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INTRODUCTION

The problem of calculating vibrational properties
of lattices with randomly distributed impurities has been
under continued investigation; Earlier work on monatomic
lattices with defects and disordered diatomic lattices
has been reviewed by Maradudin et al. (1958). Domb et al.
(1959) have obtained results for the vibration frequency
spectrum of disordered linear chains, using the moment
trace method developed by Montroll (1942 and 1943), and
the theory of random walks. This method seems to depend
on the practicability of calculating even moments of the
vibrational spectrum greater than the 20th.

Machine calculations by Dean and Bacon (1965) have
shown\that the structure of the vibrational spectrum is
much more complicated than other calculations have indi-
cated it to be. This is especially true in the case of
light impurities, due to the interactions of clusters of
defects.

Langer (1961) applied a Green's function formalism
to the problem of a one~dimensional, monatomic chain con-
taining substitutional isotopic impurities; that is, atoms
differing from the host atoms only in their mass. He was

able to find the density of vibrational states in the system,



averaged over configuraﬁions of impurities, exactly, to
the lowest order in the concentration of impurities.
nf;;chiu Poon and Bienenstock (1966) have shown that the
analogous problem of a lattice with changed force constants
randomly distributed can be reduced mathematically to give
a solution corresponding to that of Langer's for isotopic
impurities. Using the isotopic impurity model, Davies
and Langer (1963) carried out a self consistent approximation
by calculating the self energy of the defect with the
configuration averaged Green's function in place of the
Green's function of the perfect chain. The result was a
broader impurity band with no structure.

This work was extended by Elliott and Taylor (1964)
to the case of three dimensional crystals. Factors of
higher order than the first in concentration were introduced,
improving the position of the impurity band, but still not
reproducing the spikey structure expected physically in
the vibrational spectrum for light impurities. Langer (1961) has
indicated that certain higher order concentration terms
will give more structure to the impurity band.

The problem of impurities in diatomic cryétals
introduces the possibility of localized modes or impurity

bands in the forbidden gap between the optical and acoustic



bands. Mazur, Montroll and Potts (1956) have discussed

the effect of a single isotopic mass defect in an alternat-
ing diatomic linear chain and have found the conditions
under which localized modes will appear in the forbidden gap
and above the optical band. Bjork (1957) has considered the
same model but extended the calculation to include the
effects of force constant changes.

In this paper we consider a diatomic linear chain
wfth substitutional isotopic impurities. In section 2, we
introduce the model and find the Green's function and
density of states of the unperturbed chain. Followiﬂg
Langer's (1961) calculation, in section 3 we apply a Green's
function formalism to find the change in the density of
vibrational states to the first order in concentration by
averaging over configurations. Section 4 contains the

calculated results and a discussion of this approximation for

the density of vibrational states.



CHAPTER 1

THE FORMULATION OF THE PROBLEM

We consider a long chain of 2N atoms with alternat-
ing masses m, and m,. Into this chain we introduce a small
concentration of impurities of mass M on my gsites only, the
probability of an M atom being on an m, site being qg. The
atoms are taken to interact by nearest neighbour harmonic
forces with stiffness constant y. The equation of motion

of the perfect lattice is given in matrix form by
[1] @ - w® Dy =o

where i is the unit matrix and‘é,is the dynamical matrix,

whose non-zero elements are
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Here the index ¢ (£{=1,N) numbers the unit cells of the chain,

and k(k=1,2) numbers the masses within the unit cell. The

vector v is the column matrix of reduced displacements,

[3] | Vit,e) =Jm  x(t,)



where x(2,x) is the real displacement of the £,xth atom.
Since in the perturbed case only a substitutional
mass change is being considered, the perturbed eqution of

motion becomes
[4] [A-wd(x-M]v=o0
~o ~ ~nN ‘N
whereA is, in the space representation, a 2Nx2N diagonal

matrix with elements

Le m’LK ] []
[5] AKK = (1 - m ) LYY SKK

Only a small fraction q/2 of the diagonal elements will be
non-zero; those for which m, is an impurity.

