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Abstract

In this thesis we prove a strong conceptual completeness result for first-order continuous
logic. Strong conceptual completeness was proved in 1987 by Michael Makkai for classical
first-order logic, and states that it is possible to recover a first-order theory T by looking at
functors originating from the category Mod(T') of its models.

We then give a brief account of simple theories in continuous logic, and give a proof that
the characterization of simple theories using dividing holds in continuous structures. These
results are a specialization of well established results for thick cats which appear in [Ben03b]
and in [Ben03a].

Finally, we turn to the study of non-archimedean Banach spaces over non-trivially valued
fields. We give a natural language and axioms to describe them, and show that they admit
quantifier elimination, and are Rg-stable. We also show that the theory of non-archimedean
Banach spaces has only one Rj-saturated model in any cardinality.
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Chavter 1

Introduction

Model theory is the branch of mathematics which studies the semantics of logical systems.
Traditionally, model theory deals with classical first-order predicate logic. In this logic, there
are two truth values true and false. This makes first order logic ideal to study algebraic
structures, such as fields and valued fields, and relational structures, such as graphs and
partially ordered sets. .

The concept of using more than one truth value in a logical system is not new. In its
simplest incarnation, intuitionistic logic is a form of three valued logic, where the truth
values are true, false and L (notation mine), and the intended meaning of L is “To be
determined”. The symbol L is, for instance, the truth value of p V —p in intuitionistic
logic. It is theoretically possible to use any poset as a set of truth values. The properties of
the poset dictate the properties of the logic. For example, a Boolean algebra gives rise to
classical logic, whereas a Heyting algebra gives rise to intuitionistic logic.

The incarnation of continuous logic which we study in this thesis has several predecessors.
In [CK66], the authors study a very general version of continuous logic, allowing any compact
topological space to act as a set of truth values. This approach is too general to be used in
applications.

In [HI02], the authors describe a logic which is suitable to describe Banach spaces. This is
a more direct predecessor of first-order continuous logic, but is not described directly as such.
Instead, the logic used behind the scene to describe Banach spaces is classical first-order
logic. The languages include a special sort R for the real numbers. The authors of [HI02]
then define a restricted class of formulae, called the positive bounded formulae, which roughly
speaking are formulae in which all terms whose range is the special sort R, take on a value
which is bounded either above or below. There are special quantifiers Jz[||z]| < r A (--+)]
and Vz[llz]] < r=(---)] for every real number r. The set of positive bounded formulae is
closed under all logical connectives, except for negation. Restricting themselves to positive
bounded formulae to describe Banach spaces, in [HI02), the authors recover analogues of
the fundamental theorem of ultraproducts, and the Keisler-Shelah isomorphism theorem.
The logic of positive bounded formulae is very much tied to the underlying class of normed
spaces.

In [Ben05}, Ben Yaacov discovers that a wide class of theories, called Hausdorff compact
abstract theories, admit a uniformly definable metric on their structures. Compact abstract
theories, also known as cats, are theories in a generalized version of first-order logic which
satisfies the compactness theorem. In [BUar|, Ben Yaacov and Usvyatsov show that cats
can be described directly using a newly defined continuous version of first-order logic, which
is a logic without negations, and in which equality is replaced by a distinguished symbol
representing a distance function. They prove that this logic satisfies properly adapted
versions of the compactness theorem, the Lowenheim-Skolem theorem and the fundamental
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theorem of ultraproducts. In the form defined in [BUar], continuous logic has allowed for the
model theoretic treatment of several classes of analytic structures, such as Hilbert spaces,
Banach spaces, C*-algebras and probability algebras.

Another group of logics which are similar to the continuous logic described in [BUar]
are the multi-valued logics of Lukasiewicz and Pavelka. These logics were introduced to
formalize fuzzy logical systems. More specifically, Lukasiewicz logics (and continuous logic)
are examples of t-norm fuzzy logics, which are [0, 1]-valued logics in which a special operator
u:[0,1]% [0,1] — [0,1], called a t-norm, is used to implement conjunctions. While a t-norm
fuzzy logic usually uses a fixed ¢-norm, continuous logic uses them all. The formalism of
Lukasiewicz logics is used in [BP10] to establish a proof system and a completeness result
for first-order continuous logic.

Chapter 3 We begin the thesis with an introduction to continuous languages and struc-
tures. To this end we take a path which is slightly different from the one in [BUar] and
[BBHUO08]. We first describe an unbounded version of the logic, in the sense that we allow
truth values in the extended positive real numbers R = R™U{oc}. As an ordered set, R is a
compact topological space, and as such it is an adequate choice for a set of truth values. We
interpret 0 as “true” and oc as “false”. We describe this logic not with the specific purpose
of studying metric spaces and analytic structures, but as a form of multivalued logic. In
terms of expressive power, our description of first-order continuous logic is equivalent to the
one described by Ben Yaacov in [BUar, BBHU(8]. Formally though, it is closer to (and
in fact also equivalent to) the continuous logic described by Hart, Farah and Sherman for
C*-algebras in [FHS]

Most of the definitions relevant to the theory of metric structures can already be formu-
lated and proved in the more general context of R-valued logic and structures.

In the general context of RR-valued languages, we obtain proofs of cornerstone theorems of
model theory, namely the compactness theorem, the fundamental theorem of ultraproducts
and the characterization of elementary classes and finitely axiomatizable elementary classes.

We also give a detailed description of the construction of the expansion #°9 of a language
# in the context of R-valued metric languages. In this context, the definition of £*9
resembles, but is slightly different from, the definition in classical logic, in that not all
imaginary elements can be obtained as canonical parameters of formulae, as is the case for
first-order logic. The expansion .£%9 of a language % and the expansion T°% of a theory T
that we describe were first described by Bradd Hart in {Har], where it is also proved that it
is the “largest” conservative expansion of the theory T.

Chapter 4 The main contribution of this thesis is chapter 4, in which we state and prove
a strong conceptual completeness result for continuous logic. This result states that one can
recover, up to equivalence, a theory T by looking at functors originating from the category
Mod(T) of its models. In the case of first-order logic, strong conceptual completeness was
proved by Makkai in [Mak88]. There, the author introduces the notion of an ultrafunc-
tor from the category Mod(T') of models of T and elementary maps between them, to the
category Set of sets and functions between them. An ultrafunctor is a purely algebraic
incarnation of the syntactic concept of a formula. It assigns to every model a set in such
a way that for every ultrafilter pair (1,U), the set assigned to the ultraproduct [], M; is
the ultraproduct of the sets assigned to the individual structures M;. Furthermore, ultra-
functors are required to behave well under certain maps that arise between ultraproducts.
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Given a first-order language ., the formulae of the expanded language .#°9 all give rise to
ultrafunctors, which are called definable functors.

The category of sets is not the right category to express the semantics of continuous
logic. We begin the chapter by finding an appropriate replacement for it, which we call
METx, and show that this category has suitable definitions for ultraproducts, and satisfies
appropriate formulations of the fundamental theorem of ultraproducts. This allows us to
define a notion of ultrafunctor Mod(7") — METg in the context of continuous logic.

A key result used in the proof of strong conceptual completeness for first-order logic is
subobject fullness, which informally states that the subfunctors of a definable functor are
themselves definable functors. This result is not quite true in the context of R-valued logic,
which forces us to change the definition of definable functor slightly. In continuous logic, a
definable functor is a functor § : Mod(T') —+ METx which can be embedded in a functor of
the form ev, in the sense that there is a natural transformation 7 : f = ev, such that for
every M € Mod(T), na is injective. Strong conceptual completeness is stated in Theorem
4.2.16 and 4.2.22:

Theorem 4.2,16: For every ¢ € 29, ev,, is an ultrafunctor.

Theorem 4.2.22: If § : Mod(T) - METg is a functor, then f is a definable functor if and
ounly if it is an ultrafunctor.

Chapter 5 We develop simplicity theory in the context of first-order continuous logic
following the more axiomatic approach to simplicity theory in [Cas07]. Continuous theories
can be construed as a special case of the concept of a compact abstract theory, for which
there is already a well-established development of simplicity theory (see [Ben03b, Ben03al).
However, the greater abstraction of general cats prohibits some of the classical results of
first-order simplicity theory to carry over. In a general cat, for example, having the same
type may not be a type-definable condition. Consequently, types do not always have non-
dividing extensions, and Morley sequences may not exist in every type. This is due to the
fact that these results rely on the type-definability of indiscernible sequences.

To the knowledge of the author, no development of simplicity theory exists which is
written specifically using the syntax of continuous logic. Chapter 5 is an attempt to remedy
this situation. We follow [Cas07] quite closely, pointing out the places where proofs should
be adapted to the context of continuous logic. The reader should note that in most cases,
the continuous proofs we provide are very similar to their first-order counterpart.

Chapter 6 In this chapter we begin the study of non-archimedean Banach spaces over non-
archimedean valued fields. Work in progress by Ben Yaacov in [Ben09b] deals with valued
fields in the framework of continuous logic. The work done in [Ben09b] inspired chapter 6,
though we do not rely on any of the results presented therein. We describe a language which
allows to consider the class of non-archimedean Banach spaces as an elementary class, and
find an axiomatization of the theory of this class. The language we describe is similar to
the language for valued fields described in [Ben09b]. The main result of this chapter is that
the theory of non-archimedean Banach spaces over a fixed non-archimedean valued field
has quantifier elimination, and is Ng-stable. Non-archimedean Banach spaces also possess a
unique X;-saturated model of any cardinality, and are therefore unidimensional.




Chapter 2

Preliminaries and notational conventions

In this chapter we give the basic definitions and notational conventions in use throughout
the thesis. We give definitions and results relevant to generalized metric spaces, which will
be our main object of study. We focus on the generalized metric space we call R. This metric
space will be used as a set of truth values, and its properties will dictate many properties
of the logic we study in this thesis.

This thesis is written in ZFC. If X and Y are sets, f : X — Y is a function, and A C X,
then we write f[A] for {f(z) : x € A}. As a convenience, we also use the notation [z — f(z)]
for a nameless function. Throughout the thesis, the notation #X will be used exclusively for
set cardinality. The notation |X| will usually be used for density character of topological
spaces.

Section 2.1
( Categories and functors

2.1.1 Definition: A category C consists of the following data:

1. A class C, (possibly proper) of objects

2. Between any two objects x,y € C, a set Mor(z,y) of morphisms

3. For any triplet x,y,2 € C, a map oy, : Mor(x,y) x Mor(y, 2) = Mor(z, z)
such that the following holds:

1. For every ¢ € C, there is an element 1, € Mor(z,z) such that for any y € C,
feMor(r,y) and g € Mor(y,z), lzoyzeg=9gand for oy 1z = f;

2. For every z,y,z,w € C, every f € Mor(z,y), g € Mor(y, z) and h € Mor(z, w),
h Oy,z,w (g Oz,y,z f) = (h Oy,z,w g) Oz,y,2 f

In general, we will omit the subscripts occurring in o ,, since there can be no confusion
as to what they should be. »

2.1.2 Definition: A map f € Mor(x,y) is called:
1. a monomorphism or monic if whenever g,h € Mor(y,2),if fog= foh then g = h;

2. an epimorphism or epic if whenever g, h € Mor(z,z),if go f = ho f then g = h;
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3. an isomorphism if there is g € Mor(y, x) such that fog=1,and go f =1, &»

2.1.3 Definition: Let C and D be categories. A functor § : C — D is a map which assigns to
every object x € C an object F(z) € D, and to every morphism f : z — y of C a morphism
F(f): §(z) = F(y) in D such that F(f o h) = F(f) o F(h) whenever the composition makes
sense. &

2.1.4 Definition: Let §,6 : C — D be two functors. A natural transformationn : § — &
consists of a family of D-morphisms {n, : F(z) = &(z) : z € C} such that 7, o F(h) =
®(h) o, for any x,y € C and any h € Dor(z,y). A natural transformation is called:

1. monic if n, is monic for every z € C
2. epic if i, is epic for every z € C

3. a natural tsomorphism if 7, is an isomorphism for every z € C &

Section 2.2
l> Generalized metric spaces

The primary objects of study in continuous logic are metric spaces. In our context, they will
in fact be generalized metric spaces. In this section we gather some definitions and relevant
facts about these spaces.

2.2.1 Definition: A generalized pseudo-metric on a set X is a function p: X x X — R such
that

L. p(z,2) =0

2. p(z,y) = ply, 7)
3. plz,y) < p(z,z) + p(z,y) for every z,y,2 € X.

If p(z,y) = O implies that = y, then p is called a generalized metric.

The term “generalized” refers to the fact that nothing prevents p from taking on oo as
a value. A generalized pseudo-metric space is a pair (X, p), where X is a set, and p is a
generalized pseudo-metric on X, and a generalized metric space is a pair (X, p), where X
is a set, and p is a generalized metric on X.

There is an equivalence relation on X defined by z ~ yep(z,y) = 0, and p induces a
generalized metric d, on the set X/ ~ of equivalence classes of ~. The metric d, is defined
by

dy(z/ ~y/ ~) = inf p(z,2').

2~y

The metric space (X/ ~,d,) will be denoted X/p. If (X, p) is a generalized pseudo-metric
space, then the sets

Bee(z) ={y € X : p(z,y) < ¢}
and

Bs.(z)={y € X : p(z,y) > ¢}
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form a basis of open sets for a topology on X. Throughout this thesis, generalized metric
spaces and pseudo-metric spaces will be viewed as topological spaces, always with this
topology.

2.2.2 Definition: If X is a generalized (pseudo-)metric space, then we define | X| to be the
density character of X, i.e. the cardinality of the smallest dense subset D C X. &

Throughout this thesis, whenever we refer to the size, power or cardinality of a metric space,
we always mean its density character, and use the notation | X|. The definition of continuous
and uniformly continuous map can be written for generalized pseudo-metrics as well.

2.2.3 Definition: Let X and Y be generalized pseudo-metric spaces. A function f : X - Y
will be called pseudo uniformly continuous if and only if for every € > 0, there is § > 0 such
that if px (x,y) < 4, then py(f(z), f(y)) < e. If f is pseudo uniformly continuous, then it
induces a uniformly continuous function f: X/px = Y/py. &

It is worth noting that the numbers € and § in the last definition, and in the definition
of B, can be taken to be oco. The generalized metric space most central to this thesis is

R={reR:r>0}uU oo}

where the generalized metric is given by |z — y|, with the convention that |r — y| = oc if
either 2 = ac or y = oo but not both, and Joc — oc| = 0. We will view R both as a totally
ordered set and a generalized metric space. In fact, the topology induced on R by this
generalized metric is equal to the topology induced on it by its ordering. In particular, R
is compact both as a generalized metric space and as an ordered set. For every n € N, we
have a generalized metric on R™ given by

d(z,y) = max{|z; - ;| : 0 < i < n}

and the topology induced on R™ by this metric is the same as the product topology. There
is also a generalized metric on R* defined by

21
i=0

and this metric induces the Tychonoff product topology on ¥, which means that this set
is also compact as a generalized metric space. There are, of course, many possible choices of
metrics on R which make it a compact generalized metric space. By a compact generalized
metric, we shall mean a metric d with respect to which R* is a compact metric space.

2.2.4 Definition: For 1 < n < w, we define a compact norm on R™, we shall mean a function
u: R™ — R such that:

1. u(zy,.yxp,...)=0ifandonlyifx; = =z =--- =0

2w+ Y1, T F Uk ) ST o Thy ) F UYLy ey Yky o)

3. u(zy,...,Tk,...) = 00 if and only if x; = oc for some i < n

4. R"™ is compact with respect to the topology induced by the generalized metric

u(lxl - ylla (a3} lxk - yk|7 )
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For any n > 0, a compact norm u on R"™ induces a topology on R™ in which the collection

of sets
def
O, ={reR" :u(r) <e}

forms a basis of open sets. If we denote by 7; the i-th coordinate projection on R“, then
we see that 7;[0;] = R for all but finitely many i's. Therefore, we see that the topology on
R" induced by a compact norm is exactly the Tychonoff product topology, and thus that
all compact norms are topologically equivalent.

An example of a compact norm on R¥ is the function

ULy ooy Ty oon) = 2—:
i=0
Note that the definition of the metric d above is equal to w{|zy — v1l, s |Zn — Ynl,---)-
In general, if v is any compact norm, then v(|z1 — yil,....|Zn — ynl,...) is a generalized

metric on RY. Conversely, if d : B" x B® — R is a compact generalized metric, then the
function u(z) = d(z,0) is a compact norm on R". The following fact is used in the proof of
proposition below, and then later in chapter 6.2.

2.2.5 Fact: The function [z — 1—e~*|, with the convention that oo — 1 is an order preseruv-
ing homeomorphism R — [0,1]. Its inverse is given by [y — In T‘l'ﬂ]’ with the convention

that 1 = oo. In fact, both these maps are uniformly continuous with respect to the metrics
on R and [0, 1]

2.2.6 Proposition: For every 0 < n < w, a function u : R™ = R is continuous if and only
tf it is uniformly continuous with respect to the generalized metric on R™.

Proof: Let u : R* — R be continuous. Let f = [y — In -l_l—y] Then

9= (@10 @ne ) = FTHF@)0 o f ()]

is a continuous function [0, 1] — [0, 1]. Since [0, 1]" is a compact metric space for 0 < n < w,
g is uniformly continuous. Now note that

w(Zry o Ty ) = flg(f @)y oo, F (), 00)),

which is a composition of uniformly continuous functions. g

Infinitary continuous functions can always be obtained as limits (in the order topology
of R} of finitary ones: if u: R“ — R is a continuous function, then for every k < w, we let

Uk(T1, ., Zk) = SUP U(T1, ooy Thy Ykt 1s ooos Yhbin ooe)-
yel>k
For every sequence 1, ..., I, ..., the sequence ug(xy, ..., zx) is decreasing and bounded below
by u(zy,....,Zn,...}. Therefore, it converges. It is not hard to see that in fact, it converges
to u(zy, ..., Tn,...), from which we conclude that limy_,oc ux = u.

2.2.7 Definition: For every 0 < n < w, and for every continuous u : R"™ — R, we let
UC(u) : R = R be defined as follows: for every ¢ > 0, UC(u)(¢) is the largest § > 0 such
that whenever d,(Z,§) < 9, |u(Z) — u(g)l < €, where d, is a compact generalized metric on
R™. The functions UC(u) are fixed throughout this thesis. &

10
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2.2.8 Definition: The category MET is defined as follows:
Objects: Generalized metric spaces
Morphisms: Uniformly continuous maps

Composition: Function composition &

A generalized metric space X is called complete if every Cauchy sequence in X converges
in X. Every generalized metric space X has a unique completion X such that X C X, and
whenever Y is a complete generalized metric space, every continuous function f : X — Y
extends uniquely to a continuous map f : X — Y. The construction of X from X is in
every way similar to the construction of the completion of an ordinary metric space. This
gives rise to a functor C : MET — MET whose action on objects is given by C(X) = X,
and if f: X — Y is continuous, then C(f) = i’o\f, where i : Y — Y is the inclusion map.

Section 2.3
( Ultrafilters

In this section we gather up the basic definitions and facts about ultrafilters. These defi-
nitions and facts are standard, and are stated without proof. Their proofs, as well as the
proofs which we do give, can be found in [CK90]. Let I be a set. Throughout we use the
notation 2/ to denote the power set of I. A filter on [ is a family F C 27 such that:

1.0¢gF

2. F has the finite intersection property, i.e. whenever P,@Q € F, PN Q € F as well,
provided PN Q # @;

3. F is closed upward, i.e. if P€ F and PC @, then Q € F.

A filter F is called principal if there is a set X C [ suchthat F={Y CI: X CY} A
non-principal filter is an filter that is not principal. An ultrafilter on I is a filter U with the
additional property that for every X C I, either X e U or \X € U.

2.3.1 Definition: An ultrafilter pair is a pair (I,U) with I a set and U an ultrafilter on I.&

2.3.2 Fact: Let F C 27 be a family with the finite intersection property. Then there is an
ultrafilter U on I withU D F

2.3.3 Definition: Let J be a set, and let f : J — I be a function. Let U be an ultrafilter
orr J. We define f[U] as follows:

Pe flUlef ' (P)eU.

One easily checks that f[U] is indeed an ultrafilter on I, called the ultrafilter induced by f
on I. If f is onto, then f[U] = {f[P]: P e U}. &

2.3.4 Definition: Let I be any set, and let F C 2/. An F-selector is a function f : F — [
such that f(x) € z for every x € F. &

11
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2.3.5 Proposition: Let U be an ultrafilter on I, and f : U — I be a U-selector. Then there
is an ultrafilter W on U such that fW] =U.

Proof: Let W = {f~}[P]: P € U}. Then W clearly has the finite intersection property,
and is closed up. Since we are assuming that f is a U-selector, f(P) € P for every P € U,
and therefore @ ¢ W. It is easy to see that W is in fact an ultrafilter, and that f[W] =U.00

2.3.6 Definition: Let (I,U) be an ultrafilter pair, and & be a cardinal number. Then U is
called k-regular if and only if there is D C U with §D = &, and for every 7 € I, the set
{P € D:i¢ P} is finite. &

2.3.7 Proposition: Any infinite set I admits an |I|-regular ultrafilter.

Proof: Consider the set J of all finite subsets of I. Fori € I, leti = {j € J:i € J},
and let D = {7 :4 € I}. Then |D| = |I}, and D has the finite intersection property. More
importantly, any j € J belongs to only finitely many elements in D, since j € J means j is
a finite set, and j € 7 implies i € j.

Since D has the finite intersection property, it extends to an ultrafilter I/ on J. The fact
that D C U witnesses |I|-regularity. If f: J — I is any bijection, then f[U] is an |I|-regular
ultrafilter on I, with |I|-regularity witnessed by f[D]. a

Section 2.4
( Ultraproducts J

Let I be a set and U be an ultrafilter on I. If (z; : i € I) is any I-indexed sequence of
elements of R, and = € R, then we say that lim; ,y z; = z if and only if for every open set
O such that z € O,

{iel:z;€e0}eU.

Since R is Hausdorff, for every I-indexed sequence (z; : ¢ € I), there is a unique z € R such
that lim; ,y z; = z, and we get a function limy : ! — R, called the ultra-limit modulo U.
Note that lim; ,y z; = oo if and only if for every r € R, the set

{telix;2r}elU
and lim;_,y r; = ¢ < oo if and only if for every € > 0,
{iel:|z;—z|<c}el.

This is just a restatement of the definition with a basis of open sets.

There is an equivalence relation on R’ defined by (x; : i € I) ~y (y; : 4 € I) if and only
if lim; ,y z; = lim;_,y y;. Since R is compact, for every sequence (z; : ¢ € I) there is z € R
such that (z; : i € I) ~ (z : i € I). This implies that R’/ ~y= M. This simple fact, and
Theorem 2.4.1 below are key to the usability of R as a set of truth values.

2.4.1 Theorem: Let u: R® — R be a continuous function. Then for every ultrafilter pair
(I1,U).

lim w(xy, .0 Zin,y o) = w(lim x;q, .. im 24, ).
i—U t—U i—U

12
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Proof: Let O be a neighbourhood of u(lim; ,y z;1, ... im; ,y Z;n, ...). We need to prove that

the set

{iel: u(za, . T, ...) € O}
is i U We have that u=1(0) is a nelghbourhood of (lim;_,y xi1, ... im;_,py Z4n, ...). Write
u'1 = Hte‘ O;, with each O; open in . There is a finite subset, A C & such that
O, =Rifi € A. Since lim;,y z;1x € Ok for k € A, we have

Po={iel:xy €0} el.

Let P =(\ca Px. Then P € U, and for every i € P, and k € A, x4 € Ok. This implies
that for every i € P, (zix : k < &) € u~1(0), so that u(z;, ..., Tin,...) € O. This implies
that

ill,nllj U(Ti1y ey Tiny o) = u(ilerllj Til, oo ilerllj Tin, o )s

finishing the proof. a

If {(X;,d;) : i € I'} is an I-indexed sequence of generalized metric spaces, then we define
a generalized pseudo-metric p on []; X; by

p(Z, 17) hm di(xs, yi)-

The quotient of []; X; by the equivalence relation p(z,y) = 0 is called the ultraproduct of
the spaces X;, and is denoted [];; X;. If all the X;’s are equal, then [],, X; is denoted XV,
and is called an ultrapower of X. We have a canonical diagonal embedding ¢ : X — XY,
and if X is a compact metric space, then X & XY via 1. In general, an element of [],. X
will be denoted (z;)v.

The construction of ultraproducts of metric spaces is what forces us to consider gener-
alized pseudo-metrics instead of finite-valued metrics. Even if d; on X, is finite valued for
every i € I, it is possible that im;,y d;(z;, ;) = oo. For every set I, we define MIETWUW
in the following way:

Objects: Sequences (X, : i € I) of elements of MET

Morphisms: Uniformly equicontinuous sequences (f; : ¢ € I) of morphisms of MET. That
is to say, sequences (f; : 1 € I) such that f; : (X;,d;) = (X],d}) for every i € I, and
for every € > 0, there is a § > 0 with the property that for every i € I, if d;(z,y) < 4,
then d;(fi(z), fi(y)) < e

Composition: Coordinatewise function composition

2.4.2 Proposition: For every ultrafilter pair (I,U), there is a functor ], : (MET). ,;, —
MET which assigns to every sequence (X; : ¢ € I) the metric space [], Xi, and to every
sequence (f; 1 1 € I) the function (], fi) (zi)v) = (filz))u.

Proof: That [],; X, is a generalized metric space was argued earlier. It remains to show
that [], fi is a uniformly continuous function. By the definition of MIE’]I’{EQM, if (fi:i€l)
is a morphism of MIIE'II‘éqm, then (f; : i € I) is equicontinuous. Let € > 0, and choose §

13
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so that for every ¢ € I and every z,;,y; € X; d; (:c,,yl) < ¢ implies di(fi(@:), fily)) < €
Suppose d({z;)v. (y:)v) < 6. Then

d((nf1> (xy U) (Hf‘> ;) > hnld(fz(wz) fiy:))
U

by definition. By definition, since d({(z;)y, (yi)v) < 6, there is P € U such that for every
i € P, d(z;,y;) < 8. Therefore, for every ¢ € P, d;(fi(z;), fi(y:)) < e, showing that
limi—0 d(fi (), fi(3:)) < € as required. O

2.4.3 Fact: The completion functor C : MET — M]ET commutes with all ultraproduct func-
tors, i.e. for every ultrafilter pair (I,U), C(I], X.) = [1y, C(X:). In fact, T],, C(X.) is
always complete.

