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. ABSTRACT 

Power law fluids are analysed for entry flow in 

straight and converging channels in their pseudoplastic 

region (O.O~n~l.O). The motion and energy equations 

simplified by the boundary layer assumptions were solved 

by an implicit finite difference scheme with a marching 

procedure. To circumvent the difficulties arising from 

an infinite viscosity at zero shear rate, a minimum value 

of shear rate was used making the fluid newtonian at low 

shear rates. 

--- Entrance flows between parallel plates of infinite 

width (Slit) for uniform entry profile are discussed in 

Part I and converging flows for non-parallel flat plates 

is the subject of Part II of this work. Results are 

compared with their equivalent in the current literature 

for the newtonian case; new results are presented for 

non-newtonian fluids. These results include velocity and 

temperature profiles, pressure drops, Nusselt number, and 

entry lengths as a function of the flow behavior index (n) 

and the taper angle. 



RESUME 

Des . fluides obeissant a la loi de puissance sont 

etudies pour des ecoulements d 
1 
entree .en conduites droites 

et convergentes, dans leur region pseudoplastique (O<n<l.). 

d 
1

Les equations de mouvement abord simplifiees par la theorie 

de la couche limite, sont ensuite resolues par une methode 

de differences finies implicites, incluant !'equation d'energie. 

Une valeur minimum de taux de cisaillement est utilisee de 

.' \ " ' maniere a ne pas rendre la viscosite infinie a bas taux de 

cisaillement. 

' _, ' " En partie I, on traite d ecoulements d entree entre 

' ~plaques planes parallelles pour profil d entree plat; ces 

ecoulements sont etudies pour plaques non parallelles en 

partie II. Pour les fluides newtoniens, on compare avec 

~ J /

des resultats precedents et quelques nouveaux sont obtenus 

/ / , 
pour des fluides non newtoniens. Les resultats presentes 

I 

comprennent des profils de vitesse et de temperature, des 

chutes depression, des nombres de Nusselt et des longueurs 

d 1 entr~e en fonction de 1 
1 
indice de puissance (n) et des 

. . ,,, ,,, .
conditions geometriques. 
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PART I 

CH&~NEL ENTRY FLOWS FOR PSEUDOPLASTIC FLUIDS 

I- 1 INTRODUCTION 

In the first part of this thesis, the problem of 

entrance flows of pseudoplastic fluids in a channel formed 

by two parallel plates is analysed; the two plates are 

considered semi-infinite i.e. infinitely wide with negligible 

end effects. The fluid to be studied is a power law fluid. 

Heat transfer effects are also discussed at different 

Prandtl numbers. 

This problem has drawn a lot of attention in the 

current literature although most of it has .gone to newtonian 

fluids for tube flow. Since that problem deals with partial 

differential equations, there are three major methods of 

solution: (1) exact analytical methods, (2) approximate 

methods, (3) numerical methods. The solution we are 

proposing here is a numerical finite difference procedure 

of the implicit type. 

First, the theoretical background is presented with 

a literature survey followed by the solution of the problem 

itself. The three conservation equations (Continuity, 

1 
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Momentum and Energy) are derived ·accord~ng to the assumptions 

used and transformed through finite difference approximations. 

Then, in a third section, the results are described along 

with a discussion on their significance. Conclusions are 

finally drawn from the results, which include the possible 

extension of this work. 



I- 2. THEORETICAL BACKGROUND AND LITERATURE SURVEY 

I- 2. 1 Methods of solution 

This problem has been solved by many methods in 

the 50 or so papers related to it,.. nearly all of them about 

newtonian fluids either with or without boundary layer 

assumptions. Methods using the boundary layer assumptions 

are of the following types: (1) . linearization of inertia 

terms, (2) integral methods, (3) series expansions, (4) 

numerical finite difference of the boundary layer equations. 

Methods without bo~ndary layer assumptions: (S) finite 

difference solution of the full Navier-Stokes equations. 

The first two methods will only be mentioned here 

without any explanation because they were not really extended 

to more general application after their original publication; 

the method of linearization was originated by Boussinesq 

(1891) and Langhaar (1942); Schiller (1922) did some work 

with the integral method (this type of solution was retaken 

by McKillop (1964) and McKillop et al. (1970) for the entry 

flow in the immediate entry). The last three methods, because 

of their wider use, will be explained in more detail. The 

method used here, is of the boundary layer finite difference 

type. 

3 
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I- 2. 2 Solution cif boundary layer equations by series expansions 

The boundary layer concept is based on the fact 

that in viscous flow problems e.g. flows of polymers, the 

viscous effects have more importance than the inertial effects 

in the fluid; naturally this will force us to remain in an 

acceptable range for the Reynolds number; we can say that 

for most flows with Reynolds number over SO, the above 

concept is valid as demonstrated by Christiansen and Kelsey 

(1973) for tube flow at a contraction. 

Schlichting (1934) applied the boundary layer 

concept in solving entry flow problems for straight channels 

(uniform flat ·entry). His method consisted of two different 

solutions applied to each of the upstream and downstream 

parts of the problem. In ~he upstream part, the boundary 

layer is formed in a small region near the wall, where viscous 

effects and velocity gradients are important, and the central 

core is uniformly accelerated as pictured in Figure I-2.l, 

for this part, Schlichting obtained an expression for the 

axial velocity in form of a series expansion with respect 

to the two independant variables (2-dimensional flow). This 

expansion, if inserted in the axial momentum equation gives 

a differential equation with an infinite number of terms, 

of which, as a first approximation, we have the Blasius 
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- t,_', 

differential equation for a flat plate (de~ending on how 

many terms are taken in the expansion). Now for the 

downstream part, - schlichting assumes a velocity profile which 

is a perturbation of the true final parabolic one. The final 

step of the method is to join the two solutions at a suitable 

point where they are compatible to each other. In a recent 

paper where the upstream solution of Schlichting's method is 

questionned, Van Dyke (1970) is presenting a solution using 

a slightly different upstream expansion. 

-, 

Figure I-2.1: Channel entry flow 

Entry flow for non-newtonian fluids is more recent. 

The first calculations (in channels) were done by Collins and 

Schowalter (1963); they worked out the solution for channel 

entry flow of pseudoplastic fluids represented by the power 

law equation. Their method is about the same as Schlichting ' s 

method except that they took more terms in their series in 

order to have a better precision. Their results are used 

extensively for comparison purposes with the present work. 
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I- 2. 3 Numerica'l solutions 

The boundary layer concept is also used with finite 

difference methods. Bodoia and Osterle (1961) have initiated 

work in this . area followed by Hwang and Fan (1963, 1964). 

The method consists in starting with the Navier-Stokes 

equations which are simplified through the boundary layer 

assumptions; this means the y-direction of the equation of 

momentum (for 2-dimensional problem) is neglected implying 

that the pressure gradient is zero in the y-direction and 

that the motion in this direction is not important to the 

total problem. This evidently is not correct in the first 

region of the flow; but it becomes valid as soon as the 

thickness of the boundary layer is relatively large. In the 

present work this method is followed in solving the channel 

entry flow problem and the solution is extended to power-law 

fluids. 

Three more publ~cations are using the finite 

difference methods for the full Navier~Stokes equations; 

Wang and Longwell (1964), Brandt & Gillis (1966), and 

McDonald et al. (1972). They are solving those equations 

for newtonian fluids by relaxation with a two-dimensional grid 

at different Reynolds numbers. Their method, although quite 

complex, should be considered as one of the more precise 

because of the absence of boundary layer approximations; 
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we must say that for non-newtonian fluids, this method 

becomes extremely complicated particularly the search for 

convergence criteria as defined in Brandt and Gillis (1966). 

' 




I- 3 SOLUTION OF THE PROBLEM 


I- 3. 1 The constitutive equation 

The fluid to be used -is represented by a power 
' {' 

law constitutive equation (Ostwald-de Waele equation) 

from Bird et a 1. (19 6 0 ) p . 101 • 

n-1 
(I-3 .1) 

T = -Kr~ = 

where T 
= 

stress tensor 

I 
2 

second invariant (=~:~) of 
- -

~ 

K power- law consistency index 

n flow behavior index 

= 
rate of deformation tensor (symmetrical) 

2au 2 auwhere ~ = ax ay 

au av 
2- 2

ay ay 

For an incompressible fluid in cartesian coordinates, 

we have: 

= (I-3.2) 

8 
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the first two terms are neglected because, although they 

are important at the immediate entry, their effect diminishes 

very quickly. For more explanations, _the reader should 

consult Schowalter {1960). 

So equation I-3.1 becomes: 

·1 (I-3.3)= ln-1
-K ~~ 

This constitutive equation can be used directly 

in the momentum equation if the usual drawback, namely the 

inf1nite viscosity at low shear rates, is eliminated; this 

is done by se'tting a minimum value f orj ~~I making the fluid 

newtonian at lower shear rates. It has been recognized 

experimentaly . that all non-newtonian fluids are exhibiting 
"(_,,..

a newtonian behavior at low shear rates so this working 

procedure is very much in line with reality. 

I- 3. 2 The hydrodynamic problem 

The physical system as drawn in Figure I-3.1 is made 

of two semi-infinite parallel flat plates spaced by a length 

of "2a". The velocity profiles are sought along x for a 

uniform entry profile with the use of the continuity and 

momentum equation in a manner quite similar to the analysis 
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of Bodoia and Osterle (1961} for a newtonian fluid; Hwang 

and Fan {1961) have solved the same problem for magneto-

hydrodynamic flow of a newtonian fluid. 

2av 
u 

Uo 
Figure I-3.l~ Straight channel physical system 

The following assumptions are made in order to 

solve the problem: 

The flow is 2-dimensional {Motion in the z-direction 

is negligible and no end effect). 

- All fluid propeities are constant: C, Cp, k, K. 

- The effect of 9ravitational force is negligible. 

- The flow is laminar. 

' - Prandtl s boundary layer assumptions apply. 

With these assumptions, we obtain: 

- Continuity equation: 

dU + dV = Q (I-3.4)
dX dy 
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- Momentum equation in the x-direction: 

1 . dpau +v (I-3.5)u ax p dx 

where 'xy = -Kl~;ln-l ~~ 

- Integral form of the continuity equation: 

a 

= u a (I-3.6)Judy 
0 

0 

The following variable transformations are used 

X = (X) /Re
a (I-3.7) 

2-n n 
pu (2a) 

0
where Re = 

K 

Y = y/a (I-3.8) 

U = u/u (I-3.9)
0 
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n 1-n 
{2a) u P. v 

v = 
0 

{I-3.10) 
K 

p-p
0p = 	 {I-3.11)2 


puo 


Then the 	continuity equation is 

au + av = 0 {I-3.12)ax aY 

the integral form becomes 

UdY = 1 	 (I-3.13) 

and the momentum equation is 

u au ax +v 

(I-3.14) 

And the boundary conditions are 

at Y = 	 0 and X>O (centerline):~~ = 0 and V = 0 

,( I-3 .15) 

at Y = 1 and X>O (wall) U = 0 and V = 0 
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and the initial condition is 

U = 1 and V = 0 

,( I-3 .16) 

'·There are two ways of solving this problem since the 

momentum is a nonlinear equation. First we can solve it as a 

linear approximation by an appropriate choice of difference 

approximations using a normal implicit scheme similar to the 

one of Bodoia & Osterle (1961) and Hwang & Fan (1963); another 

way is to use an iterative scheme in which the values that 

have just been calculated are reintroduced into the equations 

to compute again a set of new values. (A solution with an 

iterative scheme is described in Appendix III). 

The implicit type method without iteration starts 

with the original assumptions for the velocity profile 

(initial condition) and proceeds Column _ by column with 

linear equations by solving the coefficient matrix for the 

hydrodynamic problem in order to compute the velocities; 

with the velocities, we are then able to compute the 

temperatures directly. Figure I-3.2 is giving the mesh 

configuration: 
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WALL 


Y=l 

k+2 


k:+l 
 r x>k 

k-1 


k-2 


Y=O 

,k 

1 j j+l ~ 

X=O 

Figure I-3.2: Finite difference mesh 

-?Ir 

Finite difference representations are chosen in 

order to get linear equations·. So for the continuity equation 

I-3.12, the following difference approximations are used. 

au= 0 j+l,k+l -uj,k+l +uj+l,k -uj,k 
ax 2~x 

(I-3.17) 
av vj+l,k+l -vj+l,k
aY = ~y 
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In the integral form of the continuity equation, we use the 

Simpson integration formula which gives: 

U +4E U +2E U = 3m l~n~m/2
j+l,l n j+l,2n n j+l,2n+l 

where m = 	total number of 
points across less 1 

For the momentum equation, we have the following finite 

difference approximations: 

u. 1 k -u. kau = ]+ I JI 

ax /J.X 


u -u 
au = 1 j,k+l j ,k-1 + 1 uj+l,k+l -uj+l,k-1 
aY 2 2/J.Y 2 2/J.Y 

""'·-~-

p -P 
dP j+l j
dX = /J.X 

u = u. 	 and V = v.J, k ,.. 	 J , k ,,. 



- - - -

----
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For the last term of the momentum equation, a secondary 

grid superimposed over the previous one is used along Y 

(See Figure I-3.3 below). 

-' -,-- - - 
Ik+l ---~+-~--+~.....--+-~~~~~- y 
Ik+l/2 1-, 

k 

k-1/2 L-+ 
1k-l 

+ 
 _I 


j[~! 'f+l 
. 2 J 2 . 

j j+l 

Figure I-3.3: Auxiliary mesh 

Now the difference representatiop for the last term of the 

momentum equation is taken at (j+l/2, k) which is the 

central point of that grid, so we have: 

1 Tj,k+l/2 -Tj,k-1/~ + 1 Tj+l,k+l/2 -Tj+l,k-1/2 
2 ~y 2 ~y 

(I-3.20) 
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where 
n-1 

u. k+l -u. k u. k -u. k 1], ], J ' J ' = !::.Y !::.Y 

n-1 
u. k -u. k 1u. k -u. k-1 
J' J' J ' J ' = !::.Y 

(I-3.21) 

n-1 u -u0 j,k+l -uj,k j+l,k+l j+l,kT 
j+l,k+l/2 = !::.Y !::.Y 

u. k -u. k 1 
n-1 0 j+l,k -uj+l,k-1], ], T, = 

!::.Y !::.Y]+l,k-1/2 

So the momentum equation after· simplification gives (details 

shown in appendix I-A) : 

A U. +B U. l +C U +D P. = E
k ]+l,k-1 k ]+ ,k k j+l,k+l k ]+1 k 

(I-3.22) 

where A_k = 
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v. kJ I= 4~Y 

Dlt = 1 
~x 

= 

_!Grn!n-1 (u )u. 1 -u. . - . -u. 1~ J .,n+ J,n~ 2 J,n J,n
lY 

-- ·2 uj,k+;Y-uj,kwhere Gp 
0 

u. k -u. k-12 JI JIGm = 
~y 

By combining the last equation with equation 

I-3.18, we obtain a set of "m" linear equations with "m" 

velocities plus "l" pressure which permits us to solve for 

those values as demonstrated in section I-3.4. 
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For the continuity equation, we have an explicit 

expression with respect to velocities along y if the axial 

velocities are known. Replacing I-3.17 in I-3.12, the -

following eouation is obtained: 

(I-3.23) 

Since V = 0.0 (Centerline boundary condition) then 
j+l,l 

all the "V" can be computed directly. 

I- 3. 3 Energy equation 

If we make the same assumptions for the energy 

equation as we did previously for the hydrodynamic problem, 

we have the following energy equation 

at at a 2tu + v = a -- (I-3.24) 
ax ay ay2 

k
where a = pc (thermal diffusivity) 

p 
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The previous variable transformations {equation 

I-3.·7 to I-3.11) are retained and the .following one is added: 

t-t 
T = w {I-3.25) 

where t Entry temperature (T =l)
0 0 

tw Wall temperature (Tw=O) 

After simplification the following equation is obtained 

aT 2 (I-3.26)u =ax +v Pr 

where Pr 

(Non-Newtonian Prandtl Number) 

It should be noted that when n=l for a newtonian fluid the 

Prandtl number takes the usual form. 

The boundary and initial conditions are as 

follows for the constant wall temperature problem: 

B. C.: at Y = o and x>o =O 
(I-3.27) 

at Y = 1 and X>O T = 0 

I.C.: at X = 0 and O<Y<l T = 1 (I-:-3.28) 

http:I-:-3.28
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Now the following finite difference approximations are 

used: 

u. +u v +V 
J ,k j+l ,k j,k j+l,k

u = v = 2 2 

Tj+l,k -Tj,k 
~x 

(I-3.29) 

aT 1 Tf~k+l -Tj,k-1 + l Tj+l,k+l -Tj+l,k-1
= ay 2 2~Y 2 2~Y 

By substitution into equation I-3.26, we obtain a series of 

"m" _linear equations with "m" temperature points to be solved; 

the resulti~g matrix is found in Appendix I-B. In the next 

section, the · numerical .procedure . is described. 

Other heat transfer quantities are used in this 

part I; they are the Bulk temperature Tb (mixing cup temperature) 

and the local Nusselt number. The Bulk temperature is 

defined by the following equation 

= ~T~+l,k Uj+l,k dY 

u 
where U = average velocity = 1 
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The local Nusselt number is defined by the following: 

hLNu = 	 (!13.30) 
~ .. .JI-- -

where: 	h = heat transfer coefficient 

L =.ch~racteristic length = 2a 

k = thermal conductivity 

From the heat flux at the wall, we have that 

= = (_k ~) (I-3.31)
\ Cly y=b 

which, if we adopt the previous variable transformations, gives 

(I-3.32)Nu 

The value of the gradient at the wall is calculated by the 

same finite difference approximation as used in Katotakis 

(1969), Vlachopoulos and Keung (1972) and Katotakis and 

Vlachopoulos (in press) at column "j+l". 

= l 	 (-llT +18T -9T +2T )
66Y j+l,m+l j+l,m j+l,m-1 j+l,m-2 

(I-3.33) 

where m+l is the grid point on the wall 
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I- 3. 4 Numerical procedure 

To solve the hydrodynamic problem, the momentum 

(I-3.22)._ and inte.gral .ce_n.tinuity (I-3.18) 

equations are used _to form a coefficient matrix; the unknows 

are the "rn" axial velocities and one pressure so we 

following set of linear equations: 

1 4 2 4 -- - - -- 0 

Bl (Cl+Al) Dl 

A2 B2 C2 02 

A3 B3 D3, _ c3 , 
\ '" \. '\ ' 

"' Ak ' Bk 
' ck Dk 

' · 
' ' 

I 

I 
\ . '\ I 

' ''A 'B ' c D 
m-1 rti-1 m-1 m-1 

A B D 
m m m 

x 

uj+l,l 

uj+l,2 

uj+l,3 

uj+l,k 
I 


l 

I 

u. 1J+ ,m 

p. 1]+ 

have the 

3m 

El 

E2 

E3 

I 
I 

= Ek 
I 

I 

E 
m-1. 

E 
rn 

(I-3.34)
This set of equations was solved by a program using 

the Gauss elimination method written especially for the above 

coefficient matrix in order to minimize computing time (See 

Gauss subroutine in Appendix IV for details). Once the axial 

velocities are obtained, one can find the perpendicular 

velocities explicitly by using the normal form of the continuity 

eq~ation (I-3.22); they-velocity at the centerline is zero 

so the remaining ones can be computed from there on. This 

gives a fully implicit set of equations which means that once 
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the st~rting profile is known, that is at column 0 (from 

the initial condition), one can compute directly column 1 

and keep this "marching procedure" until enough information 

is generated (in our case, all calculations were stopped 

at X = 1.0). 

For the energy equation, a slighty different 

coefficient matrix is obtained where there is no additional 

unknown apart from the "m" temperatures in a column : so 

we have the following system: 

Gl (F 1 +Hl) 

F2 G2 H2 

" " " ........ 

' ' ' ' ' 
Fk 

" 
Gk 

" ' 
Hk 

' .........._ .........._ 

' "" ',p G H 
' ' m-r; m-1 .. m-1 

F G 
m m 

x 


Jl'1)+1~1 1 
J.r1:J +1, 2 12I 

I 
I 

'I]+l,k Jk= II 
II 

( 

'lj +1_,m 1 ~m-1 I 
~i +1,JTl Jm J 

(I-3.35) 

The coefficient matrix is known as a tridiagonal matrix. A 

recursion formula, Carnahan et al. (1969) and Hwang & Fan 

(1963), was used to solve this set; - this formula which is 
I 

based on Gaussian elimination, is also called Themas s 

method'" 
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I-J.5 Convergence, stability and step size 

Problems with stability and convergence arise from 

the substitution in a differential equation of finite 

difference approximations; they are both discussed very 

well in Richtmyer (1957) for linear differential equations. 

The finite difference solutions of non-linear equations has 

yet to reach the same level of understanding as the linear 

ones so we must still rely on linear equation · type of analysis 

to appreciate convergence and stability. 

Convergence is the problem of gettin9 the same 

exact solution from the differential equation and the 

difference equation; it arises from the fact that the 

difference equation is solved for a mesh with finite grid 

spaces. It is normally solved by reducing the mesh size up 

to a point where there is convergence of the finite difference 

splution; it simply means that the truncation error caused 

for example by taking a gradient between two points, will be 

less if those two points are closer. Evidently in doing so, 

computing time and experimental error must be taken in 

consideration in order to get a reasonable mesh size; with 

this in mind the network size of Table I-3.1 was used. This 

mesh gave solutions which would not vary more than .1% by 

reducing its size for normal calculations (riot 

I 
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including calculations at very low flow behavior index); 

since between 1 and 2% is the normal accepted value of the 

experimental error, this was judged acceptable. 

up to X m ( L\ Y) L\X 

0.0004 80 (.0125) 0.00002 
.002 80 (.0125) 0.0001 
.01 40 (.025) 0.0005 
.03 20 (. 0 5) 0.001 
.1 20 (. 05) 0.005 

1.0 20 (. 0 5) 0.01 

Table I-3.1: Mesh sizes of this work 

A look at mesh sizes of Hwang and Fan (1965) is showing 

that they are slightly rougher than the ones in Table I-3.l; 

it was found that for flow-behavior index <.25 a finer 

mesh was necessary to stay within the .1% value. 

