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CHAPTER 1

INTRODUCTION

Nuclear Matter is a hypothetical nucleus of infinite size,
It contains an equal number of protons and neutrons, with no coulomb
interaction present, and because of its infinite size no surface
effect, Obviously this does not occur in nature, Still in a sense
nuclei do resemble such an abstraction when seen from the liquid-
drop model point of view, In this model the nucleus is supposed to
have a central region of uniform density of particles, with a surface
vhere the density falls awey rapidly to zero,

There are two lines of evidence to show that this is a
fairly accurate picture of a nucleus:

(1) Assuming this model the Bethe-Weizsacker semi-empirical

mass formula can be obtained:

2

/ -Y 2
a2 A7 v Lo, (v-2)78 < (1)

ENZ)= —a,f +a,A
The first term comes from the uniform density of the nucleus, Unless
it is near the surface the particle sees the same surroundings every-

vhere, and has the same energy,



The second, third and fourth terms are respectively to
take into account the surface effect, the coulomb effect, and the
symmetry energy, There is also a fifth term to allow for the
pairing energy. The parameters in this equation have been adjusted
to give a good fit (& 500 Ke¢V) to the gemeral tendencies of nuclear
binding energies,

(2) Electron scattering experiments by Hofstadter show that
nuclei A ) 16 have a uniform central density of about ,168 nucleons
per F3 which falls from 0,9 to 0,1 of its maximum value over a distance
of 2,5 F,

For an infinite nucleus the binding energy per particle is
given by the first term -ay in Equation (I-1), Empirically this
value has been determined by Green, and Cameron (1) to be between
<15.8 MeV and ~17,2 MeV, The goal of nuclear matter theory is to
obtain this value from theory at the correct saturation density,

Thus, the model under consideration is an infinite number of
nucleons filling co-ordinate space, Due to translational invariance,
the single particle states are plane waves, Since nucleons are Fermi
particles they will occupy the lowest available state according to the
Pauli's exclusion principle, four nucleons going in each state, The
filled states will form a sphere in momentum space of radius Py (Fermi
momentum) extending to the highest occupied state corresponding to the
most energetic particle (Fermi energy). Generaliy we use i = 1 and
talk in terms of the wave number kF = pF/h as the Fermi momentum,

To deal with this interacting Fermi gas we must use a many body formalism,



The details of the many body formalisms have been given
in several places (2) and need not be repeated here in any detail,
It will be sufficient to mention that the most usual procedure is to use
the perturbation theory and seek an effective one-body potential from
a given two particle interaction, as in the Hartree-Fock approach,
Normally this method would be excellent, but nuclear forces are known
to be strongly repulsive at short distances ar-' the Hartree~Fock method
would fail for them, because the matrix elements of the potential
would be very large, if not infinite, The solution to this difficulty
is in Brueckner's theory of nuclear structure, This theory has also
been dealt in detail in several places (3). Essentially this
procedure is an extension of the Hartree-Fock method to strong short
range forces by allowing the interacting particles to interact any
number of times before they return to the Fermi sea, so that the
resulting effective two-body interaction is given by a matrix 'G'
which is the "sum" of a series of matrix elements of 'v', which
alternate in sign, The matrix elements of 'G' between the states
of two particles of initial momentum my, 1 and of final momentum

1

m, n are then written as

{ma|g|mmn)y = mnlv| m, 0, =0, MmN

: <M'r)'l &]m,n,—n,m,>

(1-2)
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or more formally

G‘V-"U’%G (1-3)

where Q is the Pauli operator which requires that the intermediate
states be above kF‘ e is the energy denominator defined positive

and given by

€ = é’m' + éh. - 6m' 6“ (I-Ll')

It will be seen from the definition of the G-matrix in
Equation (I-3) that its structure very much resembles that of the
scattering matrix t or K of two free particles, Actually it is the
same, except for the operator Q which prohibits transitions to the
occupied states which do not exist in the case of free scattering,
This then is the main difference between free scattering of two
nucleons and that of those in nuclear matter, The presence of this
operator makes the solution for G-matrix elements very complicated and
various simplifying means have to be developed, The other difference
is that the energy demoninator includes binding effects of the nuclear
medium,

One of the most important applications of the 'G' matrix
formalism has been to derive the effective single particle potential
due to other nucleons experienced by a single nucleon. in the Fermi

sea, and hence its binding energy to the system, A simple extension



of Hartree-Fock procedure to the 'G'-matrix shows that a particle

of momentum km experiences a potential U(m) given by

CL(‘WU:Z {mn|G|mn-nm> (1-5)
' n<k,

The average binding energy for a particle is then given by

{ B-ES = (KED +L CPED

_ R LR - (1-5)
- am + —E tm)

2 2

am

A study of the binding energy characteristics according to density also
leads us to a saturation density which can be compared with the nuclear
density inside a large nucleus like Pb208. In the next three chapters
we give the details of our approach to this aiﬁ, In Chapter II wve

give the simplified methods to calculate the G-matrix elements and discuss
the physical ideas of the origin of different terms and the contributions
of different regions of the two body potentials, Chapter III is

devoted to techniques of calculation, In Chapter IV we present the
results of all this exercise and come to the conclusion that the hard
core potentials give better results than before and that the soft core

votentials may indeed lead to the right binding energy and saturation

density when the three body clusters are taken into account, Only



the lowest order three body clusters are removed in Hartree-Fock
type approach, Very briefly considering them merely represents

the fact that for very short range strong forces like those in a
nucleus, more than two particles may interact before returning to
their normal situation in the Fermi sea, The procedure for

taking them into account was given by Bethe (4) and is briefly given
in Chapter II,

So far we have only consicdered the application of the G«
matrix to an infinite nuclear system where only effective central
forces exist, A finite system has a surface and therefore the
tensor, spin-orbit and other forces can come into play, The extension
to such a system was done by Brueckner, Gammel and Weitzner (5) under
the local density approximation, In Chapter V we have extended the
G-matrix calculations to study the spin-orbit splittings in a few
closed shell %l nucleil and obtain values in reasonable agreement with
experiment, We also find that the spin-orbit force peaks about 0,15 F
inside the half density radius and go on to argue that the spin-orbit
force is about ,15 F inside the central force, confirming the recent
works of several people (36), We also show that the two body spin-
orbit force obtained directly from the two body potential by itself is

sufficient to account for the splitting of the levels,



CHAPTER II

APPROXIMATE METHODS FOR SOLVING THE "G'' MATRIX

There are essentially three ways to solve for the
G-matrix, The first one was given by Brueckner ( 8) himself,
It is a direct approach to the problem and at least in principle
should lead to a very great accuracy, But the procedure is very
lengthy and complicated and still requires an approximation for the
core region, The other two procedures make approximations to the
G-matrix, but give more physical insight into the problem and simplify
the calculation, These are the Moszkowski-Scott separation method
( 9) and the Reference Spectrum method (10), The Moszkowski-Scott
separation method has been modified by Bethe, Brandow and Petschek (10)
(henceforth referred to as B,B,P,) to improve its accuracy and is then
called the modified Moszkowski~Scott separation method, The methods
were developed to give greater physical insight into the theory,
In particular, one wishes to understand the role of the exclusion
principle, the hard core, and the deviation of the energy denominator
e(k) from a simple effective mass form, Earlier methods treated
these things in various ways, but hothing was very clear,

In the Moszkowski-Scott method the long range part v, of

£

v and the short range part v, were separated out, such that the



attraction due to v was completely balanced by the hard core
repulsion and these together produced no phase shift, The distance
ui'at which this separation occurred was called the separation
distance, Moszkowski-Scott then calculated GS and GZ as if v, and

S
were independent of each other and showed that the correction

Ve
G - (Gz + Gs) are 10 to 20% of the main term, v, is relatively weak
and of long range and hence could mainly induce transitions within
the Fermi sea which are prohibited by the exclusion principle, Thus
ngz je - vg 8 vg, The second order term was small, This also
meant that the wavefunction Y differs little from the uncorrelated
wavefunction @ in the region Ve Thus " 4" corresponded to the
"healing" distance introduced by Gomez, Walecka and Weisskopf (11),
For Ve the exclusion principle is of little importance, since it
mainly permits transitions only beyond the Fermi sea, Thus the
Moszkowski-Scott separation method brought out the role of the
exclusion principle and other things more c¢learly and understandably

from the physical point of view, To improve accuracy this method

was slightly modified by B,B,P, We shall talk of it later,

The Reference Spectrum Method

The understanding of Nuclear Matter given by Moszkowski and
Scott was made use of by Bethe, Brandow and Petschek (10) to develop
the "Reference Spectrum Method', Here one can calculate the 'G'

matrix by a procedure which is more accurate and simpler than the



separation method, They showed, first, that given two types of 'G*
matrices GN and GR which differ from each other only in the intermed-

iate state projection and in the energy denominator, they are related

by

¢ = ¢"+ &*T(PT-P") 6" (11-1)

where PR and PN contain the intermediate state projection operator
and the energy denominator for each of the G-matrices GR and GN.
Now if &N is the nuclear G matrix (Equation I-3) then PN - Q/eN

where Q is the Pauli operator prohibiting transitions to the filled

Fermi sesa, Then

N = gR + 6K (PR - gﬂ)é”

(11-2)

B,B.,P, tried to find a GR which is such a good approximation to GNSO
that the second term in (II-2) is small, This would then permit the
replacement of GN in the second term by GR, The Moszkowski-Scott
method, and studies by Kohler (12) required that GR should take a good

approximate account of eN(k) for k ) k, and of Q prohibiting transitions

F
to states k ¢ kF. But simplicity and ease of calculations required

that Q be ignored and eN(k) be replaced by a quadratic form (al + a, k2),
because this is equal to the operator (al - 8, (72), B,B.P, re-

investigated Brueckner's single particle energies and found that for

kb > kF, UN(h), the single particle potential energies are very nearly
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quadratic in k Thus to a gbod approximation, one could replace

b.
for X, > 1.5 k UN(b) by a "Reference Spectrum' potential:
b /8 )74 M

uR(4) = A+ BH, (11-3)

The intermediate state-particle energies in the '"Reference Spectrum"

approximation then becomes

-
‘Eﬂ(é) = A+ H:’) (1I-4)
m
where
T(k) 2

and T(k) is the kinetic energy of the particle,

Brueckner's work had shown that for states inside the Fermi
sea UN(m) was also nearly quadratic in km and even though the effective
mass for these states is different from the particle states, we can

treat the difference as small and write

UN () = A, () + B ‘ﬁ:, | (11-6)

and

"

mm* .
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2,2
Thus ER('m) = ENm)+ A ke (11-8)
% D0m)
Mm

Thus A is the energy gap between occupied and intermediate energy
spectra, It is a function of km, but for most purposes may be taken
to be constant at its value at [,6 kF‘ We find its value to be
around 0,6,

With these definitions of ER, B.B.P, have shown that the

energy denominator

R,, ~Ri; P+t Ry P-f o\ N - 2%
e“h)=E"(I “E|)+E UT’) ENom)

(11-9)
= mﬁn:* (2 + %)
where
ym’,; - 2A &; ; 22 (I1-10)

Thus eR has the form desired of it, Y 2 is large enough to strongly

inhibit transitions to forbidden intermediate states,

Application of the Reference Spectrum Method

Thus, in the reference spectrum approximation, Equation (I-?

will become

s v-p L oG (11-11)
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where e® is given by (II-9), = Introducing the two~body correlated

wavefunction wﬂand the uncorrelated wavefunction @ satsifying
R
el 67 > = P lviys> : (11-12)

i,e, defining

GP = vy (11-13)
we can write
R _ ] R
o o= "ok UV (I1-14)

which with eR as given above (EQuation II-9) gives the reference

wave equation
(V5-7%) $% = - @R (I1-15)

where

<k = g yRr (11-16)

is the wavefunction distortion, Equation (II-15) is the fundamental equation
of the reference spectrum method, When expanded in partial waves

for uncoupled states it leads to equations of the form

2
(N 7-7) % = - p*ypy, (11-17)
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We use the convention of B,B.P,:

gL(Q) =0 JL(Q) (a)
X, () = ket 5 (%) (b)  (11-18)
U, ) = Rt Y (4) (c)
and
2 37 L(L+1)
9ix = 2% X, (11-19)

o 2>

72 for the occupied initial states is given above (Equation II-10);
for particle states B,B,P, have after considering the off-energy shell

effect that

Y - (3s-0-¢) ‘ki +31’22, (11-20)

Comparing (II-12) and (II-17), and making allowance for an infinite

hard-core of radius ¢, we find

R . YR ()
<4%!GI%,>- [fﬁl&u "

m**fe
oo 2 (11-21)
+fc & (£2) X, (4o,%) A{]
Lr 2 ¢ .
= | ) [ g chm o
° 0 (11-22)

+ $L (élL’_ Q:/L/)/C + ¥ f:o( 3 - %) v»u,c0 ,(/z]
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with
¢ 2
*'[0 }L (&ok) 605 :.g [gb’z’k"c)’gt*l('k"c)}“.,(&"c)j (II-ZB)
Here
W, (4) = § (k) Hy (74) ] B (e (11-24)
where _HQP): xf+/(lx)-ﬂ:+)(ix)

is the solution of the problem with only the hard core potential ;
hi+) (ix) is the outgoing wave spherical Hankel function, In
Equation (II-22) the interaction is sepafated into core volume, core
surface, and outer contributions, Both Equations (II-21) and (II-22)
are useful, For coupled partial waves, which occur in triplet spin
states, the corresponding equations can be written in a compact matrix
form (Appendix A),

To calculate the binding energy of nuclear matter we require
the diagonal G-matrix element, averaged over the sixteen spin and iso-

spin states of the interacting pair,. With proper statistical weights,

and exchange contributions, this is given by (Equations 6-1lla and 6-14b

B,B.P,):
M R m
Z { ¢STI G/ 47517 > = [Z (;L+,)fg V(s=0,7z0) U,
(5,M,7,7;) ' odd L
_ uJ'cik
_,T—o) &
+ 395,%(&“/)] & p(sz0,7:0) U, da :Z;L(Lau,)jg R
J

+ 35 Z(;:rw)fgu (s=1,T=1) U+, de

odd L' T
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- 7\_(74'%0 ,
am*/k Z (aL+ )f}L(?&a&:) 'XL(&O,;‘)(SZD,T:O)G{JZ

odd L

+ 3> (;au/)/ 9 (%) X, (k%) (5=0,7=1) d*
[4

L

o (I1,25b)
+ e}"' Z (gfw)fm;(ﬁzz) X, (Fo,t) (S21,T-0) d

veny I
+3Z Z(;Lﬂ:)[ }(7%)&) X, (k) (S~ 21,T=1) g’4;]

odd L

28 g

2.+ 5 at gy (€ g2
‘k €even "dZJL ( +1) —F jo %_ (‘ko-»t) ad*

('&0% ! ’ /
¥ ;Lm* '8 #L}/,tzc} ‘3 {Z(«umf(} %,) b (s<0,T=0) U, d+

édd L

+ 32 (5’”’)](3 -, ) (S=0,T=1) U, d+

Cveny

it v
+ Z Z (JJ+I)'/(5L_%JL) Z)ii" (S:I,T:o)uL'L adx

even L’L' T

4

Z_ Z(J\Tf—/)j((? %’)LL (s=1,7= /)uLLd’tg}

oJ/LL

(I1-25¢)

Equation (II-25b) is obtained from Equation (II-25a) by using Equation (II-17),


http:1.Jl<.o.1c
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After the reference GR matrix is known, the correct GN

matrix can be determined by solving the equation (see Equation I1I-1)
RT i
GN = GR + G -é? - __Q_ ) GN (II-26)

which was derived in their Appendix A by B,B,P, Assuming that GR
is a good first approximation to GN, this may be solved by iteration
R+, R

vy LR 1 _Q R Rtr1 _ Q)¢ ,,Q) .
6" F = R7 (g ) 67 67 (G o) ) (11-27)
The terms on the r ,h,s, we refer to as the second, third, ., . . order
corrections to GR. The second order terms were estimated by B,B,P,
and by Brown Schappert and Wong (13), but the third order term was not
seriously considered previously, The calculation of the second

(2)

order term, A G proceeds as follows, Consider an interacting

pair of particles, denoting their momenta k,, km by P & ko' in a

definite spin, isospin state, The interaction conserves P, S, and T,
so the intermediate state sum is only over relative momentum k',

The energy denominators involve the kinetic and potential energies of
the initial states (£ and m) and the intermediate states (a and b)

of the two particles:

PN k) F T k) - T(Ry) -T ()

(11,28)
b URY (he) + R (Re) U (Re) -U (RR)
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In units of‘hz/m = b1 469 MeV - F2 we have

U

T(Ra) +T (%) Pri

T(kRe) +T(knm) = p*+ 75: (11.29)

[

"

U(Ra)+U(Pg)= W(R+R)+U(P-%)

U (JP7rg™)

The last step would be correct if U were really a quadratic function

(11,20)

1

of momentum, TFor a given initial ko’ not all values of P are possible,

We make the further approximation of replacing P2 in Equation (II,%0)

by its average value,

to | 45

2 _ 3420, R, Pl RE ]
Ry = 576F(’ 1%;)[ +3(a+%/&;)] (11.31)
so that

PN = KK ra[ WP (Rl w7 - u(q/eb%f)]

(11.32)

