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Abstract 


The galvanomagnetic properties and shape of the Fermi surface of copper single 

crystals containing different density of dislocations have been studied experimen

tally and theoretically through magnetoresistivity measurement and using effective 

medium theory respectively. 

In experiments, two crystallographic orientations of copper single crystal sam

ples with tensile axis parallel to < 100 > and < 541 > have been plastically strained 

to various stress levels to introduce different density Nd of dislocations. The exper

imental data of angle and field-dependent magnetoresistivity measured at tempera

ture T = 2K and in the magnetic filed up to 9 Tesla show that dislocations influence 

substantially the galvanomagnetic properties of copper crystal samples in the open, 

extended and closed orbit crystallographic orientations. The results reveal that the 

pure samples with resistivity ratio RR equal to or larger than 151 show quadratic de

pendence of transverse magnetoresistivity as a function of the magnetic field in the 

open-orbit orientation, which changes to linear variation of magnetoresistivity with 

magnetic fields in highly deformed samples with RR smaller than 138. A quadratic 

dependence of transverse magnetoresistivity as a function of the magnetic field is 
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significantly suppressed as the density of dislocations increases. The magnetoresis

tivity decrease with the increase of the density of dislocations was also observed in 

the closed-orbit crystallographic orientation. Such effect is independent upon the 

type of dislocations introduced to the crystal lattice. 

Measurements of the de Hass-van Alphen effect in plastically deformed copper 

single crystals have been carried out with torque magnetometer and AC suscepti

bility options of Quantum Design PPMS-9 system. The oscillation frequencies for 

the extremal orbits normal to the principal crystallographic directions are obtained 

through Fourier transform of torque versus inversed field characteristics. By com

paring these frequencies with the analogous frequencies obtained for undeformed 

copper crystals, the changes in the cross-sectional area of the Fermi surface cor

responding to the extremal orbits are obtained and the shape of the dislocation

distorted Fermi surface is postulated based on measurements performed. 

The effective-medium approximation and Green's function method are applied 

to model the magnetoresistivity data and to gain insight into the fundamental ma

terial properties responsible for the observed magnetoresistivity behavior. The ef

fective magnetoresistivity calculated using a self-consistent method shows a good 

agreement with the experimental results. 
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Notation 

0.1 Character Notation 

Through this thesis, a character under a right arrow denotes a vector (A, ii, Cetc.) 

and the one under left and right arrow denotes a tensor c+:r' {I, r' etc.). Their 

spatial components are expressed by the characters with subscript(s) such as A; 

and 'rij· Letters without arrow or subscript notation are scalar quantities or the 

magnitude of vectors. Conventional expression for operators i.e., a character with a 

hat (p,£, etc.) is used. 

The following are the character notations used as consistently as possible through

out the thesis, their definition might be occasionally repeated. If any of them is de

noted for some other quantity, it will be explained and defined in the context. In the 

bracket after the definition of each character notation are also given the unit(s) in 

the CGS or MKS system which depends on conventionality in literature and occa

sionally both and their relations are provided. We omit all dimensionless physical 

quantities. 
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+:t: stress tensor (lPa = 10-5MPa). 

£: strain tensor. 

r: 	 position vector and its components r1 = x, rz = y and r3 = z 


(Im= 10-2cm). 


E: 	 Young's modulus (IPa = 10-5MPa = 10-9GPa). 

v: 	 Poisson's ratio. 

G: shear modulus (lPa = 10-5MPa = 10-9GPa). 

i1: atomic displacement vector and its components Ux, Uy and Uz 

(lm = 10-10A). 

8 and </J: polar and azimuthal angular coordinates to define the direction of 


a vector. (Idegree = 1° = O.Ol 7rad). 


F: tensile load (N). 


Ts: resolved shear stress (Pa). 


'!c: critical resolved shear stress (Pa). 


k: electron wave vector (Bloch wave vector) (lm-1 =10-2cm-1). 


c(k): electron energy at state k(IeV = 1.602176487 x 10-19J). 


µ: the electrochemical potential per electron or Fermi energy (occasion


ally £F) (eV or J). 

KB: Boltzmann's constant(= 1.3806503 x 10-23m2kgs-2K- 1) 

Jo and f: electron distribution function at equilibrium and non-equilibrium 

state. 

e: 	 positive electron charge(= 1.602176487 x 10-19C). 

E: 	 electric field strength (lNc-1 = lvm-1). 

B: 	 magnetic field strength (lT = 104G). 

T: 	 absolute temperature (K). 
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t: 	 time (s). 

h: reduced Plank constant(= 1.054571628 x 10-34Js). 


v(k): electron velocity at state k (ms- 1). 


W (k, k'): probability of transition of an electron from state kto state "12 


-r: relaxation time (s). 


n: electron density (occasionally ne) (m-3). 


m*: effective electron mass (kg). 


lflk (r) wave function of an electron at state k in r-space. 


J current density (Am- 2). 


~ 

CJ : conductivity tensor (or magnetoconductivity tensor if a magnetic 

field is applied) (Sm- 1; note: S denotes siemens ) . 

2<Jo: 	 scalar conductivity for an isotropic crystal without ii (= ne -r/m*) 

~ p : resistivity tensor (or magnetoresistivity tensor if a magnetic 


field is applied)(Qm- 1). 


Po: scalar resistivity for an isotropic crystal without ii (= 1/<Jo) 


(Qm-1). 


we: 	 cyclotron frequency or the angular velocity of an electron in ii 


(rads- 1). 


magnetoconductivity tensor in some crystal orientations in which 

electrons move on open-orbits (Sm- 1). 

*"<!cl: magnetoconductivity tensor in some crystal orientations in which 

electrons move on closed-orbits (Sm- 1). 

magnetoresistivity tensor in some crystal orientations in which 

electrons move on open-orbits (Qm- 1). 
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pct: 	 magnetoresistivity tensor in some crystal orientations in which 

electrons move on closed-orbits (Qm-I ). 

+---+
<5 m: conductivity tensor for medium in which crystallites are embedded 

Gn: a reciprocal lattice ( m- I). 


kF: Fermi wave vector (m- 1 or cm-I) . 


(!eff: effective conductivity tensor(Sm-I ). 


<5a: conductivity of a-th component (a= 1,2 ... ) in a composite (Sm-I). 


fa: volume fraction of a-th component in a composite. 


JJa: electric dipole moment of a crystallite of a-th component in a com

posite (Cm). 

Pa: polarization of a crystallite of a-th component in a composite (Cm-2). 

V: volume of a composite (m3). 


Va: volume of a-th component in a composite (m3). 


<I>(r): scalar potential as a function of r(V). 


G(r, r): Green function. 

+---+r : 	 depolarization tensor (Qm). 

1: mean free path (m). 

RB: radius of the conduction electron orbits in a field (m). 

£: Hamiltonian of an electron moving in the magnetic field (J). 

L( sample dimension along i-direction (i = x,y,z) (m). 

Pdas: density of states ((m-3). 

!!J: degeneracy for each Landau level. 

Ne: the number of electrons on each Landau level. 

£JJ: theperiodofthedHvAoscillation(lT-I = 10-4c-I). 
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§: the frequency of the dHvA oscillation (Tor G). 

SF: cross section area of Fermi surface ink-space (m-2). 

9ld: specific dislocation resistivity (Qm3). 

Nd: density of dislocations (lm2 = l04cm2). 

M: magnetization (Am-I ) . 

.Q.: thermodynamic potential (J ·mole-I). 

if: torque (N · m). 

fv: volume fraction of crystallites with open-orbits. 

fe: fraction of electrons moving on open-orbits. 

RR: residual resistivity ratio. 

ei: unit vector along i-axis (i = x,y,z) (m). 

0.2 Symbols and Crystallographic Notation 

The used symbols for operators are: 

'7 a .... a .... a .... ( d. . ) 
v =axex+ ()y ey + {)z ez gra 1ent m r-space ' 

2 .... .... a2 a2 a2 
V = V · V = ox2+ ()y2+ {)z2(Laplace operator), 

which is consistent with traditional definition. The left and right triangle bracket 

denotes spatial average which is defined by 
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< g(r) >= 2. Jg(r)dr -r Ev,v v 

where g is any function of r. 

A plane is denoted by Miller indices in round parentheses such as (hkl) with 

integers h, k and l. A set of equivalent planes in cubic crystals due to symmetry 

operations with this plane is expressed by { hkl}, for example, { 100} means the set 

of (100), (010), (001), (IOO), and so on. 

The crystallographic direction is denoted in square brackets such as [hkl]. A 

set of equivalent directions which are related by symmetry operations is denoted 

by< hkl >. For instance, < 100 >means [100], [010], [001] or opposite to any of 

those directions. 
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Chapter 1 

Introduction 

Lattice imperfections and crystal defects have a profound influence on the electronic 

and magnetic properties of metals and alloys. The lattice imperfections interact with 

free electrons and create some extra terms in the crystal Hamiltonian. This leads to 

a distinct change in the electron energy spectrum due to defect levels merging into 

the energy band of pure crystals. Secondly, lattice imperfections form the bound 

states of electrons in which one or more electrons can be trapped and permanently 

localized in the potential well. In some cases, lattice imperfections can accept elec

trons from or donate them to the crystal. This may change electron distribution 

function, which is directly related to the electrical and magnetic properties of the 

crystal. 

A particular type of lattice imperfections in the crystal structure of all metals 

and alloys are dislocations. These defects are important for many reasons. They are 
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almost always present in any real material structure, they are fundamental carries 

of the plastic deformation, they determine the strength and ductility and many other 

physical properties of real crystalline materials (Taylor, l934a,b). For the past few 

decades, the electron-dislocation scattering and its effect on the electrical proper

ties of metals have attracted considerable interest (Mackenzie & Sondheimer, 1950; 

Hunter & Nabarro, 1953; Harrison, 1958; Bhatia & Gupta, 1970; Ackerman & Kle

mens, 1971; Terwilliger & Higgins, 1973; Sacks & Robinson, 1976; Brown, 1977b; 

Bross & Haerlen, 1993). The detailed review of the progress in understanding the 

contributions of dislocations to the residual electrical resistivity of metals can be 

found in the reference (Brown, 1982). Despite substantial efforts, no theory has yet 

been entirely successful in explaining the electrical resistivity produced by dislo

cations (Watts, 1987). For example, Basinski and Dugdale (Basinski & Dugdale, 

1985) measured the specific dislocation resistivity in copper single crystals with 

low densities of dislocations 107cm-2 (i.e. 107cm of the dislocation line per lcm3 

volume of crystal) introduced by bending and concluded that within the experi

mental error not greater than 10%, there is no anisotropy of resistivity parallel and 

perpendicular to the dislocation line. This quite surprising conclusion is a big dis

parity with the concept accepted on the theoretical grounds that if an electron trav

els in the direction of the dislocation line, it will not be scattered and consequently 

there should be a large anisotropy of electrical resistivity along different directions 

with respect to the direction of dislocation line (Hunter & Nabarro, 1953; Martin 

& Ziman, 1970; Dexter, 1952c). Chang and Higgins (Chang & Higgins, 1975) did 

the pioneering work by applying magnetic field to the system and measured the de 

Hass-van Alphen (dHvA) effect of the samples with controlled dislocation densities 

to investigate electron scattering in a dislocated lattice. Based on their experimental 
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results, these authors argued that electron-dislocation scattering is anisotropic and 

dominant by small-angle scattering, which has been a unsettled topic in this area for 

a long time (Brown, 1978). Their work sheld a new light on the baffling problem of 

electron scattering by dislocated lattices. Unfortunately, very few further system

atic investigations were reported since then, mainly owing to the complexity of the 

problem. 

In the present work we study the electrical properties of copper single crystals 

containing dislocations from different point of view. Instead of directly measuring 

the resistivity of dislocated single crystal samples, we apply the magnetic field to 

the system and measure magnetoresistivity of the samples. There are several advan

tages of applying magnetic field to investigate electrical properties of the metal sys

tem containing dislocations. First, detailed information on the electron-dislocation 

scattering, which is normally averaged out in bulk transport measurements, can be 

obtained by using microscopic tools such as the de Haas-van Alphen effect because 

such measurement is localized ink space. Second, the information on the topolog

ical features of the Fermi surface of metals can be determined by measuring the de 

Haas-van Alphen frequencies and it is well known that many physical properties of 

metals are related intimately to the shape of the Fermi surface. Third, some other 

physical properties might be observed in the high magnetic field such as the effect 

of magnetic breakdown in the dislocated crystals (Pippard, 1965). 

One of the aims of this research is to investigate the effect of dislocations and 

their orientation on the electronic conduction in metals by applying a magnetic field 

to the crystal samples containing these defects. Another motivation of this research 
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is the so-called linear law of transverse magnetoresistance, first summarized by 

Kapitza in 1929 (Kapitza, 1929). The law states that transverse magnetoresistance 

of many metals in the form of polycrystalline wire shows almost a linear increment 

with the magnetic fields. However, the phenomenon that the transverse magnetore

sistance varies linearly with the magnetic field violates the semiclassical theory of 

Lifshitz et al. (Lifshitz et al., 1957). This theory predicts a quadratic variation of 

the magnetoresistance for uncompensated metals with the strength of the magnetic 

field in some orientations along which electrons move on open-orbits or long ex

tended orbits, and a saturating behavior in other directions in which closed orbits 

occur. In 1958, Lifshitz and Peschanskii published another article and theoretically 

explained the linear characteristic of magnetoresistance with the applied field as a 

result of averaging over the orientations of the crystallites in which open orbit oc

curs in polycrystalline samples (Lifshitz & Peschanski, 1959). The same idea also 

appeared in Ziman's work (Ziman, 1958). It seems that the problem of the linear 

law had been solved. Unfortunately, with more experiments in this area done by 

many other researchers such as Garland et al. (Garland & Bowers, 1969); Babiskin 

et al. (Babiskin & Siebenmann, 1971) and Kesternich et al. (Kestemich & Ullmaier, 

1971), it was found that this linear behavior is not only observed in many simple 

metals such as the alkalis but also in several free electron metals with a closed Fermi 

surf ace, such as K, In and Al, in which a saturating behavior of magnetoresistivity 

is expected, because no open orbits exist in these metals. So far, no experiments 

in the simple metals have been reported in which the phenomenon of a saturating 

magnetoresistivity has been observed. Such a big discrepancy between the theory 

and experiments led to a debate in the research society about whether the observed 

linear behavior of magnetoresistivity is intrinsic or extrinsic. One of the plausi
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ble arguments for potential intrinsic source is the model of charge-density wave 

suggested by Overhauser (Overhauser, 197 l, 1978). In this model, charge-density 

waves or spin-density waves resulted from the exchange and correlation interac

tions among electrons in the observed metals can create an electrical field, which 

may displace the positive ions and leads to the formation of the energy gaps causing 

a big distortion of Fermi surface. The appearance of energy gaps and distortion of 

Fermi surface can qualitatively explain the magnetoresistivity results for potassium. 

The drawback of the Overhauser's model is the complexity of experimental verifi

cation, although these quantities are in equilibrium states and their change should 

be measurable (Falicov & Smith, 1972). 

In favor for extrinsic sources in magnetoresistivity saturation, some researchers 

attributed the disagreement of the theory and experiments to sample geometry and 

macroscopic inhomogeneities of the material. For example, Stroud and Pan (Stroud, 

1975; Stroud & Pan, 1976, 1979) theoretically studied the effect of the material in

homogeneities on the magnetoresistivity tensor using the effective medium theory. 

By applying the method of Green's function to boundary problems, they devel

oped a general and strict formulation for galvanomagnetic properties of inhomo

geneous media. Their results show that even a small fraction of spherical voids 

in the crystal will make magnetoresistivity of the crystal to increase linearly with 

the magnetic field without saturating. This prediction was confirmed in the exper

iment done by Beers et al. (Beers et al., 1978). Esposito et al. (Esposito et al., 

1978) theoretically investigated the influence of cylindrical voids on the thermal 

magnetoresistance of a model metal and concluded that the presence of voids does 

not enhance the quadratic term and a non-zero lattice thermal conductivity sub
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stantially decreases the effect of the voids, resulting in a linear magnetoresistivity 

behavior and producing appreciable deviation from the linearity at high magnetic 

fields. However, later, Bruls and co-workers (Bruis et al., 1981) argued that in care

fully prepared samples, the contribution from voids, which was previously assumed 

to be the source of linearity, is much too small to yield the linear magnetoresistance 

observed experimentally, and there should be some other sources of this behavior. 

They suggested that macroscopic surface defects may be additional sources causing 

linear dependence of magnetoresistance with the magnetic field. Amundsen and co

workers pointed out the importance of dislocation substructure in the contribution 

to the magnetoresistance of aluminum single crystals after examining the effect of 

quenching and straining upon the magnetoresistivity in this metal (Amundsen & 

Jerstad, 1974). Unfortunately, little systematic work has been done to understand 

this effect in details. This is yet another motivation for us to undertake these stud

ies both theoretically and experimentally using model metal system such as copper 

single crystals. We investigate the influence of the density and orientation of dis

locations on the magnetoresistivity in copper single crystals and try to understand 

under what circumstances a linear magnetoresistivity as a function of magnetic field 

is observed. 

In this work, we use two different orientations of copper single crystal samples 

and by deforming them to various stress levels, we introduce different densities of 

dislocations to the samples. Then we measure the angle-dependent magnetoresis

tivity of the samples in a constant magnetic field of B = 9 Tesla, to investigate 

the effect of the density and the type of dislocations on magnetoresistivity of single 

crystals. The quadratic variation of magnetoresistivity with the magnetic field in the 
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deformed samples has been studied for crystallographic orientation of the samples 

in which the open or long extended orbits of electrons are observed. The behavior 

of magnetoresistivity in the large magnetic fields in the crystallographic orientation 

of the closed orbit is also examined. To gain insight into the fundamental mate

rial properties responsible for the observed phenomena, we undertook a theoretical 

study of the magnetoresistivity by employing the method of Green function within 

the framework of the effective medium theory. The modeling permits magnetore

sistivity values in the magnetic fields which far exceed field levels attainable in our 

measurement system. 

De Haas-van Alphen (dHvA) experiments have been carried out using torque 

magnetometer technique; the oscillation frequencies of electron on a given orbit 

in deformed and non-deformed copper samples were studied and were used to es

timate the distortion of the Fermi surface in crystals containing dislocations with 

respect to the pure copper samples. 

The dissertation is comprised of ten chapters. Chapter one provided a brief de

scription to the background and motivations of this research project. Chapter two 

is concerned with the basic knowledge about the structure and properties of dis

locations and area of plastic deformation of FCC metals, and provides theoretical 

background for understanding how dislocations are introduced to the samples and 

how their type and orientation can be controlled. Chapter three introduces theory 

necessary to interpret experimental results. It covers the semiclassical theory of 

electronic conduction in crystalline metals in the presence of the external electri

cal and magnetic field and deals with a theoretical foundation to understand and 
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interpret galvanomagnetic phenomena when a quantum size effect is ignored in the 

system. A brief summary of the topology of the Fermi surface of copper and the 

nature of different electron orbits occurring in momentum space is also included in 

this chapter. Chapter four describes the effective medium theory which is used to 

simulate the galvanomagnetic behavior of deformed copper single crystals. Chap

ter five gives a short review on the investigation of the strain dependent quantum 

oscillation and presents the theory of dHvA effect to elucidate this quantum phe

nomenon. The objective of the thesis is formulated in chapter six. Chapters seven 

contains a brief introduction of Quantum Design PPMS-9 system used in the present 

studies and the experimental techniques such as four-point resistance measurement 

and torque measurement employed to investigate galvanomagnetic properties and 

the shape of Fermi surface in dislocated crystals. Chapter eight presents exper

imental results, provides interpretation of the results and discussion. In chapter 

nine, we develop a new methodology to model the magnetoresistivity of dislocated 

samples by applying the effective medium theory and the method of Green's func

tion, and we compare the results of the experiments against the developed model. 

Chapter ten is the summary and conclusions of the important results obtained. The 

appendixes provide derivations of the equations and FORTRAN source code for 

numerical computations of magnetoresistivity. 
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Chapter 2 

Dislocation Substructure in Copper 

Single Crystals 

2.1 Introduction to Dislocations 

It was reported as early as in 1880s that plastic deformation can result in the ap

pearance of bands on the surface of metallic specimens (Miigge, 1883; Ewing & 

Rosenhain, 1898). With the progress in the theory of crystalline structure of metals, 

these bands were interpreted as being the consequence of the relative slip move

ment of one part of the specimen with respect to its neighboring parts under a shear 

stress. However, based on the model of perfect crystals, the theoretical strength 

of the crystal, which is interpreted as the resolved shear stress required to move 

one layer of atoms over the other layer along a slip band, has been estimated as 
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µ /30 where: µ is shear modulus of the material. The theoretical value of the 

yield strength of materials showed enormous deviations of many orders of mag

nitude greater than the value of the resolved shear stress measured experimentally 

on well-annealed crystals. In 1934 Orowan, Polanyi and Taylor (Orowan, 1934; 

Polanyi, 1934; Taylor, 1934a,b) explained provided independently the reason of 

such a striking contradiction between theory and experiment by postulating that a 

crystal imperfections can exist within crystal lattices and that the movement of these 

imperfections at low shear stresses results in crystal yielding followed by deforma

tion. The imperfections are known now as dislocations. A few years later in 1939, 

Burgers (Burgers, 1939) advanced the description of dislocations by introducing a 

fundamental property of a dislocation, the Burgers vector. The experimental verifi

cation of the existence of dislocations in crystals was provided in 1953 by Hedges 

and Mitchell (Hedges & Mitchell, 1953) who used a decoration technique to make 

dislocations visible in silver-halide crystals under a high resolution transmission 

optical microscope. Since then many techniques such as etch-pitting, decoration of 

dislocations with impurity precipitates, electron-microscopy, X-ray, and field-ion 

methods have been developed for the direct observation of dislocations in crystals. 

A detailed review about the development of these techniques and their applications 

in many areas of Materials Science and Solid State Physics can be found in work of 

Amelinckx (Amelinckx, 1964). 

Over the past decades, the dislocation theory which encompasses the studies 

of the structure and properties of dislocations and their effect on material proper

ties, has developed into an important branch of solid state physics and made many 

important contributions to understanding chemical and physical properties of real 
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materials. However, the development of dislocation theory has somewhat stagnated 

in last two-three decades. One reason is that properties of individual dislocation are 

different than the properties of dislocation network, whereas in most situations dis

locations form very complicated microstructure in the crystal, which is difficult to 

understand and described. Another reason is that many phenomena involving dislo

cations such as phenomenon of work-hardening has not yet been fully understood 

and there is no good theory which describes this process. Finally, understanding the 

properties of real materials by theoretical methods, requires to incorporate proper

ties of lattice defects, which is often difficult to formulate and add much complexity 

to the periodic system. Our research will focus on the electrical and magnetic prop

erties of coper containing dislocations. The following describes basic structure and 

properties of dislocations in a crystal lattice. 

2.2 Structure of Edge and Screw Dislocations 

Dislocations are linear defects in crystals which differentiate between two main 

types, namely edge and screw dislocations. In real materials, dislocations are usu

ally found to be of mixed type, which means they have the characteristics of both. 

The basic geometry of an edge and screw dislocation is illustrated in Figure 2.1. 

The formation of a dislocation in a crystal can be demonstrated in the following 

way. Consider a lattice structure of a perfect cubic crystal shown in Figure 2. l(a). 

If one makes a cut to the perfect crystal along any direction and on any plane and 
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Figure 2.1: Schematics showing the structure of dislocations in a crystal lattice. (a) Perfect 
Crystal, (b) Edge dislocation, (c) Screw dislocation. The red lines represent the Burgers 
circuit and blue arrows indicate Burgers vector. 

introduces extra-half plane, say a plane PABP' (Figure 2.l(b) and 2.l(c)), the sur

faces of crystal will match perfectly everywhere, except the region near the cut line 

PP' i.e end of the extra-half plane (See Figure 2.l(b) and 2.l(c)). The extra-half 

plane PABP' represents a line imperfection called dislocation and the end of the 

extra-half plane represents a dislocation line. It is seen that in a lattice containing 

dislocation one part of the crystal is separated by the cut surface relative to the other 

part of the crystal by a translation vector of the lattice. If the part of the crystal over 

the cut surface shift in a direction perpendicular to dislocation line PP ', an edge 
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dislocation is produced (Figure 2.1 (b)). If the displacement occurs parallel to dislo

cation line PP', a screw dislocation is formed (Figure 2.1 ( c)). If the displacement is 

neither parallel nor perpendicular to the dislocation line but rather at certain angle, 

such a dislocation has the characteristics of both an edge and screw dislocation and 

is called mixed dislocation. 

The Burgers vector of a dislocation marked as a blue arrow in Figure 2.l(b) 

and 2.1 ( c) is the most important property of this defect because a dislocation may 

be fully described, as long as its Burgers vector is known. The definition of the 

Burgers vector of a dislocation is not unique and depends on the convention which 

is used. Figure 2.1 (a) shows a method to define the Burgers vector of a dislocation. 

A closed clockwise circuit (Burgers circuit) of atom-to-atom steps is defined in a 

perfect crystal starting at a lattice point S and finishing at a lattice point F, which 

coincide in the perfect crystal, as shown in Figure 2.l(a). If the same step-by

step circuit is made in an imperfect crystal, such that the dislocation is enclosed 

by the circuit, the ending lattice point F does not coincide with the starting lattice 

point S, as shown in Figure 2.l(b) (2.l(c)). Suppose that the positive direction 

of the dislocation is in the paper plane. Consequently, Burgers circuit is in the 

sense of a right-handed screw (RH) along the positive direction of the dislocation 

line. The vector (SF) connecting the starting point with the ending point is the 

Burgers vector of the dislocation. Such convention for the definition of a Burgers 

vector is referred as SF/RH (Start-Finish/Right-Hand) and this definition is adopted 

in this thesis. Under this definition, some characteristics of dislocations can be 

summarized: for an edge dislocation, its line is perpendicular to its Burgers vector 

and the dislocation moves on the slip plane in the direction of the Burgers vector; 
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for a screw dislocation, its line is parallel to its Burgers vector and the dislocation 

moves on the slip plane in the direction perpendicular to the Burgers vector. 

2.3 Strain and Stress Field of Dislocations 

The deformation of the lattice induced by the presence of a dislocation leads to a 

permanent internal strain and stress field in the vicinity of the dislocation line within 

a crystal. To describe these strain and stress fields is difficult because not only the 

interactions between the displaced atoms forming the dislocation but also the inter

action with other non-displaced atoms must be taken into account. The mathemati

cal treatment of the strain and stress field around a dislocation can be substantially 

simplified within a framework of isotropic and elastic continuous media. Although 

such a model may not reflect the exact properties of the dislocations, it is still a 

fairly good and powerful approximation. The reasoning is based on the following 

facts: First, the validity of Hook's law requires a linear variation of stresses with 

strains and linear relations between strains and stresses fails in the core region of 

a dislocation because of large displacements existing in that volume of the crystal. 

However, this does not cause a severe problem since in most practical cases the 

effects resulting from the core region of a dislocation can be neglected. Second, a 

real crystal can be viewed as a lattice containing defects embedded into the part of 

the crystal which is free of defects, or, in another word, the actual defect in a crystal 

generates deformation in an area of defect-free and such deformation is elastic up 

to the limit of crystal's elasticity. Therefore, the elastic stresses inside the crystal 

can be regarded as results of elastic strains produced by lattice defects in the ideal 
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matrix surrounding these defects. To describe mechanical properties of defect-free 

materials, the elastic continuum model, which avoids the plaguing mathematical 

complexity but yields fairly good results, can be employed. Here we will give brief 

introduction to the strain and stress fields of dislocations under the linear elasticity 

theory for isotropic media. The discussion how to treat the elastically anisotropic 

materials can be found in reference (Bacon et al., 1980). 

2.3.1 Fundamental equations 

The state of stress at any point in a solid can be described in Cartesian coordinates 

by the Cauchy stress tensor 

'I'll '!12 '!13 '!.xx '!xy 'l'xz 

.......... 
'! = '!21 '!22 '!23 '!yx '!yy '!yz (2.1) 

'!31 '!32 '!33 '!zx '!zy '!zz 

where '!ij (i,j = l(x),2(y),3(z)), as a convention for this thesis) denotes thej

component of the acting force per unit area on a plane whose outward normal is 

parallel to the positive i direction. If the solid is in mechanical equilibrium, there is 

no net torque acting on each differential volume element of the solid, so that 

'!jj = '!ji· (2.2) 

Let 

r1 = x, r2 = y, r3 = z. (2.3) 
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At equilibrium there is no net force acting on the element, which yields: 

3 a-rijE-a. +Ji=O, (i=l,2,3), (2.4) 
j=l r1 

where fi is the i-th component of the body force per unit volume. Equation(2.4) is 

called equilibrium equations of classical elasticity. 

Solids will deform in response to the external stresses acting on them. Let ui 

denote the i -th component of the displacement at a point r. Each component of the 

strain tensor at the point 

£11 £12 £13 ex.x exy exz 

........+ 

(2.5)e = £21 £22 £23 eyx Eyy Eyz 

f31 f32 £33 Ezx fzy Ezz 

can be defined as 

(2.6) 

For isotropic crystalline solids, Hook's law can be written as: 

1 
ex.x = E ['rx.x - v ( 'ryy + 'rzz)] , (2.7a) 

1 
eyy = E ['ryy - v ( 'rzz + 'rx.x)], (2.7b) 

1 
Ezz = E ['rzz - V ( 'rzz + 'ryy)], (2.7c) 

'rvz 
(2.7d)eyz = 2G' 

where E is Young's modulus, v Poisson's ratio and G shear modulus. Only two 
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(b) Edge dislocation 


Figure 2.2: Dislocations in continuum model. 


elastic constants are independent, E and v. Young's modulus and shear modulus 

are related by E = 2G ( 1 + v). 
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2.3.2 Strain and Stress Field of a Screw Dislocation 

Volterra (Volterra, 1907) introduced a model to describe the internal stress and strain 

fields around a dislocation by making a cut into an elastic cylinder with a cylindri

cal core in its center and then reconnecting the cut surfaces after displacing them 

by a Burgers vector rigidly relative to each other. The reason to make such a hollow 

core in the center of the cylinder is to simplify the mathematical treatment and avoid 

the infinity of the stresses at the center of the dislocation core, which is a normal 

method in continuous medium. However, this does not happen in the real dislo

cations since the crystal lattice is periodic. Let the z-axis of Cartesian coordinate 

system coincides with the axis of the cylinder. If the direction of the displacement 

is parallel to the axis of the cylinder, a screw dislocation is produced (see figure 

2.2(a)). 

The components of the elastic displacement vector ufor a screw dislocation 

have the simple forms in the continuum model 

u = be = ..!!_ arctan (~) (2.8a)
z 2Jr 2Jr x 

Ux =Uy =0. (2.8b) 

The elastic strain field around the screw dislocation can be easily determined by 
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substituting equation( 2.8) into equation( 2.6) 

b y 
(2.9a)

£xz = - 2n x2 +y2 ' 

b x 
£ - -~-~ (2.9b)

yz - 2n x2 +y2 ' 

£xx = £yy = tzz = £xy = 0. (2.9c) 

The stress field associated with this elastic strain field can be obtained through 

equations( 2.7) and has the forms 

Gb y 
(2.lOa)

'!xz = - 2n x2 +y2' 

Gb x 
(2.lOb)

'!yz = 2n x2 +y2 ' 


'!xx = '!yy = '!zz = '!xy = 0 (2.lOc) 


It is straightforward to show that the internal stress from a dislocation satisfies the 

equilibrium equations. 

2.3.3 Strain and Stress Field of an Edge Dislocation 

An edge dislocation will be created if the direction of the displacement of cut sur

faces of an elastic cylinder with a hollow discussed in the above section, is perpen

dicular to the axis of the cylinder (Figure 2.2(b)). Finding a solution to the stress 

field around an edge dislocation, which has to satisfy the equilibrium conditions, 

is done with analogy to a screw dislocation. However, the solution is more com

plicated and we do not go into details of it. More detailed derivation of the stress 
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field of an edge dislocation can be found in any advanced textbook on the theory of 

dislocations, such as the book of Hirth and Lothe (Hirth & Lothe, 1968). 

The three components of the elastic displacement vector ii around an edge dis

location can be written as: 

(2.lla)
Ux = :n [arctan (~) + 2 (l - v~x2 +y2)] , 

b [ 1-2v x2 2 x2-y2 J (2.llb)
Uy = - 2n 4 ( 1 - v) ln ( + y ) + 4 ( 1 - v)(x2 + y2) ' 


Uz = 0. (2.1 lc) 


This displacement field gives rise to the strains 

by (2v- 3)x2 + (2v- l)y2 
(2.12a)

Exx = 4n(l-v) (x2+y2) 2 ' 

by (2v+l)x2 +(2v-l)y2 

e - -----------0------ (2.12b)
YY - 4n(l-v) (x2+y2) 2 ' 

by x(x2 -y2)
e --------~ (2.12c) 
xy - 4n(l-v) (x2+y2)2' 

Ezz = Exz = Eyz = 0, (2.12d) 

20 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

and the associated stresses 

Gb y(3x2+y2)
'! - ---------- (2.13a) 

xx - 2n(l-v) (x2+y2) 2 ' 

Gb y(x2-y2) 
'!yy= 2' (2.13b)

2n (1- v) (x2 +y2) 

Gb x(x2-y2) 
(2.13c)

'!xy = 2n(l-v) (x2+y2)2' 

Gbv y
'! = -------- (2.13d) 

zz n (1 - v) ( x2 +y2) 2 ' 

't'xz = '!yz = 0. (2.13e) 

Information about the stress and strain field of a dislocation will be necessary to 

calculate scattering cross section and the relaxation time of conduction electrons 

scattered by dislocation, discussed in next sections. 