Stability is the second problem~ one must face when 

dealing with finite difference solutions; instability problems 

are coming mainly from round-off errors in the computations 

which are giving discrepancies · ~be·1lw.een: the- exact solution of 

the difference equation and its numerical solution. Stability 

is normally ensured by checking that an error introduced in 

.the computation will remain bounded. Katotakis (1969) has 

done a stability analysis on the boundary layer momentum 

equation using Von Newman ' s theory (See Richtmeyer 1957). 
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However this method of analysis of the growth of a general 

error term, must be used with linear equations so the 

momentum equations were linearized by assuming that coefficients 

of inertia terms are constant; furthermore in our work, the 

viscosity should be considered constant to get linear equations; 

Katotakis {1969) is doing the stabili~y analysis of the 

resulting linear equations; however it mus.t be stated that, 

since viscosity can vary by as much as 104 , this analysis 

should be regarded only as a trend indicator. 

The energy equation was analysed by Hwang & Fan 

(1965) and by Richtmeyer {1957). It is found to be always 

stable when the equation is considered linear. Although 

Hwang and Fan are recommending . a finer mesh for the heat 

transfer ·part than the one used in table I-3.1, the present 

work has demonstrated that using a · finer mesh size did not 

change the results of the temperature profile noticeably and 

the mesh used gave an ,excellent agreement for the bulk 

temperature with their result for newtonian fluid. Furthermore, 

it was found that using an auxiliary mesh for the heat 

transfer problem by computing, at the intermediate grid points 

linear approximations of the velocities, was causing 

instabilities in the form of harmonics; this phenomenon was 

detected by an oscillating Nusselt number. So the same 

m~sh size was used for the hydrodynamic and the heat transfer 

set of equations. 



I- 4 •. RESULTS AND DISCUSSION 

-I-4 .1 The hydrodyn·amic problem 

A) Newtonian case 

As seen in the literature survey, the _parallel 

plates entry flow problem for the newtonian case has been 

solved by numerous methods. Van Dyke (1970) and McDonald 

et al. (1972) in their respective paper are offering 

excellent comparisons of the development of the center

line velocity. Figure I-4.1 is showing the good agreement 

between Wang & Longwell, Bodoia & Osterle (1961) and the 

present work; however the full numerical solutions of 

Brandt & Gillis (1964) and McDonald et al. (1972) are showing 

discrepancy with the previous three curves. This discrepancy 

with · the full ·numerical solution of Wang & Longwell seems to 

be due to different boundary condition (vorticity is zero 

for W. & L. and "v" is zero for B. & G. and M. et al.). 

Whereas. the agreement of boundary layer numerical solutions 

is good at Re = 75 for the no vorticity case, Brandt and 

Gillis (1964) are showing that a similar agreement exist 

at Re>300 for zero perpendicular velocity case; however since 

it is very difficult to say which solution is best corresponding 

to. reality, our results should apply whenever the Reynolds = 

number is over 200. In figure I-4.2, the velocity development is 

shown which is almost undistinguishable from t h e one of Bodoia&Osterle 

28 
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·The .entry length . is. def.ined .as the length of the 

channel taken by the centerline axial velocity to reach 

99% of its fully developed value. We can see that the 

results of the present work are close to Hwang and Fan 

results and in the same range as other workers. 

xe99 = (x/a} Re 	 Author 

.0800 Schlichting {1934) 

.0838 Present work 

.0844 Hwang and Fan {196a) 

.0880 Bodoia and Osterle (1961) 

.0884 Brandt and Gillis (1966) 

.0908 Roidt and Cess (1962) 

Table I-4.1: 	Entry length for 99% of final 
centerline velocity 

The excess pressure drop"Pd"is calculated the following 

way for .a newtonian fluid. 

pd: = 1 im [ P ( 0 ) - P ( X) - 6X] 	 {I-4.1) 
X-+oo 

Pd, is due to 	departure · from parabolic flow in the inlet region 

of the entrance flow. Table I-4.2 shows results of other 

workers 
p · 


d 


.271 Kinetic-energy end correction 

.300 Schlichting (1934) · 

.312 Hwang and Fan (1961) 

.315 Roidt and Cess (1962) 

.331 Brandt and Gillis (1966) 

.338 Bodoia and Osterle (1961) 

.343 Present work 

Table I-4.2: 	 Excess pressure drop 
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. ~.\ ..••' 

For Br~ndt and Gillis, the value is given for Re = 00 sihce 

the bounda.ry layer assumptions are valid for high Reynolds 

number. We can see that .the .results _of the present work 

are pretty well in same range as the ones obtained by other 

workers. The final value of the pressure gradient calculated 

. . from this work is exactly 6 : 000 which is the value that can 

be calculated for the Poiseuille flow analytically. 

B) Non-Newtonian Fluids 

There are not many solutions on power law fluids 

for channels so we will limit the comparison to the work 

done by Collins and Schowalter (1963). For n=l (newtonian 

fluid) their entry length is .069 compared .067 for this 

work (this entry length is 98% of the fully developed center

line velocity) and the excess pressure lost -is .34 compared 

to .343 here. 

From this, we can conclude that our results are 

compatible with those of Collins and Schowalter, so a 

comparison for non-newtonian fluids can be undertaken. 

Collins and Schowalter are solving the problem with an 

extension of the Schlichting ' s analytical method so the 

fact that for pseudoplastic fluid (n<l.O), the viscosity 

becomes infinite when the axial velocity gradient is zero, 

did not give them any problem. In a numerical solution like 

http:bounda.ry
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the one presented here, this limitation arises as we saw 

earlier, in ·the calculations because of the finite difference 

form of the constitutive equation. The minimum value of 

the gradient, in solving the problem, was taken in 

dimensionless form as: 

= (I-4 .2" )l~~t 
This procedure was used by Ozoe and Churchill (1972) for 

free convection problems. A range of minimum gradient 

from .001 to 0.5 was used in this work. Ymn-1 is then 

the value of the factor by which we must multiply the 

viscosity at unity shear rate (the viscosity at unity shear 

rate is ·the consistency index of the power law equation:K) 

to get the true viscosity. In the figure I-4.3, we can 

see the effect of the value of the minimum gradient on the 

entry length vs flow behavior index curves as well as a 

comparison with Collins and Schowalter results. This 

figure shows that as the value of Ym increases, the maximum · 

of the curves are decreasing and leaning a bit toward the 

left; values · for n>.75 are not changing very much; 

these effects are easily explained by the fact that for 

flow behavior index the profiles are flatter so the minimum 

gradient value is used, in the numerical solution, not only 

at the centerline but also in the flat profile region 

around the centerline ; as soon as the value of the minimum 
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gradient goes below .01, there is very little change in the ,. 

entry length values. The discrepancy at low flow behavior 

index with Collins and Schowalter results, can partially 

be attributed to ·the fact that only one point (n=.2) was 

calculated. ·in :that reqi.on ,, and a full curve from 0.4 to 0.0 was drawn. 

The entry pressure drop coefficient was found 

relatively insensitive to the value of the minimum gradient 

except when this value was quite high e.g. Ym z 0.5. In 

figure I-4.4, we can see that a noticeable difference in the 

end pressure drop correction can be seen only at low flow 

behavior index. In this figure, we are also comparing with 

results of Collins and Schowalter (1963) and Tiu et al. (1972) 

whose method is based on a previous paper written by Lungren 

et al. (~964), using a linearization method of momentum and 

machanical energy equations. We can see that our results 

are in very close agreement with Tiu's paper but shows some 

differences with Collins and Schowalter. In table I-4.3, we 

can see that for minimum gradient of .01 (and less) the 

pressure gradient (which is constant after the immediate entry) 

is very close to the exact analytical one where as for 0.5 

the value begins · to differ appreciably. The implication of 

this, is that, for pressure calculation, the value· of the 

_minimum gradient at which the fluid becomes newtonian at 

low shear stress does not have much effect. 
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.25 .50 1.0.75 

.s 1.8510 4.1460 6.0002.8216 
6.000.01 1.8620 4.14902.~280 

2.8284Exact analytical value 1.8612 4.1489 6.000 

Table I-4.3: Pressure gradient 

In appendix I-C the reader will find some of the 

results not discussed in this section. Axial velocity 

developments are presented with respect to the axial distance 

for various flow behavior index at 5 different distances 

from the centerline {Y = 0 is the centerline). Then 

pressures are plotted also along the axial variable "X". 

I- 4. 2 Heat transfer problem 

For heat transfer we need to look at three variables. 

The first two are Ym and n which are related to the consti

tutive equation used here and the third is the Prandtl number 

(Pr). In figure I-4.5, we can see what influence the flow 

behavior index has on the bulk temperature. Change of the 

minimum gradien~ has no noticeable effect on bulk temperature 

as we can see by comparing figure I-4.5 to I-4.6 {in fact we 

have not more than 3% variation in bulk temperature at a 

flow behavior index of .25). The same is not true for the 
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Nusselt number as we can see in Table I-4.4 where we 

compare asymptotic local Nusselt number for different 

minimum gradients and different flow behavior index with 

values given by Vlachopoulos and Keung (1972) whose 

calculations are for fully developed velocity profiles. 

· The different values of the Nusselt number for different 

minimum gradient is probably caused by the fact that 

~ 0.5 0.1 0.01 0.001 Vlachopoulos 
and Keung (1972) 

.25 

.50 

.75 
1.00 

4.162 
3.954 
3.839 
3.763 

4.212 
3.965 
3.841 
3.763 

4.218 
3.966 
3.841 
3.763 

4.218 
3.966 
3.841 
3.763 

4.22 
3.97 
---
3.767 

Table I-4.4: Asymptotic local Nusselt number 

a more parabolic like velocity profile is encountered at 

high minimum gradient causing lower velocities near the 

wall (to maintain a constant flow rate). Those lower 

velocities near the wall are in turn affecting the value of 

the wall temperature gradient which is part of the Nusselt 

number. 
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The bulk temperature values are similar to results 

of H.Wang and Fan (1965); a high ·Prandtl number has the 

effect of lowering the heat transfer rate; this can be seen 

in figure I-4.7 to I-4.9 where the bulk temperature decrease 

is slower as the Prandtl number is increased. The Nusselt 

numbers have the same patterns except that they take longer 

to attain their asymptotic values at high Prandtl number; 

when the Prandtl is low the bulk temperature falls very 

fast to zero making the calculation of Nusselt number inexact 

because we are dealing with very small temperatures when 

w~ are calculating the temperature gradient at the wall. 

Some results plotted in a log-log form can be seen in 

figure I-4.10. More results are available in Appendix I-C 

concerning bulk temperature and Nusselt Number for various 

values ·& ef~±he ' paramete~s. 
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· I- 5 CONCLUSIONS AND RECOMMENDATIONS 

In this part I pseudoplastic fluids have been 

studied for entry flow with a finite difference method; for 

Newtonian fluids, good agreement was found to exist with 

previous res.ults in the hydro~ynamic and heat transfer problem. 

In the non-newtonian case, comparisons with Collins & Schowalter 

(1963) and Tiu et al. (1972) gave excellent agreement with 

the present work for entry length and excess pressure drops 

except in low flow behavior index for the entry length. Heat 

transfer was found to decrease by lower flow behavior index 

in accordance with other results. 

It must be noted that the present method can be 

used with practically any type of entry profile. In fact a 

sixth order polynomial ·entry profile was tried with satisfactory 

results. 

Improving the present work could be done by including 

viscoelastic fluids; it is suggested that this be done employing 

something similar to a deviatoric stress tensor as used in 

·Balmer and Kauzlarich (1972). Another improvement would be 

to extend this work to channel flow where side effects are 

important; this case would probably help the understanding of 

single screw extruders particularly if heat transfer is 

in~luded. Further viscous dissipation effects should be 

included. 
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NOTATION 

a 	 Half space between plates 

Series of constants defined in equation I-3.20 

Series of constants defined in equation I-3.20 

Series of constants defined in equation I-3.20 

Specific heat 

Series of constants defined in equation I-3.20 

Series of constants defined in equation I-3.20 

Series of constants defined in equation I-B.l 

Series of constants defined in equation I-B.l 

Constant defined in equation I-3.20 

Gp Constant defined in equation I-3.20 

h Heat transfer coefficient 

Series of constants defined in equation I-B.l 

Second invariant of ~ 
= 

Series of constants defined in equation I-B.l 

Thermal conductivity 

K Power law consistency index 

Characteristic length 

m Number of grid points across flow less one 

n Flow behavior index 

Nu Uusselt number 

p Pressure 

Pressure at the entry 

2
Dimensionless pressure (=p-p /pu )

0 0 

47 
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Pd Excess pressure drop 

Pr Prandtl number 

q w Heat flux at the wall 

Re Reynolds number 

t Temperature 

t 
0 

Temperature at the entry 

tw Temperature at the wall 

T Dimensionless temperature (=(t-t )/(t -t ))w 0 w 

Bulk temperature 

u : · Axial velocity (in x-direction) 

Axial velocity at entry (uniform) 

u Dimensionless axial velocity (=u/u
0 

) 

u Average axial velocity (dimensionless) 

v Velocity in y-direction 
) n 1-n \( 2v Dimensionless velocity in y-direction - a u~ P v )

( 

x Coordinate along the channel 

X Dimensionless coordinate along the channel (=(y/a/Re)) 

X Entry length at 98% of the fully developed centerline 
e · 

velocity 

x ~ : Entry length at 99% of the fully developed centerline 
e99 

velocity 

y Coordinate across channel 

Y Dimensionless coordinate across channel (=y/a) 

z Coordinate along the width of plates 
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Greek letters 

a. Thermal diffusibity (=k/pCP) 

y Minimum gradientm 

Rate of deformation tensor~ 

6.X Increment along x 

6.Y Increment along y 

T Stress point (in the grid) 

T Stress tensor 

p Fluid density 

w Vorticity 

Subscript 

j For mesh . point in x-direction 

k For mesh point in y-direction 

m Number of grid points across flow less one 



.. 
PART II 

..) . 

CONVERGING FLOWS FOR .PSEUDOPLASTTC FLUIDS 

TI~ l INTRODUCTION 

Converging flows of newtonian fluids have been studied 

for a while since the Navier-Stokes equations in this case 

can be solved analytically either with, or without the boundary 

layer approximations, and because analytical solutions were 

the main method of solution before the advent of computers 

in the late forties. Since then some numerical solutions were 

developed and compared to the exact solutions. 

In this second part, converging flows for pseudo-

plastic (power law fluid) and newtonian fluids are analysed 

by a ~ finite difference integration method. Solutions for 

newtonian fluids will be presented and -compared to the few 

available results found in the literature. They are produced 

in order to ascertain the attainability of exact fully developed 

velocity profile at various flow conditions; this aspect of the 

problem seems to have been neglected by preceeding authors. 

In the first section of this part, a survey of the 

current literature is presented, followed by a second section 

·- where the solution of the problem is presented. Finally the 

results of this work are outlined and discussed in a last section. 
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II- 2 LITERATURE' SURVEY AND METHODS OP SOLUTION 

II- 2. 1 Ana·lytical solutions 

One of the few exact analytical solutions of the 

· Navier-Stokes equations is about flow through converging and 

diverging channels. The solution was found independently by 

two workers, G. Hamel (1916) and G. Jeffery (1915); they 

reduced the Navier-Stokes equations to an ordinary differential 

equation which in turn was solved through the use of elliptic 

functions. Millsaps and Pohlhausen (1953) extended the 

calculations of Jeffery and Hamel for the hydrodynamic part 

and solved the energy equation transformed into an ordinary 

differential equatibn with a finite difference method. 

Another method of solving th~ problem is to make 

·the boundary layer assumptions and therefore simplify the 

motion equations. Again they are solved exactly; that is 

what Pohlhausen (1921) did in an early paper. Reeves and 

Kippenhan (1962) in a subsequent paper are presenting a very 

good comparison of the two methods; their results show that 

the boundary layer velocity distribution is very close to the 

exact solution for a Reynolds number of 50; so we can conclude 

that for Reynolds number higher than that value the boundary layer 

assumptions will give solutions very close to the exact value. 
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There are a few more approximate solutions to 

converging flow problem. Williams (196-3) is presenting one 

in which, as he points out, "the equations of motion for flow 

in slender channels at moderate or high Reyn~lds number are 

identical in form to the boundary layer equations", although 

.he goes on to say that those two solutions are ·not the same 

because of different boundary conditions, his results (At 

Re = 600, 1384 and 5000) are the same as Jeffery-Hamers exact 

solution. In a more recent paper, .- B~mer and Kauzlarich (1971) 

are presenting results for an elastic fluid sheared in its new

tonian region; even through they are using a power law consti

tutive equation, their exponent must be one as a condition 

for transforming a partial differential equation describing 

the flow, into an ordinary one by similarity analysis; this 

of course, limits their results. 

All the solutions discussed up to this point, are 


for fully developed ftow; the next ones including those in 


the next section · using numerical methods, are solved with 


entry profile which means that we are able to check if, at 


certain flow conditions, we are effectively reaching the 


fully developed profiles; furthermore velocity distributions 


can be followed as the fluid proceeds in the 'converging 


channel. 


Atabek (1972) linearized the two momentum equations 


in order to solve for arbitrary entry profile; the weak 
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points of his analytical solution seem to be the assumptions 

that the fully developed profile is obtainable at the apex 

of the converging plates and that the velocity distribution 

is taken as a perturbation of the fully developed profile 

throughout. 

II- 2. 2 Numerical methods 

Sutterby (1965) was one of the first workers to 

develop a numerical method for converging flows. He simpli

fied the Navier-Stokes equations with approximations and then 

solved those equations by finite differences; unfortunately 

his results are for converging tubes and for initial parabolic 

profile making comparisons almost impossible to make with 

our results. 

Another paper was published by Yang and Price (1972) 

on converging plane-walled channels for newtonian fluids. 

The numerical solution presented here is similar to their 

solution; as a matter of fact our equations for the newtonian 

case are identical and the results are almost the same. Since 

they seem to have employed a rougher mesh than the one used 

here, a comparison is presented w~th their results to see 

the effect of the grid size on the convergence of the 

solution. 



_-..IT-· 3· ·._SOLUTION.. OF. THE. PROBLEM 

TI-· J. · T · co·nstitutive equati·on 

The constitutive equation to be used will be the 

power law equation. Since we are dealing with polar 

coordinates we can expect that this constitutive equation 

will be quite complex; approximations will be made in order 

to simplify this equation, in a way similar to _Sutterby 

(1965); first the assumption of purely radial flow is made 

(that assumption was made also by Hamel and Jeffery to solve 

analytically for newtonian fluid). 

So we have that: 

u = F(8) and v = 0 (II-3.1)
r 

where F(8) is a function of 8 only 

The physical system is represented in figure II-3.1: 
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Figure II-3.1: Physical system 

We know that for power law fluids we ·have the 

following stress-shear relation: 

J = K 

where 

(II-3.2) 


T = stress tensor 
= 

I = second invariant of ~ 
2 

K =power · law consistency index 

n = flow behavior index 

~ - = rate of deformation tensor (synunetrical)
= 

where ~ = = 
· ·a(v/r) 1 au . 
r ar +r as 
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If we expand the second invariant we have 

(II-3.3) 

Then with the assumption of radial flow we will have 

(II-3.4) 


' dFwhere F = d8 

So 

n-:-1 n-1 
F

T = K Is (II-3.5}= K ~2 = r 

II- 3. 2 Hydrodynamic problem 

The continuity and momentum equations are · developed 

in order to solve the flow problem; polar coordinates as shown 

earlier in figure - II-3 .1 are u_sed. At the inlet, the entry 

pro£ile will be either uniform or parabolic to approximate 

the change from a reservoir to converging plates or the change 

from - pa~allel plates to converging ones. The following 

assumptions will be made to simplify the equations : 
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~- Only small angles are used(6-dir. motion is neglected) 

Incompressible flow 

- No end effects (se~i-infinite plates i.e. motion 

in z-direction is negligible) 

- Steady flow 

- No body forces 

- Constant fluid properties 

- No exit effects (from the sink at the apex) 

With these assumptions in polar coordinates, the 

equations of motion are from Bird et al. (1960) (p. 83): 

- Continuity 

a·(ru) av = 0 (II-3.6)
ar + as 

- Momentum equation in r-direction 

au v au =-!. Q.E_ - 1 (! (a (rTrr)) + 
u ar + :r ae --r p dr p \i- - ar 

(II-3.7) 

- Continuity in the integral form 

u Sr = (II-3.8)
0 0 

Note: u is the average velocity at the entry which 
0 

means that for uniform entry, represents theu 0 

actual flat velocity profile. 
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We did not include the momentum equation in the 

a-direction because only small angles .of convergence are 

used (<15°) so the motion in the a-direction will be considered 

negligible; this approximation is siridl3.r to -the one used by 

Sutterby (1965) and Yang & Price (1972_). In the equation of 

· momentum, we are replacing all the stresses by the equivalent 

constitutive equations as defined in the previous section. 

