and ad 

are fixed. As such, resilient modulus equations based on standard Mr test results solely 

for isotropic consolidation stresses are not able to predict Mr correctly. 
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Fig. 5.5 Resilient stresses and resilient moduli fork = 3.0 
ah =50 kPa 

When the repeated vertical stress increment llav is used to investigate the impact of 

Kini on resilient moduli, as shown in Fig. 5.6, one observes that M; is influenced 

significantly by Kini, but llav only has minor effect on M;. While M~ is relatively 
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insensitive to Kini> but decreases as flav increases. 

Since M: for k = 3.0 is insensitive to flav or av in this study, it can be seen from 

Fig. 5.7 that M: decreases with an increase in Kini> independent of the final stress state, 

which follows a power law. It is interesting to note that M: has a unique relation with 

Kini at a given initial confinement ( cr~ = crh for k = 3.0 ), which implies that M: is 

uniquely determined by the bulk stress prior to cyclic loading since Bini = (2 + - 1
-) cr~. 
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The resilient moduli for stress paths with k = -1.5 for different Kini consolidation 

histories are presented in Fig. 5.8. As expected, the dependency of modulus, either M~ or 

M~, on Kini and stress is different from that for stress paths with k = 3.0. For a given 

Kini> M~ decreases as uh increases as a result of the onset of extensive Ev,r· When uh is 

the same, M~ is bigger for a lower Kini since the vertical confinement Uv is higher. 

However, M~ appears to be not influenced by Kini and consistently increases with uh. 

The variations of M~ vs ~uh and M~ vs ~uh are similar to those shown in Fig. 5.8 since 

the initial horizontal confinements are same for all stress paths having k = -1.5. 
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Unlike the stress path with k = 3.0, M~ for stress path with k = -1.5 tends to 

decrease with p, but increases with ud; see Fig. 5.9. Given constant p, a higher M~ is 

obtained when Kini is lower. However, the dependency of M~ on ud is shown to be 

insensitive to Kini· M~, on the other hand, increases slightly with p, but is almost not 

influenced by ud. M~ is also independent of Kini when described in terms ofp and ud. 
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Fig. 5.9 Resilient stresses and resilient moduli fork = -1.5 
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In summary, the dependencies of M~ and M~ on stresses vary with the initial stress 

state and the stress/strain path followed. The test results imply that M~ is more influenced 

by Kini than M~ for both stress paths having k = 3.0 and -1.5. This might be the result 

of soil fabric or bedding plane orientation, which need to be further investigated. In 

addition, the experimental results imply that if the Uzan or AASHTO resilient modulus 

equations are used when determining Mr simply based on the peak stresses during cyclic 

loading, care must be exercised to take into account the influence of Kini and stress/strain 

path on the resilient properties for realistic analysis. 
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5.3.2 Resilient modulus and it's dependency on resilient strain 

In Chapter 4, strain-path dependency of Mr was recognized for samples prepared under 

conditions of isotropic consolidation. Figures 5.10 and 5.11 show the variation of M~ and 

M~ as a function of resilient strains for different Kini and stress paths with k = 3.0 and 

-l.S, respectively. In addition to the impact of Kini on Mn it confirms the findings in the 

last section that M~ is more influenced by initial stress states than M~. 
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The findings about the relations of resilient moduli to resilient strains, which are 

generally in agreement with results presented in Figs. 4.21 and 4.22 under isotropic initial 

stress conditions, have important implications for pavement engineering and suggest that 

an alternative approach is required to characterize the resilient properties of granular 

materials in granular base layers. 

In summary, the results from test Series A and B suggest that M~ should be related 

to Kini> crk, and resilient strain in the direction of cyclic minor principal stress; i.e., Eh,r 

(for stress paths with k > 0) or Ev,r (for stress paths with k < 0), and M~ can be related 

to crk and Eh,r· But the relations of M~ vs Eh,r fork > 0 and M~ vs Eh,r fork < 0 may be 

different as the influence of direction of major principal stress on M~ varies. 

5.4 STIFFNESS ANISOTROPY AND STRESS 

5.4.1 Stress-induced anisotropy 

In Chapter 4, it is recognized that under conditions of isotropic consolidation, the stress­

induced stiffness anisotropy, depends on avfah and ac. The results of test Series A 

clearly show that the stiffness anisotropy increases as avfah increases; as shown in Fig. 

4.26. Moreover, at a given initial confinement, the stiffness anisotropy remains constant if 

avfah ratios at the final stress states (corresponding to peak stresses during cyclic 

loading) are identical, regardless of the history of the stress paths and the final stress 

states. 

Figure 5.12(a) shows the dependency of stiffness anisotropy on avfah in another 

way when the specimens are under various initial isotropic stress conditions. For 
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example, Sj and S} (i = 1, 2, 3 ... ) stands for initial and final stress states, respectively. 

When the sample is subjected to different stress path histories, such as Path 1 (Sl ~ S}) 

and Path 2 (Sl ~ S}), the resilient modulus obtained from the two stress path histories, 

either M~ or M:, are different (known in Chapter 4). But the stiffness anisotropy at final 

states S} and Sj is identical when the ratios of avfah at final stress states are the same. 
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Figures 5.12(b) through (d) present the variation of stiffuess anisotropy with the 

stress ratio (Jv!(Jh for test Series B. As shown in Figs. 5.12(b), S/, Sf, sF and Sf 

represent various initial anisotropic stress states, S#, Sf, Sj and S# represent various 

final stress states. When the sample is subjected to various stress path histories with 

k = 3.0 and the same final stress states, such asS/~ S#, Sf ~ S#, sF~ S# and 

Sf ~ S#, a higher resilient modulus, either in the vertical or in the horizontal direction, is 

obtained at lower Kini (see Fig. 5.4). However, the stiffuess anisotropy obtained from 

these stress path histories is identical when the final stress states are the same, as shown 

in Fig. 5.12(c). 

With respect to stress paths with k = -1.5 in test Series B, different resilient 

moduli, either M~ or M~ are obtained from stress path histories Sf ~ Sf, Sf ~ Sj and 

Sf ~ S#, but the same ratio of (Jv/ (Jh at the final states Sf, Sj and S# also leads to 

identical stiffuess anisotropy, see Figs. 5.8, 5.12(b) and (d). 

Figures 5.12(c), (d) and 5.13 show that given an initial confining pressure (Jc 

(strictly speaking, a~), the stress-induced anisotropy depends on (Jvi(Jh at the final stress 

state, with M~ fM~ increasing as (Jvi(Jh decreases and being independent of Kini. 

h 

Furthermore, the relation of M~ vs uv obtained from test Series B for various Kini is very 
Mr O'h 

close to that of test Series A (Kini = 1) and follows a power law. Consequently, Eq. 