2.4 Plastic Deformation of Single Crystals 

2.4.1 Schmid's Law and Critical Resolved Shear Stress 

Single crystals may respond elastically or plastically to external stress depending 

on the orientation and the magnitude of the applied stress. Plastic deformation in 

a crystal occurs by the movement or gliding of dislocations on well-defined crys

tallographic planes and in well-defined crystallographic directions. If the shear 

component of the acting stress resolved on a glide plane and glide direction reaches 

21 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

Slip Plan 

Figure 2.3: Geometry of a single slip in a single crystal sample. 

a critical value, called the critical resolved shear stress, plastic deformation occurs 

by movement of dislocations in a given slip system. Figure 2.3 illustrates the quan

titative determination of the critical shear stress by uniaxial tensile tests. A tensile 

load F acts on a metal specimen with a normal cross section area A. Let </> and e 
denote the angles which the tensile axis makes with the normal to the slip plane and 

the slip direction respectively. A combination of the slip plane and slip direction 

constitute a slip system. The shear stress '!s , resolved on the slip plane and in the 

slip direction, is 
F 

'!s = A cos </> cos 8 = '!om (2.14) 

where m ( =cos</> cos 8 ) is Schmid!actor. If the resolved shear stress '!s attains the 

value of the critical resolved shear stress '!c, the plastic deformation starts. 

It was Schmid and co-workers (Schmid & Siebel, 1931 ; Schmid & Boas, 

1950) who first attributed the large difference in the yield stresses of metallic sin
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gle crystals to the variation in the resolved shear stress. The statement proposed 

by these researchers that metal flows plastically when the resolved shear stress act

ing in the plane and along the direction of slip reaches a critical value is known as 

Schmid'slaw. 

Table 2.1: Critical Resolved Shear Stress for FCC Metals (Reed-Hill & Abbaschian, 1992) 

Critical Resolved 
Metal Purity slip system Shear Stress (MPa) 

Cu 99.999 { 111} ( 110) 0.63 
Ag 99.999 {111} (110) 0.37 
Au 99.990 {111}(110) 0.91 
Al 99.996 {111}(110) 1.02 

The critical resolved shear stress for a given metal is affected by many factors 

such as the purity and composition of samples, the temperature at which sample 

testing is done, the load type (tension or compression), and others. Table 2.1 shows 

the critical resolved shear stress for some FCC metals measured at room tempera

ture under tension. 

2.4.2 Slip Systems in FCC Metals 

Many experiments have verified that in metal crystals, slip occurs preferentially on 

the close-packed planes with the highest planar density of atoms along the close

packed directions having the highest linear density of atoms. The combination of a 

slip plane and one of its slip directions defines a slip system. For FCC metals, there 

are 4 close-packed { 111} octahedral planes, each octahedral plane containing 3 
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(a) (111 ) slip plane in a unit cell (b) (110) slip directions on ( 111) plane 

Figure 2.4: Slip Systems in FCC Structure. 

close-packed directions. Therefore, there are total 12 slip systems in FCC structure 

denoted by {111 } (110). Figure 2.4 illustrates slip systems {111} (110) in FCC 

metals. 

From Schmid's law, if, for any given FCC slip system, the resolved shear com

ponent of an acting stress on a crystal attains the critical value of the resolved shear 

stress (the value is 0.6MPa at room temperature for pure copper), this slip system 

is activated. In general, more than one slip systems can be simultaneously activated 

in a crystal, depending on the magnitude and orientation of external stress. In other 

words, one can make samples with specific distributions of dislocations by con

trolling the magnitude of the acting stress and the crystallographic orientation of 

the crystal. Figure 2.5 illustrates schematically two different orientations of copper 

single crystals used in our experiments. By applying the tensile loading to crys

tals with different crystallographic orientation of the tensile axis, one can activate 

different slip systems and induce different spatial distribution of dislocations in de
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[111] 

Tensile Stress 

[011] 

[123] / [011] / 

(a) Single crystal with tensile axis (b) Single crystal with tensile axis 
along (541 ) along (100) 

Figure 2.5: Crystallographic orientation of copper single crystals used in experiments. 

formed samples. In one case (Figure 2.5(a)), the applied tensile loading is along 

[541], and in the other (Figure 2.5(b)), the loading is along [100] direction. 

The application of the tensile stress in different crystallographic orientations to 

the crystal samples triggers different slip mechanisms in the deformed samples. The 

slip systems which are likely be activated can be theoretically predicted by comput

ing Schmid factor for each slip system. Tables 2.2 and 2.3 list Schmid factors for 

all 12 different slip systems in FCC crystals oriented along ( [541] and [ 100]). The 

Schmid factor is calculated from the formula ( m = cos</> cos e ), where </> is the an

gle between the tensile axis and the plane normal, whereas e is the angle between 

tensile axis and slip direction. 

It is clear from tables 2.2 and 2.3 that during tensile deformation of the crystal 

25 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

Table 2.2: The Schmid factors for different slip systems in crystal with tensile axis along 
[541] 

I slip system Schmid factor I slip system Schmid factor I 
(11l)[OI1] -0.29 (II 1)[011] -0.39 

(II 1)[101] 0.47(11 l)[lOl] 0.39 
(111)[110] 0.10 (IIl)[IlOJ 0.08 
(I 11)[101] 0.0 (I 1l)[Ol1] -0.10 
(I ll)[OI 1] 0.0 (l 1l)[lOIJ -0.08 
(Il 1)[110] 0.0 (I 1I)[l lOJ -0.17 

Table 2.3: The Schmid factors for different slip systems in crystal with tensile axis along 
[100] 

I slip system Schmid factor I slip system Schmid factor I 
(11l)[OI1] 0.0 (II 1)[011] 0.0 

(II 1)[101] -0.41(11 l)[lOl] 0.41 
(11l)[I10] -0.41 (II l)[I 10] 0.41 
(I 11)[101] -0.41 (I 1I)[ 011] 0.0 
(I ll)[OI 1] 0.0 (I 1l)[lOl] -0.41 
(I 11)[110] -0.41 (III)[ 110] -0.41 

oriented along f5411 the highest resolved shear stress will act on the (II 1) [101] 

slip system, as it has the highest Schmid factor among all slip systems available. 

Thus, in a single crystal with tensile axis oriented along [541], the deformation will 

initiate dislocations activated by the (II 1) [101] slip system i.e., on (II 1) plane and 

in [ 101] direction. This means that dislocation substructure introduced by such slip 

mechanism will consist of same-type dislocations in planar arrangement on a slip 

plane (III) and having a/2[101] Burgers vector. However, in the sample oriented 

along 11001, many equivalent slip systems will be activated at simultaneously and 

on many intersecting planes. Such slip mechanism leads to a random distribution 

of dislocation lines and their Burgers vectors. 
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Figure 2.6: Typical strain-stress curves in FCC crystals. 

Diversity of slip mechanisms in deformed crystals results in a significant change 

in microstructure which substantially affects the mechanical, electrical and mag

netic properties of the deformed crystals. Figure 2.6 shows a typical tensile strain-

stress curve of FCC metals. Curve C2 corresponds to the sample oriented for multi-

slip i.e. the orientation of the tensile axis is along [100]. In this sample, plas

tic deformation starts when the resolved shear stress reaches the critical value 't"c, 

and several slips systems are activated simultaneously on intersecting close-packed 

planes. This leads to strong interaction among the dislocations from different slip 

systems in the process called forest cutting, which makes further deformation more 

difficult and occurring at larger stresses. Consequently, this curve has a steep slope 

from the beginning of deformation. On the other hand, curve C1 corresponds to the 

sample oriented for single slip i.e. orientation of the tensile axis along [541]. This 

curve is composed of three distinguished regions which are labeled stage I, stage II 

and stage/II. Stage! the easy glide stage, is the region of the early beginning of 
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plastic deformation just after the resolved shear stress reaches the critical value and 

material yields in one slip system. In this stage a single slip plane (II 1) is more 

highly stressed than the others, which means only one slip system (II 1) [101] is 

activated, whereas others are inactive. Dislocations of active slip system interact 

with each other by a process called passing interactions which produces low work

hardening rate. Experimental observation shows that slip lines in stage I are very 

long ( 100-1000 µm), straight and uniformly spaced close to each other with a 

distance(102 - 103A) (Kovacs & Zsoldos, 1973). Stage II of curve C1 is a linear re

gion and characteristic of a much steeper slope (work-hardening rate). In this stage 

deformed crystal hardens rapidly and linearly with strain, because secondary slip 

systems are activated on intersecting slip planes producing more effective obstacles 

for mobile dislocations. Experimental observations show the number of disloca

tions in this stage grows rapidly with increasing strain but their distribution is very 

inhomogeneous, a majority of dislocations are concentrated in small regions, which 

makes the density of dislocation very high in these areas, and separated by the re

gions with low dislocation density. The length of slip lines in this stage is much 

shorter (of the order of 10 µm). In the course of further deformation, stage/// 

begins. The features of this stage are a decreasing rate of work hardening and a 

smaller rate of increase of the dislocation density with increasing strain. 

2.4.3 Dislocation Distribution in Copper Single Crystals 

Dislocation substructure of deformed FCC metals and alloys has been studied thor

oughly and there is large body of data available in the literature on this subject. 
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Figure 2.7: Primary dislocation bundles in stage/. The white arrowheads point to Frank 
dipoles (Veyssiere et al., 2006) 

Basinski (Basinski, 1964; Basinski & Basinski, 1964), Steeds (Steeds, 1966), Niewczas 

(Niewczas et al., 2001 ; Niewczas, 2002) and Veyssiere et al (Veyssiere et al., 2006) 

applied the techniques of transmission electron microscopy (TEM) to study the 

dislocation distribution in deformed copper single crystals at different stages of de

formation at different temperatures. The following is a brief characterization of the 

dislocation substructure in deformed copper single crystals based on results of these 

researchers. The understanding of the nature of the dislocations will be helpful in 

interpreting the anisotropy of magnetoresistivity observed experimentally and in 

theoretical modeling of the magnetoresistivity in chapter 9. 

Samples deformed into stage I show inhomogeneous dislocation arrangement 

at this stage. TEM observations carried out in section parallel to the primary glide 

plane reveal large areas completely free of dislocations separated by regions hav

29 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

Figure 2.8: Stereo-pair of a primary dislocation bundle in stage!. Basinski (1964). 

ing a relatively high dislocation density. The dislocation population is composed 

mainly of bundles of long edge dislocations produced by the primary slip system. 

The Figures 2.7 and 2.8 show the areas with high density of dislocations which 

forms the bundles of edge dislocations. 

In the transition stage from stage I to stage JI, the average density of dislo

cations in the bundle increases, but the widlh of bundles remains approximately 

constant. Figures 2.9 and 2.10 illustrate the arrangement of dislocations at the tran

sition from stage I to stage II . 

Samples deformed into stage II are characterized by the increase in the pro
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Figure 2.9: Dislocation arrays along the trace of the primary slip plane. Dipoles with the 
Burgers Yectors are marked at C and D respectively (Steeds, 1966). 

portion of dislocations activated in other non-coplanar slip systems. The primary 

edge dislocation bundles at this stage are chopped into segments of shorter length 

and the arrangement of dislocations is much less regular than in the previous stage. 

Another feature at this stage is that dislocation network is observed to be formed 

as a results of the interactions of dislocations from different sip systems. A charac

teristic feature is the formation of sessile Lomer-Cottrell dislocations. Figures 2.11 

and 2.12 show the microstructure at this stage. 
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Figure 2.10: Fonnation of the dislocation bundles in the transition stage ofI - II (Niewczas, 
2002). 

The dislocation substructure in samples deformed to stage Ill is similar to the 

one deformed in stage II but with noticeable higher dislocation density and reduc

tion of dislocation-free areas. One of the apparent features in this stage of de

formation is the increase of local misorientations in magnitude and frequency and 

formation of the cell structure with high density cell boundaries (see picture 2.13) 

and lower density cell interiors. Figure 2.14 shows the alternately misoriented de

formation bands in stage III. Figures 2.15 and 2.16 show dislocation substructure 

of copper single crystals developed in later stage III in < 100 > (Figures 2.15) and 

541 >(Figures 2.16) crystallographic orientation respectively. It is seen that these 

two TEM pictures show very similar dislocation substructure consisting of cells 

with very dense dislocation boundaiies and somewhat less dense cell interiors, al
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Figure 2.11 : Microstructure of dislocation bundles in stage II Basinski (1 964). 

Figure 2.12: Dislocations in critical and conjugate planes interact in stage II Basinski 
(1964). 
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Figure 2.13: Cell structure and dislocation content in the wall in stage III (Niewczas et al., 
2001). 

though it was produced in single crystals with different crystallographic orientation. 
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Figure 2.14: Dislocation boundaries formed by alternately misoriented regions in stage III 

(Steeds, 1966). 
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Figure 2.15: TEM observations of the dislocation substructure of < 100 > copper single 
crystals deformed to later stage Ill at 4K by tension (Niewczas, 2003). 
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Figure 2.16: TEM observations of the dislocation substructure of < 541 > copper single 
crystals deformed to later stage Ill at 4K by tension (Niewczas, 2003). 
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Chapter 3 

The Semiclassical Theory of 

Electronic Conduction 

3.1 The Boltzmann Transport Equation 

The Boltzmann equation was established by Ludwig Boltzmann (Boltzmann, 1872). 

It represents a classical method in the kinetic theory dealing with non-equilibrium 

phenomena in dilute gases and yet it has had remarkable success in describing the 

conduction phenomena in metals and alloys after a change to semi-classical theory 

(Conwell, 1967; Callaway, 1991 ). The method may fail, though, if the physical size 

of an analyzed system is too small. A fully quantum mechanical transport theory is 

based on the linear response formalism due to Kubo (Kubo, 1957), but the applica

tion is too complicated. Therefore we choose the semi-classical Boltzmann's theory 
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which provides good approximation for determination of conductivity of bulk met

als. Our samples for magnetoresistance measurements are large enough, so that 

the quantum size effect can be neglected and the semi-classical transport theory is 

applicable. In the following we provide a brief description of the semi-classical 

Boltzmann's equation. 

Electrons are Fermions and obey the Fermi-Dirac statistics. For an electrical 

system at temperature T in equilibrium state, the average number of electrons at 

a given state k (k is the Bloch wave vector) is given by the distribution function 

fo[E(k)]: 
... 1 

(3.1)fo[E(k)] = e[e(k)-µ]/KnT +1' 

where E(k) is the energy of the electrons at state k; µ the chemical potential per 

electron or Fermi energy and KB the Boltzmann's constant. 

In the presence of external fields or temperature gradient, the distribution func

tion f will also be the function of time t and position rbecause of electron acceler

ation caused by external fields or diffusion by temperature gradient. Another way 

to change distribution function is the scattering of electrons by lattice imperfections 

such as phonons caused by ion thermal vibrations, impurities, volume disorder, 

crystal defects etc. Thus, Boltzmann's equation can be expressed as 

(3.2) 

If we restrict our attention to the conditions of homogeneity and steady-state prob

lems under the influence of electrical field E and magnetic field ii, which may or 
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may not be time-dependent, the distribution function will only be the function of 

energy or wave vector f(k). Therefore the Boltzmann's equation can be explicitly 

expressed as 

--e [- - -] ·Vkf=-- a11 ' (3.3)E+v(k)xBn dt scat 

where e is the magnitude of electron charge, nis the Planck's constant divided by 

2n, vk is the gradient operator ink space, v(k) is the electron velocity at state kand 

~{I scat is the rate of change off due to the scattering of electrons. In derivation of 

equation (3.3), the following two equations of motion of electron in the electrical 

and magnetic field are used 

(3.4a) 

dk e -p/E +v(k) x B). (3.4b)
dt 

If W(k, kt) denotes the probability of transition of an electron from state k to 

state f! per unit time, the rate of change of f due to the scattering reads (Blatt, 

1968) 

ii Iscat = (2~) 3 J{W (k, kt)J(k') [1 - J(k)] - W (k' ,k)J(k) [1 - J(k')] } dk' 

(3.5) 

where Vis the crystal volume and the integral is ink-space. 

41 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

3.2 Conduction Electron Scattering in Metals 

3.2.1 Relaxation Time Approximation 

The Boltzmann's equation is an integro-differential equation and the solution to 

this equation is very complicated. Approximation has to be made to obtain the 

solution. The most common assumption is the relaxation time approximation which 

is defined by the following equation (Blatt, 1968) 

f(k) - fo(k) !1 (k) 
- --- (3.6)

r(k) r(k) 

where Ji (k) is the deviation of the distribution function at an instant from the equi

librium states and r(k) is called relaxation time which may vary with the magnitude 

of k but not its direction and only depends on the scattering process but not on the 

external fields. In fact, if the scattering is elastic and the Fermi surface is spherical, 

the relaxation time approximation is quite accurate (Ashcroft & Mermin, 1976). 

Equation (3.6) implies that if a perturbed distribution f(k) exists at a certain in

stant because of the effect of external fields, the equilibrium distribution will be 

re-established exponentially with a characteristic relaxation time r(k) by scattering 

alone after switching off the external fields. 
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3.2.2 Electron Scattering 

For elastic scattering, if we assume that the principle of microscopic reversibility 

or detailed balancing holds (Messiah, 1961; Rodberg & Thaler, 1976), then the 

condition for the probability of transition 

W(k,k1
) = W(kt,k) (3.7) 

must be met. We can rewrite equation (3.5) as 

~fl = ~ j W(k1,k) [!1(k)-f1(k)] dk' (3.8) 
t scat (2n) 

or 

afl =fi(k)~Jw(ft,k) [Ji(~) -1] dft. (3.9)at scat (2n) fi(k) 

Comparing equation (3.9) with the definition of the relaxation time in equation 

(3.6), we have 

_l_ = ~jw(ft,k) [1- fi(~)] dk'. (3.10)
r(k) (2n)3 Ji (k) 

Since r(k) may depend on the magnitude of k but not its direction, so we can 

suppose 

fi(k) = ck·i (3.11) 

where c is a constant and xis the unit vector in the direction of the electrical field 

43 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

(Ashcroft & Mermin, 1976). Substituting equation (3.10) in (3.11) gives 

1 v J -- -r(k) = (2n')3 W(k',k) [1-cos~J dk', (3.12) 

where 8k_p is the angle between Bloch wave vector k and ft . Clearly, the relaxation 

time strongly depends on the scattering probability of elections. The relaxation time 

of electrons is a very important factor in determination of the electrical properties 

of metals. Therefore, the detailed information about electron scattering processes 

is required to understand electrical properties of metals. 

3.2.3 Electron-Dislocation Scattering 

Dislocations are one dimensional lattice imperfections, characterized by lines along 

which the lattice deviates from the crystal's periodic structure and associated with 

characteristic strain and stress fields (chapter 2). In metals dislocations are usu

ally arranged in a complex three-dimensional dislocation substructure, which makes 

electron-dislocation scattering difficult to describe and no theory has been success

ful so far in explaining all experimental observations despite substantial research 

efforts by various groups. The following is a short overview of the development of 

electron-dislocation scattering theory. 

Koehler (Koehler, 1949) did the pioneering work on the electron-dislocation 

scattering problem and theoretically discussed the reasons for the residual electrical 

resistance of metals produced by cold working. Mackenzie and Sondheimer (MS) 

(Mackenzie & Sondheimer, 1950) re-examined Koehler's work and refined it by 

44 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

pointing out a few ambiguities. Based on the theory of a continuum model and 

assuming that the main part of the energy of a dislocation in a crystal is spread 

through the medium and stored as the potential energy of elastic strain, MS obtained 

the scattering potential encountered by conduction electrons when moving through 

the crystal containing dislocations. The derivation of the lattice potential was based 

on the fact that in the presence of a dislocation, the ions and consequently their 

screened coulomb fields are displaced from the perfect lattice position. Therefore, 

this perturbing potential was given as 

~V(r) = E { Va(r,R~ + iia)- Vi(r,R~)} ~ L,iia · VVa(r,R~), (3.13) 
a a 

where the sum is over all lattice points; Va(r,R~) is the interacting potential energy 

of an electron at rwith the ath ion in an equilibrium state at Ra and obviously this 

potential is a function of r - Ra ; iia is the displacement of the ath ion from its 

perfect lattice position and its explicit expression suggested by MS is similar to the 

equation (2.11 ). 

MS method which permits a direct calculation of resistivity based on the dis

placements of ions around the dislocation seems sound and elegant. However, the 

difficulties arise immediately because of the problem of convergence. In order to 

obtain a finite scattering cross section, it was necessary to take into account of the 

perturbation induced by a pair of dislocations of opposite sign which are situated 

at distance apart. Furthermore, Landauer (Landauer, 1951) pointed out that MS 

method did not consider the redistribution of electrons around the distortion. 

Landauer and Dexter (LD) (Landauer, 1951; Dexter, 1952a,b,c) used a quite 
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different method to deal with the same subject. The authors assumed that elec

trons can redistribute themselves in the neighborhood of a dislocation line. That is 

possible because the Fermi level above the slip plane tends to be higher than that 

below the plane, causing some electrons above the slip plane to diffuse below the 

slip plane. As a result, there will be an extra electrical field formed in the crystal. 

Equilibrium will be attained when the Fermi levels in the different regions achieve 

equilibrium (Bardeen & Shockley, 1950). In LD model, the relative change in ionic 

density n around a dislocation was derived by using the stress field surrounding an 

edge dislocation suggested by Koehler (Koehler, 1941) 

a 1 - v - 2v2 sine 
(3.14) 

n 27r 1- y2 r 

where a is lattice constant and v is Poisson's ratio; z-axis in the polar coordinate 

system is parallel to the axes of the dislocations and the angle e is measured with 

respect to the slip plane. Under free-electron approximation, the width of the filled 

portion of conduction band is 

E = !!:_ (3n2n )2/3 (3.15)
2m* e ' 

where m* is electronic effective mass and ne is the density of electrons. Assum

ing that the change of electron density follows the change of the density of ions, 

Landauer and Dexter proposed the scattering potential in the form 

8V(r) = M = aE 1- v-2v2 
sine (3.16) 

e 3ne 1- v2 r 
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This model is much simpler in mathematics and avoids the convergence diffi

culties. However, the free-electron assumption in LD model leads to the conclusion 

that the conduction electrons suffer no scattering by the shear components of the 

strain tensor. Apparently this is not true in reality. 

Hunter and Nabarro (Hunter & Nabarro, 1953) also introduced a deformation 

potential to handle the problem of the electron-dislocation scattering. However, this 

model could not even qualitatively explain the increase of the electrical resistivity 

observed after cold work. The discrepancy is approximately a factor of 30 for Cu, 

Ag, Au and Al (Bross & Haerlen, 1993). 

Harrison (Hairison, 1958) considered the problem of electron-dislocation scat

tering within the framework of pseudopotential theory. Supposing that the scatter 

is a long and straight empty core, which has a square-well potential of the order 

of fractional Fermi surface, he calculated electron scattering cross section area and 

obtained an expression for resistivity due to dislocations. However, the numerical 

solution for the actual hollow core structure is too small to account for the measured 

resistivity. Bhatia and Gupta (Bhatia & Gupta, 1970) refined Harrison's model by 

considering the core of the dislocation consisting of one atomic high row of vacan

cies. The resistivity numerically obtained for aluminum by these authors is near the 

experimental value. The important point was made that there should be non-zero 

electrical resistivity when the electrical field is applied parallel to a dislocation line. 

Martin and Ziman (MZ) (Martin & Ziman, 1970) suggested an atomistic model 

to calculate resistivity for aluminum with edge dislocation along (112) direction. 

In their model, the scattering potential was taken as the difference in the crystal 
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potentials of dislocated and perfect crystals and was expanded in reciprocal lattice 

space. The advantage of such treatment is that the Fourier transform of the potential 

can be expressed into the product of a form factor and a structure factor in which 

the effect of dislocation is incorporated. The dislocation resistivity was evaluated 

by taking the pseudopotential from the literature. The results are in fairly good 

agreement with the experiment data. However, this model still fails to explain the 

isotropy of electrical resistivity in metals containing dislocations. 

Watts (Watts, 1987, 1988) noticed the importance of the structure factor and ar

gued that the underlying crystal structure should be taken into account to understand 

why the measured electrical resistivity is approximately isotropic in dislocated sam

ples, even in those known to contain very anisotropic arrangement of dislocations. 

Watts showed how to calculate the amplitude of the electron wave scattered by 

the dislocation oriented along (211) direction in faced-centered cubic metals, by 

considering the effect from the underlying crystal structure. A slightly anisotropic 

resistivity was obtained which is physically acceptable. However no further calcu

lation of resistivity in other orientations of samples was reported in the literature 

since then. 

Using the partial-wave theory of scattering, Brown (Brown, 1977a,b,c) applied 

a different approach to the problem of electron-scattering and derived an expression 

for resistivity. Although his formulation is in a good agreement with experiment, 

it is rather implausible on theoretical grounds and contains too many arbitrary as

sumptions. 

It is interesting to notice that Bausch et al., (Bausch et al., 1999) calculated, in 
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cylindrical coordinate system, a differential cross section area per unit length of a 

screw dislocation, by directly solving Schrodinger equation containing contribution 

of the type of a vector potential as well as of a repulsive scalar potential. The advan

tage of their method is that the exact far-field expression of an electron scattered by 

a screw dislocation was obtained and this avoids the free-electron assumption which 

is not valid because of long-range interaction potential. However, the method has 

limited applications to the case of edge dislocation, due to much more complicated 

strain field what makes it impossible to solve Schrodinger equation directly. 

Here we have summarized a few basic models of electron scattering by disloca

tions in single crystals. Other details on this subject may be found in work of Watts 

(Watts, 1989). In addition, the treatment of electron-dislocation scattering in com

posites or compounds can be found in other references such as (Seeger, 1991). To 

the best of our knowledge, there is currently no theory of the electron-dislocation 

scattering, which explains all experimental results observed in single crystals. The 

theoretical understanding of this phenomenon is difficult due to the complexity of 

the process itself. Hopefully, this research can shed some new light and will help to 

understand this problem. 
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3.2.4 The Selection Rules 

The transition probability of electron from initial state jk) to the final JP) per unit 

time is given to the first order in perturbation theory (Schiff, 1968) 

(3.17) 

where H' is the perturbation potential and 8(x) is Dirac delta function. The transi

tion matrix in r space is defined as 

(3.18) 

Equation (3.17) is also called Fermi's golden rule. 

By using the selection rule, we can rewrite equation (3.12) as 

(3.19) 

For spherical band or under free-electron approximation, by carrying out the 

integral over k!, the above equation can be expressed in another form 

-rtk) = J(1-cos8)r(k,8)dQ', (3.20) 

where r(k, 8) is called differential scattering cross section per scattering center and 

for simplicity, instead of f%.k' we use e to denote the angle between kand ki. 
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3.3 Magnetoresistivity in Metals 

In this section, we tum to magnetoresistance in pure metals and formulate the 

magnetoconductivity tensors in open and closed-orbit crystallographic orientations 

which will be needed to simulate the galvanomagnetic properties of deformed cop

per single crystals. The discussion in this section partly follows the reference (Smith 

et al., 1967) 

Under the approximation of the relaxation time, Boltzmann's equation can be 

simplified as 

e[-E+v(k)xB-- -]- Ji-- ·V~f=--. (3.21)n k ~ 

Finding a solution to this equation is not trivial even in the relaxation time approx

imation and more assumptions have to be made in order to calculate magnetoresis

tivity tensor theoretically. 

3.3.1 Parabolic Band Approximation 

Suppose electrons have parabolic energy band structure 

£(k) = n2k2. (3.22)
2m* 
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Noticing that /1 is a small deviation from the equilibrium state caused by external 

fields, we can rewrite Boltzmann's equation as 

A] -+ _,dfo
[1+ -rX /1 = -e-rE ·v de , (3.23) 

where X is an operator defined by 

e_,-+ a e-+-+ a 
X 

A = --(v x B) ·---=; = --(v x B) · ~· (3.24)
n ak m* av 

Assuming that (Ziman, 1960) 

!1 =C·v, (3.25) 

where Cis an unknown factor. By substituting equation (3.25) back into equation 

(3.23) and using vector identity 

Ax (ii x c) = B(A. c) - c(A. ii). (3.26) 

we can determine Cas 

C= -e'rafo E + (e-r/m*)B x E + (e-r/m*)2(B. E)B 
(3.27)

ae 1+ (eB-r/m*)2 

From the definition of the current density J 

J= - : 3 Jv(k)f(k, r)dk = 7/. £, (3.28)
4
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we can obtain the expression for magnetoconductivity tensor 

(3.29) 

where Dij and Eijk are Kronecker delta and Lei - Civita symbols respectively, and 

a0 = ne2r /m*. In the derivation of equation (3.29), we already used an approximate 

value for the integral expansion 

00 aJo (7rKBT) 2 

- Jo{ g(E) a£d£=g(µ)+ 6 g 
II 

(µ)+ ... (3.30) 

For a simple case of electric field E along x-axis and magnetic field ii along 

z-axis, the transverse magnetoconductivity tensor has the form 

1 -eBr/m* 0 

f---+ O"o 
 (3.31)O' eBr/m* 1 0 - 1+ (eBr/m*) 2 

0 0 1+ (eBr/m*) 2 

Equation (3.31) will be used for modeling magnetoresistivity in chapter 9. 

3.3.2 Jones-Zener Expansion - Weak Field Approximation 

For arbitrary band shape, Boltzmann's equation (3.23) still holds, but the second 

sign of equality in equation (3.24) is not correct any more. However, the solution 
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to equation (3.23) can be obtained by taking operator expansion such as 

1 A A2 A n 
-A= 1-A+A + ... (-A) +..., llAll < 1, (3.32)
l+A 

therefore !1 is given as 

1 - _dfo 
- --Ae1:£ ·V-Ji 

1+X de 
A A 2 A n ] - _dfo- [1-X+X + ... (-X) + ... e'T:E·v

de 

dfo - [ - A - A2 - ( A)n - ]-e-E· 1:v-X7:v+X 7:v+ ... -X 7:v+ ... , (3.33)
de 

then substituting equation (3.33) into equation (3.28) to evaluate the current densi

ties yields 

(3.34) 

Above method is called Jones-Zener expansion, first proposed by Jones and Zener( Jones 

& Zener, 1934). 

Equation (3.34) is merely Taylor expansions of aij(B) in argument ii, namely, 

- aaij(n) 1 a aij(n)
aij(B) = aij(o) +E an _ Bk+ !E an an _ Bkn1 +... , (3.35)[ -i [2 -i2k k B=O k,l k I B=O 

The requirement for the convergence of equation (3.35) is that the magnitude of the 

magnetic field should be small. The quantitative condition for convergence problem 

in equation (3.34) or (3.35) can be estimated roughly by expanding the denominator 

in equation (3.29) as a geometric series of argument en'T:/m* and comparing it with 
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equation (3.35). The convergence condition is 

eB7:/m* < 1. (3.36) 

More detailed discussion about the convergence problem can be found in the refer

ence (Smith et al., 1967). 

3.3.3 Lifshits' Theory - Strong Field Approximation 

It is well known that conduction electrons in the electrical and magnetic fields ex

perience not only the electrostatic forces, which make them travel in straight lines 

between collisions, but also the Lorentz forces which bend their paths into helices 

and are consequently responsible for conductivity change in metals. If we neglect 

quantum effects such as weak localization to cause a negative magnetoresistance 

(Altshuler et al., 1980), in semiclassical approximation this force can be regarded 

as the reason to create magnetoresistance and lower conduction electron mobility 

in metals. 

In general, a magnetic field can only have a significant effect on conductivity of 

metals if it is strong enough to bend the trajectory of an electron appreciably during 

a free path. Therefore, the magnetoresistance effect will be more easily detected in 

an intense magnetic field. The focus of this work is on the electronic behavior in a 

strong magnetic field, which has to satisfy following condition 

Wc'T: = eB'T:/m* » 1. (3.37) 
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where wc is the cyclotron frequency or the angular velocity of an electron in an 

external magnetic field B and again m* is the effective mass of the electron. 

For metals, the conductivity or resistivity is written as 

m* 
(3.38)or Po= ne21: 

where n is the density of electrons. For copper with one electron per atom, n is 

3about 8.5 x 028m- . Combining equation (3.37) and (3.38) gives 

BCJo B 
Wc'T: = -- = --. (3.39) 

ne Pone 

Equation (3.39) explicitly indicates that, for any specimen in a magnetic field, if 

equation ( 3.37) holds, the sample should have a high conductivity or a low resis

tivity. Usually, such a condition can be achieved when magnetoresistivity measure

ments are carried out at a low temperature on very high purity metals. 

The magnetic field does no work on electrons because the Lorentz force is per

pendicular to the velocity of electrons. The Lorentz force makes electrons to circle 

around in k -space in the different orbits on a surface of constant energy. The fre

quency of the orbital motion is proportional to the intensity of the magnetic field. 

This means that in a strong magnetic field an electron can travel a substantial arc of 

its orbit in k -space on the surface of constant energy before being scattered. Then 

the geometry of the orbit may be a more important factor needed to be considered 

in the motion of the electron in a strong magnetic field than the details of the scat

tering. For simplicity, suppose that the external magnetic field is along z -direction. 
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-Plane of k = k 
z 

Constant energy 

Figure 3.1: Schematic illustration for a trajectory of electrons ink-space and the definition 
of angular variable e 

Instead of the conventional set of variables such as (kx, ky, kz ), we will follow ap

proach used in the reference (Smith et al. , 1967) and introduce ( £, () ,kz ) as the 

variables of the system. Here () is an angular variable to describe the motion of an 

electron along the trajectory which is the curve of the surface of constant energy 

£intersecting with the plane of k= kz. Figure 3.1 shows the definition of angu

lar variable () and dkr is the tangential component of wave vector to the trajectory. 

Such definition gives, in the absence of the electrical field, 

eB 
d() = Wcdt = -dt. (3.40)

m* 

In the relaxation time approximation, the Boltzmann equation can be written in 
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terms of e, kz and e as 

f(k)- fo(k) 
(3.41) 

't 

In the case of magnetoresistivity measurements the applied electric field is very 

small whereas the magnetic field is very large. Noticing equations (3.4) of the 

motion of electrons and bearing in mind that the magnitude of the electrical field is 

a small quantity and the terms with the second or higher order in the electrical field 

can be neglected, we can obtain 

(3.42a) 

-(e/1i)Ez, (3.42b) 

1i (ki+~)l/2~ eB [l _VxEy - VyEx] (3.42c)
m* vx 

2 +vx 
2 m* B(vi +v;) · 

Lets follow now the standard method and suppose that the solution of the Boltz

mann equation (3.41) has the form 

(3.43) 

where C is an unknown constant to be determined. Submitting equations (3.42) 

and (3.43) into the Boltzmann's equation and simplifying the equation by dropping 

the quadratic and higher terms in the electrical field, we can obtain a new equation 

about C 
- ei-B- ac - v·E--E·-=E·C. (3.44)

m* ae 
58 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

Since the electric field is arbitrary, the above equation (3.44) is equivalent to 

ac ae +aoc = aov, (3.45) 

where ao = m* /e-rB. It is clear that Cis a function of 8. 

