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Abstract

There are numerous models of new physics that posit extra dimensions with charac-

teristic length scale much larger than the inverse TeV scale. These so-called models

of large extra dimensions can be used to confront the hierarchy problems that plague

the standard models of particle physics and cosmology, as the usual arguments about

hierarchy problems can be evaded if there are new physics scales and new dynamics in

the extra dimensions. This thesis investigates a class of 6D models where the size of

the two extra dimensions is exponentially sensitive to the value of a bulk zero mode,

allowing a large hierarchy of scales to be generated if the zero mode is stabilized at

a modestly large value. In general, scale invariance in the bulk forces the zero mode

potential to have a runaway (or flat) form, so localized brane sources are added to

the system which explicitly break the scale invariance and stabilize the zero mode.

Brane physics can be chosen so that this stabilization naturally happens at values

that give micron-sized extra dimensions, as desired in models of large extra dimen-

sions that solve the electroweak hierarchy problem. These models are also interesting

because they can predict a 4D curvature that is suppressed relative to the mass scale

of the brane physics, thereby making progress on the cosmological constant problem

by separating the 4D particle physics scale from the scale of the observed 4D vaccuum

energy. This suppression is technically natural because the curvature vanishes in the

iii



limit that the branes are scale invariant, though this is also the limit in which the

runaway potential for the zero mode reappears.

Nontrivial brane physics is an essential ingredient in these models, however there

are a number of technical issues associated with branes of codimension-2 or higher,

such as short-distance divergences that appear at the classical level and arise from

taking the branes to be vanishingly thin. In all but the simplest cases, the back-

reaction of higher codimension branes on bulk fields is also poorly understood. Any

model that claims to make progress on the cosmological constant problem with brane

physics must be able to address such issues, and this thesis presents a UV completion

of branes in terms of Nielsen-Olesen vortices. The vortex construction allows these

technical issues to be confronted precisely, thereby putting these models on a more

solid footing and resolving ambiguous claims in the literature. With issues resolved,

this thesis also constructs the correct 4D effective theory that describes the system

when length scales of interest are much larger than the size of the extra dimensions.

An effective field theory approach is also adopted in this thesis to study the phe-

nomenology of these models at higher energies. There are only three relevant opera-

tors between the brane containing the Standard Model and the stabilizing scalar of

the bulk. One of these couplings is a Higgs portal that mixes the Higgs with the bulk

scalar, and astrophysical bounds place strong constraints on its strength. Higgs-bulk

couplings also generically improve the vacuum stability of the Standard Model, and

give rise to an invisible Higgs decay width and missing energy signals that could be

detected at the LHC or future colliders. Such a signal could be among the first hints

that there are large extra dimensions, which are shown in this thesis to help solve the

outstanding naturalness problems of modern particle physics and cosmology.
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κv = 0.5 and Ř = 0. This size of the defect angle B′v ≈ α matches
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√
α from constraints on the invisible

branching ratio of a Standard Model Higgs. The shaded region is

excluded, for two sets of assumptions (described in the main text).

Couplings are evaluated at a scale r̄ = (125 GeV)−1. . . . . . . . . . . 281

6.7 The Feynman graph corresponding to the one-loop correction to the

muon anomalous magnetic moment in the Higgs-bulk mixing scenario. 283

6.8 The tree level contribution to vector boson fusion with an invisible final

state. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285

6.9 Constraints from LEP expressed in the Λ2–G plane (with G = ḡ/
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Chapter 1

Introduction and Problem

Statement

Naturalness problems are among the foremost issues in modern physics. While the

predictions of the Standard Model have been successfully tested with great scrutiny,

and the model is self-consistent, some of its experimentally measured parameters

do not fit naturally within the paradigm of effective field theory. In particular, the

massive parameters of the theory – the Higgs mass parameter and the cosmological

constant – are observed to be much smaller than they would be in a generic field

theory. As stated, this might not seem like a serious problem, but it has been a

strong motivation for models of new physics, including those investigated in this

thesis, and deserves further exposition.

This chapter provides such an exposition by first describing the modern view

of effective field theory. It then describes why the Higgs mass parameter and the

cosmological constant are not natural within this framework, since their smallness

cannot be understood within low-energy and high-energy versions of the Standard
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Model. After this are presented some prospects for solving these naturalness problems

with extra dimensions, which are explored in greater detail in the remainder of this

thesis.

1.1 Effective field theory

The contemporary understanding of quantum field theory is that a description of

a system has two ingredients: its dynamics (which are usually encoded in a local

Lagrangian Lµ) and a mass scale below which the theory can be applied, µ . It might

not always be obvious how to choose the scale µ by hand, but it is very plausible

that such a scale would exist. For example, a Lagrangian might only be applicable

up to the scale µ if there is a particle of mass Mheavy >∼ µ in the system that is being

neglected in Lµ . The effective description of the system, Lµ , would obviously break

down once high energy processes were considered where the neglected particle could

be produced on-shell. However, in principle, any observable could be calculated to

arbitrary precision using the Lagrangian Lµ , up to energies of order µ .

In general, increased precision at higher energies comes at the cost of an increas-

ingly complicated Lagrangian. This is because the low-energy relevance of an operator

is related to its mass dimension; a limited number of operators with low mass dimen-

sions dominate the low-energy dynamics of a theory, and the effects of the abundant

higher-dimension operators are suppressed. For example, in 4 dimensions, an opera-

tor of mass dimension 5, O5 , must appear in the Lagrangian with a coupling constant

that has negative mass dimension. We write

L ⊃ O5

ω5

, (1.1)
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where ω5 has dimensions of mass. Similarly, a dimension 3 operator has a coupling

constant with mass dimension 1

L ⊃ ω3O3 . (1.2)

If both of these operators contribute to, say, a decay process, then the contributions

to the decay rate can be organized on dimensional grounds. The matrix element for

such a process M is given schematically by

M = Aω3 +B

(
m2

ω5

)
, (1.3)

where m is the mass of the decaying particle, with A and B representing O(1) di-

mensionless constants throughout this chapter. So the overall decay rate is (also

schematically) given by

Γ =
1

2πm

[
Am2

(ω3

m

)2

+Bm2

(
ω3

ω5

)
+ Cm2

(
m

ω5

)2
]
. (1.4)

The power of organizing an observable in this way comes when there is a clear sepa-

ration of scales ω5 � m,ω3 . In this case, the first term in the decay rate dominantes

the others, and the rate for this process would have been well-approximated by con-

sidering only the dimension 3 interaction, O3 . Indeed, the operator with higher mass

dimension is less relevant at low energies (m� ω5).
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This observation can be used to organize the operators of a Lagrangian by rele-

vance, with the lowest dimensional operators being most relevant at low energies

LM = c0 +
∑

i1

ci11 Oi11 +
∑

i2

ci22 Oi22 +
∑

i3

ci33 Oi33 + . . . (1.5)

Above, Oijj represents an operator of mass dimension j , and c
ij
j is the associated

coupling constant of mass dimension D−j , where D is the spacetime dimensionality.

It follows that operators with mass dimension exceeding D will generically come with

mass suppressed couplings, and these are called higher-dimension operators.

In concluding that higher dimension operators are suppressed at low energies, we

assumed that the mass scales suppressing their coupling constants were larger than

the energies of interest E � µ� ω . It turns out that this is a very safe assumption,

and true for generic field theories. To see why, we consider how the Lagrangian

decription of a system changes as µ is adjusted.

Since µ can be chosen by hand, it cannot have any bearing on physical observables.

This is ensured in an effective field theory by having the parameters of theory adjust

as µ is adjusted. For example, an observable might depend on µ because it involves

an integral over all modes with momentum k < µ. However, this dependence can

always be cancelled if the couplings depend on µ appropriately, and the correct choice

is dictated by the renormalization group equations. A detailed example of such a

cancellation is given in chapter 6 of this thesis.

It is especially interesting to see how a theory’s couplings change when µ is de-

creased below the mass of a heavy state in the theory. The particle can no longer

be produced on shell, but the low energy theory is still responsible for reproducing

any physics that arose from the virtual effects of the heavy particle. A well-known
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example of this can be seen in Fermi theory, which captures the physics of fermions

scattering via charged currents at energies below µ < MW , where MW is the mass

of the W± . At energies above this threshold, a scattering process like ν d → ` u is

described as being mediated by the exchange of a virtual W−. However, there is no

dynamical W± in the low-energy theory; it is said to be integrated out. Nonetheless,

the scattering cross section can still be reliably calculated up to energies E < µ ≈MW

in the low energy theory.

This works because the coupling constant c6 of a four fermion interaction is ad-

justed in the low energy theory. Concretely, there is an interaction in the low-energy

theory that can result in ν d→ ` u scattering,

Lµ ⊃ c6O6 = c6 ηαβ
(
¯̀γαPLν

) (
ūγβPLd

)
, (1.6)

where α, β here are spacetime indices in four flat dimensions, γα represents the Dirac

matrices, PL = 1
2
(1−γ5) projects fermions onto eigenstates of the γ5 chirality operator,

ηαβ is the Minkowski metric, and the remaining undefined symbols represent fermion

fields. The size of this operator’s coupling in the low-energy theory must be adjusted

as µ is decreased below the MW threshold

c6(µ) = c6(µ0) +
g2

8M2
W

. (1.7)

Above, g is the weak coupling constant and c6(µ0) is the value of the coupling in

the high energy version of the theory with µ0 > MW where the W± is dynamical.

These constants appear here because the dimension-6 operator in the low-energy

theory must capture the virtual effects of the W± boson that has been integrated
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out. Heuristically, the factors of g come from the strength of the Wfi fj coupling

in the high-energy Lagrangian, and the factor of M2
W comes from the propagator for

the W± at low energies. In the low-energy theory, this information resides in the

coupling of the dimension-6 operator (1.7), and in this way either theory gives the

same prediction for the ν d→ ` u scattering cross section at low energies.

By similar arguments, c6(µ0) is expected to be controlled by the physics at an

even higher mass scale. Even without knowing the details of physics at this higher

mass scale, we can estimate the size of c6(µ0) on dimensional grounds and we expect

c6(µ0) ∼ 1

M2
heavy

, (1.8)

where Mheavy � µ0 � MW . So we see here the decoupling of scales in action. It is

not necessary to know the detailed dynamics of the heavy sector to know that it will

have very little bearing on the scattering process ν d→ ` u because its relative effects

are suppressed

1

M2
heavy

� 1

M2
W

=⇒ c6(µ0)� c6(µ) . (1.9)

This decoupling is a powerful guide, and it is a crucial ingredient of effective field

theory. Because of it, a theory like the Standard Model can, in principle, be built from

the bottom up, since it is safe to neglect the impact of high-energy states. However,

this same discussion applied to lower-dimension operators will reveal a compelling

problem within the observed parameters of the Standard Model.
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1.2 Naturalness

In the previous section we discussed how the virtual effects of a high-energy particle

can be captured in an effective theory where the particle is integrated out. The

punchline was that, even without a detailed understanding of the high-energy physics,

simple dimensional analysis is sufficient to conclude that the effects of high-energy

physics on low-energy observables is relatively weak when there is a hierarchy of

scales.

This was certainly true for higher-dimension operators, whose couplings go like an

inverse power of mass, in which case the heaviest particles will typically contribute

the least to effective couplings. However, by the same reasoning, lower-dimension

operators should be increasingly sensitive to high-energy physics. For example, in

four dimensions the mass term for a scalar field is a dimension-2 operator

Lµ ⊃ c2H
†H . (1.10)

If we imagine that there are heavy particles with Mheavy > µ which are neglected in

Lµ , then we can estimate their contribution to the size of c2 by dimensional analysis

c2(µ)− c2(µ0) ∼
∑

heavy

M2
heavy . (1.11)

The appearance of these factors is sensible, since they must capture the virtual effects

of heavy particles that would contribute to the Higgs self-energy if they were not

integrated out. The result in (1.11) suggests that the mass of a scalar field is very

sensitive to high-energy physics, which is in itself is not a problem. It simply means
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that light scalars are not at all generic. The problem is that the Standard Model is

has been shown experimentally to possess a light scalar field, the Higgs, that is not

natural – a notion that we are now equipped to explore in more detail.

A hierarchy in physical quantities is called technically natural if there is a hierar-

chy in the parameters controlling the physical quantity at every scale. An excellent

example of a natural hierarchy is the one that exists between the mass of the electron

and the electroweak scale

me/v ∼ 10−5 , (1.12)

where me is the electron mass and v is the Higgs vev. In the Standard Model at

high energies with µ0 > v , the Higgs is a dynamical field in the theory, and there

is no explicit mass term for the electron because it would not preserve SU(2) gauge

invariance. Nonetheless, the electron has a nonvanishing mass after symmetry break-

ing because it interacts with the Higgs through a Yukawa coupling. The classical

prediction for this mass, me = yev , is small relative to the weak scale because the

Yukawa coupling is small: ye ∼ 10−5 . Just as important to this smallness is the chiral

symmetry that emerges when ye → 0 . This symmetry ensures that virtual particles

contribute to the electron mass in a way that vanishes as ye → 0 , and the quantum

prediction for the electron mass is given schematically by

me = yev + yev
∑

i

Ai log(Mi/µ0) , (1.13)

where the sum runs over the particles that can contribute to the electron self energy.

The structure of the quantum correctons is such that the hierarchy between the weak

scale and the electron mass isn’t spoiled, me = yev(1 + . . .) � v , thanks to the
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approximate chiral symmetry.

In the theory at lower energies, µ < v , the weak scale particles are integrated

out and the SU(2) symmetry is broken, so the electron has an explicit mass term,

c3 ēLeR . On dimensional grounds, one might expect that heavy particles contribute

to this term in the following way as they are integrated out

c3(µ)
?
= yev +

∑

EW

MEW . (1.14)

However, the approximate chiral symmetry of the high-energy theory renders this

naive dimensional argument incorrect. It follows from (1.13) that, as heavy particles

are integrated out, their virtual effects are captured by shifting the electron mass

parameter as follows

δc3(µ) = yevA log(M/µ) , (1.15)

and not linearly in M , as guessed in (1.14). So the electron mass parameter c3 =

yev(1 + . . .) remains as small as particles are integrated out, and its smallness can

be understood at any energy, thanks predominantly to the chiral symmetry of the

theory.

Contrast this natural hierarchy with the recently discovered Higgs mass [1, 2],

which is observed to be

mh = 125 GeV . (1.16)

In the Standard Model at the electroweak scale, the parameter c2(µ) should be close

to this scale, since the Higgs mass is given by

m2
h = c2(µ) +

∑

i

AiM
2
i = c2(µ) +O

(
M2

EW

)
, (1.17)
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where i runs over the relevant Standard Model fields, all of which are all lighter than

the electroweak scale.

If some new heavy state exists at, say, Mheavy = 1000 TeV, there would be a 104

hierarchy betwen these scales that could be understood at low energies as coming

from the parameter hierarchies c2(µ)�M2
heavy and MEW �Mheavy . However, in the

theory at high energies where µ0 > Mheavy , the prediction for the Higgs mass would

be

m2
h = c2(µ0) + AM2

heavy . (1.18)

The smallness of the Higgs mass in this case cannot be understood from a hierarchy

in the theory’s parameters. Quite the opposite is true; the physical Higgs mass can

only be understood if c2(µ0) is extraordinarily close to the value of the heavy state’s

contribution to the Higgs mass and of opposite sign

∣∣∣∣1 +
AM2

heavy

c2(µ0)

∣∣∣∣� 1 , (1.19)

since the left-hand side of (1.18) is at the GeV scale and Mheavy is at the 1000 TeV

scale. So none of the parameters in the theory at high energies is hierarchically small,

yet the physical mass of the Higgs boson certainly is, in a way that is not natural.

Avoiding the electroweak hierarchy problem has become a strong guide towards

new physics, since it requires new physics that is not generic, and there are a number

of models that somehow invalidate estimates like the one in (1.18). Much like the

case of an approximate chiral symmetry rendering the electron mass natural, symme-

try can be used to alleviate the electroweak hierarchy problem, and supersymmetry

remains the flagship for efforts on this front. There is no shortage of theses to read
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on that subject, so we do not discuss it here. Instead, we turn to another interesting

possibility, that the scale at which gravity becomes strongly interacting is not far

from the electroweak scale. If this can be arranged, then there are no states with

Mheavy � mh whose hierarchical mass needs a natural explanation, because quan-

tum gravity kicks in before such a heavy scale is reached. It turns out that this is a

phenomenologically viable idea, if there are extra spacelike dimensions that are much

larger than the inverse TeV scale.

1.3 Large extra dimensions

The previous section hinted that extra dimensions might allay the electroweak hier-

archy problem by lowering the scale at which gravity becomes strongly interacting,

which lies ostensibly at the Planck scale (MPl = 1019 GeV). We show here how this

works in more detail.

Since spacetime geometry and gravity are synonymous, the metric field must prop-

agate in any extra dimensions we might consider. So we write the higher dimensional

Einstein-Hilbert action in D = 4 + n dimensions

SEH = M2+n
∗

∫
d4+nx

√−gR , (1.20)

where n is the number of extra dimensions, which are compactified, and M∗ is the

mass scale of gravity in n + 4 dimensions. At low energies, this must reproduce the

familiar physics of 4D gravity. In particular, the 4D metric must couple with the

observed strength GN = M−1
Pl in the dimensionally reduced theory, which is obtained

by integrating the action over the extra dimensions.
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A heuristic estimate for this term is given below

S4D = M2+n
∗ V n

∫
d4x
√−g4R4 , (1.21)

where V n is the volume of the extra dimensions. This allows us to read off the effective

4D gravitational coupling and equate it to MPl

M2
Pl = M2+n

∗ V n. (1.22)

If we want gravity to couple strongly at M∗ ∼ MEW , then this equation fixes the

volume of the compactified extra dimensions. For example, assuming each of the

extra dimensions to be of size ` , gives [3]

` ∼ 10
30
n
−17 cm . (1.23)

Extra dimensions of this size would imply new physics effects at the same length

scales. So, phenomenologically, the situation seems dire unless this length scale is

below the inverse TeV scale, ` < 10−17 cm. By this estimate, no phenomenologically

viable number of extra dimensions would give a gravity scale around a TeV. However,

it is possible for models with extra dimensions to modify only gravitational physics if

the rest of the Standard Model particles are confined to a 4D surface that propagates

in the extra dimensions, a so-called brane. Deviations from 4D gravitation have only

been tested down to tens of micrometres [4], and putting this scale into (1.22) as the

size of the extra dimensions with n = 2 gives

M∗ ∼ 10 TeV . (1.24)
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This is just beyond the scale that is being probed at colliders, where extra dimensions

can have signatures including energy loss when gravitons are produced that propagate

into the extra dimensions (missing energy), and deviations from the Drell-Yan process

[5] from the exchange of virtual gravitons [6, 7]. Although M∗ doesn’t lie exactly at

the electroweak scale, it is still close enough that the hierarchy betwen this scale and

the Higgs mass is a mild one of order 102 . So a theory with two micrometre-sized extra

dimensions remains a phenomenologically viable, testable and theoretically interesting

possibility.

Finally, it is worth pointing out that there still exists a hierarchy in these models,

between the size of the extra dimensions and the weak scale (the Planck scale, on

the other hand, is a derived quantity). So if models of extra dimensions are to truly

succeed in solving the electroweak hierarchy problem, they must naturally explain

this hierarchy too. This issue is revisited in this thesis, which in later chapters inves-

tigates a dynamical mechanism for generating large extra dimensions from natural

parameters, in a class of models where the size of the extra dimensions can be related

to the vacuum value of a higher dimensional scalar field.

1.4 Cosmological constant problem

Thus far we have focused on the electroweak hierarchy problem, whose existence

is really a blessing in disguise, since it guides model builders towards sensible new

physics at energy scales above a TeV. We now turn to another naturalness problem

that appears to be more difficult to solve, since it reveals a lack of naturalness at

energies below the electroweak scale that were thought to be well understood.

In the catalogue of the Standard Model’s lower dimension operators, there remains

13
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only one operator whose sensitivity to high energy physics might lead to naturalness

issues, the constant part of the Lagrangian c0 , i.e. the cosmological constant. Ob-

servations of supernovae redshifts [8] and measurements of the cosmic microwave

background [9] suggest that the universe is spatially flat and accelerating. This is

consistent with there being a constant energy density of the vacuum

%vac = (2 meV)4 . (1.25)

In the Standard Model at present day Hubble scales, when all massive particles are

integrated out except possibly neutrinos, the value of the vacuum energy is directly

related to the cosmological constant

%vac = c0(µ) . (1.26)

However, in the theory with µ0 > me where the electron is not integrated out, we

expect on dimensional grounds that the vacuum energy is calculated as follows

%vac = c0(µ0) + Am4
e . (1.27)

In this theory there is a large hierarchy betwen the electron mass and the energy scale

associated with the vacuum energy

%vac

m4
e

≈ 10−32 . (1.28)

Furthermore, there is no hierarchy in the parameters of the Lagrangian at this scale

that would provide a natural explanation of this hierarchy; the observed smallness of

14



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

%vac can only be understood in this higher energy theory if c0(µ) is incredibly close to

Am4
e and carries the opposite sign.

This smells very much like the electroweak hierachy problem, but there is one

notable difference. In this case, there are no obvious loopholes that might invalidate

estimates like (1.27). This is because the physics above and below the mass of the

electron is very well-understood. What is more, the fine tuning becomes increasingly

severe at higher and higher energies, where loops of even heavier particles contribute

to the vacuum energy density. Solving this problem therefore requires new physics at

scales as low as the electron mass, which makes it a very difficult problem.

The silver lining is that a modification to low-energy physics is likely to be testable,

and any loophole to the arguents presented in this section will require compelling new

physics. One such loophole is provided by theories with extra dimensions.

1.5 Curvature and extra dimensions

The energy of the vacuum is not measured directly in cosmological experiments.

Rather, it his is deduced from measurements of cosmological spacetime and related

to energy density via the 4D Einstein equations, which read

Rµν −
1

2
Rgµν = 8πGNTµν , (1.29)

where µ, ν are indices that run over the four dimensions. It is the assumption of

vacuum Lorentz invariance, which fixes Tµν = −%vac gµν and Rµν = R4

4
gµν , that forces
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a relation between the vacuum energy density and the observed curvature,

gµνRµν = 32πGN%vac . (1.30)

Because the prediction of large vacuum energy seems so robust, and the observed

spacetime curvature is so small, it is interesting to entertain means of breaking this

relation.

Extra dimensions can radically change this expectation. Consider the Einstein

equations in six dimensions

RMN −
1

2
RgMN = κ2 TMN , (1.31)

where κ2 = 1/2M4
? is the higher-dimensional gravitational coupling, and capital in-

dices run over all dimensions. Tracing this equation over the extra dimensions shows

that the 4D curvature depends on the transverse stress energy, and not the energy

along four dimensions,

gmnRmn −R = −gµνRµν = κ2gmnTmn , (1.32)

where µ, ν run over the 4D coordinates while m,n run over the coordinates of the

extra dimension, and the metric was assumed to be diagonal. In a brane model, the

vacuum energy associated with the Standard Model would be localized at a point in

the extra dimensions, and uniform in the macroscopic dimensions,

TMN = δµMδ
ν
N gµν %vac δ2(y − yb) , (1.33)
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and it is plausible that the 4D curvature in (1.32) could remain small for any value of

%vac , because it depends on the transverse stress energy that is not a priori related to

the vacuum energy. Then it would not be a problem that c0(µ) is vastly different in

different rewritings of the theory, since the observed curvature would be independent

of this quantity. This intruiging possibility is explored in the next chapter, and

investigated throughout this thesis in great detail.
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Chapter 2

Preliminaries

This section provides some preliminary results that will prove useful throughout this

thesis. In it are the field equations of a very general Einstein-Maxwell-scalar system

in six dimensions that is general enough to encompass all the models investigated in

this thesis. This section also introduces the branes that are present in these models,

while setting up various conventions. Some important features of these models are

explained along the way, and this section introduces the technical issues that are

confronted in the later parts of this thesis.

2.1 Bulk action

All of the 6D systems studied in this thesis can be described by various limits of the

following very general bulk action

Sbulk = −
∑

c,d

∫
d6x
√−g

[ R
2κ2

+
Hc

d

2

(
DMΦd

)†
(DMΦc) +

F cd
4
AdMNAMN

c + V (Φ)

]
,

(2.1)
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where gMN is the 6D Einstein frame metric with which spacetime indices are raised

and lowered. There is also a target space metric Hc
d for the N real scalar fields Φc

with c = 1, 2, · · · , N . In general, the target space metric is a function of the scalar

fields Φc , but is actually constant (and diagonal) in all cases of interest, so this will

be assumed, and we will write H1
1 = H1 and so on. There are also N abelian gauge

fields AcM with fields strengths defined as follows

AcMN = ∂MAcN − ∂NAcM . (2.2)

The corresponding gauge covariant derivatives are given by

DMΦc = ∂MΦc − iec ΦcAcM , (2.3)

where ec is the charge of the scalar field c under the gauge field c. This notation

is sufficiently general because each scalar field is charged under at most one unique

gauge field, the one labelled by c. Finally, F cd = F cd(Φ) is the gauge kinetic function

that often will depend on the bulk scalar fields, and this can have off-diagonal terms

that encode kinetic mixing between different gauge fields. This mixing does not break

gauge invariance because the gauge fields are assumed to be Abelian [1].

It is useful and instructive to group the terms in the Lagrangian as follows. The

gauge kinetic terms can be grouped together

Lgge =
1

4

∑

c,d

F cdAdMNAMN

c (2.4)
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as can the scalar kinetic terms

Lkin =
1

2

∑

c

Hc∂MΦc∂
MΦc . (2.5)

It is also convenient to group the gauge mass terms

Lgm =
1

2

∑

c

Hce
2
cAcMAM

c Φ2
c (2.6)

and the total Lagrangian can be rewritten as the sum of these groups of terms

Lbulk = LEH + Lkin + Lgge + Lgm + V , (2.7)

where LEH = R/2κ2 is the Einstein-Hilbert term.

2.2 Brane sources

The bulk physics described above will often times be supplemented by an action

describing sources that are localized in the bulk, so-called branes:

Sbrane = −
∑

b

∫
d4x
√−γb

[
T b0 (Φ) +

1

2
ζbj (Φ)εmnAjmn + LbSM(Φ,AMN)

]

y=Yb

. (2.8)

In the above action, γbµν = ∂µY
M
b ∂νY

N
b gMN(Yb) is the induced metric on the brane

labelled by b, and Y M
b (x) represents the dynamical position of the brane. However,

the branes are always assumed to be stationary, Y M
b (x) = yMb , and coordinates on

the brane are chosen so that γbµν = gµν(yb) . The first term in the brane action is its

tension T b0 (Φ) , its energy per unit volume. In the second term, εmn is the totally
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antisymmetric tensor in the extra dimensions. As we will see, this term endows the

brane labelled by b with localized AjM flux proportional to ζbj (Φ) , and we call this the

brane localized flux (BLF). Finally, LbSM represents any matter that is localized to

the brane, such as the Standard Model particles, which can couple to the bulk fields

in nontrivial ways.

The most obvious reason for including a brane is that the Standard Model needs

a 4D arena in which to interact and propagate. There is no experimental evidence

that the Standard Model particles live in any more than four dimensions, and the

simplest way to accomodate this fact is to assume the Standard Model is localized

on a brane. However, the effects of branes on the surrounding geometry, or their

back-reaction, is poorly understood in all but the simplest cases. There are a number

of technical issues associated with higher codimension branes. This includes the

unambiguous determination of their back-reaction effects on the bulk fields, and the

need to regularize and renormalize divergences that arise because the bulk fields

formally diverge at the position of the branes. This is illustrated in the later sections

with a simple examples, and much of this thesis is devoted to resolving such issues.

2.3 Bulk field equations and Einstein equations

Away from the localized sources, the field equations for the bulk scalars read as follows

1√−g∂M
(√−gHc ∂

MΦc

)
= Hc e

2
cA

M

c A
c
MΦc +

∑

d,f

1

4

(
∂Fdf
∂Φc

)
AMN

d AfMN +
∂V

∂Φc

. (2.9)
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Similary, the bulk gauge field equations read

∑

c

1√−g∂M
(√−gF cdAMN

c

)
= Hd e

2
dA

N

d Φ2
d . (2.10)

For six dimensional models to be phenomenologically viable, the two extra di-

mensions are usually assumed to be compactified, while four dimensions are infinite

in extent. In what follows, we will seek solutions to the field equations that are

maximally symmetric in the 4 macroscopic dimensions spanned by xµ , and axially

symmetric in the 2 transverse (extra) dimensions spanned by ym . We consider ge-

ometries surrounding codimension-2 sources whose location defines the points of axial

symmetry, and the fields are assumed to depend only on the proper distance, ρ , from

these points. For the scalars, this means Φc = Φc(ρ) , and the only nonzero compo-

nents of the gauge field strengths are assumed to lie in the transverse two directions:

AcMN = δmMδ
n
NAcmn(ρ) . The most general metric ansatz consistent with this symmetry

can be written as follows

ds2 = W 2(ρ)ǧµν(x)dxµdxν +B2(ρ)dθ2 + dρ2 , (2.11)

where ǧµν is the maximally symmetric metric on 4D spacetime.

There are a number of curvatures that can be built from this metric. Because the

metric is block diagonal, the full Ricci tensor can be expanded as follows

RMN dxMdxN = Rµν dxµdxν +Rmn dymdyn , (2.12)

and the 4D components of the full Ricci tensor are related to the Ricci tensor Řµν of
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the metric ǧµν by

Rµν = Řµν + gmn
[
(d− 1)∂mW∂nW +W∇m∇nW

]
ǧµν , (2.13)

where ∇ is the 2D covariant derivative built from gmn .

As noted in §1.5, an attractive feature of higher dimensional models is that the

4D curvature depends on the transverse stress energy, and not the energy along four

dimensions. This can be seen directly from the Einstein equations, and for the system

and ansatz of interest, eq. (1.32) rewrites as an expression for the 4D curvature

Ř

W 2
+

4

BW 4

(
BW 3W ′

)′
= κ2

[
2Lgge − 2V + (T(b))

ρ
ρ + (T(b))

θ
θ

]
, (2.14)

where T(b) represents the stress-energy coming from the branes. Integrating this field

equation over
∫

d2yW 4B gives a simple expression for the 4D curvature

Ř

κ2
4

=

∫
d2yW 4B

[
2Lgge − 2V + (T(b))

ρ
ρ + (T(b))

θ
θ

]
, (2.15)

where the boundary contributions coming from the integral of the total derivative are

assumed (for now) to vanish. In this expression we define

1

κ2
4

=
1

κ2

∫
d2yW 2B , (2.16)

and we will see that this quantity controls the strength of the gravitational coupling

in the 4D effective theory describing these systems. As noted in the previous chapter,

consistency with well-understood 4D gravitational physics requires κ2
4 = 8π GN where

GN is Newton’s constant.
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The right hand side of (2.15) allows us to identify each of the contributions to the

4D curvature. The curvature is generically receives a contribution from the integrated

bulk energy densities, which are of size m4
B where mB is the characteristic mass scale

of the bulk physics. The simplest and most natural assumption is that the bulk

scale is near the higher dimensional gravity scale m2
B ∼ κ−1 which could lie in the

phenomenologically favoured region κ−1 ∼ (10 TeV)2 .

The other contributions to the curvature come from the transverse stress-energy

of the branes. A democratic (though perhaps naive) assumption is that the size of

these contributions is set by the characteristic brane mass scale, which is given by its

tension T0 . As the constant part of the 4D Standard Model lagrangian, the tension is

synonymous with the c0 term that was described in the previous chapter. As such, it

would be sensitive to higher energy physics and it is reasonable to expect the tension

to lie near the higher dimensional gravity scale T0 ∼ κ−2 .

This is the generic situation, and a reiteration of the cosmological constant prob-

lem: the generic contributions to the 4D curvature are at least as large as the elec-

troweak scale, and very likely as large as some much heavier mass scale, modulo

extraordinary fine tuning. These contributions must be suppressed if these models

are to make progress on this problem. We now describe the prospects for achieving

such a suppression, and the obstacles.

2.4 Scale invariance and curvature

The bulk contributions to Ř in (2.15) can be made to vanish by symmetry. To

see how, we assume there are no branes, and we suppose that there exists a field
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transformation that scales the bulk Lagrangian by some power of a constant:

Lbulk → sp Lbulk . (2.17)

The action and Lagrangian are not invariant under this transformation, but it does

leave the classical field equations unchanged, so we call this property of the bulk scale

invariance. Such a scaling symmetry is strong enough to ensure that the 4D curvature

vanishes clasically, as will be shown here explicitly.

For simplicitly, we assume that the symmetry transformation in (2.17) involves a

rescaling of the metric

gMN → s gMN . (2.18)

This implies that the Einstein-Hilbert term in (2.1) transforms as follows under the

symmetry transformation

LEH → s−1LEH , (2.19)

which gives p = −1. In this case, the other fields must transform under the symmetry

in a way that ensures the following identities hold:

V → s−1V F cdAcMNAdPQ → sF cdAcMNAdPQ DMΦc → DMΦc . (2.20)

This guarantees Lbulk → s−1 Lbulk, once the metric factors are taken into account.

To relate this symmetry to the 4D curvature, we now suppose that the matter

fields are varied within the action such that (2.20) holds, while the metric is held

fixed

S ′ = −
∫

d6x
√−g

[
LEH + sLgge + Lkin + Lgm + s−1V

]
. (2.21)
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The stationarity of the action with respect to this particular field variation gives

(
dS ′

ds

)

s=1

=

∫
d2yW 4B [Lgge − V ] = 0 , (2.22)

and this result can be read as an identity that will be satisfied by solutions to the

classical field equations. Vanishing 4D curvature, Ř = 0 , follows immediately when

this result is combined with (2.15) in the absence of branes.

The addition of branes complicates this story in many ways. The most obvious

complication is that branes also contribute to the 4D curvature as in (2.14) and it

is unclear whether a brane scale symmetry can be used to to ensure these contribu-

tions vanish. The next-to-leading complication is how the addition of branes might

spoil the cancellation between bulk terms in (2.22). It is possible that back reaction

changes the solutions to the field equations in a way that no longer accomodates the

cancellation between the bulk potential and gauge kinetic terms. Similarly, in going

from (2.14) to (2.15), it was necessary to assume that boundary derivatives of bulk

metric fields vanished. However, branes generically modify the boundary conditions

of bulk fields near the brane position, and their presence might invalidate the ar-

gument. Understanding how the branes effect 4D curvature of these models hinges

on understanding how they back-react on the bulk fields, and their transverse stress

energy. However, neither of these issues is straightforward, and we now turn to the

issues associated with branes.
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2.5 Brane sources and boundary conditions

In general, localized sources modify the near-source derivative (i.e. the boundary

conditions) of bulk fields in a way that is controlled by the source action. This is well-

understood for sources of codimension-1, where tools like the Israel junction conditions

[2] are well-developed, and even a straightforward treatment of the source with a delta

function is sufficient. To cut our teeth on brane back-reaction, generalizations of the

junction condition and delta function procedures are presented below for a simple

codimension-2 brane coupled to a scalar field. More complicated setups are then

investigated, where inconsistencies arise. These highlight the need for a better model

of localized sources that is precise enough to resolve these issues.

2.5.1 Simple example

For the purposes of illustrating how branes effect bulk fields, we can study a simple

example where gravity is trivial by choosing κ = 0. In this case, the Einstein equations

are solved by the flat metric

GMN = 0 =⇒ gMN = ηMN . (2.23)

It follows that the metric fields in (2.11) are given by B(ρ) = ρ and W = 1 while the

4D metric is flat ǧµν = ηµν .

To consider a single free scalar field coupled to a bulk gauge field (N = 1) through

the gauge kinetic function, we set V = e = 0 and H1 = 1 with F1 = eaΦ where a is
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some dimensionful parameter. The bulk action simplifies

Sbulk = −
∫

d6x
√−g

[
1

2
∂MΦ∂MΦ +

eaΦ

4
AMNAMN

]
. (2.24)

As a simple example, we source the scalar field by a single brane with Φ-dependent

tension

Sbrane = −
∫

d4xT0(Φb) = −
∫

d4x
√−γ

[
τ0 + µ2

Φ Φ(yb) +
λ2

2
Φ2(yb)

]
, (2.25)

where the second equality rewrites the tension as the most general, renormalizable

function of Φ. For now, we assume there is no localized flux but we will revisit this

issue shortly.

Codimension-1 branes

There are two popular ways to to derive the effects of the codimension-2 brane action

of (2.25) on the scalar field equations. The first approach [3] is to promote the

codimension-2 brane action to a codimension-1 action on the small cylinder |y−yb| = ε

as follows

Ŝbrane = −ε
∫

d4x dθ

[
τ ε0 + (µεΦ)2Φε +

λε2
2

Φ2
ε

]
, (2.26)

where coordinates have been chosen so that the brane is located at yb = 0 . In this

expression, the factor ε comes from the determinant of the induced metric and the

bulk scalar is evaluated at the position of the cylinder Φε = Φ(x, ε, θ) . Couplings with

an ε script are new couplings defined on the codimension-1 brane, in analogy with

the quantities in (2.25).
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This action is chosen because it dimensionally reduces to the original codimension-

2 action. The Kaluza-Klein modes of Φε in the θ direction acquire a mass n/ε so all

but the n = 0 modes decouple for arbitrarily small ε . The surviving n = 0 modes

have constant profiles in the coordinate θ that we normalize to unity, giving

Ŝbrane = −2πε

∫
d4x

[
τ ε0 + (µεΦ)2Φ(yb) +

λε2
2

Φ2(yb)

]
, (2.27)

where we have identified the value of the bulk scalar field at the position of the

codimension-2 brane Φ(yb) with the angular zero modes of the Φε. Matching to the

action in (2.25) therefore requires

2πετ ε0 = τ0 2πε(µεΦ)2 = µ2
Φ 2πελε2 = λε2 . (2.28)

Having matched the codimension-1 action to the original theory, it can be used to

derive a boundary condition for Φ . The variation of (2.24) gives a contribution on

the cylinder at ρ = ε ,

δSbulk ⊃
∫

d4x dθ δΦε(ρ∂ρΦ)ρ=ε , (2.29)

and this must vanish when combined with the variation of the codimension-1 action

in (2.26), giving the boundary condition

−(ρ∂ρΦ)ρ=ε + ε(µεΦ)2 + ελε2Φε = 0 . (2.30)
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This can be rewritten in terms of the couplings in the codimension-2 action

−2π(ρ∂ρΦ)y=yb + µ2
Φ + λ2Φ(yb) = 0 , (2.31)

where the ε → 0 limit was taken. This shows more precisely how the near-source

derivative of the bulk scalar field is controlled by the parameters of the Lagrangian

(and the value of the field itself for λ2 6= 0). The approach generalizes for more com-

plicated branes and the matching condition approach to brane back-reaction posits

that the near source derivative of a bulk field is given by the derivative of the brane

action

2π(ρ∂ρΦ)y=yb =
δSbrane

δΦ(yb)
. (2.32)

This looks very plausible as a general result, but it does not address subtle questions

like which fields should be fixed when taking the derivative of the brane action.

Localizing functions

A less formal approach to understanding codimension-2 brane sources is to simply

promote the brane action to a 6D action through the use of a localizing function δ2

as follows

Ŝbrane = −
∫

d6x
√−g T0(Φ)

[
δ2(y − yb)√

g2

]
, (2.33)

where g2 = det(gmn) is the determinant of the extra dimensional components of the

metric, and the subscript on δ2 reminds us that it is localized around a point in the

two extra dimensions and has mass dimension of two. For convenience, we also define

∆2(y − z) =
δ2(y − z)√

g2

. (2.34)
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In order for (2.33) to reproduce the original brane action, the localizing function must

satisfy ∫
d2y δ2(y − z)F (x, y) = F (x, z) , (2.35)

and the most obvious choice for such a function is a delta function. The promoted

brane action is treated like any other term in the 6D action, and appears in the scalar

field equation as follows

�Φ =
aeaΦ

4
AMNAMN + T ′0(Φ)∆2(y − yb) , (2.36)

where the localizing function is assumed to be independent of the scalar field.

Similar to the matching conditions approach, the effects of the brane tension can

be phrased as a condition on the derivative of the scalar field near the source. Such

a relation can be found by integrating the scalar field equation over a small region

|y − yb| < ε that surrounds the brane in the limit ε→ 0 . This gives

lim
ε→0

∫

|y−yb|<ε

d2y
√
g2 �Φ = lim

ε→0
2π [ρ ∂ρΦ]ρb+ερb

= 2π (ρ∂ρΦ)y=yb
= µ2

Φ + λ2Φ(yb) , (2.37)

where the contribution that includes the gauge field is assumed to be smooth and not

survive the ε→ 0 limit.

This is the same result as was obtained using the matching condition approach

to brane back-reaction, and in most simple cases the two approaches coincide. The

codimension-1 brane action (2.26) and localized action (2.33) are really two different

UV completions of the original codimension-2 brane, so it is not surprising that they

reproduce the same physics at large distances ρ� ε . However, we now turn to cases
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where the correct treatment of a codimension-2 brane is unclear in both of these

approaches.

2.5.2 Gravitational inconsistency

The known approaches to codimension-2 brane back reaction are less conclusive in the

presence of gravity. A subtlety arises when deciding how δ2 depends on the fields. In

the previous section it proved useful to assume δ2 was independent of the bulk scalar

field, and it is tempting to assume that δ2 does not depend on the bulk fields at all.

However, this assumption is suspicious for the extra-dimensional metric given that

δ2(y − z) is supposed to discriminate between points based on their proper distance

from y = z . We now show that this assumption gives rise to contradictory predictions

for the near source derivative of the bulk scalar field.

Adopting the metric ansatz of (2.11) gives the following scalar field equation,

generalized from (2.36) to account for a dynamical metric

�Φ =
1

BW 4

(
BW 4Φ′

)′
=
aeaΦ

4
AMNAMN + T ′0(Φ)∆2(y − yb) . (2.38)

The associated boundary condition, obtained by integrating over the ε → 0 region,

reads as follows

2π
(
BW 4Φ′

)
y=yb

=
(
W 4T ′0

)
y=yb

. (2.39)

The only assumptions built into this result are that δ2 is independent of the bulk

scalar field, and that the gauge kinetic is not singular enough to contribute to the
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boundary condition:

lim
ε→0

∫

|y−yb|<ε

d2y BW 4eaΦAMNAMN = 0 . (2.40)

Stronger assumptions about the metric dependence of the localizing function are

required to derive the Einstein equations, and assuming ∂δ2/∂gMN = 0 gives two

useful field equation. The first of these follows from the 4D trace of Einstein equations

can be written as follows

Ř

W 2
+

[B(W 4)′]
′

BW 4
=

1

2
κ2eaΦAMNAMN . (2.41)

The other useful Einstein equation is the (ρρ) component because it contains only

fields and their first derivatives, and thus furnishes a constraint on their evolution

8

(
B′W ′

BW

)
+

Ř

W 2
+ 12

(
W ′

W

)2

= κ2 (Φ′)
2

+
1

2
κ2eaΦAMNAMN . (2.42)

To the extent that one trusts (2.41), then integrating it over the |y − yb| < ε region

gives a trivial boundary condition1 for the warp factor

2π
[
B(W 4)′

]
y=yb

= 0 , (2.43)

where it is additionally assumed that the on-brane curvature term is not sufficiently

1This boundary condition could have alternatively been obtained from the matching conditions
approach to back-reaction, if the brane action was assumed to be independent of the transverse
metric δSbrane

δgmn
= 0.
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singular to contribute to the boundary condition:

lim
ε→0

∫

|y−yb|<ε

d2y BW 4

(
Ř

W 2

)
= 0 . (2.44)

A problem arises when the boundary condition in (2.43) is combined with the

constraint equation in (2.42). Multiplying through by (W 4B)2 and evaluating the

constraint in the limit y → yb gives

2 lim
y→yb

[
W 4B′

] [
B(W 4)′

]
+

3

4
lim
y→yb

[
B(W 4)′

]2
= κ2 lim

y→yb

[
W 4BΦ′

]2
. (2.45)

So this relation, when combined with (2.43), appears to imply

2π
(
W 4BΦ′

)
y=yb

?
= 0 . (2.46)

This strong result is generally inconsistent with the dilaton boundary condition (2.39)

and the most likely origin of the inconsistency is the brane’s assumed trivial depen-

dence on the bulk metric. This simple assumption must be discarded,

δSbrane

δgmn
6= 0 , (2.47)

and a better handle on the brane’s metric-dependence, i.e. its transverse stress-

energy, is an important step in understanding brane back-reaction, especially since

this quantity is one of the leading contributions to the 4D curvature when the bulk

is scale invariant.
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2.5.3 Localized flux and boundary conditions

The previous section outlined one aspect of brane back-reaction that was rife with

ambiguity. We now show that even in flat space (κ = 0), there are obstacles to

understanding codimension-2 brane back-reaction when a brane carries localized flux,

as follows

Sbrane = −
∫

d4x

[
τ0 +

1

2
ζ εmnAmn

]
. (2.48)

Here, εmnAmn = 2ρ−1∂ρAθ in a flat bulk parameterized with cylindrical coordinates.

So, in the presence of flux, the brane couples to the transverse components of the

bulk gauge field, but deriving the associated boundary condition for bulk gauge field

is not as obvious as it is for a scalar.

Because the variation of the bulk action contains the following boundary term

δSbulk ⊃
∫

d4x dθδAθ
(
eaΦ

ρ
Aθ
)

y=yb

, (2.49)

a straightforward application of the matching conditions would suggest that the near-

brane derivative of the bulk gauge field reads as follows

(
eaΦ

ρ
∂ρAθ

)

y=yb

=
δSbrane

δAθ(yb)
. (2.50)

However, it is unclear from this prescription how the variation of the brane action

with respect to Aθ is computed, because its normal derivative, ∂ρAθ , appears in

the action. What is more, it is unclear how to correctly UV complete the localized

flux term using a codimension-1 brane. It was deceptively simple to construct the

codimension-1 UV completion of the brane action in (2.25) because each term in the

37



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

action was constructed from Lorentz scalars. However, there is no obvious Lorentz

invariant codimension-1 quantity that gives rise to a localized flux term ∝ εmnAmn .

The localizing function approach to UV completing the brane action suggests that

it should be replaced with the following 6D action

Ŝbrane = −
∫

d6x
√−g

[
τ0 +

1

2
ζ εmnAmn

]
∆2(y − yb) . (2.51)

In this approach, the transverse components of the bulk gauge field satisfy the fol-

lowing field equation

∂ρ

[
eaΦAρθ
ρ

+ ζ∆2(y − yb)
]

= 0 . (2.52)

This can be integrated to give

eaΦAρθ + ζδ2(y − yb) = Qρ , (2.53)

where Q is an integration constant. Finally, a boundary condition for the bulk gauge

field can be found by integrating this solution over a region |y − yb| < ε in the ε→ 0

limit, which gives

2π
(
eaΦAθ

)
y=yb

+ ζ = 0 . (2.54)

This is not the usual relation between a bulk field’s derivative near the brane and the

brane properties. It is also not gauge invariant. Indeed, a more instructive way to

understand the effects of the localized flux on the gauge field is to note that

∫

|y−yb|<ε

d2yAρθ = −e−aΦζ , (2.55)
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from which we conclude that the flux in the localized region around the brane is

nonvanishing, and controlled by ζ.

An issue arises because the bulk gauge field strength is singular near the brane,

and this feeds into the scalar field equation, which can be written as follows

�Φ =
aeaΦ

4
AMNAMN =

1

2
Q2ae−aΦ −Qae−aΦζ∆2 +

1

2
ζ2ae−aΦ∆2

2 . (2.56)

Integrating over the usual ε → 0 region then gives the following boundary condition

for the scalar field

2π
(
eaΦρ∂ρΦ

)
yb

+Qaζ − 1

2
ζ2a∆2(0) = 0 . (2.57)

This boundary condition is problematic for a number of reasons. First, it appears

to be sensitive to the value of the localizing function at the origin ∆2(0), which is

supposed to be an arbitrary, unphysical quantity. Furthermore, for the most straight-

forward localizing function – a delta function – this quantity is highly divergent

∆2(0) = lim
ρ→0

δ2(ρ)

ρ
. (2.58)

Finally, the boundary condition for the bulk scalar field coming from the localizing

function approach (2.57) is very different from the same quantity calculated using the

matching conditions approach. Since the brane has no explicit couplings to the bulk

scalar, a straightforward application of the the matching conditions predicts

2π (ρ∂ρΦ)y=yb
=
δSbrane

δΦ(yb)
= 0 . (2.59)
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Similar to the gravitational inconsistency of the previous section, the scalar’s near-

source derivative appears to take two different values, depending on how it is cal-

culated. As we will see, the size of this derivative is closely tied to the size of the

4D curvature in concrete models of interest. So once again, any conclusive statement

about the viability of these models as a solution to the cosmological constant problem

hinges on resolving this issue.

2.6 Chapter summary

To summarize, there is a large class of 6D models that can be equipped with a

scale symmetry which ensures a cancellation between the contributions to the 4D

curvature, at least in the absence of branes. The addition of branes may change

this story drastically, by modifying the solutions to the bulk fields equations, and by

acting as new sources of curvature. However, the branes’ back-reaction on bulk fields

is poorly-understood in many cases, and entangled with the issue of their dependence

on the bulk metric, i.e. their transverse stress energy. The known approaches to

brane back-reaction each fail in certain cases, and better technology is necessary to

tackle these issues. Progress on these issues is presented in the upcoming chapters.
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Chapter 3

Dark vortices

This chapter is a condensed version of the following paper

C. P. Burgess, R. Diener and M. Williams, “The Gravity of Dark

Vortices: Effective Field Theory for Branes and Strings Carrying

Localized Flux,” JHEP 1511 049 (2015), arXiv:1506.08095

Most of this chapter’s content is taken verbatim from this reference. However, some

notation was modified, and the wording was revised to better fit within this the-

sis. Part of the paper’s content was also omitted for clarity, brevity and to avoid

redundancies within this thesis.

In the context of this thesis, the primary result of this chapter is that a Nielsen-

Olesen vortex can act as a UV completion of a brane that carries flux. These vortices

arise as solutions to the field equations of the symmetry breaking Abelian-Higgs

model, where the U(1) gauge symmetry is restored in a localized region, and this field

configuration is topologically stable with quantized internal flux. Although vortices

usually expel external flux, we show that it is possible to endow an external gauge
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field with some flux that is localized in the vortex region by kinetically mixing the

internal gauge field of the vortex with the external field. The low-energy description

of this phenomenon is brane-localized flux.

The gravitational properties of such a vortex are studied analytically and numeri-

cally in this chapter, and the results lay the foundation for understanding how branes

with localized flux back-react on the bulk fields to which they couple, because branes

must capture the physics of the vortices at low energies. So the explicit and un-

ambiguous UV completion of branes with vortices provides a laboratory in which to

study the back-reaction of localized codimension-2 objects. One of the more surpris-

ing results is that localized flux does not gravitate. More precisely, the gravitational

field equations are always insensitive to the amount of external flux that is localized

on the vortex (or brane). The only effect of localizing external flux to the source is

that the tension of the vortex (or brane) is renormalized in a simple manner.

This result is easy to understand in the vortex picture, where the gauge kinetic

mixing (which was required to endow the vortex with localized flux) can be diago-

nalized so that one gauge fields carries all of the localized flux, and the other carries

all of the external flux. This diagonalization can be absorbed into the vortex gauge

couplings, which in turn renormalizes the vortex tension. Within the IR picture, the

renormalization of the tension can be associated with the appearance of the diver-

gent quantity ∆2(0) and the vortex construction teaches us how to simply regularize

and renormalize this divergence. This chapter also describes how to calculate the

transverse components of the localized stress energy without making any assump-

tions about the nature of the localization (i.e. the metric dependence of ∆2) which

is an important step in understanding how branes affect affect the 4D curvature of
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these models.

Beyond this thesis, kinetically mixed ‘dark’ vortices are of phenomenological inter-

est in models with a hidden gauge sector, which are very popular in the dark matter

literature.

3.1 Introduction

In this chapter we study the gravitational response of vortices that carry localized

amounts of external magnetic flux, called dark strings or dark vortices in the literature

[1, 2]. The goal is to understand how their back-reaction influences the transverse

geometry through which they move, and the geometry that is induced on their own

world-sheet. We find the initially surprising result that the gravitational response of

such an object is locally independent of the amount of flux it contains, and show how

this can be simply understood.

Motivation

Vortices are among the simplest stable solitons and arise in many theories with spon-

taneously broken U(1) gauge symmetries [3]. They can arise cosmologically as relics

of epochs when the universe passes through symmetry-breaking phase transitions.

Such cosmic strings are widely studied [4] because, unlike other types of cosmic de-

fects, they need not be poisonous for later cosmology since the resulting cosmic tangle

tends not to come to dominate the energy density in a problematic way.

In the simplest models a vortex defines a region outside of which the U(1) symme-

try breaks while inside it remains (relatively) unbroken, and as a result all magnetic

U(1) flux is confined to lie completely within the vortex interior. However in theories
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with more than one U(1) factor more complicated patterns can also exist, for which

magnetic fields outside the vortex can also acquire a localized intra-vortex compo-

nent. Such vortices naturally arise in ‘dark photon’ models [5], for which the ordinary

photon mixes kinetically [6] with a second, spontaneously broken, U(1) gauge field (as

have been widely studied as dark matter candidates [7]). Cosmic strings of this type

could carry localized ordinary magnetic flux, even though the U(1)EM gauge group

remains unbroken [1, 2].

Of most interest are parameters where the transverse thickness of the vortex is

much smaller than the characteristic size of the geometry transverse to the source.

In such situations only a few vortex properties are important, including the tension

(energy per unit length) and the amount of flux localized on the vortex (or more

generally brane-localized flux, or BLF for short). Indeed these two quantities, call

them T0 and ζ, provide the coefficients of the leading terms in any derivative expansion

of an effective string (or brane) action describing a vortex. More explicitly,

Sbrane = −T0

∫
ω + ζ

∫
?A+ · · · , (3.1)

where ω is the volume form of the codimension-two surface and ?A is the Hodge

dual of the U(1) field strength, AMN = ∂MAN − ∂NAM , which has some of its flux

localized to the brane. These are the leading terms inasmuch as all terms represented

by the ellipses involve two or more derivatives.1 In four dimensions both ω and

?A are 2-forms and so can be covariantly integrated over the 2-dimensional world-

sheet of a cosmic string, while in D = d + 2 dimensions they are d forms that

1A single-derivative term involving the world-sheet extrinsic curvature is also possible, but our
focus here is on straight motionless vortices.
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can be integrated over the d-dimensional world volume of a codimension-2 surface.2

Previous workers have studied gravitational response in the absence of brane-localized

flux [8], but our particular interest is on how ζ competes with T0 to influence the

surrounding geometry. Our analysis extends recent numerical studies [2] of gravitating

dark strings, and includes in particular an effective field theory analysis of the BLF

term and its gravitational properties.

Besides being of practical interest for dark photon models, part of our motivation

for this study also comes from brane-world models within which the familiar particles

of the Standard Model reside on a 3+1 dimensional brane within a higher-dimensional

space.3 Comparatively little is known about how higher-codimension branes situated

within compact extra dimensions back-react gravitationally to influence their sur-

rounding geometries,4 and codimension-2 objects provide a simple nontrivial starting

point for doing so. In particular, a key question in any such model is what stabi-

lizes the size and shape of the transverse compact dimensions, and this is a question

whose understanding can hinge on understanding how the geometry responds to the

presence of the branes. Since long-range inter-brane forces vary only logarithmically

in two transverse dimensions, they do not fall off with distance and so brane back-

reaction and inter-brane forces are comparatively more important for codimension-2

objects than they are with more codimensions.

Furthermore, several mechanisms are known for stabilizing extra dimensions, and

the main ones involve balancing inter-brane gravitational forces against the cost of

distorting extra-dimensional cycles wrapped by branes or threaded by topological

2That is, a brane with precisely two transverse off-brane dimensions.
3Our restriction to codimension-2 branes makes d = 4 and D = 6 the most interesting case of

this type [9].
4By contrast, back-reaction is fairly well-explored for codimension-1 objects due to the extensive

study of Randall-Sundrum models [10].
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fluxes [11, 12, 13, 14, 15]. Since brane-localized flux is the leading way fluxes and

uncharged branes directly couple to one another, BLF is crucial for understanding

how flux-carrying vortices interact with one another and their transverse environment.

Localized flux has recently also been recognized to play a role in the stability of

compact geometries [16].

Finally, the fact that cosmic strings can have flat world-sheets for any value of their

string tension [8] has been used to suggest [17, 18] they may contain the seeds of a

mechanism for understanding the cosmological constant problem [19]. But a solution

to the cosmological constant problem involves also understanding how the curvature of

the world-sheet varies as its tension and other properties vary. This requires a critical

study of how codimension-2 objects back-react onto their own induced geometry, such

as we give here. Although extra-dimensional branes are not in themselves expected

to be sufficient to provide a solution (for instance, one must also deal with the higher-

dimensional cosmological constant), the techniques developed here can also be applied

to their supersymmetric alternatives [20], for which higher-derivative cosmological

constants are forbidden by symmetry and whose ultimate prospects remain open at

this point. This appears in subsequent chapters.

Results

Our study leads to the following result about brane back-reaction: brane-localized

flux does not gravitate. It is most intuitively understood when it is the dual field

F = ?A that is held fixed when varying the metric, since in this case the BLF term

SBLF = ζb
∫
F is metric-independent. We show how the same result can also be seen
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when A is fixed; and more precisely show that the BLF term of (3.1) induces a uni-

versal renormalization of the brane’s tension and the brane gravitational response is

governed only by the total tension including this renormalization. This renormaliza-

tion is universal in the sense that it does not depend on the size of any macroscopic

magnetic field in which the brane may sit.

Of course the BLF term does contribute to the external Maxwell equations, gen-

erating a flux localized at the brane position with size proportional to ζ. Among

other things this ensures that a test charge that moves around the brane acquires the

Aharonov-Bohm phase implied by the localized flux. But the gravitational influence

of BLF is precisely cancelled by the back-reaction of the Maxwell field. That is, the

brane endows the bulk Maxwell field strength with a localized component, and the

stress-energy associated with this localized component exactly cancels against the

stress-energy associated with the BLF term of the brane. Since an external macro-

scopic observer cannot resolve the energy of the brane-localized BLF term from the

energy of the localized magnetic field to which it gives rise, macroscopic external

gravitational measurements only see their sum, which is zero.

This failure of the BLF term to gravitate has important implications for the

curvature that is induced on the vortex world-sheet. To see why, consider the trace-

reversed Einstein equations in D = d+ 2 dimensions, which state

RMN + κ2

(
TMN +

1

d
gMN T

P
P

)
= 0 . (3.2)

What is special about this equation is that the factor of 1/d ensures that the on-brane

stress-energy often drops out of the expression for the on-brane curvature, which is
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instead governed purely by the off-brane stress energy

−gµνRµν = κ2gmnTmn . (3.3)

Consequently it is of particular interest to know when Tmn vanishes for some reason-

able choice of brane lagrangian.