( 4.29), which is used to predict the stress-induced stiffness anisotropy for initial isotropic 

stress states, can be used to evaluate the stress-induced stiffuess anisotropy for both initial 

isotropic and anisotropic stress states by replacing the term (Jc with a~; i.e., 
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(5.1) 

Equation ( 5.1) suggests that the stress-induced stiffness anisotropy depends on the 

initial lateral confinement and subsequent uvfuh ratio and is independent of Kini. It 

should be noted, Kini may however have a significant influence on resilient modulus as 

presented in previous sections. 
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Fig. 5.13 Stress-induced stiffness anisotropy obtain from test Series A and B 
a~= 50 kPa 

5.4.2 Initial anisotropy 

Similar to the derivation of the inherent stiffness anisotropy for an isotropic stress state in 

Chapter 4, the initial/inherent stiffness anisotropy for an anisotropic/isotropic initial stress 

state can be obtained from Eq. (5.1) by substituting the term uvfuh at final stress states 

with ratio of aJ /a~ (at initial stress state); i.e., Ki;y , therefore the initial stiffness 
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anisotropy is given by 

(5.2) 

Equation (5.2) suggests that the initial stiffness anisotropy for an initial stress state 

depends on the initial lateral confinement and Kini• with M~ JM: increasing with aft and 

Kini· When Kini = 1, Eq. (5.2) becomes Eq. (4.30), which is used for predicting the 

inherent stiffness anisotropy at an isotropic stress state. It can be seen that the initial 

stiffness anisotropy depends on Kini> while the stress-induced stiffness anisotropy is 

independent of Kini> but depends on the subsequent avfah ratio. 

5.5 REVISED RESILIENT MODULUS EQUATION 

The Kini effect on the resilient properties is incorporated now into the resilient modulus 

equations proposed in Chapter 4. The main ingredients of the equations are outlined as 

follows: 

• aft: the initial horizontal confinement on the soil sample or residual horizontal 

stress in the granular course. 

• Kini: the ratio of ahfav at the initial stress state in the soil sample or the 

coefficient of earth pressure at rest. 

• Eh,r and Ev,r: the resilient strains 

Experiment evidence indicates that Kini has no influence on M~ if M~ is modeled as 

a function of the horizontal resilient strains. Therefore, Eqs. (4.35) and (4.37) which 
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characterize M~ for stress paths with different principal stress directions, respectively, 

remain unchanged. Since the test results show that M~ is greatly affected by Kini• Eqs. 

(4.31) through (4.34) and (4.36) are modified by including the effect of Kinion M~ for 

stress paths with k > 0 and k < 0 , respectively, via 

for Ehr > 0 
' 

for ch,r < 0 

M~ = k1(Kinakol(a~)kz(ckr + k3ch,r + k4) 

or 

Mv = k' (K- ·)koz(ai)k~ck~ 
r 1 mt h h,r 

M~ = ks(Kinako3(a~)k6(ckr + k7 ch,r + ks) 
or 

Mv = k' (K- ·)ko4(ai)k~ lc lk~ r 5 mt h h,r 

MV - k (K ·)kos (ai)k13 expk14Evr r - 12 mt h ' 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

where k1-k8 , k12-k14, k~ -k~, k~-k~, and k 01-k05 are regression constants. Equations 

(5.3) through (5.6) are for stress paths k > 0, and Eq. (5.7) is for stress paths with k < 0. 

Equations (5.5) through (5.7) are then used to fit the measured M~ for the various 

tests of Series B, respectively. Throughout test Series B, a single initial lateral stress of 50 

kPa was applied, so the terms (a~)k6 , (a~)k~, and (a~)k13 in the equations above are 

omitted and merged into terms k5 , k~ and k12 , respectively. Figure 5.14 compares the 

predicted and measured resilient moduli. The figures confirm that Eqs. (5.5) through (5.7) 

provide good fit to the measured resilient moduli and can be used to estimate M~ with 

confidence for stress paths with k * 0, respectively. 
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Fig. 5.14 Comparison between predicted and measured resilient moduli 

It is noted that the coefficient, k05 , which quantifies the effect of Kinion M~ for 

stress paths with k = -1.5 is smaller than k03 and k04 for k = 3.0. This implies that 

larger Kini value can reduce M~ for stress paths with k < 0 more rapidly than that for 

stress paths with k > 0. As such, larger Kini has an adverse effect on M~, and great care 

must be taken when selecting the parameters of M~ for design. This is particularly true for 

the areas of critical location and those where the major principal stress is in the horizontal 

direction. 

5.6 RESILIENT POISSON'S RATIO 

The general variations ofvvh and vhh with avfah and Kini for stress paths k = 3.0 and 

-1.5, are presented in Figs. 5.15 and 5.16, respectively. In addition to the observation 

that both Vvh and vhh increase with an increase in avfah, it is observed that at a given 

ratio of avf ah, Vvh and vhh decrease as Kini decreases. 
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The Poisson's ratios for stress paths with k = 3.0 are influenced more by Kini than 

those for stress paths with k = -1.5. This may be attributed to the nature of disposition 

of soil or the direction of the bedding plane. The dependency of Poisson's ratio on Kini 

reflects the influence of initial stress state, which in tum affects the resilient deformation 

under subsequent cyclic loading. For example, the resistance of deformation to the 
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applied load for k = 3.0 in both the vertical and horizontal directions increases as Kini 

decreases, as shown in Fig. 5.2. Consequently, Vvh and vhh decrease as Kini decreases. 

It is noted that the variations ofvvh and vhh with Kini at a given ratio of avfah for 

stress paths with k = 3.0 are wider than those for stress paths with k = -1.5. These 

findings are consistent with those presented in Chapter 4. Since higher avfah (k = 3.0) 

may induce resilient dilatancy and the material tends to become more anisotropic, which 

in tum yield higher Vvh and vhh· Moreover, the material tends to become less anisotropic 

when k = -1.5. As a result, the variations ofvvh and vhh for stress paths with k = -1.5 

are smaller than those fork= 3.0. 

A suggestion is made in Chapter 4 on the selection of resilient Poisson's ratios for 

design of flexible pavement. Based on the scrutiny of the data and the analysis in this 

chapter, Eqs. (4.42) and (4.43) need to be modified to provide an approximation for Vvh 

and vhh for stress paths with the onset of obvious extensive Eh,r for various Kini values. 

The modified formulations are given by 

Vvh = CoKin/K ( (;:r + C1 (;:) + Cz) 

Vhh = doK;n/K ( e:)2 

+ d1 (::) + d2 ) 

where c0-c2 , d0 -d2 , cK and dK are regression constants. 

(5.8) 

(5.9) 

Figure 5.17 shows the curve fitting results from test data for various Kini at k = 3.0. 

The figure demonstrates that the proposed Eqs. (5.8) and (5.9) are capable of modelling 

the resilient Poisson's ratios for various Kini conditions along a stress path, where 
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extensive radial strains are induced. The values of cK and dK obtained from regression 

analysis reveal that Eqs. (5.8) and (5.9) can be approximated as a linear function of avfah 

without loss of much accuracy of the predications. 