To obtain the expression for magnetoconductivity tensor, we have to evaluate 

current density. By substituting equation (3.43) into equation (3.28) and consider

ing the relation 

(3.46) 

we can write the conductivity tensor as 

(3.47) 

By means of the integral expansion equation (3.30), the expression for the conduc

tivity tensor can be simplified by finishing the first integration over energy e 

(3.48) 

Equation (3.48) indicates that the remaining double integrals will be evaluated along 

some certain trajectories on the Fermi surface in one Brillouin zone for each kz. This 

means that the value of the integral depends substantially on the geometries of orbits 

or on the topology of the Fermi surface and also implies that only those electrons 

on the Fermi surface can have contributions to magnetoconductivity of materials. 

From equation (3.48) it is straightforward that the analytical expression for mag
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B@ 


0 
Closed orbit 

Extended orbit Open orbit 

Figure 3.2: Illustration of different types of electron orbits for the magnetic field oriented 
along different directions in the sample with the Fermi surface of corrugated cylindrical 
type. 

netoconductivity tensor is on the condition that Cis known. Therefore, the question 

how to calculate this magnetoconductivity tensor reduces to the question how to 

find the unknown vector C. 

Lifshitz etal (Lifshitz et al. , 1957) proposed a method, which permits to find the 

unknown vector C. Here we give a brief description of this method. 

Although the geometries of the Fermi surface of materials are so diverse, in 

general one can differentiate between three types of electron orbits on the Fermi 

surface in reciprocal space when the magnetic field is turned on. Figure 3.2 shows 

the features of these three types of electron orbits for the sample with the Fermi 
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surface of corrugated cylindrical type (left). The blue cubic cell represents the 

Brillouin zone in reciprocal space for the material. When the magnetic field is 

along direction d1, electrons under the action of Lorentz force will circulate along 

the trajectory (red round circle) which is the intersection of the Fermi surface with 

the plane perpendicular to the magnetic field. This electron orbit is totally within 

the Brillouin zone and hence called closed orbit. If the magnetic field orients in {h, 

the electron orbit will extend several Brillouin zones (two zones in Figure 3.2) and 

is named extended orbit. Finally, if the magnetic field coincides in {h, the electron 

orbit will spread out through the length of the whole sample and never be closed. 

This kind of orbit is called an open orbit. In terms of their structure or shape, 

extended orbits are between closed and open orbits and they represent a transition 

region from closed to an open orbit. This implies that when we try to calculate 

magnetoconductivity tensor, only two extreme cases, i.e., closed and open orbits 

have to be considered. 

In a strong magnetic field, <Xo « 1, in order to find the solution to equation 

(3.45), we can expand the component of Cinto a series of <Xo 

(3.49) 

The average value of any function u of argument (J is defined in the following way: 

1 reolo u(O)d(J closed orbit (3.50a)
00 


lim ~~ {eo u(O)dO open orbit, (3.50b) 

Oo--->00 vu lo 
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where 0o is cyclic period of angle e for closed orbits and for open orbits this period 

can be regarded as infinity. The advantage of such definition is that we can now use 

the features of these two extreme types of electron orbits. For example, applying 

equation (3.50) and taking the average from both sides of equation (3.45) yields 

i=x, y, (3.51) 

which is true for both closed and open orbits. 

Because C is independent of <X-O, we can obtain the following equivalent cou

pling equations by substituting equation (3.49) into equation (3.45) and letting the 

coefficients of the same power in lX-0 in both side of the equation 

obi_o 
oe 

0, (3.52a) 

ob~ . 
o~ +bb Vi, (3.52b) 

ob~ i 

oe +b13-1 0, /3 '2 2. (3.52c) 

The conditions for the coefficients, obtained directly from equation (3.51) are: 

bi 
0 =Vi, b~ =0, f3'2_1, i=x,y. (3.53) 
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Suppose the considered open orbit is along ky direction. Noticing that: 

Vx = Vy = 0, closed orbit, (3.54a) 


Vx =I- 0, Vy= 0, open orbit, (3.54b) 


we can solve the coupling equations (3.52) by means of the equation of motion and 


equation (3.54). The solution for closed orbits is 

liky x 2
Cx - -CJ{)+ b1ao + ... ,

m* 
(3.55a) 

Cy 
likx '~Y 2--CJ{) +u2ao + ... ,
m* 

(3.55b) 

(3.55c) 

and for open orbits in ky direction 

Cx - Vx +h"f CJ{)+ ... , (3.56a) 

Ii - fl.2Cy - m* (ky - ky) CJ{) + 2ao + ... ' (3.56b) 

CZ - b~+ .... (3.56c) 

The magnetoconductivity tensors in uncompensated metals corresponding to 

closed and open orbits, obtained from equations (3.55) and (3.56) are (Abrikosov, 

1972; Smith et al., 1967) 

aJaxx CJ{)axy CJ{)axz 

71c1 = (3.57)CJ{)ayx aJayy CJ{)ayz 


CJ{)azx CJ{)azy azz 
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and 

(3.58) 


here aiJ(i, j = x,y, z) are constants. Talcing the inverse of equation (3.57) and (3.58), 

we can obtain magnetoresistivity tensors 

exx <Xo-lexy exz 
f-tc[ 

(3.59)p = CXo	-1 eyx eyy eyz 


ezx ezy ezz 


and 

exx <Xo-1 exy exz 
+-top -1 	 -1 (3.60)p = CXo eyx ao2eyy CXo eyz 

ezx aolazy ezz 

where eiJ(i, j = x,y,z) are constants. 

Lifshitz' theory predicts that for uncompensated metals if the magnetic field tilts 

to some direction (say z -direction) and only closed orbits occur, the magnetoresis

tivity tensor shows only Hall effect and Pu will approach to some constants at large 

fields which are independent of B (diagonal elements). Hence, Pu will saturate. If, 

on the other hand, there is an open orbit in a certain direction (say, inky -direction), 

Pu( Pyy) will increase as B2 without limit. This prediction has been proved by many 

experimental observations since then. 

In Lifshitz's theory, the effect of the magnetic field is introduced as a perturba

64 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

tion in electronic structure and the only assumption made about the relaxation time 

is that it is independent of the magnetic field. Generally speaking, such treatment 

has no limitation for the theory to apply to any shape of the Fermi surface which, in 

fact, determines the type of electron orbits in momentum space in the presence of 

the magnetic field. In order to get better understanding about the galvanomagnetic 

property of copper, it is necessary to know the full details of the geometry of copper 

Fermi surface. 

3.4 	 The Fermi Surface and Electron Orbits in Cop

per 

3.4.1 	 Schrodinger's Equation and Energy Bands 

The Fermi surface of a crystal is an extremely important concept in solid state 

physics because its topology determines the linear response of the material to an 

electrical, magnetic and thermal field. In theory, the shape of the Fermi surface 

is a direct result of electronic energy band structure mapping into the momen

tum space, which can be obtained under single-particle approximation by solving 

Schrodinger' s equation 

- !!.._ v2 lfl(r) +v (r) lfl(r) = e lfl(r), 	 (3.61)
2m 
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where 1Jl(r) is electronic wave function and V (r) is the potential that the electron is 

exposed to. Since V (r) is a periodic function of the Bravais lattice of the crystal, 

such feature requires the solution to equation (3.61) 1Jl(r) to take the form 

1Jl(r) = exp(-ik. r)uk(r), (3.62) 

where uk (r) is also a periodic function with the same periodicity as V (r). Equation 

(3.62) is more commonly called Bloch's theorem. It can be shown that eigenvalue 

E of equation (3.61) is a function of electron wave vector k and forms a set called 

electronic energy bands, labeled by Ea(k) (a= 1,2,3.... ). 

Let Ee be a constant and 

(3.63) 

The pictorial representation of equation (3.63) in k-space gives constant energy 

surface. If this constant Ee is equal to Fermi energy µ defined in equation (3.1 ), 

thus 

E(k) = µ, (3.64) 

the constant energy surface in reciprocal space described by equation (3.64) is 

called the Fermi surface. 

It is clear that the existence of a Fermi surface in a crystal is a direct consequence 

of the Pauli exclusion principle and such surface marks the boundary in reciprocal 

space between occupied and unoccupied states. 

In real crystals, band structure calculations to probe the Fermi surface is a very 
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complicated task because of the difficulties to determine a reliable expression for 

potential V (r) and to find the solution to Schrodinger's equation. Several approxi

mated approaches have been developed such as the tight-binding method, Wigner

Seitz and cellular method, orthogonalized plane wave (OPW) and augmented plane 

wave(APW), Green's function and pseudopotentials. The development and appli

cation of these approaches can be found in other references for example (Crachnell 

& Wong, 1973; Cracknell, 1971) 

3.4.2 Topology of the Fermi Surface of Copper 

In free-electron approximation, the solution to equation (3.61) is simplified as 

l/lk(r) =exp [-i(k +Gn) ·r] (3.65) 

and energy bands 

(3.66) 

where Gn is a vector of the reciprocal lattice which can be taken as zero in ex

tended zone scheme. Equation (3.66) graphically describes a set of constant energy 

surfaces in reciprocal space. The Fermi surface determined by letting e(k) = eF 

is a sphere. The value of Fermi energy eF depends on the density of conduction 

electrons ne in the crystal and is defined by the following equation 

(3.67) 
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T T 
47T a 

(a) A conventional unit cell with lattice constant (b) The first Brillouin zone,a truncated octahe
a and a primitive unit cell of Bravais lattice dron, in reciprocal space for FCC crystals 

Figure 3.3: Space lattice and Brillouin zone for FCC crystals 

Copper has FCC crystal structure and its Bravais lattice is shown in Figure 

3.3(a). The lattice constant of copper is a= 3.61A. Figure 3.3(b) indicates the 

reciprocal lattice of copper having a BCC structure and its first Brillouin zone-a 

truncated octahedron. The length R from the center of the truncated octahedron to 

each center of the eight hexagonal faces is 

J34n 4n 
R=--~0.433-. (3 .68) 

4 a a 

Copper electronic configuration is ls22s22p63s23p63d 104s1 which is character

istic of a full 3d band with one electron per atom in the conduction band. Conse

quently, the Fermi surface or the radius of Fermi sphere kF in the reciprocal space 

can be obtained by combining equation (3.67) with (3.68) which gives 

)1!34
kF = (3n2ne) 113 = (- 3

- n ~0.391 4n. (3.69)
16n a a 
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[001] 


[010] 

Figure 3.4: Schematic illustration of the spherical copper Fermi surface in free-electron 
model which is entirely contained within the first Brillouin zone and untouched zone bound
ary 

Comparing equation (3.69) with equation (3.68) indicates that copper Fermi surface 

in the free-electron approximation is completely contained within the first Brillouin 

zone without touching zone boundary. Figure 3.4 shows the spherical Fermi surface 

of copper within the first Brillouin zone in free-electron model. 

However, many experimental results and more precise calculations all indicate 

that the Fermi surface of copper single crystal is distorted from a sphere and touches 

the Brillouin zone boundary at each center of eight hexagonal faces or { 111} planes 

(detailed review on the historical development of copper Fermi surface can be found 
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(001] 


(010] 

Figure 3.5: 3D plotting of energy band structure for copper single crystal from tight
binding calculation Choy (2007) 

in the reference (Crachnell & Wong, 1973; Cracknell, 1971)). Today the shape of 

Fermi surface of copper is well known because of substantial efforts both in theory 

and experiment in last few decades. Figure 3.5 is a 3D plotting of energy band 

structure calculation to illustrate the Fermi surface of a real copper single crystal. 
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Figure 3.6: Open Fermi surface of copper in repeated zone scheme, from a model by 
Shoenberg (1 960) 

3.4.3 Electron Orbits in the Reciprocal Space of Copper 

The topology of copper Fermi surface can be precisely constructed through more 

refined experiments and more accurate calculations both of which are in a very good 

agreement, so that the contour of copper Fermi surface can be regarded as known 

with good accuracy. If we use repeated zone scheme to image the Fermi surface of 

copper, the space will be filled with the Brillouin zones and the Fermi surface form 

an open surface multiply connected by necks along < 111 > directions. Figure 

3.6 shows schematically the open Fermi surface of copper in repeated zone scheme 

(Shoenberg, 1960). As we already discussed it, such features of copper Fermi sur
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Figure 3.7: Stereographic representation for electron orbits in copper. The open orbits 
occur as the magnetic field ii is oriented in the direction which is on the lines or in the 
shaded areas except the higher symmetrical points (red points). Redrawn from the reference 
(Klauder et al., 1966) 

face can generate a variety of electron orbits as the orientation of the magnetic field 

is changed and will, to a large degree, determine the galvanomagnetic properties of 

copper single crystal. 

In the presence of the magnetic field B, electron orbits are defined by the sec

tions of the Fermi surface by the planes normal to B. Any electron orbit can be 

identified as long as the orientation of the magnetic field is known. However, tech

nically it is an arduous work because of the complexity of the problem especially 

for higher order open orbits. Klauder et al. (Klauder et al., 1966) collected a vast 

of experimental data by measuring magnetoresistance and Hall effect to determine 
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the electron orbits in copper single crystal. Figure 3.7 is a stereographic projection 

representing the orientation of the applied magnetic field for which open and closed 

orbits are observed. The open orbits occur if the magnetic field direction coincides 

with the solid lines or the shaded areas except the high symmetrical points for which 

closed orbits are observed. The "whiskers" surrounding each shaded area are also 

the pertinent directions of open orbits. Crystallographic directions for some open 

orbits are shown in Table 3.1 which explicitly gives the potential open orbit direc

tions up to sixth order based on the primary open orbits along <111 > directions. 

Present of the open orbits in metal was verified by other experimental techniques 

such as induced torque measurement (Datars, 1969, 1970). Klauder et al. pointed 

out an interesting fact that the indices for the direction of higher order open orbits 

are possibly the simple combination of the ones for primary directions in various 

arrangements. If true, such a rule can significantly reduce the experimental work to 

find open orbits in copper single crystal. 

Table 3.1: The observed directions of potential open orbits in copper (Retabulated from the 
reference (Klauder et al., 1966)) 

============================== 

Order Family of possible open orbit directions 

1 <111> 
2 <100>, <110> 
3 <113>, <133> 
4 <012>, <112>, <122> 
5 <115>, <135>, <155>, <335>, <355> 
6 <013>, <023>, <123>, <223>' <233> 

The experimental observation of open orbits which correspond to high peaks 

of magnetoresistance measurement is limited by conduction electron scattering, al

though there might be many open orbits which in principle should be observed in 
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magnetoresistance measurement. If the sample is not pure enough so that electron 

mean free path is very short, which means electrons can not travel a substantial 

distance without being scattered, the open orbits would not be revealed in the mag

netoresistance measurements. 

74 




Chapter 4 

Effective Medium Theory 

In chapter 3, Lifshitz's theory was introduced, which describes the galvanomagnetic 

phenomena in metals. Based on the semiclassical theory of electron conduction 

in the presence of the electrical and magnetic fields, magnetoconductivity tensor 

in large field approximation is formulated and shows a strong dependence on the 

value of the path integral along electron trajectories. However, one important point 

worthy to mention here is the applicability of the theory which is usually limited to 

pure crystals because of the strict condition in large field approximation given by 

equation (3.37). Furthermore, to successfully perform the integral (equation 3.48) 

one needs the detailed information on the electron orbits, which makes it a quite 

complicated task. 

Unfortunately, it turns out a difficult task that theoretically to calculate magne

toconductivity tensor for the samples with high density of defects through equation 
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(3.48) and based on this to develop understanding about behavior of magnetore

sistivity of deformed samples. A challenge is to describe the details of the crystal 

structure containing dislocations, in k-space. In addition, the Fermi surface for 

deformed samples must be distorted since dislocations introduced by deformation 

induce some additional potential field in the crystal and little is known about this 

distortion both in theory and experiment. In other words, it is impossible to carry 

out the integrals in equation (3.48) for crystals containing dislocations in the way 

proposed in Lifshits' theory. Consequently, to describe magnetoresistivity of sam

ples containing dislocations, a new theory has to be developed. 

The effective medium theory has been successfully used to describe the macro

scopic properties of spatially inhomogeneous materials and composites, to which 

our deformed samples can be categorized. We will apply this theory to undertake 

theoretical investigation of the galvanomagnetic properties of the deformed sam

ples and to gain better insight into the fundamental material properties responsible 

for the observed effect . First, we describe a historical development of effective 

medium theory. 

4.1 Introduction and Literature Review 

The effective medium theory is a powerful method to evaluate transport proper

ties of macroscopically inhomogeneous (disordered) media consisting of the spatial 

variation of some physical properties such as the conductivity, dielectric function 

or elastic modulus. The central concept of the effective medium theory is based on 
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Maxwell-Garnett (MG) equation, first derived by Maxwell and Garnett, to explain 

and predict the permittivity of glasses having spherical particles and the permittivity 

of films of silver, gold, potassium and sodium (Maxwell-Garnett, 1904). Maxwell

Gamett model is viewed as a traditional frame work of the effective medium theory 

by some researchers in this area (Choy, 1999). A significant improvement to the 

effective medium theory was made by Bruggeman (Bruggeman, 1935). Later, the 

topic was quantitatively studied in a different context by Landauer who termed it 

the effective medium theory (Landauer, 1952). 

The main contribution of Bruggeman to the development of effective theory 

was following: Consider a random medium having two components which are de

noted by A and B, and characterized by different scalar conductivities aA and a8, as 

schematically illustrated in Figure 4.1. Since it is impossible to obtain the conduc

tivity for such a random and infinite system through the exact calculation, approx

imation was made in Bruggeman's approach by assuming that one of grains (say 

a grain of component A), instead of being embedded in its real random environ

ment, is immersed in a homogeneous medium characterized by a yet undetermined 

effective conductivity O'eff· Figure 4.2 illustrates this concept by showing a single 

inclusion embedded in a homogeneous medium with uniform conductivity O'eff. 

In the presence of an electrical field, the single inclusion in the homogeneous 

medium will be polarized. Suppose that the applied electrical field far away from 

the inclusion equals to E0. Its dipole moment PA , under the approximation of 
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Figure 4.1: Schematic illustration of a random composite. 

Figure 4.2: A single grain of component A embedded in a homogeneous medium. 

spherical shape inclusion, can be written as 

(4.1 ) 
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where V is the volume of the region under consideration. The polarization PA is 

(4.2) 


The resulting field EA at the center of the spherical inclusion due to this polarization 

is parallel to PA, and the magnitude, after space integral, has 

(4.3) 


The dipole polarization field EA is different from the applied field E0 . Repeating the 

same calculation with a grain of component B results in another dipole polarization 

field which is 

- <Js - <1ef f 
Es= Eo. (4.4) 

<Js +2<Jeff 

Bruggeman's effective theory requires that the total volume average dipole po

larization field summed over the two types of inclusions must vanish. That is 

fA CJA - <Jeff + fB <Js - <1ef f = O, (4.5) 
CJA + 2<Jef f <Js +2<Jeff 

where fA and fs are the volume fraction of component A and B respectively with 

the condition 

fA + fB = 1. (4.6) 

Equation ( 4.5 ) can be easily generalized to the composites having any number 
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of components such that 

Eta Ga - Geff = 0, (4.7a) 
a Ga+ 2Geff 

Eta= 1, (4.7b) 
a 

where Ga is the conductivity tensor of component a . 

Over the years, Bruggeman's effective theory has further been developed. De

tailed review of the early developments of the effective medium theory can be found 

in references (Landauer, 1977; Milton, 1985), the recent progress is described in the 

work of Stroud (Stroud, 1998). 

Here we focus our attentions to the galvanomagnetic properties of inhomoge

neous media and will discuss the applications of the effective medium theory in 

this area. As mentioned in Chapter 1, Kapitza in 1929 showed that the resistance 

of many metals in the form of polycrystalline wires varied linearly with the trans

verse magnetic field (Kapitza, 1929), which is known as the Kapitza's linear law. 

This interesting phenomenon has been remaining a mystery for many years, since 

the Lifshitz' theory (Lifshitz et al., 1957) predicted that magnetoresistance for sin

gle crystals is dependent on the geometry of electron orbits in momentum space 

and it should saturate or show a quadratic behavior at high fields, which has been 

discussed in Chapter 3.3.2. In order to understand the linear dependence of the 

resistance of polycrystalline metals in high magnetic fields, in late 50s, several au

thors (Ziman, 1958; Lifshitz & Peschanski, 1959; Luthi, 1960; Alekseyevsky & 

Gaidukov, 1959) theoretically attacked this problem starting with the conjecture 
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that the polycrystalline magnetoresistance could be obtained by spatially averag

ing the resistivity or conductivity of crystallites over all possible orientations of the 

crystal axes with respect to the magnetic field. Herring (Herring, 1960) was the 

first to give a full description of the effect of random inhomogeneities on galvano

magnetic properties of materials without any arbitrary assumptions. In Herring's 

model, a modestly but continuously variable fluctuation in electrical properties was 

assumed, which is unlike the traditional treatment of the effective conductivity of 

a medium consisting of two or more distinct phases and separated by sharp bound

aries. Perturbation theory was applied by taking the first order fluctuation of the 

Fourier expansion in electrical conductivity. The explicit forms of the effective 

conductivity tensor and the expressions at low and high field approximation were 

obtained. Herring showed that inhomogeneity can give rise to a magnetoresistance 

which does not saturate with increasing magnetic field as it would be expected for 

homogeneous free-electron like media. In his work, Herring also gave a very brief 

discussion about the possible application in the crystals with dislocations. It is 

clear that the restriction on the applicability of Herring's model is that the fluctu

ations in electrical properties in media should be weak, but this is often violated 

in real crystals. Stachowiak (Stachowiak, 1964, 1967a,b, 1970, 1973) published 

a series of papers on the galvanomagnetic properties of inhomogeneous media to 

extend Herring's model to the case where the small fluctuation in the electrical 

properties is not satisfied. His work was based on the effective theory with two as

sumptions: each crystallite has a spherical shape and behaves like being embedded 

in a homogeneous medium with an effective conductivity. By solving the bound

ary problem for the crystallite with the open orbits, general equations for effective 

conductivity tensor of polycrystalline mixtures were obtained. His results showed 
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that in the presence of open orbits and extended orbits, magnetoresistance tends to 

be linear as the magnetic fields increase. Stroud and Pan (Stroud, 1975; Stroud & 

Pan, 1976, 1978, 1979) generalized the effective medium approach to treat inho

mogeneous media with crystallites of arbitrary shape, size and orientation whose 

conductivity tensors are of arbitrary symmetry. By applying the method of Green's 

function to the boundary problem for the crystallite with open orbits embedded in 

the effective medium, Stroud and Pan developed a general and strict formulation for 

galvanomagnetic properties of inhomogeneous media. We will provide a detailed 

discussion of Stroud and Pan's approach in the next section. 

4.2 Method of Green's Functions 

4.2.1 The Effective Conductivity 

Here we introduce Huberman and Overhauser's (Huberman & Overhauser, 1981) 

method to formulate the effective conductivity tensor. Consider an inhomogeneous 

medium consisting of the randomly distributed crystallites or grains of the pure 

components, and assume that the linear dimensions of the typical crystallite are 

large enough comparing to the mean free path characteristic of a current carrier and 

fairly small to the dimension of the sample itself. In such inhomogeneous medium, 

the current density ](r), electrical field E(r) and the conductivity tensor a (r) of 

the pure component at any position rare related by the differential form of Ohm's 
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law 

](r) =a(r). E(r). (4.8) 

Suppose that the medium, having a volume of V and bounded by a surface S , is 

composed of m components and let Va denote the volume occupied by the crystal

lites of component a ; fa the volume fraction and cra (r) the conductivity tensor 

at the point r for this component. Since the crystallites fill the whole space, it is 

clear we will have 

(4.9) 

In order to calculate the conductivity for such a random medium, we will be 

concerned with the ensemble average of vector or scalar fields taken over a certain 

region in space. For a given function g(r) which is integrable over volume V, the 

ensemble average of function g(r) over volume Vis 

< g(r) >= ~ fvg(r)dr. (4.10) 

The average is independent of rbecause of a random medium. 

The macroscopically measurable electrical properties of the conductor are de

termined by an effective conductivity cref f and it may be defined as 

< ](r) >=(Jeff" < E(r) >, (4.11) 

where < ](r) > and < E(T) > are the spatial average of the current density and 

the electrical field respectively. It is clear that creff is independent of the sample 
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geometry or boundary condition. 

Suppose a uniform external electrical field Eext is applied to the sample. In 

principle, the effective conductivity can be obtained from equation (4.11), provided 

that the average current density < ](r) > and average electrical field < E(r) > are 

calculated. Unfortunately, it is impossible to get the solution exactly because of the 

nature of random inhomogeneity. In order to compute the effective conductivity 

of such a random medium, we may refer to the mean field approximations. We 

assume that each crystallite in the sample has an ellipsoidal shape and, instead of 

being immersed in the actual environment surrounded by the crystallites of other 

components, it is embedded in a uniform infinite medium of conductivity tensor 

am . Within the above assumptions, for a single crystallite embedded in such 

uniform infinite medium, the electrical field inside the crystallite is proportional to 

the external electrical field and it can be written as 

-in(-) [f--t +--t ( .....)] E+--tEa r = T/ a <J m, <J a r · ext• a= 1,2i···m. (4.12) 

where~a [ami a a (r)J is a tensor depending on the conductivities of the medium 

am and conductivities of inhomogeneity a a(r). The current density inside the 

crystallite will be 

Ji;_ (r) - a a (r) ·£1; (r) 

a a(r) ·~a [ami a a(r)] ·Eext, a= 1i2i ... m. (4.13) 

For simplicity of mathematical formalism, we will drop off argument r in the fol

lowing equations. 
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If the currents and fields generated by the crystallites do not overlap with each 

other, the averages of total current density and electrical field will be 

m m 

<f>=< L~>=< L Ga·tra>·Eext, (4.14) 
a=I a=I 

< E >=< L
m 

£:; >=< L
m 

tra> ·Eext, (4.15) 
a=I a=I 

Combining equations ( 4.14) and ( 4.l 5) with equation ( 4.11 ), the effective con

ductivity may be written as 

(4.16) 

Replacing a a= Saa+ am in equation (4.16) and noticing that am is a 

constant tensor, leads to the more popular expression for the effective conductivity 

m m 
+---+(Jeff < E (8a a+ am). tra>.< E tra >-I 

a=I a=l 
m m 

am+ < E8aa ·tra > . < E tra > - 1 
. (4.17) 

a=I a=I 

The choice of am is not unique and depends on the problems under consider

ation. The benefit of equation ( 4.17) is that the effective conductivity can be com

puted in a self-consistent way. The procedure is following: select an initial am; 

calculate the effective conductivity tensor a effusing equation (4.17); let this cal

culated a eff equal to a new am and repeat the calculation till a self-consistent 
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solution is obtained. 

We will model the behavior of magnetoresistance for dislocated samples through 

iterations by applying the above equation. 

4.2.2 Formalism for Green's Function Approach 

The discussion in this section is based on the approach proposed by Stroud and Pan. 

It is known that the effective conductivity can be solved through a self-consistent 

method. However, so far we have not discussed the approach to calculate ten

sor rya [am, a a(r)], which is an important step to successfully apply the self

consistent method through equation (4.17). In order to achieve this goal, let us 

review our problem again. A crystallite of volume v'; bounded by surface s' and 

characterized by a spatial varying conductivity tensor cr~ is embedded in a uni

form infinite medium of conductivity tensor am· If a uniform electrical field Eext 

is applied, the problem reduces to calculate the magnitude of the electrical field in

side the crystallite. This is an electrostatic problem which can be solved by using 

the basic electrostatic equations 

v. ](r) = o, (4.18a) 

vx E(r) = o. (4.18b) 

Introducing scalar potential ct>(r) which is 

E(r) = -Vct>(r) (4.19) 
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and combining the above equations with Ohm's law, we can arrive to an equation 

for the electrostatic potential 

v. er(r). V<I>(r) = 0, rEv (4.20) 

where V is the volume of the uniform medium. 

Letting 

er(r) =erm+8er(r), (4.21) 

substituting this relation into equation (4.20) and noticing the boundary condition 

for the system which require that on the surface S of the medium, the electrostatic 

potential is <I>o(r) = -Eext · r, we can establish differential equations for the bound

ary problem to find the electrical field inside the crystallite. The equations read 

v. erm. V<t>(r) = -V. 8er(r) ·V<I>(r), rE v, (4.22a) 

<I>(r) = <I>o(r) = -Eext · r, r on s. (4.22b) 

It is clear that the electrical field inside the crystallite can be obtained through equa

tion (4.19) after boundary value problem has been solved. 

It is well known that the method of Green's functions is a useful tool to bound

ary problems. Stroud and Pan did the pioneering work to apply such approach to 

equations (4.22) of the boundary problem. With the introduction of the Green's 
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function G(r, r) defined by 

v. Gm. VG(r,1) = -D(r-1), r Ev, (4.23a) 

G(r,1) = o, 1 on s. (4.23b) 

The solution to equation (4.22) will be 

<t>(r) <l>o(T) + [ G(r,1)V' · oa (1) ·V'<t>(1)d1 

- <l>o(r)- Iv {v'G(r,1)}·DG(1)·V'<t>(1)d1. (4.24) 

Appendix A (A. l) provides formal derivation of above equation. 

Taking the negative gradient from the both sides of the above equation with 

respect to r yields the electrical field 

E(r) 	 -V<t>(r) 

Eexr + [ { vv'G(r,1)} · oa(1) ·£(1)d1. (4.25) 

Let 

+---t -::!! 	 --, ...., 
g (r,r) = V'V' G(r,r ). (4.26) 

Its component are 

_ (- ....,) a a a(- ....,)
g ij r,r 	=-a -a r,r . (4.27) 

Ti Tj 
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Here again we have used our conventional notations 

(4.28) 

Substituting equation (4.26) into equation (4.25) yields 

.... .... ff-+ ...., f-+...., .... """....,
E(r)=Eext+ iv g (r,r)·D<J'(r)·E(r)dr. (4.29) 

Equation (4.29) represents a feasible way to find the electrical field and further 

to obtain the effective conductivity tensor for the inhomogeneous materials consist

ing of crystallites of any arbitrary shape and of the conductivity tensors of arbitrary 

symmetry, but the formidability of applications is pretty daunting because of the 

complexity of equation (4.29). One have to provide more approximations, to com

pute the electrical field inside the crystallite and then to obtain the coefficient in 

equation (4.12). If the crystallites are composed of pure components, this means 

that the spatially varying conductivity tensor a~(r) can be replaced by a different 

constant conductivity tensor a~ for each grain; and if the crystallites have the el

lipsoidal shapes, it can be shown that, inside the crystallites, the electrical field £in 

and current density Jn are both uniform (Kunin & Sosnina, 1971 ; Landau et al., 

1984; Moon, 1986). Noticing that 

8a(t) =Sa= a' - am, t Ev' (inside the crystallite), (4.30a) 

8a(t) =am - am= 0, t ~ v' (otherwise), (4.30b) 
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and letting the center of the crystallite at r = 0 , we can write equation ( 4.29) as 

E(r=O) - _Ein=Eext+ fv g(r=0,1)-Ba(r')·E(r')dr' 

- Eext+ [ g(r=0,1)-Ba(r')·E(r')dt 

Eext + { [ g (r = 0, t)dr'} ·DG. £in 

- +---+ ~ +----+ - inEext + f' · u a ·E , (4.31) 

+----+
where r is called depolarization tensor and defined as 

[ 7 (r = o, t)dt = [ v'v'c(t)dt 


[ V'ii' :,., G(r')dr'dS' = fs, {V'G(t)} ii'dS'' (4.32) 


here ii' in the area integral is the outward normal direction on the surface S' of the 

crystallite. Its component is 

r a a ....,) ...., 1 { a (....,)} , ,
lij =iv ar, ar'. G(r dr = Js, ar,G r njdS. (4.33) 

I J I 

It is straightforward that equation ( 4. 31) gives 

(4.34) 

which means 

(4.35) 

To generalize the above expression to different components, we can simply add a 
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label for each component i.e., 

f---' ( f---' a !:'. f---' - 111 a = 1- r .u a a) . (4.36) 

Then the effective conductivity tensor can be explicitly rewritten in a more popular 

form 

(4.37) 

Equation (4.37) was first deduced through the method of Green's functions by 

Stroud and Pan and it has a wide application to the calculation of the effective 

conductivity of inhomogeneous media. The option on the conductivity tensor of 

the medium 71m depends on the problem under consideration and it may be guided 

by specific geometry of crystallites in the sample. A common choice of 71m is to 

let it be equal to 71eff and this will yield the self-consistency condition 

m 
~ !:'. f---' ( f---' a !:'. f---' ) - 1< i..J u a a 1- r .u a a >= 0 (4.38) 
a=l 

The application of Stroud and Pan's approach in different areas can be found in 

the references (Koss & Stroud, 1985; Fisher & Stroud, 1997; Bergman & Stroud, 

2000; Barabash & Stroud, 2001; Guttal & Stroud, 2005). In chapter 9 we apply 

this theory to model the behavior of magnetoresistance in copper single crystals 

containing different distribution of dislocations. 
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Chapter 5 

De Hass-van Alphen Effect and the 

Fermi Surface 

5.1 Introduction and Literature Review 

The de Hass-van Alphen (dHvA) effect is a quantum oscillatory phenomenon which 

was first observed in 1930 by de Hass and van Alphen when they measured the 

field-dependent magnetization M of a sample of bismuth in the high magnetic field 

Bat temperature T = 14.2K. The researchers found that the magnetic susceptibil

ity M/B is a periodic function of the reciprocal of the magnetic field (de Hass & 

van Alphen, 1930). However, the significant importance of dHvA effect had not 

gained recognition till about 1952 when Onsager applied serniclassical treatment 

to quantize electron motion in a magnetic field and deduced a formula (commonly 
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called Onsager's relation) explicitly indicating that dHvA oscillatory frequency F 

is directly proportional to the extremal cross-section area SF of the Fermi surface 

(Onager, 1952). This interpretation uncovered the physical nature hidden behind 

the dHv A effect and provided theoretical base to design a tool for accurate mea

surement of the Fermi surface. Based on Onsager's relation, Schoenberg made a 

significant contribution to refine the dHv A effect into a practical and powerful tool 

to probe the Fermi surface (Shoenberg, 1965). Nowadays, many different tech

niques (such as torque and pulsed field methods) to measure the dHvA oscillatory 

frequency has been developed with the advent of superconducting magnets and the 

dHvA measurements have become one of the most popular and powerful methods 

to investigate the Fermi surface of many material systems. A detailed description on 

the development of this topic can be found in the book by Schoenberg (Shoenberg, 

1984) 

The dH v A studies of the strain and stress effect on the Fermi surface have been 

attracting a lot of attention because they can provide valuable information about 

the dependence of band structure energy on the lattice parameter. The experimental 

measurements to examine the strain/stress dependence of the Fermi surface can be 

performed in two ways. One way is to apply external tension or compression di

rectly to the sample and then check the change of the Fermi surface under the stress 

by measuring the change of the dHvA frequency. In the other way, the change in 

the Fermi surface can be indirectly inferred from the measurement of the oscilla

tory magnetostriction i.e., the oscillatory strain or sound velocity determined by the 

elastic stiffness tensor, because these two physical quantities depend upon the stress 

derivative of logarithmic dHvA frequency. 
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The experimental study of the measurement of the Fermi surface under the ap

plied strain and stress started in 1950s. Verkin et al. did the first measurement 

of the strain dependence of the Fermi surface on bismuth with the pressure bomb 

technique (Verkin et al., 1956). Schoenberg and Stiles developed a new method by 

applying phase shift technique which can measure very small change in frequency 

caused by a stress acted on the samples (Shoenberg & Stiles, 1964). The first direct 

measurement of uniaxial tension dependence of the Fermi surface on noble met

als was performed by Schoenberg and Watts (Shoenberg & Watts, 1964) and later 

by other researchers such as Gamble and Watts (Gamble & Watts, 1973), Gerstein 

and Elbaum (Gerstein & Elbaum, 1973) and Mayers and Watts (Mayers & Watts, 

1978). The first observation of oscillatory magnetostriction in bismuth was done 

by Green and Chandrasekhar (Green & Chandrasekhar, 1963) and the oscillation 

in the velocity of sound also on bismuth by Mavroides et al., (Mavroides et al., 

1962). The measurements of oscillatory magnetostriction and magnetic torque was 

developed to study the strain dependence of the Fermi surface of other crystals by 

Grienssen et al., (Griessen & Olsen, 1971; Griessen & Ki:indiga, 1972; Griessen & 

Sorbello, 1972; Griessen et al., 1976) and Postemak et al., (Posternak et al., 1975). 