The off-brane stress-energy would vanish in particular when the brane action is

dominated by its tension

Tµν = T0 gµν
δ2(y − yb)√

g2

, (3.4)

where δ2(y − yb) is some sort of regularized delta-like function with support only at

the brane position. But the derivation of (3.4) from (3.1) is complicated by two issues:

is there a dependence on the transverse metric hidden in the regularized δ2(y) (which

is designed, after all, to discriminate based on proper distance from the vortex); and

(for flux-containing branes) what of the metrics appearing in the Hodge dual, ?A, of

the BLF term?

The results found here imply these two issues are not obstructions to deriving (3.4)

from (3.1), as long as tension in question is appropriately renormalized. They do this

in two ways. First they show how Tmn can be derived without ad-hoc assumptions

about the metric-dependence of δ2(y). Second, they show that the apparent depen-

dence of the BLF terms on the transverse metric components, gmn, is an illusion,

because it is completely cancelled by a similar dependence in the gauge-field back-

reaction.

The remainder of this paper shows how this works in detail. We use three different

techniques to do so.
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• The first works within a UV completion of the BLF brane by a dark vortex, for

which we explicitly solve all field equations for a system that allows Nielsen-

Olesen type vortex solutions. In this construction the localized flux arises if

there is a kinetic mixing, εZMNA
MN , between the U(1) gauge field, ZM , of the

Nielsen-Olesen vortex, and the external gauge field, AM , whose flux is to be

localized. In this case the mixing of the two gauge fields can be diagonalized

explicitly, leading to the advertised cancellation of the BLF coupling as well as

a renormalization of the ZM gauge coupling, e2 → ê2 = e2/(1− ε2).

• Second, we compute the couplings T0 and ζ of the effective codimension-2 action

for the vortex in the limit where the length scales of the transverse geometry are

much larger than the vortex size. This has the form of (3.1), with ζ ∝ ε/e. We

verify that it reproduces the physics of the full UV theory, including in particular

the cancellation of BLF gravitational interaction and the renormalization of the

brane tension quadratically in ζ.

• Finally we compare both of these approaches to explicit numerical calculations

of the metric-vortex profiles as functions of the various external parameters, to

test the robustness of our results.

A road map

The remainder of the chapter is organized as follows.

First, §3.2 describes the action and field equations for the microscopic (or UV)

system of interest. This consists of a ‘bulk’ sector (the metric plus a gauge field, AM)

coupled to a ‘vortex’ sector (a charged scalar, Ψ, and a second gauge field, ZM). The

vortex sector is designed to support Nielsen-Olesen vortices and these provide the
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microscopic picture of how the codimension-2 objects arise.

Solutions to the field equations describing a single isolated vortex are then de-

scribed in detail in §3.3, including both analytic and numerical results for the field

profiles. The logic of this section is to integrate the field equations in the radial di-

rection, starting from initial conditions at the centre of the vortex and working our

way out. The goal is to compute the values of the fields and their first derivatives

just outside the vortex. The resulting formulae provide the initial data for further

integration into the bulk, and are efficiently captured through their implications for

the asymptotic near-vortex form of the bulk solutions, described in §3.3.3. In §3.3.4

these expressions for the near-vortex fields and derivatives are also used to match

with the effective description of (3.1) to infer expressions for T0 and ζ in terms of

microscopic parameters. Finally, §3.4 summarizes our results and describes several

open directions.

3.2 The system of interest

We start by outlining the action and field equations for the system of interest. Our

system consists of an Einstein-Maxwell system (the ‘bulk’) coupled to a ‘vortex’ —

or ‘brane’ — sector, consisting of a complex scalar coupled to a second U(1) gauge

field. For generality we imagine both of these systems live in D = d + 2 spacetime

dimensions, though the most interesting cases of practical interest are the cosmic

string [with (D, d) = (4, 2)] and the brane-world picture [with (D, d) = (6, 4)].
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3.2.1 The action and field equations

The action of interest is S = SB + Sv with bulk action given by

SB = −
∫

dd+2x
√−g

[
1

2κ2
gMN RMN +

1

4
A2
MN + Λ

]

=: −
∫

dd+2x
√−g

(
LEH + LA + Λ

)
(3.5)

where AMN = ∂MAN − ∂NAM is a D-dimensional gauge field strength, RMN denotes

the D-dimensional Ricci tensor and the last line defines the Li in terms of the corre-

sponding item in the previous line. The vortex part of the action is similarly given

by

Sv = −
∫

dd+2x
√−g

[
1

4
Z2
MN +

ε

2
ZMNA

MN +DMΨ∗DMΨ + λ

(
Ψ∗Ψ− v2

2

)2
]

=: −
∫

dd+2x
√−g

(
LZ + Lmix + LΨ + VΨ

)
, (3.6)

where DMΨ := ∂MΨ− ieZM Ψ, and the second line again defines the various Li.

For later purposes it is useful to write
√

2 Ψ = ψ eiΩ and adopt a unitary gauge

for which the phase, Ω, is set to zero, though this gauge will prove to be singular at

the origin of the vortex solutions we examine later. In this gauge the term LΨ in Sv

can be written

LΨ = DMΨ∗DMΨ =
1

2

(
∂Mψ ∂

Mψ + e2ψ2ZMZ
M

)
, (3.7)

and the potential becomes

Vψ =
λ

4

(
ψ2 − v2

)2

. (3.8)
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Field equations

We now adopt the symmetry ansatz of (2.11) and specialize the results of that section

to the Lagrangians of (3.5) and (3.6). This gives the following gauge field equation

(
W dǍ′θ
B

)′
= 0 , (3.9)

and

1− ε2

BW d

(
W dZ ′θ
B

)′
=
e2ψ2Zθ
B2

, (3.10)

where primes denote differentiation with respect to proper distance, ρ, and we define

the mixed gauge field,

ǍM := AM + εZM . (3.11)

Notice that the off-diagonal contribution to Lgge vanishes when this is expressed in

terms of ǍM rather than AM , since

Lgge = LA + LZ + Lmix = ĽA + ĽZ , (3.12)

where

ĽA :=
1

4
ǍmnǍ

mn and ĽZ :=
1

4
(1− ε2)ZmnZ

mn . (3.13)

Notice also that (3.10) has the same form as it would have had in the absence of the

A− Z mixing, (3.11), provided we make the replacement e2 → ê2, with

ê2 :=
e2

1− ε2
. (3.14)
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Clearly stability requires the gauge mixing parameter must satisfy ε2 < 1 and semi-

classical methods require us to stay away from the upper limit. The field equation

for ψ(ρ) similarly simplifies to

1

BW d

(
BW d ψ′

)′
= e2ψ

(
Zθ
B

)2

+ λψ
(
ψ2 − v2

)
. (3.15)

Einstein equations

The nontrivial components of the matter stress-energy become

Tµν = −gµν %tot , T ρρ = Z − X T θθ = −(Z + X ) , (3.16)

where

% := Lkin + Lgm + Lpot + Lgge , (3.17)

and

X := Lpot − Lgge Z := Lkin − Lgm . (3.18)

In later sections it is useful to split % = %loc + %̌B, X = Xloc + X̌B and Z = Zloc + ZB
into vortex and bulk parts. We define the following bulk stress-energies

%̌B := Λ + ĽA

X̌B := Λ− ĽA

ZB := 0 (3.19)
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And the localized stress energies are defined as follows

%loc := Lkin + Lgm + Vψ + ĽZ

Xloc := Vψ − ĽZ

Zloc := Lkin − Lgm = Z . (3.20)

The components of the trace-reversed Einstein equations governing the d-dimensional

on-vortex geometry therefore become

Rµν = −κ2Xµν = −2

d
κ2X gµν , (3.21)

of which maximal symmetry implies the only nontrivial combination is the trace

R(d) := gµνRµν =
Ř

W 2
+

d

BW d

(
BW ′W d−1

)′
= −2κ2X , (3.22)

and we use the explicit expression for R(d) in terms of Ř and W . There are two

independent Einstein equations dictating the 2-dimensional transverse geometry. One

can be taken to be the difference between the transvserse Einstein equations

Gρρ − Gθθ = Rρ
ρ −Rθ

θ = −κ2
(
T ρρ − T θθ

)
. (3.23)

Writing out the curvature and stress energy shows this last equation becomes

B

W

(
W ′

B

)′
= −2

d
κ2Z . (3.24)
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Another useful, independent Einstein equation is the (θθ) component of the trace-

reversed Einstein equation which reads

(B′W d)′

BW d
= −κ2

[
%−Z −

(
1− 2

d

)
X
]

= −2κ2

(
Lgm + Lgge +

X
d

)
. (3.25)

Finally, a linear combination of the above Einstein equations that is not independent,

but very useful, is the (ρρ) Einstein equation, Gρρ = −κ2T ρρ, which is special in that

all second derivatives with respect to ρ drop out. This leaves the following ‘constraint’

on the initial conditions for the integration in the ρ direction:

d

(
B′W ′

BW

)
+

Ř

2W 2
+
d(d− 1)

2

(
W ′

W

)2

= κ2
(
Z − X

)
. (3.26)

3.2.2 Scales and hierarchies

Before solving these field equations, we first briefly digress to summarize the relevant

scales that appear in their solutions. The fundamental parameters of the problem

are the gravitational constant, κ; the gauge couplings, e (for ZM) and gA (for AM);

the scalar self-coupling, λ, and the scalar vev v. These have the following engineering

dimensions in powers of mass:

[κ] = 1−D/2 , [e] = [gA] = 2−D/2 , [λ] = 4−D , and [v] = D/2− 1 .

(3.27)

To these must be added the dimensionless parameter, ε, that measures the mixing

strength for the two gauge fields.

In terms of these we shall find that the energy density of the vortex is of order
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e2v4 and this is localized within a region of order

rv =
1

ev
. (3.28)

The effective energy-per-unit-area of the vortex is therefore of order e2v4r2
v = v2.

These energies give rise toD-dimensional curvatures within the vortex of order 1/L2
v =

κ2e2v4 and integrated dimensional gravitational effects (like conical defect angles) of

order κ2v2. We work in a regime where κv � 1 to ensure that the gravitational

response to the energy density of the vortex is weak, and so, for example, defect

angles are small and Lv � rv.

By contrast, far from the vortex the curvature scale in the bulk turns out to be

of order 1/r2
B where

rB ∼
κ

gA
. (3.29)

Since our interest is in the regime where the vortex is much smaller than the transverse

dimensions we throughout assume rv � rB and so

gA
e
� κv � 1 . (3.30)

3.3 Isolated vortices

We now describe some solutions to the above field equations, starting with the local

properties of an isolated vortex within a much larger ambient bulk geometry. Our

goal is to relate the properties of the vortex to the asymptotic behaviour of the bulk

fields and their derivatives outside of (but near to) the vortex itself, with a view

to using these as boundary conditions when replacing the vortex with an effective
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codimension-2 localized object.

3.3.1 Vortex solutions

For vortex solutions the vortex scalar vanishes at the vortex core ρ = 0, and the

vortex fields approach their vacuum values, ψ → v and5 ZM → 0, at large ρ. Because

we work in the regime κv � 1 these solutions closely resemble familiar Nielsen-Olesen

solutions [3] in the absence of gravitational fields. Our analysis in this section reduces

to that of [8] in the limit of no gauge mixing, ε = 0, and a trivial bulk.

The asymptotic approach to the far-field vacuum values can be understood by

linearizing the field equations about their vacuum configurations, writing ψ = v+ δψ

and Zθ = 0 + δZθ. We find in this way that both δψ and δZM describe massive

particles, with respective masses given by

m2
Z = ê2v2 and m2

ψ = 2λv2 . (3.31)

From this we expect the approach to asymptopia to be exponentially fast over scales

of order rZ = m−1
Z and rψ = m−1

ψ . Indeed this expectation is borne out by explicit

numerical evaluation.

Notice the two vortex scales are identical, rv := rZ = rψ, in the special BPS case,

defined by β̂ = 1 where

β̂ := ê2/2λ , (3.32)

and so the BPS case satisfies ê2 = 2λ. For convenience we also define β = e2/2λ =

(1− ε2)β̂.

5In unitary gauge.
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Boundary conditions near the origin

We start with a statement of the boundary conditions to be imposed at ρ = 0, which

express that the transverse metric, gmn , is locally flat and that all vectors (and so in

particular the gradients of all scalars) must vanish there. For the metric functions we

therefore impose the conditions

W (0) = W0 , W ′(0) = 0 and B(0) = 0 and B′(0) = 1 . (3.33)

We can choose W0 = 1 by rescaling the d-dimensional coordinates, but this can only

be done once so the change, ∆W , between the inside and the outside of the vortex

(or between the centres of different vorticies) is a physical thing to be determined by

the field equations. Similarly, for the vortex scalar we demand

ψ(0) = ψ′(0) = 0 , (3.34)

or we could also trade one of these for the demand that ψ → v far from the vortex

core.

Since Ǎmn is nonsingular it is regular at ρ = 0 and so, since B(ρ) ' ρ near ρ = 0 ,

we must have Ǎρθ ∝ ρ near the origin. Consequently, in a gauge where ǍM dxM =

Ǎθ(ρ) dθ we should expect Ǎθ = O(ρ2) near the origin. Naively, the same should

be true for the other gauge fields AM and ZM , however the gauge transformation

required to remove the phase everywhere from the order parameter Ψ = ψeiΩ (i.e. to

reach unitary gauge) is singular at the origin, where Ψ vanishes and so Ω becomes

ambiguous. Consequently in this gauge Zθ (and so also AM) does not vanish near the

origin like ρ2 . Instead, because in this gauge ZM → 0 far from the vortex, we see that
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flux quantization demands that

−2πn

e
= ΦZ(ρ < ρv) :=

∮

ρ=ρv

Z = 2π

∫ ρv

0

dρ ∂ρZθ = 2π
[
Zθ(ρv)−Zθ(0)

]
= −2πZθ(0) ,

(3.35)

where n is an integer, and we choose ρ = ρv to be far enough from the vortex that

ZM → 0 there. We therefore ask Zθ to satisfy the boundary condition:

Zθ(0) =
n

e
and so therefore Aθ(0) = −nε

e
, (3.36)

where the second equality follows from Ǎθ(0) = 0.

Vortex solutions

It is convenient to normalize the vortex fields

Zθ =
n

e
P (ρ) and ψ = v F (ρ) (3.37)

so that F = 1 corresponds to the vacuum value ψ = v, while the boundary conditions

at ρ = 0 become

F (0) = 0 , P (0) = 1 ; (3.38)

the vacuum configuration in the far-field limit is

F (∞) = 1 , P (∞) = 0 . (3.39)
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In terms of P and F the ZM field equations boil down to

1

BW d

(
W d P ′

B

)′
=
ê2v2F 2P

B2
, (3.40)

while the ψ equation reduces to

1

BW d

(
BW d F ′

)′
=
P 2F

B2
+ λv2 F

(
F 2 − 1

)
. (3.41)

Although closed form solutions to these are not known, they are easily integrated

numerically for given B and W , and the results agree with standard flat-space results

when B = ρ and W = 1. See, for example, Figure 3.1.

BPS special case

In the special case where W = 1 and ê2 = e2/(1−ε2) = 2λ (and so β̂ = 1), eqs. (3.40)

and (3.41) are equivalent to the first-order equations,6

BF ′ = nFP and
nP ′

êB
=

√
λ

2
v2
(
F 2 − 1

)
. (3.42)

We show later that W = 1 also solves the Einstein equations when ê2 = 2λ and so

this choice provides a consistent solution to all the field equations in this case.

When eqs. (3.42) and W = 1 hold, they also imply

Lkin =
1

2
(∂ψ)2 =

e2

2
ψ2ZMZ

M = Lgm , (3.43)

6The simplicity of these equations is understood in supersymmetric extensions of these models,
since supersymmetry can require e2 = 2λ and the vortices in this case break only half of the theory’s
supersymmetries.
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Figure 3.1: A comparison of BPS and non-BPS vortex profiles on a flat background for
differing values of β̂ = ê2/(2λ). The (blue) profile vanishing at the origin is the scalar
profile F and the (red) profile that decreases from the origin is the vector profile P . To find
the profiles in flat space we set B = ρ and W = 1. The left plot uses β̂ = 1 and the right
plot uses β̂ = 0.1, with this being the only parameter that controls vortex profiles in flat
space.

and

ĽZ :=
1

4
(1− ε2)ZmnZ

mn =
λ

4
(ψ2 − v2)2 = Vb , (3.44)

which further imply that the vortex contributions to Z and X cancel out,

Z = Lkin − Lgm = 0 and Xloc = Vb − ĽZ = 0 , (3.45)

leaving only the bulk contribution to X :

X = X̌B = Λ− ĽA . (3.46)

As can be seen from eq. (3.24), it is the vanishing of Z that allows W = 1 to solve

the Einstein equations. Finally, the vortex part of the action evaluates in this case to
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Figure 3.2: A comparison of the profiles F and P for the vortex in flat space (dashed curves)
and the full gravitating vortex solution (solid lines). For each case the (blue) profile that
vanishes at the origin is the scalar profile F and the (red) profile that decreases from the
origin is the vector profile P . The parameters used in the plot are d = 4, ε = 0.3, β = 3,
Q = 0.01 ev2, Λ = Q2/2, κv = 0.6 and Ř = 0 with the same values of β and ε chosen for
the non-gravitating solution.

the simple result

Tv :=
1√−ǧ

∫
d2y
√−g

[
LΨ +Vb + ĽZ

]
= 2π

∫
dρB

[
LΨ +Vb + ĽZ

]
= πnv2 , (3.47)

which confirms the vortex energy density estimate of the previous section.

Bulk equations

To obtain a full solution for a vortex coupled to gravity we must also solve the bulk

field equations for W , B and Ǎρθ. The simplest of these to solve is the Maxwell
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equation, (3.9), whose solution is

Ǎρθ =
QB

W d
, (3.48)

where Q is an integration constant. This enters into the Einstein equations like (3.22)

and (3.24), through the combination ĽA = 1
2
(Q/W d)2.

These can be numerically integrated out from ρ = 0, starting with the boundary

conditions (3.33) (for which we choose W0 = 1), (3.34) and (3.35), provided that the

curvature scalar, Ř, for the metric ǧµν is also specified. Once this is done all field

values and their derivatives are completely determined by the field equations for ρ > 0

and one such solution is shown in Figure 3.3. As we shall see, many useful quantities

far from the vortex depend only on certain integrals over the vortex profiles, rather

than their detailed form.

3.3.2 Integral relations

Our main interest in later sections is in how the vortices affect the bulk within which

they reside, and this is governed by the boundary conditions they imply for the metric

— i.e. on quantities like W , W ′, B, B′ — as well as for other bulk fields exterior to,

but nearby, the vortex. In particular, simple integral expressions exist for derivatives

of bulk fields — e.g. W ′ and B′ — in this near-vortex limit, and we pause here to

quote explicit expressions for these.
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Figure 3.3: These plots illustrate the bulk geometry for BPS vortices (β = 1) with param-
eters d = 4, ε = 0, β = β̂ = 1, Q = 0.05 ev2, Λ = Q2/2 and κv = 0.3 (which also imply
Ř = 0). In the top left plot, the solution for B is plotted (in blue) below the (red) metric
function Bsphere of a sphere with radius rB = (200/3)rv . The presence of a vortex does not
change the size of the bulk (since the full solution for B still vanishes at ρ = πrB) and the
metric function B is still approximately spherical with B ≈ 0.95×Bsphere for these param-
eters. The top right plot shows that when β = 1 and Λ = Q2/2, a constant warp factor
solves the field equations. The bottom left plot shows that the derivative of the metric
function B′ ≈ 0.95 outside of the vortex core, at ρ >∼ 4rv. The bottom right plot shows that
B′ ≈ −0.95 at the pole which lies opposite to the vortex core, indicating the presence of a
conical singularity at that pole.

For instance, consider integrating the Einstein equation, (3.22), over the transverse

dimensions out to a proper distance ρ = ρv ' O(rv) outside of (but not too far from)

the vortex (see Figure 3.4). This gives

dBW d ∂ρ lnW
∣∣∣
ρ=ρv

=

[
B
(
W d
)′]

ρ=ρv

= − 1

2π

〈
2κ2X +W−2Ř

〉
v
, (3.49)

65



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

Figure 3.4: An illustration of the matching done at ρ = ρv. The light grey surface is a
cartoon of the bulk geometry. The bump on top of the surface represents the localized
modifications to the approximately spherical bulk geometry that arise due to the vortex.
The dark ring represents the circle at ρ = ρv that lies sufficiently far outside the vortex
that its fields are exponentially suppressed, but close enough to the vortex so that that its
proper distance from the pole is still O(rv).

where we introduce the notation

〈O〉v :=
1√−ǧ

∫

Xv

d2x
√−g O = 2π

∫ ρv

0

dρBW d O , (3.50)

and use the boundary condition W ′(0) = 0 at the vortex centre. This identifies

explicitly the specific combination of vortex quantities relevant for specifying W ′ just

outside the vortex.

A second integral relation of this type starts instead with (3.25), which integrates

to give
(
B′W d

)
ρ=ρv

= 1− κ2

2π

〈
%−

(
1− 2

d

)
X − Z

〉

v
, (3.51)

given the boundary condition B′W d → 1 as ρ → 0. This can be used to infer the

implications of the vortex source on B′ just outside the vortex.
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For many purposes our interest is in the order of magnitude of the integrals on

the right-hand sides of expressions like (3.49) or (3.51) and these sometimes contain a

surprise. In particular, naively one might think the integrals on the right-hand sides

would generically be order v2 and so would contribute at order κ2v2 to the quantities

on the left-hand sides. Although this is true for %, the surprise is that the quantities

〈X 〉v and 〈Z〉v can be much smaller than this, being suppressed by powers of rv/rB

when the vortex is much smaller than the transverse space, rv � rB, and this has

important implications for how vortices influence their surroundings.

One way to understand this suppression is to evaluate explicitly the suppressed

quantities in the flat-space limit, where it can be shown (for instance) that the vortex

solutions described above imply 〈X 〉flat
v = 0. Appendix A.1 proves this as a general

consequence of stress-energy conservation (or hydrostatic equilibrium) within the vor-

tex, with the vortex dynamically adjusting to ensure it is true. (Alternatively, the

vanishing of 〈X 〉v on flat space can also be derived as a consequence of making the

vortex action stationary with respect to rescalings of the size of the vortex, as in

Appendix B.1.) More generally, for curved geometries we find numerically that in

the generic situation when rv ∼ rB all terms in (3.49) are similar in size and not

particularly small, but this is no longer true once a hierarchy in scales exists between

the size of the vortex and that of the transverse dimensions.

The next sections provide several other ways to understand this suppression, as-

sociated with the constraints imposed by the Bianchi identities on the left-hand sides

of near-vortex boundary conditions.
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3.3.3 Near-vortex asymptotics

Because the vortex fields, δψ = ψ − v and ZM , fall off exponentially they can be

neglected to exponential accuracy ‘outside’ of the vortex; i.e. at distances ρv >∼ rv ∼

1/ev. The form for the metric functions B and W are then governed by the Einstein

equations with only bulk-field stress-energy. This section describes the approximate

form taken by these bulk solutions outside of the vortex sources, but not far outside

(in units of the bulk curvature radius, say).

Asymptotic forms

In general, the presence of a vortex introduces apparent singularities into the bulk

geometry whose properties are dictated by those of the vortex. These singularities

are only apparent because they are smoothed out once the interior structure of the

vortex is included, since the geometry then responds to the stress-energy of the vortex

interior. This section characterizes these singularities more precisely with a view to

relating them to the properties of the source vortices.

One way to characterize the position of the apparent singularity is to define it

to occur at the point where the expression for Bbulk(ρ) obtained using only the bulk

field equations would vanish: Bbulk(ρ?) = 0 (see Figure 3.5). Here ρ? is of order the

vortex size, and need not occur precisely at ρ = 0 (despite the boundary condition

B(0) = 0 inside the vortex) because Bbulk is found by solving only the bulk field

equations without the vortex fields.

The nature of the singularity at ρ = ρ? is most simply described by expanding the

bulk field equations in powers of proper distance, ρ̂ = ρ−ρ?, away from the apparent
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Figure 3.5: A cartoon illustration of the definition of ρ?. The (blue) metric function B
increases linearly away from the origin with unit slope B(ρ) ≈ ρ. Outside of the vortex ρ >∼
ρv the solution is also linear in ρ but with B(ρ) ≈ αρ. The straight (red) line extrapolates
this exterior behaviour to the point, ρ = ρ?, where the external B would have vanished if
the vortex had not intervened first.

singularity,

W = W0

(
ρ̂

rB

)w
+W1

(
ρ̂

rB

)w+1

+W2

(
ρ̂

rB

)w+2

+ · · · ,

B = B0

(
ρ̂

rB

)b
+B1

(
ρ̂

rB

)b+1

+B2

(
ρ̂

rB

)b+2

+ · · · . (3.52)

where rB is again a scale of order the bulk curvature scale. It is the leading powers, b

and w, that describe potential singularity, and their form is constrained by the bulk

field equations. In particular, as shown in Appendix A.2, in the limit that the size

of the source vanishes, r2
v/r

2
B → 0, the leading terms in the expansion of the Einstein

equations around ρ̂ = 0 imply that w and b satisfy the two Kasner conditions7 [24]:

dw + b = 1 and dw2 + b2 = 1 . (3.53)

7Our treatment here follows closely that of [25], which in turn is based on the classic BKL
treatment of near-singularity time-dependence [26].
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The last of these in turn implies w and b must reside within the intervals

|w| ≤ 1√
d

and |b| ≤ 1 . (3.54)

The Kasner solutions have precisely two solutions: either w = 0 and b = 1 (as is

true for flat-space solutions) or w = 2/(1 +d) and b = (1−d)/(1 +d). Since we know

that a non-gravitating vortex lives in a geometry with w = 0 and b = 1, this is also

the root we must use in the weak-gravity limit (κv)2 � 1. This describes a conical

singularity if B′(ρ = ρ?) 6= 1.

The field equations also dictate all but two of the remaining coefficients, Bi and

Wi, of the series solution. For instance eq. (3.24) applied outside the vortex implies

W ′ = kB for constant k. This implies W1 = 0 and W2 = 1
2
k α r2

B and so on.

The Kasner analysis (and the solution w = 0 and b = 1) is especially powerful

when combined with the near-vortex boundary conditions, such as (3.49) or (3.51).

For small vortices, the values of the bulk fields at the apparent singularity ρ? and

the point ρv outside of the vortex are indistinguishable up to r2
v/r

2
B corrections. So

a boundary condition on the bulk fields outside of the vortex rewrites as a condition

on the singular behaviour. More explicitly, using the Kasner solution to evaluate W

and B at ρ = ρv gives

Wv = W0

(
ρ̂v

rB

)w [
1 +O(r2

v/r
2
B) + . . .

]
, Bv = B0

(
ρ̂v

rB

)b
[1 +O(rv/rB) + . . .] ,

(3.55)

where ρ̂v = ρv − ρ?. Inserting these into the left-hand side of eqs. (3.49) then gives

dw

(
B0W

d
0

rB

)(
ρ̂v

rB

)dw+b−1 [
1 +O(r2

v/r
2
B)
]

= − 1

2π

〈
2κ2X +W−2Ř

〉
v
. (3.56)
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Figure 3.6: Log-log plots of the the near vortex geometry for parameters d = 4, β = 3,
ε = 0.3, Q = 0.01 ev2, Λ = Q2/2, κv = 0.6 and Ř = 0. The bulk in this case has a radius of
rB = (500/3)rv. Outside of the vortex ρ >∼ rv the geometry exhibits Kasner-like behaviour
B′ ≈ α 6= 1 and W ′ ≈ 0.

Because of the Kasner condition dw + b = 1 and the solution w = 0, we have

〈
2κ2X +W−2Ř

〉
v

= 0 (3.57)

up to O(r2
v/r

2
B) corrections. If we further assume that only the localized contributions

to the left hand side of (3.57) survive in the pointlike limit for which r2
v/r

2
B → 0, then

we have

〈Xloc〉v = 0 . (3.58)

This shows how the gravitational dynamics outside of the source can be used to

deduce the localized transverse stress energy in the limit that the source is small,

without knowing the internal structure of the source.
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3.3.4 Effective description of a small vortex

If the vortex is much smaller than the transverse space then most of the details

of its structure should not be important when computing how it interacts with its

environment. Its dynamics should be well described by an effective d-dimensional

action that captures its transverse structure in a multipole expansion.

The lowest-derivative ‘brane’ action of this type that depends on the nontrivial

bulk fields outside the vortex is Sb =
∫

ddx Lb with

Lb = −√−γ
[
T0 −

ζ

d !
εµνλρÃµνλρ + · · ·

]

ρ=ρb

= −√−γ
[
T0 +

ζ

2
εmnAmn + · · ·

]

ρ=ρb

,

(3.59)

where γ denotes the determinant of the induced metric on the d-dimensional world-

volume of the vortex centre of mass (which in the coordinates used here is simply

γµν = gµν evaluated at the brane position). The tensor Ãµνλρ := 1
2
εµνλρmnA

mn is

proportional to the D-dimensional Hodge dual of the bulk field strength; a quan-

tity that can be invariantly integrated over the d-dimensional world-volume of the

codimension-2 vortex. All unwritten terms covered by the ellipses in (3.59) involve

two or more derivatives.

The dimensionful effective parameters T0 and ζ respectively represent the vortex’s

tension and localized flux, in a way we now make precise. To fix them in terms of the

properties of the underlying vortex we perform a matching calculation; computing

their effects on the bulk fields and comparing this to the parallel calculation using

the full vortex solution. To do this we must be able to combine the d-dimensional

action (3.59) with the D-dimensional action, SB, for the bulk fields.
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To make this connection we promote (3.59) to a D-dimensional action by mul-

tiplying it by a ‘localization’ function, δ2(y), writing the D-dimensional lagrangian

density as

Ltot = LB(gMN , AM) + Lb(gMN , AM) δ2(y) . (3.60)

Here LB is as given in (3.5) and δ2(y) is a delta-function-like regularization function

that has support only in a narrow region around the vortex position ρ = ρb, normal-

ized so that
∫
Xv

d2y δ2(y) = 1. Although we can regard δ2(y) as being independent

of the d-dimensional metric, gµν , and gauge field, AM , we cannot consider it to be

independent of the transverse metric, gmn, because δ2(y) must depend on the proper

distance from the vortex.

Much of the trick when matching with regularized delta-functions is to avoid

questions that involve making assumptions about the detailed gmn-dependence of

the brane action. This is most awkward when calculating the brane’s gravitational

response, but we show below how to infer this response in a model-independent way

that does not make ad-hoc assumptions about how δ2(y) is regulated.

Gauge-field matching

To determine ζ we compute the contribution of Sb to the gauge field equation, which

becomes modified to

∂m

(√−g Amn
)

+
δSb
δAn

= ∂m

[√−g
(
Amn + ζ εmn

δ2(y)√
g2

)]
= 0 . (3.61)
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This has solution

Aρθ =
QB

W d
− ζ ερθ

δ2(y)√
g2

=
QB

W d
− ζ δ2(y) , (3.62)

where Q is an integration constant, and so — when integrated over a transverse

volume, Xv, completely containing the vortex — gives the flux

ΦA(Xv) =

∫

Xv

dA = Q

∫

Xv

d2y

(
B

W d

)
− ζ . (3.63)

Comparing this to the vortex result in the full UV theory

ΦA(Xv) = Φ̌A(V )− εΦZ(V ) = Q

∫

Xv

d2y

(
B

W d

)
+

2πnε

e
, (3.64)

shows that ζ is given at the classical level by

ζ = −2πnε

e
. (3.65)

Notice that this argument does not make use of any detailed properties of δ2(y)

beyond its normalization and independence of Am.

Gauge-field back-reaction

Before repeating this argument to match the tension, T0, and determine the grav-

itational response, we first pause to draw attention to an important subtlety. The

subtlety arises because the presence of localized flux causes the gauge field to back-

react in a way that contributes to the localized energy density, in a manner similar
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to the way the classical Coulomb field back-reacts to renormalize the mass of a point

charged particle.

To set up this discussion, notice that the effective lagrangian, (3.59) is meant to

capture the macroscopic contribution of the vortex part of the lagrangian regarded as a

function of applied fields Am and gµν . Consequently we expect the transverse average

of (3.60) to give the same answer as the transverse average of the full lagrangian of

the UV theory. Comparing the Am-dependent and -independent terms of this average

then suggests the identifications

T0W
d
b =

〈
Lkin + Vb + Lgm + LZ

〉
v

and
ζ

2
W d
b ε

mnAmn =
〈
Lmix

〉
v

=
ε

2

〈
ZmnAmn

〉
v
, (3.66)

where Wb = W (ρb) is the warp factor evaluated at the brane position, and the factors

W d
b come from the ratio of

√−γ/√−ǧ.

Now comes the main point. The existence of the localized piece in the solution,

(3.62), for Am has two related consequences in such a transverse average.

• First, evaluating the localized-flux term at the solution to the Amn field equa-

tion, (3.62), shows that the localized component of Am renormalizes the tension,

W d
b

(
T0 +

ζ

2
εmnAmn

)

ρ=ρb

= W d
b

[
T0 +

ζ Q

W d
b

− ζ2

(
δ2(y)

B

)

ρ=ρb

]
, (3.67)

where this follows from taking δ2(y) to be sufficiently peaked so that its in-

tegral can be treated like that of a Dirac delta-function. Notice that the last

term in the last equality is singular as the vortex size goes to zero, requiring a

regularization in order to be unambiguous. Such divergences are common for
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back-reacting objects with codimension-2 or higher, and are ultimately dealt

with by renormalizing the action (3.59) even at the classical level [29].

The ζ-dependent part of this is to be compared with

〈
Lmix

〉
v

= −2πεQn

e
− 2ε2

〈
LZ

〉
v
, (3.68)

which uses (3.11) and (3.48) to evaluate the integration over Lmix, and shows

that the result agrees with (3.67), both on the value of the term linear in Q

(once the matching value, (4.132), for ζ is used) and by providing an explicit

regularization of the singular O(ε2) term.

• The second way the localized term in (3.62) contributes is by introducing a

localized contribution to the Maxwell action, LA, which was naively not part of

the vortex

〈
LA

〉
v

=
Q2

2

∫

Xv

d2y

(
B

W d

)
−W d

b

[
ζ Q

W d
b

− ζ2

2

(
δ2(y)

B

)

ρ=ρb

]

=
〈
ĽA

〉
v
−W d

b

[
ζ Q

W d
b

− ζ2

2

(
δ2(y)

B

)

ρ=ρb

]
. (3.69)

This exactly cancels the linear dependence on Q in (3.67), and partially cancels

the localized renormalization of the tension.

We see from this that the localized part of the gauge response to the brane ac-

tion contributes a localized contribution to the bulk action (and energy density) that

combines with the direct brane action in precisely the same way as happens micro-

scopically from the mixing from Am to Ǎm (see, for example, (3.12)). This suggests
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another useful notion of brane lagrangian, defined as the total localized contribution

when Q is fixed (rather than Am), leading to

Ľb := Ť W d
b :=

〈
Lkin + Vb + Lgm + ĽZ

〉
v

= W d
b

[
T0 −

ζ2

2

(
δ2(y)

B

)

ρ=ρb

]
. (3.70)

We see that the tension renormalizations described above — associated with the

[δ2(y)/B]ρb terms — are the macroscopic analogs of the renormalization e2 → ê2 =

e2/(1 − ε2) that occurs with the transition from LZ to ĽZ in the microscopic vortex

picture.

Whether Lb or Ľb is of interest depends on the physical question being asked.

Using Lb is best in deriving the brane contribution to the Am field equations, as

above. But because it is Ľb that contains all of the brane-localized contributions to

the energy, it plays a more important role in the brane’s gravitational response (as

we now explore in more detail).

On-brane stress energy

With the above definitions of Lb and Ľb in hand we now turn to the determination

of the brane’s local gravitational response. To determine the tension, T0 (or Ť ), we

compute the (µν) component of the Einstein equations (which we can do unambigu-

ously because we know δ2(y) does not depend on gµν). We can do so using either Lb

or Ľb to define the brane action.

Using Lb leads to the following stress energy

T µν(b) =
2√−g

(
δSb
δgµν

)
= −W d

b

(
T0 +

ζ

2
εmnAmn

)
δ2(y)√
g2

gµν , (3.71)
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and so % becomes % = Λ + LA + %b with

%b = W d
b

(
T0 +

ζ

2
εmnAmn

)
δ2(y)√
g2

. (3.72)

Alternatively, using Ľb leads to the stress energy

Ť µν(b) =
2√−g

(
δŠb
δgµν

)
= −Ť W d

b

δ2(y)√
g2

gµν , (3.73)

and so % becomes % = Λ + ĽA + %loc with

%loc = Ť W d
b

δ2(y)√
g2

= W d
b

[
T − ζ2

2

(
δ2(y)

B

)

ρ=ρb

]
δ2(y)√
g2

. (3.74)

In either case the total energy density is the same,

〈%〉v =
〈

Λ + LA

〉
v

+W d
b

(
T +

ζ

2
εmnAmn

)

ρ=ρb

=
〈

Λ + ĽA

〉
v

+W d
b Ť , (3.75)

which is the analog of the microscopic statement (3.19)

〈
%
〉

v =
〈

Λ +LA +Lkin +Lgm +Vb +LZ +Lmix

〉
v

=
〈

Λ + ĽA +Lkin +Lgm +Vb + ĽZ

〉
v
.

(3.76)

The advantage of using (3.74) rather than (3.72) is that %loc contains all of the brane-

localized stress energy, unlike %b which misses the localized energy hidden in LA.

IR metric boundary conditions

A second important step in understanding the effective theory is to learn how the

effective action modifies the field equations. So we restate here the general way of
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relating brane properties to near-brane derivatives of bulk fields [28]. The idea is to

integrate the bulk field equations (including the brane sources) over a small region

not much larger than (but totally including) the brane. For instance for a bulk scalar

field, Φ, coupled to a brane one might have the field equation

�Φ + JB + jb δ2(y) = 0 , (3.77)

where JB is the contribution of bulk fields that remains smooth near the brane position

and jb is the localized brane source. Integrating this over a tiny volume surrounding

the brane and taking its size to zero — i.e. ρv/rB → 0 — then gives

lim
ρv→0

〈
�Φ
〉

v
= 2π lim

ρv→0
BvW

d
v Φ′v = − lim

ρv→0

〈
JB + jb δ2(y)

〉
v

= −jb(ρ = ρb) , (3.78)

where the assumed smoothness of JB at the brane position ensures 〈JB〉v → 0 in the

limit ρv → 0. The equality of the second and last terms of this expression gives the

desired relation between the near-brane derivative of Φ and the properties jb of the

brane action.

Applying this logic to the Einstein equations, integrating over a tiny volume, Xv ,

completely enclosing a vortex gives

0 =

〈
1√−g

δS

δgMN

〉

v
=

〈
1√−g

δSEH
δgMN

〉

v
+

〈
1√−g

δSM
δgMN

〉

v
(3.79)

where we have split the action into an Einstein-Hilbert part SEH and a matter part

SM . This matter part can be further divided into a piece that is smooth at the brane
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position

ŠB = −
∫

dDx
√−g

(
ĽA + Λ

)
, (3.80)

and one that contains all of the localized sources of stress energy,

Šb = −
∫

dDx
√−g

(
δ2(y)√
g2

)
Ť = −

∫
ddx
√−γ Ť . (3.81)

As above, for a sufficiently small volume, Xv , we need keep only the highest-

derivative part of the Einstein-Hilbert term8, since the remainder vanishes on inte-

gration in the limit ρv → 0. The SBM term also vanishes in this limit, by construction,

so the result becomes

0 =
1

2κ2

∫
dθ
[√−g

(
Kij −K gij

)]ρv

0
+
√
−ǧ
〈

1√−g
δŠb
δgij

〉

v

as ρv → 0 , (3.82)

where i and j run over all coordinates except the radial direction, ρ, and Kij is the

extrinsic curvature tensor for the surfaces of constant ρ. To proceed, we assume

that the derivative of the brane action is also localized such that its integral can be

replaced with a quantity evaluated at the brane position

〈
1√−g

δŠb
δgMN

〉

v
=

∫

Xv

d2y

(
1√−ǧ

δŠb
δgMN

)
=

1√−γ

(
δŠb

δgMN(yb)

)
. (3.83)

The metric being evaluated at yb informs us that the derivative is taken at the fixed

8Being careful to include the Gibbons-Hawking-York action [29] on the boundary.
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point where δ2(y) is localized, and so it contains no dependence on the bulk coordi-

nates, and in particular no factors of δ2(y). For example its µν components read

δŠb
δgµν(y − b)

= −1

2

√−γ Ť γµν . (3.84)

However, at this point we remain agnostic about how to calculate the off-brane com-

ponent δŠb/δgθθ(yb). Returning to the matching condition (3.82) we have the final

result

lim
ρv→0

∫
dθ
[√−g

(
Kij −K gij

)]ρv

0
= −2κ2

(
δŠb

δgij(yb)

)
, (3.85)

which can be explicitly evaluated for the geometries of interest.

Brane stress-energies

We now turn to the determination of the off-brane components of the brane stress-

energy. We can learn these directly by computing the left hand side of (3.85) in the

UV theory, before taking the limit ρv → 0. We will first do this very explicitly for the

(µν) components of the brane stress-energy, and then proceed to deduce the off-brane

components of the brane stress-energy.

The (µν) stress-energy

For the metric ansatz ds2 = W 2(ρ) ǧµν dxµdxν + dρ2 +B2(ρ) dθ2, the extrinsic curva-

ture evaluates to Kij = 1
2
g′ij. This gives

Kµν =
W ′

W
gµν and Kθθ =

B′

B
gθθ . (3.86)
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The trace of the (µν) components of the condition (3.85) therefore evaluates to

lim
ρv→0

{
W d

v Bv

[
(1− d)

(
W ′

v

Wv

)
− B′v
Bv

]
+ 1

}
= −κ

2/πd√−ǧ γµν
(

δŠb
δgµν(yb)

)
=
κ2W d

b Ť

2π
,

(3.87)

for which the limit on the left-hand side can be evaluated using the limit Bv → 0 as

ρv → 0. The result shows that it is the renormalized tension, Ť , that determines the

defect angle just outside the vortex,

1− α =
κ2W d

b Ť

2π
. (3.88)

This is the macroscopic analog of (3.51) which also relates the defect angle to the

localized energy density.

The (θθ) stress-energy

The (θθ) component of the metric matching condition, (3.85), evaluates to

lim
ρv→0

W d
v Bv

(
W ′

v

Wv

)
=
κ2/πd√−ǧ gθθ(yb)

(
δŠb

δgθθ(yb)

)
. (3.89)

but at first sight this is less useful because the unknown gmn dependence of δ2(y)

precludes evaluating its right-hand side. This problem can be side-stepped by using

the constraint, eq. (3.26), evaluated at ρ = ρv (just outside the brane or vortex) to

evaluate W ′
v/Wv = O(ρv/r

2
B), and so also the left-hand side of (3.89), in terms of the

quantities B′v/Bv = 1/ρv + · · · , Ř/W 2
v and XB. Once this is done we instead use the

(θθ) matching condition to infer the (θθ) component of the vortex stress energy.

Solving the constraint, (3.26), for W ′/W at ρv (just outside the vortex, where
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Figure 3.7: A plot of defect angle matching in the region exterior but near to the vortex
core. The solid (blue) lines represent the metric function W 4B′ and the dotted (red) lines
represent 1−κ2Ť /2π computed independently for different values of ε = {−0.2, 0.2, 0.4, 0.6}
with the other parameters fixed at d = 4, β = 3, Q = 1.25× 10−4 ev2, Λ = Q2/2, κv = 0.5
and Ř = 0. This size of the defect angle B′v ≈ α matches very well with 1 − κ2Ť /2π at
ρ = ρv ≈ 4rv. The solutions for W 4B′ overlap perfectly when ε = ±0.2, as indicated by the
dashes in the line. This illustrates that the defect angle is controlled by Ť , and the linear
dependence of the the defect angle on ε is cancelled.

Z = 0 and X = XB = X̌B) gives

(d− 1)

(
W ′

v

Wv

)
= −B

′
v

Bv
+

√(
B′v
Bv

)2

−
(

1− 1

d

)(
2κ2XB(ρv) +

Ř

W 2
v

)

' −1

2

(
1− 1

d

)
ρv

(
2κ2XB(ρv) +

Ř

W 2
v

)
+ · · · , (3.90)

where the root is chosen such that W ′
v/Wv vanishes if both Ř and XB(ρv) vanish.

With this expression we see that BvW
d
v (W ′

v/Wv) → 0 as ρv → 0, and so (3.89) then
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shows that

T θθ =
δŠb

δgθθ(yb)
= 0 , (3.91)

for any value of T0 (or Ť ) and ζ.

Notice that eq. (3.91) is precisely what is needed to ensure W ′
b → 0 at the brane,

as required by the Kasner equations (3.53) that govern the near-vortex limit of the

bulk. Also notice that (3.91) would be counter-intuitive if instead one were to evaluate

directly δSb/δgθθ by assuming δ2(y) was metric independent and using the explicit

metrics that appear within εmnAmn. What is missed by this type of naive calculation

is the existence of the localized energy coming from the Maxwell action, LA, and its

cancellation of the terms linear in ζ when converting Sb to Šb.

The (ρρ) stress-energy

Although the (ρρ) component of the extrinsic curvature tensor is not strictly well-

defined, we can still consider the (ρρ) components of the boundary condition in the

following form

0 = lim
ρv→0

〈
1√−g

δSEH
δgρρ

〉

v

+

(
1√−ǧ

δŠb
δgbρρ

)

ρ=ρb

. (3.92)

By definition, we have

1√−g
δSEH
δgρρ

= − 1

2κ2
Gρρ . (3.93)

As noted in (3.26), this component of the Einstein tensor contains only first derivatives

of the metric field. It follows that

lim
ρv→0

〈
1√−g

δSEH
δgρρ

〉

v

= − 1

2κ2
〈Gρρ〉v = 0 (3.94)

since metric functions and their first derivatives are assumed to be smooth. In this
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simple way, we once again use the Hamiltonian constraint to conclude that the off-

brane component of the brane stress energy is vanishing

T ρρ =
δŠb

δgρρ(yb)
= 0 . (3.95)

So both off-brane components of brane stress-energy vanish in the limit ρv → 0 , and

from this we also infer that their sums and differences also vanish in the effective

theory

lim
rv→0
〈Xloc〉v = T ρρ + T θθ = 0 (3.96)

lim
rv→0
〈Zloc〉v = T ρρ − T θθ = 0 . (3.97)

These results are the analog for the effective theory of the KK-suppression of 〈X 〉v in

the UV theory once rv � rB. As a consequence, in the effective theory there are only

bulk contributions to the transverse stress energies

Z = 0 and X = X̌B = Λ− ĽA . (3.98)

3.4 Discussion

In this paper we investigated the gravitational properties of branes that carry localized

flux of a bulk field, or BLF branes. As noted in the introduction, the treatment of

a gravitating BLF branes is not straightforward because the delta-like function used

to represent their localization must depend on the proper distance away from the

brane. Because of their particularly simple structure, this is not a problem for branes
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described only by their tension ∝ T . However, the presence of metric factors in the

BLF term ∝ εmnAmn complicates any calculation of transverse components of the

brane’s stress energy.

We resolved this ambiguity by constructing an explicit UV completion of BLF

branes using Nielsen-Oleson vortices whose gauge sector mixes kinetically with a

bulk gauge field. The gauge kinetic mixing, which is controlled by a dimensionless

parameter ε, endows the bulk field with a non-zero flux in the localized region, even

in the limit that this region is taken to be vanishingly small. This allows the UV

theory to capture the effects of brane-localized flux.

The main result is that, in the UV picture, the gauge kinetic mixing can be

diagonalized resulting in variables that clearly separate the localized sources from the

bulk sources. In the diagonal basis, the energy associated with localized flux is always

cancelled, and the canonical vortex gauge coupling is renormalized: ê2 = e2/(1− ε2).

This allows us to identify the renormalized vortex tension as the quantity that controls

the size of the defect angle in the geometry exterior to the vortex. We also find that

the vortex relaxes to ensure that the average of the localized contributions to the

transverse stress energy are controlled by the ratio between the size of the vortex and

the characteristic bulk length scale rv/rB.

This informs our treatment of the IR theory with branes. We find that the delta-

function treatment of the brane is particularly useful for calculating the flux of the

bulk field, including its localized contributions, and a delta-function shift in the bulk

gauge field strength can diagonalize the brane-localized flux term. This change of

variables endows the action with a divergent term that we can interpret as a renor-

malization of the brane tension, in analogy with the e → ê renormalization of the
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gauge coupling. We also show that the transverse components of the brane stress en-

ergy must vanish without explicitly calculating them. Rather, we use the Hamiltonian

constraint and energy conservation to relate these stress energies to quantities which

vanish as rv/rB → 0, thereby circumventing any ambiguity in the metric dependence

of the corresponding brane interactions.

The techniques we employ here should be relevant to other brane couplings that

contain metric factors. For example, there is a codimension-k analogue of the BLF

term that involves the Hodge dual of an k-form. Of particular interest is the case

k = 1 where the brane can couple to the derivative of a bulk scalar field φ as follows

Sb ∝
∫
? dφ, or a bulk gauge field A as follows Sb ∝

∫
?A. We have also provided an

explicit regularization of a δ2(0) divergence. These are commonplace in treatments

of brane physics, and usually deemed problematic. However, there is likely a similar

renormalization story in these other cases.

Lastly, in the next chapter we apply these techniques to supersymmetric brane-

world models that aim to tackle the cosmological constant problem [20]. The back-

reaction of branes is a crucial ingredient of such models, and understanding the system

in greater detail with an explicit UV completion will put these models on firmer

ground and hopefully shed light on new angles from which to attack the CC problem.
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Chapter 4

EFT for vortices with

dilaton-dependent flux

This chapter is a condensed version of the following paper

C. P. Burgess, R. Diener and M. Williams, “EFT for vortices with

dilaton-dependent localized flux,” JHEP 1511 054 (2015),

arXiv:1508.00856

Most of this chapter’s content is taken verbatim from this reference. However, some

notation was modified, and the wording was revised to better fit within this the-

sis. Part of the paper’s discussion was also omitted for clarity, brevity and to avoid

redundancies within this thesis.

This paper generalizes the discussion of the previous chapter to the case where

there is a bulk scalar field, the dilaton, with nontrivial couplings to the vortex sector.

In the effective theory, the physics of vortex-dilaton couplings is captured by branes

that have dilaton-dependent localized flux and tension. These quantities’ nontrivial
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dependence on the dilaton is derived from a matching procedure.

The back reaction of dilaton-dependent branes on bulk the bulk scalar is deter-

mined through the requirement that the branes in the IR theory endow the scalar

with the same boundary conditions as the vortices. The derived boundary conditions

are consistent with the matching conditions statement that the near-brane derivative

of a bulk field is controlled by the variation of the brane action with respect to that

field. The transverse stress enery of dilaton-dependent branes is also determined in a

way that does not make any assumptions about their dependence on the bulk metric.

The procedure used is a simple generalization of the arguments from the previous

chapter. However, unlike the previous chapter, the brane can have nonvanishing

transverse stress energy, when its dilaton-dependence breaks scale invariance.

With a correct picture of brane physics in tow, the curvature of the macroscopic

dimensions is determined as a function of the brane properties, and three characteris-

tic sizes are identified. For generic branes with dilaton-dependent tension T ′(φ) 6= 0 ,

the curvature is controlled by the same scale as the tension. In this case, the predic-

tion of a large curvature is as much a problem as it is in the unmodified Standard

Model. For scale invariant branes, which turn out to be independent of the dilaton,

the curvature vanishes. This case is also problematic, since the predicted curvature is

too small, and there is a runaway zero mode associated with scale invariance which is

not stabilized. However, one promising type of brane is identified, a decoupled brane

that has dilaton-independent tension but dilaton-dependent localized flux. This case

is promising because the curvature is suppressed by the size of the extra dimensions

(even if the brane tension is large) and scale invariance is broken. Exactly how this

scale breaking stabilizes the zero mode, and the related issue of the extra dimensional
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size, are addressed in the next chapter.

Beyond this thesis, the results in this chapter can be easily generalized to deter-

mine the effective description of almost any localized object of any codimension, and

the associated back reaction.

4.1 Introduction

A ‘vanilla’ Nielsen-Olesen vortex [1, 2] carries U(1) flux but this flux is normally

expelled from the region outside of the vortex. In this paper we study the gravitational

response of vortices (or ‘fat’ branes) that carry localized amounts of an external

magnetic flux that is not expelled from its surrounding environment (so-called ‘dark

vortices’ or ‘dark strings’ [3]). Our description of these systems closely parallels our

companion paper [4] (which was presented in the previous chapter), extending it to

the case where effective couplings are functions of the bulk dilaton that tends to

appear in supersymmetric theories.

Vortices which partially localize bulk flux can arise within supersymmetric theories

in various dimensions, and whether their presence breaks supersymmetry depends on

the relative size of their tension and the amount localized bulk flux they carry [5].

Because of this their tension and localized flux compete with one another in the

amount of curvature produced by their back-reaction on their surrounding geometry.

Our main goal is to explore this competition in detail and to identify precisely how

it depends on the various parameters that describe the vortex physics.

We have several purposes in mind when doing so. First and foremost we wish

to understand how brane back-reaction influences the transverse geometry through

which localized sources move, and in particular how they source the dilaton to set
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the size of the transverse dimensions and the curvature of the geometry induced on

their world-sheet. Much is known about the systems in the limit when the sources

are pointlike [6], and in particular it is known that the world-sheet geometries are

exactly flat (at the classical level) if the dilaton should have a vanishing derivative at

all source positions [7] (a result which we also re-derive here).1 What this leaves open

is whether there exists any kind of source for which a vanishing near-source dilaton

derivative is possible and, even if so, whether the resulting curvature is then nonzero

but dominated by finite-size vortex effects that could be suppressed for small vortices

but not vanishing.

We find three main results.

• Vortex-dilaton coupling: In general the behaviour of a bulk field very near a

point source is controlled by the derivative of the source action with respect

to the field of interest [6, 11, 12] (much like the quantity limr→0 r
2∂V/∂r is

dictated by a point-source’s charge, Q ∝ δS/δV in electrostatics). So naively

a vanishing dilaton derivative at the position of a source brane is arranged by

not coupling the dilaton to the brane at all. While we confirm the truth of this

assertion, we also find it is harder to completely avoid such a brane coupling to

the dilaton than one might think. More specifically, we find that although it is

possible to arrange a dilaton-free tension, it is much more difficult to arrange

dilaton-free localized flux. It is more difficult because in a supersymmetric bulk

the value of the dilaton sets the local size of the gauge coupling for the flux.

• Modulus stabilization: By computing how vortex-bulk energetics depend on the

value of the dilaton we verify earlier claims [6, 11, 13] that (with two transverse

1Indeed this underlies the study of these system as potential approaches [8, 9] to the cosmological
constant problem [9, 10].
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dimensions) brane couplings generically stabilize the size of the transverse di-

mensions in supersymmetric models, in a manner similar to Goldberger-Wise

stabilization [14] in 5D. They do so because they break the classical scale in-

variance of the bulk supergravity that prevents the bulk from stabilizing on its

own (through eg flux stabilization). The tools we provide allow an explicit cal-

culation of the energetics as a function of the dilaton field (and so in principle

allow a calculation of the stabilizing dilaton potential).

• Low-energy on-brane curvature: We find that the same stabilizing dynamics

usually also curves the dimensions along the vortex world-sheets, and generically

does so by an amount commensurate with their tension, R ∼ GN Ť , where Ť is

the vortex tension (defined more precisely below) and GN is Newton’s constant

for observers living on the brane. For specific parameter regimes the on-vortex

curvature can be less than this however, being suppressed by the deviation of

the vortex from scale invariance (when this is small) and the ratio of the vortex

size to the bulk.

• Matching and effective descriptions: We describe our analysis throughout in two

complementary ways. On one hand we do so using the full (UV) description

within which the vortices are explicit classical solutions. We then do so again

using the lower-energy (IR) extra-dimensional effective theory within which

the vortices are regarded as point sources because their sizes are not resolved.

By comparing these calculations we provide explicit matching formulae that

relate dilaton-dependent effective parameters (like tension and localized flux)

to underlying properties of the UV completion.
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• Efficient description of point-source back-reaction: We provide explicit formula

that relate the near-source boundary conditions of bulk fields in terms of the

source tension and localized flux. Because these boundary conditions determine

the integration constants of the external bulk solutions they efficiently solve the

back-reaction problem in a way that does not depend on providing a detailed

construction of the internal microstructure of the sources. As such they provide

the most efficient way to describe how such sources gravitate, and the framework

within which to renormalize the divergences associated with the singularity of

bulk fields at the source positions [13, 15]. We show in passing why a commonly

used δ-function way of trying to infer brane-bulk interactions can give incorrect

results.

Our conclusions also include several more technical observations about the gravi-

tational physics of small localized brane sources. In particular, we identify how stress-

energy conservation strongly constrains the components of the source stress energy

tensor, allowing in particular the extra-dimensional off-brane stress-energy compo-

nents to be dictated in terms of the effective action governing the on-brane degrees

of freedom. We do so by using the vortex system to explicitly construct the effective

theory of point sources describing the extra-dimensional response to the vortices on

scales too long to resolve the vortex size. In particular we show how the radial Ein-

stein ‘constraint’ determines the two nontrivial off-brane components of stress energy

(for rotationally invariant – monopole – sources) on scales much longer than the size

of the vortices themselves.
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A road map

We organize our discussion as follows. The following section, §4.2, describes the

bulk system in the absence of any localized sources. The purposes of doing so is to

show how properties of the bulk physics (such as extra-dimensional size and on-brane

curvature) are constrained by the field equations, which controls the extent to which

they depend on the properties of any source branes.

Then come sources. First, §4.3 describes the source physics in terms of a UV

theory within which the branes can be found as explicit classical vortex solutions.

This is followed, in §4.4 by a discussion of the higher-dimensional effective theory

that applies on length scales too large to resolve the vortices, but small enough to

describe the extra-dimensional geometry. In this regime the vortices are described by

effective point sources, and we find their properties as functions of the choices made

in the full UV theory. Finally, §4.5 summarizes how the main physical quantities

scale as functions of the couplings assumed between the vortex and the dilaton. Our

conclusions are summarized in a final discussion section, §4.6.

4.2 The Bulk

We start by outlining the action and field equations of the bulk, which we take to be

an Einstein-Maxwell-scalar system. Our goal is to understand how bulk properties

(such as curvatures) are related to the asymptotic behaviour of the fields near any

localized sources. We return in later sections describing the local sources in terms of

vortices, with the goal of understanding what features of the source control the near-

source asymptotics. We imagine the bulk to span D = d + 2 spacetime dimensions
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with the d-dimensional sources localized in two transverse dimensions. The most

interesting cases of practical interest are the cosmic string [with (D, d) = (4, 2)] and

the brane-world picture [with (D, d) = (6, 4)].