After several manipulations described in appendix II-A, we 

get the following momentum equation: 

au + v au . - _ l ~ 
u ar r ae --r p dr 

+ 	-K (2r au a (I YI n-l) +(dv v
-+ ! au)a(1,w-~)

r ar ar ar · r r ae ae 

(II-3.9) 

1 auwhere y = 
r as 

~2
The term ~ is neglected because it represents

2ar

only a smaller part of the axial diffusion of momentum 


{ 3 au and~ are h ) h 1 	 1r 	ar r ot er terms • In t e ast term, on y
2 


!. ~ue· a (I YI n-l) will be retained because it does not contain 

r a ae . 


any a-direction velocity or derivative with respect to r which 


after the initial flow development are rapidly becoming 


negligible. So we finally are left with the following equation: 


2
u 	 ·au+· v· 1-u ~v._2 =~1 · @+· Klyln-1 · ~3 au +· 1. ( a u +u~+ L au a(IY In-l) 
ar r aa r p dr p r ar r2 2 7 2 ae ae 

ae r . 

(II-3.10) 
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With th~ use of the following variable transformation 

R = 1-r/r
0 

<t> = 0/8 

(II-3.11) 


we obtain 


- Continuity equation 


. a ( (1-R) U) 1 av

aR + = 0 (II-3.12)8 acp 

- Momentum equation 


. dP 1 
 1 . au n-lu au + 1 v au + v2 = - - · ~R B (1-R) a<t> (1-R) dR + Re 8(1-R) acp 

1 au1n-1 
3 au + 1 (!__ a2u+u\ +.L 1 -au a1s (1-R) acp _[- J(1-R) aR (l-R)2 82 a¢2 j Re B a<t> a<t> 

(II-3.13) 

- 2-n n 
""o To Pwhere Re = = Reynolds number 

K 

- Integral form of continuity 

(II-3.14}[/~(l-R) di=R [/u~1-R) d~1R=R+~R= 
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One point to be noted is the fact that in the 

physical system as it stands in figure I-3.1, the velocity 

~u" is in the opposite direction of "r" the radial length 

so, before transforming with the use of the above variables, 

this must be taken into account by replacing "u" by "-u". 

In termsof dimensionless variables, the boundary 

conditions and initial condition are as follow~ 

Boundary conditions 

at the wall <I> = 1 U = 0 and V = 0 

(II-3.15)
auat the ·centerline <f> = 0 0 and V = 0al = 

- Initial condition {for uniform entry} 

at the entry R = 0 u = 1 and V = 0 (II-3.16) 

In order to use the finite difference scheme, the grid in 

figure II-3.2 is employed: 

Figure II-3.2: Finite difference network 
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The finite difference approximations used are: 

··au Uj+T,k -Uj ·,k 

aR = 
 L\R 

au _ 0 j+1,k+1 ~uj+l,k-1
a<p  2 Li<P 

av _ vj+l,k+l -v·+1 k 

a-¢ - J ' 


Li <P (II-3.17) 

a2u Uj+l,k+l -2U·+1 k +Uj+l,k-1J .i..'-2 = 
L\<P 2acp 


dP Pj+l -P·
J
dR  tiR 

The continuity equation becomes: 

+u.vj+l,k+l = vj+l,k - ~~! (c1-R)j+l (uj+l,k ]+l,k+l) 

, - (1-R) j ( U j k + U j k+l))
1 1 (II-3.18) 

Similarly the momentum equation becomes: 

(II-3.lg) 

-G - G . J,k+l . . j ,k-1 
. Vj., k -- JU.1.-R) .. 2&¥ G. k 

J ' where Ak = 

6(1-R)j 2£\<P ( (1-R) . 61}¢) 
2 

J 



. .tJ. • . . k . G. • . k 2_ . ::l ·.G. . . ._k 
B · == . ]1 ·+ . J ' . + . J ' 

k 2
!.lR ( (1-R) . B f.l ·cp) (1-R) . !.lR 

J J 

G·J , · k+l -Gj,k-1 
v. k . J' S (1-R) . 21.l<f>. . Gj ,k 


ck = +
 · 
S (1-R) 21.lcf> ( (1-R) !.lcf>)2 

~ j-' 

1 

Dk = 
 !.lR 

2 2 
= . u j ,k V j ,k + Pi + 3Gj ,k Uj-,k + .__· _P__ 

2
!.lR (1-R) j i.\R (1-R)j i.\R (1-R) j 

\ n-1 
1 (uj,k+l -uj,k-~1where G = S (1-R) . 21.lcpj,k Re 

J 

.and the integral form of the continuity equation is 

m m 
(1-R) .(1-R) k~l E U. kuj+l,k = . j+l J k=l J, 

(II-3.20) 
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For the energy equation, viscous dissipation is 

considered negligible and all the assumptions made for the 

hydrodynamic problem are retained. 

The energy equation then becomes: 

u + 
v at 

r ae 
(II-3.21) 

Pollowing Yang & a2t 
Price(l972)· the term ~- will be neglected since ! ~ which2 r ar 

ar 

is the other term for axial heat diffusion is more important; 

To put that equation in dimensionless form, we will use the 

variable transformations already mentionned in the previous 

section (equations I-3.11) and 

(II-3.22) 

where te and tw are the temperature at the entry 

and the wall respectively. So the energy equation becomes 

'' 1·aT 1 · v 3T 1 · 1 ()Tu + --· - {- -+ d
2T)

aR f3 (1-R) a<P Pe (1-R) 3R (f3 (1-R)) 
2 a <P 2 

. (II-3.23) 

uo. cP. rop 
where Pe = = Peclet number

k 
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It should be noted that here, as in the hydrodynamic 

problem, "u" must be replaced by "-u" to account for the 

opposite direction of "u" and "r" in the physical system of 

figure II-3.1. 

The same mesh network as for the hydrodynamic 

problem is used along with the following temperature finite 

difference representations: 

(II-3.24) 

Tj+l,k-1 - 2Tj+l,k +Tj+l,k+l 

ll<f>2 

After substitutions, the energy equation becomes 

for l~k~m 

(II-3.25) 
v. k 1wher'e J IHk = 2

!3 (1-R) 2ll<f> Pe(S(l-R)ll<f>) 

l 2
Jk = ( - 1 )+ 2

ilR uj,k Re(l-R) Pe (6 (1-R) ll<f>) 

·.. vj ,k 1L = k 2e'c1_-R5 2ll<f> Pe (S (1-R) ll<f>) 

. T .\• k)Mk = ~R u. 
) 

k + Pe{l-R)I 
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The bulk temperature or mixing cup temperature is 

defined by the following equation 

. 1 

d<t>1 Uj+l,k Tj+l,k
= 

u 

where U = average velocity 

The local Nusselt number is obtained as previously: 

=(*LL
= hLNu(local) 
K r S 15.T 

0 

If "L" is taken as the total length o~ the arc at the entry 

and "15.T" as (Tb -Tw)' we end up with the following expression 

Now the average Nusselt number is calculated using the expression 

below where the integration of the local Nusselt number will be 

performed using the trapezoidal rule 

R 

Nu = ~ /NuR dR 

0
In order to calculate the temperature gradient at the wall, 

the expression below is used as described in Katotakis (1969) 

and Vlachopoulos & Keung (1972); this four point formula can 

be easily derived from a Taylor series expansion. 

· ~: = G: th . (-11 T. +18 T. -9 T. l +2 T. )
O~W D~ J,m+1 J 1 ffi J,m- J,ffi- 2

where m+l is the grid point at the wall 
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The numerical procedure to compute the velocities, 

pressures and temper.:atures, is the same as the one used in 
·· ~r.'-~l}.~~.· ' .. ;. . . . 

Part I so it will not be repeated here · and the reader should 

see Section I-3.4 for the details. 

II- 3. 5 Stabil~ty and convergence 

Similarly to what was said in Section I-3.5, when 

someone is dealing with highly nonlinear equations like 

the motion equations, thereareno absolute stability criteria 

that one can obtain as in the case of linear equations. 

As previously, convergence is ascertained by 

decreasing the mesh sizes; one tries to get results that do 

not change significantly with the use of finer grid sizes. 

Computer time requirements must be taken into account at 

this point. To achieve convergence in our case, nine 

different mesh sizes ~hich are shown ~n Table II-3.1 in order 

of decreasing roughness, were used to make a graph of the 

ratio of maximum velocity over . the average velocity along "R". 

(These mesh sizes are described in detail in appendix II-B). 
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Mesh size symbol 

C-21 
c-22 
C-23 
C-41 
C-42 
C-43 
C-82 
V-83 
V-164 

Roughness 

Decreasing roughness 

,, 

Table II-3.1: Roughness of mesh size 

In the mesh symbols, the first digit is a letter where, C 

stands for constant number of grid spaces across the flow 

and V means variable number of grid spaces across as the 

marching procedure .goes on; the first number multiplied by 10 

gives the number of grid spaces across (exception: for V-164, 

we use 16); ·the last digit is a number describing the kind of 

spacing axially, where a higher number means a finer mesh 

· size. In figure II-3.3, we can see that as the mesh size 

becomes finer the curves are going down with the best · one 

being C-43 or V-83 or V-164. There can be a difference as 

high as 3% for example at R=.l between the roughest and 

finest mesh; however this difference is almost unnoticeable 

for R>.35. In this graph, the work of Yang & Price (1972) 

has been included, of which the present work is an extension; 

it was found that C-22 had the _closest fit with their 

results; as we can see from Table II-3.1, this is in our 

~stimation, one of the rougher mesh sizes. In a private 

communication with one of the authors, Price (1972), it was 
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found that at the entry they were using 39 _grid spaces 

perpendicular to the flow and going down to 19 after a while; 

since their physical system included the full taper angle 

and not half of it as in the present work, we effectively 

should have a similarity between their 39 point analysis and 

·our 20 in C-22. So our conclusion is that they should have 

used a finer mesh for their work since their results can 

be improved. The mesh size V-83 was used throughout the 

rest of this war~. 



II- . 4 RESULTS .. AND DISCUSSION 


II- 4. 1 Comparison for the Newtonian case 

The results of the present work for a newtonian fluid 

will be compared principally with data of two recent articles 

namely Yang & Price (1972) and Atabek (1972) whenever possible 

' and with Jeffery-Hamel s exact analytical solution of fully 

developed flow as presented by Millsaps and Pohlhausen(l953). 

The Jeffery-Hamel solution requires the use of 

Jacobian elliptic function making the calculations tedious; so 

Millsaps and .Pohlhausen are giving results for only three 

Reynolds numbers ranging from 684 to 5000. An excellent 

agreement is found to exist with the present work; the velocity 

profiles were taken here at R=.7 when they were evidently 

fully developed, are Undistinguishable from the true profile. 

Atabek, for developed velocity profiles, is admittedly reporting 

profiles in excess of 7% to the two values at intermediate 

Reynolds numbers_. Similarly, our profiles were found to be 

1 
flatter than Atabek s with differences of up to 9% at R=4400. 

The equation of Atabek is also valid for low Reynolds number 

but not less than 50 was used in this work as recommended by 

Reeves and Kippenhan (1962) for a good agreement between velocity 

distributions of exact boundary layer solution and Navier-Stokes 

exact solution. In figure II-4.1, those results are shown: 
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-Re=3282 

Re=11,131 
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Present work 

-
____ Atabek (1972) 

.2 .2 

Present work and 
-----Jeffery-Hamel exact solution 

(from ~illsaps et al. (1953)) 

e {in degree) 


Figure II-4.1: Developed velocity Profile for 6=5° 
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This figure also includes cases where the axial velocity is 

normalized with ·the average velocity in order to show that 

Atabek ' s work and the present one are .giving similar results 

at very high Reynolds numbers. In figure II-4.2 the 

development of the axial velocity with respect to R (the 

axial dimension) is shown; it is apparent that velocities 

are increasing faster according to our calculations than 

in the solution of Atabek. 

Pressure curves are found in figure II-4.3. Most 

of the results are within 10% from the results of other 

workers and the curve shapes are the same. Unfortunately, 

Atabek is solving at very high Reynolds numbers where the 

flow is almost potential. We presume that results would 

differ somewhat at lower Reynolds number because of the 

differences in velocity profiles. Pressure results of Yang 

and Price (1972) are also shown; we can see that they 

agree reasonably well with those of the present work. The 

biggest differences are occuring at the entry where, as it 

has been pointed out, the grid size has an influence on the 

results. 
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VELOCITY VS R FOR N=l.00 
2.0 
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0.15 0.20 0.25 0.30 0.35 J.40 

RCla-R/RO) 

Figure II-4.2: Velocity development 
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Fiqure II-4.3: Newtonian fluid Pressure curves 
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II- '4. 2 Other results for newtonian case 

.... 

In this section, results obtained by the present 

method, which are very difficult to compare with others, are 

discussed. Furthermore the rapidity with .which a fluid is 

. developing will be studied. 

As it was seen above, two parameters are affecting 

the hydrodynamic problem, the Reynolds number and the taper 

angle. In the next three figures ·, II-4.4 to II-4.6, the center

line velocity against the axial distance at different Reynolds 

numbers {Fig. II-4.4 for S=2.5 and Fig. II-4.5 for S=S.O) 

and at different angle values (Fig. II-4.6 for Re=lOOO) is 

shown. It appears that the flow is slower to develop as the 

Reynolds number or the taper angle are increased. The following 

expression can be thought of as a definition of an entry length: 

!!~ [o. 99 (umax/uu = ( umax;u)R=Rent 

where Rent is the entry length 

Figure II-4. 7 is an example of the kind of curves obtained if 

Rent is plotted with respect to the Reynolds number. Curves 

are similar to those obtained by Atabek {1972) i.e. they are 

reaching a maximum at a certain value of the Reynolds number. 

The value of that maximum is less than the one obtained by 

Atabek: this confirms what we saw earlier about the slower 

development of the velocity profiles. 
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The heat transfer problem can be analysed by varying 

three parameters (for a newtonian fluid) namely the Reynolds 

number, the Peclet number and S. In figure II-4.8 to II-4.11, 

one can see the effect of different Peclet numbers on the 

bulk temperature and on the local Nusselt number. Since 

the Peclet number is the product of the Reynolds number and 

the Prandtl number, one can expect the same effect when we 

are lowering the value of the Peclet number as we had in 

the first part when lowering the Prandtl number; the bulk 

temperature is effectively decreasing much faster at low 

Peclet number. The same is also true for the local Nusselt 

number as shown in those figures. 

II- 4. 3 Pseudoplastic case 

The value of flow behavior index was limited almost 

exclusively to values · ~ver .5 since, in most cases, potential 

flow was obtained throughout for lower ; valu~s! 1 >At a flow 

behavior index of .6, the fluid was found to exhibit potential 

flow behavior for moderately high Reynolds number as is 

shown in figure II-4.12 where the ratio of centerline velocity 

over the average velocity is plotted with respect to R. The 

same kind of graph is presented in the next figure (II-4.13) 

for n=.75 with a varying Reynolds number. The trends are the 

same as reported for newtonian fluids; a new characteristic is 

(1) : Since we use high value of F. B. I. , the ·.·Iminimtlm gradient value 
is not important. 
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that the _curves are reaching a maximum and then decreasing. 

This can be explained by the fact that, at lower flow 

behavior index, a fluid takes more time to develop as we 

saw for parallel plates entry; this fact will mean that at 

a certain value of R, the rapidity of development will not 

be fast enough to compensate for the acceleration due to 

converging effect of the walls. 

From figure II-4.14, we can see that pressure drops 

are decreasing as the ·flow behavior index is lowered. In 

their first part, the curves are presenting an almost constant 

pressure gradient but as soon as the fluid reaches a region 

where the flow becomes noticeably accelerated, the gradient 

increases sharply. We can see also that pressure curves 

have a minimum which is caused by potential flow. In figure 

II-4.15, one can see the effect of the flow behavior index 

on curves of centerline velocity normalized by the average 

velocity plotted with _respect to R. 

For the heat transfer part, we are producing in 


figure II-4.16 curves of the bulk temperature at different 


flow behavior indices. The curves are lower as the flow 


index is decreased up to a point where potential flow again 


· is attained;·~~ ~an see that heat transfer is decreas~by the 

non-newtonian characteristic. The next figure II-4.17 is 

showing the value of the local Nusselt number along R again, 

at different values of the flow behavior index; as a matter 

of fact, the lower bulk temperature seems to be the principal 
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cause for the higher Nusselt number at low index since 

the temperature gradients were quite similar from one 

behavior index to the other. 

Varying the Peclet number has a similar effect 

on the heat transfer as described for newtonian fiuids. 

This can be seen in figure II-4.18 to II-4.21. In figure 

II-4.22, the average Nusselt number is plotted against 

R for n=l.00 and n=.75. 
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II- 5 CONCLUSIONS AND RECOMMENDATIONS 


In this second part, pseudoplastic fluids are 

analysed in converging channels. Excellent agreement was 

found to exist between this work and the exact fully 

developed solution of Jeffery-Hamel for newtonian fluids. 

Some discrepancy (Newtonian Fluids) with the analytical 

solution of Atabek (1972) was encountered, the result of 

the present work giving faster development of profiles, and 

agreement was good with the work of Yang and Price (1972) 

except in some cas~s where the finer mesh size used here 

gave some differences. New results were obtained for 

pseudoplastic fluids in converging flow in which a recession 

of the centerline velocity is predicted after the initial 

development. The heat transfer problem is also analysed with 

· results expressed in terms of the bulk temperature and the 

Nusselt number where -this last quantity was found to increase 

after the initial decrease contrarily to the parallel plates 

where the Nusselt number reaches an asymptotic value. 

Recommendations for this part are in two directions, 

experimental and theoretical. Since the author has found no 

experimental work in this field, it is recommended that the 

experimental side of this work be done. On the theorical aspect, 

we recommend that the extension of this thesis include visco

elastic fluids again· along the line of the devialoric stress 

tensor as used in Balmer and Kauzlarich (1972). 
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NOTATION 


.Ak Series of constants defined in equation II-3.19 

Bk Series of constants defined in equation II-3.19 

Ck Series of constants defined in equation II-3.19 

cp · Specific heat 

Dk Series of constants defined in equation II-3.19 

Ek Series of constants defined in equation II-3.19 

F Function of e defining the axial velocity in 

equation II-3.1 

G. k . .. Expression defined in equation II-3.19 
J ' 

h Heat transfer coefficient 

Series of constants defined in equation II-3.25Hk 

Second invariant of!2 ~ 

Jk Series of constants defined in equation II-3.25 

k Thermal conductivity 

K Power law consistency index 

Characteristic length 

Series of constants defined in equation II-3.25Lk 

m Total number. of points less one in radial direction 

Mk Series of constants defined in equation II-3.25 

n Flow behavior index of power law fluid 

Nu Average Nusselt number 

NuR Nusselt number (local) 

p Pressure 
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Pressure at entryPo 

p Dimensionless pressure 

Pe Peclet number 

r Radial coordinate 

r 
0 

Radial length 
coordinate 

R Dimensionless radial (=l-r/r0 ) 

Re : Reynolds number 

Radial entry length 

t Temperature 

t 
e 

Temperature at the entry 

t w 
Temperature at the wall 

T Dimensionless temperature (=(t-t )/(t -t ))w e w 

Tb Bulk temperature 

u Radial velocity 

u Average radial velocity 

u
0 

Average radial ·velocity at the entry 

U Dimensionless radial velocity (=u/u
0 

) 

U Average dimensionless radial velocity 

v Angular velocity 

V Dimensionless angular velocity (=v/u0 ) 

Greek letters 

B Half the taper angle 
.. 
y Variable defined in equation II-3. 9 
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= 
Tensor of rate of deformation 

e Angular coordinate 

T Stress tensor 

p Density 

~ Dimensionless angular coordinate (=8/S) 

Subscript 

j Point number in radial direction 

k Point number in angular direction 

m Total number of points less one in radial direction 
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APPENDIX I-A 

·· Derivation of momentum equation (equation I-3.23) 

·from finite ~ifference approximations (equation I-3.19 and 

I-3.20}. 