This is a slight improvement on the expression given in B,B,P,, to whith

it reduces if P = O, They then showed that the matrix element of the

second order correction can be expressed as

(BT 6 (e £ oM7Y - [ o a0 ot iz
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where

, R » R
E(k) = (1-a)e +Q(€'€R)§—N (11.34)

and the average of f}gT over spin and isospin'states is

2
= - 9_’" ’k’) = Z +3 ’ /
T = T (%T,T,)ST ( <uu e%ni) (ae+) Fp (R (11.35)
T ll
P (3 vay ) S (e B
oen ' eV
7 L | * ' J
Frp (4) = EL o (B4) K[, (Bot) de (11.%6)

is a spherical Hankel transform of the wave function distortion'xvi,L
in the coupled state with total angular momentum J, taking the solution
with dominant orbital momentum L and looking at the L' component, For
example, the deuteron (J=1) is mostly S-wave, so L=O and the large and
small components are labelled by L' = O, 2 respectively, For uncoupled
states, only the index L is required, The average -},, is of course
all one requires in binding energy calculations,

In Equation (II-%3) the angular integration has been performed,
This involves an angle-averaging.over the Pauli operator Q and thus in
Equation (II-34) it is this angle averaged operator which occurs,
B,B.P, considered the case P = 0 so Q was simply a step function at

k' = ky, We find that by teking Q (B, k') the second order
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corrections are reduced by about 10%, The angle averaged

Pauli operator is given as

G(P/"k) = 0 l -&1< \/—*;2_;7_

('ﬁ‘z"' pl" .&F)/(J“k’p)j/‘k,;?; <-kl<‘kF+P (11.57)

i

= I ﬁ,> ket P

’

In our calculations the greatest part of the second order
correction comes in the coupled 331 - 5D1 partial waves, where the
tensor force is important, In fact the sum of all other second
order corrections is virtually zero, The small component j(;ﬁ
of the "deuteron state' does not occur in the first order Gk calculation,
but does enter Equation (II-35) for the corrections, Now F%O' the
fourier transform of the major, S-wave component is negative at small k
(from the long range attraction) and positive at moderate k =~
several kF, due to the short range repulsion, Empirically it is
small near kF due to these compensating effects, F;O’ however is
the transform of a function of one sign, zero inside the core,

Féo is negative at all k upto about 6kF, and takes its maximum value

near ZkF, as in Figure 1, Since it is large near the Fermi surface

it makes a big contribution to both the Pauli and spectral correction
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terms, Because so much of the correction came from this one state
we evaluated the third order correction term,; and found it to be
reasonably small, but not negligible,

The evaluation is similar to that of the second order term,

(3)

Teking the matrix element of A\ "“’G between states of definite P, k ,

S, M and T we have

<7 | 876] ¢ >

M et R o '\ o 2 (11-38)
PO [ (-0 (G 2 (- ()
M
(l—'ﬂ’k)1~¢57' >
= > A E (K[ EmDE M) k| 2"
CR LAY
(II-39)

(a7 -2 [ £ Y m| (=057 KM (8" (102 RN

The wave operator \QF has the property

R
P o= wRo (T1-40)

£ (x) was defined in Equation (11-24) and 2 = & /bR(k). There are
seen to be two intermediate state sums, but as before P, S, and T are

conserved by the interaction, Equation (II—59) is written for triplet
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spin states, but the singlet case is an obvious simplification,
Using Equations (6,28), (6,27) and (6,31) of B,B,P, we write

(for s =1, T = 0):

HleaO) 6Ty cunmE S

evenl, L, Y
’ (1I-41)
'ko :} (fefz)x L(qu)zwuz(@ (ﬁo-%—lf;”)
¢
M v
<P, ("\QR)T/‘E M> YRR Z Z ‘bb‘ L"”I*
&,, f ?ﬁf&"‘) X[ZL,(%.’Z)/ZM (@:,m (%' > &) (11-L2)

” P

<_&IM,/ (I—Jlk)—r/-ﬁ”lﬂ"> . un Z Z -ﬁ r pl x

L, T “&L“T

(’ft')—jo }Ll(&”%) XZ LED e dx D ou (B> F) (1I-43)

. ™
with {LL s L far Keiomlam)y (II-44)
J

We need the identity

[a® Do (B> ) D% (4 j) (Bh)
(11-45)

2.

= (%) Ba3 355

aTr/!
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In view of these relations, Equation (II-58) gives

%<¢$f’/ /4>$T> fdﬁa/;& E (k) ECX) Fuy KE)

(1I-46)
where
F_ (3 ¢ =p_a(an) fd 2 atE P (47
mMme'm”
Z Z ”2 n *
erombita, bty (4 &) Z -& %L, -&qu %LJ’ -&7
e (11-47)

Do A D (Fsh O@M’,m,,(%; ¥)

L,(% %,) F, 13(% 2) R, (%,%)
The symbol FiL’ was defined in Equation (II-36), but here we specify
both the initial and final momenta as parameters,

Equation (II-47) simplifies to

- 32 o 7
For = TR 2 S ann B (AR E ] (R H11-48)

evenl, s, o 7

For the correction to the average G-matrix element, we average (II,48)
over S, T states, The T = O states are given a factor of 1/16 and
the T = 1 states, 3/16, The T = 1 triplet states have a sum over
odd L, of course, The singlet states have only a single sum since
L=J, We have computed the third order corrections only for the

1S and (351 - 3Dl) states, The double integral in Equation (II-46)
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- is sufficiently complicated that we considered the Pauli operator

to be a step function in k', k"; i,e, we took P = O in Equation (II-}?).

Effects of Three Body Clusters

For occupied states, the single particle potential energy

is defined as

Um) = ) <mnlGl mn-nm) (I1-49)
B.<%:

This is similar to the Hartree-Fock theory, with the anti-symmetrised
G-matrix element replacing the potential V-, This
definition was suggested by the third order (in G) hole-bubble diagram
(Figure 2A) where a particle in the state m scatters forward from a
particle in the occupied state n, It was shown by B.,B,P,, based on
a suggestion of Brueckner and Goldman (14 ) that this G-matrix element
should be calculated "on the energy shell", TU(m) then compensates for
a wider class of diagrams (Figure 2B) which are grouped together by
the process of ''generalised time ordering', Brandow ( 15) has greatly
developed this concept,

For states kb above the Fermi surface the situation is more
complicated (Figure 2C), The G-matrix element for the interaction of
states b and n must be calculated "off the energy shell", meaning that
in solving Equation (I-3) the energy denominator involves the excitation

energy of the rest of the diagram in addition to the energies of b and n,
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B.,B.P, showed that this insertion cannot be put on the energy shell
by generalised time ordering, By a simple estimate of this effect,
B,B,P, derived the estimates BEquations (II-10) and (II-20) for the
reference energy denominators, It is clear that ‘72 for particle
states (b-n interaction) is much larger than for hole states (m-n
interaction) and this has considerable effect on raising the potential
energies of particle states U(b), In short, Equation (II-49) is also
used for U(b), but G(b,n) is calculated on a different basis,

The motive in defining a potential energy of particle states
is to reduce higher order terms in the perturbation series, 1In the
above, only the third order "bubble" diagrams were considered, because
the third order "ring" diagram (Figure 2D) was known to be small,

More recently it has b;en realized that all diagrams containing only

three occupied state lines should be considered together as constituting

a three body cluster, Rajaraman ( 16) first pointed out that all

the diagrams of third order im G could be grouped together, considered

as insertions in a particle line b, and therefore cancelled by a

suitable definition of U(b), Essentially there are two distinct third
order diagrams, the "bubble" and the "ring", plus all their exchanges,
Rajaraman arrived at a very simple prescription, namely that Equation (II-49)
is used, but summing only over even partial waves of G and using

statistical weight 1 in place of 5/4 as usually applied, This was done

in Razavy's ( 17) calculation,
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Rajaraman ( 18) also pointed out that there are diagrams
of all orders in G containing only three occupied state lines, These
are, therefore, of the same order in the density, Bethe (4 ) derived
a Faddeev equation for the sum of all these diagrams and constructed an
approximate solution, His result is that the sum of all three body
cluster diagrams can be written as the lowest (third) order diagrams
alone, with the middle G-interaction modified to (G.f.). The
"suppression factor" f(r) is one at large r, but falls to about 1/3
inside the hard core (Figure 3 ), It was, therefore, suggested by
Bethe that the three body clusters be incorporated in the calculation

by defining
u) => <Hnl[64]lbn-nt)> (11-50)
£n<—£F »

Writing the relative momentum ko in place of the individual state

labels, we have for the matrix element in a single partial wave

<'féol[5 f]/ﬁo> = J % (k%) Vr(x) $e0 Uy (£, %) d %
- ’ (11-51)

= (’)&;—-*)’L)jcyz,‘z(ﬁat) "bll)“ 0!)‘ + }L(&oc) (.9L'—9#L,) ‘f(t—)

« (II-52)
+ L [ 4 (1) Jery - H, x) %(c,] ver) W, (Rot) ok

The generalization to coupled states is easy, Consideration of éxchange

diagrams shows that Rajaraman's prescription to take only even waves
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still applies, This seems clear because the complete sum is a
weighted third order diagram alone,

Bethe estimated f(r) to take average values ,384 inside
the core and ,86 outside, The effect of f(r) is thus to make the
energies U(b) much more attractive than formerly, since the repulsive
contributions are relatively more suppressed, It was estimated (19)
that the three body clusters contribute of the order 1 MeV to the
binding energy compared to about 10 MeV repulsion when the third
order alone was considered; this is the source of the improvement
in agreement with experiment,

In our calculation we took somewhat better account of the
suppression factor f(r), using Equation (II-51) and (II-52), than in
Bethe's paper, For the hard core potentials we used his numerical
values of f(r), scaled to the appropriate core radius, In principle,
f(r) should be evaluated for the actual potential used, and thus our
work is subject to a correction on this point, M, W, Kirson (20)
is considering this, while B, Day (21) has recently improved on Bethe's
solution of the Faddeev equations, TFor the soft core Bressel potential,
we evaluated f(r) on the same basis as Bethe's hard core function,

The relevant equations are (4,4) to (4,6) and (%,24) of reference (4 ),

which we reproduce here:

F () = [an Ta (M2t 75 | (11-53)
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Feas) = [ar 9, (- P n, 5 1))

(1I-54)
f ) = FOD ] E () (11-55)
U_I - 1- \5,,_
* (11-56)
F- g - N2 Uig + 70,5 U755 (U U -2 Uy, U,,)
Uin Uig 4 Uy, g + Us, U= AU, Uyy Us, (1I-57)

The subscripts denote the argument of each function, so Uy, = u(rla)
etc, 7 and ¥ are the wave function distortions (more precisely
¥ g and ¥ & are) for a typical hole-hole and particle-hole inter-
action respectively, One requires these two situations because the
initial and final stage in any three body cluster is the interaction
of two particles in occupied states, The remaining stages involve
excited particles, Equation (II-57) is Bethe's approximate solution

(1)

of the Faddeev equations, can be interpreted as the part of the

three body wave function after any number of two body interactions,
when particle 1 does not take part in the final interaction, The

energy due to three body clusters is
W= [ 6(tas) F (£a3) d Tag (11-59)
while by considering the third order only one would have

W, = fG(’C.ng) F, (-95-‘13)4’7'33 » (1I-60)
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Using (II-55) it is obvious that

W = f G - (%a3) F; (%a23) d Ty3 (11-61)

which leads to the interpretation stated earlier,

In Bethe's calculation for f(r) several approximations were
made, Only the short range part of the interaction was used, the long
range part removed by a modified Moszkowski-Scott ( 10) separation,

This is helpful because 7) and § are then positive functions, and
Justified because only the strong short range force can make appreciable
contribution in high order diagrams, This is done here, . Next “§(r)

was taken to be a real function of r only, Actually,
K (x) () = X(*%) (11-62)

where X = @ - ¥ is the wave function distortion in Equation (II-16),
Clearly ¥ is in general a complex function of r and 8, If & and X
are expanded in partial waves, and ¥ in a series of multipoles,

$CE) = 57 (arn) £ 5 (0 R (cs6) (11-63)
L

the “fL may be determined by term by term comparison, £ L0 is the
angle average of § and it is only in this approximation ( ¥ = Lo ) that
¥ will be a real function only of r, Still considering only spinless

particles, |

i ., % |
5, ; (aer) %, (11-64)
(#,%)
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This agrees with (II-62) in giving ¥ = 1 inside a hard core.
Finally, Bethe did not calculate $(r) for any particular potential,
but adopted a simple and reasonable quadratic form for it,

In our calculation we constructed X (r) for the lso Bressel
potential using the Modified Moszkowski-Scott method, This was done
for the two representative hole and particle cases, 7 and ¥
could then be taken from the L = O parts of either (II-62) or (II-64),
Since Equation (II-62) is too large near a zero of g;(koé ), but
(II-64) is too small, it finally seemed most reasonable to use

L(r) = 7(o(r) with no factor of ¢, ~Higher partial waves could
be included in Equation (II-64) but actually this leads to difficulty
if 7 (r) exceeds ¥(r) in magnitude, Day's new solution may improve
matters here, Having thus defined ¥ and ¥ we used Equations (11—55)
to (II-58) to evaluate f(r), The result is shown in Figure 3,

It is seen that f(r) for the Bressel potential takes values
about % as r -0, This arises because Y/f ~ % at small r. In the
case of an infinite hard core, ¥/@ = O of course, Now it follows from
Equation (II-58) that when 1= % = %, & - ¥(1) %, and by
comparing (II-52) and (II-53) we obtain f(r) =~ %, This contrasts to
the hard core limit of 1/3, We conclude that while a soft core is
less repulsive than an infinite hard core, it is also less thoroughly
suppressed in its effect on three Body clustgrs. This effect will
tend to minimize the difference between hard and soft core poteﬁtials

in nuclear matter,



Modified Moszkowski-Scott Method

As mentioned in the beginning of this section in
Moszkowski and Scott separation method beyond the separation distance
dy,the wavefunction of two free nucleons interacting via v, Boes
over to the unperturbed wavefunction, B.,B,P, modified this condition
to the effect that the wavefunction in the reference spectrum goes to
the unperturbed wavefunction beyond CLR' This is more accurate than
the MS condition because the reference G-matrix is much closer to the

actual G than the free nucleon G-matrix, This condition means

X5 (#02) =0 x>dg (11-65)
or equivalently
ufs =4 - st = 4 x> dr (11-66)
Since X and X' are continuous, condition (II-65) is equal to
X (d-¢) = X'(d-¢) =0 | (11-67)

B.B.P, then go on to show that up to the terms in second order

-1 R @ ,
6¥= Favy+ 0-K) G (G- S)(amr6) v % (11-68)
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where K is a small quantity given by

: (11-69)
N (GO R GV RN ALY g
where
S EDE J}(%)XLS(&,,t)d}c 2o
(11-70)
lﬂf £ Xy (£,,4) dx £=o
A

Proceeding Jjust as we did in the Reference Spectrum Method, we can

easily obtain

R 4 (Y,
E AR DE e )[f} (#,%) d*x (II-71)

+fc & k2) xLFibon) /{}

<E v D = % L é‘fc&,&) Vet dx

* : (11-72)
= g[d (/’&99.21‘3&/:) v Ly

for L = O wave alone,



The third term in (II-68) is given by

A\

Rl G214 = (,—Ki'fa <ol G 1°> <RI &) (24 68)[ £ L%
= (”K)_',l dfﬁ’[{ ‘ﬁi‘:' ./,,oogo ('ﬁ,/‘) Xosl‘ﬁ”’t) d)r}

(’—Q)“Qeﬂ—:—;‘eﬂ <1Q'[avé+af/7&o> (11—75)
€

ke . _
ﬁ;I:,,n[f” A4 {([o g (4%) X, (Ret) di ) (] go(ﬁk)v;gpwm)}

o j:dﬁ' fiz_e"{(f ‘g () % Chot) e ) ( [[4 kv, g b ”"‘)H

+;W ) [J&Fm&’ eR”O;D (%) X, (4,%) dt/l
-K [/] (]

b R, R w~ oo 2
_ d e (e -€ ) ’
J‘EF ‘k e/v /0 #D( £/l) 7(L5(&0}") A/ (II—?h)

The fundamental equation for X g is of the form (11-17)

FA

a X L(Lt1) *

— - — Xy - Y* X, = - VU

A% s ol ve e (11-75)

=- Vs ( gL— 'XLS)



CHAPTER IIT

DESCRIPTION OF THE CALCULATION

(a) Reference Spectrum

The first order or reference spectrum calculation involves
the solution of the reference wave equation (II-17) and the evaluation
of the integrals in Equation (II-21), To simplify the discussion we
consider singlet states and relegate the triplet equations to Appendix A,

Equation (II-17) may be written as

(li-q* LZ:J/ M*V“O‘nwk~Mﬂmu&%ﬁ (111-1)

0 ) = ot)- U, (o
Xy (Rot) = § (Rot)- Uy (%) (111-2)

For a bhard core potential, up vanishes for r ( ¢ so X L is equal to g/L'
We solve Equation (III-1) for r ) ¢, subject to X -—> O (heals) at
large r, In practice we assume that v(r) is negligible for r greater

than some large distance d, Beyond this distance,

Ky (2 = H, (v)- N (111-3)

%5



with N a constant and ?%L a decaying Hankel function as in Equation (II-2hk),

Explicitly
-X
%(’*/) = €
-X (III-4)
W (%) = (I+%)e

KL+
%_’_,()U = T WL (%) + %L—I (el

X =7

Giving a name

"