The Green's functions of these systems are defined

as follows:
For the perfect chain

[6] c°=(a-wp’t

I)
~nS ~J land

For the perturbed chain

. 2 A-l
(7] G = [a-wi(L - M)]

From these two equations we obtain the Dyson equation for

the perturbed Green's function

o o 2
[8] =6 =G5 wAg
= g% - G%°2AG° + GCPw2AGCw?ag® - ...
~ ~ ~ ~ ~ ~

Maradudin (1962) shows that the density of vibrational

states g(w) of the perturbed chain is given by



3 l
; 2w lim — 2 .
[9] Cglw) = S am ST DU Tr Gl 4 1)
The density of states goav) of the unperturbed chain is
related in the same way to the trace of Go(wz).
The equation of motion [l] can be solved by the
introduction of a transformation to the normal coordinates

of the perfect lattice v(k,j), where k is the wave vector

of the mode and j the branch, such that

i

[10] vig,) = 27 el (k) et** kg

VN lgj X

Sa2n
N

conditions). The quantity 52 (k) is a "polarisation vector"

k has values » =N/2<S<N/2 (using cyclical boundary
and is related to the reduced displacement of the xth atom
in the jth branch of the mode of wave vector k. The
frequencies of the normal modes of vibration of the chain,
or equivalently the eigenfrequencies of the dynamical

matrix, are

2 _ 1, 1, I, 1,2, 2 1)1
[11]  wfy =¥ G eyt D) [.(m1 m,) tagmg (c08 K 1)]7%)

These frequencies form two bands, the acoustic and optical
corresponding to j = 1 or 2 respectively. The polarization

vectors are normalized to unity and their magnitudes are

given by
2 -2
m -t
. jk m
[12] led |2 = =3 z

1 1
jk my m2]



and ' IEé (k)lz = (wﬁ( - ’?:'é
2wk - azs [m' mz]

In this representation, the Green's function‘gf is

diagonal, and has the elements

0.”' e = A _____._...._.|
The density of vibrational states for the perfect

diatomic crystal can be calculated from equation 9] ana

the above expression for _gf’. The result is
. |
[14 °(w) = 29 Im X (a a*"“"""i’a-w)
19 2N T CEEA R S 1

The calculation of this summation in integral form can be

found in Appendix I with the result.

\ | |R+1 - 2rRB

o 97 Taw (e (Rp-n )RR e

for regions O<KB<I, Yr<p<I+ YR if mi 2m;
O<KP<YR, I1<SBLI+t YR Y m <m

p.,m.w?, R = M2

2Y¥ .

where




Fig. 1 shows the dispersion curve and the density
of states of a perfect diatomic chain for the case when
m, >m, (R<l). Further details on the diatomic chain can be

found in a review article by Ludwig (1966).



CHAPTER 11

THE FIRST ORDER APPROXIMATION

It is convenient to work in the j,k, representation
since the Green's function for the perfect chain is then |
diagonal. In this representation the elements of the
perturbing matrix A are‘.

33' _ 1 -inlkek') 3% 0 . Mk, 5!
Meior = &/ gr e el (k) (1 oy )ez (k')

[xe] 1 ifk-k') g% Mgy 3!
=5le el (k) (- —=Lyed (k)
L 1
The polarization vectors refer only to atom 1 because
all elements of the sum corresponding to K = 2 are zero.

Using the expression in equation [8] for the Dyson expansion,

an element of the Green's function: becomes

;N

[17]

oj

oj ,2,33' o3’
i 8540 c°J) wrl), 6

33’ -
Skk+ = G Kk * k Y Mk © ke

kk * §

o3 .2 ,3j1 q0i1 ,2 ,313' coi .
+ka Akleklw Aklk. Gk' s s s

The exact configuration of impurities in the lattice
is unknown and so, following Langer's (196l1) treatment, we

average over all configurations of impurities. The averaging
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procedure has been described in detail by Langer (1961).
The results for the first two terms of the perturbed Green's

function are

L

(i) -3 €' eieodt el 6-30)

i) |
FaT . 021A E:f(k) Ef'(k) Si(k'

<(m2 A de?- A)> <Z w2 EJ (k) e""(k’kl)tl E“(kg) GOJ'
' | K!-‘I €|

x Z R Bl EN) et bt (=T )

: . )
[19] . 7\2 (% ﬁ'2) J;K' w2 EJ (K) &J (x) Z lEJ' (K),

ki (@ 2k ~w?)