4.2.1 Action and field equations

The bulk action of interest is given by

SB = −
∫

dd+2x
√−g

[
1

2κ2
gMN

(
RMN + ∂Mφ ∂Nφ

)
+ VB(φ) +

1

4
e−φAMNA

MN

]

=: −
∫

dd+2x
√−g

(
LEH + Lφ + LA

)
=: −

∫
dd+2x

√−g LB (4.1)

where2 AMN = ∂MAN − ∂NAM is a D-dimensional gauge field strength and RMN

denotes the D-dimensional Ricci tensor. The second line defines the Einstein-Hilbert,

scalar and gauge contributions — i.e. LEH, Lφ and LA — in terms of the items in the

line above, with LB denoting their sum. When needed explicitly we take the scalar

potential to be

VB(φ) = V0 e
φ , (4.2)

and in the special case V0 = 2g2
R/κ

4 this corresponds to a subset of the action for

Nishino-Sezgin supergravity [18] when d = 4 (so D = 6). In this case gR is the gauge

coupling constant for a specific gauged U(1)R symmetry that does not commute with

6D supersymmetry. In what follows we denote by gA the gauge coupling for the gauge

field AM , although gA = gR in the most interesting3 situation where this gauge field

2We use Weinberg’s curvature conventions [16], which differ from those of MTW [17] only by an
overall sign in the definition of the Riemann tensor.

3Enhanced interest comes from the unbroken 4D supersymmetry that these configurations can
enjoy.
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is the U(1)R gauge field.

Scaling properties

For later purposes notice that LB scales homogeneously, LB → s−1LB under the rigid

rescalings gMN → s gMN and eφ → s−1eφ, which as a consequence is a symmetry of

the classical equations of motion. The corresponding transformation for the action

is SB → sd/2SB, as is most easily seen by transforming to a scale-invariant metric

ĝMN = eφgMN , in which case all terms of the bulk lagrangian are proportional to

e−dφ/2 with φ otherwise only appearing through its derivative, ∂Mφ. Besides ensuring

classical scale invariance this also shows that it is the quantity edφ/2 that plays the

role of ~ in counting loops within the bulk part of the theory.

The bulk system enjoys a second useful scaling property. If we rescale the gauge

field so AM := gAAM then arbitrary constant shifts φ → φ + φ? leave the action

unchanged provided we also rescale the couplings by gA → gA? := gAe
φ?/2 and V0 →

V? := V0 e
φ? (or, if V0 = 2g2

R/κ
4, equivalently gR → gR? := gR e

φ?/2). This is convenient

inasmuch as φ = 0 can always be chosen to be the present-day vacuum provided the

values of constants like gA and V0 are chosen appropriately.

Bulk field equations

The field equations for the Maxwell field arising from the bulk action are

1√−g ∂M
(√−g e−φAMN

)
= 0 , (4.3)
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which is supplemented (as usual) by the Bianchi identity dA(2) = 0, for the 2-form

AMN . The bulk dilaton equation is similarly

�φ =
1√−g ∂M

(√−g gMN∂Nφ
)

= κ2
(
VB − LA

)
, (4.4)

while the Einstein equations can be written in their trace-reversed form

RMN = −κ2XMN , (4.5)

where XMN := TMN − (1/d) gMN T
P
P and the bulk stress-energy tensor is

(TB)MN =
1

κ2
∂Mφ ∂Nφ+ e−φAMPAN

P − gMN

[
(∂φ)2

2κ2
+ VB + LA

]
. (4.6)

Notice that it is a special feature of the split into D = d + 2 dimensions that any

maximally symmetric contribution to the d-dimensional part of the stress-energy,

Tµν ∝ gµν , drops out of Xµν and so naively does not contribute directly to the 4D

Ricci curvature, Rµν .

4.2.2 Symmetry ansätze

We adopt the usual axisymmetric symmetry ansatz for the metric and bulk fields

ds2 = W 2(ρ)g̃µν(x)dxµdxν + dρ2 +B2(ρ)dθ2 . (4.7)

With these choices the field equation simplify to coupled nonlinear ordinary differen-

tial equations. Denoting differentiation with respect to proper distance, ρ, by primes,
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the bulk gauge field equation becomes

(
e−φW dAρθ

B

)′
= 0 , (4.8)

while the field equation for the dilaton becomes

1

BW d

(
BW d φ′

)′
= κ2

(
VB − LA

)
=: κ2XB , (4.9)

where the last equality defines XB := VB − LA. With the assumed symmetries the

nontrivial components of the matter stress-energy in the bulk are

(TB)µν = −gµν %B , (TB)ρρ = ZB−XB and (TB)θθ = −(ZB +XB) , (4.10)

where the bulk contribution to X is XB as defined above and we also define the

following bulk quantities

%B :=
(φ′)2

2κ2
+ VB + LA and ZB :=

(φ′)2

2κ2
. (4.11)

The three independent components of the trace-reversed bulk Einstein equations

then consist of those in the directions of the d-dimensional on-brane geometry,

Rµν = −κ2Xµν (4.12)

of which maximal symmetry implies the only nontrivial combination is the trace,
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which reads as follows in the bulk

R(d) := gµνRµν =
Ř

W 2
+

d

BW d

(
BW ′W d−1

)′
= −2κ2XB . (4.13)

The components dictating the 2-dimensional transverse geometry similarly areRmn =

−κ2Xmn, which for the bulk has two independent components. We choose one to be

the difference between its two diagonal elements

Gρρ − Gθθ = Rρ
ρ −Rθ

θ = −κ2
(
T ρρ − T θθ

)
, (4.14)

which for the assumed geometry becomes (in the bulk)

B

W

(
W ′

B

)′
= −2

d
κ2ZB = −(φ′)2

d
≤ 0 . (4.15)

This shows that W ′/B is a monotonically decreasing function of ρ.

Another useful Einstein equation corresponds to the (θθ) component of the trace-

reversed equation, which for the bulk reads

(B′W d)′

BW d
= −κ2

[
%B −ZB −

(
1− 2

d

)
XB
]

= −2κ2

(
LA +

XB
d

)
. (4.16)

4.2.3 Bulk solutions

We next describe some of the properties of the solutions to these field equations. In

order to accommodate our later inclusion of the equations governing any localized

sources, we examine solutions of the bulk equations only within a domain, the ‘bulk’:

Bext, which consists of the full 2D geometry transverse to the sources from which small
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volumes (‘Gaussian pillboxes’, Xv) are excised. These pillboxes completely enclose

any sources that might be present. In practice we define Bext such that the radial

proper distance coordinate satisfies ρ− ≤ ρ ≤ ρ+, with the sources lying just outside

of this range. When not specifying which source is of interest, we generically use

ρv = {ρ+, ρ−} to denote the boundary between the source and the bulk.

Integral relations

Before writing some exact and approximate solutions we first record several exact

integral expressions that can be derived by directly integrating the field equations

over the volume Bext, being careful to keep track of its boundaries at ρ = ρ− and

ρ = ρ+.

Integrating the bulk Maxwell equation, (4.8), with respect to ρ in radial gauge

gives

Aρθ = A′θ =
QB eφ

W d
, (4.17)

for integration constant Q, and this in turn integrates locally to give (up to a gauge

transformation)

Aθ(ρ+)− Aθ(ρ−) =
Q

2π

〈
eφ

W 2d

〉

ext

, (4.18)

where we define the notation

〈
· · ·
〉

ext
:=

1√−ǧ

∫

Bext

d2y
√−g

(
· · ·
)

= 2π

ρ+∫

ρ−

dρBW d
(
· · ·
)
. (4.19)

These expressions also contain the seeds of flux quantization when applied to

spherical transverse dimensions. To see this we take ρ± to lie infinitesimally close

to the north and south poles and excise these two points, leaving the topology of
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a sphere with two points removed (or an annulus). Integrating (4.18) around the

axial direction and using the quantization of any gauge transformation, g−1∂θg, then

implies

2πN

gA
=

∮

ρ−

Aθ dθ −
∮

ρ+

Aθ dθ +Q

〈
eφ

W 2d

〉

ext

= ΦA− + ΦA+ +Q

〈
eφ

W 2d

〉

ext

, (4.20)

where N is an integer and gA is the gauge coupling for the field AM and ΦA± denotes

the total A flux through the caps over the relevant poles. In the absence of sources

at the poles we can contract the circles at ρ = ρ± to a point and learn
∮
±Aθ dθ → 0 ,

in which case (4.20) becomes the usual condition on Q required by flux quantization.

But when sources are present
∮
±Aθ dθ need not vanish if there is flux localized within

the source. When this is so their presence on the right-hand side of (4.20) modifies

the implications for Q of flux-quantization [6].

Similarly integrating the field equation (4.9) for the dilaton gives

[
BW d φ′

]
ρ+

−
[
BW d φ′

]
ρ−

=
κ2

2π

〈
VB − LA

〉
ext

=:
κ2

2π

〈
XB
〉

ext
. (4.21)

Two of the Einstein equations also provide direct first integrals. Integrating (4.16)

leads to

[
B′W d

]
ρ+
−
[
B′W d

]
ρ−

= −κ
2

2π

〈
%B −ZB −

(
1− 2

d

)
XB
〉

ext

= −κ
2

π

〈
LA +

XB
d

〉

ext

,

(4.22)

while the integral of (4.13) implies

[
B
(
W d
)′]

ρ+

−
[
B
(
W d
)′]

ρ−
= − 1

2π

[
Ř
〈
W−2

〉
ext

+ 2κ2
〈
XB
〉

ext

]
. (4.23)
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Of particular interest for present purposes is the simple relationship between the

on-brane curvature, Ř, and the near-source boundary values of bulk fields obtained

by combining (4.21) with (4.23):

[
BW d

(
dW ′

W
+ 2φ′

)]

ρ+

−
[
BW d

(
dW ′

W
+ 2φ′

)]

ρ−

= − Ř
2π

〈
W−2

〉
ext

. (4.24)

This states that the quantity BW d
(
φ+ d

2
lnW

)′
is monotonic in ρ everywhere outside

of the sources, growing or shrinking according to the sign of Ř or remaining constant

when ǧµν is flat. Should BW d
(
φ+ d

2
lnW

)′
take the same value for two different

values of ρ in the bulk, then we can conclude that Ř = 0. In particular, if there exist

sources for which 2φ′ + dW ′/W = 0 at both source positions, then any interpolating

geometry between the sources must satisfy Ř = 0; that is, the vanishing of
(
eφW d/2

)′

in the near-source limit for both sources is a sufficient condition for Ř = 0 (as first

argued some time ago [7]). A special case of the Ř = 0 solutions are those for which

BW d
(
φ+ d

2
lnW

)′
vanishes everywhere, which have eφW d/2 constant.

Asymptotic forms

Given the intimate relationship between Ř and near-source derivatives implied by

eq. (4.24), we next examine what the field equations imply about the form of the

bulk solutions very close to, but outside of, a source much smaller than the transverse

dimensional size (eg outside a source for which ρv → 0).4

As noted in the previous chapter, the presence of such a small source induces an

apparent singularity into the external geometry, at the position ρ = ρ? defined as

4Our treatment here follows closely that of [4] and [19], which are themselves based on the classic
BKL treatment of near-singularity time-dependence [20].
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the place where B(ρ) vanishes when extrapolated using only the bulk field equations.

That is, it implies there would be a singularity in the external geometry if this geom-

etry were extrapolated right down to zero size (rather than being smoothed out by

the physics of the source interior, as illustrated in Figure 4.1). If the centre of the

source is chosen to be ρ = 0 then in order of magnitude ρ? is of order the source’s

size: ρ? ∼ ρv.

B~ Ρb

B > Ρ

Ρ* Ρv

Figure 4.1: A cartoon illustration of the definition of ρ?. The (blue) metric function B
increases linearly away from the origin with unit slope B(ρ) ' ρ. Outside of the source
ρ >∼ ρv, the solution is a power law in ρ with B(ρ) ∼ ρb. The straight (red) line extrapolates
this exterior behaviour to the point, ρ = ρ?, where the external B would have vanished if
the vortex had not intervened first.

When constructing a near-source solution it is most informative to do so as a

series solution expanding in powers of the distance, ρ̂ := ρ − ρ? , from the singular

source point. That is,

W = W0

(
ρ̂

`

)w
+W1

(
ρ̂

`

)w+1

+ · · ·

B = B0

(
ρ̂

`

)b
+B1

(
ρ̂

`

)b+1

+ · · · (4.25)

and eφ = eφ0

(
ρ̂

`

)z
+ · · · ,
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where ` is a measure of the proper size of the transverse geometry, which we assume

to be much larger than the source’s size, so ` � ρ̂. The powers w, b and z describe

the nature of the singularity at ρ = ρ?, and all but three combinations of these

parameters and the Wi, Bi and φi coefficients turn out to be related to one another

by the bulk field equations. The three ‘free’ parameters are instead determined by

boundary conditions that the bulk solutions satisfy in the near-source regime.

In particular, for small sources these field equations allow all of the Wi, Bi and

φi to be computed in terms of (say) φ0, W0 and B0, and further imply the following

two ‘Kasner’ relations [19, 21] amongst the powers b, w and z:

dw + b = dw2 + b2 + z2 = 1 . (4.26)

The second of these in turn implies w, b and z must reside within the intervals

|w| ≤ 1√
d

and |b |, |z| ≤ 1 . (4.27)

It turns out that the rest of the field equations do not give additional constraints

on the three parameters b, w and z, and so one combination of these is one of the

quantities determined by the physical properties of the source.

Expansion about a regular point — ie not the location of a singularity — should

correspond to the specific solution z = w = 0 and b = 1 to eqs. (4.26). In the presence

of weakly gravitating sources we expect to find small deviations from these values,

whose size can be inferred by solving (4.26) perturbatively. To this end we write

b = 1 + b1δ + b2δ
2 + · · · , w = w1δ + · · · and z = z1δ + · · · and expand. Working to
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order δ2 we find the one-parameter family of solutions

z = z1δ +O(δ2) , b = 1− z2

2
+O(δ3) and dw =

z2

2
+O(δ3) . (4.28)

Quite generally only z can deviate from its background value at linear order, and

the leading quadratic contributions to w and b− 1 are not independent of this linear

deviation in z. In later sections we find z is determined by the coupling of φ to

the source lagrangian, and so we generically expect δ to be of order κ2v2, where v2

is a measure of the energy density (or tension) carried by the source (more about

which below). Fig. 4.2 provides numerical evidence for the validity of the Kasner

equations and their perturbative solution, (4.28), nearby but outside of an explicit

vortex solution.

In terms of these Kasner exponents, the combination appearing on the left-hand

side of eq. (4.24) in the near-source limit is

lim
ρ→ρ?

BW d

(
dW ′

W
+ 2φ′

)
= (2z + dw)

(
B0W

d
0

`

)(
ρ̂

`

)dw+b−1

= (2z + dw)

(
B0W

d
0

`

)
,

(4.29)

where the second equality uses the linear Kasner condition (4.26). When eq. (4.29)

is order κ2v2 then eq. (4.24) implies that the curvature Ř is of order Ř ∼ κ2
d v

2 corre-

sponding to a d-dimensional energy density of order v2. Here κd is the dimensionally

reduced gravitational coupling of the low-energy d-dimensional theory, and we use a

result, derived below, that κ−2
d ' κ−2〈W−2〉ext.

Of particular interest are situations where the near-source solutions satisfy z = 0

since the Kasner conditions imply these also satisfy w = 0 and so 2z + dw = 0.

Consequently for any such source the leading contribution, eq. (4.29), to Ř vanishes.
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Figure 4.2: This plot illustrates the near-source Kasner region for bulk fields that are
sourced by a generic vortex with tension v2 = 0.25/κ2. In the top left plot, the vortex
profiles are shown on a logarithmic axis, with the (blue) scalar profile F increasing towards
its asymptotic vacuum value F → 1 and the (grey) gauge profile P decreasing towards its
asymptotic value P → 0. (See below for more detailed definitions.) These profiles approach
their vacuum values exponentially, and they can be neglected in the region τ = ln(ρ/rv) >∼ 2,
which is where the Kasner region ρ >∼ ρv begins. In the next plot, ln(B′) is seen to be
linear in τ in the darkened (blue) near-vortex region, before the bulk sources dominate
the behaviour of B′ at larger τ. This blue region is the Kasner region, where the bulk
fields obey power laws, and this behaviour is also apparent in the plots of ln(eφ) = φ and
ln(W d) = d lnW. The Kasner powers can be extracted in this region, and for this particular
source we find numerically dw = 0.0034, 1−b = 0.0034 and z = 0.082 which is in agreement
with the perturbative solution of (4.28). Finally, we note that these numerical results are
also consistent with the estimates z ∼ δ ∼ κ2v2 as is argued below.

In this case it is a subleading term that first contributes on the left-hand side of (4.24),

implying that Ř is suppressed relative to κ2
d v

2 by a power of the ratio of source and

extra-dimensional sizes: ρ±/`. This asymptotic reasoning is borne out by the explicit

numerical and analytic solutions described in the next sections.
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Explicit bulk solutions

It is useful to see how the above general arguments go through for explicit solutions

to the bulk field equations, which are known in great detail [22, 23] when φ′ → 0 in

the near-source limit in the special case where d = 4 and D = 6 and V0 = 2g2
R/κ

4.

The solutions are most simply written using the symmetry ansatz

ds2 = W 2(ξ) ds2
4 + r2(ξ)

(
dξ2 + α2(ξ) sin2 ξ dθ2

)
, (4.30)

where ds2
4 denotes the maximally symmetric on-vortex geometry, ds2

4 = ǧµν dxµdxν .

With this ansatz, as seen above, the field equations ensure Ř = 0 provided we assume

φ′ → 0 in the near-source limit, which we now do (and so also take ǧµν = ηµν). The

dilaton and metric function then turn out to be

eφ(ξ) =
eϕ

W 2(ξ)
, α(ξ) =

Υ

W 4(ξ)
and r(ξ) = rBW (ξ)e−ϕ/2 , (4.31)

with

W 4(ξ) = eυ sin2 ξ

2
+ e−υ cos2 ξ

2
= cosh υ − sinh υ cos ξ , (4.32)

where υ, Υ and ϕ are integration constants. Notice that r2eφ = r2
B for all ξ, with the

length-scale rB set by

rB :=
κ

2gR
. (4.33)

The two sources for this geometry are located at the two singular points, ξ− = 0

and ξ+ = π, where the transverse space pinches off. In the near-brane limit, ξ → 0,
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we have W → W− +O(ξ2), and so the proper radial distance, given by

ρ(ξ) =

∫
dξ r(ξ) = rB e

−ϕ/2
∫

dξ W (ξ) , (4.34)

in this limit becomes ρ = rB e
−ϕ/2 [W0ξ +O(ξ3)], and so α → α− = Υ/W 4

− +O(ρ2),

B → α−ρ+O(ρ3) and eφ → eϕ/W 2
−+O(ρ2) in the near-brane limit (corresponding to

the Kasner exponents z = w = 0 and b = 1). Similar properties also hold for ξ → π.

Two of the integration constants — υ and Υ — can be traded for the conical

defect angles, 2π(1− α±), in the two near-brane limits, with

Υ =
√
α+α− and eυ =

√
α−
α+

= W 4
+ =

1

W 4
−
. (4.35)

In terms of these α(ξ) and W (ξ) are given simply by

1

α(ξ)
=

1

α−
cos2 ξ

2
+

1

α+

sin2 ξ

2
and W 4(ξ) = W 4

− cos2 ξ

2
+W 4

+ sin2 ξ

2
. (4.36)

In particular, in the special case W+ = W− the function W (ξ) — and so also φ(ξ),

r(ξ) and α(ξ) — becomes constant, and the geometry reduces to the simple rugby-ball

solution [8]. This has proper distance ρ = ξ rB e
−ϕ/2 and

B(ρ) = α rB e
−ϕ/2 sin

(
ρ

rBe−ϕ/2

)
=: α ` sin

(ρ
`

)
, (4.37)

and so ` = rB e
−ϕ/2 = 1

2
κ/gR(ϕ) — where gR(ϕ) = gR e

ϕ/2 — represents the proper

‘radius’ of the transverse dimensions, whose physical volume is Ω = 4π`2.
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The gauge field for the general solution with different brane properties is given by

Aξθ =
QΥ sin ξ

2gAW 8(ξ)
, (4.38)

where gA is the corresponding gauge coupling constant. Comparing with (4.17) shows

Q is related to Q by Q = Q/(2gAr2
B) and so is not an independent constant. The

total amount of flux present in the bulk (region Bext) then is

∫
A(2) =

∫ +

−
dξdθ Aξθ =

2πQΥ

gA
, (4.39)

so flux quantization, (4.20), relates any source flux to the defect angles by

N =
gAΦA−

2π
+
gAΦA+

2π
+QΥ . (4.40)

This shows why brane-localized flux is generically necessary to satisfy flux quantiza-

tion for two branes with generic tensions if Q is otherwise fixed. When there is no

localized flux, we can estimate

Q ∼ 1

gAr2
B

∼ g2
R

gAκ2
∼ gR
κ2
. (4.41)

4.3 Sources - the UV picture

The previous section describes several exact consequences of the bulk field equations

that relate bulk properties to the asymptotic near-source behaviour of various com-

binations of bulk fields. In particular it shows how the on-source curvature, Ř, is

determined in this way purely by the near-source combination BW d
(
φ+ d

2
lnW

)′
,

116



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

and so vanishes in particular when φ′ and W ′ approach zero in this limit.

This section now turns to the question of how these derivatives are related to source

properties, extending the results of the previous chapter to include dilaton couplings

and extending those of [24] to include nonzero brane-localized flux (more about which

below). In this section this is done by making an explicit construction of the sources

within a UV completion, as a generalization of Nielsen-Olesen vortices [1, 2]. We

do so by adding new scalar and gauge fields that admit such vortex solutions, with

a view to understanding in more detail how near-source behaviour is controlled by

the source properties. Because our focus here is mostly on classical issues we do not

explicitly embed the new sector into a supersymmetric framework, but we return to

this issue when considering quantum corrections in upcoming chapters.

A key assumption in our discussion is that the typical transverse vortex size, r̂v,

is much smaller than the size, `, of the transverse external space: r̂v � `. Subsequent

sections then re-interpret the results found here in terms of the D-dimensional IR

effective theory applying over length scales r̂v � ρ <∼ `. We follow closely the dis-

cussion of the previous chapter, highlighting the differences that arise as we proceed

(the main one of which is the presence of the dilaton zero mode).

4.3.1 Action and field equations

We start with the action and field equations for the UV completed system describing

the sources. With Nielsen-Olesen solutions in mind, we take this ‘vortex’ — or ‘brane’

— sector to consist of an additional complex scalar coupled to a second U(1) gauge

field. Again we work in D = d+2 spacetime dimensions, with the cases (D, d) = (4, 2)

and (D, d) = (6, 4) being of most later interest.
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The full action now is S = SB + SV with SB as given in (4.1) and the vortex part

of the action given explicitly by

SV = −
∫

dd+2x
√−g

[
epφ

4
Z2
MN + |DMΨ|2 + λ eqφ

(
|Ψ|2 − v2

2

)2

+ Lmix

]

=: −
∫

dd+2x
√−g

(
LZ + LΨ + Vb + Lmix

)
, (4.42)

where DMΨ := ∂MΨ − ieZM Ψ, and the second line defines the various Li. The

terms LZ, LΨ and Vb describe scalar electrodynamics and are chosen to allow vortex

solutions for which the ZMN gauge flux is localized. We also kinetically mix the bulk

and vortex gauge fields

Lmix =
ε

2
erφZMNA

MN (4.43)

This term is chosen – as in the previous chapter – to kinetically mix Z with the bulk

gauge field [26] and thereby generate a vortex-localized component to the exterior

AMN gauge flux.

As before, we write
√

2 Ψ = ψ eiΩ and adopt a unitary gauge for which the phase,

Ω, is set to zero, though this gauge will prove to be singular at the origin of the vortex

solutions we examine later. In this gauge the term LΨ in SV can be written

LΨ = DMΨ∗DMΨ =
1

2

(
∂Mψ ∂

Mψ + e2ψ2ZMZ
M

)
(4.44)

and the vortex potential becomes

Vb(φ, ψ) =
λ

4
eqφ
(
ψ2 − v2

)2

. (4.45)

Our interest in what follows is largely in how the dependence on φ in these interactions
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back-reacts onto the properties of the bulk, and affects the interactions of the various

low-energy effective descriptions. We notice in passing that SV shares the classical

scale invariance of SB only in the special case: p = r = −1 and q = 1.

It is also useful to group the terms in the vortex and bulk lagrangians together

according to how many metric factors and derivatives appear, with

Lkin :=
1

2
gMN

(
1

κ2
∂Mφ ∂Nφ+ ∂Mψ ∂Nψ

)

Lgge := LA + LZ + Lmix

Lpot := VB(φ) + Vb(φ, ψ)

Lgm :=
1

2
e2ψ2 gMNZMZN , (4.46)

so Lφ+LΨ +Vb = Lkin +Lpot +Lgm. Notice that for the configurations of later interest

we have LZ ≥ 0, LΨ ≥ 0 and Vb ≥ 0 while Lmix can have either sign.

Gauge field equations

With these choices the field equations for the two Maxwell fields are

1√−g ∂M
[√−g

(
e−φAMN + ε erφZMN

)]
= 0 , (4.47)

and

1√−g ∂M
[√−g

(
epφZMN + ε erφAMN

)]
= e2ψ2ZN , (4.48)

and (as usual) these are supplemented by the Bianchi identities dA = dZ = 0,

for the 2-forms AMN and ZMN . For later purposes it is useful to write (4.47) as
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∂M

(√−g e−φǍMN

)
= 0 with ǍMN defined by

ǍMN := AMN + ε e(r+1)φZMN , (4.49)

in which case (4.48) becomes

1√−g ∂M
[√−g Λ(φ)ZMN

]
+ ε(r + 1) erφ∂Mφ Ǎ

MN = e2ψ2ZN , (4.50)

with

Λ(φ) := epφ − ε2 e(2r+1)φ . (4.51)

We see below that the energy density of the system is given by a particular sum

of the Li’s, and when assessing the sign of the energy it is useful to notice that the

off-diagonal contribution to Lgge vanishes when this is expressed in terms of ǍMN

rather than AMN , since

Lgge = LA + LZ + Lmix = ĽA + ĽZ , (4.52)

where

ĽA :=
1

4
e−φǍMNǍ

MN and ĽZ :=
1

4
Λ(φ)ZMNZ

MN . (4.53)

This shows that the kinetic energy of the ZM gauge field is renormalized5 by the

mixing of the two gauge fields, with the result only bounded below for all6 real φ if

5This provides a UV perspective to what becomes a divergent renormalization [11, 12, 15] in the
limit of zero-size sources.

6For some applications requiring boundedness for all φ may be too strong a criterion, since
the semiclassical approximation relies on the assumption eφ � 1. Since our inference about the
boundedness of the energy is itself performed semiclassically, it is also suspect if the unboundedness
occurs only when eφ >∼ 1. If this weaker criterion is our guide then we only require 2r+ 1 ≥ p rather
than strict equality.
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p = 2r+1 and ε2 < 1. It also suggests a better split between the bulk and the vortices

is to write LB +LV = ĽB +Lloc, where ĽB = LEH +Lφ + ĽA and Lloc = ĽZ +LΨ +Vb.

Split this way all of the localized energy falls within Lloc, because of the absence of

mixing terms, as we saw in the previous chapter.

Although the quantities ĽA and ĽZ are useful when describing the energy density,

unlike in the previous chapter their use directly in the lagrangian can lead to errors.

It is important in this regard to keep in mind that there are two important ways in

which the transition from AMN to ǍMN differs in the present case from the discussion

in chapter 3. First, if ǍMN is used instead of AMN in the field equations then one

must remember that the Bianchi identity for A and Z implies Ǎ also satisfies

dǍ = ε(r + 1) e(r+1)φ dφ ∧ Z , (4.54)

which need not vanish because of the presence in (4.49) of the field φ. The second

difference is related to the first: one must never use eq. (4.49) to trade AMN for ǍMN in

the action and then compute the field equations. This is because (4.49) is not a change

of variables in the path integral since it is not a redefinition of the gauge potentials.

In practice this kind of substitution is most dangerous in the φ field equation, as may

be seen from the functional chain rule,

(
δS

δφ(x)

)

Afixed

=

(
δS

δφ(x)

)

Ǎ fixed

+

∫
dDy

(
δS

δǍMN(y)

)

φ fixed

(
δǍMN(y)

δφ(x)

)

A fixed

=

(
δS

δφ(x)

)

Ǎ fixed

+ ε(r + 1) e(r+1)φZMN

(
δS

δǍMN(x)

)

φfixed

. (4.55)

The second term on the right-hand side of this relation need not vanish when the field

equations are satisfied.
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For configurations with the symmetries of interest the gauge field equations reduce

to (
e−φW dǍρθ

B

)′
= 0 , (4.56)

and

1

BW d

[
Λ(φ)

(
W dZ ′θ
B

)]′
+ ε(r + 1) erφ

(
φ′Ǎρθ
B2

)
=
e2ψ2Zθ
B2

, (4.57)

where (as before) primes denote differentiation with respect to proper distance, ρ,

and Λ(φ) and ǍMN are as defined in eqs. (4.51) and (4.49), respectively.

Flux quantization

The solution to eq. (4.56) is

Ǎρθ =
QB eφ

W d
, (4.58)

which shows that Ǎ(2) describes the part of the gauge fields that does not see the

vortex sources. Ultimately the integration constant Q is fixed by the flux quantization

conditions for A(2) and Z(2), which state

ΦA :=

∫
A(2) =

∫
d2y Aρθ =

2πN

gA
, (4.59)

and

ΦZ :=

∫
Z(2) =

∫
d2y Zρθ = −

∑

v

2πnv

e
= −2πntot

e
, (4.60)

where N and ntot =
∑

v nv = n+ + n− are integers while e and gA are the relevant

gauge couplings. Strictly speaking flux quantization only ensures the sum over all

vortices, ntot = n+ +n−, is an integer. However we imagine here that the two vortices

are situated at opposite ends of the (relatively) very large extra dimensions and so
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are very well-separated. Consequently in practice each of n+ and n− are separately

integers, up to exponential accuracy.7

On one hand, for φ ≈ φv approximately constant across the narrow width of each

vortex, this implies

Φ̌A :=

∫
Ǎ(2) ≈ 2π

(
N

gA
− ε

e

∑

v

nve
(r+1)φv

)
, (4.61)

while on the other hand the left-hand side is related to Q by

Φ̌A = Q

∫
d2y

(
B eφ

W 4

)
= Q Ω̂−4 , (4.62)

where we define the useful notation

Ω̂k :=

∫
d2y
√
g2W

k eφ =

∫
d2y

√
ĝ2W

k , (4.63)

to represent the 2D integrals that arise here and in later calculations. Here Ω̂k is

the integral of W k over the transverse dimensions using the scale-invariant metric,

ĝmn := eφ gmn, and the particular case k = 0 represents the extra-dimensional volume,

Ω̂ := Ω̂0, as measured by this metric.

We see Q is given by

Q =
Φ̌A

Ω̂−4

≈ 2π

Ω̂−4

(
N

gA
− ε

e

∑

v

nv e
(r+1)φv

)
, (4.64)

In the special case where φ = ϕ takes the same value at all of the vortex positions

7This could also be alternatively arranged by having two copies of the vortex sector, with each
vortex carrying flux from a different U(1) (which would therefore be separately quantized) but with
both mixing with the bulk U(1).
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this becomes

Q ≈ 2π

Ω̂−4

[
N

gA
−
(ε ntot

e

)
e(r+1)ϕ

]
. (4.65)

Scalar field equations

The vortex scalar field equation in unitary gauge becomes

1√−g ∂M
(√−g gMN∂Nψ

)
= e2ψZMZ

M + λ eqφψ
(
ψ2 − v2

)
, (4.66)

while the dilaton equation is

�φ =
1√−g ∂M

(√−g gMN∂Nφ
)

= κ2
(
VB − LA + qVb + pLZ + rLmix

)
(4.67)

= κ2
(
X + Y

)
.

Here

X := Lpot − Lgge = VB + Vb − LA − LZ − Lmix , (4.68)

is the combination appearing in the stress tensor, Tmm = −2X , and we define the

useful quantity

Y := (q − 1)Vb + (1 + p)LZ + (1 + r)Lmix . (4.69)

Notice that Y involves only terms from the vortex lagrangian and vanishes identically

in the scale-invariant case, for which p = r = −1 and q = 1, while X is most

usefully split between bulk and localized contributions through X = X̌B +Xloc where

X̌B = VB − ĽA while Xloc := Vb − ĽZ. It is similarly useful to write Z = ZB + Zloc

with ZB defined as above and Zloc = 1
2
(ψ′)2 − Lgm.

Once restricted to the symmetric configurations of interest the scalar equations
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simplify to

1

BW d

(
BW d ψ′

)′
= e2ψ

(
Zθ
B

)2

+ λeqφψ
(
ψ2 − v2

)
, (4.70)

and

1

BW d

(
BW d φ′

)′
= κ2

(
X + Y

)
. (4.71)

Einstein equations

The stress-energy tensor of the entire system including vortices is

TMN =
1

κ2
∂Mφ ∂Nφ+ ∂Mψ ∂Nψ + e2ψ2ZMZN + e−φAMPAN

P + epφZMPZN
P

+
ε

2
erφ
(
AMPZN

P + ZMPAN
P

)
− gMN

(
Lkin + Lgm + Lpot + Lgge

)
,

and so the nontrivial components of the matter stress-energy are given by (4.10), with

X = Lpot − Lgge, as in eq. (4.68), while

% := Lkin + Lgm + Lpot + Lgge and Z := Lkin − Lgm . (4.72)

The lone nontrivial component of the trace-reversed Einstein equations governing the

d-dimensional on-brane geometry therefore becomes

R(d) := gµνRµν =
Ř

W 2
+

d

BW d

(
BW ′W d−1

)′
= −2κ2X . (4.73)

The two useful Einstein equations dictating the 2-dimensional transverse geometry

similarly can be taken to be

B

W

(
W ′

B

)′
= −2

d
κ2Z . (4.74)
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and

(B′W d)′

BW d
= −κ2

[
%−Z −

(
1− 2

d

)
X
]
. (4.75)

For later purposes a useful combination of these equations gives the D-dimensional

Ricci scalar, R(D) = R(d) + R(2). Given that the total lagrangian is given by L =

LB +LV = (2κ2)−1R(D) + %, where % is the total energy density, it turns out this can

be written

L = LB + LV = −2X
d

(4.76)

Yet another useful combination of the above equations is the (ρρ) component of the

Einstein equations Gρρ = −κ2T ρρ which reads

2d

(
B′W ′

BW

)
+

Ř

W 2
+ d(d− 1)

(
W ′

W

)2

= 2κ2 (Z − X ) . (4.77)

This expression contains only first derivatives of metric and matter fields, and acts

as a constraint on the solution as it is integrated along the proper distance ρ.

Finally, we see from the above that the gauge fields only enter the Einstein equa-

tions through the combination Lgge = LA +LZ +Lmix = ĽA + ĽZ, and so the Einstein

equations are indifferent (unlike the dilaton field equation) to whether they are ex-

pressed using AMN or ǍMN .

Control of approximations

Since solutions to the classical field equations take up much of what follows, we first

briefly digress to summarize the domain of validity of these solutions. The fundamen-

tal parameters of the problem are the gravitational constant, κ; the coefficient of the

bulk scalar potential, V0 (or V0 = 2g2
R/κ

4 for 6D supergravity); the gauge couplings,
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ê2(ϕ) = e2/Λ(ϕ) and ĝA(ϕ) = gAe
ϕ/2; the scalar self-coupling, λ̂(ϕ) = λeqϕ, and the

scalar vev v. To these must be added the dimensionless parameter, ε, that measures

the mixing strength for the two gauge fields. When discussing 6D supergravity we

typically assume gA = gR and so can use gA and gR interchangeably. We also largely

keep to the vortex parameter range λ̂ ∼ ê2.

The energy density of the vortex turns out below to be of order ê2v4 and when

λ̂ ∼ ê2 the transverse vortex proper radius is of order r̂v with

r̂v =
1

êv
. (4.78)

The effective energy-per-unit-area of the vortex is therefore of order ê2v4r̂2
v = v2.

These energies give rise to D-dimensional curvatures within the vortex of order 1/l2v =

κ2ê2v4 and integrated dimensional gravitational effects (like conical defect angles) of

order κ2v2. We work in a regime where κv � 1 to ensure that the gravitational

response to the energy density of the vortex is weak, and so defect angles are small

and lv � r̂v. We also define the φ-independent quantity rv = 1/ev.

By contrast, we have seen that far from the vortex the curvature scale in the bulk

turns out to be proportional to 1/`2 where

` = rB e
−ϕ/2 =

κ

2ĝR(ϕ)
. (4.79)

Since our interest is in the regime where the vortex is much smaller than the transverse

dimensions we throughout assume r̂v/`� 1 and so the parameter range of interest is

ĝA(ϕ)

ê(ϕ)
� κv � 1 . (4.80)
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As seen earlier, semiclassical reasoning also depends on the ambient value of the

dilaton, ϕ, because it is edϕ/2 that counts loops in the bulk theory. Consequently we

require

eϕ � 1 (4.81)

in order to work semiclassically within the bulk theory. But ϕ also governs the size of

vortex couplings through λ̂(ϕ) = λeqϕ and ê2(ϕ) = e2/Λ(ϕ) and we must check these

remain small to trust semiclassical reasoning on the vortex.

4.3.2 Dual formulation

Because the gauge coupling to the vortex is magnetic, it can be useful to work with

the Hodge dual of the Maxwell field AMN . In this section we restrict to the case of

later interest, (D, d) = (6, 4), though the same steps can be easily generalized to other

numbers of dimensions.

The terms involving AM in the 6D action can be written

LA +Lmix +Llm =
1

4
e−φAMNA

MN +
ε

2
erφZMNAMN +

1

3!
εMNPQRTVMNP∂QART , (4.82)

where the functional integration over the newly added 3-form lagrange multiplier,

VMNP , ensures AMN satisfies the Bianchi identity and so allows us to directly integrate

AMN rather than the gauge potential, AM in the path integral. Notice that because

we wish the constraint dA(2) = 0 also to hold on any boundaries we do not include a

surface term to restrict the variation of VMNP there.

The integration over AMN is gaussian and so can be performed directly, leaving

VMNP as the dual field. Performing the gaussian integration requires an integration
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by parts, and so leaves a surface term

Lst = +
1

3!
∇Q

(
εMNPQRTVMNPART

)
, (4.83)

to which we return later. The saddle point relates the 4-form field strength, F(4) =

dV(3), to the 2-form A(2) as follows

ǍMN = AMN + ε e(r+1)φ ZMN = − 1

2 · 3!
eφ εMNPQRTFPQRT , (4.84)

which inverts to

FMNPQ = +
1

2
e−φ εMNPQRT Ǎ

RT . (4.85)

The dual action (obtained after evaluating at this saddle point) for gauge sector,

Ldual = Lgge + Llm , then is

Ldual =
1

4
Λ(φ)Z2

MN −
ε

2 · 4!
e(r+1)φZ̃PQRTFPQRT +

1

2 · 4!
eφ F 2

PQRT + Lst

=: ĽZ + LBLF + LF + Lst ,

where Z̃PQRT = εPQRTMNZMN and the last line defines LBLF and LF , the latter of

which also evaluates on shell to

LF :=
1

2 · 4!
FMNPQF

MNPQ = −ĽA = −1

2

(
Q

W 4

)2

eφ . (4.86)

So this term in the Lagrangian is negative and equal in magnitude to ĽA when eval-

uated on shell. This is exactly what is needed for the dual variables to be consistent

with the original ones, as we now show.
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For example, keeping in mind that Lst =
√−g Lst does not change the bulk

equations of motion, in these variables the contribution of the Maxwell field to the

RHS of the dilaton equation, (4.67), becomes

κ2 ∂Ldual

∂φ
= κ2

[
Λ′

Λ
ĽZ + (r + 1)LBLF + LF

]
(4.87)

instead of κ2 (−LA + pLZ + rLmix) in the original variables. Similarly, since LBLF =

√−g LBLF is proportional to Z(2) ∧F(4) it does not couple to the metric at all, so the

stress energy coming from Ldual is

TMN

dual =
1

3!
FMABCFN

ABC + Λ(φ)ZMAZN
A −

(
LF + ĽZ

)
gMN , (4.88)

and so contributes to X as Xdual = LF − ĽZ . On shell, this gives the same value as

X in the original variables.

If we define Y so that �φ = κ2 (X + Y) remains true, then we are led to replace

(4.69) with

Y = (q − 1)Vb +

(
1 +

Λ′

Λ

)
ĽZ + (r + 1)LBLF . (4.89)

As expected, LF drops out of this since the bulk Maxwell action does not break the

scale symmetry, and Y should vanish in the limit of scale invariance.

Trading A(2) for F(4) in the surface term, Lst, of (4.83) allows it to be written

Lst = +
2

4!
∇Q

(
εMNPQRTVMNPART

)
= +

1

3!
∇Q

(
VMNP e

φ F̌MNPQ

)
, (4.90)
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where the second equality defines

F̌MNPQ := FMNPQ −
ε

2
erφεMNPQRTZ

RT . (4.91)

Because the 4-form field equations imply ∇M

(
eφF̌MNPQ

)
= 0, evaluating Lst at a

4-form solution gives

(
Lst

)
on−shell

= − 1

4!
eφ F̌MNPQFMNPQ = −2LF − LBLF , (4.92)

and so on-shell the gauge action evaluates to

(
Ldual

)
on−shell

= ĽZ + LBLF + LF + Lst = ĽZ − LF , (4.93)

in agreement with the expected value, Lgge = ĽZ + ĽA, in the original variables.

Although this dual formulation is equivalent to the original one, it makes several

features usefully manifest. First, because F(4) turns out to be proportional to ?Ǎ(2)

rather than ?A(2) , it provides a natural way to express the change of variables from

A to Ǎ directly in the action rather than the field equations, even for nontrivial

dilaton profiles. In so doing it generates the same renormalization of the Z kinetic

term obtained earlier. Second, because the V − Z coupling term has the form of

F(4) ∧ Z(2) it is immediate that this term is independent of the metric and so does

not directly gravitate. This can also be understood in the original variables, in terms

of a cancellation of localized contributions between Lmix and LA , as in the previous

chapter.

For the maximally symmetric configurations described above, evaluating F(4) using
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the solution to the Ǎ(2) field equation gives

Fµνλκ = e−φεµνλκρθǍ
ρθ = Q ε̌µνλκ , (4.94)

where ε̌µνλρ = ±√−ǧ is the 4D volume form built from the metric ǧµν . Notice that

in the scale-invariant case (where r = −1) these definitions imply Fµνλκ → s2Fµνλκ

under the scaling symmetry.

4.3.3 Vortex solutions

This section describes an isolated vortex within a much larger ambient bulk geometry.

Our goal is to establish that the presence of the dilaton couplings need not destroy the

localized vortex solutions — with exponentially falling solutions beyond the vortex

radius, r̂v — familiar from the dilaton-free case. We also wish to relate the properties

of the vortex to the asymptotic behaviour of the bulk fields and their derivatives

outside of (but near to) the vortex itself, with a view to using these in the discussion

of bulk solutions given earlier.

Nielsen-Olesen vortices

The isolated Abelian-Higgs system contains vortex solutions where the local gauge

symmetry is relatively unbroken in a core region [1, 2], and the fields approach their

vacuum solutions outside of this region. Although we consider a more complicated

gravitating vortex sector that is coupled to a bulk scalar, as in SV , explicit numerical

construction shows this only weakly perturbs the form of the localized vortex solutions

in the parameter range of interest (as expected).

We work in a unitary gauge for which Ψ = ψ is real (and for which the gauge
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fields ZM and AM are singular at the origin). We demand (as usual) the vortex

fields approach their vacuum values away from the vortex, corresponding to ψ → v

and ZM → 0 far from the vortex core. Inside the vortex we have scalar boundary

conditions ψ(0) = 0 and ψ′(0) = 0 in addition to gauge boundary condition Zθ(0) =

nv/e. This second boundary condition is chosen so that Z-flux quantization is satisfied

within the vortex,

∮

ρ=ρv

dZ = 2π

ρv∫

0

dρ ∂ρZθ = 2π
[
Zθ(ρv)− Zθ(0)

]
= −2πnv

e
, (4.95)

where ρv is a point chosen sufficiently far from the vortex core that we can assume the

gauge field takes on the vacuum value Zθ = 0, and the integer nv is the flux quantum

of the vortex source in the region Xv defined by 0 ≤ ρ ≤ ρv.

It is convenient when solving the vortex field equations to scale out the field

dimensions by defining

Zθ =
nvP (ρ)

e
and ψ = vF (ρ) . (4.96)

In terms of these the boundary conditions become F (0) = 0 and F → 1 far from the

vortex, while P (ρ) decreases from P (0) = 1 at the vortex core to its asymptotic value

P → 0. In these variables, the vortex field equations read as follows

1

BW d

(
BW dF ′

)′
=
n2

vP
2F

B2
+ λv2eqφF (F 2 − 1) , (4.97)
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and

1

BW d

[
Λ(φ)

(
W dP ′

B

)]′
+ (r + 1)e(r+1)φ

(
eεQ

nv

)(
φ′

BW d

)
=
e2v2F 2P

B2
. (4.98)

Examples of numerical solutions for the gravitating vortex profiles with dilaton in-

teractions are shown in Fig. 4.3 and strongly resemble the nongravitating vortex

solutions found in [21] with constant dilaton in the vortex region φ = φv. In particu-

lar, they approach their asymptotic values exponentially over scales controlled by the

φv-dependent masses m2
Z = ê2(φv)v

2 and m2
Ψ = 2λ̂(φv)v

2 with

ê2(φ) :=
e2

Λ(φ)
and λ̂(φ) := λ eqφ . (4.99)

We wish to trace how the vortex solutions depend on φ, and to do so it is useful to

rescale factors of Λ(φ) into the coordinate ρ (or, equivalently, the transverse metric),

by writing

gmndymdyn = Λ(φ)r2
v

(
dρ̄2 + B̄2dθ2

)
= r̂2

v (φ)
(
dρ̄2 + B̄2dθ2

)
. (4.100)

With this choice the Ǎρ̄θ equation becomes

∂ρ̄

[
W de−φǍρ̄θ
B̄Λ(φ)

]
= 0 , (4.101)

which has solution

Ǎρ̄θ =
Q̄B̄ Λ(φ)eφ

W d
, (4.102)
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with integration constant Q̄ = Qr2
v . The vortex field equations rewrite as

1

B̄W d
∂ρ̄
[
B̄W d∂ρ̄F

]
=
n2

vP
2F

B̄2
+ eqφΛ(φ)

(
λ

e2

)
F (F 2 − 1) , (4.103)

and

1

B̄W d
∂ρ̄

(
W d∂ρ̄P

B̄

)
+ (r + 1)e(r+1)φ

(
eεQ̄

nv

)(
∂ρ̄φ

B̄W d

)
=
F 2P

B̄2
. (4.104)

Now comes the main point. To the extent that the gauge fields do not mix (ie

ε = 0) or the dilaton is approximately constant in the vortex region (∂ρ̄φ ' 0) these

equations show that the vortex system depends on φ only through the one single,

φ-dependent parameter

β̂(φ) := eqφΛ(φ)

(
2λ

e2

)
=

2λ̂(φ)

ê2(φ)
=
m2

Ψ

m2
Z

= eqφΛ(φ)β . (4.105)

Furthermore, if p = 2r + 1 (as required if the ZM kinetic energy is bounded below

for all φ) then the φ-dependence of Λ(φ) = epφ(1− ε2) is simple and it is possible to

make β̂ independent of φ by choosing p+ q = 0.

How important for these statements is the assumption that φ not vary across the

vortex? Depedence on φ can enter if ε is nonzero and φ actually does vary across the

vortex, as can be seen from eq. (4.98) or (4.104). But because φ′ ∼ κ2v2 generically

and eQ̄ = er2
vQ ∼ (e/gA)(rv/rB)2 the vortex system is only weakly sensitive to the

value of φ for the one-parameter family p = −q = 2r + 1, since the φ-dependence
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Figure 4.3: These plots demonstrate that the dilaton couplings do not ruin the existence
of localized vortex solutions. The left plot contains a comparison of the vortex profiles F
and P for a non-gravitating vortex in flat space (dashed curves) and a gravitating vortex
coupled to the dilaton (solid curves). The right plot shows the dilaton profile in the vortex
region for both cases. The gravitating dilaton is slowly varying in the vortex region, with
the change of φ over the vortex region being controlled by ∆eφ ∼ κ2v2. The parameters
used to generate the gravitating profiles are d = 4, ε = 0.3, β = 3, κv = 0.5, φ(0) = 0,
Q = 0.01 ev2, V0 = Q2/2 and the vortex sector is coupled to the dilaton through the generic
choices (p, q, r) = (−1, 0,−1). The flat space profiles are generated by choosing κv = 0
instead.

arising from the φ′ term of (4.98) is of relative size

∂ρ̄φ(r + 1)εe r2
vQe

(r+1)φ ∼ κ2v2(r + 1)

(
εe r2

v

gAr2
B

)
e(r+1)φ ∼ (r + 1)

(
εg2

R

e gA

)
e(r+1)φ ,

(4.106)

where the second estimate follows from the definition rv = 1/ev and rB ∼ κ/gR.

Because we are assuming 2r + 1 = p, the φ-dependence can be absorbed by the

hatted couplings to give

∂ρ̄φ(r + 1)εe r2
vQe

(r+1)φ ∼ (r + 1)

(
εĝ2

R

ê ĝA

)
, (4.107)

which is suppressed in the parameter range ĝA/ê ≈ ĝR/ê � κ2v2 � 1 required to

control the semiclassical approximation and to ensure `� r̂v.
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BPS special case

In the special case where W = Wv and φ = φv are constant in the vortex (for which

a coordinate rescaling allows the choice Wv = 1), then the vortex field equations are

the same as apply in the absence of the dilaton once we make the replacement e→ ê

and λ → λ̂ with ê2 := e2/Λ(φv) and λ̂ := λ eqφv . The vortex field equations in this

case boil down to

1

B

(
P ′

B

)′
=
ê2v2F 2P

B2
, (4.108)

while the ψ equation becomes

1

B

(
B F ′

)′
=
n2

vP
2F

B2
+ λ̂v2 F

(
F 2 − 1

)
. (4.109)

The solutions to these equations are particularly simple when ê2 = 2λ̂, since then

eqs. (4.108) and (4.109) are equivalent to the first-order equations,

BF ′ = nvFP and
nvP

′

êB
=

√
λ̂

2
v2
(
F 2 − 1

)
. (4.110)

We show later that W = 1 and φ = φv also solve the bulk field equations when

ê2 = 2λ̂, and so this choice provides a consistent solution to all the field equations.

Such solutions naturally arise when the vortex sector is itself also supersymmetric,

since supersymmetry can require ê2 = 2λ̂ and the vortices leave some supersymmetry

unbroken.

When eqs. (4.110) as well as φ = φv and W = 1 hold, they also imply

Lkin =
1

2
(∂ψ)2 =

e2

2
ψ2ZMZ

M = Lgm , (4.111)
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and

ĽZ :=
1

4
Λ(φb)ZmnZ

mn =
λ

4
(ψ2 − v2)2 = Vb , (4.112)

which further imply that the vortex-localized contributions to Z and X cancel out:

Zloc = 0 and Xloc = 0. But the bulk contribution to Z also vanishes if φ′ = 0 and

— as can be seen from eq. (4.74) — it is the vanishing of Z that allows constant

W to solve the Einstein equations. Finally, the dilaton field equation with constant

φ requires X̌B + Y = 0 everywhere, and so separately evaluating in the bulk and

vortex implies X̌B = Y = 0 separately. Although Y = 0 can be ensured using the

scale-invariant choices p = r = −1 and q = 1, vanishing X̌B in general either requires

a condition on the bulk gauge field, Q (which need not agree with what is required

by flux quantization) or a runaway to eφ → 0.

Finally, the vortex part of the action evaluates in this case to the simple result

Sv :=
1√−ǧ

∫

Xv

d2y
√−g % loc = 2π

ρv∫

0

dρB
[
LΨ + Vb + ĽZ

]
= πnvv

2 , (4.113)

where the second equality also defines the localized energy density % loc = Lloc.

4.3.4 Integral relations

In this section we generalize the integral relations described earlier for the bulk system

to include the vortex sources. Instead of integrating only over the exterior region,

Bext, we now instead integrate over the small regions, X±, containing each vortex

source, and thereby learn how the vortex determines the boundary conditions on

the interface with Bext. Using these boundary conditions for the integrated bulk

solution is equivalent to integrating the bulk-vortex field equations over the entire
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Figure 4.4: These plots show the numerical bulk solution for n = 1 BPS vortex sources
(β̂ = 1) with scale invariant couplings to the dilaton (p, q, r) = (−1, 1,−1) and κv = 0.4. For
these choices, the field equations are solved by a constant dilaton and warp factor: W = 1
and φ = 0. Because φ′ = W ′ = 0, this solution falls into the simple class of rugby ball
solutions described in §4.2.3. In the top left plot the metric function B is plotted against
the same solution for a sphere of proper radius ` = 250πrv, Bsphere = ` sin(ρ/`). The vortices
(which cannot be resolved in these plots) introduce a defect angle into the bulk metric such
that B = α` sin(ρ/`) in the bulk. The defect angle, α, can be determined by extrapolating
B′ to the apparent singular point at ρ? ≈ 0. This yields 1− α ' 0.08 = κ2Ť /2π = (κv)2/2
as expected from (4.113) and (4.150).

space, Xtot := Bext ∪X+ ∪X−, which is smooth and compact and without boundary.

In what follows we generically represent by Xv = {X+, X−} when we do not need to

specify which source is of interest.

Integration over near-source pillboxes

We first integrate just over Xv to find the UV theory’s perspective on the general

boundary conditions [11, 12] that relate near-source derivatives to properties of the
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source. These are useful in developing the effective theory of the next section that

treats the vortices as point-like sources, or branes.

Maxwell fields

We start with the gauge-field equations. The simplest of these to solve is the Maxwell

equation, (4.56), since this does not depend directly on the fields ZM or ψ. The

solution is as before

Ǎρθ =
QB eφ

W d
, (4.114)

where Q is an integration constant. This enters into the Einstein equations (4.73)

and (4.74) through the combination ĽA = 1
2
(Q/W d)2 eφ.

Suppose now we take a test charge that couples only to AM and ask how much

flux it measures when taken around the vortex. We do so by moving around the

edge of Xv , remaining everywhere outside the vortex. The edge of the pillbox is at a

distance ρv >∼ r̂v from the vortex so vortex fields are exponentially small, but we also

choose ρv � ` so it contains a negligible fraction of the external bulk. The flux seen

by this charge is

ΦA(Xv) :=

∫

Xv

A(2) =

∫

Xv

(
Ǎ(2) − εe(r+1)φ Z(2)

)

= 2π


Q

ρv∫

0

dρ
Beφ

W d
− ε

ρv∫

0

dρ e(r+1)φZρθ


 . (4.115)

The first term in the last equality gives the amount of bulk flux lying within ρ < ρv in

the absence of the vortex source, and so is negligibly small in the limit r̂v → 0. The

second term does survive this limit, however, because even though bulk fields vary

slowly over the small vortex volume, the profile for Zρθ is strongly peaked in such a
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way as to give the total quantized Z-flux,

ΦZ =

∫

Xv

Z(2) ≈ −
2πnv

e
. (4.116)

So eq. (4.115) shows that the mixing of A and Z gauge fields through Lmix implies the

test charge sees a vortex-localized component of flux despite it not coupling directly

to the Z field

ΦA(Xv) ' −εΦZ(Xv) e
(r+1)φv ' 2πnvε

e
e(r+1)φv , (4.117)

where the approximation is true to the extent that r̂v � `. This localizes part of the

external A flux onto the vortex.

Dilaton

Integrating the dilaton field equation, (4.71), over a vortex-containing pillbox gives

(
BW d φ′

)
ρ=ρv

=
κ2

2π

∫

Xv

d2y
√
g2W

d (X + Y) =
κ2

2π

〈
X + Y

〉
v
, (4.118)

where we use that BW dφ′ vanishes at the vortex centre ρ = 0. This exact result

expresses how the near-source limit of φ′ just outside the vortex is determined by

the detailed vortex profiles (keeping in mind that for both regions X±, φ′ in this

expression is evaluated for a proper-distance coordinate for which ρ increases as one

moves away from the vortex).

If ρv lies within the Kasner regime — for which (4.25) applies — the the left-hand
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side of (4.118) becomes

(
BW d φ′

)
ρ=ρv

=

(
zB0W

d
0

`

)(
ρ̂v

`

)dw+b−1 [
1 +O

(
ρ̂v

`

)]
= z Γ

[
1 +O

(
ρ̂v

`

)]
,

(4.119)

where ρ̂v := ρv − ρ? and the second equality defines the quantity Γ := B0W
d
0 /` and

uses the linear Kasner relation dw + b = 1. When combined with (4.118) this shows

how vortex properties constrain combinations of bulk parameters (such as the Kasner

power z) not already fixed by the bulk field equations.

Metric

Similar conditions are obtained by integrating the Einstein equations over Xv. The

trace-reversed Einstein equation, (4.73), governing the curvature R(d) integrates to

give

dw Γ

[
1 +O

(
ρ̂v

`

)]
=
[
B
(
W d
)′]

ρv

= − 1

2π

[
Ř
〈
W−2

〉
v + 2κ2

〈
X
〉

v

]
, (4.120)

which uses the boundary condition B
(
W d
)′

= 0 at ρ = 0 and rewrites [B
(
W d
)′

]ρv

using (4.25). This relates a different combination of bulk parameters to vortex prop-

erties. Integrating the (θθ) trace-reversed equation instead implies

bΓ

[
1 +O

(
ρ̂v

`

)]
=
(
B′W d

)
ρv

= 1− κ2

2π

〈
%−Z −

(
1− 2

d

)
X
〉

v
, (4.121)

because of the boundary condition B′W d = 1 at ρ = 0.

Notice that the powers z, w and b are not independent since the bulk field equa-

tions imply they must satisfy the Kasner conditions (4.26), and so the right-hand

sides of the above expressions also cannot be completely independent in the limit
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ρ̂v � `. The resulting relations among the vortex integrals are developed in more

detail in §4.4 and play an important role in determining the off-brane components of

the bulk stress energy in the effective theory applying at scales where the vortex size

cannot be resolved. Because these relations follow from the bulk Einstein equations

they can be regarded as general consequences of stress-energy conservation for the

vortex integrals.