We start . from equation I-3.14 

a(f~Jn-l ~)·au + v au = dP . ax C3Y - dX +2nU aY 

(I-A. l} 

by replacing directly the finite difference approximations 

of equations I-3.19 and I-3.20 

u. 1 k-u. k P.+1-P.1 uj,k+l-uj,k-1+1 uj+l,k+l-uj+l,k-1u J+ ' : J, +V - J J
j,k 6X j,k 2 26Y 2 2ilY ilX 

u.J , k-u.J , 
ilY 

k-1 
ln-1 

u.J , k-u.J , 
ilY 

k-1 

26Y 

+ 

u. k-u. -k-1], ], n-lu -u . j+l,k j+l,k-1 
ilY ilY 

26Y 

(I-A.2) 
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Rearranging and putting all the known terms on the right 

.side and all the unknown on the left side · 

uj ~k + !Gp·in-1 + !Gmln-1)
4 °J·+1,k 2 2( AX AY AY 

, v. j ·,k · IGp In-1) ~ 1 )
Uj+l,k+l ~. ~ - 2 +Pj+l +~ = 

( 4AY AY AX 

2P. U. k
+--2+ J, 

(
u · k 1-u · k 1~ 1~ · 1-u · ~ ~· -u · 1-Vj,k J~ + J, - +IGPln- J,k+ 2J,k -!Groin- J,k ~,k-1 


AX AX 4AY . AY AY 


where Gp = 

Gm = 



APPENDIX J:-B 


The energy equation is (equation I-3.26) 

(I-B.l) 

Using the finite difference equation I-3.29, we get 

F T +G 
1
T. +H T = Jkk j+l,k-1 k ]+l,k k j+l,k+l 

• 

Vj,k +Vj+l,k 2 

2 4l\Y 

U. k +U.+l · k 2G J, J , +k = 2
2l\X Pr l\Y

= Vj,k +Vj+l,k 2 
2 

2 4l\Y Pr 2l\Y 
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. APPENDIX I-C 

Additional results for straight channel entry flow 

I-C.l Velocity vs y for n=. 05 

I-C.2 Velocity vs y for n=.15 

I-C.3 Velocity vs y for n=. 30 

I-C.4 Velocity vs y for n=.60 

I-C.5 Velocity vs y for n=l.00 

I-C.6 Velocity vs x for n=.15 

I-C.7 Velocity vs x for n=.15 

I-C.8 Velocity vs x for n=.50 

I-C. 9 ': Velocity vs x for n=l.00 

I-C.10: Pressure vs x 

I-C.11: Bulk temperature vs x 

I-C.12: Bulk temperature vs x 

I-C.13: Nusselt number vs x 
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. APPENDIX TI'-A 

.aii v . .au -. v 2 
'.1. dp . l (+Tr~ + aTre _u -+ ---- = ---- 'ee)ar r ae r p dr pr ar ae 

(II-A.l} 

If we expand the last term in accordance with the constitutive 

equation, we get 

i a .\ f a v · 1. au) 
+L a \ (G) 2rr-1 +-a_v....<G_._>_a_;__r_+_r_a_e___ 

(l av + !:!\ 
pr ar ae - 2 <G) r ae r/ 

(II-A.2} 

- ·1! ·au1n-lwhere (G) - r ae 

By using the following two identities taken from the 

continuity equation 

1 a(ru} au u 
- = r ar - ar - r 

(II-A.3) 

a p <~~>) . ' 2 
~ au ra u----- =-2 ----2= 
arae ae ar ar 
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we have ·with the following last term 
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-. a.(G) 
+ ar 2 
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· APPENDlX ll-B 

· Me·sh sizes us·ed for co·nve·rgi.ng· flows 

Number of grid
points across 

Value of L\R Grid size valid 
up to R= 

A) C.-21 20 
20 
20 

.001 

.01 

.05 

.01 

.1 
1.0 

B) C.-41 , 40 
40 
40 

.001 

.01 

.OS 

.01 

.1 
1.0 

C) C-22 ·20 
20 
20 
20 

.0001 

.001 

.01 

.OS 

.001 

.01 

.1 
1.0 

D) C-42 40 
40 
40 
40 

.0001 

.001 

.01 

.OS 

.001 

.01 

.1 
1.0 

E) C-82 80 
80 
80 
80 

.0001 

.001 
. • 01 
.05 

.001 

.01 

.1 
1.0 

F) C-43 40, 
40 
40 
40 

.0001 

.0005 

.0025 

.01 

.001 

.01 

.1 
1.0 

G) C-23 20 
20 
20 
20 

.0001 

.0005 

.0025 

.01 

.001 

.01 

.10 
1.0 

H) V-83 80 
40 
20 
20 

.0001 

.ooos 

.0025 

.01 

.001 

.01 

.1 
1.0 

T) V-164 · 160 
160 

80 
40 
20 
20 

.00002 

.0001 

.0005 

.001 

.0025 

.01 

.0004 

.002 

.01 

.03 

.1 
1.0 
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APPENDIX II-C 

Additiona1 results for .converging entry flow 

II-C.l Velocity vs R for n•l.00 at8=.5° 


II-C.2 Velocity vs R for n=l. 00 at 8=2.50 


II-C.3 Velocity vs R for n=l.00 at 8=5° 


II-C.4 Velocity vs R for n=l.00 at 8=7.5° 


II-C.5 Velocity vs R for n=. 75 at Re=5000 


II-C.6 Velocity vs R for n=.75 at Re=lOOO 


II-C.7 Velocity vs R for n=.75 at Re=300 


II-C.8 Velocity vs R for n=.75 at Re=50 


II-C.9 Pressure vs R for different 8 


II-C.10: Pressure V£ R for different Re 


II-C.11: Pressure vs R for different Re 


II-C.12: Bulk temperature vs R for different 8 


II-C.13: Bulk temperature vs R for different Re 


II-C.14: Nusselt number vs R for different Re 


II-C.15: Bulk temperature vs R for different Re 


II-C.16: Nusselt number vs R for different Re 


II-C.17: Bulk temperature vs R for different Re 
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· -APJ?ENDJX TI I 

Pi.riite difference sO'lution ·of channel 

·e ·ntry fTow with ·an· iter·ativ·e ·scheme 

III- 1 Theory 

As mention~ed in the first part of this work, we 

can use an iterative scheme if when introducing finite 

difference representations, we still have non-linear 

equations. Whereas the fully implicit scheme can proceed 

from one column to the other~ the iterative one uses 

approximations, of the values to be calculated. In the 

present work, the first approximation used, is the values 

of the prec~ding col~mn ; after the first calculation, the 

approximation is taken the sum of 85% of the previously 

calculated values and 15% of the old values. (convergence 

being generally faster with this ratio}. The word "values" 

here applies only to the axial velocities and pressure but 

not to y-direction velocities since these are obtained 

explicitly from the axial velocities. After each iteration, 

the new calculated values are compared with the approximations 

and. the iterations are stopped if convergence is obtained 

(less than .5% difference between approximations and 

calculated values}. 
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For the iterative. ~cheme, all the equations and 

the difference transformations are the same except for the 

following four finite . differeri.ce... approximations: 

....... . . 


= v.j . +Vj+l u.j . .+U.j+l 
v 2 u = 2 

n-l 
= Uj+l ,k+l' -U.j+l',k . Uj+l ,k+l -Uj+l ,k 

Tj+l,k+l/2 AY ~y 

(III-1) 


n-1 
uj+l,k -uj+l,k-1= Uj+l ~k ·- -Uj+1,k-l

- T 
~y f:.Yj+l,k-1/2 

Since each difference equation. is similar to the ones 

already used with the ·implicit scheme except for the momentum 

equation, only the transformation of this last one will be 

retaken here. 

Starting from equation I-3.14 

/ii au In-1 au)
au .aU·w · · wdP + 2nu ax +v - ax ay 

(III-2) 

http:differeri.ce
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we replace directly the finite difference approximations 

I-3.19, I-3.20 and III-1 

u. k+u. 1 k u. 1 k-u. k v. k+v. 1 k 1 u. -u. u. -u.], . ]+ , ]+ , ], + ], J+ , J,k+l ],k-1+! J+l,k+l ]+l,k-1 
2 6X 2 2 26Y 2 26Y 

I ln~1 
u. k-u. k-1 u. k-u. k 1], ], ], ], 

~+1 . 
p -P 

6Y 6Y 
6X 2 6Y 

= . __i 1+2n 

n-1 n-1 

uj+l,k+l-uj+l,k 
6Y 

uj+l,k-uj+l,k-1 
6Y 

uj+l,k-uj+l,k-
6.Y 

{III-3) 

Rearranging, we have 

A U +B U +C U +D P = E 
k j+l,k-1 . k j+l,k k j+l,k+l k j+l k 

{III-4) 

V +V 
j,k j+l,k

where Ak = 
86Y 

u. +U f ln-1 I ln-1 
__J_,_k____j_+_l_,_k + lGmn + Gpn= + 

2
26X 6.Y
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v -v . j,k .· j+l,k IGpnln-1
= 

' 2 
BL\Y L\Y 

1D _·, k = D.X 

0. V. k +V. 'l k u. k 1 -u.J , k 
], J• , ], + J,k-1 

~ 2 4i\Y 

Uj+l,k+l -Uj+l,k
where Gpn = 2 !J.Y 

Uj+l,k -Uj+l,k-1Gmn = 2 
AY 

u. k+l -u . k 
., Gp = 2 J , J , 

!J.Y 

Gm = 2 

We can see here that (uj ,k +Uj+l,k), ~j ,k +vj+l,J, Gpn and Gmn 

are making this equation nonlinear; so we must set a value for 

those variables before computing the j+l column. 

The solving procedure remains exactly the same as 

used for the implicit scheme. 
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'III- 2 Results and discussion for the iterative scheme 

This kind of solution was also investigated to obtain 

results for dilatant fluids. The overall results from this 

method are giving slower developing profile than non-iterative 

solutions. In figure III-1, we are plotting the entry length 

(98% of fully developed profile) and comparing with similar non 

iterative results of this work and Collins and Schowalter 

values. We can see that the entry lengths are . longer than 

the usual ones; this . is probably due to the fact that the 

effect of the wall is somewhat damped by the iterative scheme; 

the firs~ reaction (on the first calculation) being more 

"explosive" than the following ones which are lowering this 

forward thrust. This should be especially true with the first 

few columns. We can see that for this kind of solution, 

results were obtainable for n>l.O i.e. for dilatant fluids; it 

must be stated though that when n is higher than 1.75 there 

are some instabilities particularly near the wall: those 

instabilities were not strong enough to disturb the flow as 

a whole and were taking the form of an oscillating perpendicular 

CY-direction) velocity. This kind of oscillation was also 

noted for the values of the temperatures which made calculations 

of the Nusselt number difficult because we must have accurate 

temperature values near the wall to calculate the proper 

temperature gradient. So at n=2.00 our statement that values 

do not change appreciably with changes of mesh sizes does not hold 

at times. 
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The values of the excess pressure drops correction 

are lower than the previously reported values; this is shown 

in figure III-2 where excess pressure drops are plotted 

against the flow behavior index. Varying the minimum gradient 

on those curves has not any effect on lower flow behavior 

index as in the non-iterative but has some at n=2.0. Figure 

III-3 shows a fluid developing along X at five different values 

of Y at n=l.O; we can see the differences between the two 

schemes as the non-iterative one is developing faster than 

the other one. 

For the heat transfer, the results of the bulk 

temperature are similar in forms with values just a shade 

higher than the ones with no iterations. Fig.III-4 shows the Nusselt 

number. For dilatant fluids, the values of the asymptotic 

local Nusselt numbers are in accordance with the ones given 

by Vlachopoulos and Keung (1972) as we can see in table rrr~1 

below: 

.25 .5 1.0 1.5 2.0Ym 

0.5 4.162 3.954 3.767 3.683 3.636 
0.1 4.212 3.959 3.767 3.682 3.635 

(Pr = 
(Pr = 

1. 0) 
5.0) 

0.01 
0.01 
0.005 

4.212 
4.218 
4.218 

3.966 
3.967 
3.966 

3.767 
3.768 
3.767 

3.682 
3.683 
3.682 

3.637 
3.635 

Vlach
Keung 

opaulos 
(1972) 

& 
4.22 3.97 3.767 3.64 

Table III-1: Asymptotic Nusselt number for iterative system 
(at Pr = 1.0) 
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Those two systems as we saw, are giving different 

results for the hydrodynamic problem but are giving similar 

ones for the heat transfer part (this was predictable since 

we are using exactly the same energy equation for the two 

cases). In the present literature, there is no iterative 

scheme with integration procedure (solutions of the full 

Navier-Stokes equations are solutions of elliptic equations 

in which all the grid :· points in the 2-dimensional mesh 

are solved simultaneously). It could be that solutions 

of the iterative type should be done without the boundary 
I 

layer assumptions because they are too precise for this 

kind of problem making it a must to solve the entire 

equations. However we must say that this method can be 

improved sensibly by an appropriate choice of step sizes 

and finite difference approximations so it should not be 

discarded as an inferior method. 



I 

APPENDIX IV 

Algo·rithm and computer programs 

1: 	 Basic algorithm 

2: 	 Main program for straight channel with 

non iterative implicit scheme 

3: 	· Main program for straight channel with 

iterative scheme 

4: 	 Subroutine " Const" for above programs 

5: 	 Subroutine "Gauss" 

6: 	 Subroutine "Dessin" for straight channel programs 

7: 	 Main pro~ram for converging channel 

8: 	 Subroutine "Const" for converging channel program 

9: 	 Subroutine "Dessin" for converging channel program , 

\ 
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I 

ALGORITHM 

Note:-Apply to all three main programs 

-Broken lines apply to iterative 
scheme 

.._~~~•Read mesh sizes 

Yes 

Initialisation ' 
Call "Const" Stop 

Establish starting profile and output 

I -(-I-te-r-ati_v_e s-cheme)- - -- I 
I • • ..,..________

L __ _1_rs_t_ap_p_ro_x_1mat1o_n_u_c_oN_=_VOL_D --1 · 

Establish coefficient matrix 
Solve it to get UNEW, PNEW (G~·..iss 

---~------------------ Subroutine) 
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-- -------
--- --- ---

I 
lma_k_e -a-no-the_r_ -1 
1l~ l approximation I

Compute explicit VNEW:I I 85% of new values 
1 __ -........_ L!:,.15% olTd~alue~__. 


..___c:::::J)o we have convergence?~>~o~~--~~~~--1 
--. --

No 

1 

-

-

-----

Establish coefficient matrix (For heat transfer) 
Solve it 

Calculate TBULK,NUS ... 

-Prepare values for plot 
~Plot(If all results are in) 

Change grid size in axial-direction 
check if same needed in cross flow directio 

Change new values to old values 

and prepare for next column ,...------~--~ 
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NON-ITERATIVE IMPL!CIT METHOD 158 
PROGRAM TST <INPUT,OUTPUT,TAPE5=I~PUT,TAPE6=0UTPUT,TAPE10l

I 

' 	C THIS IS A FINITE DIFFERENCE METHOD TO SOLVE THE MOTION 
C EQUATIONS FOR THE ENTRANCE REGION OF A CHANNEL 
C THIS METHOD IS USING A SERIE OF VALUES KNOWN AS THE OLD VALUES TO 
C COMPUTE ANOTHER SET OF VALUE~ KNUWN AS THE NEW VALU~S CURRESPON01 NG 
C TO THE NEXT COLLUMN <AXIALLY' SO THAT FRUM TH~ tNTRY S~T UF VkLU~S W ~ 
C CAN GO DOWNSTREAM AS FAR AS WE WANT PROVIUING w~ HAVE THt ~OUNWARY 
C CONDITIONS . . 
C LIST OF VARIABLES 
C AN= EXPONENT OF TH E POWER LAW FLUIU (FLOW BEHAVIOR INutX 1 

1 C UOLD(-),VOLD(-),TOLD(-J,POLD= VECTORS OF VELOCITY <X-DIRJ, VELOCITY 
C 	 (Y-DIR>, TEMPERATURE AND PRESSURE ALREADY KNOWN 
C UNEW(-),VNEW(-),TNEW(-J,pNEW= VECTURS UF VELOCITY (X-OIRJ, VELOCITY 
C 	 <Y-DIRl, TEMPERATURE AND PRESSURE TO BE COMPUTED <N~WJ 
C UO(-),VO(-},UN(~),VN(-}= VECTORS UF VELOCITY ATTACHED TO HEAT TRANS+ER 
C GRID 
C UCON(-),VCON<->= VECTORS OF VELOCITY USED IN ITERATIVE TYPE MESH 
C 	 TO CHECK THE CONVERGENCE 
C UUMAXN(-J= VECTOR OF VELOCITY DIVIuED ~y MAXIMUM VtLOCITY <CENTERLINE' 
C 	 <OUTPUT PURPOSE) 
C GRA(-l,GRAMIN,GRAMl= GRAUltNTS - VtLTOR UF GRAUIENTS <FOR UUTPUT), 
C MINIMUM GRADIENT AS DEFINEOIN READ STAT., MINIMUM GRADIENT AS 
C 	 DEFINEDIN PROGRAM 
C FACT= CGRAMI) **<AN-1' 
C X= VALUE OF X AT WHICH THE PROGRAM IS NOW 
C XT= NEXT VALUE OF X AT WHICH TEMPEKATURE PROFILE WILL bE CALCULATED 
C TBULK= BULK TE MPERATURE OF FLOW 
C NUS= NUSSELT NUM BER 
C PR= PRANDLT NUMbER 
C LCON= NUMdER OF TI ME wt TkltD TO AlHltV~ LOMV~R~~~lt 
C TOL= TOLERANCE BET WEEN OLD AND NEW VALU ES <ITERATIV E TYPE MtSH' 
c PAR= PORTION OF NEW VELOCITY TO Aou TO TH~ OL0 ON E TO ACHltVE (0NVlR0t N(t 
C VARIABLES DESCRIBING THE MESH SIZE <MESH SIZES ARE VARYING AS WE PROCEED' 
C INCY<->= VECTOR CORRESPONDING TO NU MbER OF GRID SPACE ACROSS FLOW 
C XINC<->= VECTOR CORRESPONDING Tu GRID SPACE IN X-DIR 
C ULIX<->= VECTOR CORRESPONDING TO LI MIT UP TU WHICH THE PRECEDING 
C X-DIR GRID SPACE 15 VALID 
C NOTE= THE INUICES FROM l TU lU ARt FU~ MOMENTUM MESH ~IL~ ANO l TU LO 
C 	 ARE FOR THAT TRANSFER MESH SIZE 
C NDX,NDXT= VARIAbLES CORRESPUNDING TU INuICES UF PRtVIUUS VAklAbLES 
C 	 TO KEEP TRACK OF THE NEXT MESH SIZE <FOR MOMtNTU M MESH AND 
C HEAT TRANSFER MESH} 
C CONSTANTS RELATED MOMENTUM MESH 
C A<-,-)= MATRIX OF COEFFICIENTS FOR MOMENTUM MESH 
C CPtAbSCP,CPA,AbSCPN,CPAN~w,lM,AbSCMtLMA,A~SCMN,CMANEW= CONSTANT USE 
C 	 IN THE SETTING OF THE COEFFICIENT MATRIX CMU M. MESH) 
C NMAXl= NUMBER OF SPACE COY> IN Y-DIR 
C NMAX= NUMBER OF POINT IN Y-DIR CNMAX = NMAXl + l> 
C DY= GRID SIZE IN Y-DIR 
C DX= GRID SIZE IN X-DIR 
c NMAX4,DDY2,DY2,DXI,DY2X,D2Y= SERIES OF CONSTANTS DEFINED IN SUBROu. 
C CONST CALCULATED FR OM 4 PREVIOUS 
C CONSTANTS RELAT ED TO HEAT TRANSFtR MESH 
C Al(-,-)= MATRIX OF COEFFICllNTS FOR HEAT 1RANSFER MESH 
C NMAXlT,DXT,DXT, NM AXT= SI MILAR AS MUME NTUM MESH CUUNT EPART bUT FOR 
C HEAT TRANSFER 
C NMAX4T,PRDY= DEFINE D IN CONST FROM 4 PRE VIOUS 

1c VOLDO(-),VOLDO(-),TOLDO(->,uuMAX0(- ,LCONO,POLOO,TBUL~O,xoLO= ALL 
C THOSE VARIABLES ARE THERE JUST FOR 1 0UTPUT1NG 1 CONVENIANCE 
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,.·::· 	 I 
~· 

c YD= USED IN THE OUTPUT TO SITUATE A POINT IN y-UIR (AT CENT~RLINl yu=o.o, 
C AT WALL YD=l·O> 
C LL= FLAG TO OUTPUT EVERY SECOND TIMl· 

C NMAXQ,NMAXTO= 0 STANDS FOR OLD VALUES OTHERWISE SAME AS BEFORE· 

C CONSTANTS AND VARIABLES RELATED TO PLOTTING SUBROUTINES 

c UCL<->= VELOCITY <X-DIR) AT CENTER LINE 

c U98= 98 PER CENT OF LAST UCL <FULLY DEVELOPPEO) 
c NPOS= COUNTER FOR INSERTION OF VELUCITY PROFILE 

~J c LN= COUNTER FOR OIFFERlNT FLU!US 
c · Llt L2= COUNTER FOR PRESSURE UROP, NUSSlLT NUMBtK 
c . VX(-l= VALUES OF Y <-1.0 TO + 1.0> 

~) C. VY(-,->= VELOCITY IN X-DIR FOR THOSE PREVIOUS VX<-) 
c XPRESSC-l= VALUES OF X (0.0 TO l.O) 
c PRESS(-,->= PRESSURE DROP AT THOSE X 

~~) c XNUS(-)·= VALUES OF X (0.0 TO 2.0> 
c ·NU(-,->= NUSSELT NUMBER AT THOSE X 
c FBI<->= FLOW BEHAVIOR lNDcX <SIMILAR TO AN) 

,-,'t c EL<->= ENTRY LENGHT FOR THOSE PRlVIUUS AN 
................. 


COMMON NMAXltPNEWtA(5tl65J,uNEW(l65J,vN~W(l6~),TNEW(l65),UOLD(l65) 
1,VOLD(l65>,TOLD(l65),UOLD0(165),vOLDO<l65),TOLDO(l65''UUMAXN<l65' 
2tUUMAXOC165),UN<l65)tVN(l65),U0(165>,vOC165>,AlC3,165> ,GRAC165> 

DIMENSION VY<2lt3),VX<21),PRESS(l00,5),XPRESS(l00),UCL<lOO),EL<5> 
1,FBI<S>,Nuc1 0 0,5),XNU(l0U),TBU(l0U,5)~UvEL<70t5),vECTOR<lll 

DIMENSION INCY<20l,ULIXC2Q),XINC(20' 

REAL NUStNU 


c••• READ IN ALL THE GRID SIZE 

N 	 = 0 

7 N = N +l 
READ(5tll05) INCY<N> ,xINC<N>,uLIX<N) 
WRITEC6tll05)INCY<N>,XINC(N),LJLIX<N> 
IF (INCY(Ni .NE. O> GO TO 7 
IF <N .GT. lOlGO TO 3 

( ) N = 10 
GO TO 7 

c ••• READ THE PARAMETERS 
( ) 3 READ(5,1109)MAX,(Ftil(N>,N=l,MAX) 

1109 FORMAT<I5,10F5.2) 
4 READ<5,1100)PR,GRAMINtTOL 

LN = 0 
IF<PR .EQ. o.o> STOP 

5 	 IF(LN .GE. MAXlGO TO 850 

LN = LN +l 

AN : FBI<LN) 


c••• DEFINE MINIMUM GRADIENT 

GRAMI = GRAMIN 

FACT = <GRAMI)**(AN-1•) 


c••• ouTPUT THE PARAMETERS 
~~ · ~~ \aJ R I T E ( 6 , 1 11 0 ) PR , GR AM I , F AC T , T 0 L 

CeeelNITIALISATION OF COUNTERS AND OTHERS 
TGRAO = o.o 


SUM = o.o 

x = o.o 

NPOS = 1 

Ll = 1 

L2 = 1 
GRA(l) = GRAM! 