2
twtA%q? Juky Sk €% €3 () 2. (SO
i (whk w?)
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Where A = (1 - ﬁ%) and is posifive and less than 1 for a
light impurity, and negative for a heavy impurity, and
thelbrackets <> denote cqnfiguration average.

The result of the configura£ional average is to
make all the terms diagonal in k. This is understandable
since the change due to defects is averaged over the crystal,
restoringtranslational symmetry. However, these terms
are not diagonal in j, which indicates mixing of the branches.
It is convenient to represent these terms by diagrams. 1In
Figure 2 the straight horizontal line represents the phonon
of wave vector k and frequency 'w whose propagation is
described by Gij(wz). The vertical dotted line represents
the interaction of the phonon with an impurity and the
double horizontal line represents the configuration
averaged Green's function <Ga£:>, of the perturbed lattice.

Figures 2a), 2b) and 2c) represent the first, second
and third terms in the Dyson expansion, respectively. The
graphs consist of one-phonon lines connected by self energy
parts. We define a proper self energy part as represented
by the diagram which cannot be broken into two parts by
simply cutting the phonon line once. For example 2b (i)
iélé proper self energy part whereas 2b(ii) is not since it

can be split into two diagrams like 2a). The proper

self energy parts are always diagonal in k but not in j.
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The proper self energy can be represented by a matrix
diagonal in k and elements Mij'given by figure 3.

Since we are working with very small concentrations
of defects, we further approximate the self energy function
by considering only those diagrams which are of the first
order in concentration, (that is those diagrams with
interactions with only one impurity) and omitting higher
concentration corrections to these diagrams due to restricted
summations in higher order diagrams (interactions with more

than one impurlty ) The expression for the self energy

ij'(w ) becomes
' 1
M (we) = weg A E37(x) € )%
2

N A

Ik “ﬁﬁ|f“z) Ki i 0ﬂm,'wz)
= wiqa E*w) €l )

[|+ wia - IE_-“(K 2 ]
i ‘ (“’hk -w2)
The poles of the self energy function are given by the

poles of equation [2@

[21] %_ Z |Edw]® e -4
Jiky

(“]k"‘ -w2)
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The solutions of this equation are frequencies of vibration
of the diatomic linear chain with only one mass defect
{Mazur et al, 1956), and can be found with the aid of
diagram 4. 1In both parts of the diagram the infinities of
the sum occur at the eigenfrequencies of the unperturbed
lattice w? = “jkz‘ The solutions 6f equation (21) occur
between these infinities. (The perturbed chain also has
a normal mode exactly at the frequency %ﬁ; the frequency
of this mode is unchanged by the impurity, since in this
mode the mass my does not move.) In diagram 4a) when m,>m,
it can be seen that for a heavy'impurity there is a pole in
the self energy function in the forbidden gap, whereas for
a light impurity a pole occurs above the optical band.
When m, >m, (fig. 4(b)), there are no poles out of the bands
for a heavy impurity, but for a light impurity there are
two poles which move up out of the bands, one into the
forbidden gap and the other above the optical band.

By resummation of the diagrams we can rewrite

equation [5] for the Green's function of the perturbed

lattice as

Bl (g) = gt g M <8)
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Since the Green's function <G> and the self energy M are
both diagonal in k but not in j then this equation reduces
to the solution of a 2x2 matrix equation. The diagonal
elements of <G> are

2
(awn) = 1% -wz(1-qA|E2 0] B(w2))

@ikE -w?) (Waut -w2) +4 Aw? B(02) (2B -02)

[23]

<C1 (w2)>zz = wk? - w2 <l -qA I&, (K)_I B (wz)) |
) (V2 ~w2) (wek2-w2)+ 9 A w2 Bw?) (_Z% ..wz)'

B(wz) is related to the self energy by
L] Mil'wn = +q2 £ Bl @) w2 B(w2)

Note that B(wz) contains the poles of the self energy
function and determines the poles of the Green's function.