Integration over the entire transverse space

We see that the integral relations of §4.2 give bulk properties in terms of near-vortex

derivatives of bulk fields, and the integral relations just described then relate these

near-vortex derivatives to explicit vortex integrals. The resulting relation between

bulk properties and vortex integrals is more directly obtained by integrating over all

of the transverse dimensions, Xtot = Bext ∪ X+ ∪ X−, at once. In such an integral

all boundary terms cancel, as they must for any smooth compact transverse space.

In the case of the Maxwell field integrating over the entire transverse space gives the

flux-quantization condition, as discussed earlier.

Dilaton

Integrating the dilaton field equation, (4.71), over the entire compact transverse di-

mension gives
〈
X + Y

〉
tot

= 0 ≈
〈
X̌B
〉

tot
+
∑

v

〈
Xloc + Y

〉
v , (4.122)

where the approximate equality drops exponentially suppressed vortex terms when

replacing a localized integral over the entire space with a localized integral over the

source regions. Integration over the transverse space can be regarded as projecting

the field equations onto the zero mode in these directions, and so (4.122) can be

143



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

interpreted as the equation that determines the value of the dilaton zero-mode. (This

conclusion is also shown more explicitly from the point of view of the effective d-

dimensional theory in the next chapter.) In the absence of the sources this zero

mode is an exact flat direction of the classical equations associated with the scale

invariance of the bulk field equations (for instance XB = 0 for the source-free Salam-

Sezgin solution [25]) and the vortex contribution to (4.122) expresses how this flat

direction becomes fixed when the sources are not scale-invariant.

Metric

Integrating the trace-reversed Einstein equation over the entire transverse space leads

to 〈
%−Z −

(
1− 2

d

)
X
〉

tot

= 0 , (4.123)

and

Ř
〈
W−2

〉
tot

= −2κ2
〈
X
〉

tot
= dκ2

〈
L
〉

tot
, (4.124)

which shows how it is the stress-energy transverse to the source, 〈X 〉tot = −d
2
〈L〉tot,

that ultimately controls the size of the on-source curvature [7]. Using (4.122) to

eliminate X from the right-hand-side similarly gives

Ř
〈
W−2

〉
tot

= 2κ2
〈
Y
〉

tot
≈
∑

v

2κ2
〈
Y
〉

v , (4.125)

whose approximation drops exponentially suppressed terms.

A final useful rewriting of these expressions uses the formula relating the D- and

d-dimensional gravitational couplings, κ2 and κ2
d respectively. Dimensionally reducing
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the Einstein-Hilbert action shows that this states

1

κ2
d

=
1

κ2

〈
W−2

〉
tot
, (4.126)

when the would-be zero-mode for φ is evaluated at the solution to its field equations,

and so eqs. (4.123) and (4.125) at this point become

Ř = 2κ2
d

〈
Y
〉

tot
= −2κ2

d

〈
X
〉

tot
= −

(
2d

d− 2

)
κ2
d

〈
%−Z

〉
tot
. (4.127)

4.4 Sources - effective IR description

This section takes the point of view of a low-energy observer, and recasts the expres-

sions for the UV theory found above into the language of the effective field theory

appropriate in D dimensions at scales much larger than the transverse vortex size, r̂v,

but smaller than or of order the KK scale, `. We specialize for concreteness’ sake to

the case (D, d) = (6, 4), though our conclusions also hold more for general D = d+ 2.

4.4.1 The EFT with point sources

If the relevant length scale of an observable robs exceeds the length scale of the vortex,

robs � r̂v, then effects of the vortex can be organized as a series in the small quan-

tity r̂v/robs. For sufficiently large robs, the internal structure of the vortex becomes

irrelevant and it can be replaced with an idealized point-like object. This observa-

tion underlies the well-known description of vanilla Abelian-Higgs vortices using the

Nambu-Goto string action [1, 2].

We here generalize this to include brane-localized flux, extending the previous
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chapter to include dilaton dependence. It is most convenient to do so using the dual

formulation of the bulk action,

SB = −
∫

d6x
√−g

[
1

2κ2
gMN (RMN + ∂Mφ∂Nφ) +

eφ

2 · 4!
(FMNPQ)2 +

2g2
R

κ4
eφ
]
,

(4.128)

and to include localized flux in the brane action we include the first subdominant

term in a derivative expansion8

Šeff = −
∑

v

∫

x=zv(σ)

d4σ
√−γ

[
Ťv(φ)− 1

4!
ζv(φ) εµνλρFµνλρ

]
=:
∑

v

∫

zv

d4x Ľv ,

(4.129)

where γµν(σ) = gMN∂µz
M
v ∂νz

N
v is the induced metric at the position of the brane

(with zMv (σ) denoting the brane position fields) and εµνλρ is the totally antisymmetric

4-tensor associated with this metric. Since in what follows our interest is not in

the dynamics of the brane position modes we assume a static vortex and choose

coordinates so that it is located at fixed ym = ymv and identify σµ = xµ so γµν(x) =

gµν(x, yv) = W 2(yv)ǧµν(x). It is clear in both the UV and IR theories that the term

linear in F(4) does not gravitate because it is metric independent, though this can

also be inferred using the original AM variables as in the dilaton-free case.

Because the effective theory cannot resolve the vortex structure it also cannot

distinguish between the quantities ρv and associated ρ? used in previous sections. For

each vortex we define the brane position in the effective theory to be the corresponding

place where the external metric is singular when extrapolated using only bulk field

equations. In practice this situates them at y = yv where B(yv) = B(ρ?) = 0 ,

8The check here conforms with the notation of [4] and is to remind that the use of the 4-form
field automatically unmixes the gauge kinetic terms.
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and it is also true that W (yv) = W (ρv) = Wv and so on. So we use the notations

φ? = φ(ρ?) = φ(ρv) = φv = φ(yv) interchangeably for the various bulk fields.

We show in this section that Šeff captures all of the physics of the full vortex

action, up to linear order in the hierarchy r̂v/`, provided that the parameters Ťv(φ)

and ζv(φ) are chosen appropriately. In general, these can be φ-dependent quantities

and we identify this dependence by demanding agreement between the predictions of

Šeff and ŠV to this order. Working to quadratic or higher order in r̂v/` would require

also including higher-derivative terms in Šeff . To connect the point-brane action to

the bulk fields we promote it to higher dimensions using a ‘localization’ delta-function,

δ2(y). More precisely, we write

Šeff =
∑

v

∫
dDx Ľv

(
δ2(y − yv)√

g2

)
, (4.130)

where δ2(y) is localized around zero and it is normalized so that integrating over a

single source region Xv gives
∫
Xv

d2y δ2(y − yv) = 1. Performing the integration over

the extra dimensions recovers the brane action in (5.5).

As in [4] a key question asks what fields the localizing function depends on since

this affects how Šeff enters the bulk field equations. Although we assume in what

follows that δ2(y) is independent of the fields AM , φ and gµν , we cannot also do so

for the metric components gmn because it is designed to discriminate points based on

proper distance from the vortex center. But because this metric dependence is only

implicit it complicates the calculation of the brane’s stress-energy components Tmn(b) .

One of the purposes of this section is to show how to determine these components

without making ad-hoc assumptions about how δ2(y) depends on gmn, instead deduc-

ing them using properties of the bulk Einstein equations. Our conclusion ultimately is
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that the naive treatment of ignoring metric dependence in δ2(y) need not be justified

in the presence brane-dilaton couplings, and a cleaner way of inferring how a brane

interfaces with the bulk is to demand consistency with the constraint in the Einstein

equations (along the lines of [11, 12]).

4.4.2 Parameter matching

We start by matching the coefficients Ťv and ζv by comparing with the UV theory.

A direct way to do so is by dimensionally reducing the UV action, and we verify

that this also is what is required for Šeff to agree with ŠV for observables like the

components of the stress energy. When doing so it is crucial to notice that any such a

comparison between the UV and IR theories need only be done up to linear order in

r̂v/` since it is only at this accuracy that the action (5.5) must capture the physics of

earlier sections. This allows considerable simplification since integration of any slowly

varying bulk quantity over Xv vanishes quadratically with r̂v for r̂v � `, allowing any

such terms to be dropped to the accuracy with which we work. In what follows we

accordingly take the formal limit r̂v → 0 when discussing such integrals, by which we

mean we drop terms that vanish at least quadratically in r̂v/` in this limit. We take

care not to similarly drop terms suppressed only by a single power of r̂v/`, however.

The term linear in Fµνλρ in the UV action is given in (4.86) as

LBLF = − ε

2 · 4!
e(r+1)φεMNPQRTZMNFPQRT = − ε

2 · 4!
e(r+1)φεmnµνλρZmnFµνλρ , (4.131)

and because the 4-form Bianchi identity, dF(4) = 0, ensures the components Fµνλρ

cannot depend on the transverse coordinates, ym, we know Fµνλρ cannot be strongly

peaked (unlike Zmn) in the off-brane directions. Consequently integrating over the

148



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

vortex area and comparing with the corresponding term in the IR theory gives

ζv(φv) =
ε

2
lim
r̂v→0

∫

Xv

d2y B e(r+1)φ εmnZmn ' −
(

2πnv ε

e

)
e(r+1)φv , (4.132)

where the approximate equality neglects the small variations of φ away from a con-

stant value, φv, at the vortex position, and uses Z-flux quantization to evaluate

ΦZ(Xv) = 1
2

∫
d2y εmnZmn = −2πnv/e.

To match the tension Ť we compute the source contribution to the energy density.

In the IR theory we have

Tµν = −gµν
[
VB + Lφ − LF +

∑

v

(
δ2(y − yv)√

g2

)
Ťv

]
, (4.133)

and this is to be compared with the localized contribution to the stress energy of the

UV theory integrated across the vortex,

Tµν =
1

3!
F µM..NF ν

M..N − gµν
(
VB + Lφ + LF + ĽZ + LΨ + Vb

)

= −gµν
(
VB + Lφ − LF + ĽZ + LΨ + Vb

)

= −gµν
(
%̌B + % loc

)
. (4.134)

Comparing 〈Tµν〉v from these two results in the limit r̂v → 0 reveals the localized

contribution to the energy density in the UV theory to be

W 4
v Ťv[φv] = lim

r̂v→0

∫

Xv

d2y BW 4
(
ĽZ + LΨ + Vb

)
= lim

r̂v→0

〈
ĽZ + LΨ + Vb

〉
v

= lim
r̂v→0
〈% loc〉v .

(4.135)

We pause here to highlight one important feature of this result. The near-brane
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behaviour of the warp factor is W ∝ ρw and for w > 0 the quantity W 4
? = W 4(ρ?)

formally vanishes. The power law vanishing of W can be reinterpreted as the logarith-

mic divergence of the field ln(W ) and such divergences are common in theories with

higher codimension brane sources. These divergences can be classically renormalized

into the brane couplings [13, 15] and in this case the tension would be renormalized

such that the physical combination W 4
v Ťv remains finite. The UV complete theory

provides an explicit regularization of this divergence, since the vortex physics inter-

venes near the source to ensure W > 0 everywhere in the vortex region.

Unlike for ζ, the result in (4.135) gives the φ-dependence of Ťv only implicitly, so

we next display this dependence more explicitly. We first compute how Ťv depends on

φ assuming φ to be constant over a vortex. We expect the errors we make by doing so

to be suppressed by powers of r̂v/`, and come back to verify this estimate shortly. The

φ-dependence of the tension is determined by the φ-dependence of vortex integrals

like

〈Vb〉v =
1

4

∫

Xv

d2y BW 4 λ(φ)
(
ψ2 − v2

)2
, 〈ĽZ〉v =

1

4

∫

Xv

d2y BW 4 Λ(φ)ZmnZ
mn

〈Lgm〉v =
1

2

∫

Xv

d2y BW 4 e2(φ)ψ2ZmZ
m , 〈Lψ kin〉v =

1

2

∫

Xv

d2y BW 4 ∂mψ∂
mψ ,

and earlier sections show that the φ-dependence of the vortex profiles appearing in

these integrals is fairly simple once expressed in terms of dimensionless variables, F

and P . Then the implicit φ-dependence within the profiles themselves arises only

through the combination β̂(φ) = 2λ̂(φ)/ê2(φ), with λ̂(φ) := λ eqφ and e2/ê2(φ) :=

Λ(φ) = epφ − ε2 e(2r+1)φ. We now ask whether any additional φ-dependence arises

from the integrations to set the scale of the above integrals.
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To this end, it is useful to return to the variables used in (4.100) in which B̄

is dimensionless, as is the radial coordinate ρ̄. The integration measure d2y BW 4 =

(1/êv)2 d2ȳ B̄W 4 and we have, for example,

〈Vb〉v '
λ̂(φ)v2

4ê2(φ)

∫

Xv

d2ȳ B̄W 4
(
F 2 − 1

)2
= β̂(φ)

v2

8

∫

Xv

d2ȳ B̄W 4
(
F 2 − 1

)2
, (4.136)

where the approximation assumes the dilaton profile is constant in the integration

region. Similarly for the kinetic terms

〈ĽZ〉v '
v2

2

∫

Xv

d2ȳ

(
W 4[P ′]2

B̄

)
, 〈Lψ kin〉v '

v2

2

∫

Xv

d2ȳ B̄W 4 (F ′)2 , (4.137)

and so on. In these expressions the integrands are all proportional to ê2v4, but the ê2

dependence cancels the factors of r̂2
v = 1/(ê2v2) coming from the integration measure

to leave integrated results that again depend on φ only through β̂(φ) ∝ eqφΛ(φ).

Consequently, we see that the tension depends on φ only through its dependence

on β

Ťv(φ) = Ťv[β̂(φ)] , (4.138)

and in particular Ťv is φ-independent for the one-parameter family of choices p =

−q = 2r + 1. Because ζv(φ) ∝ e(r+1)φv , having both Ťv and ζv be φ-independent

happens only in the special case of scale invariance, for which p = r = −q = 1.

This inference of the φ-independence of the tension is verified numerically, as seen in

Fig. 4.5.

What happens once we drop the assumption that φ′ is negligible within the vortex?

In this case our earlier estimate — eq. (4.107) — of the leading φ-dependence of
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Figure 4.5: A demonstration of the φ-independence of Ťv. Two solutions are presented for
the decoupling choice p = −q = 2r + 1 = 2 that differ only in the value of the dilaton in
the vortex φv ≈ φ(0) = {0,−2}. The light (grey) lines represent the solution for the choice
φ(0) = −2 and the blue lines represent the solution for φ(0) = 0. While the physical mass
scales that control the size of the profiles, m2

Ψ(φv) = 2λ̌v2eqφv and m2
Z(φv) = e−pφve2v2/(1−

ε2), are demonstrably heavier for φv ' −2 (since these profiles fall off much faster), the

defect angle
[
W dB′

]
ρv
' 1 − κ2Ťv

2π that measures the tension of the vortex is independent
of φv. The other parameters of this solution are d = 4, ε = 0.6, β = 0.8, κv = 0.4,
Q = 1.6× 10−4 and V0 = Q2/2.

vortex profiles implies that the leading φ-dependent corrections to quantities like Ťv

and 〈Xloc〉v have the KK-suppressed form

δŤv

Ťv
≈ δ〈Xloc〉v
〈Xloc〉v

≈ (r + 1)
(gR
e

)
e(r+1)φv ≈ (r + 1)

(
ĝR
ê

)
≈ (r + 1)κv

(
r̂v

`

)
, (4.139)

which uses gA ∼ gR and p = 2r + 1 as well as r̂v ∼ 1/(êv) and ` ∼ κ/ĝR.

4.4.3 Near-source boundary conditions

As noted earlier, the hidden dependence of the localization function δ2(y) on gmn

complicates the inference of how branes contribute to the bulk field equations. In

this section we give a δ-independent way of expressing the bulk-brane interaction

wherein knowledge of the brane action, Šeff , directly gives the near-brane asymptotic
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derivatives of the bulk fields. This connection is the analogue in the IR theory of the

expressions in §4.3.4 relating the near-vortex derivatives of bulk fields to integrals over

the vortex. The agreement between the UV and IR descriptions of these boundary

conditions provides a check on the matching between the two versions of the theory.

The discussion found here also parallels the dilaton-free case.

Dilaton

Since the general discussion is simplest for a scalar field we treat the dilaton first. In

the effective theory of point-like branes the field equation for the dilaton reads

1

κ2
�φ = VB − LA +

∑

v

(
δ2(y − yv)√

g2

)(
Ť ′v(φ)− 1

4!
ζ ′v(φ)εµνλρFµνλρ

)
. (4.140)

As before we integrate this equation over a source-containing pillbox to isolate the

near-brane derivative of the dilaton, recognizing that this pillbox can be taken to

have infinitesimal size in the effective theory (within which the vortex size cannot be

resolved). On the left-hand side the result is

lim
r̂v→0
〈�φ〉v = 2π lim

ρ→ρ?

(
BW dφ′

)
= 2πz Γ , (4.141)

where the last equality uses the near-brane asymptotic bulk solution (4.25) and again

uses the definition Γ := B0W
d
0 /`. Performing the same operation on the right hand

side gives

lim
r̂v→0

〈
VB − LA +

∂Ľeff

∂φ

〉

v
= W d

v

(
T ′v(φ)− 1

4!
ζ ′v(φ)εµνλρFµνλρ

)

y=yv

, (4.142)

where the smoothness of the bulk sources ensures their integral does not survive the
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limit r̂v → 0. The localized sources do survive this limit, however, and give the final

result

z Γ = lim
y→yv

(
BW dφ′

)
=
κ2W d

v

2π

(
T ′v(φ)− 1

4!
ζ ′v(φ)εµνλρFµνλρ

)

yv

= − κ2

2π
√−ǧ

(
δŠeff

δφ(yv)

)
,

(4.143)

in agreement with [11, 12]. Eq. (4.143) is useful because it directly extracts the impact

of the brane-dilaton coupling on the bulk dilaton without reference to the localization

function δ2(y).

This argument shows it is useful to divide quantities like %, X and Z into a

localized piece, whose integral survives the point-like limit, and a smooth bulk piece

that does not. For instance: X = X̌B + Xloc, where the bulk part, X̌B := VB − ĽA,

depends only on bulk fields and so satisfies 〈X̌B〉v → 0 as r̂v → 0. The same need not

be true for vortex-localized quantities like Xloc = Vb − ĽZ and Y .

The analogous relation between the near-vortex derivative of the dilaton and the

vortex sources in the UV theory is given by (4.118), which we rewrite for convenience

of comparison here

lim
ρ→ρv

BW dφ′ =
κ2

2π
lim
r̂v→0

〈
Xloc + Y

〉
v

=
κ2

2π
lim
r̂v→0

〈
qVb +

Λ′

Λ
ĽZ + (r + 1)LBLF

〉

v
.

(4.144)

Comparing with this UV version allows a check the consistency of our inference of

the φ-dependence of Ľeff . Comparing terms linear in F(4) gives

ζ ′v(φ) = (r + 1) lim
r̂v→0

ε

2

∫

Xv

d2y B e(r+1)φ εmnZmn , (4.145)
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which is consistent with the earlier result (4.132), assuming the dilaton is approx-

imately constant in the region Xv and provided differentiation with respect to φ is

performed with fixed vortex fields. Similarly comparing the 4-form-independent terms

gives

W d
v Ť

′
v = lim

r̂v→0

〈
qVb +

Λ′

Λ
ĽZ

〉

v
, (4.146)

which is also consistent with the earlier expression (4.135).

Metric

A similar argument relates near-source metric derivatives to properties of the brane

action. As above one integrates the Einstein equations over a region Xv enclosing

the vortex and finds two kinds of terms that survive the limit r̂v → 0 of vanishingly

small vortex size. One such class of terms comes from the vortex parts of the stress

energy while the other come from terms inside the Einstein tensor involving second

derivatives with respect to ρ, with all other contributions not singular enough to

survive the small-vortex limit.

The simplest equation to analyze is the (ρρ) Einstein equation, (4.77), since this

involves no second derivatives at all. Consequently its integral over Xv simply states

T ρρ = lim
r̂v→0
〈T ρρ〉v = lim

r̂v→0
〈Zloc −Xloc〉v ' 0 . (4.147)

Physically, this is a consequence of dynamical equilibrium for the non-gravitational

microphysics of which the vortex is built, since this requires there to be no net radial

pressure.

For all of the remaining Einstein equations the Einstein tensor does include second

derivatives and so their integration over Xv leads to the following relation between the
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near-source derivatives of the metric and the metric derivative of the source action

2π lim
r̂v→0

[√−g
(
Kij −Kgij

)]ρv

0
= −κ2

√−g T ij = −2κ2 δŠeff

δgij(yv)
, (4.148)

where the derivative on the right-hand side is with respect to the metric evaluated at

the brane position and Kij is the extrinsic curvature for surfaces of constant ρ (with

K = gijKij). The indices i and j run over all coordinates but ρ.

The derivative on the right-hand-side can be taken reliably for on-brane compo-

nents of the metric (ij) = (µν) using the action (5.5) and gives

δŠeff

δgµν(yv)
= −1

2

√−γ Ť γµν . (4.149)

For the metric ansatz of interest the extrinsic curvature components are Kµν =

WW ′ǧµν and Kθθ = BB′, so the on-brane components of (4.148) give

lim
r̂v→0

[
1−BW 4

(
3W ′

W
+
B′

B

)]

ρ=ρv

= lim
y→yv

[
1− 3

4
B
(
W 4
)′ −B′W 4

]
=
κ2W 4

v Ťv

2π
.

(4.150)

This result is to be compared with the appropriate linear combination of (4.121) and

(4.120) in the UV theory, keeping only those vortex-localized terms that survive in

the limit r̂v → 0:

lim
r̂v→0

[
1−BW 4

(
3W ′

W
+
B′

B

)]

ρ=ρv

' κ2

2π
lim
r̂v→0
〈% loc + Xloc −Zloc〉v '

κ2

2π
lim
r̂v→0
〈% loc〉v .

(4.151)

The last equality here uses (4.147), leaving a result consistent with our earlier iden-

tification in eq. (4.135) that W d
v Ťv ' limr̂v→0〈% loc〉v.
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4.4.4 Brane and vortex constraints

We now turn to the remaining case, where (ij) = (θθ) in (4.148), which gives

lim
r̂v→0

[
B
(
W d
)′]

ρv

= lim
y→yv

B
(
W d
)′

=
κ2

π
√−ǧ gθθ(yv)

(
δŠeff

δgθθ(yv)

)
. (4.152)

The trouble with this expression is that the dependence of Šeff on gθθ is only known

implicitly, so we cannot perform the differentiation on the right-hand side to learn

about the near-brane derivatives on the left-hand side. Fortunately we may instead

read this equation in the other direction: it tells us the right-hand side because the

radial constraint – eq. (4.77) – already determines the derivatives on the left-hand

side in terms of known quantities. It is ultimately this observation that allows us to

determine 〈Xloc〉v and 〈Zloc〉v separately in terms of the quantities Ť and ζ [11, 12].

To see this we first compare with the corresponding UV expression, using (4.120)

to rewrite

lim
ρ→ρv

B
(
W d
)′ ' −κ

2

π
lim
r̂v→0

〈
Xloc

〉
v , (4.153)

and so

T θθ =
2√−ǧ gθθ(yv)

(
δŠeff

δgθθ(yv)

)
= −2 lim

r̂v→0

〈
Xloc

〉
v ' − lim

r̂v→0

〈
Xloc + Zloc

〉
v , (4.154)

which confirms that the vortex stress-energy component T θθ captures the integral of

the vortex-localized part of T θθ in the UV theory.

To fix T θθ we follow [11, 12] and again use the constraint equation (4.77), but

rather than integrating it over the vortex we instead evaluate it at ρ = ρv, just outside
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the vortex, and solve it for B
(
W d
)′

to find

(
d− 1

d

)
B
(
W d
)′

= −
(
B′W d

)
+
(
B′W d

)
√

1 +

(
d− 1

d

)
E , (4.155)

where we define

E :=

(
B

B′

)2 [
2κ2

(
ZB − X̌B

)
−W−2Ř

]
. (4.156)

Because this gives B
(
W d
)′

in terms of B′W d and other known quantities we use it

in (4.152) to get an explicit expression for T θθ (and so also for 〈Zloc〉v ' 〈Xloc〉v).

So far eq. (4.155) assumes only that ρv is sufficiently far from the vortex that

localized contributions to X and Z are exponentially small. However, since ρv ∼ r̂v

in size we can also drop terms quadratically small in ρv when comparing with the

point-brane theory. Since both the Ř and X̌B terms in (4.156) are proportional to

B2(ρv) ∼ ρ2
v ∼ r̂2

v they can be dropped in this limit. By contrast, the term containing

2κ2ZB(ρv) = [φ′(ρv)]
2 need not vanish quadratically in this limit, since the asymptotic

power-law form (4.25) allowed in this region implies

lim
r̂v→0

E ' lim
ρ→ρ?

2κ2

(
B

B′

)2

ZB ' lim
ρ→ρ?

(
Bφ′

B′

)2

=
(z
b

)2

, (4.157)

and the final equality uses (4.119) and (4.121) to rewrite the right-hand side in terms

of Kasner powers. Indeed, using this final result in (4.155) and trading the remaining

terms for Kasner powers leads to

(d− 1)w ' −b+ b

√
1 +

(
d− 1

d

)(z
b

)2

, (4.158)

which reveals it not to be independent in this limit of the two Kasner conditions,
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(4.26).

In passing we pause to remark on a point already alluded to in earlier sections: that

the constraints imposed by the Einstein equations also imply the existence of relations

among vortex integrals — like 〈Xloc〉v and 〈Y〉v — for arbitrary vortex microphysics

in the point-source limit. The constraint is found by eliminating B′ and W ′ in terms

of vortex integrals using the near-vortex expressions (4.121) and (4.120), leading for

instance to

lim
r̂v→0

E '
(z
b

)2

'
(

κ2〈Xloc + Y〉v
1− κ2

2π
〈% loc − 2Xloc

(
d−1
d

)
〉v

)2

. (4.159)

In limit of small κ2〈Y〉v and κ2〈Xloc〉v the resulting constraint simplifies to

κ2〈Xloc〉v ≈ −
κ4〈Y〉2v

4π
. (4.160)

This brane constraint can be verified using explicit numerical solutions, as is illus-

trated in Fig. 4.6. The suppression it implies for κ2〈Xloc〉v relative to κ2〈Y〉v is the

analog of the suppression found earlier, (4.28), between the various Kasner exponents

that imply w and 1 − b are order z2 when z � 1. This is seen most explicitly by

dividing (4.119) by (4.120) and evaluating in the r̂v → 0 limit, which gives

2〈Xloc〉v
〈Xloc + Y〉v

' −dw
z
≈ −z

2
+O(z2) (4.161)

where the approximation follows from (4.28). The integrated vortex sources 〈Xloc〉v
and 〈Y〉v cannot adjust independently to leading order in δ and r̂v/`. This is explored

in more detail in the next subsection.

To summarize, it is possible to be very explicit about the transverse localized

stress-energies, κ2〈Xloc〉v and κ2〈Zloc〉v in the limit when these vortex integrals are
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small. In this case 〈Y〉v is given by differentiating Šeff by eqs. (4.143) and (4.144),

z Γ = lim
y→yv

(
BW dφ′

)
= − κ2

2π
√−ǧ

(
δŠeff

δφ(yv)

)
' κ2

2π
lim
r̂v→0
〈Y〉v , (4.162)

Then 〈Zloc〉v and 〈Xloc〉v are obtained from (4.147) and (4.160).

This section also shows how errors can arise when treating the localizing function

δ2(y) as a naive delta-function that is independent of of gmn. Such a treatment would

mistakenly conclude that the brane action in (5.5) is independent of the bulk metric,

and give

lim
y→yv

B(W d)′ =
κ2

π
√−g̃ gθθ(yv)

(
δŠeff

δgθθ(yv)

)
= 0 (naive result) . (4.163)

This not consistent with (4.153) unless the vortex source has vanishing 〈Xloc〉v in

the limit r̂v → 0, which is not necessarily true, since the vortex must satisfy the

simplified vortex constraint (4.160). In the next section we estimate this quantity’s

(often nonvanishing) size.

4.5 The scale of the response

This section summarizes the implications of the previous sections for the generic size

of back-reaction effects on physical quantities. In particular we broadly scope out

how the size of the on-vortex curvature, Ř, varies with the parameters p, q and r

governing the size of the vortex-dilaton couplings.

As (4.127) suggests, the d-dimensional curvature is sensitive to p, q and r through

the size of κ2
d〈Y〉tot. We now trace how the size of Ř can drastically change as these
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Figure 4.6: Two examples of the vortex constraint (4.160). The light (grey) line is calculated
from the expression κ2〈Xloc〉v ' −π

[
B(W d)′

]
ρv

and the dark (blue) line is calculated using
using the second brane constraint. Once evaluated outside of the vortex ρv >∼ r̂v ≈ rv,
the two independently calculated quantities are in perfect agreement, and their failure to
agree inside the region ρv <∼ r̂v reflects the fact that the vortex constraint does not hold
locally in the source. In the first plot the parameters are d = 4, ε = 0, β = 3, κv = 0.5,
φv ≈ φ(0) = 0, Q = 2 × 10−4 and V0 = Q2/2. The vortex is coupled to the dilaton via the
choice (p, q) = (0, 2) and r is not relevant because gauge kinetic mixing has been shut off.
In the second plot, the only change in parameters is that φ(0) = 1.

parameters take various limits. The size of the quantity 〈Xloc〉v also varies strongly

in these limits since it is also related to 〈Y〉v as in (4.160).

4.5.1 Generic case

Before examining special cases we first establish a baseline by considering the generic

case. Recall from the definition of Y in the dual variables,

Y = (q − 1)Vb +

(
1 +

Λ′

Λ

)
ĽZ + (r + 1)LBLF , (4.164)

that each term contains localized vortex fields and for generic choices of parameters

these all integrate over a vortex to give

〈Y〉v ∼ 〈% loc〉v ∼ Ť ∼ v2 , (4.165)
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much as we saw earlier.

When this is true, it follows from the vortex constraints (4.160) and (4.147) that

the vortex integrals of the transverse stress-energy components are suppressed relative

to 〈Y〉 by an additional factor of κ2v2,

κ2〈Zloc〉v ' κ2〈Xloc〉v ∼ κ4v4 . (4.166)

This suppression is perhaps not surprising given that these quantities vanish in the

flat space limit, as discussed in Appendix B.1, as a consequence of the equations of

motion.

In this generic case eq. (4.144) then implies the following size for the near-source

dilaton derivative

lim
r̂v→0

[
BW dφ′

]
ρv
' κ2

2π
〈Xloc + Y〉v ∼

κ2

2π
〈Y〉v ∼ κ2v2 , (4.167)

with a similar size predicted by (4.151) for the near-brane form of B′ (and so also the

brane defect angle)

1− lim
r̂v→0

(
B′W d

)
ρv
' κ2

2π
〈% loc〉v ∼ κ2v2 . (4.168)

By contrast, (4.153) predicts the near-brane limit of W ′ is additionally suppressed,

lim
r̂v→0

[
B(W d)′

]
ρv
' −κ

2

π
〈Xloc〉v ∼ κ4v4 . (4.169)

All of these estimates are confirmed by the numerical results displayed in Fig. 4.2 and

Fig. 4.6, and they are consistent with the weakly gravitating solutions to the Kasner
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equations (which state that 1− b and dw are order z2 when z � 1).

The d-dimensional curvature in this generic case is not particularly small, since it

is of order

Ř = 2κ2
d〈Y〉tot ∼ κ2

dv
2 , (4.170)

corresponding to a vacuum energy of order v2.

4.5.2 Scale invariance

The other extreme is the scale invariant case: (p, q, r) = (−1, 1,−1). As noted

previously, in this case the quantity Y everywhere vanishes,

Y = 0 , (4.171)

and so the vortex constraints, (4.160) and (4.147), then also imply

〈Zloc〉v ' 〈Xloc〉v ' 0 . (4.172)

This in turn leads to the a vanishing near-brane limits for both φ′ and W ′,

lim
r̂v→0

[
BW dφ′

]
ρv
' κ2

2π
〈Xloc〉v ' 0 and lim

r̂v→0

[
B(W d)′

]
ρv
' −κ

2

π
〈Xloc〉v ' 0 ,

(4.173)

although the brane defect angle is again given by (4.168) and so is not particularly

suppressed.

This suppression of W ′ in the near-brane limit resembles the pure Maxwell-

Einstein (dilaton-free) case considered in chapter 3, for which the radial Einstein

constraint also generically forces 〈Xloc〉v and the near-brane limit of W ′ to vanish. It
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is also consistent with the observation that, in the scale invariant case, there exists

the BPS choice of couplings β̂ = 1 for which Xloc = Zloc = 0 locally and to all orders

in r̂v/`. This is particularly obvious in the numerical BPS solution of Fig. 4.4 which

has constant warp factor and dilaton.

Lastly, the scale-invariant choice ensures the vanishing of the d-dimensional cur-

vature

Ř = 2κ2
d〈Y〉tot = 0 , (4.174)

although this is less interesting than it sounds since this is typically achieved by having

the dilaton zero mode ϕ run away, eϕ → 0, since this is the only generic solution to

the zero-mode equation 0 = 〈X + Y〉tot = 〈X 〉tot ∝ eϕ.

Special case: supersymmetric ‘BPS’ branes

The coefficient of the scale invariant runaway potential vanishes if the flux quantiza-

tion condition can be satisfied such that Q = Qsusy, where

Qsusy :=
2gR
κ2

. (4.175)

In other words, 〈X 〉tot can be made to vanish in a φ-independent way if this relation

holds, because it ensures that X̌B = VB−LA = 0 by having the individual contributions

cancel against one another locally. The localized contributions to 〈X 〉tot also vanish

locally if β̌ = 1 and are otherwise suppressed.

In the scale invariant case, for which φ′ = 0 at the source, we can insert this

desired value of Q = Qsusy into the the flux quantization condition in (4.40), and
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derive a local condition relating tension and localized flux. For N = +1 it reads

ΦA(Xv) =
π

gR
(1− α) =⇒ κ2Ťv = −2gRζv (4.176)

so long as α+ = α− = α. Otherwise, the defect angles contribute in a nonlinear way

to the flux quantization condition via Υ :=
√
α+α− and no such local condition can

be found. Note also that the relation (4.175) can only be made to hold if the gauge

symmetry has the coupling strength of the R-symmetry, gA = gR.

Such a relation between the defect angle and flux is also expected from the su-

persymmetry conditions, in order to guarantee the continued cancellation of spin

and gauge connections within the Killing spinor’s covariant derivative, once localized

sources are introduced [5? ]. However, past works did not properly identify the defect

angle with the renormalized brane tension, as in (4.176).

4.5.3 Decoupling case: p = −q = 2r + 1

The ‘decoupling’ choice p = −q = 2r + 1 is special because it ensures that β̂ is

φ-independent. This suppresses the dilaton-dependence of the brane tension, as in

(4.107), which also makes it similar in form to the φ-dependence of the brane-localized

flux, ζ. Notice both become φ-independent in the scale-invariant special case where

r = −1.

We here ask whether this suppression of brane-dilaton couplings also suppresses

the brane’s gravitational response, and if so by how much. To decide, recall that for

the decoupling choice, Y takes on the special form

Y = (q − 1)(Vb − ĽZ) + (r + 1)LBLF = (q − 1)Xloc + (r + 1)LBLF , (4.177)
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and the vortex constraint in (4.160) becomes

κ2〈Zloc〉v ' κ2〈Xloc〉v ' −
κ2

4π
〈qXloc+(r+1)LBLF 〉2v ' −

1

4π
(r+1)2κ4〈LBLF 〉2v , (4.178)

which uses that (4.160) requires 〈Xloc〉v � 〈LBLF 〉v.

Conveniently, the quantity 〈LBLF 〉v can be estimated using the on-shell value of

the 4-form field strength (4.85) and the bulk gauge field strength (4.114). This gives

〈LBLF 〉v = εQ

∫
dρZρθ e

(r+1)φ ' −Q
(

2πnvε

e

)
e(r+1)φv , (4.179)

where nv and φv are the flux quantum and approximately constant value of the dilaton

in in the vortex region Xv. To get a handle on its size we use the source free estimate

Q ∼ gR/κ
2 and write the result more transparently in terms of r̂−1

v = ê(φ)v = ev e−pφ/2

and `−1 = 2ĝR(φ)/κ = (2gR/κ)e−φ/2, to find

κ2〈LBLF 〉v ' −2πnvε

(
κ2Q

e

)
e(r+1)φv ≈ −4πnvε

(
ĝR(φv)

ê(φv)

)
= −4πnvε κv

(
r̂v

`

)
.

(4.180)

For small vortices, r̂v/`� 1, this reveals the decoupling case to lie between the generic

and scale-invariant cases, with κ2〈Y〉v suppressed by a single power of the vortex size

in KK units, as might be expected given that the leading φ-dependence of the point

brane action arises within the single-derivative localized-flux term of the point-brane

action.

These estimates lead to the following expectations for near-brane bulk derivatives.
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As always, B′ near the sources is dominated by the energy density, with

1− lim
r̂v→0

[
B′W d

]
ρv
' κ2

2π
〈% loc〉v , (4.181)

while (by contrast) the near-source derivatives φ′ and W ′ are KK suppressed

lim
r̂v→0

[
BW dφ′

]
ρv
' κ2

2π
〈Y〉v ' ∓(r + 1)2nvε κv

(
r̂v

`

)
, (4.182)

and

lim
r̂v→0

[
B(W d)′

]
ρv
' −(r + 1)2 (2nvε κv)2

(
r̂v

`

)2

. (4.183)

Because it is suppressed by two powers of r̂v/` this last expression is of the same size

as terms we have neglected, such as second-derivative terms in the brane action, so

we should not trust its precise numerical prefactor.

The d-dimensional curvature in this case can be written similarly to give Ř =

2κ2
d〈Y〉tot, whose size corresponds to an effective vacuum energy, Ueff , of order

Ueff ≈ 〈Y〉tot ' ∓4πnvεκv

(
r̂v

`

)
1

κ2
. (4.184)

Strictly speaking, this expression is somewhat self-referential because it is a function

of the would-be dilaton zero-mode, ϕ, whose value must be obtained by minimizing

a quantity like (4.184). Although this generically leads to runaway behaviour in the

scale-invariant case (with Ueff ∝ e2ϕ implying the minimum occurs for ϕ → −∞),

the same need not be true when r 6= −1 since the vortex action then breaks scale

invariance and so changes the functional form of Ueff(φ).

What the above expressions leave open is what this precise form is, since this
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requires a more detailed evaluation of the φ-dependence of all quantities that has

been done here, including all of the φ-dependence implicit within 〈X 〉tot, and not just

the near-source part 〈Xloc〉v estimated here. Although this takes us beyond the scope

of this (already long) chapter, we do describe such a more detailed calculation in the

next chapter, including a description of the 4D perspective obtained by integrating

out the extra dimensions entirely.

4.6 Discussion

This paper’s aim has been to carefully determine the way in which codimension-

two objects back-react on their in environment, for a specific UV completion which

captures the physics of brane-localized flux coupled to the bulk dilaton. To this

end, we have determined the way in which the microscopic details of the vortex get

encoded in IR observables, such as the size of the transverse dimensions and the

on-brane curvature.

Quite generally, we find that the breaking of scale invariance in the vortex sector

leads to a nonzero on-brane curvature and — for the particular ‘decoupling’ choice

of couplings p = −q = 2r + 1 — we find a parametric suppression in the value of

the on-brane curvature, by a single power of the small ratio r̂v/`. What remains to

be determined is whether reasonable choices for vortex-dilaton couplings can stabi-

lize the extra dimensions with a sufficiently large hierarchy, `/r̂v, to profit from this

suppression. We explore this in more detail in the next chapter, where we find such

a stabilization to be possible.

This work leaves many open questions. One such asks what the effective descrip-

tion is for the dilaton dynamics in the theory below the KK scale within which the
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extra dimensions are integrated out. In particular how does such a theory learn about

flux quantization, which we’ve seen is central to the dynamics that stabilizes the extra

dimensions. We also address this question in the next chapter.

Another open direction asks whether vortex configurations can be contrived that

break supersymmetry in a distributed way (as proposed in [27], for example, with some

supersymmetry unbroken everywhere locally but with all supersymmetries broken

once the entire transverse space is taken into account). One might hope to construct

a locally half-BPS UV vortex — using, eg, a configuration of hyperscalars as in [28] —

and embed two (or more) of them in the bulk in such a way that leaves supersymmetry

completely broken globally.

We leave these questions for future work.
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Chapter 5

Effective description of dilaton

capture

This chapter is a condensed version of the following paper

C. P. Burgess, R. Diener and M. Williams, “Self-Tuning at Large

(Distances): 4D Description of Runaway Dilaton Capture,” JHEP 1510

177 (2015), arXiv:1509.04209

Most of this chapter’s content is taken verbatim from this reference. However, some

notation was modified, and the wording was revised to better fit within this the-

sis. Part of the paper’s discussion was also omitted for clarity, brevity and to avoid

redundancies within this thesis.

This chapter completes the study of scale breaking branes in a scale invariant,

6D bulk by constructing the 4D effective theory for such systems at scales below

the Kaluza-Klein scale. At low energies, the field content of the theory includes the

would-be zero mode associated with bulk scale invariance and the 4D metric field. The

175



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

effective potential for the zero mode is calculated as a function of brane properties,

and the minimization of the potential determines the 4D curvature and the size of

the extra dimensions in a way that is shown to be consistent with the 6D theory.

The effective potental for the zero mode has a special form U(ϕ) = e2ϕF (ϕ)

which is consistent with there being a runaway potential for scale invariant systems,

and this allows for a general study. Branes that are perturbatively close to scale

invariant are identified as giving naturally suppressed curvatures, with the suppression

of the curvature relative to the Standard Model scale being controlled by the branes’

deviation from scale invariance. When concerns about small curvatures are discarded,

then a number of ways to stabilize the zero mode are identified such that the extra

dimensions are exponentially large relative to underlying physics scales. Having both

quantities at the phenomenologically preferred values remains a challenge, but the

best case scenarios, future prospects and underlying concerns are all discussed.

5.1 Introduction

In this paper we study the very low-energy dynamics of six-dimensional supergravity

interacting with two non-supersymmetric, space-filling, codimension-two branes. Our

interest is in situations where the back-reaction of the branes breaks a degeneracy

of the bulk system and lifts an otherwise flat direction. As in two earlier papers

[1, 2] we focus on systems for which the interactions are weak enough to ensure

that the energetics lifting this flat direction are amenable to understanding in the

effective 4D theory below the Kaluza-Klein (KK) scale. We compute this low-energy

potential explicitly within the classical limit, to identify how it depends on the various

parameters describing the underlying UV completion.
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To this end we study a specific system of branes interacting through the bosonic

fields of chiral, gauged six-dimensional supergravity [3]. We use this specific theory

for two reasons. First, it is known to admit explicit stabilized extra-dimensional

solutions — both without branes [4] and with them [5, 6, 7, 8, 9, 10, 11] — for

which gravity competes with flux quantization and brane back-reaction to stabilize

the extra dimensions. This makes it a good laboratory for studying in detail how

interactions amongst branes and fluxes can compete to shape the extra dimensions

while going beyond the restriction to one extra dimension of the well-explored 5D

Randall-Sundrum models [12]. In this motivation one wishes to know whether or not

it is possible to achieve dynamically stable extra dimensions that are exponentially

large functions of the not-too-large parameters of the fundamental theory.

Second, this system was proposed some time ago [5, 13, 14] (and again recently in

more detail [15]) as a concrete laboratory in which to explore whether the interplay

between supersymmetry and extra dimensions can help resolve the cosmological con-

stant problem [14, 16], essentially by having the quantum zero-point fluctuations of

the particles we see curve the extra dimensions instead of the four large dimensions

explored by cosmologists. In the simplest picture ordinary particles are localized on

the 4D branes and so their quantum fluctuations contribute to the brane tensions,

while many of the simplest brane solutions [5, 6] are flat for any value of the tension.

In this motivation the issue is to understand how (and whether) the 4D theory cap-

tures this special feature of the extra-dimensional picture, and thereby to understand

how robustly (and whether) the effective 4D curvature can be suppressed relative to

naive expectations.
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In the simplest model [4], flux quantization and gravity drive the system to a su-

persymmetric ground state with a single flat direction corresponding to a breathing

mode with origins in an accidental scaling symmetry generic to the classical super-

gravity field equations. Brane back-reaction then typically lifts this degeneracy (and

generically breaks supersymmetry) leading to a vacuum configuration whose proper-

ties involve a competition between inter-brane forces and flux quantization. Because

the energy cost of this lifting is often smaller than the Kaluza-Klein (KK) scale it

can be understood purely within the low-energy 4D theory, and a puzzle for these

systems has been how this low-energy theory ‘knows’ about extra-dimensional flux

quantization (as it must if it is to properly reproduce the competition with other

effects in the 6D UV completion).

An important part of this story is the ability of the branes to carry localized

amounts of the stabilizing external magnetic flux [17],

SBLF ∝
∫
A(φ) ? F , (5.1)

where the integral is over the 4D brane world-sheet ?F is the 6D Hodge dual of

the 2-form Maxwell field-strength and A is a dilaton-dependent coefficient. This is

important because the system often responds to perturbations by moving flux onto

and off of the branes, since it is energetically inexpensive to change the value of φ.

We use the effective theory that captures the low-energy dynamics of this flux in the

higher-dimensional theory — developed in the previous chapters — to work out the

effective 4D description provided here, identifying in particular the precise form of

the scalar potential that governs the energetics of vacuum determination.

We find the following main results.
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• 4D effective description: We describe the low-energy 4D effective theory appro-

priate for physics below the Kaluza-Klein (KK) scale, within which the extra

dimensions themselves are too small to be resolved, and show how this repro-

duces the dynamics of the known cases where the 6D dynamics is explicitly

known. We find that the news of flux quantization comes to the low-energy

theory by a space-filling 4-form gauge field, Fµνλρ , whose value satisfies general

quantization conditions [18, 19] that are ultimately inherited from the higher-

dimensional quantization of Maxwell flux.

• Dynamics of modulus stabilization: Most trivially we verify in more detail ear-

lier claims [17, 20, 21] that (with two transverse dimensions) brane couplings

generically do stabilize the size of the transverse dimensions in supersymmetric

models, in a manner similar to Goldberger-Wise stabilization [22] in 5D. They

do so because they break the classical scale invariance of the bulk supergravity

that prevents the bulk from stabilizing on its own (through eg flux stabiliza-

tion).

• Exponentially large dimensions: We show that simple choices for brane-bulk

couplings allow the extra dimensions to be stabilized at a size, `, that is large

relative to other microscopic scales, rB, exponentially1 in the parameters of the

underlying theory — i.e. `2/r2
B = e−ϕ, so `/rB can be enormous if ϕ is only

moderately large, say O(10), and negative. This presents a natural way to

generate a hierarchy between the electroweak scale and the higher dimensional

gravity scale.

1This echoes a similar claim of [17] but fixes an error made there (see next bullet point) and
provides a precise 4D formulation of the mechanism.
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• Connection between brane-dilaton couplings and curvature: As has been known

for some time [23] there is a strong connection between the strength of brane-

dilaton couplings and on-brane curvatures, with vanishing brane-dilaton cou-

plings implying vanishing on-brane curvatures. More recently [2] — see also [24]

— it was found that the absence of dilaton couplings is not as straightforward

as demanding dilaton-independence of the brane tension and BLF coefficient,

A(φ), of (5.1), due to the necessity to hold fixed the Maxwell field far from

the brane, rather than at the brane position, when deriving the dilaton depen-

dence of the brane. Complete dilaton-independence of the brane action instead

turns out to be equivalent to the condition for scale-invariance, despite the

presence of the metrics in the Hodge dual of (5.1). Our 4D potential allows us

to compute the subdominant size of the curvature as explicit functions of the

deviations from scale-invariance, and verify that they reproduce the curvatures

found directly within the 6D UV completion.

• Low-energy on-brane curvature: We find that the dynamics of modulus stabi-

lization usually also curves the dimensions along the brane world-sheets, and

generically does so by an amount commensurate with their tension, R ∼ GN Ť ,

where Ť is the brane tension (defined more precisely below) and GN is Newton’s

constant for observers living on the brane. For specific parameter regimes the

on-brane curvature can be less than this however, being parametrically sup-

pressed relative to the tension.

In some cases the suppression of R in the near-scale-invariant limit can be re-

garded as a consequence of the generic runaway present for scale-invariant po-

tentials: weak scale-breaking tends to place minima out at large fields for which
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the potential is relatively small. In this way it potentially converts Weinberg’s

no-go theorem [25] from a bug into a feature.

Although our personal motivation for studying this system is because of its poten-

tial application [5, 14] to the cosmological constant problem [14, 16, 25], the ability

to stabilize two transverse dimensions with exponentially large size given only mod-

erately large input parameters potentially puts large-extra-dimensional models [26]

on a similar footing as warped Randall-Sundrum models [12].

A road map

We organize our discussion as follows. The following section, §5.2, describes the

6D system whose 4D physics is of interest, summarizing the main results explained

in more detail in the previous chapters. The purposes of doing so is to show how

properties of the bulk physics (such as extra-dimensional size and on-brane curvature)

are constrained by the field equations, which controls the extent to which they depend

on the properties of any source branes. This provides the tools required for matching

to the 4D effective theory, relevant to energies below the KK scale. This matching is

itself described in §5.3, which determines the 4D effective theory required to reproduce

the dynamics of the full higher-dimensional theory.

Next, §5.4 uses this effective description to explore the implications of several

choices of parameters within a class that minimize the couplings between the brane

and the bulk dilaton while still breaking scale invariance. In particular we compute

here the classical predictions for the modulus mass and vev (and so also the size of the

extra dimensions) as well as the on-brane curvature at the minimum. We find exam-

ples that produce exponentially large dimensions and with parametrically suppressed
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curvature in the on-brane directions. Then, §5.4 offers a brief discussion about the

robustness of the various examples, and surveys some ways that quantum corrections

might be expected to complicate the picture. Our conclusions are summarized in a

final discussion section, §5.5.

5.2 The higher-dimensional system

We here briefly outline the action and field equations of the UV theory whose low-

energy description we wish to capture: the system studied in the previous chapter,

consisting of a bulk Einstein-Maxwell-Dilaton sector that arises as the bosonic part

of six-dimensional supergravity, plus two space-filling 3-branes situated within two

transverse extra dimensions.

5.2.1 The Bulk

The bulk action is a subset of the action for Nishino-Sezgin supergravity [? ] given

by

SB = −
∫

d6x
√−g

[
1

2κ2
gMN

(
RMN + ∂Mφ ∂Nφ

)
+

2g2
R

κ4
eφ +

1

4
e−φAMNA

MN

]

=: −
∫

d6x
√−g

(
LEH + Lφ + LA

)
, (5.2)

where2 κ denotes the 6D gravitational coupling and RMN denotes the 6D Ricci tensor

while AMN = ∂MAN − ∂NAM is a gauge field strength for a specific U(1)R symmetry

that does not commute with 6D supersymmetry (with gauge coupling gR). The second

2We (still) use Weinberg’s curvature conventions [27], which differ from those of MTW [28] only
by an overall sign in the definition of the Riemann tensor.
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line sets up notation for the Einstein-Hilbert, scalar and gauge parts of the action in

terms of the items in the line above.

Notice SB scales homogeneously, SB → s2SB under the rigid rescalings gMN →

s gMN and eφ → s−1eφ, making this a symmetry of the classical equations of motion.

Besides ensuring classical scale invariance this also shows that it is the quantity e2φ

that plays the role of ~ in counting loops within the bulk part of the theory.

The bulk system enjoys a second useful scaling property: physical properties de-

pend only on gR through a field-dependent combination ĝR(φ) = gR e
φ/2. The value

φ = 0 can always be chosen as the present-day vacuum provided the values of gR is

chosen appropriately.

For many purposes it is useful to work with a 4-form field strength, FMNPQ that

is dual to AMN , in terms of which the bulk action can be written

SB = −
∫

d6x
√−g

[
1

2κ2
gMN

(
RMN + (∂φ)2

)
+

2g2
R

κ4
eφ +

1

2 · 4!
eφ F 2

MNPQ + Lst

]

=: −
∫

d6x
√−g

(
LEH + Lφ + LF + Lst

)
, (5.3)

where Lst is a surface term that emerges when performing the duality transformation

from A(2) to F(4) = dV(3),

Lst :=
√−gLst =

1

3!
∂M

(√−g εMNPQRTVNPQART

)
. (5.4)
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5.2.2 The Branes

We take the brane action to include the first two terms in a derivative expansion3

Seff = −
∑

v

∫

x=zv(σ)

d4σ
√−γ

[
Tv(φ)− 1

4!
ζv(φ) εµνλρFµνλρ

]

=:
∑

v

∫

zv

d4σ
(
LTv + Lζv

)
=
∑

v

Sv , (5.5)

where the tension term, LTv , is built from the induced metric γµν(σ) = gMN∂µz
M
v ∂νz

N
v

at the position of the brane (with zMv (σ) denoting the brane position fields). Despite

its appearances, the localized-flux term, Lζv , does not depend on this metric because

the explicit dependence cancels with that hidden within the totally antisymmetric

4-tensor, εµνλρ, associated with the metric. Since it turns out the branes repel one

another their position modes are massive enough to be integrated out in the 4D

effective theory, and so we simply assume static branes and choose coordinates so

that they are located at opposite ends of the transverse extra dimensions.

It is also possible to frame the branes using a more UV-complete theory for which

they arise as classical vortex-like solutions (as is done explicitly in previous chapters),

though we do not need the details of this explicit extension in what follows. Below,

we simply reiterate the main results, entirely within the contexts of branes.

5.2.3 Brane stress energies

The integrated localized contributions to the stress energy and to Y can be written

as sums over each brane of known functions of the brane tension, Tv, and localized

3The quantity T here is denoted Ť in previous chapters.
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flux, ζv. For instance, the energy density is given by

〈%loc〉 =
∑

v

%v =
∑

v

W 4
v Tv , (5.6)

where Wv is the metric warp-factor evaluated at the corresponding brane position and

we reuse the notation

〈
· · ·
〉

tot
:=

1√−ǧ

∫
d2y
√−g

(
· · ·
)

= 2π

∫
dρBW 4

(
· · ·
)
. (5.7)

It may happen that Wv — or φv, if Tv = Tv(φv) — vanishes or diverges at the brane

positions, but if so eq. (5.6) shows this can be absorbed into a renormalization of Tv

[21, 29], such as would be expected physically if the value of Tv were to be inferred

from a measurement of (say) a defect angle, whose size is governed by by the physical

energy %v. This is addressed in more detail in Appendix C and the following chapter,

both of which give explicit examples of brane renormalization.

Similarly the scale-breaking brane contributions to the dilaton equation are given

by

〈Y〉tot =
∑

v

Yv , (5.8)

with

Yv =
W 4

v

2π

(
T ′v(φ)− 1

4!
ζ ′v(φ)εµνλρFµνλρ

)
= −

∑

v

1

2π
√−ǧ

(
δSv

δφ

)
. (5.9)

The brane does not break scale invariance if both the tension and localized flux are

independent of φ: T ′v = ζ ′v = 0. Again, any singularities associated with the vanishing

or diverging of fields near the branes can be renormalized into the bulk-brane effective

couplings.
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The off-brane components of the brane stress-energy are somewhat more subtle

to obtain since the dependence of the brane action on the extra-dimensional metric

is often only given implicitly. In general, however, stress-energy conservation and the

equilibrium balancing of stress-energy within any localized brane ensures these are

given by

〈Zloc〉tot =
∑

v

Zv and 〈Xloc〉tot =
∑

v

Xv , (5.10)

with

κ2Zv ' κ2Xv ' −
κ4Y2

v

4π
, (5.11)

where the approximation is valid up to terms that are suppressed by at least two

powers of the assumed small ratio between the size of the brane and the size of the

bulk.

5.2.4 Flux quantization

The symmetry ansatz requires the 4-form field to satisfy

Fµνλρ = Qεµνλρ , (5.12)

with Q independent of the 4 space-filling coordinates. The Bianchi identity, dF = 0,

then implies Q also cannot depend on the transverse two coordinates and so is a

constant. This constant is the integration constant we would have found if we had

explicitly solved the Maxwell field equation for Amn.
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Recall that the value of Q is fixed by flux quantization as follows

Q =
1

Ω̂−4

[
2πN

gR
+
∑

v

ζv(φv)

]
, (5.13)

where N is the integer measuring the total flux of AMN through the transverse two

dimensions, and ζv is the parameter in (5.5) that measures the amount of this flux

that is localized onto the position of the brane. Here, φv denotes the value of the

dilaton at this brane position, and

Ω̂k :=

∫
d2y
√
g2W

k eφ =

∫
d2y

√
ĝ2W

k , (5.14)

represents the integral of W k over the transverse dimensions using the scale-invariant

metric, ĝmn := eφ gmn, so the particular case k = 0 gives the extra-dimensional

volume, Ω̂ := Ω̂0, as measured by this metric.

5.2.5 Boundary conditions

The near source behaviour of the bulk fields is controlled by the properties of the

brane sources, and this manifests in boundary conditions that must be satisfied by

the bulk fields as they approach the branes. In practice, these boundary conditions

can be derived by integrating the field equations over the localized region containing

the brane source, as described earlier in more detail. Performing this operation on the

dilaton field equation (4.71) in chapter 4, for example, gives the following boundary

conditions for the dilaton at the positions of the branes

BvW
4
v φ
′
v =

κ2

2π
(Xv + Yv) '

κ2Yv

2π
, (5.15)
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where the approximation uses (5.11) to identify Yv as the leading contribution to this

boundary condition. Similarly,

1−W 4
v B
′
v =

κ2

2π

(
%v −Zv −

1

2
Xv

)
' κ2

2π
%v =

κ2W 4
v Tv

2π
, (5.16)

where the suppression of Xv and Zv implies they are subdominant to the energy

density %v = W 4
v Tv . Lastly, the boundary condition for the warping in the metric is

given by

Bv
(
W 4

v

)′
= −κ

2Xv

π
. (5.17)

Here and above, a v subscript on a bulk field (or its derivative) denotes that this

quantity is evaluated at the brane position y = yv.

5.2.6 Control of approximations

Because we explore classical behaviour it is important to specify its domain of validity.

The fundamental parameters of the problem are the gravitational constant, κ; the

gauge coupling, ĝR(ϕ) = gRe
ϕ/2; and the size of the brane tensions, Tv, and flux-

localization parameters, ζv.

In the exact, scale invariant solutions of Appendix C.1, the size of the transverse

dimensions, `, can be written in terms of parameters of the lagrangian and the ambient

value of dilaton, ϕ, as follows

` = (κ/2gR)e−ϕ/2 = κ/2ĝR . (5.18)

In these solutions, the flux integration constant introduced above is given by Q =
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2gR/κ
2 and we use this as a benchmark value when making various estimates.

Weak gravitational response to the energy density of the brane requires κ2Tv � 1,

and this ensures physical observables such as defect angles are small. Similarly, the

response to localized flux is controlled by κ2Qζ ′ ∼ gRζ
′ and so requires gRζ

′ � 1.