2 
Model do dK dl / 

/ 

/ 

~ 1.5 ~ 

Eq.(5.9) 1.540E-5 0.289 4562.115 / 

/ 
/ 

d2 R2 / 

7455.901 0.887 / 
/ 

~ 
'-' 

/ 
/ 

0/ 
;:> 

'"0 1 il) -u ·-'"0 
il) 
1-< 
~ 0.5 

0 

/ 
/ 

o/o 
t. vhh ,o 

Q' 0 vvh /"fP 
0 j' 

J~fj Modd c, 'x c, 
Eq.(5.8) 0.036 0.291 6.083 

c2 R2 
/ 2.362 0.927 

0 0.5 1 1.5 2 

Measured v (MPa) 

Fig. 5.17 Predicted and measured Poisson's ratios fork = 3.0 

5.7 SUMMARY 

This chapter investigated the anisotropic resilient behaviour of the test material for 

various initial anisotropic stress states for stress paths with k = 3.0 and -1.5. Although 

the variation in void ratio is small among the various cases, the resilient response is 

influenced by Kini. In particular, M~ is more influenced by Kini than M~. When expressed 

as a function of resilient strain, M~ increases with a decrease in Kini when Ev,r is the 

same. M~, on the other hand, is independent of Kini when expressed as a function of Eh,r· 

The test results clearly show that the stiffness anisotropy is stress-state dependent. It is 

however interesting to note that the stress-induced stiffness anisotropy is independent of 
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Kini' but relies on the initial lateral confinement and subsequent avfah ratio. On the other 

hand, the initial stiffuess anisotropy depends on the initial lateral confinement and Kini. 

The resilient modulus equations proposed in Chapter 4 were revised to incorporate 

the effect of Kini on the resilient modulus, in particular M; . Comparison between 

measured and predicted resilient moduli showed that the revised equations are capable of 

describing the resilient properties for various Kini for different stress paths. 

The resilient Poisson's ratios, Vvh and vhh were found to be influenced by Kini' with 

the Poisson's ratios being more influenced for stress paths having k > 0 than those 

having k < 0. For a given initial confinement, Vvh and vhh decrease with a decrease in 

Kini when avfah is the same. The resilient Poisson's ratio equations suggested in Chapter 

4 were modified to account for the effect of Kini . It was shown that the modified 

equations give a good fit to the measured data from the stress path tests. 
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6 ANISOTROPY WITHIN MICRO MECHANICAL 
FRAMEWORK 

6.1 FABRIC ANISOTROPY: MICRO MECHANICS 

6.1.1 Introduction 

The overall mechanical behaviour of a granular material, which is a collection of discrete 

particles, is significantly affected by its microstructure, including geometrical 

arrangement of particles (i.e., fabric) and the interaction at particle contacts. The inherent 

anisotropic characteristics of granular materials are mostly induced by the mode of 

deposition or compaction, which results in different particle arrangement and inter-

particle locking. 

When subjected to deviator stress, soil particles move around as the soil develops 

shear resistance. The relative movement between particles causes particle rearrangement, 

which in tum results in fabric change that is termed as induced anisotropy. Therefore, 

anisotropic fabric and anisotropic stresses lead to the anisotropic resilient behaviour of 

granular materials. Fabric anisotropy should therefore be taken into account in 

interpreting the experimental data and understanding the resilient behaviour of granular 

materials. This allows one to get more comprehensive insight into the resilient properties 

of granular materials under conditions of isotropic or anisotropic consolidation along 

different stress/strain paths. Furthermore, a quantitative description of evolution of fabric 

anisotropy, which can be back-calculated from the test results, can advance the elastic 

models based on micromechanics and provide a reliable prediction of initial fabric 
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anisotropy and fabric evolution in constitutive models with embedded microstructure. 

6.1.2 Fundamentals: Description of anisotropic microstructure 

The fabric anisotropy (the directional distribution of granular assembly) can be 

characterized by different elements of the microstructure, such as the distribution of 

particle contact normals, branch vectors, particle orientation and void orientation (Oda et 

al., 1985). Herein contact normal n is defined as a vector normal to the tangent plane at a 

point of a contact between particles, and the branch vector I is represented by a line 

joining the centroid of contacting particles, as shown in Fig. 6.1. 

z 

y 

(a) (b) 

Fig. 6.1 (a) Local coordinate at inter particle contact (b) Definition ofbranch vector 

In order to quantitatively define fabric anisotropy, a fabric tensor Fij is introduced 

by averaging the directional distribution of branch vector over a representative 

elementary volume (REV) as 

Fii = ~ J E(n) lilidn 

141 

(6.1) 



Ph.D Thesis - Y. Liu McMaster University - Civil Engineering 

where li is the branch vector, N is the number of contacts in the assembly, V is the 

volume of the assembly, E(n) is a spatial probability density function of contact normals 

n, .n is the unit sphere, and dfl is the solid angle of a sphere, satisfying dfl = sinydydf3. 

For cross-anisotropic fabric with its symmetry along the z-axis (Fig. 6.1), a 

truncated Fourier series can be used as an approximation to describe the contact normal 

distribution function; i.e., 

E(y, {3) = 4~ ( 1 + ~ (3 cos(2y) + 1)) (6.2) 

where a is the degree of fabric anisotropy, a quantity used to describe the packing 

anisotropy of materials (Chang and Mistra, 1990). 

Figure 6.2 shows an example of contact normal distribution with different values of 

a. A value of a = 0 represents an isotropic distribution of the contact normals. When 

a > 0, the contact normals of the particles tend to concentrate in the vertical direction, 

whereas when a< 0, the contact normals tend to concentrate in the horizontal directions. 

z 

--0.8 
--0 
-o.s 
-I 

x,y 

Fig. 6.2 Distribution of contact orientations with different value of fabric anisotropy 
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6.1.3 Macro-Micro relationship 

The stress-strain relation for an assembly can be determined from integrating the 

behaviour of interparticle contacts in all orientations. For an assembly of particles 

enclosed in a RVE of volume V with N contacts, the increment of mean force on the 

contact plane can be expressed as 

(6.3) 

where Ajk = (FJkr1, and duij is the macroscopic stress increment, which can be 

obtained from the contact forces and branch vectors for contacts in all orientations, using 

(6.4) 

The macroscopic strain increment dEij can be calculated from the interparticle 

displacement increment dui> given as 

(6.5) 

Equations (6.1) and (6.3) through (6.5) are basic formulations, from which the 

compliance matrix can be derived for an assembly of particles with a fabric tensor Fij. 