Testardi et al., (Testardi & Condon, 1970) and Lee et al., (Lee et al., 1976) used 

the measurement data of oscillatory sound velocity with magnetization and torque 

measurements to investigate the strain dependence of the Fermi surface ofberyllium 

and tungsten respectively. More recently, these techniques have been employed to 

study the Fermi surface of composites (Sirenko et al., 2009). 

So far the investigations of the stress and strain dependence of the Fermi surface 

have been carried out on moderately deformed crystals within the elastic strain 
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limit. To satisfy conditions for the occurrence of dHvA effect, the experiments 

have to be performed on very pure samples, in a very strong magnetic field and at 

very low temperatures so that (Lifshitz et al., 1973) 

I» RB, (5.la) 

EF » nwc » KBT, (5.lb) 

where I is the mean free path of conduction electrons and RB the radius of the 

conduction electron orbits in the field. Other constants in equation (5.1) are defined 

in earlier chapters. However, as we mentioned before, dislocations exists in almost 

every real crystal and their existence introduces a permanent strain and elastic stress 

fields inside the crystal. Consequently, the Fermi surface of dislocated crystals 

will be distorted and the degree of topological distortion of the Fermi surface may 

depends upon amount of deformation and the density of dislocations that are stored 

in the lattice. The effect may be more apparent than that observed in elastically 

deformed crystals. In this sense, the investigation of the distortion of the Fermi 

surface of plastically deformed crystals is significant from both fundamental and 

practical point of view. 

The requirement for the purity of the samples to observe the dHv A effect, i.e. 

equation (5.la) is equivalent to condition (3.37). In chapter 7, we will discuss the 

limits for the density of dislocations stored in the samples that need to satisfy condi

tion (3.37) in order to observe galvanomagnetic properties of deformed samples in 

the presence of the magnetic field B = 9 Tesla. If the sample is deformed to a strain 

of 2"' 4% percent, the density of dislocations produced in the deformed sample is 
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approximately about 1010 / cm2, therefore, the condition (3.37) will be satisfied if 

the applied field is 9 Tesla . This means that the dHvA effect in such deformed 

samples should exhibit an appreciable signal, which can easily be detected. 

In the present work we will investigate the distortion of the Fermi surface of 

plastically deformed copper single crystal by measuring the dHvA oscillatory fre

quency of the magnetic torque in the presence of a magnetic field B. The following 

is the basic theory of the dHvA effect. 

5.2 Theory of the dHv A Effect 

5.2.1 Free Electron in a Magnetic Field 

The dHvA effect is the direct consequence of quantization of electron motion in a 

magnetic field which has to be discussed in the framework of quantum mechanics. 

Consider a simple case: free electrons moving in a uniform magnetic field ii along 

z-direction. The Hamiltonian is 

(5.2) 

where p is the canonical momentum of the electron and the vector potential in the 

Landau gauge is A= (-yB, 0, 0) which satisfies the relation 

(5.3) 

97 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

Under the Landau gauge, Schrodinger's equation for electron wave function 

'P(r) satisfies 

£'¥(r) = 2~ [(fix+ eBy) 2 +p; +fJ;] 'P(r) = e'P(r), (5.4) 

where canonical momentum operator Pi is defined as 

A ri a 
Pi=-:- (5.5) 

z ari 

and satisfies the commutation relation 

(5.6) 

since the only explicit position dependence in equation (5.4) is through they coor

dinate, we expect the solution to have the form 

(5.7) 

Substituting equation (5.5) in equation (5.4) and noticing the fact that 'P(r) is the 

eigenfunction for operators Px and pz, i.e. 

fJx'P(r) = nkx'P(r), (5.8a) 

fJz'P(r) = nkz'P(r), (5.8b) 
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hence, we obtain 

(5.9) 

or specifically 

1i2 ()2 1 ] 1i2k2 
- 2m ()y2 + 2m (1ikx +eBy)2 cp(y) = (e- 2mz )</J(y). (5.10)[ 

Let 
eB fikx 

We=-, (5.11) 
m Yo= - eB' 

Equation (5.10) can be simplified as 

fi2 ()2 m 2 2] I- - - + -w (y - Yo) </J (y) = e </J (y) (5.12)[ 2mdy2 2 e 

which is similar to the Schrodinger's equation for one dimensional harmonic os

cillator centered at Yo with angular frequency We. The solution to the harmonic 

oscillator is well known and its eigenfunction is 

fl (mwc) 1/4 ~( )2 [ jmW; ]<Pn(Y-Yo)=y~ nli e- 2,, y-yo Hn y-,;-(y-yo) ,(n=0,1,2, ... ) 

(5.13) 

where functions Hn(x) are the Hermite polynomials. The corresponding eigenval

ues are 

(5.14) 

99 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

Subsequently, the energy levels for equation (5.4) can be expressed as 

(n=0,1,2, ... ) (5.15) 

which is characterized by two quantum numbers, n and kz. 

Equation (5.15) clearly indicates the energy of electron movement in z-direction 

is 1i2ki /2m which is unaffected by the magnetic field because of Lorentz force 

having no component along B. However, the energy of electron cyclotron move

ment on the plane perpendicular to the magnetic field is quantized, which would 

be 1i2 (k; +k;) /2m without the magnetic field. The step between the neighboring 

energy levels is uniform and equal to liwc. Such phenomenon is called orbit quan

tization and the discrete energy levels denoted by equation (5.15) are known as 

Landau levels. 

One point worthy to emphasize is that equation ( 5 .15) is deduced in free-electron 

approximation. In a crystal, an electron moves in a potential V(r) which is a peri

odic function of Bravais lattice of the crystal. In the presence of the magnetic field 

B, the Hamiltonian will be 

Ye= 2~ (fi-eA) 2 +V(r). (5.16) 

Unfortunately, exactly solving the corresponding Schrodinger's equation defined 

by the Hamiltonian (5.16) is extremely formidable. However, under effective mass 

approximation (Smith et al., 1967), the effect of the periodic potential of Bravais 

lattice on the motion of a single electron can be absorbed into electron mass which is 
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different from the free-electron mass and determined directly by the second deriva

tive of energy eigenvalue with respect to wavevector. Such electron mass is called 

the effective mass and labeled as m*. Accordingly, the equation (5.16) can be sim

plified as 

1 - - 2£=-(p-eA). (5.17)
2m* 

Equation ( 5 .17) indicates an electron in a crystal is like a free-electron but with 

the effective mass m*. Such approximation tremendously simplifies the problem 

of conduction electrons in crystals in the presence of the external fields which is 

true on the condition that the external field is sufficiently small so that the electron 

always remains in a single band. 

5.2.2 Degeneracy and Onsager's Relation 

Consider the motion of electrons in a crystalline sample with dimensions Lx x Ly x 

Lz without the field. The wave vector of a single electron is quantized under the 

periodic boundary condition and its components have the form 

(5.18) 

For a fixed kz (suppose kz = 0 for simplicity) which mathematically corresponds to 

the case of 2 dimensions, the density of states Pdos at an energy e inside an interval 

(e, e +de) on the kxky plane is 

m*LxLy 
(5.19)Pdos = 1'Cn2 
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When a uniform magnetic field B along kz-direction turns on, the cyclotron 

motion of electrons under the action of Lorentz force is quantized and the energy 

for each quantized orbital movement is determined by Landau levels (5.15) which 

are highly degenerate. The degeneracy ::IJ for each Landau level is 

LxLy
::IJ = fzwc · Pdos = 7rn eB (5.20) 

which is explicitly proportional to the magnitude of B. 

Let the number of electrons in a system be equal to Ne. Suppose that the Landau 

levels for such system are filled up to a quantum number n and all energy levels 

above n are empty when the applied field is B1, so that, 

(5.21) 

If the magnetic field decreases, the electrons start to occupy the (n + l)th Landau 

level since degeneracy for each quantized orbitals is decreasing. This leads to the 

change of the total energy of the system. With the magnetic field decreasing to B2 at 

which the exact n + 1 Landau levels are coincidently filled up and the above levels 

are empty, it can be shown that the total energy of the system changes back to the 

quantity at B = B1, and 

1 LxLy
-=(n+l)-. (5.22) 
B2 irfzNe 
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Figure 5.1: The intersections of Landau tubes with the spherical Fermi surface indicate the 
quantized electron orbitals on the planes perpendicular to the field 

Subtracting equation (5.21) from equation (5.22) gives 

(5.23) 

where 9 is the period of the dHvA oscillation in s-1(Tesza- 1) and SF is the cross 

section area (Fermi circle area) and defined by 

(5.24) 

If kz is not fixed, the electrons can move freely along the field direction and their 

energies are determined by equation (5.15). Subsequently, electron states will lie 
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on the Landau tubes and the intersection of each tube with the Fermi surface gives 

a quantized orbit on the planes perpendicular to the field. Figure 5.1 is a schematic 

illustration of Landau tubes for spherical Fermi surface. It can be shown that the 

density of states of n-th Landau subband per unit volume ~ is 

(5.25) 

and the total density of states per unit volume is given by summing over all occupied 

Landau levels 

(5.26) 

where integer nmax is defined by 

(5.27) 

Similar to the 2-dimensional case, when the magnitude of the magnetic field 

decreases, the electron states accommodated in each Landau subband will also de

crease and some electrons will transfer to the new higher Landau level because the 

total number of electrons is unchanged. This will lead to the oscillations of the total 

energy of the system. The main contribution to the oscillation of the total energy is 

from the electrons moving along the extremal orbitals while the contributions from 

electrons moving along the nonextremal orbitals are canceled out because of phase 

cancellation (Kittel, 1986). The oscillatory period is also determined by equation 

(5.23) but SF is the extremal cross section area on the planes perpendicular to the 
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B <100> 


B < 111 > 


Belly normal Neck 
to <100> 

Belly normal 

To < 111 > 


Figure 5.2: The Fermi surface of copper in a single zone with a neck connecting to an 
adjacent zone. Three extremal orbits (one neck and two different belly orbits) are indicated 
for ii along < 111 > and < 100 > directions respectively. 

field direction and satisfies by the condition 

(5 .28) 

Equation (5.23) is the so-called Onsager relation. Besides the total energy, any 

physical quantity of a metal which is related to the motion of electrons such as elec

trical resistivity, magnetic susceptibility, heat capacity, thermal conductivity etc., 

will also oscillate as the magnetic field is varied. 

105 




PhD Thesis-Qiuping Bian- McMaster University- Materials Science and Engineering 2010 

B<100> 
® 

Figure 5.3: The Fermi surface of copper in extended zone scheme. The extremal hole orbit 
(four-cornered rosette) is indicated as Btilts in < 100 > direction. 

5.2.3 Extremal Orbits and Oscillatory Frequencies in Copper 

In chapter 3, we have discussed the form of the Fermi surface of copper: a dis

to1ted sphere jointed by eight necks on the < 111 > faces of the Brillouin zone. 

It is straightforward to obtain extremal orbits for electrons in such a simple model. 

Figures 5.2, 5.3 and 5.4 show schematically the extremal orbits normal to high sym

me try directions ( < 100 >, < 110 > and < 111 > ) which are the focus of the most 

experimental studies. 

So far much effort has been made to measure the dHvA oscillatory frequencies 

to determine the Fermi surface of metals and metallic compounds through the On
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B<llO> 

0 

Dog-bone 

Figure 5.4: The Fermi surface of copper in extended zone scheme. The extremal hole orbit 
(dogs-bone) is indicated as Btilts in < 110 > direction. 

sager relation. The first systematic studies of the dHvA effect in copper were carried 

out by Schoenberg (Shoenberg, 1959). Other scientists who also contributed to this 

research area are listed in table 5 .1. 

Table 5.1: de Hass-van Alphen frequencies in copper (all in units of 103 G). A (Jan & 
Templeton, 1966), B (O'Sullivan & Schirber, 1967, 1968), C (Halse, 1969),D (Lee, 1969), 
E (Coleridge et al., 1971) 

< 111 > < 100 > < 110 > 


Belly Neck Belly Rosette Dog-bone 

A 580900±600 21740±20 

B 581400±600 21770± 20 599800±600 246200± 300 251400±300 

c 580700 21735 599400 245900 250800 

D 581010±600 21747 ± 20 599600± 100 246210±50 251000± 200 

E 580730± 10 21737.6±0.4 599550 ± 10 246040± 10 250965 ± 10 

It should be emphasized that the oscillatory frequencies obtained by different 
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researchers and listed in the table 5.1 are very close to each other, a difference is of 

the order of 10-3. These values are considered in the literature as highly reliable. 

The specimens which were used in these measurements were of the highest purity 

available, with resistivity ratio RR close to 104 or higher. Therefore, the frequencies 

listed in the table 5.1 can be used as a benchmark against which our results can be 

compared. 
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Chapter 6 

Objective of the Thesis 

The objective of the thesis is to develop a better understanding of the effect of 

dislocation substructure on galvanomagnetic properties of copper single crystals 

and to investigate the distortion of the Fermi surface of copper produced by the 

presence of dislocations. 

The objectives will be accomplished by both theoretical and experimental ef

forts which include: 

- systematic studies of the effect of the type, density and dislocation distribution 

on the galvanomagnetic properties of deformed samples, by means of magnetore

sistance measurements 

- studies of the distortion of the Fermi surface due to dislocations by means of 

de Haas-van Alphen experiments 

- modeling the transverse magnetoresistivity using mean field theory. 
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The remaining part of the thesis consists of four chapters: the next chapter 

(7) introduces the experimental techniques used in this work including sample de

formation experiments, magnetoresistance and de Hass-van Alphen measurements. 

Chapter 8 presents the experimental results and provides the discussion of the re

sults. Chapter 9 deals with theoretical modeling of the field-dependent and angular 

dependent transverse magnetoresistance for deformed samples with different den

sity of dislocations. Chapter l 0 provides summary and conclusions arising from 

this work. 
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Chapter 7 

Experimental Procedures 

7.1 Materials and Deformation Procedure 

Copper single crystals in the form of rectangular prism with dimensions 3mm x 

3mm x 65mm were grown by a modified Bridgeman technique from 99.9995% cop

per in split graphite moulds from pre-oriented nucleus (Niewczas et al., 2001). The 

crystallographic orientation of the samples was veryfied by Laue method. One 

crystal had the initial crystallographic orientations of the tensile axis along [541] 

and two mutually perpendicular lateral faces oriented parallel to ( 123) and ( 1 Ii) 

plane. The other crystal had the initial crystallographic orientations of the tensile 

axis along [100] and two mutually perpendicular lateral faces oriented parallel to 

( 0 II) and ( 01 I) plane. The crystals were deformed in tension with an initial strain 

rate of 1.7 x 10-4s- 1 to different deformation stages at temperature of 78K. A 
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Figure 7.1: Picture of the equipment for sample deformation 

bath of liquid nitrogen was used to maintain a temperature of 78K during deforma

tion and data for load and extension of the sample were acquired and stored in a 

pc-computer. The density of dislocations in the deformed samples was controlled 

by deforming the same orientation of the single crystals to different strains. Af

ter desired amount of deformation, the part of deformed crystal was spark-cut and 

subjected to all characterization. The remaining part of the crystal was re-mounted 

and deformed further to induce higher density of dislocations. The procedure was 

repeated after subsequent deformation to obtain samples with higher dislocations 

density for further studies. The dislocation rnicrostructures of deformed copper 

single crystals were discussed in chapter 2. Figure 7 .1 shows the tensile tester 

equipped with a cryostat used in deformation experiments. 
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Figure 7.2: Picture of the equipment for sample sectioning 

7.2 Sample Sectioning 

For the measurements of electrical and magnetic properties, smaller size samples 

were prepared from deformed single crystals. Spark cutter (Figure 7 .2) was used to 

cut the deformed crystals into different geometries to meet different experimental 

requirements. For the measurements of de Haas-van Alphen effect by torque mag

netometry, the sample size of dimensions I .Smm x I .Smm x O.Smm was used. For 

magnetoresistivity and Hall effect measurements, the sample dimensions was about 

2.0mm x 2.0mm x 20.0mm. To remove damage by spark-cutting all cut samples 

were chemically polished on a cloth with Mitchell solution consisting of supersat

urated solution of CuC12 in HCl. 
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7 .3 	 Dislocation Density in Magneto resistivity Measure

ments 

It was discussed in Chapter 3 that, in order to measure the change of resistance of 

the sample in the magnetic field, the field has to be strong enough to bend electron 

orbits appreciably. Hence, it is important to estimate the necessary conditions for 

the observation of a measurable magnetoresistance effect in copper samples with 

dislocations before performing any experiment. 

Equation (3.37 ) in chapter 3 provides the condition for strong fields. Sup

pose the applied field during magnetoresistivity measurements is 9 Tesla. After 

substituting all room temperature constants (n = 8.5 x 1028m-3; e = 1.6 x 10-19c 

and Po= 1.72 x 10-8.Qm), the equation (3.39) yields Wc't' = 0.038, which is much 

smaller than one. This means that the field of 9 Tesla is not strong enough to 

observe magnetoresistance phenomena at room temperature for copper samples. 

However, situation is quite different if measurement is carried out at the temper

ature T = 2K at which phonon vibration is suppressed. Under these conditions 

dislocations and other lattice defects are sole source of electron scattering. If we 

assume that only dislocations are present, we can write the resistivity as 

(7.1) 

where 9ld is called specific dislocation resistivity and for copper its value is approx

imately 1 x 10-25 nm3 (Watts, 1989), Nd is the density of dislocations of samples. 

Substituting equation ( 7. l) with the value of specific dislocation resistivity back 
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into equation (3.39), we have 

6.6 x 1015 
We'!=--- (7.2)

Nd 

It is clear from equation (7.2) that the saturation magnetoresistance in copper sam

ples is expected at the density of dislocations higher than 6.6 x 1015m-2 or 6.6 x 

1011 cm-2. 

All magnetoresistivity measurements have to be carried out at a low temper

atures to measure a weak scattering effects from dislocations and change of the 

resistivity under applied magnetic field. 

7 .4 	 Magnetoresistivity and de Haas-van Alphen Mea

surements 

Quantum Design Physical Property Measurement System (PPMS-9), which offers 

broad range of experimental capabilities was used in this work. The PPMS-9 Sys

tem (Figure 7.3) consists of a measurement probe with a 9 Tesla magnet and cylin

drical sample chamber of 2.Scm diameter, incorporated into a liquid helium dewar. 

The hardware is controlled by microprocessor electronic circuitry and PPMS Mul

tiVu windows-based software, which provides all functions essential for different 

measurement applications. The combination of hardware and software provides 

a versatile system which can perform highly sophisticated and accurate measure

115 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

Figure 7.3: The model PPMS-9 Physical Properties Measurement System 

ments of physical properties of materials in a temperature range from l .9K to 400K 

and a magnetic field from 0- 9 Tesla. The configuration of the system installed in 

our laboratory permits to measure broad range of electrical and magnetic properties 

as well as heat capacity of materials. 

Figure 7.4 shows the schematic view of a sample chamber. In resistivity and 

magnetoresistivity studies four-point method of measuring potential drop across 

the sample is used. In this method a known current is passed through the circuit 

and the resulting potential drop is measured by the system. Potential and current 

leads are spot welded to the samples and samples are mounted on printed-circuit 

platforms or pucks (Figure 7.5(a)). Four leads are soldered to the pads on the plat
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Outer wall of 
Sample chamber 

Contact leads 
Sample 

Sample puck 

"Keyed" bottom 
connector 

Figure 7.4: Cut away view of sample chamber. The picture is taken from web page: 
http ://www.lotoriel.de/site/ site_down/ qd_ppms_deen. pdf 

forms and then the pucks are inserted into the rotator probe (Figure 7.5(b)). The 

rotator allows to rotate samples by 360 degree around one axis of rotation. Dur

ing measurements the rotator probe is inserted into the sample chamber of PPMS-9 

system. To eliminate Thermal Electromotive Force (EMF), the current is reversed 

many times and the average of potential drops in both directions is calculated. In 

all resistivity and magnetoresistivity measurements the current was lOOmA and 100 

reversals per each measurement point was used, giving accuracy of resistivity better 

than 1 %. Magnetoresistivity masurements were done under a magnetic field of 9 

Tesla. 
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(a) Pucks for torque (left) and resistivity (right) measurement 

(b) Horizontal and vertical sample rotator probe 


Figure 7.5 : Pictures for sample pucks and rotator probe 


7.4.1 De Haas-van Alphen Effect 

The magnetization Mof metals in the magnetic field can be obtained by calculating 

the thermodynamic potential n 

Q = -KsT[.ln[l +e(µ-ea )/KnTJ (7.3) 
a 

where the summation runs over all quantum states, and then using the relation 

- an 
M=-~. (7.4)

CJB 
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Lifshitz et al., (Lifshitz & Kosevich, 1956) first derived an expression for the oscil

latory magnetization given by 

= - ./iT (en) 3/2 a I(J2SF 1-1;2
M B1;2 ir EsF ak2 

a z a 

( 2ir2Tm*) (sa;,, ir) (nm*) (7.5)exp - 1ieB sin :B ± 4 cos me , 

where the summation extends over all cross section areas of the Fermi surface, and 

the phase is taken -7r/4 if asF/akz > 0 and 7r/4 if asF/akz < 0. The period 

of the magnetization oscillation (or intervals between the zeros of the function) 

is determined by the extremal cross section of the Fermi surface, as per equation 

(5.23). 

One of the most popular methods to determine the dHv A oscillatory frequency 

is torque measurement, which relies on the phenomenon that metallic samples in 

an external magnetic field are magnetized and then they interact with the magnetic 

field. Consequently, there is a torque !/ acting on the sample, which depends on 

the intensity of the magnetic field: 

(7.6) 

where Vis the sample volume. Equation (7.6) indicates that !Y has the same oscil

latory features as magnetization M. Accordingly, the dHvA oscillatory frequency 

can be determined by measuring torque as a function of the magnetic field, plot

ting torque as a function of the inverse of the field (1 / B) and then making Fourier 

transform of this data to obtain the oscillatory frequency. The following describes 
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Figure 7.6: Schematic diagram of the torque-lever chip. The two legs of the chip connect 
with two piezoresistor grids which is incorporated into an integrated wheatstone bridge 
circuit 

sample preparation and measurements of dHvA effect. 

7.4.2 Oscillatory Magnetization and Torque Measurements 

Deformed or undeformed single crystals are spark-cut into the small samples of 

dimensions: l .5mm x l .5mm x 0.5mm. To remove spark damage the samples are 

chemically polished in Mitchell solution in the same way as samples for magne

toresistivity measurements, described in chapter 7 .2. 

For torque measurements, the samples are mounted on the torque-lever chip, 

which is subsequently placed into the rotator probe and inserted to the system. 
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To probe magnetic moment of the sample, the torque-lever chip utilizes a high

sensitivity detection circuit in a Wheatstone bridge configuration through the piezore

sistor paths connecting with the two legs of the chip. Figure 7 .6 is a schematic 

diagram of the components on the torque-lever chip. When a magnetic field is ap

plied to the sample, the torque lever twists inducing the resistance change in each 

leg. The change in the resistance of the piezoresistive path is precisely measured 

with the Wheatstone bridge, by the electronic circuitry. For angle-dependent torque 

measurement, the applied field is fixed at B = 9 Tesla and the sample is rotated 

around one axis and the torque is measured every 2 degree in a range of rotation 

angles 0 - 360 deg. For field-dependent torque measurements, the position of the 

sample is fixed and the field is increased from 8.5 to 8.6 Tesla with a step of 2 

Gauss. The torque versus magnetic field characteristics are subsequently processed 

using external software to obtain dHvA oscillatory frequencies. 
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Chapter 8 

Experimental Results and Discussion 

8.1 	 Plastic Deformations of Single Crystals and Dis

location Density Measurements 

To examine the effect of dislocation density and substructure on magnetoresistivity, 

two orientations of copper single crystal samples were deformed in tension at 78K, 

using the following procedure. A small sample of about 1.5cm in length was spark

cut from a virgin copper single crystal with initial length of about 7 cm. The cut 

sample was subjected subsequently to full characterization and through this thesis 

is denoted as undeformed material. The larger virgin crystal, termed parent sample, 

was mounted to the tensile tester and deformed at 78K by few percent of strain. 

From deformed crystal a smaller sample of about l .5cm in length was spark-cut 

and used for measurements of resistivity and magnetoresistivity. Parent sample 
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Cut after defonn ion 

Pure Single Crystal 

Figure 8.1: Samples are obtained from the same single crystal deformed to different stress 
levels, by cutting part of deformed crystal. 

was deformed to the next stress level at 78K and the next smaller piece of sample 

was spark-cut to obtain a sample with higher dislocation density. The procedure 

was repeated few times to obtain the samples with different dislocation density for 

magnetoresistivity studies. Figure 8.1 illustrates schematically the sectioning of the 

crystal to obtain series of deformed samples. 

With the above method, six samples were obtained for analysis; three from 733B 

crystal with initial orientation of the tensile axis along [100] and three from 749A 

crystal with initial orientation of the tensile axis along [541]. In the subsequent 

part of the thesis these samples are denoted as 733Bl < 100 >, 733B2 < 100 >, 

733B3 < 100 >, 749Al < 541 >, 749A2 < 541>and749A3 < 541 >.The dimen

sion of samples used in magnetoresistivity measurements was 2mm x 2mm x 15mm. 
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z 

Sample E 

y 

Figure 8.2: Samples rotate along y-axis in the magnetic field fixed in z-axis but the electrical 
current rotates with samples 

733Bl < 100 > and 749Al < 541 > denote undeformed samples. Two other sin

gle crystal samples grown in the same melt, 733C < 100 > and 700H < 541 > 

respectively, were deformed to large strains to obtain samples with highest dislo

cation density. In every experiment, the crystallographic orientation of the samples 

was controlled by Laue and EBSD methods. Table 8.1 gives the orientation of the 

samples defined with respect to the coordinate system shown in Figure 8.2. 

Figures 8.3 and 8.4 shows stress-strain characteristics of [100] and [541] single 

crystals deformed at 78K to larger stresses. It is seen that the flow stress in sam

pies with crystallographic orientation of the tensile axis along < 100 > increases 

faster than those along < 541 > i.e. the work hardening of < 100 > orientation 

is larger than < 541 > crystal. This is because < 100 > orientation deforms by 
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Figure 8.3: Strain-stress characteristic of < 100 > single crystal deformed at 78K. The 
arrows point to the deformation stages of the specimens used in studies of the magnetic and 
electrical properties. 

many non-coplanar slip system, activated right from the beginning of deformation 

causing the dislocations of these slip systems to intersect each other in the pro

cess called forest hardening. On the other hand, sample with the orientation of the 

tensile axis< 541 > deforms predominantly in one slip system and mobile disloca

tions do not intersect many forest dislocations, which automatically leads to lower 

work-hardening rate during the deformation (see Chapter 2.4.2). The arrows on 

the stress-strain characteristics point to the deformation stages where the samples 
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Figure 8.4: Strain-stress characteristic of < 541 > single crystal deformed at 78K. The 
arrows point to the deformation stages of the specimens used in studies of the magnetic and 
electrical properties. Inset diagram shows the details of the deformation of 749A2 sample. 

for electrical and magnetic properties were obtained. Sample 749A2 was deformed 

to stage I, sample 749A3 to the middle of stage II and sample 700H to the early 

stage III. Deformation of sample 733B2, 733B3 and 733C was carried out also to 

different stages marked in Figures 8.3 . The resulting dislocation density developed 

in particular specimen has been evaluated by measuring resistivity ratios. 

Table 8.2 list the results of the strain, stress and resistance measurements as 

well as dislocation density values in samples tested. For comparison, data for other 

single crystals deformed to higher stress levels and for copper polycrystals are in
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Table 8.1: Sample orientations determined form EBSD data 


Sample x y z 

733B1<100> [100] [175] [057] 
733B2<100> [100] [175] [057] 
733B3<100> [100] [166] [056] 
733C<100> [iOO] [052] [025] 

749A1<541> [615] [253] [111] 
749A2<541> [156] [532] [111] 
749A3<541> [352] [625] [345] 
700H<541> [263] [632] [326] 

Table 8.2: The resistivity ratio and dislocation density for samples deformed to different 
tensile stress a and strain e levels. 

Sample R298K( 10-4.0.) R2K(10-6.0.) RR Nd(1010cm-2) GT (MPa) e(lo-2) 

733B1<100> 1.396 0.335 418 4.1 
733B2<100> 0.827 0.330 251 6.8 15.6 0.63 
733B3<100> 1.083 0.714 151 11.4 211.8 17.3 
733C <100> 1.864 1.351 138 12.5 299.1 28.6 
749A1<541> 1.487 0.372 400 4.3 
749A2<541> 0.938 0.422 222 7.7 11.6 2.4 
749A3<541> 1.348 0.809 166 10.4 110.2 19.2 
?OOH <541> 2.381 2.285 104 16.5 317.0 78.4 
Poly43micron 0.894 1.341 67 25.7 636.2 124 

eluded in table 8.2. It is seen that, as expected, samples deformed to higher stresses 

exhibit smaller resistivity ratio and therefore have higher dislocation density. 
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8.2 Magnetoresistivity Results 

8.2.1 Normal Magnetoresistivity 

In the first set of experiments magnetoresistivity was measured by rotating the sam

ple around y axis, as shown in Figure 8.2. The rotation axis is placed in the center 

of the stereographic projections in Figures 8.5 and 8.6. The crystallographic ori

entations which are scanned during sample rotation are located on the great circle 

at the circumference of the stereographic projection. It is easy to make such plots 

for other sample orientations, since the crystallographic orientations for these sam

ples are known from EBSD data (see table 8.1) and therefor we omit these graphs. 

From geometry of the experimental setup it is seen that the applied current is also 

rotating with the sample during measurement i.e. the applied electrical field is nei

ther exactly parallel nor perpendicular to the fixed magnetic field. We call this 

normal magnetoresistivity or just magnetoresistivity to differentiate it from longi

tudinal and transverse magnetoresistivity discussed later in section 8.2.2. Normal 

magnetoresistivity considered in this section is much more complicated than trans

verse and longitudinal magnetoresistivity because it has both components of normal 

and parallel to the magnetic field. In this thesis we present magnetoresistivity mea

surements for samples rotating along y axis without theoretical development of this 

subject due to its substantial complexity. We also study field-dependent normal 

magnetoresistance by fixing the crystallographic orientation of the sample with re

spect to the direction of the magnetic field vector and increasing magnetic field in 

the range from 0 to 9 Tesla. 
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Figure 8.5: Standard stereographic projection around y axis placed in the center of the 
projection for sample 733B 1. Crystallographic directions parallel to the applied field during 
sample rotation, are located on the great circle on the circumference of the projection. 
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Figure 8.6: Standard stereographic projection around y axis placed in the center of the 
projection for sample 749Al. Crystallographic directions parallel to the applied field during 
sample rotation, are located on the great circle on the circumference of the projection. 
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Figures 8.7 show angular dependence of magnetoresistivity in a constant mag

netic field of 9 Tesla (Figure 8.7(a) ) and field-dependence of magnetoresistivity ( 

Figure 8.7(b) ) along field directions corresponding to high peaks marked in Figure 

8.7(a) in which electrons move on open or long extended orbits for non-deformed 

sample 733B 1 (the labels of the field orientations to high peaks in this figure or 

others thereafter are based on stereographic projection or calculation). It is clear 

from Figure 8.7(b) that the curves of field-dependence magnetoresistivity for open 

or long extended orbits show a quadratic behavior. The increase of resistivity with 

magnetic field is larger for sample orientations, which exhibit higher peaks in Fig

ure 8.7(a). 