LL ·= 0 
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f-''.'." 
"-.........t'' 

TBULK = o.o 

NDX = 1 

POLD = o.o 

XT = X +XINC<ll> 


c ••• COMPUTE ALL THE CONSTANTS NEEDED 
NDXT = 11 
CALL CONST<INCY(NUXl,XINC(NUXl,lNCY(NUXTJ,XlNCCNUXT),NMAXl,NMAXt 
lDXtDY,NMAX4,DDY2,DY2,DXI,DY2X,o2YtNMAXlT,NMAXT,NMAX4T,oYTtOXTtP~, 

2PRDY> 

DO 102 N=ltNMAXT 

UO ( N > = 1. 0 


J 	 VO<N> = O.O 
TOLD<N> 	 = 1. 
TNEW<N> = o.o 


102 CONTINUE 

UO(NMAXT> = O.O 


TOLD<NMAXTl = o.o 

DO 1 N=ltNMAX 

UOLD(N) = 1.0 

VOLD<N> = O.O 


1 CONTINUE 

UOLDCNMAX) = o.o 


c••• ouTPUT THE STARTING VALUE~ 


WRITE(6tl00l)AN,x,x,PoLD,PO~D 

DO 2 N=l,NMAX,NMAX4 

2 WRITc(6,lOU2)N,UOLD(NJ,VOLU(NI 
-j c••• INTEGRATION ITERATION BEGINS 

11 X = X +DX 
c••• SET 	 THE COEFFICIENT MATRIX 

) 	 00 10 N=l,NMAXl 
CP = (UOLDCN+ll-UOLD<N)l/DY 
ABSCP = Al3SCCPl 

) IF<ABSCP .LT. GRAMI> ABSCP =GRAM! 
GRA<N> =- ABSCP 
CPA= CC2e*ABSCP>**<AN-l•))/(DY**2' 

.) IF<N .NE• !)GO TO 12 · 
CM = -CP 
CMA = CPA 
A(5,l>=-<CPA*CP-CMA*CMJ*UY -PULU/DX-UULU(ll*UULD(ll/UX 
GO TO 13 

12 	 CONTINUE 

CM= (UOLD<Nl-UOLDCN-1))/DY 

ABSC M = ABSCCM> 

IF<ABSCM .LT. GRAMI> A8SCM = GRAMI 
CMA = <<2.*ABSCM>**<AN-l.)}/(DY**2l 
AC5,N>= -(CPA*CP-CMA*CMl*DY -POLD/DX 

1 +VOLDCN)*((UOLU(N+lJ-UOLOCN-l''*U•5/U2YJ-CUOLU(NJ*UOLU(NlJ/UX 
13 CONTINUE 

A(l,N>= +CMA +VOLDCN)/(4e*OY) 

A(2,N)=-CMA-CPA-CUOLDCN)/UX) 

A(3,N)= +CPA -VOLDCN)/(4.*DY) 

A(l+,NJ = -DXI 


10 CONTINUE 

A(3,l) = A(3,l) +A(l,ll 


c ••• SOLVE THE MATRIX <GAUSS ELIMINATIUN ALGUklTHrl;J 

CALL GAUSS 

UNEWCNMAX} = o. o 
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c••• COMPUTE VELOCITIES IN Y-DIR 
VNEW(l) = O.O 

. DO 30 J=2,NMAX1 
30 VNEW(J) = VNEW<J-1) -DY2X*<UNEW(J>+UNEW(J-l)-U0LD(JJ-UOLU(J-li> 

VNEW(NMAX) = O.O 
c••• HEAT TRANSFER PART 
c••• SEE HEAT TRANSFER COLLUMN SHOULD BE UONE 

lf(X 	 .LT. <0.999*XT))GQ TO 130 
c••• sET UP VELOCITY FIELD FOR ENERGY EQUATION 

NTN= NMAXlT/NMAXl 
NN = 0 
DO 111 N=l,NMAXl 

DO 111 L=ltNTN 

NN = NN+l 

VN<NN) = VNEW(N) -<VNEW(Nl-VNEW<N+ll)*(FLOAT(L-ll/FLOAT<NTN)} 

111 	UNCNN) = UNEW(N) -(UNEW(NJ-UN~W(N+l))*(FLOAT<L-1)/fLOAT(NTN>J 

UN<NMAXT> = O.O 
VN<NMAXT> = o.o 

c••• sET THE COEFFICIENT MATRIX (ENERGY tQUATION) 
DO 125 N=l,N~AXlT 


VCO = <VO<NJ+VNCN) J/(8.*0YTJ 

Al<l•N> = -PRDY -VCO 

Al(2tN) = <UO(N)+UN<N'J/uXT ~2·*PRUY 


Al(3tN) = -PRDY +VCO 

IF<N .EQ. l)GO TO 121 

TNEW<N>=CUOCN)+UNCN))*TOLD(Nl/DXT 


1-VCO*<TOLDCN+ll-TOLD<N-l>> 

2 +(TOLDCN+l> -2·*TOLD(N> +TOLD<N-l'>*PRDY 


GO TO 120 

121 TNEW<N>=<UO(l)+UN(l>>*TOLU(lJ/OXT +2•*<TULU(~)-TULU(l)J*PkuY 
120 CONTINUE 
125 CONTINUE 

Al(3,l) = Al(3,l) +Al(l,1> 
c••• SOLVE MATRIX 

CALL DIAG3(Al,TNEWtNMAXlT> 
TNEW<NMAXT)= O.O , 

C••• COMPUTE BULK TEMPERATURE AND NUSSELT NUMUER 
TeULK = CTN~W(l)*UN(lJ +TNtw(NMAXT'*UN(NMAXTlJ/i. 
DO 122 N=2tNMAXlT 

122 	 TBULK = TBULK +<UN<N'*TNEW(NJJ 
TBULK = TBULK/FLOAT<N MAXlTJ 

TGRA = (-lle*TNEW<NMAXT>+l8.*TNEW<NMAXT-1J-9.*TNt..w<NMAXT-2) 


1 +2.*TNEWCNMAXT-3) )/(6.*DYT> 

NUS = (2.*TGRAl/CTHULK) 

SUM= SUM+(.25*DXT*(TGRA+TGRAQJJ 


10000 	CONTINUE 
AVNUS = SUM/X 
TGRAO = TGRA . 
IF<X .LT. 0.01 .OR. L2 .GT. 100) GO TO 9998 
TBUCL2,LN> = TBULK 
NUCL2,LN>= NUS 
XNUCL2) = X 
L2 = L2 +l 

9998 	CONTINUE 

DO 123 N=ltNMAXT 

UO(N) = UN(N) 

VOCN> = VN(N> 
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123 TOLDCN> = TNEWCN> 

c••• sET XT FOR NEXT TIME 
c. 	 XT = X +XINCCNDXT> 

GO TO 39 
130 IFCX .GT. 0.001) GO TO 45 

DO 131 N=ltNMAXT 

131 TNEWCN> = O.O 


TBULK = 	O.O 
r.) 	c 
~ 

c••• ouTPUT THE RESULTS <PRINT OUT FORM> 
39 	LL = LL +l 


ANTN = FLOATCNMAXlT>IFLOATCNMAXl) 

NTN = NMAXlT/NMAXl 

IF<LL .NE. 2) GO TO 44 

LL = 0 

WRITEC6,l001) AN,AVNUS,XOLD,POLDQ,X,PNEW,TBULK,NUS 
MM = 1 
IFCNMAX eNE• NMAXO) MM = 2 

NMAX4D = NMAX4*2 

DO 40 N=l,NMAX,NMAX4D 


,...... 
,..J 	 M = MM*<N-1) +l 

NN = IFIX<ANTN*CFLOATCN}-1.)) +l 
NNN= IFIX<ANTN*CFLOAT<M>-1·'.l +l 
YD= FLOATCN-1>/FLOATCN fvi AXl) , J 
UUMAXN(Nl = UNEWCN)/UNEW(l) 
WRITE(6,1 002)N,YD,LJOLD0(Ml,LJUMAXO(M),VOLDO(MJ,TOLDO<NNN'' 

1 UNEWCN),LJUMAXN(N>,vNEW(Nl,TNEW(NN''NN,GRA(N} 
40 CONTINUE 

GO TO 45 
) c••• PUT RESULT IN RESERVE BECAUSE OF NON PU~LICATION 

44 DO 53 N=ltNMAX,NMAX4 
NN = NTN*<N-1> +l 

) 	 UOLDOCN) = UNEW<N> 
VOLDO<N> 	 = VNEWCN> 
UUMAXOCN) = UOLDO(N)/UOLDO(ll 


53 TOLDOCNN) = TNEWCNN> 

XOLD = X 
TBULKO = TBULK 

POLDO = PNEW 


c 

c••• PART TO SET VALUES FOR PLOTTING SUBROUTINE 


45 GO TO cao1,so2,803),NPOS 

803 IFCX .LT. l.O)GO TO 701 


GO TO 702 

) 802 IFCX eLT• 0 .05) GO TO 701 


GO TO 702 

801 IF(X .LT. 0.002) GO TO 46 


c••• PREPARE VELOCITY FiELD 

702 L = 0 

DO 700 N=ltNMAXtNMAX4 

L = L+l 

LI = 22-L 

NN = NMAX+l-N 

VYCLtNPOS ) = UNEWCNN' 

VYCLI,NPOsJ = UNE WCNN} 

VXCL) = CFLOATCL-1)/10·>-l•O 


700 VXCLl) = FLOATCLI-11)/lU.O 
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NPOS = NPOS +l 


c ••• PREPARE PRESSURE DROPS . 

701 lf (Ll .GT. 100) GO TO 710 


PRESS(Ll,LN> =-PNEW 

XPRESS<Ll> = X 

UCLCLl> = UNEW<l> 

lf(Ll .GT. 70> GO TO 709 

j = 0 

DO 705 N=ltNMAX,NMAX4 

j = J+l 


705 	 VECTOR(J) = UNEWCN> 
·· 1 UVELCLI,l> = VECTOR(lJ 


UVEL<L1,2> = VECTOR<4> 

UVELCLlt3> = VECTORC6) 

UVEL<Llt4> = VECTOR<B' 

UVEL<Ll,5) = VECTOR<IO) 


709 Ll = Ll +l 
710 CONTINUE 

IFtNPOS .NE. 4) GO TO 46 
NPOS = NPOS -1 

) DO 900 N=l,21 
900 WRITEC6,90l)VXCN),VYCN,l>,VY(N,2),VY(N,3) 
901 FORMATC12Fll.5) 

C. • eCOMPUT ING ENTRY LENGHT VS FLOW i BEHAVIOR INDEX 

U98 = 0.98*UNEW(l) 

L=O 


220 	L = L+l 

IFCUCLCL> eLT. U98) GO TO 220 

L = L-1 

ELCLN> = XPRESS<L> +CCXPRESS(L+l>-XPRESS<L''ICUCL(L+lJ-UCL(LlJJ 

1 *<U98-UCLCL> > 
CALL DESSIN(l,vx,vv,xPRE~S,PkES~,uVEL,XNU,Nu,TbU,fbl,tL,LN' 

GO TO 5 
c••• ro CHANGE GRll) SPACING IN X-UIR (IF 1"41:.CC:SSARY' 


46 NMAXTO = NMAXT 

NMAXO = NMAX 
IF<XT .LT. (l.Ol*ULIXCNDXT)J) GO TO 49 

IF CX .LT. C0.99*ULIX<NDXl )) GO TO 48 

NDX = NDX +1 


48 	 NDXT = NDXT +l 
XT = X +XINCCNDXT) 

47 CALL CONST<INCY<NDX',XlNCCNDXl,INCYCNUXTJ,XlNCCNDXT),~MAXl,NMAX, 
1DX,DY,NMAX4,DDY2,DY2,DXI,UY2x,02Y,NMAXlT,NMAXT,NMAX4TtUYT,uxr,PK, 
2PRDY> 

GO TO 60 
49 	 IF ex .LT. (0.99*ULIXCNDX} )) GO TO 51 


NDX = NDX +l 

GO TO 47 


60 	 IFCNMAXT .EU. NMAXTO> GO TO 61 
C • • • T 0 CH ANGE GR I D SP ACl NG I N Y-l) I R ( I F 1'4 t: C t SS ARY J I t"i U fv1 EN T U fv1 t. WU A T I 0 N 

DO 129 N=ltNMAXT 
NN = 2 *N -1 
UO<Nl = UOCNN> 
VO<N> = VOCNN> 
TNEWCN> = TNEWCNN> 

129 TOLD<N> = TOLDCNN> 

61 IF<NMAX .Eu. NMAXO>GO TU 51 
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c••• ro CHANGE GRID SPACING IN Y-UIR (If NECESSARY) I ENERGY EQUATION 
DO 22 N=ltNMAX 
NN = 2*N-1 
UNEW<N> = UNEWCNN> 
VNEW<N> = VNEW<NN) 

22 CONTINUE 
c••• ONE COLLUMN COMPLETE, PREPARE FOR NEXT COLLUMN 

51 	 POLO = PNEW ' 

DO 52 N=l,NMAX 

UOLDCN> = UNEW<N> 


52 VOLD<N> = VNEW<N> 
GO TO 11 

c••• PLOT AND OUTPUT COMPARABLE VALUES <PRESSURE, NUSSELT) OF ALL FLUIDS 
850 	CONTINUE 


CALL DESSIN{3,vx,vv,xPRESS,PRESS,uvEL,xNU,NUtTBUtFBI,EL,LN' 

GO TO 4 


999 DO 998 N=LN,MAX 

998 FBl<N> = FBl(N+l) 


GO TO 10000 

LN 	 = LN -1 
MAX = MAX-1 
GO TO 5 

lOUl FOR MAT(///,16X,* N =*F4.2,80X*AVNUS=*F9.4,/3X,*X=*F7. 5 ,lOX*Pk cS=* 
1 F8.4,36X*X=*F7e5,4X*PRt.S=*Pcl.4,4X*TdULK=*F 6.4,4X*~USS=*f7•4, 
2 //4X*N*,4X*Y/D*,6X*U{l~J*,9X*U/U~AX*'7X*V(N'*•9X*T(lj*' 
3 13X*U(N)*,9X*U/UMAX*,7X*V(N)*,9X*T(Ll*,7X*L* J 

1002 FO RM AT <1x,14,3x,F5.3;4Fl3.6,4X,4f l3.b,I4,Fb.3' 

1100 FOR MATC3Fl 0 .4) 

11 0 5 fOR MAT (15,2Fl 0 .6) 

111 0 FORMAT<zX,*PkANUTL NU~b~k=* f1z.4,;zx,,* MINI MUM GkAulcNT=*F6.4,l~X 

1 * ( M I N • GRAD • ) E XP < N- l ) =*F l 0 • 4 , I 2 X , *T0 L E RAl~CE F0 R C(JN VE k G I 1'.J G TY PE t"I t. 
25H=*F8.5) 

END 

CD TOT 0377 
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PROGRAM TST <INPUTt0UfPUTtTAPE5=INPUTtTAPE6=0UTPUTtTAPElO) 

,.,. . __; c THIS IS A FINITE DIFFERENCE METHOD TO SOLVE THE MOTION 
,., c EQUATIONS FO~ THE ENTRANCE REGION OF A CHANNEL 

c THIS METHOD IS USING A SERIE OF VALUES KNOWN AS THE OLD VALUES TO-.._;> 	 c COMPUTE ANOTHER SET OF VALUES 1'.Nuwr~ AS THt NEW VALUtS CUl~kt:SPONU 1m.J 
c TO THE NEXT COLLUMN <AXIALLY) SU THAT FROM THE ~NTRY SET UF VALUtS W 
c CAN GO UOWNSTREAM AS FAR AS wt WANT PkUVlUlNb ~t HAV~ TH~ bUUNWAkY .... ._., c CONDIT IONS 

/>. c LIST OF VARIABLES 
c AN= EXPONENT OF THE POWER LAW FLUIU <FLOW bEHAVIOR INOC:X' 

--; 	 c UOLD(-),VOLD(-),TOLD(-),pQLD= VECTURS uF VELOCITY <X-DIRJ, VELOCITY 
c <Y-DIRJ, TEMPERATURE AND PRESSURE ALREAUY KNOWN 
c UN E W ( - ) , V NE W ( - > , T NE W ( - ) , P 1-... t:. w= Vt: CTU K S 0 F Vl:. Lu C.. I T Y ( X - u l R J , V E LUC l T Y 

....., 
c <Y-UIRJ, TEMPERATUR~ ANU Pkt:.~SURc TU b~ COMPUTtJ (NcW' 

~ c UO(-},VO(-i,UN(-},VN(-J= VECTORS OF VELOCITY ATTACHED TO htAT TRANS+~R 
c GRID 

........ 	 c 
 UCON(-),VCONC-)= VECTORS OF VELOCITY USEU IN ITERATIVE TYPE MESH 
c TO CHECK THE CONVERGENCE 
c UUMAXN<->= VECTOR OF VELOCITY UIVIUEU dY MAXIMUM VELOCITY <CENTERLINE' 

.. '\ 	 c <OUTPUT PURPOSE> 

.. 	 c GRA(-),GkAMIN,GRAMI= G~AU!t:.NTS - VcLTOR UF bKAult~TS <FUR OUTPUT) , 
c M I N I MUM GRAD I ENT A~ 0 E F I NE I N KE AU 5 TAT • ' ivl I N I 1"1 UM GR At) I E i~ T A 5 
c DEFINE IN PROGRAM 
c FACT= <GRAM!> **(AN-lJ 

,. 	c X= VALUE OF X AT WrllCH THE PRO~RAM lS NOW 
c XT= NEXT VALUE OF X AT WrllCrl TEMPERATUR~ PROFILE WILL cit CALCULATcO 

~ 	 c TBULK= BULK TEMPERATURE OF FLOW 
c NUS= NUSSELT NUMBER 
c PR= PRANDLT NUM8ER 
c LCON= NUMUER OF TI ME WE TklEO TO ALHltVE LOMVt.RGcNCt 
c TOL= TOLERANCE BETWEEN OLD AND NtW VALUtS (lTtRATIVE TYP~ MtSHJ 
c PAR= PORTION OF NEW VELOCITY TU ADU TU THE OLU ONE TU ACHIEVE CuNVE RGEi ~ CE 

i c VARIABLES DESCRIBING THE MESH SIZE <MESH SIZES ARE VARYI~G AS WE PkUCEtuJ 
INCYC->= VECTOR CORRESPONDING TO NUMBER OF GRID SPACE ACROSS FLOW

l', c 
c XINC<->= VECTOR CORRESPONDING TO G~ID SPACE IN X-DIR 
c UL IX ( - ) = VECTOR CORRE SPONl.J I NG TO LH 1d T UP TO WH I Ch THE PRLCEL> I NG 
c X-DIR GRID SPACE IS VALID 
c NOTE= THE INDICES FROM l TO 10 ARE fOk MOMt:.NTUM M~SH SILE AN~ l TO ~O 

~ c ARE FOR THAT TRANSFER MESH SIZE 
c NDXtNDXT= VARIABLES CORRESPUNDIN0 T0 INUICtS UF PREVIOUS VARIAbLES 
c TO KEEP TRACK OF THE NEXT MESH SIZE (FOR 1Vi0111iENTU1vi Mt.SH AND 
c HEAT TRANSFER MESH' 
c CONSTANTS RELATED - MOMENTUM MESH 
c A<-,-)= MATRIX OF COEFFICIENTS FUR MUMENTUM M~SH

( c CP tABSC p 'CPA' ABSCP N 'CPANE w'C M' At:)S(l"i '<.. rr1 A'At$ SOfr>t 'cr.-1ANt. w= C01~S TANT lJSt. 
c I N THE SETT I NG 0 F Th t:: CUE Ff I\.. 1c NT 1111AT RI X (MU l"1 • ,~1 t. SH J 

c NMAXl= NUMBER OF SPACE (UY) IN Y-1.JIR 
C NMAX= NUMBER OF POINT IN Y-DIR (NMAX = NMAXl + l' 
C DY= GRID SIZE IN Y-DIR 
C DX= GRID SIZE IN X-DIR 
C NMAX4tDDY2,DY2tDXI,DY2XtD2Y= SERIES UF CONSTANTS OEFINED IN SUBROU. 
C CONST CALCULATED FROM 4 PREVIUUS 
C CONSTANTS RELATED TO HEAT TKANSFEk Mt.SH 
c Al(-,-)= MATRIX OF COEFFICIENTS FOk HEAT TRANSFER MESH 
c NMAXlTtDXTtDXT,NMAXT= SIMILAR AS MUM~NTUM MESrl COUNTcPART dUT FOR 
c HEAT TRANSFER 
C NMAX4TtPRDY= DEFINED IN CONST FROM 4 PREVIOUS 
C VOLDO(-),VOLDO(-l,TOLDO(-',UUMAXOl-' t LCONQ , POLDO,TdUL~O,XOLU= ALL 
C THOSE VARIABLES ARE THERE JUST FOR 1 0UTPUTING 1 CUNVENIA NCE 
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c YD= USED IN THE 04TPUT TO SITUATE A POINT IN y-uIR (AT CEfHt.kLlNt. yl.)=u.u, 
c AT WALL YD=l.o> 

,.._< c LL= FLAG TO OUTPUT EVERY SECOND -TIME. 

c NMAXO,NMAXTO= 0 STANDS FUR OLD VALUES OTHERWISE SAME AS BEFORE. 

c CONSTANTS AND VARIAHLES RELATED TO PLOTTING SUbROUTl NE S
,-, 	 c UCL<->= VELOCITY (X-DIRJ AT CENTER LINE 

-..;.,~ 

i._......' 