6.2 A COMPLIANCE MATRIX FOR GRANULAR ASSEMBLY 

According to the contact law, the interparticle displacement increment can be related to 

the contact force and contact stiffness, via 

(6.6) 
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where Mij is a flexibility tensor. Assuming that the contact stiffness between the normal 

and shear direction is uncoupled, the flexibility tensor can be written as 

1 1 1 
M·· = -n·n· +-s·s· +-t·t· 

l] k l J k l 1 k l J 
n s s 

(6.7) 

where kn and ks are contact normal stiffness and shear/tangential stiffness, respectively. 

For each contact particle, the local coordinate system is related to the global coordinate 

system according to Table 6.1. 

Table 6.1 The local to global coordinate system 

Element n s t 

cosy siny 0 

2 sinycos{3 cosy cos {3 sin{3 

3 sin ysin/3 cosysin/3 cos{3 

Substituting Eqs. (6.3) and (6.6) into Eq. (6.5), the macroscopic stress-strain 

relationships can be written as 

(6.8) 

where cijkl is expressed as 

(6.9) 

with Ajn -l = ~ J ljlnE(l)dfl. For a cross-anisotropic fabric, Aij = 0, when i =I= j. 

At this point it is assumed that the granular assembly consists of a large number of 

sphere particles with radius R, and all particles have the same material properties. Given 

Eq. (6.2), a closed form stress-strain relation can be derived from Eqs. (6.8) and (6.9). 
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The compliance matrix for a cross-anisotropic material can be derived after performing 

integrations. The elastic matrix for a cross-anisotropic material becomes 

with 

l1Ezz 8u 812 813 0 0 0 l1azz 
l1Exx 821 822 823 0 0 0 l1axx 
l1Eyy 831 832 833 0 0 0 l1ayy 

(6.10) 
l1Yxz 0 0 0 844 0 0 l1Txz 
l1Yyz 0 0 0 0 8ss 0 !:nyz 

l1Yxy 0 0 0 0 0 866 l1rxy 

1 15V ( 1 1 ) 
8u = M~ = 28R2N(S + 2a)2 kn (21 + 12a) + ks (14 + 2a) (6.lla) 

1 15V ( 1 1 ) 
822 = 833 = M: = 28R2N(S _ a) 2 kn (21- 6a) + ks (14- a) (6.llb) 

-vvh -vhv 1SV(7 +a) ( 1 1) 
812 = 821 = M~ = M: = 28R2N(S + 2a)(S- a) kn- ks 

(6.1lc) 

-vhh 15V(7- 2a) ( 1 1) 
823 = 832 = M: = 28R2N(S + 2a)(S- a) kn- ks 

(6.lld) 

_ 1 _ 1SV(10 +a) ( 1 2 
844- G~h - 28R2N(S + 2a)2(S- a)2 kn (a + 17a + 70) 

-:s (15a2 + 18a + 105)) 

(6.lle) 

1 15V ( 1 1 ) 
8ss = 866 = G~h = 14R2N(S _ a)2 kn (14- 4a) + ks (21- 3a) (6.llf) 

Defining r = ks , the elastic parameters for cross-anisotropic materials can be 
kn 

obtained as follows 
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28R 2N(5 + 2a) 2 knr 
Mv = -~---------...,-

r 15V(14 + 2a + r(21 + 12a)) 

h 28R2N(5- a) 2knr 
Mr = ---:---------:-

15V(14- a+ r(21- 6a)) 

(5 + 2a)(7 + a)(1- r) 

Vvh = (5- a)(14 + 2a + r(21 + 12a)) 

(7- 2a)(1- r) 
vhh = ....,..---------:-) 

( 14- a+ r(21- 6a) 

vh _ 28R2 N(5 + 2a)2 (5- a) 2knr 2 
Gr - 15V(10 +a) ( -15a + 18a + 105 

+r(10 +a)(7 +a)) 

hh _ 14R2 N(5- a) 2knr 
Gr ------:--------~ 

15V(21- 3a + r(14- 4a)) 

The resilient modulus ratios then become 

M~ (5- a) 2 (14 + 2a + r(21 + 12a)) 

M~ (5 + 2a) 2 (14- 2a + r(21- 6a)) 

(6.12) 

(6.13) 

(6.14) 

(6.15) 

(6.16) 

(6.17) 

(6.18) 

G~h (10 +a)( -15a2 + 18a + 105 + r(10 + a)(7 +a)) 

Gih = (5 + 2a) 2 (21- 3a + r(14- 4a)) (
6

·
19

) 

A more detailed derivation is included in Appendix III. Yimsiri and Soga (2000) 

derived a similar matrix with a different contact normal density function to study the 

small strain behaviour of sand and clay, which is assumed to have constant fabric 

anisotropy and constant k5 /kn. 

The effect of fabric anisotropy on resilient properties can be investigated using Eqs. 

(6.12) through (6.19). Figure 6.3 shows the variation of modulus ratio over a range of 
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degree of fabric anisotropy for various k5 fkn based on Eq. (6.18). It demonstrates that a 

has a primary influence on the stiffness anisotropy, and k5 /kn has a secondary influence 

on stiffness anisotropy. At a given ratio of k5 /kn, Mf! /M~ decreases as a increases. When 

a > 0, which implies a material has a stronger fabric in the vertical direction than the 

horizontal direction, the effect of k5 fkn on stiffness anisotropy, is smaller than that with a 

negative value of a. When a material becomes more anisotropic, no matter a > 0 or 

a< 0, the effect of k5 fkn on the stiffness anisotropy tends to become larger. 

3 
r=k./k, 
--+-0.2 
-e-o.s 

2 
--.!r-1 

> --&-2 

:t --..<: 
~ .. 

1 

-1 0 1 2 3 

Degree of fabric anisotropy, a 

Fig. 6.3 Variation of stiffness ratio with degree of fabric anisotropy 

Figure 6.4 shows the influence of k5 /kn and a on the resilient Poisson's ratios 

based on Eqs. (6.14) and (6.15). As can be seen from this figure, Vvh = 0 when= -2.5, 

which can be considered as the transitional value for a. For a given degree of fabric 

anisotropy with a> -2.5, Vvh decreases with an increase in k5 fkn as a result of 

increased constraint to particle movement in the tangential plane at any contact point. 
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With respect to vhh, the transitional value of a is 3.5; i.e., vhh = 0 when a= 3.5. When 

a< 3.5, vhh decreases with an increase in the ratio of k 5 /kn. 

2 --~--------------------------------~ 

..:::: 
> 0 > 

a 
--2.5 

-1 
-+--1 
~0 

~1 

~2 

--&-3 
-2 

0 0.5 1.5 2 

k/kn 

0.6 

0.4 

0.2 

..:::: 0 ..:::: 
> 

a 
-0.2 -+--1 

~0 

~1 

-0.4 ~2 

--&-3 

-0.6 
-3.5 

0 0.5 1.5 2 

ks~ 

Fig. 6.4 Variation of Poisson's ratios 

Figure 6.4 also shows that the degree of fabric anisotropy a has different influences 

on Vvh and vhh. When k5 /kn < 1, Vvh increases as the degree of fabric anisotropy 
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increases; while vhh decreases as degree of fabric anisotropy increases. When k5 /kn > 1, 

the trends of Vvh and vhh become opposite. For isotropic materials with a = 0, Vvh = 

vhh· When k5 fkn < 1, for materials with a> 0. (i.e., more contact normals concentrate 

in the vertical direction), Vvh > vhh• while Vvh < vhh for materials with a< 0. It should 

be noted that k 5 /kn is usually less than unity for most granular materials. 