Ll and<;(uf2)>k are both the same

The denominators of<3(w
and therefore both have the same poles. Fig. 5 illustrates
the positions of the zeros of the denominator of some
e\lement <G((»2)>lj(j :af the Green's function for the case of
light impurities replacing the heavier mass. The vertical
straight lines represent the poles of the self energy
function. The zeros of B(mz) occur at eigenfrequencies of
the unperturbed lattice. The poles of the Green's function

elementé)ﬁ%ccur at the two unperturbed poles “ik and ”’gk
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and at frequencies displaced by a factor q/N from the poles
of the self energy function. Since in this case the pole
of the Green's function associated with the local mode
occurs above the local mode frequency, it is to be expected
that the impurity bands of light impurities in the heavy
sublattice will occur above the local mode frequencies
;rising in the single defect problem. Similar investigations
in the case where the lighter maés is replaced will show
that the impurity band for heavy impurities appears below
the local mode frequency in the forbidden gap, and for
light impurities above the local mode above the optical
band.

In order to find the density of vibrational states
the factor B(mz) in the self energy expression must be
evaluated. The summation over k and j in the denominator
of B(mz) is evaluated in the integral limit in analogy with
the method of calculating the‘density of states function

of the unperturbed lattice (see Appendix 1) with the result.

il IElw]® . 2 s m (-Rp)
Ll W kzj (a};é‘.‘;,‘i) N4 2 (B-1) (RR-1) - 3 (coskt)

. mn (\ - RB) )
N=©o© 3% [((B-!)(RB-|>‘D(’3")(R‘5">] fe
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The expression for B(wz) is then

. AR (RB-1) .
o] BD = 1/ |- [((a=13 (RB=1)=D(R-1)(RB 1)t

The possible local mode frequencies of the single
defect problem are given outside the bands by the zeros

of the denominator of B(wz):

|-+ 2R £((1-22)°+ 4R222)%
2R (1 -22)

Bl 8

However, the occurrence of these modes depends
physically on whether elements of the lighter or heavier
sublattice are replaced by a light or heavy impurity

relative to this sublattice. Table I indicates the

occurrence of local modes for the four possible configurations

of masses.

It is interesting to note that since the square
root in the denominator of B(mz) becomes imaginary in the
bands there are no inband solutions of equation [?ﬂ .
Therefore this theory does not show any inband impurity
resonances.

Having now established an'analytic form for the self
energy function we can procede to calculate the density of
states of the imperfect crystal to lowest order in impurity

concentration.
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Using equation [23] for the Green's function and [24_]
for -the self energy function, the density of states from

equation [39] becomes in the integral limit [éppendix 1]

| R+1 - RB(2-C)
LY 9 = R TX (@B-Y -1y (RR-1)-1) (BU-C)-RED) e

where C =C(u?) = cth B (w?)

Within the bands oi the perfect lattice the factbr
inside the square root will have a real negative part and
a small complex part (of order ¢oncentration) due to C(wz).
This means that the density of states wiﬁﬁin.the band will
differ little from fhe density of states of the perfect
crystal.

Outside of the bands, C is real and the expression
within the sgquare root will Se real and positive except
for very small regions near the possible local mode
frequencies where C becomes very large and the argument
of the square root may become negative. In this case there
will be a contribution to g(w). There will be an impurity

band in the density of states spectrum whenever

d o {o-cy-n(rp-1 !



18

The density of states spectrum has been computed
from equation [28] and is plotted in Fig. 6 for various

ratios of host crystal masses and impurity mass parameter A .

AN



-CHAPTER III

\ RESULTS AND DISCUSSION

Expression [28] for the density of states of the
perturbed chain is exact to firét order in the concentration
of impurities. The mixing of polarization branches by the
perturbation has caused no difficulty in the evaluation of
an analytic expression for the Green's function or the
density of states. The density of states spectra plotted
in figure 6 are therefore essentially exact. The bands are
narrow and sharp and appear above the appfopriate local
mode fréquencies for light impurities (6(a) and (c)) and
below this frequency for heavy impurities. There is very
little change in the unperturbed bands and, as has been
indicated in section 3 in the discussion of the poles of
the Green's function, there is no possibility of inband
resonances in this model. |

Further corrections to the first order result due
to restricted summations of higher order diagrams have been
discussed by Langer (1961). Elliott and Taylor (1964) have
argued that all such corrections coming from all the diagrams

included in the final expansion of the Green's function

19
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should be included. These corrections have the effect of
centering the impurity bands over the local mode frequencies.
Leith and Goodman (1966), have calculated the exact
concentration polynomials associated with each first order
diagram, and find the impurity band slightly displaced

from the pole at the one defect problem in agreement with
Langer (1961). Since both predictions require retention of
selected higher order effects, it is difficult to decide
between them in a theory based on resummation.