c U98= 98 PER CENT OF LAST UCL <FULLY UEVELOPPEDJ 

c NPOS= COUNTER FOR INSERTION OF VELUCITY PROFILE 


LN= COUNTER FOR DIFFERtNT FLUlUS 

c Llt L2= COUNTER FO~ PktSSURE DkUP, NUSS~LT NUMeER 

c VXC-)= VALUES OF Y <-1.0 TO + l.Ol


:) c VY(-,->= VELOCITY IN X-DIR FOR THOSE PREVIOUS VX(-) 
c XPRESSC->= VALUES OF X (0.0 TO l.Ol 
c PRESS<-,->= PRESSURE DROP AT THOSE X 

~) 	 c XNUSC->= VALUES OF X (0.0 TO 2•0} 
c NU(-,->= NUSSELT NUMBER AT THOSE X 
c FBI<->= FLOW BEHAVIOR INDEX (SI MILAR TU ANJ 

I c EL(-)= ENTRY LENGHT FOR THOSE PREVlUUS AN 

:J 	c 

.., ..,,, 

COMMON NMAXl,PNEWtA(5,165),UNEWC165),VNEWC165J,TN~W(l65l,UOLDC16S) 
1 , V0 L D ( 16 5 ) , T 0 L D ( 16 5 l , U 0 Ll) 0 ( 16 5 ) , VU LlJ 0 ( l 6 5 ) , T0 Ll) 0 ( 16 S ; , U U 1"1 AX N ( 16 5 J 

....... 

l 2tUUMAX0(165l,UN(l65),VNC165>,uO<l65) ,VO(l65l,Al(3,165),GRA(l65) 


3,UCONC165),VCON (l65) 

DIMENSION VY<21,3>,vxc21>,PRESS(lOJ,5l,xPRESS(lQOl,ucL<lOO''EL<5 1 


ltF81(5),NU<l00,5),XNU(l OO ),T~U(l OO t5),uVEL<70,5 1 ,vECTUR(ll) 

DIMENSION INCY<20>,uLIX<20),XINC<20l 

REAL NUStNU 


1 C • • • RE AD I N ALL THE GR ID S I ZE 
N 	 = 0 

7 	 N = N +l 

READC5tll05) INCY<N>,XINC(N J ,uLIX< N> 

WRITEC6tll05)1NCY<N>,XINC(NJ,uLIX(Nl 

IF CINCYCN) eNE• 0) GO TO 7 

IF CN .GT. lO>GO TO 3 

N 	 = 10 
GO TO 7 

·} c ••• READ THE PARAMETERS 
3 READ(5tll09JMAXtCFBI<N>,N=l,MAXI 

1109 FORMAT<I5,10F5.2) 
4 READ(5,llOO>PR,GRAMIN,TOL 

LN = 0 
IF<PR .EQ. 0 .• 01 STOP 

}. 5 	 IF<LN .GE. MAX>GO TO 850 
- ,I 

LN = LN +l 

AN= FBICLN) 


c ••• DEFINE MINIMUM GRADIENT 

GRAMI = GRAMIN 

FACT = CGRAMI>**CAN-1.> 


c••• ouTPUT THE PARAMETERS 

WRITE(6,lllO>PRtGRAMI,fACTtTOL 


C••• INITIALISATION OF COUNTERS ANU UTHERS 

x = o.o 

NPOS = 1 
L 1 = l 

L2 = 1 

GRACl) = GRAMI 
LL = 0 
TBULK = O.O 
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NDX 	 = 1 
POLD = o.o 
XT = X +XINC<ll> 

c••• coMPUTE ALL THE CONSTANTS NEEDEO 
NDXT = 11 
CALL CONST(INCY(NDX),XINC(NDX',INCY(NDXTJ,XINC<NDXTJ,NMAXltNMAX, 
1DXtDYtNMAX4tDDY2tDY2tDXItDY2XtD2YtNMAX1TtNMAXTtNMAX4TtOYTtOXTtP~, 

2PRDY> 
c ••• PuT IN THE STARTING VELOClTl~S ANU T~MPtKATURE PRUFlLt 

DO 102 N=l,NMAXT 
UO(N) = 1.0 
VO<N> = O.O 

TOLD<N> = 1. 

TNEW<N> = O.O 


102 	 CONTINUE 

DO 1 N=ltNMAX 

UOLD<N> = 1.0 

VOLD(N) = O.O 

1 CONTINUE 
( ••• OUTPUT THE STARTING VALUES 

WRITE<6tlUOl)AN,x,x,POLDtPOLD 
DO 2 N=l,NMAX,NMAX4 

2 WRITE(6,1002)N,UOLD<N 1 tVULO(N 1 

c ••• INTEGRATION ITERATION BEGINS 
l 

11 X = X +DX 
c••• SET KNOWN VALUES WITH OLD VALUES 

DO 100 N=l,NMAX 
UCON(N) = UOLDCN) 

100 	VCON(N) = VOLD(N) 
LCON = 0 


101 CONTINUE 

c••• SET THE COEFFICIENT MATRIX 

DO 10 N=ltNMAXl 
UNEW<N> = <UCON(N}+UOLD(N))/2• 
VNEW<Nl = (VCON(Nl+VOLD(NJ)/2• 
CP = <UOLD<N+l>-UOLDCN))/DY 
ABSCP = ABSCCP) 
lf(ABSCP .LT• GRAMI> ABSCP = GRAMI 

GRA<N> = ABSCP 

CPA= <C2.*ABSCP>**(AN-l.)J/(DY**2' 

ABSCPN = ABS.((UCON<N+l>-uCON(Nl)/uYJ 

lf(ABSCPN .LT. GRAM!) Ad5CPN =GRAM! 

CPANEW = ((2.*ABSCPN)**(AN-1.oJ>/(UY**Z) 

lf(N .NE. l>GO TO 12 

CM = -CP 

CMA 	 = CPA 
CMANEW = CPANEW 
A ( 5, 1} =- ( CPA*CP-C1"1A*C1v1) *UY -PuLD/DX-UULU(l}*UuLU(l)/DX 
GO TO 13 

12 	 CONTINUE 

CM= CUOLD<N>-UOLDCN-1))/DY 

ABSCM = ABSCCM> 

IFCABSCM eLT. GRAMI> ABSCM =GRAM! 

CMA = CC2.*ABSCM)**CAN-l.>i/(0Y**2> 

Ao SC MN = ABS ( ( UC uN ( N J. - UC u r~ CN- l J J I u YJ 


IFCABSCMN .LT. GRAMIJ AbSC MN = GRA MI 

CMANEW = CC2.*ABSCMNJ**(AN-l.Q>J/(UY**2> 
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A(5,N)= -<CPA*CP\CMA*CM>*DY -POLU/DX 

1 -VNEW<N>*CUOLDCN+ll-UOLD<N-l})/(2.*D2Y> -UNEW{N}*(UOLD(Nl/DX)


CJ 13 CONTINUE 

A(l,N> = VNEWCN)/(2.*D2Y) +CMANEW 
A(2,N) =-UNEW(N)/DX -CMANEW-CPANEW 

.( A(3,N) =-VNEWCN)/(2.*D2Y' +CPANEW 
A(4,N> =-DXI 

10 CONTINUE 
(J A <3, 1 > = A ( 3 , 1 > +A C 1 , 1 > 

c ••• sOLVE THE MATRIX (GAUSS ELIMINATION ALGORITHM) 
CALL GAUSS 

r( ~ UNEWCNMAX> = O.O 
c••• COMPUTE VELOCITIES IN Y-U1R 

VNEW(l) = o.o 
r· DO 30 J=2,NMAX1 

30 VNEW(J) = VNEWCJ-1) -DY2X*CUNEWCJ)+UNEWCJ-l)-UULU(J}-UOLU(J-l)) 
VNEWCNMAX) = o.o 

·() LCON = LCON +l 
c ••• COMPARE OBTAINED VALUES WITH OLD VALUES 

N = 0 
(} IF<LCON eGT. 25>GO TO 112 


110 N = N +l 

/ IFCABS(UNEW<N>-UCON(NJ) .GT. CTOL*UN~W(N))) GO TU 10~ 

,.. (~~ IF ( N •LT• NMAX >GO TO 110 1 

,.. C••• HEAT TRANSFER PART 
c••• SEE HEAT TRANSFER COLLUMN SHOULD 8~ UONE 


-.) 112 IF<X eLT. C0.999*XT> )GO TO 130 

NN = 0 


c••• SET -UP VELOCITY FIELD FOR ENERGY EQUATION 
( ) 	 NTN= NMAXl/N1 IAXlT 


DO 111 N=l,NMAXl,NTN 

NN = NN +1 


' ( ) UN<NN)= UNEW(N) 
111 VNCNN)= VNEWCN> 

UNCNMAXT> = O.O 
} VNCNMAXT) = o.o 

c ••• SET THE COEFFICIENT MATRIX <ENERGY EUUATION) 

DO 125 N=l,NMAXlT 

Al(l,N) = -PRDY 

Al<2•N> = CUOCN>+UNCNJ)/DXT +2.*PRUY 

Al(3,N> = -PRDY 


' r IF< N • EQ • l >GO T0 121 

TNEWCN>=CUOCN)+UN<N>>*TOLD(NJ/DXT 


1 -(VOCN>+VNCN))*CTOLDCN+l)-TOLDCN-1) )/(4eO*DYT) 

~ l 2 +CTOLD(N+l) -2·*TOLDCN) +TOLDCN-l''*PkUY 


GO TO 120 

121 TNEWCN)=(UO<l>+UNCl)J*TOLU(lJ/UXT +2e*(TULU(2J-T0LU(l))*PRUY 


(~ 120 CONTINUE 

125 CONTINUE 


Al(3,l) = Al(3,l) +Al(l,l) 

c••• sOLVE MATRIX 


CALL DIAG3CA1,TNEW,NMAX1T) 

TNEW<NMAXT) = o.o 


( C••• COMPUTE BULK TEMPERATURE AND NUSSELT NUMbER 

TBULK = <TNEW(l)*UN<l> +TNtw<NMAXTJ*UN(N MAX TJJ/L• 

DO 122 N=2,NMAX1T 


( 122 	 TBULK = TBULK +CUN(Nl*TNEW(N)} 
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TBULK = TBULK/FL~AT<NMAXlT) 
NUS = <-11.*TNEW<NMAXTl+lB.*TNEW(NMAXT-ll-9.*TNEW<NMAXT-2) 

'() 1 +2e*TNEW<NMAXT-3))/(3e*DYT*TdULKi 
J.. IF<X .LT. 0.01 .OR. L2 .GT. lOOJ GO TO 9998 

TBU(L2,LN> = TBULK 

NUCL2,LN>= NUS 

XNUCL2) = X 

l2 = l2 +1 


9998 	CONTINUE 

DO 123 N=l,NMAXT 

UO ( N > = UN< N) 


~() VO<N> = VN<Nl 
123 TOLD<Nl = TNEW<Nl 

c••• sET XT FOR NEXT TIME 
0 XT = X +XINC<NDXT> 

GO TO 39 
130 IF<X .GT. 0.001) GO TO 45 

it() DO 131 N=l,NMAXi 
131 TNEWCN) = o.o 

TBULK = o.o n c 
-~ 

c•••ouTPUT THE RESULTS <PRINT OUT FORM) 

39 LL = LL +1 


I ..(. ' 	 ANTN = FLOAT<NMAXl)/FLOAT<NMAXlT)_J' 

NTN = NMAXlT/NMAXl 

IF<LL .NE. 2) GO TO 44 


CJ LL = 0 

WR l H:. ( 6 , 1 0 0 1 ) AN , L C0 N0 , L ( lJ N , Xu Ll;, t-J U Ll) , Tb lJ L "-U ' X , PI'~ t. W ' Tb UL"- ' l'W 5 
MM = 1 

0 	 IF<NMAX .NE. NMAXO) MM = 2 

NMAX4D = NMAX4*2 

DO 40 N=l•NMAX,NMAX4D


() 	 M = MM*<N-1> +l 

NN = IFIX<ANTN*(FLOATCNl-1.'i +l 

NNN= IFIX<ANTN*<FLOAT<M>-1.JJ +l 


() YD = FLOAT<N-1)/FLOAT(NMAXll 

UUMAXN<N> = UNEWCN)/UNEW(li

WRITEC6.1002)N,YD,UOLUO(MJ,uuMAXO(MJ,VOLU0(MJ,TULUU(NNNJ, 


1 UNEW<N> ,uuMAXNCN) ,vNE~'i'(f~) ,TNEW(Nr>iJ , NN ,G RAU~) 


40 CONTINUE 

GO TO 45 


(J c ••• PuT RESULT IN RESERVE BE:.CAUSE OF NON PUoLICATION 

44 CONTINUE 


DO 53 N=l,NMAX,NMAX4 

( 1 	 NN = NTN*<N-1> +l 


UOLDO(Nl = UNEW<N> 

VOLDOCN> = VNEWCN> 


(' UUMAXOCN> = UOLDO<N>IUOLDO(l) 

53 TOLDOCNN) = TNEWCNN> 


XOLD = X 

( 	 LCONO = LCON 


TBULKO = TBULK 

POLDO = PNEW 

c 

c ••• PART TO SET VALUES FOR .PLOTTING SUBROUTINE 


45 GO TO (801,ao2,ao3),NPOS 

~ 803 IF<X eLT. l.O)GO TO 701 


http:IFIX<ANTN*<FLOAT<M>-1.JJ


... 
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GO TO 702 \ 
802 lf(X .LT· o.os> GO TO 701 

GO TO 702 
801 IF<X ·LT• 0.002) GO TO 46 

c••• PREPARE VELOCITY FIELD 
702 	 L = 0 


DO 700 N=l,NMAXtNMAX4 

L = L+l 

LI 	 = 22-L 
NN = NMAX+l-N 

VYCLtNPOS ) = UNEW<NN) 

VY(LltNPOS> = UNEWCNNJ 

VX(L) = <FLOAT<L-l)/l0.>-1.0 


700 VX(LI) = FLOAT<LI-11)/10.0 
NPOS = NPOS +l 

c••• PREPARE PRESSURE DROPS 
701 	 IF(Ll .GT. lOOJ GO TO 710 


PRESS<LltLN) =-PNEW 

XPRESS(Ll) = X 

UCLCLl) = UNEW<l> 

IF<Ll .GT. 70) GO TO 709 

j = 0 

DO 705 N=ltNMAXtNMAX4 

j = J+l 


705 	 VECTOR(J) = UNEW<N> 

UVEL(Lltl) = VECTOR<l' 


· UVEL<Ll,2) = VECTOR(4f 

UVEL(Llt3> = VECTORc6> 

UVEL<L1,4l = VECTOR<S) 

UVEL<Ll,5) = VECTORC10) 


709 	L 1 = L 1 + l 
710 	CONTINUE 


IF<NPOS eNE• 4) GO TO 46 

NPOS = NPOS -1 

DO 900 N=lt21 


900 	WRITEC6t90l)VXCN),VY(N,1},vycN,2l,vycN,3) 
DO 906 N=l,70 


906 WRITE(6,9 0 l)XPRESSCN),(UVEL(N,Jl,J=l,5> 

901 FORMATC12Fll.5) 


c ••• COMPUTING ENTRY LENGHT VS FLOW BEHAVIOR INUEX 
U98 = 0.98*UNEWC1) 
L=O 

220 	L = L+l 

IF<UCL(L) ·LT. U98) GO TO 220 

L = L-1 

EL<LN) = XPRESS(L) +CCXPRESSCL+l)-XPRESS(LJJ/(UCL(L+ll-UCL<L)J) 

1 *(U98-UCL<L>) 

FBI <LN) = AN 

GO TO 5 


c••• To CHANGE GRID SPACING IN X-Ulk (lf NEC~SSARY) 
46 NMAXTO = NMAXT 

NMAXO = NMAX 
IF<XT .LT. {l.Ol*ULIXCNDXT)J} GO TO 49 

IF <X .LT. C0.99*ULIXCNDXl )) GO TO 48 

NDX = NDX +l 


48 	 NDXT = NDXT +l 

XT = X +XINC<NDXT> 
c 
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47 CALL CONST<INCY(~Dx>,XINC<NDX>,INCY<NDXTJ,XINC<NDXT),NMAXl,NMAX, 
1DXtDYtNMAX4,DDY2tDY2,DXItDY2XtD2YtNMAX1TtNMAXTtNMAX4T,DYTtDXT,Pk, 

' 2PRDY> 
GO TO 60 

49 	 IF <X .LT. C0.99*ULIX<NDX> ) ) GO TO 51 

NDX = NDX +l 

GO TO 47 


60 	 IF<NMAXT .EO. NMAXTO) GO TO 61 
c••• To CHANGE GRID SPACING IN Y-DIR <IF NECESSARY) I MOMENTUM l~UATION 

DO 129 N=ltNMAXT 
NN = 2 *N -1 
UO(N) = UOCNN> 
VO(N) = VO<NN) 
TNEWCN> = TNEWCNN> 

129 	TOLDCN) = TOLD<NN) 
61 	 IF<NMAX .EQ. NMAXO>GO TO 51 

c••• ro CHANGE GRID SPACING IN Y-DIR <IF NECESSARY) I ENERGY EQUATION 
DO 22 N=l,NMAX 
NN = 2*N-l 
UNEWCN> = UNEWCNN) 
VNEW<N> = VNEW<NNl 

22 CONTINUE . 
C••• ONE COLLUMN COMPLETE, PREPARE FOR NlXT COLLUMN 

51 	 POLD = PNE\AJ 

DO 52 N=l,NMAX 

UOLDCN> = UNEWCN) 


52 VOLD<N> = VNEWCN) 
GO TO il 

c••• PLOT AND OUTPUT COMPARABLE VALUES ('PRESSURE, NUSSELT) OF ALL FLUIDS 
850 	CONTINUE 


CALL DESSIN(3,vx,vy,xPRESStPKEss,uvlL,xNu,Nu,TbU,Ftil,~L,LN) 


GO TO 4 

999 DO 998 N=LN,MAX 

998 FBl(N} = FBI<N+l) 


WRITE(6,1500>LCON 

1500 FORMAT< * NUMBER OF ITERATIONS TOO HIGH =*,14> 


LN = LN -1 

MAX = MAX-1 
GO TO 5 

c••• PART OF RESET OF ITERATIONS FOR CONVERGING TYPE MESH 
l U5 CONTINUE 

PAR = 0.85 
DO 103 N=ltNMAX 

UCON<Nl = PAR*UNEWCN> +Cl.-PAR>*UCONCN) 


103 	 VCON(N) = PAR*VNEW<N) +(1.-PARJ*VCON(N> 

IF(UCON<U .LT• -.01 .QR. UCON<U .GT• 4.>GO TO 999 

GO TO 101 


1001 FORMAT C///,16Xt* N =*,F4.2,12X*CON=*I3,50X*CON=*l3, 
1 /,3Xt*X=*F8.6,5X*PRES=*F8.4,6X*TBULK=*F8.4,20Xt*X=*F8.6,4X*PRES=* 
1F8.4t4X *TBULK=*F8.4,4X* NUS=*F8.4, 
2 //4X*N*t4X*Y/D*t6X*U(Nl*,9X*U/UMAX*t7X*V(N'*,9X*TCL'*' 
3 13X*UCN)*,9X*U/UMAX*t7X*VCN)*,9X*TCL>*,7X*L* ) 

1002 FORMAT <1x,14,3x,F5.3t4Fl3.6t4Xt4Fl3.6tI4,F6.3' 

1100 FOR MAT( 3Fl0.5) 

11 05 FOR MAT CI5,2Fl0.6) 

1110 FOR MAT<1Hlt2Xt*P RANDTL NU MbER=* Fl2•4t/2X,,*MINI MUM GRAU!E NT=*f b.4 


l,12X*CMI N. GRAU.)EXP(N-lJ=*F lo.4,/~X,*TULtRANCt FUR CU~VckGI N G TYP 
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2E MESH=*F8.5) 

END 

CD TOT 0403 
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SUBROUTINE CONST t I NC Y , XI i\oC, I NC YT , XI rK T, Ni111AX 1 , i~i'v1A X , UX , uY , 1-..1•lf\ X4 , uUY L 
1 ' DY 2 , DX I , DY 2 X , D 2 Y , NM AX 1 T , NM AX T , f'4 ,·vi AX 4 T , 0 Y T , 0 X T , P R , PI-< 0 YJ 

c 	 \ 
c ••• suBROUTINE COMPUTING CONSTANTS OF THt MAIN PROGRAM 

0 ( 

DX = XINC 
NMAXl = INCY 

DY = le/FLOAT<N MA Xl) 

NMAX = NMAXl +l 

NMAX4 = NMAXl/10
c- DDY2 = 0.5/(DY*DY) 

DY2 = l.l(DY*DY) 
DXI = le/DX 
DY2X = DY/(2.*DX) 
D2Y = 2·*DY 
NMAXlT = INCYT 

NMAXT = NMAXlT +l 

NMAX4T = NMAXlT/10 

DYT = 1.0/FLOAT<NMAXlT) 


1"(_':.i 	 DXT = 2.0*XINCT 
PROY = leU/(PR*2•U*OYT*DYTJ 
PRDY = 2.*PRDY 
RETURN 
END . 