_ A )
Il e Yop P2

ro- (11I-5)

to the log-derivative of %[L’ we can write the two point boundary

conditions on Equation (III-1) as

"
3Y

'XL (¢) = }L (#s¢) , X
(II1-6)

"
LS

‘Xl,‘*éz X, (d)=0 |, £

In our work we generally used d ~ 7,1F, This problem is conveniently
solved by the method of E, C, Ridley (22 ) as suggested by Razavy (17).
Actually, Razavy used a variant of this method starting the integration
at r = c, By starting instead at r = d@ the procedure is greatly
simplified, as described here, |

In the Ridley method, auxiliary functions s and @ are

introduced, so that Equation (III-1) is factored into three first
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order. equations,

5%? = B+ g (111-7)
gf = Sw+ (111-8)
%% o dX+ W (I11~9)
with gea) = Sy U () o HEP e (I11-10)
A == V(0 g (£,4) (111-11)

The boundary condition at r = d is satisfied (see (III-9)) if s(d) = [T,
and @ (d) = 0, Using these initial values, (III-7) and (III-8) are
integrated inwards te r = ¢, constructing a tasble of s and « by the
Gill-Runge-Kutta method ( 23), Finally, using X (¢) from (III-6) as
initial value, Equation (III-9) may be integrated back out to r = d,
completing the solution, The mesh here is double that used on the
inward integration, so s(r) and W (r) are available at the mid-points
of the steps,

The values of X (r) are now uéed to construct the integrals

in Equation (II-24) for r > ¢, These may be considered spherical
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Hankel transforms, and conveniently evaluated by an extension of
Filon's method (24 ), This is a generalization of Simpson's rule in
which the wiggles of sin (gr) are exactly accounted for, so the mesh
required is determined by the smoothness of X(r). Thus, for all g |
of interest we can use the same table of X(r), Our computer routine
FILON assumed X(r) to be tabulated in blocks of 2k steps, with the
mesh size doubling between blocks, For the hard core potentials we
used H = 04 F outside the core, and three blocks in all, For the
soft core Bressel potential we used a fictitious hard core of 0,01lF
as a device to start the integration, We fitted two blocks exactly
inside the square core region and three blocks outside, being careful
to pick up the very deep value of v(r) immediately beyond the square
potential edge, For the region r ) d, so far neglected, we added a
correction, Assuming as before that v(r) is very small, it is easy

to derive the approximation

o9 ’
[ 4, (o) X (het) e = L (LR <400 7) % | (AT1-12)
4 Y Tk, S h=d
For r { ¢ 7(L = g L and hence the core contribution

is given by

j 9(4")79(%0&)00: f; (’k«t)d&
_ ,[g (Fot) = §,_ (1%,,& 3 (’)%&)] (III-13)
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The Reid hard core potential, given separately for each

partial wave, is available only for the following states:

3, 3 -, W, %, W, % %, %0,

For sake of comparison we calculated the binding energies for these
very states for the Hamada~Johnston and the Bressel-Kerman potentials,
For higher partial waves we evaluated the OPEP contribution
in Born approximation as first used by Razavy, For this purpose we
assume that only the COPEP is effective for these waves and replace
u; by j’L as in Born approximation in (II-25a), This procedure is
quite good since the centrifugal barrier allows these partial waves
to be effective only at large distances for the energies in nuclear
matter and the wave function is not too much distorted, The detailed
procedure is this: We first assume that the OPEP acts in all partial
waves and then subtract out the ones which we have taken into account

more accurately, The OPZP is given by

yy
Vv =P T G-+ S I+~3—+—§],ﬁ.
opep =¥ 3 [ 7 gesal i ) #% (IT1-14)

Since the tensor part averages out to zero when we sum over all the

J components of any partial wave we have writing

nyy

v =V, % (III-15)
M
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SeuenL - £2 (‘jlfl)/ Ji (£04) U(x) dx
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_ ar o aw y
M #(#?4;8,1)) ‘ (e

. (olZ’ a7 (111-16)
Seae T\ ﬂ(xxﬂcz/;@f/)v" i
Then by Equation (II-25a)
M R M 37 2 2
= - ALC
/6 Z < 42,7 G / ¢ST> A (MG 4] ) )a (111-17)

SMT

From this if we subtract out the contributions in OPEP of the waves we
have used, viz,, those given on page 37  we shall obtain the contributions

of the higher partial waves, For this we require the integrals (25)

=& g ()
e 4 _ Y A2
l 2Tk =g Q,(1+3 &) (II1-18)
oo 3
- L AL -‘Q +1
L(MIZ + ) < é‘;(%vt) dr =7 At TEEaien) (0.7 8. ) (III-19)

where a = ﬁ‘, f’lfkr) = kr j;(kr) and Q are the Legendre functions

of the second kind, Then the OPXP contribution is
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£ 2 <alle ¢ﬂ]

S,MT,T, OPEP
2 2 / 9Q @
= - —— 4 R,-3q,+ Y2, Y3
37 oA 4 [ (Mg ) AuET ( = 73 )
] / 2 -
SR G CIRCEY (Qz’au))] (111-20)

Similarly if only the even waves from amongst those given on page 37
are considered the OPEP contribution is

ﬁZ<%ﬂmW@®Lﬁ

s,M,T,7T.
P even L

3 A L 9 £./’1(Q—a)]
,___i/ /a ,L(l{k "L’ﬁz_(Qa'f'zQz)fS/j ! 3

(I11-21)

The procedure of calculatiop was as follows: For each kF
reference spectrum parameters A and m* were chosen, After some time
it became clear tﬁat one can choose A = 0,6 and m* (always near 1,0)
was determined by making the reference spectrum cross the "nuclear"
or computed spectrum at some k.b o~ 3 kF' We chose seven values of
ko/kF = 0,1, 0,2, 0,4, 0,54 0,775, 0,9 and 1,0 and for each k
constructed GR(ko). The ¥ 2 for given k_ is determined by Equatioh (11-10),
In the first order calculation, GR depends only on ko’ not P, so

Equation (II-49) is equivalent to

\ (&F /&
U(kn) = fiﬁ G (k) ko d%

5 (e rkm)/ 7 crp (I1I-22)
+7rT‘km fk ,k %DL—%F"(&’éc"ém) ] ‘ 0) d’éo
’F_"_’m

El



and the average potential energy of occupied states is

u =:'é ZZ: Um)
m<Re (I1I-23)

Crae [ H R (hea) G (Roke) d R
It turns out that U is very nearly equal to U(m), where'"ﬁm = JTEG;E
is the average momentum in the Fermi sea,

To determine UN(kb) we evaluated [ij} (ko) by (II-52)
at eight values of k_ from zero relative momentum up to k=25 kg
In this case )'2 is taken from Equation (II-20), Only even partial
waves of G are required, The sum over kn in Equation (II-50) was

carried out by a double quadrature,

2

) ‘
u (&b):a—i—g foé'ﬁn “ﬁ:j d (o 8,,) G(/ 1%‘*"‘E"/) (1I1-24)

To obtain G(ko) at all the points required, a Lagrange interpolation was
" made in the table of G, The computed UN(kb) and U(km) were compared

against the input reference spectrum parameters and the process repeated
once or twice to obtain reasonable self consistency, A typical spectrum

is shown in Figure &4,

(b) Second Order Corrections

The second order corrections were evaluated from Equation (II-3%3)

(2)

to (II-37), which give diagonal matrix elements of A'“’G,Generally we

used a "one-point" approximation in which we estimated

AU = 504" G (k=3 *¢) (I11-25)
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where ko is the average relative momentum between occupied states,

(2)

Since A" G is not exactly a quadratic function of ko’ this is not

(2)

exact, Later on we evaluated A\ "G at seven values of ko and
integrated accurately to find the change in binding, as in Equation
(I1I-49), As shown in Table I, the one-point approximation is very
good, with an error of order 5%, The angle averaged Pauli operator
Equation (II-37) with the P, @ppropriate to k  was used in all cases,
Compared to setting P = O, (so Q is a step function), this decreases
the corrections by about 10%,

We made one slight error in our use of Equation (II-32),

by using k') in place of the argument N/P 2 k'2. For large

av

k' this makes extremely little difference and we feel there are
greater uncertainties than this in the nuclear spectrum,

With P # O the integration in Equation(II-33) breaks up
into four regions, two Pauli and two spectral, The three short
regions were covered by 9 point Simpson's rule, the longer region by
21 points, In our most accurate evaluation of the spectral correction
ve found some difficulty with taking k° = kF‘ Due to the near
continuity of the nuclear spectrum at kF' eN tends to zero at the
Fermi surface, However P,, also tends to zero in this limit, so Q
is a step function, To evaluate the spectral correction we took the
integrand at k = kF as a polynomial extrapolation from the values above

kF‘ This is probably justified, and was the only numerical problem

faced,



L2

(¢c) Third Order Correction

The third order correction was evaluated from Equation (II-46)
and (II-48), 1In this case we took Q to be a step function, to keep
the work to a mininmum,  Further, we used the ﬁone-point" appfoximation
(III-25) to estimate the change in binding energy. It would be a very

lengthy task to evaluate 13(3)

G at several initial ko‘ Considering
the coupled le - 3D1 waves, J = 1 and it turns out there are eight
combinations of L-values in the sum (II-48), These are shown in
Table II, in order of importance, The region of integration is
shown in Figure 5, The upper limit was set at 6kF which we believe
is adequate, The Pauli operator Q divides the square into four
regions, so0 with the eight terms there are thirty-two contributions
to the corrections, In practice only one or at most three of these
contributions was significant, the others being several times smaller,
This gives us confidence that the result obtained is meaningful, and
indicates also that the series of correction terms is converging
absolutely,

Simpson's rule was used in the integration, with eight

points below k_, and 21 above, According to Equation (II-48) we must

F

have 29 Hankel transforms of X(k_,f ) for the table of Fi Lk ).
1

However, the final term in the sum ®ould require 29 transforms of

each 29 reference wave defect functions CK(k',r). This would be a

large amount of computing and we made the following approximation,
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We chose seven representative values of k', k'/kF = .22, .56, .775,
.9%7, 1.5, 3,125, and 5,125, We found X® for each of these and
for each made a table of the transform, During the integration
the required F(k", k') was taken from the correct row of the closest
available k' (above or below kp as required), Some comparisons
given in Table III show that even with only two k' - columns the
results agree quite closely with each other, We believe that our

(3)

evaluation of A U is good to better than 10%,

We also calculated the third order correction for the
1So state for a few representative cases, It was of the order 0,2 MeV,

so completely negligible,

(d) MMS Method

Since the corrections to the Reference Spectrum are most
important in the S state we proceeded to apply the MMS method only in
the 1s° state, the 581 being taken care of by the third order correction,

Equation (II-75) then becomes

d x ‘
25 - 7P Ky T T m* Vsg (}o - Xps)
d %
X *
or 08 _ (y3 it U,,) XopT 77 Vs &, (11I-26)
d2*

The boundary conditions are given as

Xos = %’/&SC (a)

b (1=

W\

0 l’t:d—é E>o



The equation is again solved by the method of E, C, Ridley, but

now, because the separation distance is not known at first, we must

use its variant, as was done by Razavy,

equations:

and

where

The equations are similar to (III-7, 8, 9, 10, 11) if we identify

and

% - - (1+595)

dv . - sCgw-4)
d*x

aq +w) A
i g(su+w)

Xob = SU+W

;(0):—-(1

¥
g = - (7% m ;)

B(a) = -7 Uy 4 (£n)

/

—_—

s P
N o= F

Equation (III-24) is again factored into three first order

(111-28)

(111-29)

(II1-%0)

(I11-%1)

(1I11-32)

(III-23)

(II1~%4)

(I1I-35)
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The boundary condition (III-27a) is satisfied if we put S = O
and W = }o(koc) at r = ¢ (Equation III-31), With these initial
values we integrate outwards for S and W, constructing a table for
them in this operation, till W = O, Here we then put U = O, thus
satisfying the other two boundary conditions (III-2lb and c), and
integrate inwards for U, constructing a table for it too, Xos
is then calculated from Equation (III-31), The evaluation of
<ko/G§/ko> is now given by Equation (II-71),

The evaluation of the other terms in (II-68) is quite
obvious from (II~72) and (II-74), The effect on potential energy
of the correction terms was evaluated as in the Reference Spectrum

Method,



CHAPTER IV

DISCUSSION

We have carried out the nuclear matter calculations for
three modern potentials, two of which have hard cores (Hamada-
Johnston (26 ) and Reid (27)) and one has finite or "soft"
repulsive cores (Bressel-Kerman (28 )), The potentials are des-
cribed in Appendix B, The results for binding and saturation
are summarised in Tables IV and V, With the inclusion of three-
body cluster effects, both binding and saturation are closer to
the experimental values than in previous calculations, The result
for the Bressel Kerman potential shows that it is feasible to hope
for agreement with the experimental values of about 16 MeV per.
particle at ky = 1,4 FL,

The main surprise is the 2 MeV difference between the Reid
and Hamada-Johnston potentials, and the four MeV gainrof the soft
core Bressel-Kerman potential over its parent, Hamada-Johnston,‘
(Figure 6 , Table V), By referring to Table IV, it can be seen
that the gain in binding of Reid over Hamada-Johnston is in the 5D2
and the net JP states. Evaluation of the phase shifts for these

potentials shows that in the 5D2 state, Reid's potential is more

U1



47

attractive, its phase shift being about 10 to 15% greater (and
agreeing better with the most recent phase shift analyses), Since
the average potential energy due to 3D2 interactions is about 15 MeV,
we can expect Reid to give about 1 MeV extra binding on this account,
A similar contribution from the 3? states accounts for the difference,
The Bressel potential gain in binding is a more subtle effect, First
of all, softening the core does give a gain of about 1 MeV binding in
each of the S-states at a given density, The comparison of Bressel
to Reid rather fhan Hamada-Johnston is undoubtedly the fairer one,
since both Bressel and Reid fit the most recent data and we have just
seen that differences of a few MeV can easily arise from fitting
different dats .clections (i.e, giving different phase shifts),
The remaining small gain in binding is due to saturation occuring at
a higher density, This will be brought out more fully below,

Our work shows that at least for the hard core potentials
the third order correction to the reference spectrum approximation is
significant, being of order 1 MeV, This can be seen in Tables VI
and VII, In the soft core Bressel potential it is much smaller and
generally unimportant (Table VIID, This seems confirmed by pre-
liminary calculations with another soft core potential, It can be
seen in Tables VI and VII that calculations made from different

reference spectrum parameters A and m*, if carried to third order,
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agree remarkably well: within .5 MeV in all cases, This is in
spite of up to 5 MeV differences in the first order result, We
have also calculated the lsd state by the modified Moszkowski-
Scott Method, obtaining similar values as shown in Table IX |

This agreement gives confidence that the reference spectrum series
is converging to a meaningful GN matrix, It also indicates that
only a modest degree of self consistency is required between UR
and UN. Of course, if A and m* vary too greatly from reasonable
values, the individual correction terms become large and their
relative inaccuracy more dangerous, For example, in Table VII

we calculated one case for the situation U(b) = O m* = 1, with
self consistency in A ) which gives A = 0,86, The second order
corrections are huge (spectral = =23 MeV) and could easily be
inaccurate by one or two MeV, The final result is -13,2 MeV
binding at kF = 1,36 F-l, differing by about 2 MeV from our best
value, A substantial third order lS° state contribution could
contribute to the discrepancy,

It could be argued that once one decides to define U(b) = 0
the spectral correction should not be included at all, Rather the
contribution of three body cluster diagrams should be included as a
perturbation, Removing the spectral correction would reduce the
binding disastrously, and it is unlikely the three body cluster diagrams

can account for the discrepancy, It appears that at least two or
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three MeV binding are arising in our calculation from the iteration
of three body clusters in higher order diagrams, This comes in when
we define U(b) to be something non-zero, This point requires further
study,

To complete the point we began, evaluation of the third order
reference spectrum correction is gquite simple, and is apparently an
adequate method to get an accurate result from the tensor force,

Generally speaking, we see in Tables VI, VII and VIII a large
compensation between the second order Pauli and spectral corrections,
with a small net result, This is true until 4 and or m* is too
far from rough self consistency, We have already noted that there
is no such cancellation between parts of 13(3)G. Thus from the point
of view of absolute convergency it is fair to say the potential energy
contributions from first second and third order are in the ratio
80 : 20 : 2, which is satisfactory,

It should be noted that decreasing /\ makes the Pauli
correction large, while increasing A makes the spectral correction
large, The Pauli correction is determined mainly by the magnitude
of FL(k') for K ¢ kF. A small A=0,5 makes 72 small, so XR(r)
has a long tail, This makes F(k') large at small relative moméntum.
The spectral correction is sensitive to eR - eN in the region above
but neasr kF, This difference is nearly proportional to A .,

Empirically, the net second order correction is small for A=0.6,

which makes this the most useful value to employ for reference spectrum

calculations,
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Many details of the average potential energy per state are
apparent in Table IV | and are more easily seen in Figures 7, 8
and 9, Over the range of densities displayed, the average
kinetic energy T is roughly linear in kF; of course it is really
quadratic, The potential energy due to 1So interactions is seen
to be parallel to the kinetic energy (-T) line, This shows the
effect of the short range repulsion, in cutting down the lso
F5 dependence to only sz. The states with
J ) 2, interestingly, all have about the same dependence on kF and

contribution from a k

vary more rapidly, Thus, the many accidental cancellations which
occur, hold over a wide range of densities, The 3P states combine

to have a very small net result, consistent with the usual inter-
pretations that the P state force is primarily spin-orbit, The
h%gher partial waves, here given by OPEP, make a substantial repulsive

contribution which is highly density dependent, The 1P1 state

repulsion is slightly stronger, Together these odd states roughly
cancel the large attractive 3D2 contribution, The remaining attractive

state, 1D2 is not shown as it lies just between the lines (-OPEP) and

(-lPl). Thus, it would be in effect a good approximation to calculate

only the lSo, lD2 and 3Sl - 5Dl states as done by Brueckner and Gammel,

Finally we note the most interesting feature, the decisive

1~ 3Dl states,

It is the only contribution to (L which shows definite saturation in

saturation effect of the tensor force in the coupled 3S

this density range, The 1S° state, where the force is purely central,
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will saturate at a higher density comparable to the close packing
of the hard cores,

A central force can act in first order, so that all states
in the Fermi sea can contribute, and saturation occurs only after
the average matrix element becomes small, A tensor force acts only
in second order, Empirically it is a long range force, so can only
scatter to intermediate states through a momentum transfer of order
one inverse fermi, Thus the states which can take advantage of
the tensor force are those in a shell at the top of the Fermi sea,
Since the surface area of the Fermi sea increases less fast than the
volume, the net contribution of the tensor force to the binding will
increase less fast than that of the central force,

If only the lso and 381 states were important, the mean
potential energy %U would lie midway between the S-state curves in
Figures 7to 9. However, as we noted above, the 1D2 state can be
regarded as the net result of all the higher states, and its con-
tribution is seen to be anti~saturating. Its effect is thus to
move the saturation point from about kp = 1.3 Frl (where it would
be with only S-state forces) to the desired region near 1,4 F_l.