14



Chapter 3

R-valued languages and structures

Section 3.1
{ R-valued languages

There are several paths one can take to arrive at a definition of continuous logic. Originally,
in [Ben05, BUar], continuous logic was created as an internal logic for Hausdorff compact
abstract theories. In [BBHU08], [BP10], [Ben09a], continuous logic is viewed more as fitting
in the context of multi-valued logics. This seems more natural, as it is often easier to
describe a continuous language for a class of structures from scratch than to view the class
of structures as a cat and try to read the appropriate language that way. This more recent
point of view also allows for a more syntactic treatment of continuous logic in {BP10j, which
includes a proof system and a completeness theorem.

We begin by defining the notion of R-valued language. Recall from chapter 2 that R
denotes the extended positive real numbers with the order topology. We will be using the
elements of R as truth values. A lot of the theory of metric structures can be discussed in
the more general context of R-valued logic, including the very useful compactness theorem
and the definition of ultraproducts. The formal definition of R-valued languages is very
similar to the definition of classical first-order languages. A R-valued language .& consists
of the following data:

1. A collection Sort ¢ of sort symbols.

2. A collection Funce of function symbols. Every f € Funcy has a domain dom(f)
consisting of an ordered tuple of elements of Sort, possibly with repetition, and a
codomain codom(f) consisting of a single sort symbol S.

3. A collection Relg of relation symbols. Every relation symbol has a domain dom(R)
defined as for function symbols.

4. A collection Const of constant symbols. Every constant ¢ € Consts has a type
consisting of a sort symbol denoted type(c)

5. A collection Var.g of sorted variables with a map type : Vargy — Sortéﬁ" with infinite
fibres.

If r € Rely or z € Funcy, then the length of dom(z) is called the arity of z, and is
denoted |z|. The element x will be referred to as |z|-ary. Unless more standard notation
applies, the formal symbols in the disjoint union Sorte [[ Funce [[ Rely || Const & will
be typeset in a sans-serif font, with the letter ¢ usually reserved for constants, the letter R
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for relations and the letter f for functions. Symbols may contain subscripts. Variables will
be typeset normally.

When there is no possible confusion, we shall drop the subscript %. An element of
Sort (resp. Funce, Rely or Const ) will be referred to as a sort of & (resp. function,
relation, constant symbol of .&£).

3.1.1 Definition: A term is a formal expression t built from the function and constant
symbols according to the following rules, in which we also define the codomain codom(t) of
a term t:

1. Any variable x € Varg and any constant ¢ € Const g is a term. If z € Varg, then
codom(z) = type(z). If ¢ € Constg, then codom(c) = type(c).

2. If ty,...,t, are terms of the appropriate codomains, and f € Funcg is such that
dom(f) = (codom(t;),...,codom(t,)), then the expression t = f(¢,...,t,) is a term.
The codomain of ¢ is the codomain of f. &

3.1.2 Definition: A logical connective is a formal symbol u corresponding to a continuous
function u : ¥ — R, where 0 < k < w. The number k is the arity of the connective.
If & < w, then the connective u is said to be finitary. If £ = w, then u is said to be
infinitary, and we assume that R* is endowed with the Tychonoff product topology, making
it a compact set. &

Note that a 0-ary connective is just an element of . A O-ary connective will be denoted
by r € R.

3.1.3 Definition: A formula is a formal expression ¢ which is of one of the following forms:

1. R(ty,...,tn), where t; is a term with appropriate type for i = 1,...,n, and R is an n-ary
relation symbol of Z.

2. o Ay and ¢ Vi, where ¢ and i are formulae.

3. For every S € Sorty, Vr € S[p] and 3r € S[y], where ¢ is a formula. Since it will, in
general, be possible to determine S from z, to simplify the notation, we will generally
omit the sort, and write Vr{p] and 3xzfp]. We shall also write Vi, - - 2, [p] instead of
Yz - Va,[p], and similarly for 3z; -+ z,]y]

4. u(p1, . @i, .-), where each p; for i <n < w is a formula and u : R" — R is an n-ary
connective. &

We will use the notation ¢ < 1 for the formula ¢—1, where z—y is the function [(x,y) =
max{z — y,0}].

Since every r € R can be viewed as a formula by considering a 0-ary connective, for
every r € R, and any formula ¢, we get formulae ¢ < 7 and ¢ > 7.

3.1.4 Definition: The set of free variables of a term are defined recursively as follows:
1. FV(z) = {z} for z € Varg;
2. FV(c) =0 for c € Const g;
3. FV(f(t1,....tn)) =FV(t1)U---UFV(t,).
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A closed term is a term with no free variables, i.e. a term ¢ such that FV(t) = . Thus a
closed a term is a term formed using only variables, constants and function symbols. The
free variables of a formula are defined recursively as follows:

1. FV(R(ty, ..., tn)) = FV({t1) U - - UFV(t,)

FV(pAy) =FV(pVy) = FV(p) UFV(y);
FV(u(p1,. @ks ) = Ugern FV (k) if u is any connective;
FV(¥z € Sly]) = FV(¢)\{z};

5. FV(3z € Slg]) = FV(p)\{z}.

L

A formula » such that FV(¢) = 0 is called a sentence. &

Note that a formula of .2 can, in general, have infinitely many free variables. However
FV(y) is always a countable set. The arity of a term ¢t or a formula ¢ is defined to be the
cardinality of FV(t) or FV(p). We define the domain of a formula ¢ to be

dom(yp) = (type(z) : z € FV(y)).

In order to make the notation look more familiar, instead of writing dom(z) as a tuple of
length the arity of x, we will write it as S; x --- x S,, x ... We will also use the notation
S € dom(y) to indicate that S is one of the sorts listed in dom(yp).

Section 3.2
(> R-valued structures

In this section we give the definition of an R-valued structure. An R-valued structure X for
a continuous language % consists of the following data:

1. For every sort S € Sort ¢, a set S(X).
For every function symbol f € Funcg, a function [f], : dom(f)(X) — codom(f)(X);
For every relation symbol R € Relg, a function [R], : dom(R)(X) — R;

For every constant symbol ¢ € Const ¢, an element [c], € type(c)(X):

AN el

For every variable x € Var ¢, the identity map [z], : type(z)(X) — type(z)(X);

Here we note that there is a coarsest topology on S(X) with respect to which the interpre-
tation of all the relation symbols are continuous. Therefore, it makes sense to talk about
the density character |S(X)| (which may very well be the cardinality of S(X)). We define
the density character | X| of an #-structure X to be

X= > ISl

SeSort e

In order to avoid a huge amount of notational clutter, we use a rather informal approach to
membership of elements in a multi-sorted structure. We adopt the convention that elements
of multi-sorted structures “know” what sort they belong to. If A C X, then we define the
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language Z4 to consist of . together with a new constants a for each a € A. The structure
X can be made into an Z4-structure by defining [a], = a. A term (resp. formula) of Z4
will also be referred to as a term (resp. formula) of .& defined over A. '

3.2.1 Definition: If ¢ is a term, then its interpretation [t], in X is defined inductively by

£
[f(ty, . ta)] & e [fle ([t - [tn] &), where t; for 1 <14 < n is a term of the appropriate

codomaln L

3.2.2 Definition: The interpretation of formulae is defined as follows. All variables present
are tuples of the appropriate type and length.

L [R(t1, v tn)] v (&) = [R]y ([t1] % (&), ., [tn] » (2)), where t; for 1 < i < nis a term of
the appropriate codomam

2. [e A Y]y () = max{[ely (2), [¥] v ()}, where ¢ and 1 are formulae;
3. [eVy]y (@) = min{[e] (Z). [¥] 5 (a‘:)}, where ¢ and ¢ are formulae;

4. [uler, ooy @ns -y (@) = u(fprlx (2), -0 [onl x (2)....), where w is an infinitary con-
nective, and ; is a formula for 1 <4 5 n;

5. [Va € S{pll x (§) = sup,es(x) [¢]x (z,7), where ¢ is a formula;
6. [3z € S[¢]l v (§) = infrescx) [@] x (z, 7). where @ is a formula;

If zy,....x, € X, then we will write X |= p(x1,....2,) if [¢]y (£1,....2,) = 0. We also use
the notation X }= [p(z1,...,xn) = 7] for [@]y (21 ..vzn) =7, X E [plz),...,2,) < 7] for
[[‘PI]X (1,.zn) <rand X ’: [W(Il, v Tn) 2 T‘J for [I‘P?]]X (Ty,.hzn) 2T &

We pause here to note that given the definition above, the presence of A and V in the
formal definition of . is unnecessary. Since max : ;&8 x R — R is continuous, for any
formulae o and ¥, max{¢(x),¥(y)} is also a formula, and for any structure X, we have

X = Vzy[(p(z) A v(y)) = max{p(z), ¥(y)}]-

However, the presence of A and V makes the formulae of R-valued languages look more like
classical first-order formulae.

3.2.3 Fact: Let o(y) be a formula, and let S be the sort of y. Then X | Vy € S[p(y)] if

and only if for every y € S(X), @]y (y) = 0. X |= 3y € Slp(y)] if and only if for every
€ > 0, there is ye such that [p] , (ye) < e

3.2.4 Definition: A formula @(z) such that X = 3z € S{p(z)] will be referred to as approz-
imately satisfiable in X. &

If £ is a set of sentences, then we write X' |= £ if X' |= ¢ for every p € £. X is consistent
if there is a structure X’ such that X = . A formula of the form o(x) is called satisfiable
if there is a structure X and an element z € X such that X & ¢(z). If £(z) is a set of
formulae of the form p(z), and x € X, then we write X’ = £(x) to indicate that X = ¢(z)
for every o € . In this case, the set & will also be referred to as satisfiable, or consistent.

3.2.5 Definition: Let & and ) bé Z-structures. A function f : X — Y is a collection
(S(f): S € Sort) such that for every S € Sort, S(f) : S(X) — S(Y). &
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3.2.6 Definition: Let A and Y be £-structures, and suppose i : X — ) is a function. Then
¢ a homomorphism if for every ¢ € Const, f € Func and R € Rel, we have:

L. type(c)()([c]») = [c]y
2. For every z € dom(f)(&X), [f]y, (dom(f)(i)(z)) = codom(f)(i)([f]x (=)
3. For every z € dom(R)(&), [R]y (dom(R)(i)(z)) = [R] x (=)
The function ¢ will be referred to as an:
1. embedding if it is 1-1;

2. elementary embedding if it preserves the values of every formula, i.e. if ¢ is an Z-
formula, then [¢],, (dom(p)(i)(x)) = [¢] x () for every z € dom(p)(X). [

3.2.7 Definition: If X and Y are .Z-structures, then we write X < Y in case there is an
elementary embedding h : X — Y. In this case we refer to X as being an elementarily
substructure of Y, and Y is an elementary extension of X. &

3.2.8 Definition: Let X be an Z-structure. The elementary diagram of X is the set of all
sentences € Zx such that X = ¢. It is denoted diag(X). &

3.2.9 Fact: There is an elementary map f : X — Y if and only if Y can be expanded to an
Ly -structure V', and V' |= diag(X).

Now is perhaps the best time to discuss cardinality issues related to languages. Let
Z be a language, and let X be a set of sentences of .. A subset D C % is called X-
dense if and only if for every ¢ € &, there is a sequence p, € D such that for every n,
T = |on — ¢ € 1/2" The density character of . relative to ¥ is the size of a smallest
possible £-dense subset of .#. It will be denoted |.Z|s, of |.#| if £ is understood. As for
metric spaces, every time we refer to the size, power or cardinality of a language, we mean
its density character, and use the notation ..

Section 3.3
( Theories and types

Let & be a language, and let X’ be an .#-structure. The complete theory of X will consist
of those sentences ¢ € . such that X = . Formally,

Th(/\,’.) o {p € & pis asentence and X = p}

A theoryis any consistent set of sentences of .Z. Clearly, if X is consistent, then by definition
there is a structure & such that ¥ C Th(X). If A and £ are two sets of sentences, then we
write A = ¥ to indicate that whenever X' = A, we also have X = X. T is called closed in
case p € X if and only if ¥ |= ¢. The closure of a set of sentences A is the smallest closed
set ¥ C % such that A = X. The theory Th(X') is an example of a closed theory.
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3.3.1 Definition: Let K be a class of #-structures. We define

Th(K) ¥ () Th(X).
XEK

If T is any theory, then we define T+ aef {¢ <6:9 €T, >0} In general, if E(zx)} is any
set of formulae, then L% (z) o {p(z) <6:p € X(x),d >0} &

3.3.2 Definition: We denote by Mod(T') the class of models of 7. The notation Mod(T, )
will be used to denote the class of models of T of density character k. A class C of structures
is called elementary if there is a theory T such that C = Mod(T). In this case we will say
that T ariomatizes K. In other words, K is elementary if and only if K = Mod(Th(K)) &

We also use Mod(7T') to denote the following category:
Objects: Models of T

Morphisms: Elementary maps between models.
Composition: Function composition.

3.3.3 Definition: Two structures X and Y are called elementarily equivalent if Th(X) =
Th(}). This situation is denoted by X = ). ' )

3.3.4 Definition: Let z be a tuple of variables. A partial type in the variable z is a consistent
set 7(z) of formulae in 2. If M is an Z-structure, and A C M, then we call a type in
L4 a partial type over A. If a € M, then the complete type of a over A is the type
{p € L4: Mk p(a)}. It will be denoted by tp,,(a/A), or by tp(a/A) if M is understood.
We write a =4 b to indicate that tp(a/A) = tp(b/A). &

3.3.5 Definition: A type n(z1,...,x) is complete if and only if for every formula of %4,
there is a unique r € R such that “p(z;,...,z,) = 7" € 7. The set of all complete types
over A in the n variables 1, ...,z, is denoted S,(A). Here we allow n = w. !

We note that a type is complete if and only if for every r € R, and every ¢ € %,
“o<r’ernifandonlyif rEFp <r,and “p9>r" erifandonlyifr = > 7.

3.3.6 Definition: A partial type w(x) over A is realized if and only if there is an .#-structure
X and z € X such that X = w(z). A structure X is k-saturated if and only if for every
A C X such that |A] < k, every partial type m(z) over A is realized in X. X is saturated if
and only if it is |X'|-saturated. &

3.3.7 Theorem: For every n, the sets of the form [w(z1,...,2,)} = {p € Sa(A) : @ C p},
where w(zy,...,2n) 18 a partial type, form a basis of closed sets for a compact Hausdorff
topology on S,(A). '

Proof: The definition of [r(zy,...,z,)] makes it clear that the sets of the form [r(zy,...,z5)]
are closed under arbitrary intersections and finite unions. Therefore, they form a basis of
closed sets for a topology. The fact that this topology is compact is a direct consequence of
the compactness theorem for R-valued logic (Theorem 3.4.2, which we prove later). O
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Let v € & be a formula in the free variables z;,...,2,. Then ¢ induces a continuous
map f, : Sn{(A) = R which assigns to every complete type p the unique r € R such that

p = ¢ =7r. The set &~ o {f, : ¢ € £} is closed under the logical connectives in the
following sense: if 0 < k < w, u: M* — MR is a logical connective, and (¢; : i < k) is a
sequence of formulae in % which all share the same free variables, then

u(fqpn""fqanv"') = fu((pl,“.,cp,.,...) (3'1)

The following theorem appears in [BUar] in the form of Fact 1.3 and Proposition 1.4. For
completeness, we provide a direct proof here which is a direct instantiation of the proofs
of Fact 1.3 and Proposition 1.4 in [BUar]. Though lacking the generality of the proof in
[BUar], our proof highlights the construction of the formula corresponding to a continuous
function f: S,(A) — R.

3.3.8 Theorem: For every Z-formula ¢, the function f, defined above is continuous. Fur-
thermore, every continuous map f : Sp(A) — R is of the form f, for some Z-formula

@.

Proof: First we show that f, defined above is continuous. Let M > 0. Then f;l([O, M) =
{p: fo(p) € M} by definition. By definition also, f,(p) < M if and only if “p < M” € p.
This is true if and only if p € [r], where 7 = { < M}. Similarly, f~}([M, o0]) = [r], where
m={p> M}

We now prove the second assertion. Note that given any two distinct types p,q € S, (A),
there are 7 # s € R, and a formula ¢ such that “p = r € p and “p = §” € ¢. This is
because, if p and ¢ are distinct, then there must exist by definition a formula ¢ such that
pE p, and ¢ = ¢ > 1/2"™ for some n.

CLAIM A: For every r # s € R, there is a formula ¥ such that fy,(p) =7 and fu(q) = s.

PROOF: Let u(t) = ;__(11%t +r, and let ¥ = uo . Note that u is a logical connective, and
@

consequently, ¢ is a formula. Also, it is easy to see that fy = fuo, = uo f,. Therefore,

fu(P) =7 and fy(q) = s as required. O

By the claim, for every pair of types p and g, we can find a formula ¢, 4 such that f,, (p) =
f(p) and f,, (q) = f(q). Let ¢ > 0, and define V,, , = {2z € SN(A): f(z)—€e < fopa(2)}.
Note that V;, 4 is an open neighbourhood of ¢, and that the collection Cp, = {V, 4 : ¢ € S*(A4)}
is an open covering of S,(A). Let F}, be a finite sub-covering of Cp,, and let

Yp = /\ Ppa-

Vp.g€Fp

Now f(z) —¢ < fy,(z) for every 2. Theset U, = {2 € Sp(A): f,,(2) < f(z) +¢€} is an open
neighbourhood of p, and the collection C = {U, : p € S,(A)} is an open cover of S,(A).
Let F be a finite subcover of C, and let

Ye = \/ l/jp~
Up,eC

Then f(z) —e.< fy,(2) < f(2)+¢. In other words, for every z, |f(z) — fy.(2)| < €. Since e
was arbitrary, this shows that f is a uniform limit of functions of the form f,. To see why

21



McMaster - Mathematics Jean-Martin Albert - Ph. D. Thesis

this implies that f has the appropriate form, let ¢, be a sequence of formulas such that
fo., = f uniformly. There is a uniformly continuous function u : R“ — R such that

f= nan;o forn =U(fors o fons ) = F.

By Equation (3.1),
u(faplw-wfgans"-) = fu(\;l ..... Pra)

. Therefore, the formula ¢ = u(y, ..., Pn,...) is the formula we are looking for. O

3.3.9 Corollary: Let M € Mod(T), and let f : S(M) = R be a uniformly continuous map
on some sort of £. Then the following are equivalent:

1. There is a formula ¢ such that f = [p] 145
2. f(a) = f(b) whenever a = b.

Proof: The facts that f{a) = f(b) whenever ¢ = b and that f is uniformly continuous imply
that f induces a continuous function f on the type space S;. By Theorem 3.3.8, f is of the
form f,. d

Section 3.4
lﬁ ' Ultraproducts of structures

We now define ultraproducts of R-valued structures. Let (I,U) be an ultrafilter pair, and
let {X;:i € I} be aset of #-structures. We put an #-structure on X =[], &; as follows:

1. S(X) = [1, S(A) (ultraproduct of sets)

2. [[C]]X = ([[CI]X,>U

3. For every tuple of terms t1,...,t, of the appropriate codomains,

Rl (b1, tn) = lim [R], (i1, - Dtnln)

4. For every tuple of terms ty,...,t, of the appropriate codomains,
[flx 1y tn) = ([flx, (Itdx, oo ] 2 du

This structure is called the ultraproduct of the structures X;. If all the structures X, are
the same, then HU X; is denoted XV, and called an ultrapower of X. The fundamental
theorem of ultraproducts stated below, as well as its proof, can be found in [BBHUQS]. For
completeness, and because of the theorem’s importance in the rest of this thesis, we provide
a complete direct proof.

3.4.1 Theorem (Fundamental theorem of ultraproducts): Let {X, : i € I} be an I-indezed
sequence of &£ -structures, and let ¥ = [[,; X;. Then for every formula ¢, [¢]y = linllj([[tpﬂx).
1—
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Proof: Since the logical connectives correspond to continuous functions, we get by induction
that if 1 <k S w, {p: : ¢ < K) is a sequence of formulae, and u is a K-ary connective, then

[u(ersovn, e = ulleale s lenly ) Definition)

(

u(lim;,y [[apl]]x'_ s lim Ly [[‘Pnﬂx, ,...) (Definition)
(
(

= lim;Ly u([[(p]]]/\,‘ - H‘Pnﬂxi yere) Theorem 2.4.1)

= limi,y [u(@r, o ons -l g, Definition)

If © is Vz[y]: By definition, [Vz[¢]], = sup, [¥] . and by induction, [¢], = lirr(} ..
Suppose linb sup M’Hx. (z;) = r. and let r € O. It is enough to consider the cases where O

is a basic open set, either of the form [0, M) or (M,oc). If O is of the form (M, o), then
there is (x;)yy € X such that lim; ¢ [[w]],(‘ (z;) > M. By the definition of ultralimits, the
set P ={iel:[¢]y (z:) > M} €U, sothat for every i € P, sup,, [¥]y, (z:) > M.
Therefore, the set {i € I : sup,, [¥]4, (z:) > M} €U.

If O is of the form [0, M), then for every (z;)v € &, lim;u [¥] 4, (z:) < M, so that the
set P={i€l:[y]y (z:) <M} €U for every sequence (z; € X; : i € I). For every i € P,
sup, [¥]x, (z:) < M, and therefore, the set {i € I : sup,, [¥], (z:) <M} eU.

If » is 3z{y]: By definition, [Fz[¢]], = inf, [¥] 5, and by induction, [¢], = lir?j [vl,.-

i— *

Suppose _lirrllj inf [¢] 5. (z:;) =7, and let r € O. It is enough to consider the cases where O is
1— x; t

a basic open set, either of the form [0, M) or (M, oc). If O is of the form [0, M), then there
is (z;)u € X such that lim, v [¥],, (z:) < M. By the definition of ultralimits, the set
P={iel: [[1/)]]/\,1 (i) < M} € U, so that for every i € P, inf,, ﬂw]]& (z;) < M. Therefore,
the set {i € I : infy, [¥] 4, (z:) <M} €U.

If O is of the form (M,c), then for every (z;)y € X, lim;,y [[w]]x. (z;) > M, so that
the set P = {i € I : [¥]y, (x:) > M} € U for every sequence (z; € &; : i € I). For every
i € P, infg, [¥] 5, (2:) > M, and therefore, the set {i € I :inf;, [¥]4, (z:) > M}eU. O

3.4.2 Theorem (Compactness theorem): Let K be a class of £ -structure, and let X be a
set of £-formulae. Suppose that for every finite A C X there is an L-structure X € K
such that X = A. Then there is a set I, an ultrafilter U on I and structures X; € K for
i €1 such that [[, & = X.

Proof: The compactness theorem stated in this form appears in [BBHU08], and is key to
the proof of strong conceptual completeness. Therefore, we shall give a detailed proof of
it here. For every finite set A C T, let Xa = A be given. Let I = {A C & : A finite}.

For every ¢ € E, let [p] =t {Ael:pe A} Let F={p: ¢ € X}, and note that F
has the finite intersection property. Let U be any ultrafilter extending F, and let M =
[1y Ma. We claim that X |= £. Let ¢ € 0. By the fundamental theorem of ultraproducts,
lelx = limasy [@]y, . By the definition of U, [p] € U, and by the definition of Xa, we
have Xa = ¢ for every A such that ¢ € A. In particular, [@],, =0 for every A € [p] € U.
Therefore, [p], = lima_u [[‘PBXA = 0 as required. ]

In continuous logic, there is also an approximate form of the compactness theorem, which
is sometimes more useful in practice. It follows easily from the compactness theorem above.
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3.4.3 Corollary (Approximate compactness theorem): Let T be a set of sentences of £,
and suppose that for every finite A C L, and every € > 0 there is an £ -structure Ma
such that Ma . k= {p <e:¢ € A}. Then there is an £ -structure M such that M k= L.

Proof: By compactness, for every € > 0, the set {¢ < € : ¢ € £} has a model M,.
Therefore, so does the set £*. Let M E TF. We claim that M & E. Since M 7,
for every v € L, and every ¢ > 0, we have M = ¢ < ¢. Thus {p],, < ¢ for every ¢, so
l¢] oq = 0 as required. O

3.4.4 Theorem: Let (xy,...,z,) be a set of formulae in the free variables ry,...,zn. Sup-
pose that for every finite Azy,...,x,) C X(xy,...,x,), there is an &L -structure Ma and
ma; € Ma fori = 1,...,n such that Ma E A(may,....,man). Then there is an Z-
structure M and my,...,m, € M such that M | L(my,...,my).

3.4.5 Theorem: If (U,I) is an ultrafilter pair such that U is non-principal and I is count-
able, then, in XY, every separable type is realized.

Proof: Let X be an Z-structure. Let m(z) be a separable partial type defined which is
consistent with Th(X). Since 7 is separable, there is no loss of generality in assuming
that 7 is actually countable. To see this, let D C # be a countable sense subset, and
suppose r € XV realizes D. Then we claim that x realizes all of 7. Let ¢ € 7, and write
¢ = liM, 50 @n, Where ¢, € D. Then it is easy to see that XY = p(x).

Write 7 = UneN A,,, with A, finite for every n € N, and with the property that A, C A,
if £ < n. For every n, let A, = {¢ < 1/m : ¢ € An}. By the approximate compactness
theorem, the consistency of 7 is equivalent to the existence of, for every m,n € N, an element
Zn,m realizing Ap . Let

f:I-{Aym:nmeN}

be any surjective function, and consider the element = (z4(;) : i € I)y. Then Z realizes 7
in XY, O

3.4.6 Definition: An .Z-structure X is called s-universalif and only if for every .Z-structure
Y such that ) = X and || < &, there is an elementary embedding f: Y — X. &

3.4.7 Theorem: Suppose o > |.&|, let U be an a-regular ultrafilter on I. Then for every
L-structure X, the ultrapower XU is ot -universal.