Figures 8.8, 8.9 and 8.10 show angular and field dependence of magnetoresis

tivity for < 100 > samples 733B2, 733B3 and 733C, deformed to higher stresses, 

therefore containing higher dislocation density of randomly distributed disloca

tions, characterized by lower resistivity ratio RR. It can be seen in Figures 8.7(a), 

8.8(a), 8.9(a) and 8. lO(a) that the curves of angle-dependent magnetoresistivity for 

the samples with different density of dislocations have qualitatively similar char

acteristics. Also, it is seen that the magnitude of peaks decreases with increasing 

dislocation density in the samples (RR is smaller). The variation of magnetoresis

tivity with the field for open or long extended orbits plotted in Figures 8.7(b) and 

8.8(b), shows quadratic dependence in non-deformed or slightly deformed samples 

(flow stress equal 15.6MPa). On the other hand, the behavior of magnetoresistiv

ity for the largely deformed samples 733B3 and 733C (flow stress equal 211.8MPa 
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(a) Resistivity ratio (R(B) - R(O)) / R(O) against rotation angle around y
axis in the constant magnetic field of 9 Tesla for non-deformed sample 
733B 1. The crystallographic orientation of the sample parallel to the mag
netic field is marked in the figure for selected rotation angles . 
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(b) Resistivity ratio as a function of the magnetic field for non-deformed 
sample 733B 1. Each curve corresponds to the different orientation of the 
sample parallel to the magnetic field, marked in Figure 8.7(a) and the elec
trical field has a constant angle with the magnetic field in each measure
ment. 

Figure 8.7: Magnetoresistivity characteristics for non-deformed sample 733B 1 in y-axis 
rotation in the magnetic field. 
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(a) Resistivity ratio (R(B)- R(O)) / R(O) against rotation angle around y
axis in the constant magnetic field of 9 Tesla for 733B2 sample deformed 
to 15.6 MPa. The crystallographic orientation of the sample parallel to the 
magnetic field is marked in the figure for selected rotation angles. 
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(b) Resistivity ratio as a function of the magnetic fie ld for 733B2 sample 
deformed to 15.6 MPa. Each curve corresponds to the different orienta
tion of the sample parallel to the magnetic field, marked in Figure 8.8(a). 
The electrical field has a constant angle with the magnetic field in each 
measurement. 

Figure 8.8: Magnetoresistivity characteristics for 733B2 sample deformed to 15.6 M Pa, in 
y-axis rotation in the magnetic field. 
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(a) Resistivity ratio (R(B) - R(O) )/ R(O) against rotation angle around y
axis in the constant magnetic field of 9 Tesla for 733B3 sample deformed 
to 211.8 MPa. The crystallographic orientation of the sample parallel to 
the magnetic field is marked in the figure for selected rotation angles. 
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(b) Resistivity ratio as a function of the magnetic field for 733B3 sample 
deformed to 211.8 MPa. Each curve corresponds to the different orienta
tion of the sample parallel to the magnetic field, marked in Figure 8.9(a). 
The electrical field has a constant angle with the magnetic field in each 
measurement. 

Figure 8.9: Magnetoresistivity characteristics for 733B3 sample deformed to 211.8 MPa, 
in y-axis rotation in the magnetic field. 
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(a) Resistivity ratio (R(B) - R(O))/R(O) against rotation angle around y
axis in the constant magnetic field of9 Tesla for 733C sample deformed to 
299 .1 MPa. The crystallographic orientation of the sample parallel to the 
magnetic field is marked in the figure for selected rotation angles. 
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(b) Resistivity ratio as a function of the magnetic field for 733C sample 
deformed to 299 .1 MPa. Each curve corresponds to the different orienta
tion of the sample parallel to the magnetic field, marked in Figure 8. lO(a). 
The electrical field has a constant angle with the magnetic field in each 
measurement. 

Figure 8.10: Magnetoresistivity characteristics for 733C sample deformed to 299.1 M Pa, 
in y-axis rotation in the magnetic field . 
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and 299.lMPa respectively) is more like linear at the high fields, as demonstrated 

in Figures 8.9(b) and 8.IO(b). 

For another type of dislocations that are induced in samples 749Al, 749A2, 

749A3 and 700H by straining single crystals along < 541 > crystallographic ori

entation of the tensile axis, similar behavior of magnetoresistivity, as in crystals 

733B's oriented along< 100 >,is observed. The angular dependence of magne

toresistivity exhibits similar pick pattern at the position of open or long extended 

orbits and the magnitude of peaks is reduced as the resistivity ratio RR decreases 

(see Figures 8.ll(a), 8.12(a), 8.13(a) and 8.14(a)). The variation of magnetoresis

tivity with the field is quadratic for non-deformed and slightly deformed samples 

(Figure 8.ll(b) and 8.12(b) ), and almost linear at the high fields for largely de

formed samples (Figures 8.13(b) and 8.14(b)). 

In all magnetoresistivity measurements as the samples rotate around y-axis, we 

have not observed appreciable difference in the form and character of the magne

toresistivity and field-dependent magnetoresistivity data between two crystal ori

entations, < 541 > and < 100 >. This suggest that magnetoresistivity properties 

depend strongly upon the density of dislocations but not on the type of dislocation 

substructure accumulated in the sample. 
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(a) Resistivity ratio (R(B) - R(O) )/ R(O) against rotation angle around y
axis in the constant magnetic field of 9 Tesla for non-deformed sample 
749Al. The crystallographic orientation of the sample parallel to the mag
netic field is marked in the figure for selected rotation angles. 
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(b) Resistivity ratio as a function of the magnetic field for non-deformed 
sample 749A I. Each curve corresponds to the different orientation of the 
sample parallel to the magnetic field, marked in Figure 8.11 (a). The electri
cal field has a constant angle with the magnetic field in each measurement. 

Figure 8.11: Magnetoresistivity characteristics for non-deformed sample 749Al in y-axis 
rotation in the magnetic field. 
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(b) Resistivity ratio as a function of the magnetic field for sample 749A2 
deformed to 11.6 MPa . Each curve corresponds to the different orienta
tion of the sample parallel to the magnetic field, marked in Figure 8. 12(a) 
and the electrical field has a constant angle with the magnetic field in each 
measurement. 

Figure 8.12: Magnetoresistivity characteristics for 749A2 sample deformed to 11.6 MPa, 
in y-axis rotation in the magnetic field. 

139 




PhD Thesis-Qiuping Bian-McMaster University- Materials Science and Engineering 2010 

10° 86° 152° 

30 


749A3<541 > 
0 ar= 110.2 MPa 25 
~ J,, 

B=9T, T=2K 

0 20 [342] [195] •I~ 
iii" 

15~ ~ ~ 
0 ••

I ~ 
II~ 10 

a:: l\ l .. ~ 
~ ·:; 
5 . . I I . . I ~ 


~ ·;;; '.;.~ ·~ J!,~>.w·""QI . ~...., -. .. 
• 

' ~ a:: 0 - • "f'i 

•so 0 50 100 150 200 250 300 350 400 

Rotation angle (Degree) 

(a) Resistivity ratio (R(B) - R(O) )/ R(O) against rotation angle around y
axis in the constant magnetic field of 9 Tesla for 749A3 sample deformed 
to 110.2 MPa. The crystallographic orientation of the sample parallel to 
the magnetic field is marked in the figure for selected rotation angles. 

20 

0 
~ 

15 

0 
~ 
iii" 10 

0.. ~ 
caa:: 

">.. ~ 
·"' ;;; 
QI 0 
a:: 

749A3<541> 

"r = 110.2M Pa 
10' (436]T=2K • r:

Jf 
;:i ... 152'['195] 
~ ...... 

A #r- Jl.'t-.,;A . 
.:r· t/\-~ 
~ ""' """'".. ,,,, 

CJ.,."".J~ 9oli11:¥-r. • • •.• 
0 20000 40000 60000 80000 100000 120000 

Magnetic Field (Deg ree) 

(b) Resistivity ratio as a function of the magnetic field for 749A3 sample 
deformed to 110.2 MPa. Each curve corresponds to the different orienta
tion of the sample parallel to the magnetic field, marked in Figure 8.13(a). 
The electrical fie ld has a constant angle with the magnetic field in each 
measurement. 

Figure 8.13: Magnetoresistivity characteristics for 749A3 sample deformed to 110.2 M Pa, 

in y-axis rotation in the magnetic field. 
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(b) Resistivity ratio as a function of the magnetic field for 700H sample 
deformed to 317 MPa. Each curve corresponds to the different orienta
tion of the sample parallel to the magnetic fie ld, marked in Figure 8.14(a) 
and the electrical field has a constant angle with the magnetic field in each 
measurement. 

Figure 8.14: Magnetoresistivity characteristics for 700H sample deformed to 317 MPa, in 
y-axis rotation in the magnetic field . 
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Figure 8.15: Geometrical setup for measurement of transverse magnetoresistance. Sam
ples rotate along x-axis in the magnetic field fixed in z-axis, which is perpendicular to the 
electrical field . 

8.2.2 Transverse Magnetoresistivity 

Transverse magnetoresistance is determined under conditions of a magnetic field 

perpendicular to electrical field. Transverse magnetoresistance was measured by 

rotating the samples around x-axis in the constant magnetic field of 9 Tesla, as 

shown in Figure 8.15. The rotation axis, x axis of the samples, is placed in the 

center of the stereographic projections in Figures 8.16 and 8.17 for samples 733B 1 

and 749Al respectively. The crystallographic orientations scanned during sample 

rotation are located on the great circle at the circumference of the stereographic 

projection. As in previous case, we studied field-dependent magnetoresistance by 

fixing the crystallographic orientation of the sample with respect to direction of 

magnetic field and increasing magnetic field in the range from 0 to 9 Tesla. 
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Figure 8.16: Standard stereographic projection around x axis placed in the center of the 
projection for sample 73381 . Crystallographic directions parallel to the applied field during 
sample rotation, are located on the great circle on the circumference of the projection. 
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Figure 8.17: Standard stereographic projection around x axis placed in the center of the 
projection for sample 749Al. Crystallographic directions parallel to the applied field during 
sample rotation, are located on the great circle on the circumference of the projection. 
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Figure 8. l 8(a) is the plot of transverse magnetoresistivity as a function of sam

ple rotation angle around < 100 > pole for sample 733B 1 (RR = 418). As seen 

in the stereographic projection 8.16 for the sample, in this set of measurements the 

magnetic field sweeps through four < 110 > and four < 100 > crystallographic di

rections in a complete 360 degree revolution of the sample. The adjacent < 110 > 

or < 100 > directions are spaced by 45 degrees. Electrons move on closed orbits 

when the sample rotates to the position in which the field is along < 110 > and/or 

< 100 > crystallographic directions (see Figure 3.7). Eight < 013 > directions also 

correspond to closed-orbit orientation and are also spaced by 45 degree from each 

other. They are separated by < 110 > and/or < 100 > closed orbit directions (Fig

ure 8. l 8(a)). Consequently, magnetoresistivity will have minimum values at the 

rotation angles corresponding exactly to < 100 > , < 110 > and < 013 > . It is seen 

in Figure 8.18(a) that each lowest point marking exact orientation of the closed orbit 

is associated with two peaks corresponding to open or long extend orbits when the 

sample orientation deviates in both sides slightly from exact position of the closed 

orbit. This experimental observation is in agreement with the statement that if the 

magnetic field continuously deviates from the closed-orbit orientation, the electron 

orbit will smoothly change to extended or open orbits (Abrikosov, 1972; Lifshitz 

et al. , 1973). Therefore, there are totally sixteen peaks in a 360-degree rotation of 

the sample around < 100 > pole, associated with sixteen < 110 >, < 100 > and 

< 013 > orientations parallel to the magnetic field to cause closed-orbits. Figure 

8.18(a) displays such features, consistent with experimental observations made by 

other researchers (Klauder et al., 1966). 
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(b) Resistivity ratio as a function of the magnetic field for non-deformed 
sample 733B 1. Each curve corresponds to the different orientation of the 
sample parallel to the magnetic field, marked in Figure 8. l 8(a) and the 
electrical field is perpendicular to the magnetic field in each measurement. 

Figure 8.18: Transverse magnetoresistivity characteristics for non-deformed sample 733B I 
in x-axis rotation in the magnetic field . 
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Figure 8.18(b) is the plot of field-dependent transverse magnetoresistivity for 

open or long extended orbits and for closed orbits corresponding to rotation angles 

labeled in Figure 8.18(a). It is seen that magnetoresistivity versus the field has a 

quadratic behavior for open or long extended orbits and linear for closed orbits. 

Figures 8.19, 8.20 and 8.21 show angle and field-dependent transverse mag

netoresistivity for < 100 > samples; 733B2 (RR= 251), 733B3 (RR= 151) and 

733C (RR = 138) deformed to larger strains. It can be seen by comparison of Fig

ures 8.18(a), 8.19(a), 8.20(a) and 8.21(a) that dislocations induced in the samples 

substantially reduce magnetoresistivity for open or long extended orbits. For the 

strongly deformed samples 733B3 and 733C, the high and sharp peaks disappear, 

instead smooth and fiat curves are observed. It is interesting to note that the troughs 

corresponding to closed orbits still remain for the magnetic field oriented along 

< 100 > and < 110 > directions. In the plots of field-dependent transverse mag

netoresistivity, Figures 8.18(b) and 8.19(b) show the quadratic variation for open 

or long extended orbits. Figure 8.21(b) displays a linear change at large fields for 

highly deformed sample 733C, whereas sample 733B3 deformed to stage II and 

thus containing less dislocations than 733C sample shows behavior somewhere be

tween quadratic and linear (Figure 8.20(b)). In general, it can be concluded that 

magnetoresistivity for open or long extended orbits decreases in the samples con

taining higher content of dislocations. 
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(b) Resistivity ratio as a function of the magnetic field for 733B2 sample 
deformed to 15.6 MPa. Each curve corresponds to the different orientation 
of the sample parallel to the magnetic fi eld, marked in Figure 8. l 9(a). The 
electrical fie ld is perpendicular to the magnetic fie ld in each measurement. 

Figure 8.19: Transverse magnetoresistivity characteristics for 733B2 sample deformed to 
15.6 MPa, in x-axis rotation in the magnetic field. 
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(b) Resistivity ratio as a function of the magnetic field for sample 733B3 
deformed to 211.8 MPa. Each curve corresponds to the different orienta
tion of the sample parallel to the magnetic field, marked in Figure 8.20(a) 
and the electrical field is perpendicular to the magnetic field in each mea
surement. 

Figure 8.20: Transverse magnetoresistivity characteristics for sample 733B3 deformed to 

211 .8 M Pa, in x-axis rotation in the magnetic field. 
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(b) Resistivity ratio as a function of the magnetic field for 733C sample 
deformed to 299 .1 MPa. Each curve corresponds to the different orientation 
of the sample parallel to the magnetic field , marked in Figure 8.21 (a). The 
electrical field is perpendicular to the magnetic field in each measurement. 

Figure 8.21: Transverse magnetoresistivity characteristics for 733C sample deformed to 
299. l MPa , in x-axis rotation in the magnetic field . 
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Figure 8.22: Transverse magnetoresistivity characteristics for closed orbits for sample 
733B's, 733C and poly43micron in x-axis rotation in the magnetic field. 
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with more dislocation introduced to the samples represented by decreasing value of 

resistivity ration RR, the slope of these characteristics decreases. 
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axis in the constant magnetic field of 9 Tesla for non-deformed deformed 
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(b) Resistivity ratio as a function of the magnetic field for non-deformed 
sample 749Al. Each curve corresponds to the different orientation of the 
sample parallel to the magnetic field, marked in Figure 8.23(a) and the 
electrical field is perpendicular to the magnetic field in each measurement. 

Figure 8.23: Transverse magnetoresistivity characteristics for non-deformed sample 749A 1 
in x-axis rotation in the magnetic field. 
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(a) Resistivity ratio (R(B) - R(O) )/ R(O) against rotation angle around x
axis in the constant magnetic field of 9 Tesla for 749A2 sample deformed 
to 11.6 MPa. The crystallographic orientation of the sample parallel to the 
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(b) Resistivity ratio as a function of the magnetic field for 749A2 sample 
deformed to 11.6 MPa. Each curve corresponds to the different orientation 
of the sample parallel to the magnetic field, marked in Figure 8.24(a). The 
electrical field is perpendicular to the magnetic fie ld in each measurement. 

Figure 8.24: Transverse magnetoresistivity characteristics for 749A2 sample deformed to 
11.6 MPa, in x-axis rotation in the magnetic field . 
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(b) Resistivity ratio as a function of the magnetic field for 749A3 sample 
deformed to 110.2 MPa. Each curve corresponds to the different orienta
tion of the sample parallel to the magnetic field, marked in Figure 8.25(a) 
and the electrical field is perpendicular to the magnetic field in each mea
surement. 

Figure 8.25: Transverse magnetoresistivity characteristics for 749A3 sample deformed to 
110.2 MPa, in x-axis rotation in the magnetic field. 
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(a) Resistivity ratio (R(B)- R(O))/R(O) against rotation angle around x
axis in the constant magnetic field of 9 Tesla for sample ?OOH deformed 
to 317 MPa. The crystallographic orientation of the sample parallel to the 
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(b) Resistivity ratio as a function of the magnetic field for sample ?OOH de
formed to 317 MPa. Each curve corresponds to the different orientation of 
the sample parallel to the magnetic field, marked in Figure 8.26(a) and the 
electrical field is perpendicular to the magnetic field in each measurement. 

Figure 8.26: Transverse magnetoresistivity characteristics for sample 700H deformed to 
317 MPa, in x-axis rotation in the magnetic field . 
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(b) Resistivity ratio as a function of the magnetic fie ld for polycrystalline 
sample with the grain size of 43 microns, deformed at 4K to the flow stress 
of 636.2 MPa. Each curve corresponds to the different orientation of the 
sample parallel to the magnetic field, marked in Figure 8.27(a) and the 
electrical field is perpendicular to the magnetic field in each measurement. 

Figure 8.27: Transverse magnetoresistivity characteristics for polycrystalline copper sam
ple with the grain size of 43 microns, deformed at 4K to the flow stress of 636.2 M Pa, in 
x-axis rotation in the magnetic field. 156 
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of the samples in < 541 > deformation. Consequently, high peaks occurs when the 

magnetic field is oriented close to < 111 > crystallographic direction, correspond

ing to closed orbits. It is found that the high and sharp peaks in pure or slightly de

formed samples are replaced by the smoother peaks in largely deformed samples. 

Present observations are compatible with the data published by other researchers 

(Klauder et al., 1966). Figures 8.23(b), 8.24(b), 8.25(b) and 8.26(b) reveal that 

that field-dependent transverse magnetoresistivity substantially decreases as more 

dislocations is stored in the samples, a behavior observed previously in < 100 > 

samples. A non-deformed and slightly deformed samples 749Al and 749A2 show 

a quadratic dependence of magnetoresistivity with the field, whereas a linear vari

ation at large fields is observed in highly deformed sample 700H. Similar to the 

conclusions drawn from normal magnetoresistivity data, present experiments also 

indicate that there is no difference between two types of dislocation substructure 

stored in the < 541 > and < 100 > samples on transverse magnetoresistance prop

erties. 

The transverse magnetoresistivity in all deformed samples tested in this work, 

including highly deformed samples with the tensile stress approaching 317 MPa, 

is still very anisotropic. Deformed single crystal samples have however different 

galvanomagnetic properties from deformed polycrystalline samples. As a com

parison, Figures 8.27 shows experimental data for highly deformed polycrystalline 

sample, where a large and frequent oscillation of angle-dependent transverse mag

netoresistivity are observed ( Figure 8.27(a)). At the same time the samples ex

hibit a linear behavior of field-dependent transverse magnetoresistivity, but have a 

smaller constant slope for different rotation angles, which can be viewed as an ev
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idence of isotropy of transverse magnetoresistivity in polycrystalline samples (Fig

ure 8.27(b)). 
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Figure 8.28: Torque as a function of rotation angle for non-deformed sample 733F mea
sured at a constant magnetic field B = 9 Tesla and at temperature T = 2K. Rotation axis is 
along< IOI>. 

8.3 De Haas-van Alphen Results 

Figures 8.28, 8.29, 8.30 and 8.31 show torque versus rotation angle characteristics 

for a non-deformed crystal and the crystals deformed to stress level of 3.34 MPa, 

299.1 MPa and 317 MPa, respectively, measured at a constant magnetic field of 9 

Tesla. In general, all figures display a sinusoidal variation of torque with rotation 

angle as described by equation 7.6. However, Figures 8.28 and 8.29 reveal strong 

quantum oscillations of the torque observed at < 111 > orientations corresponding 

to the sample position in which closed orbits occur. On the other hand, Figures 
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Figure 8.29: Torque as a function of rotation angle for < 541 > sample 700C, deformed to 
3.34 MPa, measured at a constant magnetic field B = 9 Tesla and at temperature T = 2K. 
Rotation axis is along < 10I >. 

8.30 and 8.31 show a smooth change of torque as a function of rotation angle, 

indicating that quantum oscillations disappear in largely deformed samples. Such 

observation is consistent with theoretical prediction that more defects in the sample, 

corresponding to smaller relaxation time or mean free path, will make quantum 

phenomena disappeared. 

Here we follow the discussion of Chapter 5 and use free-electron approximation 

and equation (5.1) to make a quantitative estimation of the dislocation density limit 

for the occurrence of the dHvA effect in deformed samples at temperature T = 2K. 

We first consider the case of small deformations and assume that the distribution 

of dislocations in slightly deformed samples is uniform and dislocations are sepa

rated by dislocation means free path l , which can be viewed also as the mean free 
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Figure 8.30: Torque as a function of rotation angle for < 100 > sample 733C, deformed to 
299. l MPa, measured at a constant magnetic field B = 9 Tesla and at temperature T = 2K. 
Rotation axis is along < 101 > direction 

path of electrons scattered on dislocations. To observe the dHvA effect in samples 

with dislocations requires that electron cyclotron movements in the magnetic field 

be within the dislocation-free area, without reaching the boundaries , otherwise the 

dH v A quantum effect will be smeared out by electron-dislocation scattering. Figure 

8.32 shows schematically this concept: electrons circulate in the dislocation-free 

area and they might get scattered by dislocations separated by dislocation means 

free path/, if the applied magnetic field is small enough. This is because the radius 

Rs of electron circular movements is proportional to the inverse intensity of the 

applied magnetic field, which has the form 

m*v 
(8.1)Rs= eB ' 
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Figure 8.31: Torque as a function of rotation angle for < 541 > sample 700H, deformed to 
317 MPa, measured at a constant magnetic field B = 9 Tesla and at temperature T = 2K. 
Rotation axis is along < 101 > direction. 

where m* is electron effective mass; v electron velocity; e electron charge and B the 

intensity of the applied magnetic field. 

Replacing v in equation (8.1) by the average electron velocity equal to electron 

mean free path l over relaxation time 't", we can write the ratio of electron mean free 

path over the radius of electron circular movements as 

l 1 B 
---- x - (8.2)
Rs - ne9\d Nd ' 

where n, 9\d , and Nd are electron density, specific resistivity of and density of dis

locations respectively. Substituting the physical constants into equation (8.2), we 

162 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

C}rcu!ar mi;ivement 
of el~ctrons 

Figure 8.32: Schematic illustration of circular movements of conduction electrons in the 
dislocation-free area of a sample having a uniform distribution of dislocations. The radius 
Rs of the circle increases as the applied field decreases and the electrons moving on the 
blue dash circle are scattered by dislocations, if the applied field is small enough. 

obtain 

-
l 

= 7.35 x 1014 x -
B 

. (8.3)
Rs Nd 

According to equation (5.1 ), the ratio i{ must be much larger than one in order 
8 

to observe the dHvA effect in copper samples containing dislocations. If the applied 

magnetic field is 9 Tesla and ) ratio is 10, to satisfy the condition of equation (5.1) 
8 

and to be able to observe the dHvA quantum effect in deformed samples, the max

imum density of dislocations in the samples is 6.6 x 1014m-2 or 6.6 x 1010cm- . 

This corresponds to a small deformation of a few percent. The estimation of the 

maximum dislocation density for the occurrence of dHvA quantum effect, although 
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very rough, agrees well with experimental observations (Figure 8.28 and 8.29). 

For samples deformed into stage II and III, the dislocation substructure is char

acterized by the formation of cell substructure, with high dislocation density in cell 

boundaries (or cell walls) and lower dislocation density in cell interiors (e.g. Figures 

2.12, 2.13, 2.15 and 2.16). The experimental observations show that the average cell 

size is temperature dependent and in samples deformed at T = 78K to stage II, the 

cell size is approximately 0.7 x 10-6m (Niewczas, 2002). If we take the velocity of 

conduction electrons in copper samples as Fermi velocity, which is 1.57 x 106m/ s 

(Ashcroft & Mermin, 1976), and the intensity of the magnetic field as 9 Tesla, we 

can easily find from equation (8.1) that Rs ~ 1.0 x 10-6m, which is larger than 

the average cell size in highly deformed samples. Additionally, as the deformation 

increases more dislocations is stored in the cell interiors (Niewczas, 2002). This 

means that conduction electrons in largely deformed samples will be constantly 

scattered by dislocation walls or by dislocations stored in the cell interiors and the 

electrons will not be able to develop circular movements, even in the field of 9 

Tesla. Consequently, the dHvA quantum effect will disappear in samples contain

ing higher dislocation densities. Figure 8.33 depicts schematically the movement of 

conduction electrons in the sample containing dislocation cell substructure, under 

condition of the magnetic field applied perpendicular to the plane of the paper. In

stead of cyclotron movement (red dash circle with radius Rs), conduction electrons 

will be constantly scattered by dislocations located in the walls or cell interiors and 

presumably will move along random arcs trajectories, shown schematically by the 

solid red lines in Figure 8.33. Thus, it is expected that the dHvA effect in largely 

deformed sample such as 733C containing approximately 1.25 x 1011 cm-2 dislo
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Figure 8.33: Schematic illustration of a paths of conduction electrons moving in a highly 
deformed sample containing dislocation cell structure. The red dash circle with radius R8 

show electron cyclotron trajectory in the applied magnetic field coinciding with the size of 
dislocation cell boundaries. The red solid lines show the paths of conduction electrons in 
the magnetic field caused by constant electron-dislocation scattering. 

cation density and in sample 700H containing 1.65 x 1011 cm- 2 dislocations will 

be smoothed out. This conclusion is consistent with experimental results shown in 

Figure 8.30 and 8.31. Therefore, our experimental efforts will focus on studying the 

dHvA effect in slightly deformed sample 700C and comparing its behavior against 

the dHvA effect observed in undeformed samples. 

Figure 8.36(a), 8.37(a) and 8.38(a) show quantum oscillations of the torque as 

a function of the inverse magnetic field for slightly deformed sample 700C, for the 

orientation of the applied magnetic field along < 100 >, < 111 > and < 110 > 

directions respectively. Quantum oscillation frequencies are obtained by taking 
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Table 8.3: de Hass-van Alphen frequencies (in units of 103 G) in copper crystal 700C 
containing dislocations in comparison with the frequencies measured in pure, non-deformed 
samples 733F and frequencies reported in the literature 

< 111 > < 100> < 110 > 1 

Belly Neck Belly Rosette IDog-bone 

Average* ffo 


§733F 


ff10oc 


(j§733F = §733F -ffo 

<iff10oc = ff1ooc - ffo 


D§733FI ffo( 10-3) 


Dff10oc/ffo(l0- 3) 


581000 21748 599600 246100 251067 

-583926 21898 248324598899 

584483 21918 248405 248405599095 

-2926 150 -701 2224 

3483 170 -505 2305 -2662 

-5.036 -1.1706.897 8.956 

5.994 7.817 -0.842 -10.6039.366 

*:Figures in each column represent the average value of the literature data given in table 5 .1 

Fourier transform of the torque versus the inverse magnetic field for a given ori

entation of the sample with respect to applied magnetic field, as shown in Figures 

8.36(b), 8.37(b) and 8.38(b). Figure 8.34 and 8.35 are the same plots of quantum 

oscillations of the torque against the inversed magnetic field and their Fourier trans

formation for non-deformed sample 733F. The analysis of these data is provided in 

the next section. 
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8.4 Data Analysis 

Table 8.3 shows the dHvA frequency§ of the extremal orbits normal to high sym

metry directions in non-deformed sample 733F and slightly deformed sample 700C. 

For comparison, table 8.3 also lists the average value of oscillation frequencies § 0 

for very pure copper single crystal samples (label 'O' denotes the state of sam

ples without applied stress, measured by other researchers and given in table 5. I). 

We take these figures as benchmark values with which the results obtained in this 

work are compared. It is straightforward to calculate the ratio of frequency differ

ence §" - .f/o over the benchmark values .YJ"o for each extremal orbit. Through the 

Onsager relation such ratio corresponds to the percent changes of extremal cross

section area of the Fermi surface normal to the applied field direction which is 

caused by other defects in non-deformed sample 733F or the stress field produced 

by dislocations present in slightly deformed sample 700C. The results in table 8.3 

show quantitatively that the extremal cross section areas of the neck orbit, four

comered rosette and belly orbits normal to < 111 > are expanded with different 

ratios while the area of the extremal orbits of dogbone normal to < 100 > are re

duced. However, the area change (especially the sign) with density of defects in 

samples for belly extremal orbits normal to < 100 > can not be determined and this 

is because such change is too small to be measured in our present PPMS system. 

It is clear that the dogbone and four-cornered rosette orbits have larger ratio of the 

change of the cross section area than the other orbits and this may be explained by 

the fact that these two extremal orbits are connected with four necks and each neck 

has the same contribution to the area change. 
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Based on the above analysis, the contour of deformed Fermi surface can be 

qualitatively postulated. Figure 8.38(a) and 8.38(b) show schematically the change 

of the dogbone and four cornered rosette orbits due to the strain field inside the 

dislocated copper sample. Figure 8.41 is a schematic sketch of the distortion of 

the Fermi surface in one Brillouin zone and the red solid curves represent the two 

extremal belly orbits. The belly orbit normal to < 100 > has a small negative ratio 

of the area change approximately 8 parts per 10-4 while the belly orbit normal to 

< 111 > have a large positive ratio round 6 parts per 10-3, which is almost eight 

times larger than the area change ratio of belly orbit normal to< 100 >.The more 

detailed information of the distortion of Fermi surface of copper requires collection 

of a large body of dH v A oscillation frequencies along different crystallographic 

orientations of the sample, which was beyond the scope of the present work. 

It is interesting and of much significance to compare the present results of the 

dHvA oscillatory frequencies of the copper samples containing dislocations with 

dHvA frequencies observed in the samples subjected to elastic stress, as studied by 

Templeton (Templeton, 1974). Tables 8.4 and 8.5 show the effect of hydrostatic 

compressive and uniaxial tensile stress applied along the principal symmetry direc

tions on the Fermi surface of copper. The change of the cross-sectional area of the 

Fermi surface per unit stress is given by 

a1nsF OSF 1 o§ 1 
(8.4)ap = ~ 0p = §o 0p' 

where SF is the cross section area of the Fermi surface normal to the applied field 
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Table 8.4: Distortion of the Fermi surface of copper caused by hydrostatic pressure applied 
along the high symmetry directions. aInsFI ap is in units of 10-12 cm2 Idyn (Templeton, 
1974) 

< 111 > < 100> < 110 > 


Belly Neck Belly Rosette Dog-bone 

atJr 0.421±0.03 1.98 ± o.o5 o.442 ± 0.003 o.442 ± 0.003 I0.404 ± 0.002 

and p is the applied stress. 

Table 8.5: Distortion of the Fermi surface of copper caused by the uniaxial tensile stress 
applied along the high symmetry directions 

< 111 > < 100> < 110 > 


Belly Neck Belly Rosette Dog-bone 

a -0.113±0.007 6.26±0.11 -0.346±0.012 0.23±0.04 2.17±0.06 

b -0.09 ± 0.003 6.9± 1.5 -0.38 ± 0.08 0.33 ± 0.13 

c 8.8±0.8 

d 7.5±2.0 

*:a (Ruesink & Perz, 1983), b (Shoenberg & Watts, 1967), c (Slavin, 1973), d (Aron, 1972) 

From table 8.4 it is seen that compressive stress results in the expansion of the 

cross sectional area of the Fermi surface normal to the principal symmetry direc

tions. The stress derivative alnSFIap in these directions are all positive and the 

rate of expansion of the neck cross sectional area with the applied compressive 

stress is much larger than in the other directions. For the case of uniaxial tension, 

the data in table 8.5 indicate that the rate of increase of the cross section area with 

the applied tensile stress for neck orbit is still much larger than for the other or
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bits, similar to the case of hydrostatic pressure. However, a significant difference is 

that the rate of increase with tensile stress for the belly orbits normal to < 100 > 

and < 111 > directions is negative. This means that the two corresponding cross 

sectional areas shrink under the action of uniaxial tension. More surprising con

clusions emerge after comparing the data of elastically deformed samples in table 

8.5 with plastically deformed samples in table 8.3. First, the rate of increase of the 

cross sectional area is quite different in these two cases. Here we provide an esti

mation of the rate of increase of the cross section of Fermi surface for the elastically 

deformed samples at the critical state of elasticity and compare it with plastically 

deformed samples. The critical resolved shear stress to initiate dislocation glide in 

copper is 0.63 MPa (chapter 2.4.1, table 2.1). Assuming that the applied tensile 

stress is along < 100 > direction, the tensile stress (normal stress, defined also as 

the yield stress of copper) to start plastic deformation is 1.54 MPa or 1.54 x 107 

dyn/cm2 . In the case of Shoenberg and Watts (Shoenberg & Watts, 1967), such ap

plied stress will give a ratio -5.8 x 10-6 of cross sectional area change for< 100 > 

belly orbit and 5.1x10-6 for rosette orbit ( 1.54 x 107 dyn/cm2 multiplied by line 

b in table 8.5 yields the two numbers). These are much smaller than the corre

sponding figures -8.42 x 10-4 and 9.366 x 10-3 obtained in the present work for 

plastically deformed copper single crystal along < 541 > when the field orients in 

< 100 >(Table 8.3). Similar calculations for other orbits yields the same conclu

sions. Second, the rate of increase for dogbone orbit in two cases has the opposite 

sign. In plastically deformed sample, the cross sectional area for dogbone shrinks 

with relatively substantial rate but expands in elastically deformed sample with a 

relatively small rate. To understand the reasons of these differences more work 

needs to be done in this topic. 
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733F, T~2K 
Bin <100> 

1.161x10 .. 1.164x10 .. 1.167x10 .. 1.170x10 .. 1.173x10 .. 1.176x10 .. 

e·• (Gauss-') 

(a) Torque oscillations as a function of the inverse of the applied magnetic 
field, measured at temperature T = 2K and orientation of the magnetic filed 
along < 100 > . 