6.3 PREDICTION OF vhh' M~ AND G~h 

The micromechanics model presented in the previous section clearly shows that the 

elastic parameters can be related to 2 major microscopic quantities of the material; i.e., 

fabric anisotropy and contact properties. As such, the test results of the resilient moduli 

obtained from stress path tests in this study can be used to back-calculate the "effective" 

a and k5 /kn with numerical optimization method. For each stress path test, Eqs. (6.14) 

and (6.18) are used to determine a and k5 /kn· 

It is important to recognize that some elastic parameters that cannot be obtained 

from triaxial tests for a cross-anisotropic material, such as the vertical resilient shear 

modulus G:(h, can be determined using micromechanics formulations. 

As discussed in Chapter 4, when solving a system oflinear Eq. (4.23), vhh and M~ 

are always coupled. The Graham-Houlsby assumption; i.e., Eq. (4.25) was used to 

decouple vhh and M~ in l-v:h. However, vhh and M~ can be obtained using the 
Mr 

micromechanics model without using the Graham-Houlsby assumption. From Eq. (4.19), 

the following equation can be obtained 
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(6.20) 

Equations (6.14), (6.15) and (6.18) are then substituted into Eq. (6.20), which 

becomes 

(5 + 2a)(7 +a+ 4r(7- 2a)) l:lav Eh,r M~ -----.,----,------.,----- = - + --
(5- a)(7 + a)(1- r) l:lah l:lah Vvh 

(6.21) 

As a result, a and k 5 /kn ratio can be solved from Eqs.(6.14) and (6.21). Therefore, 

vhh and M~ can be calculated from Eqs. (6.15) and (6.18). 

Figure 6.5 compares a and k5 /kn calculated from Eqs. (6.14) and (6.18) with those 

from Eqs. (6.14) and (6.21). It demonstrates that a and the corresponding k5 fkn 

calculated from both approaches are very close. Figure 6.6 compares M~ and vhh 

obtained from the micromechanics and the Graham-Houlsby approaches, respectively. As 

can be seen from this figure, the horizontal moduli M~ calculated from both approaches 

are in good agreement. Therefore, both the micromechanical approach and Graham-

Houlsby assumption can be used to calculate M~ with confidence. The values of vhh from 

micromechanics model are however systematically smaller than those based on the 

Graham-Houlsby assumption. The outliers in data ofvhh are mostly for stress paths with 

k = 2.0, as discussed in Section 4.4.2, the level of measured t:h,r is very small (~0.001 %) 

compared to Ev,r, which in turn could lead to round off errors when determining the 

corresponding parameters. The differences in vhh should be noted when using these 2 

approaches to evaluate the values ofvhh· Both approaches are not perfect as assumptions 

(sphere particles and Eq. (4.25), respectively) are made when evaluating M~ and vhh· 
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Fig. 6.6 vhh and M~ obtained from micromechanics model and the G-H assumption 

For the stress path tests performed in this study, the horizontal resilient shear 

modulus G!!-hcan be obtained from Eq. (4.15). After manipulating Eqs. (4.15), (6.17) and 

(6.19), the vertical resilient shear modulus G:Jh can be determined once a and k5 fkn are 

known; i.e., 
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h (5- a) 2 (14 + 2a + r(21 + 12a)) 
cv = Mv 

r (10 +a)( -15a2 + 18a + 105 + r(10 + a)(7 +a)) r 
(6.22) 

6.4 FABRIC ANISOTROPY 

6.4.1 Variation of a and ksfkn: Stress paths and Kini 

It should be noted that there are some differences between very small strain behaviour 

and resilient behaviour of granular materials. For granular materials having very small 

strains, stress-induced change in a and k 5 /kn are very small and can be neglected. 

Consequently, the inherent/initial anisotropy dominates the very small strain behaviour of 

the material. On the other hand, owing to the amplitude of repeated stresses or strains, the 

resilient behaviour of a granular material is highly nonlinear, a and k 5 fkn of the material 

may change with the applied load. When a material's resilient strains recover during the 

unloading process, it's fabric may return to the initial state immediately before the load is 

applied, provided that the plastic deformation in each cycle of load application is 

negligible. For this reason, the variations of a and k 5 /kn along different stress paths are 

addressed in the following sections, as well as the effect of Kini on the development of a 

(a) Isotropic initial stress state 

The degree of fabric anisotropy a and k 5 1kn were back-calculated from the results of all 

stress path tests of test Series A and B using the micromechanics approach. Figure ( 6. 7) 

shows that the variations of induced fabric anisotropy and k 51kn for different stress paths 

under conditions of isotropic consolidation. It can be seen that the stiffness anisotropy 
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primarily depends on the fabric anisotropy, with M~ I M~ decreasing as a increases. 
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Fig. 6.7 Stiffness anisotropy and fabric anisotropy 

4 

Figure (6.8) shows that the resilient Poisson's ratios are however found to primarily 

depend on kslkn, with the Poisson's ratios decreasing as kslkn increases in general. For 

stress paths having higher ratios of avlah or flavl l:!.ah, such as stress paths with k = 

1.0-3.0, the lateral confinement becomes smaller than the vertical confinement, as a 

result, kslkn tends to decrease along the loading path, with kslkn fork= 2.0 and 3.0 

being smallest. Since O"v increases more rapidly than ah along the loading path, the 

contact normals tend to concentrate in the vertical direction, thus the material becomes 

more anisotropic, both in the fabric and stiffness, with a and M~ I M~ for k = 3.0 

increasing and decreasing most rapidly, respectively. For stress paths with k = 0-0.5, 

the variations in avlah are small, the material is densely compacted in both the vertical 
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and horizontal directions, which leads to an increase in k5 /kn. As the particles cannot be 

significantly rearranged, although the stiffness and fabric anisotropy increase, the 

variation is relatively small. 
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For stress paths with k < 0, Uv < uh; i.e., the major principal stress is in the 

horizontal direction, which is parallel to the horizontal bedding plane. The particles must 

therefore rearrange themselves to accommodate the stress changes, and the contact 

normal tends to concentrate in the horizontal direction, which leads to an increase in the 

deformation resistance in the horizontal direction when compared to the vertical direction. 

Consequently, both the stiffness and fabric anisotropy decrease, while k5 lkn increases. 