Proof: Fix an #-structure X. Let I be a set, and U be an a-regular ultrafilter on I. Let
V C U be such that {V| = a, and for every i € I, the set {P € V : i € P} is finite. Let Y be
an .Z-structure of density character «, and suppose X = ). We need to find an elementary
embedding of ) into XV,

Consider the language %y, and let A be the .#y-elementary diagram of Y. Since |.¢| < a
and |Y| < a, we have |A| < | #)| < «, and therefore there is a injective function h : AxN —
V. By the choice of V| for every i € I, the set {P € V :4 € P} is finite. Therefore, the set

L,n)={p <1/2": i € h{p,n)}

is finite as well for every ¢ € [ and every n € N. For every ¢ € X(i.n), let o be the
Z-formula obtained from ¢ by replacing every instance of a constant symbol of the form y
for y € Y by a fresh variable z,. Then we have that v »(y1,...,y1) = ¢.
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Since Y E ¢, Y | Jz1..20[pe(x1,....70)]. Since we are assuming that ¥ = ), X |=
Jz1, ..., nfp (21, .., z,)] as well. Therefore, for every k, there is a tuple x4, ..., z, € X such
that we(21,...,7,) < 1/2%. Let fix : Y — X be any function such that f;x(y;) = z; for
1<j<n.

Let fi : Y = XY be [], fi,k. We claim that for every #-formula ¢(x) and any y € Y
of the appropriate type, | [y (¥) = [@]xv (fe(¥))I < 1/2’“ Let ¢(y) be an #-formula, and
let y € Y be of the approprlate type Suppose [[ap]] = 0. Then p(y) € A. By definition,

@(fi(y)) < 1/2* for every i € h(p,k) € U, so ‘P((fz( )) ) = limisu o(fily)) < 1/2%. We
finish the proof by noting that the sequence fi is uniformly convergent, and take f to be
its limit. O

3.4.8 Corollary (Frayne’s theorem, [BS69]): Let X and Y be .Z-structures. Then X =)
if and only if there is a set I, an ultrafilter U on I, and an elementary embedding h : ¥ — XY

Proof: If h: Y — XV is an elementary embedding, then the conclusion is clear, since then
Y = XY = X. For the converse, apply Theorem 3.4.7 with I the elementary .%),-diagram
of Y, U any a-regular ultrafilter on I, where o > ||, to get an elementary embedding
Y av, O

3.4.9 Proposition (Scott’s lemma, [BS69]): Let X and Y be &£ -structures, and suppose
h:X — )Y is a map. Then h is an elementary embedding if and only if there is a set I, an
ultrafilter U on I, and an elementary embedding g : Y — XU making the diagram:

X~ U

N

y

commute.

Proof: The proof we give here parallels the proof given in [BS69], with some simplification
coming from the use of regular ultrafilters in the argument from [CK90]. Let h : X — Y
be a function. Let g : ) — X'V be an elementary embedding such that go h = dy, and let
o(z) be any .Z-formula. Since g is an elementary embedding, we get

Bzlelly = [Bzpl]rv (0x(2))
[3z{e]l yv (g{h(x)))
[3z[¢l]y (h(z))

where the first equality holds because the map dx is elementary, the second by the assump-
tion that Oy = g o h, and the last equality holds by the assumption that g is elementary.
This shows that h satisfies the Tarski-Vaught test for continuous logic, and therefore it is
an elementary embedding.

For the converse, assume h : X — ) is an elementary embedding. Consider the languages
Zhiax) € Zy. In a nutshell, the strategy of the proof is to extend both A and Y to Ly-
structures Ay and Yy in such a way that the #} x)-reducts of Xy and )y are elementarily
equivalent. We can then apply Frayne’s lemma to A" and Y as .Z,x)-structures to get an
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embedding g : Y — XY, and prove that go h = 8y by inspecting the definition of g. Let
zt € X be a fixed element. For every y € J, we consider the corresponding constant symbol
y of #y, and define

, [h(@) ity hX]
by = {y if y € h{X]

and [y]’ = g~'([yly). The interpretations [-]’y and [1) make X and Y into .#-structure
with elementary equivalent % y)-reducts. We can now assume without loss of generality
that A is R;-saturated as an _th[,y]-structure, passing to a suitable ultrapower modulo a
non-principal ultrafilter over N if necessary.

Let I be the elementary .#y-diagram of ), and U be an |I}-regular ultrafilter on I. Let
@ € I, and let yy, ..., yx enumerate those constant symbols of #) which are not in %)
Let ¢’ be the &} x)-formula obtained by replacing every instance of y; with a fresh variable
z;. Since Y =y, we have Y = 3z, ..., zx[¢’]. Since we are assuming X is R;-saturated,
and X = Y, there are x1, ...,z € X such that [¢'], (z1,....2n) = 0. Let f,: ) — & be

defined as follows:
_ % ify e hlA]
fw(y) = {xl ify =y,

and define g : ¥ — XY to be [y = (f,(y))v]. Then g is an elementary map. If y = h(z),
then for every ¢ € I, we have f,(y) = [yly = h_l([[y]]'y) = hYy) = "1 (h(z)) = z. This
shows that g(h(x)) = dx(x) for every x € X as required. O

3.4.10 Theorem: Let K be a class of £ -structures, and suppose K is closed under elemen-
tary substructures, isomorphisms and the formation of ultraproducts. Then there is a theory
T such that K = Mod(T).

Proof: Let T = Th(K). We show that K = Mod(T"). It is clear that K C Mod(T). Let
M € Mod(T). We need to show that M € K. By the approximate compactness theorem,
all we need to do is show that Th(M)* is finitely satisfiable in K. Suppose not. Then
there is a finite list ¢y, ..., € £ of sentences, and £ > 0 such that whenever M k= ¢;
for i = 1,...,n, but for every N € K, N = [p; > ¢] for some 1 < ¢ < n. Therefore, the
condition (p1 A+ App) > e €T, but M = (o1 A+ Apn), so M & Mod(T). contradiction.

By the compactness theorem, there is a set I and an ultrafilter U on [ such that for
some collection {M; : i € I} C K, ], M; = Th(M). By assumption, K is closed under
ultraproducts, so we get [], M; € K. Also, M =[], M; = N, since each M; = Th(M).
By Scott’s lemma, there is an embedding M — AV for some ultrafilter U. Since K is closed
under ultraproducts and N € K, we have NV € K, and since M < MV and K is closed
under elementary embeddings, M € K, which is what we wanted. O

3.4.11 Theorem: Let & C &' be languages. Let T be an £ -theory, and let K be an
elementary class of &'-structures such that X< = T for every X € K. Suppose that
for every ultrafilter pair (I,U), and every family {X; : i € I} of ¥’ -structures such that
XZ =T, if [Iy & € K, then for some P € U, X; € K for every i € P. Then there is a
finite theory T' such that K = Mod(T U T").

Proof: There is a theory T such that K = Mod(T U T"). Assume that 7" is not finitely
axiomatizable. Then for every finite A C T, there is an .Z-structure Xa ¢ K such that
Xa = TUA. Let I be the set of all finite subsets of T, and U be an ultrafilter on I. Let
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M=T],Xa. Then M =TUT", so M € Mod(TUT"). However, for any P € U, and any
element A € P, we have Xa & Mod(T'UT"), contradicting the hypothesis of the theorem.O

Here may be the best time to point out that any classical first-order language (resp.
theory) can be realized as an fR-valued language (resp. theory). The usual definition of a
first-order language uses exactly the same data as a R-valued one. Therefore, any first-order
language can be thought of as an R-valued language without any modification.

To a first-order theory we add, for every relation symbol R, the axiom

(R(z) = 0) v (R(z) = o0)

which ensures that the relation symbols assume only two values. An easy induction on the
construction of formulae shows that if u : ®® — R is a finitary connective, and ¢;,....pn
is a sequence of n finiraty formulae, then u(ypy,...,,) will, in any structure, assume only
finitely many values.

We note that the connective [z — 1/z] : B — R has the property that u(0) = oc and
u(oo) = 0. It can thus act as a negation operator. In fact, any connective u with the
property that u(0) = oo and u(oco) = 0 can be used as a negation operator.

Since the finitary formulas form a dense subset of the set of all formulas, we see that the
finite-valued formulas form a dense subset of the set of formulas of a first-order language
viewed as a R-valued language.

3.4.12 Example (Fields of characteristic 0): This example will seem a bit artificial, but
will illustrate Theorem 3.4.11. Let K be the class of fields of characteristic 0. This is an
elementary class, but it is not finitely axiomatizable. Let {F; : i € N} be a countable
collection of fields, such that char(F;) = p,, where p, is the n-th prime number. Let U
be any uitrafilter extending the Fréchet filter on N. Then [],, Fi is a field of characteristic
0. However, none of the fields F; have characteristic 0. A similar argument can be used to
show that the theory of algebraically closed fields cannot be finitely axiomatized. &

Section 3.5
!7 Metric structures

We now define the class of R-valued structures we will be studying in the rest of this thesis.
Informally speaking, R-valued languages are languages lacking a symbol for equality, and
metric structures remedy this situation. We introduce metric languages and theories as
expansions of R-valued languages by a special symbol d standing in for a metric, and metric
theories as theories which have the property that the extra symbol d is a metric, and all the
relations and function symbols are uniformly continuous. This all turns out to be expressible
as first-order sentences. In practice, an existing symbol of .Z is singled out and used as a
metric symbol. ’

3.5.1 Definition: A metric language is an R-valued language 2 together with the following
data:

1. For every sort S of .Z, a relation symbol ds with domain S x S;
2. For every relation symbol R € Relg, a function UC(R) : R — R;
3. For every function symbol f € Funcg, a function UC(f) : R — R; &

27



McMaster - Mathematics Jean-Martin Albert - Ph. D. Thesis

3.5.2 Definition: A metric theory T in a metric language £ is an .¥-theory with the fol-
lowing properties:

1. For every sort S of .2, T |= Vz[ds(z. z));
2. For every sort S of &, T |= Vryzlds(z. y) < (ds(z, z) + ds(y, 2))];

3. For every relation symbol R € Rel, and every € > 0, writing dom(R) = S; x -+ xS,

Tk Vay zap - [( A ds.(@iv) = UC(R)(e >) v(}R(z)—R(y»sE)]

1<i<n

4. For every function symbol f € Func g, and every € > 0, writing dom(R) = Sy x--- xS,
and d for dcodom(f)v

T ¥: VI Ty |:< /\ dS Iz»yz) > UC(f)( )) \4 (d(f(j)vf(g)) < 5):| .

1<i<n

3.5.3 Definition: The uniform continuity modulus UC(p) of a formula ¢ is a function R —
R defined as follows: the uniform continuity modulus of a term is given by

UC(z)(e) = e (if z is a variable)
UC()e) = ¢ (if ¢ is a constant symbol)
UC(f(t1,....ta))(e) = min{UC(t)(UC(f)(e)),...,UC{t. Y UC(f)(e))}
and UC(p) is defined by induction on the complexity of ¢ as follows:
1. UC(R(ty,....ta)(e) = min{UC(R}{UC(t1)(g)), ... UC(R)(UC(t,,)(eN)}
2. UC(p10pp2)(e) = min{UC(p1)(e), UC(p2)(€)}), where op € {A, V};
3. UC(Vz € S[yp]) = UC(3x € S[p]) = UC(y)
4. UC(u(@1, -y n, - ))(€) = min{UCw)(UC(p1)(€)), .., UC(u)(UC(pn)(en)), ...), where
UC(u) is the function defined in definition 2.2.7 &
3};5.4 Theorem: Let ¥ be a metric language, and let T be a metric theory. Suppose X =T,
then:
1. For every sort S of £, [ds] y is a generalized pseudo-metric;
2. For every term t, [t], is a pseudo-uniformly continuous function
dom(t)(X) — codom(t)(X)
and UC(t) is a uniform continuity modulus for t;

3. For every formula o, [¢] v is a pseudo-uniformly continuous function dom(p)(X) —
R, and UC(p) s a uniform continuity modulus for p;

28



McMaster - Mathematics Jean-Martin Albert - Ph. D. Thesis

Proof: The proof that the interpretation of a term or a formula yields a uniformly continuous
map is done by induction on the complexity of terms and formulae. If t is of the form
f(z1,...,25), Where z; is either a variable or a constant, then [t] is uniformly continuous
by definition. Otherwise, ¢ is of the form f(t,...,¢,), and by induction, {t;], is uniformly
continuous, and UC(t;) is a uniform continuity modulus for ¢;. By definition,

UC(t) = min{UC(t,)(UC(F(e)), ..., UC(t.)(UC(f(£))}

so if € > 0, then choosing § = UC(t), we have that § < UC(t;)(UC(F(¢)) for i = 1,...,n.
This implies that if  varies by &, then ¢,(Z) varies by at most UC(F(g) for i = 1,...,n, so
that f(¢1,...,tn) varies by at most ¢, proving that [t], is uniformly continuous.

The proof that the interpretation of formulae is uniformly continuous is similarly done by
induction on the complexity of ¢. By definition relation symbols are uniformly continuous.
and by an argument similar to the one in the previous paragraph, formulae of the form
(1. -y n, ...) are also uniformly continuous. Suppose ¢(y) is of the form Vz{¢(z,y)]. By
induction, ¢ is uniformly continuous, and UC(%) is a uniform continuity modulus for it.
Let € > 0, and let § = UC(¥)(¢). Let d(y,y’) < 8. Then for every z, d({(z,y), (z,y')) < 6
as well, so | [¢]y (z,y) — W], (z,¥')] < € for every x. This means that sup, [¥], (z,y) -
[¥] (=,¥')] < e. Now note that

Isgp Wl (z,y) - sup [¥] (z,9)] < Isgp [y (z,9) = [¥]x (2. 0)].

The proof for the case where ¢(y) = Jz[y(z,y)] is similar. O

3.5.5 Definition: Let £ be a metric language, and let T be a metric theory. f X = T,
then & will be called a pre-model of T. If [ds] , is a complete metric for every sort S of 2,
then we call £ a model of T. LY

If A is a pre-model, then there is a corresponding model X' /d which we describe below.
In the following, the notation [z] is used to represent the equivalence class of z modulo an
equivalence relation which will be clear from the context, and C is the completion functor
described in section 2.2

1. For every sort S, S(X/d) = C(S(M)/ [ds] )
2. For every relation symbol R, [R] y /4 is C(f), where f([z1], ..., [za]) = [[R] x (z1, ..., Z2)]
3. For every function symbol f, [f], 4 is C(g), where g([z1], ..., [za]) = [[f] x (z1, ... 7n)]
4. For every constant symbol c, [c] x4 = [[c] 5]

By definition, [ds]y 4 is a metric on S(M)/[ds], for every S € Sorts. Let d represent
the unique lift of [ds], 4 to the completion of S(M)/[ds],. Then d is a metric. It is
clearly satisfies all the properties of a pseudo-metric. Suppose d(z,y) = 0. By definition,
T = limpyoc n and y = lim,, o yn, where for every n, z,,y, € S(M)/ [ds],. Since d is
continuous,

@ (Jim o Jim ) = im_den ) =l [45] (@ pm) =0

showing that ¢ = y. This shows that X'/d is indeed a model. Note that if A’ is already a
model, then X/d = X.
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Section 3.6
’7 Definable sets

We now define the R-valued analogue of the notion of definable set. In classical first order
logic, a subset D C X is called definable if and only if there is an Z-formula ¢ such that
D = {z: X = ¢(z)}. The direct translation of this concept yields:

3.6.1 Definition: A subset Z C X is called a zero-set if and only if there is a formula ¢
such that Z = {x : [¢], (z) = 0}. &

While every definable set in R-valued logic should be of this form, we unfortunately
cannot consider all these sets as being definable. We consider the following, more general
definition of the concept of definable set.

3.6.2 Definition: Let X be an .Z-structures, and 4 C X. The set D C X is definable over
A if and only if for every #s-formula v, there are Z4-formulae Vz € D[¢] and 3z € D[]
such that

L. [Vz € D[y]] x = sup,ep [¥] % (z)
2. [3r € D]l y = infrep [¥]x (z) &

The above definition is general enough to make sense in general R-valued languages.
However, in a general R-valued language, there may not exist any non-trivial definable sets.
Note that by definition, all the sorts of # are definable sets. In [Ben], an example is given
of a theory with very few definable sets. If we are given a metric language %, and a metric
theory T, then we get the following criterion to decide when a set is definable. We start
by stating an easy technical lemma about uniformly continuous functions. Its use is not
strictly necessary, but will greatly simplify the proof.

3.6.3 Fact: A function f: (X,dx) — (Y,dy) between two generalized metric spaces X and
Y is uniformly continuous if and only if there is a logical connective u such that u(0) = 0,

and dy (f(z), f(y)) < ul(dx(z,y)).

Proof: A proof of this fact about uniformly continuous functions can be found, for the case
of ordinary bounded metric spaces, in (BBHUOQ8, Proposition 2.10]. The proof for the case of
generalized metric spaces is similar, and we include it here for completeness. Let g : R — R
be defined by

g(e) = sup{§ : dy (f(x), f(¥)) < £ whenever dx(z,y) < §}

and note that since f is uniformly continuous, g(g) > 0 if ¢ > 0. Furthermore, g is increasing,
g(0) =0, g{oc) = o0, and dy (f(z).f(y)) < g(dx(z,y)) for every z,y € X. To complete the
proof, we define a continuous function u : ! — R such that u(e) > g(e) for every e. Let
(en : n € N) be any sequence such that ¢y = oo, and €, — 0 as n = oc. For every ¢ > 0
there either are unique n and ¢ € (0,1) such that ¢ = tep4q + (1 — t)e,, or there is a unique
n such that £ = ¢, Define

0 ife=0
u(e) = 00 fszoo
gleEn—1) ife=¢,

tg(ent1) + (1 —t)glen) ife=teny) + (1 —t)en
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An easy argument shows that g(e) < u(e) for every ¢, and thus that dy(f(z), f(y)) <

u(dx(z,y)) for every z,y € X. This completes the proof. O

3.6.4 Theorem: Let X be an £ -structures, A C X and D C X. Then the following are
equivalent:

1. D is definable over A;
2. Vz € D[y) and 3x € D[y)] ezist for every atomic formula 1.
3. Yz € Dld(z,y)] and 3z € D[d(z,y)] exist

Proof: A proof of this theorem appears in {Ben]. Given the importance of this theorem
in the rest of this thesis, we include a proof here. First note that 1=2=3 is true by our
definition of definability of sets. We need to show that 3=>1. Let X be an .Z-structure,
and D C X. We show that we can conclude the existence of 3z € D[y] for every ¢ based
on the existence of 3z € D[d(z,y)]. The proof that Yz € D[y] exists is similar. Suppose
Vr € D[d(z,y)] and 3z € D[d(x,y)] exist, and let o(z,y) be any formula. Since [y], is
uniformly continuous, by Fact 3.6.3, there is a logical connective u such that

X ‘: Vz‘yz[|<p($,z) - <p(y,z)| < u(d(:r,y))

Since the connective u produced by Fact 3.6.3 depends only on the uniform continuity
modulus of ¢, and not on the particular structure used, we have that

T = Vayz{|p(z, 2) = o(y, 2)] < u(d(z,y)).
We claim that the formula
3zle(z,y) + u(Zw € D{d(z, w)]]
when evaluated in any structure X, is equal to infzep [] 5 (2,y). We can then define

def

3¢ € Dlp(z, y)] i Felp(y, z) + u(3w € Dld(z, w)]].

By the definition of u, we have that for every z,y, z

el x (z,9) < [elx (2,9) +u([d] 5 (2,2)).

Taking the infimum with respect to x € D on both sides of this inequality, we get
inf ey (2,9) < [elx (2:9) + inf u(ld (=, 2)

and by assumption,

I

inf u(ldly (z2) = u(inf [d]y (,2)
u([3z € Dld(z,2)]]»)

[u(3z € Dld(z,2)])] »

I

so that

nf [olx (y) < [elx (29) + [u(Ez € D[d(z,2)])]
[p(z,y) + u(3z € D[d(z,2)])]
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for every z. Therefore,

Inf [elx (z.y) < infle(z,y) +u(Ez € Dd(z,2)])] (2,4)
[32[e(2,y) + u(3z € D[d(z )] ()
On the other hand, if z € D, then [3z € D[d(z,z)]], (2) =0, so

i

inf [plx (@y) = Inf [(2,9) +u(Ez € D(d(2,2)])] (2.9)
> infp(z,y) + u(3z € Did(z,2)])] (z,9)

showing that in fact,

Inf [olx (z,y) = infp(z,y) +u(3z € D[z 2)])] (2, v)
= [3zlp(z,9) + u(3z € Dld(z, 2)])]] (v)
This completes the proof that 3z € D[p(z,y)] exists for every . 0

Note that the formula 3z € D[d(z,y)], if it exists, is equal to infyep [d] 4 (z,y) in the
structure X', which is the definition of the “distance to D” function. We thus recover Ben
Yaacov’s definition of a definable set in a metric structure: D is definable if and only if there
is a formula {x) such that {¢] (z) = d(z, D).

3.6.5 Definition: A definable function is a formula ¢(z,y) € £ such that for every € > 0,
there is § > 0 such that for any structure X

X = Vz22' [p(z, 2) Ap(z, 2') 2 8) vd(z,2)) <¢].

In other words, in any structure X, the set {(z,y) : X = p(z,y)} is the graph of a function.
If ¢ is a definable function, then we will write [p(z) = y| instead of o(x,y). &

Note that there there is no confusion of terminology here, as the graph of a definable function
is a definable set in the sense described above. The interested reader can consult [Ben| for
a proof.

Section 3.7
!7 Imaginaries and the eq-construction

In this section we describe imaginary sorts and the eqg-expansion of structures. The con-
struction of #®9 for MRM-valued logic is very close to its classical counterpart. There is,
however, a key difference. In our setup, we do not obtain all the sorts of .9 as canonical
parameter sorts. Whether it is even possible to achieve the construction given below using
only canonical parameters is unknown to the author. The procedure we describe in this
section can be found in [Har]. For this section, we fix a metric language £, and a metric
theory T. We will distinguish three types of imaginary sorts:

1. First and foremost, canonical parameters sorts of .#-formulae;

2. Finite and countable products of sorts of .. These can be realized as canonical
parameters, but we shall keep them separate for simplicity;
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3. Finite unions of canonical parameter sorts;

In each of these cases, we show that we can expand .Z to a language .’ sporting a new
sort symbol, and the theory T to a theory T’ in such a way that the forgetful functor
Mod(T") - Mod(T') is an equivalence of categories. First, we deal with products of sorts
of . Let 1 < n < w. Recall that by a compact norm on ", we mean a norm which
induces the compact product topology on R™. All these norms are equivalent, but there is
no canonical choice of one. Therefore, we can only describe a product of sorts of £ with
the data of a fixed compact norm.

3.7.1 Theorem: Letl <n<w, andletS; be a sort of & fori<n. Letu:R"™ > R be a
compact norm. Let £1] _ s be an expansion of £ with:

1. A new sort symbol [] S; with metric symbol d;

u
i<n
2. For1 <i<n, anew function symbol m; : H;‘<n S; = S;;

Let e, s be the following expansion of T':

P1 Vry[d(:r,y) = u(d51(771(1‘)ﬁ7r1(y))s '“vdSn (Wn(x)vnn(y)» )]

P2n VII o Inay {:/\ ds,(ﬂ'l(y)"ri):]

i<n
Then the forgetful functor F': Mod (TI'I:‘Q.Sl) — Mod(T) is an equivalence of categories.

Proof: Let u : "™ — R be a compact norm, 1 < n < w, and (S; : ¢ < n) be sorts of
#. To simplify the notation, let T" denote T, ., s> and let S’ denote [];, Si. Define
U : Mod(T) — Mod(T") as follows:

1. For every sort S of &, S(U(M)) = S(M)

2. S'(UM)) = [];cn Si(M)

. For every i < n, ﬂm]]U(M) (T1y ooy Ty o) = T4

4. [IdI]U(M) (2, 9) = u([ds,] (z1,91), s ﬂdsn'ﬂ (TnyYn), )

It is clear that U(M) = T’ for every M € Mod(T), and that F(U(M)) = M for every
M € Mod(T). This shows that F is essentially surjective on objects. We show that
U(F(M')) = M’ for every M’ € Mod(T’). To do this ail we need to do is show that the
interpretation of S’ in M’ is the actual direct product of the interpretations of the sorts S; in
M'’. The presence of 7, for ¢ < n implies the existence of a map f : S"(M’) — [, ., S«(M’').
We show that this map is in fact an isometry. Let

p(‘i‘ g) = U’(ﬂd51ﬂ (Il* yl)» ey ﬂdsl]} (Ilwyl)*, )
Then p defines a metric on [[,, S:i(M’). By P1,

p(f(x), f(y) = [d] sy (,9)

w
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for every x,y € S'(M) which means that f is an isometry. To show that f is onto, let
(1, Thy o) € Tlicp S . For every k < n, there is yr € S'(M’) such that 7;(yx) = zk
for every i S k. We clalm that the sequence (yx : k < n) is Cauchy. Let ¢ > 0. Since u
is a compact norm, there is N < n and § > 0 such that for every sequence ti, ..., ¢, ..., if
ty ety < 6, ulty,..tg,...) <e. Let N < k < £ Then for every i < N, by definition of ys,
we have ds, (m;(yx), mi(ye)) = 0, so that

dWerve) = u(ds, (11 (ye), w1 (Ye))s s ds, (T (y)s T (g, )
u(0,...,0,ds, ., (m1(yk), T1(¥e)), --)
ktimes
< €

showing that the sequence y; is Cauchy. Let y = limy_, o yx. Then it is easy to see that
f(y) = (z1,..., Tk, ...), showing that f in surjective. This proves that U(F(M')) = M'.
Faithfulness is a consequence of the fact that the map f : '(M’) = [],«, Si(M’) defined
above is in fact a definable map f:5 — S; x-+» xS, x - -+, where the product on the right
represents the tuple of sorts (S, -+, Sx,...). Indeed, f is defined by the formula

flx,zy, oy zn,y ) = ulds, (m1(2), 21),s ..v ds, (Tn(T), Z0n), ...).