733F, T=2K 
B In <100> 

5.98899x1 o' (Belly<100>) 

1
2.48324x10

(Rosette)<100> 

0.0 5.0x101 1.ox101 1.sx10' 2.ox101 

dHvA frequency (Gauss) 

(b) Fourier spectrum of the torque as a function of s- 1 from Figure 8.35(a), 
at T = 2K and the magnetic field along < 100 > . The two peaks correspond 
to the dHvA oscillation frequencies of the neck and belly orbits normal to 
< 100 > direction respectively 

Figure 8.34: The dH v A effect and oscillatory frequency for non-deformed sample 733F for 
the orientation of the magnetic field along < 100 > direction. 
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1.161 x104 1.164x10_, 1.167x1 0_, 1 .170x10_, 1.173x10_, 1.176x10_, 

B" (Gauss·') 

(a) Torque oscillations as a function of the inverse of the applied magnetic 
field , measured at temperature T = 2K and orientation of the magnetic filed 
along < 111 >. 

7 733F, Ta2K2.189854x10 (Neck<111>) 
B In <11 1> 

5.83926x10
1 (Belly<111>1 

0.0 5.0x101 1.ox10' 1.5x101 2.ox10' 

dHvA frequency (Gauss) 

(b) Fourier spectrum of the torque as a function ofs- 1 from Figure 8.35(a), 
at T = 2K and the magnetic field along < 111 >. The two peaks correspond 
to the dHvA oscillation frequencies of the neck and belly orbits normal to 
< 111 > direction respectively 

Figure 8.35: The dHvA effect and oscillatory frequency for non-deformed sample 733F for 
the orientation of the magnetic field along < 111 > direction. 
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700C <541>, ''r =3.34 MPa 

Bin <100>, T=2K 

1.161x10 .. 1.164x10 .. 1.167x10 .. 1.170x10 .. 1.173x10 .. 1.176x10 .. 

e·• (Gauss·' ) 

(a) Torque oscillations as a function of the inverse of the applied magnetic 
field , measured at temperature T = 2K and orientation of the magnetic filed 
along < 100 >. 

-·c: 
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:t:: -e 
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GI,, 
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I
LL 
LL 

700C <541>, a,• 3.34 MPa 

2.48405x101 (Rosett <100>) B In <100>, T=2K 

5.99095x101 (Belly <100>) 

0.0 5.0x101 1.0110
1 

1.5110
1 2.0110' 

dHvA frequency (Gauss) 

(b) Fourier spectrum of the torque as a function of s- 1 from Figure 8.36(a), 
at T = 2K and the magnetic field along < 100 >. The two peaks correspond 
to the dHvA oscillation frequencies of the four-cornered rosette and belly 
orbits normal to < JOO > direction respectively 

Figure 8.36: The dHvA effect and oscillatory frequency for < 541 > sample 700C, de
formed to 3.34 M Pa, for the orientation of the magnetic field along < I 00 > direction. 
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700C <541>, cr, = 3.34 MPa 

Bin <111>, T=2K 

1.161x10 .. 1.164x10 .. 1.167x10 .. 1.170x10 .. 1.173x10 .. 1.176x10 .. 

e·' (Gauss·') 

(a) Torque oscillations as a function of the inverse of the applied magnetic 
field, measured at temperature T = 2K and orientation of the magnetic filed 
along< 111 >. 

2.19181x10
7 (Neck<111>) 700C <541>. "r • 3.34 MPa 

B In <111>, T=2K 

5.84483x10' (Belly<111>) 

0.0 5.0x10' 1.ox10' 1.5x10' 2.ox10' 

dHvA frequency (Gauss) 

(b) Fourier spectrum of the torque as a function ofs - 1, at T = 2K and mag
netic field along< 111 > direction. The two peaks correspond to the dHvA 
oscillation frequencies of the neck and belly orbits normal to < 111 > di
rection respectively 

Figure 8.37: The dHvA effect and oscillatory frequency for < 541 > sample 700C, de
formed to 3.34 MPa, for the orientation of the magnetic field along < 111 > direction. 
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700C <541>, err= 3.34 MPa 

Bin <110>, T=2K 

1.161x10 .. 1.164x10 .. 1.167x10 .. 1.170x10 .. 1.173x10 .. 1.176x10 .. 

(a) Torque oscillations as a function of the inverse of the applied magnetic 
field, measured at temperature T = 2K and orientation of the magnetic filed 
along< 111 >. 
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700C <541>, "r =3.34 MPa 

B In <110>, T•2K 

2.48405x108 (dogbone <110>) 

2.ox10'0.0 5.0x101 1.0x10' 1.5x101 

dHvA frequency (Gauss) 

(b) Fourier spectrum of the torque as a function of s- 1, at T = 2K and 
magnetic field along< 110 >direction. The peak corresponds to the dHvA 
oscillation frequency of dog-bone orbits normal to < 110 > direction 

Figure 8.38: The dHvA effect and oscillatory frequency for < 541 > sample 700C, de
formed to 3.34 MPa, for the orientation of the magnetic field along < 110 >direction. 
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Figure 8.39: Solid curve shows the dog-bone orbit in copper sample containing dislocations 
for < 110 > orientation of the magnetic field. The area of the orbit shrinks comparing to 
the dog-bone orbit of pure, undistorted copper (dash line) 

Figure 8.40: Solid curve shows the four-cornered rosette orbit in copper sample containing 
dislocations, for < 100 > orientation of the magnetic field. The area of the orbit expands 
comparing to the orbit of pure, undistorted copper (dash line). 
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1<100> 

<111> 

Belly orbit normal/ 

to <111> 


Figure 8.41: Schematic sketch of the distortion of the Fermi surface of copper containing 
dislocations in one Brillouin zone, along < 110 > view direction. The black solid curves 
denotes the distorted contour of the Fermi surface due to dislocations in comparison to the 
undistorted Fermi surface of pure copper (dash curves). Two red solid curves show the belly 
orbits normal to < 100 > and < 111 > directions. 
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Chapter 9 

Modeling of Transverse 

Magneto resistivity 

9.1 Solution to Green's Function in Free Space 

Based on the theory of galvanomagnetic properties of metals discussed in chapter 

3, the conductivity tensor of a single crystal in a magnetic field ii, is given by a 

general tensor 

a.xx axy axz 

(9.1)71 = (aij) = ayx ayy ayz 

(jzx azy au 
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The nine elements in this conductivity tensor are not independent and must satisfy 

Onsager relation 

(9.2) 


This yields 

<Iij = -<Iji, (i =I= j), (9.3) 

Because the non-diagonal elements (Hall effect) are the linear function of the mag

netic field, we may write the conductivity tensor as the sum of two parts, a symmet

ric tensor and an anti-symmetric tensor which are of the forms 

0 

(9.4)0 <Iyy 0 + <Iyx 0 <Iyz 

0 0 <Izz 

In order to compute the effective conductivity tensor of an inhomogeneous me

dia within the effective medium approximation, we have to find either Green's func

tion in the free space or we have to provide the solution to the boundary problem 

of equation (4.23). Suppose that the conductivity tensor of the uniform medium in 

which the randomly oriented grains are embedded has the same form as equation 

(9.4) 

(9.5) 


Using equation (9.5), we can change equation (4.23) into a well-known form for 
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Green's function 

az az az } (_, _,,) ~ (_, _,,)
{ax.x ax2 + ayy ay2 + O'zz az2 G r, r = -u r- r . (9.6) 

The detailed derivation of equation (9.6) is provided in Appendix A (A.2). 

By means of a transformation 

X x Y=-Y-, z z (9.7)= ylci;;' ..;a;; = .;a;;.' 

equation (9.6) can be simplified as 

a1__!!:__ __!!:__} _, _,, - - -1 /2 _, - _,, 
{ ax2 + ay2 + ax2 G(R,R) - (ax.xayyazz) 8(R R ), (9.8) 

where 

(9.9) 

and e1,e2 and e3 are unit vectors along x,y and z axes as mentioned in Appendix A 

(A.2). 

The solution to equation (9.8) is 


1 1

G(R,R') 

4nJ ax.xayyazz IR - k I 
1 1 

(9.10)
4nJaxxO'yyO'zz y(X - X')2 + (Y - Y')2 + (Z - Z')2 
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Using equations 9.7, we can write the Green's function as 

_,) 1 1Gr(- r = . (9.11) 
' 41tJ<J'xx<J'yy<J'zz J{x-.x')2 + (y-y')2 + (z-z')2 

<1xx <Iyy O'zz 

This solution satisfies the boundary condition 

lim G(r, r') -t o (9.12)
11'-r[-->oo 

Equations (9.11) and (9.12) are the solutions to the boundary problem of equation 

(4.23) which was first derived by Stroud and Pan (Stroud & Pan, 1979) 

9.2 Magnetoconductivity Tensor for Open Orbits 

It was discussed in chapter 3 that the variation of the magnetoresistance of a single 

crystal in the magnetic field depends on the topology of the Fermi surface in mo

mentum space as well as the orientation of the magnetic field. If the energy band 

of the single crystal has a spherical structure which corresponds to the free-electron 

approximation, electrons always have closed orbits independent of the direction of 

the magnetic field. Assuming that the magnetic field is along z -axis, the magne

toresistivity tensor for such system is described by equation (3.31), which reads 

1/1 + ),,2 -A./1 +A.2 0<J'xx <J'.xy 0 

'(lei= (9.13)= cro-(j.xy <J'yy 0 A./1 +A.2 1/1 +A.2 0 

0 0 10 0 <J'zz 
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where). = We't' and the other variables such as We and O"o are defined as before, i.e. 

We= eB/m* and O"o = ne2-r/m*. 

The inverse of the electrical conductivity tensor, equation (9.13), shows that the 

diagonal elements are independent of the magnetic field and they are saturated in 

the magnetic field. Nevertheless, if the single crystal has an open energy band struc

ture in momentum space and the magnetic field is oriented along some direction in 

which an open orbit occurs, the variation of magnetoresistivity with the magnetic 

field shows a quadratic dependence, which was predicted by Lifshitz' theory and 

is described by equation (3.60). However, to derive the explicit expression for the 

magnetoresistivity tensor analytically is by no means trivial because not only the 

specific information about the topology of the Fermi surface, but also the dynam

ical details of electrons' movement are required. To avoid such complexity, we 

follow Overhauser's approach (Overhauser, 1971, 1974; Huberman & Overhauser, 

1981) and assume that the crystal with the open orbits has two energy bands which 

do not overlap with each other. One band is in a form of a spherical Fermi surface, 

therefore the electrons in this band can move freely on the surface of constant en

ergy. The other band is in a form of a cylindrical Fermi surface. The electrons in 

this band can not move freely along the cylindrical axis, since the electron velocity 

in a direction vis proportional to the directional derivative VkE(k) of the constant 

energy surface along that direction in momentum space, but the value of this deriva

tive is zero on the surface of constant energy along the direction of cylinder's axis. 

When an applied magnetic field is perpendicular to the direction of the cylindrical 

axis, the orbits of electron in a cylindrical band will be open. 
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Figure 9.1: Cylindrical Shape of Fermi Surface. Axis direction fl is determined by polar 
angles 0 and <p 

Let de be the axial direction of the cylindrical Fermi surface and its azimuthal 

angles are labeled in Figure 9.1. When a magnetic field is applied along z-axis, 

assuming the fraction of electrons in cylindrical band is fe, the magnetoresistivity 
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tensor 'cl 0 P for such crystals can be written as 

(1- fe)<Jo + fe<Jo (1 . 2 . 2 e) (9.14a)1 + .V 1 +A2 - sm <p sm ' 

-(1- fe)'Aao fe<Jo ( . . . · )
l+'A2 + l+A2 -sm<pcos<psm0-Asm<psme (9.14b) 

/:~2 (- sin2<p sine cos e+A cos <p), (9.14c) 

(J.op (1 - fe)A<Jo fe<Jo ( . · ll · · ll) 4d 
yx l+'A2 + l+A2 -sm<pcos<psmu+Asm<psmu, (9.1 ) 

(J.op (1- fe)<Jo + fe<Jo sin2 <p (9.14e) 
yy l+'A2 l+A2 ' 


(J.op fe<Jo ( . ll A · · ll) 

yz + A 2 - sm <p cos <p cos u - sm <p sm u , (9.14t)

1 

/:~2 (-sin2<psin0cos e-Acos <p), (9.14g) 

fe<Jo ( . ll A · · ll)+A2 - sm <p cos <p cos u + sm <p sm u , (9.14h)
1 


(1- fe)<Jo + /:~2 (1- sin2<psin2 0), (9.14i) 


where A= Wc't'sin<pcos e. This expression assumes that the relaxation times in two 

bands are equal. 

We apply the effective medium theory to model the electrical property of cop

per containing different density and distribution of dislocations in a magnetic field. 

During the plastic deformation of copper single crystals, dislocations arrange them

selves in lower energy configurations and form the network of highly dislocated 

areas and the areas where there is almost no dislocations. Therefore, deformed 

sample can be viewed as a composite, composed of crystallites with different dis

location densities and orientations. When a magnetic field is applied in a certain 

direction, some crystallites have open electron orbits or long extended orbits, the 
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others have closed orbits. To simulate the behavior of magnetoresistance for such a 

complicated system, we employ the effective medium theory to view the deformed 

sample as a mixture of two types of oriented crystallites, in which one component 

with open electron orbits has the magnetoresistivity tensor described by equation 

(9.14) and the other component with closed electron orbits has the magnetoresis

tivity tensor denoted by equation (9 .13). The effective conductivity tensor can be 

calculated through equation (4.37) by taking the component with closed electron or

bits as a uniform medium and embedding the other component with open electron 

orbits in it. The details of computation are discussed in the next sections. 

9.3 Construction of Depolarization Tensor 

The firs step in calculating magnetoresistivity of copper single crystals containing 

dislocations using effective medium theory requires construction of depolarization 

tensor. Suppose that the applied magnetic field is applied along z-direction. We can 

take 

(9.15) 

in equation (9.11 ), which is used in this formulation because the embedding medium 

is uniform and crystallites are pure single crystals, then Green's function is given 

by 

_,,) = 1 1G(-r,r · (9.16)
4naxxy'G; V(x-x')2 + (y-y')2 + (z-t)2 

O".u O".u O"zz 
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Substituting above Green function into equation (4.33), we have 

(9.17) 

The above surface integral depends on the geometry of crystallites in inhomoge

neous media. Under these conditions the depolarization tensor has following prop

erties 

a) If the geometry of crystallites is symmetric with respect to x,y and z axes, the 

integrand of equation (9 .17) is odd when i "# j, thus 

(9.18) 


b) The elements of tensor 
~ 

r are not independent, and the diagonal elements satisfy 

following conditions 
3

ECJ'iirii =-1. (9.19) 
i=l 

The above property can be easily proved by perf orrning integration of both sides of 

equation (9.7). 

Following Stroud and Pan (Stroud & Pan, 1979), we consider three types of 

crystallites: (I) sphere, (II) cylinder with the axis along y-direction perpendicular 
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to the magnetic field and, (III) cylinder with the axis along z-direction parallel to 

the magnetic field. The depolarization tensors with the accuracy to the first order 

for these three types of crystallites are calculated and summarized in the following. 

In derivation of the form of depolarization tensors, we have taken the size effect of 

crystallites into account and provide more precise values of the tensor components 

than those derived by Stroud and Pan (Stroud & Pan, 1979). The detailed derivation 

of these tensors is given in Appendix A. 

Type I: Depolarization tensor for spherical crystallites (proof in Appendix A.3). 

I { v'J=Zsin
1Vf 	 }lzz 	 - 1-x -1 (9.20a) 

X<Yzz VX 

I { 	 sin
1Vf}lxx 	 r =-- r + (9.20b)

YY 2 zz JX<YxxO'zz 

nj 0, (Otherwise), (9.20c) 

Type II: Depolarization tensor for cylinder with the axis along y-direction (proof 

in Appendix A.4). 

lzz (9.21a) 

f'xx - (9.2lb) 

lyy - (9.21c) 

ljj (9.21d) 
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Type III: Depolarization tensor for cylinder with the axis along z-direction (proof 

in Appendix A.5). 

Iyy=-2~.xx {i-2L2~~X)} (9.22a) 

D2 

2L2 azz(l - X) 
(9.22b) 

0, (Otherwise). (9.22c) 

In the above expressions, X = 1 - a.xx/ O"zz, D and Lare the diameter and length of 

cylindrical crystallites. 

We will use these three types of crystallites to simulate the field-dependent vari

ation of magnetoresistance of dislocated copper samples with the different density 

and orientation of dislocations. 

9.4 	 Theoretical Modeling of Transverse Magnetore

sistivity 

9.4.1 	 Magnetoresistivity of Samples with Low Dislocation Den

sity 

In this section we simulate transverse magnetoresistance of copper containing dislo

cation substructure. In the deformed copper single crystals, dislocation boundaries 
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are formed by accumulating dislocations of different slip systems, the density of 

dislocations depends on the magnitude and direction of the applied stress. Such a 

dislocated coper single crystal can be considered as a polycrystalline medium, but 

it is characterized by its own specific microstructure discussed in Chapter 2. We ap

ply the effective medium theory to model the behavior of magnetoresistance after 

different deformation history, namely, after stage I, stage II and during the early 

stage III. 

Copper single crystal samples deformed in stage I, accumulate approximately 

1010cm-2 density of dislocations (table 8.2). Electron microscopy studies (figures 

2.7 and 2.8) indicate that dislocation arrangement at this stage is very inhomoge

neous. One observes large areas completely free of dislocations, separated by edge 

dislocation bundles. Consequently, the deformed samples can be viewed as con

taining a large volume of dislocation-free crystallites with approximately the same 

crystallographic orientation and a very small volume of the crystal containing dis

locations (lines of voids, see the model in reference (Bhatia & Gupta, 1970)) whose 

conductivity can be regarded as zero. We assume that all these crystallites have the 

same shape. Figure 9.2 schematically shows the model used in computation of ef

fective magnetoresistivity ratio for slightly deformed samples which can be viewed 

as being comprised of cylindrical crystallites and dislocations. 

To compute magnetoresistivity tensor for such system by using the effective 

medium theory, we suppose that these crystallites are embedded in a uniform medium 

with the conductivity tensor described by equation (9.13). When the magnetic field 

is oriented along z-direction, these crystallites have open orbits and the conductivity 

190 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

Deformed sample Ill 

Cylindrical Crystallites 

Figure 9.2: Geometrical illustration for the model of slightly deformed samples which can 
be viewed as being comprised of cylindrical crystallites and dislocations. 

tensor is described by equation (9.14). Let the long side (current direction) of the 

rectangular parallelepiped sample be in x direction. Applying equation (4.37), we 

have 

+-+ +-+ 
CJ eff = CJ m + 

+-+ [ +-+ +-+ ] - I +-+ [ +-+ +-+] }
{ (1- !v)(- CJ m) 1+ r 1 · CJ m + fv8 CJ · 1- r 2 · 8 CJ 

{ [ 
+-+ ]-I [ +-+ ]-l}-1 . ( 1 - ! v) 1+ r 1 . crm + fv 1 - r 2 . 8cr (9.23) 

Where 

(9.24) 


+-+ +-+
fv is the volume fraction of the crystallites with open orbits and r 1 and r 2 are 

depolarization tensors of dislocations and crystallites whose forms depend on their 

configurations. 

Equation (9.23) is complicated and numerical methods have to be applied to 
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find its solution. A FORTRAN program was written to calculate the effective con

ductivity tensor from equation (9.23) by iterations. The initial conductivity tensor 

for the medium is chosen to have the form of equation (9.13). After the solution 

to equation (9.23) is determined, taking the inverse of it yields magnetoresistivity 

tensor. 

Three model configurations of crystallites, namely type I (sphere), type II and 

III (cylinder with its axis in y and z-direction respectively), are considered in calcu

lation. First, we investigate the effect of volume fraction of open orbits le on magne

toresistance by plotting the effective magnetoresistivity ratio (Pxx(B)- Pxx(O)) / Pxx(O) 

as a function of the magnetic field for three types of crystallites (see Figures 9.3, 

9.4 and 9.5). In calculation, <pin equation (9.14) is taken as 90 degrees. Details of 

computation (FORTRAN program) are given in Appendix B.1 

Figures 9.3, 9.4 and 9.5 all show almost the same behavior that, the calculated 

effective magnetoresistivity ratio as a function of the magnetic field falls off as the 

fraction le of electrons occupying open-orbits decrease. Such feature implies that 

the geometry of crystallites is not particularly important in determination of gal

vanomagnetic property for slightly deformed crystals. This is because the size of 

the crystallites in slightly deformed samples are relatively large and they are ori

ented almost in the same direction, so the boundary shape between the crystallites 

is a neglectable factor in comparison to the volume fraction of dislocations con

tributing to magnetoresistivity. 
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Figure 9.3: Effective magnetoresistivity ratio (P.u(B) - P.x.x(O)) / P.x.x(O) against the mag
netic field for different fraction of electrons in open orbits for the configuration of spherical 
crystallites. In calculation, fv = 0.99 and RR = 250. 

Figure 9.4: Effective magnetoresistivity ratio (P.u(B) - P.x.x(O)) / P.x.x(O) against the mag
netic field for different fraction of electrons in open orbits for the configuration of cylindri
cal crystallites parallel to y-direction. In calculation, f v = 0.99 and RR= 250 . 
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Figure 9.5: Effective magnetoresistivity ratio (P.u (B ) - Pxx (O) )/ Pxx (O ) against the mag
netic field for different fraction of electrons in open orbits for the configuration of cylindri
cal crystallites parallel to z-direction. In calculation, f v = 0.99 and RR= 250. 

x 

y 

Figure 9.6: Schematic illustration of an extended orbit on cylindrical Fermi surface. Polar 
angle e1 I 

We have also investigated the influence of extended orbits on magnetoresistance 

in deformed samples by considering different polar angles in calculation. Figure 
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9.6 schematically shows an extended orbit on the cylindrical Fermi surface. Ex

tended orbits are expected to have the same behavior as open orbits at sufficiently 

low fields, since cyclotron frequency is small at very low fields and the electrons 

moving on these orbits can not complete a full circuit before they are scattered out 

of the orbits. However, at high fields, electrons' cyclotron speed is much faster 

and they will act like moving on closed orbits. Based on the experimental results 

of magnetoresistivity for samples 733B2 and 749A2 deformed to strain of about 

1 ""' 3% (Table 8.2), we computed transverse effective magnetoresistivity ratio as 

a function of the field by taking different polar angles corresponding to different 

extended orbits. Figures 9. 7, 9 .8 and 9 .9 are the plots of the computing results. 

It can be seen from the Figures 9.7 - 9.9 that the effective magnetoresistivity 

ratio is significantly reduced as polar angle e denoting the field direction, deviates 

from ;r/2 in which open-orbit occurs. Deviation by only a few degrees in e causes 

substantial reduction in magnetoresistivity ratio. In addition, Figures 9.7, 9.8 and 

9.9 retain similar pattern, which is consistent with the previous conclusion that the 

shape of crystallites in slightly deformed crystals is unimportant in determination 

of galvanomagnetic properties. 

For comparison of the theory with experiment, we plot both the experimental 

and theoretical results in Figures 9 .10 and 9 .11. It is clear that theoretical simula

tions match very well with the experimental data. 
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Figure 9.7: Effective magnetoresistivity ratio (P=(B) - Pxx (O)) / Pxx (O) against the mag
netic field for different polar angles for the configuration of spherical crystallites. In calcu
lation, f v = 0.99, f e = 0.425 and RR= 250. 
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Figure 9.8: Effective magnetoresistivity ratio (P=(B) - Pxx(O))/Pxx(O) against the mag
netic field for different polar angles for the configuration of cylindrical crystallites parallel 
to y-direction. In calculation, f v = 0.99, f e = 0.425 and RR= 250. 
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Figure 9.9: Effective magnetoresistivity ratio (P.u(B) - Pu(O))/Pxx(O) against the mag
netic field for different polar angles for the configuration of cylindrical crystallites parallel 
to z-direction. In calculation, f v = 0.99, fe = 0.425 and RR= 250. 
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Figure 9.10: Solid lines are the field dependent effective magnetoresistivity ratio (Pxx(B) 
Pxx(O)) / Pxx(O) for different polar angles for the configuration of cylindrical crystallites par
allel toy-direction. In calculation, f v = 0.99, fe = 0.425 and RR= 251. Point curves are 
the experimental data for sample 733B2 plotted in Figure 8.19 
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Figure 9.11: Solid lines are the field dependent effective magnetoresistivity ratio (Pxx (B ) -
Pxx (O) )/ Pxx(O) for different polar angles for the configuration of cylindrical crystallites par
allel to y-direction. In calculation, f v = 0.99, f e = 0.425 and RR = 222. Point curves are 
the experimental data for sample 749A2 plotted in Figure 8.24. 

In order to study the angular dependence of magnetoresistance, we calculated 

the effective magnetoresistance ratio as a function of polar angle (J for the sam

ples with different density of dislocations determined by the resistivity ratio RR. 

Figures 9.12, 9.13 and 9.14 are the plots of the theoretical results. All these fig

ures indicate that for different resistivity ratio RR, the effective magnetoresistivity 

ratio reaches the maximum (the peak) at (J = n / 2 corresponding to open-orbit, 

whereas the height of the peaks reduces as the the density of dislocations in sam

ples increases. Such theoretical consequence is consistent with the experimental 

measurements of magnetoresistance for samples 733B and 749A which are shown 

in Figures 8.18, 8.19, 8.20, 8.23, 8.24 and 8.25 . In calculation, the magnetic field 

is fixed at 9 Tesla for all three configurations. FORTRAN program for computation 
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Figure 9.12: Effective magnetoresistivity ratio against polar angle for spherical crystallites 
with different density of dislocations given by resistivity ration RR. In calculation, f v = 0.99 
and f e = 0.425. 

of the angular dependence of magnetoresistance is given in Appendix B.2 . 

To understand the effect of dislocation density on transverse magnetoresistance 

for open-orbits, we calculated the effective magnetoresistivity ratio as a function of 

the magnetic field for different density of dislocations characterized by resistivity 

ratio RR, as shown in Figures 9.15, 9.16 and 9.1 7. All figures display a parabolic 

variation of effective magnetoresistivity ratio with the magnetic field and it is seen 

that effective magnetoresistivity ratio gets smaller as RR decreases . However, the 

parabolic dependence of the magnetoresistivity in the applied field is observed even 

for a somewhat smaller value of resistivity ratio such as RR = 166 corresponding to 

1011 Icm2a density of dislocations . 
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Figure 9.13: Effective magnetoresistivity ratio against polar angle for the cylindrical crys
tallites along y-direction with different density of dislocations given by resistivity ration RR. 
In calculation, l v = 0.99 and l e= 0.425. 
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Figure 9.14: Effective magnetoresistivity ratio against polar angle for the cylindrical crys
tallites along z-direction with different density of dislocations given by resistivity ration RR. 
In calculation, l v = 0.99 and le= 0.425. 
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In the above approach, the adjustable parameters of the model are volume frac

tion lv and electron fraction le· As a further investigation, we want to examine 

whether there is a general set of lv and le through which transverse magnetore

sistivity ratio against the field can be calculated for any deformed sample with the 

density of dislocations given by RR. In order to fulfill this goal, we computed trans

verse magnetoresistivity ratio as a function of the magnetic field by choosing the 

parameters Uv = 0.99 and le= 0.425) for best fit of the experimental data for sam

ple 733B2 (RR= 251). Plots both theoretical and experimental results are given 

in Figure 9.18 (blue solid line and point curve). Based on these two parameters, 

we also calculated field-dependent transverse mangnetoresistivity ratio by taking 

different value of RR equal to 418, 400, 222, 166, 151 which corresponds to the 

density of dislocations in samples 733B and 749A measured experimentally. For 

comparison, we plot both modeling curve (solid lines) and experimental data (point 

curves) in Figure 9.18 for sample 733B and in Figure 9.19 for sample 749A. It is 

seen in Figure 9 .19 that the modeling curve (blue solid line) and experimental data 

(blue points) match very well for sample 749A2 (RR= 222) but for RR values 400 

and 166 , they show a big discrepancy. This is because the densities of dislocations 

in [100] sample 733B2 (RR= 251) and [541] sample 749A2 (RR= 222) are very 

close to each other and both samples have similar structure at this stage of defor

mation. Consequently, the set of parameters to fit one sample in simulation of field

dependent magnetoresistance will fit another having alike structure, characterized 

by similar value of RR. To make this point stronger, we recalculated field-dependent 

magnetoresistance for samples 733B3 (RR= 166) and 749A3 (RR= 151) by tak

ing le= 0.275 for both samples and plotting them in Figures 9.18 and 9.19 (black 

dash lines). It is found that theoretical calculation is in very good agreement with 
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Figure 9.15: Field dependent effective magnetoresistivity ratio for different density of 
dislocations for the configuration of spherical crystallites. In calculation, f v = 0.99 and 
f e = 0.425. 

experimental data for both samples. Such result imply that dislocations introduced 

to the crystals with different crystallographic orientation of the tensile axis make 

no difference in galvanomagnetic properties as long as the samples have the same 

density of dislocations. 
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Figure 9.16: Field dependent effective magnetoresistivity ratio for different density of dis
locations for the configuration of cylindrical crystallites parallel to y-direction. In calcula
tion, f v = 0.99 and fe = 0.425. 
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Figure 9.17: Field dependent effective magnetoresistivity ratio for different density of dis
locations for the configuration of cylindrical crystallites parallel to z-direction. In calcula
tion, fv = 0.99 and fe = 0.425. 

203 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

250 I r..=0.99 e=9o" I 
200 

- RR•418 ,f, •0.425 

-§: 
150 o.= 

;::,.. 
0 -= . 

100 ~ .. 
§: • 

= ~ 50 

0 

Figure 9.18: Field dependent effective magnetoresistivity ratio for different density of dis
locations for the configuration of cylindrical crystallites parallel to y-direction. Solid and 
dash lines are the modeling curves. Point lines are the experimental data for open orbits for 
sample 733Bl , 733B2 and 733B3 (given in Figures 8.18(b), 8.19(b) and 8.20(b)) respec
tively. In calculation, f v = 0.99. 
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Figure 9.19: Field dependent effective magnetoresistivity ratio for different density of 
dislocations for the configuration of cylindrical crystallites parallel to y-direction. Solid 
and dash lines are the modeling curves. Point lines are the experimental data for open 
orbits for sample 749Al, 749A2 and 749A3 (given in Figures 8.23(b), 8.24(b) and 8.25(b)) 
respectively. In calculation, f v = 0.99. 
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Figure 9.20: Geometrical illustration for the model of largely deformed samples which can 
be viewed as being comprised of cylindrical crystallites with closed and open orbits. 

9.4.2 	 Magnetoresistivity of Samples with High Dislocation Den

sity 

In samples deformed to later stage II or early stage III, dislocations of various slip 

systems are accumulated in the substructure leading to the development of misori

ented cells enclosed by higher dislocation density cell walls ( see pictures 2.10, 

2.11, 2.12 and 2.13). This form of the material substructure corresponds to rnisori

ented crystallites in our model. For the time being, we assume that these rnisorien

tation of dislocation cells and dislocation arrangement in the cell walls are random. 

Such a structure can be regarded as consisting of two kinds of crystallites. First kind 

of crystallites are oriented in such a way that only closed orbits exist in the plane 

perpendicular to the magnetic field and they are assumed to have a free-electron 

conductivity tensor described by equation (9.13). Second kind of crystallites do 

have open orbits on the plane perpendicular to the magnetic field which is usually 

taken along z-direction. The conductivity tensor for these crystallites has the form 

of equation (9.14) when e is taken 90°. Figure 9.20 schematically represents the 

model that a deformed sample is comprised of cylindrical crystallites with closed 
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and open-orbits. Since all crystallites in the deformed sample are oriented ran

domly, this will result in a random distribution of the orientations of open orbits 

in momentum space. Mathematically, polar angle <pin equation (9.14) will take 

any value from 0 to 2n. Consequently, the orientations of open orbits have equal 

probability in each direction on the plane perpendicular to the magnetic field. For 

such a system, the effective conductivity tensor satisfies 

f-t f-t 
(Jeff = (J m + 

1 {27t { f-t [ f-t f-t ]-1 f-t [ f-t f-t ] }2nlo (1-fv)8<J1 1- r1·8CJ1 	 +fv8<J2· 1- r1·8CJ2 

f-t 	 f-t · 
{ 

(1-fv) [ 1- r1·8cr1 ]-1 +!v [1- r1·8cr2]-1}-l d<p (9.25) 

Where 

~ f-t f-tcl f-t 
u CJ 1= CJ - CJ m, 	 (9.26a) 

(9.26b) 

and acl denotes the conductivity tensor of free-electrons. rl and rz represent 

depolarization tensor for crystallites with closed and open orbits respectively. fv is 

the volume fraction of crystallites with open-orbit and fe is electron fraction having 

the same definition as in equation (9.23). 

By applying self-consistent method, we have calculated the effective conduc

tivity tensor from equation (9.25) for the crystallites of type I and II. FORTRAN 

source code for these calculations is given in Appendix B.3. Figures 9.21 and 9.22 

show effective magnetoresistivity ratio as a function of the magnetic field for dif
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ferent volume fraction lv of spherical and cylindrical crystallites respectively, with 

open orbits. In these calculation, RR= 118 and le= 0.5. Figure 9.21 reveals a 

linear variation of magnetoresistance with the magnetic field in a field range above 

2 Tesla, for lv values from 0.1 to 0.6. It is seen that the slope of the lines de

creases as lv gets smaller, which means the number of electron moving on open 

orbits decreases. Figure 9.22 reveals similar features as seen previously in Figure 

9.21, i.e., the effective magnetoresistance ratio decreases with decreasing volume 

fraction lv· However, the linear variation of magnetoresistance occurs only at very 

large fields above 30 or 40 Tesla. It is seen that at lower fields, below 30 Tesla, 

the change of magnetoresistance with the field is not linear, but show more like 

parabolic behavior. Furthermore, it is seen that magnetoresistivity ratio is larger for 

the crystals with cylindrical than spherical crystallites, provided that other parame

ters such as le , lv and RR remain the same. This suggest that the single crystals for 

which the magnetoresistivity behavior can be predicted with the model incorporat

ing spherical crystallites have more random structure of dislocations than these with 

magnetoresistivity behavior described by the model using cylindrical crystallites. 