Langer (1961) has also discussed the effect of higher
order diagrams on the perturbed Green's functioﬁ. Their
addition would cause the density of states spectrum to show
spikey behaviour, in the case of light impurities. This
is also expected on the basis of Dean's (1960) numerical
results. For small concentrations of impurities these other
peaks would be negligable since the area under a peak
arising from an nth order term is of the order of qn.
However their inclusion reduces the strength of the singularities
found in the first order results. Since these terms are
difficult to evaluate Davies and Langer (1964) have
attempted to approximate this effect by formulating a
self consistent approach to the problem. Since similar
concentration effects are expected for the diatomic chain
we havg also carried out an analogous self consistent

calculation by substituting the éonfiguration averaged



21

self consistent Green's function instead of tﬂe perfect
Green's function into the expression for the self energy
part. The two resulting equations to be solved self
consistently can be reduced mathematically to the solution
of a quartic equation, which can be solved numerically

to give the self consistent density of states. The result
of this calculation for the case of light impurities
substituted into the heavy sublattice is shown in diagram 7.
Thé\impurity bands are now much broader than the narrow
bands.of the first order approximation. ‘They are located
over the local mode frequencies and are smooth with no
singularities. The band edges at the top‘of the accoustic
and optical bands have moved down in frequency which causes
the singularities at these points to disappear. The density
of states function goes to zero with infinite slope at the
new band edges. These results are in all respects analogous
to those found by Davies and Langer (1963) for the

perturbed monatomic chain.

However the physical significance of the self
consistent approximation for the case of light impurities
has been called into question by Elliott and Taylor (1964). The
quantitative discrepancy between the results of the self-consistent

approximation and ﬁhe numerical results of Dean (1961)
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also supports their view. For this reason, while it may

be valuable to know that the self consistent approximation
can be carried through in the diatomic chain, the details of
this calculation are not presented in the main body of this
thesis, but are further discussed in Appendix II. All
numerical calculations were carried out on the IBM 7040
computor at McMaster and the program used is shown in

Appendix III.



APPENDIX I

Throughout this paper we need to evaluate summations

of the form

" 1 1
[a1] I=§F | Ter0-gwmeT-%(cos ®¥D)
. M w2 M2
where g = 5 R = == and X is generally zero (for
l ' .

evaluation of the unperturbed density of states) or small and
of the order of concentration of impurities as in the
evaluation of the perturbed density of states. The sum runs
over the wave vectors k = E%Q , ~N/2<S<N/2, of the lattice
with periodic boundary conditions.

In the limit as N »+ « the summation becomes

1 (" dk |
[Azl == I (B(l+x)-1(RB-1)~%(cos k+l)
-
with the transformation z = eik the integral becomes
\ I - _].._ ¢ dz 4
2n  7unit —il.2_ -
o] ‘ cirole —ilz°-2z(2a,a,-1)+1]
A3 = 1 é dz 4
2n 7 -1 (2-b,) (z-b_)

where a; = (8(l-x)-1) and a, = (Re?l)

23
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If both poles are inside the unit circle theh the
integral is zero, since the residues are equal and opposite.
However at high frequencies (8 + ~) X is real and small,
or zero, and the root b_ is within the unit circle and b,
is outside. The quantity I becomes

1

A4 I = X
(alaz(alaé-l))

" The same expression can be shown by analytic
continuation to hold for all frequencies in the upper

half of the complex 8 plane.



APPENDIX II
THE SELF CONSISTENT APPROXIMATION

Analytic self consistency requires that both the
exact Green's function‘g and the self energy part’g'should

have branch cuts along the real frequency axis coinciding

\

with bands of the density of states function. This can be
achieved by substituting the exact averaged Green's function

c>¢ into the self energy expression (given diagramatically

a4
in Figure 3) in the place of the unperturbed Green's function

g?. In making this substitution all nested self energy
diagrams have been added to the Green's function

approximation.