Therefore, f defines an elementary map between the functors S’ and [J,., S:, which we
view as functors Mod(T) — MET. Since h’ and U(h) are both elementary maps,

fot

(Si xSy x - xSy x - ) (M) §' (M)
(S(h)....Sn(h)....) S/ (U(h)) )
(Si xSy x xS x - )N pan S'(N)

is commutative, showing that h’ = U(h), and that F is faithful, and completing the proof
that it is an equivalence of categories. O

3.7.2 Proposition: Let ¢(z,y) be a formula, and let

o(z,2) € Valp(e, 2) — p(z, 2)].

Then for any & -structure X, [p]  (2,2") is a pseudo-metric.

Proof: By definition {p] , (2,2
el (2.2) = 0, and that [p] ,
inequality holds. Let z,2,2" €

<

) = Supzédom(gp) | [[‘PHX (1: Z) IILPI]X (.’IJ, Zl)l' It is clear that
(2.2') = [ply (2',2). It remains to show that the triangle
do

( }M). Then
Helx (z,2) — [elx (2, 2) + ol x (2, 2) = L] x (2.2")]

for every z. Therefore, taking the supremum over all z, we get the desired result. g

el x (z,2) = [@] & (=, 2")]

3.7.3 Theorem: Let £ be a continuous language, and let ¢ € &. Write dom(p) = S’ x S,
with S and S’ two sorts of £. Let £, be an expansion of & with:
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1. A new sort symbol S;
2. A new function symbol m, : S — Sy,
Let T,, be the following expansion of T':
1. Vay[d(m,(z), mp(y)) = Vzle(z, 2) = oy, 2)I]
2. Va3y[ds(m,(y), )]
Then the forgetful functor F : Mod(T,,) = Mod(T) is an equivalence of categories.

Proof: Let i be given, and let p(z, 2') denote the pseudo-metric Vz|p(x, 2)—p(z, 2’)|. Define
the functor U : Mod(T") — Mod(T,) as follows:

1. For every sort S of .2, S(U(M) = S(M)
2. S, (UM)) = S(M)/ [p] pa
3. ﬂ”wDU(M) is the canonical quotient map S(M) — S, (U(M))

and note that the axioms of T, force the definition of the interpretation of the metric symbol
d. Then for every M € Mod(T), U(M) € Mod(T,,) as required, and that F(U(M)) = M.

Next, we show that for every M € Mod(T,,), we have M = U(F(M)). By definition,
Sy (U(F(M))) is the quotient S(F(M))/ [p] p(rr)- We also have that S(M) = S(F(M)) by
definition of F', since S is a sort of .#. Also, since p is a formula of .2, [o] s = [p]p(r4)-
This proves that S,(M) = S(F(M))/ [pl pagy = Sp(U(F(M))).

We finish the proof by showing that F is full and faithful. The existence of the functor U
shows that F is full. To show that F is faithful, we show that U is full. Let M, N € Mod(T),
and h: U(M) - U(N) be Z,-elementary map. Consider the diagram:

S(M) ———> 5,(M)
S(h) S, (U(h%)) ( Sy (h)
S(N) ———— Sp(N)

Since 7, is definable, this diagram commutes. Therefore, h = U(h¥), showing that U
is full, and that F is faithful. O

The last kind of imaginary sort we introduce is one the need of which is specific to R-
valued languages. This sort plays an important part in the proof of conceptual completeness
in section 3.8 below. The next theorem shows that one can conservatively expand .Z and
T to include not only canonical parameter sorts of the form S,, but also finite unions of
such sorts. In order for the notation in Theorem 3.7.4 below to seem more natural, one
should view the elements of the canonical parameter sort S,(M), where dom(p) =S x S,
as functions §'(M) — M. Each element 7,(c) € S,(M) corresponds to the function [z —
@(x,c)]. There is an evaluation map eval : S, x S — R with the property that

eval(ﬂw(:c),y) = @(y»l‘)
for every z € S and every y € §'.
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3.7.4 Theorem: Let & be a continuous language, and let oy, ..., on € L. Write dom(g;) =
SxS;, with S and S; two sorts of L. Let £ _ s, be an expansion of £, U-- UL, with:

1. A new sort symbol ;... Sy, with metric symbol d;

i<n
2. For k=1,..,n, a function symbol iy, : Sy, = ;< Se,
3. A map eval : ;¢ Sy, xS = R

Let Ty, s, be the following ezpansion of Ty U---UT,,:

1. For every i < n, Vryleval(i,, (7,,(2)),y) = ¢i(y, 2)]

2. For every i < n, Yayld(ie, (z),ip, (¥) = dp. (z,y)], where d,, is the metric symbol on
the sort S,

3. Vry[d(z,y) = [Vz[eval(z, z) — eval(y, z)]]]

Then the forgetful functor F: Mod(Ty _ s,) — Mod(T') is an equivalence of categories.

Proof: Let 1 € n < w, and (y; : i < n) be formulae of .£. To simplify the notation, let 7"
denote Ty 5, and let S’ denote |J,<, Sp,- Define U : Mod(T) — Mod(T") as follows:

1. For every sort S of £, U---U.%,,, S(UM)) = S(M)
2. S(UM)) = U;<n Spi (M)
3. For every i <n, [iy, ]/ a4y is the canonical inclusion map S,(M) = U<, 5o, (M)

4. Let [eval]y; oy be the map U;,, Sy, (M) x S(M) — R which is defined as follows. If
T € U;<p Sp. (M), then z = 7, (2') for some £ and some z’ € dom(p¢)(M). For any
y € S(M), define
fevallyag (7, 9) = lpelrq (y,2")
and note that this map is well defined.

Note that the listed axioms for T” force a definition of [d];uy). It is clear that U(M) = T"
for every M € Mod(T), and that F(U(M)) = M for every M € Mod(T'). This shows that F
is essentially surjective on objects. We show that U(F(M’)) =@ M’ for every M’ € Mod(T").
To do this all we need to do is show that the interpretation of S’ in M’ is the actual union
of the interpretations of S, in M’

Define f : |J;<,, Sp. (M) = S(M’) as follows. Let z € |J,c,, Sy, (M), then for some
¢ < n, z€S, (M) Define f(z) = i, (z). and note that this is well defined. The map
f is injective, because each i; is an isometry. Also, for every z € S'(M’), there is y €
Ui<n Se. (M) such that [d] o, (f(y),z) = 0, showing that the map f is surjective, and that
U(F(M')) = M’. Therefore, F is full, and injective on objects.

To finish the proof we need to show that F is faithful, or equivalently that U is full.
Let h : U(M) — U(M') be an elementary map, and consider U(h¥). We show that
h = U(h?). To this end, let z € S'(U(M)). Then there is £ < n, and z’ € dom(p¢)(M)
such that i,,(7,,(2')) = 2. Since h is elementary, i,,(7,,(k(z’))) = h(z), and since U(h¥)
is elementary, i, (m,, (U(RZ)(z'))) = U(h¥)(z). However, since z’ is an #’-variable,
U(R#)(@') = h{a'), 50 we get iy, (g, (A(z'))) = U(hZ)(x) = h(z), proving that h = U (h|.2)
and that U is full ad
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We now give the definition of the expansions .#¢% and T°9 of . and T. Our definitions
are by no means the most efficient.

3.7.5 Definition: Let .Z be a continuous language. We form the language £°°9, by taking
the smallest language ¢’ with the following properties:

. C¥
2. Ifpe?, then &, C &

3. IfS; is a sort of ¥’ for 0 < i < ¥ < w, and v is a compact norm on R, then
.Z’I’T, s, & &z

4. f @1,...,0n € 2, then ZLI_JS“,, cy

If T is an .Z-theory, then we form the theory T° to be the smallest theory T’ with the
following properties:

1. TCT
2. IfpeT then T, C T
3. IfS;isasort of T’ for 0 <1 < k < w, and v is a compact norm on R, then Tl’—Iu s, © T

4. If oy,...,0n € T’, then TLIJSv» cT &

Given the construction of .£° and T°?, we can inductively use Theorem 3.7.3 to get the
following:

3.7.6 Theorem: The forgetful functor F : Mod(T®?) — Mod(T) is an equivalence of cate-
gories.

Section 3.8
( Conceptual completeness

In the previous section we defined an expansion of a theory which we called 7°9, In this
section, we give a proof of a result of Bradd Hart’s that the T°% we defined above is in a
sense the right one. We give a proof of the conceptual completeness result of Makkai’s (see
[MR77]) in the context of R-valued languages. The proof we present here is based on the
argument in [Har]. We adapted the terminology to fit our own.

We introduce here a piece of terminology which will not be used elsewhere in the thesis,
but which makes the statement of Theorem 3.8.3 below much cleaner. Let ¥ and %’ be
languages, T be an .#-theory, and T’ be an .#’-theory. An interpretation of T/ in T consists
of the following data:

1. For every sort §' of #”, a T*%-definable set [S'].

2. For every function symbol f of &£’ such that f' : §] x --- x S}, — &', a T*-definable
function [f'] : [Si]y x -+ x [Si.]¢ = [S']r

3. For évery relation symbol R’ of £’ such that dom(R’) = §] x - - x S/,, an £*%-formula
[R]:[S1] x - x [Su]p
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4. For every constant symbol ¢’ of &’ an element ¢ € [type(c’)]
with the property that for every formula ¢’ € &',

T =¢ ifand only if T = [¢'] 1.

If there is an interpretation of 77 in T, then we say that T is interpretable in T

In this section, we let . be a continuous language, and let ¥’ expand .. Let T” be
a complete #’-theory, and let T be the .Z-reduct of T'. A notion which is central to the
proof of conceptual completeness is that of stable embeddedness.

3.8.1 Definition: Let ., ., T and T” be as in the previous paragraph. Let M’ € Mod(7"),
and let M be its #-reduct. We say that M is stably embedded in M’ if and only if for every
€ > 0, and every £, formula p(x) with dom(yp) a sort of &£, there is an Zx-formula ¥(x)
such that dom(v¥) = dom(yp), and

Vzlp(r) — ¢(z)| < €.

3.8.2 Lemma: Suppose the forgetful functor F : Mod(T') — Mod(T) is full and faithful.
Then F(M) is stably embedded in M for every M € Mod(T").

Proof: Fix a model M € Mod(T"). Let x and y be variables of type S, where S is a sort of
Z. Let c € §(M), where S’ is a sort of .#’, n € N, and let (z, z) have domain S x S’. and
let £(x,y,c;n,¢) be the following set of formulae in .2} ,:

diag(M) U {lo(z) — oY)l < 1/k: v € Lpoa. k € N}U{[¥(z.¢) - v(y,c)l 2 1/n}.

We claim that 2(z,y,c¢;n, ) is inconsistent for every n and every 1.

Assume this for the moment, and let ¢(z,c) € 2. Since c is a fixed constant, ¥ induces
a function f : Sy (M) — R, where S (M) denotes the set of all complete £-types over
M. The function f is defined by f(tp(a/M)) = ¢¥(a,c). We need to show that this function
is continuous. Let ¢ > 0, and let tp(a/M) € f~1((0,e)). We will find a small open set
U C S (M) such that p € U and f[U] C (0,¢). Since X(z,y, c;n, ) is inconsistent, the set

£, ¥ diag(M) U {e() — o(4)] < 1/k: € p.k € N} U {[9(z,¢) — $(y.c)| > 1/n}

is inconsistent as well. By compactness, there is a number § and a finite subset A C p such
that if /\ lo(z) — w(y)| < 6, then |¥(x,c) — ¥w(y.c)] <e. Lete = E———-fw. By

2
PEA
the definition of the logic topology on S (M), the type

[A < 8] ={qg:¢ <& for some p € A and some 0 < §' < §}

is a basic open set in Sg(M). Let tp(b/ M) € [A < §]. Then |f(tp(a/M))— f(tp(b/M))] <
e’, and therefore f(tp(b/M)) < ¢, as is required to show that f[[A < 8]] C (0,¢). This proves
that f is continuous, so by Theorem 3.3.8, it is of the form f, for some #-formula ¢.
Suppose Z(z,y,c;n,¥) is consistent, and let N = Z(a,b,¢;n,¢), with a,b € S(N).
Note that there is an elementary embedding g : M — A. Since Z(a,b,¢;n, ) implies
that @ =p(uq) b, there is an ultrafilter pair (I,U) and an embedding h : F(N) — F(NY)
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such that h(a) = Op(n)(b) and h|F(M) = Opaq). By fullness, there is an elementary map
k' : N = NV such that F(K') = h, and h'|[M = Op. This means

Y(a,c) = Y(k(a),h'(c))
= YK (a), On(c))
= Y(On(b),On(c))
= y(bc)

which is impossible, since the fact that a, b, ¢ realizes ¥ implies that [¢(a, ¢)—¢(b, ¢} > 1/n.0

3.8.3 Theorem: Suppose that the forgetful functor F : Mod(T') — Mod(T) is an equivalence
of categories. Then T’ is interpretable in T,

Proof: For this proof we fix a sort S’ of .. We need to find a sort $” of #°9 and a definable
embedding f : S’ — S”. Fix a saturated model M € Mod(T”), and let ¢ € §'(M). We first
work in the expansion T and find, for every #’-formula ¢ with domain S x S, S € Sort«,
a sort of £*% which captures the #/-definable predicate {x — (z,¢)]. Consider the set:
e 1
o S valle(@. ) — v, 7)] 2 5 v €L dom(v) =S x .S, asort of £}

We claim that X, is inconsistent for every n. Indeed, if N is such that Xy is consistent,
then let M |= Xy. Then, in M, for every ¥ with domain S x S;, we have

Hedm (@) - [¥] (Z,9)] 2 1/27

for every § € S1(M), contradicting the fact that F (M) is stably embedded in M.
For every n € N, let A,(Z,7) C £ be finite such that

{lleco) - vl 2 5 v e &

witnesses the inconsistency of £,. Let v : B¥ — R be a compact norm, and let S, =
Ugea, S for n <w. Let §¥ = [1,.en Sn, and note that $¥ is a sort in .29,
Now consider the set

(e ) jd {Vz|p(z, c) — p(z.c')| : dom(p) =S x §, S € Sort»} U {ds/(c,c) > 1/n}

First we argue that this set is inconsistent for every n. This is a consequence of the
faithfulness of F', as the consistency of ¥, (c,c’) implies that ¢ =paq) ¢’ and that ¢ # ¢'.
Therefore, there is an ultrafilter pair (I,U) and an elementary map h : M — MY such
that h(c) = dm(c’). The map h has the property that F(h) = Op(aq), and yet h # Oaq.
contradicting the faithfulness of F'.

From the inconsistency of £,, (¢, ¢'}, we get that there is a countable set {v;(z,¢) : i < w}
such that if

[ = pi(2.)) = [z = (2, )

for every i < w, then e = ¢’. Let §” = [T S¥, where u is any compact norm.The sequence

fle) = ([x = pi(z,¢)] i < w)is an element of $”, and f(c) = f(¢') implies that ¢ = ¢’ by
a previous argument. Therefore, f is a definable map $' — S”.

We now use f to define the interpretation [~],. In the following, if S is a sort of &/,
then we denote by fs the function f defined in the previous paragraph.
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1. If S is a sort of ', then [S]; = im(fs). This is a definable set by virtue of fs being a
definable map whose domain is a full sort. Note also that the formula defining im(fs)
has domain a sort of Z°9, is an .Z*%-formula by stable embeddedness.

2. If R(z1, ..., z,) is a relation symbol with domain Sy X -+ x Sy, then [R] (z1,....,2s) =
R(fs"ll(ml), ey fs_,,l (zn)). Again we note that [R], (21, ....,z,) is a formula with domain
a sort of %4, and therefore R(f~!(z1),..., f~}(zn)) can be obtained as an .Z°3-
formula by stable embeddedness.

3. Iff(z1,..,zn) : S1 X -+ X S, = S is a function symbol, then

[If]] fs1 (z1), fs (In))

The same comment applies.

4. If ¢ is a constant symbol, then [c]r = f(c) O
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Chapter 4

Strong conceptual completeness

Section 4.1
( Prelude

The study of logical systems is usually divided into two fields: syntax and semantics. On
the syntax side, we have formulae, theories and proofs. On the semantic side, we have
structures and models.

A lot of syntactic information can be deduced by looking at classes of structures. For
example, Theorem 3.4.10, which establishes when a class of structures can be characterized
by a theory, or Theorem 3.4.11, which can be used to determine whether a class of structures
can be isolated using a single sentence. In a sense, strong conceptual completeness takes
Theorem 3.4.10 one step further. Whereas Theorem 3.4.10 requires prior knowledge of a
language ., strong conceptual completeness only requires a category C with appropriate
structure, and produces both Z and a theory T such that the objects of C are .Z-structures,
and C & Mod(T). The result we prove here does not quite have that level of generality.
We do assume prior knowledge of .Z and T, but our proof could be adapted to produce .Z
without too much trouble.

If # is a first-order language, and ¢ € % is a formula, then we can associate to ¢ a
functor ev,, : Mod(T") — Set which is defined by

M {z e M: M = ()}

on objects. Using the notation of chapter 3 for elementary maps, the action of ev, on
elementary maps is given by ev,(h) = dom(p){(M)(h). A strong conceptual completeness
result is an answer to the following question: what properties must a functor f : Mod(T") —
Set have in order to be naturally isomorphic to a functor of the form ev, for ¢ € .Z. The
property isolated in [Mak88] is that f should be an ultrafunctor.

The category Set has, for every ultrafilter pair (I,U), a functor [],, : Set! — Set which
assigns to every I-indexed sequence of sets its ultraproduct, and to every sequence of maps
the map (z;)y — (fi(z:))v. By Lés’ theorem, the same is true of the category Mod(T). A
pre-ultrafunctor f : Mod(T') — Set is a functor which commutes with [, for every ultrafilter
pair (I,U). An easy argument using Lds’ theorem shows that ev,, is a pre-ultrafunctor for
every ¢ € 2.

The conditions required for a pre-ultrafunctor to be called an ultrafunctor are more tech-
nical. Ultrafunctors must satisfy the additional property of preserving canonical relation-
ships between ultraproducts. One example of such relationship is the canonical embedding
O of a model M into its ultrapower MY. Another example arises in the following situa-
tion: let I and J be sets, and U be an ultrafilter on J. Suppose f : J — [ is a function.
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Recall from chapter 2 that there is an ultrafilter f[U] on I induced by f. If (M; : I € I)
is an I-indexed sequence of models of a theory T, then we get the J-indexed sequence
(Mf(j) 1J € J). Let

0: H M,‘ — HMf(j))

flv] u

be the map
(z;:1 € f[UDU — <.I‘f(j) cjeUy.

We will see below that this map is well defined, and a elementary embedding of the model
I/ M. into the model [T, My(;)). The map & defined above only depends on the sets 1
and JL, ultrafilter U and the function f: J — I, not on the models M;. It is, in this sense,
“canonical”. In the later sections, the tuple (I, J, U, f) will be referred to as an ultragraph.

If we denote by A an I-indexed sequence of models M;, and f is a pre-ultrafunctor, then
we get the sequence fo A = (f(M;) : i € I). We have the canonical map 9a : Mod(T)! —
Mod(T'), and a similarly defined map 8.a : Mod(T)? — Set. Saying that f preserves the
canonical embedding d means that foda = Gjoa. Ultrafunctors will be those functors which
preserve all such canonical embeddings.

We give two examples of functors Mod(T) — Set which are not ultrafunctors. These
examples are set in classical first-order logic, and represent sets that are not in general
definable.

4.1.1 Example (A /\-definable set): Let p be a complete type whose set of realization is
not definable. Consider the functor § defined by f(M) = {z € M : M E p(z)}, and
f(h) = h|f(M). Then | does not commute with ultraproducts, as the following argument
shows: since the set of realizations of p is not definable, for every finite subset A C p, there
is a model M which realizes A but omits p. Let I = {A C p: A finite}, and let U be any
ultrafilter containing all the sets of the form j = {i € I : j.€ i}. Let M = [[,, Ma. Then
we see that [],, f(Ma) = 0, since none of the Ma’s realize p. However, since Ma | A,
for every A, there is aa € Ma such that Ma = A(aa). The sequence (aa )y realizes p in
M, so f(M)#0.

4.1.2 Example (The algebraic closure): T is the theory of algebraically closed fields of
characteristic 0. We can “define” the algebraic closure of §) by saying that it is the set of all
algebraic elements, but acl() is not a definable set. Let C be the complex numbers, and let
P be the set of all prime numbers > 2. For every p € P, let 1, be a primitive root of unity.
Note that formulae satisfied by u, are satisfied by at least p— 2 other elements. Let U be an
ultrafilter on P containing all the cofinite sets, and let F' =[], C. Let u = (u, : p € P)y.
It is clear that u € [];; acl(@)c. On the other hand, if ¢(z) is any formula, and F = o(p),
then for almost every p € P, C k= ¢{up), so o has at least p — 2 realizations for cofinitely
many p's. Therefore it has infinitely many realizations in F, so 4 & acl(@)) p. We have shown

that (acl(®)c)Y # acl(@)cv. ¢

When a formula ¢ of an R-valued language % is evaluated in a structure X, it does not
give rise to a subset of X. but rather to a continuous function [¢] , : dom(p)(X) — R. This
indicates that the category Set is not the best choice of a target category for ultrafunctors.
Our first order of business is to find a suitable replacement for Set. This replacement is
defined in section 4.2, and comes in the form of the category METx consisting of pairs
(X, ), where X is a generalized metric space, and y is a uniformly continuous function
X — fR. Section 4.2 also highlights some structural properties of METw in relation to the
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category MET whose objects are generalized metric spaces, and makes sense of the functors
1y in this context.

Armed with proper definitions of ultraproduct functors, we proceed in section 4.2 with
the continuous analogue of the definition of ultrafunctor given in [Mak88]. Ultrafunctors
are key to the strong conceptual completeness result. Because we have a proper definition
of ultraproduct functors, the definition of ultrafunctor we give is quite close to the one
given in [Mak88]: ultrafunctors are functors Mod(T) - METx (note the range change)
which commute with ultraproduct functors, and preserve canonically defined embeddings of
ultraproducts into one another.

A key observation in 4.2 is that if f is an ultrafunctor, then dom(f) should be a definable
set in the sense of continuous logic. In the special case where f = ev,, is an ultrafunctor
coming from a formula, then its domain is a sort of %, and as such is a definable set. If
n:f — ev, is an injective natural transformation, then for every M € Mod(T'), im(nr) C
dom(ev,,) is a definable subset of a sort of %, i.e. the function = — d(z,im(na4}), which
maps dom(¢)(M) to R is equal to a formula .

The technical part of the proof is showing that in fact, the domain of an ultrafunctor is
a definable set. In order to do this, we must find a sort S of ¢, and an injective natural
transformation 7 : f - evs.

For the rest of this chapter, we let £ be a metric language as defined in chapter 3, and
T is a metric Z-theory.

Section 4.2
lﬁ Ultrafunctors

In this section we introduce the concept of ultrafunctor in the context of RR-valued languages.
This is the analogue of the concept described in [Mak87]. We begin by giving precise
definitions for all the categories involved in this chapter. First, we recall the definition of
Mod(T):

Objects: Models of T
Morphisms: Elementary maps between models.
Composition: Function composition.

A formula p(z) € T in the single free variable z (say), when interpreted in a model
M, gives rise to a function [p],, : dom(p)(M) — R. This leads us to consider not the
category of sets as the space on which models are based, but rather a category of such
functions which we denote by METx, which we define below. Recall the category MET
from chapter 2, which is the category of generalized metric spaces and uniformly continuous
maps between them.

Objects: Pairs (X, ), where X € MET, and ¢ is a uniformly continuous map X — R.
The first coordinate of (X, ¢) will be referred to as the domain of (X, ), and denoted
dom(p). We will use ¢ to denote the pair (dom(y), ).

Morphisms: Triplets (f,p.%) such that f : dom(y}) — dom(¥) is an isometry, and
Y(f(z)) = p(z) for every z € dom(y). Likewise, we will use f for both the func-
tion f : dom(y) — dom(vy), and the triple (f, »,%). The metric spaces dom(y) and
dom(y) will be denoted dom(f) and codom(f) respectively.
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Composition: (g,¢",%) o (f,0,9") = (g0 f,9,¢).

4.2.1 Definition: We let dom denote the forgetful functor dom : METx — MET sending a
an object ¢ € METx to dom(yp), and a morphism h : ¢ — ¥ to the underlying isometry
h : dom(p) — dom(v). &

A key feature of METw is that, like MET and Mod(T"), it has ultraproduct functors HU
corresponding to ultrafilter pairs (I,U). In order to define the functors [[,, on METx, we
first define the domain category METZ,. For technical reasons, we cannot let METZ; be the
full category of I-indexed sequences of elements of MIETx. MIE']I‘& is the following category:

Objects: Equicontinuous sequences (¢; : 1 € I) of elements of METx. That is to say,
sequences (yp; : i € I) of elements of METwx such that for every € > 0, there is § > 0
such that for every ¢, and every z;, y; € dom({yp;), if d(z;,y;) < 4, then |p;(z;)—o(y:)] <
€

Morphisms: Sequences (f; : ¢ € I) of morphisms of METx. Note that by the defini-
tion of morphism of METg, the sequences (f; : ¢ € I) of morphisms of METx are
equicontinuous.

Composition: Coordinatewise function composition

4.2.2 Proposition: For every ultrafilter pair (I,U), there is a functor [[,, : (METx)! —
METx. The functor [[, assigns to every sequence (p; : ¢ € I) the element ¢ given by

1. dom(p) = [y dom(gs)
2 o= ili_% i
and to every sequence (f; : 1 € I) the function ([[, fi) {xidv) = (fi(zi))v.