We can now consider the difference in binding between the
Reid and Bressel potentials, Comparing Figures 7 and 9 we see
that the major difference in the average potential energy curves is
in the 381‘- 3D state, where Bressel shows less tendency to saturate

1
until a higher density, It appears in fact that the Bressel potential
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has a stronger ratio of central to temsor force in this state, in
agreement with the above discussion, This was checked in a rough
manner by computing the phase shifts, for both potentials, using the
central forces alone, Hence, the main difference is that Bressel

1

fails to saturate until 1,5 F -, due to a weaker 3. tensor force,

1
But by postponing saturation until the higher density, it gains a
small amount of binding from the other states (which one can say are
in sum, the lso and 1D2). In principle, the gain in binding this

way could be greater, but it does not happen to be,

At this point one small defect in the work must be pointed
out, In applying Equation (II-=52) to the hard core forces, we made
the error of using 9¥L(r) -f (r) in the final term, rather than f(c).
This makes the energies of excited states less attractive than they
would otherwise be, and costs nearly 1 MeV of binding, Thus our
hard core calculatio:. is not strictly comparable to the soft core
one where Equation (II-51) could be used directly, On the other hand,
using Day's solution of the Faddeev equations will give compensating
effects, sligﬁﬁy reducing the binding, These two corrections might
well cancel, and neither is includea as we hesitate to repeat all
fhe work now,

Another point that should be‘pointed out here is that for
the soft core potential (Bressel-Kerman) while calculating Bethe's
suppression factor f(r) we assumed the particle state momentum to be

about #Frl. To test if this was reasonable we also calculated f(r)
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_at 5F-1 and SFrl and found that what was to be gained in binding
energy at 3Fr1 vas lost at SF-l. Thus the two effects were com-
pensating and that 4F L vas a good value to use,

In Figure 10 we show the 5S - 3D reference wave function
distortion for the dominant S-channel solution., X 20 vanishes
inside the core, since a plane wave has no "small component", This
is calculated for the average relative momentum ko = 6_j§.kF.

The Fourier transform of ;(oo is small for k' =~ kF because of
cancellation between the long range attractive and short range repul=-
sive parts of 7:00. This circumstance makes the second order
correction from Foo small, However, it is clear that for 7:20

there is no cancellation, and its 3 > Hankel transform is negative
and quite substantial for k' = kj (Figure 1), ?(20 is made

large by the strong tensor force, Thus, it is the tensor force
which makes the second order correction terms so large in the coupled
35 - 3D states, Only in this state is the third order correction
appreciable, The relative smallness of the third order correction
is due to geometrical effects: only at a few pléces in the region
of integration do all factors in the integrand take on large values,

In Table X we tabulate GN matrix elements for the Reid
potential, state by state, with statistical weights included, at
several sub-nuclear densities, Each line refers to a relative
momentum ko/kF =1, ,2, b4, .545, 775, .9, 1,0, These results

are of value for further work,



In Figure IV one can see the details of the potential
energy and the reference spectrum, This is for the Reid
potential, ky = 1,36 and A= 0.6, m* = 949, The curve U is the
potential energy of occupied states using GR. U° includes the
second and third order corrections evaluated at several ko' The
agreement seems quite good, UM is a linear interpolation between
U(kF) and UN(ZkF). We believe it is wrong to accept the computed
values of UN for kb ~ kF for the following reason, The very great
attraction just above the Fermi surface comes about because (i) GR
is modified by the suppression factor f, removing most of the hard
core repulsion and (ii) we take only even waves into account, by
Rajaraman's prescription, At least the second of these effects is
suspect, since Rajarman's argument (16 ) relied heavily on neglecting
all hole-state momenta compared to the momentum of the state con-
sidered, This is clearly wrong until kb is at least 2 or 5 kF.
One can also say that the spectrum just above kF will be sensitive to
the long range forces, such as the tensor force, However, for these
an improved treatment of the three body problem is needed, and has
been developed by Dahlblom ( 29), One needs now two suppression
factors fc and f,_, and the calculation becomes more involved, Here,
we have simply used Bethe's solution and applied a single f(r) to all
parts of G, We believe that the actual spectrum will be closer to
UM than to UN in this region, The spectral correction can be changed

one or two MeV by moving UM about, but no attempt was made to do this
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to make the result look artificially better, When a better treat-
ment of the three body problem and the energy spectrum is available
it will be a simple matter to correct our result,

In conclusion, we believe the remaining uncertainty in our
results lies in the physical approximstions used and not in the
numerical cnes, We have just mentioned the necessary improvements
in the treatment of three body effects and in the evaluation of the
energy spectrum near the Fermi surface, The question of the energy
spectrum for particle states is bound up with the convergency of the
theory, and has recently been discussed very nicely by Brandow (15 ),
These effects could certainly be a few MeV in magnitude,

Our result for the compressibility in Table V is of the
same order of magnitude as in Brueckner's calculations, Remarkably,
the soft core potential gives a greater value than the hard core,
This is probably connected with the fact that saturation is not
exclusively a property of the repulsive core, As discussed above,
the Bressel potential saturates at a higher density, where the core
can be playing a more important role in saturation, and this would
account for the higher value of the compressibility coefficient,

In any case, there is no experimental evidence against the present
values which are of the magnitude required recently by Sorensen in
his consideration of the isotope shift,

In Table XI we present the results for the re-arrangement

energy calculated according to the relation

ER = -A,’ETaTﬂL—E‘S.p,('&m::‘ﬁp> (Iv-l)




CHAPTER V

SPIN ORBIT FORCE

We have seen that for an infinite system like nuclear-
matter the 'G' matrix formalism gives excellént results both for
the Binding Energy and saturation density. An extension of this
procedure to finite systems was initialiy suggested by Brueckner,
Gammel and Weitzner( 5 ) (hereafter referred to as B,G,W,)., Here
the main term in the effective interaction in a finite nucleus is the
'G' matrix, taken from infinite nuclear matter at that density,

This procedure is commonly known as the '"local density approximation',
It has been followed more recently by Kuo and Brown (30 ) and to some
extent justified by Brandow (31 ),

In nuclear matter, only the central force part of G is
effective for binding and saturation, In a finite nucleus the spin-
orbit, tensor and quadratic spin-orbit forces will also come into
play. Obviously the balance of these various forces will be different
in 'G' than in the original two body force, It is clearly of interest
to know whether, indeed, G is made.up of a "strong central-weak tensor"

force, or just what the balance is,

56
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In this section the spin-orbit force is considered
in some detail, and the separation of the effective tensor inter-
action is only considered in a general way, Using the effective
spin-orbit force, the one body spin orbit force of the shell model
is evaluated in an approximation similar to that of Blin-Stoyle
(32 ), Shell model level splittings are considered, reasonable
values are found and certain problems of current interest are dis-
cussed (constancy of splitting among the isotopes of Ca, questions
of the 'shape' of the one-body spin-orbit force of the shell and
optical models), |

In view of the satisfactory agreement with experiment
and with other calculations, these techniques should be appiied to
the separation of the tensor and other parts of the two body force,
Further, the question of the applicability of the Moszkowski-Scott
(9 ) method to the spin-orbit force is considered,

Consider the G in its most general form:

SRIGIRD = @ +4C(G+ T ) N +m (0N ) +(G+E)(G-P a5 P)
+(§-A) (T ko k)

where N and ¢~ are axial vectors, K and P are polar vectors:

v (E5F)
[ £ x4)

P - %’*'é’ (v=2)

k= 4~ £
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where k, k' are unit vectors in the incident and outgoing directions,
For the spin-orbit force we are interested only in the coefficient c¢

which is given, by geometrical arguments, to be

i

<= /_:8_,’(6‘¢G/0—é Go:)
(6,1 6) "7 v-3)

Details for other coefficients are given in Appendix C, Thus the
evaluation of ¢ requires calculation of matrix elements of G off
diagonal in M (the magnetic quantum numser). B B,P, (10) have given
the procedure for the diagonal matrix elements; the off-diagonal

is a simple extension of that,

T=0

The free-particle wavefunctions for state S = 1,

are given by (B,B,P,, Equation 6,2)

‘i o °
" k) SVE (R 5[ amtaren] gAY X A, @

’ ewrenL
va (v-4)
-1 . V2
= (87) (4,4) Z ELL(JL“) c(tiom|am)
evenl T
(¢)

g (4:2)] y;> A,

The nuclear matter "reference" wavefunctions are (B,B,P,, Equation 6,3)

M' \ T , =1 . v, ,
"K,o = (67) (&%) Z Z aer)™ ¢ (Lrom’| T m )
epenl T ) .

m’ ’ Ml 0 (V"5)
u (2 Y N
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Then using (V-ka, 5)

<& IEIN = <ol v w™S
8n le %: E(_,L) (i) (JH’I)(JLJ-/)

n

n

&ako (v-6)

4 (kx) X, UFJ' Y," ( #x) vm/yﬁ) c(L'1om' )| T'm’) d%

Like B ,B,P, Equations 6.8 and 6,10 we define

L e i e (rompam)
v T / (V-7)
and
’ 4 F'
%LJ L :%; %- UUL
Then
M R n’. __l:L + Vs
<¢/D/G/¢Io>: f Z_ (-7 (acr+4) b (A1)
eoenLLL
(v-8)

l J_ M’
yL 7;2‘ . U, WU/ 3//: > dk

Using Equation (17) B,G.W,

r7’ \, - ! A,
St G ven [ YT (&) < I 07 Y TR
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where Vo, = fd\n, yj v yn’ Smm’ (v-10)

Mo R, m 67> :
<¢M/G/¢IOM>: /2 JZ Z_(—L)L F k) xM*

® even L, 7
) (v-11)
" 7 7 m’ ,
fl"j ('LL'L" UlL' yf,_ ( % é) d %
Using
* ' ' m'-m : ,
X',ﬂ yJ"Z(qg,{g);X c(Lrm=mp|gm) (v-12)

and Equation (V-?) we finally obtain, using the reference G matrix

GR for G

G = <0 (40)] 6% 870100

3

a (ur)
%, &,

P S W ey

even L, " T

e (tom) Tm) C(Lim-m mlj'm')
(v-13)

, =4 ’ J m-m
J‘%(&”}c) Uy - (ﬁo,’t) Vo o X,
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As a first use of this equation we apply it to the case
M = M', and sum over M, Then putting ko = ko‘ and using the Clebsch-

Gordan identity

> _C(tsomjam)c(l' somiam 2y . 22
1 ( F7m)= O iz (V-14)

we obtain

< qb,o ’GRI G, = 4 Z % (§J+')fn gz_ Uppo Upy A (v-15)

ﬂ:' ewven Ly

which agrees with the corresponding quantity in Equation (6,lka) of
B,B.P,

The G-matrix elements given by Equation (V-13) are in the
k-space, It is sometimes useful and necessary to go from the k-space
to the r-space or vice-versa, It is convenient to know how this
affects a given partial wave, where the Fourier Transform induces a radial
Hankel transform, The rules are summarised below:

(1) To go from k space to r space:

(lm)2 k! _15 kk!

Multiply the matrix elements by >
(2x2) rr' by ™ rrt

Then take a double Hankel Fourier transform with respect to (QL(kr)
and <?Ifk'r') integrating over kk', The result is the (rr') matrix

element of G,

(2) To go from r space to k space,
(42)° rr!
kk'

Multiply the coefficient by
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Then take a double Hankel Fourier transform with respect to g L(kr)
and j]}k'r') integrating over rr', The result is the (kk') matrix
element of G,

While doing these transformations the following identities are

useful: o , |
lgz,(‘k«t) gL(_&&)d'I(:'}-S('ﬁ'ﬁ) "
0 ’ -
f g k) §, (k) dk > 25 (x-s) (b§ ?7)
4

Thus Equation (V-13) and the procedure for going from k space to
r space and vice-~-versa we know all the matrix elements of G in either space,
Coming back now to the evaluation of 'c' given by Equation(V—3)

we obtain by using Equation (V-13) in it

_4',¢

!

S (6. “6,) € (v-18)

3/4 - - ) »
= - (Z/X) Z Z ASHM[ g]—(—&‘%) I{Ll uL'L” (%o/()d}( e ¢>/L’(w39)

LI |

where

. ':L ” N2
ASUM = (£ (dE+7) c (Li-1fTo) c(t"100lT0)
2 (v-19)

+c(Lio]Ti) C(L"ID’/‘T’)}

Thus the second term in Equation (V-1) becomes
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L 0o ()
i (Gt y () |
== T (Exk) > > Asum
*k o (8) R, 'k; euentLit” 7
T va ; —L¢ 7/ (V-20)
. (co0 @)
j 3 (#.%) U, U (R%) de e Y,
Using the relation
ékqjyt‘(coo@) me’:’{“””}v;(::ao) AL
(T +GE) N < = ilg+am) ( * _’;) (4x)°"
* £, *,
’ (v-21)
v T , y
. Z z BSUM gL(&a’t) L[_' uL,L” (ﬁo}c) d% — yLa(OOGQ)
et l!t” T d(co>8)
Vo
where Bsum= Asum { L(L-I—/)} (v-22)
Now we have the identity
. &) £ v (we
i = =) — Z
“T ) ( 2 ) diceos
0
= f (w7 +5) XYY, (V-23)
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where L=r xk and r=ivk.
The identity can easily be seen if we take the z-axis along the k'
direction, Putting this result in Equation (V-21) we get B(ko,ko')

as the coefficient of the L.,S in the G-matrix és

B (4o, t,) - jf"’” b D_8sun [ §, () Vi (hin)dn Y k)

o A (v-24)

= C 7_ ’

z; L
(v-25)
where CSUM = 2-BSUM -J 2L + 1
(.)L"—L AEY
= {4 + XY ”
v/i____l_éljlj {C(Llldljv)C(L 160/Js)
L(L+r)
(v-26)

4_C(llro/jv)c@7/a//J/)}

The above expression (Equation V-25) has been derived only for the
T =0case, TFor T =1 an exactly similar expression will be obtained,
but the summation will be over odd L, The procedure adopted abové is
very similar to that of B,G,W, ( 5 ), They worked in r-space instead
of k space as we are doing,

In order to evaluate B(ko, ko') we require the following

Clebsch-Gordan coefficients:



I8 (L//—//:ra): L
o?(c?i*/)

C (Ltnol71) =

[ ¢(L+7)

T = L+
L
oA J =1
L+
J = L1
A(aL+1)
—_— T L+
(,;L+/)(L+/) .
1]
J=1tL
J=L-)

It is now a very simple

(1) it L £ 1 CSUM

(i) if L = 1 CSUM
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C(L’/OOIJ’o)‘ L+ ”
- J-
2Ly L+
o NEN
- L"
2L JoEL-
L
c(t™roilgr) = NETRY)
Q(2L'%r)
- /L
2 J=10t"

(v=27)

matter to deduce that in Equation (V-26)

I
(o

- QL+
L(Lt)

2L-7
L

L=J-1 (v-28)
L =T
L =T+
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Thus, knowing the L,S coefficient for the T =1, O

cases the total coefficient is given by

Blhot) = 3 Bk R)| +48(R 2]
(v-29)

-+ 2%_‘.2_ ( B (750,&,:)/7:[ - 8(150,‘&;)/7,%)

which for a N = 2 nucleus reduces to the usual E (T = 1 contribution)

+ %;(T = O contribution),

The above expression for the coefficient of the spin-~orbit
operator has been obtained in the k space, For a practical application
we must know its form in the r-space, The procedure for such a
transformation has been given on page 61, Before we do this we must
note that for physically interesting cases the coefficient of the
operator is diagonal in the k-space, i,e,, ko = ko', or else energy
will not be conserved, Let B (r,r') be the r space representation
of the L,S coefficient,