Since our interest is in the regime where the intrinsic brane width is much smaller

than the transverse dimensions we assume throughout ` � r̂V where ` (r̂V ) is a

measure of the extra-dimensional (brane) size. This is accomplished if

r̂V /` ∼ (r̂V gR/κ)eϕ/2 � 1 , (5.19)

which can usually be ensured by requiring

eϕ � 1 , (5.20)

although we discuss below an example where the brane size also depends on the value

of the dilaton, thus complicating this argument.

Finally, in supergravity, semiclassical reasoning also depends on ϕ because it is

e2ϕ that counts loops in the bulk theory. Consequently we also require eϕ � 1 in

order to work semiclassically.

5.2.7 Integral relations

From the point of view of the low-energy theory, it is the field equations integrated

over the extra dimensions that carry the most useful information.

Integrating the dilaton field equation, (4.71), over the entire compact transverse
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dimension gives
〈
X + Y

〉
= 0 . (5.21)

Since integration over the transverse space can be regarded as projecting the field

equations onto the zero mode in these directions, (5.21) can be interpreted as the

equation that determines the value of the dilaton zero-mode and must agree with

what is found by varying the potential of the effective 4D theory obtained in later

sections. In the absence of the sources this zero mode is an exact flat direction of the

classical equations associated with the scale invariance of the bulk field equations and

the localized contribution to (5.21) expresses how this flat direction becomes fixed

when the sources are not scale-invariant.

Integrating the trace-reversed Einstein equation over the entire transverse space

leads to 〈
%−Z − X

2

〉
= 0 , (5.22)

and

Ř
〈
W−2

〉
= −2κ2

〈
X
〉

= −4κ2
〈
%−Z

〉
, (5.23)

where the second equality uses (5.22). This again emphasizes that it is the integrated

off-source stress-energy, 〈X 〉, that ultimately controls the size of the on-source cur-

vature [23] for generic φ, and that this receives contributions coming from both bulk

and brane-localized contributions to the integral. By contrast, using (5.21) to eval-

uate 〈X 〉 — at the specific value of the would-be zero-mode of φ that minimizes its

potential — gives a result for the curvature that depends only on brane properties:

Ř
〈
W−2

〉
= 2κ2

〈
Y
〉
. (5.24)
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As we see below, the 6D coupling, κ, is related to its 4D counterpart, κ4, by

1

κ2
4

=
〈W−2〉
κ2

, (5.25)

once evaluated at the minimum of the potential for the would-be zero-mode. So (5.24)

shows that the curvature Ř has a size that is equivalent to what would be obtained

by a 4D cosmological constant, U?, of size

U? =
1

2
〈X 〉 = 〈%−Z〉 = −1

2
〈Y〉 . (5.26)

This explicitly relates the size of the potential at its minimum to the size of scale-

breaking on the branes.

5.2.8 Orders of magnitude

The previous chapter’s investigation of how the bulk solutions depend on the brane

parameters in the UV-complete theories show several kinds of bulk response to branes

are possible. We reiterate this analysis here, entirely within the language of branes.

Generic case

In the generic situation

κ2Yv ∼ κ2T ′v ∼ κ2Tv , (5.27)

is of order the generic size of a gravitational field coming from the brane energy

density. When this is true, it follows from the brane constraints in (5.11) that

κ2Zv ' κ2Xv ∼ κ4T 2
v , (5.28)
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and so are suppressed compared to the naive estimate κ2Tv , as noted in the previous

chapter. Eq. (5.26) then shows the resulting 4D curvature corresponds to an effective

4D cosmological constant of order

U? ∼
∑

v

Yv ∼
∑

Tv , (5.29)

and so is generically of order the brane tension.

Scale invariant case

In the scale invariant case we have T ′v = ζ ′v = 0 and so the quantities Yv vanish.

Eq. (5.11) then implies the off-brane components of the brane stress-energies also

satisfy

Zv ' Xv ' 0 . (5.30)

Lastly, the vanishing of Yv ensures the same for the 4D curvature:

Ř = U? = 0 . (5.31)

As we shall see, in the 4D Einstein frame the scalar potential for the dilaton zero-

mode, ϕ, turns out to be proportional to 〈X 〉 ∝ e2ϕ, so this vanishing of 〈X 〉 and Ř

is achieved by having the zero-mode run away to eϕ → 0 [25].

Decoupling case T ′v = 0

An intermediate situation is given by the decoupling choice, for which Tv is φ-

independent but ζv(φ) is not. In this case Y is not exactly zero, but should be sup-

pressed because Y arises purely from the φ-dependence of a derivatively suppressed
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term in the brane action

κ2Yv ∼ κ2Qζ ′v ∼ gRζ
′
v ∼

[
κ ζ ′v(ϕ)

`

]
e−ϕ/2 , (5.32)

where the last estimate shows how the derivative suppression can be rewritten as

a suppression by the size of the extra dimensions. As a consequence we also have

suppressions in the off-brane stress-energy components,

κ2Zv ∼ κ2Xv ∼ g2
R (ζ ′v)

2 ∼
[
κ ζ ′v(ϕ)

`

]2

e−ϕ , (5.33)

and the effective cosmological constant corresponding to Ř satisfies

κ2U? ∼ gRζ
′
v ∼

[
κ ζ ′v(ϕ?)

`

]
e−ϕ?/2 . (5.34)

Our goal in the next sections is to reproduce these estimates using a more carefully

computed potential for the low-energy 4D effective theory, and to determine the value

of the zero mode that ultimately controls the size of these estimates.

5.3 EFT below the KK scale

Consider next the viewpoint of a lower-dimensional observer with access only below

the KK scale. In particular we address the following puzzle. We know in the full

D-dimensional theory that flux quantization plays a crucial role in determining the

d-dimensional curvature that would be seen by any observer below the KK scale [17].

(We know this because it determines Q through (5.13), and this then governs the

size of ĽA = −LF appearing in % and X .) But how is this flux-dependence seen by a
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lower-dimensional observer who cannot resolve the extra dimensions?

The field content naively available in the generic case to the lower-dimensional

observer is fairly limited: a massless graviton gµν ; massless gauge bosons, one arising

from the higher-dimensional gauge field, Aµ, and another, Bµ, arising from the metric

due to the unbroken axial rotational invariance of the extra dimensions; and the

dilaton zero-mode, ϕ, arising due to classical scale-invariance. Although our tale can

be told purely using these fields, our interest in practice is in a bulk coming from

higher-dimensional supergravity for which additional light particles also exist.

The low-energy field content available in 6D within Nishino-Sezgin supergravity [?

] also includes the ‘model-independent’ axion, a, that is dual to the components Cµν

of the bulk Kalb-Ramond field, as well as the harmonic part of the extra-dimensional

components of the same field, Cmn. Because the supersymmetry breaking scale in the

bulk is also the KK scale these do not appear with superpartners as supermultiplets

in the 4D theory. One of these fields, Cmn, turns out to Higgs the would-be massless

gauge boson, Aµ, which then acquires a mass at the KK scale [30].4

To understand how flux quantization trickles down to the low-energy EFT it is

useful to supplement these fields with the 4-form field, F(4), that is dual to A(2).

Although this field has trivial dynamics in the low-energy theory, its constant value

knows about flux quantization and so can bring the news about it to the lower-

dimensional world.

4The full story is a bit more complicated, with Green-Schwarz cancellation [31] of gravitational
anomalies in 6D [32] implying that the massless 4D field is really a mixture of the two gauge fields,
Bµ and Aµ.
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5.3.1 Lower-dimensional action

With these comments in mind we seek that part of the low-energy 4D EFT describing

the dynamics of the 4D metric, the dilaton zero mode, ϕ(x), and the 4-form field

strength, Fµνλρ. Because of the appearance of the low-energy scalar we distinguish

several important metric frames: the 6D Einstein-frame (EF) metric, gµν , in terms

of which the UV theory is formulated; the scale-invariant frame ĝµν = eϕ gµν which

does not transform under the classical scaling symmetry of the UV theory; and the

4D Einstein-frame metric, g̃µν , which must be given by

g̃µν ∝ e−ϕgµν = e−2ϕ ĝµν , (5.35)

since this ensures g̃µν → s2 g̃µν under the scale transformations, as required for the

lower-dimensional Einstein-Hilbert term to scale properly.

For subsequent applications it is important to get right the proportionality con-

stant in (5.35). In particular, we want it to be unity in the present-day vacuum,

ϕ = ϕ?, which we determine below by minimizing the ϕ scalar potential. Having

g̃µν and gµν differ in normalization amounts to a change of units, and so needlessly

complicates the dimensional estimate of the size of terms in the low-energy potential.

Consequently we use below the following, more precise, version of (5.35),

g̃µν = e−(ϕ−ϕ?)gµν . (5.36)

The most general lagrangian for these fields at the two-derivative level can be
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written

L4 = −
√
−g̃

[
1

2κ2
4

g̃µν
(
R̃µν + Zϕ(ϕ) ∂µϕ∂νϕ

)
+ V4(ϕ)

+
1

2 · 4!
ZF (ϕ)FµνλρF

µ̃νλρ − 1

4!
ξ(ϕ) ε̃µνλρFµνλρ

]
+ Lst4 ,

where tildes on upper indices indicate that they are raised using the inverse metric g̃µν ,

and ε̃µνλρ is the appropriate volume tensor built from g̃µν (whose nonzero components

are ±(−g̃)−1/2). The surface term, Lst4 , is given by

Lst4 :=
1

3!
∂µ

(√
−g̃ ZF F̌ µ̃νλρVνλρ

)
, (5.37)

and is required to the extent there are boundaries (including asymptotic infinity)

whose behaviour we wish to track [18]. This last equation uses the definition

F̌µνλρ := Fµνλρ −
ξ

ZF
ε̃µνλρ . (5.38)

Notice that the equations of motion for the 3-form gauge potential, ∂µ
(√−g̃ ZF F̌ µνλρ

)
=

0, imply that evaluating Lst4 at a solution gives

(
Lst4

)
on−shell

=
ZF
4!

√
−g̃ F̌ µ̃νλρFµνλρ =

ZF
4!

√
−g̃ F µ̃νλρFµνλρ −

ξ

4!

√
−g̃ ε̃µνλρFµνλρ

= −
√
−g̃ (−2LF − Lξ) . (5.39)

Combining this with the above, evaluating the gauge part of the 4D action using the
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4-form equations of motion therefore gives

(
L4form

)
on−shell

:= LF + Lξ + Lst4 = −LF . (5.40)

5.3.2 Field equations

The field equations obtained from the EF 4D action, L4 , are the field equation for

the 3-form gauge potential,

∂µ

[√
−g̃
(
ZF F

µ̃νλρ − ξ ε̃µνλρ
)]

= 0 . (5.41)

Writing Fµνλρ = f4 ε̃µνλρ shows that f4 is algebraically fixed in terms of an integration

constant, K4 and couplings in the lagrangian,

f4 =
K4 + ξ

ZF
, (5.42)

and because of this F(4) does not describe propagating degrees of freedom. In terms

of f4 we have LF = −1
2
ZF f

2
4 , so evaluating the action using (5.40) shows that the

influence of the 4-form field is to shift the scalar potential of the remaining scalar-

tensor theory to

U(ϕ) := V4(ϕ)− LF (ϕ) = V4(ϕ) +
ZF
2
f 2

4 (ϕ) = V4(ϕ) +
1

2ZF

(
K4 + ξ

)2

. (5.43)

The Einstein equations similarly are

R̃µν + Zϕ ∂µϕ∂νϕ = −κ2
4Sµν , (5.44)
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where Sµν = Tµν − 1
2
g̃λρTλρ g̃µν with stress tensor

T µν =
ZF
3!

[
F µ̃λρκ F ν̃

λρκ −
1

8
g̃µν F̃ 2

]
− V4 g̃

µν , (5.45)

so

Sµν =
ZF
3!

[
F µ̃λρκ F ν̃

λρκ −
3

8
g̃µν F̃ 2

]
+ V4 g̃

µν . (5.46)

The traced Einstein equation therefore is

R̃ + Zϕ

(
∂̃ϕ
)2

= κ2
4

[
ZF

2 · 3!
F 2 − 4V4

]
= −4κ2

4

(
V4 − LF

)
, (5.47)

which again shows the effect of the 4-form field is to shift the potential of the scalar

field from V4 to U = V4 − LF .

Finally, the dilaton equation becomes

Zϕ �̃ϕ = κ2
4

(
V ′4 + L′F + L′ξ + L′st4

)

= κ2
4

(
V ′4 − L′F

)
, (5.48)

where primes here denote derivatives with respect to ϕ. This is again consistent with

the replacement V4 → U = V4−LF . In this argument it may come as a surprise that

Lst4 can contribute at all to the field equations for ϕ, given that Lst4 is a surface term

which therefore should not contribute to equations of motion at all. It is indeed true

that because Lst4 is a surface term it can only contribute to the variation of the action

with respect to field variations that are nonzero at the boundaries of spacetime. But

when evaluating the ϕ potential we first evaluate the lagrangian (and so in particular

Lst4) at the solution to the Vµνλ equation of motion, and this solution necessarily
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contributes to the surface terms whenever its field strength satisfies Fµνλρ = f4 ε̃µνλρ.

It is for this reason that Lst4 contributes to the variation of the action with respect to

ϕ if f4 depends on ϕ and the variation is made after V(3) is eliminated as a function

of ϕ. This is why its presence resolves [18] paradoxes that would otherwise arise [33]

when handling 4-form fields.

5.3.3 Matching

Next we try to identify the unknown functions of ϕ in the 4D theory in a way that

captures all of the properties of the 6D theory. Since the main focus is on the 4D

theory, we adopt in this section (and in the next section) the notation where gµν(x)

(rather than ǧµν) denotes just the xµ-dependent 4D part of the 6D metric, gMN(x, y),

without the warp factors, W 2(y), in 6D Einstein frame. So (for instance)
√−g6 =

√−g4
√
g2 W

4 =
√−g4 BW

4.

Form field

We first match the 4-form field, since this is what passes the flux-quantization condi-

tions down to the low-energy theory. The 6D dual Maxwell field equation, integrated

over the extra dimensions, for the geometries of interest is

∂µ

{
√−g4

[∫
d2y

(
B

W 4

)
eφF µνλκ −

∑

v

ζv ε
µνλκ

]}
= 0 , (5.49)

where warp factors are written explicitly so that 4D indices are raised (and εµνλκ is

built) with the 4D gµν rather than the 6D version. This is to be compared with its
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4D counterpart, derived above in 4D EF,

∂µ

[√
−g̃4

(
ZF F

µ̃νλρ − ξ ε̃µνλρ
)]

= ∂µ

[√−g4

(
ZF e

2(ϕ−ϕ?)F µνλρ − ξ εµνλρ
)]

= 0 ,

(5.50)

where the first equality transforms to 6D EF from 4D EF. Equating coefficients gives

ẐF := ZFe
2(ϕ−ϕ?) =

∫
d2y

(
B

W 4

)
eφ = Ω̂−4 , (5.51)

and

ξ(ϕ) =
∑

v

ζv(φv) '
∑

v

ζv(ϕ) . (5.52)

In the first equality the dilaton evaluated at the brane positions, φv = φ(yv) =

ϕu0(yv), is implicitly expressed in terms of the amplitude, ϕ, of the would-be bulk

zero-mode. The second, approximate, equality assumes the zero mode u0(y) to be

y-independent so that φv = ϕ is the same at the position of all branes.

The solution to the 4-form field equation in 4D is given by

ẐF F
µνλρ − ξ εµνλρ = K4 ε

µνλρ , (5.53)

where K4 is an integration constant. But in 6D the Bianchi identity of previous

chapters also tells us that

Fµνλρ = Qεµνλρ , (5.54)

where 6D flux-quantization requires

Q =
1

Ω̂−4

[
2πN

gA
− ε

∑

v

e(r+1)φv

(
2πnb
e

)]
=:
N + ξ

ẐF
, (5.55)
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with N := 2πN/gR. This determines K4 = (N + ξ)− ξ = N so that

Fµνλρ =

(N + ξ

ẐF

)
εµνλρ , (5.56)

and so brings the news about flux quantization to the lower-dimensional world [18, 19].

With this choice LF evaluates in 4D to

LF (ϕ) =
1

2 · 4!
ẐF FµνλρF

µνλρ = − 1

2ẐF

[
N + ξ(ϕ)

]2
= − 1

2Ω̂−4

[
N + ξ(ϕ)

]2
. (5.57)

Einstein-Hilbert term

The 4D Einstein-Hilbert terms dimensionally reduce in the usual way to give

L4 = − 1

2κ2

√−g4 g
µνRµν

∫

tot

d2y
√
g2 W

2

= − 1

2κ2

√−g4 g
µνRµν e

−ϕ
∫

tot

d2y
√
ĝ2 W

2e−φ+ϕ

= − 1

2κ2
e−ϕ?

√
−g̃4 g̃

µνR̃µν

∫

tot

d2y
√
ĝ2 W

2e−φ+ϕ , (5.58)

which uses
√
g2 =

√
ĝ2 e

−φ to express things in terms of the scale-invariant 2D measure

and we absorb the net zero-mode factor, e−ϕ into the metric when transforming to

the 4D EF metric: g̃µν = e−ϕgµν (with ∂ϕ terms not written, but handled below).

Comparing this with the 4D action gives the following ϕ-independent expression for

the 4D gravitational coupling,

1

κ2
4

=
1

κ2
e−ϕ?

∫

tot

d2y
√
ĝ2 W

2e−φ+ϕ =
2π

κ2
eϕ−ϕ?

∫

tot

dρ BW 2 =
1

κ2
eϕ−ϕ?

〈
W−2

〉
tot

.

(5.59)
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Earlier sections remarked on the freedom to shift φ → φ − ϕ? in the bulk provided

one also rescales coupling constants such as gR → gR? = gR e
ϕ?/2. Eq. (5.59) reflects

this freedom in the following way. If φ = 0 is chosen so that g2
R
<∼ κ, then rB ∼ κ/gR

is not particularly large so having a large transverse space requires eϕ? � 1 so that

` = rB e
−ϕ?/2 � rB. In this case (5.59) shows that it is the explicit factor of e−ϕ? that

makes the 4D Planck mass large compared with the 6D Planck mass. On the other

hand if φ is shifted so that ϕ? ' 0 then we have g2
R? � κ and so `2 ∼ r2

B? � κ. In

this case (5.59) gives a large 4D Planck mass because of the large integration volume,

which is of order `2 rather than order κ.

Scalar-tensor properties

To determine the scalar potential and kinetic terms we evaluate the 6D actions at

the solution of the 2D metric and 4-form equations of motion, but do not use the 4D

metric or scalar field equations so that these can be kept free. The starting point in

6D is the 2D integral of the 6D EF lagrangian density, which has the form

∫

tot

d2yL6 = −
∫

tot

d2y
√−g6

[
1

2κ2

(
R(4) +R(2)

)
+ Lφ + LF + Lst

]
+
∑

v

Lv . (5.60)

We first evaluate the 4-form field at the solution to its field equations, using a result

proven in previous chapters that all the terms containing the gauge fields evaluate to

simplify on-shell

[
−
∫

d2y
√−g

(
LF + Lst

)
+
∑

v

Lζv

]

F eq

=

∫
d2y
√−g LF .
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Using this in the full action gives

∫
d2y

(
L6

)
F eq

= −
∫

tot

d2y
√−g6

[
1

2κ2

(
R(4) +R(2)

)
+ Lφ − ĽF

]
+
∑

v

LTv

=

∫
d2y
√−g6

{
1

2κ2

[
gµν
(
Rµν + ∂µφ ∂νφ

)
+R(2)

]
+ %

}
,

where we also split the φ kinetic term into its 4D and 2D parts, and use (5.6) with

% = Lφ − LF + %v in the second equality. We then eliminate R(2) using the result

derived from (4.76) that

1

2κ2
R(2) + ρ =

X
2
, (5.61)

which can be used to write the 6D action with F and gmn eliminated

1√−g4

∫
d2y

(
L6

)
g2,F eq

= −
∫

d2y
√−g4BW

4

[
1

2κ2
gµν
(
Rµν + ∂µφ ∂νφ

)
+
X
2

]
,

(5.62)

where X = X̌B + Xloc with X̌B = VB + LF and 〈Xloc〉 =
∑

vXv given as before. In

these expressions the combination 〈LF 〉 is to be regarded as the function of ϕ and

flux quanta given by (5.57).

These are to be compared with the 4D action evaluated using only the 4-form

field equations,

(
L4

)
F eq

= −
√
−g̃

[
1

2κ2
4

g̃µν
(
R̃µν + Zϕ ∂µϕ∂νϕ

)
+ V4 − LF

]
, (5.63)

in which we are also to regard LF as the 4D ϕ-dependent combination

LF (ϕ) =
1

2 · 4!
ZF e

2ϕFµνλρF
µνλρ = − 1

2ZF

(
N+ξ

)2
e−2ϕ = − 1

2Ω̂−4

[
N+ξ(ϕ)

]2
. (5.64)
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The ϕ kinetic term comes partly from the dimensional reduction of the kinetic

term for φ and partly from the kinetic term for the radion, `, in the 6D Einstein-

Hilbert action [30]. When the additional factors of g̃µν∂µϕ∂νϕ coming from the radion

are taken into account, the 6D theory gives Zϕ = 2.

The remaining terms determine the scalar potential, which we seek in 4D Einstein

frame. Comparing the non-kinetic terms of the 4D and 6D theory gives

e−2(ϕ−ϕ?)(V4 − LF ) =
1

2

〈
X
〉
, (5.65)

and this can be rewritten in terms of more relevant quantities

e−2(ϕ−ϕ?)U(ϕ) =
1

2

{
〈
VB
〉

+
∑

v

Xv −
1

2Ω̂−4

[
N + ξ(ϕ)

]2
}
. (5.66)

This is the final result for the zero mode potential U(ϕ) .

A check on the normalization comes from the 4D Einstein equation which in

Einstein frame states R̃ = −4κ2
4U . This agrees with the above given that it implies

U = 1
2
〈X 〉e2(ϕ−ϕ?) while on the other hand

1

κ2
〈R(4)〉 =

1

κ2
R〈W−2〉 =

1

κ2
R̃〈W−2〉e−(ϕ−ϕ?) =

1

κ2
4

R̃ e−2(ϕ−ϕ?) , (5.67)

and the 6D field equations state 〈R(4)〉 = −2κ2〈X 〉.

5.3.4 Sources of ϕ-dependence within U

Eq. (5.66) is one of our main results, since it gives the effective potential whose

minimization determines the value of the dilaton zero-mode, ϕ = ϕ?, and thereby

204



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

also fixes the size of the extra dimensions, since `2 = r2
Be
−ϕ? . The value of the

potential at this minimum, U(ϕ?) also determines the response of the gravitational

field implied when ϕ seeks its minimum in this way.

To make this ϕ-dependence more explicit we use VB = V0 e
φ (with V0 = 2g2

R/κ
4)

so that

U(ϕ) =
1

2

(
V0 Ω̂4 +

∑

v

Xv −
1

2Ω̂−4

[
N + ξ(ϕ)

]2
)
e2(ϕ−ϕ?) . (5.68)

There are four main ways that ϕ enters into this expression.

• The explicit overall factor of e2ϕ.

• The ϕ-dependence of the explicit factors of the flux-localization parameter,

ξ(ϕ) =
∑

v ζv(ϕ).

• The explicit ϕ-dependence of the brane stress-energy parameters,
∑

vXv(ϕ).

• Some ϕ-dependence potentially enters through the integration volumes Ω̂k. Be-

cause Ω̂k is scale invariant it contains no explicit factors of ϕ, but there can be

a hidden ϕ-dependence because Ω̂k usually also depends implicitly on Tv and ζv

(eg through the defect angle, αv − 1 ∝ κ2Tv) and so inherits any ϕ-dependence

carried by the brane parameters.

We next check several special cases the above potential should reproduce.

Scale invariance

When neither Tv nor ζv depend on φ the branes preserve the bulk scale-invariance. In

this case all of Ω̂k, Tv, Xv and ξ are ϕ-independent, so the only dependence on ϕ is
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the overall factor of e2ϕ,

U(ϕ) =
1

2

[
V0Ω̂4 +

∑

v

Xv −
1

2Ω̂−4

(
N + ξ

)2
]
e2(ϕ−ϕ?) , (5.69)

as would be dictated in general grounds by scale invariance. Although this is always

minimized at U = 0, unless the square bracket vanishes this is achieved by a runaway

to zero coupling, ϕ→ −∞, as required by Weinberg’s no-go theorem [25].

Vanishing U(ϕ)

Whenever Xv vanishes (such as happens for the BPS vortices of previous chapters,

for example) or is negligible, and V0 = 1
2
V2

0 is positive, the quantity e−2ϕU(ϕ) be-

comes proportional to a difference of squares and it is simple to enumerate sufficient

conditions for it to vanish. In particular

U =
1

4

{
V2

0 Ω̂4(ϕ)− 1

Ω̂−4(ϕ)

[
ξ(ϕ) +N

]2
}
e2(ϕ−ϕ?) (5.70)

= − 1

4Ω̂−4(ϕ)

[
ξ(ϕ) +N − V0 Ω̃(ϕ)

] [
ξ(ϕ) +N + V0 Ω̃(ϕ)

]
e2(ϕ−ϕ?) ,

where Ω̃2 := Ω̂4 Ω̂−4. This clearly vanishes for all ϕ whenever the functions ξ(ϕ) and

Ω̃(ϕ) are related by

ξ(ϕ) = −N ± V0 Ω̃(ϕ) , (5.71)

for all ϕ. When Ω̂k and Ω̃ are ϕ-independent (which at least requires Tv to be

independent of ϕ) then (5.71) can only be satisfied for all ϕ if ξ is also ϕ-independent,

which implies scale invariance.
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Salam-Sezgin solution

The Salam-Sezgin solution [4] described in Appendix C.1.1 has no sources and so ξ =

Tv = Xv = 0. It is a supersymmetric solution to 6D supergravity and so V0 = 2g2
R/κ

4

and N = ±2π/gR. The solution is unwarped, W = 1, so Ω̂k = Ω̂s := πκ2/g2
R for all

k. With these choices the scalar potential becomes

e−2(ϕ−ϕ?) U =
1

2

[(
2g2

R

κ4

)
Ω̂4 −

N 2

2Ω̂−4

]
=

1

2

[(
2g2

R

κ4

)
Ω̂s −

N 2

2Ω̂s

]
=

1

2

(
2π

κ2
− 2π

κ2

)
= 0 ,

(5.72)

as it should, revealing ϕ as the flat direction.

Rugby ball solutions

We can also investigate the shape of the effective potential when scale invariant branes

are added to the system. The rugby-ball solutions presented in Appendix C.1.2 are

generated by identical, scale-invariant, supersymmetric [34] branes, and the potential

is expected to vanish in this special case. Explicit solutions are also known when more

general scale-invariant branes source the bulk [6], although these solutions generally

have bulk fields with nontrivial profiles.

We side-step the technical issues associated with nontrivial warping and dilaton

profile and treat both cases simultaneously, by assuming that branes’ tension, T , and

localized flux, ξ = 2ζ, are small enough that we can linearize about the Salam-Sezgin

solution (and so also choose flux quantum N = ±2π/gR). This assumption allows

us to use the linearized scalar potential (C.73) calculated in Appendix C.2. When
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specialized to the Salam-Sezgin background around which we are perturbing, it reads

e−2(ϕ−ϕ?)U ' 1

2

∑

v

Xv +
2

κ2

(
κ2T + gRξ

)
. (5.73)

Above, we have tracked the Xv contribution to the potential, but the branes are scale

invariant, so this quantity is also suppressed as in (5.30), and can be neglected. It

then follows that the potential vanishes when the branes satisfy

κ2T = −gRξ . (5.74)

This is identical to the supersymmetry condition on the branes [34], as expected.

Incidentally, when the branes are UV completed as supersymmetric vortices as in

previous chapters, it is also true that the vortex BPS conditions ensure Xv = 0

identically.

When the branes are not supersymmetric, the right-hand size reduces to 2T at

linear order when ξ = 0, in agreement with the expectations of the non-SUSY theory

[1]. In this case, the resulting potential has the standard runaway form expected for

scale-invariant couplings [25].

5.4 Self-tuning under scrutiny

Now that the tools for computing the dilaton potential are assembled, we can minimize

it to explore the size of eϕ? and U? = U(ϕ?) as functions of the microscopic choices

(like Tv and ζv) that describe the branes.
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5.4.1 Implications of φ-independent tension

We expect special things to happen if we can ensure a small φ derivative near the

branes, since we know the curvature vanishes exactly if φ′ vanishes at both branes

[23]. This asks the brane lagrangian to be chosen to depend as weakly as possible on

φ. The simplest choice is to demand complete φ-independence for both Tv and ζv for

all branes, but although it is true that this leads to solutions with R = 0 it also implies

scale invariance5 and the results of the previous section confirm that flat curvature

in this case is found by having ϕ run away to infinity (thereby not breaking scale

invariance) [25]. Consequently in this section we instead choose φ-independence just

for the leading term, Tv, in the hopes that the resulting curvatures can be suppressed.

In this case only two sources of ϕ-dependence remain in U : the overall factor of

e2ϕ and any dependence arising within ξ(φ) =
∑

v ζv(φ). (The latter of these includes

both the explicit ξ-dependence and any implicit dependence of Ω̂k on ξ.) Because the

branes break scale invariance we expect the flat direction for ϕ to be lifted and the

dynamics to choose an energetically preferred value, ϕ?. Furthermore, since the lifting

comes from ξ, which arises only from the derivatively once-suppressed localized-flux

term, we expect Yv and direct brane contributions to the potential like Xv to be

KK-suppressed — as argued in more detail in chapter 4.

This leaves the bulk contribution to U , but because of (5.26) this is also expected

to be suppressed once ϕ adjusts to approach the value ϕ?. What we do here that

the previous chapters did not do is compute the shape of U explicitly and minimize

it to determine ϕ? and U? = U(ϕ?), thereby showing in detail how direct brane

5This point is less clear when the brane action is formulated using the original Maxwell field, A(2),
rather than F(4), and because of this the equivalence between φ-independence and scale-invariance
for brane-localized flux terms was misstated in [15, 17].
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contributions to U compete with the interference the branes cause in the cancelations

among the bulk terms in U .

Because ` ∝ e−ϕ?/2 in the vacuum this calculation of ϕ? also computes the size of

the extra dimensions, and we seek solutions with a large hierarchy between the brane

size and the size of the transverse dimensions: ` � r̂V . It is only for such solutions

that the above arguments would suggest any suppression in U?.

Consequences of ∂T/∂φ = 0

For these reasons our main interest is in situations where T is ϕ-independent but

ζv = ζv(ϕ). We next argue that this ensures the contribution of Xv to U becomes

negligible.

Ultimately, it is the derivative suppression of ζ within the brane action in (5.9)

that suppresses Xv in the potential. For instance, neglecting any ϕ-dependence in Ω̂

gives the first estimate

Y =
∑

v

Yv ∼ Q
∑

v

ζ ′v = Qξ′ ' 1

Ω̂−4

(N + ξ) ξ′ , (5.75)

which uses flux quantization to eliminate the bulk flux Q. This expression for Y

determines
∑

vXv through the brane constraint, (5.11), which implies

∑

v

Xv '
κ2Y2

4π
∼ 1

4π

(
κQ ξ′

)2

' 1

4π

(
κ

Ω̂−4

)2 [
(N + ξ) ξ′

]2

. (5.76)

Inserting this information into U then shows that the contribution of Xv may be

dropped relative to the (N +ξ)2/Ω̂−4 term whenever (κξ′)2 � 2πΩ̂−4, as is true when

the extra dimensions are much larger than the microscopic sizes determining the scale
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of κ and ξ′.

As before, for supergravity we have V0 = 2g2
R/κ

4 and as argued above the only ϕ

dependence enters through ξ and the overall factor of e2ϕ dictated by scaling, making

the scalar potential in the 4D theory

U(ϕ) =
1

2

{(
2g2

R

κ4

)
Ω̂4(ϕ)− 1

2Ω̂−4(ϕ)

[
N + ξ(ϕ)

]2
}
e2(ϕ−ϕ?)

=
1

4Ω̂−4

(
2gR Ω̃

κ2
+N + ξ

)(
2gR Ω̃

κ2
−N − ξ

)
e2(ϕ−ϕ?) , (5.77)

where Ω̃2 := Ω̂4Ω̂−4 and in the first line we write Ω̂k(ϕ) to emphasize that the volumes

can also depend on ϕ through ξ.

General features

Broadly speaking the potential described above has the form

U(ϕ) = F (ϕ) e2(ϕ−ϕ?) , (5.78)

and so its extrema, ϕ?, make the derivative

U ′(ϕ) =
(

2F + F ′
)
e2(ϕ−ϕ?) , (5.79)

vanish. Our interest is in minima, so we demand the second derivative

U ′′(ϕ) =
(

4F + 4F ′ + F ′′
)
e2(ϕ−ϕ?) , (5.80)

be positive.
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There are two classes of solution:

1. The runaway: ϕ? = ϕ∞ = −∞, with eϕ? = 0 and so U? = U ′′? = 0; and

2. Any nontrivial solutions to F ′(ϕ?) + 2F (ϕ?) = 0. Evaluated at any of these

latter extrema we have6

U? = −1

2
F ′? and U ′′? = 2F ′? + F ′′? . (5.81)

Control of approximations requires we check that at any such a minimum eϕ?

is small enough to justify our semiclassical analysis.

Our main interest is in the non-runaway minima, and for these notice that using

(5.77) to infer F and neglecting the ϕ-dependence of Ω̃ when differentiating the result

gives an expression for U? that agrees with the estimate of (5.75). This shows in a

more pedestrian way how the low-energy theory knows of the higher-dimensional

connection between U? and 〈Y〉.

Of particular interest is how specific choices for ζv (and so also ξ =
∑

v ζv) influence

the shape of F (ϕ), and through this the values of ϕ? and U?. We seek to arrange

two things: (i) that −ϕ? be moderately large (to achieve large extra dimensions,

given ` ∝ e−ϕ?/2); and (ii) that U? be suppressed below the generic brane scale Tv (as

required to make progress on the cosmological constant problem if ordinary particles

are localized on the branes and so contribute their vacuum energies as corrections to

the corresponding brane tension).

One way to achieve these ends would be to arrange F (ϕ) = F0F(εϕ), where ε is a

6Notice that the factor of e2ϕ does not suppress U? because of the compensating factor of e−2ϕ? .
Although e2ϕ ∝ 1/`4 ensures the potential is generically suppressed by 1/`4, the e−2ϕ? compensates
by converting the prefactor from 6D to 4D Planck density.
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moderately small dimensionless parameter and F0 is a very small energy density. In

this case the linearity of (5.79) ensures the value of ϕ? does not depend on F0 at all,

and if F(x) contains only order-unity parameters we expect to find |ϕ?| ∼ O(1/ε).

Having ϕ? ∼ −75 would ensure e−ϕ?/2 ∼ 1016; adequate even for models with very

large extra dimensions [5, 26]. The question is whether there is enough freedom

available in ξ(ϕ) to arrange both of these conditions, and if so whether the choices

made can be technically natural.

The next sections explore this question by choosing ξ = µf(ϕ) for several simple

choices, where µ is a mass scale that can be adjusted independently from the scale in

Tv. Although we find no obstruction in principle to being able to obtain both large ϕ?

and small U?, the simple examples we explore so far each only appear to accomplish

one or the other and not both simultaneously.

5.4.2 Perturbative solutions

As argued in §5.3.4, there are several values of ϕ for which we know U(ϕ) must van-

ish. One of these is the limit ϕ → −∞, for which U → 0 because of its exponential

prefactor. The second case where we know U = 0 is when ϕ = ϕs is such that ξ(ϕ)

happens by accident to pass through a point where its value agrees with the super-

symmetric limit for the given tension. (As shown in Appendix C, at the linearized

level this occurs for any ϕs satisfying gRξ(ϕs) = ∓κ2T , if the two branes share equal

tensions.) Whenever this occurs Q also takes its supersymmetric value, which ensures

Ř = 0 (and so U = 0).

The significance of such a zero is that it guarantees the existence of at least one

maximum or a minimum for U in the range −∞ < ϕ < ϕs. (A similar conclusion
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is also possible for any interval between two distinct solutions to gRξ(ϕs) = −κ2T ,

should more than one of these exist.) If this extremum is sufficiently close either to

ϕ∞ or to ϕs then we can analyze the shape of the potential by perturbing around the

situation where U vanishes.

To that end let us write the brane properties as Tv = T0 + δTv and ζv = ζ0 + δζv,

where T0 and ζ0 define a supersymmetric configuration for which gRξ0 = gRξ(ϕs) =

2gRζ0 = ∓κ2T0. Then the unperturbed potential vanishes, U0 = 0, and deviations

from this can be computed perturbatively in δTv and δζv. There are two naturally

occurring small parameters with which to linearize, κ2δT � 1 and gRδξ(ϕ) � 1,

whose relative size is a knob we get to dial. Both of these are small to the extent that

the bulk is only weakly perturbed by the source branes.

This leads to a potential of the generic form

U =
(
A+By + · · ·

)
e2(ϕ−ϕ?) , (5.82)

where y(ϕ) := gRδξ/2π � 1, and the linearized calculation of the Appendix —

culminating in (C.73) — shows the coefficients A and B are given by

A '
∑

v

δTv = 2 δTavg and B ' 4π

κ2
, (5.83)

where δTavg = 1
2

∑
v δTv. Consequently A/B ' κ2δTavg/2π � 1.

For this potential

U ′ =
[
2A+ 2By +By′ + · · ·

]
e2(ϕ−ϕ?) , (5.84)
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and at non-runaway solutions, U ′? = U ′(ϕ?) = 0, we have

U? = −1

2
By′? + · · · and U ′′? = 2By′? +By′′? + . . . . (5.85)

We now describe several types of extrema that such a potential generically pos-

sesses. In each case we do not propose an explicit form for δξ for all ϕ (and so also

do not compute the potential U for all ϕ), but instead investigate its structure near

the extrema of U subject to various assumptions about how δξ varies in this region.

As a result we do not in these first examples try to compute the value of ϕ? from first

principles, but only its difference from the position, ϕr, of a nearby reference point

(such as a zero of U or a minimum of ξ(ϕ) etc). We solve for all quantities in terms

of the reference point, ϕr , and comment on the size of U?, the KK scale, ` and the

zero-mode mass, mϕ, at the minimum.

Case I: Near a zero of U

Consider first the simplest situation where δξ depends very weakly on ϕ so we may

Taylor expand ξ about the point ϕ = ϕs where U vanishes

y(ϕ) '
(gRµ

2π

) [
(ϕ− ϕs) +O

[
(ϕ− ϕs)2

]]
, (5.86)

and we assume |gRµ/2π| � 1. The potential near ϕ = ϕs becomes

U =
[
b(ϕ− ϕs) + · · ·

]
e2(ϕ−ϕ?) , (5.87)

where b ' 2gRµ/κ
2.
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Extrema are determined by the vanishing of

U ′ =
[
b+ 2b(ϕ− ϕs) + · · ·

]
e2(ϕ−ϕ?) , (5.88)

and so for finite ϕ? this implies

ϕ? ' ϕs −
1

2
. (5.89)

The condition gRµ/2π � 1 ensures that |y?| � 1 at this point, justifying our pertur-

bative analysis of the extremum. The corresponding physical KK scale is

` = rB e
−ϕ?/2 =

(
κ

2gR

)
e1/4e−ϕs/2 . (5.90)

In agreement with [17, 20], the breaking of scale-invariance by the branes allows

their back-reaction to stabilize the size of the extra-dimensions, in a 6D version of the

Goldberger-Wise [22] mechanism in 5D. The stabilized size of the extra dimensions

is exponentially large compared to microscopic scale rB to the extent that ϕs is large

and negative. The full linearization of the 6D system for this example is also given in

Appendix C.3, including a discussion of the warping and dilaton profile generated by

the bulk response to the brane perturbations, and of the renormalizations of brane

couplings that these require. Later examples also provide concrete cases for which the

value of ϕs can be computed in terms of brane properties, and briefly discuss choices

that can make ϕs large and negative.

At this extremum we have

U? ' b(ϕ? − ϕs) ' −
b

2
≈ −gRµ

κ2
, (5.91)
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while

U ′′? ' 4b+ 4b(ϕ? − ϕs) ' 2b ≈ 4gRµ

κ2
. (5.92)

We see we have a local minimum (maximum) between ϕ = ϕs and ϕ → −∞ when

b ∝ gRµ is positive (negative), for which U? is negative (positive).7

Keeping in mind the normalization of the ϕ kinetic term in the 4D theory we see

the classical prediction for its mass at this minimum is

m2
ϕ =

1

2
κ2

4 U
′′
? ' 2κ2

4 |U?| '
2gRµ

〈W−2〉 . (5.93)

Since generically 〈W−2〉 is of order the KK volume we see mϕ is suppressed below

the KK scale by the small factor gRµ/2π, justifying its calculation in the 4D EFT.

This same factor provides the suppression of U? relative to the 6D Planck scale, and

as a result m2
ϕ ∼ |U?|/M2

p . We return below to a discussion of the robustness of such

predictions to quantum corrections.

Case II: Near a minimum of ξ

Consider next a situation where ϕ = ϕm is a local minimum of ξ(ϕ), and where

ξm = ξ(ϕm) is not a point where U vanishes. In this case we expand ξ in powers of

ϕ − ϕm to write Tv = T0 + δTv and ξ = ξ0 + µ(ϕ − ϕm)2. Here T0 is chosen so that

gRξ0 = −κ2T0 (and we choose N = +1) so that it is δTavg = 1
2

∑
v δTv that controls the

value of U at ϕ = ϕm. To justify the perturbative analysis we assume the resulting

δT satisfies |κ2δT | � 1 and |gRµ/2π| � 1.

7We are not too concerned here if U? turns out negative at the minimum, even for applications
to the cosmological constant problem. That is because the goal then is just to have the classical
value be smaller than the inevitable quantum corrections (such as bulk Casimir energies) whose size
is hoped to describe the observed (positive) dark energy in any ultimately successful model.
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With these choices we then have

y(ϕ) '
(gRµ

2π

)
(ϕ− ϕm)2 + . . . , (5.94)

and the potential becomes

U =
[
a+ b(ϕ− ϕm)2 + · · ·

]
e2(ϕ−ϕ?) , (5.95)

where a '∑v δTv = 2 δTavg and b ' 2gRµ/κ
2. Their dimensionless ratio

a

b
' κ2δT

gRµ
, (5.96)

is a free parameter.

The extrema, ϕ?, are determined by the vanishing of

U ′ ' 2
[
a+ b(ϕ− ϕm) + b(ϕ− ϕm)2 + · · ·

]
e2(ϕ−ϕ?) , (5.97)

and so the non-runaway solutions satisfy

ϕ?± ' ϕm −
1

2

(
1±

√
1− 4a

b

)
. (5.98)

Reality of this root requires 4a/b ≤ 1 and so 4κ2δT ≤ gRµ.

If |a/b| � 1 the roots take the approximate forms

ϕ?+ ≈ ϕm − 1 , ϕ?− ≈ ϕm −
a

b
, (5.99)
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and if a/b is large and negative they become

ϕ?± ≈ ϕm ∓
√
a

b
. (5.100)

Because ϕ?− approaches ϕm as a/b→ 0 perturbation theory also justifies the expan-

sion of δξ in powers of ϕ − ϕm for this root. It may nonetheless be justified in any

case for the other roots if it happens that δξ remains quadratic out to sufficiently

large ϕ− ϕm, and that y remains small for all of this range.

There are two parameter regimes of interest. The first is |4a/b| � 1 and for this

choice ϕ? − ϕm has the same order of magnitude as a/b ∼ κ2δT/gRµ. As before, the

corresponding physical KK scale is ` = (κ/2gR) e−ϕ?/2, and because ϕ? − ϕm is at

most order unity, having this be large compared to microscopic scales requires ϕm

large and negative.

At the extremum ϕ? − ϕm ≈ −a/b we have

U? ' a+ b(ϕ? − ϕm)2 ' −b(ϕ? − ϕm) ≈ a ' 2 δTavg , (5.101)

while

U ′′? = 2[2a+ b+ 4b(ϕ? − ϕm) + 2b(ϕ? − ϕm)2] ' 2b [1 + 2(ϕ? − ϕm)] ≈ 2b ' 4gRµ

κ2
.

(5.102)

We see that this is a local minimum when b ∝ gRµ is positive (ie whenever ϕ = 0

was a minimum for δξ). Furthermore the back-reaction with the bulk drags the

value of ϕ? to be smaller (larger) than the minimum of δξ depending on whether

or not a ' 2δTavg is positive (negative). The value of the potential at this point is
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U? ≈ 2δTavg and so is unsuppressed relative to (and shares the same sign as) δTavg.

At this minimum the classical prediction for the would-be zero-mode mass is driven

by its potential on the brane,

m2
ϕ =

1

2
κ2

4 U
′′
? ∼

gRµ

〈W−2〉 , (5.103)

and so is below the KK scale because gRµ� 1.

Another interesting parameter range enumerated above takes a/b large and neg-

ative. In this case

ϕ? = ϕm −
√∣∣∣a

b

∣∣∣ , (5.104)

provided the quadratic form for δξ applies for fields this large. Notice that y? ∼

gRµ(ϕ? − ϕm)2 ∼ a ∼ κ2δTavg remains small.

Of special interest in this case is where
√
|a/b| dominates ϕm, since this could

explain why ϕ? is also large and negative (and so why ` ∝ e−ϕ?/2 could be potentially

enormous without needing to explain the size of ϕm).

At this extremum the size of the potential is

U? ' a+ b(ϕ? − ϕm)2 ' −b(ϕ? − ϕm) ≈ b

√∣∣∣a
b

∣∣∣ =
√
|ab| (sign b) , (5.105)

which is suppressed relative to the tension scale, a = 2δTavg, by the assumed small

quantity
√
|b/a| ' |gRµ/κ2δTavg|1/2 � 1. Similarly,

U ′′? = 2[2a+ b+ 4b(ϕ? − ϕm) + 2b(ϕ? − ϕm)2]

' 2b [1 + 2(ϕ? − ϕm)] ≈ −4b

√∣∣∣a
b

∣∣∣ = −4
√
|ab| (sign b) ' −4U? . (5.106)
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and the concavity of the potential is once again controlled by b, with b < 0 (and so

a > 0) giving a minimum at large negative values of ϕ?. The classical mass of the

would-be zero mode at this minimum is

m2
ϕ =

1

2
κ2

4U
′′
? ' −2κ2

4U? ∼
√
κ2δT |gRµ|
〈W−2〉 , (5.107)

and this lies below the KK scale beause |gRµ| � κ2δT � 1 by assumption. Although

this gives large dimensions or small U?, it does not provide a phenomenologically

viable value for both simultaneously, inasmuch as a large-volume value like ϕ? ∼ −75

only provides a moderate suppression of U? relative to tension scales.

The extension of this example to a perturbation in the full 6D theory is also given

in Appendix C.3, including a discussion of brane renormalization.

Case III: Near a singular point of ξ

The previous examples assume ξ varies smoothly with ϕ, so we next consider a sin-

gularity in ξ at ϕ = ϕc. Singularities can arise in low-energy actions at places in field

space where the low-energy approximation fails, such as places where integrated-out

species of particles become massless.

For purposes of illustration we consider a branch point of the form ξ = ξ0 +

δξ = µ(ϕ − ϕc)η with η an arbitrary exponent. The case η near zero is particularly

interesting because this profits by being near the scale-invariant case η = 0. As above,

we write Tv = T0 + δTv and dial T0 so that it is related to ξ0 by gRξ0 = −κ2T0.

The potential becomes

U =
[
a+ b(ϕ− ϕc)η + · · ·

]
e2(ϕ−ϕ?) , (5.108)
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where the ratio between a '∑v δTv = 2 δTavg and b ' 2gRµ/κ
2 is again a dial we can

exploit. Assuming 0 < η < 1 the extrema are determined by the vanishing of

U ′ '
[
2a+ 2b(ϕ− ϕc)η +

ηb

(ϕ− ϕc)1−η + · · ·
]
e2(ϕ−ϕ?) , (5.109)

which has solutions in the regime |ϕ− ϕc| � 1 of the form

ϕ? − ϕc '
(
−a
b

)1/η

, (5.110)

which for small η is true even if a/b = κ2δTavg/gRµ is only moderately large and

negative. (For instance choosing η = 1
3

and κ2δTavg ∼ −4gRµ gives ϕ? − ϕc ' −64.)

At this point we have

U? = a+ b(ϕ? − ϕc)η ' −
ηb

2(ϕ? − ϕc)1−η ' −
ηb

2

(
− b
a

)(1−η)/η

. (5.111)

Small η has the virtue of amplifying both the size of ϕ? and the suppression of U?,

although not in a way that seems phenomenologically viable for both at the same

time.

Case IV: Exponential ξ

Next consider an example whose solutions are perturbatively close to the asymptotic

runaway. This example is similar to the scaling case examined for the UV vortex

completion in chapter 4, where T = T0 + δT and ξ = ξ0 + µ esϕ, where gRξ0 = −κ2T0

and our main interest is in s not far from zero. In this case y = (gRµ/2π) esϕ so
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y′ = sy, and

U =
(
a+ b esϕ + · · ·

)
e2(ϕ−ϕ?) , (5.112)

with a ' 2δT and b ' 2gRµ/κ
2. Then the non-runaway solutions to U ′ = 0 satisfy

2a+ b(2 + s)esϕ? + · · · = 0 . (5.113)

If esϕ? is small enough to drop all but the first two terms we have

esϕ? ' − 2a

b(2 + s)
' − 2κ2δT

(2 + s)gRµ
, (5.114)

which requires a and b to have opposite signs. The value of U at the extremum is

U? ' −
sb

4
esϕ? ' sa

2(2 + s)
' sδT

2 + s
. (5.115)

The factor of s found in U? can be understood because when s → 0 the potential

becomes scale-invariant and so must then be minimized at U? = 0 with ϕ? → −∞.

If s > 0 then having small eϕ? means we must also have |a| � |b| (which corre-

sponds to κ2|δT | � |gRµ| � 1). In this case U asymptotes to zero as ϕ→ −∞ from

below (above) if a is negative (positive), so the extremum is a minimum if a < 0 and

b > 0 (ie when gRµ > 0 and δT < 0) in which case U? < 0.

Conversely, if s < 0 then having small eϕ? means we instead must have |a| � |b|

(and so |gRµ| � κ2|δT | � 1), and in this case it is for b < 0 and a > 0 (ie for gRµ < 0

and δT > 0) that the above root is a minimum. Writing s = −σ

eσϕ? ' −b(2− σ)

2a
' −gRµ(2− σ)

2κ2δT
, (5.116)
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which again requires µ and δT to have opposite signs. The value of U at the extremum

is

U? '
σb

4
e−σϕ? ' − σa

2(2− σ)
' − σδT

2− σ , (5.117)

which is again negative and order σδT . To be much smaller than δT we would need

σ � 1.

The corresponding physical KK scale is

` = rB e
−ϕ?/2 ∼

(
κ

2gR

)(
− gRµ

2κ2δT

)1/2s

(if s > 0) (5.118)

∼
(

κ

2gR

)(
−2κ2δT

gRµ

)1/2σ

(if s = −σ < 0) ,

and the classical prediction for the mass of the would-be zero mode is

m2
ϕ =

1

2
κ2

4U
′′
? ∼ −sκ2

4δT ' −(2 + s)κ2
4U? . (5.119)

The minimum found above is most interesting when |s| � 1, for two reasons. First,

small s ensures that eϕ? can be extremely small even if both κ2δT , gRµ and their ratio

are only moderately small. For example, taking κ2δT ∼ 0.3 and gRµ ∼ −0.0003 gives

κ2δT/gRµ ∼ −103 and so s = −σ ∼ −0.1 gives the enormous hierarchy eϕ? ' rB/` ∼

10−15 appropriate to a picture with micron-sized extra dimensions [5, 26] when the

bulk is controlled by TeV scale physics. Such large radii arise because the choice

0 < |s| � 1 makes the setup close to scale-invariant, and so the potential in this

limit is close to its runaway form, U ∼ U0e
2ϕ. The small scale-breaking parameters

then give a weak ϕ-dependence to the prefactor U0, creating a minimum out at large

negative ϕ. The minimum occurs at large −ϕ precisely because of the potential’s
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close-to-runaway form.

Small |s| is also interesting because of the suppression implied by (5.115) for

the value of U?. As mentioned earlier, this suppression arises generically because the

system becomes classically scale invariant in the s→ 0 limit, and so U? must vanish in

this limit. Effectively this converts Weinberg’s runaway no-go from a bug to a feature,

with weak scale-breaking driving U? to be small precisely because the minimum gets

driven out to infinity in the scale-invariant limit. As before, however, although both

large ` and small U? are possible, no one choice of parameters gets both right at the

same time (without very precise tuning to make |a/b| extremely close to unity.)

When large ϕ does not imply large dimensions

Equating large negative ϕ? to a large hierarchy between KK size, `, and brane size,

r̂v, (as done in the previous examples) implicitly makes an assumption about the

ϕ-dependence of r̂v. The issue is whether or not obtaining large e−ϕ? — eg (5.118)

— is sufficient to imply a large hierarchy between ` and the transverse brane size,

r̂v. It need not be, depending on the other microscopic details that determine r̂v. In

particular it depends on how the brane size itself depends on ϕ?.

For instance, the UV completion considered in the previous chapter provides an

example where the connection between large ϕ? and large `/r̂v can fail. In this

example the branes are resolved in the UV as Nielsen-Olesen vortices [3] with tension,

Tv ' v2, set by a scalar vev, v, and brane-localized flux, ξ ' (2πnε/e)esϕ, set by a

dimensionless mixing parameter, ε, an integer, n, and a gauge coupling, e. In this UV

completion the physical size of the vortex is r̂−1
v ' vê(ϕ) = ev exp

[
1
2
(1 + 2s)ϕ

]
, which

turns out to inherit a dependence on ϕ from the effective coupling ê(ϕ). Consequently
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r̂v/` can be related to the tension and localized flux by

r̂v

`
=

(
2gR
κ

eϕ?/2
)(

1

ev
e−(1+2s)ϕ?/2

)
=

(
2gR
eκv

)
esϕ =

gR ξ

nπεκv
=

gR ξ

nπε
√
κ2T

, (5.120)

for any choice of s or ϕ. What is important here is that r̂v/` is ϕ-independent

when expressed in terms of the parameters, T and ζ, appearing in the brane effective

lagrangian, since these are the combinations that are relevant to the long-distance

physics governing the size of `. As a result, in this particular model it doesn’t matter

how large ϕ? is when predicting r̂v/`.

Notice that this line reasoning relies on all of ξ depending on ϕ in the same way,

rather than there being several contributions involving different scales and depending

differently on ϕ. This is why it does not also apply to the previous examples, for

which ξ = ξ0 + δξ(ϕ).

5.4.3 Scenarios of scale

Before turning to the robustness of the above examples it is useful to have some idea in

mind for the the mass scales appearing in all sectors of the theory. This is important

when estimating quantum corrections in particular, since for naturalness problems

the heaviest scales are usually the most dangerous. We also imagine at least one

brane lagrangian being modified to include brane-localized particles, including the

known Standard Model (SM) particles.

There are several mass scales potentially in play: the inverse brane width, M ∼

1/r̂v; the SM electroweak scale, m; and the scale set by bulk couplings, κ−1/2 and g−1
R .

Without loss we may shift ϕ in the bulk so that ϕ = 0 corresponds to g−1
R ∼ κ−1/2 ∼

Mg defining the same scale. The effective bulk gauge coupling, g? = gR e
ϕ?/2 and the
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KK scale, mKK ∼ 1/` ∼ g?/κ = (gR/κ)eϕ?/2, are then computed from these once the

dilaton is stabilized at ϕ = ϕ?. We assume the hierarchy

Mg ∼ κ−1/2 ∼ g−1
R �M � m, (5.121)

and ask how loops might depend on these scales.

It is also useful to imagine the UV completion of the brane eventually becomes

supersymmetric at high enough energies, since this is likely necessary to deal with

naturalness at the highest scales possible. This could happen at the string scale if the

brane UV completes as an object within string theory, or it could happen above or

below the scale M if the branes UV complete as vortices in a higher-dimensional field

theory. For concreteness we consider the vortex completion, since the extension to

string theory of the system used here remains an open question [37]. Since our goal

is to explore extra-dimensional approaches to the hierarchy problem, we always take

the brane SUSY-breaking scale, Ms, much larger than electroweak scales: Ms � m.

If we choose Ms � M then the vortex sector would be supersymmetric (in that

it would preserve at most half of the supersymmetries of the bulk [40]) with the

branes likely arising as BPS solutions. Until distorted by supersymmetry-breaking

effects (if any) we would then expect the largest contributions to T and ζ to be

φ-independent, with T = Ts ∼ O(M4). The breaking of supersymmetry that such

branes generically imply for the bulk sector is then minimized if the branes carry

the supersymmetric amount of flux [34], so we take κ2Ts = ±1
2
gRζs. This implies

ζs ∼ κ2Ts/gR ∼ M4/M3
g � M in magnitude. These assumptions ensure a flat

potential, U = 0, for ϕ and allows supersymmetry to protect this shape from scales

higher than Ms, leaving nontrivial corrections to the low-energy theory (where we
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can try to estimate them).

We expect nonzero δT = T (ϕ)− Ts and δζ = ζ(ϕ)− ζs once effects of the SUSY-

breaking brane sector are included. This includes but need not be limited to the

SM sector (which is assumed to be localized to one of the branes). On dimensional

grounds, if SUSY breaks on the branes with scale Ms such that m � Ms � M

then we expect the dominant deviations from the supersymmetric limit to be of order

δT (ϕ) ∼ M4
s and δζ(ϕ) ∼ Ms. If the supersymmetry breaking physics respects the

bulk scale invariance then δT and δζ remain ϕ-independent; otherwise not.

Suppose the supersymmetry-breaking sector does break scale invariance but only

through the localized flux term as examined above, so T = Ts + δT with δT ∼ M4
s

and ζ = ζs + δζ with δζ(ϕ) ∼Ms f(ϕ), for some function f(ϕ), although the precise

form for f is not yet crucial. Assuming Ms �M4/M3
g then there should exist a value,

ϕ = ϕs, for which U(ϕs) = 0 because ζ(ϕs) accidentally takes the supersymmetric

value corresponding to T = Ts + δT ,

±1

2
gRζ(ϕs) = ±1

2
gR [ζs + δζ(ϕs)] ∼ κ2T = κ2(Ts + δT ) . (5.122)

We imagine the value, ϕs, where this occurs to be moderately large (of order -75 or

so in the extreme case of very large dimensions).