' 


l i 

(, __ 

l 
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SUBROUTINE GAUSS 

0 c 
c ••• susROUTINE TO SOLVE THE MOMENTUM EUUATION COEFFICIENT 11ATRIX 
c ••• THIS IS DONE USING THE GA0SS ~LIMlNATlON METHU~ 
c 

COMMON NMAXl,PNEWtA(5tl65J,uNEW(l6~) 
DIMENSION ~(5,165) 

I 
\., , NMAX = NMAXl + 1 

DO 1 I=lt5 
DO 1 J=l,NMAXl 

1 8(1,J) = ACI,J) 
j = l 

() 
3 
2 

DO 2 I=z,5 
6(1,J) = B(I,J)*(-A(l,J+lJ/A(2,J)J 
A(l,J+l) = A{l,J+l>+B(2,J} 
At2,J+l> = ~(2,J+l>+B(3,JJ 
A(4,J+l) = A(4,J+l)+8(4,JJ 
A(5,J+l) = A(5,J+l)+b(5,J) 
j = J+l 
DO 4 I=2t5 

4 E3CI,J> = A(I,J) 
IF<J .LT• N~AXllGO TO 3 
J = NMAXl 

5 F = _-A(3,J-l)/A(2,J) 

,,-· ..
\ . 

BC2,J) 
8(4,Jl 

= AC2,Jl*F 
= A(4,J)*f 

6(5,J) = A(5,J)*f 
A(3,J-l} = A<3,J-1) +BC2,J} 
A(4,J-l) = AC4,J-l) +ci(4,JJ 
A(5,J-l) = A(5,J-l) +b(5,~J 

J = J-1 
IFCJ .GT. 1) GO TO 5 
A<ltl> = 1.0 
j = 0 

\ ; 13 j = J+2 
A(l,J) = '+•0 
A(l,J+l) = 2.0 
IFCNMAXl-JJ11,1z,13 

12 ACltJ+ll = O.O 
A(l,J+2> = FLOAT(3*NMAXll 
GO TO 15 

11 A(l,J) = o.o 
A(l,J+l> = FLOATC3*N~AX1> 

15 DO 14 J=l,NMAXl 
F= -A(l,J)/A(2,J) 
A(l,J) = A(l,JJ +A(2,Jl*F 

i A(l,NMAX> = A(l,NMAX) +A(4,J)*F 
14 A(l,NMAX+l) = A(l,NMAX+lJ +A(5,J)*F 

( 
•••f 

PNEW = ACl,NMAX+l)/A(l,N MA X) 
DO 20 J=l,N MA Xl 

20 UNEW(Jl = (A(5,J)-A(4,Ji*PNEw)/A(2,J) 
RETURN 
END 

r' 

'• 



/ 
\ 
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SUBROUTINE DESSl~(IFLAG,vx,vv ,xPRES ,PREs,uvEL ,x~u,Nu,rbu,Fbl,EL,,~F) 
1 ) 


c 

c••• suBROUTINE USING THE PLOTTING SUBROUTINES OF DOUG BUCHANAN 
c 

DIMENSION VY<21,Nf),VX<21},pRES(l00,NF>,xPRES<lOO),X(70>, 
1EL<Nf),f81(Nfl,XNU<lOO),NU<lOO,Nfl,UVEL(70,5J,TBU(l00,NFl 

REAL NU 
c ••• COMMON bLOCK 

COMMON DUMMY(3l,xxc 5000) 
COMMON /INFOPLT/LINEFX(30l,LPTS(30' 
COMMON /LABL/ LABEL,LETS<4J 
COMMON /LBL/ YLVERT<7>,YRVERT(71,XLHOR(71,xuHOR(7l 
COMMON /TITLlS/MNYPLT,TITL~l(21,TlTLE2(21,TlTLl3(lJ,TlTLt4(2l 
COMMON /SCALE~/ !SIZE 
COMMON I BOH©ER I X1"1 IN, XMAX, YM IN, YMAX 

C ••• CONSTANTS 
~ ;.. 

NREAO = 0 

FMTE =. 0 

NPT = 1 

NORD = 3 

XSIZE = 15.0 

YSIZE = 15.0 

LABEL = 3 

MNYPLT = 1 

LINES = 2 


c ••• MAIN TITLES 

TITLEl<l) = 1OH HP.VL J • 


..,.__ .;/ 	 TITLEU2> = lOH LAROCQUE 
TITLE2(1) = lOHENTRY FLO 'w-J 
TITLE2(2) = lOH 
TITLt.:3(1) = luH FOR Pm~t.k 

TITLl:.:3(2) = lOH LAW FLUlu 
NT = 21 
!POINT = 0 
!PLOT = 200 

DO 10 N=l ,10 

LINEFX<N> = 3 


10 	 LPTS<N> = N 
GO TO <l00,200,300),lFLAG 


c ••• PART FOR THE VELOCITY FIELU PLUT(U v~ yJ 

lCJO LETS(l) = 2 0 


LETS<2> = 5 

LETS(3) = 24 

YLVERT<l> =l OH VELOCITY= 

YLVERT(2) =l OHU/U(ENTJ 

XLHOR<l> = 5H Y/A 

XUHOR<l> = lOHVELOCITY V 

XUHOR<2> = lOHS Y FOR ~= 


ENCODE<l0,15,XUHOR(3)'fbI<NFi 

15 	 FORMATCF4.2,6X) 


!SIZE = 2 

YMAX = 2.0 
YMIN = n.o 
Nf 1 = 3 
J6 = l+NT*NFl +NT 
CAL l '"-' P L 0 T 5 ( 1 ·~ F l ' I~ T , I F-' LU T ' I Pu l i'~ T , I'-" K C. I\ L) , V Y , V X , J 6, L l 1~ t S, 

l FMTE,NPT,NOR D,XSIZE,YSIZEl 

RETURN 
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c ••• PART FOR THE VELOCITY FIELD PLOT(U VS Xi 
200 NFl = 5 

NT = 70 
LETS<U = 20 

LETS<Z> = 10 

LETS(3) = 24 

YLVERT<l> = lOH VELOCITY= 

YLVERT<2> =· lOHU/UCENT> 

XLHOR<l> = lOH XIA/RE 

XUHORCl) = lOHVELOCITY V 

XUHOR<2> = lurlS X FOR N= 

ENCODE<l0,15,XUHORC3i'fdlCNFJ 

!SIZE = 3 

YMAX = 2.0 /
YMIN = o.o 

XMAX = 0.3 

XMIN = o.o 

J6 = l+NT*NFl+NT 

DO 20 N=l,70 


20 X<N> = XPRES(N> 
CALL NPLOTSCNFl,NTtIPLOT,IPOINT,NRlAD,uVEL,x 

i · fr'.HC:,NPT,1~0Ru,xs1zE,YSIZt:.J 
RETURN 

300 CONTINUE 
c ••• PART FOR ~RESSU~E DROPS PL0T (P VS Xi 

DO 11 N= 1 ,1 J 
11 LINEFXCN> = N 

XSIZE = 20.0 
NT = 100 
IPOli'H = u 


IPLOT = 2Uu 

J6 = l+NT*NF +NT 

!SIZE = 1 

XMIN = O.O 

XMAX = 0.9 
LETS(U = 10 
LETS<2> = 10 
LETS(3) = 10 

YLVERTCl) = l OH PRESSUkE 

XLHOR(l) = l UH XCX/A/REJ 

XUHOR(l) = lOHPRESS VS X 


901 FORMATCllFll.5)
CALL NP L0 TS ( NF , NT , I PL UT , I P 0 I i~ T , NRt. A LJ , Pkt: S , X PI~ t. S , J 6 , L11'! ES , 

1 FMTE,NPT, ~ORD,XSIZE,YSIZE> 

c••• PART FOR l~USSELT NUi..,.ibEK t-JLUTCNU VS X) 
LETS<l> = 10 
LETS(2) = 10 
LETSC3> = 2 0 
YLVERTCi) = lOHNU {LOCAL> 

XLHORCI) = lOH X/A/RE 

XUHORCl) = lUHNUSSELT NJ 

XUH 0 R C 2 ) = 1 0 Hi"i b ER VS X 

CALL NP LOTS (NF, IH, IP LUT' I PU UH, i··~REAu, ,...,.u, X1~U ,J6,LINES, 

1 FMTE,NPT,NORD,XSIZE,YSIZE) 
c ••• PART FOR BULK TE MPERATU RE PLUT <TBULK VS X' 

LETS(l) = 10 
LETSC2) = 10 



t 
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() 
LETS<3> = 25 

YLVERT<l> = lOHBULK TEMP. 

XLHOR(l> = lOH X/A/RE 

XUHOR<l> = lUHBULK TEMPE 

DO 902 N=l,NT 


r' . 902 	 WRITE (6,901 lXPRES<N), (PRES<N, I I, I=l ,NF), (NU(i~,J) ,J=l ,NF) 
XUHORC2) = lOHRATURE VS 
XUHOR ( 3 ). = 5HX 

. 
CALL NPLOTSCNF,NT,IPLOT,IPOI~T,NREAD,T~U,XNU,J6,LlNES, 

1 FMTE,NPT,NORD,XSIZE,YSIZtJ 
c••• PART FOR ENTRY LtNGTH vs FLUw b~HAVlUR lNU~X PLOT 

NT =· NF 
NF = 1 
!POINT = 1 I 

IPLOT = 0 
J6 = l+NT*NF +NT 

LETSCl) = 26 

LETSC2) = 24 
LETSC3> = 37 

YLVERTCl) = lOH ENTRY L~N 


YLVERT(2) = lOHGTH <VALUE 

YLVERTC3) = 6H OF X) 

XLHOR ( 1) = 1OH FLO~\ tJEHA)
,,., .. 
XLHOR(2} = lOHVIOR INDEX 

XLHOR(3) = 4H N 

XUHORCI) = lOHENTRY LENG 

XUHORC2> = lUHTH VS FL 

XUHOR(3) = lOHOW LltHAVIO 

XUHOR14> = 7HR 1NDEX 

ISIZE = 3 

XMIN = o.o 

XMAX = 2.0 

YMIN = O.O 

YMAX=0.30 

DO 903 N=l,NT 


9U3 WRITE(6,90l'FBICN),EL(N) 
CALL NPLOTSCNF,1~T,IPLOT,lPUINT,NREAD,EL,FbI ,J6,LINES, 

1 FMTE,NPT,NORD,XSIZE,YSlZEJ 
RETURN 

END 

http:YMAX=0.30
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PROGRAM TST <INPuT,OGTPUT,TAPE5=INPUT,TAPE6=UUTPuT,TAPE10) 

14 


c THIS IS A FINITE:. ulFFt.Rt.N(t. MtTMULJ TU SOLVE Trlt. 1"1UTluN 
c EQUA TI 0 NS F0 I~ T Ht. ENT RAN Cc. Rt. ld UN 0 F A l. 01~ Vt. k G U\J u CH AN r-4 c:. L 
c THIS METHOD IS USING A SERIE OF VALUES i<.1'4UWi~ As THE uLD VALUES Tu 
c CO MPUTE ANOTHER SET OF VALUES KNOWN AS THE Nt.w VALUES CO RRESPONulN6 
c TO THE NEXT ·COLLU MN <AXIALLY) SO THAT FRO~ THE ENTRY SET OF . VALUtS Wi 
c CAN GO DOWNSTREA M AS FAR AS WE WANT PROVIDING wE HAVE THE 
c BOUNDARY CO NDITIONS 
c 
C LIST OF VARIAbLES 
C AN= EXPONENT OF THE POWER LAW FLUIU (FLOW d~HAVIOR INutX' 
C ANGLE=TOTAL TAPER ANGLE 
C BETA=HALF THE TOTAL TAPER ANGLE 
C UOLD(+),VOLD(-},TOLD(-),POLD= VECTORS OF VELOCITY CX-OIRi, VELOCITY 
C <Y-DIR>, TEMPERATUkt. ANO PRESSURE ALREAuy KNUW~ 
C UNEW(-),VNEW(-),1NE W(-),PNEW= VECTURS uF VELOCITY (X-OIRl, VELOCITY 
c ( Y- L)l R ) ' Tu.-·,p EI~ A Tur< c Ai'-J () p Kt s s u Kt.: Tu D t. cu l"i p u T :::. J ( Nt ~v ) 
C UAVE=AVERAGE VELUCl TY IN X-LJIRECT Iu i-.J 
c UMAUAV=CENTE RLI NE VELOCITY <MAX)/AVERAGE VELOCITY 
c - U99=99 PERCE NT OF Uf'.iA UAV 
c UUMAXN<->= VECTOR OF VELOCITY DIVI0ED av MAXIMUM VELOCITY (CENTERLINE) 
c (OUTPUT PURPOSE) 
c UUMAXOC-l= SAME AS PR~CEEDI~G ONt 
c GRA(-J,GRAM I N , GRA ~ I= G~A0IENTS - V~CT0k UF GkADIE~TS CFOR UUTPUTl, 
c MINIMU1V1 GRMJIENT A'::J i.JtFlf"Jt Ir\l Kt.Au ~TAT., j'vdi\d f•! U1"1 GKALJlt.1~T A~ 

c DEF I NElJ IN PFWGRAivJ 
c FACT= (GRA MI> **(AN-1> 
c R= VALUE OF f-< AT WriICH THC. PROGl~AM IS fW 'tJ CRAUIAL Lt.NlJT.-t) 
c ROLD= OLD VALUE OF R 
c TB UL K = BULK TEfVi PER A TU I~ E 0 F F L0 V-J 

c NUS= NU SSELT NU~UER 

c AVNUS= AVERAGE NUSSELT NUM~ER 

c PE= PECLET NUM8ER 
c PGRAO= PRESSURE GRADIENT 
c R E = R E Y N 0 L D S NU r•1B Ei~ 
c RC= REYNOLDS NU~~ tR WhtRt. Tnt. C~NTcRLINt VELUCITY IS TAKt:N AS 
c CHARACTERISTIC VELOCITY 
c SUM= RUNNING SUM FOR CALCULATION OF AVNUS 
c TGRA= TE ~P ERATURE GRADIENT 
c 
C VAk!AbLES DESCRIBING THE Mt'::JH ~IZ~ (Mt:.~H SlZtS Akt VARY11-.JG AS Nt PkUlc.tul 
C INCYC-->= VC.CTUR C.Ul-<l-<tSPu1'\Jull~G Tu i'"W1•1otl< ur· urdu SPJ-\l.L h(kuSS fLU~v 

c XINC(-)= VECTOR COl~RESP0f'4U li'-iG TU Gkli.J SPAC.E 11'4 x-uIR 
C ULIX(-)= VECTOR COR RE SPUND I~G TO Ll~1IT UP TU ~HICh Trlt. PR~Cc.OING 

c X-DIR GRID SPACE IS VALilJ 
c NDR= VARIAciLE COR f~tSPON D ll\IG TO lNDICt.S OF PREVIOUS VA!-<IABLES 
c TO KEEP TRACK OF THE NEXT 1viESH s IZE ( fvi 01'"1 E.NTU1"'1 MESH Al'-lD 

- c HEAT TRANSFER MESH' 
( 


c C 0 NS T ANT S RE L iJ.. T ED M01-1 ENT U t"l f"i t. Srl 

c AC - , - ) = MATRIX OF <...ot.F FI Cl c.l'-l TS FUR 1111urv:t:.i'I TUil1 1v1c:.SH 

c C(-J,RIJ,RIJ1,AJ,AV2R~,A~2kt:.C,d~kL,oJRLC,oJT,bJT~P,v0AAu(-'' 


c CONS,RUPJ,= CONSTA NTS UStU I N SlTTI NG 0F CU~FFILI~NT f"1A TR IX 

c NMAXl= NUMBER OF SP ACE I~ T~TA-DIRtCTION (A NGULA R UIRECTIONl 

c NMAX = NUi'·rn ER OF PO I i'! T I N Y-D I k { 1·~MAX = MAX 1 + 1 J
1 

c DTETA= GRID-SIZE IN r~TA-DIRECTION <ANGULAR DIR~CTIONJ 
c DR= ·GRID SlZt. II~ R-LJIRc.CT lUi"i (R 1\LJL'-\L LJl1"<r.: l TIU1 '~J 

c DRUT2 ,uRI , uT2R= .SEf\IE OF CU.~.'.:>TANT.S ud- li~c.IJ 11~ S0okUUT 11'-'l 
c CONST CALLULAT~U f KUM 4 PkcVluu~ 

http:ud-li~c.IJ
http:R-LJIRc.CT
http:1v1c:.SH
http:VARY11-.JG
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c 
c CONSTANTS AND VARIABLES RELATED TO HEAT TRANSFER ME SH 
c 8(-,->= MATRIX OF COEFFICIENTS FOR HEAT TRANSFER ME SH 
c TBULKO,NUSO= VARIABLE USED FOk OUTPUTING PURPOSES <SA ME M~ANING 

c 	 AS WITHOUT *O*) 
c YD= USED IN THE OUTPUT TO SlTUATt:. A POI1'H IN TtTA-vll--<t:lTIU1~ (AT l.c.NTEkLIN .. 
c 	 YD= o.o, AT WALL YD=l.O) 
c LL = FL AG T0 0 UT PUT EVERY St:. C0 ND T I i\/1 t:. • 
c 
C 	CONSTANTS AND VARIABLES RELATED TO PLOTTING SUbROUTl~ES 
C U98= 98 PER CENT OF LAST UMAUAV CFULLY UEVELOP~uJ 
C NPOS= COUNTER FOR INSERTION OF VELOCITY PROFILE 
C L N = C 0 UN TER F 0 l~ p I F Ft. k tl'H F LU I iJ S 
C Ll, L2= COUNT~R tu~ PktSSUkt UkOP, ~USSt:.LT NUMbt.~ 
C VXC-)= VALU ES OF Y <-1.0 TO + 1.0) 
C VYC-,-)= VELOCITY IN R-GiktCTION FUR THOSt:. PKtVIOUS VX(-l 
C XPRESSC-)= VALUES OF R co.o TO l.QJ 
C PRESS(-,-)= PRESSURE DROP AT TrlOSE R 
C TBU(-,-)= BU LK TE MPERA TUR E AT THOSE R 
C NUC-,-)= NUSSELT NUMBER AT THOSE R 
(. vt. (. T () 1-.< ( - ) = u~ t. u l 1\i f-> kc. f-> A I°"< .l NlJ u v c. L ( - '  J 

C FSI (-) = FLOw' BEHAVIOI~ Ii'iLJEX CSl 1'vdLA 1-< TU Aid 
C UVELC-,->= VELOCITY I N R -Ulk ~ CTIUN 
c 

COiv1M ON N1v'1AX l, RI J l , P NE vJ , A ( 5, 16 5 J , Ui-.J t. w ( 16? I , UO LI) ( 16 '.:> ) , V N b1J' ( 16 5 ) , 

1VOLD(l65),TNE W C165),TOLDC165J,uuMAXNC165),uuMAX0(165J,~(3,l65J 
DI MENSION INCYC2 Q),XINCC20),ULIXC20> 

D U•i E N 5 I UN VY ( 2 1 , 3 ) , V X C 2 1 ) , P R ESS C l l 0 ·, :.:> J , X P R ES S ( 1 1 0 ) , lNl AU A V ( 1 1 0 , 5 1 


1 ,f BI (5) , j\j LJ{ll(j,5} ,J ciU(l1U ,5J , vt:CTvl--<(12J ,uvELC7Q,5J 

D I M EN S I 0 N C ( 1 6 S ) , VG l-< ;., u ( 1 6 5 ) 

RE.AL Nus,Nuso,Nu 

N 	 = 0 

C ••• READ IN ALL THE GRID SIZE 
7 	 N = N +l 


READ(5,ll05)INCY<N>,xINC(N) ,uLIX(N) 

WRITE C6, 110 5) I NC Y ( N) , XI NCC N) , UL IX ( N) 

IF (I NC Y(NJ . Nt • u>GO TO 7 


c••• READ THE PARAMETERS 
6 LN = 0 

LM = 0 

READ(5,1109)MAX,(FBICN),N=l,MAX) 

IF<EOFC5) >10 000 ,9 


9 IFC MA X .EQ. l)GO TO 200 

1109 FORMAT <I5,10F5.2) 


4 READC5,ll06)RE,PE,ANGLt.,GRAMIN,TOL 

IF<RE .EQ. o .o'STOP 


5 	 IFCLN .G E. MA XI GO TO 850 

LN = LN +l 

LM = LN 

AN= FBI(LN) 


c ••• DEFINE MINIMUM GRADIENT 
8 GRAM! = GRA MIN 

c ••• I NITIALISA Tlu N OF CUlJi"TERS AND UTHtJ<S 
R = o.u 
NUSO = o.o 
' TGRAO = o.o 


SUM = o.o 


http:USSt:.LT
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ROLD = o.o 
(4 . NPOS = 1 
\,:,. 

L 1 	 = 1 
LL 	 = -1 
L = 0 
NDR = 1 

c ••• COMPUTE ALL THE CONSTANTS NEEDED 
CALL CONST<INCYCNDR>,xI~C<NDR),ANGLE,8~TA,NMAXl,DR,uTETA,NMAX,NMAX 

14,DRDT2,DRI,BT2R) 
c••• DEFINE THE STARTING PROFILES 

DO 1 K=ltNMAX ~ 
TOLDCK> = l.O 
UOLD(1(} = l·U 
VOLD(K) = o!o 

1 CONTINUE 
POLD = o.o 

() P N E 1.~1 = 0 • 0 
( ••• OUTPUT THE STARTING VALUES 


WRITE(6,l003)AN,R,POLD 

DO 2 N=l,NMAX,NMAX4 


2 WRITE(6,1U 0 2) N ,UOLD( N J,VUL0(~J 

( ••• OUTPUT THE PA RAMETERS 

FACT = (GRA M I )*~-(,\N-1•) 1 


WRITE(6,101 U)RE,PE,ANGLE,GRA MI,FACT,roL 

c••• INTEGR ATION ITERATION BEGINS 


11 R = R +DR
() 
RIJ = 1.-ROLD 
RIJl = 1.-R 

( ' \ AJ = l./(RIJ*BETA*DTETA',__) 

AJ2RE =C(AJ*AJ)/RE> 
BJRE =((l./CRIJ*DR))/REJ 

c ••• CO MPUTE VARIABLES NECESSARY IN SETTING UP OF COEFFICIENT MATRIX() 
DO 13 N=l,N MAXl 

IFCN • NE • llGO TO 12 

C<N)=(GRAMI/ (RIJ*oETA' j**<AN--1.uJ 

GO TO 13 


12 GRA =(A b S(O.~*(UOLD(N+l)-UULU(N-1) JJJ/OTlTA 

IF(GRA .LT. GRAMI)GRA =GRA M! 