(b) Anisotropic initial stress state 

Figure 6.9 shows the dependency of a and k5 lkn on Kini for stress paths having k = 3.0, 

respectively. It can be seen that M~ I M~ and a are well correlated, with the stiffness 

h 

anisotropy consistently increasing with a along the loading path. The relation of M: vs a 
Mr 

is shown to be independent of Kini· Recalling in Chapter 5, at a given lateral confinement 

with various Kini values and when the final stress states are the same, M~ and M~ 

increases, and vhh and Vvh decreases as the Kini decreases, see Figs. 5.4 and 5.15. The 

induced stiffness anisotropy is however found to be identical and depend on the initial 

lateral confinement and subsequent uvluh ratio, regardless the values of Kini> see Figs. 

5.12(b), (c) and 5.13. Therefore, the findings suggest that the fabric anisotropy, similar to 

stiffness anisotropy, depends on the initial and final stress states, which needs further 

examination. 

In contrast to the variation of the stiffness anisotropy with a, the stiffness anisotropy 

is found to increase as k5 I kn decreases along the loading path, which is consistent with 

the common understanding. However, for various Kini' identical stiffness anisotropy and 
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fabric anisotropy do not guarantee identical k5 /kn. In other words, the induced k5 /kn 

depends on Kini. Specifically, at a given initial lateral stress, when final stress states are 

the same, a lower ratio of k5 /kn is induced for a higher Kini· These findings are most 

likely due to the effect of deviator stress on the deformation response of the material; i.e., 

larger deformations in both the horizontal and vertical directions are induced for a higher 

Kini• which in tum leads to a lower k 5 /kn· 
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For stress paths with k = -1.5, as shown in Figs. 5.12(b), (d) and 5.13, at a given 

lateral confinement with various Kini values, when avfah at the final stress states are the 

same, the induced stiffuess anisotropy appears to be identical and depend on the initial 

lateral confinement and subsequent avfah ratio, regardless the values of Kini. The 

stiffuess anisotropy and fabric anisotropy are also well correlated and independent of 

Kini> with the induced stiffuess anisotropy however decreasing as the fabric anisotropy 

decreases along the loading path; see Fig. 6.1 0. As the major principal stress is in the 
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horizontal direction, the induced k5 fkn ratios are generally larger than those fork = 3.0 

and are insensitive to Kini· 
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Fig. 6.10 Influence of Kinion fabric anisotropy and k5 fkn fork= -1.5 
aA =50 kPa 

1 

The good correlation between the stiffness anisotropy and fabric anisotropy, and 

their independence with respective to Kini for stress paths having k = -1.5, also imply 

that the induced fabric anisotropy is influenced by the initial lateral confinement and the 

subsequent avfah, which is discussed in next section. 

6.4.2 Evolution of fabric anisotropy: fabric anisotropy and stress 

To account for the fabric anisotropy in constitutive models with embedded 

microstructure, a complete description of fabric evolution is necessary. In this research , 

the stress approach is used to describe the fabric evolution. The relation between the 

degree of fabric anisotropy and the initial stress state and subsequent stress history, 

including the stress path and final stress states, is investigated. 
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Experiential evidence (Oda, 1985) shows that when a granular specimen is 

deformed, changes in the orientation of particles are related to the applied stresses. 

During a deformation process, contact normals tend to reorient themselves in the 

direction of major principal stress so as to maintain the resistance to external forces. As a 

result, the principal direction of fabric has a tendency to follow that of the major principal 

stress, and the components in the principal stress directions change at the same time. 

(a) Fabric evolution: isotropic initial stress state 

The degree of fabric anisotropy a or the component of fabric tensor in the vertical 

direction F1 , is found to depend on the initial confinement and subsequent avfah ratio. 

Figure 6.11(a) shows that the variations of F1 along various stress paths for an isotropic 

initial stress state. One observes that F1 tends to increase with an increase in avfah , 

which is consistent with the general understanding that contact normal tends to 

concentrate in the direction of the major principal stress to provide maximum resistance 

to deformation. Scrutinizing the experimental data reveals that the variation of F1 with 

avfah changes slightly along different stress paths, which is likely due to the effect of the 

mean effective stress on fabric evolution. 

Figure 6.11(b) presents the evolution of F1 with avfah at different initial confining 

pressures along three representative stress paths where k = -1.5, 0.5, and 3.0 , 

respectively. As shown, an increase in the initial confinement tends to suppress fabric 

anisotropy for the same av I a h. 
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The importance of confinement on fabric can also be observed from Fig. 6.ll(c), 

which presents the variations of F1 for the IC tests, where avfah = 1. It can be seen that 

F1 greatly depends on the initial confining pressures, the fabric change is very small along 

the loading path and can be considered as constant. This finding is consistent with the 

results in Chapter 4, which show that the Eh,r/Ev,r ratio almost remains constant given ac, 

implying that the fabric change is very small, and can be neglected. 

Therefore, the evolution of F1 for different initial confining pressures along various 

stress paths can be quantitatively expressed as a power function of the initial lateral 

confinement (ac = CY~) and avfah ratio, via 

(6.23) 

where 91 , 9 2 and 9 3 are regression coefficients, with 9 1 > 0 reflecting the material 

anisotropy, 9 2 < 0 and 9 3 > 0. 

Figure 6.12 shows the curve fitting results for test Series A. The figure 

demonstrates that the proposed Eq. (6.23) gives a reasonable fit to F1 obtained from 

micromechanics approach and is capable of approximating the fabric anisotropy of a 

granular material at an isotropic/anisotropic stress state after undergoing a stress/strain 

history from an isotropic initial stress state. 

As described previously, the variation of k 5 fkn ratio depends on stress path. 

Unfortunately, the formulation of k5 fkn as a function of the applied stresses has not been 

obtained from the current test results and needs further investigation. 
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(b) Fabric evolution: anisotropic initial stress state 

Figure 6.13 shows that the variation of F1 along stress paths having k = 3.0 and -1.5 for 

various Kini conditions. As expected, F1 tends to increase with increased avfah and is 

independent of Kini. It can be seen that the relation of F1 vs CTv obtained from test Series 
C1h 

B with various Kini almost coincides with that from test Series A with Kini = 1, which 

suggests that the stress-induced fabric anisotropy, similar to the stress-induced stiffness 

anisotropy, depends on the initial lateral confinement and subsequent avfah ratio, 

regardless of the stress path and Kini· Therefore, Eq. (6.23) can be used to estimate F1 for 

conditions of both isotropic and anisotropic initial stress states by replacing the term ac 

with a/,_ and becomes 

(6.24) 
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(c) Inherent/initial fabric anisotropy 

Similar to the derivation of the inherent/initial stiffuess anisotropy in previous chapters, 

the initial/inherent fabric anisotropy for an anisotropic/isotropic initial stress state can be 

obtained from Eqs. (6.23) and (6.24). The inherent and initial fabric anisotropy are given 

by 

(6.25) 

(6.26) 

Equations (6.24) and (6.26) suggest that the initial fabric anisotropy is influenced by 

Kini' while the induced fabric anisotropy is independent of Kini· The proposed evolution 

law of fabric anisotropy works well for the prediction of F1 . Further calibration is 

necessary through extensive tests for various Kini conditions and initial stress states along 
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various stress paths. 