There are two ways in which we can proceed to obtain
B (r,r') from B (ko,ko). Both procedures should at least in
principle lead to the same result, though in actual practice it is
more convenient and accurate to use one rather than the other, For
physical insights the opposite is the case, We, therefore, mention

both,
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We know from our reference spectrum calculations

f 9 (kx) v, Uf’u (kox) 1k = y,;f“ /g(m) XZL,, (#,%) o
(V-20)

€oeny’

Using this relation in (V-25)

B(*oﬁo)—[/*(;:ﬁ)g chumjaa(‘ku')( o (£o%) da P (co08)

Cuen L, 1"

(v-31)

with a similar expression for odd L, Now (see Equation (IF21))

2 2
[’M)Ig ( 4o%) XZL" (R,x) d*
m* R -

are simply the diagonal matrix elements in k space of GR and can
simply be found by the Bessel Fourier Transform of the wave defect
obtained in the Nuclear Matter calculations, Thus we see that a
suitable combination of the G-matrix elements, the combination being
provided by CSUM (Equation V-26), we can very easily obtain the
coefficient of the spin-orbit operator in k- pace, To obtain its
r-space representation B (r, r') it is then just a matter of two

more Bessel Fourier Transforms according to the prescription on page 61,
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When this procedure is adopted it is a trivial matter to see that

x,x') = !
B(*,%) = B(x.x) (v-32)
i,e,, the coefficient of the spin-orbit operator is symmetrical in

r-space (see Equation V-35),
Explicitly we can write for an N = Z nucleus after taking

{_Z_(r;/) +é(7‘:o)} oF B(Hot,)]

Tz0 02 T=4

B( ke, b))z 7 (2B o :
(R, ) * ‘f‘lqz ( Glf’gall*—gc’;;)e(caoe)

(V-33)
+ (”j? (;ai —2? 6;} + g'c%i ) B (c0s8) +- _:]
where T - (V-3L+)
Gs (Fo ko) = | 4 (Rox) Kis (Rer) o2
0

Looking at Equation (V-3%3) it is immediately seen that there is no hard
. . . J
core conbribution to B (ko,ko) since ’)(Ls ‘r<c = 9 L(kok)j

r{c
which is independent of J,

The r space representstion for "Gis" is given by

T , J ' ) ! !
G2 (« %) 77’;; Z’;—” 4 (k2) G (#F) g (Be)kbakdb (5o,
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Another point that can be easily seen in this procedure
is the absence of the second order correction to the G's, In fact
all G matrix elements which are off diagonal in M have no second order
correction, The proof goes as follows: The second order correction

is given by (See Equation (II-27)):

6 =< AT &M (A& S) 6% S

(v-36)
w 7
” mm oy
= J ECk) Fop ak
0 (v-37)
where
€)= KHm | O (Gam Z) R M (v-38)
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Considering, as a special case, the.triplet even states
we can write from Equations (II-41) and (II-42)

mm'

:}- _ 3& 7‘— f 6‘ "ﬁ” &”2 MI;_* l mn ™M X
ST Z
;o (an)? Z ? .
& ( even L' L" 2" V# % ' zzt' v
L , Ty’

< " ” J oo . " : _
J; JL(% 2) Xy (Ro2) £ ds f 4,0 (£ X;u‘,,, (A ) 4dz (V=140)

D7 (ﬁeﬁ")ﬁ”’”’ £ A

Now

S D7) DT (A7 4
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i

L LI S

AT+ M

Thus, since our G-matrix has only off-diagonal (in MM') elements, there
is no second order correction, An exactly similar proof goes for the
Triplet odd states,

The procedure outlined here to obtain the r-space represen-
tation for G is very simple, Unfortunately it is not a trivial matter
to achieve accuracy. Firstly to obtain the final result we have to
perform three Bessel Fourier transforms which all have to be done on
a computer, Two of these transforms are over k, which requires knowledge
of G for large k's, The final accuracy is, therefore, poor, Cur

initial attempt to obtain B (r,r') was by this method, but we had to
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abandon it in favour of the procedure given below,for reasons mentioned
and also because the k_ ), kp contribution was masking the k ( Xp
contribution which, of cdurse, should be the more important one,

The following procedure is less direct and the physical
picture is not clear; but it is more accurate since the total
number of integrations are reduced to a bare minimum,

In Equation (V-25) the only quantity that changes over when

J&} (ko, ko')—> B (r,r') is the integral

’ ” d " i y !
BINTG(&wh)=iﬁ;Jr&(&r%)vhf“’uuuwﬁk)d%WJQ)

Consider its Bessel Fourier transform according to the prescription

on page 61, Then

BInTe (1) = L, [[ i fo 9 ko) [ § (R VUL U (R ) 2
4&&
'él‘(ﬁol’&,) dﬁodﬁo,

wr" ff -:z’f 3(%-x7) v“ vy (Fo /%}9(,@ /t)dfu/ﬁz
v-L432)

'

- / v 7 ’ r ’
- (M)’f%’? Vor W Uy (R t) f (%) A £,

Thus

n_ HE ST csam
B(*xr%x) = (,1)\')3 Py ELLL f# (’ﬁ—%) 70 (&)au_ (ﬁf)a’é (V-ih)



72

This then is the r space representation of the spin-orbit coefficient
and differs from Equation (%2) of B.G,W, by a factor of 2
because of our inclusion of the exchange term, They derived this
equation more directly in the r-space itself,

We thus see that to obtain the r-space B (r,r') the number
of integrals have been reduced from three to one, This will certainly
improve accuracy, For a practical application of 8B (r,r') it is
better to delay the integration until the end,

We now wish to consider the spin-orbit splittings of the
shell model potential, As is well known a two body spin orbit force
will lead directly to a one body splitting, while the tensor force
will do so only in second order, According to B,G,W, the second order
effect is negligible; here we consider only L,S because we want to
see if it alone is adequate, We follow Blin-Stoyle (32 ) and others
by considering a '"closed shell *1 nucleon" nucleus, and ask for the one
body force due to the interaction of the odd nucleon with the core,
This procedure is followed because it will lead into the "“usual®

e
2 4% form of the L.,S force, which will facilitate comparisons with the

r dr
optical and shell model wells used by other authors, The novel

feature here is that we take into account the nonloéality of the two-
ce
bodyzzG-matrix). Certain approximations have to be made to lead to a
simple result, These are pointed out,
We, therefore, have to consider the expectation of the

spin-orbit term

B(’(,‘t') LS :Lz(q7+(ﬁ.)~k,zxp,2 8("‘12.’1’:1) (V—l¥5‘)
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where
X zhiz = -k, £ = Ky = ’3/"%;’

In doing so we closely follow B,G,W, (v-46)
Suppose that we are considering particle "1" which has a

specified spin state, Then the expectation value of q’z summed over

the spin states of particle 2 will be taken to be zero if the states are

all populated equally with spin up and down, In actual practice, however,

this is not quite correct, since a single particle spin-orbit interaction

splits two states with the same orbital motion, but opposing spins,

This effect is of second order in the spin orbit potential strength and

we shall ignore it since the spin-orbit potential is wezk relative to

the central potential, We shall also neglect any possible lack of

spin-pairing in unfilled shells, Consequently‘our results will hold

at and near closed shells,

To evaluate the expectation value of r,, X Py, We write L.

12

as
]
Pia = 3 (2 xb 4+ Zax b - fuixps - xPp,) (V-47)
Since P = 0

, %) | (v-48)

/‘?12 X E{z = ( {zl X PI - '12; X'e:) (v"l"’9)
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Consider the expectation value of the first term, This is

G [ b B (e w)] g k) das dar Y50
3

where Cj are statistical weight factors for the states of particle "2"
and Yj its initial and final wavefunction, The operator Py of course

operates only on R (r ). Because the centre of mass is

12* Y12
t ]
fixed, i,e., o~ + r, =1 +r we make use of the delta function on
' v 7] 2 1 2

it which we have thus far ignored, Then we evaluate the integral over

r2 to obtain

TG [T ([ kxb B(Lis, ko -2 (- ) (yehenl) (V51)
j a ) 9 'd)‘x

If [ were a local function, it would have a delta function on

1
r Then r, =~ rl would not occur in Yj (r2 + r. - r1 ) and

1”1 1 1
ve could remove ry X p; from the integral, But we know that the non-
locality in B is of very short range and that we can imagine that

Yj is slowly varying relative to 8, This will allow us to take

ry X Py from the integral,

Now consider the expectation value of the second term,

This is

> ¢ [ ut e[ hxp B )] g b da dil (g
?
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]
Since we are integrating over r, and r, the result of this integration

must be proportional to a vector constructed from ry and{;l'. If the
nonlocality in B is of very short range, it is accurate enough to
take this vector to be ry. This approximation is similar to that
already made in removing P from the integral of Equation (V-51),

We, therefore, retain only the component of r, along Tys i.e,, we make

the replacement
Za—s CRTEN (V-53)

Then in the expectation value of the spin orbit term we can make the

replacement

X, e, 2
<{z.zxpu>——9 Lyx p - ” /4 > (V-54)
Then writing

19 Hxh o= LS (V-55)

and combining Equations (V-45), (V-49), (V-51), (V-52) and (V-5k)
we obtain finally the single particle spin-orbit potential as the

coefficient of Ll.Sl:

s ' ! * y
(| V] %) 5 ¢ [ A da F (he) B(%a 20
y (V-56)

(- T ) v (%)
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Recalling Equation (V-46) this can also be written as

(/‘(,,) \/(LS)//'Z,,) :fdjf d}fl P(@Z,Jf;) B({‘f}f’)(

7

where we have introduced the density correlation function

%) (V-57)

* ’
- (4 (V-58)

We now assume that the nonlocality is of short range so that we can

1
make a Taylor expansion of Q)(rz, r, ) about r, and retain only the

first two terms of the expansion,

we can write

P %=, £:)

\

Thus using

40 (V-59)

Pl +4) =" eckx)

P (4, %,)

P, ) + 4 (Ae-%:) U, Q(Fa, 2,) + -

(V-60)

The extra factor of '¥2' that we have put in compensates for allowing

the operator §/ to act on both the coordinates Tse

We now make
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a second Taylor expansion between r, and rlz

P(k2) = €(%1) + (%2 k) -y, O(x,)
(v-61)
= (%) - & Vi, P(4) 4 --
and
v"z. P(}tz) < V;,z[ P(}(I) +(JEZ')}:;) v’i Q(’!.) 4-"]
(v-62)

"

Vf(, Q (’(’)

Substituting these expansions in (V-57)
L v w) = £ dXx oy (E 2V ey -4
(% | %) fd,d_fa’(,)(jqz) (J0) = & Uy, 0U%,)
+1 (Hr-4) Vi PCH)
— 4 ’ /‘C,'}E ]
= JoUs o % /5’()‘5,/2)( __:%?_ {P(»&,)—zg V*'P(&’)*i((’-‘"-‘)

- (#-4)) W e

s [drax sy B2 { Oih) - 1 & Vi, PR = 3 47T @ ()

%,

_é(@,-gi)-v,,,e(m}

(v-63)
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1
Let us now consider a multipole expansion of B (r, r ),
This is given in Equation (V-44), Let us write this equation in the

form

' AL+ '
B(xrx) => Bulxr%x) 4x P‘(m &) (V-6L)
L _

Within the limits of our nuclear matter calculations B Lry r*)

is known only for L =1, T=1and L = 2, T = O states; we took all
other states to be OPEP, Thus there ié no experimental information
which denies the assumption that all the multipoles E?L are equal;

this assumption leads to a function B(r,r') which is a local operator
in the angle variable, An alternative but no more reasonable assumption
would make all the other multipoles zero; this would give maximum
non-locality and have angular dependence Pl(dl) in place of (N - 5'),
(Note: The L = O multipole is irrelevant since it comes with the

operator L,S), Thus with the above assumptions we can write:

’ L)
'y X, % padiull e (coop
B(x.x) =B, )Z;L » A )

’ L+
+BT:0(#,k}Z pp= Rlws) (y_g5)

euvenl
= Bh, (%, &) 6—2 [ S (n-2) (N +J1')]

+BT:O(}C:"t')é [5(\)7—")2') +S(Jl+of)—’)] (V-66)
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where JL , JSL' are the angles which r, r' make with a given
arbitrary direction,
Let us first consider the T = 1 state, By Egquation

(V-62) and (V-66) this becomes

(e 1)) =J/zwaz dnda dodn’ B, (t4)

,,[s(& n)-S(JHJl)] ey {p(")——"’ V,, 00%) (V-€7)
5—; O(&)—-‘(Jc - %) Va, 0(2)

Let us now take the arbitrary direction from which . and JSL' are

measured to be along r Then Equation (V-67) reduces to

(){‘(Ls )!T

1.
fdfc dx' da duz’{tzdc"fo‘ﬁ,‘ *, %)
Y2 A, 0] (Blanal - 5 (+))

A4 (v-68)

35(&)5)’,(0/‘t

:-{L’.‘fd/c dx & K
3
For the T= O case we shall have

(2 v x )] :-5' dre % doda’ B, (% %)

- ( 5 (- JL)+8(J1+J2)) .__._.{P(«t)-,,jc U, 04

ol ) -2 (% ). X,
LAy 0k - f (o) T 0 )} .
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8o

= 'zj'fd* dx’" do g’ x> %> /3;(1(,/1:') /_{’_:__é‘ SV, Ol%,)

£

(5245 (J7-+\Sl'))

’ 3 ’ ! dp
or (x,] v, ), = és_’ffdzc At A B (KA R h (V=70)
B (r, r')! cases are given by Equation (V-4k4), We
L=, T=1
L L=2,7=0

now assume that nonlocality in this function comes from inside the
integral over ko and that outside we can put the factor rr' = r2.
This approximation is of the same order as made in connection with
Equations (V-51) and (V-52), Thus using this approximation and

Equations (V-44) and (V-28) we can write
Bro (2, %)= 2. — . - v () Uy (R
T=y ’ T3 gx* f?’,(‘??’C)  ( n ’

’ 2z ’ 2 ’ 2 . }(v"?l)
- 2o Uy (k) + S (07 U (R E) U (4,4))

-dk]

and

’ I ! ' ' , ' ,
Br:o (% %) = = an*’ ;1[f92(%'c){- (l}uu)uh('k,&)

)

Wi

2 2 ’ 3 1 3 1]
' ’ , ’ n X' U (&&
+ Uao("'zl)uoz(&,“t)) 'g oA (% uz(}k,'t)"’ ( 22 (- 22 (R%)

2 ‘., . (v-72)
+ lfj,,(fc')U,,z ( '&,)C))} d&]
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If we now put these values of B's in Equations (V-68)
and (V-70) we obtain the coefficient of the single-particle spin-
oribt operator in r-space, In order to avoid the difficulty experienced
earlier because of lack of knowledge of u for large k it is better to
interchange the order of integration leaving the k-integration to the
last, This will reduce considerably the apparent importance of large k
and thus the contribution from inside the Fermi-sea will be dominant
together with that of immediately outside, Further the number of
integrations will reduce from 3 to 2, When this is done we require

integrals of the type
[ 2" 4, (k) dx

These can be easily evaluated by introducing exponentially decaying
functions of the type e_éx', integrating and then letting &€-— O,
The general case is a little difficult to work out, but in some particular

ceses they are quite simple, This procedure then gives

1

[ 4 chnr ax s

o

fx3 g (kx) o=

jx 3,(4u) el x

-1

2
:éz (V-73)
fxz 9, (Bx) dx =0

8
j;ﬁ‘gl (k=) dx = - Zu
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Thus combining (V-68) and (V-71) and (V-70) and (V-72), making
the change in integration order as suggested above and then using

(V-73) we shall finally obtain

(LS) ’ ‘ ’ 4 o :
(%IVL/m)!ﬁl2’5 [25[ [¢**3{-w (49 U £,4)

(V-74)
'’ ' ’ 2 , 2 i ,
- F U U AR L (05 A0 U kx40 ) 4 (kx))]]
1 de
"k d%

and

(Ls) ’ 3; d% ’ 2 . ,
(J‘l’ 4 [’L,)/;D - 75—/ —_Eg— [f odx £ {*/'5(‘&, €Y un(,k',t')
! ’ / ’ 2 4 ’
Ui (49 Upy (R 2)) - £ (V5 Cx0 0] (k%))
(v=75)

3, 3 . 3 o @
5 P ' U
+ 1 ( Var (%) U,, (k%) + U, (200, (*ﬂt))ﬂ * d+

and finally for N = Z closed shell nucleus

(¢s

J %) = 2 (alVya)| + g (T )] e

(% |V

Equations (V-74, 75, 76) give the effective one body spin orbit force,
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These equations give the correct result (namely that of Blin-Stoyle)

in the case of a local two body force, To see this we consider
the Moszkowski Scott separation method, According to this the effective
spin orbit part of G is just L#y(r) for r ) d and the wave function

w iL'—? g'L’ vlane wave
The work follows:

Consider first Equation (V-74), 1In the Born approximation limit using

Vg this becomes

t

SN EAIIEES N /44 £ 6 vy a) G (447

(v-77)
i oo
/6 ’ '3 ’ 2
= - .glta//t/c Ué’“jo 4—2159,(764)

The factor 6 with Vlong is really 2 (2 +1) and for T = 1,we have only

L =1, We now make use of the integral ( 23 )

y/ ' 4 7 ’
jo x \72; (24) (xy)ha’x = g2 y'M /7(5#4‘5_”* 3?/
[(Gra)

..Rey—g <R€,U <"‘§!