CCN)= (GRA/(RlJ* b ETA' )**<AN-1 . ul 

13 	 CONTINUE 


GRA = CABS<UOLD<N MAXJ-UOLD<NMAX-1) )/DT~TAJ 


IF (GRA eLT. GR AM ! JGRA = GRAM! 

CCNMAXl = CGRA/CRIJ*eETAJ >**CAN-1 •' 

CONS = RE*BETA*RIJ*DTETA 

DO 14 N=2 , NMAX1 


14 	VGRAD(NJ = CCCN+l)-C(N-1) J/CUNS 

VGRAD<l> = o. o 


c••• SET THE COEFFICIENT MATRIX 

DO 10 N=l,NMAXl 

AJ2REC = AJ2RE*CCN) 

UJREC = bJRE*C(NJ 


A(3,N) = +.~*AJ*CVOLD(NJ-VGkAU( N I> -AJZREC 
A(l,N} = -.5*AJ*CVOLDC NJ-VGKAU( NJJ -AJ2~EC 

AC2,NJ = UOLDCNJ/DR +3•*bJR~C+2•*AJ2R~( 

AC'+,N) = +DRI 
A{5,Nl = POLO/DR -VOLDCNl*VULDC N)/RIJ +UOLD<N'*CUOLDCN'ID R 

1+3.*BJREC+(((l./ RIJ>**2l/RE)*CCN)) 

http:j**<AN--1.uJ
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10 	 CONTINUE 

A(3,l) = AC3,l) +A{l,l) 


C••• SOLVE THE MATRIX <GAUSS ELIMINATION ALGOkITHM) 

CALL GAUSS 

UNEWCNMAX> =· O.O 


c ••• cOMPUTc VELOCITIES IN Y-DIR 

VNEWCl> = O.O 

DO 30 J=2tNMAXl 


3U VNEW(J) = VNEw(J-1) -~T2K*(R!Jl*<UN~W(Jl+u~EW(J-1)) 

l -RIJ*(U0LU(J)+uuLU(J-1JJJ 


VNEWCNMAX> = O . O 

c ••• COMPUTE AVERAGE VELOCITY 


UAVE = UNEW(l)/2. 

DO 47 N=2tN~AXl 


47 UAVE = UAVE +UNEW(N) 

UAVE = UAVE/FLOAT(NMAXl) 

( ••• HEAT TRANSFER PART 

BJT = l e/C BETA*RIJ*DTETA' 

BJT2P = BJT*BJT/PE 


c ••• SET UP VELOCITY FIELD FOR ENERGY EQUATION 
c••• sET THE COEFFICIENT MA TRIX (ENERGY E~UATIUN) 


DO 60 N=l,NMAXl 

RUPJ = (UOLD(N) +l./(PE*RIJ))/DR 

8(1,N) = -VOLD<Nl* BJT/2.0 -BJT2P 

8(2,N) = RUPJ + 2 · *8JT2P 


-. 8(3,N) = +VOLDCN)*BJT/2 . 0 -BJT2P 
TNEW<N> = TOLUCNl*RUPJ 

60 CONTINUE 
R (3'1) = 8 (3,I) + R(l ,l} 

c••• SOLVE 1\fi ATRIX 
CALL DIAG3(B,TN~WtNMAXl' 

./' 
TNEvJ(NMAX) = U . O 

C•• • CO fv;PUT t ciUL r<. TEf11lP t.1-<A TURE Al" U f\J USSt. LT '"u1vibi::.K 

TciULK = ( TNEW ( 1) *uNtw ( 1 J +TNt.w ( Nf"1nX' *ui~t.w (N1 111AX J 'I£'.'.• 

DO 122 N=2 , NMAX1 


122 	 TBULK = T8ULK +CU NEW CN>*TNE W(NJJ 
TBULK =<TBULK/FLOATCN MAKll l/UAVE 
TGR A = ( - 11 • * T fH:>tJ { NM/', x )+ 1 8 • -~ Tf\j E ~v (NM Ax - 1 ) - 9 • * Tf"J U-J { NM Ax - 2 ) +2 • * T r-. E:. ~ ( 

lNMAX-3))/(6.*DTET A) 

NUS= (2.*TGRA)/((1.-Kl*TBULKJ 

SUivlQ = SUM 

SUi'1l = ( • 5*DR* ( NUS+NUSO) J +SUH 

AVNUS = SUM/R 


c 

c ••• ouTPUT THE RESULTS (PRI NT UUT FOR M) 


L = L+l 

~ 	 IFCL . NE . 2)GO TO 45 

L = u 
LL = LL+l 
If (LL .~ u. 3>Go Tu 99 

98 	 CONTINUE 

RC= RE*Cl .-R)*UNEWCl> 

WRITE(6,100l)ANtAVNUS,ROLU,PGLDtTdULKU,Nuso,R,RC,PN[W,TbUL~,NUS 

NMA X4D = Ni'li AX4-i;-z 
DO 40 N=ltN~AX, NMAX4D 


YD= FLOATCN-l}/FL0Af(N1viAXl> 

UUMAXO(N) = UULDCNJ/UOLD(l> 
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UUMAXN<N> = UNEW(N}/UNEWCl) 
40 WRITE (6,10 02JN,YD,UOLDCN},UUMAXO ( NJ,voLD(Nl,TOLD(N), 

lUNEW(N>,uuMAXN(N>,vNE WCN',TNEW(NJ 
c 
c••• PART . TO SET VALUES FOR PLOTTING 

45 GO TO (801,s o2 ,s o3 >,NPOS 
803 IFCR .LT. Oe76)G0 TO 701 

GO TO 702 
802 IF<R .LT. 0 =05) GO TO 701 

GO TO 702 

801 IFCR .LT. 0.005} GO TO 701 

702 LJ= 0 


c••• PREPARt VELOCITY FIELD 
DO 700 N=l,~MAX,NMAX4 
LJ = LJ+l 
LI = 22-LJ 
NN = NMAX+l-N 
VY(LJ,NPOS ) = U1 EW ( NN )/UAVE 
VY(L!,NPOS) = UNEWCNNl/UAVE 
VX(LJ) = CFLOAT<LJ-l)/l 0 .)-1.0 

7 JO 	 VX<LIJ = FLOATCLI-11)/10.0 
NPOS = NPOS +l 

sueROUTINL 

..... 7 0 1 IF(Ll .GT. 110 .oR. R .L T. o .O U5 JGO TO 710 
·; 

C••• PREtJA Kt P1-<ES~Ui--i:E JKGt->S , U (1"1A XJ/UAVb bUu~ lcl'iPt.i--<ATul--<t: Ar'll> 1~u~~t:LT r-.ur'1b t: 

XP RESS (Lll = R 
PRESS(Ll,L Ml =-PN2~

) 
ToU ( L l , L i•i ) = Tbu L K 
NU (Ll,L :vi } = NUS 
UMAUA VCLl,L M) = UNEW (ll/UAVE 

PG RA = ( P 0 L D-P NE \\I ) ID I~ 
lf{L .EQ. oJwRITE (6,l 007)UAVE 
IF<Ll.GT.7 0)GO TO 709 
j = 0 
DO 705 N=l,NMAX,NMAX4 

,uMAUAV (ll,L~ ''PGKA 

J = J+l 
VECTOR(J) 

705 	 CO NTI NUE 
UVEL(Ll,ll 
UVEL<Ll,2J 
UVELCL1,3J 
UVELCLl,4) 
UVELCL1,5> 

709 	 Ll = Ll +l 
710 	CONTI NUE 

= UNE 0 (Nl/UAVE 

= VECTOR(l' 
= VtCTOR(4' 
= VECTORC6' 
= VECTOR(8J 
= VECTORClO) 

IFCNPOS .NE. 4) GO TO 46 
NPOS = NPOS -1 
U99 	 = .99*UMAUAV (llQ,LM) 
N = 	 0 

c ••• coMPU TE ENTRY LENGTrl 
22 0 N = N +l 

IFC N .GT. ll OJGO TO 899 
IFCU MAUAV (N,L Ml .LT. U99lGO TO 220 
N = 	N -1 
IFCN .LT. llGO TO. 899 

EL = XPkESSCI~) +( (XPKE~S(N+l)-XPl~t..SS(l'li )/(U1"1AUAV(N+l,LM J 
1 -UM AU AV { N , L tv\ ) ) } * ( U 9 9- Ui• 1 AU AV ( N , L i"'l I J 

WRITE C6dl U4 lEL 
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1104 FORMAT(2X,*ENTRY LENGTH =* Fl0e4) 

899 DO 900 N=l,21 

900 WRITE(6,90l)VX(N),VY(N,1>,vycN,2>,vycN,3} 


DO 906 N=l,70 

906 WklTE(6,90llXPRESSCNl,(UVtL(~,JJ,J=l,5) 


9 0 1 FORMAT CllFll.5) 

IF< MA X .EQ. l)GO TO 200 
CALL DESSINc2,vx,vY,XPRESS,PkESS,uVtL,UMAUAV,NU,Tdu,Fbl,LM) 
GO TO 5 

c 
c ••• TO CHANGE GRID SPACING IN X-DIR (IF NECESSARY) 

46 IF<R .LT.C u .99*ULIXC NDR J>I GC TO 51 

NDR = NDR +l 
CALL CONSTC ~NCYCNDR ) ,xlNCCNDk 1 ,A NliLE,13tTA,NMA Xl,l)l-<,LJH.TA,N MA X,N lv1AX 

14 ,DRDT2,l)Rl, UT2R > 
IFCI NCYC NDR) .EW. I NCY( NDR -1)} GO TO 51 

c ••• TO CHANGE GRID SPACING I N Y- DIR CIF NECESSARY> I MOMEN TUM EWUATION 
DO 2 2 N= 1, Ni'•1AX 
NN = 2*N-l 
UOLDCN) = UOLDCNN> 

VULU(N) = VOLUCNN) 

UNE~CN) = UNEW CNN J 

VNEWC N> = VNEWCNN> 

TNEWCN} = TNEWCNN> 
TOLDCN> = TOLDCNN> 

22 CONTINUE 
c••• ONE COLLU MN CO MP LETE, PkEPA~E FuR N~X T COL LUMN 

51 POLD = PNEW 
ROLD = R 
NUSO = NUS 

TBULKO = TBULK 

TGRAO = TGRA 

DO 52 N=l,N i'v1 .4X 

TOLD(Nl = TNE WCN) 

UOLD<N> = UNEWCN> 


52 VOLD(Nl = VNEWCN) 
c ••• Go ciAC~ FOR N~X T COLLUMN 

GO TO 11 
99 CONTI NUE 

LL = 0 
GO TO 98 


850 CO NTI NUE 

c ••• PLOT AND OU TPUT COMPARABLE VALUES <P RESSURE , NUSSE LTJ OF ALL FLUIDS 

CALL DESS I N ( 3 , V X , VY , X PK.ES S , PK E SS , UV EL , U,·.-1 AU AV , i'J U , Tu U , F t>l , L1•1 J 
IFC MAX .E Q. l)GO TO 6 
LN = 0 
GO TO 4 

2 UU 	 READ(5,ll06>RE,PE,ANGLE,GRA MIN,TOL 

IFCRE .E Q. o . o >GO TO 85 0 

AN= FBI(l) 

LN = 1 
LM = LM +l 
GO TO 8 

10000 STGP 
l UU l FOR MA T (///,1 6X '* N =*,F4.2,80X*AV NUS =*F8.4,/2X,* R=*F7.5t3X*Pk ES =* 

lF8.4,3X*T BU LK=*F7.4,3X*NUS =*F 8 .4, l 4X,* l ~ =*F7.5,*(*F6.Q*'*'3X *PkES = * 

1F8.4,3X*TBULK=*F7.4 , 3X*NUS=*F8.4,/ 5X*N*,4X*Y/D*,7X 
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--. 

h 

i 

•, 
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2*U(N)*, 9X,*U/UMAX*' 7X,*V(NJ*,9X,*TCN'*'l9X,*U(NJ*9X,*U/UMAX*7Xt 
3 *V(N}*9X,*T(N)* ) 

1002 FORMAT <lx,15,3x,F5.3,4Fl3.6,l0X,4Fl3.6l 
l0U3 FOk MAT (lHl,lOX'* N =*,F4.2,//,3X'* k =*f6.4, 

14X , * PRESSURE =* , F 8 • S , I I , 9 X , * /'! * , 4 X , 
2*U(N)*, 9X, *V<N'*) 

10 0 7 FORMAT (8 QX ,*UAVE =* F7.4,8X,*UNAX/UAVE =* F7.4~6X*PGRA=*F7.J) 
1010 FORMATC///,5X*REYNOLDS NUMBER =* FlQ.3,15X*PECLtT NUMBER=*FlQ . 3 , 

1 15X*ANGLE (TOTAL)=*FS.1, /2X,,* MINIMUM GRADI~NT=*F6.4,12X 
l*( MIN. GRAD.)EXP<N-l)=*FlQ.4,/2X,*T0LE~ANCE FOR CUNVEkGING TY~E ME 
2SH=*F8.5l 

11U5 FORMATCI5t2Flu.5> 

11 06 FORMAT<12Fl9.4) ~ 


END 

http:2SH=*F8.5l
http:lx,15,3x,F5.3,4Fl3.6,l0X,4Fl3.6l
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~ -~ SUBROUTINE CONSTflNCY,XINC,ANGLE,tiETA,NMAXl ,OR,uTETA,1~MAX,NMAX4 
---=....._.· 

1 tDRDT2,DRI,BT2R) 
c 

~) c••• suBROUTINE COMPUTING CONSTANTS OF THE MAIN PROGRAM(FOR CONVERGI~G FLOWJ 
c 

BETA= <ANGLE/Z.1*<3.14159/180.J 

NMAXl = INCY 

DR = XINC 

DTETA = l./FLOATCNMAXl> 

NMAX = NMAXl +l 

NMAX4 = NMAXl/10 

DRDT2 = DR/CDTETA*DTETAJ 

WRITEC6,1U06l DRD T2 


luu6 FORMATC2X,* DR/DTETAEXP2= *,E12.5> 

ORI = l./DR 

~TZR = BETA4DTETA/C2.*DRJ 

RETURN 

END 




·· -·. ._. 

186 


SUBROUTINE DESSI~(IFLAG,vx,vv,xPRtS,PREStUVtL,uMAUAVtNUtTdUtfbl,NF 
1 ) 

c 
c ••• suBROUTINE USING THE PLOTTING SUBROUTINES OF D. ~UCHANAN 
c 

DIMENSION VY·(21,Nf),VX(21>,pRES<llO,NF>,xPRES<llQJ,uMAUAV(llO,Nf) 
1 ,fBl(Nf) ,NU(llO,Nf),UVEL(7Q,5J,T~UCllO,NfJ 

DIMENSION XC70) 
REAL NU 

c ••• COMMON BLOCK 
COMMON DU MMY(3),XXC 5000> 
COMMON /INFOPLT/LINEFX(jQJ,LPTS(3QJ 
COMMON /LABL/ LABEL,LETS(4l 
COMMON /LBL/ YLVERT(7l,YRVERT<7l,XLHOR(7J,xuHOR(7l 
COMMON /TITLES/MNYPLT,TITLE1(2J,TlTLE2<Z>,TITLE3(2),TlTLE4(2> 
COMMON /SCALES/ !SIZE 
COMMON /BORDER/ XMIN,X MAX,YMIN,YMAX 

C••• CONSTANTS 
NREAD = 0 
FMTE = 0 
NPT 	 = 1 
NORD = 3 
XSIZE = 15.0 
YSIZE = 15.0 
LABEL = 3 
MNYPLT = 1 
LINES = 2 
TITLEl(l) = lOH HPVL J. 

TITLE1<2) = lOH LAROCQUE 

TITLE2{1) - 10HCONVERGIN0 

TITLE2C2) = l OH FLOW 

TITLE3(1} = l OH FOR POWER 

TITLE3(2) = lOH LAW FLUID 

NT = 21 

!POINT = 0 

!PLOT = 1

200 

DO 10 N= 1'10 

LINEFX<N> = 3 


10 LPTS<N> = N 
GO TO <l00,2 00,3 00),IFLAG 

C••• PART FOR THE VELOCITY FIELD PLOT (U VS yJ 
100 	LETS<U = 20 


LETS(2) = 5 

LETSC3) = 24 

YLVERT(l) =lJH VELOCITY= 

YLVERT<Zl =luHU/UCENT' 

XLHOR(l) = 5H Y/A 

X~HOR(l) = lOHVELOCITY V 

XUHOR(2) = lOHS Y FOR N= 

ENCODE(lo,15,xuHOR(3))f~l(NF) 

15 	 FORMATCF4.2,6X> 

ISIZE = 2 

YMAX = 2.0 
YMIN = O.O 
NFl = 3 

J6 = l+NT*NFl +NT 

CALL ~PLOTS<Nfl, N~,IPLOT,IPOI N T,Nk~AD ,vY,vX 


1 FMTE,NPf ,NORD,XSlZE,YSIZE> 

RETURN 
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c••• PART FOR THE VELOCITY FIELD PLOT <U VS X) 

200 • NF1 = 5 


NT = 70 
LETSCl> = 20· 

LETSC2) = 10 

LETSC3} = 24 

YLVERT<l> = lOH VELOClTY= 

YLVERT(2) = lOHU/U(AVE) 

XLHOR<l) = luHR(l.-R/RO' 

XUHOR(l) = l OHVELOCITY V 

XUHOR<2) = lOHS R FOR N=
.J

\ 

ENCODE<l0,15,XUHORC3)JFBI<NF> 

!SIZE = 3 

YMAX = 2.0 

YMIN = O.O 

XMAX = 0 .4 

XMIN = o.o 

J6 = l+NT*NFl+NT 

DO 210 N=l,NT 


210 XCN) = XPRESCN)~ 
•••J CALL NPLOTS<NFl,NT,IPLOT,IPOlNT,N~EAD,uvEL,x 

1 F~TE,NPT, NORD ,XSIZE,Y S IZEI 

RETURN""""' \ .... _....· 3u0 CONTINUE.. 

c ••• PA RT FOR THE PRESSURE DROPS PLGT 


DO 11 N=l,10 

11 LINEFXCN) = N 


XSIZE = 20 . 0 

C PRESSURE VS X 


NT = 11 0 

!POINT = CJ 


IPLOT = 200 

J6 = l+NT*NF +NT 

!SIZE = 1 

XM!N = o.o 

XMAX = 0.8 
LETS(l) = 10 

LETS(2) = 10 

L-E TS ( 3 ) = 10 

YLVERT(l) = lOHPRESSURE 

XLHOR ( 1) = 1 OHR ( 1. -RI RO' 

XUHORCl) = lOHPRESS VS R 

DO 902 N=l , NT 


902 WRITE(6,90l) XPRES<Nl,(PRES(N,Jj,I=l,NFJ,(UMAUAVC N,JJ, J=l,NF) 
CALL NPLOTS(NF,NT,JPLUT,IPUINT,NRtAD,PkES,XPRl:.S,J6,Lil~ES, 

1 FMTE,NPT,NORD,XSIZE,Y S IZ~J 
C••• PART FUR UCMAX)/U(AV~RAGt) PLOT 


LETSC3) = 35 

YLVERTCl) = lOH UMA/UAV 

XUHORCl) = l OHUC MAX=CENT 

XUHOR(2} = l OHER LINE)/U 

XUHORC3) = l OH (AVERAGE) 

XUHORC4) = 5HVS R 

!SIZE = 3 

YMAX = 2.0 
YMIN = l• O 

CAL L i~ P L 0 T S ( NF , 1~ T , I P L 0 T , I P 0 I N T , i\I k t. A I) , Ur•1 AU AV , X P RI:. S , J 6 , L. I N t S , 
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1 FMTE,NPT,NORD,XSIZE,YSIZE> 
c••• PART FOR THE NUSSELT NUMBER PLOT 


LETS<l> = 10 

LETS(2) = io · 

LETS<3> = 20 

YLVERT{l) = l OHNU (LOCAL) 

XLHORCl) = lOHR(l .-R/ROJ


c; 	 XUHOR(l} = l OHNU SSELT NU 
XUHORC2) = lOHMBER VS R 
DO 9 0 3 N=l,NT 

9 0 3 	 WR I TE ( 6 , 9 0 l ) XPRES ( N ) , ( T BU (N , I > , I = 1 , NF J , < NU ( 1~ , J ' , J = t ·, 1'-' F J 

901 	 FORMATCllFll.5> 
YMAX = £'.::>e 

YMIN = u.u 
CALL NPLOTSCNF,NT,IPLOT,IPOINT,NR~AD,NU,XPRES ,J6,LI NE S, 

1 FMTE, NPT, NOR D,XSIZE,Y S IZE) 
c ••• PART FO R THE BU LK TE MPE RATU RE PLOT 


LETSCl> = 10 

LETSC2) = 10 

LET5(3) = 250 YLV ERT Cl) = lOHciULK Tl MP. 

XL HOR(l) = l OHR Cl.-R/ ROJ 

XU HOR (l) = lOHBULK TE MPEi 

XU HOR (2J = lOHRATURE VS 

XUH Of~ C 3 > = 5HR 

YMAX = 1 . 0 
0 YMI N = o.o 
CALL NPLOTS < N f, N T,IPLOT ,I PU I NT , i~RE AD,TBU,XPR ES,J6,Ll N ES, 

l FMTE,NPT,NORD,XSIZE,YSIZEJ( ) 
RETURN 


END 


() 
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