6.5 SUMMARY 

This chapter interpreted the tests results for both isotropic and anisotropic initial stress 

states along various stress paths with regard to fabric anisotropy. A micromechanics 

model was established to back-calculate the degree of fabric anisotropy a and k 5 /kn 

ratio. It is shown that the micromechanics model can be used to predict the resilient 

properties, such as vhh, M~ and c::h. 

Scrutinizing the experimental data, a relation was proposed to approximate the 

induced fabric anisotropy for both isotropic and anisotropic initial stress state. The 

induced fabric anisotropy of the test material is shown to depend on the initial lateral 

confinement and subsequent uvfuh ratio at the final stress state, and be independent of 

Kini. It increases with an increase in uvfuh, but decreases with the initial lateral 

confinement. The initial fabric anisotropy is however found to decrease as the initial 

confinement and Kini increases. 

With respect to k 5 /kn, it is found to depend on stress path and Kini· For stress paths 

with k = 3.0, k 5 /kn decreases with an increase in Kini· For stress paths with k = -1.5, 

k 5 /kn is generally larger than those with k = 3.0 and insensitive to Kini· 

163 



Ph.D Thesis - Y. Liu McMaster University- Civil Engineering 

7 CONCLUSION AND FUTURE WORK 

The research reported in this thesis focused on the investigation of the cross-anisotropic 

resilient properties of coarse grained soil. An important factor considered was the 

influence of stress path on the resilient modulus and Poisson's ratio, in both the vertical 

and horizontal directions from an isotropic/anisotropic initial stress state. Relatively 

simple, but comprehensive resilient modulus and Poisson's ratio equations were 

developed, which can be used to predict the resilient modulus and Poisson's ratio 

subjected to general stress conditions. 

The following observations and conclusions are made based on the research 

accomplished in this study: 

• Different deformation characteristics were observed for the stress path tests 

performed in the study. The possible combinations of deformation in general are: 

contractive in both the vertical and horizontal directions; contractive in the 

vertical (horizontal) direction and extensive in the horizontal (vertical) direction; 

and contractive in the vertical (horizontal) direction and very small horizontal 

(vertical) strain. The different patterns of stress-strain curves are attributed to both 

the anisotropic nature of the material and the applied stresses, no matter if the 

stresses are anisotropic or isotropic. Owing to the various deformation 

characteristics, the variations of resilient properties with stress changes depend on 

stress path. In general, the vertical resilient modulus is higher than the horizontal 

resilient modulus, which is attributed to disposition or compaction process. 
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• The inherent stiffness and fabric anisotropy of the test material is found to depend 

on initial confining pressure. When the confining pressure increases, the material 

tends to become less anisotropic. The stiffness and fabric anisotropy from IC tests 

is almost constant for a given initial confining pressure. For stress paths with 

positive k, the stiffness anisotropy increases as stresses become more anisotropic. 

However, when the major principal stresses are in the horizontal direction, the 

stiffness anisotropy decreases. 

• The resilient response of a granular material is influenced by Kini· Tests results 

have shown the resilient properties are influenced by Kini, In particular, M~ is 

more influenced by Kini than M~. 

• Test results show that the common preferred resilient modulus equations, such as 

the Uzan and AASHTO equations are not capable of characterizing the cross­

anisotropic resilient modulus subjected to general stress paths. In addition to the 

initial lateral confinement, the cross-anisotropic resilient modulus is found to 

depend on the resilient deformation developed during the stress path test and/or 

Kini· For stress paths with k =F 0, the vertical resilient modulus can be expressed 

as a function of initial lateral confinement, Kini and the resilient strain in the 

direction of minor principal stress. And the horizontal resilient modulus can be 

approximated as a function of initial lateral confinement and the horizontal 

resilient strain. 

• Both the induced stiffness anisotropy and fabric anisotropy are independent of 

Kini. Test results have shown that the induced stiffness anisotropy and fabric 
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anisotropy increase with an increase in avfah ratio, but decreases as the initial 

confining pressure increases. However, the initial fabric anisotropy and stiffness 

anisotropy depend on Kini. 

The following work is considered necessary in the future: 

• Further experiments on the tested material for the purpose of understanding the 

anisotropic resilient properties subjected to the major principal stress rotation. 

• Further calibration of the proposed resilient modulus equations and fabric 

evolution law through more extensive stress path tests. 

• Extension of resilient modulus equation for general stress states, including the 

influence of stress path, major principal stress rotation and Kini. 

• Implementation of the resilient modulus equations into a finite element program 

for modelling the responses and predictions of the performance of flexible 

pavement. 
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APPENDIX I PROGRAM FOR TESTS 

Table AI. 1 Program for test Series A 

Test Code 
Slope of Initial stress (k.Pa) Cyclic stress (k.Pa) 

stress path Uc = Uh=Uv tJ.Un_ tJ.uv tJ._(J_ 
0 15 15 

30 0 30 30 
0 60 60 
0 90 90 
0 15 15 

50 0 25 25 
0 35 35 

A_CTC 3.0 0 50 50 
0 50 50 

100 0 100 100 
0 150 150 
0 200 200 
0 75 75 

150 0 ISO 150 
0 225 225 
0 300 300 
3 21 18 

30 5 35 30 
IO 70 60 
15 105 90 
4 29 25 

50 
8 58 50 
l7 117 100 

APL4 2.0 25 175 150 
8 58 50 

100 l7 ll7 100 
25 175 150 
33 233 200 
13 88 75 

150 25 175 150 
38 263 225 
50 350 300 
5 20 15 

30 
10 40 30 
20 80 60 
30 120 90 
8 33 25 

50 
17 67 50 
33 133 100 

A PL3 1.5 50 200 150 
17 67 50 

100 33 133 100 
50 200 ISO 
67 267 200 
25 100 75 

150 
50 200 150 
75 300 225 
100 400 300 
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Table ALl Program for test Series A (continued) 

Test Code 
Slope of Initial stress (kPa) Cyclic stress (kPa) 

stress path r1c = ah =av D.ah D.av D.q 
10 25 15 

30 20 50 30 
40 100 60 
60 150 90 
17 42 25 

50 
33 83 50 
67 167 100 

APL2 1.0 100 250 150 
33 83 50 

100 
67 167 100 
100 250 150 
133 333 200 
50 125 75 

150 100 250 150 
150 375 225 
200 500 300 
15 24 9 

30 
25 40 15 
38 60 22 
50 80 30 
20 32 12 
42 67 25 

50 63 100 38 

0.5 
83 133 50 
125 200 75 

A PLI 
42 67 25 

100 83 133 50 
125 200 75 
167 267 100 
33 53 20 

150 63 100 38 
125 200 75 
167 267 100 
10 10 0 

30 
15 15 0 
22 22 0 
30 30 0 
15 15 0 
25 25 0 

50 35 35 0 
50 50 0 

A IC 0 75 75 0 
15 15 0 

100 30 30 0 
50 50 0 
100 100 0 
30 30 0 
50 50 0 

150 75 75 0 
100 100 0 
150 150 0 
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Table AI.l Program for test Series A (continued) 