We also investigated the effect of dislocation density on magnetoresistivity by 

plotting magnetoresistivity ratio as a function of the magnetic fields for different 

values ofresistivity ratio RR (Figures 9.23 and 9.24 ). In these simulations lv = 0.5 

and le= 0.5. It is noted from the figures that the density of dislocations has a sub

stantial effect on magnetoresistance of deformed samples and with more disloca

tions stored in the samples, effective magnetoresistivity ratio decreases. Moreover, 

the linear behavior of field-dependent magnetoresistivity appears in all curves for 
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Figure 9.21: Effective magnetoresistivity ratio against the magnetic field for different vol
ume frac tion of crystallites having open orbits for the configuration of spherical crystallites. 
In calculation, f e = 0.5 and RR = 118. 
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Figure 9.23: Effective magnetoresistivity ratio against the magnetic field for largely de
formed samples with different density of dislocations for the configuration of spherical 
crystallites. In calculation, f e = 0.5 and fv = 0.5. 

both types of crystallites, but for cylindrical crystallites, this linearity occurs at the 

higher applied filed. Similar to the previous case of magnetoresistivity behavior 

observed in Figure 9.22, one can argue that with more dislocations stored in the 

samples, magnetoresistivity considerably decreases and the linear behavior starts 

approximately from 4 Tesla for spherical crystallites but from about 20 Tesla for 

cylindrical crystallites. 

Figure 9.25 show comparison of the magnetoresistivity behavior predicted the

oretically using above discussed model against the experimental data. The field-

dependent magnetoresistivity ratio has been calculated by taking RR = 104 and 

RR = 67 which corresponds to the experimentally measured resistivity ratio for 

highly deformed sample 700H (RR= 104) and polycrystalline copper sample Poly43
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Figure 9.24: Effective magnetoresistivity ratio against the magnetic field for largely de
formed samples with different density of dislocations for the configuration of cylindrical 
crystallites parallel toy-direction. In calculation, f e = 0.5 and f v = 0.5. 

micron(RR = 67) included in Figure 9.25. Adjustable parameters f v and f e are 

taken to be 0.6 and 0.95, which is based on the assumption that in highly deformed 

samples the crystallites are oriented randomly, so that the number of electrons mov

ing on open-orbits is equal to the number of electrons circulating on closed orbits. 

Figure 9.25 shows that the modeling curve of magnetoresistivity against the mag

netic field for polycrystalline sample (red line) has a very good agreement with 

the experimental data (red points). Such a good consistency between theory and 

experiment confirms the assumption that orientations of crystallites in a polycrys

talline material should have a random distribution of dislocations and its electri

cal properties can be obtained by spatially averaging the physical quantities over 

all crystallites. However, there is a big discrepancy between the modeling curve 

(blue dash line) and the experimental data (blue points) for large deformed sam
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pie 700H (RR= 104). In reality, such a big difference can not be eliminated by 

only adjusting the parameters in theoretical calculation, for example, increasing the 

volume fraction of crystallites with open orbits or the fraction of electrons in the 

cylindrical band. Electron-microscopy observations of the dislocation substructure 

in plastically deformed copper single crystals show that the arrays of dislocations 

form small angle grain boundaries in the deformation stage III (see Figure 2.14). 

It may be reasonable to postulate that crystallites in largely deformed samples are 

not oriented randomly and they have some preferential crystallographic orientation. 

The distribution of orientations of crystallites will depend on the formation of the 

dislocation substructure which is developed under the applied stress. In general, 

the larger deformation, the higher angular distribution the crystallites in the sample. 

To investigate the influence of angular distribution of crystallites on magnetoresis

tivity, we have computed the effective conductivity tensor from equation (9.25) by 

taking different integral boundaries and plotted resistivity ratio as a function of the 

magnetic fields for the two types of crystallites in Figures 9.26 and 9.27. It is seen 

in both figures that the broadening integral regions lead to a significant decrease of 

the magnetoresistance but simulated curves show higher degree of linearity. 

We have also studied the effect of extended orbits on the galvanomagnetic prop

erties for largely deformed samples by taking different polar angle to calculate the 

effective conductivity from equation (9.25). Figures 9.28 and 9.29 show the effec

tive resistivity ratio as a function of the magnetic fields for different polar angles 

which correspond to different extended orbits in largely deformed samples. It is 

seen in both figures that with electron orbits getting shorter ( edeviates from 7r/2), 
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Figure 9.25: Effective magnetoresistivity ratio against the magnetic fields for the configura
tion of cylindrical crystallites parallel to y-direction. In calculation, the volume and electron 
fraction are taken as 0.60 and 0.95. The blue dashed line and red solid line are the modeling 
curves for RR = 104 and RR = 67 respectively. The solid square and circle points are the 
experimental data for samples 700H and poly43micron respectively shown previously in 
Figures 8.26(b) and 8.27(b) 
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Figure 9.26: Effective magnetoresistivity ratio against the magnetic field for different inte
gral regions for the configuration of spherical crystallites. In calculations f v = 0.6 , f e = 0.5 
and RR = 111 respectively. 
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Figure 9.27: Effective magnetoresistivity ratio against the magnetic field for different inte
gral regions for the configuration of cylindrical crystallites parallel toy-direction. In calcu
lations f v = 0.6 , f e = 0.5 and RR= 111 respectively. 

effective magnetoresistance decreases considerably and shows saturating behavior 

at large magnetic filed. 

To examine applications of the above-discussed theory to crystals containing 

high dislocations densities, we have simulated field-dependent magnetoresistance 

for highly deformed samples by taking the parameters based on their experimental 

data. Figures 9.30, 9.31 and 9.32 show modeling curves matching the experimental 

data for samples 700H (RR= 104), 733C (RR= 138) and 749A3 (RR= 166). 

It is seen that Figures 9.30 and 9.31 demonstrate a very good agreement of 
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Figure 9.28: Effective magnetoresistivity ratio against the magnetic field for largely de
formed samples with different density of dislocations for the configuration of spherical 
crystallites. In calculation, f e = 0.5 and f v = 0.6. 
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Figure 9.29: Effective magnetoresistivity ratio against the magnetic field for largely de
formed samples with different density of dislocations for the configuration of cylindrical 
crystallites parallel toy-direction. In calculation, f e = 0.5 and f v = 0.6. 
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Figure 9.30: Field dependent effective magnetoresistivity ratio for the crystallites of type 
IL In calculation, the integral region is from -0.5n to 0.5n, fv , f e and RR are taken as 
0.65, 0.52 and 104 respectively. The points are the experimental data for sample 700H ( 
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Figure 9.31 : Field dependent effective magnetoresistivity ratio for the crystallites of type 
IL In calculation, the integral region is from -0.42n to 0.42n, fv, f e and RR are taken as 
0.65, 0.52 and 138 respectively. The points are the experimental data for sample 733C ( 
RR= 138) plotted in Figure 8.2l(b). 
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Figure 9.32: Field dependent effective magnetoresistivity ratio for the crystallites of type 
II. In calculation, the integral region is from -0.025n to 0.025n, f v. f e and RR are taken 
as 0.6, 0.5 and 166 respectively. The points are the experimental data for sample 749A3 ( 
RR= 166) plotted in Figure 8.25(b). 

the modeling results with the experimental data for samples 700H (RR = 104) and 

733C (RR = 138). However, there is a substantial difference between the calcu

lated magnetoresistivity values and experimental data for extended orbits for sam

ple 7494A3 (RR= 166), although the modeling results for open orbits (red solid 

line) show fairly good agreement with experimental data (red points) . After care

fully examining the experimental data for extended orbits in Figure 9.32, we find 

that the curves bend slightly upright in a fairly large region of the magnetic fields. 

From the mathematical view-point this means that the derivative of the slopes for 

the curves is positive in this region. This implies that deformed sample must still 

retain the characteristics of the quadratic behavior of magnetoresistance against the 

magnetic fields . However, numerical calculation shows that the quadratic behavior 

of magnetoresistance with the magnetic field, characteristic for open orbits, is sub
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stantially reduced when taking the spatial average over all crystallites in calculation 

of magnetoresistance. The quadratic behavior may only appear within a small re

gion of the field near the starting point. This can easily be checked by comparing 

Figures 9.15 and 9.16 with Figures 9.23 and 9.24. At large fields, the magnetore

sistance of highly deformed samples in which the orientations of crystallites are 

random has a linear variation with the magnetic field, similar to the case of poly

crystalline samples. Such conclusion can be obtained from Figures 9.23 and 9.24. 

In other words, sample 749A3 consists of crystallites which have preferential ori

entation of crystallite distribution rather than random distribution. Consequently, 

applying equation (9.25) to calculate magnetoconductivity for sample 749A3 will 

cause disparity between theory and experiment. 

To simulate the behavior of magnetoresistance for deformed samples 733B3 ( 

RR= 151 ) and 749A3 (RR= 166 ), we apply equation (9.23). It is found from 

Figures 9.33 and 9.34 that theoretical calculations agree very well with the experi

mental data. 

9.4.3 Modeling of Magnetoresistance for Closed Orbits 

The preceding discussion and the modeling of magnetoresistance of deformed sam

ples focused on open or extended orbits. In the present section, we concentrate on 

the modeling of magnetoresistance for closed orbits and investigate how the density 

of dislocations stored in deformed samples affect the saturating behavior of magne
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Figure 9.33: Field dependent magnetoresistivity ratio for different polar angles for the 
configuration of cylindrical crystallites parallel to y-direction. In calculations, equation 
(9.23) is used and f v= 0.988, f e=0.22 and RR=lS 1. Color points are the experimental data 
of transverse magnetoresistance for sample 700B3 (RR= 1S1 ) shown in Figure 8.20(b ). 

32 I f , =0.988 RR= 166'·=0.22 

28 

24 

§: 20 
~ 

Q. 
;:::... 
0 16 

-;= 12 

§: 
8..E:.1: 

4 

0 

-0=90.0° 

-0 = 83.0° 

--0 = 81.5° 

-0=76.0° 

0 20000 40000 60000 80000 100000 120000 

Magnetic Field (Gauss) 

Figure 9.34: Field dependent magnetoresistivity ratio for different polar angles for the 
configuration of cylindrical crystallites parallel to y-direction. In calculations, equation 
(9.23) is used and f v=0.988, f e=0.22 and RR=l66. Color points are the experimental data 
of transverse magnetoresistance for sample 749A3 (RR=l66) shown in Figure 8.25(b) . 

218 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

toresistance in samples by means of theoretical predictions (see section 3 .3.3) 

Closed orbits in deformed samples mean that for a given field direction, most 

of crystallites in deformed samples are oriented in such a way that only closed or

bits exist in the plane perpendicular to the magnetic field and only small portion of 

crystallites is associated with the open orbits. Therefore, in predicting magnetore

sistivity behavior for samples with closed orbits, we can employ exactly the same 

approach as used to predict magnetoresistivity of crystals containing low disloca

tion densities, discussed in section 9.4.1. The only change needed to be made is a 

smaller value for electron fraction fe representing the portion of electrons moving 

on open orbits. 

Following the same procedure as in section 9.4.1, we have computed effec

tive magnetoresistivity ratio as a function of the magnetic field by applying self

consistent method to solve equation 9.23. Figure 9.35 shows field-dependent effec

tive magnetoresistivity ratio for different values of electron fraction fe· In simula

tions fv = 0.99 and RR= 400 respectively. The figure reveals that with the decreas

ing electron fraction fe, effective magnetoresistivity ratio falls off, but all curves 

show similar patterns. It is seen that the magnetoresistivity raises very quickly at 

small fields, whereas the rate of magnetoresistivity increase is lower at large fields 

and under certain conditions magnetoresistivity may even reach a saturation. Such 

phenomenon is a universal characteristics of magnetoresistance in metals contain

ing closed Fermi surface, where the electrons are localized predominantly on closed 

orbits (Fickett, 1971; Beers et al., 1978). It can be also seen that with fe decreas

ing, magnetoresistivity slope at large fields is getting smaller, which is consistent 
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with the conclusion that in samples with closed orbits only (fe = 0 ), magnetore

sistance will saturate. Figure 9.36 shows the field dependence of effective mag

netoresistivity ratio for various values of resistivity ratio RR. It is clear that as 

more dislocations are present in the samples, indicated by a smaller value of RR, 

the curves for each RR lose their universal characteristic of magnetoresistance for 

closed orbits. In this case it is observed that the magnetoresistivity slopes at low 

field decrease, whereas slopes of the magnetoresistivity curves at large fields in

crease and reach approximately the same value at RR = 100, corresponding to a 

straight line on the magnetoresistivity-field relationship. This indicates that dislo

cations present in the sample affect magnetoresistivity behavior in such a way that 

they bend field-dependent magnetoresistance curve upright from both sides of turn

ing point and make it eventually straight. With increasing dislocation density (RR 

decreases), field-dependent magnetoresistance curve exhibits a linear behavior, but 

with a lower slope. There is no doubt that dislocations induced in deformed sam

ples change the saturating characteristic of the field-dependent magnetoresistance 

for closed orbit and cause it to vary linearly at large applied magnetic field. 

To examine the applicability of the above-discussed model for the prediction of 

the magnetoresistivity behavior of deformed copper single crystals, we have calcu

lated effective magnetoresistance ratio as a function of the field for closed orbits by 

employing self-consistent method and solving equation 9.23. Theoretical results are 

plotted in Figure 9.37. In calculations lv = 0.99 and le= 0.075 and these have been 

found to represent the best set of lv and le values to simulate the experimental data 

for sample 733Bl (RR= 418) (solid blue curve). The family of magnetoresistivity 
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Figure 9.35: Field dependent effective magnetoresistivity ratio for different value of l e for 
the configuration of cylindrical crystallites parallel toy-direction. In calculations, lv= 0.99, 
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Figure 9.36: Field dependent effective magnetoresistivity ratio for different value of RR for 
the configuration of cylindrical crystallites parallel toy-direction. In calculations, lv= 0.99, 
le = 0.045 and e= 90° . 
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Figure 9.37: Solid lines are the modeling curves of field-dependent effective magnetoresis
tivity ratio for different value of RR for the configuration of cylindrical crystallites parallel 
to y-direction. In calculations, f v= 0.99, f e = 0.075. Solid points are the experimental data 
of the samples having the corresponding value of RR plotted in Figure 8.22 

characteristics was subsequently calculated for other values of resistivity ratio RR. 

Figure 9.37 shows both theoretical and experimental data obtained in the course of 

the work. It is seen that theoretical calculations agrees with experimental data quite 

well for all samples except for the sample 733C with resistivity ratio RR= 138, 

where it is seen that the modeling curve (black solid line) deviates slightly from 

the experimental measurement points (black points) . Such a deviation may be a re

sult of the experimental error associated with determination of exact orientation of 

the crystallographic direction parallel to the applied magnetic filed rather than from 

modeling. For example, if the applied field deviates from [001] by only 2 degree, it 

will lead to substantial deviation of magnetoresistance from the minimum point (see 

Figure 8.21 ) and this error can easily account for observed discrepancy. One can 

argue however, that theoretical modeling of the magnetoresistivity can help to gain 
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better insight into the properties of dislocation substructure in deformed crystals. 
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Chapter 10 

Summary and Conclusions 

In the preceding chapters, we have presented detailed experimental and theoretical 

studies of the influence of dislocation structure on galvanomagnetic properties of 

plastically deformed copper single crystals in a high magnetic field, as well as on 

the de Hass-van Alphen effect of plastically deformed copper samples. In exper

iments, we measured the angle and field-dependent magnetoresistivity for copper 

crystal samples containing different density and distribution of dislocations in the 

crystallographic orientations in which open, extended and closed orbits occur. We 

also studied the induced torque of copper single crystals containing dislocations in 

the applied field and obtained oscillation frequencies for the extremal orbits normal 

to the principal crystallographic directions through Fourier transform of torque ver

sus field characteristics. On the theory side, we have developed a model to calculate 

angle and field-dependent transverse magnetoresistivity of the samples containing 

different densities of dislocations for open, extended and closed orbits, using the ef
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fective medium approximation with the aid of Green's function to solve the bound

ary problem of crystallites in an electrical field. We have applied this theory to 

simulate the experimental data obtained in this work. Based on the results obtained 

following conclusions can be drawn. 

(1) Calculated angle and field-dependent effective magnetoresistance using 

the effective medium approximation agree well with the experimental results. The

oretical results show that the linear behavior of magnetoresistance versus the mag

netic field for open or long extended orbits is the consequence of the spatial aver

age of this physical quantity over all crystallites. These are affected by dislocations 

(Figures 9.23 and 9.24). Theoretical calculations suggest that the orientation distri

bution of crystallites in the highly deformed samples whose density of dislocations 

is approaching 1.65 x 1012cm-2 show some anisotropy, so that the experimental 

results of magnetoresistivity are reproduced by taking spatial average over a certain 

integral region depending upon the density of dislocations. In general, a highly de

formed sample has a larger volume fraction of crystallites with a broader angular 

distribution. Based on such assumption, the calculated magnetoresistivity through a 

self-consistent method shows good agreement with the experimental results, clearly 

seen in Figures 9.30 and 9.31 for highly deformed samples and Figures 9.33, 9.34, 

9 .10 and 9 .11 for slightly deformed samples. 

(2) The experimental measurements and theoretical calculations both show 

that dislocations accumulated in the volume of the material have a substantial effect 

on the galvanomagnetic properties of the samples. With the increasing disloca

tion density, magnetoresistivity ratios (p(B) - p(O))/p(O) corresponding to both 

open or long extended and closed orbits decrease substantially. Such feature can 

be clearly seen from the measurements of angle-dependent magnetoresistivity for 
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the samples with different densities of dislocations. For example, Figures 8.18( a), 

8.19(a), 8.20(a) and 8.21 (a) show the experimental measurements of transverse 

magnetoresistivity ratio as a function of sample orientation for different densities of 

dislocations, characterized by residual resistivity ratio RR. The amplitude of peaks 

corresponding to open or long extended orbits in the diagrams is significantly re

duced with increasing dislocation density in the samples i.e., RR decreasing. Figure 

8.22 shows that the same phenomenon is observed from the characteristics of the 

field-dependent transverse magnetoresistivity for closed orbits. Theoretical calcu

lations shown in Figures 9 .13, 9 .16, 9 .10, 9 .33 and 9 .3 7 agree with the experimental 

observations and suggest that decrease of the fraction of the open orbits in relation 

to close orbits caused by the presence of dislocations is responsible for the decrease 

of the magnetoresistivity of the samples. The theoretical modeling suggests that 

magnetoresistivity is strongly dependent upon the number of electrons moving on 

open orbits, which in tum is determined by the spatial distribution of dislocations 

in the crystal lattice. However, the nature of the dislocation substructure in our 

samples is such that after large deformations single crystals contain approximately 

random dislocation distribution and therefore the anisotropy of the magnetoresis

tivity in strongly suppressed. 

(3) The quadratic variation of the transverse magnetoresistivity ratio with the 

magnetic field for open or long extended orbits changes to linear as the disloca

tion density increases. Figures 8.l8(b), 8.19(b), 8.20(b) and 8.2l(b) provide the 

experimental evidence of this phenomenon, which is also supported by theoretical 

modeling results shown in Figures 9.15, 9.16 and 9.17. 

(4) The linear variation of magnetoresistivity with the magnetic field for open 

or long extended orbits occurs only in largely deformed samples containing high 
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dislocation densities. Figures 8 .21 (b) and 8. 26(b) illustrate the linear behavior of 

field-dependent transverse magnetoresistivity for open or long extended orbits be

yond the applied field of B = 4 Tesla in samples 733C and ?OOH. This behavior 

is caused by the structure and orientation of dislocations stored in the samples, 

which can be approximated by the disordered crystallites in modeling magnetore

sistivity. It is seen that more disordered crystallites produce flatter characteristics of 

field-dependent transverse magnetoresistance. This behavior was theoretically pre

dicted by Guttal and Stroud (Guttal & Stroud, 2005). In this light, we should expect 

that transverse magnetoresistance in [100] samples deformed by tension be smaller 

than the transverse magnetoresistance in [541] samples, because the latter samples 

have relatively more ordered dislocation substructure than the former. However, 

we did not observe the apparent difference between these two sample orientations. 

This again indicates that both crystals have microscopically very similar disloca

tion substructure and galvanomagnetic properties are determined by the density of 

dislocations, characterized by residual resistivity ratio RR. The results suggest that 

magnetoresistance of the samples is similar as long as they have the same value of 

RR. Transmission electron microscopy observations of the dislocations substruc

ture in both single crystal samples shown in Figures 2.15 and 2.16 agree with these 

conclusions. 

(5) The saturating behavior of magnetoresistivity at large magnetic fields for 

closed-orbits changes into a linear dependence with a lower slope as the density of 

dislocations increases. This behavior has been shown in Figure 9.36 which exhibits 

the detailed evolution of magnetoresistivity as a function of applied field for dif

ferent values of RR. It has been observed that the experimental measurements of 

filed-dependent magnetoresistance in the closed-orbit crystallographic orientation 
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have an excellent agreement with the modeling curves in the initial linear portion 

and in filed lower than 10 Tasia, (from Figure 9.37). Our experimental setup allow 

us to measure galvanomagnetic properties only in the range from 0 to 9 Tesla, the 

maximum intensity of the magnetic field achieved with the system. Thus, it would 

be interesting to investigate this effect at higher fields, beyond 9 Tesla, to determine 

if the theoretical predictions match the experimental results, which may be the task 

for the future studies. 

(6) Experimental measurements of the magnetoresistivity in crystals oriented 

initially along [541] (Figure 8.26) indicate that in samples deformed to large strains 

transverse magnetoresistance is still anisotropic. Unlike in polycrystalline sam

ples, the orientation of the crystallites in deformed single crystals containing Nd ,...., 

1.5 x 1012cm-2 density of dislocations is not fully random and they have some 

preferential orientation, which results in anisotropy of magnetoresistance along dif

ferent crystallographic directions. This feature is reproduced in modeling of the 

magnetoresistivity in the sample 700H deformed to large strains by considering 

smaller than 2n range of integration angles. 

(7) The de Hass-van Alphen effect on plastically deformed copper single crys

tals have been investigated by torque magnetometer measurement technique. The 

maximum density of dislocations stored in deformed samples for the occurrence of 

2the effect Nd,...., 6.6 x 1012cm- , has been estimated using free-electron approxima

tion and has been found to be in good agreement with experimental observations. 

The oscillation frequencies for the extremal orbits normal to the principal crystal

lographic directions are obtained through Fourier transform of torque versus field 

characteristics and are listed in table 8.3. By comparing these frequencies with the 

analogous frequencies obtained for undeformed copper crystals, the changes of the 
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extremal cross-section areas corresponding to the extremal orbits are obtained and 

the shape of the Fermi surface of copper crystals with dislocations is qualitatively 

determined (Figures 8.39, 8.40 and 8.41). The results reveal that in general dislo

cations cause expansion of the Fermi surface with the exception of the dog-bone 

orbits and belly orbit normal to < 100 >, which undergo shrinkage. As discussed 

in chapter 8, the change of the Fermi surface caused by stress field for the disloca

tions stored in the sample is quite different from the effect caused by elastic strain 

field. To interpret the reasons for the difference more work is required, which may 

be carried out in the future. 
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Appendix A 

Proofs of Equations 

A.1 Proof of equation ( 4.24) 

Integrating by parts, we can write equation ( 4.24) as 

<I>(r) 	 <l>o(r) +iv v' · {G(r, r') [871 (r'). v'<1>(r')J } dr' 

- iv { [ 871 (r') · v'<l>(r')J . v'} G(r, r')dr' 

<l>o (r) + fs G(r, r') [871 (r') . v'<1>(r')J . ndS 

- iv [871 (r'). v'<1>(r')J . v'G(r, t)dr' 

r{.... , 	 ...., } +--+...., .... , ...., ....,<l>o(r) - iv V G(r, r) · 8 er (r) · V <l>(r )dr, (A.1) 

where nis an outward normal vector on the surface S at a point r'. The surface 

integral in the above equation is zero because of the boundary condition for Green's 
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function. In derivation, we have used Gauss' theorem (or divergence theorem ) 

which is stated as following 

fv v · F(r)dr = fs F(r). iids 

A.2 Proof of equation (9.6) 

Substituting equation (9.5) into equation (4.23), we have 

The second term in the above equations 

v. er!. vc(-r, t) 

where ei, ej ,... are the unit vectors along n , Tj , ...respectively. It is clear that 

equation (A.3) gives 

- ~A - - _,V' · er m · V'G(r, r) = 0 (A.4) 

232 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

The first term in equation (A.2) 

.... +--+s .... ....,
V' · a m · V'G(r, r ) 

(A.5) 

Combining equations (A.2), (A.4) and (A.5) together gives 

~ a a (.... ....,) ~(- ....,)J..J<Jii--G r,r = -u r-r , 
i=l dri dri 

which is exactly equation (9.6). 

(A.6) 
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z 
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Figure A.1: Schematic illustration of the surface integral over different types of crystallites 
to compute depolarization tensor. (a) Type I (Sphere) (b) Type II (Cylinder with the axis 
along y-axis (c) Type III (Cylinder with the axis along z-axis) 
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A.3 Proof of equation (9.20) 

Let R be the radius of spherical crystallites (see figure A.l(a)). From equation 

(9.17), we have 

-1 J z'/ O'zz n' dS' 

4naxxvfa; fs, { :rz "12 tz }3/2 z
-+L-+

O"xx O"xx O"zz 

-1 ion io2n cos2 e 
sinBdBd<p

312 2 2 2 31241rO'xxO'zz 0 0 { sin 8cos2p + sin 8sin p + cos2fJ} 
O"xx O"xx O"zz 

-1 ion io2n cos2 e 
sin BdBd<p

312 2 31247rO'xxO'zz 0 0 { sin e + cos2 e}
O"xx O"zz 

1 2
1 J cos e d cos e

312 3122axx O'zz -1 { l -cos2 e + cos2 e} 
O"xx O"zz 

1 2
1 al/2 J cos e d cos e2372 312 

O'zz - l { 1 - ( 1 - ~) cos2 e} 

1 


_1_ {JI=Xsin- .Ji, - l} (A.7) 
XO"zz VX 

where X is defined as 1 - O'xx/O'zz. Since the medium is symmetric along x and y 

directions ( O'xx = O'yy ), it can be shown 

(A.8) 
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Combining equations (A.7) and (A.8) with equation (9.19) yields 

(A.9) 

A.4 Proof of equation (9.21) 

We use cylindrical coordinates shown in Figure A. l (b) and assume that the length 

L of the cylinder is much larger than its diameter D = 2R (L » D ). Starting from 
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the definition of of depolarization tensor , we have 

x 
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Here the result is of the first order of D2 / L2 . Using the same procedure but on the 

different integral surface, we obtain 

- -1 j y' / ayy n' dS' 

4naxxJO'; Js, {x'2 + .t:_ + t2 }3/2 Y 


O"xx O"xx O"zz 

-1 !o2irloR L/2axx
2 x 2 3/2pdpd<p

47raxxJO'; 0 0 { 2cin p + cos2p) +£}
p O"xx O"zz 4axx 

-1 lo2ir !oR L/2axx 
- 2 x 3/22 24naxxJO'; 0 0 cin p + cos2p) {p2(5in p + cos2p) +£}

O"xx O"zz O"xx O"zz 40"xx 

2 2
 
ld{ 2(sin <p cos <p)}d
x- p --+-- <p
2 Gxx Gzz 

- -1 {21r 1 1 

2
47raxxJO'; Jo 1 - 3/2 ( sin p + cos2p) 

O"xx O"zz 

q2~ 1}d
x --- <p
2 1

2{R2(sin p + cos2p) +£] 1 ~ 
[ O"xx O"zz 40"xx 

1 lo27r 1 - 2x--- 24naxxJO'; o (sin p + cos2p) 
O"xx O"zz 

2 2 
x {-1- [l - ! (2R)~axx (sin <p + cos <p )] __1_} d<p 
~ 2 L Gxx Gzz ~ 

1 -1 D 2axx !o2ir
2 x x - 2 d<p

4naxxJO'; 2 L ~ o 

1 -1 D2axx 


2 x x - 2 x 27r 
4naxxJO'; 2 L ~ 

1D2 

-2 L2 ~/axx (A.11) 

As a proof of equation (9 .18), we do the tedious job to calculate r xx which is of 
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the form 

-1 j x/CJ,rx n~dS' 

4Jr O"xx J<5; Js, {x'2 i3:_ z'2 } 3 / 2 

-O:u + O"xx + O"v_ 

-1 lo2n jL/2 Rsin <p / <J _______-rx____ R sin <pd<pdy' 
3 2

47rO"x.xJ(J; O - L/2 { R2~x:2 p +£ + R2 ~~2 p)} / 
-1 R2 lo2n 

sin2 <pd<p
4nax.xJ(J; O"xx O 

Combining equations (A. I 0), (A.11) and (A.12) will directly give the identity of 

equation (9.19). 
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A.5 Proof of equation (9.22) 

In cylindrical coordinate system shown in Figure A.l(c), with the same integral as 

equation (A.10) but y and z interchanged, we can write 

-1 J X/ <Ixx n' dS' 
41r<Ixxy10'; JS' { x'2- + t:_ + t2 }3/2 x 

O".u O".u O"zz 

-1 lo21r 1L/2 RCOS <p / <Ixx
-----Reos<pd<pdz' 

41r<Jxxy10; O -L/2 { ~~ + £;}3/2 

R2-1 	 Ln/y1(J; 

41r<Jxxy10; <1xx 	 R2 { R2 + L2 } l/
2 

O".u O".u 4Gzz 

-1 1 
--x-----
2<Jxx { 1 4R2azz} 1/2

+ L2a.u 

~ --=!_{l }D2 (A.13)
2axx - 2L2 (1- X) 

From the symmetry, we know 

(A.14) 


Since n2 is not zero only on the top and bottom surface of the cylinder, it is 
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straightforward that 

-1 J z' / C>zz 1dS'
l zz 

4naxx y10'; Js1 { x 2 ,12 212 }3/2 nz -+L_+
O"xx O"xx O"zz 

-1 loR L/ 2crzz 2 d2 x np p
4ncrxx y10'; 0 {L + 2-}3/2 

O"xx 40"zz 

1 L { 1 1 } 
y10';2crzz (K+2-)1 /2 2 ~ O"xx 40"zz v O"zz 

1 1 

C>zz { 1+ ~~::xz }I/2 

D2 
(A.15) 
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Appendix B 

FORTRAN Programs 

B.1 	 Program for computation of field dependent mag

netoresistivity through equation (9.23) 

PARAMETER (KNR=400,KNI=3) 


IMPLICIT DOUBLE PRECISION (A-H, 0-Z) 


DIMENSION CON(KNI,KNI), GAMA(KNI,KNI), RESIS(KNI,KNI), 


1 CONOP(KNI,KNI),DCON 1 (KNl,KNI),PCG I (KNI,KNI),CB(KNI,KNI), 

1 CBIV 1 (KNI,KNI), TA(KNI,KNI), TB(KNI,KNI), TC 1 (KNI,KNI), 

1 CONE(KNI,KNI), TD(KNI,KNI), TE(KNI,KNI), TF(KNI,KNI),COM(KNI,KNI), 

1 TC2(KNI,KNI),DCON2(KNI,KNI),CBIV2(KNI,KNI),PCG2(KNI,KNI), 

1 RED1(KNR),RED2(KNR),TH(KNS),UI(KNI,KNI) 
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c 

OPEN (1,FILE='INPUT') 

OPEN (2,FILE='OUTPUT') 

READ (1, *)BM, RRR, DEN 

READ (1, *) LO, DOL, FV,FE 

CLOSE (1) 

c 

C COMPUTE CONDUCTIVITY TENSOR FOR CLOSE ORBIT 

c 
EMS=9.10938D-31 

ECH= 1.6021760-19 

Pl=3.141592654DO 

CC=5.90D+7 

FAl=Pl/2.0DO 

THTA=Pl/2.0DO 

c 
DON=l,KNR 

DO 1=1,3 

D01=1,3 

CON(l,1)=0.0 

CONOP(l,1)=0.0 

DCONl (1,1)=0.0 

CB(l,1)=0.0 

CBIVl(l,1)=0.0 

TA(l,1)=0.0 
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TB (l,J)=O. 0 


TCl(I,J)=O.O 


END DO 


END DO 


B=N*BM/KNR 


A=CC/(DEN*ECH*RRR) 


WT=B *A 


C WRITE (2,('(4H N= I2, 4Dl4.5)')) N,BM,TAO,DEN 

c 

C THIS IS TO CUMPUTE CONDUCTIVITY TENSOR FOR CLOSE 

C ORBIT 

c 

CON(l,1)=1 .0DO/(l.ODO+WT**2) 


CON(2,2)=CON(l,l) 


CON(3,3)=1.0DO 


CON(l,2)=-WT/(l .ODO+WT**2) 


CON(l,3)=0.0DO 


CON(2,l)=WT/(l.ODO+WT**2) 


CON(2,3)=0.0DO 


CON(3,1)=0.0DO 


CON(3,2)=0.0DO 


AKAI=l .O-CON(l ,1)/CON(3,3) 


DO J=l,3 


C WRITE (2,(' (4E14.5)')) CON(J,1),CON(J,2), CON(J,3),WT 

END DO 
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c 
C THIS IS TO COMPUTE GAMA TENSOR FOR DIFFERENT 

C CONFIGURATIONS 

c 
100 IF (LO.EQ.l) THEN 

AA=SQRT(l-AKAI) 

GAMA(l,1)=(1-1.0/AA)/(CON(3,3)*AKAl)+0.25*DOL*AA/CON(l,1) 

GAMA(2,2)=-0.5*DOL*AA/CON(l,1) 

GAMA(3,3)=(AA-1)/(CON(3,3)*AKAI)+ 0.25*DOL*AA/CON(l,1) 

GAMA(l,2)=0 

GAMA(l,3)=0 

GAMA(2, 1 )=0 

GAMA(2,3)=0 

GAMA(3,1)=0 

GAMA(3,2)=0 

END IF 

c 
IF (LO.EQ.2) THEN 

GAMA(l,l)=-0.5*(1-0.5DO*DOL/(1-AKAl))/CON(l,1) 

GAMA(2,2)=GAMA(1,1) 

GAMA(3,3)=-0.5*DOL/(CON(3,3)*(1-AKAI)) 

GAMA(l,2)=0 

GAMA(l,3)=0 

GAMA(2, 1 )=0 

GAMA(2,3 )=0 
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GAMA(3,1)=0 

GAMA(3,2)=0 

END IF 

c 
IF (LO.EQ.3) THEN 

AA=SQRT(l-AKAI)*ASIN(SQRT(AKAI))/SQRT(AKAI) 