The proof of proposition 4.2.2 is an easy application of the definition of ultraproducts
of metric spaces and ultralimits of continuous functions. Note, however, that the action on
maps is well-defined because all maps in MET# are isometries, and therefore all sequences
of maps are equicontinuous. This is in contrast with the similar definition of [],, for MET,
which requires a restriction on the maps we allow in MET’ in order to get a functor.
Proposition 4.2.2, properly modified, also holds when METg is replaced by MET,,,, the
category of generalized metric spaces and isometries, and by Mod{(T'). We can now define
ultrafunctors. Informally, ultrafunctors are functors which commute with the operation of
taking ultraproducts, and commute with certain “canonical maps” between ultraproducts.

4.2.3 Definition: An ultragraph is a tuple of the form (I, J,U, f), where I and J are set, U
an ultrafilter on J, and f : J — [ is a function. &

We now describe an important special case of this definition which will be used later.
Recall from chapter 2 that a U-selector is a function f : U — I such that f(P) € P for every
P e U. Suppose (I,U) is an ultrafilter pair, and f : U — I is a U-selector. By proposition
2.3.5, the data (I, U, f) is enough to specify an ultrafilter W on U such that f{W] = U. This
ultrafilter will be denoted f~'[U}], and thus we get the ultragraph (I,U, f ~[U}, f), which
will be denoted by (I,U, f).
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4.2.4 Definition: Let C be the class of objects of either MET, METx or Mod(T'). Let
G = (I,J,U, f) be an ultragraph. A G-ultradiagram on C is an assignment A : [ — C.
Given any ultradiagram A, we let

oa: [[ AG) - [TAGFG)
U

flu)

be the map
(xi (1€ U)U — (.’I?f(j) 1 j € J)U

The assignment A — 95 will be denoted 8, and will be called a G-ultramorphism on C. &

This definition makes sense because all three of MET, METx or Mod(T") have definitions
for all the functors [];;. Let us show that Ja is well defined. We work in some unspecified
sort of .#°9, and write d for the metric on that sort. Suppose

<1E,‘ 1€ U)U = (yi 11 E U)U.
Then by definition, this means that for every € > 0,
S ={i:d(z;,y;) < e} € f[U].

Consider

(xpz) 11 € Nu
and

(yrn 1 € v
and let € > 0. Since § € f[U],

fUSI={jeJ: fj)eSteU

and for every j € f~![S], we have d(zs(;),ys;)) < € Therefore, the set {j € J :
d(z sy, ys(;)) < €} is in U, showing that 04 is well defined.
Associated to any ultragraph G, there are two functors [k], [¢] : C' — C defined by

L [KI(A) = [y AG)
2. [(A) = [Ty A(FG))

and for every A, 9(4A) : [k](A) - [£(A) is a map of C. We make the observation that
the definitions of 8, [k] and [£] do not really depend on C, but rather on the ultragraph G
used to define them. We pause here to bring the following very important observation to
the attention of the reader. In the special case where I = {*} is a singleton, and (J,U) is
an ultrafilter pair, the function f = [z — x| induces the trivial ultrafilter {{*}} on I. If
G = ({*},J,U. [z — %]), then a G-ultradiagram A is determined by the choice of a single
model M € Mod(T). Note that [k](A) = M, and [£](A) = MY. The instance of 9 at A is
the diagonal embedding dx : M — MY, The reader can thus see that a triple of the form
(8, k], [€]) is a generalization of the canonical embedding of a model into its ultrapowers. In
future sections, when we are considering ultragraphs of the form ({*}, J,U, [z — *]), we will
identify the G-ultradiagram A with the model M = A(x), and write O for O for da.
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4.2.5 Definition: The triple (9, [k], [£]) corresponding to G will be denoted (9¢. [klc, [flc),
and its “value” in C will be denoted ([0¢]¢ , [{klc]c » [[€lc]e)- )

Since it will generally be clear which ultragraph and ultradiagram we are using, and in
which category we are working, we often write (9, (k]. [¢]) instead of ([0c]¢ , [[k]clc » [[fc]c)-

4.2.6 Proposition: The assignment O defines a natural transformation [k] — [¢], where C’
is given the obvious categorical structure.

We now define the concept of ultrafunctor in the context of R-valued logic. This def-
inition parallels the one given in [Mak87]. Let C and D be any two of MET, METx and
Mod(T).

4.2.7 Definition: A pre-ultrafunctoris a functor f : C — D together with, for every ultrafilter
U, a natural isomorphism /¥ : fo [T, — ], of'. Here the word “natural” is to be taken
in the categorical sense of a natural transformation. A wultratransformation between two
pre-ultrafunctors f and g is a natural transformation 7 : f — g such that the diagram

Iy

¢!/ ————C

Iy
is commutative modulo the natural isomorphisms for every ultrafilter pair (I,U). &

In order not to clutter the notation in computations, the natural isomorphisms will not be
referred to directly in the subsequent discussion. They will rather be denoted by = when
labelling arrows, and will generally be treated as identities.

4.2.8 Definition: A pre-ultrafunctor is called an ultrafunctor if in addition, it satisfies the
following condition:

1. For every ultragraph G, and every ultradiagram (9g, [k]c, [f]¢), the diagram

{iklclc
/_—\
ek ¢ "

[ldclc

CI

is commutative.
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If f is an equivalence of categories, and an ultrafunctor, and the functor §~! is also an
ultrafunctor, then we call it an ultra-equivalence of categories. &

Behind this abstract definition hides something a bit simpler: if f : C —» D is an ul-
trafunctor, G = ([, J,U, f) an ultragraph and A an G-ultradiagram, then, in a nutshell
f(0a) = Oson for every A. This can be most easily seen in the case where 3 is the canonical
embedding of structures into their ultrapowers, and can be read in the following diagram,
which represents an instance of (1) at A:

f(8a)

Py 20) F(My AG)) (1)
Mo F(A6) —5——> T (AG))

We note that if (1) commutes for every A, the the diagram (t) is commutative.
4.2.9 Definition: We will denote by ULTw(T) the category defined as follows:
Objects: Ultrafunctors f : Mod(T") - METx

Morphisms: Ultra-transformations

Composition: Composition of natural transformations [ )

4.2.10 Proposition: Let C and D be as above,. and let f,g : C — D be ultrafunctors. Let
v:g— f be a monic ultratransformation. Then g is an ultrafunctor if and only if g [, =
[1, g° for every U.

Proof: The fact that g[], = [], ¢’ is part of the definition of g being an ultrafunctor.
Therefore, we only need to show the converse. What we need to do is to show that diagram
() commutes when f is replaced by g. Let (I,U, f) be an ultragraph, and let A be any
ultradiagram. Consider the following cube in which, for simplicity, V = f[U], and all the =
symbols represent the natural isomorphisms.

F(ITy AG)) 1) F(TTy AUG))
s (ITy A()) { W) s (Ml AG))) >
~ Ty fAG)) —=2 Iy SAFG))
ITv vaqy
/ /ﬂu{(f(:))
Iy 8(A%)) i [y 8(AF())

We investigate the commutativity of all faces of the cube.
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1. The top face commutes by naturality of v

2. The back face commutes because f is an ultrafunctor

3. The bottom face commutes by definition of 9.

4. The left and right faces commute, because v is an ultratransformation

We now argue that the front face commutes as well, which is what we really want. To
simplify the notation, we treat the vertical arrows as identities. Let 2 € [],; (A(¢)). Then

v(8(9a)(z)) = f(0a)(v(2))

because the top face commutes, so that

8(9a)(z) = v ({(8a) (v(2))).

Note that v=! is well defined because v is a monomorphism. Write u = [[, vaq) and
n = [y va(sy)- From the commutativity of the bottom face,

#(8gon (x)) = Bon (n(z))

so that
Ogonr(z) = ™ (Bjoa (n(2)))

and again u~' is well defined because 4 is & monomorphism. Now G55 = f{(Ga) from the

back face, v = u from the left face, and n = v from the right face. The conclusion follows.
Since the fact that diagram (1) commutes for every A is equivalent to diagram (}) being

commutative, we conclude that g is an ultrafunctor. ad

1

Proposition 4.2.10 will be the main tool in showing that functors are ultrafunctors.
However, in order to use it, we must prove the existence of basic ultrafunctors on Mod(T).
Namely, we must show that the sorts of £°9 define ultrafunctors. This is implicit in the
statement that T°9 is a conservative expansion of T, and is made explicit in Lemma 4.2.11
and Theorem 4.2.12 below.

4.2.11 Lemma: 1 <k <w, (f; : i € K) is a sequence of ultrafunctors Mod(T') — MET, and
v: R = R is a compact norm, then the functor § = ;. fi which assigns to a model M
the space []; <, fi(M) with metric given by v(dy, ..., dn, ...), where d; is the metric on f;(M),
is an ultrafunctor.

Proof: First we need to define the natural isomorphisms. Let (I,U) be an ultrafilter pair.

Let ¢; = /U be the natural isomorphism for f; and U. The sequence «; gives rise to a map

v 1< fi(TTy Mi) = [1;<. [1y f;(M;). This map is an isometry. because each ¢; is. Now

we need to define an isometry I_[JS,c [T f;(Mi) = Ty I, < f5(M:). To do so, define
{zim i€ Dy :n<k)= {(Tin:n<kK):1€Dy.

We show that this map is well-defined. Suppose

(i€ Dy :n<k)=(({ym:i€y:n<kK).
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Then for every £ > 0, the set
{L el d(l'invyin) < 5} eU

for every n. Let € > 0. Since v is a compact norm, there is N < w and § > 0 such that if
Zi,enZn < 6, then v(zy,...,Tn,...) < €. For k< N,let Pe = {i € I : d{xin,yin) < 6} € U,
and let P = ﬂk<N P,. Then P € U, and for every i € P, d(Zin,¥in) < 8, so that for every
i€ P, v(d(Zi1, ¥i1), s {Tin) Yin ), --.) < €. This implies that

{i e I:v(d(zi1,¥i1)y s (Tin, Yin),...) <€} € U.

By definition, this means
{iel:dZ,y)<e}elU

which in turns means
((xin:n<k)iieNy={(zin:n<kr): i€y

showing that our map is well defined. It is also easily seen to be onto. The proof that is is an
isometry is a routine computation using the fact that v, being a compact norm, commutes
with the taking of ultralimits. This completes the definition of the natural isomorphisms,
showing that f is a pre-ultrafunctor. To show that fis an ultrafunctor, let G be an ultragraph,
and A be an ultradiagram. We have to show that the diagram

f(8a)

(Il AG))

Ed

(M A0)

[ (AG) [Tv F(AG))

[ZTEIN
is commutative. An element of f (HNU] A(i)) is of the form ((zi, : i € I)fy) : n < k). By
definition, we have

H0a)((@in i€ Dy in<k) = (Fa(Ba)(Tin i€ [)gu)) i 0 < K)
= (O0a((zin 11 € Nfy)) 1 n < k)
= ({zygym:J €Sy :in<k)

Here the passage from the first to the second line is possible because every f, is an ultra-
functor. We also have

Ooa(((in i< k) i€ D) = ((Zpgyn i n<kK):jE€ Ny

A close look at the definition of the natural isomorphism ¢ : f(J], A(j)) = [y, f(A())
reveals that

{(xromd €N in<kK))=((Zsym n<k):je
and that

Mz i€ Dppyin < k) = ((Tin 1< K) 1i € Iy

which shows that the square commutes. a
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4.2.12 Theorem: If S is any sort of £, then the functor Mod(T') — MET defined by
M = S(M) and h — S(h) is an ultrafunctor.

Proof: We use induction on the construction of £ sorts. By definition, an .Z°*9 sort is:
1. A sort of &
2. A countable product of sorts of .Z*4
3. A canonical parameter sort for a formula ¢ of .£°9
4. A finite union of canonical parameter sorts

If S is a sort of &, then as a functor S : Mod(7T) — MET it is an ultrafunctor by the very
definition of ultraproduct of .Z-structures, and by the comments after definition 4.2.4.

First we deal with the easier case of a canonical parameter sort. By definition, if S is a
canonical parameter sort, then if is of the form S, for some p € .#. There is a sort S of .2,
and a definable surjective map 7 : S — S,. In order to show that S, is an ultrafunctor, we
need to define the natural isomorphisms S, o [T, 2 [, oS, for ever ultrafilter pair (1,U).
Let (I,U) be an ultrafilter pair, and write ¢ for the natural isomorphism :>U. We have the
incomplete square

S(ITy Mi) —— [T, S(M)
Sw(HU Ml) B HU Sgp(Mi)

in which the bottom arrow should be an instance of the natural isomorphism. Note that
since m is onto, there is only one way to define this bottom arrow so that the diagram
commutes. We must define it via

f(n(z)) = (v (u(z):))v.
It is clear that this map is well-defined, and that it is onto. We argue that it is an isometry.
d(f(m(x)), f(r(y))) d((m(u(x)i))u, (m(e(y)a))v)
= lim d(n(2)), m(y):))

= lim sup |p(z, (7)) — (2, t(y):)]
1‘*UZES’(M,)

= sup  [¢(z,x) — o(z,y)]
2€S" ([T, My)

= d(n(z),7(y))

This shows that the sort S, defines a pre-ultrafunctors. To show that S, in fact define
an ultrafunctor, we must show that for every ultragraph G = (I,J,U, f), and any G-
ultradiagram A, the diagram

S (M1 20) S, (ITy AP))

S, (0a)
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is commutative. To do so we consider the cube in which, for the sake of simplicity all the
= symbols represent the natural isomorphisms.

S, (8a)

Se (Ij10 () Se (ITy AP

y -
B ﬂ"w]]
$(0a)

S (M &) S (I AU

®

[1'

G500
= [0y S0(A ) [Ty Se(ALFG))
nf[u}l["v]]A
/ mﬂ:))
[T S(AG))) s [T S(A(F()))

We carry out an argument similar to the one used to prove 4.2.10. The front face commutes
by our assumption that S is an ultrafunctor. The top face commutes because 7, is a
definable map and 9, is elementary. The bottom face commutes by the definition of 8soa
and s _0a. The left and right faces commute also because 7, is a definable map. Since 7,
is surjective, this implies that the back face commutes as well, which is what we wanted to
prove. The proof for the case of a finite union is similar, and the case of products is taken
care of in Lemma 4.2.11. a

Theorem 4.2.12 is in fact equivalent to the following theorem relating 7 and 7°9. We
omit the proof of Theorem 4.2.13 because it is identical to the proof of Theorem 4.2.12.

4.2.13 Theorem: The forgetful functor F : Mod(T®?) — Mod(T) is an ultre-equivalence of
categories.

4.2.14 Theorem: A functor f: Mod(T) — METw is an ultrafunctor if and only if dom(f) :
Mod(T) — MET is an ultrafunctor, and §([], M:)({z:)v) = limisy f(Mi)(z:) for every
ultrafilter pair (I,U).

Proof: It is clear by definition that if f : Mod(7T) - MET is an ultrafunctor, then dom(f) :
Mod(T) — MET is an utlrafunctor, and for every ultrafilter pair (I,U), f([], M:){({(z:i €
Iy) = lim;,u f(Mi)(@.).

For the converse, let (I, J,U, f) be an ultragraph and A be an ultradiagram. We investi-
gate the commutativity of the following diagram, in which the maps g : l_[f[U] f(A3E) = R
and g’ : [T, f(A(f(5))) = R are defined by

g({z:) qrup) = i_l)i]r,r[lu] f(a@@)(z)

and

9'((zsv) = JlLr%,f(A(f(j)))(If(j))
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dom(f Her (%) dom(f fGN)
Yl”A(l
\ AN
[1 (1) dom(§)(A(7) HUdom (AfGN)

6706

We note that the outer square commutes because dom(f) is an ultrafunctor. The top triangle
commutes because da is an elementary map. The left and right triangles commute by our
assumption that f([], M:)((zi)v) = lim; .y f(M,)(x;) for every ultrafilter pair (I,U). This
is in fact enough to imply that the bottom triangle commutes. Therefore, the whole diagram
commutes. Since the diagram above is the METx incarnation of (1), we conclude that § is
an ultrafunctor. O

4.2.15 Definition: For every formula ¢ € £°9, we define the functor ev, : Mod(T) —
METx

1. for every model M € Mod(T),

8) dom(ev,(M)) = dom(ip)(M)
b) ev, (M)(z) = [l (2).
2. if h: M — N is an elementary map, then we let ev,(h) = dom{p)(h) &

4.2.16 Proposition: For every o € £, ev,, is an ultrafunctor.

" Proof: By Theorem 4.2.14, this is a direct consequence of the fact that dom(p) is an ultra-
functor (Theorem 4.2.12), and the fundamental theorem of ultraproducts. d

4.2.17 Definition: Let §: Mod(T) — METx be a functor. Then f is a definable, or repre-
sentable functor if and only if there are formulae p, ¢ € £°9 such that:

—

dom(y) = dom(¥)

2. The set {z € dom{®))(M) : M = y(z)} is definable;

3. dom(f)(M) = {z € dom(¥))(M) : M k= ¥(z)}

4. For every z € dom(f)(M), f(M)(z) = ev,(M)(x) L

In Theorem 4.2.20 and Corollary 4.2.21, we show that f being defnable is equivalent ot the
existence of a formula ¢ and an injective n: f — ev,.

4.2.18 Theorem: Any definable functor is an ultrafunctor.
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Proof: By 4.2.14, all we need to show is that dom(f) is an ultrafunctor. Since dom(f) is a
subfunctor of dom(y), all we need to show is that dom(f) commutes with the ultraproduct
functors. Let (I,U) be an ultrafilter pair. By assumption, dom(f)([T,, M:) is a definable
subset of [],; M,. Therefore, for any (z;)v € [[, M., we have

d((z:)y, dom(f) HM ) = lim d(z, dom(f)(M)).

Suppose d({z;)v, dom(f)([],, M;)) = 0. By definition, this is true if and only if for every
e >0,
(i € I:d(z;.dom(f)(M,)) <e}eU

which in turn is true if and only if

(@i)u € [] dom(f)(M.))
U

showing that

dom(f)(] [ Mi) = [ ] dom() (M)
U 12

as required to complete the proof. [

4.2.19 Lemma: Let §: Mod(T) » METwx be an ultrafunctor. Suppose there is a sort of £
such that for every M € Mod(T'), dom(f{M)) = S(M). Then f = ev,, for some formula .

Proof: We show that in every model M, f is constant on types, i.e. that if tp(a) = tp(b)
for a,b € M, then f(M)(a) = f(M)(b). Let M € Mod(T) be any model, and a = b in M.
Since a = b, by 3.4.8, there is an elementary embedding h : M — MV for some ultrafilter
V with the property that h(a) = da(b). Therefore, f(MY)(h(a)) = f(MV)(Or(b)). Since
h and Op4 are elementary, f(MY)(h(a)) = f(M)(a) and F(MY)(Om (b)) = F(M)(b ) showing

that f(M)(a) = §(M)(b). By corollary 3.3.9, there is a formula ¢ such that f(M) = [o] »,
Note that even though corollary 3.3.9 is stated for a specific model, since § is a functor the
same formula ¢ can be used for all models. By the definition of ev,, f = ev,. |

4.2.20 Theorem: Let f € ULTw(T), and let nn : f — ev, be a monomorphism. Then
im(n) is a definable set in the following sense: there is a formula v such that in any model
M€ Mod(T), [¥] 4 (2) = d(z,im(nm)).

Proof: Let g be the functor defined by dom(g(M)) = dom(p)(M), and
g(M)(z) = d(z,im(pm))

We claim that g is a ultrafunctor, which will make d(z,im(¢am)) into a formula by lemma
4.2.19. Since dom( ) = dom(y) is an ultrafunctor by Theorem 4.2.14, it is enough to show

that E(HU <1:1) ) =lim;_,py g(M;)(CLﬁ)
Let U be an ultrafilter on I. We want to show that
d(z, im(ny, m,)) = lim d(z, im(nu,))
Suppose r < limy d(z;,im(naq,)) < s. Then by definition,

=(jel:r<d(z,im(na,)) <s} €U
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For every j € J and 2; € im(na,), we have r < d(z;,2;). Fix any (z;)u € [], im(nam,).
Then since 2; € im(naq,), we have d(z, (2;)) > r. Therefore d(z,[], im{nae,)) > r as
required.

For every j € Jd(z;,im(na,)) < s. Therefore, there is z; € im(naq,) such that
d(z;,2;) < s. Let zl € (nam,) for @ € I\J, and let {z;)i; be the resulting sequence. Then
d(x,{z)) < s. This completes the proof. a

4.2.21 Corollary: An ultrafunctor f : Mod(T) — METx is definable if and only if there is
a formula ¢ of £°? and a monomorphism n: §f — ev,,.

Proof: If n: f — ev, is a monomorphism, then f is a definable functor by Theorem 4.2.20,
letting ¢ be the formula defining im(n). If f is a definable ultrafunctor, then by definition
there are formulae ¥ and  such that

1. dom(p) = dom(v)
2. dom(f)(M) = {x € dom(¥)(M) : M = ¥(z)}
3. f(M)(x) = ev,(M)(x)

For M € Mod(T), let na4 be the inclusion map dom(f)(M) — dom(p). The map nay is a
monomorphism by definition. The fact that it is an ultratransformation follows from the
fundamental theorem of ultraproducts. O

We can put proposition 4.2.10 and corollary 4.2.21 together in the following way, which
is a complete description of which functors Mod(T) — METx are definable. A functor
f: Mod(T) - METx is a definable functor if and only if

1. for every ultrafilter pair (I,U), fo [T, &[]y of’
2. there is an 2°? formula y, and a monic ultratransformation 7 : f — e,

By 4.2.10, any functor satisfying these two conditions is an ultrafunctor, and therefore a
definable functor by 4.2.21. The rest of this chapter is devoted to the proof of the following
theorem:

4.2.22 Theorem (Strong conceptual completeness): If f : Mod(T) - METx is an ultra-
functor, then f is a definable functor.

Section 4.3
l’ Domination and covers

Let us briefly outline the proof of Theorem 4.2.22. For this section, we fix an ultrafunctor
f € ULTM(T). We will define an expansion % of % which will consist of a new sort
symbol S; standing in for dom(f). and predicate symbols for all the ultrafunctors g such
that dom(g) = S x dom(f). where S is a sort of .Z. We then show that any model M can
be expanded to an .Zj-structure M; in an easy way. and that in fact M is stably embedded
in this expansion M;. In fact, the class K = {N : N' = M; for some M € Mod(T)} is an
elementary class, and as a category of structures, it is equivalent to Mod(T'), and its inverse
is the forgetful functor F : K — Mod(T).
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Recall that attached to every ultrafunctor f, there is an ultrafunctor dom(f) : Mod(T) —
MET defined by M ~ dom(f)(M). First we show that when an ultrafunctor f is fixed,
then there is a set of ultrafunctors g with the property that as functors, dom(g) = dom(f).
The Lowenheim-Skolem number of .# is the least cardinal x with the property that every
Z-structure X" has an elementary substructure ) such that |Y| < «.

4.3.1 Theorem: Let f,g € ULTw(T) be such that dom(f) = dom(g), and let x be the
Léwenheim-Skolem number of T. Suppose f{Mod(T, k) = g|Mod(T, k). Then f=g.

Proof: Let M € Mod(T), ¢ € M. Choose Mg € Mod(T, k) with My < M. Let g :
Moy — M be an elementary embedding. Apply Theorem 3.4.9 to get an ultrafilter U and
an embedding h : M — MY such that ho g = Ou,.
Since we are assuming that f and g are ultrafunctors, we also get that for every {(z;)v €
ME,
HME ) ((z)v) = }H’g,f(Mo)(xi) = lim g(Mo)(zi) = s(ME)((z:)v)-

Since h : M — MY is elementary, for every z € M,
f(M)(2) = (MG )(h(z)) = g(MF)(h(z)) = g(M)(z)
showing that f(M) = g(M) for every M, the thus that § = g. : O

We use Theorem 4.3.1 to argue that there is, up to equivalence, a set of ultrafunctors
whose domains are of the form S x dom(f) for S a sort of .#°9. Let s be the Lowenheim-
Skolem number of T. There are set many isomorphism classes of objects in the category
Mod(T, k) form a set. Therefore, if f : Mod(T) — METq is any functor, since f sends
isomorphisms to isomorphisms, then there is set many isomprphism classes in the image
of dom(f)|Mod(T,«) in MET. This means that there is a cardinal A such that every X €
im(dom(f)|Mod(T, x)) has density character < A\. By Theorem 4.3.1, an ultrafunctor g such
that dom(g) = dom(f) is determined by the choice of a function g(M) : dom(g)(M) —
R for every M € Mod(T,«). Since there is an upper bound on the density character
of dom(g)(M), the collection of such choices forms a set, and therefore the collection of
ultrafunctors g such that dom(g) = dom(f) forms a set. Let & be the following set:

L ={g: Mod(T) = METg : dom(g) = S x dom(f)",S a sort of £*, n € N}
Let % be the following expansion of .2

1. Add a new sort symbol S5

2. For every g € ¥, add a predicate symbol P, with domain S x Sf.

4.3.2 Theorem: Every formula ¢ € % corresponds to an ultrafunctor g : Mod(T) —
- METwx such that for every M € Mod(T}) [P3] ., = [¢] us-

Proof: We show that it is possible to combine ultrafunctors using continuous connectives
and quantification to obtain new ultrafunctors. Recall that if I is a set, then the category
MIE']I'& has I-indexed sequences of elements of METx as objects, and I-indexed sequences
of morphisms in METx as morphisms.