This scenario fits very cleanly into the class of models for which the perturbative

methods explored earlier apply, with y(ϕ) ∼ gRδζ(ϕ) ∼ gRMsδf(ϕ) := gRMs[f(ϕ) −

f(ϕs)] = O(Ms/Mg). If δf varies slowly enough to be approximated as linear near

ϕs the analysis of earlier sections would predict a minimum with ϕ? − ϕs ' −1
2

at

which point the classical 4D energy density is U? ∼ −gRMs/κ
2. Other forms for f(ϕ)

would predict different scalings.
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Finally, loops of Standard Model particles should also contribute to T and ζ and

further perturb them away from their supersymmetric relationship, by an amount

at least δTSM ∼ m4 and δζSM ∼ εm (where ε <∼ 1 is a dimensionless measure of

the strength with which the SM sector couples to the bulk gauge field). Even if not

supersymmetric, such SM contributions need not contribute any ϕ-dependence if they

preserve scale invariance.

There are two natural ranges of values to think through, depending on whether

our interest is in the electroweak hierarchy (quantum corrections to scalar masses)

or the cosmological constant problem (quantum corrections to vacuum energies). We

consider each of these briefly in turn.

Electroweak Hierarchy

For applications to the electroweak hierarchy we ask the extra dimensions to be large

and take the large scales all to be of order the electroweak scale, with the minimal

hierarchy required for control of approximations. In this case the premium is on

predicting the value of ϕ? from first principles to ensure sufficiently large `/rB using

only a relatively modest hierarchy amongst lagrangian parameters, and we are happy

to fine-tune away any cosmological constant. This can be done, for example, if the

vortex size, r̂v, is ϕ-independent and controls the supersymmetric brane physics at

scale M , and the supersymmetry-breaking brane physics at scale Ms generates an

exponential δζ ∼Ms e
sϕ.

Taking for illustrative purposes Mg ∼ 50 TeV, M ∼ Ms ∼ 5 TeV and m ∼

100 GeV with s ' 0.2 then gives Mg` ∼ 1015, which is in the ballpark required.

Such a dynamical explanation for the exponentially large size of ` elevates the large-

dimensional models [26] to a footing similar to their warped competitors [12], although
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this would be more satisfying with a more explicit picture for the SUSY-breaking

brane physics to see more explicitly how it generates the required ϕ-dependence for

ζ and T .

The challenge and opportunity in this scenario is to better construct the SUSY

breaking physics, partly to see what signals it could imply at the LHC. There is

clearly some freedom to dial scales somewhat, though if Ms and Mg are both taken

much larger than the electroweak scale we must again ask what protects the value of

the Higgs mass on the brane. Implicit in any such model is that whatever quantum

gravity eventually kicks in at Mg does not allow the higher scales to feed into the

Higgs mass and thereby ruin the naturalness of the low-energy picture.

Vacuum Energies

Although the ideal situation would be to explain the observed dark energy density,

it would already be progress on the cosmological constant problem to suppress U?

below the electroweak scale. This requires the classical contribution be smaller than

the known quantum effects (usually not hard), while choosing parameters so that

the quantum effects themselves can be smaller than the electroweak scale (usually

much harder). The hope here is that because SM loops generate changes to the brane

tension, δT ∼ m4, we seek choices that keep this from directly contributing to U?.

A best case in this type of scenario is to imagine that all physics couples to ϕ in

the scale-invariant way down to as low an energy (say µ) as possible. If µ � m �

Ms � M then this implies the UV physics is to first approximation scale invariant

though not supersymmetric, so that T and ζ are constants for which κ2T and gRζ are

not similar in size.
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In this case we imagine the scale-invariance breaking at scale µ introduces a ϕ-

dependence only to δζ, in such a way that ζ accidentally passes through the supersym-

metric point, ζ ∼ ±2κ2T/gR at ϕs ∼ −75 or so. This ensures the extra dimensions

can be very large (best of all would be in the micron range) as desired. Provided the

variation in ϕ is slow enough to justify Case I above, the classical prediction for U? is

negative8 with magnitude ∼ gRµ/κ
2. Choosing Mg as low as possible (in the 10 TeV

regime, say) then gives a suppression of U? relative the electroweak scale by of order

gRµ.

How much suppression depends on how small µ can be, which requires a bet-

ter theory of the origins of the ϕ-dependence. Since U? ∼ µM3
g we see that hav-

ing |U?| <∼ (10−2 eV)4 and Mg ∼ 10 TeV requires fantastically small values like

µ <∼ |U?|/M3
g ∼ 10−47 eV. To the extent that useful progress on lowering U? below

the electroweak scale requires scale-invariant couplings of ϕ to ordinary matter, the

obstacle is likely to be solar-system constraints on the existence of light Brans-Dicke

scalars with gravitational couplings.

5.4.4 Robustness

As for any approach to naturalness problems the key question concerns robustness of

the result. One must check whether conclusions survive the inclusion of subdominant

terms in the various approximations being made. Although a full analysis of all of

these corrections goes beyond the scope of this article, we make a few preliminary

estimates of the size of some of the usual suspects.

8Having U? < 0 need not be a problem if its magnitude is small enough that the vacuum energy
is dominated by its quantum parts (which must then be positive).
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Potentially fragile choices

Assessments of robustness turn on the generality of the choices for parameters in the

classical theory. Because it is the branes that are responsible for breaking supersym-

metry we might expect that it is choices made for the brane actions in particular that

are the most susceptible to perturbations (such as by receiving quantum corrections

once these are included).

The basic choices used in previous sections concern the magnitude and φ-dependence

of the brane action, parameterized by the small dimensionless quantities κ2T (φ) and

gRζ(φ) for each of the branes. In particular the previous sections make two non-generic

assumptions about the brane action:

• We choose no φ-dependence for T but allow φ-dependence for ζ;

• We dial freely the relative magnitudes of κ2T and gRζ.

It is the sensitivity of these choices to quantum corrections on which we focus.

Some quantum estimates

UV sensitive quantum corrections in this type of model come in two broad classes:

quantum corrections to the bulk lagrangian due to loops of bulk fields; and quantum

corrections to the brane lagrangians due to loops of fields on the brane and loops

involving bulk fields located close to the brane. In both cases it is loops of the most

massive particles that are potentially the most dangerous.

Corrections to the Bulk Sector

Loops within the supergravity describing the bulk have been studied in some detail

[34, 38, 39], and although loops of individual massive states do renormalize all terms
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in the bulk and brane lagrangians their contributions to the bulk lagrangian tend to

cancel once summed over 6D supermultiplets [39]. The only bulk renormalizations

that survive these cancelations are renormalizations of those interactions allowed by

bulk supersymmetry, for which we do not make any special requirements.

This is required physically because UV modes far from the branes effectively do

not know that supersymmetry is broken. The UV dangerous renormalizations coming

from the supersymmetric sector are those that renormalize the non-supersymmetric

brane physics. These should not be dangerous to the extent we do not make special

assumptions about the sizes (or the dependence on bulk fields) of couplings like T

and ζ in the brane action.

From the point of view of the vacuum energy, the most dangerous renormaliza-

tions of the bulk are dimension-four interactions involving curvature squared terms

(and their partners under supersymmetry) since these can acquire renormalizations

proportional to the squared-mass,M2, of the massive bulk supermultiplet [34, 38, 39].

These can generate contributions to the 4D vacuum energy of orderM2/`2, and so be

larger than the 1/`4 desired to describe Dark Energy in SLED models. But they are

generically smaller than the O(M4) contributions described below, and so represent

a lesser worry than the brane renormalizations we describe next.

The Brane Sector: Bulk Loops

Loops of bulk fields involving virtual particles physically near the branes also renor-

malize the brane lagrangian, as computed in [34, 38]. These loops turn out not to be

dangerous for our two brane choices, however, for two reasons.

The first statement is that although bulk loops contribute of order M4 to the

brane tension, they do not introduce nontrivial φ-dependence to the tension if this
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was not already present because of the underlying scale invariance of the bulk system.

Secondly, bulk loops involving massive multiplets that carry gauge charge can also

renormalize ζ. But because the correction is of order δζ ∼ g2
RM2ζ [34] it is technically

natural (from the point of view of these loops) to choose ζ to be small.

The Brane Sector: Brane Loops

Massive fields localized on the branes are among the most dangerous (and arguably

the most difficult to understand) from the point of view of naturalness, because these

fields can be heavy and are not constrained by supersymmetry (at least at scales

below Ms). In principle these include loops of familiar SM fields that are the origin

of the cosmological constant problem in the first place.

Integrating out such particles of mass M generically renormalizes the brane ten-

sion by an amount of order M4, so we run into naturality problems as soon as we

must demand δT be smaller than this. For applications to the cosmological constant

problem this is why all contributions to U? of order δT are not regarded as being

progress.

In general such loop contributions to T could also play a role by introducing

nontrivial φ-dependence, although this can be protected against by demanding the

couplings of the brane matter to preserve scale invariance. For SM fields this is trouble

to the extent that it gives them Brans-Dicke couplings [41] to the light scalar ϕ of

gravitational strength [42], which are ruled out phenomenologically (for sufficiently

light ϕ) by PPN solar-system tests of gravity [43]. Of course, mechanisms exist for

weakening the couplings of light scalars [35, 44], usually by making these couplings

ϕ- or environment-dependent or by making the scalar massive enough not to mediate

a sufficiently long-range force. Although much model-building could be forgiven if
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progress could be made on the cosmological constant problem, we regard this to be a

real worry whose resolution goes beyond the scope of this (already very long) study.

The same kinds of problems need not be a worry for brane corrections to ζ, how-

ever, because these cannot be generated unless the field in the loop already couples to

the bulk gauge field. Brane-generated contributions to δζ should be easy to suppress

simply by not coupling heavy brane particles to this field.

5.5 Discussion

This paper’s aim is to carefully determine how codimension-two objects in 6D super-

gravity back-react on their in environment through their interactions with the bulk

metric, Maxwell field and dilaton, and how this back-reaction gets encoded into the

effective potential of the low-energy 4D world below the KK scale.

To this end, we construct the corresponding four-dimensional effective theory, and

show how the flux quantization conditions of the UV theory are brought to 4D by a

four-form gauge flux dual to the Maxwell field. The 4D theory generically contains a

light scalar dilaton to the extent that the branes do not strongly break the classical

bulk scale invariance. We identify the scalar potential for this scalar and show at

the linearized level that it agrees with what is obtained by explicitly linearizing the

higher-dimensional field equations. This calculation in particular corrects some errors

in [17], which misidentified some of the boundary conditions associated with the

brane-localized flux term.

We confirm the result of [17] that the breaking of scale invariance by the branes can

lead to modulus stabilization and allow explicit computation of the extra-dimensional
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size, in a codimension-two version of the Goldberger-Wise mechanism [22]. We con-

firm that this size can be exponentially large in the brane couplings. A moderate

hierarchy of order 75 amongst the brane couplings can be amplified to produce enor-

mous extra dimensions in this way, thereby fixing a long-standing problem with the

use of large extra dimensions to solve the electroweak hierarchy problem.

For the particular choice of near scale-invariant couplings we can (but need not)

also find some parametric suppression in the value of the on-brane curvature and

dilaton mass, although for those examined so far this suppression seems fairly weak.

We are unable to find simple examples which both generate exponentially large di-

mensions and suppress the classical vacuum energy (though we also are unable to

prove this to be impossible).

Although we make preliminary estimates about the size of quantum corrections

and the robustness of the parametric suppressions of the potential, we leave a more

detailed treatment to later work.
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Chapter 6

The Extra-Dimensional Higgs

Portal

This chapter is a verbatim presentation of the following paper

R. Diener and C. P. Burgess, “Bulk Stabilization, the Extra-Dimensional

Higgs Portal and Missing Energy in Higgs Events,” JHEP 1305 078

(2013), arXiv:1302.6486

This paper presents a detailed phenomenological study of extra-dimensional stabiliza-

tion. The previous chapters identified a mechanism for stabilizing the size of the extra

dimensions at exponentially large values that relied on nontrivial couplings between a

brane and bulk scalar field, which is an important part of the solution to the hierarchy

problem. This paper adopts the point of view that, at energies much higher than the

Kaluza Klein scale, the details of such a coupling are not important and the implica-

tions of the stabilization mechanism can be understood in a bottom-up model that

considers only relevant interactions between a bulk scalar and the Standard Model
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brane.

Among these interactions is the extra-dimensional Higgs portal coupling gΦH†H .

This interaction, which mixes the Higgs field with the bulk scalar field, is dimension-4

and is not suppressed at low energies, unlike the usual brane-bulk interactions which

are gravitational. The resulting phenomena are therefore expected to be observable

and subject to phenomenological constraints, and this is shown to be the case. In-

visible Higgs decay width and missing energy signals at colliders are identified as

signatures of Higgs bulk mixing, while the strongest observational constraints on

Higgs-bulk mixing come from considering energy loss in astrophysical objects.

To understand these phenomena, it is necessary to absorb short-distance diver-

gences into a renormalization of brane couplings and the classical renormalization of

brane couplings, which was alluded to in other parts of this thesis, is presented here

in detail. The classical running of couplings is shown to have positive implications

for vacuum stability. Classical running can also give rise to Landau poles at low ener-

gies, and avoiding such poles furnishes a theoretical constraint on Higgs-bulk mixing.

Nonetheless, even when these are combined with observational constraints, there re-

mains a large region of parameter space that can be probed at the Large Hadron

Collider and future colliders. So it is possible that the Higgs-bulk portal could be the

first sign of large extra dimensions.

6.1 Introduction

In particle physics it is the best of times, and it is the worst of times. On one hand the

recent discovery [1] of a new particle at the LHC moves us into the long-awaited study

of the new particle’s properties, after several decades spent exploring the physics of
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constraints. If the new particle’s interpretation as a Higgs — or the Higgs, if the

Standard Model description continues to work — survives, then we can anticipate an

unprecedented new era probing vacuum physics.

On the other hand, the LHC has yet to produce compelling evidence for the

kinds of physics widely expected to lie beyond the Standard Model. The hierarchy

problem lies at the heart of these expectations, leading broadly to three main options1

for LHC-observable new electroweak physics over the years: compositeness models

[3, 4]; supersymmetry [5, 6] (linearly realized2); and extra-dimensional scenarios (both

warped [9] and unwarped [10]). Absent compelling evidence for any of these three

categories, it is crucial for theorists to seek new ways to distinguish the mechanisms

underlying each.

The purpose of this paper is to identify new ways to use the properties of the Higgs

to explore extra-dimensional models. Building on earlier work — in 5D [11] and higher

dimensional scenarios [12, 13, 14, 15] — we track how the vacuum energetics of the

Higgs potential interacts with the physics that stabilizes the extra dimensions, and

show how this can open a new observable portal onto extra-dimensional dynamics.

At present most bounds on extra dimensions come from the kinematics of mixing

and energy loss with the bulk gravitational degrees of freedom [16]. Yet a central

part of solving the hierarchy problem using extra dimensions is understanding the

vacuum physics that stabilizes their size at the required value, both for RS mod-

els (where the hierarchy between the electroweak and Planck scales comes from a

1These need not be mutually exclusive, with some composite models potentially being equivalent
to some extra-dimensional models [2].

2See, however, [7] for how supersymmetry could be present (but nonlinearly realized [8]) at
electroweak energies and below, without requiring the existence of the superpartners that remain
missing from experiments.
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size-dependent warp factor) and for ADD-type models (where it is the large extra-

dimensional volume itself that provides the hierarchy). All of the known mechanisms

for this stabilization involve introducing new bulk degrees of freedom (typically scalar

fields), whose couplings to ordinary matter are only slightly less robust than those of

the metric. It is these couplings to the Higgs that we aim to constrain. We identify

two kinds of observable consequences for these couplings.

• Modified Higgs mass-coupling relations: due to the dependence of the Higgs

potential on the new bulk fields. The interplay between these two fields changes

the relationship between the Higgs mass and its couplings relative to Standard

Model expectations;

• Contributions to the Higgs invisible ‘width’: due to mixing between the Higgs

and bulk states. In particular, we find that the expected LHC bounds on

this width are competitive with bounds from lower-energy observables, such as

energy loss from astrophysical systems, anomalous magnetic moments and the

like.

Two things are crucial about both of these effects. First, because the bulk fields

involved are not the graviton, their couplings need not be precisely gravitational in

strength. In particular (a point made earlier for ADD models in [15]) depending on

the number of extra dimensions present, they can involve dimensionless couplings, and

so be less suppressed at low energies than are graviton interactions. (Dimensionless

couplings can also arise for Higgs-curvature interactions in 6D, but unlike the Higgs-

bulk portal they remain suppressed at low energies because of the derivative nature

of the curvature couplings [12].)
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Second, the interplay between the (brane-localized) Higgs and extra-dimensional

(bulk) stabilization mechanisms depends crucially on understanding how branes back-

react on the bulk. Although this is understood relatively well for branes with one

transverse dimension (such as arise in RS models) in terms of Israel junction con-

ditions [17], it has only recently been systematically developed [18] for branes with

two or more transverse dimensions, such as appear in the ADD picture. The under-

standing of codimension-2 back-reaction came comparatively late because of technical

complications associated with the divergence of bulk fields near brane positions (which

happens only with two or more transverse dimensions), and the need to absorb these

into renormalizations of the brane couplings [19, 20].

6.1.1 Higher-dimensional stabilization

Until recently a big competitive advantage of RS models over ADD models was the

existence of a simple and robust way to stabilize the extra dimensions: the Goldberger-

Wise mechanism [21]. In this mechanism a bulk scalar field is introduced that couples

to the branes situated at both ends of the RS scenario’s one extra dimension, with

couplings chosen to frustrate the scalar’s ability to reach a constant vacuum config-

uration. (This can be achieved by having branes disagree with one another about

the field value that minimizes the scalar potential.) Because branes are located at

specific places in the extra dimension, the resulting frustration sets up gradients in

the bulk scalar that make the minimum energy depend on the distance between the

branes (and so also on the extra-dimensional size). An attractive feature of the RS

model is that the warp factor then naturally exponentiates a modestly large extra-

dimensional size into an enormous electroweak hierarchy. (Similar frustration can
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also be arranged with bulk scalars in more than one extra dimension, with sometimes

intriguing implications for the Higgs vacuum [13, 14].)

A similarly robust mechanism for stabilizing large dimensions has been missing

for standard ADD models, but an analogue was recently found [22] for their super-

symmetric generalizations [23, 24, 25] by applying to them a 6D cousin [26] of the

Goldberger-Wise mechanism. In such theories the extra dimensions are stabilized

classically through flux-stabilization, as is often possible for supersymmetric systems

(and for which 6D systems provided the first examples [24]). In this mechanism the

flux of a bulk magnetic field (which is typically required by anomaly cancellation to

exist among the field content of the 6D supergravity [23, 24, 25]) threads the two

extra dimensions, that have the topology of a sphere. Dirac quantization of this flux

makes it energetically costly to shrink the dimensions, providing a counterbalance

against its gravitational collapse.

However complete stabilization purely within the bulk is never quite possible be-

cause of a classical scale invariance of the 6D supergravity action, which leaves a flat

direction parameterized by a bulk scalar field, χ (the ‘dilaton’, which sits within the

‘extended’ metric supermultiplet). Flux stabilization relates the extra-dimensional

radius to this flat direction through the expression

r2 = `2 e−χ , (6.1)

where ` is a length of order (but, in controlled calculations, parametrically moderately

larger than) the 6D Planck scale, set by the flux stabilization.

Fixing r completely requires breaking the classical scale invariance, and lifting

the classical bulk flat direction. As shown in ref. [22], this can be achieved classically
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through its couplings to branes, whose interactions need not share the scale invariance

of the bulk. In particular it is not difficult to arrange for moderately large negative

values. Once this is done flux stabilization — via eq. (6.1) — ensures the resulting

radius is exponentially large in χ, naturally ensuring an exponentially large hierarchy

in these models as well. In the special case of supersymmetric ADD models [25? ]

` ∼ (10 TeV)−1, and so micron-sized dimensions can be achieved with χ ∼ −70. But

the stabilization mechanism itself doesn’t rely on using an ADD framework, and could

equally well apply if it were the Kaluza-Klein (KK) scale that were of electroweak

size.

Of course quantum effects can modify eq. (6.1) because they break the classical

bulk scale invariance. But since each loop breaks scale invariance by a specific amount,

these turn out to generate corrections as a series in e2χ [28], and so do not ruin the

exponentially large size of r.

6.1.2 Relevance to the Higgs

From the point of view of the Higgs, what is important about the above mechanisms

(in both 5 and 6 dimensions) is that they require the presence of a coupling between a

bulk scalar field and the brane on which the Higgs sits. For instance, in the 6D case the

most general renormalizable interactions between a brane-localized Standard Model

and a (canonically normalized) electroweak singlet bulk scalar, Φ, have the form

Sint = −
∫

d4x
√−γ U

(
H†H,Φ

)
, (6.2)
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with

U
(
H†H,Φ

)
= T0 +

λ2

2

(
Φb + V 2

)2
+ g H†H Φb + λ

(
H†H − v2

2

)2

= T + µ2
Φ Φb +

λ2

2
Φ2
b −

(
µ2
H − gΦb

)
H†H + λ

(
H†H

)4
, (6.3)

where

T := T0 +
λ2V

4

2
+
λv4

4
, µ2

Φ := λ2V
2 and µ2

H := λv2 , (6.4)

and Φb = Φ(x, y = yb), denotes the evaluation of the bulk scalar at the position of the

brane. It is the dimensionless coupling g that represents the unique Standard Model

portal into extra dimensions within this six-dimensional context.

This means that the vacuum energetics of the Higgs field interacts with the physics

that stabilizes the extra dimensions, and both Higgs and bulk fields must be varied to

find the proper vacuum configuration. In particular, the bulk scalar couplings can act

to help or hinder the propensity for electroweak symmetry breaking. For instance, to

the extent that large volume requires Φb < 0 we see that this acts to increase3 the

effective value µ2
H eff = µ2

H − gΦb, and so assists the formation of a nonzero v.e.v. for

H. In what follows §6.2.2 fleshes this out more explicitly, with care being taken to

handle properly the renormalizations required because Φb actually diverges at the

brane position.

Similarly, using the replacement

H =
1√
2




0

v + h


 , (6.5)

3For g > 0.
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in the term g H†H Φb contributes to Higgs-bulk mixing, and so to invisible channels

where energy leaks into the extra dimensions during Higgs-production processes. As

we show below, such leakage looks like a Higgs invisible width, and so is subject

to similar constraints. Furthermore, since the coupling g is dimensionless, this loss

rate is less suppressed at lower energies than would have been true for gravitational

energy loss, and so allows better bounds and opportunities for detection [15]. §6.2.3

computes this more carefully, extending the results of [15] by taking full account of

the Higgs-KK mixing brought about by brane-bulk back-reaction.

The calculation in 6D in many ways resembles earlier work which considered Higgs-

curvature mixing [12], of the form H†H R, but with three differences. First, because

the curvature couplings involve more derivatives than do the Higgs-scalar couplings,

the curvature mixing remains suppressed at low energies (like other gravitational in-

teractions). Secondly, unlike these earlier calculations, we are able to compute both

the real and imaginary parts of the Higgs production amplitude and so can compute

the full line-shape rather than just its effective width. We can do so because our

treatment of back-reaction allows us to renormalize the divergences that complicate

obtaining the real part, associated with the near-brane divergences of the bulk fields.

This technology allows us to extend the study of mixing to invisible final states in

astrophysics, and at colliders. Finally, we include all possible renormalizable inter-

actions, including in particular the quadratic self-coupling, λ2, for the bulk field on

the brane. This inclusion has important consequences, since bounds on g weaken

with increasing λ2, ultimately allowing a detectable invisible width at the LHC be

consistent with strong constraints from low-energy astrophysics (see Fig. 6.1).

Although our results apply both to the cases of large dimensions (mh � mKK)
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Figure 6.1: A plot summarizing the various constraints and discovery potential of Higgs-
bulk mixing in the G = ḡ/

√
α vs Λ2 = λ̄2/α plane (renormalized at r̄ = 1/mh), in the

large-volume limit (mh � mKK). The quantity α ∼ 1 is a measure of the defect angle
near the brane, as defined in detail in §6.2.1. The dark (blue) shaded region is the region
disfavoured by LHC global fits. The medium (blue) shaded region is the conservative bound
from nucleon-bulk bremsstrahlung in SN1987a, assuming TSN = 20 MeV. The lightest (gray)
shade denotes regions excluded by demanding no Landau poles below µ∗ = 1 TeV, with the
vertical dotted lines denoting how this bound changes with the choice of ultraviolet scale
µ∗. Also plotted are lines of constant invisible branching ratio B that will be probed with
additional data at the LHC or future experiments, all of which constrain this quantity.

and small ones (mh � mKK), when discussing the phenomenology we focus on the

case when the dimensions are large. We find, as did earlier authors [12, 15], that a

Higgs undergoing Higgs-bulk mixing in many ways resembles a Higgs that can decay

into invisible channels. Indeed once both real and imaginary parts of the amplitude

are computed, we find that the resemblance becomes perfect for processes with the

Higgs resonantly produced in the narrow-width limit.

However, because the resonant, narrow-width limit is not always sufficient, there
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are also important differences between a bulk-mixed Higgs and one with access to

invisible decays. Most important among these is the existence of strong bounds from

astrophysical processes like SN1987a. These are not normally relevant for a Higgs

with invisible decay channels (or for Higgs-bulk mixing through the H†H R term),

because the rate for producing the Higgs is too small at low energies to give an appre-

ciable energy-loss channel. The same is not true for Higgs-bulk mixing in the scalar

potential, however, since this is not suppressed at low energies, and is not dominated

by resonant Higgs production. It is instead enhanced by the kinematic availability

of a large number of very light states for which the couplings cannot be neglected.

The resulting constraint is shown in Fig. 6.1, together with the constraint coming

from the successful Standard Model description of the observed Higgs, and contours

indicating the size of the effective invisible Higgs width. Although astrophysics fur-

nishes a very strong constraint, it does not exclude the range of interest to future

LHC measurements. It does not do so because it is not a resonant process, and so

involves a different combination of parameters than are measured at the LHC in the

g − λ2 plane.

The next sections present the details of this analysis as follows. First, §6.2 derives

the main expressions for the propagation eigenstates when the Higgs mixes with bulk.

Armed with these calculations we discuss some of the resulting phenomenology in §6.3,

including the lineshape for Higgs production at the LHC, and various bounds from

lower energy phenomena. Our conclusions are summarized briefly in §6.4.
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6.2 Higgs-Bulk Dynamics

In this section we compute in detail the implications of a Higgs-bulk interaction of

the form given in eq. (6.3). For concreteness we restrict from here on to the 6D case,

for which back-reaction issues are much less well-explored.

We start, in §6.2.1 where the bulk and brane actions and field equations, including

the conditions for back-reaction, are described. The next subsection, §6.2.2 then

calculates how eq. (6.1) changes the energy minimization for the Higgs and bulk scalar

fields and so alters the expression for the Higgs v.e.v. in terms of the parameters in its

potential. This is followed in §6.2.3 by a calculation of the spectrum of fluctuations,

including a treatment of how the on-brane Higgs mixes with the bulk KK states. We

consider two limits of interest in this mixing, depending on whether the KK mass

is small or of the same order as the on-brane Higgs mass. The former is of most

interest for ADD and supersymmetric large-dimension (SLED) scenarios, while the

latter would be of interest for dimensions whose KK scale is of order the electroweak

scale. We specialize to the case of large dimensions when examining phenomenology

more explicitly.

6.2.1 Field equations and back-reaction

We start by describing the 6D bulk and 4D brane systems of interest. For simplicity

we focus purely on a single bulk scalar field, coupled to a Standard Model Higgs

doublet on a space-filling codimension-2 brane situated at a specific spot in the two

extra dimensions.
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The Action

Consider a massless, free, 6D bulk scalar, Φ, with action

SB = −
∫

d6x
√
−G

(
1

2
GMN∂MΦ ∂NΦ

)
. (6.6)

We do not include a scalar potential in the bulk, and for ADD-type models this could

be naturally enforced through a shift symmetry. The presence of scalars in the gravity

supermultiplet and in the massless hypermultiplet representations of 6D supersym-

metry also make it natural to include light bulk scalars when the extra dimensions

are supersymmetric. In the simplest case for bulk stabilization the supergravity of

interest is gauged, chiral supergravity, and Φ = V 2χ represents the canonically nor-

malized dilaton that transforms in the (extended) gravity multiplet [23, 24]. In this

case there is a bulk scalar potential, UB(χ) ∝ eχ, which considerably complicates the

treatment of fluctuations once the metric is included. However because the gravita-

tional couplings are RG-irrelevant we omit them for simplicity of presentation, and

expect our considerations explored here to apply at sufficiently low energies.

Next, consider a space-filling 4D brane that is located at a particular point, y = yb,

within the extra dimensions. With eq. (6.3) in mind we take the brane action to be

Sb =

∫
d4x
√−γ

(
LSM − T0 −

λ2

2
(Φb + V 2)2 − g H†H Φb

)
, (6.7)

where Φb := Φ(x, y = yb) and γµν = GMN(x, y = yb)∂µz
M∂νz

N is the induced metric

on the brane, whose world-sheet is denoted zM = {xµ, ym = ymb (x)}. LSM denotes

the Standard Model action, but for the present purposes we need only work with its
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Higgs part:

−LSM = γµν∂µH
†∂νH + λ

(
H†H − µ2

H

2λ

)2

. (6.8)

Thus, the complete, on-brane scalar potential reads

Ub = T − µ2
HH

†H + λ(H†H)2 + µ2
ΦΦb +

λ2

2
Φ2
b + g H†H Φb , (6.9)

as anticipated in eq. (6.1). This contains all possible terms involving only H and the

Standard Model that are local and involve only relevant or marginal couplings.

Background Geometry

For the purposes of discussing Higgs energetics, consider the following unwarped,

axisymmetric background geometry,

ds2 = GMN dxMdxN = ηµν dxµdxν + f 2(r) dθ2 + dr2 , (6.10)

where r denotes proper distance away from the brane on which the Higgs resides.

We allow for the possibility of a conical singularity at this brane by allowing a defect

angle: 0 < θ < 2πα, with 0 < α < 1. Control of approximations usually requires a

small defect angle, so |α− 1| � 1. In real examples of interest the radial coordinate

runs through a finite range, 0 < r < πR, with r = πR associated with another 4D

brane at the opposite end of the extra dimensions.

For the present purposes we ask for simplicity that the singular behaviour of

the extra-dimensional geometry be no worse than a conical singularity at the brane

position, and so require f(r) ≈ r for r � R. This is not the most general case but is

broad enough to include a variety of back-reacted examples, such as locally flat extra
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dimensions — corresponding to f(r) = r — and spherical (or rugby-ball, for nonzero

deficit angle) extra dimensions — for which f(r) = R sin(r/R) — as well as other

potentially more exotic geometries.

We do not specify f(r) explicitly other than this near-brane limit. This generality

is possible because for collider applications to ADD-type models not much depends on

f(r). Physically, this is because it is only the enormous phase space associated with

the large number of very high energy modes that allows observably large contributions

to collider physics at all. But these modes have such short wavelengths that they are

insensitive to the large-scale shape of the extra dimensions (see, for example, [29] for

explicit calculations that illustrate this point).

6.2.2 Vacuum configurations

We now seek vacuum solutions to the coupled brane-bulk field equations, subject to

the assumptions of 4D Lorentz invariance and axisymmetry in the extra dimensions.

Bulk field equations and vacuum solutions

Using Φ = Φ(r) in the bulk field scalar equation, �Φ = 0, then gives

∂r(f∂rΦ) = 0 , (6.11)

which integrates to give

∂rΦ =
A
f(r)

, (6.12)
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for integration constant A. A second integration gives

Φ(r) = A
r∫

r̂

du

f(u)
:= AF (r, r̂) , (6.13)

where we define a new coordinate, F , using the condition dF := dr/f .

In principle we also must satisfy the Einstein equations (and equations for any

other bulk fields), but instead we use the fact that we do not require more than

the near-brane form for f(r) to side-step the effort of doing so. (See, however, [30]

for many explicit solutions to the 6D supergravity equations, including both those

where the branes at r = 0 and r = πR have different properties. Many among these

solutions are consistent with the near-brane forms being assumed here.)

Boundary conditions and back-reaction

We seek to eliminate the integration constants – A, r̂, etc. — of the bulk solution in

terms of the physical couplings of the brane action, and this is done using the near-

brane boundary conditions that express how the branes back-react onto the bulk [18].

Specialized to the bulk scalar field considered here these state

−2πα f Φ′b −
δSb
δΦ

= −2παA+ gH†H + λ2Φb + µ2
Φ = 0 , (6.14)

where Φb := Φ(0), Φ′b := (∂rΦ)r=0 and the second equality in eq. (6.14) uses the

field equation, eq. (6.12), as well as the form, eq. (6.7), of the brane action. [One

way of deriving this boundary condition – for completeness, sketched in more detail

in Appendix D.1 – is by excising the codimension-2 brane with a small regularizing

codimension-1 cylinder (designed to dimensionally reduce to the above codimension-2
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action when the cylinder’s radius is very small), and using Israel junction conditions

for the cylinder.]

There are similar equations governing the near-brane form of the metric and any

other bulk fields, but for the present purposes these just dictate how the defect angle

depends on the value of Ub when evaluated at the classical solutions for H and Φ.

Similar boundary conditions also apply for the brane at r = πR, and together with

eq. (6.14) these generically can be used to remove the two free integration constants

in Φ(r) [26].

The brane-localized fields must also satisfy their own classical field equations,

δSb
δH

= 0 , (6.15)

and so for x-independent H eq. (6.14) should be supplemented with

H†H =
1

2λ
(µ2

H − gΦb) . (6.16)

This can be used to eliminate H from (6.14), to give

−2παA+ λ2 eff Φb + µ2
Φ eff = 0 , (6.17)

where we define the ‘effective’ couplings

λ2 eff := λ2 −
g2

2λ
; µ2

Φ eff := µ2
Φ +

gµ2
H

2λ
. (6.18)
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Divergences and classical brane renormalization

The complication of bulk divergences enters once eq. (6.13) is used to eliminate Φb.

This diverges logarithmically near r = 0 due to the asymptotic limit f ≈ r there:

Φ(r) = A
[
log(r/r̂) + nonsingular

]
(as r → 0) . (6.19)

Because Φ diverges logarithmically as r → 0, we first regularize by taking r → ε� R,

and then renormalize by allowing the brane couplings to be ε-dependent in such a way

that ε→ 0 can be taken smoothly [18, 19]. Although unfamiliar in RS models, such

classical divergences (and renormalizations) are generic to any theories with sources

with two or more transverse dimensions (making RS models the exception, rather

than the rule). Physically, these divergences arise from taking the source brane to be

infinitely thin, and as such they can be lumped together with all of the other quantum

ultraviolet (UV) effects that renormalizations of brane couplings would in any case

have to encompass.

With this understanding the boundary condition (6.17) becomes

−2παA+ λ2 eff(ε)AF (ε, r̂) + µ2
Φ eff(ε) = 0 , (6.20)

and we require the singular form of the couplings λ2 eff and µ2
Φ eff in order to determine

how the near-brane boundary condition relates the integration constants A and r̂.

The one condition that eq. (6.20) remain finite is insufficient in itself to fix the ε-

dependence of all couplings, but these are easily determined by repeating the steps

of [18, 19] and demanding the finiteness of a few other quantities. For completeness,

one way of doing this is described Appendix D.1, which yields the same results as
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earlier authors when restricted to the couplings considered there.

The result for the ε-dependence required of the brane couplings obtained in this

way is simply summarized as follows,

µ2
Φ(r̄) =

µ2
Φ

1− λ2

2πα
F (ε, r̄)

; ḡ(r̄) =
g

1− λ2

2πα
F (ε, r̄)

; λ̄2(r̄) =
λ2

1− λ2

2πα
F (ε, r̄)

;

λ̄(r̄) = λ+
1

2

(
g2

2πα

)
F (ε, r̄)

1− λ2

2πα
F (ε, r̄)

; µ̄2
H(r̄) = µ2

H −
(
gM2

2πα

)
F (ε, r̄)

1− λ2

2πα
F (ε, r̄)

,

(6.21)

where it is the renormalized (‘barred’) couplings that are held fixed as ε → 0. The

associated RG equations can be found in eqs. (6.134), below. Here r̄ is an arbitrary

renormalization scale, and the property F (r, r) = 0 ensures that the bare couplings

may be interpreted as the renormalized couplings evaluated at r̄ = ε. Given these

expressions, the ε-dependence of the effective coupling combinations appearing in

eq. (6.20) are easily read off:

λ̄2 eff(r̄) =
λ2 eff

1− λ2 eff

2πα
F (ε, r̄)

; µ2
Φ eff(r̄) =

µ2
Φ eff

1− λ2 eff

2πα
F (ε, r̄)

. (6.22)

Using these expressions to eliminate µ2
Φ eff and λ2 eff from eq. (6.20) gives a result

for A that is finite when ε→ 0,

2παA =
µ2

Φ eff

1− λ̄2 eff(r̄)

2πα
F (ε, r̂)

=
µ2

Φ eff(r̄)

1− λ̄2 eff(r̄)

2πα
F (r̄, r̂)

= µ2
Φ eff(r̂) , (6.23)

where the second equality gives the required relation between A and r̂ in terms of

the renormalized coupling µ2
Φ eff evaluated at an arbitrary scale r̄. The third equality

shows how this relation simplifies when expressed in terms of µ2
Φ eff defined at the
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renormalization scale r̂. As these expressions make clear, the dependence of the

right-side of the last equality on the arbitrary parameter r̄ is illusory. In what follows

we will often choose the arbitrary renormalization point for which the answer is most

condensed, at the expense of making a logarithmic dependence implicit.

As mentioned earlier, the boundary condition at the distant brane at r = πR

imposes a second relation between A and r̂, in general fixing both and so completely

fixing the bulk field configuration [26]. For the present purposes we leave r̂ arbitrary,

a placeholder for this faraway boundary condition. It is easy to track in what follows

because it appears only through the function F , a dependence that is generically

logarithmic and so quite weak.

With this understanding the bulk solution now becomes

Φ(r) =

(
µ2

Φ eff(r̂)

2πα

)
F (r, r̂) , (6.24)

which, when substituted into eq. (6.16) gives the Higgs expectation as

H†H =
1

2λ

(
µ2
H − gΦ(ε)

)
=

1

2λ

[
µ2
H −

(
gµ2

Φ eff(r̂)

2πα

)
F (ε, r̂)

]
=
µ̄2
H(r̂)

2λ̄(r̂)
, (6.25)

which uses eqs. (6.21). This is finite as ε → 0, as expected. The corresponding

formula expressed in terms of renormalized couplings defined at a different scale is

found simply by running them up or down according to (6.21).

Eq. (6.25) shows that it is the renormalized combination µ̄2
H that must be posi-

tive for H to become nonzero. Notice also that eq. (6.24) shows that it is nonzero

µ2
Φ eff(r̂) that determines when A 6= 0, and so whether Φ has a nontrivial bulk profile.

Physically, this profile arises because µ2
Φ eff controls the linear couplings of Φ to the
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brane, and having these nonzero precludes Φ’s near-brane derivative from vanishing.

6.2.3 Higgs-Bulk mixing

We next describe the fluctuations about this background solution, with a view towards

identifying the extent to which the H − Φ couplings cause the Higgs particle to mix

with KK Φ-modes in the bulk. We only track here the mixing in the H − Φ sector,

ignoring in particular potential mixing with other bulk fields that might arise within

applications where the scalar interacts significantly with other fields (like the metric

or fluxes) that are involved in extra-dimensional stabilization. This is known in

particular to be a real complication when Φ is the dilaton that arises as part of the

6D bulk supergravity multiplet [31].

To study fluctuations we expand the regularized action in powers of the fluctuation

fields,

Φ =

(
µ2

Φ eff(r̂)

2πα

)
F (r, r̂) + φ(x, r, θ) ; H =

1√
2




0

v + h(x)


 , (6.26)

where x = {xµ} and v2 = µ̄2
H(r̂)/λ̄(r̂) = (246 GeV)2 is fixed from measurements of

Fermi’s constant, GF , in muon decay. This gives the bulk action

SB = −
∫

d6x
√
−G

(
1

2
GMN∂Mφ ∂Nφ

)
, (6.27)

while the on-brane potential of the scalar sector reads

Ub = T + λv2h2 + λv h3 +
λ

4
h4 +

λ2

2
φ2(0) + gv h φ(0) +

g

2
h2 φ(0) , (6.28)

263



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

+D̃φ
k =

λ2
+ =

〈hh∗〉 =
gv

+
gv

+ · · ·

+ · · · =

Figure 6.2: Perturbative calculation of the Green’s function for the h operator. Dotted lines
represent Dφ

k and dashed lines represent Dh
k as defined in the text. Circles are used for the

gvhφ(0) vertex, diamonds represent a 1
2λ2φ

2(0) vertex and D̃φ
k is the λ2-resummed Green’s

function for the bulk field, Fourier transformed in the brane directions but not in the extra
dimensions.

where all of the above are ‘bare’ couplings. The rest of the Standard Model looks like

it usually does, with h acting as the usual Higgs field.

Our goal is to compute the implications of the gv h φ(0) term that mixes the

brane and bulk scalar degrees of freedom, and we do so in two ways. Although

somewhat redundant, comparing both approaches provides insight and a check on

our calculations.

Perturbative method

A straightforward way to approach Higgs-bulk mixing [12] is to regard the terms

1
2
λ2 φ

2(0) and gv hφ(0) as part of the interaction lagrangian so that the unperturbed

system does not mix brane and bulk. The implications of mixing are then found by

summing all possible types of insertions of the mixing interactions.

For instance, at tree level a calculation of the correlator 〈hh∗〉k requires summing

over the diagrams of Fig. 6.2. Summing these graphs gives the following momentum-

space result [20],

〈hh∗〉k =
Dh
k [1 + iλ2D

φ
k (0, 0)]

1 +
[
iλ2 + (gv)2Dh

k

]
Dφ
k (0, 0)

, (6.29)
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This expression can alternatively be derived using a Schwinger-Dyson approach, as

shown in Appendix D.2. The advantage of this approach is that it does not require

λ2 to be perturbatively small. In eq. (6.29), Dh
k is the momentum-space propagator

of h in the unperturbed theory4

Dh
k = − i

k2 + 2λv2 − iε , (6.30)

and Dφ
k (0, 0) is the unperturbed propagator for the bulk field, Fourier transformed

only in the four brane directions and with both extra-dimensional positions evaluated

at the Higgs-brane position (r = 0).

The unperturbed bulk propagator satisfies

[
−f k2 +

1

f
∂2
θ + ∂r (f∂r)

]
Dφ
k (r, θ; r′, θ′) = iδ(r − r′)δ(θ − θ′) , (6.31)

and it is useful when solving this to expand in a basis of unperturbed eigenmodes for

�2:

φ(k, r, θ) =
∑

nl

φnl(k)Znl(r, θ) , (6.32)

where

�2Znl(r, θ) =

[
1

f 2
∂2
θ +

1

f
∂r(f ∂r)

]
Znl(r, θ) = −M2

nl Znl(r, θ) . (6.33)

Rotational invariance of the background further allows the separation of variables

Znl(r, θ) = Pnl(r)e
inθ/α , (6.34)

4Notice we use ε to denote the cutoff, while ε governs the poles of the Feynman propagator.
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where n is an integer and the Pnl are the corresponding set of radial mode functions.5

Because these are unperturbed modes, they do not yet ‘know’ about the Higgs-bulk

couplings, and so satisfy the comparatively simple near-brane Neumann conditions

corresponding to no brane couplings,

(f∂rPnl)r=0,πR = 0 , (6.35)

and satisfy the traditional Sturm-Liouville bulk normalization relations

2πα

πR∫

0

dr f P ∗nlPnl′ = δll′ . (6.36)

The result that follows from using this expansion in (6.31) is

Dφ
k (r, θ; r′, θ′) = − i

2πα

∑

nl

Pnl(r)P
∗
nl(r

′)

k2 +M2
nl − iε

ein(θ−θ′)/α , (6.37)

and, since only n = 0 modes survive as r, r′ → 0 (as is shown below), the required

brane-to-brane propagator becomes

Dφ
k (0, 0) = − i

2πα

∑

l

P0l(0)P ∗0l(0)

k2 +M2
0l − iε

. (6.38)

Continuum limit

These expressions become particularly simple in the large-volume limit, where |k2R2| �

1. In this case the discrete mode spacing is very small and the mode sum is well-

approximated by a continuum momentum integral. This continuum limit is taken

5Do not confuse these with Legendre functions, despite the notation.
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explicitly in Appendix D.3, starting from the discrete mode sum in a simple toy

model, but the near-brane result can be obtained more simply by solving (6.31) di-

rectly for noncompact extra dimensions. This can be done explicitly near the branes,

where f ≈ r, since eq. (6.31) becomes the equation for a free 2D field in cylindrical

coordinates, whose solution are given in terms of Bessel functions.

Demanding normalizability near r = 0 for the unperturbed functions, one finds

Dφ
k (r, θ; r′, θ′) = −i

∞∑

n=−∞

∫ (
q dq

2πα

)
ein(θ−θ′)

k2 + q2 − iε J|n/α|(qr)J|n/α|(qr
′) . (6.39)

Since only the n = 0 term contributes when evaluated at r = r′ = 0, the near-brane

limit becomes

Dφ
k (0, 0) =

−i
4πα

∞∫

0

dq2

k2 + q2 − iε . (6.40)

The integral in eq. (6.40) diverges logarithmically at large q, and once this is regular-

ized with a cutoff Λ = 1/ε the result becomes

Dφ
k (0, 0) =

i

4πα
log
(
k2ε2

)
. (6.41)

The iε prescription tells us which branch of the logarithm should be used when k2 is

negative (i.e. kµ is timelike), in which case

log
(
k2ε2

)
= log

(
−k2ε2

)
− iπ . (6.42)

Using this in the Higgs two-point function, and expressing the result in terms of
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renormalized couplings gives the finite final (continuum) result

〈hh∗〉k = −i


k2 + 2λ̄(r̄)v2 +

(
ḡ2(r̄)v2

4πα

)
log(k2r̄2)

1−
(
λ̄2(r̄)
4πα

)
log(k2r̄2)



−1

, (6.43)

where r̄ is the same arbitrary renormalization energy scale at which the renormalized

couplings are also evaluated, and in we have used F (r, r′) = log(r/r′) appropriate for

the large R limit. It is the implicit r̄-dependence in these couplings that cancels the

explicit dependence appearing in the logarithms, ensuring that r̄ does not contribute

to physical quantities computed from 〈hh∗〉k.

Direct mode diagonalization

We next provide an alternative derivation of the Higgs two-point function, which

proceeds more directly by calculating 〈hh∗〉k explicitly by diagonalizing the KK and

Higgs modes. This provides a more physical interpretation for the branch cut intro-

duced into 〈hh∗〉k by the Higgs-bulk couplings, in terms of Higgs mixing with KK

bulk states.

Propagation eigenstates are found by solving the field equations for h and φ,

keeping track of the boundary conditions near the brane. In the present instance the

relevant equations are the bulk scalar equation

(�4 + �2)φ =

[
∂µ∂

µ +
1

f 2
∂2
θ +

1

f
∂r(f ∂r)

]
φ = 0 , (6.44)

the (linearized) Higgs field equation on the brane,

−∂µ∂µh+ 2λv2 h+ gv φ(0) = 0 , (6.45)
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and the near-brane boundary condition for φ,

−2πα (f∂rφ)r=0 + gv h+ λ2 φ(0) = 0 . (6.46)

As before we decompose the 6D scalar into a KK tower by expanding the solutions

to eq. (6.44) in a basis of eigenfunctions of �2,

φ(k, r, θ) =
∑

n`

ϕn`(k)Zn`(r, θ) , (6.47)

with

�2Zn`(r, θ) = −M2
n` Zn`(r, θ) . (6.48)

We use the indices (n`) rather than (nl) here to emphasize that they run over a slightly

different range, with ` including a value corresponding to h in the special case n = 0,

in addition to the complete range of l for the unperturbed n = 0 KK modes. This

change only happens for the n = 0 modes because only these mix nontrivially with

the brane.

As for the unperturbed case, we write

Zn`(r, θ) = Pn`(r) einθ/α , (6.49)

where n is an integer and the Pn` are the radial mode functions, satisfying

[
M2

n` −
(
n

αf

)2

+
1

f
∂r(f ∂r)

]
Pn` = 0 . (6.50)

In terms of the 4D modes ϕn` and h, the φ and h field equations, eqs. (6.44) and
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(6.45), are as for the unperturbed case,

[
k2 +M2

n`

]
ϕn` = 0

[
k2 + 2λv2

]
h+

∑

n`

[
gvPn`(0)

]
ϕn` = 0 , (6.51)

but Pn` differs from Pn` by satisfying the near-brane boundary condition, eq. (6.46),

including the implications of the Higgs-bulk mixing,

gv h+
∑

n`

[
−2πα (f∂rPn`) + λ2Pn`

]
r=0

ϕn` = 0 . (6.52)

Using eqs. (6.51) to eliminate h and k2 gives

h =
∑

n`

[
gvPn`(0)

M2
n` − 2λv2

]
ϕn` , (6.53)

and allows (6.52) to be rewritten as a boundary condition purely for Pn`:

[
−2πα (f∂rPn`) +

(
λ2 −

(gv)2

M2
n` − 2λv2

)
Pn`
]

r=0

= 0 . (6.54)

What is unusual about this boundary condition is the presence of M2
n`, which

makes it mode-dependent, at least for those modes6 for which it is satisfied with

Pn`(0) 6= 0. The presence of the unorthodox mode-dependent near-brane boundary

conditions implies the eigenfunctions need not be orthogonal using the usual Sturm-

Liouville (or Wronskian) inner product. Instead, as shown in detail in Appendix D.4,

the natural inner product adapted to this boundary-value problem also involves some

6The only normalizable modes for which Pn`(0) 6= 0 are those with n = 0, expressing conservation
of angular momentum, as expected.
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boundary dependence.

The resulting generalized orthonormality condition for this new inner product is

2πα

πR∫

0

dr f P∗s Pt +
(gv)2P∗s (0)Pt(0)

(M2
s − 2λv2)(M2

t − 2λv2)
= δ st , (6.55)

where we collectively denote s, t = {n `}. As shown in Appendix D.4, it is this

modified boundary condition that ensures that the KK expansion of the action gives

a quadratic action that is diagonal in the ϕn`. This property would be ruined in

the present instance for an expansion using the unperturbed mode functions, φ =
∑

nl φnl Pnl by the term gv h φ(0) = gv h
∑

nl φnlPnl(0) in the lagrangian, which causes

bulk modes with n = 0 to mix with h. In Appendix D.5 we make this discussion

explicit by solving the perturbed wavefunctions subject to this boundary condition

in an illustrative toy model.

The complete mass eigenstates of the theory obtained including this mixing are

related to the unperturbed states discussed earlier by a linear rotation, as follows:

h =
∑

s

Bsϕs φi =
∑

s

U isϕs , (6.56)

where the index i denotes {n, l} in the same manner as s denotes {n, `}. Because

only n = 0 modes mix with the brane, in practice U is = δis unless n = 0.

The quantity Bs is of most interest, because it controls the two point function for

the h field, which can be written

〈hh∗〉k =
∑

s

|Bs|2 〈ϕsϕ∗s〉k = −i
∑

s

|Bs|2
k2 +M2

s − iε
. (6.57)
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Eq. (6.53) gives Bs as

Bs =
gvPs(0)

M2
s − 2λv2

, (6.58)

and U is is found by using Ps(r) =
∑

i U is Pi(r) together with the normalization

conditions, eqs. (6.36) and (6.55), respectively satisfied by Pi and Ps. This gives

∑

i

U∗is U it + B∗s Bt = δst , (6.59)

as well as the remaining unitarity conditions

∑

s

B∗sBs = 1 ,
∑

s

UjsB∗s = 0 and
∑

s

Uis U∗js = δij . (6.60)

The continuum (large R) limit

Although the formulae in §6.2.3 so far make no assumption about the relative size of

λv2 and the KK scale, m2
KK ≈ 1/R2, we pause here to display the simple result that

obtains in the limit λv2 � m2
KK (appropriate to large-volume models, say) for which

KK mode sums are more usefully cast as integrals [10, 16].

In this limit it is a good approximation to write the sum appearing in the two-point

function as an integral

〈hh∗〉k = −i
∑

s

|Bs|2
k2 +M2

s − iε
≈ −i

∫
dM2 ρh(M

2)

k2 +M2 − iε , (6.61)

which defines the spectral function, ρh(M
2). The simplest way to obtain an expression

for ρh is by using the explicit result for 〈hh∗〉k obtained above from the perturbative
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calculation. To read off ρh(M
2) from this calculation we employ unitarity, in the form

πρh(M
2) = Re 〈hh∗〉k

∣∣∣
k2=−M2

. (6.62)

Using expression (6.43), and separating the real and imaginary parts of the logarithms,

gives the finite result

πρh(M
2) =

ḡ2(r̄)v2/4α
[
M2 − 2λ̄(r̄)v2

]2
+ π2

[
λ̄2(r̄)
4πα

[M2 − 2λ̄(r̄)v2] + ḡ2(r̄)v2

4πα

]2

∣∣∣∣∣∣∣
r̄=1/M

=
v2ζ(M2)

[M2 − Π(M2)]2 + v4ζ2(M2)
, (6.63)

where

ζ(M2) :=
ḡ(r̄)/4α

[
1−

(
λ̄2(r̄)
4πα

)
log(M2r2)

]2

+
(
λ̄2(r̄)

4α

)2 , (6.64)

and

Π(M2) := 2λ̄(r̄)v2 +

(
ḡ2(r̄)v2

4πα

) log(M2r̄2)
[
1−

(
λ̄2(r̄)
4πα

)
log(M2r̄2)

]
− πλ̄2(r̄)

4α
[
1−

(
λ̄2(r̄)
4πα

)
log(M2r̄2)

]2

+
(
λ̄2(r̄)

4α

)2 . (6.65)

For future reference we note here that many of the above expressions simplify if we

make a specific choice, r̄ = 1/M , for the arbitrary renormalization scale, so that the

log(M2r̄2) terms disappear. In the present instance this leads to the simpler formulae

ζ(M2) =
ḡ2(r̄)/4α

1 +
(
λ̄2(r̄)/4α

)2

∣∣∣∣∣
r̄=1/M

, (6.66)
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and

Π(M2) = 2v2

[
λ̄(r̄)− ζ(M)λ̄2(r̄)

8α

]

r̄=1/M

. (6.67)

The weak-coupling limits of the spectral function are most easily seen using the

second equality in eq. (6.63), together with the representation πδ(x) = lim ζ→ 0 ζ/(x
2+

ζ2). This gives

ρh(M
2)→ δ(M2 − 2λv2) , (6.68)

both when g → 0 and when λ2 →∞, illustrating how the Standard Model is obtained

in both of these limits.7 Although it is clear why this should hold when g = 0, it

turns out also to hold when λ2 →∞ because the boundary conditions, (6.46), imply

in this case that the KK modes all vanish on the brane.

It is the two functions ζ and Π that control the phenomenology of Higgs-bulk

mixing, as we now show.

6.3 Phenomenological implications

In this section we discuss the leading sources of constraint on the Higgs-bulk mixing

just described. We separate the effects into three types: virtual effects from exchang-

ing KK modes; real effects from KK modes in the final state; and changes to the

relation between the Higgs mass and couplings (together with associated changes to

the constraints from vacuum stability).
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X

... ...

Y

Bs Bs
ϕs∑

s

Figure 6.3: Scattering via virtual exchange of the Higgs-bulk tower. A factor of Bs comes
from the vertex between ϕs and both the initial and final state. All modes are summed
over because any of the ϕs can mediate this interaction.

6.3.1 Virtual Higgs Exchange

Consider first a tree-level Standard Model parton process of the form X → h → Y ,

where an initial state X produces a virtual h that subsequently produces state Y ,

as in Fig. 6.3. The Standard Model amplitude for this process can be schematically

written

MSM(X → Y ) =M(X → h) 〈hh∗〉SMk M(h→ Y ) , (6.69)

and so once h mixes with the KK tower this becomes

M(X → Y ) = M(X → h)M(h→ Y )
∑

s

|Bs|2〈ϕsϕs〉k

= M(X → h)M(h→ Y )〈hh∗〉k , (6.70)

where kµ = pµX = pµY represents the 4-momentum flowing down the Higgs line. That

is, virtual effects of Higgs-bulk mixing exchange processes are found by using 〈hh∗〉k
in place of the Standard Model Higgs propagator.

7We describe these limits in terms of bare couplings, since complications associated with diver-
gences vanish in these limits, and the renormalized couplings λ̄, ḡ and λ̄2 no longer run.
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Figure 6.4: The lineshape, |〈hh∗〉k|2, for the KK tower exchange with various values of
(λ̄, λ̄2, ḡ, α) evaluated at r̄ = (125 GeV)−1. The dotted black line is the comparison line-
shape for a Standard Model Higgs with mass, mh = 125 GeV and a Standard Model width
of ΓSM = 4 MeV. (In the Standard Model the Higgs coupling for this mass is λ̄ = 0.1291.)
The dashed blue line shows a similarly narrow peak (chosen to lie near 124 GeV rather than
125 GeV to avoid clutter in the figure), obtained using (λ̄, λ̄2, ḡ, α) = (0.127, 0, 0.0021, 0.8).
The solid red line shows instead a broad peak at 125 GeV for an exaggerated choice of
couplings (λ̄, λ̄2, ḡ, α) = (0.16, 2, 0.35, 0.01).

Lineshape

Implications of this modification to Higgs exchange are easiest to study in the large-

volume limit, for which the KK sums are well-approximated by integrals. In this case

we may use eq. (6.43), which we rewrite in the Lorentzian form by separating the real

and imaginary parts of the denominator

〈hh∗〉k = −i
[
Π(−k2) + k2 − iv2ζ(−k2)

]−1

, (6.71)

where the functions are, not surprisingly, the same functions as in §6.2.3.

276



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

Physical processes depend on the squared magnitude,

|〈hh∗〉k|2 =
1

[Π(−k2) + k2]2 + v4ζ2(−k2)
, (6.72)

which defines the resonant Higgs lineshape in the presence of mixing. A plot of this

lineshape, and a comparison with its Standard Model counterpart, is given in Fig. 6.4,

for several choices for the Higgs-bulk couplings.