(v-78)

(%)

A4 . .
fa o (R0 = T (V-79)
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(o 0]
AT ,_Wf‘f © a1 de 3
(%lv /&,)IT:‘, 5 ), Uy (40 dx 5 % (v-80)
Similarly
(257 32 fo at fod/c' oy Q(#%) 3 a2
%, ' = =22 == & 100 4 "% dx
( IV /’%/)/T:O ,5 b /&3 d £
[s 0}
- - & | di'x U’(’rl)/ d# i1 df
=1 dt 4. L df
3 22 $(EX) x5 (V-81)
/ ’ de
= - §2T~j’«t Yy dx % %
after using (V-78) to obtain
4 , O (v-82)
f%‘ g, (k%) = ¢

Thus
)2 (]t () e

Equations (V-80) and (V-81) correspond to the form of the force given

by Blin-Stoyle,
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Using Equations (V-80, 81 and 83) it is now possible
to evaluate the one body spin-orbit force directly using only the
outer part of the two-body spin orbit force, Taking this force
from the Hamada Johnston Potential (Appendix B) we can then show the

one-body force to be

2 2
s, Ad . uc : / /
(}CIIV /)(,):-‘ /73.‘[0'“0‘/3 11"/-:2 *o?"‘/aldz)

(V-84)
- 0399862 éﬂd(w —— )] e—&/uo-(l 4
PPN *
where d is the distance beyond which the two body force is considered,
We show below that it is equal to or near to the core radius,
Once the effective single particle spin orbit force is
calculated the level splitting is given by AE = EJ:L%é-bJ=L+%

for an odd nucleon in state (n,£) by

— * (Ls 2
AE = Ja ‘gne %)y L:'Sl/l{n'e o d
(v-85)

(Ls) 5

:—(.;zu,)fo [{M/ZV £ dx

where 7gn£ is the radial wave function of the particle and depends

upon the type of well chosen for the nuclear potential,
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Calculations, Results and Discussion

Before we go into the procedure of the calculations and give
any results it should be pointed out that the effective single
particle spin-orbit force consists of the product of two terms:

1 a°

T @ and its coefficient, Let us call the coefficient by the

name VLSCOEF, Thus the spin orbit force is given by

1 de (v-86)
% dk

(2] v¥1%) = vLSCOEF
In general VLSCOEF is a function of r, i,e, it is density dependent,

The aim of the present calculations is to find the spin=-
orbit splittings in nuclei near to the closed shell ones, The
calculations are in two parts: first is the calculation of VLSCOEF
and the second is using it to find the splittings, Both these are
independent of each other and require quite different assumptions,

The calculation of the actual force is done by using |
Equations (V-74, 75, and 76), Eguations (V-80, 81 and 83) are also
used if the potential VLS were used directly as the two body force,
rather i{han the G-matrix, The u's are the two body correlated wave-
functions in nuclear matter. In Chapters II and III we have
described how the wave function distortion X can be calculated in
reference spectrum approximation, The u are then simply given by
(3 -X), Thus knowing the two body poteniial in the 5P and 3D states

it is very easy to calculate the spin-orbit férce,
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One of the main assumptions made so far is that the none-
locality of B (r,r') is of much shorter range than that of @ (r,r"),
This was found to'be true by B,G,W, Preliminary investigations
showed this to be true, but no definite numerical values were obtained
owing to the difficulties experienced in such a calculation as
explained above, The main aim of our calculatién, viz. evaluation
of VLSCOEF was reached without explicitly calculating £?(r,r').

If the spin-orbit part beyond some separation distance d of
the Hamada~Jochnston potential is used, VLSCOEF can be calculated
directly from Equation (V-84), It is found that almost the complete
external potential must be used to get the correct splittings, B,G W,
made this assumption in their calculations for binding energy effects,
Our justification is provided by Figure 11, Here we have plotted the
two body Hamada-Johnston spin-orbit force as the effective two-body
force calculated in the 'G' matrix approximation, This was obtained
in the following manner after Brandow's suggeétion (%5) for defining
effective interactions:

From Equations (V-25 and V-28) we seerthat in momentum space
the effective two body spin-orbit interaction is given by (for T = 1,

L = 1 state only and k_ = ko')

Bk, k)= 2[5 k] £ (V0000 wu3)- Fuvl-vl ) o]
’ (V-87)

In Born approximation this reduces to

B(*Op'léo) = [‘1’{7';' 6[ y]l(-&o);) vLS(-’z) d't . (v-88)
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Thus the effective spin-orbit interaction is
2 2 2 2 [
g(u;‘ u, + 0;3 u3/ ) - g u, W "U;o ulo

6 3, (£,%)

(v-89)

From Figure 11 it is clear that the effective interaction and the

two body Hamada-Johnston spin-orbit force are very much the same
except at very small distances, It can be said that the "healing"
of the spin-orbit amplitude is remarkably fast, The Hamada~Johnston
spin-orbit force will, therefore, give the same splitting as the
effective one only if almost all of it outside the hard core is used,
From Equation (V-89) we also calculated the effective two body spin-
orbit force using only the spin-orbit part of the Hamada-Johnston
potential, This we found to be very close to the one calculated by
using all of the potential, Use of the central part of the
potential gave practically zero value throughout, Thus the tensor
part contribution will be very small and we could conclude that the
effective spin orbit interaction comes mainly from the spin orbit part
of the potential, In Figure 11 the top most curve represents the
difference of the contributions to the two body spin-orbit effective
forces obtained by using the total potential and only the spin-

orbit part of the potential in Equation V-89, This would be the
tensor force contribution, It is seen to be small and vanishes very
fast, These conclusions, however; are at best correct only in first

approximation, since the u's involve the total potential, The
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above conclusions are true only for the T = 1 case, We have not
investigated the T = O case; the spin-orbit force here, however,
is small,

One of the interesting points to be studied about VLSCOEF is its
variation with density and the contributions to it from different
regions of the momentum space, These are shown in Figures 12 and
13, Figure 12 gives the variations of the contributions to VLSCOEF
from different regions of the momentum space for T = O,lcomponents, and
the total force for N = Z closed shell nucleus, It is seen that the
T = 1 part is virtually constant over the whole range of the density,
though the contributions from above and below kF change, It is
interesting to note that the variation with kF is linear and that as
kF,increases thereby increasing the size of the occupied region,
the contribution increases by the same amount as the outside sea
contribution decreases, For T =0 this is not the case, The
outside sea contribution is constant and negligibly small, The
contribution from inside the sea decreases in magnitude as the density
iacreases, The reason for such a variation can be seen from the T = O,
k  kp contributions given at kj = 1,6 and 0,8, This variation is
similar to that in the central force where it occurs mainly due to
the 3D2 states, the 5Dl and 3D3 are very small and do not change
total 5D much, This variation océurs in 5P states also, but is

mutually cancelled by the three states,
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In Table XII we give VLSCOEF at different kF fér T=1
and O states, The fourth column gives this coefficient for
N = 2 closed shell nuclei, while (N - 2)/4A times the number in
fifth column must be added to the corresponding number in the
fourth column to obtain VLSCOEF for N £ Z closed shell nuclei,
The numbers are in F2 and must be multiplied by 41,469 to get
them in MeV F,

To obtain the spin-orbit force in the form constant -
' % 3§ ,we have made several assumptions, This form is useful
since it facilitates comparison with the usual shell model and
optical model potentials, B,G,W, and Brueckner, Lockettand
Rotenberg (7) did not do this, B,G.W, directly used the non-
local potential B (r,r') and very ingeqbusly reduced the integro-
differential equation to a pair of differential equations of the
form ¥" + F¥' + G¥ = O, Both F and G involve potential functions,
They observed that the spin-orbit part of the G potential was not
localized in the nuclear surface, but due to the presence of the

additicnal potential F it is not clear that their work disagrees with

the usual type of analysis,

af
In Figure 14 we give the VLSCOEF -% %;— as well as
1 af . 1 4°?
100 T T We have seen that the coefficient of T is

not a constant, but an increasingrfunction of the local density, As

discussed above, this density dependence comes from the T = O part
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of the two body potential, The force is seen to be very similar in
shape to % %él , but pesking about 0,15 F inside the half density
radius, From optical model analysis of proton scattering data several
authors (36) have found that the radius parameter for the spin-orbit
interaction was approximately ,1F less than for the real central
interaction,

Greenless, Pyle and Tang (6) proposed an explanation, based
on the following assumptions, which we shall see are not entirely
justified: (1) the potential well radius squared is estimated to be
the mean square density radius plus the ﬁean square two body force
radius, (2) The two body central mean square radius was taken to be
BFZ, and the spin-orbit radius zero, However, it is well known that
the long range OPEP does not contribute to the extension of the
nuclear force, because of its exchange character, According to Reid,
the intermediate range two body force is primarily of range of about
three pion masses, so that its mean square radius is below 1F2. On
the other hand, the spin-orbit force has a range of order three to
five pion masses (three in Hamada-Johnston potential) which is not
dramatically shorter than that of the central force, Thus the crucial
steps in the Greenless-Pyle and Tang's argument are not supported,

Our nuclear matter calculations lead eaéily to a one body
spin-orbit force with a shift of the right magnitude inside the nuclear
density, This is brought about by the density dependence of the

spin-orbit coefficient VLSCOEF (see Figure 12), An argument similar
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to that of the spin-orbit force if made for the central force

would be rather rough, but would indicate the right tendency of the

force, In Figure 14 we have also plotted the € (r) and

Ur); the latter is the single particle potential energy and may be

very roughly written as Q(r)¢constant, It is seen that unlike the spin-
orbit force U(r) is outside the density distribution, Such a

behaviour is brought about by the saturatién property of the nuclear
force,

Now it is well known that the density distribution is well
inside the optical potential well, Though never calculated from the
first principles this is believed to be a manifestation of the finite
range of the nuclear forces, It should be expected that such a
smearing effect should be the same for the central as well as the spin-
orbit potential, Thus, there would still be a displacement of at
least ,15 F between the spin-orbit radius and the central potential

well radius,

1%
The figure of 100 % %; which we found convenient to use in

Figure 14 can be related to the usual "Thomas Term", if we assume a

depth for the central well, Thus, writing

J_dp _ L > Vo X d?
loozt)c;},"xz(ﬁiv) 'e’;m,zo*/;;
we have
V, X 200 ?N;,, _ 200, 168 - 60
(%p) (+a103)*
X = 7éo0 =19 o Vo = Yo Mes.

Ve
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The usual potential models require 20 to 30 times the Thomas

Term,
Having thus far made a detailed study of VLSCOEF, the
coefficient of % %g, in the effective one body force,we now

consider the next part of the calculations: a study of the spin-
orbit splittings in actual closed shell * 1 nuclei, The splittings
can readily be calculated using Equation (V-85), This involves
knowledge of mainly two quantities: the radial wave functions fnz
.and the density distribution in the nucleus, For the first one,
viz,, the radial wave functions, we as usual took spherical oscillator
functions, There is by now ample evidence for the reasonableness

of this assumption from several Hartree-Fock calculations on light
nuclei, TFor particles deep inside the well this approximation is
quite good, TFor density distributions we used both the shell model

density distribution and the Fermi dénsity distribution,

The shell model density distribution was used for 016, Caho,
and Cakg. It is given by
3 _@x
- 2 2
@ rer 0¥ ey = 16 7T (24p%A) (v-91)
3 g, 4,4
. g
(2) For ca®® e = %é,, € (25+3p%) (v-92)
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,6 is a certain mean of the oscillator wave function size
parameter determined by requiring that the mean square radius of the
. 1 3

nucleus be given by 2;2 2(n-1) + £ + > , where n takes the
values = number of nodes (including origin) -£ =1, 2, 3 .,..
For Ca™® we took (3 to be that of Ca'® times (40/48)Y3, Thus

16 ko 48
/3 =,566 for 0 , 491k for Ca =, 4624 for Ca ,

The Fermi density distribution is given by (37)

Perr = ____fiEEL____ (v-93)

A-c)
1+ A

vhere ¢ is the half-density radius; the surface thickness is given

by
A= botn3 = hhon (v-9l4)
and
-1
3 rra”
Pp:;;;;('-*—g:) (v-95)

¢ and s are the only quantities determined by electron scattering
experiments, ¢ is determined by the position of the first minimum in
the diffraction pattern as a function of scattering angle and s from
the depth of this minimum, ¢ = 2,60 for 016, 3,64 for Caho,

6,50 for Pbaog. For Cah8 c=c df Caho times (48/’40)1/3 .

s = 1,85 for 016, 2.5 for Caho and Cah8 and 2,3 for Pb208.
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The spin-orbit splitting calculations have been carried
out for lpﬁ - lpB/2 and 1d§/2 - ld5/2 states around 016; for
1p, - 1p5 o 1<i5 /o = 1dg /.2,' £, = 1f, ,, states around Cal*O;
for ld.j,/2 - ld5/2‘ lf5/2 - 1f7/2 and Zp},2 - 21:5/2 states around Cal*8
using both the shell model and Fermi density distributions, For
lead we calculated the splittings for the states 1h9/2 - 1h11/2’
1111/2 - 1113/2, 2f5/2 - 2f7/2, 237/2 - 239/2, 3d3/2 - 3d5/2 and
3p% - 3p5/2 using only the Fermi density distribution, The
oscillator size parameter X was varied around the mean value /3
as determined above, Thus while the wave function of the single
particle was allowed to change its size the density distribution,
both shell model as well as Fermi, were kept fixed, The result
of these calculations are presented in Figures 15, 16, 17 and 18,
Marked on these figures are the experimental values (39), The-
agreement with experiment is seen to be quite good especially when
it is to be seen in view of the approximations we have made,

Firstly all our calculations are based on the Hamada-Johnston
force, In nuclear matter this does not give enough binding and it
would, therefore, seem too much to expect the correct spin orbit
splitting, Secondly our calculations have been done in the Reference
Spectrum approximation, We have shown that the second order
éorrection in the spin-orbit case is zero, hence the leading correction
is the third order one, However, from nuclear matter calculations

we know that most of the correction comes from S-states and for spin-
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orbit force tﬁis does not exist, On the whole we therefore expect
results lying reasonably close to- the experimental values, This is
what we get,

The only general trend that can be seen for all the nuclei
studied is that as the experimental values require the size paramater
o« to be smaller, the smaller the guantum number n, In other
words the smaller the quantum number n more spread out is the wave-

function,



APPENDIX A

Coupled States

The reference wave equation for coupled triplet states
can also be solved by the Ridley method, We use the matrix notation
developed by Razavy and Sprung (34, For a given J, there are two
coupled orbital angular momenta, L =dJ & 1, A solution of the
reference wave equation (A,4) consists of two amplitudes, one for
each L, For example, J = 1 has L = O, 2, X 00 and 7(20 are the
"arge'" and "small" components of the deuteron state, The second
index indicates that this solution is mostly S-wave, There is a
second, dominant D-wave solution, with components :X’OZ’ X ope

It is very useful to regard these as making up a "solution matrix"

;('J, components X iL" Introducing the notation
2 A g TCT-1) 4> 0
Vi = (A-1)
0 dz/diL’ (j*l)(j+2)/kz
U$4)= v >
T, T I, 3+
(A-2)
\}JJ—I,J’-I ‘}:'I-H'j""l
7
g(ﬁﬂ) = 3:7'_/ (&o&) 0 \ (A-B)

97
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we can write the coupled reference wave equation (2,5) as

V- 75 17) X7 2 - % p T g7
(v ) v (A-h)

Of course, w7 = ;J, ~xJ (A-5)

Inside a hard core, all components of uJ vanish, so the off-diagonal
components of ‘XJ do, We define % J to be a diagonal matrix like
(A-3) with ¥ L(r) elements, By an argument similar to Equation (III-3)

we will have, for r ) 4,

Xt = Gy N (-6

with N some normalization (2 x 2) matrix, It must be written on
the right so that the off diagonal components of ’)(J have the appropriate
L-character, Setting

/Zf - —Ja/f log F1®) Oy (A-7)

The boundary conditions on X are

x7er - él‘T(szC) L. Ax=C
, (a-8)
7(‘T(a')+/7:7<‘7(d)=o %= d

which correspond to Equation (III-6),
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To apply the Ridley method we introduce Eg and a)J
as 2 x 2 matrices, Equations (III-7) to (IIFN)may be interpreted
as matrix equations, Due to symmetry of the potential (4,2), the gJ in
(I1I-7) and (III-10) is symmetric, and so is sJ, The boundary
condition at r = d is satisfied with ulJ(d) = 0 and sg(d) = [ J.
We can integrate the eight (seven are enough) coupled equations (III-10)
and (III-11) into r = ¢, where 7(J(c) = g J. Thus the procedure is

completely straightforward,



APPENDIX B

Potentials -

The Hamada~Johnston Potential ( 26 ) is expressed as a sum
of central, tensor, spin-orbit and (L L + (L 8)2 terms, The para-
meters are different in singlet even and odd and triplet even and
odd states, The numerical values are given in Table XIII, The

potential is

VIA) = Vo) + U (8) Sia 4V, (((LoS) +V (x) Ly,

La® B U Ga) Ltrs = f 6,0 (T q)] £ ws)

-~ -

7 2 R 2
V.tx)= 0-08 —3—9(’7}-’/;)(9“.@;))/(;)[/-#&,,)’(1)%4.—,)/(1)]
L %)= 0-08 XS (7. ?
T = -5- AI'_;)(F_q;) fZ(x)[l-l-aT Yex) + ‘6—7_\/ ("j
VLS("!): /U-Cz GLS yz(z)[,_;- 41.5 Y(z)]
v, = uc* G, ?;’;’ I+ a,, Ycx) + t,, yzcz;] (B-1)

Yxy = ExP(—x)/x

Z(x):z (14 2 +f-z)>’(n
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2
Here pc™ = 139,4 MeV is the pion mass, x = ur, The hard core

radius ¢ is given by Atc = ,343 where A= 139,4/197,%14 = ,706481 F-l.