CrLAaIM B: Let 0 € k € w, and let u: R* = R be continuous, and let v be a compact norm
on R*. Then u induces a functor u: METg — METx defined as follows:
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1. dom(u) (1, ey Py o) = i<, dom(p:), where the metric on [],.,dom(p;) is given
by v(dy,...,dn, ...), with d; the metric on dom(p;) -

2. u(@1, o Py ) (1, oy Ty ) = Ul (@) oy @n(Tn ) o)
3. If(fi:i € 1) is a sequence of maps, then

u(f1y s v ) (@15 Ty ) = (f121), 00 fr(@n), )

PrOOF: All we need to prove is that u(fi,..., fn,...) is indeed a map in METg, i.e. that it
defines an isometry on [, dom(y;). By definition, if t = (z; ;i € I and y = (ys : 1 € 1)
are elements of [],., dom(yp;), then d(z,y) = v(di(z1,¥1), .., dn(Tn,yn),-..). Since f; is
assumed to be an isometry for every i € I, we get that di(x;.v:) = di(fi(x:), fi(y:)), so that

v(dl(xlvyl)s ) dn(mnvyn)v ) = U(dl (fl (zl)’fl (yl))v "-vdn(fn(l‘n)» fn(yn))| )
= d(f(z), f(v))

completing the proof. O

CLaM C: If0 < kK € w, u: R* = R is a logical connective, v : R* — R is a compact
norm, and (f; 1 i < k) i8 a sequence of ultrafunctors, then the functor u(f1, ..., fn,...) defined
by

1. dom(u)(f1y .oy fuy .o (M) = [, dom(fi) (M), where the metric on [], ., dom(ep;)(M)
is given by v(dy, ..., dy,...), with d; the metric on dom(f;)(M) B

2. U(f},..., fn: )(M)(xl’ ey Lns ) = u(fl (M)(l‘l)’ ) fn(M)(xn)v )

is an ultrafunctor.

PRrRoOOF: This is a direct application of Proposition 4.2.10 and the fact that ultralimits
commute with continuous functions. ]

CLAIM D: Let § be an ultrafunctor with domain dom(f) = X x Y, where X,Y : Mod(T) —
MET are ultrafunctors. Then the functor Vz[f{z,y)] defined by

1. dom(vVz[f]) =Y

2. Vz[flM)(y) = sup [f(M)(z,y)]
zEX(M)

is an ultrafunctor.

ProOF: We need to show that Vz[f] commutes with ultraproduct functors. It is clear that
dom(Vz[f])([T, M:) = [1, dom(Vz[f}(M;)), since dom(Vz[f]) = Y and Y is an ultrafunc-
tor. O

There is a similarly given ultrafunctor 3z[f], defined by 3z[fl(M)(y) = zeixrg\/t)[f(./\/i)(:c, v)].

We omit the proof that 3z{f] is an ultrafunctor, as it is identical to the proof given above.
We define 7 as follows:

1. T>; = g. This is an ultrafunctor by definition of P;. Note that the case of an atomic
Z-formula is covered by ultrafunctors g with domain S for S a sort of .Z.
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2. If u: R* > R is a connective, then u(py,..., Yn,...) = WP, .-, Pn,...). This is an
ultrafunctor by claim C

3. Vz[p] = Vz[®]. This is an ultrafunctor by claim D

4. 3z = z[H).
and the proof is complete. a

4.3.3 Theorem: An .Z-structure M can be expanded to an %-structure M; by defining
S§(M;) = dom(f)(M), and HPBHM, = g(M). An elementary map h : M — N in Mod(T)
can be expanded to an Z;-elementary map hs : My = N by defining Si(hs) = f(h).

Proof: We only really need to show that if A : M — A is an elementary map in Mod(T),
then the map h; : M; — N defined by extending h to % via S¢(h) = f(h|.£) is an
elementary map. By the definition of being an ultrafunctor, for every M € Mod(T'), we
have for every z € dom(f)(M), FINM)(f(h)(z)) = f(M)(z). Let ¢ be any % formula,
and write dom(p) = S x Sf, where 0 < k,¢ < w and S is a sort of £°Y. By Theorem
4.3.2, ¢ corresponds to an ultrafunctor % with dom() = S x dom(f)¢. By the definition of
ultrafunctor, we have
BN)(@(h)(Z,7)) = BM)(Z,7)

and by assumption,

2(h)(z, ) = (S(R)(Z).§(R)(D)).

Putting these two equalities together completes the proof that s is an elementary map. O

4.3.4 Definition: Let § : Mod(T") - METx be an ultrafunctor, and let M € K. Let x €
dom(f)(M). A cover of z is an element @ € M, such that for every N' € Mod(T'), and every
pair of morphisms of Mod(T), hy, ks : M — N, if h1(@) = ho(a), then f(h1)(z) = f(h2)(x).
If @ is a coverof z, then we will say that a dominates . &

4.3.5 Theorem: Let f € ULTn(T), M € Mod(T), and let x € dom(f)(A). Then there is a
sort S € £ and an a € S(M) such that a dominates z.

Proof: If for every € > 0, there is a sort S, of % and a. € S.(M) such that for every
N € K, and every pair of morphisms of K, hy,hs : M — N, if hi(@) = ho(a), then
d(f(h1)(z), f(h2)(z)) < €, then the theorem holds with S = [],,cyS1/2» and a = (ayjan i n €
N), since S = [],, o S1/2n is a sort of 29

Suppose that the theorem does not hold. Let I be the set of all finite sets of the form
i = {(S1,a1),..-,(Sn.an)}, where ax € Sg(M), Sk a sort of £*3. For every ¢ € I, there
are models N; and maps hi{,hy : M — N, such that hi(a;) = hi(a;) for j € i, but
d(f(h1)(2), f(h2)(2)) 2 «. '

There is an ultrafilter U on I containing all sets of the form {¢' € I : ¢ 2 i}. Let
hy = [Iy k% and hy = [, h}. Let S be any sort of £°9, and a € S(M), and consider
i = {(S,a)}. Then hi(a) = hi(a) for every j 2 1, implying that hi(Orm(a)) = ha(Om(a)),
where Or : M — MY is the canonical embedding. Since S and a were arbitrary, we can
conclude that the diagram:

M_i,Mu Ty M
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is commutative, so h; 09 = hyod. Now consider the following diagram, in which the vertical
arrows are the canonical isomorphisms:

f(h1)

(07 p— (0§ T

f(aV J f(ha) }

f(M) =
ank J Iy f(h3)
fM)Y > [y
[Ty fhy)

The square with the top arrows and the isomorphisms commutes, and so-does the square
with the bottom arrows and the isomorphisms. The triangle on the left commutes as well,
since f is an ultrafunctor. This implies that the entire diagram is commutative. The top
row of the diagram indicates that

f(h1) 0 f(Om) = f(h2) o f(Om).

On the other hand, looking at the bottom row and remembering the definition of the indi-
vidual models N;, we get that

Hf ) By (= Hfh2 (Osay(x)) 2 >0

so that

TL5h3) Gsean (@) # T (A2 Bsern) ()-
U U
But by commutativity of the diagram,

Hf ) By () = §(h) © H(Bm)

and

TT783) G5y () = f(ha) © f(Om)
U
and this contradiction finishes the proof. O

The following theorem is the keystone of the proof of strong conceptual completeness.
In the context of first-order logic, a proof can be found in [Bac74]. Recall the notation
[a(z) = y] for the formula defining a definable function o : S = §'. If h : M — A is an
Z-elementary map, then we will use the notation h|.Z to represent the #-reduct of h. If
h: M — N is an %-elementary map. then we will use the notation k|- to represent the
Z-reduct of h.

4.3.6 Theorem: Let M be an .Z5-structure, x € Sj(M) and a € S(M). Then @ dominates
x if and only if there is an Z-definable function a such that M k= [a(a@) = z).
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Proof: Suppose a is a definable function S — Sy, and let hq,hy : M — N be elementary
maps with the property that hi(a) = ha(a). We have, for every a and z, [a(a) = z] =
la(hi(a)] = f(h1)(z)] = [a(ha(a)) = f(h2)(z)] because hy and hy are elementary maps. By
assumption, hy(a) = ho(a), so that

la(ha(a)) = f(h2)(x)} = [a(hi(a)) = f(he)(@)] = [a(hi(a) = f(h1)(z)).

Since a is a definable function, f(hy){z) = f(h2)(z).

To prove the converse, we use Theorem 3.4.11. Let My € Mod(T'), and let ag € S(My)
dominate xg € Sj(Mo). Let T* = Th(Mo,ao.z0), and K = Mod(Tx,, ). We let K’ denote
the class of all structures of the form (M, a,z), where M € Mod(Th,), a € S(M) and
z € S§(M). It is clear that K’ C K’, and that K’ is an elementary class.

Cramm E: Let h: (M,a,z) > (M’ a',z") be an elementary map in K. Then S¢(h)(z) =
f(h|L)(z) = 2’

PrOOF: This is a consequence of our assumption that ag dominates 5. Composing h with
an elementary embedding g : (Mo, ag,z¢) — (M, a,x) gives

S¢(h)(z) = S4(h)(g(20)) = Ss(h o g) (o)

and
f(R|ZL)(x) = §(h|-L)(g9(z0)) = f(h|-ZL o g| L} z0).

Since ag dominates x5, we get f(h|.Z o g|ZL)(zs) = Ss(h o g)(x0), so that S;(h)(z) =
f(hL) () O

CLAIM F: The class K satisfies the additional property required in 3.'4,11, i.e. that for every
set I, and any ultrafilter U on I, if [, (M;, a5, ;) € K, then there is P € U such that for
everyi € P, (M,,a;,2;) € K.

Claim finishes the proof of the theorem. For clarity, we delay its proof until after claim
G. By claim 40, Th(K) consists of T, and a single formula a with domain S x S;. Then
Mg E alag, zp). If My E alap.y), then zg =,, y. Suppose d(zg,y) > € > 0, then since
Tp =4, Y, there is an ultrafilter U on a set I and a map h : My — M(')J such that h(zg) = y,
and h(ap) = (ao)y. Comparing h to the canonical embedding 8 : My — M contradicts
the fact that ag dominates xy.

CramM G: Suppose (N.a,z) ¢ K. Then there is € > 0 such that for every z’ € S¢(N) such
that (M,a,z’) € K, we have d(z',x) > €.

PROOF (OF CLAIM G): Suppose not, then for every n, there is z, € S;(N) such that
d(zn,z) < 1/2"%, and (N,a,z,) € K. Note that all the structures (N, a,z,) and (N, a,x)
have identical underlying sets. Therefore, z, — z in S;(N). Let (N,U) be an ultrafilter
pair, and consider the ultraproduct M = [], (N, a,z,). We can embed (N,qa,z) into M
by sending z to (x,)y. Since K is elementary, this means (A, a,z) € K, contradicting our
assumption. a

We now prove claim 40. Let ¢ > 0 be the number given in claim G, and assume
that the conclusion of the claim fails. Let A; : I — K’ be an ultradiagram such that

A(f(P)) € K for P € U, but nevertheless [],; A;(i) € K. Write A,(¢) = (M,, a;, z;), with
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M; € Mod(Tm,), a; € S(M;) and z; € S(M;). By definition of K’, we have an elementary
map h; : Mg = M, for every 7 € I. Since for every i € I, a; € S(M,) belongs to a sort of
2, we have h;(ag) = a;. Note also that if it happens to be the case that (M;,a;,z;) € K,
then z; = f(hi)(zo), and that d(zsp), f(hs(p))(0)) > €. Define Az(i) = (M, as, f(hi)(x0)).
For € = 1, 2, we consider the maps:

s, [[Ai) = T AdsP)).
U

fHul

.By the definition of Ay, we get an elementary map hy : (Mo, ap, o) — [];; A2(¢) defined
via the composition

a 0 r /h'l
Mg ~ M§ e [Ty M.

Since f is an ultrafunctor, we have:

F(0212) = F([ ] s © Orm,) = ([T ki) 0 #(Om.) = [ ] F(Re) 0 Bona,
U U U

so that f(h2)-2)(z0) = (f(h:|-ZL)(x0))y. Also, by assumption, [],, A1{i) € K, so there is an
elementary map hi : (Mg, ag, 2o) = [1,; A1(Z) such that ki(ag) = (a;)y and §(h,|ZL)(z0) =
(x;)v by claim E. A key observation here is hy(ag) = hz(agp), which is true because ag belongs
to one of the original sorts of .. The relationship between §(h;[.£)(z¢) and f(ha|-Z)(x0) is
yet to be determined. Since hj(ag) = h2{aog), we have

8A1 o hl(ao) = 3A2 o} hg(ao).

On the other hand, we have the following calculation, in which the definition of ultrafunctor
plays a central réle:

d(f(8a, © h1)(20),f(0a, © h2)(0)) = d(f(0a,)(f(h1)(20)), f(Oa,)(§(h2)(z0)))
d(Fjon, ((Zi)1) Bron, ((F(Au]| L) (x0)) 1))
d((xspy) s-1107)s (Flhppy| L) (x0)) p-110)))
€

o

Y

Therefore, the two maps
hy

My [Ty M.

ha

bear witness to the fact that ag does not dominate zg, contradicting the assumption of the
theorem. This proves the claim, and finishes the proof of the theorem. C

4.3.7 Theorem: The class K = {N : N = M; for some M € Mod(T)} is elementary.
There is a functor E - Mod(T) - Mod(Th(K)) whose action on objects is given by M —
M; and whose action on maps is given by h — ks, The functor E is an ultra-equivalence
of categories, and its inverse is the forgetful functor F: Mod(Th(K)} —» Mod(T)

Proof: The class K is closed under ultraproducts by virtue of f being an ultrafunctor, and
under isomorphisms by definition. To show that it is closed under elementary substructures,
let M € K, and N < M. By the definition of K, S;(M) = dom(f)(M?), where M|.Z
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denotes the Z-reduct of M. We need to show that S$;(NV) = dom(f)(NV?). Denote by h the
elementary embedding ' = M. Let z € S;(N). By Theorem 4.3.6, there is a sort S of
% and a definable map « : S — S; such that for some y € S(N), N k= [a(y) = z]. Let
p be tp(z/N|-Z). We claim that p has a realization in the structure (M].Z, dom(f)(M)).
Indeed, p is determined by the definable map a, and since h : N’ = M is elementary, M
[a(h(y)) = h(z)]. By Theorem 4.3.3, the map (h|-%, f(h)) : N|¥ — M is an elementary
map, and M | 3z'[a(z) = '], a formula with parameters from N|.#. Therefore, there
is ' € dom(f)(N) realizing p. Let f = [z — z'], and note that this map is well defined.
We claim that it is an elementary map. To see this, let z1z; -z, € S§{(N). By applying
Theorem 4.3.6 to the whole tuple 7 - - - z,,, we get a tuple y; - - - yp, of elements of dom(f)(N)
which realizes tp(z; - - zn/N|-Z). Now we note that y; =p ¢ f(z;) for 1 < i < n, and
therefore y; = f(z;), showing that f is elementary.

The fact that E is an ultrafunctor follows directly from the fact that f is an ultrafunctor.
It is also easy to verify that E and F are mutual inverses. The proof is similar to the proof
that K is elementary. O

We now conclude the proof of Theorem 4.2.22. Recall the following definitions and
notations:

1. f is a fixed ultrafunctor;

2. % is the expansion of ¥ by a new sort symbol S; and new predicate symbols Py for
every ultrafunctor g such that dom(g) = S x dom(f), where S is a sort of .Z.

3. M; is the expansion of M € Mod(T') to an Zj-structure obtained by letting S;(Mj) =
dom(f)(M) and [Pg] oy, () = g(M)(z)

4. K = {N : N = M; for some M € Mod(T)}. It is an elementary class by Theorem
4.3.7, and is equivalent to Mod(7T) via the ultra-equivalence E.

We restate the conceptual completeness theorem with minor changes to accommodate the
categorical setup:

4.3.8 Theorem (Conceptual completeness, [Har]): Let & be a continuous language, and
let &' expand . Let T' be a complete &£’ -theory, and let T be the £ -reduct of T'. Suppose
that the forgetful functor F : Mod(T') — Mod(T) is an equivalence of categories. Then for
every formula ¢ of £, there is a formula ¢ € £ and a monomorphism 1 : evy, — ev,.

We apply this theorem to %' = % and T’ = Th(K) to get an .£*% formula ¢ such that
eop, = ev,,. By the definition of %, eop, = f. This completes the proof.

61



Chapter

Simple theories in continuous logic

In this chapter we develop simplicity theory in the context of first-order continuous logic.
We follow the more axiomatic approach to simplicity theory in [Cas07]. Continuous theories
can be construed as a special case of the concept of a compact abstract theory, for which
there is already a well-established development of simplicity theory (see [Ben03b, Ben03a]).
However, the greater abstraction of general cats prohibits some of the classical results of
first-order simplicity theory to carry over. In a general cat, for example, having the same
type may not be a type-definable condition. Consequently, types do not always have non-
dividing extensions, and Morley sequences may not exist in every type.

Continuous theories correspond to the concept of a Hausdorff cat. There, simplicity can
be developed in all its glory. In a Hausdorff cat, indiscernible sequences are type-definable.
This fact alone allows to prove many of the results of simplicity theory, including the ex-
istence of non-dividing extensions and Morley sequences. The development of simplicity in
theories where indiscernibility is type-definable is done in [Ben03b).

To the knowledge of the author, no such development exists which is written specifically
in continuous logic. This chapter is an attempt to remedy this situation. We will follow
[Cas07] quite closely, pointing out the places where proofs should be adapted to the context
of continuous logic. In the cases where the proofs for continuous logic would only be a minor
modification of the classical proof, they will be omitted, unless the similarity between the
two proofs needs to be highlighted.

For this chapter we fix a metric R-valued language ¥. We let T be a complete metric
Z-theory with infinite models, and we let C € Mod(T) be very large, x-saturated and &-
universal, where x is a big cardinal. We take as a convention that all parameters come
from C. A set X C C will be called small if |X| < |C]. Note that every small model of
T can be elementarily embedded in C. For convenience, we shall not make any notational
distinction between elements of C and tuples of elements of C of small length. We allow for
the possibility that a tuple of small length be an enumeration of a small model of T

Section 5.1
Ir Indiscernible sequences

We begin by recalling the notion of indiscernible sequence for metric structures.

5.1.1 Definition: Let A be an .Z-structure and € > 0. We say X is e-finite in case there
does not exist an infinite set X C X such that [d], (z,y) > ¢ for every z,y € X. In other
words, X is e-finite if and only if given any infinite X C & one can find z,y € X such that
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[dlx (z,y) < . If X is not e-finite, then it is called c-infinite. A structure is finite if and
only if it is e-finite for every ¢, and infinite if it is e-infinite for some £ > 0. &

5.1.2 Definition: Let X’ be an .#-structure, and A C X be a set. A sequence I = (a; : i <
w) € X is A-indiscernible if and only if for any two tuples a,b € I of the same order type,
we have a =4 b. &

It is worth pointing out there that the relation @ =4 b is type-definable. As in first-order
logic, it is defined by the type {|p(z) - @(y)| : ¢ € £}, where z and y are tuples of variables
representing as a and b. In [Ben03b], it is pointed out that this property allowing to derive
many of the results of simplicity theory.

5.1.3 Theorem: Let x > |T}, and let A = (22°)*, |A| < &, and (a, : i < A) is a sequence of
sequences such that |a;| = a < k. Then there is an A-indiscernible sequence (b; : i < w)
such that for each n < w, there is an increasing function f : n — A such that by,....,b, =4

@) - B ()

Proof: See [Ben03a] for a proof in the context of cats. The proof for continuous logic is
identical. O

Section 5.2
’, Dividing

We give a direct definition of dividing in continuous logic. As we shall see, the definition is
quite similar to the usual definition in first-order logic. The main difficulty in the formulation
of dividing comes from the fact that continuous logic lacks a negation operator. In order
to obtain the behaviour of —p, we must exhibit ¢ > 0 such that ¢ > €. As we saw in
section 5.1, this impacts the definition of “infinite”, which must be written as e-infinite. It
also impacts the definition of “inconsistent”: a syntactic notion of inconsistency for a set of
formulae in continuous logic looks like this:

5.2.1 Definition: Let ¢ > 0, and let A be a finite set of formulae. Then A is e-inconsistent
if and only if

Cevz || N\ |o) >e

peEA

An infinite set ¥ is k, e-inconsistent if and only if every subset A € ¥ such that |A| =k is
e-inconsistent. &

We note that the extra parameter € in the definition of “inconsistent” can be done away
with. Semantically, a set of formulae ¥(z) is inconsistent if and only if no structure M
realizes it. This in fact forces the existence of € > 0 such that $(z) is e-inconsistent, for
suppose such an ¢ did not exist. This means that for every n € N, there is a structure M,
such that

M., = Jzfpr(z) A Api(z) < 1/n)]

for every finite {1, ..., ¥k} C Z(z), and a suitable ultraproduct of the M,,’s would produce
a structure M in which ¥(z) is realized. However, the use of the parameter ¢ cannot be
avoided in the definition of k,e-inconsistent: for every A C E(z) of size k, if we assume
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that A is inconsistent, then there is o > 0 such that A is ea-inconsistent. The set
{ea : A C Z(x),|A| = k}, however, may not be bounded away from zero.

5.2.2 Definition: Let n(z,a) be a partial type. We will say that = (k, ¢, d)-divides over A
if and only if there is a §-infinite sequence (b; : 7 < w) such that

1. b; =4 a for every i < w, and
2. The set |J, ., 7(z,b;) is k, e-inconsistent.

We will say that w k-divides over A if there are £, > 0 such that n(z,a) k, £, §-divides, and
that 7 divides over A if and only if there is k such that = k-divides over A. &

5.2.3 Proposition: A partial type n(z,a) divides over A if and only if there is an infinite A-
indiscernible sequence (b; : i < w) in tp(a/A) such that the set | ), ., 7(x,b;) is inconsistent.

Proof: If #(z, a) divides, then an infinite indiscernible sequence exists by Theorem 5.1.3. To
see this, note that by compactness, there is a sequence J = (a; : j < A) witnessing dividing
of length A = (22°)*, with k = |T|". By Theorem 5.1.3, there is an indiscernible sequence
(b : i € w) with the property that for every n, there is an increasing function f : n — A such
that by .- b, =4 aj)---asm). This property guarantees that (b; : i € w) also witnesses
dividing for ¢(x, a).

For the converse, let (b; : i < w) be an infinite A-indiscernible sequence in the type
tp(a/A). and suppose IT = (J, . 7m(x,b;) is inconsistent. By the approximate compactness
theorem, there is £ > 0 and a finite subset {©1,....,on} C II such that

C = Vz[(pr(z,bi) A Az, bn)) > €.

Then 7 = ¢1(x,a) A+« A pn(x,a). We claim that this formula divides. Let B be the set
of all n-tuples of elements of (b; : i < w) whose order type is that of (b;,...,b,). Since
(b; : i < w) is indiscernible, it is d-infinite for some &, and therefore B is d-infinite as well.
Since C k= Vz{p1(z,b1) A Apal(z,bn) 2 €], we get that the set

Y= {Lpl(.’l?,bl) Ao A cpn(z,bn) : (bl,...,bn) (= B}

is e-inconsistent. Therefore, there is a finite A C ¥ which is e-inconsistent. Let k = |A].
By definition, p1(z,a) A -+ A pn(x,a) k-divides over A. This completes the proof. O

5.2.4 Corollary: A partial type n(x,a) divides over A if and only if there is a finite con-
junction of formulae in m which divides over A.

Proof: The formulae ¢;(x,y) exhibited in the proof of proposition 5.2.3 are in 7(z,y). O

We begin by establishing some results concerning the behaviour of non-dividing with
respect to the extra structure on types and formulae that is present in continuous logic
but not in classical first order logic. Let z be a tuple of variables, and let £(z) be the set
of all the formulae of % in the free-variable x. Given the large model C, we can define a
pseudo-metric space structure on L(r) as follows:

de(p.v) = sup [¢ — ¥, (z).
el
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Note that de (v, ) = 0 if and only if ¢ and ¥ are logically equivalent. Therefore, d¢ induces
a metric on the equivalence classes of £(z) modulo logical equivalence. When we refer to a
metric space of the form (X(z),d¢), we will be referring to (3(z)/ ~,d¢), where ~ is logical
equivalence.

5.2.5 Lemma: Let p(z,a) be a formula. If p(x,a) divides over A, then there is € > 0 such
that for every formula ¥, if de(p,¥) < ¢, then ¥(z,a) divides over A as well.

Proof: Suppose p divides over A, and let I be an indiscernible sequence such that ¥ =
{p(x,c) : ¢ € I} is inconsistent. Let § > 0 and ¢y, ...,¢,, € C be such that

CEVzlp(z.c) A - Aplz,cn) 2 6.

Let ¢ = §/3, and let ¥ be such that C | Vz{l¢(z,a) — p(z,a)] < €. We show that
{¥(z,¢) : ¢ € C} is inconsistent. Let z € C, and ¢ be such that p(x,c;) > 4. Since
lo(z. ;) — ¥(z, ¢;)| < 8/3, is must be the case that ¥(z,¢;) > §/2. Therefore

C EVYz[Y(z,cr) A Az, cn) 2 8/2]
showing that {¢(z,¢) : c € C} is inconsistent. O

5.2.6 Corollary: If v, (z,a) does not divide over A, and o, — ¢ in L(z,a), then p(z,a)
does not divide over A. Consequently, the set

{p(z,a) : v does not divide over A}

is closed in the metric space (Z(x,a),de).

5.2.7 Definition: Let a,b,c € C be small tuples. We write ¢ \i’ b if and only if tp(a/bc)

does not divide over c. &
Note that if a,b,c € C are small tuples, then a L b if and only if for every finite
¢

!
sub-tuple o’ C a, a Lb . This requires a bit more of an argument in continuous logic,
c

since we are allowing for infinitary connectives. It is clear that if a L b then for every
c

1]
finite sub-tuple @’ C a, ¢ Lob . For the converse, assuming that no formula in finitely
c

many variables divides, we need to show that no formula ¢ € tp(a/bc) with infinitely many
free variables divides. By definition, a formula ¢ in infinitely many free variables can be
written as u(@1, ..., ©n, --.), Where u is an infinitary connective, and ¢; is a formula in finitely
many variables, and therefore is a limit imn o0 ug(®1. ..., p&). Note that ug(wy,..., k) is a
formula in finitely many free-variables, and we are assuming those formulae do not divide.
Therefore, their limit does not divide either by Lemma 5.2.5.