Test Code 
Slope of Initial stress (kPa) Cyclic stress (kPa) 

stress path O"c_ = O"h =O"v ~O"h ~O"v ~q 

23 13 -10 
35 20 -15 

30 48 28 -20 
70 40 -30 
105 60 -45 
35 20 -15 
58 33 -25 

50 88 50 -38 
117 67 -50 

A PL5 -0.5 175 100 -75 
35 20 -15 
70 40 -30 

100 117 67 -50 
175 100 -75 
233 133 -100 
47 27 -20 
70 40 -30 

150 117 67 -50 
175 100 -75 
233 133 -100 
12 3 -9 
20 5 -15 

30 28 7 -21 
40 10 -30 
60 15 -45 
20 5 -15 
33 8 -25 

50 50 13 -38 
67 17 -50 

APL6 -1.0 100 25 -75 
20 5 -15 
40 10 -30 

100 67 17 -50 
100 25 -75 
133 33 -100 
27 7 -20 
40 10 -30 

150 67 17 -50 
100 25 -75 
133 33 -100 
10 0 -10 
15 0 -15 

30 20 0 -20 
30 0 -30 
45 0 -45 
15 0 -15 

50 35 0 -35 
40 0 -40 
50 0 -50 

A_CTE -1.5 15 0 -15 
30 0 -30 

100 50 0 -50 
75 0 -75 
100 0 -100 
20 0 -20 
30 0 -30 

150 50 0 -50 
75 0 -75 
100 0 -100 
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Table AI. 2 Program for test Series B 

Test Code 
Slope of 

Kini 
Initial stress (kPa) Cyclic stress (kPa) 

stress path ( ah, a,) t:.ah /::,.(]"_12_ t:.q 
0 10 10 

0.5 (50,100) 0 25 25 
0 50 50 
0 15 15 

0.83 (50,60) 0 40 40 
0 65 65 
0 90 90 
0 25 25 

I (50,50) 
0 50 50 
0 75 75 

B CTC 3.0 0 100 100 
0 10 10 
0 35 35 

1.25 (50,40) 0 60 60 
0 85 85 
0 110 110 
0 15 15 
0 35 35 

2 (50,25) 0 50 50 
0 75 75 
0 125 125 
10 0 -10 

1.0 (50,50) 15 0 -15 
25 0 -25 
10 0 -5 

0.9 (50,55) 
15 0 -10 
25 0 -20 
37 0 -32 
10 0 0 

0.83 (50,60) 
15 0 -5 
25 0 -15 
37 0 -27 

B CTE -1.5 15 0 5 

0.72 (50,70) 
25 0 -5 
37 0 -17 
50 0 -30 
15 0 10 

0.67 (50,75) 
25 0 0 
37 0 -12 
50 0 -25 
15 0 35 

0.5 (50,100) 
25 0 25 
37 0 13 
50 0 0 
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Table AI. 3 Specifications of testing equipment 

Type of measurement Full scale Resolution 
Axial load ±10kN 0.1 N 
Torque ±300N · m 0.01 N · m 
Volume change 100 cc 0.1 cc 
Radial displacement ±50mm 1.5Micron 
Axial displacement ±25mm 0.01 mm 
Pore water pressure 1000 kPa 0.1 kPa 
Inner cell pressure 1000 kPa 0.1 kPa 
Outer cell pressure 1000 kPa 0.1 kPa 
Inner cell volume change 100 cc 0.1 cc 
Servo actuator frequency up to 70Hz 
Data acquisition speed up to 5kHz 
Data acquisition 20 bit 
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Fig. AI. 1 Sample of stresses and deformation measured in tests 
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APPENDIX II ADDITIONAL FIGURES 
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Fig. AIL 1 Resilient moduli and stress increments for stress paths k > 0 
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APPENDIX III 
COMPONENTS OF A COMPLIANCE MATRIX 

As we know, 

E(y,p) = -
1 (1 +a (3cos(2y+ 1)) 

4Jr 4 
(AIII-1) 

N 2trtr 

Fij =- J J IJ1E(n)sinydydf3 
v 00 

(AIII-2) 

where 0 ~ fi ~ 2Jr, and independent of y, 0 ~ y ~ 7r, I; = 2Rn; For cross-anisotropic 

fabric, FiJ = 0 when i * j . The integration of trigonometric integrals can be obtained 

from a mathematics manual. 

N 2trtr R2 N 2trtr ( ) 
F;, =-4R2 J J ~2E(n)sinydydf3 =-- J J cos2 (y) 1+ a (3cos(2y)+l) sinydydfl 

V o o VJr o o 4 

=--2Jrf cos2 (y) 1+ a (3cos(2y)+l) sinydy R2N tr ( ) 

VJr 0 4 

= --J cos2 (y) 1 +a (3cos(2y) + 1) sinydy R2N1r ( ) 
v 0 4 

R
2 N Jtr 2 ( 3a 2 a) = ---2Jr cos (y) 1 +-cos (2y)-- d(cosy) 

VJr 0 2 2 

4 R 2N =-(5+2a)-
15 v 

(AIII-3) 

F22 = F33 

N 2trtr R2N21r1r ( ) 
= -4R 2 J J n/E(n)sinydydfl = -- J J sin 2 (y)cos2 (/3) 1+~(3cos(2y)+1) sinydydfl 

V o o VJr o o 4 

= --;r J sin 3 (y) 1 +~(3cos(2y) + 1) dy R
2 
N tr ( ) 

V;r 
0 

4 

4 R 2N =-(5-a)-
15 v 

(AIII-4) 
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(AIII-5) 

when i=f:. j. 

( 
2 J-1 ~1 =(F;J1 = _i_(5+2a)R N 

15 v 

( 
2 J-1 ~2 =A33 =(J<;J-1 = _i_(5-a)R N 

15 v 

(AIII-6) 

(AIII-7) 

wherej and l are not summed. For example, 

1 N 4R
2 2

s"s" 2
( 1 2 1 2 1 2J 2( a ( )) . C1111=-=--- n1 -n1 +-s1 +-t1 A11 1+- 3cos(2y+1 sm(y)dydfJ 

Ev V 41r 0 0 kn ks ks 4 

After lengthy derivation, we have 

cllll=-= 2 2 -(21+12a)+-(14+2a) 1 15V 1 ( 1 1 J 
Ev 28R N(5+2a) kn ks 

(AIII-8) 

(AIII-9) 

Similarly, all components in the matrix can be obtained. 
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