FLs S=0
(J—"’) SLLI L= J’_I
= - SLL' L:J S:l
_(J'+z) SLL' L = T
y ™
™M .
s / .
< J'L'S/ = 2{71.'5> © s=o
- a(J—I) ELL' [ = _
aJ +1
J-
6_,_.3_”.(__:) L#Ll::)’i—/ <=
= ag+1
_ALTF2) 5,y =g
L T+
a Y L =J
. ym ,
< J,L’S}Lu_}yJ_L,$> = - AT (T+1) s:o
J-1 L= J-1
\ _,
= &J(J—'f'l)"' L S.J S
..(;r+2)
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The potential in Bressel's thesis was derived by replacing the
infinite hard cores by finite square potentials, The meson mass
was taken differently for the three states T = 1 (pp), T = 1 (np),
T = 0 (np), being 1%9.4 MeV, 135,28 MeV, 137,2 MeV respectively,
This makes the potential charge symmetric, but not charge independent,
However, we made the approximation of charge independence, using a
single T = 1 force with the correct average meson mass, This is
correct to first order, The core radius is X, = 4852 meson Compton
wave lengths and is, therefore, charge dependent, For x ) X,
the potential is the same as the original Hamada Johnston definition,
as a function of x = L 1,

The core heights are given in Table XIV,

Recently Bressel improved the fit to the data and corrected
an error in his programme, His revised potential has pion masses
127 .4, 133,08 and 137,34 MeV, in the same order as above, The T =1
core heights were amended to the values given in brackets in Table XIV,
Further, three of the Hamada Johnston potential parameters were amended:
a, ('B) = 8,7075 (from 8,7), a_(%0) = -11.2 (from -9,07) and b (%0) = 3,28
(from 8.7). This potential was fitted directly to a selection of experi-
mental data from O to 350 MeV, avoiding the correlated errors of fitting
to phase shifts,

The Reid potential was fitted to phase shifts of the Yale

groups,
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The potential was given separately for each (J, L, S) state instead

of being expressed as a sum of central, tensor, spin orbit, etc, forces,

It is:
x= ur, defined to be 0,7 F
hZ/M defined to be 41,4700 MeV F2
lSo hard core radius x = 0,29614
V(x) = -10,463 (™ + 29.633 e 2%)/x MeV
3Sl - 5Dl hard core radius x = ,35611
V=V, + 5,V
V. (x) = -10,463 (e7* + 22,917 e %) /x
Vp(x) = -10,463 [:(l + 2 + ig ) ¥
+ (71,98 - §§ - fi ) e o

11,294 &% i] /x
All other states hard core radius x = 0,3

D V(x) = -10,463 (™ + 4,939 e™2% 4 154.7 &%)/
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3D2 = -~ 10,463 [(34» -)62 + -63) e ® + 28 45 e 2%
X

-(93,6 + .'_L?Bé + -6—5) e’BX:} /x
X

BPO V(x) = -10,46% [(l + + -lii) e X - (545 + _2x_lt + -::—2) e~bx

®is

+16.2 & * _55.6 e“5"] /x

)V
n
p

- 12 2 -6
BPI V(x) = 10,463 [(1 + 5) e X+ (75,1 - = - ;.2. e OF

b4

-1,1553% e-2x -8,.722 e-BX] /x

5PZ - 3F2 V(x) = Vo + Vp 85 + Vg L,S
V_ = 10,463 ( % e* = 13.8 ¢5X 4 138 &% ) /x
- -6 -
V, = 10,463 [(%+-}12+=:?) e - (§+ iE) e™% 15,688 &% | /x

-6x

Vig = 10,463 (-250.9 ¢ )/x

lpl V(x) = 31,289 (e”* - 11,08 e-2x + 20,3 e-Bx + 465 e-6x)/X

All the potentials are in MeV, The number 10,463 is the value adopted
for f2 y22 ca, the strength of the O,P,E,P, In using the Reid potential
we used his defined values for the physical constants, including the

contribution from O,P,E,P, in high partial waves,



APPENDIX C

In this section we propose to give a simpler method to

determine the various coefficients in Equation (V-1) reproduced here:

<%YW%>=:a+¢c(g?+5py+w%?ﬂ¥aay)+

(c-1)
(8+2)(%-P +a:-P)+ (9-4)( 7 - K %K)

where N, P and K are given by (V-2), The G-matrix can also be
written in the singlet-triplet representation as in Chapter III,

When this is done it is seen by geometrical arguments

a = E’ (JGII."GOQ"— GSS)
<« <
¢ :F;’(e Glo—e¢601)
<@
m = ZI (G"O— G'.Ss"".2 é G, (c-2)
v 204
9 = -[”- (GI/— Gg, t+ € GI—I
. Iy i
, ) ) al@ ) o 6 el o
-ﬁ = 4 cosd (Gu 600 € G,_, /5 0int 10 © + Gy, )
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and the relations

Gll = Q
Lo
(6,4) - -
G 0= 6 (6,-¢) (c=3)
Glo(‘9;¢)-’ - 6—10(9' “¢)
G, (6¢) = - G, (6,-¢)
and the useful check relation
i i -<@
Gy~ Goo~ € ? 6,12 cto(€ 6, e G,,) (k)

The point which will be exploited here is that the G-matrix
has exactly the same structure in terms of spin operators and rotational
tensors as does the nucleon-nucleon scattering matrix, Thus we can
simply take over the results of Stapp (40) who has given the partial
wave expansion of Mij in terms of phase shifts or more precisely the

partial wave scattering amplitude o(.ij.

Gge= 4 (o) +%(7_9)+Za(3u;) o, B(8)[aitk

ss epenl
L+1 L oy L"‘ 9
G, = fce)- ‘#“(7‘-'9) +Z {U*a?)‘xl. + (AL+1) X+ (L)%, _,.-PL_()
¢ odd L a<ik

+! L=t Pl_(ﬂ) Z
G, = '&céﬂ)—‘;c(ﬂ-p)_f Z{a(L«*/)o(LL + Al X +u} /a %

odd L
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_ _—\[3 (L+2) 1+ \[E(JL+/) L _ _ ! <
60:~§{ — X +____M+E(LI,°(I_L'+V}6{‘9)€¢

, dalhbei
L+ L(L+s) ° L a4 R
Ler _ ' . C-
Gy, = {ﬁoq ’ﬁo(f""‘/} i o éi¢ N
dL [
od a4 4
L+ -

G, = { x; dL+1 .t o(LL_’ o(L-I -t le(g) ~a<P
1-1 - L+ —= - - 3 €
pad 1t L1 L) Lo VT ooy ) ath

where:
U = /( L+1)(L+a) 0<L+’+ l/L—(-L—_/7 !
_ L+ L+ 11 L-1
V= M Ler &% ST

For T = O, summations over odd and even L interchange, For nuclear

matter f's are of course zero,

If we now combine Equations (C-5) and (C-2) for the co-

efficient ¢ we shall have

aL- L—l} R's)

R R b o Rl S B
) af:ﬁ o T=Lt
Py \/Y'T * e 7oL éi{éé"’(c—é)
oddL
. aL-i 0(LL—' T=1-1
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Using Equations (V-18), (V-19) and (V-27) we can also write after

defining
/g:f—_ Z[ J T '
(A L' yl_ (ﬁg’t) vLL, UL:L ('&0&) d/L (C_'?)
_dL+3 Ie
L+ 1 =L+
G QTL(L+/)
e AL+ aL+! e—b¢ Y, ﬂ:r
odd L L(L#1) Tl )
aL-1 J= L~/ (c-8)
L
Thus comparing (C-6) and (C-8) it is immediately seen
that
[}
— &7 o YT T (c-9)

A4k L - 22 ﬁ%
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-j-Z;[%I£J)MZ;MJQZL(h%)d£
L

(c-10)
_ YT (Y3 A))
= ~—+—’ f? (%,2) X, ( #p2) oy

(C-11)
- J
= (Rl6T A (c-12)

With this identification between the scattering amplitudes
and the nuclear matter G-matrix elements it is now possible to easily
calculate the coefficients &, ¢, m, g and h in Equation (C-1),

As a first application of this procedure let us calculate
the coefficient 'at, This should give us Equation (II-25)

(Equation 6-14, B,B.P,) when we take (E (7 =1) + (T = 0) states,

R 1

Thus

= 4 > (3i+1) L - L+ L
a 2l & ) o<, 4+ a%L {(o? +3) &, +(dL+1) o (0—13)

P (8)

+ (aL-1) O(LL',} _—
( P )

using Equations (C-2) and (C-5),
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Putting in the values of o< from (C-9) we get

. 47 s -
& IT:)_ F Z (aetng, +Z(°z”3)/3’ + (3Lt B (AL-1)f8, ]/Z(a)

Cotnt odd

Lueny

(C-14)
4+ 7. 2 (dT) | G (&) U L, (%) L{L‘TL(ﬁ,*) dfzj

odd L.’ 7

Similarly for T = O this becomes

[Z U“*”fé’ (By%) V) w, (Rex)
odd L

+ Z Z (aT+1) j g, (Rt) b, aLL(& &)d&] (C-15)

fuven |, N

Now taking £ of (C-14) and § of (C-15) we get

4
a = ey ’
s [M%(QL*)fg(ﬁk)v(&)U (5, %) A+

+ 33 (au:)f} (Ro%) Ut (£,4) da

Ruen L

+3Z Z(2J+/)fjl‘{,f,¢)02 (43 U, (1@4)&

odd L,1" 7 (c-16)

+ Z S p?7+/)ff (%, %) LL"’UU ,_(7@4)4{]

even zz J
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This corresponds exactly with Equation (II,25a) (Equation 6,14a
B,B.P,),

Following the same procedure it is possible to determine
the other coefficients m, g and h also, Accumulating in one place

these coefficients are for T = 1 (Interchange odd and even L for T = 0):

-1 7
- ;% Z { (ac-1) +(‘;u+/)o(f+ (2e+3)e” P‘_“g}.p > (v, o
odd L

Q<A evens 2R
-1 .
C :'il {(Lh)(,;u,—,) ‘XLL *(QLH)o(LL_L(aU.?)o(Lu} 289 sinp
odd L d(emgy ALk
-1t L Y
m= £ { X, - ¢ X, + (;,u,,) ATy,
% oad ‘ 4“'
0 L
+E (- & s (are) o r . 2R)  cpp

A LO(L’—’ [l ( ) }
G - + INCA DR —_—
‘ Leert) yent) o4

-7 Z (32+1) o, AL
eve 244

jz {—ot -'-(JL'*I)O( +:xL —gzu} )
oddL
’ 2F (o
b5 {(LH)“ —(-ZLH)ocfu.ofL"Z,u(u,)v} / R8) cosp
*2 oddt L(tt1) Ywn o) Aik
_.LE: (aL+7) e, Ao
&

epen/ AL

oF (s) 0
L (e+1) 2(6&39) J‘k

EaN
\
L
S~

-(U-I)o( +(&’L+1)IXL—L0< —Z/VL(L )}

(c-17)
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o(J

L
where —S;e— are given by Equations (C-9 to C-12), Once the
tensor or quadratic spin-orbit forces are scrambled in terms of

m, g and h it is, at least in principle, possible to determine them,
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Table 1

A comparison between second order corrections evaluated at seven

points and the one-point approximation.
Reid potential.

- One point Seven point
kF (F ]') Correction Correction (MeV)
0.7 2,21 . 2,19
0,9 L,35 4,23
1,1 ‘ 6.11 6.16
1.36 4,19 3.61

1,43 5.87 6.20
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L values occurring in the summation for the third order

correction, J = 1.

L

L1 L2 Term
2 0 F20 Foo
0 0 FOO'FOO
0 2 Foo F20
2 2 Fag Faq
0 0 Py Fop
2 0 Fa2 ¥o2
0 2 Fop Fap
2 2 Foy Fop

20

00

02

22

00

20

02

22
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Table III

~ Third order correction.

Accuracy of the two-k' approximation compared to the seven-k'

i

approximation for (k'“/?(,(k')). line three is the most

reasonable of the two-point values,

k' values III order
Correction
k' / kp € 1 k'/kF) 1 (MeV)
.95 1.0 1.%6
775 1,0 2.18
55 1,0 2,03
22, .56 ) 1.5, 3,125 )
) ) 1.85
775, 937 ) 5,125 )



(1)
(2)
(3)

(1)
(2)

(3)

(1)
(2)
(3)

(L)

(2)

(3)

(1)
(2)
(3)

(1)
(2)
(3)

Tabulation of Binding Energy statewise for the (1) Reid, (2) Hamada-Johnston,

and (3) Bressel-Kerman Revised potentials, A= 0.6 throughout, and m* given

lablie 1V

for each potential in the above order,

1.2

.952,.952

-2%,52
-2%,18

-3.11
~2.03

32,54
-52 ul"9

1,11
1.10

-5,34
-4,58

3.8
4,01

1.%6

0949' 0949

.98

-29.92
-29.48
-30.82

~5.40
=-5.32
-5.50

-237.24

-26.88
-hoc 47

2.21
2.67
2.04

-9 .ol}

~7.77
-8.50

5.95
6.27
6,62

1.43

.957, .957
.97

-%2.55
-22,16
-34,00

-6,71
-6.63
-6,8%

-28.93
~-28.46
-ha. 79

2,82
2,62
2273

-11,05
-3.53
~10,3h

7.54
7 .54
7.94

1.5

.96,.96

.97

~35.47
-34,86
-37.12

-8.19
-8,15
-8057

-40,68

-39.73
-l 483

3.55
3.53
3.4

=13,%32
-11,50
-12,48

9.45
9.01
9.48

1.6

.959,.959
97

-29.19

-38,72
-41,55

-10,69
-10,72
-10.99

-41,69
409k
—4:7";(7

4,83
4,86
47

-17,00
14,74
-15.93

12.91
11,51
12.11

1.7

97

-45,.85

-14,09

~49-00

6. 22

-19,84

19 .37

9Tt



3 ()

(2)
(3)

3p. (1)
(2)
(3)

3p. (1)
(2)
(3)

3r. (1)
(2)
(%)

OPEP (1)
(2)

(3)

Total(l)
(2)

(3)

B.E, (1)
(2)

(3

-5 066
-4,62

12,93

12.25

-8055
-8.00

-.5h
-.63

2.55
2.59

-59.27
~56.23

-11.75
~10,%0

-7.96

-6.45
-6.90

20.55
19 .48
19.92

14,14

-13.36
-14,37

-1,04
~1,24
-1.%5

4,58
4,67
5.07

~71.44
-67.86

-714'025

-12,90

-10.9
~14 28

-8.98

=7.27
-7.81

24,72
23,42
23,94

17,21
-16.25
-17.55

-1.323
-1.61
=1.74

5.75
5.86

6.37

=75.9%

=72.33
-80.09

-12,62

-10,71
-14079 i

~10,04

- 8.10
-8.73

29 .42
27.88
28.54

-20,71

-19,74
-21,18

-1.69
-2,05
-2.19

7.11
7026
7.86

-80,48
-76.37
-85.95

-12,46

-10,10
~15,20

-11,49

-9022
-10,00

37.25

25.27:

36.18

=26,41

-25.%0
-27.12

- 2,28
-2.79
~2.99

9.43
9.63

10.40.