We also have the following properties whose proofs are immediate from the definition.
The following is stated as Remark 5.1 in [Cas07]. Let a,b, ¢ € C be tuples of small length:
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a L b if and only if ofe) L o)

1. For any automorphism o : C — C,
c o(c)

2. ¢ Lo if and only if a L be
¢ c

3.0 ¢ L ¥ andy b then @ L0
c ch

I3 /
4. ¢ Lo if and only if for every finite ’ Caand ¥ Cb, Lo
¢ c

If 7 is a partial type, we write 7 < ¢ for the type {y < & : ¢ € w}. The proof of the
following proposition is identical to its classical counterpart, and can be found in {Wag00].

5.2.8 Proposition: Let o(z,a) and ¥(z,a) be formulae and suppose p(z,a) = ¢(z,a). If

Y(x,a) divides, then so does p(z,a).

Without further ado, we prove the finite character of non-dividing in continuous logic.
The proof is actually identical to the first order proof.

5.2.9 Proposition (Lemma 2.10 of [She80]): The following statements are equivalent:
1. tp(a/Ab) does not divide over A

2. For every A-indiscernible sequence I such that b € I, there is o' =4 a such that I is
Ad’-indiscernible

8. For every A-indiscernible sequence I, there is J =44 I such that J is Aa-indiscernible.

The following propositions follows immediately from 5.2.9

5.2.10 Proposition: Let A C B be small subsets of C. If a :J; B and b ;lL B ,
a

ab | B

th
en i

5.2.11 Proposition: If p(z,a) k-divides over A, and tp(b/Aa) does not divide over A, then
p(z,a) k-divides over Ab.

5.2.12 Definition: A theory T is called simple if and only if, given a very large saturated
model C of T, for every a.b € C, there is a subset ¢ C b of length < |T! such that ¢ ‘JC“ b
This property is called local character. &

In [Ben03a, Introduction], it is pointed out that a fair amount of simplicity theory can
be carried out using only local character, at the cost of having to write more technical
proofs. Local character is enough to prove symmetry, transitivity and the characterization
of dividing via the local D-ranks.
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The following proposition establishes the behaviour of dividing with respect to the metric
space structure on the type space Sc(B) for a small set B C C. Recall that the metric dg
on S¢(B) is defined by

d(p,q) = inf {[d]¢ (a,b) : a = p,b k= g}
where d is the symbol representing the metric on the domain sort of S¢(B).

5.2.13 Proposition: Let A C B C C be small sets, and let p = tp(a/B). Suppose p divides
over A. There is € > 0 such that if d(a,b) < e, then tp(b/B) divides over A as well. In
other words, if p divides, then there is € > 0 such that for every q, if ds(p,q) < ¢, then g
divides as well.

Proof: There is ¢ such that p < ¢ divides. Using Lemma 5.2.4, choose y(z,b) € p < € such
that i(z, b) divides over A. By the definition of p < ¢, ¥ is of the form p(x,b) < £ for ¢ € p.

Since ¢ is uniformly continuous, there is § such that d(a, ¢} < § implies |p(a,b)—¢(c.b)| <
e. Since ¢ € p, C = p(a,b) = 0, so that it must be the case that ¢(c,b) < e. Therefore,
“o(z,b) < €” € tp(c/B) for every ¢ € Bs(a), and it divides. Therefore, for every ¢ € Bs(a),
tp(c/B) divides. O

Section 5.3
( The D-ranks and the tree property

A discussion of simple theories would not be complete without a mention of the tree property
and of the D-ranks. In this section we also show that a partial type has a non-dividing
extension to a complete type over any set. Consequently, a complete type p € S¢(A) has a
non-dividing extension to any small B D A. We use the approach of [Ben03b, section 1] to
avoid mentioning forking.

The definition of the tree property is identical in the continuous context as it is in the
first-order context; note the presence of the extra parameter ¢ in the definition. It is needed
in the definition of “inconsistent”

5.3.1 Definition: We say that a formula ¢(z,y) has the tree property with respect to k < w,
e > 0 and § > 0 if and only if there is a tree (a, : n € w<¥) such that for every branch
1, the set 7(x,a) U {p(z,an,) : n € w} is consistent, and for every node s € w<¥, the set
{as~; 1 j € w} is é-infinite, and the set {p(z,as~;) 1 i € w} is k,e-inconsistent. &

The proof of the following lemma in the context of continuous logic is identical to the
proof given in [Cas07].

5.3.2 Lemma: Let o be an ordinal number, w(z,a) be a partial type, and @;(x,y:) be a
formula for © < a. Let (ki : i < a) be a sequence of natural numbers, and (g; : i < a)
and (8; : 1 < a) be sequences of real numbers in R. Then the following two statements are
equivalent:

1. There is a tree (a; : 1 € w<*) and § > O such that for every branch n € w®, the
set m(z,a) U {p(r,ay;) : ¢ < a} is consistent, and for every node s € w<?, the set
{as—~: 11 € a} is d-infinite, and {p(x,as~;) : 1 € a} is k;, £;-inconsistent.
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2. There is a sequence (a; : i < a) such that m(x,a) U {p:i(z,a:) : ¢ : a} is consistent and
for every i > a, pi(x,a;) (ki €, 8;)-divides over {a} U{a;:j < i}

5.3.3 Definition: Let (k; : i < @) be a sequence of natural numbers, and (¢; : i < @)
and (§; : 1 < a) be bounded sequences of real numbers. A dividing chain with respect to
(ki:i<a), (ei:i<a)and (6 : i < a) for p(z,y) is a sequence (a; : 1 < &) such that
7(z,a) U{p{x,a;) : i < a} is consistent, and for every i < a, v(x,a;) (ki, &, 6;)-divides over
{a; : j < i}. We say that ¢ divides a times with respect to (k; 1 i < ), (&; : © < o) and
(8; : i < a) if there is a dividing chain of length a with respect to (k; : i < &), (&; 11 < @)
and (9, : i < a). &

5.3.4 Lemma: 1. p(z,y) divides w times with respect to k, € and 0 if and only if it has
the tree property with respect to k, € and §;

2. The following two statements are equivalent:

a) For every n, o(x,y) divides n times with respect to k, € and §

b) For every ordinal a, p{(x,y) divides o times with respect to k, € and 0.

8. If p divides wy times with respect to some sequence (k; : i < wi1), (¢; : 1 < wy) and
(6; 11 < wy), then there are k € N, € > 0 and § > 0 such that p divides w times with
respect to k, € and 6.

Proof: The first statement follows directly from the definition. The second item follows
from the definition and compactness. For the third item, if ¢(z,a) divides w; times with
respect to the sequences (k; : ¢ < wi), (€; : @ <wy) and (§; : ¢ < wy), then there is i < w
such that {j < wi : k; = ki, } has size w;. This implies that ¢ divides w; times with respect
to ki, and the sequences (g; : 1 < wy) and (§; : © < wy). For every ¢ € wy, let n; and m,
be such that 1/n; < ¢; and 1/m; < §;, and note that ¢(z,a) divides wy times with respect
to the sequences k;, and (1/n; : i < wy) and (1/m; : ¢ < wy). There is jo < w; such that
{j <wi:nj =ny, and m; = my,} has size wy. It is easy to see that ¢(z,a) then divides
wi-times with respect to k;,, 1/n;, and 1/m;,. O

5.3.5 Definition: A theory T does not have the tree property or is NTP if and only if no
formula has the tree property. &

Given the combinatorial nature of the tree property, notwithstanding the extra parameter
¢, the proof of the following proposition in the continuous context is identical to the proof
in [Cas07, remark 4.1 and proposition 4.4

5.3.6 Proposition: The following are equivalent:
1. T is NTP
2. For every e > 0, k and 4, no formula divides wy times with respect to k, € and §
3. For every § > 0, € > 0 and k, no formula divides w times with respect to k, € and §;
4

. For every B, and for every complete type p € S(B) in finitely many variables, and
there is a set A C B such that |A] < |T}, and p does not divide over A.

The equivalence of 1 and 4 can be restated as follows:
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5.3.7 Theorem: T is simple if and only if it has NTP

5.3.8 Definition: Let m(z,a) be a partial type over A, A be a finite set of formulae in
the free variables x and y, where y is a tuple of variables of the same order type as a.
Let £,6 > 0. The D-rank D(p,A,k,£,6) is defined to be the largest ordinal a such that
D(p,Ak,e,8) > a as per the following recursive definition:

1. D(m,A,k,e,6) > 0 if and only if 7 is consistent;

2. If X is a limit ordinal, then D(m, A, k,e,8) > A if and only if D(w, A, k,e,6) > § for
every 8 < A

3. Ifa=p8+1, then D(m,A,k,¢,8) > « if and only if there is ¥» € A, and a b such that
D(r U {¥(z,b)}, Ak, e,8) > 8, and ¢¥(z,b) k, e, 5-divides over A.

If D(m,A,k,2,8) > a for every a, then we write D(7, A, k,e.8) = oc. &

To simplify the notation, we let § denote tuples (A, k,d,¢), and we write D(w(z,a),§)
for the corresponding D(w(z,a), A, k,=,8). If 3, = (A, k;,65,6;) for 1 < ¢ < n, then we let

U 5 = U A;,max{ky, ...k}, min{e1,..,en},min{dy, ..., 0,1} | .
i<n 1<i<n

Note that since we are not allowing the numbers §; and &; to be 0, | J,.,, 5 is still a tuple
of the appropriate form. If § = (A, k,¢,8), then we let A(3) = A, k(3) = k, £(5) = ¢ and
§(3) = 4.

The following lemma establishes the correspondence between the D-ranks and the tree-
property. Intuitively, the D-rank of a formula ¢ is the height of a dividing tree for ¢. The
fact that this correspondence between the tree property and-the D-rank holds in continuous
logic allows us to type-define the property D(w(z,a),3) > n.

5.3.9 Lemma: D(n(x,a),5) > n if and only if there is a sequence (p;(z.z;) : ¢ < n) of
formulae in A and a sequence (a; : i < n) such that 7(z,a)U{p;(z,a;) : i < n} is consistent,
and @;(x,q;) §-divides over {a} U {a; : j < i}.

5.3.10 Lemma: For any partial type w(z,a), n, k,e > 0 and § > 0, there is a type Ox ke
in the variables 1, ..., such that by,....by |E Oy ke s(T1,...,xn) if and only if by, ..., by is
a dividing chain of length n with respect to k and € for «.

5.3.11 Theorem: T is NTP if and only if for every finite A, k, €, > 0, D(p, A, k,e,9) is
finite.

Proof: This follows from 5.3.9, since if D(w, A, k,e,8) > n for every n, then w(x,a) has
arbitrarily long dividing chains, and therefore, it has a dividing chain of length w;. By
Lemma 5.3.2, this implies the existence of a dividing tree of length w; for «. O

5.3.12 Lemma: Assume T is NTP. Let m(z,a) C ma(z,a) be partial types. If 7y is a

dividing extension of my, then for some §, D(my,5) > D(m2, 3).
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Proof: Without loss of generality, we can assume 7 and w3 are closed under conjunctions.
Since 71 (z,a) C 7o(z, a), any dividing chain for 7 is a dividing chain for ;. Therefore, for
every s,

D(my, §) < D(7r1, 3).

Suppose that 7o divides. Then by corollary 5.2.4, there is a formula ¢ € 73 which (k,¢,0)-
divides over A for some k, ¢ > 0 and § > 0. We have that m;(z,a) U {¢(z,a)} C m(z,a).
Therefore, letting 5 = ({¢}, k,¢€,8), we get

D(my,5) < D(m U{p(z,a)}, ).

Let a = D(m; U {¢(z,a)},5). Then there is a dividing chain of length o for m; U {p(z,a)},
which means that there is a dividing chain of length o + 1 for 7, thus showing that

D(m U {p(z.a)},5) < D(my,3).

A proof of the following lemma for first-order logic can be found in [Cas07]. The proof
for continuous logic is identical

5.3.13 Lemma: Let n(x,a) be a partial type, and let 1, ..., 0, be formulae. Then for every
= (A ke, 8), '

D <7ru { \/ Lpl-(x,a)} ,E) = max{D(r U {gi{z,a)},8)}.
1<i<n

5.3.14 Lemma: Suppose T with NTP. Suppose m(x,a) is a partial type over A. Then w has
a non-dividing extension to a complete type p over A.

Proof: By lemma 5.2.5, for every ¢ such that ¢ divides, there is 6 such that p(z,a) < 0
divides. Let d,, be any such §, and consider the set

Y =m(z,a) U{p(z,a) > d, : ¢ divides}.

We need to show that this set is consistent. If not, then there is a ﬁnite set ¢y, ..., n such
that 7(x,a) F V,<,(9i(z,a) < d,). Now the formula ¢ < 4., divides. By lemma 5.3.12,
there is 5; such that

D(n(z,a) U{pi(2,a) < 6}, 5:) < D(w(z,0),5).

Let t = | J5;. Then

1<i<n

D (WU { \/ wi(z.a) < (5%} ,t_) < D(rm,t).
1<i<n

D <7TU { \/ wi(z,a) < (5%} ,f) = max{D(r U {pi(z,a) < d,},8)}

from which we get
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On the other hand, since m(z,a) E V., (vi(z,a) < d,), any dividing sequence for 7 is also
a dividing sequence for m U {¢;(z,a) < %} so we get that

Diynmu (Pi(-’l',a) Sdﬁp; 7t- ZD(ﬂ',t—),

which is a contradiction. Therefore, it must be the case that ¥ is consistent. If p is any
complete type extending %, then p does not divide. This completes the proof. O

Using lemma 5.3.14, one can carry the proof of the following corollary over from [Wag00).

5.3.15 Corollary: Let p be a partial type over B, and let A C B, Then p is a non-dividing
extension of plA if and only if for every 3, D(p,3) = D(p|A,3).

5.3.16 Theorem (Extension theorem): If T is simple, and A C B C C are small sets, then
any complete type p € Sc(A) has non-dividing ertensions to B.

Proof: By 5.3.7, p does not divide over A as a partial type over B. Therefore, there is a
complete type ¢ € S¢(B) extending p which does not divide over A by lemma 5.3.14. a

Section 5.4
’7 Morley sequences and the independence theorem

Let I be a linearly ordered set. A sequence (a; : ¢ € I) is A-independent if and only if
for every i € I, @i Jf; {a;:5 <1} . A Morley sequence in a type p(r) is a sequence

(a; : i € I) which is A-independent and A-indiscernible, and such that C = p(a;) for every
i€l

The goal of this section is to state the analogues of the final three properties of non-
dividing, namely symmetry, transitivity and the independence theorem. At this point, the
proofs of these properties in the first-order context are purely combinatorial, and therefore
proofs in the continuous context are identical.

5.4.1 Proposition: Let B be a small set, and let A C B. Let p(x) be a complete type over
B, and suppose p(x) does not divide over A. Then there is a Morley sequence (a; : i < w)
in p which is B-indiscernible.

5.4.2 Proposition: Suppose T is simple. Then a formula p(z,a) divides over A if and only
if for every infinite Morley sequence (a; : i € I) in tp(a/A), the set {¢(z,a;) : 1 € I} is

inconsistent.

5.4.3 Theorem (Propositions 5.5 and 5.6 in [Cas07]): If T is a simple theory, then:

Symmetry: For any small tuples a,b,c € C, @ Lo if and only if bl a ;
c ¢

Transitivity: For any small tuples a,b,c,d € C, if a L b and @ ‘i’ d , then a L d
¢ ¢
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We note here that transitivity follows from symmetry and 5.2.10.
5.4.4 Theorem (Independence theorem): Let T be a simple theory, M =T, p € S(M)
and a,b > M be such that ¢ .;\L/t b Letp € S(a) and g € S(b) be non-dividing extensions

of ptoa and b. Then p and q have a common non-dividing extension to a complete type
over ab.

5.4.5 Theorem: Let R(a,b,c) be a relation defined on the small subsets of C. Suppose R
satisfies the following:

Invariance: R is invariant under automorphisms of C

Existence: For every a and every c C b, there is a’ =, a such that R(a’,b,c);
Symmetry: For every a and every ¢ C b, R(a,b,c) <= R(b,a,c)

Transitivity: For anya, and anyb C ¢ C d, R(a,d.b) if and only if R(a,d,c) and R{a,c,b)

Local character: For any finite a, and any b, there is a ¢ C b such that |¢| < |T|, and
R(a,b,c)

Finite character: R(a,b,c) if and only if R(a’,b,c) for every finitea’ Ca and & C b

Independence theorem: Let M =T, and let a,b D M be such that R(a,b, M). Suppose
R(c,a, M) and R(c',b, M), and ¢ =p ’. Then there is ¢" =, ¢ such that " = ¢
and R(c",ab, M)

Then R(a,b,c) if and only if @ Lob , and consequently, the theory T is simple.
c

This proof relies on the following statement from set theory.

5.4.6 Lemma (Fodor's lemma): Let k be a regular uncountable cardinal, and let S C & be
stationary. If f : S — & has the property that f(z) < z for every z € S, then there is a
subset S' C S, stationary in k such that f is constant on §'.

Proof: This proof was communicated to us by Bradd Hart. Let a,b, ¢ be small sets such
that ¢ C b, and suppose R(a,b,c). We want to show that ¢ Lo . Let p(z,b) = tp(a/b),
c

and let I = (b; : ¢ < |T|™") be a c-indiscernible sequence in tp(b/c). We need to show
that (U, ¢ p(2,b;) is consistent. Let § = {a : cf(a) = |T|*}, and note that this is a
stationary subset of |T|**. By local character, for every a € S, there is 8 < a such that
R(ba,bea,cbep), where bey = (b; 1 i < @). Define f : § — |T|** so that f(a) is the
smallest 8 with this property. Then f(a) < « for every a. By Fodor’s lemma, there is a
stationary subset S’ C S such that f|S’ is constant. Let 8 be the value of f on S’, and
let Is» = (b; : i € §'). Note that by the definition of f and 8, for any o' € S, we have
R(bar,beo NIgr,cbeg), and Ig is indiscernible over cb.g.

Let M € Mod(T") be such that R(M,Is,cbcg). Using compactness, one can find an
M-indiscernible sequence J such that for every a;,...,a, € J, there are af,...,a), € Is
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such that ay ---an =cp, a]---a;,. Note that this makes J an R-independent sequence by
invariance.

Let b € J, and consider p(z,b’). Let p'(z,b’, M) be an R-extension of p(x,b’) to MY
(such a type exists by the extension property). There is @’ =p a such that R{a’, M¥,b')
by the existence property. By invariance, R(a’,V/,c), so by transitivity and weakening,
R(a’,b’, M). There is a type g over M such that p'(z,b’, M) is an R-extension of ¢g. Note
that p/(z, b, M) extends q for every b” € J by the M-indiscernibility of J. We can therefore
use the independence theorem and conclude that .. ; p'(z,b”, M) is consistent.

Now, Uye;0'(z,b", M) contains the type |J,.c;p(z,b"), so this type is consistent as
well. For any b7, ..., b} € J, there are by, ..., b, € I such that b --- bl =¢ by - - by, therefore
UbeTs: p(z,b) is consistent. By indiscernibility of Is/ and the fact that Iss C I, we get that
Up e p(z, ") is consistent. d
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Chapter 6

Non-archimedean Banach spaces

Important recent developments in algebraic model theory deal with various theories of valued
fields. The general theory of fields is almost absent from the continuous framework, because
general fields are intrinsically discrete. Any attempt to put a metric d on a field K would
result in a discrete metric, as the predicate d(z,y) > 0 would be definable (it is equivalent
to 3z[z(z —y) = 1]). Therefore, continuous logic cannot really shed any more light on fields
than classical logic. Work in progress by Ben Yaacov in [Ben09b| deals with valued fields in
the framework of continuous logic. ‘

One of the principal difficulties put forward in [Ben09b] is finding a suitable language
to describe valued fields in continuous logic. Because they are unbounded structures, they
do not fit within the confines of the bounded continuous logic described in [BBHU08], and
because they are ultrametric spaces, the usual trick of working only inside the unit ball
(which in this case is just the valuation ring) does not work.

Banach spaces over non-archimedean valued fields have the same problem. One possible
solution is to use R-valued languages from chapter 3 to define a language, using norms of
linear combinations as relation symbols. However, this approach has the unwanted conse-
quence of introducing points of infinite norm. While points of infinite norm do not cause any
problems as far as model theory is concerned, they do limit our ability to transfer results
from functional analysis, as these results usually do not account for points of infinite norm.

We begin the chapter by stating some basic facts about the theory of generalized ultra-
metric spaces, viewed as fR-valued structures. Proposition 6.1.2 shows why it is impossible
to restrict ourselves to a proper ball in an ultrametric space.

We then recall the definitions of non-archimedean valued field and non-archimedean
Banach spaces over them. What really sets non-archimedean Banach spaces apart from
their real or complex counterparts is the presence of a notion of orthogonality which can
be defined using only the norm, a property which in the real or complex world is shared
only with Hilbert spaces. Also, every non-archimedean Banach space contains a copy of
co. In fact, every non-archimedean Banach space is an immediate extension of a ¢g. These
results, which are folklore results of non-archimedean functional analysis, suggest that non-
archimedean Banach spaces behave a lot like real or complex Hilbert spaces, and hint towards
the fact that the theory of non-archimedean Banach spaces (if such a theory can be defined)
should have properties similar to those of the theory of real Hilbert spaces.

We then define a language £, for non-archimedean Banach spaces based on norms
of linear combinations, and define a theory Tp x of “Banach space-like” structures. We
then argue that though it does nothing to prevent points of infinite norm, Tp g is very
close to the usual category of Banach spaces. The points of infinite norm in models of
Tp i are completely indistinguishable from one another, and thus can be collected into a
single point via the emboundment process described in [Ben08]. This allows us to define
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a functor F : NABx — Mod_(T5 k), which turns out to be an equivalence of categories.
Therefore, the results of non-archimedean functional analysis, which are stated in NABg,
can be transferred to Mod_(Ts k).

In section 6.5, we state and prove some of these results. We show that T g has quantifier
elimination and is A-stable for every cardinal A such that A® = ). Under the assumptions
that K be either locally compact and densely valued, or that the value group val(K) is the
same as the space of norms of the Banach space V, we show that for any , there is a unique
R;-saturated non-archimedean Banach space of dimension k.

Section 6.1
‘7 Generalized ultra-metric spaces

Throughout, we will assume that I' C R. A generalized ultra-metric space is a set X together
with a generalized metric function d : X x X — T satisfying the strong triangle inequality
d(x,y) < max{d(z,z),d(z,y)} for every z,y,z € X. If T is a dense ordering, then we will
call X a densely valued space. If T is discrete, the X is called discretely valued. The epithet
“generalized” refers to the fact that d is allowed to assume oo as a value.

6.1.1 Fact: In an ultra-metric space, if y € B(z,¢), then B(x,e) = B(y,e). Therefore, two
balls in an ultrametric space are either disjoint or comparable via inclusion.

In the following proposition, we show that whereas generalized ultrametric spaces clearly
form an elementary class, the closed balls of an ultrametric space are in general not definable.
Recall that a subset D C X is definable if and only if there is a formula ¢(z) such that
o(z) = d(z, D).

6.1.2 Proposition: Assume I' is dense and let (I,U) be an ultrafilter pair. Le (X,d) be a
generalized ultrametric space with zq € X. Let v € T'. Then there is (z;)y € XU with the
following properties:

1 dxv((zu, {To)u) =

2. there is no sequence (y; : i € I) € X' such that (y;)u = (z:;)u with the property that
d(yi, o) < 7y for every i € I.

Proof: Without loss of generality, / = N. Pick y; € X such that v < d(y;, x0) < v+ 1/i.
This is possible because we are assuming that I" is dense. Then lim,_,y d(y;, zp) = 7, so we
have that {(y;)v satisfies d({(¥:)v, (xo)u) = 7.

However, since we are in an ultrametric space, if (z; : ¢ € N) is any sequence such that
d(z,. zo) < v, then d(z;,y;) = dy;, zo), so lim;y d(z;,y;) cannot be 0. O

Proposition 6.1.2 also implies that closed balls of finite radii in a generalized ultrametric
space cannot be definable. As a consequence, we cannot quantify over a ball of diameter
strictly smaller than the diameter of the whole space.

6.1.3 Definition: Two decreasing chains of closed balls C and C’ in a banach space V are
called equivalent, denoted C ~ C' if there is a chain D such that both C and C’ can be
cofinally embedded in D. A sphere is an equivalence class of ~. &»
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Note that because we are assuming that I' C R, every sphere has a countable represen-
tative. The collection of all spheres in X is denoted Sph(X). If C is a chain of balls, then
we define dot

rad(C) = inf{rad(B) : b € C}.
Clearly two equivalent chains have the same radius, so we can put

rad(S) = rad(C)

for any C € S. We will say that a sphere S contains a point if and only if any representative
for S has non-empty intersection.

6.1.4 Definition: A ultrametric space is complete if and only if every sphere of radius 0
contains a point, and it is spherically complete if and only if every sphere contains a point.
Note that an ultrametric space X is complete if and only if every Cauchy sequence in X
converges. [ Y

When considering ultrametric spaces as R-valued structures, we do so using a language
& with a single sort symbol S, and a single relation symbol d standing in for the metric. In
this language, we have the following theorem:

6.1.5 Theorem: Let X be an N;-saturated ultra-metric space. Then V is spherically com-
plete. In particular, every s-saturated ultra-metric space is spherically complete.