The configuration averaged self consistent Green's

function GSC

function MSC
~

is taken to be related to the self energy

by

[a5] SC = ° 4+ GOuSC GSC

”~ o

and the elements of the self energy function become

| 23% ) 3’
scii ~qAwey (k)el (K) 8y 1
M =
kk' 2 | Jj J
25
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These two above equations are to be solved self-
consistently. The summation in the denominator of the

self energy expression becomes

o o il L my S —(RE)
[7}§k€.'(k)(esc>1kja8|a(k) 'a'%"% R ey
e

where F(=F(m2)) is related to the self energy expression

by

In genefal we know that F(wz) may be a complex
guantity with branch cﬁts'along the real w axis, since it
conﬁains the poles of the self energy function. We can
evaluate the summation at high freéuencies when F(wz) is
small and real and then analyﬁically continue the results
to ;ower frequencies in the upper complex frequency plane
(m2=w2+16)(see Appendix 1l). The result for the summation

is such that F(mz) beconmes

2/3('?/3"') |
[M] P-4/ {‘-[(B(l—F)-l)(Rﬁ-')(m("F)")(RB")")]/Z}'
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We now define a quantity n (8) by the equation

[} 7(R)= y[_’(ﬂ(}—F)Et)(R(?:-l)((B(l-F) ) (RB-1)-1)] 2

There are now two equations for F(w?') in terms of n (8).

The first comes from the definition itself

[a10] F (w2)=1- zp(;ﬁ_') [(2rB-NL (14 4/72)'/.2]

The second from the substitution of n (B8) from equation

[AQ]Z into equation [AB] to give

b1 F (w?2) = q’ﬂ/(l - ')\B.(RB—I)’Z)

By equating these two expressions for F(wz) the

following quartic equation fo:fz(p) is obtained |
[a17] f(»(') =0 = (I _c.z)z (72d-1)tqen? [1c.-31' C”w]

where c= AB (RB -1)
a= (8-1)(RB-1)B(RB-R-I)

2(B-1)(RB-1)-1 , 9% -1 = 4d

g

The roots of this equation define F(h?) at any given
frequency. Since the self consistent density of states
"function can be written in a form analogous to equation
[28] for the density of states in the first order

approximation, with C replaced by F, the self consistent
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density of states function in terms of n (=R(n)+f())

becomes RB a7
%
[A13] g 5¢ () ‘_’é‘_% 12_;?". [2R6—R-\ = (V-CR(M))2+cd [(%)2 1)

In the limit of no impurities (g=0) the roots of
fh), 1/c, 1/c, ¢ 1/]3: The first two of these roots are
spurious since A does not exist in this limit and either of
the latter %wo roots substituted into equation [A13] for
gsc(m) will give the denéity of states of the perfect chain
(see equation [15]) .

Figure B is a plot of f(n) against n for various
frequencies. The roots A and B occur near t ,]./d;5
respectively andc1 and(:2 near l/c. When there are
four real roots as in fig. 8(a) there is no contribution
to the density of states, and therefore these frequencies
do not lie in a band. For a small region near possible
local mode frequencies the roots B,C, and C2 become very
close and two of them become complex (fig. 8(b)). The
vibrational spectrum has an impurity band at these
frequencies.

The optical and accoustic bands in the density of
states function occur at the frequencies when A and B
are complex. It is interesting t6 note the behaviour of

f(h) near the unperturbed band edges. When q = 0 the roots



29

A and B go to infinity and become comple# at these band
edges, however when there is a small concentration of
impurities the g-dependent part of f(n) dominates and
prevents A and B from becoming complex for a very small
region of frequencies near the unperturbed band edges; thus
causing the band edges to move (fig. 8(c)).

We can investigate the behaviour of f(n) at the
fdrmer band edges g= 1 and 8 = 1 + 1/R by assuming that as
A and B tend to infinity the roots ¢y and c, remain practically
constant and we can therefore factor them out of £().
(At the other band edges B = 0 and B8 = 1/R the roots Cy and
G also tend to infinity and we cannot follow this procedure.)

The resulting polinomial after factorisation is
[m4]. dm 24 +92t93 -1 = O
1. dg%tegnt 98t 33

The roots of this equation are

.[AIS] "Z -[-112.‘.". J‘iﬁ‘i‘?ﬂ +4d]/2\d

fhese roots are equal when

| 9 ~ 9
[pe] 4 = (%3 -1 -~ -%’ ("'%3-)
C



This implies that the top edge of the optical band moves
down by an amount

...%Z
[p7] BB = L(Rel - 4/a)

if m, >m, the top of the accoustic band also moves by an
amount %z

=
ae] 82 % (A +R-1)

the bottom of the optical band moves up by the

If m,>m,
same amount.