The position of the resonant maximum occurs at

m2
h = Π(m2

h) = v2

[
2λ̄(r̄)− ḡ2(r̄) λ̄2(r̄)

(4α)2 + λ̄2
2(r̄)

]

r̄=1/mh

, (6.73)

where we have used the definitions of ζ and Π in eqs. (6.66) and (6.67). This suggests

the definition

m2
h := 2λ̄eff(r̄)v2

∣∣∣
r̄=1/mh

with 2λ̄eff(r̄) := 2λ̄(r̄)− ḡ2(r̄) λ̄2(r̄)

(4α)2 + λ̄2
2(r̄)

. (6.74)

It is the value of the renormalized couplings at the scale r̄ = 1/mh that is relevant

to many physical quantities, such as the condition λ̄eff(r̄ = 1/mh) = 0.1291 that is

required to ensure a Higgs mass of 125 GeV. Because of this, in what follows a barred

coupling without a specified renormalization scale is understood to be evaluated at

1/mh:

λ̄ = λ̄(r̄)
∣∣∣
r̄=1/mh

, ḡ = ḡ(r̄)
∣∣∣
r̄=1/mh

, and so on . (6.75)

Notice also that the condition mh = 125 GeV imposes only a single relation amongst

the couplings λ̄, λ̄2 and ḡ, rather than fixing λ̄ completely, as it would have done in

the Standard Model. Fig. 6.5 plots the value predicted for λ̄ as a function of ḡ for
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Figure 6.5: The Higgs quartic coupling λ̄ required to ensure mh = 125 GeV, as a function of
the brane bulk mixing parameter G = ḡ/

√
α for various choices of the coupling parameter

Λ2 = λ̄2/α (as listed in the legend). The flat line Λ̄2 = 0 corresponds to the Standard Model
value λ̄ = 0.1291. All couplings are renormalized and evaluated at a scale r̄ = (125 GeV)−1.

various choices λ̄2, and we assume in what follows that λ̄ is fixed in this way.

We see that the lineshape can resemble a single Higgs resonance despite its con-

taining a sum over many KK states. Its width at its maximum is

mhΓB := ζ(m2
h)v

2 =
ḡ2v2/4α

1 +
(
λ̄2/4α

)2 . (6.76)

This width is related by unitarity to the rate for invisible processes where the KK

modes escape invisibly into the bulk, carrying with them missing energy. When ΓB

is sufficiently small, such as in the g → 0 limit, its role in the unitarity argument is

eventually replaced by the Standard Model Higgs decay width, ΓSM , corresponding to

the imaginary part of the usual Standard Model Higgs vacuum-polarization graphs.
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This suggests the definition Γh = ΓB + ΓSM . However, because the Standard Model

contribution is a loop effect it should only be kept in the special case where it domi-

nates ΓB at the peak of a narrow resonance. Given these considerations, we write the

corrected Green’s function

〈hh∗〉′k = −i
[
Π(−k2) + k2 − iv2ζ(−k2)− imhΓSM

]−1
, (6.77)

so that

|〈hh∗〉′k|2 =
1

[Π(−k2) + k2]2 +mh [v2ζ(−k2) +mhΓSM ]
. (6.78)

Invisible width

In essence, mixing with the bulk introduces a new invisible channel into Higgs reac-

tions while leaving unchanged the relative strength of all of the visible h couplings

to other Standard Model particles. The exchange of the KK tower (instead of just

the Higgs) suppresses the overall rates for observable Higgs-mediated processes, while

preserving their relative frequency. The success of the Standard Model description of

the resonance at 125 GeV, as seen by both CMS and ATLAS, therefore provides an

immediate constraint on such mixing, in much the same way as it constrains a more

conventional Higgs invisible width.

In the present context the nature of this constraint is easiest to see within the

narrow-width approximation, which applies in the phenomenologically most relevant

case where mh � ΓB + ΓSM . In this case the resonant h autocorrelation becomes

|〈hh∗〉′k|2 ≈
π

mh [ΓB + ΓSM ]
δ(k2 +m2

h) , (6.79)
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which neglects a factor [1− Π′(m2
h)]
−1

. This factor can be dropped because

Π′(m2
h) :=

(
∂Π

∂k2

)

k2=−m2
h

=
ζ(m2

h) v
2

πm2
h

[
1− (λ̄2/4α)2

1 + (λ̄2/4α)2

]
≈ O

(
ΓB

mh

)
, (6.80)

and so is similar in size to other contributions that have been neglected.

For comparison, the Standard Model Higgs distribution in the same narrow-width

limit reads

|〈hh∗〉k|2SM ≈
π

mhΓSM

δ(k2 +m2
h) , (6.81)

with mh being the physical mass of the Higgs. In this limit the momentum dependence

of the two results is identical, and the exchange of the KK tower just provides an

overall suppression to the rates for Higgs-mediated processes by the factor

R =
ΓSM

ΓB + ΓSM

, (6.82)

relative to the Standard Model.

The bound that follows for R can be inferred using the results of extant global fits

to the LHC data that were performed to constrain the branching ratio into invisible

decays of an otherwise Standard Model-like Higgs. The corresponding narrow-width

suppression for a conventional invisible decay width would be Rinv = ΓSM/(ΓSM +

Γinv) = 1 − Binv, where Binv is the branching fraction into invisible decays. Recent

fits give an upper bound Binv <∼ (0.3 − 0.64) at 95% CL [32, 33, 34, 35], where the

range depends on precisely the priors used when performing the fit. (Ref. [33] finds

Binv < 0.64 using 15 signals from the Tevatron, Atlas and CMS, while ref. [32] finds

the slightly stronger limit of Binv < 0.4 at 95% CL using a different suite of 16

observables. The bound from ref. [35] is similar. Ref. [34] finds the strongest bound,
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Figure 6.6: Bounds on Λ2 = λ̄2/α andG = ḡ/
√
α from constraints on the invisible branching

ratio of a Standard Model Higgs. The shaded region is excluded, for two sets of assumptions
(described in the main text). Couplings are evaluated at a scale r̄ = (125 GeV)−1.

Binv < 0.2 using a smaller set of Higgs signals that are argued to be more sensitive.)

Taking the most conservative of these limits, we infer the constraint

R >∼ 0.36 . (6.83)

The corresponding constraint in the ḡ − λ̄2 plane is plotted in Fig. 6.6, which also

shows the result obtained from the more aggressive constraints. This plot shows that

these global Higgs fits imply a conservative limit

ḡ√
α
<∼ 0.007 for λ̄2 = 0 ; (6.84)

with weaker constraints on ḡ as λ̄2 increases. (This weakening of the ḡ constraint with
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large λ̄2 is a general consequence of the decoupling of brane and bulk in the λ̄2 →∞

limit.) For comparison, Ref. [15] considered the phenomenological implications of

the cubic vertex 1
2
gh2φ(0) but neglected Higgs-bulk mixing and λ2. They found that

g = 0.18 was accessible at the LHC with 100 fb−1 at 14 TeV in the hφ → γ γ φ

channel.

Notice that ΓB depends on the two variables ḡ and λ̄2 only through the combina-

tion ζ(m2
h), and this is generally true (once mh is fixed) for any observables for which

the narrow-width approximation is justified. Whenever this is true it is more useful

to quote the constraint directly on ζ(m2
h), giving

ζ(m2
h) <∼ 5× 10−5 . (6.85)

Low-energy bounds

The effects of other virtual contributions of KK modes can be similarly computed

given an expression for 〈hh∗〉. Important among these are constraints from low-energy

precision measurements, such as the anomalous magnetic moment of the muon. By

way of example we study this here for the large-volume limit where 〈hh∗〉 has a simple

closed-form expression.

This section uses this calculation to conclude that these bounds are negligibly

weak, in agreement with standard intuition for the large-volume case. This standard

intuition starts from the observation that each KK mode couples with gravitational

strength, and so it is only the enormous phase space for KK modes that can compen-

sate for this suppression [10]. Bounds on extra dimensions from low-energy observ-

ables are usually weaker than those from colliders because, for low-energy processes,
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〈hh∗〉µ µ

γ

Figure 6.7: The Feynman graph corresponding to the one-loop correction to the muon
anomalous magnetic moment in the Higgs-bulk mixing scenario.

only sub-TeV modes contribute, making the phase-space compensation incomplete

and so insufficient to produce an observable result. Astrophysical energy-loss bounds

on extra dimensions are an important exception to this intuition [36, 37, 38, 39], and

we return to these below.

Fig. 6.7 displays the Feynman graphs whose evaluation gives the KK mode contri-

bution to a fermion’s anomalous magnetic moment. We estimate that the difference

between this graph and the corresponding graph for a Standard Model Higgs is quite

small, as it should be if we consider perturbing in small g, and brane-bulk mixing

effects are negligible.

To see this, consider first the Higgs contribution from the analogous graph in the

Standard Model. This evaluates to an anomalous fermion magnetic moment of size

ah =
y2
fm

2
f

8π2m2
h

1∫

0

dx
(x− 2)x2

(1− x) + x2(m2
f/m

2
h)
, (6.86)

where mf is the fermion’s mass and yf := mf/v is its Higgs Yukawa coupling. The
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regime of practical interest is mf � mh and, because the integral diverges logarith-

mically near x = 1 when mf = 0, the answer in this limit is dominated by

ah ≈
y2
fm

2
f

8π2m2
h

[
log

(
m2
f

m2
h

)
+

7

6
+ · · ·

]
(6.87)

≈ −0.0021× 10−11 (muon) ,

where the numerical values assume the fermion is the muon. This is negligible in com-

parison to both the electroweak boson contributions and the experimental precision,

which are of order a few 100× 10−11 [40].

Repeating this exercise for the graph in Fig. 6.7 using the large-volume expression

for 〈hh∗〉k allows us to estimate the difference between the Standard Model Higgs

contribution ah and the contribution from the whole KK tower aB. We do not use

〈hh∗〉′k with the inclusion of the Standard Model Higgs width because it is a higher-

loop effect, and for simplicity we assume λ2 = 0. Therefore, accounting for the new

propagator in the graph is accomplished by making the replacement

1

k2 + 2λv2
→ 1

k2 + 2λ̄(r̄)v2 +
(
ḡ2v2

4πα

)
log(k2r̄2)

≈ 1

k2 + 2λ̄(r̄)v2
+

(
ḡ2v2

4πα

)
log(k2r̄2)

[
k2 + 2λ̄(r̄)v2

]2 ,

(6.88)

where we write ḡ(r̄) = ḡ because it does not run in the limit of vanishing λ2.

Although the above propagator is only one term in the graph, which also contains

a loop integral over k2, in order of magnitude, we estimate that the relative difference

between the anomalous moment in the Higgs-bulk scenario and in the Standard Model

is ∣∣∣∣
aB − ah
ah

∣∣∣∣ ≈
ḡ2

8παλ̄
, (6.89)
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Figure 6.8: The tree level contribution to vector boson fusion with an invisible final state.

and so can be ignored given the strong constraints already found for ḡ.

6.3.2 Invisible final states

This section considers the implications of Higgs-bulk mixing for observables with

Higgs-bulk final states, rather than simply as intermediate states. We first argue that

these states are invisible and then relate their production rates in various channels to

the analogous Standard Model Higgs production rate. Invisible states appear as miss-

ing energy at high-energy colliders, and we discuss Higgs-bulk mixing signals at both

LEP and the LHC. We then turn to low-energy constraints on missing energy in as-

trophysical systems. We conclude that LEP provides weak bounds on the Higgs-bulk

couplings, but astrophysical bounds are considerably stronger. We also provide a pre-

liminary estimate of the reach at the LHC, beyond the constraints already discussed

coming from the suppression of the rates for producing Standard Model particles.

Invisible-state production rates

Consider a process whereby the tower of ϕs states is produced through their overlap

with h. For weak couplings the physics of this process resembles the physics of sterile
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neutrinos, in that production and detection of the produced state occurs only because

of the mixing with a weakly-interacting Standard Model particle. For weak couplings

invisible processes are therefore described by requiring the amplitude for producing

a state orthogonal to h; that is, for being in one of the ‘flavour’ eigenstates, φi rather

than a propagation eigenstate, ϕs.

We therefore consider the squared amplitude to produce a φi final state

|M(X → Y φi)|2 ≈ |MSM(X → Y h)|2pφ |M(h→ φi)|2pφ , (6.90)

where the first factor is the Standard Model result for Higgs production, but evaluated

using pφ, the momentum of the final state φi, which in practice amounts to replacing

mh → Mi. The second factor can be understood in two ways. Formally, M(h→ φi)

is given in terms of 〈hφ∗〉k by amputating the final unperturbed φi propagator and

putting the correlation on shell (as usual) to obtain an amplitude with φi in the final

state:

M(h→ φi) = Amp [〈hφ∗(0)〉k=pφ ] := 〈hφ∗(0)〉k=pφ [Dφ
k=pφ

]−1 . (6.91)

As shown in Appendix D.2, the amputated 〈hφ∗〉k correlation is given by

Amp [〈hφ∗(0)〉k=pφ ] = − iḡ(r̄)v

1 + i(λ̄2(r̄)/4α)

∣∣∣∣
r̄=1/Mi

〈hh∗〉k=pφ
. (6.92)

where the renormalization point r̄ = 1/Mi is chosen for notational convenience. Al-

ternatively, the factorization in eq. (6.90) and the expression in eq. (6.92) can be

derived by directly summing the graphs of Fig. 6.8. However, the virtue of using a
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Schwinger-Dyson equation over the graphical methods is that it emphasizes that the

result need not assume λ2 is small.

Using this in eq. (6.90) then gives the general result

|M(X → Y φi)|2 ≈ 4αv2ζ(M2
i ) |〈hh∗〉k=pφ|2 |MSM(X → Y h)|2pφ , (6.93)

where 〈hh∗〉k=pφ is given explicitly in terms of the unperturbed h and φ propagators

in earlier sections (c.f. eq. (6.29)).

In practical applications, it is the sum over modes’ squared amplitudes (possibly

weighting some other function O) that is relevant to a physical observable. That is,

O =
∑

i

|M(X → Y φi)|2O(M2
i ) . (6.94)

This sum over bulk states, and the expression for 〈hh∗〉k=pφ , both simplify consider-

ably in the large-volume limit. In this limit we can also account for the on-resonance

effects of decays into Standard Model particles, by using the large-volume expression

for 〈hh∗〉′k=pφ
in place of 〈hh∗〉k=pφ

. Then, the observable can be written in the simple

resonant form

O ≈
∫

dM2 Υ(M2)O(M2) |MSM(X → Y h)|2pφ , (6.95)

where

Υ(M2) :=
v2ζ(M2)/π

[M2 − Π(M2)]2 + [v2ζ(M2) +mhΓSM ]2
. (6.96)

In taking this continuum limit we use the fact that each mode has only a gravitational-

strength coupling to the brane, due to the proportionality of each normalized mode
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to V−1/2
2 , where V2 is the extra-dimensional volume. Consequently, it is only the enor-

mous phase space available at high energies that can compensate for the extremely

feeble coupling of each mode, implying that it is only the density of states of the

high-energy modes that is important. But the density of these modes does not de-

pend on the details of the shape of the extra dimensions (unlike the density of states

for the lowest-lying modes), which allows us to use the flat-space result appropriate

to an extra-dimensional torus,

1

V2

∑

i

I(M2
i ) ≈

∫
d2p

(2πα)2
I(p2) =

∫
dM2

4πα
I(M2) , (6.97)

even for applications to more complicated geometries like spheres and rugby balls.

Missing energy at LEP

If the Higgs mixes significantly with invisible light states then these should have been

produced at LEP, leading to a constraint on Higgs-bulk mixing. A convenient way to

obtain this constraint is to use a particular search performed by the ALEPH, DELPHI,

L3 and OPAL experiments at LEP II. These experiments have sought evidence for Z

boson production in association with a Higgs that decays 100% invisibly while being

produced with a Standard Model rate [41]. A combined analysis of each experiment’s

√
s = (200 − 209) GeV data has been used to place a lower bound on the mass of

such a Higgs as mh >∼ 114.4 GeV at 95% CL.

This is a convenient search for the present purposes for two reasons. First, the

resulting bounds usefully constrain the cross section at these energies for generic

electron positron annihilation into a Z boson plus missing energy, since it gives the
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same signal; that is

σexp(e+ e− → Z /ET ) < σSM(e+ e− → Z h)
∣∣∣
mh=114 GeV

, (6.98)

where both sides are evaluated at
√
s = 209 GeV. This is true so long as the selection

efficiencies are similar for the new process and the Higgs process. Second, as we

expect from the discussion in §6.3.2, the invisible cross section predicted from Higgs-

bulk mixing shares enough of the features of the Standard Model cross section to

allow a simple inference of the constraints.

Any of the φi states produced at LEP would appear as missing energy, so that

the total missing energy cross section is the sum of the individual cross sections

σ(e+ e− → Z /ET ) =
∑

i

σ(e+ e− → Z φi) . (6.99)

The total missing energy cross section is therefore a weighted sum of squared φi

production amplitudes. Using the results of §6.3.2, we can write the cross section for

the missing energy process in the form of an integral

σ(e+e− → Z /ET ) =

M2
max∫

0

dM2 Υ(M2)

F

∫
d3pZ

(2π)32EZ

d3pφ
(2π)32Eφ

|MSM |2pφ(2π)4δ4(pX−pZ+pφ) ,

(6.100)

where the upper bound on integration Mmax =
√
s−mZ with mZ as the mass of the

Z boson. This reflects the fact that only these modes are kinematically accessible.

Additionally, |MSM |2pφ = |MSM(e+e− → Zh)|2 is the Standard Model Higgsstrahlung

amplitude appropriately spin-summed/averaged, with the subscript, pφ, reminding

us that it is evaluated using the φi final-state four-momentum pφ = (Eφ,pφ) where
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E2
φ = p2

φ +M2. Here and in the following, F is the usual initial-state-dependent flux

factor associated with a cross section, pX is the four-momentum of this intial state

and pZ = (EZ,pZ) is the four-momentum of the Z boson.

The Standard Model Higgsstrahlung cross section can be written

σSM(e+e− → Z h) =
1

F

∫
d3pZ

(2π)32EZ

d3ph
(2π)32Eh

|MSM |2ph(2π)4δ4(pX−pZ+ph) , (6.101)

with E2
h = p2

h + m2
f where ph = (Eh,ph), and |MSM |2 is evaluated using the Higgs

momentum ph. We recognize the same expression in the missing energy cross section

with the replacement mh → M . This allows the missing energy cross section to be

rewritten as follows

σ(e+ e− → Z /ET ) =

M2
max∫

0

dM2 Υ(M2)σSM(e+ e− → Z h)
∣∣∣
mh=M

. (6.102)

This expresses our missing-energy prediction in terms of the well-known Standard

Model Higgsstrahlung cross section σSM , whose mh- and
√
s-dependence is given by

a standard result [42],

σSM(e+ e− → Z h) ∝
√
J(m2

h)
[
J(m2

h) + 12M2
Z/s
]
, (6.103)

where J(m2) := (1−m2/s−M2
Z/s)

2−4m2M2
Z/s

2 is the two-body phase-space function.

Using this, we may write the bound

σ(e+e− → Z /ET ) < σexp(e+e− → Z /ET ) < σSM(e+e− → ZH)
∣∣∣
mh=114 GeV

(6.104)
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in the form

M2
max∫

0

dM2 Υ(M2)
√
J(M2)

[
J(M2) + 12M2

Z/s
]
<
√
J(m2

h)
[
J(m2

h) + 12M2
Z/s
]∣∣∣
mh=114 GeV

,

(6.105)

where all other pre-factors in the cross-section formula cancel. The integral can

be evaluated numerically to determine the allowed region of parameter space, with

the result plotted in the ḡ − λ̄2 plane in Fig. 6.9. The result excludes an island in

parameter space, and at first sight it might appear surprising that the bounds get

weaker at large ḡ as well as at small ḡ. The weakening for large ḡ is a consequence

of the resonant shape of Υ(M2) together with the proximity of
√
s−mZ = 118 GeV

to the resonance’s maximum, because Υ ∝ 1/(ζv2) when ζv2 is bigger than both

M2 − Π(M2) and mhΓSM . (A similar thing happens for bounds obtained for other

observables dominated by the resonance, though the weakening of the constraints at

large ḡ for these occurs for ḡ too large to justify our approximations, and so is not

shown in the plots.)

The bounds obtained are clearly weaker than the LHC bounds on the Higgs in-

visible width discussed above (and the astrophysical bounds discussed below). So,

although the issue of selection efficiency was ignored in arriving at these constraints,

their weakness illustrates that a very large discepancy in the two signals’ selection

efficiencies, that furthermore favours Higgs-bulk events, would have to exist for LEP

bounds to become significant.
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Figure 6.9: Constraints from LEP expressed in the Λ2–G plane (with G = ḡ/
√
α and

Λ = λ̄2/α) from LEP constraints. The small shaded region is excluded. All couplings are
evaluated at a scale r̄ = (125 GeV)−1

Missing energy at the LHC

The dominant production mechanisms for a 125 GeV Higgs at the LHC are gluon

fusion gg → h through a top-quark loop and vector-boson fusion qq → qqh. Addi-

tionally, the Higgsstrahlung process qq̄ → V h provides a clean signal at the cost of a

reduced cross section with respect to the other production channels.

These processes give rise to three different missing-energy signals for an invisible

Higgs. At non-leading order, additional jets can radiate from coloured particle lines

in gluon fusion, resulting in j /ET and jj /ET final states, the second of which is also

attainable at leading order through vector boson fusion and Higgsstrahlung with a

Z decaying hadronically. Alternatively, a Higgsstrahlung Z can decay leptonically,

giving a signal `+`− /ET .
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Missing energy rates from Higgs-bulk mixing at the LHC are also determined from

the rate to produce φi final states. The arguments in §6.3.2 up to eq. (6.102) can be

repeated for any of Higgs production processes at LHC, at least at parton-level, so

that the missing energy, parton level cross section, σ̂, is

σ̂(X → Y /ET ) =

M<
√
ŝ−mY∫

0

dM2 Υ(M2) σ̂SM(X → Y h)
∣∣∣
mh=M

, (6.106)

where ŝ is the parton-level center of mass energy squared, and mY is a placeholder

for the region of M phase space denied to φi by the presence of the other final state

particles. For example, if the final state particles associated with φi are all massless,

mY = 0, and for Higsstrahlung mY = mZ as in §6.3.2.

An important difference between the LHC rate and the rate at LEP is that the

LHC is sufficiently energetic to probe the peak of Υ(M2) that lies at mh. This allows

us to employ the narrow width approximation for mh � ΓB + ΓSM , in which

Υ(M2) ≈
[

ΓB

ΓB + ΓSM

]
δ(M2 −m2

h) , (6.107)

where we have used the fact that v2ζ(mh) = mhΓB. This simplifies the parton-level

missing energy cross section

σ̂(X → Y /ET ) =

[
ΓB

ΓB + ΓSM

]
σ̂SM(X → Y h) . (6.108)

One might worry that there are collisions where the initial state partons have small

momentum fractions x1,2, resulting in a small center of mass energy
√
ŝ =
√
x1x2s.

If
√
ŝ is too small, then the integral over M2 will not saturate the delta function
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δ(M2 − m2
h). However, the resulting step function Θ(mh + mY −

√
ŝ) also appears

in the Standard Model cross section where it encodes the threshold above which the

Standard Model Higgs can be produced, and so we refrain from rewriting it. This

calculation reveals that, in the narrow width limit, we expect the parton-level rate of

producing an invisible Higgs to be suppressed relative to the Standard Model cross

section by a factor of the invisible branching ratio B = ΓB/(ΓB + ΓSM), as in other

models with additional invisible Higgs decay channels.

The trivial mass and energy dependence of this factor allow us to convolve the

parton distribution functions without complications. Furthermore, since it is only

the modes near M ≈ mh that contribute to the cross section in the narrow-width

approximation, kinematic cuts will apply equally to single Higgs cross section and

the Higgs-bulk cross section. Therefore, for a given production mechanism, the total

missing energy proton-proton cross section at the LHC can be written

σ(pp→ Y /ET ) = B × σSM(pp→ Y h) , (6.109)

where B = ΓB/(ΓB + ΓSM) as before, and σSM(pp → Y h) is the Standard Model

production cross section at the LHC.

New-physics constraints and discovery estimates for a Higgs with invisible decay

channels, specific to a given production channel are cast in terms of the quantity

ξ2 :=

(
σBSM
σSM

)
Binv , (6.110)

where σBSM is the production cross section of the proposed invisible Higgs, σSM is the

Standard Model Higgs production cross section, and Binv is the invisible branching
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ratio predicted by new physics. Although these constraints envision a single Higgs

state with new decay (and possibly production) modes, they apply equally well to

Higgs-bulk production in the narrow width approximation, where we have σBSM = σSM

and Binv = B and so ξ2 = B. The constraints and reach of LHC invisible-Higgs

searches are readily translated into constraints on Higgs-bulk mixing (as in §6.3.1.)

Using the ATLAS monojet search at
√
s = 7 TeV with 1 fb−1 [43], the authors of

Ref. [44] were able to bound ξ2 <∼ 20 for a 125 GeV Higgs-like particle. The updated

CMS monjet data [45] with 4.7 fb−1 at 7 TeV was subsequently used [46] to tighten

this constraint to ξ2 < 1.3 at 95% C.L. and it was argued that the bound could be

increased to ξ2 <∼ 0.9 with 15 fb−1 at 8 TeV. It is only once ξ2 < 1 becomes possible

that measurements become sensitive to Higgs-bulk mixing. However, part of this

region is already accessible (and ruled out) by constraints from the LHC global fits

discussed earlier, since they require Binv <∼ 0.64.

Nonetheless, higher integrated luminosity, and different channels, will allow Higgs-

bulk mixing to be further probed. Ref. [47] estimates that the LHC with 20 fb−1 at

7 and 8 TeV can exclude invisible rates down to ξ2 ≈ 0.4 at 95% C.L. via the dijets

plus missing energy signal. Finally, it was estimated that ξ2 ≈ 0.25 would be probed

at 5σ by the LHC with 300 fb−1 at 14 TeV [48], also via dijets plus missing energy.

Both of these studies also considered the LHC sensitivity to Higgsstrahlung process,

where the Higgs is invisible and the Z decays leptonically, but found it to be a weaker

probe of ξ2. Monojet searches were also concluded to be a weaker probe than vector

boson fusion in ref. [47].

295



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

Astrophysical constraints

The new, invisible φi states can carry energy away from stars and supernovae. If

the new emission process were too efficient, then it would conflict with the current

understanding of stellar evolution. On this basis, it has been argued very generally

[36] that any new energy loss channels in the sun must not exceed the solar energy

loss rate Ėsun ≈ 2 erg s−1g−1 and new channels in red giants and horizontal-branch

stars cannot exceed ĖRG ≈ 10 erg s−1g−1. Additionally, neutrino observations from

SN1987a suggest that a new channel must not release energy at a rate exceeding the

neutrino rate ĖSN ≈ 1019 erg s−1g−1 during core collapse.

In this section, we consider a variety of φ emission processes in these settings and

determine the strength of the corresponding bounds on Higgs-bulk mixing. Since the

goal of this section is to estimate constraints, we make various simplifying assumptions

and neglect the effects of dense media, interference effects from multiple scattering

[36, 49] and the possibilities of trapping the KK modes inside of an astrophysical

object, or of their decaying before exiting the astrophysical medium.

Electron-positron annihilation in supernovae

The temperature in the core of SN1987a TSN = (20 − 60) MeV was high enough to

produce electron-positron pairs. These pairs could have subsequently annihilated into

an h state that then mixed over to a φi mode that carried energy away from the core.

We calculate the associated energy loss rate for this simple process as an example to

guide our discussion of astrophysics constraints on Higgs-bulk mixing.

The energy loss rate for this process is given by the sum of the individual φi
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emission rates

Ė =
∑

i

Ėi . (6.111)

where the emission rate to a single state φi is given by

Ėi =
1

4ρ

∫
d3p1

(2π)32E1

d3p2

(2π)32E2

d3pφ
(2π)32Eφ

(f1f2Eφ)|M|2pφ(2π)4δ4(p1 +p2−pφ) , (6.112)

In the above equation ρ = 3 × 1014g cm−3 ≈ Λ4
QCD is the density of the supernova

core, |M|2 = |M(e+e− → φi)|2 is the spin-summed amplitude for the annihilation

process, p(1,2) is the momentum of the initial state electron (positron) with energy

E(1,2) and pφ is the momentum of the outgoing KK mode with energy Eφ. The

occupation numbers f(1,2) are given by the Fermi-Dirac distribution for a relativistic

electron (positron)

f(1,2) =
1

e(E(1,2)∓µe)/T + 1
, (6.113)

where µe ≈ 345 MeV is the chemical potential for the electron in the supernova core.

Because the final state KK mode is assumed to escape, there is also no need for a

Bose-Einstein final-state factor for it in the energy-loss rate. Eqs. (6.111) and (6.112)

show that the total energy loss rate is a weighted sum of squared φi production

amplitudes, so the results of §6.3.2 allow us to write the total energy loss rate in the

form of an integral over M2

Ė =

∞∫

0

dM2 Υ(M2)

4ρ

∫
d3p1

(2π)32E1

d3p2

(2π)32E2

d3pφ
(2π)32Eφ

(f1f2Eφ)|MSM |2pφ(2π)4δ4(p1+p2−pφ) ,

(6.114)

where |MSM |2 = |MSM(e+e− → h)|2 is the spin-summed Standard Model Higgs

amplitude squared.
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As in §6.3.2 and §6.3.2, we could proceed by noting that the energy-loss rate can

be written

Ė =

∞∫

0

dM2 Υ(M2)ĖSM(e+e− → h)
∣∣∣
mh=M

, (6.115)

where ĖSM is the Standard Model Higgs emission rate, and it should be evaluated for a

Higgs with mass mh = M . However, since ĖSM is unknown, it is more straightforward

to determine the total energy-loss rate via eq. (6.114), a task to which we now turn.

The spin-summed, squared, Standard Model amplitude is

|MSM(e+e− → h)|2 = 4(yhe )2E1E2(1− cos θ12) , (6.116)

where yhe is the Standard Model Higgs-electron Yukawa coupling, θ12 is the angle

between the momentum vectors of the electron and positron, and the mass of the

electron is neglected because TSN � me. Using standard techniques to integrate

phase space, we find

Ė =
(yhe )2

64π3ρ

∞∫

0

dE1 dE2 dM2 Υ(M2)M2 f1f2(E1 + E2) Θ(4E1E2 −M2) , (6.117)

where Θ is a step function encoding the threshold above which a φi mode with mass M

can be produced. This integral must be integrated numerically using the expression

for Υ(M2) in eq. (6.96).

The low-energy form of Υ(M2) simplifies greatly if we specialize to λ2 = 0, and

consider the ḡ � 1 limit justified by existing constraints. First, eq. (6.64) gives

ζ(M2) = ḡ2/4α as constant. Additionally, assuming ḡ � 1 allow us to approximate

eq. (6.65) as Π(M2) = m2
h. Finally, since T 2

SN � m2
h we find that in these three limits
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Υ(M2) is a constant

Υ(M2) ≈ ḡ2v2

4παm4
h

, (6.118)

where this approximation is better than 1% for M < 1 GeV and ḡ/α < 0.007. This

simplifies the total energy-loss rate to

Ė ≈ (yhe )2T 5

8π3ρ

(
ḡ2v2T 2

4παm4
h

) ∞∫

0

dx dy
(x+ y)(xy)2

(ex−µe/T + 1)(ey+µe/T + 1)
, (6.119)

where x = E1/T and y = E2/T . This gives

Ė ≈
(
ḡ2

α

)(
4.4× 1017 erg s−1g−1

)
T 7

20 I(µe/T ) , (6.120)

where T20 = T/(20 MeV) and I is the integral factor in (6.119). It is exponentially

sensitive to µe/T and ranges from 2× 10−3 to 4.4 as temperature ranges from 20 to

60 MeV. However, even the most severe bound on Higgs-bulk mixing from electron-

positron annihilation in SN1987a, which is found by assuming TSN = 60 MeV, only

constrains ḡ/
√
α <∼ 0.05, which is already ruled out (for λ̄2 = 0) by the LHC global-fit

constraints in Fig. 6.6.

Stellar processes

Rather than calculating additional subdominant constraints on Higgs-bulk mixing,

we next use existing constraints on the Yukawa coupling of a single light scalar ψ

to estimate whether a given emission process will result in a significant bound. For

example, the strongest stellar bound on the Yukawa coupling of a light scalar to

nucleons, yψN < 4.3 × 10−11, comes from the Compton process Aγ → Aψ in red
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giants, where A = {4He, p} and the temperature of red giants is TRG ∼ 10 keV

[36, 50]. The bound is derived by assuming that the light scalar couples only to to

nucleons, which is a good approximation to the Higgs-bulk mixing scenario since the φi

states couple to the stellar constituents through the h state, and the Standard Model

Higgs-nucleon Yukawa coupling is much larger than the electron Yukawa coupling

yhN ≈ (340 MeV/v)� yhe [51].

To estimate the energy loss rate for the Compton process Aγ → Aφ in Higgs-bulk

mixing, we write it the same form as eq. (6.115)

Ė =

∞∫

0

dM2 Υ(M2)ĖSM(Aγ → Ah)
∣∣∣
mh=M

, (6.121)

where ĖSM is the Standard Model Higgs emission rate. In order of magnitude, we

assume the Standard Model Higgs emission rate is related to the emission rate of a

single light scalar ψ as follows

ĖSM(Aγ → Ah)
∣∣∣
mh=M

≈
(
yhN

yψN

)2

Ėψ(Aγ → Aψ)Θ(TRG −M) , (6.122)

where Ėψ is the emission rate of a light scalar. We include a step function, Θ, to

account for the fact that only Higgses of mass M <∼ T will have appreciable production

rates. This follows from the fact that A is much heavier than the energy of the photon,

so we can neglect its recoil and assume that the outgoing φi mode has the energy of

the incoming photon Eφ ≈ Eγ. The emission rate for heavier φi modes is therefore

suppressed by a Boltzmann factor e−Eγ/T ≈ e−M/T � 1.

Using this approximation, and taking the λ2 = 0, small ḡ, low-energy limits for

Υ(M2) in eq. (6.118) then gives an order of magnitude estimate for the Higgs-bulk
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energy loss rate in terms of the ψ emission rate

Ė =

(
ḡ2v2T 2

RG

4παm4
h

)(
yhN

yψN

)2

Ėψ(Aγ → Aψ) . (6.123)

This allows the bound on yψN to be translated into a bound on Higgs-bulk mixing

(with λ2 = 0)

ḡ2v2T 2
RG(yhN)2

4παm4
h

<∼
(
4.3× 10−11

)2
, (6.124)

from which it is estimated that even the tightest constraint g/
√
α <∼ 0.8 from stellar

physics is subdominant to constraints from LHC global fits in Fig 6.6. For complete-

ness, we note that there are similar constraints on the Yukawa coupling of a light

scalar to nucleons from the Compton process in the sun, and the bremsstrahlung

process Ae → Aeψ in the sun and red giants [50], but none of these are estimated

to give improved bounds on Higgs-bulk mixing.

Photon annihilation

Photon annihilation is a relevant process in both both stars and supernovae. However,

the Standard Model Higgs couples to photons through W and heavy quark loops, and

so must the KK modes. For processes like photon annihilation γγ → h, in which the

photons and Higgs are all on shell, the effect of these loops is well captured by the

following effective Lagrangian [42]

L = −
∑

`

cγFµνF
µνh with cγ ≈

αem
6πv

. (6.125)
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We estimate that

|MSM(γ γ → h)|2 ≈
(
α2
emT

6πv yhe

)2

|MSM(e+ e− → h)|2 , (6.126)

from which it follows that energy loss rate from photon annihilation is less than the

rate from electron-positron annihilation, in stars and supernovae, and therefore gives

a negligible bound.

Nucleon-bulk bremsstrahlung in supernovae

In addition to the bounds from the sun and red giants, there is a similar bound on

the nuleon Yukawa coupling of a light scalar from SN1987a data yψN ≤ 4× 10−11 that

follows from considering the nucleon bremsstrahlung process N N → N N ψ [52] and

assuming TSN = 60 MeV. This can be used to estimate the constraint coming from

the energy loss process N N → N N φ. Although this upper limit is similar to the

stellar bounds on the same coupling, it provides a much more stringent constraint on

Higgs-bulk mixing because the supernova core is much hotter than red giants, thereby

enhancing the Higgs-bulk energy loss rate by a factor T 2
SN/T

2
RG ∼ 106. Generalizing

eq. (6.123) to bulk-nucleon bremsstrahlung, we expected a constraint ḡ/
√
α <∼ 10−4

if the supernova temperature is assumed to be TSN = 60 MeV, which is dominant to

all other constraints discussed so far.

In order to confirm this estimate, we calculate the energy loss rate in the one pion

exchange approximation, using the following interactions

L = −igπNNNγ5N π0 − yhnhNN , (6.127)
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where N represents the neutron, π0 the neutral pion, and gπNN ≈ 13 phenomenologi-

cally. This approximation is known to overestimate the rate of axion and KK graviton

bremsstrahlung, where it can be tested against model-independent calculations [53].

Since model-independent methods are not applicable to scalar radiation via a Yukawa

coupling [54], the emission rate and associated bound are just crude estimates. We

are content to further simplify the calculation by neglecting bremsstrahlung from pro-

tons, because the proton fraction in the supernova core is small, and by neglecting the

Higgs-pion coupling, which is a dimension-5 operator. We also neglect a suppression

due to multiple scattering effects [49] that is expected to reduce the emission rates of

scalars in nucleon bremsstrahlung by as much as a factor of 5 [54].

The total energy loss rate for this process is given by

Ė =

∞∫

0

dM2 Υ(M2)

4ρ

∫ ∏

j=1,...4

(
d3pj

(2π)32Ej

)
d3pφ

(2π)32Eφ
[f1f2(1− f3)(1− f4)Eφ]

×|MSM |2pφ (2π)4δ4(p1 + p2 − p3 − p4 − k) , (6.128)

where |MSM |2 = |MSM(N N → N N h)|2 is the spin-summed Standard Model Higgs

amplitude squared, pj represent the neutron four-momenta, and everything else main-

tains its old definition, except that it is now appropriate to use Maxwell-Boltzman

distributions for the non-relativistic neutrons with number density nN

fj =
nN
2

(
2π

mNT

)3/2

exp

(
− p2

j

2mNT

)
, (6.129)

and in the phase space measures Ej → mN , where mN is the nucleon mass.

We proceed by calculating the spin-summed Standard Model Higgs amplitude

|MSM |2. There are 8 relevant diagrams for this process, four of which can be found
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Figure 6.10: The four uncrossed graphs for Higgs-nucleon bremsstrahlung.

in Fig. 6.10. The other four correspond to the crossed analogues of those listed.

In the nonrelativistic limit |pj| � mN , and we assume the relevant KK modes are

much lighter than the neutron M � mN . In this limit, the squared, summed matrix

element reads

|MSM |2 =
8(yhN)2g4

πNN

m2
N

[( |k|2
|k|2 +m2

π

)2

+

( |l|2
|l|2 +m2

π

)2

+
|k|2|l|2 − 2(k · l)2

(|k|2 +m2
π) (|l|2 +m2

π)

]
,

(6.130)

where k = p2 − p4, l = p2 − p3. The individual terms in the square brackets are

O(1) since |k|, |l| ∼ √mNT ≈ mπ so that we approximate the matrix element as a

constant [36]

|MSM |2 ≈
8(yhN)2g4

πNN

m2
N

. (6.131)

We evaluate the phase space integral in the non-degenerate limit. Although the

neutrons in a supernova core are somewhat degenerate, in more detailed calculations

of scalar-nucleon bremsstrahlung [54], the non-degenerate limit approximated the full

emission rate well for moderate supernova temperatures TSN >∼ 20 MeV. In this limit
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Figure 6.11: Constraints on Higgs-bulk mixing from bulk-nucleon bremsstrahlung in
SN1987a. The left panel shows the constraints obtained assuming TSN = 20 MeV and
the right panel shows the analogous constraints assuming TSN = 60 MeV. Couplings are
evaluated at 1/r̄ = mh = 125 GeV.

we neglect the blocking factors 1 − f3,4 ≈ 1, and after integrating over phase space

we find

Ė =
n2
N (yhn)2 g4

πNN T
7/2

128π7/2M
9/2
n ρ

∞∫

0

dx dy dzΥ(zT 2)xe−y−x
(
y2 + xy

)1/2 (
x2 − z

)1/2
θ(x2 − z)

≈ n2
N (yhn)2 g4

πNN T
7/2

128π7/2M
9/2
n ρ

∞∫

0

dx

x2∫

0

dzΥ(zT 2)xe−x (1 + xπ/4)1/2 (x2 − z
)1/2

, (6.132)

where x = Eφ/T , z = M2/T 2 and the approximation made in the second line is

good to within 2.2% [36]. This integral can be evaluated numerically, and the allowed

region of parameter space from SN1987a constraints is plotted in Fig. 6.11.

This somewhat crude calculation and the associated bounds verify that bulk-

nucleon bremsstrahlung in SN1987a is likely the strongest constraint on Higgs-bulk
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mixing and, for TSN = 60 MeV, gives ḡ/
√
α <∼ 10−4 when λ2 = 0, as estimated.

However, since we neglected many effects that might suppress energy loss rate, and

SN1987a bounds from nucleon bremsstrahlung are at best order of magnitude esti-

mates, we assume the TSN = 20 MeV bounds in order to be conservative.

6.3.3 Mass-coupling relations and vacuum stability

A great virtue of the Standard Model Higgs is the tight connection between the

strength of its coupling to a particle and that particle’s mass. In particular, knowledge

of the mass of the Higgs itself reveals the strength of its self-coupling. Although it is

not yet possible to directly measure this self-coupling, it plays a role in how couplings

run at higher energies and so indirectly constrains the possibilities for UV physics.

These constraints differ in the presence of Higgs-bulk mixing, because this mixing

changes the relation between the Higgs mass and its self-coupling. Furthermore,

brane-bulk interactions quite generally introduce a new source of running for brane-

localized interactions. Both of these observations work to change the nature of the

constraints on UV physics.

There are generically two kinds of UV constraints that arise for Higgs couplings:

‘vacuum stability’ [55] and ‘triviality’ [56]. The first of these demands that the rele-

vant quartic coupling of the Higgs potential not run to negative values. The second

demands that any Landau poles (where the running couplings diverge) not arise at too

low an energy. The depth of one’s worry about these bounds depends fairly strongly

on the depth of one’s convictions as to how far this running can be trusted before

some at-present-unknown UV physics intervenes. In the present instance triviality

turns out to provide a fairly strong constraint on the brane-bulk coupling λ̄2.
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To see how Higgs-bulk mixing changes things, we briefly restate the two sources

of running. For the Standard Model Higgs self-coupling, one-loop renormalization —

including the Higgs, top quark and the gauge bosons in the loop — gives the following

beta function for λ̄ [57]

(
µ

dλ̄

dµ

)

SM

:= βSM ≈
3

4π2

[
λ̄2+λ̄y2

t−y4
t−

λ̄

8
(3g2

2 +g2
1)+

1

64
(3g4

2 +2g2
2g

2
1 +g4

1)

]
, (6.133)

where yt = mt/v is the top-quark Yukawa coupling, and g1 and g2 are (respectively)

the U(1)Y and SU(2)L gauge couplings, with the mass of the W and Z bosons given

by m2
W = g2

2v
2 and m2

Z = 1
4

(g2
2 + g2

1) v2 at tree-level, as usual. To these must be added

the new Higgs-bulk contributions to the UV running of brane couplings, and writing

µd/dµ = −f(r̄) d/d r̄ these are given by

(
µ

dµ̄2
Φ

dµ

)

B

=
λ̄2µ̄

2
Φ

2πα
;

(
µ

dḡ

dµ

)

B

=
ḡλ̄2

2πα
;

(
µ

dλ̄2

dµ

)

B

=
λ̄2

2

2πα
(
µ

dλ̄

dµ

)

B

=
ḡ2

4πα
;

(
µ

dµ̄2
H

dµ

)

B

=
ḡµ̄2

Φ

2πα
;

(
µ

dT

dµ

)

B

=
µ̄4

Φ

4πα
. (6.134)

where a derivation can be found in Appendix D.1.

We’ve seen that ζ and λ̄eff are two combinations of these couplings appear quite

frequently in Higgs observables. Eqs. (6.134) imply these couplings satisfy

(
µ

dζ

dµ

)

B

=

(
ζλ̄2

πα

)
1

1 + (λ̄2/4α)2
, (6.135)

and (
µ

dλ̄eff

dµ

)

B

=

(
ζ

π

)
1− (λ̄2/4α)2

1 + (λ̄2/4α)2
. (6.136)

Notice that there is no requirement that λ̄2 be small, so we need not expand the
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denominator in these expressions.

Triviality

An example of a solution to eqs. (6.134) is

ḡ(µ) =
ḡ(mh)

1− λ̄2(mh)
2πα

log(µ/mh)
, (6.137)

where we show the running relative to the Higgs mass scale, µ = mh. This shows how

strongly the running depends on the coupling λ̄2. The triviality bound comes from

demanding that couplings like ḡ remain within the perturbative regime throughout

the energy ranges of interest. In particular, we require that the Landau pole (where

ḡ →∞ and so λ̄2(mh) log(µ/mh) = 2πα), not occur within this energy range.

Notice that the Landau pole arises for scales µ < mh whenever λ̄2 < 0, but occurs

for µ > mh when λ̄2 > 0. If we demand no such pole at energies below 1 TeV then

we must therefore require λ̄2 to lie in the range

0 ≤ Λ2 =
λ̄2

α
<∼ 3 , (6.138)

as indicated in Fig. 6.1. The upper limit becomes smaller if no Landau pole is allowed

for energies above 1 TeV. This represents a significant constraint since none of our

results required perturbing in λ̄2, and so were not restricted a priori to small λ̄2.

Vacuum stability

The vacuum-stability bound demands that λ̄ remains positive as it is extrapolated

into the UV (at least up to the point where any new UV physics intervenes to change
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how things run). In the Standard Model this provides the strongest constraint for

light Higgs masses, for which λ̄ must be small. In this case, neglecting λ̄ in its RG

equation gives

(
µ

dλ̄

dµ

)

SM

≈ 3

4π2

[
−y4

t +
1

64
(3g4

2 + 2g2
2g

2
1 + g4

1)

]
, (6.139)

and the constraint arises because the dominant term is negative, eventually driving

λ̄ negative.

The presence of Higgs-bulk mixing can change this constraint in at least three

ways, two of which act to weaken the vacuum stability constraint. It first does so

by moving the starting point for λ̄ to more positive values. That is, the condition

mh = 125 GeV implies λ̄eff(mh) = 0.1291 and so

λ̄(mh) = 0.1291 +
ḡ2(mh)λ̄2(mh)

(4α)2 + λ̄2
2(mh)

, (6.140)

rather than simply λ̄(mh) = 0.1291, as would have been the case for the Standard

Model. Because the triviality bound requires λ̄2 > 0 we see that the presence of bulk

couplings moves the initial condition, λ̄(mh), to more positive values.

The second change is to the RG equations governing the running of λ̄. Including

both the contributions from the bulk and from Standard Model loops, we have

(
µ

dλ̄

dµ

)

B

= βSM +
ḡ2

4πα
, (6.141)

where βSM represents the contribution of eq. (6.133). This shows that the bulk cou-

plings always make dλ̄/dµ more positive, and make it more difficult for λ̄ to become
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negative at higher energies.

Finally, the third way Higgs-bulk mixing changes the logic of these bounds is by

providing new UV physics, beyond which a naive extrapolation using the renormal-

ization group need not apply. Perhaps the most dramatic way this might happen can

be seen in the large-volume case, for which the KK scale is much smaller than the

Higgs mass. In this kind of scenario the extra-dimensional Newton constant is much

smaller than the 4D Planck mass, and all extrapolations must break down at the mass

scale associated with the extra-dimensional Newton constant due to the intervention

of the UV physics (perhaps string theory) that is required to unitarize gravitational

interactions.

Ultraviolet Fixed point for λ

The new, positive bulk contribution to the beta function also allows λ̄ to reach an

ultraviolet fixed point. Demanding the vanishing of eq. (6.141) at some UV scale µ

gives

ḡ2(µ)

α
≈ − 3

π

[
λ̄2 + λ̄y2

t − y4
t −

λ̄

8
(3g2

2 + g2
1) +

1

64
(3g4

2 + 2g2
2g

2
1 + g4

1)

]
. (6.142)

To approximate the numerical value of this expression we evaluate the gauge cou-

plings, top Yukawa coupling and Higgs quartic coupling at the weak scale, which is jus-

tified by their weak running and the proximity of µ to the electroweak scale. (A scale

much higher than the weak scale would exceed the extra-dimensional gravity scale, as

discussed above.) We also approximate λ̄(mh) = 0.1291 + O(ḡ2(mh)) ≈ 0.1291 and

so we find that ḡ(µ)/
√
α ≈ 0.4 is required to obtain a UV fixed point.

This condition can be run down to the Higgs mass scale using eq. (6.137), which
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gives

ḡ(mh)√
α

=
ḡ(µ)√
α

[
1− λ̄2(mh)

2πα
log(µ/mh)

]
. (6.143)

Since constraints on Higgs bulk mixing restrict ḡ(mh)/
√
α � ḡ(µ)/

√
α ≈ 0.4, the

value of λ̄2(mh) required to attain a UV fixed point is given approximately by the

vanishing of eq. (6.143). Choosing λ̄2(mh) in this way also ensures a Landau pole at µ,

and so we conclude that the UV fixed point for λ̄ and Landau pole are approximately

coincident.

6.4 Conclusion

In summary, this paper examines the phenomenological implications of Higgs mixing

with a bulk scalar field within an extra-dimensional brane-world scenario with the

Standard Model localized on a brane. We focus in particular on the Higgs portal: the

dimensionless couplings that can exist in such a scenario between a brane-localized

Standard Model Higgs and a bulk scalar field if there are precisely two extra dimen-

sions. We have a variety of motivations for studying this problem, with the main one

being the requirement for such couplings in the recently discovered mechanism [22]

for stabilizing two dimensions at naturally large values (through a manner similar to

the Goldberger-Wise mechanism [21] with one extra dimension).

In a nutshell, we find that the Higgs portal causes the Higgs to mix with KK modes

of the bulk scalar, generically leading to new channels for emitting missing energy in

processes that can lead to Higgs emission. This can give observable signals at the

LHC that strongly resemble the phenomenology of a Higgs with a branching ratio

to an invisible decay channel. Unlike Higgs-curvature mixing, or bulk emission by
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a Higgs (through the trilinear hhφ coupling), Higgs-bulk mixing through the extra-

dimensional portal can give rise to an appreciable energy-loss rate in supernovae,

leading to significant constraints on their couplings. As shown in Fig. 6.1, although

strong, these constraints need not preclude an observable signal for an invisible Higgs

‘decay’ channel at the LHC.

In more detail, we find:

• The strongest constraints come from nucleon bremsstrahlung in SN1987a: the

phase space made available by the high temperature of the supernova, the ap-

preciable Higgs coupling to nucleons, and the strongly coupled nature of nucleon

interactions makes this a very strong bound, as we expect from experience with

graviton emission in extra dimensional models. However, the one pion exchange

approximation we employ is known to overstimate the emission rate, the tem-

perature of the supernova core is uncertain and our calculation assumes the

non-degenerate limit, which overestimates the rate at small temperatures [54].

Furthermore, the neglected effect of multiple scatterings will decrease the emis-

sion rate. Therefore we conservatively estimate bounds assuming TSN = 20

MeV, which gives the dominant bound ḡ/
√
α <∼ 1.5× 10−3 (or ζ <∼ 5.6× 10−7)

when λ̄2 = 0.

• LHC global fits: the LHC can indirectly probe an invisible Higgs. An ad-

ditional, invisible width supresses Higgs signals, and too large a suppression

would be in tension with the Standard-Model-like strength of signals currently

being observed at the LHC. Global fits to the Tevatron and LHC Higgs data

currently imply bounds Binv < (0.3− 0.64) the most conservative of which im-

poses ḡ/
√
α <∼ 0.007 (or ζ <∼ 5 × 10−5), a bound subdominant to the SN1987a
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bound. If more LHC data were to begin favouring a universal suppression to

Higgs signals, then this would suggest an invisible Higgs width, possibly from

Higgs-bulk mixing.

• Invisible final states at the LHC: the LHC can also directly search for invisible

Higgs decays. The LHC will be most sensitive to the 2j + /ET signal from

vector boson fusion into an invisible Higgs. Current searches are only sensitive

to invisible Higgs cross sections roughly equal to the Standard Model cross

section. However, at design energy and 300 fb−1 of integrated luminosity, it

was estimated that this channel would allow the 5σ discovery of an invisible

Higgs with Standard Model production cross section and an invisible branching

ratio as small as Binv ≈ 0.25. With a more modest 20 fb−1 of luminosity at 7

and 8 TeV, the LHC should be able to rule out Binv <∼ 0.4 at 95% C.L. In both

cases, there are regions of allowed parameter space that predict these branching

ratios.

• Additional cubic interaction: Higgs-bulk mixing also predicts a cubic Higgs-

Higgs-bulk interaction 1
2
gh2φ(0). This interaction was studied in [15] in the

context of the hφ→ γ γ φ final state before the discovery of the new 125 GeV

Higgs-like resonance, and without λ2 and Higgs-bulk mixing effects. It was

concluded that the LHC can probe down to g = 0.18 with 100 fb−1 at 14 TeV.

The possibility of large λ2 and a hφ→ bb̄ φ final state through this interaction

make the γγ /ET and bb̄ /ET signals worth investigating as a probe of Higgs-

bulk physics. The observation of an invisible Higgs width consistent with an

increased rate in one or both of these channels would provide strong evidence

of Higgs-bulk mixing.
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• Beyond the large-volume limit: we present constraints and signals in the large-

volume limit, but expect the the phenomenology to change a great deal if the

volume were not large, so that mh <∼ mKK. A single state in the diagonal KK

tower would be identified as the 125 GeV resonance, and the spacing of nearby

states would be governed by R−1. There is no reason to believe that the main

signals of large R Higgs-bulk mixing – invisible final states and suppressed Higgs

production rates – would persist, and the astrophysical bounds would no longer

apply to the much heavier states of this scenario. This scenario might resemble

Higgs-radion mixing in Randall-Sundrum models, and we regard its exploration

to be worth pursuing.

• Future colliders: although we refrained from discussing these in any detail, a

future muon collider running at
√
s = mh with 0.5 fb−1 of data and beam energy

resolution of 0.01% (0.003%) could directly probe the Higgs width to within 0.85

MeV (0.30 MeV) [58]. A future linear collider with an integrated luminosity of

250 fb−1 at 250 GeV would be able to constrain the Higgs invisible branching

ratio to less than a few % [59]. This would correspond to the B = 0.03 line in

Fig. 6.1.

In short, mixing through the Higgs-bulk portal provides a particular example of

what detailed Higgs studies might ultimately tell us about the nature of vacuum

energetics. We hope that this is the path Nature chooses, and that the Higgs is

shown to have exotic invisible properties, rather than persisting in having invisible

exotic properties.
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Chapter 7

Summary and outlook

This thesis addressed naturalness issues within the standard models of particle physics

and cosmology. The two issues of interest were the electroweak hierarchy problem

and the cosmological constant problem. Both of these conundrums stem from the

observed smallness of a physical quantity within the Standard model, and the fact

that the physical quantity in question is controlled by a dimensionful parameter in

the theory that is supposed to be sensitive to UV physics. More precisely, the elec-

troweak hierarchy problem is the statement that the observed Higgs mass is far below

the mass scale of any new physics, despite the expectation that heavy particles should

contibute to the coupling of the H†H operator at low energies. Similarly, the cosmo-

logical constant problem is associated with the constant part of the Standard Model

Lagrangian, c0 , which is expected to be large at low energies since it receives contri-

butions from every Standard Model particle and any heavier particles. The issue is

that the 4D curvature of the universe – which is linked to c0 , at least in the Standard

Model – is observed to be set by sub-eV scale physics. The first chapter outlined

how neither of these scenarios can be considered natural, and quickly described how
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braneworld models with large extra dimensions can alleviate these problems in a way

that is consistent with current observational limits.

The second chapter illustrated more concretely how the 4D curvature of the uni-

verse can be calculated in extra-dimensional braneworld models, and highlighted that

bulk scale invariance can be used to ensure the a vanishing 4D curvature for any value

of c0 , at least in the absence of branes. Breaking the connection between c0 and the

observed small curvature would be progress towards solving the cosomological con-

stant problem. However, when branes are added to the system, it is their direct

contributions and their back-reaction effects that become the leading terms in the

4D curvature, and these might be as large as c0 . As this chapter explained, branes

complicate the story, because different technical difficulties stand in the way of fully

understanding their back-reaction and stress-energy.

The subsequent chapters, 3 and 4, dealt with these issues. Branes in a higher-

dimensional system were replaced with vortices, which are smooth, stable, localized

field configurations that can be represented by branes at low energies. The vortices

served as an unambiguous UV completion of branes whose behaviour was analyzed

analytically and numerically. The back-reaction and stress-energy of vortices was

calculated, and the pointlike limit of these results was used to determine the correct

treatment of branes. It was shown that scale invariant branes/vortices do not source

any 4D curvature, and this becomes a problem since vanishing curvature in this case

is ensured by having a zero mode run away to infinity. So called decoupled branes

and/or vortices were identified, for which scale invariance is broken, but only by the

higher-order localized flux term in the brane lagrangian. This chapter concluded

by describing why decoupled branes are a promising solution to the cosmological
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constant problem, since scale breaking through the localized brane flux term appears

to predict a 4D curvature that is suppressed by the size of the extra dimensions, while

also stabilizing the runaway zero mode.

The fifth chapter examined the issues of zero mode stabilization and 4D curva-

ture in the 4D effective theory of these models that is relevant at energies below

the Kaluza-Klein scale. Scale breaking branes in a scale invariant bulk were shown

to be described by an effective 4D theory with a single scalar field, the zero mode,

that is subject to a potential U(ϕ) = e2ϕ F (ϕ) . This potential was calculated as a

function of brane parameters in the UV theory, and a number of phenomenologically

interesting potentials were investigated, including potentials that can generate expo-

nentially large extra dimensions from natural UV parameters, and potentials coming

from branes that are perturbatively close to being scale invariant. The latter class

of potentials generically give 4D curvatures that are suppressed by the small quan-

tity that measures the deviation from scale invariance. The chapter concluded with

comments on the viability of these potentials in a realistic setting that includes the

Standard Model and quantum corrections.

A robust property of the models with stabilized extra dimensions is a coupling

between a bulk scalar and the brane. The list of relevant interactions between the

Standard Model brane and a bulk scalar is short, and these interactions were in-

vestigated phenomenologically in the sixth chapter. Constraints were placed on the

strength of the Higgs-bulk mixing interaction which gives rise to phenomena like

a modified invisible Higgs width, missing energy signals at colliders, energy loss in

stars. Furthermore, renormalizing the divergences associated with Higgs-bulk mixing

require the couplings in the Higgs potential to run classically, which improve vacuum
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stability. Finally, it was shown that Higgs-bulk mixing might be among the first hints

of extra dimensions, since the allowed parameter space will be probed at the LHC

and proposed future colliders.