Proof: Let C = {B(a;,e;) : i € N} be a decreasing sequence of balls. The type n(z) =
{llz — a;l] < ¢; : i € N} is finitely consistent, since every finite subset of it states the
existence of an element in the intersection of finitely many of the balls B(a;,e;). Since V is
Nj-saturated, it contains a realization x of w(z). W]

6.1.6 Theorem: A increasing union of spherically complete ultrametric spaces {X; : i € N}
is spherically complete.

Proof: Let {X; : i € N} be an increasing list of spherically complete spaces, and let X =
UX;:. Let {Bx(ai,v:) : 1 € N} be a decreasing sequence of balls. For every ¢ such that
a € X;, we have Bx(a,v) N X; = Bx,(a,v). Since we are working in a ultra-metric space,
this means that for every i, either Bx(a,v)NX; = @ or Bx(a,v) N X; = Bx,(b,v) for some
b € X,. In other words, the intersection of any X; with a ball of X is either empty or a ball.
Therefore, if for some i, Bx(a;, ;)N X; is not empty for every j, then {Bx(a;,v;)NX; :j €
J} is a decreasing sequence of balls in X, and therefore the intersection is non-empty since
X, is spherically complete We now show that this always happens. Let f: N2l - {0,1} be
defined by, for i < j:

. 0 if Bx(a;,v)NX;=0
f@.J) = X(.J 30X
1 otherwise

By Ramsey’s theorem, there is an infinite / C N such that f is constant on I'2/. Suppose
Iy = 0. Then for every 4,5 € I, we have Bx(aj,v;) N X; = 0. Since I is infinite, it is
cofinal. Therefore, for every j € I, the ball Bx(a;,v;) has empty intersection with cofinally
many X;’s, so Bx(a;,v;) = @, which is absurd. Therefore, f(iy = 1, which means that
for some j, X; intersects cofinitely many of the balls Bx (a;,v;). That is to say, there is an
infinite I € N such that X; N Bx(a;,7:) for every i € I. Since X is spherically complete
the sequence {Bx(a;,v:) : ¢ € I} has non-empty intersection in X;, so the whole sequence
has non-empty intersection in X, which is what we wanted. O
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Section 6.2
( Non-archimedean Banach spaces

We list some definitions and properties relevant to the theory of valued fields and non-
archimedean Banach spaces. The results of this section are standard results of non-archimedean
functional analysis, and are thus stated without proof. Let G be an ordered multiplicative
abelian group. By a valued field with value group G, we shall mean a structure (K, |-1) with
the following properties:

1. K is a field;

2. |-|: K* — G is a multiplicative group homomorphism;
3.100=0

4. |z +y| < max{|z|, [yl}

Aside from writing the valuation multiplicatively, the notation is standard. We let

val{K) el {|]z| : z € K} denote the value group of K. We will assume throughout that
val(K) = G. We use the notation QO for the valuation ring, mg for the maximal ideal,
and k = Og /my for the residue field. We will assume that the value group G C R is a
multiplicative subgroup.

6.2.1 Definition: K is mazimal if there is no valued field extension L/K with val(L) =
val(K) and Op/m; = Og/mg. An extension L/K with val(L) = val(K) and Op/m; =
Ok /mk is called an immediate extension. Thus K is maximal if and only if it has no proper
immediate extension. &

6.2.2 Definition: Let G be an ordered abelian group. A G-module I' is a partially ordered
set with a least element 0 € I" on which G acts in an order-preserving manner, i.e.

gy < g ify <A

and
gv<gvifg<yg

To achieve greatest generality, one should consider any poset acted upon by G. However,
for simplicity, unless we are working with a discrete ', we will always work with G = R},
and T is dense in (G, where the action is given by multiplication. The variable v will range
over elements of I'. A Banach space over K with velue G-module T is a structure (V, ]| - {|)
which satisfies the following:

B1: V is a K-vector-space;
B2: ||-||: V — I is a function
B3: [u+ v| < max{{jul, Iv]};
B4: [rul| = |r{l[u];

B5: V is complete with respect to || - ||
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In analogy with valued fields, we define, for every v € T',

1. Os(7) L {x € B ||x|| <}

2. ma(y) = {x € B: x| < v}

The set {||x|| : x € V} will be denoted {{V|. We shall not, in general, assume that
V|| =T. For every v € T, Og(v) and mp(7) are naturally Og-modules, and the quotient
Op(v)/mg(v) is a k-vector space. We will denote this k-vector space by B(~v), and call it
the residue vector space at . This is the terminology and notation used in [Roo78]. When
v = 1, then we write Op instead of Og(1) and mg instead of mg(1). In analogy with the
notation used for valued fields, we write b for the residue vector space Og/mpg. There is a
topology on V obtained by taking all sets of the form B (z) = {y € V,|ly — z|| < &} as basic
open sets.

6.2.3 Definition: Let X C V be any set. We denote by (X) the closure of the smallest
subspace of V containing X. (X) is called the closed subspace of V generated by X &

6.2.4 Definition: Let T : V — W be linear. We define [T = sup,c,, Z&L. T is called

linear homeomorphism if it is a linear bijection, and ||T|| and ||T~!| are both finite. It is
called a similarity if there is ¢ € R such that | T(x)}| = c||x|| for every x € V. If ¢ =1, then
T is called an isometry. &

6.2.5 Definition: Let X C W, where W is a K-Banach space. W is called an immediate
extension of X if and only if for every x € W\{0}, d(x,X) < |ix||. Here d(z,X) =
inf{]z -yl : y € X).

6.2.6 Definition: The spherical completion VSP! of a Banach space V is the smallest spher-
ically complete extension of V. That is to say, V embeds isometrically in VSP* and if
W is any other spherically complete extension of V, then there is an isometric embedding
VSeh W, L

Note that the previous definition can be relativised. If V C W, then there is, in W, a
maximal subspace which is an immediate extension of V. Such a subspace will be referred
to as a relative spherical completion of ¥V in W.

6.2.7 Theorem (Fleischer, see [Roo78]): Any Banach space V has a spherical completion
VSPhwhich is unique up to isomorphism. VP! is an immediate extension of V, and any
spherically complete immediate extension of V is isomorphic to VSPh,

6.2.8 Theorem (Ingleton): A Banach space I is spherically complete if and only if the
following holds: for every D, every injective linear map S : D — £ and every linear map
T:D 1T, thereis a linear map T : € - I, such that To S =T, and ||T| = ||T}.

Section 6.3
{ Orthogonality and c,

What sets non-archimedean Banach spaces apart from their archimedean counterparts is the
presence of a notion of orthogonality. In this respect, a Banach space over a non-archimedean
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field has a structure that is cleaner than a real banach space, and almost resembles a real
Hilbert space.

6.3.1 Definition: Let B be a Banach space, and let v,w € B. Then v and w are orthogonal,
denoted v L w, if and only if for every k,¢ € K,

likv + éw|| = max{||kv]], ||éw][}.
A finite set {v; : 1 < i < n} is orthogonal if and only if for every ki, ...,k, € K, we have

Zn: kiVi

i=1

= max{|lk;v;|| : 1 £i < n}.

If X = {v,;: 1€ I} is any set of vectors in B, then X is orthogonal if all its finite subsets
are orthogonal. &

We now show the existence of maximal orthogonal sets. We follow the argument given
in {Roo78]. Let B be a Banach space.

6.3.2 Proposition: Let X be an orthogonal subset of V. If val(K) is dense, then for every
e > 0, there is an orthogonal subset Y of V such that fY = X and for everyy € Y,
l—-e<|y| <1

If val(K) is discrete, then there is an orthogonal subset Y of V such that Y = X and
foreveryy € Y, m < |yl €1, where w is a generator for val(K) such that w < 1.

Proof: For every x € X, choose €x € K with [{] < 1/|x|, and let Y = {fxx : x € X}.
The map x > fxx is a bijection, since {xx = fyy for x # y would contradict the fact that
xly. U

Recall from section 6.2 that Op is an Og-module, and that b = Og/mg is a k-vector

space.

6.3.3 Theorem: Let X C Og. Let m : O — b be the canonical projection. Then X is
orthogonal if and only if 7[X] is k-linearly independent. It is a mazimal orthogonal set if
and only if 7[X] is a basis of Og/mp over k.

Proof: The second assertion follows readily from the first. For the first assertion, suppose
X is orthogonal. Then for every finite F C X, we have

Z kyxx

xXEF

= max{|lkxx|| : x € F}

for every (kx : x € F). In particular, this is true of the elements of Og. Suppose
Y xer kxm(x) = 0 is a finite linear combination of elements of 7[X], where kx € k. By
definition, this means

Z kxm(x) € Mag, so that

xeB

<L

Z kym(x)

x€F
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Since X is orthogonal,

Z kxm(x)

x€F

= max{}|kxx|| : x € F}

so max{|lkxx| : x € F} < 1. Since |jx|| = 1 for every x € X, we conclude that it must be
the case that |kx| < 1 for every x € F, which means that kx =0 in k for every x € F.
Conversely, suppose X is not orthogonal. Let FF C X be a finite set such that

Z kxx

xeF

< max{||kxx|| : x € F}.

We can pick kx of norm 1, so kx # 0 in k. Then Yoxerkxx=01inb. a

6.3.4 Corollary: 1. Any Banach space contains a mazrimal orthogonal set. Any two maz-
imal orthogonal sets X and Y in B have the same cardinality, and (X) and (Y) are
isomorphic.

2. With the same notation as proposition 6.5.2, the following is true. If val(K) is dense,
then for every € > 0, there is a mazimal orthogonal subset X of V such that for every
x€ X, 1—¢<|x|| £1. If va(K) is discrete, then there is a mazimal orthogonal
subset X of V such that for everyx € X, m < |ix| < 1.

6.3.5 Definition: The cardinality of a maximal orthogonal set in B will be denoted dim(B5),
and referred to as the dimension of B. &

Note that in the non-archimedean framework, there can be non-isomorphic spaces of
the same dimension. This is because if W is an immediate extension of V, then dim(V) =
dim(W). However, this is the only case in which this happens.

The simplest examples of Banach spaces over the real or complex fields are ¢y and £°.
It is also possible to define these spaces over non-archimedean fields, and in this setup, they
are very important. The material of this section comes from [Roo078], in which the reader
can find proofs for all the results.

6.3.6 Definition: Let V be a Banach space, and let I be a set. Let S = {z; : i € I} C V.
Then S is called summable to s if and only if for every ¢ there is a finite set J. C I such

that Hs - ZjeJ X, H < ¢ for any finite set J 2 J.. The element s, if it exists, is unique, and
denoted )., x;. &

6.3.7 Proposition: 1. A countable set {z, : n € N} is summable if and only if

lim ||x,]| =0
n—0oc
2. If{zn :n € N}, and p : N — N is any injective map, then {z,(,) : n € N} is summable.

o oC
3. If p is a permutation, then le = pr(i).
i=0 1=0
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4. If I is not countable, and {x; : i € I} is summable, then the set {i € I : x; # 0} 1is
countable.

6.3.8 Definition: Let B be a non-archimedean Banach space over K, and let X C B be a
set. The Banach space co(X) consists of those elements x € KX such that for every ¢ > 0,
{z € X : |xz|||zl| > €} is finite. Note that co(X) consists of those sequences in KX which
are summable in the sense of definition 6.3.6. &

6.3.9 Proposition: If X C V is orthogonal, then (X) = co(X).

6.3.10 Theorem: FEvery non-archimedean Banach space V has a closed subspace U such
that U = ¢o(X) for some X C V. In fact, every non-archimedean Banach space V is an
immediate extension of a space of the form co(X).

Section 6.4
( A language for non-archimedean Banach spaces

Non-archimedean Banach spaces are unbounded structures. Proposition 6.1.2, when applied
to a non-archimedean Banach space over a valued field implies that we cannot use the usual
trick of considering the class of unit balls of Banach spaces as our primary object of study.
This class is not elementary. We must therefore consider Banach spaces as a whole, and
describe a language in full R logic.

This unfortunately separates Banach spaces as models of a continuous theory from actual
Banach spaces. In R-valued logic, general predicates can (and often will) assume the value
00. Therefore, any language which does not impose specific finite bounds on the norm
predicate on Banach spaces will give rise to elements of infinite norm. Also, the presence of
elements of infinite norm forces us to consider a relational language for Banach spaces, since
only a relational language can make sense of a + b if both a and b are elements of infinite
norm. The language %k is defined as follows:

1. A sort symbol B;

n
E Ty

i=1

2. For every finite tuple rq,...,r, € K, a relation symbol

n
PIES
=1

3. A relation symbol d with domain B x B.

. We write {|z| for

3

We now state the axioms for non-archimedean Banach spaces in £k . This list of axioms
has a lot of redundancy.
BO: Vry[d(z,y) = [z — y[]

n

E T

i=1

B1: For every n, and every 7y,...,7, € K, Vx...7, |: < max{||riz1ll, .. |Tnzal|
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B2: For every n, and every r1,...,7, € K, and every permutation p : {1,...,n} = {1,...,n}.

n 143 .
V... T [ Zrﬂi er(i)xp(i) :l
i=1 =1

B3: For every n, and every ry,...,mn € K, Vx;..2,

= erxj , provided
r;#0

that {i:r; # 0} #0.

B4: For every n, and every si,...,8, € K, Vy;..yp3x [

n

E rT

i=1 i=1 :|
n n
E rT; E Z
i=1 i=1

6.4.1 Lemma: The relation symbol |ly — z||. when interpreted in B € Mod(Tp k), defines a
generalized pseudo-ultrametric on B, which restricts to a pseudo-ultrametric on B<>

B

9y

: For every n, and every ry,...,7, € K, Vr

e
-3
_5

= ||

B6: For every n, and every r € K, Vz1,...,z, [

Proof: ||z — r|| = 0 by axiom B35 and B6. If z,y, z € B, then by B2, B3 and B5,
lz—yll =lle+2—z+yl

and by Bl and B2,
lz+ 2 — 2 +yll <max{||z— 2|, ]|z — yll}

as required. For the second assertion, note that if jjz|| < oo and |ly|| < oc, then by B1,

l — yll < max{|lz|, || - ylI} = max{|lzl],| — L{[lyll} = max{llz{], [lyl]} < oo, thus completing
the proof. O
6.4.2 Lemma: The formula
1
L= o

PEY) = e

defines a pseudo-metric on B. The formula p has the property that p(z,y) = 0 if and only
if either ||z — y|| = 0, or both x and y have infinite norm.

Proof: The proof that p is a pseudo-metric is written in [Ben09b, page 14]. The numerator
in the definition of p is always a number in . Therefore, p(z,y) = 0 if and only if either

the numerator is 0, or the denominator is infinite. If ef¥=#l — 1 = 0, then |lz — y|| = 0.
The denominator elv==lel=IVIvl is infinite if and only if el*IVI¥l = oo, if and only if
llzll V |lyll = oo, which happens if and only if both x and y have infinite norm. 0

6.4.3 Corollary: B/p is an Lk -structure, and contains a unique point of infinite norm. The
relation symbol ||y — z|| defines a generalized ultrametric on B/p.
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Proof: Since pis a metric on B/p, Lemma 6.4.2 implies that any two points of infinite norm
are equal in B/p. For the second assertion, by Lemma 6.4.1, ||z — y|| defines a generalized
pseudo-ultrametric on B, and it is compatible with p by Lemma 6.4.2. It is therefore still a
generalized pseudo-ultrametric after passing to the quotient B/p. If ||z — y|| = 0, then by
p(z,y) =0, so that z = y in B/p. O

We let Lk « be an expansion of £k by a relation symbol do, of domain B x B. We let
Tp k.~ expand Tp g with the axioms

1
T elly=xl]

doo(7,Y) = ST TeINTT -

Consider the category NABy defined as follows:

Objects: Non-archimedean Banach spaces over K
Morphisms: Isometries between Banach spaces

Composition: Function composition

For every ultrafilter pair (I,U), there is an ultraproduct functor ], : NAB% — NABg
defined as follows for an I-indexed sequence (B; : i € [):

1. The underlying set of [T, Bi is {{zi)v € []; Bi : ll:l] < oo for every i € I'}, where
[T B: denotes the ultraproduct of the topological spaces (B; : i € I);

2. (@iu + (yiv = (@i +yi)u
3. r{zi)y = (rzi)u
4. 0=(0)y

Note that since sequences (f; : ¢ € I), where each f; : B; — B, is an isometry are equicon-
tinuous in the usual topology on Banach spaces, [[, is indeed a functor on NAB%.

6.4.4 Theorem: There is an ultraproduct preserving equivalence of categories between the
category Mod(Tg i o) and the category NABg.

Proof: Let B € Mod(T's k,c0). First we put a normed vector space “structure” on B<> by
defining the operations of addition and scalar multiplication up to elements of norm 0. If
w,w’ € B both satisfy ||z —u — v|| =0, then ||w — w'|| = 0, and therefore d(z,y) = 0. This
is a consequence of B1 and B5, as

lw—w'|=fw-u=-v-w+utv] <max{ljw—u-vl v ~u-vf} =0

thus showing that if a solution exists, then it is unique up to ||w — w’'|| = 0, and therefore
up to d(z,y) = 0 as required. Existence is a consequence of B4.
If w is a solution of ||z — « — v|| = 0, then

Jwll = flw+u—-u+v—v <max{lw—u—vl,lu+tof} =lutvl

and .
lu+ vl < flu+v+w-w| < max{llu+v-w||lwl]} = fw|
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showing that Jjw|| = ||u + v|| as should be expected. By B1, if |ju|| < co and ||v|| < oo, then
lu+v| < max{]lull.}jv||} < oc. This therefore defines an addition operation on B<>/[d]4.
Similarly, we can define scalar multiplication, and the element 0, thus making B<*/[d]
into a normed vector space, the norm being given by |lz||. Taking its completion makes is
into a Banach space. We let F((B) be this Banach space. It is easy to see that if h: B — B’
is an elementary map, then it induces an isometry F(h) : F(B) — F(B’), thus showing that
F is indeed a functor.

We must show that F' commutes with all the ultraproduct functors. Let (/,U) be an
ultrafilter pair, and {B; : ¢ € I} be an I-indexed sequence of models of Tg k . and let
B =[], Bi. By definition, ||{(z;}v| = limio¢ |[z;]], and lim;Lu ||z:|] <7 < o if and only if
for every R > r, {i € I : ||r;|| < R} € U. Therefore, any (z;)y of finite norm is U-equivalent
to a bounded sequence (z; : i € I), and is therefore an element of [, F(B;). Conversely,
by definition, an element of [],, F(B;) is a bounded sequence (x; € F(B,) : i € I), and is
therefore easily seen to be an element of F([], B;). :

Let B be a Banach space, and define the model B> as follows:

1. B(B<) = BU {00}
2. (I rizlll goo (Vs ey vn) = |31y rivsl] for every vy, ..., vn € B

Since oo is supposed to be the unique point to which all unbounded sequences converge,
the definition of [||3°7, rizi[|] g extends by continuity to co for every relation symbol. It
is easy to see that F'(B*°) = B for any Banach space B, thus showing that F is essentially
surjective on objects. F is also faithful, since two distinct elementary maps g,h : B - B’
have to disagree on the set of points of finite norm of B. Also, a map f : F(B) — F(B')
can be lifted to a map B — B’ by defining f(oo) = co. This finished the proof that F is an
equivalence of categories. O

Section 6.5
lﬁ Model theory

In this section we state and prove the model theoretic results about non-archimedean Banach
spaces which were advertised in the introduction, namely that over any K, Tg ko has
quantifier elimination and is A-stable for every cardinal A satisfying A = X. We also
show that under some assumptions on K, T i - has a unique Rj-saturated model of any
dimension. First, the definition of #% and of Tp k.o makes the following obvious by
quantifier elimination:

6.5.1 Theorem: A model V = T k.o 15 spherically complete if and only if it is Ni-
saturated.

Consequently, we get the following model theoretic proof of the existence of spherical
completions: for any Banach space V, and any non-principal ultrafilter on N, the ultrapower
VY is spherically complete. Therefore, it contains a spherical completion of V.

6.5.2 Lemma: Let V be a Banach space, and let W be an immediate extension of V. Let X
be a spherically complete space, and suppose T : V — X is an isometric embedding. Then
T extends to an isometric embedding T : W — X.
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Proof: This proof is taken from [Roo78]. Since X is spherically complete, T" extends to a
map T : W — X such that ||T|| = ||T||. We show that this map is an isometry. Since T
is an isometry, [|T|| = 1, and therefore |T|| = 1. Let a € W. There is b € V such that
iib ~ a|| < ||a|l. Note that ||a|| = ||b]| Then we have:

IT(a) = T(b)l| = |T(a - b)l| < |Tlfb - all < jlall = {b]| = [T(b)Il

The last equality holds because b € V, and T|V = T, which is an isometry. From this we
get that [T'(b) — T(a){| < [T (b){l, which implies [|T'(a)|| = [|T'(b)|| = |[b] = ||a. O

Since the spherical completion of V is an immediate extension, we get the following as a
direct corollary of Lemma 6.5.2:

6.5.3 Theorem: Let X' be spherically complete, and let T : V — X be an isometric embed-
ding. Then T extends to an isometric embedding T : V5P — X. The same conclusion is
true of any relative spherical completion U of V in W, where V C W.

6.5.4 Lemma: Let dim(U) < dim(V). Let My and My be mazimal orthogonal sets in U
and V respectively. Let

Ixlly
1yl

¢ = inf{”x“v X € My,y€ ]Wu} andC’:sup{

X € My,y € A[u}
Iy e

If 0 < ¢ < C < o0, then there is a topological embedding T : (My) — (My) such that for
every x, ¢ < [|[Tx||/l|x]| < C. If in addition V is spherically complete, then T extends to a
map U — V.

Proof: Let f : M — My be any injective map. Then for every x € U,

If Gy

c<
(B3

<C
Extend f to an embedding F : (Xy) — (Xv) by linearity. Then T has the required property.
If V is spherically complete, then T can be extended to all of I/, completing the proof. O

6.5.5 Proposition: Let VSP" C W, and let w € W. Then w L VP! if and only if w L V.

Proof: If w L V5P then clearly w L V as well. Conversely, suppose w £ V37" There
is v € V5P" such that ||w — v|| = ||w]|. Note that ||v|]| = ||w||. Let v/ € V be such that
[lv = v'|| < |lv|]l. We then have:

Iw=v| = Iw=-v+v-v|
< max{|lw —v|,|lv-v'[}
< max{||wl|, [Iv]}
= fwll = |lvii
Thus showing that d(w, V) < llw|| as well, completing the proof. ]

6.5.6 Proposition: Let U be a relative spherical completion of V in W. Then U has an
orthoganal complement in W.
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Proof: Otherwise W would be an immediate extension of V5Phw O

A metric theory T has quantifier elimination if and only if for every formula ¢(z), there
is a quantifier-free formula ¥(x) such that T = Vr[j¢(z) — ¥(z)]]. The following theorem
states the criterion for quantifier elimination which we will be using on non-archimedean
Banach spaces. A proof can be found in [BBHUO0S].

6.5.7 Theorem: A metric theory T has quantifier elimination if and only if for every M €
Mod(T), every substructure My C M, and every | M|* -saturated model N, every embedding
Mg = N can be extended to an embedding M — N

We will also need the following definition:

6.5.8 Definition: A theory T is A-stable if and only if for every set A of density character
|Al < A, the type space S(A) has density character |[S(A)| < A &

6.5.9 Theorem: If val(K) =T, or if K is a locally compact non-archimedean valued field
with a dense valuation, then Tp i o has quantifier elimination and is Rg-stable in Lk 0.

Proof: Let V = T ko, and let & C V be a substructure. Let W be dim(V)*-saturated.
Suppose T : U — W is an isometric embedding. By Lemma 6.5.2, T extends to an isometric
embedding T : Y’ — W for any immediate extension U’ of Y. Therefore, it extends to an
isometric embedding T : U’ — W, where U’ is a maximal immediate extension of U.

Let X be a maximal orthogonal subset of U, and let Y be a maximal orthogonal subset
of V extending X. Note that X and Y can be chosen so that each of their elements has
norm 1. If y € Y\X, then y L U by the maximality of X. Since W is dim(V)*-saturated,
and [Y\X| < dim(V)*, there is, in W, an orthogonal subset Z extending the set T[X], each
of whose element has norm 1, and such that |[Y\X| < |Z|. By Lemma 6.5.4, an injective
map U : Y\X — Z extends to an isometric embedding U : ¢o(Y\X) - W. Since every
y € Y\X) is orthogonal to U. we get an isometric embedding U* : U & cp(J\X) — W.
Now note that V is an immediate extension of U & co(Y\X) , so U* can be extended to an
isometric embedding V — W, thus proving quantifier elimination.

We thank Bradd Hart for the following argument for Xyp-stability. Since we are assuming
real norms, I" has a countable dense subset X C I'. Let A be a countable set, and let
f:Ax X — S(A) be any function such that “|a — z|| < " € f(a,e). We claim that
flA x X] is dense in S(A). Let p € S(A) be any complete type. By quantifier elimination
and the fact that X is dense in I, p is determined by a sphere

S = {B(an,€s) 1 n Ew, e, € X,a, € A}

It is easy to see that in fact, p = lim,_,o f(an,€n) in the logic topology of S(A). Since
A x X is countable, f[A x X] is countable, which means f[4 x X] is a countable dense
subset of S(A), proving No-stability. O

6.5.10 Theorem: Let x be a cardinal. There is, up to linear homeomorphism, only one
spherically complete Banach space of dimension k. Moreover, if we let T denote the linear
homeomorphism, then the following is true

1. If T = val(K), then T can be chosen to be an isometry.

86



McMaster - Mathematics Jean-Martin Albert - Ph. D, Thesis

2. If T and val(K) are both dense and K is locally compact, then T can be chosen to be
an isometry.

Consequently, in both these cases, there is, up to isomorphism, only one N;-saturated model
of Tg k.o Of dimension k for any cardinal k.

Proof: If ' = val(K), then the conclusion is trivial, since then every Banach space has a
maximal orthogonal set consisting of elements of norm 1. Apply lemma 6.5.4 to any such
sets.

Suppose T" and val(K') are both dense, and K is locally compact. If I' = val(K), then
there is nothing to prove. We claim that if K is locally compact, then every x € V has a
scalar multiple of norm 1. We can get the required isometry by choosing orthogonal sets of
norm 1. Since val(K) is dense, for every £ > 0, there is k. € K such that k.| - 1/||z]|| < e..
Note that {k. : ¢ > 0} is a bounded subset of K. Since K is locally compact, there is a
sequence (¢, : n € N) such that ¢,, — 0, and (k., : n € N) is Cauchy. Since K is complete,
ke, = kin K. Now |k| = 1/|ix||. so ||kx| = 1, and x can be normalized. O
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