The other band edges do not move. For example if
m,>m, the bottom of the optical band does not move. The

behaviour of gsc(w) at such band edges does not change.

This is expected since these correspond to movement of the
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mass which has not been replaced. However at the band edges

which move gsc(w) becomes zero with infinite slope as

discussed in section 4.



APPENDIX III

TO FIND THE DFNSITY OF STATES OF A DIATOMIC LINFAR 4eATN

DIMFNSTION NI(B)sR2UH)YeRFIAJ v )arjE iA/ 4 ), el My o
COMPLEX CDLNSyblvG?orlor?9Dll9U]?9D319D3?9041oDh?oDXXQloDth?QCULN
1STeCDNS2sFETAT oETAZ o SFLFN1 v CDNSCLeSELFN2 sCDNSC29 Y
REAL L2eL219LMDASIETAYI4IETA?
N=0,086
N1=1.0=0
N2=0%Q
N12=01%Q]
1 READ(S53100)RsLMDA
RiI=R+140
RIR=R1/R
RI1IL=1e0/R+1e0/(1s0«LMDA)
QL =Q*LMDA
L2=LMDA*%?2
L21=140-L2
2=20%R* 21
Z1=2.0%#R+121
2244 OHL2HR*#2,041.21%%2,0 : ’
Z3=5QRT(Z22)
WPOLE1=(Z21~-23)/2
WPOLE2=(Z1+23)/2 .
WRITE(6+103)WPOLE1+WPOLF2sLMDASR 40
WRITE(65104)
W1l=0,01
2 W2=R¥W1
Al=W1=-1e0
A2=W2+~140
A3=A1%AP
A4=A3%(A3=1.0)
Y=CMPLX{A4s040)
SOQW1I=SQRT(W1)
CDENS=SQW1# (R*A1+A2)/CSNRTILY)
AIDENS=AIMAG(CDENS)
DENS=ABS(AIDENS)
C=LMDA®W1#A2
C2=C*C
IF(AGsLLTe060)GOTOL1? ‘
SOA4=SQRT(A4)
GWIC1=C/SQA4
GWIC2=Q1*C/SQA4
IF(A14LLTe0e0e0ORA?22LT4040)1G0 TO 13
GWl=140=-GWICI
GW2=1,0-GWIC2
16 G1=CMPLX{QL/GW1+040)
G2=CMPLX(QL/GW2s0,4,0)
GO TO 20 .
13 GW1=1.0+GWIC]
GW2=1,04+GWIC2
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12

14
17

20

40

GO TO 16

SOMA4=SQRT (~A4 )

GV ICT=C/5aMAA

GWIC?=Q1I#C/S50MAY
!F(/\]ol_TohonoANDoA7oL.!UQU,UU 10 1o
F1=CMPLX(1e0sGWICI)
F2=CMPLX(1e0sGWIC2)

GO 10 17

F1=CMPLX(140s=GWIC1)
F2=CMPLX(1e0s~GWIC?)

Gl=QL /F1

G2=QL/F2

D11=W1#(1,0=G1)1=1,0
D12=W1%(1e0=G2)-140

D2=A2 .

D31=D11%D?

D32=D12%D2

D41=D31%(D31=140)

D42=D32%(D32-140)

NGSA1=CSORTID4])

D4SQ2=CSQRTIDA42)

CDENS1=5QW1%* (R%¥D11+D2)/D4SA1
CDENS2=SQW1#(R*D124D2) /D& 5Q2
DENS1=ABS{AIMAG(CDENS1))
DENS2=(AIMAG(CDENS?))
DIFF1P=DENS1=DENS

DIFF2P=DFNS2=DENS ; ,
WRITE(65105)W1sDENSIDENSIsDENS2sDIFFIPDIFF2P
D=200*A3~100

QC2D=Q*C2%D

B1(1)=C2%AbL

B1(2)==2e0%CXAL+QC2D
B1(3)=A4=C2~Q*C*D+Q2#C2

Bl(4)=240%C

B1(5)==140

CALL RAIRST(B1sRETALlSsTIETALs4)