-84,28
~81,06
~92.45

-10,59
—805 :

14,64

-11,18

45,25

-34,11

~3.95

13.46

-97.87

-13.29

LTT



_1)

k., (F

1.0
1.1
1,2
1,28
1,36
1.43
1.5
1,6
1.7

Saturation
Binding

Density (F.l)

Compressi-
bility

TABLE vV

Summary of Binding Energy Results (MeV)

Hamada-
Johnston

-8.55
"9 o’+7
-10.30

-10,90
-10,71
-10,07

-8050

-10,87

1-55

89.8

Reid

-9.56
-10.95
-11.75
-12,5h
=-12,90
-12,62
-12,46

-10.59

-12,93
1,37

159

Bressel
Thesis

-4 71

-16,01
-15.21

-1k 36

-15,80

1.51

251

118

Bressel-
Kerman
Revised

-14-28
-14,79
-15,20
-1k, 64

-13.29

"'150 [cz

1.5¢

qo3




0,70
0.80
0.90
1,00
1,10
1,20
1,20
1,28
1,36
1,36
1,36
1,26
1,43

1,50

1.60

n*
95
95
95
95
.95
952
966
95
949
960
.962
970
957
960

.969
959

Table VI

Binding Energy in MeV for Reid potential comparing various

Ja
0,600

0,600
0.600
0.600
0.600
0.600
0,600
0,600
0,600
0,570
0,600
0.535
0,600
0.600
0,600
0.600

at seieral densities,

Ist Order
-6.34
-8.06
-9.88

-11,70
-13.36
-14,86
-16,03
-15,38
-15,48
-17.81
-16.83
-20,80
-16,00
-15,66
-16,79
=13.25

(1)Pauli
3.87
b 49
5.14
5.77
6. 4k
7.17
7.7%
7.69
8,37
9.47
8.8
11,06
9,46
10,55

10,91

12,37

IInd Order

(ii)Spectral (iii)Total

-2,77
=2,92
-2.57
=3.51
~3.58
-4, 27
=3.57
-5.41
-6,69
b 43
-5.k0
-1.97
-7.05
-8.59
-7.15
~-11.25

1.10
1.56
2,56
2,46
2,86
2,90
h.37
2.28
1,68
5.03
3.49
9.09
2.
1,96
3.76
1.12

A

and m*

Total
(I+1I)

-5.2%

- 6,60
~7.32

-9,24

-10,50
-11,90
-11,66
-11,98
-13,80
-12,78
-13.33
-11,71
-13.58
-13,70
-13,03
-12,13%

IIIrd Order
0,29

-0,42
-0.73
-0,%2
~0,45
40,15
~0,20
+0,56
0,90
0.1k
0.67
-1.29
0.96
1,23
1,08

1.54

Total
-5053

~7.02
-8.,05
-9.56
-10,95
-11.75
-11,86
~12,54
-12,90
-12,64
-12,66
-13,00
-12,62
-12,46
-11,95

-10 059

61T



1.0

1.1

1.2

1.%6
1,36
1.%6
1.43
1,43
1,50
1,50
1,60

1,60

W97

97
952
949
.98
1,00
957
.98
.99
.96
«959
.99

0,6
0.6
0.6
0,6
0.6
0.86

0.6

0.6
0.6
0.6
0.6

0.6

Hamada-Johnston Potential,

Ist Order

-11.31
-12,68

-12,13
-11,86
-15.38
-9.52

12,16
~15.05
~15.62
-11,45
-8.62

-13,54

TABLE  VII

(1) Pauli

6.20
6,84
6.79
7.98
9,2k
5.95
9.06
10,03
11,42
10,13
11,90

13.15

IInd Order

(i1) Spectral (iii)Total

~2.80
-3.25
=547
_8.40
-4 89
11,48
-9,08
~6,20
-6.24
=10.56
~14.08

~-8.71

Binding Energy vs density

3,40
3.59
1,%2
-0 k2
.35
-5.53
-0,02
3,84
5.18

Total
(1411)
~7.91
-9.09
-10,81
-12,28
-11,0%
-15,05
-12,14
-11.21
-10, 44
-11,87
-10,80

-9.10

IIIrd Order

0,64
-0,38
0.51
1.21
0.31
1.74
1.29
6L
62
1.49
1.87

1.04

Total

-8,55
-9.47
-10,3%0
-11,07
-10,72
-13,31
-10,85
-10,57
=9.82
-10,%8
-8.93
-8.06

0ctT



1.36
1.36
1,43
1.50
1,60

1,70

949
98
.97
97
97
97

TARLE VIIX

Binding Energy in MeV for Bressel's Revised Potential

1st Order

-18,86
-20,75
- =20,85
-21,26
21,12

-19.93

(1)
Pauli

10,16
11.21
11,70
12,66
14,20
16.%3

(i1)
Spectral

-5.92
-h,27
~5.54
-6.63
-8.01

-10,04

(ii1)
Total

h.25
6.94
6.16
6.0%
6,28
6.20

Total
I+ 11

-14 .61
-13,81
-14,69
-15,2%
~-14 8L

~1%,60

IIIrd Order

+,31
+,20
+,0%
~-.10
+.11

-7

Total

-13.29

-14 64
~15,20

-14,79

=14,50

-14,28

et
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TABLE IX

Binding Energy for Nuclear Matter, 180 by M ,M,S, method; others

by Reference Spectrum Method, Third Order Correction for 531- 5Dl

is not included,

A =0,6
k . Ist Ord IInd Ord TR e Q Total
F m st Order (P:u11r+er (1-K) Gg (ék e{) Y 3 Up ota
Spectral) . -(3y +G§)
1,2 .966 -13,52 1,72 -.07 -bo -12,27
1,36 .962 -14,08 0.83 -.36 - 4o -14,0
1050 0969 -13078 1028 --69 -lm -15019

x
u

-04 at k., =1,2

-.06 at kp=1,3%

- 04 at kF = 1,50



~9.51
-9.27
-8,61
-8.05
-7.2k4
-6.93
-6,33

0,02

- .00k
-.055
-.162
-.457
-.67%
-.878

TABLE

X

G-matrix elements for Reid Potential at various densities

-.047
-.181
-.625
-.996
-1,468
~1,669
-1,864

-16,204
-15,856
-15,216
-14,881
-15.185
-17,024

=-19,091

0,002
.030
.089
.262
Ju27

1,213

-.027
-.110
-.438
-.813
-1,589
-2.128

-2,665

Total

-25.69
-25,04

-23,65
-22,87
-23,07
-25,32
=27.,15

¢zt



-9.160
-8.848
=7.925
-7.114
-5.865
-5.220

=4 %70

0,020
0,110

0,341
0,490
0,642
0,714
0,754

-0,001
-0,007
-0 ,094
0,260
-0,645
-0.883

-1,087

-0,064
-0,242
-0,784
-1.171
~-1.519

-1,580

-1.525

TABLE X (continued)

0,108
0,410
1.363
2,069
2,819
3,012

2.995

m* = .95

5
P>

-0,001
-0,01%
-0,165
-0,460
-1,174
-1.651
-1,778

.6

551

~14 425
-14,016
-14,033
-12,282
-11,488
-11,878
-13,575

5p

0,000
0,004
0,052
J1bk
.366
542

1.115

-0,036
-0,146
-0,572
-1,005
-1,847
=2.53%
-2,928

Total

-23,548
=22,741
-20,750

-19,4%6

-18,394'

-18.9%1

-20,%28

el



-7.312
6,309
-k 802
-4,028

-3.431

039

J143

.554

706

795

-0,012

~0,146

-0,374

-0,814
-1,041

-0,083

-0,208

-0.933

-1,298

-1.477
~-1.411

~1.290

-
=

Table X tcontinued)

.95

%

1
0,1h44
0,538
1,661
2,384

2,998
3.094

2,957

b,
~0,001
-0,021
~0,256

-0,659

-1,467
-1,915

-2,350

-12 ¢997

-12,529

-11,276

~10,268

-8,928

-8 0752

-11,616

.080

.205

149

.588

-Q.0u46

-0,184

-0,712

-1,275

-2,867
-2,861

~3.325

Total

-21,81
-20,84
-18,38
-16,78

~-15.10
-14,90

-18,07

Gt



-8.629
-8,163
-6,770
-5,622
-3.959
-3,143
-2, 7k

0,050
0,177
0,429
0,607
0.790
0.907
0.931

-0,001

0,019
-0,211
-0,496
-0,946
-1.155

=1.257

-0,10%
-0,%378
~-1,064
-1,375
-1,381
-1,218

-1,024

TABIE X (continued)

K
%

1

0.813
0,668
1.938
2,638
3.153
3.165
2,948

%

2

-0,002
-0,0%3
-0,366
-0,870
-1,691
-2,07h

=2.429

1,00, A= 6 m*

3
5

-12,480
~-11,343

-9.,881
-9.607
-7.119
-6,687
-8.376

.95

%

1

0.001
0,010
0,114
0.224
0,514
0,614
0,315

-0.057
~0,224
~0.855
-1.50%
-2,528
~3.025

-3,020

Total

-2k b3k
-19,296
-16.479
-1k, 729
-12,635
-12,006

-15,46%

4



Kp =1.1
1 1l
So P1
-8 .#37 O .062
-7,888 0,215
-6,287 0,527
-3,2720 0,910
-2, b4k 1,057
-2,032 1,064

=-0,002

-0,028

-0,286

-0,616

=1,059

-1,247

-1.%87

m* =

-0,127
-0,451

-1 . 17"’

-1,408
-1,256

-1,021

-0,789

95

0,224

0,806

2,190

2,845

3,264

3.271

3,016

-0,003

0,048

-0, 49k

-1,076

-1,845

-2 . 156

-2, 449

Table X (continued)

-10,886
-10,281

-80639
-7 0380

-5.647

-5,044

- 6,467

015

155

33k

.562

.64k

371

-0,067
~0,266

-0,999

-1,714
-2,814

-3,2h6

-3 0783

Total

-19,23

-17 091

-14,81

-12 097

-10.48

- 9.""9

-11059

et



-8.261
-7.6%0
-5,844
4,501
-2,689
~1.877
-1,471

0.075
0.25%
0.585
0.726
1.044
1.201

1,162

-0,003
-0,040
-0,366
-0,728
~1,150

-1 . 555
-1.410

-0,151
-0,526
~1,260
-1,406
-1,118

=1 . 555
-1,410

TABLE X (continued)

0,270
0,949
2,399
3,013
3,384
3,364
2,069

=0,050
-0,068
-0.633
=1,265
-2,05%
~2,203

-2,492

-10,120
-9,461
-7.696
~6.395
-k, 656
-3,874
~4,909

0,001
0,022
0.199
0,292
0.584
0.6%7
0.312

-0.081
-0,311
-1.148
-1,922
-2,980
-3.346
-3.477

Total

-18,272
-16.793
-13,518

-11,615 |

-8,8%0
-7.798
-9 . Ll'ls

gc1



-8.080

-70312

"5 0259

-3,811

-1 0952

-1,166

-0,698

0,098

316

0.657

0,858

1.303

1,460

1,346

-0,880

-1,283

-1,476

-1,640

Table X (continued)

m* = 95

3Po 3Pl
~0,19% 0,350
-0,647 1,184
-1.351 2,71k
-1,350 3,22k
-0,879 3,574
-0.5%0 3,535
-0.253 3,247

-0,008

-0,109

-0,867

-2,059

-2, 2k

-2,487

-9,113

-8,350

-6.42h

-5.095

=3.379

-20 7‘}5

-3,018

3035

.272

168

619

584

-,011

-0,099

0,387

-1'582
-2,225

-3.298

-3.759

-4,225

Total

-1? . 05

-15,%0

-11,82

- 9.73

- 6,48

- 5.34

- 6.69

621



~7.985
-7.152
14,993
~3.506
-1.6%7

-.864

-.285

0,109
0.345
0.696
0,9%6
1,434
1.588
1,450

-0,066
-0,077
-0,562
-0,9%6
-1,340
-1.5%3
-1,707

T JE X (continued)

KF = 1,43
%, %,
-0,213 0.%87
-0,700 1,270
-1,373 2,828
-1,%208 3,340
-0,765 3,668
-.397 3.617
-0,117 3,296

= .6,

0,010
-0,131
-0,968
-1,597
-2,087
-2,147

-2,277

-9.232
-7.801
-5.817
-l 1483,
-2,789
~2,147

0,00%
0,036
0,304
0.497
.279
.056

-.231

=0,107
=0, 422
-1,481
-2, 3kl
-3.386
-3.797
-3.690

Total

-16,4327
-14,568

~11,004

—80792
=5.259

-4,162

-6,372

0T
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TABLE  XI

Re-arrangement Energy in MeV Calculated According to Equation (IV=1)

kg m* 3 E Total By (=) B
1,43 957 .6 -12,02 -24,21 12,19
1,%6 949 6 -12,49 - 26,18 13,69
1,10 95 .6 -10,71 ~21,95 11,24
0.90 95 b -8,.48 -17,48 9.00

0070 095 06 -SQM = 12036 6-92



TABLE XIT

132

VLSCOEF the coefficient of % QSL in the spin orbit force as

a function of k...

F

dr

All quantities are measured in F3 and must

be multiplied by 41,469 to obtain them in MeV FS,

ky

(in F~

1,43
1,%
1.2%
1.10
0,90
0,80

0,70

VLSCOEF

4,121
b, 114
k,093
L ,056
3.962
3,920
3,871

T=1

-1,111
-1,292
-1,896
-2,600
-h.220
=545k
-7.165

VLSCOEF T

E VLSCOEF _

+% VLSCOEF

2,820
2,762
2,595
2,391
1.913%
1,576
1,112

VLSCOEF T=1

~-VLSCOEF T=0

5,242
5,406
5.989
6,656
8.192
9.374
11,0%6



State

Singlet even

Triplet odd

Triplet even

Singlet odd

+8.7

-9.07

+6.,0

-8.0

Parameters of Hamada~Johnston Potential

TABLE  XIII

~-1,29

0.5

+0.55

LS

+0,1961

+0,0743

-7.12

-0.,1

G

-0,000891

-0,000891

+0,00267

-0,00267

arL

40,2

-7026

+1,8

+2,0

LL

-0,2

@t



Central 648
Tensor

S.L,

Lo -46
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Table XIV

Bressel-Kerman Core Potentials

S =1

500

99

-160

224

T=1

S=0

648(670)

46

These are the heights in MeV of square potentials of radius

x = 4852 meson Compton wave-lengths, for the Bressel Thesis

Potential, The figures in brackets are for the Revised

Potential,

S =1

436 (670)

106 (~50)

=120 (-374)

22k (332)



CAPTION OF FIGURES

Figure 1, Spherical Hankel Transforms F(k') of the reference
wave function distortion, defined in Equation (II-36),
F is plotted in units of Fz. Reid Potential,
kp =136 FL k= [k F_+Fpo are the large and small
components of the deuteron state, FB is for the lso state,
Note the similarity of the S~states, and that Fyy is large

for momenta near k k' is in units of kF.

Fe

Figure 2, Definition of the single particle potential energy for
occupied states (m) and unoccupied states (b), Equations (II-49)
and (II-50) In (A) and (B) a sum over occupied states (n)
is implied, (B) takes account of generalised time ordering,

In (C) and (D) a sum over (n) and some average over the
other lines is required, since they are off the energy shell,
The "suppression factor!" f arises from summation of three
body clusters,

Figure 3, Suppression factor f(r) for hard core potentials as calculated
by Bethe (¢ = 0,5F) and for the soft core Bressel potential as
calculated by us,

Figure &, Potential Energy of states km in nuclear matter, U is
calculated by Equation (II-4f/and UN by Equation (II-50), 11

includes second and third order corrections to GR. UR is the

reference spectrum, A = 0,6 and n* = 949, Reid potential,
kp = 1.36 FL. oM is the modifiea particle spectrum as

explained in Section IV,

135



Figure 5,

Figure 6,

Figure 7,

Figure 8,

Figure 9,
Figure 10,

Figure 11,

Figure 12,

126

Region of Integration for the third order correction,
Equation (II-46),
Binding Energy vs kp for Reid, Hamada-Johnston and
Bressel~Kerman potential,
Aversge Potential Energy for each state, and total U
as a function of Fermi Momentum,
Same as Figure 7, but for
Same as Figure 7, but Bressel-Kerman Revised Potential,
Reference wave function distortion for large and small
components of the deutron state, See Figure 1 also,

X is dimensionless,
A comparison of the two body spin orbit interaction in
Hamada-Johnston potential (bottom most graph) and the
effective two body spin orbit interaction obtained from
G-matrix formalism (graph in the middle) using Equation
(v-89), The top most curve is the difference of the
effective spin orbit interactions calculated using the
total potential and only the spin orbit potential in
equation (V-89), This, of course, shows only in a first
approximation that the effective spin-orbit interaction
comes mainly from the two body spin orbit force, since
u's already contain the whole potential,
Variation of VLSCOEF vs density, Actuélly the variation
is against ky and density Q = ZkFi/Bna. VLSCOEF is the

0 1
coefficienti% g; in the one body spin orbit force,
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Figure 12 The total VLSCOEF is given by the small dashed
continued
lines; the other top three lines refer to the
T = 1 state and the bottom three to T = O state,
The continuous line gives the total contribution
from a particular T; the big dashed lines are the
contributions from outside the Fermi sea; the big
dash  small dash lines are the contributions fronm
inside the sea,

Figure 13, Contributions to the VLSCOEF at densities corresponding

to kp = 1,36 and 0,8, The dashed lines are from

kp = O,8F'-1 and the continuous lines are from
kF = 1,36 F-l. The top four lines correspond to T =1
component and the bottom lines to T = O component,
. : 1 gf
Figure 14, Line 3 is 100- S o .
Iine 1 is VLSCOEF . % %g,, hence represents the spin

orbit force,
Line 4 is the Fermi density distribution times 10,93,
Line 3 is the %5 (single particle potential energy)
obtained from nuclear matter calculations,
Fermi density distribution for Cauo has been assumed and
all lines correspond to it,

Figure 15, The 1p and 1d splittings around 016 respectively, drawn
as a function of the oscillator size parameter X |,

The continuous lines are for the Fermi density distribution;

the broken lines correspond to shell model density distribution,



Figure 15,
continued

Figure 16,

Figure 17,

Figure 18,

v138

The oscillator size parameter for it was kept fixed

at 566, Vertical lines show the range of the
experimental results for n and p levels, The mean
value of X viz, ﬂ is marked at the bottom,

The 1d, 1f and 2p splittings around Caho. Notation
same as in Figure 15,

The 1d, 1f and 2p splittings around Cah8. Notation
same as in Figure 15, The blobs show the neutron levels,
These are the only ones known experimentally,

Spin orbit splittings around Pb208 variation with the
size parameter is shown, Only neutron levels are shown,

Fermi density distribution is assumed,
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