BB=ASIN(SQRT(AKAI))/SQRT(AKAI*CON(l,l)*CON(3,3)) 

GAMA(3,3)=(AA-l)/(AKAI*CON(3,3)) 

GAMA(l,1)=-0.5*(GAMA(3,3)+BB) 

GAMA(2,2)=GAMA(l,1) 

GAMA(l,2)=0 

GAMA(l,3)=0 

GAMA(2, 1 )=0 

GAMA(2,3)=0 

GAMA(3,1)=0 

GAMA(3,2)=0 

END IF 

c 
c 
C THIS IS TO COMPUTE CONDUCTICITY TENSOR FOR OPEN ORBIT 

c 
C KH LOOP IS TO COMPUTE CONDUCTIVITY TENSOR FOR 

C EXTEND ORBIT 

c 

KH=(KNS-1 )/2 
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c 

c 
c 

C 

C 1 

C 

c 

DOK=l,KNS 

TH(KNS)=O.O 

THTA=0.5*Pl+(K-KH-1)*50.0*Pl/((KNS-1)*180.0) 

AB=SIN(FAI)*SIN(THTA) 

AC=SIN(FAI)*COS(THTA) 

ANTA=WT*AC 

DD=l+ANTA**2 

CONOP(l,1)=(1-FE)*CON(l,l)+FE*(l-AB**2)/DD 

CONOP(l,2)=(1-FE)*CON(l,2)+FE*(-AB*COS(FAl)-ANTA*AC)/DD 

CONOP(l,3)=FE*(-AB* AC+ANTA *COS(FAl))/DD 

CONOP(2,1)=(1-FE)*CON(2,l)+FE*(-AB*COS(FAl)+ANTA*AC)/DD 

CONOP(2,2)=( 1-FE)*CON(2,2)+FE*SIN(FAl)**2/DD 

CONOP(2,3)=FE*(-AC*COS(FAl)-ANTA * AB)/DD 

CONOP(3,l)=FE*(-AB*AC-ANTA*COS(FAl))/DD 

CONOP(3,2)=FE*(-AC*COS(FAl)+ANTA * AB)/DD 

CONOP(3,3)=(1-FE)+FE*(l-AC**2)/DD 

CALL RINV(CONOP,TF) 

DOJ=l,3 

WRITE (2,('(3E14.5)')) (1-FE)*con(2,l), 

FE*(-AB*COS(FAl)+ANTA*AB)/DD 

WRITE (2,('(3E14.5)')) CONOP(J,l),CONOP(J,2), CONOP(J,3) 

END DO 
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C THIS IS THE TENSOR DIFFERENCE OF CLOSE AND OPEN ORBIT 

c 
DO I=l,3 

DOJ=l,3 

COM(I,J)=CON(I,J) 

IF (I.EQ .J) THEN 

UI(I,J)=l.0 

ELSE 

UI(l,J)=O.O 

ENDIF 

END DO 

END DO 

M=O 

200 DO I=l,3 

DO J=l,3 

DCON2(1,J)=CONOP(I,J)-COM(I,J) 

DCONl (I,J)=-COM(I,J) 

END DO 

END DO 

DO J=l,3 

C WRITE (2,('(3E14.5)')) AB, AC, DD 

C WRITE (2,('(3E14.5)')) DCON2(J,1),DCON2(J,2), DCON2(J,3) 

END DO 

c 

C THIS IS TO CALCULATE THE PRODUCT OF TWO MATRIXES 
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c 
CALL PRODM (GAMA,DCONl,PCGl) 

CALL PRODM (GAMA,DCON2,PCG2) 

c 

DO 1=1,3 

DOJ=l,3 

AA= Ul(l,J)-PCG 1 (l,J) 

BB=Ul(l,J)-PCG2(1,J) 

PCG 1 (l,J)=AA 

PCG2(1,J)=BB 

END DO 

END DO 

DO 1=1,3 

C WRITE (2,('(3E14.5)')) PCG(l,1),PCG(l,2), PCG(l,3) 

END DO 

C WRITE (2, *) ' ' 

CALL RINV(PCGl,CBIVl) 

CALL RINV(PCG2,CBIV2) 

DO 1=1,3 

C WRITE (2,('(3E14.5)')) CBIV(l,1),CBIV(l,2), CBIV(l,3) 

END DO 

c 

CALL PRODM(DCONl,CBIVl,TCl) 

CALL PRODM(DCON2,CBIV2,TC2) 

c 
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DO I=l,3 

DOJ=l,3 

TB(I,J)=(l-FV)*TC1(I,J)+FV*TC2(I,J) 

TE(I,J)=(l-FV)*CBIVl(I,J)+FV*CBIV2(I,J) 

END DO 

END DO 

CALL RINV(TE,TD) 

CALL PRODM(TB,TD,TA) 

c 
DO I=l,3 

DO J=l,3 

CONE(I,J)=COM(I,J)+ TA(I,J) 

END DO 

C WRITE (2,('(3E14.5)')) CONE(I,l),CONE(I,2), CONE(I,3) 

END DO 

c 

DD=ABS(CONE(l,1)-COM(l,l)) 

IF (DD.GE.1.0E-8) THEN 

M=M+l 

C WRITE (2,('(I3, 2El4.7)')) M,cone(l,1),com(l,l) 

DO l=l,3 

DOJ=l,3 

c BB=COM(I,J) 

AA=CONE(I,J) 

COM(I,J)=AA 
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END DO 


END DO 


GOT0200 


END IF 

c 
CALL RINV(CONE,RESIS) 

DD=RESIS(l,1)-1.0DO 

REDl(N)=DD 

WRITE (2,('(3E14.5)')) B*l.OE+4,RED1(N) 

END DO 

END 

c 

SUBROUTINE PRODM(AM,BM,CM) 

DIMENSION AM(3,3),BM(3,3),CM(3,3) 

DOUBLE PRECISION AM,BM,CM 

DOI=l,3 

DOJ=l,3 

CM(I,J)=O.O 

DOL=l,3 

CM(I,J)=CM(I,J)+AM(I,L)*BM(L,J) 

END DO 

END DO 

END DO 

RETURN 

END 
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c 
c 

SUBROUTINE RINV(RR,RI) 


DIMENSION RR(3,3),RI(3,3) 


DOUBLE PRECISION RR,RI 


DET=RR(l,l)*RR(2,2)*RR(3,3)+RR(2,l)*RR(3,2)*RR(l,3) 


1 +RR(3,l)*RR(l,2)*RR(2,3)-RR(l,l)*RR(3,2)*RR(2,3) 

1 -RR(3,l)*RR(2,2)*RR(l,3)-RR(2,l)*RR(l,2)*RR(3,3) 

IF (DET.NE.0.0) THEN 

RI(l,l)=(RR(2,2)*RR(3,3)-RR(2,3)*RR(3,2))1DET 

RI(l,2)=(RR(l,3)*RR(3,2)-RR(l,2)*RR(3,3))1DET 

RI(l,3)=(RR(l,2)*RR(2,3)-RR(l,3)*RR(2,2))1DET 

RI(2, 1 )=(RR(2,3) *RR(3, 1)-RR(2,1 )*RR(3 ,3) )IDET 

RI(2,2)=(RR(l,l)*RR(3,3)-RR(l,3)*RR(3,l))IDET 

RI(2,3)=(RR(l,3)*RR(2,1)-RR(l,l)*RR(2,3))1DET 

RI(3, 1)=(RR(2,1 )*RR(3 ,2)-RR(2,2) *RR(3, 1))ID ET 

RI(3,2)=(RR(l,2)*RR(3,1)-RR(l,l)*RR(3,2))1DET 

RI(3,3)=(RR(l,l)*RR(2,2)-RR(l,2)*RR(2,l))IDET 

ELSE 

WRITE(*,*) 'ERR STOP' 

END IF 

RETURN 

END 
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B.2 	 Program for computation of magnetoresistivity 

against polar angle e 

PARAMETER (KNR=400,KNl=3,KNS=271) 


IMPLICIT DOUBLE PRECISION (A-H, 0-Z) 


DIMENSION CON(KNI,KNI), GAMA(KNl,KNI), RESIS(KNI,KNI), 


1 CONOP(KNI,KNI),DCONl (KNl,KNI),PCG 1 (KNl,KNl),CB(KNl,KNI), 

1 CBIVl(KNl,KNI),TA(KNl,KNl),TB(KNI,KNI),TCl(KNl,KNI), 

1 CONE(KNl,KNl),TD(KNl,KNl),TE(KNl,KNI),TF(KNI,KNI),COM(KNI,KNI), 

1 TC2(KNl,KNl),DCON2(KNl,KNl),CBIV2(KNl,KNl),PCG2(KNI,KNI), 

1 RED 1 (KNR),RED2(KNR), TH(KNS),Ul(KNI,KNI) 

c 

OPEN (l,FILE='INPUT') 

OPEN (2,FILE='OUTPUT') 

READ (1,*) BM, RRR, DEN 

READ (1,*) LO, DOL, FV,FE 

CLOSE (1) 

c 
C 	 COMPUTE CONDUCTIVITY TENSOR FOR CLOSE ORBIT 

c 
EMS=9.10938D-31 

ECH=l .602176D-19 

PI=3.141592654DO 

CC=5.90D+7 

254 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

c 

C 

c 
C 


C 


c 

FAl=Pl/2.0DO 

THTA=Pl/2.0DO 

DON=72,73 

DO 1=1,3 

DO J=l,3 


CON(l,J)=O.O 


CONOP(l,J)=O.O 


DCONl (l,J)=O.O 


CB(I,J)=O.O 


CBIVl(l,J)=O.O 


TA(l,J)=O.O 


TB(l,J)=O.O 


TC 1 (l,J)=O.O 


ENDDO 


END DO 


B=N*BM/KNR 


A=CC/(DEN*ECH*RRR) 


WT=B*A 


WRITE (2,('(4H N= 12, 4D14.5)')) N,BM,TAO,DEN 

THIS IS TO CUMPUTE CONDUCTIVITY TENSOR FOR CLOSE 

ORBIT 

CON(l,1)=1.0D0/(1.0DO+WT**2) 
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CON(2,2)=CON(l,l) 


CON(3,3)=1.0DO 


CON(l,2)=-WT/(l.0Do+WT**2) 


CON(l,3)=0.0DO 


CON(2,l)=WT/(1.0DO+WT**2) 


CON(2,3)=0.0DO 


CON(3,1)=0.0DO 


CON(3,2)=0.0DO 


AKAI=l.O-CON(l,l)/CON(3,3) 


DO J=l,3 


C WRITE (2,('(4E14.5)')) CON(J,1),CON(J,2), CON(J,3),WT 

END DO 

c 
C THIS IS TO COMPUTE GAMA TENSOR FOR DIFFERENT 

C CONFIGURATIONS 

c 
100 IF (LO.EQ.l) THEN 

AA=SQRT(l-AKAI) 

GAMA(l,l)=(l-l.0/AA)/(CON(3,3)*AKAI)+0.25*DOL*AA/CON(l,1) 

GAMA(2,2)=-0.5*DOL*AA/CON(l,1) 

GAMA(3,3)=(AA-1)/(CON(3,3)* AKAI)+ 0.25*DOL * AA/CON(l, 1) 

GAMA(l,2)=0 

GAMA(l,3)=0 

GAMA(2, 1 )=0 

GAMA(2,3)=0 
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GAMA(3,1)=0 


GAMA(3,2)=0 


END IF 


c 
IF (LO.EQ.2) THEN 

GAMA(l,1)=-0.5*(1-0.5DO*DOL/(1-AKAI))/CON(l,1) 

GAMA(2,2)=GAMA(l,1) 

GAMA(3,3)=-0.5*DOL/(CON(3,3)*(1-AKAI)) 

GAMA(l ,2)=0 

GAMA(l,3)=0 

GAMA(2,1)=0 

GAMA(2,3)=0 

GAMA(3,1)=0 

GAMA(3,2)=0 

END IF 

c 
IF (LO.EQ.3) THEN 

AA=SQRT(l-AKAI)* ASIN(SQRT(AKAl))/SQRT(AKAI) 

BB=ASIN(SQRT(AKAI))/SQRT(AKAl*CON(l,l)*CON(3,3)) 

GAMA(3,3)=(AA-1)/(AKAI*CON(3,3)) 

GAMA(l, 1 )=-0.5*(GAMA(3,3)+BB) 


GAMA(2,2)=GAMA(1,1) 


GAMA(l,2)=0 


GAMA(l,3)=0 


GAMA(2, 1)=0 
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GAMA(2,3)=0 

GAMA(3,1)=0 

GAMA(3,2)=0 

END IF 

C WRITE (2,*) 'GAMA' 

C WRITE (2,('(3E14.5)')) 1.0/SQRT(l-AKAl),SQRT(l-AKAl),AKAI 

C WRITE (2, *) ' ' 

DOJ=l,3 

C WRITE (2,('(3E14.5)')) GAMA(J,1),GAMA(J,2), GAMA(J,3) 

END DO 

c 
C THIS IS TO COMPUTE CONDUCTICITY TENSOR FOR OPEN ORBIT 

c 
C KH LOOP IS TO COMPUTE CONDUCTIVITY TENSOR FOR 

C EXTEND ORBIT 

c 
KH=(KNS-1)/2 

DOK=l,KNS 

TH(KNS)=O.O 

THTA=0.5*PI+(K-KH-1)*50.0*Pl/((KNS-1)*180.0) 

AB=SIN(FAl)*SIN(THTA) 

AC=SIN(FAl)*COS(THTA) 

ANTA=WT*AC 

DD=l+ANTA**2 

CONOP(l,1)=(1-FE)*CON(l,l)+FE*(l-AB**2)/DD 
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CONOP(l,2)=(1-FE)*CON(l,2)+FE*(-AB*COS(FAI)-ANTA*AC)/DD 

CONOP(l,3)=FE*(-AB*AC+ANTA*COS(FAI))/DD 

CONOP(2,1)=(1-FE)*CON(2,l)+FE*(-AB*COS(FAI)+ANTA*AC)/DD 

CONOP(2,2)=(1-FE)*CON(2,2)+FE*SIN(FAI)**2/DD 

CONOP(2,3)=FE*(-AC*COS(FAI)-ANTA * AB)/DD 

CONOP(3,l)=FE*(-AB*AC-ANTA*COS(FAI))/DD 

CONOP(3,2)=FE*(-AC*COS(FAI)+ANTA * AB)/DD 

CONOP(3,3)=(1-FE)+FE*(l-AC**2)/DD 

c 
c CALL RINV(CONOP,TF) 

c 
DOJ=l,3 

C WRITE (2,('(3E14.5)')) (1-FE)*con(2,1), 

C 1 FE*(-AB*COS(FAI)+ANTA*AB)/DD 

C WRITE (2,('(3E14.5)')) CONOP(J,1),CONOP(J,2), CONOP(J,3) 

END DO 

c 
C THIS IS THE TENSOR DIFFERENCE OF CLOSE AND OPEN 

c 
DO I=l,3 

DOJ=l,3 


COM(I,J)=CON(I,J) 


IF (I.EQ.J) THEN 


UI(I,J)= 1.0 


ELSE 
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UI(l,J)=O.O 

END IF 

END DO 

END DO 

M=O 

200 DO I=l,3 

DO J=l,3 

DCON2(I,J)=CONOP(I,J)-COM(I,J) 

DCONl(l,J)=-COM(I,J) 

END DO 

END DO 

DOJ=l,3 

C WRITE (2,('(3E14.5)')) AB, AC, DD 

C WRITE (2,('(3E14.5)')) DCON2(J,1),DCON2(J,2), DCON2(J,3) 

END DO 

c 
C THIS IS TO CALCULATE THE PRODUCT OF TWO MATRIXES 

c 
CALL PRODM (GAMA,DCONl,PCGl) 

CALL PRODM (GAMA,DCON2,PCG2) 

c 
DO I=l,3 

DOJ=l,3 

AA=UI(l,J)-PCG 1 (l,J) 

BB=Ul(l,J)-PCG2(1,J) 
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PCG 1 (l,J)=AA 

PCG2(1,J)=BB 

END DO 

END DO 

DO 1=1,3 

C WRITE (2,('(3El4.5)')) PCG(l,1),PCG(l,2), PCG(l,3) 

END DO 

C WRITE (2, *) ' ' 

CALL RINV(PCG 1,CBIVl) 

CALL RINV(PCG2,CBIV2) 

DO 1=1,3 

C WRITE (2,('(3E14.5)')) CBIV(l,1),CBIV(I,2), CBIV(l,3) 

END DO 

c 
CALL PRODM(DCONl,CBIVl,TCl) 

CALL PRODM(DCON2,CBIV2,TC2) 

c 
DO 1=1,3 

DOJ=l,3 

TB(l,J)=(l-FV)*TC 1 (l,J)+FV*TC2(1,J) 

TE(l,J)=(l-FV)*CBIVl(l,J)+FV*CBIV2(1,J) 

END DO 

END DO 

CALL RINV(TE, TD) 

CALL PRODM(TB, TD, TA) 
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c 
DO 1=1,3 

DOJ=l,3 

CONE(l,J)=COM(l,J)+ TA(l,J) 

ENDDO 

C WRITE (2,('(3E14.5)')) CONE(l,l),CONE(l,2), CONE(l,3) 

END DO 

c 
DD=ABS(CONE(l ,1)-COM(l ,1)) 

IF (DD.GE. l.OE-8) THEN 

M=M+l 

C WRITE (2,('(13, 2E14.7)')) M,cone(l,1),com(l,1) 

DO 1=1,3 

DOJ=l,3 

C BB=COM(l,J) 

AA=CONE(l,J) 

COM(l,J)=AA 

END DO 

END DO 

GOT0200 

END IF 

C DO J=l,3 

C WRITE (2,('(3e17.9)')) CONE(J,1),CONE(J,2),CONE(J,3) 

C WRITE (2,('(3e17.9)')) COM(J,1),COM(J,2),COM(J,3) 

C ENDDO 
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c 
CALL RINV(CONE,RESIS) 

IF (N.EQ.72) THEN 


Al=RESIS(l,1)-1.0 


TH(K)=Al 


C WRITE (2,('(15)')) N 

WRITE (2,('(3E14.5)')) 180.0*THTA/PI,TH(K) 

ENDIF 


END DO 


IF (N.EQ.72) THEN 


A=TH(l) 

DOK=l,KNS 

THTA=0.5*PI+(K-KH-1)*50.0*PU((KNS-1)*180.0) 

IF (K+2.LT.KH+l) then 

B 1=0.5*(TH(K)+ TH(k+2)) 


TH(l)=A 


TH(k+l)=Bl 


TH(KNS-K)=Bl 


ENDIF 

C WRITE (2,('(2E14.5)')) 180.0*THTA/PI,TH(K) 

END DO 


END IF 


DD=RESIS(1,1 )-1.0DO 


REDl(N)=DD 


C WRITE (2,('(3E14.5)')) B*l.OE+4,REDl(N) 
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END DO 

C DON=l,KNR 

C B=N*BMIKNR 

C AAl=REDl(l) 

C RED2(1)=AA1 

C AA2=RED1(KNR) 

C RED2(KNR)=AA2 

C IF ((N.NE.l).AND.(N.NE.KNR)) THEN 

C AA3=0.5DO*(REDl(N-l)+REDl(N+l)) 

C RED2(N)=AA3 

C END IF 

WRITE (2,('(3E14.5)')) B*l.OE+4,RED2(N) 

C ENDDO 

c 
END 

c 

SUBROUTINE PRODM(AM,BM,CM) 

DIMENSION AM(3,3),BM(3,3),CM(3,3) 

DOUBLE PRECISION AM,BM,CM 

DO I=l,3 

DOJ=l,3 

CM(I,J)=O.O 

DOL=l,3 

CM(I,J)=CM(I,J)+AM(I,L)*BM(L,J) 

END DO 
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c 
c 

1 

1 

END DO 

END DO 

RETURN 

END 

SUBROUTINE RINV(RR,RI) 


DIMENSION RR(3,3),RI(3,3) 


DOUBLE PRECISION RR,RI 


DET=RR(l,l)*RR(2,2)*RR(3,3)+RR(2,l)*RR(3,2)*RR(l,3) 


+RR(3,l)*RR(l,2)*RR(2,3)-RR(l,l)*RR(3,2)*RR(2,3) 

-RR(3,l)*RR(2,2)*RR(l,3)-RR(2,l)*RR(l,2)*RR(3,3) 

IF (DET.NE.0.0) THEN 

RI( 1,1 )=(RR(2,2)*RR(3,3 )-RR(2,3 )*RR(3,2) )/DET 

RI(l,2)=(RR(l,3)*RR(3,2)-RR(l,2)*RR(3,3))/DET 

RI(l,3)=(RR(l,2)*RR(2,3)-RR(l,3)*RR(2,2))/DET 

RI(2, 1 )=(RR(2,3)*RR(3,1)-RR(2,1 )*RR(3 ,3) )IDET 

RI(2,2)=(RR(l,l)*RR(3,3)-RR(l,3)*RR(3,1))/DET 

RI(2,3)=(RR(l,3)*RR(2,1)-RR(l,l)*RR(2,3))/DET 

RI(3,l)=(RR(2,l)*RR(3,2)-RR(2,2)*RR(3,1))/DET 

RI(3,2)=(RR(l,2)*RR(3,1)-RR(l,l)*RR(3,2))/DET 

RI(3,3)=(RR(l,l)*RR(2,2)-RR(l,2)*RR(2,1))/DET 

ELSE 

WRITE (*, *) 'ERR STOP' 

END IF 

265 




PhD Thesis-Qiuping Bian-McMaster University-Materials Science and Engineering 2010 

RETURN 

END 

B.3 	 Program for computation of field dependent mag

neto resistivity through equation (9.25) 

PARAMETER (KNR=400,KNI=3,KNS=271,KNP=4000) 


IMPLICIT DOUBLE PRECISION (A-H, 0-Z) 


DIMENSION CON(KNI,KNI), GAMA(KNI,KNI), RESIS(KNI,KNI),Ul(KNI,KNI) 


1 CONOP(KNI,KNI),DCONl (KNI,KNI),PCG 1 (KNI,KNI),CB(KNI,KNI), 

1 CBIV 1 (KNI,KNI), TA(KNI,KNI),TB(KNI,KNI),TC 1 (KNI,KNI), 

1 CONE(KNI,KNI),TD(KNI,KNI),TE(KNI,KNI),TF(KNI,KNI),COM(KNI,KNI), 

1 TC2(KNI,KNI),DCON2(KNI,KNI),CBIV2(KNI,KNI),PCG2(KNI,KNI), 

1 TT(KNS,KNI,KNI),CONS(KNS, KNI,KNI) 

c 
OPEN (1,FILE='INPUT') 

OPEN (2,FILE='OUTPUT') 

READ (1,*) BM, RRR, DEN 

READ (1,*) LO, DOL, FV,FE 

CLOSE (1) 

c 

C 	 COMPUTE CONDUCTIVITY TENSOR FOR CLOSE ORBIT 
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c 
EMS=9.109380-31 

ECH=l.6021760-19 

PI=3.141592654DO 

CC=5.90D+7 

FAI=PI/2.0DO 

THTA=PI/2.0DO 

c 
DON=l,KNR 

DO I=l,3 

DOJ=l,3 

CON(I,J)=O.O 

CONOP(I,J)=O.O 

DCONl(I,J)=O.O 

CB(I,J)=O.O 

CBIV 1 (I,J)=O.O 

TA(I,J)=O.O 

TB(I,J)=O.O 

TCl(I,J)=O.O 

ENDDO 

ENDDO 

B=N*BM/KNR 

A=CC/(DEN*ECH*RRR) 

WT=B*A 

WRITE (2,('(4H N= 12, 4D14.5)')) N,BM,TAO,DEN 
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c 
C THIS IS TO CUMPUTE CONDUCTIVITY TENSOR FOR CLOSE 

C ORBIT 

c 

CON(l,1)=1.0DO/(l.ODO+WT**2) 

CON(2,2)=CON(l,1) 

CON(3,3)=1.0DO 

CON(l,2)=-WT/(1.0DO+WT**2) 

CON(l,3)=0.0DO 

CON(2,l)=WT/(l.ODO+WT**2) 

CON(2,3)=0.0DO 

CON(3,1)=0.0DO 

CON(3,2)=0.0DO 

AKAI=l.O-CON(l,1)/CON(3,3) 

DOJ=l,3 

C WRITE (2,('(4E14.5)')) CON(J,1),CON(J,2), CON(J,3),WT 

END DO 

c 
C THIS IS TO COMPUTE GAMA TENSOR FOR DIFFERENT 

C CONFIGURATIONS 

c 
100 IF (LO.EQ.l) THEN 

AA=SQRT(l-AKAI) 

GAMA(l,1)=(1-l.O/AA)/(CON(3,3)*AKAl)+0.25*DOL*AA/CON(l,1) 

GAMA(2,2)=-0.5*DOL*AA/CON(l,1) 
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GAMA(3,3)=(AA-1)/(CON(3,3)* AKAI)+ 0.25*DOL * AA/CON(l,l) 

GAMA(l,2)=0 

GAMA(l,3)=0 

GAMA(2, 1 )=0 

GAMA(2,3)=0 

GAMA(3,1)=0 

GAMA(3,2)=0 

END IF 

c 
IF (LO.EQ.2) THEN 

GAMA(l,1)=-0.5*(1-0.5DO*DOL/(1-AKAI))/CON(l,1) 

GAMA(2,2)=GAMA( 1,1) 

GAMA(3,3)=-0.5*DOL/(CON(3,3)*(1-AKAI)) 

GAMA(l,2)=0 

GAMA(l,3)=0 

GAMA(2, 1 )=0 

GAMA(2,3)=0 

GAMA(3,1)=0 

GAMA(3,2)=0 

END IF 

c 
IF (LO.EQ.3) THEN 

AA=SQRT( 1-AKAI)* ASIN (SQRT(AKAI) )/SQRT(AKAI) 

BB=ASIN(SQRT(AKAI))/SQRT(AKAI*CON(l,l)*CON(3,3)) 

GAMA(3,3)=(AA-l)/(AKAI*CON(3,3)) 
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GAMA(l,l)=-0.5*(GAMA(3,3)+BB) 

GAMA(2,2)=GAMA(l,l) 

GAMA(l,2)=0 

GAMA(l,3)=0 

GAMA(2, 1 )=0 

GAMA(2,3)=0 

GAMA(3,1)=0 

GAMA(3,2)=0 

END IF 

C WRITE (2, *) 'GAMA' 

C WRITE (2,('(3E14.5)')) 1.0/SQRT(l-AKAI),SQRT(l-AKAI),AKAI 

C WRITE (2, *) ' ' 

DO J=l,3 

C WRITE (2,('(3E14.5)')) GAMA(J,l),GAMA(J,2), GAMA(J,3) 

END DO 

DO 1=1,3 

DO J=l,3 

COM(l,J)=CON(l,J) 

IF (1.EQ.J) THEN 

Ul(l,J)=l.0 

ELSE 

Ul(l,J)=O.O 

END IF 

END DO 

END DO 
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c 
C THIS IS TO COMPUTE CONDUCTICITY TENSOR FOR OPEN ORBIT 

c 
C DOK=l,KNP 

THTA=0.5*PI-(135.0-K)*PI/180.0 

c 

II=O 


SS=O.O 


M=O 


200 DO KK= l ,KNS+ 1 

DO I=l,3 

DO J=l,3 

TT(KK,I,J)=O.O 

END DO 

END DO 

FAI=0.5*PI+0.42*(KK-200l)*PI/(1.0*KNS) 

DFAI=0.42*PI/KNS 

AB=SIN(FAI)*SIN(THTA) 

AC=SIN(FAI)*COS(THTA) 

ANTA=WT*AC 

DD=l+ANTA**2 

CONOP(l,l)=(l-FE)*CON(l,l)+FE*(l-AB**2)/DD 

CONOP(l,2)=(1-FE)*CON(l,2)+FE*(-AB*COS(FAI)-ANTA*AC)/DD 

CONOP(l,3)=FE*(-AB*AC+ANTA*COS(FAI))/DD 

CONOP(2,1)=(1-FE)*CON(2,l)+FE*(-AB*COS(FAI)+ANTA*AC)/DD 
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CONOP(2,2)=(1-FE)*CON(2,2)+FE*SIN(FAI)**2/DD 

CONOP(2,3)=FE*(-AC*COS(FAI)-ANTA * AB)/DD 

CONOP(3,l)=FE*(-AB*AC-ANTA*COS(FAI))/DD 

CONOP(3,2)=FE*(-AC*COS(FAI)+ANTA * AB)/DD 

CONOP(3,3)=(1-FE)+FE*(l-AC**2)/DD 

c 
C CALL RINV(CONOP,TF) 

c 
C THIS IS THE TENSOR DIFFERENCE OF CLOSE AND OPEN 

c 

DO 1=1,3 

DOJ=l,3 

DCON2(1,J)=CONOP(l,J)-COM(l,J) 

DCONl(l,J)=CON(l,J)-COM(l,J) 

END DO 

END DO 

DO J=l,3 

C WRITE (2,('(3E14.5)')) AB, AC, DD 

C WRITE (2,('(3El4.5)')) DCON2(J,1),DCON2(J,2), DCON2(J,3) 

END DO 

c 

C THIS IS TO CALCULATE THE PRODUCT OF TWO MATRIXES 

c 

CALL PRODM (GAMA,DCONl,PCGl) 

CALL PRODM (GAMA,DCON2,PCG2) 
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c 
DO 1=1,3 

DOJ=l,3 

AA= Ul(l,J)-PCG 1 (l,J) 

BB=Ul(l,J)-PCG2(1,J) 

PCG 1 (l,J)=AA 

PCG2(1,J)=BB 

ENDDO 

ENDDO 

DO 1=1,3 

C WRITE (2,('(3E14.5)')) PCG(l,1),PCG(l,2), PCG(l,3) 

ENDDO 

C write (2, *) ' ' 

CALL RINV(PCGl,CBIVl) 

CALL RINV(PCG2,CBIV2) 

DO 1=1,3 

C WRITE (2,('(3El4.5)')) CBIV(l,1),CBIV(l,2), CBIV(l,3) 

ENDDO 

c 
CALL PRODM(DCONl,CBIVl,TCl) 

CALL PRODM(DCON2,CBIV2,TC2) 

c 

DO 1=1,3 

DOJ=l,3 

TB(l,J)=( 1-FV)*TC 1 (l,J)+FV*TC2(1,J) 
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TE(I,J)=(l-FV)*CBIV1(1,J)+FV*CBIV2(1,J) 

END DO 


END DO 


CALL RINV(TE,TD) 


CALL PRODM(TB,TD,TA) 


C WRITE (2,('(2i4)')) KK 

DO 1=1,3 

DOj=l,3 

TT(KK,l,J)=DFAI*TA(I,J) 

END DO 

C WRITE (2,('(3e14.5)')) TT(KK,1,1), TT(KK,1,2),TT(KK,l,3) 

END DO 


END DO 


DO 1=1,3 


DOJ=l,3 


SS=O.O 


DOKK=l,KNS 


SS=SS+ TT(KK,l,J) 


END DO 


TA(l,J)=SS 


CONE(l,J)=COM(l,J)+SS/(0.84*PI) 


END DO 

C WRITE (2,('(i3, 3E14.5)')) II, TA(l,1),TA(l,2), TA(l,3) 

END DO 

DD=ABS(CONE(l,1)-COM(l,1)) 
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IF (DD.GE.1.0E-6) THEN 

M=M+l 

C WRITE (2,('(13, 2E14.7)')) M,CONE(l,1),COM(l,1) 

DO I=l,3 

DO J=l,3 

C BB=COM(I,J) 

AA=CONE(I,J) 

COM(I,J)=AA 

END DO 

END DO 

c 

GOT0200 

ENDIF 

CALL RINV(CONE,RESIS) 

C IF (N.EQ.72) THEN 

C WRITE (2,('(i5)')) N 

C WRITE (2,('(3E14.5)')) 180.0*THTA/PI,RESIS(l,1)-l.O 

C END IF 

C END DO 

WRITE (2,('(3E14.5)')) B*l.OE+4,RESIS(l,1)-l.0 

END DO 

END 

c 
SUBROUTINE PRODM(AM,BM,CM) 

DIMENSION AM(3,3),BM(3,3),CM(3,3) 
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DOUBLE PRECISION AM,BM,CM 

DO I=l,3 

DOJ=l,3 


CM(I,J)=O.O 


DOL=l,3 


CM(l,J)=CM(I,J)+AM(l,L)*BM(L,J) 


ENDDO 


END DO 


END DO 


RETURN 


END 


c 
c 

SUBROUTINE RINV(RR,RI) 


DIMENSION RR(3,3),RI(3,3) 


DOUBLE PRECISION RR,RI 


DET=RR(l,l)*RR(2,2)*RR(3,3)+RR(2,l)*RR(3,2)*RR(l,3) 


1 +RR(3,l)*RR(l,2)*RR(2,3)-RR(l,l)*RR(3,2)*RR(2,3) 

1 -RR(3,l)*RR(2,2)*RR(l,3)-RR(2,l)*RR(l,2)*RR(3,3) 


IF (DET.NE.0.0) THEN 


Rl(l,l)=(RR(2,2)*RR(3,3)-RR(2,3)*RR(3,2))/DET 


Rl(l,2)=(RR(l,3)*RR(3,2)-RR(l,2)*RR(3,3))/DET 


Rl(l,3)=(RR(l,2)*RR(2,3)-RR(l,3)*RR(2,2))/DET 


Rl(2,l)=(RR(2,3)*RR(3,1)-RR(2,l)*RR(3,3))/DET 


Rl(2,2)=(RR(l,l)*RR(3,3)-RR(l,3)*RR(3,1))/DET 
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RI(2,3)=(RR(1,3) *RR(2, 1)-RR(1, 1)*RR(2,3) )/DET 


RI(3, 1)=(RR(2,1)*RR(3,2)-RR(2,2)*RR(3,1) )/DET 


RI(3,2)=(RR(l,2)*RR(3,1)-RR(l,l)*RR(3,2))/DET 


RI(3,3)=(RR(l,l)*RR(2,2)-RR(l,2)*RR(2,1))/DET 


ELSE 


WRITE (*, *) 'ERR STOP' 


ENDIF 


RETURN 


END 
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