DO 40 J=1e3s2
ETA1=CMPLX(RETAL(J) s IETAL(J))
SELFN1=QL/(1+0-C*ETA1) ' ,
CPNSC1=5QWI* (R# (W1%(1,0=SELFN1)=140)4+A2)%FTA]
DENSC1=ABS(AIMAG(CDNSC1))
DIFSCP=DENSC1-DENS
WRITF(6+106)DENSC19DIFSCP

CONTINUE

B2(1)=A4*Q12%C2
B2(2)==2,0%Q1*C*¥AL+QC2D*Q1 .
B2(3)=A4-Q12#C2~-Q*C*D+Q)%C2

B2 (4) =2,0%Q1%C

B2(5)==140

CALL BAIRST(B2sRETA251ETAZ44)

DO 41 K=1s3s)
ETA2=CMPLX(RETA2(K) s IFTA2(K))
SFLFN2=0L/(1+0-Q1%C*ETA?)
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http:DIFFlP=DENSl-DF.NS
http:D42=D32*(D3?-l.Ol

33
CDNSC?=SQW]*(P%(W1*(1.0—5ELFN?)~1.0)+A?)*FOA2

DENSC2=ARSIAIMAG(CDNSC2Y)
DFSCP2=DENSC2-DFNS
WRITE(69107)DFENSC29DFSCP?
41 CONTINUE
TF{W1eaGT4RIL)STOP
Wl=W1+04,04
GO TO 2
100 FORMAT{(3F10.0)
103 FORMAT(lHl91X07HWPOLEI=9F100493X97HWPOLE?=1F10obo3X((HLMDA=9F1004913X92HR=
113X972HR=9F10e3413X92HN=4F10e3 )
104 FORMAT{IHO»4Xe2HW1 95X s 8HDENS PERIA6EX s THSCDENS]1 s6X 9 6HMMENS] 96X 9 THSCDENS? 96X 8
TENS2 06X s BHLATDENS2 94X 9 OHPIFFSCI=P ot X o BHDIFFL1=P s5X s TIDIFFLC2=P o4 X o
29HDIFFLT2~P)
105 FORMATI(1XsF7e39E136434(13X9E136e4))
106 FORMATI21XsF13,44539XsF13,4)
107 FORMAT(4TXsE13e4939X9E1344)
END

0460 0+25
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Table I. Occurrence of Local Modes
and Impurity Bands

ml >m2(R<1) m2>m1(R> 1)

Forbidden Gap Above optical band
Above Optical Band

-none ' Forbidden Gap
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Fig.

Fig.

Fig.

Fig.

Fig.

4.

5.

6.

LEGENDS

Plot of the dispersion curve and the
frequency spectrum of a perfect diatomic
linear chain with nearest neighbour inter-
actions and mz/m1 = 3/5 (=R as defined in
equation [15]).

Graphs occuring in the first three terms
of the Dyson expansion for the Green's
function gjwz).

Graphs which contribute to the self energy
function Il:d“(wz) .

Schematic plot showing the determination of
the poles of the self energy function as
given by the solutions of equation [20].
The poles occur at the intersection of the
solid curves with the dashed horizontal
lines; the upper line for heavy impurities
and the lower for light impurities.

Schematic plot showing the determination of
the poles of the perturbed Green's function

'<G(m2)>k. The poles occur at the inter-

section of the line (mil*wz)(wi2~w2) with the

vertical lines.

The density of states function g(w) for a
diatomic chain with impurities as given by
equation [28] for different mass ratios

and q = 1/20. (a) The heavy mass replaced

by light impurities. (b) The heavy mass
replaced by heavier impurities. (c¢) The

. light mass replaced by lighter impurities.

35

(d) The light mass replaced by heavy impurities.



Fig. 7.

Fig. 8.

36

The dotted lines indicate local mode
frequencies.

The self consistent density of states for a
diatomic linear chain with light impurities;
for mass ratios ml/m2 = 5/3, M/ml = 3/4

and q = 1/20. The arrows indicate local

mode frequencies.

Schematic plot showiné the roots of the
quartic £(y) given in equation [Alz] .

(a) out of band frequencies (b) frequencies
within impurity bands (c) frequencies near
band edges. o
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