The final verdict on large extra dimensions as a solution to electroweak hierarchy

problem is one of optimism. This thesis showed that there are straightforward mecha-

nisms to generate extra dimensions that are large enough to help solve the electroweak

hierarchy problem. There are robust, testable signals of these mechanisms, such as

the invisible Higgs signals presented in this thesis. Though an anomalous invisible

Higgs signal alone would not be enough to prove the existence of large extra di-

mensions, their discovery would merit a more concerted theoretical investigation into

stabilization and Higgs-bulk mixing. For example, it might be possible to relate the

desired size of the extra dimensions to the strength of Higgs-bulk coupling. However,

at present, there are no theoretical estimates of the size of the Higgs-bulk couplings,

despite the fact that this thesis presented fully functional mechanisms for stabiliz-

ing the size of the extra dimensions, from which such an estimate might be made.

If modified invisible Higgs phenomena were observed, it would be very compelling

if these observations were made at values that were favoured by extra-dimensional

stabilization.

Solving the cosmological constant probem with large extra dimensions is arguably

more difficult. The most promising prospects presented in the body of the thesis

require the Standard Model to couple to a scalar field in a scale invariant way, which

is a scenario that is accompanied by its own cabal of phenomenological issues. In

any case, even the suppression of the 4D curvature below the particle physics scale

is more progress than most models can claim, and there are a number of interesting
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directions for future work, such as systems where the requirement of scale invariant

brane tension might not require the Standard Model to couple to a scalar field.

The tools presented in this thesis can be used to attack other problems in particle

physics and cosmology. A pressing issue that was almost entirely ignored here is the

nature of dark matter. However, there are extra dimensional models of dark matter

that bear a striking resemblance to some of the models studied here. For example,

dynamical dark matter [1], is a proposal that suggests dark matter is composed of

a bulk scalar living in large extra dimensions that couples to a brane with the same

couplings as were considered in the Higgs-bulk mixing chapter. There are also popular

models of dark matter with a hidden sector, and the portal between the Standard

Model and this sector is gauge kinetic mixing [2]. There is an extra-dimensional

analogue of this coupling, F µν
Y Aµν that constitutes a dimension-5 operator. In the

same way that the Higgs-bulk portal was special because it was the unique relevant

interaction between the Standard Model and a bulk scalar field, this interaction is

the most relevant interaction between the standard model and a bulk gauge field.

This operator would provide a means for the photon and Z boson to escape into the

bulk and some of the associated phenomena include light shining through walls [3],

as the photon oscillates into the bulk then returns, and a modified invisible Z width

[4], which is highly constrained and very testable.

Finally, the techniques employed in this thesis lay the groundwork for under-

standing the effective description of localized sources, and the back-reaction of higher

codimension sources on bulk fields. This technology might find use in any number

of places, for example to confront problems in high energy physics like monopole

catalysis [5], or perhaps to better understand the physics biological membranes.
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Appendix A

Appendix for Chapter 3

A.1 Stress-energy conservation

The matter field equations always guarantee the matter stress energy is covariantly

conserved, ∇MT
MN = 0. For the geometries of interest this has one nontrivial com-

ponent, ∇MT
Mρ = 0, which implies

(
BW d T ρρ

)′
= BW d

(
B′

B
T θθ +

W ′

W
T µµ

)
. (A.1)

A useful way to rewrite this multiplies by B and adds BB′W dT ρρ to both sides, so

(
B2W d T ρρ

)′
= BW d

[
B′ (T θθ + T ρρ) +

BW ′

W
T µµ

]
, (A.2)

or
[√−g B(Z − X )

]′
= −√−g

[
2B′X +

dBW ′

W
%

]
. (A.3)
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When applied to a vortex on flat space — for which W = B′ = 1 and the constraint

(3.26) implies Z − X = 0 outside the vortex — integrating eq. (A.3) over the vortex

reduces to the simple statement

〈
X
〉

v

∣∣
flat

=
〈
Lpot − Lgge

〉
v

∣∣
flat

= 0 , (A.4)

a result that may also be derived as the vortex equation of motion corresponding to

extremizing the flat-space action against rigid rescalings.

A.2 Approximate near-vortex solutions

For the purposes of matching the bulk integration constants to the vortex properties

we are most interested in the form of the solutions very near to, but outside of, the

vortex sources. We start by recapping the form of the bulk solutions very close, but

outside of, a small vortex.

Asymptotic forms

Near the branes it is possible to expand the solutions in powers of ρ/rB, where ρ

denotes proper distance in the bulk geometry from the vortex. Writing, as before,

the metric in the form

ds2 = W 2(ρ) ǧµν dxµdxν + dρ2 +B2(ρ) dθ2 , (A.5)
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we seek near-vortex solutions to the Einstein equations of the form

W = W0

(
ρ

rB

)w
+W1

(
ρ

rB

)w+1

+W2

(
ρ

rB

)w+2

+ · · · ,

B = B0

(
ρ

rB

)b
+B1

(
ρ

rB

)b+1

+B2

(
ρ

rB

)b+2

+ · · · , (A.6)

and so on. The special case of flat space in polar coordinates corresponds to w = 0

and b = 1, without the need for higher powers of ρ/rB.

The leading powers, w and b, are constrained by the leading terms in the expansion

of the field equations around the vortex position, ρ = 0. The source terms on the

RHS of the Einstein equations in the bulk involve Λ and ĽA = 1
2
(Q/W d)2, which vary

respectively like ρ0 and (ρ/rB)−2dw as ρ→ 0. By comparison, as ρ→ 0 the curvature

on the LHS of the Einstein equation are

R(d) −
Ř

W 2
= d

[
(d− 1)

(
W ′

W

)2

+

(
W ′′

W
+
B′W ′

BW

)]

= d

{
(d− 1)

(
w

ρ

)2

+

[
w(w − 1)

ρ2
+
bw

ρ2

]}[
1 +O

(
ρ

rB

)]

= dw

(
dw + b− 1

ρ2

)[
1 +O

(
ρ

rB

)]
. (A.7)

Assuming w < 1 — so that Ř/W 2 ∝ (ρ/rB)−2w is subdominant to the 1/ρ2 term

explicitly displayed (a result justified below) — we see that the (µν) Einstein equation

implies w(dw + b− 1) = 0. Similarly,

Rθ
θ =

B′′

B
+ d

(
B′W ′

BW

)
=
b(dw + b− 1)

ρ2

[
1 +O

(
ρ

rB

)]
, (A.8)
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implies b(dw + b− 1) = 0, and

Rρ
ρ =

B′′

B
+ d

(
W ′′

W

)
=
b(b− 1) + dw(w − 1)

ρ2

[
1 +O

(
ρ

rB

)]
, (A.9)

Besides the trivial special case (w = b = 0) we see that the vanishing of the 1/ρ2

terms in the field equations implies the following two Kasner conditions:

dw + b = 1 , (A.10)

and

dw2 + b2 = 1 . (A.11)

The last of these in turn implies w and b must reside within the intervals

|w| ≤ 1√
d

and |b| ≤ 1 , (A.12)

which shows in particular why 1/W 2 ∝ (ρ/rB)−2w is less singular than 1/ρ2, as

assumed above. The Kasner conditions, eqs. (A.10) and (A.11) have precisely two

solutions: either w = 0 and b = 1 (as is true for the rugby-ball solutions described

above) or dw = 1 and b = 0.
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Appendix B

Appendix for Chapter 4

B.1 Scaling and the suppression of 〈Xloc〉

We here derive a useful integral identity that is satisfied by the vortex solutions in the

limit where gravitational back-reaction is neglected so the vortex is in flat space. It

is this identity that underlies the small size of vortex integrals like 〈Xloc〉 encountered

in the main text.

The starting point is the observation that the static vortex solution minimizes the

energy (or negative action)

I =

∫
d2y
√−g

(
Lφ + LΨ + Vb + LA + LZ + Lmix

)

= 2π

∫ ∞

0

√−g
[

1

2κ2
gmn∂mφ ∂nφ+ VB(φ)

+
1

2
gmn

(
∂mΨ∂nΨ + e2Ψ2ZmZn

)
+
λ

4
eqφ
(
Ψ2 − v2

)2

+
1

4
e−φAmnA

mn +
1

4
ep φZmnZ

mn +
1

2
εerφZmnA

mn

]
,
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and observes that this is stationary with respect to arbitrary variations of the matter

fields (without also varying the metric), due to their field equations. In particular it

is invariant under rescalings of the form φ(y) → φ(
√
s y), Ψ(y) → Ψ(

√
s y) and so

on.

Now, suppose the metric gmn also satisfies gmn(
√
s y) = sgmn(y), such as is true

for the case of a locally flat metric, gmn dymdyn = dρ2 + α2ρ2 dθ2 under the rescaling

ρ → √s ρ. Since I is invariant under arbitrary coordinate transformations, ym →

ξm(y), in the 2D directions, provided both the matter fields and metric transform, the

stationarity of I with respect to redefinitions φ(y)→ φ(
√
s y) (for all matter fields) is

equivalent (for 2D metrics with conformal Killing vectors) to stationarity with respect

to the rescaling gmn → sgmn without also performing the coordinate rescaling.

Under the rescaling gmn → s gmn we have
√−g → s

√−g and so (assuming all

fields vary and point only in the transverse dimensions)

I =

∫
d2y
√−g

(
Lφ + LΨ + Vb + LA + LZ + Lmix

)

→
∫

d2y
√−g

[
Lφ + LΨ + s

(
VB + Vb

)
+

1

s

(
LA + LZ + Lmix

)]
, (B.13)

and so the stationarity condition becomes

0 =

(
dI

ds

)

s=1

=

∫
d2y
√−g

[(
VB + Vb

)
−
(
LA + LZ + Lmix

)]

=

∫
d2y
√−g

[(
VB + Vb

)
−
(
ĽA + ĽZ

)]

=

∫
d2y
√−g X . (B.14)

The claim is that this equation is an automatic consequence of the matter equations of
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motion, and expresses the balancing of pressures (on average) in the radial directions

for a stable vortex configuration.

The same arguments apply equally well for an isolated Q = 0 vortex for which Lφ

and ĽA are negligible in I, in which case eq. (B.14) reduces to

0 =

∫
d2y
√−g

(
Vb − ĽZ

)
=

∫
d2y
√−g Xloc . (B.15)

In the special BPS case examined in the body this is not only true on average but is

also locally true, following directly from eq. (4.112).

Notice that the way it has been derived shows that eq. (B.14) is a statement about

the vanishing of the extra-dimensional components of the stress energy, as is made

more explicit in the previous appendix. It need not hold once the metric back-reaction

is turned on, but the vanishing of the flat-space result leads to the exact result being

is smaller than might otherwise have been expected.
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Appendix C

Appendix for Chapter 5

C.1 Scale invariant solutions

In this appendix we present the details of well-known solutions that exist when the

branes are scale invariant. We first describe the Salam-Sezgin solution that applies

when there are no branes, and we then show how this solution generalizes to the

rugby ball solution in the case where the branes are identical, scale invariant, and

supersymmetric.

C.1.1 Salam-Sezgin solution

In the absence of branes, it is consistent to assume a trivial warp factor W = 1 and

no dilaton profile φ′ = 0. The second of these conditions is satisfied as long as the

source terms in the dilaton field equation vanish

�φ = eφ
[(

2g2
R

κ4

)
− 1

2
Q2

]
= 0 , (C.16)
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where we eliminate the bulk field strength in terms of Q using Aρθ = QBeφ. The

constant Q is fixed below by flux quantization and for generic values of Q the above

equation is only solved by taking the runaway solution: φ → −∞. The exception is

if flux quantization returns the specific Salam-Sezgin value, Q = ±Qs := ±2gR/κ
2, in

which case (C.16) is solved for any constant: φ = ϕ.

With this choice of Q, the bulk metric function satisfies the field equation

B′′

B
= − e

ϕ

L2
s

, (C.17)

where Ls = rB = κ/2gR. The solution is

Bs = rBe
−ϕ/2 sin(ρ eϕ/2/rB) , (C.18)

and we conclude that the extra dimensions are spherical with proper radius `2
s =

r2
Be
−ϕ.

Consistency requires verifying the flux-quantization condition returns Q = Qs. To

check we evaluate

N

gA
=

∫ `s

0

dρAρθ = Q

∫ `s

0

dρBeφ =

(
Q

Qs

)
1

gR
, (C.19)

where gA is the gauge coupling of the background gauge field (which in principle

could differ from gR if this field gauges a group other than the R-symmetry for which

gR is the coupling). We see that only the supersymmetric choices gA = gR and

Q/Qs = N = ±1 are consistent with φ = ϕ being a finite constant, and because

Q = ±Qs the value, ϕ, remains undetermined by the field equations.
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C.1.2 Supersymmetric rugby ball

Many of the nice properties of the Salam-Sezgin solution are preserved if identical,

scale invariant, supersymmetric branes are added to the system, with action

Sbranes = −
∑

v

∫

Σv(u)

d4u
√−γ

(
T − 1

4!
ζ εµνλρFµνλρ

)
, (C.20)

where Σv(u) denotes the worldsheet of each brane, parameterized by the four coor-

dinates uµ. By assumption T and ζ are the same for both branes and independent

of the dilaton (as required for the branes not to break the classical bulk scale invari-

ance). These choices are necessary if the branes are not to source gradients of the

warp factor or dilaton, making it still consistent to assume W = 1 and φ′ = 0.

As before, the condition of constant φ requires bulk sources in the dilaton field

equation to vanish, and so flux quantization must return the same value for Q as in

the Salam-Sezgin solution: Q̄ = ±Qs = ±2gR/κ
2. This choice of Q also preserves the

radius of the extra dimensions so the rugby ball metric function is solved by

B = αLse
−ϕ/2 sin(ρ eϕ/2/Ls) . (C.21)

Note the presence of the constant α in this solution, which physically represents a

conical singularity at the poles of the sphere with defect angle δ = 2π(1 − α). This

differs from the Salam-Sezgin value, αs = 1, because the presence of branes modifies

the boundary condition of the bulk metric function B at the position of the branes

to satisfy

B′(yv) = α = 1− κ2T

2π
, (C.22)
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where the sign assumes the derivative is in the direction away from the brane and T

is the brane’s tension. Nonzero defect angles make the bulk resemble a rugby ball

rather than a sphere.

The other effect of the branes is to introduce a localized piece of Aρθ at the brane

positions, and this modifies the flux-quantization condition (C.19) to become

N

gA
=

∫ `s

0

dρAρθ = Q

∫
dρBeφ − 1

2π

∑

v

ζ , (C.23)

showing that ζ/2π describes that amount of the total gauge flux that is localized in

this way. Evaluating as before gives

N

gA
=

α

gR

(
Q

Qs

)
− 1

2π

∑

v

ζ =
1

gR

(
Q

Qs

)(
1− κ2T

2π

)
− 1

2π

∑

v

ζ , (C.24)

which shows how the brane-localized flux compensates for the reduction of bulk vol-

ume caused by the defect angles.

Flux quantization is only consistent with constant φ if it returns Q = ±Qs. Having

source branes can allow this if T and ζ are related by

κ2T = ∓gR
∑

v

ζ = ∓2gRζ , (C.25)

in addition to the bulk conditions gA = gR and N = ±1. This brane condition also

turns out to be required by demanding supersymmetry not be broken by the presence

of the branes, showing how supersymmetry again ensures the value Q = Qs required

for a flat potential that does not determine the value φ = ϕ.
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C.2 Linearized solutions

We now assume that the branes are perturbatively close to the identical, scale-

invariant supersymmetric ones just described. However, the perturbations we consider

to the tension and localized flux need not respect scale invariance and can differ at

each brane

ζv = ζ0 + δζv(φ) and Tv = T0 + δTv(φ) , (C.26)

where T0 and ζ0 satisfy (C.25).

We track the effects of these perturbations on the the bulk fields by solving the

entire set of field equations, including the equations for warping, the dilaton profile,

and flux quantization, at linear order in the perturbations. When the brane pertur-

bations break scale invariance, we also solve for the stabilized value of the zero mode,

ϕ = ϕ?, to linear order. We also calculate the 4D effective potential for ϕ at the

linearized level, and show how it reproduces this stabilized value of the zero mode

computed with the full 6D theory.

Full field equations

We first present the set of field equations and boundary conditions to be solved.

Because of the scale invariance of the unperturbed theory it is useful to switch to

the following scale invariant variables

b := eφ/2B and dσ = eφ/2 dρ . (C.27)

With these the undifferentiated dilaton only appears in the field equations through

scale-breaking terms. Since these terms are by assumption perturbatively small,
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we can simply replace the dilaton factor φ appearing there with the zero mode ϕ.

These variables also simplify the linearization of the scale invariant terms in the field

equations since the background dilaton solution reads φ̄′ = 0 (where bars denote

background quantities). Additionally, the equations simplify if we rewrite the warp

factor as

W 4 = eω , (C.28)

so we can perturb around the background solution ω̄ = 0. In these new variables

the background of the bulk metric function simplifies to b̄ = ᾱL̄ sin(σ/L̄), with ᾱ

determined by κ2T0 and L̄ = Ls = rB.

Since our interest is in computing the shape of the zero-mode potential we also

follow Refs. [6] of chapter 5 and add a stabilizing current to the bulk action

∆SJ = −
∫

d6x
√−g J = −

∫
d4x

∫
dθ

∫
dσ J b eω−φ . (C.29)

Choosing J appropriately allows us to investigate values of ϕ away from the minimum

of the potential while still solving all of the field equations. In particular, we read

the equation that would have determined the stabilized value ϕ = ϕ? as instead to be

solved for J(ϕ), allowing us to trace the shape of the effective potential for ϕ. Then,

ϕ = ϕ? corresponds to J = 0.

To solve for the perturbations to the bulk metric function and warp factor, we

desire two linear combinations of the Einstein equations (4.13) - (4.15) in chapter 4

that contain second derivatives of the metric fields, and no factors of the 4D curvature.
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The first of these reads

[
eω
(
b′ − 1

2
b φ′
)]′

= −κ2b eω
(

3Q2

4
e−2ω +

g2
R

κ4
+

1

2
Je−φ

)
, (C.30)

and is to be solved for b. (From here on primes on bulk fields denote differentiation

with respect to σ rather than ρ.) The other relevant Einstein equation is

ω′′ + ω′ φ′ +
(ω′)2

4
− ω′ b′

b
= −(φ′)2 , (C.31)

and this is to be solved for ω. In these variables the dilaton field equation similarly

reads

(b eω φ′)
′
= κ2b eω

(
2g2

R

κ4
− Q2

2
e−2ω

)
, (C.32)

and flux quantization (for N = 1 and gA = gR) can be written as

1

gR
= Q

∫
dσ b e−ω − 1

2π

∑

v

ζv . (C.33)

Finally, we rewrite the boundary conditions in the new variables, to get

[b φ′]σv
=
κ2

2π

[
T ′v +Qζ ′v

]
σv

, (C.34)

and [
1−

(
b′ − 1

2
b φ′
)]

σv

=
κ2

2π

[
Tv

]
σv

, (C.35)

where σv are the brane positions and the signs are such that the derivatives of b

and φ are in the direction away from the branes. In general the right-hand side of

these boundary conditions generically diverge as σ → σv. As shown explicitly in the
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examples of Appendix C.3 this divergence can (and must) be renormalized into the

parameters describing the brane-bulk couplings.

Linearized field equations

The perturbations we consider to the tension and localized flux need not respect scale

invariance, by depending nontrivially on the dilaton, and they can differ at each brane

ζv = ζ0 + δζv(φ) and Tv = T0 + δTv(φ) . (C.36)

The supersymmetric solutions are relatively simple because gradients in the warp

factor and dilaton are absent: ω̄ = 0 and φ̄′ = 0. This need no longer be true given

any asymmetry in the brane perturbations, and so to linearized order these bulks

fields instead satisfy

ω(σ) = δω(σ) and φ′(σ) = δφ′(σ) , (C.37)

where primes again denote differentiation with respect to σ. These changes feed into

the Einstein equations that govern the bulk metric function and the flux quantization

condition that governs the size of Q, so

b(σ) = b̄(σ) + δb(σ) and Q = Q̄+ δQ . (C.38)

To solve for the field perturbations, we now linearize the full field equations around

the supersymmetric rugby ball case. This gives the following Einstein equation for
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the metric function

δb′′ + b̄′ δω′ − 1

2

(
b̄ δφ′

)′
= − b̄

L̄2

[
δb

b̄
+

3

2
(δq − δω) +

1

2
κ2L̄2Je−φ

]
, (C.39)

where δq = δQ/Q̄. We also have the linearized dilaton field equation

(
b̄ δφ′

)′
=

b̄

L̄2
(δω − δq) . (C.40)

Inserting this into the Einstein equation gives

δb′′ + b̄′ δω′ = − b̄

L̄2

[
δb

b̄
+ 2(δq − δω) +

1

2
κ2L̄2Je−φ

]
. (C.41)

The linearized field equation for the warp factor simplifies a great deal

b̄ δω′′ − b̄′ δω′ = 0 . (C.42)

The linearized boundary conditions reduce to

[
b̄ δφ′

]
σ̄v

=
κ2

2π

[
δT ′v + Q̄ δζ ′v

]
σ̄v

, (C.43)

and [
δb′ +

1

2
b̄ δφ′

]

σ̄v

= −κ
2

2π

[
δTv

]
σ̄v

, (C.44)

where σ̄v = {0, πL̄} are the unperturbed values of the brane positions, and again the

sign assumes derivatives are directed away from the branes. Finally, combining the

two boundary conditions gives an expression for the near-source derivative of the bulk
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metric function

[δb′]σ̄v
= −κ

2

2π

[
δTv −

1

2
δT ′v −

1

2
Q̄ δζ ′v

]

σ̄v

. (C.45)

In many of the above results we use the useful property of the unperturbed solution

that κ2Q̄2L̄2 = 1.

Linearized solutions

The linearized field equations can all be solved analytically. Inserting the background

solution into (C.42) and integrating gives the following general solution for the warp

factor

δω = ω0 + ω1 cos z , (C.46)

with z := σ/L̄ and ω0 and ω1 both integration constants.

Absorbing the constant ω0 into a rescaling of the 4D coordinates and using the

result in the linearized dilaton equation (C.40) then gives

∂z (sin z ∂zδφ) =
(
ω1 cos z − δq

)
sin z , (C.47)

whose integral yields

sin z ∂zδφ = −ω1

2
cos2 z + δq cos z + φ1 , (C.48)

where φ1 is another integration constant. Integrating again gives the full solution for

the dilaton,

φ = φ̄+ δφ = ϕ− ω1

2
cos z +

(
φ1 −

ω1

2

)
log[tan(z/2)] + δq log(sin z) . (C.49)
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The constant part of the dilaton profile, ϕ, need not be perturbatively small so

in φ-dependent expressions that are already perturbatively small, like Je−φ, we can

make the replacement φ→ ϕ. This allows us to rewrite the Einstein equation (C.41)

as

∂2
z δb = −δb− 2ᾱL̄

[
δq + δj(ϕ)

]
sin z + 3ᾱL̄ω1 cos z sin z , (C.50)

where

δj(ϕ) :=
1

4
κ2L̄2Je−ϕ . (C.51)

The general solution to this field equation is given by

δb = ᾱL̄
[
b0 cos z + b1 sin z + (δq + δj)z cos z − ω1 sin z cos z

]
, (C.52)

where b0 and b1 are integration constants. We are free to shift the radial coordinate

to ensure δb(0) = 0 and thereby set b0 = 0.

Changes in geometry

The points σv where the metric function vanishes define the brane positions. These

are also perturbed relative to the background value σv = σ̄v + δσv and we can solve

for these perturbations by linearizing b(σv) = 0, which gives

0 = δb(σ̄v) + δσv [∂σ b̄]σ̄v = δb(σ̄v) + ᾱδσv . (C.53)

This shows that the choice b0 = 0 ensures that that one of the branes is always located

at the origin b(σ0) = 0 at linear order. At the other pole, near σ̄π = πL̄, we instead
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find the following shift

δσπ
πL̄

= δq , (C.54)

which shows how the backreaction can change the proper distance between the branes.

The change in scale invariant k-volume, defined as

Ω̂k := 2π

∫
dρBW keφ = 2π

∫
dσ b ekω/4 , (C.55)

is given to linear order by the following expression

δΩ̂k = 2π

πL̄∫

0

dσδb+
2πk

4

πL̄∫

0

dσ b̄ δω . (C.56)

Evaluating the integral using the explicit solutions derived above gives

δΩ̂k

4πᾱL̄2
=

1

2

π∫

0

dz
[
b1 sin z + (δq + δj)z cos z

]
= b1 − δq − δj , (C.57)

where the integral over δω vanishes because it is odd on the interval of integration.

We learn the perturbation to the volume is independent of warping to linear order

and is determined by the integration constants.

Boundary conditions and integration constants

We next determine these integration constants in terms of the assumed brane pertur-

bations, δTv and δζv, using the near-brane boundary conditions. We first evaluate the

combined boundary condition (C.45) using (C.52) at both branes to get the following
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relation between integration constants and brane parameters

b1 + δq + δj − ω1e
iv = − κ2

2πᾱ

[
δTv −

1

2
δT ′v −

1

2
Q̄ δζ ′v

]

σ̄v

, (C.58)

where we use v = {0, π} as an index to represent the branes located near z = 0 and

z = π, and the explicit sign eiv appears because the boundary conditions assume a

radial coordinate that increases away from the brane (so the radial derivative in the

boundary condition is −d/dσ near σ = πL̄ ). The dilaton boundary condition (C.43)

similarly evaluates using the dilaton solution in (C.48), to give

δq +
(
φ1 −

ω1

2

)
eiv =

κ2

2πᾱ

[
δT ′v + Q̄ δζ ′v

]
σ̄v

. (C.59)

The integration constant controlling the gradient in W is fixed by the difference

between the (C.58) at v = 0 and v = π in terms of brane differences

ω1 =
κ2

2πᾱ

(
δTdif −

1

2
δT ′dif −

1

2
Q̄ δζ ′dif

)
, (C.60)

where δTdif = 1
2
(δTv=0 − δTv=π) and so on. Using this in the difference between the

two versions of (C.59) similarly determines the gradient of φ by fixing

φ1 =
κ2

2πᾱ

(
1

2
δTdif +

3

4
δT ′dif +

3

4
Q̄ δζ ′dif

)
. (C.61)

The remaining integration constants are found by summing rather than subtract-

ing boundary conditions, and the two versions of (C.59) sum to give δq in terms of

brane averages

δq =
κ2

2πᾱ

(
δT ′avg + Q̄ δζ ′avg

)
, (C.62)
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where δTavg = 1
2
(δTv=0 +δTv=π) and so on. This expression can be used in conjunction

with (C.58) to solve for the last integration constant, b1, and we find

b1 + δj = − κ2

2πᾱ

(
δTavg +

1

2
δT ′avg +

1

2
Q̄ δζ ′avg

)
. (C.63)

These four conditions completely fix the integration constants, φ1, ω1, b1 and δq in

terms of the brane parameters, the stabilizing current J and ϕ (which to this point

remains arbitrary).

A final relation comes from the linearized flux-quantization condition,

0 = 4παL̄2 δQ+ Q̄δΩ̂−
∑

v

δζv , (C.64)

which we use to determine J in terms of brane properties and ϕ. To this end we use

the linearized volume change in (C.57) to fix b1

b1 =
κ2

2πᾱ

(
Q̄ δζavg

)
, (C.65)

where we have used κ2L̄2Q̄2 = 1 to write the linearized flux quantization condition

in this suggestive manner. Combining (C.63) with (C.65) gives a solution for the

stabilizing current

δj =
1

4
κ2L̄2Je−ϕ = − κ2

2πᾱ

(
δTavg + Q̄δζavg +

1

2
δT ′avg +

1

2
Q̄δζ ′avg

)
. (C.66)

Setting J = 0 in this gives the stabilized value, ϕ = ϕ?, of the zero mode entirely in

terms of the brane parameters.
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The effective potential

We now construct the effective potential of the 4D theory using the ancillary current

J , and verify that it is minimized by the condition (C.66). The addition of ∆SJ to

the bulk action gives rise to a corresponding term in the effective theory. To identify

how the current contributes to the effective theory we note that it can be treated like

a novel contribution to the 6D potential

∆VB = J . (C.67)

Using this in (??) shows that the presence of a stabilizing current in the 6D theory

can be captured by shifting the overall potential in the 4D theory as follows

∆U =
1

2
e2(ϕ−ϕ?)〈J〉 =

1

2
e2(ϕ−ϕ?)

∫
d2y
√
ĝ2 Je

−φ . (C.68)

To the linear order of interest this gives

∆U = 2πᾱL̄2 e2(ϕ−ϕ?) Je−ϕ , (C.69)

where the dependence on ϕ only appears in in the exponential factors. The presence

of this additional term in the 4D theory modifies the field equation for the zero mode

∂U

∂ϕ
+ 2πᾱL̄2 e2(ϕ−ϕ?) Je−ϕ = 0 . (C.70)

Since J is a known function of ϕ this can be read as a differential equation for the
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potential which is solved by

U(ϕ) = −2πᾱL̄2 e−2ϕ?

∫
dϕ̃ Jeϕ̃ . (C.71)

This can be combined to with (C.66) to determine the potential in terms of brane

perturbations

U(ϕ) = 4e−2ϕ?

∫
dϕ̃e2ϕ̃

(
δTavg + Q̄δζavg +

1

2
δT ′avg +

1

2
Q̄δζ ′avg

)
. (C.72)

It is possible to directly integrate this expression to find the linearized potential

U(ϕ) = 2 e2(ϕ−ϕ?)

[
δTavg +

(
2gR
κ2

)
δζavg

]
, (C.73)

where we have used Q̄ = 2gR/κ
2. There is no background contribution to the poten-

tial because it vanishes identically in the supersymmetric case around which we are

perturbing.

This potential agrees with the linearization of the potential found by dimensional

reduction in §5.3.4 of the main text, and correctly predicts that the energy is per-

turbed by
∑

v δTv at linear order when the brane tension is perturbed in a way that

vanishes when the brane perturbations are scale invariant and supersymmetric. Fur-

thermore, minimizing the potential for general brane perturbations gives the same

condition on the zero mode as (C.66) gives when J = 0, and this confirms that the

effective potential reproduces the stabilization of the zero mode that was derived in

the 6D theory.
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C.3 Examples of stabilization

We now investigate simple examples of zero mode stabilization by choosing explicit

forms for the φ-dependence of the brane perturbations. In all cases, we imagine the

φ-dependence of the brane appears predominantly in the flux perturbation, since we

expect this choice to help suppress vacuum energies, as in (5.34). In many cases

we find that exponentially large extra dimensions and suppressed curvatures can be

obtained if there is a hierarchy between the size of the brane perturbations.

Along the way, we also illustrate how classical renormalization of brane parameters

can be used to absorb divergences that arise when the brane is treated as an idealized,

infinitely thin source. The procedure renders finite physical observables like the value

of the zero mode, and the potential at its minimum.

Flux with linear φ-dependence

We now investigate simple example in which the the branes are perturbed identically,

with the following properties

δTv = τ and δζv = λφ . (C.74)

This choice of identical brane perturbations immediately gives

φ1 = ω1 = 0 . (C.75)

Note that this greatly simplifies the solution for the dilaton

φ = ϕ+ δq log (sin z) . (C.76)
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The remaining unknown integration constant can be calculated from (C.62) and it

gives δq = λgR/πᾱ. Inserting this into (C.66) and setting J = 0 gives an equation to

be solved for the value of the zero mode

0 = 2λgRϕ? +

(
2λ2g2

R

πᾱ

)
log(ε/L̄) + κ2τ + λgR . (C.77)

Note that we have regularized the limσ→0 log[sin(σ/L̄)] divergence with the finite

expression log(ε/L̄). However, the divergence as ε → 0 must be absorbed into the

brane couplings such that physical quantities are finite.

In general, divergences associated with brane terms that are linear in a bulk scalar

can be absorbed by renormalizing the φ-independent part of the brane tension [13].

This case is no different, and the observables of the theory can be made finite if we

renormalize the tension as follows

κ2τ(r̄) = κ2τ −
(

2λ2g2
R

πᾱ

)
log(ε/r̄) . (C.78)

In particular, this renormalization gives a finite expression for the value of the zero

mode

ϕ? = −
[
κ2τ(r̄)

2λgR

]
− 1

2
−
(
λgR
πᾱ

)
log(r̄/L̄) . (C.79)

For convenience, we can choose the renormalization scale r̄ = L̄ to eliminate the

logarithmic term and this gives

ϕ? = −
[
κ2τ(L̄)

2λgR

]
− 1

2
. (C.80)

Note that the limit λ → 0 sends to zero mode to the expected runaway value ϕ? →
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−∞. Also note that the value of the zero mode comes to us as the ratio of two small,

dimensionless numbers κ2τ(L̄) and λgR but can itself be made large if λgR � κ2τ(L̄).

Because the proper volume of extra dimensions is controlled by `2 = r2
Be
−ϕ? , a large

negative value of the zero mode gives large extra dimensions. Furthermore, this choice

does not invalidate the assumed perturbativity of κ2Q̄δζ ≈ λgRϕ ≈ κ2τ(L̄)� 1 near

the minimum of the potential, and so the approximate, linearized potential is valid

in this region.

We can therefore calculate this potential, and using (C.73) gives

U(ϕ) =
2 e2(ϕ−ϕ?)

κ2

[
κ2τ + 2λgRϕ+

(
2λ2g2

R

πᾱ

)
log(ε/L̄)

]
. (C.81)

Again, the logarithmic divergence of the scalar field has been regularized with a finite

regulator ε. Conveniently, though not surprisingly, this divergence can be renormalized

into the tension to yield a finite potential

U =
2 e2(ϕ−ϕ?)

κ2

[
κ2τ + 2λgRφ(σ̄0)

]
=

2 e2(ϕ−ϕ?)

κ2

[
κ2τ(L̄) + 2λgRϕ

]
, (C.82)

where we have chosen the renormalization scale r̄ = L̄ so that the finite logarithms

are all implicit. Minimizing this potential reproduces the solution for the zero mode

in (C.80) as it should. Finally, the value of the potential at the minimum is

U? = −2τ

(
λgR
κ2τ

)
. (C.83)

In the parameter range κ2τ(L̄)/λgR � 1 that gives large dimensions, the vacuum

energy is suppressed relative to the naive expectation 2τ .
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Flux quadratic in φ

We now consider the case in which the perturbation to the localized flux is quadratic

in φ

δTv = τ and δζv = mφ2 . (C.84)

We again make the simplifying assumption of identical branes and this gives φ1 =

ω1 = 0 so that φ = δq log(sin z) + ϕ. Inserting this into (C.62) allows us to rewrite it

as follows

δq =
2mgR
πᾱ

[
δq log(ε/L̄) + ϕ

]
, (C.85)

where the logarithmic divergence of the dilaton is ε-regularized in the same way as

before. This equation can be used to solve for δq in terms of the zero mode

πᾱδq =
2mgRϕ

1− 2mgR
πᾱ

log(ε/L̄)
. (C.86)

When the brane has a quadratic coupling to a bulk scalar field, the associated di-

vergences can be absorbed into the renormalization of this this coupling’s coefficient

[13, 29]. In the present case this amounts to renormalizing m as follows

m(r̄) =
m

1− 2mgR
πᾱ

log(ε̄/r̄)
. (C.87)

This gives a finite value for the δq as a function of the zero mode πᾱδq = 2gm(L̄)ϕ

because it absorbs the divergences associated with evaluating the dilaton profile at

the brane positions mφ(σ̄0) = m(L̄)ϕ.

The condition on the zero mode in (C.66) is also finite after renormalization and
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approriately linearizing φ2. It reads

0 = κ2τ + 2gRm(L̄)ϕ? + 2gRm(L̄)ϕ2
? . (C.88)

This can alternatively be derived by minimizing the linearized and renormalized po-

tential

U(ϕ) =
2e2(ϕ−ϕ?)

κ2

[
κ2τ + 2gRmφ

2(σ̄v)
]

=
2e2(ϕ−ϕ?)

κ2

[
κ2τ + 2gRm(L̄)ϕ2

]
, (C.89)

where we have used mφ2(σ̄v) = m(L̄)ϕφ = m(L̄)ϕ2 to linear order. The solution for

the zero mode reads

ϕ? =
1

2

(
±
√

1 + 2t− 1
)

(C.90)

where t = −κ2τ/gm(L̄). There are real roots when t ≥ −1/2 and they are both

negative unless t > 0 at which point one of them switches sign. The concavity of

the potential at the extrema is proportional to gm(L̄)
(
ϕ? + 1

2

)
= ±gm(L̄)

√
1 + 2t.

So if there are extrema, one of them is always a minimum and the other is always

a maximum. The minimum can occur at the more negative root if gm(L̄) is also

negative.

If we assume t � 1 then the stabilized value of the zero mode is dominated by

the root of the large ratio t as follows

ϕ? = ±
√∣∣∣∣

κ2τ

2gRm(L̄)

∣∣∣∣ , (C.91)

and the negative solution can be a minimum if gRm(L̄) < 0. This would also require

κ2τ > 0 if t > 0 is to be satisfied. If the stabilized value of ϕ? is chosen to be large
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and negative, then the extra dimensions have exponentially large radius as suggested

by the leading order result `2 = r2
Be
−ϕ? .

Finally, the value of the potential at this minimum can be written as follows

U? = −
(

4gR
κ2

)
m(L̄)ϕ? = −2τ

√
2|gRm(L̄)|

κ2τ
. (C.92)

Similar to the linear case, this vacuum energy is suppressed relative to the naive

expectation 2τ , though the suppression here is weaker because it is sensitive to the

root of the hierarchy in the brane perturbations.
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Appendix D

Appendix for Chapter 6

D.1 Floating Brane Renormalization

Here we consider a theory that is sourced by a “floating” codimension-1 brane at

r = r̄, that can be dimensionally reduced to a codimension-2 brane. The properties

of the floating brane are fixed by demanding that the solution to the field equations

for r ≥ r̄ matches the regularized solution. The dependence on some cutoff (say ε)

will be eliminated when the bare couplings c are traded for the coupling constants

of the floating brane c̄. It is in this sense that r̄ can be thought of as a subtraction

scale, and c̄ can be thought of as the renormalized couplings.

After dimensional reduction to codimension-2, we assume the floating brane has

the form

S̄b = −
∫
d4x

(
T̄ − µ̄2

HH
†H + λ̄(H†H)2 + µ2

ΦΦr̄ +
1

2
λ̄2Φ2

r̄ + ḡH†HΦr̄

)
, (D.93)

where Φr̄ = Φ(x, r̄) and the theta dependence has been integrated out. Varying the
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action gives two boundary field equations

−2πα (f∂rΦ)r=r̄ + ḡH†H + λ̄2Φr̄ + µ2
Φ = 0; H†H =

1

2λ̄

(
µ̄2
H − ḡΦr̄

)
, (D.94)

in direct analogy with the boundary field equations in §6.2.2. These equations should

be read as fixing the floating brane couplings, since we have demanded that Φ and H

solve the regularized field equations and so their functional form is already fixed. For

a given value of r̄, the floating brane couplings will have to be chosen appropriately,

and will change with a change in r̄. However, since r̄ is arbitrary, this change in the

couplings cannot have any effect on physical quantities, such as H†H. For example,

changes in (D.94) under a change in r̄ should vanish, giving

H†H∂r̄ḡ + Φ(r̄)∂r̄λ̄2 + λ̄2∂r̄Φ(r̄) + ∂r̄µ
2
Φ = 0

2H†H∂r̄λ̄− ∂r̄µ̄2
H + Φ(r̄)∂r̄ḡ + ḡ∂r̄Φ(r̄) = 0 , (D.95)

where we have used the fact that ∂r̄(f∂rΦ)r=r̄ = (∂rf∂rΦ)r=r̄ = 0 by the bulk equation

of motion (6.11), and ∂r̄(H
†H) = 0 because it is a physical quantity that should not

depend on r̄. We premultipy both equations by f(r̄) to facilitate the use of the

relation

f(r̄)∂r̄Φ(r̄) = (f∂rΦ)r=r̄ =
1

2πα

(
µ2

Φ + λ̄2Φ(r̄) + ḡH†H
)
. (D.96)

Substituting this into (D.95) and equating powers of Φ and H†H yields the following

RG equations

∂F̄µ
2
Φ = − λ̄2µ

2
Φ

2πα
; ∂F̄ ḡ = − ḡλ̄2

2πα
; ∂F̄ λ̄2 = − λ̄2

2

2πα
;

362



Ph.D. Thesis - Ross Diener McMaster - Physics and Astronomy

∂F̄ λ̄ = − ḡ2

4πα
; ∂F̄ µ̄

2
H =

ḡ µ2
Φ

2πα
; ∂F̄ T̄ = − µ4

Φ

4πα
, (D.97)

where we have used f(r̄)∂r̄ = ∂F̄ . The solutions can be found in (6.21). Although

not explicitly derived in this section, for completness the RG equation for T̄ is listed

here.

D.2 Schwinger-Dyson equation

In this Appendix we derive the relation of eq. (6.92),

[Amp〈hφ∗(0)〉k]∗ = Amp〈φ(0)h∗〉k = − iḡ(r̄)v 〈hh∗〉k
1− i(λ̄2(r̄)/4α)

∣∣∣∣
r̄2=−1/k2

, (D.98)

relating the amputated mixed h−φ propagator to the h−h autocorrelation, and the

relation of eq. (6.43)

〈hh∗〉k =
Dh
k [1 + iλ2D

φ
k (0, 0)]

1 +
[
iλ2 + (gv)2Dh

k

]
Dφ
k (0, 0)

, (D.99)

that gives the dressed two point function h, and largely controls the phenomenology

of Higgs-bulk mixing.

Our goal is to compute relations amongst the four correlation functions of interest,

given by

〈hh∗〉k := Ghh(k) , 〈hφ∗(y)〉k := Ghφ(k; y) ,

〈φ(y)h∗〉k := Gφh(k; y) and 〈φ(y)φ∗(y′)〉k := Gφφ(k; y, y′) , (D.100)

where Ghφ(k; y) = G∗φh(k; y). In these expressions ym denotes the spatial coordinates
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in the two extra dimensions while kµ is the Fourier transform variable in the four

on-brane directions.

The most direct way to obtain the desired relations is to express the Higgs-bulk

interactions as delta-function localized terms in the lagrangian density, following ar-

guments made in the appendix of ref. [14].1 The starting point is the field equations

for linearized fluctuations

√
G2(�4 + �2)φ−

[
λ2 φ+ gv h

]
δ2(y) = 0

�4h− 2λv2 h− gv φ(0) = 0 . (D.101)

which imply the following equations for the propagators

√
G2(−k2 + �2)Gφφ(k; y, y′)−

[
λ2Gφφ(k; 0, y′) + gv Ghφ(k; y′)

]
δ2(y) = iδ2(y − y′)

√
G2(−k2 + �2)Gφh(k; y)−

[
λ2Gφh(k; 0) + gv Ghh(k)

]
δ2(y) = 0

(k2 + 2λv2)Ghh(k) + gv Gφh(k; 0) = −i

(k2 + 2λv2)Ghφ(k; y) + gv Gφφ(k; 0, y) = 0 . (D.102)

By contrast, the unperturbed propagators in the absence of Higgs-bulk couplings

satisfy

√
G2(−k2 + �2)Dφ

k (y, y′) = iδ2(y − y′)

(k2 + 2λv2)Dh
k = −i . (D.103)

1A disadvantage of the delta-function formulation is the requirement to deal with expressions like
f(x) δ(x), with f(x) → ∞ as x → 0. This requires a more careful treatment of regularization and
renormalization, along the lines of the codimension-one formulation used in the main text, but in
the present instance leads to the same conclusions.
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We use the first of eqs. (D.103) to solve the second of eqs. (D.102), leading to

Gφh(k; y) = −i
∫

d2y′Dφ
k (y, y′)

[
λ2Gφh(k; 0) + gv Ghh(k)

]
δ2(y′)

= −iDφ
k (y, 0)

[
λ2Gφh(k; 0) + gv Ghh(k)

]
, (D.104)

and this, when specialized to y = 0, in turn implies

Gφh(k; 0) = −iDφ
k (0, 0)

[
λ2Gφh(k; 0) + gv Ghh(k)

]
, (D.105)

which may be solved to give

Gφh(k; 0) = −i
[

gv Ghh(k)

1 + iλ2D
φ
k (0, 0)

]
Dφ
k (0, 0) . (D.106)

The overall factor of Dφ
k (0, 0) is removed when the external φ-line is amputated,

and for the denominator we use the continuum result, eq. (6.41), to evaluate Dφ
k (0, 0),

Dφ
k (0, 0) =

i

4πα

[
log(−k2ε2)− iπ

]
, (D.107)

and renormalize the divergence into the brane couplings, ḡ and λ̄2, using eqs. (6.21).

Eq. (D.98) then follows by choosing the renormalization point so that k2r̄2 = 1 and

the logarithms vanish.

We can also use the second of eqs. (D.103) to solve the third of eqs. (D.102), giving

Ghh(k) + igv Gφh(k; 0)Dh
k = Dh

k (D.108)

To solve for Ghh(k) we substitute eq. (D.106) into the above expression, which can
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be rearranged to give eq. (D.99) as desired.

D.3 Toy model: unperturbed modes

In this appendix we explicitly take the continuum limit of (6.38) to arrive at eq.

(6.40). This is accomplished in a toy model in which the extra dimensions are a flat

disc: f(r) = r for 0 ≤ r ≤ πR. We can explicitly solve the wavefunctions on this

background, which allows for a straightforward move to the large R limit, although

the results are true for all R.

Using eq. (6.34) in eq. (6.33) on the disc geometry gives the field equation for the

n = 0 wavefunctions [
M2

0l +
1

r
∂r(r ∂r)

]
P0l = 0 , (D.109)

with the following boundary conditions

(r∂rP0l)r=0,πR = 0 , (D.110)

and normalization conditions

2πα

πR∫

0

dr r P ∗0lP0l′ = δll′ . (D.111)

The properly normalized solutions and eigenvalue conditions read

P0l(r) =
1√

π3αR2

(
J0(M0l r)

J0(M0lπR)

)
with J1(πRM0l) = 0 , (D.112)

where J0 is the zeroth Bessel function of the first kind. The brane-to-brane propagator
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is given by

Dk(ε, 0) =
∑

l

( −i
k2 +M2

0l − iε

)
J0(εM0l)

J2
0 (πRM0l)π3αR2

, (D.113)

since J0(0) = 1. Using the fact that J0(x)→
√

2
πx

for large x gives

Dk(ε, 0) =
∑

l

( −i
k2 +M2

0l − iε

)
J0(εM0l)M0l

2παR
. (D.114)

Sums over closely spaced modes in d dimensions can be replaced by integrals as follows

1

Ωd

∑

~n

f~n →
∫

ddM

(2π)d
f(M) , (D.115)

where, in this case, the sum is over the radial index, so the conversion is one-

dimensional. Using Ωd = 2πR for the diameter of the disc is gives

Dφ
k (ε, 0) =

−i
2πα

∞∫

0

dq
qJ0(εM)

k2 + q2 − iε . (D.116)

The integral can be computed

Dφ
k (ε, 0) =

−i
2πα

K0

(√
k2 ε
)
, (D.117)

where K0 is the zeroth modified bessel function. For small arguments K0(x) →

− log(x/2) + γ so the divergent part of the brane-to-brane propagator reads

Dφ
k (ε, 0) =

i

4πα
log(k2ε2) , (D.118)

in agreement with eq. (6.41).
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D.4 Beyond Sturm Liouville

In this Appendix we describe how the Sturm-Liouville orthogonality conditions gen-

eralize to the case of interest in the main text, for which the boundary conditions

differ for different modes.

For the present purposes the eigenvalue condition for the mode functions ξn(x)

has the general form

∂x [p(x)∂xξn]− q(x)ξn + λnw(x)ξn = 0 , (D.119)

in an interval x0 ≤ x ≤ x1, with p, q, w known real functions and λn the corresponding

eigenvalue. The unusual part relative to Sturm-Liouville problems of childhood days

is that they satisfy n-dependent boundary conditions at the edges of the domain of

interest:
[
Jb(λn −Kb)p ∂xξn + (λn − Lb)ξn

]
x=xb

= 0 , (D.120)

where Jb, Kb, Lb are again known coefficients. These boundary conditions ruin the

orthonormality of the mode functions under the usual inner product,

x1∫

x0

dx w(x) ξ∗mξn 6= δmn , (D.121)

which in turn ruins the diagonalization of the 4D action once decomposed in terms

of these modes.

To identify how the inner product must generalize in order to maintain orthog-

onality with the new boundary conditions we follow standard steps. First multiply

eq. (D.119) by ξm then subtract the complex conjugate of the same equation with
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(m↔ n) and integrate the result over x. This yields

(λm − λn)

x1∫

x0

dx w(x) ξ∗mξn =
[
p (ξ∗m ∂xξn − ξn ∂xξ∗m)

]x1

x0

, (D.122)

which would vanish for the usual Stum-Liouville boundary conditions. However, with

the n-dependent boundary conditions of the form (D.120) we instead have

(λm−λn)

x1∫

x0

dx w(x) ξ∗mξn = (λm−λn)
∑

b

(−1)1−b
(
Lb −Kb

Jb

)
ξ∗m(xb)ξn(xb)

(λn −Kb)(λm −Kb)
6= 0 .

(D.123)

What allows us to devise an inner product with respect to which the modes are

automatically orthogonal is the property that the n-dependence of the boundary

conditions is linear in λn, since this ensures both sides of eq. (D.123) depend on n

through their common factor of (λm−λn). This suggests defining the following inner

product

〈ξm, ξn〉 =

x1∫

x0

dxw(x)ξ∗mξn +
∑

b

(−1)1−b
(
Lb −Kb

Jb

)
ξ∗m(xb)ξn(xb)

(λm −Kb)(λn −Kb)
,

since eq. (D.123) then shows that the boundary conditions imply modes with different

eigenvalues are automatically orthogonal, and so a basis of eigenmodes can be chosen

to be orthonormal: 〈ξm, ξn〉 = δmn.

In the dimensional-reduction problem the constants Jb, Kb, Lb are read from the

brane action, and so are the quantities that appear in the quadratic lagrangian once

bulk fields are decomposed in terms of these mode functions. This ensures that the

action diagonalizes as it would have done for a standard KK decomposition without
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endpoints.

For example, for the zero modes in the brane bulk mixing scenario we send x→ r

and n,m → s, t and use p(r) = 2παf(r), q(r) = 0 and w(r) = 2παf(r). We replace

the eigenvalues with the KK masses λ` = M2
0`. There is only one brane at r0 = 0 and

(neglecting subscripts) it gives J = −1/λ2, K = 2v2λ and L = 2v2λ + (gv)2/λ2 so

that the inner product reads

〈Ps,Pt〉 = 2πα

πR∫

0

drf P∗sPt +
(gv)2P∗s (0)Pt(0)

(M2
s − 2λv2)(M2

t − 2λv2)
, (D.124)

and the orthonormality relationship (6.55) in the text follows.

Diagonalization of the quadratic action

We now show that in the case of interest in the main text, this modified inner product

is just what is required to diagonalize the quadratic action, including the Higgs-bulk

mixing terms. For simplicity, we only include the n = 0 modes, but the extension

to any n 6= 0 level of the KK tower follows readily. We still use s = {n, `} with the

understanding that n = 0.

In terms of KK modes the the bulk action (6.27) reads

SB = −2πα

∫
d4x

∫
dr
∑

s,t

(fP∗s Pt)
[

1

2
∂µϕs ∂

µϕt

]

−2πα

∫
d4x

∫
dr
∑

s,t

(f∂rP∗s∂rPt)
[

1

2
ϕsϕt

]
, (D.125)

where terms have been organized into their r-dependent parts, which are in round

brackets, and their x-dependent parts, which are in square brackets. They have also
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been written on separate lines for organizational purposes. Integrating the second

term by parts gives

SB = −2πα

∫
d4x

∫
dr
∑

s,t

(fP∗s Pt)
[

1

2
∂µϕs ∂

µϕt

]

+2πα

∫
d4x

∫
dr
∑

s,t

(Pt ∂rf∂r P∗s )

[
1

2
ϕsϕt

]

+2πα

∫
d4x

∑

s,t

(fPt ∂rP∗s )r=0

[
1

2
ϕsϕt

]
, (D.126)

where the term on the bottom line is a boundary term, and it is assumed that the

other boundary term for the faraway brane vanishes by the boundary conditions, or

is cancelled by the faraway brane’s action. The bulk equation of motion (6.50) allows

the second line to be combined with the first as follows

SB = −2πα

∫
d4x

∫
dr
∑

s,t

(fP∗s Pt)
[

1

2
∂µϕs ∂

µϕt +
1

2
M2

sϕsϕt

]

+2πα

∫
d4x

∑

s,t

(fPt ∂rP∗s )r=0

[
1

2
ϕsϕt

]
. (D.127)

The integration over the radial coordinate can be completed using the orthonormality

relationship (6.55) so that the bulk action contributes three terms to the dimensionally

reduced Lagrangian that will be called L1,2,3

L1 = −
∑

s

[
1

2
∂µϕs ∂

µϕs +
1

2
M2

sϕ
2
s

]

L2 =
∑

s,t

(gv)2Ps(0)Pt(0)

(M2
s − 2λv2)(M2

t − 2λv2)

[
1

2
∂µϕs ∂

µϕt +
1

2
M2

sϕsϕt

]

L3 = 2πα
∑

s,t

(fPt ∂rPs)r=0

[
1

2
ϕsϕt

]
. (D.128)
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The first line is a canonically normalized KK tower of scalar fields with masses Ms,

which is the desired final result. The second and third term are cancelled by terms in

the brane action as will be shown explicitly. For example, writing the h kinetic and

mass term in terms of eigenstates ϕs and then combining them with L2 gives

L2 + Lh = L2 −
1

2
∂µh∂

µh− λv2h2 =
∑

s,t

(gv)2Ps(0)Pt(0)

(M2
t − 2λv2)

[
1

2
ϕsϕt

]
, (D.129)

while L3 and the brane mass term for φ give

L3 + Lφ = L3 −
1

2
λ2φ

2(0) =
∑

s,t

Pt(0)(2παf∂rPs(0)− λ2Ps(0))

[
1

2
ϕsϕt

]
, (D.130)

which is identical to (D.129) once the boundary condition (6.54) is employed. Finally

the mixing term gives

Lhφ = −gvhφ(0) = −2
∑

s,t

(gv)2Ps(0)Pt(0)

(M2
t − 2λv2)

[
1

2
ϕsϕt

]
, (D.131)

so that L2 +L3 +Lφ +Lh +Lhφ = 0 and the dimensionally reduced theory is the KK

tower of massive scalar fields found in L1.

D.5 Solving for the KK mode functions

In this appendix we solve solve the n = 0 perturbed wavefunctions P0` for f(r) = r,

and 0 < r < πR with Dirichlet boundary conditions at r = πR. In this geometry the

general solution can be written in terms of Bessel functions

P0`(r) = N`

[π
2
Y0(rM0`) +D`J0(rM0`)

]
, (D.132)
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where N` are normalization constants, D` are integration constants and the factor

of π/2 is chosen for convenience. It is straightforward to impose Dirichlet BCs at

r = πR, which imply

D` = −π
2

Y0(πRM0`)

J0(πRM0`)
. (D.133)

Imposing the UV boundary condition, on the other hand, is more complicated. This is

because of the UV divergences we expect in this theory. Near the origin, the relevant

Bessel functions behave like

Y0(x) ≈ 2

π
[ln (x/2) + γ]

Y1(x) ≈ − 2

π

1

x

J0(0) = 1

J1(0) = 0 . (D.134)

So, as in the vacuum solutions, the boundary condition near the brane diverges, and

must be regulated and renormalized. We cut off the boundary condition at r = ε and

find

D` =
2πα

β`
− log(εM0`/2)− γ with β` = λ2 +

(gv)2

M2
0` − 2v2λ

. (D.135)

We can rewrite this boundary condition in terms of the renormalized quantities of

(6.21), rendering it finite and cutoff-independent

D` =
2πα

β̄`(r̄)
− log(r̄M0`/2)− γ with β̄`(r̄) = λ̄2(r̄) +

ḡ2(r̄)v2

M2
0` − 2v2λ̄(r̄)

. (D.136)
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Equating the two expressions for Di yields an eigenvalue equation for the M2
` masses

−π
2

Y0(πRM0`)

J0(πRM0`)
=

2πα

β̄`(r̄)
− log(r̄M0`/2)− γ , (D.137)

which is, unfortunately, quite difficult to solve.

The normalization condition for the perturbed wavefunctions reads

2πα

πR∫

ε

rdrP2
0`(r) +

(gv)2P2
0`(0)

(M2
0` − 2v2λ)2

= 1 . (D.138)

We break this calculation into parts. First, we calculate the integral

πR∫

ε

rdrP2
0`(r) = N2

`

πR∫

ε

rdr
[π

2
Y0(rM0`) +D`J0(rM0`)

]2

:= N2
` I` . (D.139)

Using the identity

d

dx

[
1

2
x2(Z2

0(x) + Z2
1(x))

]
= xZ2

0(x) , (D.140)

for any function Z0 that satisfies Bessel’s equation, we can write

I` =
1

M2
0`

[
1

2
x2
(π

2
Y0(x) +D`J0(x)

)2

+
1

2
x2
(π

2
Y1(x) +DiJ1(x)

)2
]πRM0`

εM0`

=
1

2
π2R2

[(π
2
Y0(πRM0`) +DiJ0(πRM0`)

)2

+
(π

2
Y1(πRM0`) +DiJ1(πRM0`)

)2
]
− 1

2M2
0`

,

where the second term follows from taking the ε → 0 limit. Using the boundary
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condition (D.133) gives

I` =
1

2

π2R2

J2
0 (πRM0`)

(π
2
Y1(πRM0`)J0(πRM0`)−

π

2
Y0(πRM0`)J1(πRM0`)

)2

− 1

2M2
0`

.

(D.141)

Bessel functions obey the following identity

π

2
Y1(πRMi)J0(πRMi)−

π

2
Y0(πRMi)J1(πRMi) = − 1

πRMi

, (D.142)

so that

I` =
1

2M2
0`

(
1

J2
0 (πRM0`)

− 1

)
. (D.143)

Now we move to the second term in (D.138), which is equal to B2
` . Using the r = 0

boundary condition allows us to write

B` =
gvP0`(0)

M2
0` − 2v2λ

=
2παgv [r∂rP0`]r=0

(M2
0` − 2v2λ)λ2 + (gv)2

=
2παgvN`

(M2
0` − 2v2λ)λ2 + (gv)2

, (D.144)

which can be inserted into (D.138) to give the following equation

N−2
` = 2πα

[
1

2M2
0`

(
1

J2
0 (πRM0`)

− 1

)
+

2πα(gv)2

[λ2 (M2
0` − 2v2λ) + (gv)2]

2

]
. (D.145)

From the above normalization we find the mixing coefficients

B−2
` = 1 +

1

2M2
0`

(
1

J2
0 (πRM0`)

− 1

)
[λ2 (M2

0` − 2v2λ) + (gv)2]
2

2πα(gv)2
. (D.146)

Note that the mixing coefficients vanish as g → 0 or λ2 →∞ unless M2
i = 2v2λ.
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